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Abstract

This thesis deals with the asymptotic behaviour of stochastic difference and functional differential equa-
tions of Itd type. Numerical methods which both minimise error and preserve asymptotic features of the
underlying continuous equation are studied. The equations have a form which makes them suitable to model
financial markets in which agents use past prices. The second chapter deals with the behaviour of moving
average models of price formation. We show that the asset returns are positively and exponentially cor-
related, while the presence of feedback traders causes either excess volatility or a market bubble or crash.
These results are robust to the presence of nonlinearities in the traders’ demand functions. In Chapters 3 and
4, we show that these phenomena persist if trading takes place continuously by modelling the returns using
linear and nonlinear stochastic functional differential equations (SFDEs). In the fifth chapter, we assume
that some traders base their demand on the difference between current returns and the maximum return over
several trading periods, leading to an analysis of stochastic difference equations with maximum functionals.
Once again it is shown that prices either fluctuate or undergo a bubble or crash. In common with the earlier
chapters, the size of the largest fluctuations and the growth rate of the bubble or crash is determined. The
last three chapters are devoted to the discretisation of the SFDE presented in Chapter 4. Chapter 6 high-
lights problems that standard numerical methods face in reproducing long—run features of the dynamics of
the general continuous—time model, while showing these standard methods work in some cases. Chapter 7
develops an alternative method for discretising the solution of the continuous time equation, and shows that
it preserves the desired long—run behaviour. Chapter 8 demonstrates that this alternative method converges
to the solution of the continuous equation, given sufficient computational effort.

il



Chapter 1
Introduction

1.1 Summary and Overview

The thesis examines stochastic systems with memorys; initially it involves studying the asymptotic properties
of stochastic difference and differential equations. In particular the thesis examines the rate at which the
solutions of certain stochastic delay differential equation (SDDE) tend to an infinite limit or the size of
fluctuations of the equations. The equations examined all result from models of the inefficient financial
markets, in which inefficiency stems from the trading strategy of agents.

The first aim of the thesis is to highlight the fact that different feedback trading strategies led to the same
two types of asymptotic behaviour, which depend on parameters in the models. These parameters can be
interpreted in terms of the confidence of the traders and the amount of feedback they take from the past. In
one regime the models display random walk behaviour which obeys Law of the Iterated Logarithm (LIL)

lim sup _ X)) =0= fliminfﬁ,
n—oo V2nloglogn n—oo 4/2nloglogn
where the increments of X (n) (the returns) are not independent. These fluctuations in the returns are quite
volatile but controlled. In the other regime however, an event occurs or news enters the market in an initial
trading period which triggers a trend to emerge in the returns. This trend encourages feedback traders into
further buying (selling) which increases (decreases) the price. This upward (downward) spiral continues
and a bubble (crash) ensues.

The second aim is to analyse the discretisation of the continuous-time SDDE which are in keeping with
real world problems. We examine the effectiveness of the standard Euler-Maruyama method. This method
is inadequate for long-run simulations and we propose an alternative discretisation method which preserves
the correct asymptotic behaviour of the continuous equation and also converges like conventional Euler-
Maruyama methods.

The type of stability that has been established for this class of equations is important in a variety of real—
world problems which involve feedback from the past, and are subject to external random forces. Examples
include population biology (Mao [51]),( Mao and Rassias [53, 54]), neural networks (cf. e.g. Blythe et
al. [20]), viscoelastic materials subjected to heat or mechanical stress (Drozdov and Kolmanovskii [31]),
(Caraballo et al. [27]), (Mizel and Trutzer [61, 62]), or financial mathematics (Anh et al. [1, 2]), (Arrojas et
al. [14]), (Hobson and Rogers [38]), and (Cont and Bouchaud [21]).

In particular, stochastic difference and differential equations may be used to model inefficient financial
markets. Surveys of financial markets reveal that a persistently high proportion of traders use past prices as
a guide to making investment decisions. Such feedback trading strategies are thought to be responsible for
speculative asset bubbles and crashes; this feedback behaviour is absent from standard non—delay models.
It is therefore plausible to postulate that aggregate demand is functional of past prices. In which case, price
dynamics could be modeled by stochastic difference and differential equations.

We first consider a stochastic delay difference equation with a simple trading strategy. We assume that
the traders demand for the asset depends on the difference between a weighted average over the last Ny — 1
periods of the cumulative return on the stock in the short run and Ny — 1 in the long-run. We also assume
that speculator’s react to other random stimuli—"news” which is independent of past returns. This news
arrives at time (n + 1) adding a further £(n + 1) to the traders’ excess demand, where £ ~ N(0, 1). The
stochastic delay difference equation is of the form

Ni—1 Ny—1
Yin+1)=Y(n)+8| > w()Y(n)— Y we(j)Y(n—j)| +&n+1) neN
=0 j=0

Y(0) =1, Y(n)=0, n<o0.

If the trend following speculators do not react very aggressively to the differences between short-run and
long-run historical returns then the rate growth of the partial maxima of the solution is the same as that



of a random walk. However if the contrary is true, then the returns will tend to plus or minus infinity
exponentially fast. The proof of these results involve writing the resolvent Y (n) in terms of the deterministic
equation and variation of constants formula. In the latter part of the chapter we study the behaviour of the
non-linear stochastic delay difference equation namely

Ni—1 No—1
X(n+1)=Xm)+ | > wi(gX(n—j)— > wa(i)g(X(n—j) | +&n+1) neN
j=0 7=0

X(0) =1, X(n)=0, n<0,
where g : R — R is presumed to have the following property

g € C(R;R); lim M:ﬂ for some 3 > 0.

|z|—o0 T

i.e. g is asymptotically linear at infinity. We show how the asymptotic behaviour of the non—linear equation
mimics that of the linear equation by rewriting the non—linear equation in terms of the linear equation and
a controllable equation. By dropping the assumption that the noise is normally distributed and adopting
the property that the tails of the noise exhibit polynomial decay then we can show that the system’s tails
are fatter at the extremes than a normal distribution. If we assume that the cumulative returns follow a
correlated random walk then the upper and lower bounds on the rate of growth of the partial maxima,
X(n) — X(n — A) are exactly the same as those which apply to the innovation (or “news”) process &.
This indicates that the distribution of the noise term strongly characterizes the distribution of the returns.
This proof hinges on writing the equation for the A—returns in terms of a difference equation. We also note
that in the stable case the A-returns are positively correlated at all time horizons. This is the feature of the
economic model which is responsible for the excess volatility and bubbles. This proof uses results proved
in various lemmas throughout the chapter.

In chapter 3 the continuous linear analogue of the model in the previous chapter is considered. However
we have chosen to model the speculators’ behaviour using finite measures rather than through fixed delays
of continuous averages of past returns. This allows us to capture a very wide variety of moving average—
type strategies within the same model including continuous time moving averages. It also highlights the
fact that the manner in which traders compute their moving averages is unimportant in determining the
ultimate dynamics. This is important in any mathematical model in economics, as model assumptions are
unlikely to be satisfied in reality, rendering general models which are robust to changes in the assumptions
particularly desirable. Chapter 4 considers the continuous nonlinear analogue of chapter 2. The proofs of
the main theorems in these two chapters mimic the proofs from chapter 2.

In chapter 5 we assume that the traders adopt a new trading strategy where trades are based on a com-
parison of current prices with a reference level. As with the previous equations we assume that traders
can respond to “news” where £ is assumed to be either heavy or thin tailed. This type of speculative be-
haviour makes it reasonable to incorporate a maximum functional of the process on the right—hand side of
the stochastic difference equation. For these reasons we are led to analyse a stochastic functional difference
equation of the form

X(n+1l)=X(n)+aX(n)+F max X()+&n+1) n>0,
n-N<j<n
where ¢ is the news and o and 3 > 0 are constants which model the trading behaviour of the various classes
of speculators. If the speculators do not react very aggressively to the difference between the maximum
and the current returns the rate of growth of the partial maxima of the solution is the same as that of the
noise term where the ¢ are assumed to be either thin—tailed or heavy—tailed. However if the contrary is
true, the volatility in the market increases and subsequently the upper and lower bounds of the noise are
pushed higher and lower respectively. This causes a bubble or crash to occur. All the results are proved by
contradiction.
In chapter 6 we consider the discretisation of two continuous stochastic delay equations

dX(t) = Em:ajg(X(t—%))—Ep:ﬁjg(X(t—Tj)) dt+odB(t), t>0
j=1 j=1



AX (1) = (/O wl(s)g(X(t—s))ds—/0T2 wg(s)g(X(t—s))ds> dt+odBt), t>0. (1.1.1)

in which the weight functions w; and ws are continuous. First we show that the simple Euler method discre-
tises the first equation successfully and that the asymptotic behaviour of the discretisation preserves that of
the continuous equation. However this is not the case for the second equation. The problem arises because
zero is a solution of the characteristic equation of the underlying linear differential resolvent. Moreover zero
can be the solution with largest real part. The Euler method does not ensure that the underlying discretised
characteristic equation has a unit solution. Although it is possible to modify the Euler method so this will
be the case, errors arising from truncation and rounding—off make it unsuccessful in practice. Only with the
removal of this unit solution is the correct asymptotic behaviour displayed. This is shown in the penultimate
chapter. Theorems in this chapter are derived in a manner similar to that of chapter 2, 3 and 4.

The final chapter shows that it is possible to perform a uniform discretisation of (1.1.1) which preserves
the positivity and exponentially fading memory present in the autocovariance function of increments of the
process X. This ensures that the discretisation captures the short—run and long—run asymptotic behaviour
of the continuous equation. In the final chapter we even show that this discretisation method obeys

lim E X,(t)— X2 = f T 1.1.2
Jm B max [.X,(t) - X ()] =0, foranyT >0, (1.1.2)

where X}, is a piecewise constant process defined on [0, T] for which X, (t) = X, ([t/h]) for t > 0. The
condition (1.1.2) is enjoyed by conventional Euler—Maruyama methods for stochastic functional differential
equations. This result is proved by adopting similar techniques to those employed by Mao.

1.2 Preliminaries

In this section, we give some results, notation and terminology from real and stochastic analysis that will
be used throughout the thesis.

Let N denotes the integers 0,1,2, ..., and R the real line. A real sequence a = {a(n) : n € N} obeys
a € '(N;R)if Y- o la(n)| < oo.

Landau notation. In subsequent work it is necessary to characterise the asymptotic behaviour of functions.
The Landau notation often helps in this regard by means of the symbols o and O.

The symbol O is used to describe an asymptotic upper bound for the magnitude of a function in terms of
another, usually simpler function. So for example suppose g : R — R and f : R — (0, co) are measurable
functions and that g(¢) = O(f(t)) as t — oo. This notation signifies that g(t) exhibits a growth that is
limited to that of the function f according to

imsup 5

On the other hand, if g : R — Rand f : R — (0, c0) are measurable functions are such that g(¢) = o(f(t))
as t — oo, then g is related to f according to

< +00

im @ =
R0 0.

Gronwall’s Inequality. If @ : [0, 00) — [0, c0) is continuous and is such that

t
Q(t) §A+/O B(t"HQ(t')dt forall t



where B is a non—negative locally integrable function and A > 0 is some constant, then

Q(t) < Aexp (/OtB(t/) dt’> , t>0.

Z-Transform. The z—transform of a sequence x(n) which is identically zero for negative integers n is
defined by

Z(z) = Zx(j)z_j forall z € C.
3=0

The set of numbers z in the complex plane where Z(z) converges is called the region of convergence where
2(j +1)

lim 2G)

j—o0

-r

Then by the Ratio Test, the infinite series Z(z) converges if

lim W <1 |z| > R
J—00 T\J])=z

and diverges if
i [FUEDET Lo
T P

Properties of the z-transform. If « and g € R

(ax + By)(z) = az(z) + By(z).
If x(—¢) =0fori=1,2,--- , k then
zlz(n — k)] = 27 F2(x) for|z| > R
and
zlz(n 4 k)] = 2"2(x) = > x(r) |z] > R.
The Final Value Theorem. Suppose L = lim,_,1(z—1)Z(z) is finite. Then lim,, ., z(n) =: x(oc0) is finite

and z(co0) = L.
The convolution of f = {f(n) :n € N} and g = {g(n) : n € N}, f g, is a sequence defined by n € N.

(f*g)(n) =D f(n—k)g(k) =D f(k)g(n — k).
k=

0 k=0

The z-transform of the convolution is then given by

Integrable Functions in the Deterministic Sense. If J is an interval in R and V a finite—dimensional



normed space, with norm || - ||, then C'(J, V) denotes the family of continuous functions ¢ : J — V. The
space of Lebesgue integrable functions ¢ : (0,00) — V will be denoted by L'((0, 00), V'), where

/0°°|¢<t>||dt<oo

The space of Lebesgue square-integrable functions ¢ : (0,00) — V will be denoted by L?((0,0), V)
where

/0 (D)2 dt < oc.

Where V is clear from the context it is omitted from the notation. Note that a function of domain J that
belongs to L (K, V) for every compact subset K of .J is known as a locally integrable function.

Convolutions. The convolution of A : [0,00] — R and B : [0,00] — R is denoted by A * B and defined
by the function given by

(A*B)(t):/OtA(t—S)B(s)ds7 t>0

Laplace Transform. The Laplace transform of the function z : [0, 00) — R is defined as

Z(z) = /000 z(t)e ' dt

Ife € Rand [;° ||z(t)||e! dt < oo then Z(z) exists for Rez > e and is analytic for Rez > €. The following
property of the Laplace transform is useful: if x and y € L(0, c0) then

—

(x*y)(z) =2(2)y(z) Rez > 0.

1.2.1 Stochastic Preliminaries

Random Variables. A random variable is an F-measurable function X : 2 — R. Every random variable
X induces a probability measure y,, on the Borel sets B of R where p,(B) = Plw : X(w) € B], If X is
integrable with respect to the probability measure; that is if

| 1X @l ap(w) < o
then the expectation of X can be expressed as
0

BX) = [ IX@IIaBw) = [ adu (o).

Distributions. The distribution function of a random variable X is the function F' : R — [0, 1] given
by F(z) = P(X < z). The sequence of random variables X7, X5, - - (with corresponding distributions
functions Fi, F5 - - - ) has a limiting distribution denoted F' if lim,, ., F,, = F.

Stochastic Processes. A stochastic process is a family {X (¢)};>0 of R™ — valued random variables. It



is continuous for all w € Q if the function ¢ — X (¢,w) is continuous. It is F(¢) - adapted if X (¢) is
F(t)- measurable for every t. It is said to be increasing if X (¢,w) is nonnegative, nondecreasing and right

continuous on ¢ > 0 for almost all w € Q. It is a process of finite variation if X (t) = A(t) — A(t) where
both {A(t)} and {A(t)} are increasing processes.

Standard Brownian Motion. If (2, 7, { F(¢) }+>0, P) is a filtered probability space then a one—dimensional
standard Brownian motion {B(%)}:>¢ is a process which has the following properties: B(0) = 0; the in-
crements B(t) — B(s) is normally distributed with mean 0 and variance ¢t — s where 0 < s < t < o0; the
increment B(t) — B(s) is independent of F, where 0 < s < t < co. We often take as filtration (F(t));>0
the natural filtration of the Brownian motion. In this thesis, this is the filtration with respect to which pro-
cesses are adapted. It will be denoted by {F5(t)};>0 throughout.

Martingales. The stochastic process M = {M (t) };>¢, defined on the filtered probability space (2, F, { F(t) }+>0, P)
is said to be a martingale with respect to the filtration {F(¢) }+>0 if M (t) is F(¢)—measurable for all ¢ > 0,
E[|M(t)|] < coforallt > 0andforall0 < s <t

E[M®)|F(s)] = M(s)  as.

Furthermore if the process M is a real-valued square integrable martingale then there exists a unique,
adapted, increasing., integrable process such that the process { M (t)* — (M (t)) }+>o is a martingale which
vanishes at ¢t = 0. The process (M) is known as the quadratic variation of M. The asymptotic behavior of
the quadratic variation characterises the asymptotic behavior of the martingale, this is seen in the Martin-
gale convergence Theorem which is stated precisely in Lemma 2.3.1. A random variable 7 : @ — [0, o0]
is called a stopping time if {w : 7(w) < t} € F(¢t) for an ¢ > 0. A right continuous adapted process
M = {M(t)};>0 is a local martingale if there exists a nondecreasing sequence of stopping times {74 }x>0
with 7, — 0o as k — oo almost surely such that every {M (7x) A t};>0 is a martingale.

Stochastic Integrability and Convergence. Due to the random nature of stochastic processes various defi-
nition of stochastic integrability exist. A stochastic process X (t) is integrable with respect to the probability
measure if E[X (¢)] < oo for each ¢ > 0; it is square integrable if E[X (¢)]> < oo for each ¢ > 0.

One-dimensional It6 calculus and integration. In this thesis we study scalar stochastic functional differ-
ential equations, and consider the initial data for our price processes to be known. Therefore, we need only
consider the scalar theory of It6 integration and Itd processes with deterministic initial values.

We now define our terms more precisely. Let T" > 0. Suppose B is a one—dimensional standard Brownian
motionand g = {g(t) : t € [0,T]} is a scalar process adapted to the natural filtration {7 (¢)},>( generated
by B. Suppose also that

T
/ g(s)*ds < 400, as.
0

Then the It6 integral of g is denoted by

t
[ sty te .1,
0
Furthermore if .
IE/ g(s)*ds < +o0,
0

then It6’s Isometry holds: this is the identity
t
([ atsra)
0

2

t
E :E{/Q(S)st], 0<t<T.
0




Suppose that X is a scalar FZ—adapted process with deterministic initial value X (0). Then X = {X (¢) :
0 <t < T} is an Itd process if there exist adapted scalar processes f and g obeying

T T
/ |f(s)]ds < +o0, / g(s)?ds < +o0, as.
0 0
such that . .
X(t) = X(0) +/ f(s)ds +/ g(s) dB(s), t €10,T]. (1.2.1)
0 0
The equivalent stochastic differential shorthand notation used to express this is given by

dX(t) = f(t)dt + g(s)dB(t)  te0,T].

If we have an It process X, we can transform it using a stochastic version of the chain rule called It6’s
formula. Let F € C?(R;R) and X be the Itd process defined by (1.2.1). Then F(X) is an Itd process and
for each T > 0 we have

+ [ Fixoane) o<isr
0

Laws of the Iterated Logarithm. The law of the iterated logarithm is the name given to several theorems
which describe the magnitude of the fluctuations of a random walk. Let .S,, be the sum of n independent
and identically distributed random variables with mean zero and finite variance o?. Then

Sn Sn
li — = 1=—liminf — .S.
lrrisolip ov/2nloglogn 00 ov/2nloglogn @

It should be noted that this Law can also be applied in continuous time to standard Brownian motion. If B
is a standard Brwonian motion, then

I B(t) 1 lim inf B(t)
imsup ————= =1 = —liminf ————— a.s.
t_)oop o+/2tloglogt t—oo g4/2tloglogt

1.2.2 Useful Results

This section contains results that are used throughout the chapters.

Burkholder Davis Gundy Inequality. Let B be a standard one—dimensional Brownian motion and H be
an FB adapted process such that E[fOT H(s)*ds] < 4oc. Then for any p > 0, there exists C,, > 0

independent of H, T and B such that
t 5
( / H(s)? ds) .
0

A special case is when p = 2 and C), = 4 and is known as Doob’s Inequality.
Chebyshev Inequality. Let (2, F,P) be a probability triple. If an F-measurable random variable X is
such that E[| X |P] < oo, then for all £ > 0 we have

P

E | sup

0<t<T

/ "H(s)dBs)| | <oE
0

P(X| > k) < D2,



Dirac Measure. A Dirac measure o, for any measurable set A is defined as

1, forallte A
ox(A) = { 0, otherwise

Fatou’s Lemma. Let (2, F,P) be a probability triple. Suppose that (Y'(n)),~, is a sequence of non-
negative random variables with Y (n) being F-measurable for each n > 0. Then |

Elliminf Y (n)] < liminf E[Y (n)].

n—oo n—oo

First Borel-Cantelli Lemma. Let (2, F,P) be a probability triple. If (E,, : n > 1) be a sequence of
events such that each E,, € F and ) ", P(E,,) < oo, then

P(E,,i.0.) =0,

where {E,, i.0.} is the event that the events F,, are realised infinitely often.
Second Borel-Cantelli Lemma. Let (2, 7,P) be a probability triple. If (E,, : n > 1) is a sequence of
independent events such that each E,, € F and

> P(E,) =

then
P(E,,i.0.) =1.

Fubini’s Theorem. If f is a bounded measurable function on [0, 7] x [0, 7] and
t
£ = / F(s,u)dB(s), 0<t<T
0

is continuous from the right and has left limits for each u € [0, T’]. Then

/(/f”d“) dB(s /(/fsudB )du forallt € [0, 7).

Mill’s Estimate. Let Z be a standard normal variable. Then

lim
z—oo _2_ .1, e,%zz

A% S

The following result, which appears as e.g. Corollary 4.1.3 in Chow and Teicher [28] is used throughout
the thesis. To use it we need a preliminary definition.

Definition 1.2.1. Given any non—negative constants (b,,),>o a continuous function b on [0, co) is called an
extension of (b,,),,>o to [0, 00) if b(n),>0 = by, for n € N. Moreover, when (b,,),,>0 is strictly monotone,
b is called a strictly monotone extension of (b,,),>¢ if it is both strictly monotone and an extension on
(bn)nZO

Lemma 1.2.1. Let (b,,),>0 be a strictly monotone increasing sequence with b, > 0 and b,, — oo as
n — oo. and let b be a strictly monotone extension of (by) to [0,00). Then for any a.s. non-negative

random variable (
D PC=b] <EBTHOI< Y PC> b

n=1 n=0

We use this result in various sections of the thesis to show that the expected value of a function of each
member of a sequence of identically and independently distributed noise terms is either finite or infinite.
The existence of this generalised moment can then be related to the size of the large fluctuations of the
process by means of the Borel-Cantelli lemmata.



1.3 Definition of inefficiency in financial markets

According to Fama [32, 33], when efficiency refers only to historical information which is contained in
every private trading agent’s information set, the market is said to be weakly efficient (cf.[42, Definition
10.17]. Weak efficiency implies that successive price changes (or returns) are independently distributed.
Formally, let the market model be described by a probability triple (€2, F,P). Suppose that trading takes
place in continuous time, and that there is one risky security. Let A > 0, ¢ > 0 and let 71, (¢ + h) denote the
return of the security from ¢ to ¢ + h, and let S(¢) be the price of the risky security at time ¢. Also let F(t)
be the collection of historical information available to every market participant at time ¢. Then the market
is weakly efficient if

Plry(t +h) < 2| F(t)] =Plrn(t +h) <z], YxcR, h>0, t>0.

Here the information J(¢) which is publicly available at time ¢ is nothing other than the generated o-algebra
of the price F°(t) = 0{S(u) : 0 < u < t}. An equivalent definition of weak efficiency in this setting is
that

i (t 4+ h) is F5 (t)-independent, for all b > 0 and t > 0. (L.3.1)

Geometric Brownian Motion is the classical stochastic process that is used to describe stock price dynamics
in a weakly efficient market. More concretely, it obeys the linear SDE

dS(t) = pS(t)dt + oS(t)dB(t), t>0 (13.2)

with S(0) > 0. Here S(¢) is the price of the risky security at time ¢, 4 is the appreciation rate of the
price, and o is the volatility. It is well-known that the logarithm of S grows linearly in the long-run. The
increments of log S are stationary and Gaussian, which is a consequence of the driving Brownian motion.
That is, for a fixed time lag h,

Sit+h 1
rp(t+ h) :=log St+h) = (p— =0®)h +o(B(t +h) — B(t))
S(t) 2
is Gaussian distributed. Clearly rp, (¢ + h) is F? (t)-independent, because B has independent increments.

Therefore if FZ(t) = F5(t), it follows that the market is weakly efficient. To see this, note that S being a
strong solution of (1.3.2) implies that F°(¢) C FZ(t). On the other hand, since

1
log S(t) = log S(0) + (1 — 502)75 +oB(t), t>0,

we can rearrange for B in terms of S to get that FZ(¢) C F9(t), and hence F2(t) = F°(t). Due to this
reason, equation (1.3.2) has been used to model stock price evolution under the classic Efficient Market
Hypothesis.



Chapter 2
Fat Tails and Bubbles in a Discrete Time Model of an

Inefficient Financial Market

2.1 Introduction

In recent years much attention in financial economics has focussed on the trading strategies of investors.
Classical models of financial markets assume that agents are rational, have homogeneous preferences, and
do not use historical market data in making their investment decisions. An important and seminal collection
of papers summarising this position is [29].

Econometric evidence of market returns (cf., e.g. [48]) and analysis of the behaviour of real traders reveal a
more complex picture. Traders often employ rules of thumb which do not conform to notions of rational be-
haviour based on knowledge of the empirical distribution of returns (cf., e.g. [43]). Moreover, many traders
use past prices as a guide to the evolution of the price in the future, with strategies using the crossing of
short—run and long—run price averages being very popular (cf., e.g. [64]). Linear continuous—time stochastic
models of markets in which agents use past prices to determine their demand, but in which traders discount
past returns using an exponentially fading memory, include [21, 38].

In this chapter, we present a stochastic difference equation model of an inefficient financial market. The
model is informationally inefficient in the sense that past movements of the stock price have an influence
on future movements. We assume that there is trading at intervals of one time unit with prices fixed in
the intervening period. The inefficiency stems from the presence of trend—following speculators whose
demand for the asset depends on the difference between a short—run and long—run weighted average of
the cumulative returns on the stock over the last N; and N, periods, where No > N;. More precisely, if
X (n) is the cumulative return up to time 7, the planned excess demand just before trading at time n + 1 is
S wi ()g(X (n— ) — 020t wa(j)g(X (n — 5)) where 30 wp, (j) = 1 form = 1,2 and g is
an increasing function. In other words, speculators buy when the short-run average is above the long—run
average, and sell when the short—run average is below the long—run average. Speculators react to other
random stimuli— “news”— which is independent of past returns. This news arrives at time n + 1, adding
a further £(n + 1) to the traders’ excess demand. Prices increase when there is excess demand (resp. fall
when there is excess supply), with the rise (resp. fall) being larger the greater the excess demand (resp.
supply). Hence, the price adjustment at time n + 1 is given by

N1—1 N2—1
X(n+1)=X(n)+ > wi(gX(n—3)— Y wa(ig(X(n—5)+&n+1). @11
j=0 j=0

We need one final assumption on the weights w; and wsy so that the weighted average with weight w;
represents a short—run average, while the weighted average with weight w, represents a long—run average.
If the terminology “short—run” and “long—run” is to be meaningful, the short—run average should always
give a greater cumulative weight to the last n units of information than the long—run average for any n;
mathematically, this means that

> wi(i) =Y wa(j), n=0,1,...,N -1 (2.12)
j=0 j=0

We study the almost sure asymptotic behaviour as n — oo of solutions of (2.1.1) under the assumption
(2.1.2). Roughly speaking, we show that the market either follows a correlated random walk, or experi-
ences a crash or bubble.

This chapter shows three things: firstly, if the trend—following speculators do not react very aggressively
to differences between the short—run and long—run returns, then the rate of growth of the partial maxima
of the solution is the same as that of a random walk. Therefore, to a first approximation, the market ap-
pears efficient. However, the size of these largest fluctuations is greater in the presence of trend—following
speculators than in their absence, where the market only reacts to “news”. Hence, the presence of these
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speculators tends to increase market volatility, as well as causing correlation in the returns. These results
hold if g is linear (Theorem 2.3.1), or g(z) = Bz + o(z) as * — oo for some 3 > 0 sufficiently small
(Theorem 2.5.1). Moreover, when g is linear the returns follow a random walk plus a stationary process.
Secondly, when g is linear and the trend—following speculators behave aggressively, the returns will tend
to plus or minus infinity exponentially fast (Theorem 2.3.2). This is a mathematical realisation of a stock
market bubble or crash. The result also holds for the nonlinear equation when g(z) = Sz + O(|z|”) as
x — oo for some v € (0, 1) (Theorem 2.5.2).

Thirdly, in the case when the cumulative returns follow a correlated random walk, we show for both linear
(Theorem 2.6.1) and nonlinear (Theorem 2.6.2) models that the A—returns X (n) — X (n — A) are subject
to the same size of large excursions as the “news” process £, under the assumption that the distribution of
each variate in £ has polynomially decaying tails. In other words, we show that the A-returns behave in
a way which is consistent with a stationary process in which each variate is distributed with polynomially
decaying tails. In the context of financial markets, such returns’ distributions are often called “fat—tailed”
or “heavy-tailed”. In this situation, where “news” is an additive perturbation, and the function g is not too
far from linear, the heavy—tailed returns arise from the “news” process being heavy—tailed rather than from
the nature of the interaction of the speculators.

This chapter is a generalisation of work of Appleby & Swords [12] which proves analogues of Theo-
rems 2.3.1, 2.3.2 and 2.5.1 in the simpler case when the speculators’ trading strategy is based on com-
paring the current returns with a weighted average of past returns. Moreover, there are no analogues of
Theorems 2.5.2,2.6.1 or 2.6.2 in [12].

If we define Ty = Z;le_l Jws(4), Th = Z;V:ll_l Jjw1(j), the market experiences a bubble or crash, or
a correlated random walk, depending on whether 5(Ty — T7) is greater than or less than unity. 7o — T}
is positive on account of (2.1.2). Large values of 3 correspond to aggressive or confident speculative be-
haviour; if g(x) = Ba for example, the planned excess demand of traders is 3 times the difference between
the short—run and long—run weighted averages of returns. Therefore, for larger 3 a smaller signal from the
market is required to produce a given response from the traders.

The term T = Z;le_ ! Jjwa(j) is in [1, No — 1], and the greater weight that traders give to returns further
back in time, the larger 75 becomes. Therefore, T5 is a measure of the effective length of the “long—run”
memory of the traders; in a similar manner, 77 is a measure of the effective length of the “short-run”
memory of the traders. The larger the difference between 75 — T} the more readily the market leaves the
correlated random walk regime and enters the bubble or crash regime. Moreover, even within the random
walk regime, the large fluctuations become more extreme the larger that 75 — 737 becomes. It may be seen
that a large value of T, — T3 arises, for example, when traders base their short—run average on returns over
a very short time—horizon, but whose long—run average gives significant weight to returns from the relative
distant past. This strategy can obviously introduce significant feedback from the distant past, so causing
trends from the returns in the past to persist for long periods of time, which tends to cause the formation of
bubbles or crashes. To take a simple example, if traders make their decisions based only on a comparison
of returns N7 — 1 periods ago with returns Ny — 1 periods ago, where N1 < No, then we have T} = N7 —1
and T, = Ny — 1, and so bubbles form if S(Ny — N;1) > 1 while we have a correlated random walk if
ﬂ (N 5 — IV 1) < 1.

This chapter has the following structure; Section 2 gives notation and supporting results, the asymptotic
behaviour of the cumulative returns in the linear equation and the probability of a bubble or a crash is stud-
ied in Section 3; Section 4 studies the asymptotic behaviour of the autocovariance function of the linear
equation, the corresponding results for the nonlinear equation are in Section 5; Section 6 is concerned with
the large deviations of the A—returns and Section 7 contains the proofs of supporting lemmas.

2.2 Background Material

N denotes the integers 0,1,2,..., and R the real line. A real sequence a = {a(n) : n € N} obeys
a € H(N;R) if 3°, . la(n)| < oco. The convolution of f = {f(n) : n € N} and g = {g(n) : n € N},
[ * g, is a sequence defined by (f * g)(n) =Y ,_, f(n —k)g(k), n € N. Let Z(z) denote the z-transform
of z. Let 5 > 0, N;, No € N with Ny > Ny and w,, = {wp(n) : n=0,...,Np, — 1}, m = 1,2 be
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sequences obeying

Np,—1
Wn(n) 20, n=0,....Np—=1; Y wy(n)=1, m
n=0
Y owi() =Y wa(d), j=0,...,Ny—1.
§=0 §=0

The resolvent r = {r(n) : n > —Ns} is a scalar sequence defined by

Ni—1 —

rin+1)=r(n)+p Zwl r(n—j) Z r(n —j)
3=0

r(0)=1, r(n)= O, n < 0.

neN

(2.2.1a)

(2.2.1b)

(2.2.22)

(2.2.2b)

Lemma 2.2.1. Let 3 > 0, Ny and Ny be positive integers with N1 > Ns, wy and wo obey (2.2.1), and r

be defined by (2.2.2).

(a) ris a non—decreasing sequence with r(n) > 0 forn € N.

(b) If

N21 N11

B Z]UJQ Zjuq <1,

then 1
nlirréor(n) - Na—1 Ni—1
175(2] =0 Jw2<j) Z] =0 le
and § = {5(n) : n > —Na} € ((N;RT), where §(—N3) = 0, §(n
n Z _NQ.
(c) If
N2 1 N1 1

B Z]wz ijl > 1,

there exists o € (0, 1) defined by

k=0

Ni—1 N>—1
o 1+g<z oFun(k) = 3 atua(h)
k=0

such that lim,,_, o, @"r(n) = R*, where R* > 0 is given by

1

B = 00t Ba s, jatu ()

where w(n) := Z;L;\(()er) w1 (j) — wa(4), and wi(n) := 0 forn > Nj.

*

=T

1) =r(n+1)-

2.2.3)

(2.2.4)

r(n) for

(2.2.5)

(2.2.6)

2.2.7)

Remark 2.2.1. For the proof of this lemma we write the resolvent r(n) in terms of a new function §(n).
We then use this information to prove part (a). For part (b) we can compute the limit of d(n) and use
this information to derive an explicit formula for the limit of r(n). By applying the final value theorem to
the z-transform of §(n) we compute an explicit formula for its rate of exponential growth. Rewriting the
exponential rate of growth of r(n) in terms of §(n) we can derive the exponential rate of growth of 7(n)

thus proving part (c).
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Proof. We assume N7 > 1. r is non—decreasing if ¢ is non-negative. Extend w; to {Ny, ...,
Nz — 1. To prove part (a), we put r(n) = Y7

wi(n) = 0forn = Ny,...,
n > 0, we have

n+1 n

PRI D [6)

j=—Na+1 j=—Na+1

N;—1
+ 08 Zwl(k

k=0

and hence

Ni—1 n—j
S+ =8> > w
j=0 k=—N»

n—k No—1 n—k
) D 0 = D wek) Do ()|,
j=—No+1 k=0 j=—Na+1
No—1 n—j
-2 > w
+1 j=0 k=—Na+1

Using the fact that wy(n) = 0 for n > N, and by reversing the order of summation, we have

Ni—1 n—j

2. 2

j=0 k=—N,+1

and similarly we have

N2 1 n—j

> Y

j=0 k=—Ny+1
By defining

w(n) =

we have d(n + 1)
5(0) =1,

=0 ZZ:—NQH w(n

n

=8 wn-

k=0
By (2.2.1a), for n > N3 — 1 we have w(n)

Z?:o w1 (j)

we have

o(n+1)

— k)o(k) forn = 0,1,2,....

—ws(4), and so by (2.2.1b), w(n)

Nz*l TL—j
j=0 k=—No+1
n (n—k’)/\(NQ—l)
= > S wi(y) ¢ a(k),
k=—Nz2+1 Jj=0
n (n—k)A(N2—1)
> > waly) p 6(k).
k=—No+1 =0
nA(Na—1)
> wi(d) —wald),
j=0

), n=0,1,2,...; 4(0)=1.

= 0.
>0forn=0,1,...,N;

n Ni—1 n n n

w(n) =

and sow(n) > 0forn = Ny,...,
proving (a).
To prove part (b), we note first that w € ¢!

> ) —1=> d(n+1)

(wi() —wa(f)) = Y wi(i) + Y wi() = Y wa(i) =1 =Y wa(j),

=0 =0

j=Ni =0 =0

(N;[0,00)). If 8307 yw(n) < 1, then

= ﬁz Zw(n —k)o(k)

n=0 k=0

=8> wm)y o0,

13

N2 — 1} by
No+10(j) into (2.2.2) for

(2.2.8)

Since d(n) = 0 for n < 0 and

(2.2.9)

For0 < n < Ny — 1, as N; < Ny, we have w(n) =
—1. Finally for Ny <n < Ny—2,

Ny — 2. Hence w(n) > 0 forall n > 0, and so §(n) > 0 for all n > 0,



and Y7 8(n) =: r* is finite, with r* = 1 + 3r* >_>° Jw(n). Since w(n) = 0 forn > Ny — 1 and w
obeys (2.2.8),

00 00 nA(N2—1)
Zw(n) = Z Z (w1(j) — w2(4))
n=0 n=0 \ =0
Na—2 Np—2 Na—2 Np—2
B SHSTTTNS i Sem
i=0 n=j i=0 n=j
Ny—2 Ny—2
= > (Mo —j—Dwi(j) = Y (N2 — 1= jlwa(y).
=0 =0
Now
Ny—2 Ny—1 Ny—1
> (Na—1—jwa(j) = Y (Na = 1= jlws(j) = Na— 1= Y jws()
i=0 i=0 =0

and similarly for 37202 (Na — 1 — j)wi(j). As (2.2.1a) holds, we get

e’} No—1 N;—1
D wn) =Y jwsi) = Y jwi(d),
n=0 j=0 j=0

proving (2.2.4). For part (c), the condition that 3% " jw(n) > 1 implies there is a unique o € (0, 1)
such that B Y772 wa(j) = 1, where wa(n) = a™w(n). Indeed, such an o must satisfy (2.2.6). Now, by

n

multiplying across (2.2.9) by a"+1, we get 6, (n+1) = Ba > i—0 Wa(j)da(n—j) where 6o (n) = a”d(n).
Now taking the z-transforms yields

2(0a(2) = 1= B’y wa(j)z70a(2)

=0

1=04(2) | 2 — 5a§:wa(j)z_j
J=0

— Tim 8 _ N o—J
1 —lﬂéa(z) z /Bazowa(])z
j=

Now by the final value theorem lim,_; Z(2)(1 — 271) = lim,, ., #(n) where
lim, (1 — 271) = 0. Then

. _ . _] _
;qu z ﬁaZwa(j)z 0

j=0
1 —Baiw(j)an LY 0
; a—1
7=0
1+ BZw(j)ozj =a L
j=1
Rewriting the equation in terms of the Final Value Theorem yields
— adl_w(j)z7 1
lim 6, (2)(1 — 271) S b2 j=ovly) = TSI
Z-1 1—2-1 1—271 L+ Ba) i_giaiw(j)
Thus 1
lim 6(n) = -
n—00 1+ Ba Zj:o jadw(j)
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As a"§(n) — §* as n — oo then lim,, .o a™r(n) = (1 — a)~1§* := R* where R* is given by (2.2.7).
Therefore lim,, o, @"r(n) = ﬁ 0* =: R*, where R* > 0 is given by (2.2.7). O

2.3 Cumulative Returns In The Linear Equation

We consider the linear stochastic difference equation for n > 0

Ny—1 No—1

Y(n+1)=Y(n)+8¢ > wi()Y(n—35)— > w()Y(n—j) p +&n+1),  (23.1a)
j=0 3=0

Y(n)=¢mn), n<o0, (2.3.1b)

where £ = {£(n) : n € N} is a is a sequence of independent, identically distributed variables obeying

E[¢(n)] =0, 0% := E[¢(n)?] foralln € N. (2.3.2)
Proposition 2.3.1. Let r be the solution of (2.2.2) and let Y be the solution of (2.3.1) and y obey (2.3.7)
then
Y(n) =3 r(n—7EG) +y(n). (2.3.3)
j=1

Proof. Define Z(n) = Y(n) — y(n) forall n > —N where Z(n) = 0 for all n < 0, then Z(n + 1) =
Y (n+1) — y(n+ 1). Using the fact that Y obeys (2.3.1) gives

N;—1 No—1
Zn+1)=Ym)+ 8| Y wi())Y (n—j) = > wa(f)Y(n—j) | +&(n+1)
j=0 =0
N;—1 No—1
—ym) =B D wiyn—5) = D wa(i)y(n — )
j=0 j=0
Ni—1
=Y(n)—yn)+ 5> wi(G)(Y(n—j5)—yn-j)
=0
No—1
— B> wa(§)(Y(n—j) —yln—75) +&(n+1)
j=0
N;—1 No—1
=Zn)+ (> wi()Z(n—j)— > wai)Z(n—j))+&n+1)
j=0 7=0

Therefore by Lemma 2.7.2

n—1 n

Z(n) =3 r(n=1-5)8G +1) =3 _r(n— 0.

7=0 j=1

From (2.3.8) we know that y(n) = 7(n)¢(0) + B(¢o * )(n) for n > 1. Then for n > 1
Z(n) = Z?Zl r(n—j)&(7) and Y(n) = z(n) + y(n) as required. O

Remark 2.3.1. This propostion shows that the resolvent Y (n) can be expressed in terms of the deterministic
equation and the variation of constants formula.
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2.3.1 Correlated random walk obeying the law of the iterated logarithm

If (2.2.3) holds, then Y behaves asymptotically as a random walk. For instance, if £ obeys (2.3.2) the
process S given by S(n) = Z?:l &(7) is arandom walk and obeys the Law of the Iterated Logarithm:

lim sup L = — liminf L =0
n—oo y/2nloglogn n—oo 4/2nloglogn

Theorem 2.3.1. Let 3 > 0, Ny and N5 be positive integers with N1 > No, w1 and wy obey (2.2.1), and 3
obey (2.2.3). If € obeys (2.3.2), and Y obeys (2.3.1), then

a.s.

lim sup Yn) = o o] NI , o as. 2.3.4)
n—co V2nloglogn —q _ B (Zjio Jwa(j) — Zj:lo Jw1(3)>

. Y (n) o]

lim inf =— , o as. (2.3.5)
nmee Vanloglogny - g (e jua(f) - SN jun()

Remark 2.3.2. In the above formulas the right-hand side limit is greater than |o|, the traders cause excess
volatility in the market. The size of the excess increases as the key parameter, that is

Nz—1 Ni—1

B Y dweG) = Y jwih) |
=0 =0

tends to 1. The reason for this is more easily ilustrated by the following example.

Example 2.3.1. A common trading strategy is to compare the arithmetic average of prices or returns over
200 days (long run average) with that over 30 days (short run average). We generalise this here to a
comparison of arithmetic averages over N1 and N5 days, where N; > Ns. To do this, we let

1
wl(j):ﬁf forj=0,---, Ny —1

and

1
j))=—, forj=0,--- Ny — 1.
w2 (.] ) N2 , Ior j ) s 4V2
It can be easily checked that w; and wy obey all the hypotheses of Theorem 2.3.1. Then the key parameter
as defined above turns out to be

Ny—1 Ni—1

2 dwel)— Y dm) | =5 (v - ).
=0 j=0

If this value is less than one then the volatility is amplified by a factor of ) (with respect to a

market with feedback traders). Firstly, this factor increases as ( increases, which means the market becomes
more volatile the more aggresive the traders. Secondly, the factor increases as No — N increases, and it
increases very rapidly as G(No — N7) approaches 2. Therefore the market becomes arbitrarily volatile
relative to a market free of feedback traders as we get ever closer to this boundary in (3, No, N7 ) parameter
space. No — N; becomes large when the traders take very long—run moving averages with very short—run
moving averages.

We consider another example in which traders compare the returns N9 units of time ago with those Ny
units of time ago, where again Ny > Nj. In this case X obeys

X(n+1)=X(n)+4(X(n—(N1—1)) = X(n— (N2 = 1)) +&{(n+1),

and we identify w; and ws as follows:

w (’I’L) o 1, n = N1 -1
P70 0, otherwise, . .
o 1, n = N2 —1
wa(n) = { 0, otherwise, ...,
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Then the key parameter is defined as 3 (Ny — Np). Again the volatility increases as (3 increases and as
Ny — Nj increases. However, this market is less stable than that with arithmetic averages because moving
averages smooth the effect of a large of the process at a given instant over the entire period sampled by the
investors.

Remark 2.3.3. For this proof we write the resolvent Y (n) in terms of the deterministic equation and the
variation of constants formula. For the variation of constants formula we add on and take away the limit of
the characteristic equation (in the stable case) leaving us with two terms. By combining Lemma 1.2.1 with
the Borel-Cantelli lemma and by employing Lemma 2.7.1 we show for the first of these terms that its limit
tends to zero. The limit of the second term is equal to the limit of the resolvent multiplied by the absolute
value of the standard deviation of the news process. Once stochastic effects have been taken into account,
it is this term that dominates the contribution from the deterministic equation, and therefore yields the limit
for resolvent Y'(n).

Proof. Forn > 1,Y(n) = y(n) + 3_7_, 7(n — j)§(j), where

N;—1 No—1
yn+1) =ym)+8| D wiyn—35)— D> wa(ilyln—35)| n>0,
=0 =0

y(n) = ¢(n),n < 0. Define A*(n) =r* —r(n)and U(n) = > A(n — j)E(j), we get

n

Y(n)=y(n) = Un) +r" Y &G)  n=>1

j=1

By (2.2.3), r(n) — r*, and so lim, . y(n) exists. By the law of the iterated logarithm, we need to
show lim,, .o |U(n)|/v/2nloglogn = 0 a.s. By Lemma 2.2.1, we have A(n) > 0 and Y .~  A(n) =
>0 né(n). By (2.2.9) and the fact that w(n) = 0 for n > Ny — 1, we see that § is the summable
solution of a finite lag linear difference equation, and therefore |0(n)| < Cv™ for some v € (0,1). Thus,
A € (1(N,R).

Let b(z) = v/, * > 0. Then b : [0,00) — [0, 00) is increasing and b~ (x) = 22. If £ is a random
variable with the same distribution as £(n), by Lemma 1.2.1 we have

> Pg(n)| > vl < EB([E])] = E[£7] < .

By the Borel-Cantelli lemma, lim sup,, . |£(n)|/+/n < 1, a.s. which implies that

lim,, .o [£(n)]/v/2nloglogn = 0 a.s. Thus, there is an a.s. event Q* such that for all w € Q*, and all
e > 0, there is C(¢,w) > 0 such that [£(n,w)| < C(e,w) + e+/2nloglog(n + e¢) =: v(n,w) forn € N.
Since A € ¢! (N;R), by Lemma 2.7.1 we have

U T 1AM = PY(w, ] s
hmsup\ (n,w)| SHmsuij,ll (n—j)v(w,j) =S 1AG)
o e = 70) 2
thus limsup,,_, . [U(n,w)|/v/2nToglogn < 377, |A(j)], hence the result. O

When (2.2.3) holds, it can further be shown that y — U is an asymptotically stationary ARMA process,
so Y is the sum of an asymptotically stationary (and mean reverting) process and a random walk. ARMA
(autoregressive moving average) processes are used widely in financial econometrics (see e.g., [22]). Notice
also that the limit on the righthand side of (2.3.4) is greater than |o|; this shows that the large fluctuations of
X are greater than those of the random walk S, which represents a market without the presence of feedback
traders.
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2.3.2 Presence of bubbles and crashes

When ( obeys (2.2.5), we now prove oY (n) — Y™* as n — oo where o € (0,1) and Y* is a random
variable which is explicitly given in terms of £&. Hence Y (n) tends to £oo according to the sign of Y*. But
before we state the theorem the following result is needed for its proof:

Lemma 2.3.1. For a continuous local Martingale M, the sets {{M)(c0) < oo} and {lims_, oo M (t) exists}
are almost-surely equal. Furthermore, limsup,_,.  M(t) = oo and liminf;_,.o M(t) = —oo almost
surely on the set {{M)(o0) = oo}.

Theorem 2.3.2. Let 3 > 0, Ny and N be positive integers with N1 > Ns, w1 and wy obey (2.2.1), and 3
obey (2.2.5). Suppose also that o € (0, 1) is given by (2.2.6), and R* by (2.2.7). If £ obeys (2.3.2), and Y
obeys (2.3.1), then

lim oY (n) = R* | L(¢) + Zajf(j) ,  as.
j=1

n—oo

where

N1—2 Ny—2

L(¢)=¢(0)+5 Y o i wi(j—De(l) =B D o i wa(j —Do(l).  (2.3.6)
=0 =0

I=j—Ni+1 l=j—Ny+1

Remark 2.3.4. In the proof we write the resolvent Y (n) in terms of the deterministic equation and variation
of constants formula. We then calculate the exponential rate of growth of the deterministic equation via
z-transforms. We add on and take away the exponential rate of growth of the deterministic equation from
the variation of constant formula. By employing the martingale convergence theorem to this term we are
able to compute its exponential rate of growth thus deriving the result.

Proof. Let y be given by

N;—1 No—1
y(n+1) —y(n) = 3 ( > wik)y(n—k) = > wa(k)y(n — k)) : (2.3.7)

Taking the z- transform yields,

2 (y(2) —y(0))
Ni—1

o fe’s) No—1
=0 (Z z " Z wy(k)y(n — k) — Z z " Z wa(k)y(n — k)) .
n=0 k=0 n=0 k=0

Now
© Ni-1 oo Ni—1
S Y wikyn—k) =3 N wilk)zFy(n — k)2~
n=0 k=0 n—0 k—0
Ni—1 0o
= > wik)z" Y 2Ty
k=0 I=—k
Nl—l _1 )
= wl(k‘)z—k <Z z_ly(l) + Zz_ly(l)>
k=0 l=—Fk =0
N;—1 Ni—1 1
=9(x) Y wik)z" + Y wn(k)z Y0 2
k=0 k=0 I=—k
Letting m = [ + k, then
Ni—1 -1 Ny—1 h—1
Z w1(/€)z—k Z Z_l¢(l) = Z wy (k) Z 2™ p(m — k)
k=0 l=—k k=0 m=0



Thus,

Ni—1 N;—1 k—1
z(y(2) —y(0)) =y(2) + 6 (ﬂ(Z) Doowik)z 4 Y wi(k) Y 2 (m - k))
= = m=0
Nz—kl ' Ng—kl " k—1
- (mz) > wa(k)zF = > wa(k) Y 2T G(m - k))
k=0 k=0 m=0

then
Np,—1 j—1
y(2) <z —1-8 % w(k)z ") =0(0)+ (Z 27" o( )) :
k=0 m=0
Using the fact that
- 1
(z) = N

z—1-03%," L a—kw(k)

and getting the inverse of the z-transform of the above yields

y(n) =7r(n)p(0) + B(do xr)(n) n>1. (2.3.8)
Then y(n) = r(n)p(0) + Y120 r(n — j)do(j). n > Ny — 1. As lim, oo 7(n)a” = R*,
Jm a"y(o)
Np—2 _ -1 No—2 . -1
=RB| Y o > wG-De)— D> o D wa(i— (D)
Jj=0 l=j—N1+1 j=0 l=j—N2+1
+ R*$(0).

Next, for n > 1, it is know that Y'(n) = y(n) + >_7_, r(n — 7)&(j) thus

a"Y (n) = a"y(n) + > _(a"Ir(n —j) = R*)aIE(G) + R* Y 7€) (2.3.9)

j=1 j=1
Let M(n) = R* 377, al€(j). Since o € (0,1), M is martingale with finite quadratic variation, so by the
martingale convergence theorem lim,, oo M (n) is finite a.s. By (2.3.2), EY"7_, o/ [£(j)] < ao/(1 — o),
0 £4(n) := a™¢(n) € L1(N;R), as. Asri(n) := a™r(n) — R* — 0, (11 *&,)(n) — 0as n — oco. We
end by letting n — oo in (2.3.9). O

2.3.3 Bubble dynamics
We rewrite (2.3.9) as

o0
nlLHéC a"Y(n) =R | L(¢) + Z EG) | = T(¢), as. (2.3.10)
j=1

where the constant R* is given by (2.2.7) and L(¢) is given by (2.3.6). We say that the market experiences
abubble if ' =T'(¢) > 0 and a crash if I' = T'(¢) < 0, because in the former case Y (n) — oo as n — oo
at an exponential rate, while in the latter Y (n) — —oo as n — co. We remark that I'(¢) # 0 a.s. because I'
is normally distributed with non—zero variance. Therefore only bubbles or crashes can occur when (2.2.5)
holds. In the next theorem, we analyse the dependence of the probability of a crash or bubble according to
the behaviour of the initial returns ¢ on the interval set of times {—N2 + 1,--- ,0}.
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Theorem 2.3.3. Suppose that £ obeys (2.3.2). Suppose also that 3 > 0, Ny and No are positive integers
with N1 > N, wy and ws obey (2.2.1), and (3 obeys (2.2.5). Let Y be the solution of (2.3.1).

(i) If ¢ is constant, then P[['(¢) > 0] = 1/2.

(ii) Let Y (¢1) be the solution of (2.3.1) with initial condition ¢, and Y (p2) be the solution of (2.3.1)
with initial condition ¢o. If 1 — ¢4 is constant then

P[l'(¢1) > 0] = P[I'(¢2) > 0].

(iii) Let ¢ be such that P[['(¢) > 0] > 1/2. Then ¢ — P[I'(¢¢) > 0] is increasing and moreover

lim P[(c¢) >0 =1, lim P[I(cg) > 0] = 0. (2.3.11)

c—00

(iv) Let ¢ be such that P[T'(¢) > 0] < 1/2. Then ¢ — P[T'(cg) > 0] is decreasing and moreover

lim P[[(cp) > 0] = 0, lim P[I'(c¢p) > 0] = 1. (2.3.12)

(v) If ¢ is non—decreasing with ¢(0) > ¢(—1), then P[I'(¢) > 0] > 1/2. Moreover ¢ — P[I'(c¢) > 0]
is increasing and obeys (2.3.11).

(vi) If ¢ is non—increasing with $(0) < ¢(—1), then P[I'(¢) > 0] < 1/2. Moreover ¢ — P[T'(cg) > 0] is
decreasing and obeys (2.3.12).

Before giving the proof we interpret the conclusions (i)—(vi) of the theorem. Part (i) implies that if there
is no trend in the returns on the interval set of times {—N» + 1,--- , 0}, then the market is equally likely
to enter a bubble or a crash. This is sensible because the traders are not able to detect a trend in the market
which might influence their decisions in one direction or another. Part (ii) suggests that it is the patterns of
the recent returns which influences the probability of a bubble rather than whether the returns are high or
low; this is emphasised by parts (v) and (vi) which show that if there is an initial upward trend in the returns
then the speculators are more likely to extrapolate this rising trend, causing a bubble to occur. On the other
hand if there is an initial downward trend in the returns, the speculators are more likely to trade in a manner
that causes this trend to be extrapolated downwards, leading to a crash. The initial poor performance of
the asset convinces positive feedback traders that informed traders believe the asset will perform poorly
in future, so they sell (or short sell) the stock. This then forces prices lower, encouraging further selling,
and the result of this downward spiral is a crash. The second part of the conclusion of parts (v) and (vi)
echo the conclusion of parts (iii) and (iv) of the theorem. Part (iii) suggests that if there is a trend in the
initial returns which makes the probability of a bubble more likely than that of a crash, an amplified version
of that trend would make a bubble even more likely to occur, with greater amplifying factors leading to
greater probabilities of a bubble. This suggests that when the traders receive stronger trending signals
from the market (even if those signals are simply noise), they are more likely to make these trends self—
fulfilling. Also, it can be seen that a mirror image of the trend which makes a bubble more likely is precisely
what makes a crash more likely. Part (iv) shows that the situation for bubbles described in part (iii) holds
symmetrically for crashes.

Theorem 2.3.3 concentrates on the impact of the initial returns on the probability of a bubble or crash.
However, this probability also depends on the properties of the summation of ¢ on the righthand side of
(2.3.10). Because of this we can determine the impact of a sequence of “good news stories” about the asset
at the time shortly after trading begins. Speaking very loosely, we can interpret this as a “majority” of
the (infinitesimal) increments of & being positive. Since the summation on the righthand side of (2.3.10)
diminishes exponentially as time increases, it is the sign of these “initial” increments of ¢ that largely
determines whether the summation assumes a positive or negative value. Therefore, initial good news about
the stock tends to result in a positive value of the summation, while initial bad news about the stock tends
to lead to a negative value of the summation. Therefore, if there is good initial news about the asset, the
price of the stock tends to increase and the traders force the price higher by misperceiving this increase as
arising from demand from informed speculators. As before, this induces further buying and the stock price
undergoes a bubble. Similarly, initial bad news tends to precipitate a crash.
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These remarks suggest that the mechanisms by which bubbles form in this model are consistent with the
notion of mimetic contagion introduced by Orléan (cf. e.g., [65]). In mimetic contagion we may think of
the market as comprising of two forms of traders, with new entrants choosing the trading strategy which
tends to dominate at a given time. In the long-run, the proportion of traders in each category settles down to
a value which is random but which depends quite strongly on what happens in the first trading periods. The
similarities with mimetic contagion are as follows: in (2.3.10), the righthand side depends crucially on the
market behaviour in the first few time periods; once a dominant trend becomes apparent, the trend following
speculators will tend to extrapolate that trend; and the longrun behaviour (either a bubble or crash) is not
known in advance.

Remark 2.3.5. To prove (i) - (iv) of the theorem we employ the property of the normal distribution to
compute the value of the probability. The proof of (v) and (vi) are similar. For (v) we write y in terms of
a function U and apply z-transforms to this “new” equation. Using the Final Value Theorem we show this
limit is positive and hence calculate the probability of this event occurring.

Proof. To prove (i), notice that if ¢(n) = R* foralln = —Ns + 1,--- , 0 then the solution y of (2.3.7) is

y(n7 (b) = R*forallm = —Ny + 1,--- ,. Therefore lim,, y(n, ¢)/o¢" = (0 and so
T(¢) =R alE(j) = Z (2.3.13)
j=1

where Z is normally distributed with zero mean and variance R*? > a% and P[T'(¢) > 0] = P[Z >
0] = 1/2 as claimed.

For the proof of (ii), let y(¢1) be the solution of (2.3.7) with initial condition ¢ and y(¢2) be the solution
of (2.3.7) with initial condition ¢2. Let z(n) := y(¢p1,n) — y(P2,n) forall n = —Ny + 1,--- .. Then
z(n) =cforalln = —Ny+1,--- ,0and z(n + 1) — z(n) = L(z,) for n > 0. Therefore z(n) = ¢ for all
n=20,--- and y(¢p1,n) — y(¢a,n) = cforallm = —Ny + 1,--- ,0. If y is the solution of (2.3.7) we may
define the operator L by

lim y(n,¢)/a"” = L(¢) (2.3.14)
n—oo
where L(¢) is defined by (2.3.6) and R* > 0. We note that R* is independent of ¢. Since z(n)/a™ — 0 as
n — 00, we have
L)~ Do) = tim YO gy H020) g

n— 00 n— 00 am

and L(¢1) = L(¢2). Therefore I'(¢1) = I'(¢2) and (ii) is proven.
We now prove (iii). By (3.6.2) and (2.3.6) we have

I'(¢) = L(¢) + R* Z oJE(j) = L(¢) + Z

where Z is defined by (2.3.13). If P[I'(¢) > 0] > 1/2 we have
1/2 <P[[(¢) > 0] = P[L(¢) + Z > 0] = P[Z > —L($)] = 1 = P[Z < —L(¢)],

and L(¢) > 0. Clearly L(c¢) = cL(¢) for any c € R and T'(c¢) = cL(¢) + Z. As L(¢) > 0 we have that
¢ — P[I'(e¢) > 0] is increasing and

lim Pl(cp) > 0] =1, lir_n P['(cp) > 0] = 0.
The proof of (iv) is similar. We now prove (v). Let y be defined by (2.3.7) where y(n) = ¢(n) for all
n=—-Ny+1,---,0and y(n) = 0 for all n < —Nsy. Define u(n) := y(n) — y(n — 1) for n € Z. Then
u(n) =0foralln < —Nyand u(n) = ¢(n) — p(n— 1) foralln = —Ny + 1,--- 0. Let n > 0, then

Ni—1 Na—1
un+1) =yn+1) —yn) =6 Y wi(iyn—j) = Y wali)y(n —j)
j=0 j=0
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Observe that y(n) := >.°2 ___ u(n) where n € Z. Then for n > 0

Ni—1 oo Ny—1 )
U(n+1):ﬁ< wi() D ul) = Y wa(i) Y u(l)
j=0 l=—o00 j=0 l=—c0
Now
Ni—1 0o o0 (n—1)A(N1-1)
i) > ul)y= Y ( > w() | u)
7=0 l=—o00 l=—00 7=0
—Ny [(N1=1)A(n—=1) -1 (N1=1)A(n—1)
=y ( Yo w@) |u+ D> > wi) ) u()
l=—o00 §j=0 l=—Ny+1 §=0

(N1—1)A(n—1)

+y ST wi() | u).

1=0 =0

By definition u(n) = 0 for all n < — N and consequently Zl*foo (Z(Nl DA(n=) 1(])) u(l) = 0.
Then forn > 0

N1—1 oo N2—1 o0
>oowid) Y ul)= D wah) D ull)
7=0 l=—00 7=0 l=—00
1 (N1 —1)A(n—1) oo [ (N1i=1)A(n=1)
- ¥ Yoo w@G) | u)+ Y > wi() | u)
I=—Na+1 j=0 1=0 j=0
1 (Na—1)A(n—1) oo [ (N2=1)A(n—1)
- > S waly) | ud) - wa(j) | w(l).
I=—Na+1 j=0 1=0 j=0

We define wy(j) = 0 forall j = Ny -+, N — Land let w(n) = SV wy () — SN2 707 4y ()
for all n > 0. Then forn > 0

Ni—1 fe’e) No—1 fe’e) -1 n
dowi() Y oul) = Y wa(d) D ul®) = D wn—hu)+ Y wln—u(l)
=0 I=—o0 j=0 I=—o0 I=—Na+1 1=0
and
u(n+1) )+ 0 Z w(n —Du n > 0;

u(n) = ¢(n) *fb(n* ), n=-No+1,...,0

un) =0, n<-—Ny
where F(n) = ﬁZ;ﬁNZH w(n — lu(l) for n > 0. We have already noted that w(n) > 0 for all
n € {0,..., Ny — 2} and that w(n) = 0 for all n > Na — 1. Since ¢ is non—decreasing, it follows that
u(n) > 0 for all n < —1 and that u(0) = ¢(0) — ¢(—1) > 0 by hypothesis. Therefore for all n > 0,

F(n) > 0. Since w; and wy obey (2.2.1) and (2.2.5), there exists @ € (0, 1) which is the unique solution
of (2.2.6). Define A = 1/« > 1, so that A > 1 is given by

52 —0HD =1,

Applying z—transforms to



yields _
u(z) —u(0) = 27 F(2) + Bz tw(2)u(2).

Hence _
_ o u(0)+ 27 F(2)
(z) = 1— Bz tw(z)
Define uy(n) = u(n)/A\" for n € Z. Then
i)=Y (5) " wln) =i/,
n=0

and ~
w(0) + A1z 1P (\2)

T BA Ty () rw(n)

Notice by the definition of A > 1 that the denominator tends to zero as z — 1. If the limit

ux(z)

b= i Loz
:= lim
L IS S| oo o(Az)"mw(n)

exists and is finite, by the final value theorem for z—transforms we have

7}%@ = Tim uy(n) =1y (u(O) + A—lﬁ(A)) ~ 1 <u(0) + A‘lnio)\_”F(n)> .

Since u(0) > 0 and F(n) > 0 for all n > 0, if ; > 0, then the limit is positive, and we have shown that
P[['(¢) > 0] > 1/2. Using L’Hopital’s rule we obtain

I, = lim 12
1= 11 — Bzzozo /\7(n+1)zfn71w(n)
I 2
T B A (£ 1)z 2w(n)

1
T+ By A Do (n)

Since W(n) > 0, and 3 and A are positive the limit [; is clearly positive and finite as required. O

2.4 Asymptotic behaviour of the autocovariance function in the Lin-
ear Equation

In this section we prove that the autocovariance function in the linear equation is positive. This means once
a trend appears in the returns then this trend will persist. It is the continuation of this trend which underlines
the bubble/crash dynamics of the system. However, it can also be shown that this correlation decays at
an (exact and real) exponential rate. Therefore, although the market is inefficient (due to the presence of
correlation) it does not retain a “long memory” of past price trends.

24.1 Asymptotic behaviour of o

In the following Lemma we prove that the rate of exponential decay of d(n) is finite and constant where
d(n) = r(n) — r(n — 1). This result is required for the main proof of this section. Throughout this section
we assume that

Zwl(j) > ng(j) for some n > 0. (2.4.1)
j=0 j=0
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Lemma 2.4.1. If (2.2.3) holds there exists «g € (0, 1) defined by

Ni—1 No—1
a=1+0 ( > agtw (k)= > aokwg(k:)) (24.2)
k=0

k=0
such that lim,_, o 6(n)/af = 6y, where 69 > 0 is given by
1
L ag B0 kag® (5 wi(h) — wa(j)

Proof. We assume N; > 1. By (2.2.1a), forn > Ny — 1 we have w(n) = 0. For0 < n < N; — 1, as
N; < Ny, we have w(n) = Z?:O[wl(]) wa(j)], and so by (2.2.1b), w(n) > 0 forn =0,1,...,N; — 1.
Finally for N; < n < Ny — 2, we have

8o = (2.4.3)

'LU(TL) =1- ZwQ(])a

Jj=0

and so w(n) > 0forn = Ny,..., Ny — 2. Hence w(n) > 0 for all n > 0.
The condition that 3 jw(n) < 1 implies there is a unique oy € (0, 1) such that if we define

we(n) = o "w(n) we have
Bag* Z Way(n) = 1.

We now show that such an « must satisfy (2.4.2). Since w(n) = 0 for all n > N3 — 1 we have

Nao—1

Bag* Z ap "w(n) = 1.
n=0

Using the fact that
No—1
i af(n j) ( )N2 J
1 )
- 1—aq

and also that ZNEO Y w1 (5) — wa(j) = 0 we have

No—1 No—1 ’IL/\(szl)
1= Bag* Z ag "w(n) = Bagy* Z oy Z {w1(j) — w2(7)}
n=0 n=0 3=0

No—1

= ot -"Z{wl 2}

No—1 No—1 ) )
=Bog" S D g | ag? (wi(h) — wa(5))
J=0 \ n=j
No—1

:fmall e Z (1= (g )™ )ag? (wi(j) — wa(5))

N2 1

i —wa () — (05 L2 S () - wa ()
1—ay =
N2 1
= ﬁoz _1 Z O‘0 (w1(j) —wa2(j))
1 Ni—1 _ No—1
=Bag' ——— ¢ > aglwili) = Y ag’wa())
1=ag j=0 j=0



By rearranging this we see that oy € (0, 1) obeys (2.4.2).
Define 6, (n) = &(n)/aj for n > 0. Then by dividing across (2.2.9) by af !, we get

Sao(n+1) = Bag "> way()0ae(n =), n>0; Ga,(0) =1.
j=0

By taking the z-transform we have

1
n—0o0 B 1 + ﬁaal Z;)O:O ijtO (-7)

where

ﬁaalzwao(j) = ]'
j=0

80 as Wy, (n) = 0 for all n > Ny — 1 we have

1
lim §(n)/og = — =:6p > 0.
e 1+ Bagt S kg™ { g wn () - wa() }
Hence 6(n)/af — 69 > 0asn — oo. O

2.4.2 Asymptotic behaviour of the autocovariance function

In this subsection, we analyse the patterns in the #—returns, where 6 > 0 in the situation where the stability
condition (2.2.3) holds. The #-returns are simply the percentage gains or losses made by investing over a
time period of 6 units, and are denoted at time n by Yy(n). Let § > 1 and A > 0 be integers. Extend r to
—090,...,—Ngy — 1 by setting r(n) = 0 forn < —Ny — 1. If Y is the process given by (2.3.1) we define
the process Yy = {Yp(n) : n > 6 + 1} by

Yo(n):=Y(n)-=Y(n—-0), n>60+1 (2.4.4)
Let us also introduce the sequences 7y and yy by
ro(n) =r(n)—r(n—1=0), n>0, (2.4.5)

and
Yo(n) =y(n) —y(n—10), n=0+1, (2.4.6)

where 7 and y are the sequences given by (2.2.2) and (2.3.7) respectively. If y is the solution of (2.3.7) then
the solution Y of (2.3.1) obeys

Y(n) =y(n)+ ,

J

r(n—35)§3G), n=1,

n

so we have for all n > 6 + 1 the identity
Yo(n) =yo(n) + Y _ro(n—5)E(), n>0+1. (2.4.7)
=1

Theorem 2.4.1. Let 3 > 0 and Ny > N1 > 1 be integers. Let 0 > 1, A > 0 be integers and suppose that
w1 and ws obey (2.2.1) and that (3, wy and ws obey (2.2.3). Suppose also the sequence of random variables
& obeys (2.3.2) and let Y be the solution of (2.3.1) and Yy is the process defined by (2.4.7). Suppose that gy
is given by (2.4.5). Then

(i)
Cov(Yp(n),Yo(n+ A)) >0, foralln>60+1. (2.4.8)
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(ii) For every A > 0 the limit

co(A) := lim Cov(Yy(n),Ys(n + A)) 0221"9 ro(l+ A) (2.4.9)
1=0

n—oo

exists and is finite.
(iii) There exists a unique o € (0, 1) which obeys (2.4.2) such that
o2(1 — a1 — a=f
lim CG(A)OZOA ( aO)( aO )

Ao (1—a0)(1—ag")
1 1

1—5aozN%1aow<a> L+ ag B0 ko S0 w(j)

> 0. (24.10)

We make some further observations and comments before the proof is given. An interesting conclusion of
the theorem is that the f—returns are positively autocorrelated. Therefore, even though the returns undergo
iterated logarithm behaviour like standard Brownian motion, there is correlation between the increments
of the process. The presence of a positive correlation means that trends in the returns have a tendency
to persist. This is responsible for the fact that the largest fluctuations of the process Y are greater that
those that would be seen if there were no trend—following speculators present. The correlation between
returns of horizon length § decays exponentially in the time lag A between successive observations, as
A — oo. Moreover, the exponent in the rate of decay is independent of A. Therefore, although the market
is informationally inefficient because the future returns are correlated with past returns, the memory of
recent events is discounted relatively quickly. This “short memory” is a consequence of the finite memory
trading strategies employed by agents. The autocovariance function is positive because d(n) is positive and
the limit of the autocovariance function exists and is finite because r¢(n) is bounded. Finally the exponential
rate of decay of the correlation function is calculated by employing the result of lemma 2.4.1.

Remark 2.4.1. The proof of part (i) is straightforward and no outline is given. Part (i7) is proven by using
the fact that ry is bounded and part (i7) is proven by employing Lemma 2.4.1.

Proof. By (2.4.7), (2.3.2) and the fact that y is deterministic we have E[Yp(n)] = yg(n) forn > 6 + 1.
Therefore for n > 0 + 1 we have

n n+A
Cov(Ys(n), Ys(n + A)) =E ZT’Q n—j Z (n+ A —5)E3)
n jn_JrA )
=33 roln— )raln+ A = HEEGIEWD)]
j=1 1=1

As A > 0and E[£(5)€(1)] = 0 when j = [ where £ obeys (2.3.2) we have

n n—1
Cov(Yy(n),Ya(n + A)) = o? ng(n —Pre(n+ A - j) = o? Z ro(Dre(l + A).
j=1 1=0

Since we have extended 7(n) to all negative values of n, we can consider 6(n) = 0 for all n < 0 or
equivalently 6(n) = r(n) — r(n — 1) for all n € Z. Hence we notice that

ro(n) =0(n)+d(n—1)+...+d(n—0+1). (2.4.11)

Let A > 1. Since 6(n) > 0 for all n € Z we have r9(n) > 0 foralln > 0 and 6 > 1 as so we have that
(2.4.8) holds foralln > 6 + 1.

To prove part (ii) note from (2.4.11) that for each fixed § > 1, since §(n) — 0 as n — oo we have
ro(n) — 0asn — oo. Alsoas § € /1(N;RT) we have ry € ¢1(N;R") for each fixed § > 1. Thus for
each A > 0 we can consider the limit

co(A) = lim Cov(Yy(n),Ys(n + A)) =0 > re(l)r A).
=0

n—oo
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This limit is finite, because 7 is bounded and rg € ¢! (N; RT); this proves (2.4.9).
It remains to prove (2.4.10). We have shown in Lemma 2.4.1 that if (2.2.3) holds there exists a € (0, 1)

defined by
Ni—1 Ny—1
— —k —k
ay=14+0 ( Z ag “wy (k) — Z o wg(k:))
k=0

k=0
such that lim,, o oy "0(n) = dg, where dp > 0 is given by
1
0o = Naol gk (b ‘ N
14 a5 Ba X0 hag® (S wi(h) - wa ()

Therefore by (2.4.11) we have

li 7002 _ 5 Lm0

. 2.4.12
L A ( )
Since rg € *(N;R™) and o € (0, 1), we have that
Zm(l)aé < +o00.
1=0
Now
A 2\ l —(A+1) 1_%9 2 1—0400
A)/ag =0 ng(l)ao o ro(l4+ A) — & +o Zre alb - (50 -
1—oay -
1=0 0 1=0 0
S0 as ry is summable, by (2.4.12) we have
ay®
li = 5 2.4.13
Agnoo@( Vab =a grg o) - 0y T e ( )

Observe that 79(0) = r(0) — r(—0) = 1 for § > 1 so the limit on the right hand side of (2.4.13) is positive
and moreover finite by the finiteness of Z?io T (l)af). Given that §; > 0 obeys (2.4.3), this formula agrees
with (2.4.10).

To compute > ro(n)af notice first from (2.4.11) that

ro(n) = o(n—j)
§=0
S0
00 (%s) 0—1 6—1 00
> ron)ag =Y ag Y sn—j)=> oy > a;g's(n—j)
n=0 n=0 7=0 7=0 n=0
6—1 - > 0—1 ) l 1-— ag )
=D oy aglon—g) =D ah- Y apd(l) = L afd(n)
j=0  n=j §=0 1=0 0 n=0
Therefore by (2.4.13) we have
. 1—af &<, 1—ap’
A co(A)/af = 021_702 2 agd(n) - 501 —5 (2.4.14)

It remains to determine S := >_°° | afd(n). To do this, we multiply across (2.2.9) by ay t* for each n > 0;
thus by summing over all n we get

Z af™(n+1) = Bag Z Z ag~Fw(n — k)ag = Pag Zaow Za ok
=0 k=0

n=0 n=0 k=0
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Now
S—1=> a}é(j)—=1=> aj™é(n+1)+afs(0) —1=>_ apt'é(n+1).

n=0 n=0
Therefore we have
Na—1
—-1= ﬂa()Zan Zalgé = fag Zaow -S = Py Z aw(j) - S.
7=0 7=0

Hence

= 1

> ags(n) = (2.4.15)

1—ﬁoz Z] 0 a(;w ]).
Combining (2.4.14) and (2.4.15) we obtain

_ _ 0
021 of 8 1 aol . 1 ,
1 - ﬂao Z] =0 O‘Ow(])

as required. O

li A)/ad =
Am (B =0 g do s

)

2.5 Cumulative Returns In The Nonlinear Equation

It is convenient in market models which seek to aggregate the behaviour of individual agents to assume that
agents’ demands are log linear in the price, and therefore linear in the returns. However, this assumption
derives from a particular appetite to risk, and it is certainly possible to consider different demand functions.
In this section (and also in Chapter 4) we suppose that the linear response in excess demand to the returns
is essentially preserved when the returns are large positive or negative, but not for moderate levels of the
returns. Therefore the traders have essentially log—linear demand when the market, in their opinion, is far
from equilibrium. We allow for diverse attitudes towards risk by permitting the response of demand to
returns to vary nonlinearly, allowing much greater flexibility among the investors when returns are closer
to equilibrium levels. This has the impact of allowing investors in our model to be very responsive or very
insensitive to changes in the returns when the market is relatively quiet. We do not base our models of
investor behaviour on the existence of utility functions: however, allowing g to be almost any nonlinear
function for a wide (though finite) range of returns is equivalent in the the utility framework to allowing
both risk seeking and risk aversion of widely varying degrees among the investors. For reasons of modelling
flexibility, and to test the robustness of the model to changes in hypotheses, we therefore study the following
nonlinear stochastic difference equation forn € N

Ni—1 Np—1
X(n+1)=X(n)+ > wi(g(X(n—3) = Y wa(f)g(X(n—7)+&mn+1), (251
=0 =0
X(n)=¢(n), n=-Ny+1,...,0. (2.5.1b)
g : R — R is presumed have the following properties
g € C(R;R), lim M = lim M = forsome 3 > 0. (2.5.2)

The preservation of the log—linear response to the returns is embodied by the second part of hypothesis
(2.5.2). In practice, we might expect g to be non—decreasing, but this hypothesis is not needed in our
proofs. We show that despite the presence of the non-linearity of g the returns undergo dynamics which are
consistent with a correlated SBM or a bubble or crash characterised by exponential growing returns.

2.5.1 Law of the iterated logarithm for nonlinear model

We now show that if the conditions of Theorem 2.3.1 hold, the a.s. partial extrema of the solution of
(2.5.1) grow exactly as those of the solution of (2.3.1). Moreover, the distance between these solutions is
asymptotically negligible relative to the size of partial extrema, which are themselves consistent with the
extrema of a random walk.
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Theorem 2.5.1. Let 3 > 0, Ny and Ny be positive integers with N1 > Ns, wy and ws obey (2.2.1), B obey
(2.2.3), and g obey (2.5.2). If € obeys (2.3.2), and Y obeys (2.3.1), then the solution of (2.5.1) obeys

[ X(n) = Y(n)|
lim ——————= =0, 253
oo /21 log log 1 239
. X(n) o]
lim sup = — — ,  a.s. 254
n—oo y/2nloglogn 1 _ 3 <Z§V:20 L iwa(j) — Z;\r:lo Uiy (j))
XM o]
lim inf =— ,  a.s. (2.5.5)
n—oo +/2nloglogn 1-8 (ij:zo L ws () — Z;V:lo Liw, (j))

Remark 2.5.1. The proof of this theorem hinges on writing the nonlinear resolvent X (n) in terms of the
linear resolvent Y (n) and another function Z(n). Firstly we show that Z(n) is bounded and secondly we
show that its limit tends to zero. This enables us to conclude that the limit of X (n) equals the limit of Y (n).

Proof. Define Z(n) = X(n) — Y (n) then

Znt 1) - Zm)= 3 wi(i) (o(X(n— ) — BY (n— )
7=0
Ny—1
=S ) (X0 — 4) — BY (n— ).
Jj=0

Lffing that G(n + 1) = 120 w1 ()Y(X (n = §) = 120 wa(i)v(X (n — j)) and y(x) = g(x) — B
then

Ni—1 No—1
Zin+1)—Zn) =G+ 1)+ 8| > wiln—j)Z(G) - > waln—j)Z(j)
j=0 j=0
Forn > 1,
Zn) =3 r(n—1- )G +1)
§=0
n—1 Np—1
=> rin—=1-3) > wik)y(X (G — k)
=0 k=0
n—1 No—1
- Z?‘(n —1-3) Z wa (k)Y(X (5 — k)
=0 k=0
Forn > 2,n > Nj and letting l = j — k,
n—1 Ni—1
rin—=1-=4) Y wi(k)y(X(j - k))
j=0 k=0
n—1 (N1—1)A(n—1-1)
= Y x>, wk)rin—1-1-k)
I=—N;+1 k=0v—I
1 (N1—=1)A(n—1-1)
= Z (X (1)) Z wy(k)r(n—1—1—k)
I=—N1+1 k=0v—I
n—1 (N1—1)A(n—1—1)
+) (X)) > wy(k)r(n —1—1—k).
=0 k=0v—I
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Let m = n — [ — 1 and define

1 (m)A(N1—1)
Ti(n)= > AX®) Y wilk)r(m—k),
N1+1 k=0Vv—I1
then
n—1 Ni—1
r(n—1=7) > wi(m)y(X(j —m))
j=0 m=0
n—1 —1)Am
= Tyln)+ 5 X (X (- ) Z B (k)r(m — )
m=0
Ni—2 (N, — 1)/\m
=Tin)+ > Y X(n-m-1) > wi(k)yr(m—k)
m=0 k=0
n—1
+% Z Y(X(n—m—-1)) Zﬁfwl — k).
m=N;—1
Define S1(n) = SN2 4(X (n —m — 1)) "D 0y (k)r(m — k), then
:Tl(n)+51(n)+% > (X (n-m-1)) Zﬂwl — k).
m=N;—1

Introducing analogous functions 75 and S5, and define f1(n) = T1(n)—T(n), and fa(n) = S1(n)—Sa(n).
Using that 56(m + 1) = 3", w(k)r(m — k), where w(k) = wy (k) — wy(k)

Nz—2 Ni—1

Zm)=fm)+ Y v(Xnm-m=1) > wik)r(m—Fk
m=N;—1 k=0
+ fa(n) + % Z (X (n—m—1))0(m+1).
m:szl

Noting that 5;(n) = S0 4(X (n —m — 1)) S wi(k)r(m — k), we have that

)] < Z (X n—m—1>>|cl<m>+Ni:|v<X<n—m—1>>02<m>
Letting Cs := SN =, (k)r(m — k) then
Z(m)] < 11 (m)] + f% (X (= m = 1)[Cs(m
+|fz(n)+;m§§1 /(X (0 = m = 1)}3(m + 1)

< |fi(n)| + Z V(X (n —m —1))[s(m),
where Cy := C; + Co + Cs, k(m) := Cy(m), m < Ny — 2 and k(m) := §(m +1)/8, m > Ny — 1.

By (2.5.2), for each ¢ > 0 there is L(¢) > 0 such that |y(z)| < L(¢) + ¢|z|, = € R. Defining fo(n) =
|fi(n)| + L(e) > k(1) we get

[Z(n)| < f2(n) + Z ()IYnflfllJreZ DIZ(n =1 =1

=
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Since § € (*(N;RT), x is summable. Moreover, as lim,, .o f1(n), lim, .. fo(n) exists. Defining
f3(n) := fa(n) + max;—1 . n,-1]Z(j)|, we have

1Z(n)| < fa(n) +e Y kn—1=HY () +ed_ rwn—1=7|Z() ¥V n=>0.
j=0 j=0

Fixe > 0sothate Y.~ k(n) < 1/2. Define p by p(0) = 1, p(n + 1) = £(k * p)(n), n € N, and z by
z(n+1)=fas(n+1)+e(kx|Y|)(n) +e(k*2)(n) for neN,
and where z(0) = 0. Therefore |Z(n)| < z(n) and

n Jj—1
n) =y pn—j) (fs(j) ey m(i-1- k‘)Y(k)|> :
j=1 k=0

As p € 11(N; (0,00)), there is an f obeying lim,, ., f4(n) = 0and |Z(n)| < fi(n)+e Zz;é(p*n)(nf
k —1)|Y (k)|. Therefore, from 2.3.4 and Lemma 2.7.1 it follows that

. 1Z(n) N 'y !
1 ——_— = s>
lﬂso%pm— ZP*“ Eckzz()“( ey, w )

where ¢’ > 0 is the righthand side of 2.3.4. Since € can be taken as small as required, and the last inequality
holds pathwise, we have (2.5.3). (2.5.4) is an immediate consequence of (2.5.3) and Theorem 2.3.1. O

2.5.2 Presence of bubbles and crashes in nonlinear model

Our next result shows that if the conditions of Theorem 2.5.1 hold and g obeys not only g(x) = Sx + o(x)
as |x| — oo but a fortiori g(x) = Bz + O(|x|”) as |z| — oo for some v € (0, 1), then the a.s. rate of
growth of the solution of (2.5.1) is exactly that of the solution of (2.3.1) in the sense that both oY (n) and
a™X (n) tend to finite limits a.s. The proof of this result is inspired by an argument in [10].

Theorem 2.5.2. Let § > 0, Ny and Ny be positive integers with Ny > N1, wy and wo obey (2.2.1), and
B obeys (2.2.5). Suppose also that « € (0,1) is given by (2.2.6).If g obeys (2.5.2), £ obeys (2.3.2), and X
obeys (2.5.1), then limsup,,_, ., log | X (n)|/n <log(1/w), a.s. If, moreover,

’ 9(@) — pz

ki

There exists 3 > 0 and v € (0,1) such that lim sup

‘ < +00 2.5.6)

then lim,,_, o, ™ X (n) exists and is finite a.s.

Remark 2.5.2. For this proof we write the resolvent X (n) interms of the linear deterministic equation and
varaiation of constants formula. Using this information we show that X (n) is bounded and summable.
From this we can show that lim sup,, _, ., log | X (n)|/n < log(1/a) almost surely. Next we add on and take
away the exponential rate of growth of the characteristic equation from the modified form of X (n). Using
this new equation we show that the limit of the exponential rate of growth exists and is finite.

Proof. Now
N;—1 No—1
X(n+1)=X(n)+ > wi(ig(X(n—3)) = Y wai)g(X(n—j5)) +&(n+1).
§=0 §=0
But g(X) =~(X) + X,
Ni—1 No—1
X(n+1)= +ﬁzw1 X(n=j4) =B wa(j)X(n—j)
7=0
Nl— No—1
+ Y w (X (n—4) = Y wa()v(X(n—j)+&n+1)
Jj=0 j=0
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Define

N;i—1 No—1
Fin+1)= Y wi(iv(X(n—j) - > w(i)v(X(n-7j))
j=0 7=0
then
Ni—1
X(n 1) = X(n) 48 Y wi()X(n— )~ 5 Z wa(j

+F(n+1)+&(n+1).

If y is the solution of y(n + 1) = y(n) + 3 (Zj n ot (f)y(n - 5) — Z;\bo Yws (§)y(n — j)) we have

+Z r(n = HIFG) +EG)] n>1.

Let n > 0 and multiply both sides of the equation by («/(1 + 7))", forn > 1

n

(@/(L+n)"X (n) = (a/ (L+n)"y(n) + («/(L+m)" Y r(n = HIFG) + ()]

j=1

Define X (n) = /(L + 7))" X (n). §(n) = (@/(L +n)"y(n). 7(n) = (a/(1+n))"r(n) and F(n) =
(a/(1+n)"F(n),

X (n) = g(n) "Zr Q"I adE() —|—Z7‘
Letz1(n) = y(n) + (1 +n)7" 227 r(n — j)a” 7 - a’€(j) then

X(n) = z1(n) + Z?(n —§)F(j)

By Lemma 2.2.1 and Theorem 2.3.2, we have 3,7 € ¢1(N;R). Moreover, as &, is a.s. summable, 1 €
1(N;R) a.s. Now, for every & > 0, with w (n) = w1 (n) +wz(n), and using the fact that max w (n) = 2

Ni—1

No—1
[Fn+ 1)< Y wi(G)(Le) +elX(n—5)) + Y wali)(L(e) + & X(n = j))
§=0

<o) +e 3 wi (X (- ).

Hence
NQ —1

[F(n+1)| < 2L(e)(o/ (1 +m)"* +ela/(L+m) D @+ (5) X (n = j)l,
=0

where w4 (n) = (a/(1 + n)"w4(n). Then

n

X (n)] < |21(n)] +2L(e) Z [7(n = 5)(e/(1+m))’
No—1

(/4 m) Y [Fn =) Y @ (OIXG—1- D)

=0
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Let
xo(n) :=|z1(n)| + 2L(e Z [7(n — §)|(a/(1+n))7,

thus
N2 —1

X (n)] < 2a(n) + e(a/(L+ ) S Fn— ) 3 @ IXG—1- 1)
j=1 1=0
Letk=j5-1,
n k+No—1

[X(n)| S@a(n) +ea Y Y [Fn - EG - k)IX(E -1

k=—No+2 j=1Vk
Splitting the double summation

0 k+N2—1

(X(n)| <za(n)+ea D> Y [Fn—j)ldg G — k)do(k — 1)
k=—Nx+2 j=1
n No—1

tead > [F(n— o (G- k)X (k- 1)
k=1 j=0
Define z3(n) = Ta(n) + €0 Y y__n, 0 Sopis® |7 — j)|d@4 (j — k)| do(k — 1)| and
re(n) = Y0 F(n — D) (1),

X (n)| < x3(n) + eaZr*(n — k)| X(k—1)|.
k=1
Since x3 is summable, X is summable provided ea'y_p , 7 (k) < 1. Since the sum is independent of

e > 0, for every ) > 0, there is a £(17) > 0 such that X is summable. Hence for each > 0, X (n)(c/(1 +
7))™ — 0 as n — oo, and so limsup,, . log | X (n)|/n < log(1/a) on each sample path in an a.s. event.
Therefore the first assertion holds. To prove that o™X (n) tends to a finite limit, we write

a"X(n) = a™y(n) + Y (" r(n = j) = R)(7E()) + o’ F(j))

j=1
+ ZR*aﬂg + Z R*&/F(j

Since r4(n) — R*, and &, € (}(N;R), we see that the righthand side tends to a finite limit once F,, €
/1 (N;R). Note that (2.5.6) implies that there exist ¢y > 0 and ¢; > 0 such that |y(x)| < ¢g + ¢1|z|*. Fix
n € (0,(1/a)*/#=1 —1). Thus

No—1
a"PF(n+ 1) < 2c00™™ + 01 > wi ()X (n— )" (a/(1+n))Hr=Dantt
7=0
Na—1 .~
=cro0 > wi(f)(a/(1+ )X (n— j)M (' H/(1+n) )"
§=0
+ 2¢oa™ T

Since X is bounded, there is a finite random variable C5 such that
a"THF(n+1)| < 200 + Cs () (n)",

where o/ (n) = a*7#/(1 4+ n)~* € (0,1). Hence F,, € ¢}(N;R), and so "X (n) tends to an a.s. finite
limit, a.s. =
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2.6 Large Deviations Of The Incremental Returns

In what follows, we find it convenient to introduce for A € N the process A given by

Ealn+1)= Y G+ 2.6.1)

j=n—A+1
We presume in this section that each variate in the process ¢ has polynomially decaying distribution function
F.

There exists i > 0, ¢4, c— > Osuch that lim (1 — F(z))z" =cy, lim F(—z)[z|* =c_. (2.6.2)

Tr—00

Since the ¢’s are independent, we may apply the Borel-Cantelli lemma to establish the size of the largest
fluctuations of the processes & and &a .

Lemma 2.6.1. Suppose that £ obeys (2.3.2) and (2.6.2).

(i) Let v : N — (0, 00) be a sequence such that
Z 7 H(n) = . (2.6.3)
n=1

Then limsup,, . |£(n)|/v=(n) = oo, a.s. and for each A € N, if Ea is the process defined in
(2.6.1), we have limsup,, _, o |Ea(RA)|/v-(n) = o0, a.s.

(ii) Let vy : N — (0,00) be a sequence such that
> it (n) < +oo (2.6.4)
n=1

Then limsup,,_, . [£(n)|/v+(n) =0, a.s. and for each A € N, ifEa is the process defined in (2.6.1),
we have limsup,,_, . [€a(n)|/v+(n) =0, a.s.

Proof. Apart from the claim that lim sup,, _, . |£a(nA)|/v—(n) = oo, a.s., the other claims are straightfor-
ward consequences of the Borel-Cantelli lemma and (2.6.2), (2.6.3) and (2.6.4). We prove the remaining
claim. Let A € N and define

nA

Ca(n):=&mA) = > £G+1).

j=(n—1)A+1

Then, (Ca(n))n>1 is a sequence of independently and identically distributed random variables. Since F' is
the distribution function of £(-) and the &’s are independent, for any ¢ > 0 we have

P(|¢a(n)] > ev-(n)] = 1 — F&A) (ey_(n)) + 1 — F* (ey-(n))

where F_ is the distribution function of —¢(-), and F(+&), F*®) are the A—fold convolutions of F' and
F_, respectively. By (2.6.2), (1 — F(z))a* — ¢4 and (1 — F_(x))z" = F(—z)a* — c_ asx — oo.
Thus the right tail 1 — F' (resp. 1 — F_) of the distribution F' (resp. F_) is regularly varying at infinity (see
below for a definition), implying that

1— FO2) (g) 1— F"(2)
lim ——— " — A lim ———— L — A
roo 11— F(z) ' oo 1- F_(x) :

by appealing to e.g., Feller [34, Chapter VIIL.8, p.279]. Since y_(n) — oo as n — oo, we have
1 - FU3 (ey(n))

lim =
n— oo v— (n) K

iy L= FOP(er-(n) 11— Fley_(n))
n—co 1= F(cy-(n)) (ey—(n))—#

= Acyc M
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Similarly lim,, o0 (1 — F*® (cy_(n))/y—(n)~* = Ac_c™*. Hence
Pl[Ca(n)] > ev—(n)]/7-(n) ™" — Acyc™ + Ac_e™ as n— oo,

and so, by (2.6.3), >~ P[|¢a(n)| > ¢y—(n)] = oo for all ¢ > 0. Therefore, by the Borel-Cantelli lemma
and the independence of (¢a(n))n>1, we have that limsup,,_, ., [Ca(n)|/7=(n) > ca.s. Letting ¢ — oo
through the integers gives lim sup,, . . |Ca(n)|/v—(n) = co a.s., which is the required result. O

It is possible for m € N to choose functions vy_ ,,, and v, ,,, which obey these properties, for example
1/«

y_1(n) = [nlogn]’, ... y_m(n)= | n H log; n (2.6.5a)

1/«

)1—}-5}1/(17 ) )1+E , (2.6.5b)

Y41(n) = [n(logn o Yam(n) = Hlogj (log,,, m

where € > 0 is arbitrary, and we have used for x > 0 and j € N the recursive notation log; to signify the
iterated composition of the natural logarithm function, according to log; z := log z, log; » = log(log, _; )
forj > 2.

2.6.1 Large fluctuations of the incremental returns in the linear model

Under the condition (2.6.2) on &, we determine for A € N the size of the largest fluctuations of the A—
returns process YA = {Ya(n) : n > —Ny + 1 + A} where and Y is the process defined by (2.3.1)
and

Ya(n) =Y (n) —Y(n—A). (2.6.6)

Before stating our main result on the rate of growth of the a.s. partial maxima of YA, we recall (see e.g.,
Feller [34, Chapter VIII]) that i : [0,00) — R is regularly varying at infinity (with index n € R) if for all
A > 0 we have lim,_, o h(Ax)/h(x) = 7. Furthermore, if h is regularly varying, then lim,_,. h(z —

1)/h(z) = 1

Theorem 2.6.1. Let 3 > 0, N1 and N be positive integers with Ny > N1, wy and wy obey (2.2.1), 3 obey
(2.2.3). Let £ obey (2.3.2) and (2.6.2), and Y obey (2.6.6).

(i) If y— is regularly varying at infinity and obeys (2.6.3), then for every A € N,
limsup,, . |Ya(n)|/v-(n) = o a.s.

(it) If vy is regularly varying at infinity and obeys (2.6.4), then for every A € N,
limsup, oo [Ya(m)i/7+ (n) = 0 as.

Remark 2.6.1. To begin the proof we rewrite YA (n) using Lemma 2.6.2. Combining part (7) of Lemma 2.6.1
with a contradiction argument we prove part (i) of the theorem. For the second part of the proof we write
YA (n) in terms of the determinstic equation and an alternative equation (which is defined in the proof) and
by employing Lemma 2.7.1 we prove part (i).

We notice that the examples of functions v; and y_ in (2.6.5) which obey (2.6.4) and (2.6.3) are both
regularly varying at infinity with index 1/u > 0. These sequences show that it is possible to determine the
rate of growth of the a.s. partial maxima of YA to within an arbitrary iterated logarithmic factor. Moreover,
the a.s. upper and lower bounds on the rate of growth of the partial maxima are exactly the same as
those which apply to the innovation (or “news”) process £&. The key to the proof of Theorem 2.6.1 is
the development of a linear difference equation for the A—increment, where A € N. Let N € N and
a={a(j):j=0,1,..., N — 1} be areal sequence. We consider

N—
V(in+1) )+ a( )+&(n+1), n>0. (2.6.7)
7=0

,_.

and its A—increment Va(n) = V(n) — V(n — A).
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Lemma 2.6.2. Suppose a obeys Zfev:_ol a(k) = 0. Define A(n) = Z?{:—OQ alk),n=0,...,N —2. Iféa
is defined by (2.6.1), and V by (2.6.7), then Va given by Va(n) = V(n) — V(n — A) obeys Va(n + 1) =
o A(k)Va(n — k) + €a(n +1).

This is a special case of Lemma 2.6.3, which is stated and proved in the next section.

Proof of Theorem 2.6.1. We note that Lemma 2.6.2 applies to YA, where N = N5 and

o Bwi(d) —wa(f), j=0,...,N1 -1
a(j)_{ —ﬁ’wg(j), j:N17...,N2_17

We let A(j) = i:o a(k) for j = 0,..., N — 2. We prove part (i) of the theorem first. Suppose that the
event Ba defined by Ba = {w : limsup,,_, . |Ya(n,w)|/7-(n) < oo} has positive probability. By part
(i) of Lemma 2.6.1 and the fact that y_ is regularly varying and obeys (2.6.3) we have

. [Sa(nd)| a(A)]  y-(n) _
hyIerSolip W = hin—?o%p ) S ) =00, a.s. (2.6.8)
Since YA obeys
N—2
Ya(n+1) =Y A(k)Ya(n—k)+&a(n+1) (2.6.9)
k=0

which rearranges to give éa(n +1) =Ya(n +1) — kN:_OQ A(K)Ya(n — k), we have

[€a(nA)] |Y |Y (nA—-1-k)] v—(nA—-1-k)
'yﬁ(nA) - A +Z|A AnA—l—k) ' y—(nA)

For w € Ba there exists a finite C(A,w) := limsup,,_, ., |[Ya(n,w)|/v—(n). Since v_ is regularly
varying, for each j € N we have y(n — j)/v(n) — 1 as n — oco. Therefore

N-—-2
M <C(A) + Z |A(E)|C(A) < oo,
k=0

lim sup

on Ba, which contradicts (2.6.8). Therefore the complement of Ba is an almost sure event and part (i) is
proven. To prove part (ii), define p by

N-2
n+1:ZA —j) for n>0
7=0
with p(0) = 1 and p(n) = 0forn = —N +1,...,—1. With ¢ and A defined in terms of w; and w9 above,

the condition (2.2.3) implies that ¢ € ¢}(N, (0,0)). By (2.6.9), we have
Ya(n) =ya(n)+> on—jéai) for n>1,
j=1

where ya is a deterministic sequence which, on account of p(n) — 0 as n — oo obeys ya(n) — 0 as
n — oo. Since v obeys (2.6.4), we have v, (n) — oo as n — oo. Therefore, as v, is regularly varying
at infinity, there exists an increasing -, such that v (n)/v.(n) — 1 as n — oo. Since . is also regularly
varying at infinity, it follows that v, (n — 1)/y(n) — 1 as n — oo. Therefore, by Lemma 2.7.1, and the
fact that €A (n)/v4(n) — 0 asn — oo a.s., we have that (0 x €a)(n)/v+(n) — 0asn — oo as., and so
Ya(n)/v4+(n) — 0asn — oo a.s., as required. O
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2.6.2 Large fluctuations of the incremental returns in the nonlinear model

Under the condition (2.6.2) on &, we now determine for A € N the size of the largest fluctuations of the
A-returns process Xao = {Xa(n) : n > —Ny + 1+ A} where

Xa(n)=X(n)—X(n-A) (2.6.10)

and X is the process defined by (2.5.1). In this case, in addition to (2.5.2), we require that the function g
obeys

There exists K > 0 such that |g(z) — g(y)| < K|z —y|, forall z,y € R. (2.6.11a)
im  sup g(r)‘ﬂy)ﬁl_.o. (2.6.11b)
0=% g yeRia—y[>5] T 7Y

Theorem 2.6.2. Let 3 > 0, Ny and Ny be positive integers with N1 > Ns, wy and ws obey (2.2.1), B obey
(2.2.3). Suppose that g obeys (2.5.2) and (2.6.11). Let £ obey (2.3.2) and (2.6.2), and X A obey (2.6.10).

(i) If v_ is regularly varying at infinity and obeys (2.6.3), then for every A € N,
limsup, . | Xa(n)l/7-(n) = o0 a.s

(ii) If v+ is regularly varying at infinity and obeys (2.6.4), then for every A € N,
limsup, oo |Xa(n)l/74(n) = 0 as

Remark 2.6.2. Part (i) of the theorem is proved by contradiction. To prove part (ii) we let Xa(n) =

Ya(n) + Za(n) as with the previous nonlinear theorem . We show that Za(n) is bounded and hence
limsup,, o |Za(n)]|/7+(n) = 0 almost surely. As this is also the case for YA (n) then lim sup,, , . |Xa(n)]|/v+(n) =
0 almost surely.

As in the linear case, the a.s. upper and lower bounds on the rate of growth of the partial maxima of XA
are exactly the same as those which apply to the innovation (or “news”) process . Also, we notice that
the same functions y_ and 7y are lower and upper bounds on the rate of growth of the large fluctuations
regardless of the value of A. The key to this proof is the development of a difference equation for the
A-increment, where A € N. Let N € Nand a = {a(j) : j = 0,1,..., N — 1} be a real sequence. We
consider

N-1

W(n+1)=W(n)+ a(k)gW(n —k))+&n+1), n>0, (2.6.12)
k=0
W(n) =v¢(n), n<O0, (2.6.13)

and its A—increment Wa (n) = W(n) — W(n — A).

Lemma 2.6.3. Suppose that a is a sequence obeying Ziv:_ol a(k) = 0. Define A(n) = Z;v:_(f a(k) for
n=0,...,N — 2. If € is the process defined by (2.6.1), and W the process defined by then W x defined
by Wa(n) = W(n) — W(n — A) obeys

2

Wan+1)=> AE) {gW(n—k))—gW(n—A—k)}+éa(n+1), n>N+A—1. (2.6.14)
k=0

Proof. Letn’ > N — 1, then,

’

n n’ n’ N—1 n’
S>Whn+1)=> Wh)+> Y ak)gW(n—k)+> &n+1)
n=0 n=0 n=0 k=0 n=0

N-1 n’ n’
Wn'+1) = W(0) = ak)d gWh—k)+> &n+1)

k=0 n=0 n=0
N-1 n'—k n’

= alk) Y gW)+ Y &n+1)
k=0 l=—Fk n=0
N—1 -1 N-1 n' —k n’

=Y alk) Y g6D)+ Y alk) > gW@)+ D &n+1)
k=0 l=—Fk k=0 =0 n=0
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Letting I = Zk o alk) S, g((1) + W(0),

N—-1 n'—k n’
W' +1)=> alk) Y gWE) +1+> €G+1), o'>N-1.
k=0 1=0 j=0

Therefore for n > N + A — 1, we have that
Wan+1)=W(n+1)—W(n—-A+1)

N-1 n—=k

k=0 I=n—A—k+1
n (N=1)A(n—1)

= > > a(k)g(W (1)) +&a(n +1).

I=n—N—-A+4+2k=0V(n—I—A+1)

Consider now the case when A > N.Letting [ = n — j, then the first term on the righthand side of the last
member in the above identity is

N+A—2 (N-1)Aj

-2 J A—1 N-1
=3 alk)g(W(n—j) + a(k)g(W(n — j))
j=0 k=0 j=N-—1 k=0
N+A—-2 N-1
+ S ak)g(W(n - j))
JI=A k=j—A+1

The mlddle term is zero as Zk 0 ' a(k) = 0. Since A(j) = ?;:0 a(k) and
S a alk) = 305 ak) — Y2420 a(k) = —A(j — A), we have

N+A-2 (N-1)Aj

> ST ak)g(W(n-j)

J=0  k=0V(j—A+1)

N-—-2 N+A-2

=Y ARNIW =)= Y AG—A)yg(W(n—j)
=0 J=A
N-2

A(G) (W (n —j)) —g(W(n—j—A4))).
j=0

This is the first term on the righthand side of (2.6.14), and hence proves (2.6.14) in the case where A > N.
When N > A, we have
N+A—-2 (N=1)Aj

> a(k)g(W(n —j))

7=0  k=0V(j—A+1)

-1 3 N—-1 J
= "> alk)g(W(n - j5)) + > alk)g(W(n - j))
j=0 k=0 J=Ak=j—A+1



and so

N+A—2 (N-1)Aj

> > ak)g(W(n—j))
j=0

k=0V(j—A+1)

-1 N-1

=Y A{gW(n—35)+ > _(AG) — Al — A)g(W(n — j))

j=0 j=A

N+A-2
— > A - A)g(W(n—j))
Jj=N

N—1 N+A
=) A()gW(n—j)) Z W(n — j))

=0 i=A

N-1 N-2
= > AGgW(n—34)— > AGgW(n—j—A)).

Jj=0 j=0

As A(j) = 0 for j > N — 2 then the above is equal to the first term on the righthand side of (2.6.14), and
hence proves (2.6.14) in the case where A < N. Since the case A > N has already been dealt with, the
proof is complete. O

To prove lemma 2.6.2 we substitute W(n +1)=W(n)+ Zk o a(k)g(W (n — k) + &(n + 1) in the
above proof for V(n 4+ 1) = V(n) + Y n—y a(k)V(n — k) 4 £(n + 1) and follow line for line.

Proof of Theorem 2.6.2. The result of Lemma 2.6.3 applies to the process X in (2.5.1) and the A—increment
Xa. With N := N3, a defined by a(j) = wi(j) — wz(j) for j = 0,...,N1 — 1, a(j) = —wa(j) for
j=Ni,...,Ny—land A(j) = > ] _qa(k) for j=0,...,N — 2, we have

N-—-2
A(G) (9(X(n —j)) —g(X(n—A=j))) +&a(n+1), n>N+A-1 (26.15)
7=0

To prove part (i), we rearrange (2.6.15) and use (2.6.11a) to get

N-—-2
a(n+1)| < [Xa(n+ D)+ K Y JAG)Xa(n—j)I.
j=0
we have
€a(nA)| _ [Xa(nA)] | =< [Xa(mA —1-45)] y-(nA—1-)
) = ) TR MO T T Ay

For w € Ba, there exists a finite C'(A,w) := limsup,,_, . | Xa(n,w)|/v—(n). Since y_ is regularly
varying, for each j € N we have v(n — j)/v(n) — 1 as n — oco. Therefore

[ea(nd)] =
lim sup o nh) <C(A)+ K ];) |A(k)|C(A) < oo,

on B, which contradicts (2.6.8). Therefore the complement of B is an almost sure event, and part (i) is
proven. To prove part (i) we use that g(X) = 8X + v(X) and we notice that (2.6.11b) implies

v(w)v(y)‘o
T —y '

lim sup
6—00 3 yeR: lz—y|>6

Therefore, for every € > O thereis a 6() > 0 such that |[y(z) —y(y)| < |z —y| once |x —y| > §(¢). Using
(2.6.11a), we find that |y(2) — y(y)| < (|8] + K)d(g) forall |z —y| < 6(g). With L*(e) = (|8] + K)d(e),
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we have |y(z) — v(y)| < L*(e) + e|x — y| for all 2, y € R. Therefore, forn > N + A — 1, from (2.6.15)
we have

N-2
Xa(n+1) =Y AG) (9(X(n—j) = g(X(n— A —1))) +&a(n+1)
=0
N-2
=Y AG) (9(Xaln—7)) +Ealn+1)
j=0
N-2

=8 AG) (BXa(n =) +v(Xa(n —4)) +€a(n +1)
= BA(G)Xa(n—j)+ Fn+1)+&a(n+1), n>N+A-1,
where F'(n + 1) = Z;V;OZ A(G) (v(X(n—3)) —v(X(n — A —j))). Hence for every € > 0 we have

N-2
[F(n+1)] < > JAG) (L) +elXa(n —j))-
§=0

Define Za(n) = Xa(n) — Ya(n) where Y is given by

Ya(n) = Zjv 02 BAG)Ya(n—j)+E&a(n+1), and so YA is the process in Theorem 2.6.1. The condition
(2.2.3) therefore implies that lim,,_,, Ya(n)/74(n) = 0 a.s. Moreover,

Za(n+1) =

N—2 N—2

A(R)g(Xa(n— k) +&aln+1) =B A(k)Ya(n — k) — a(n+1)
k=0

i
> ©
|
N

Il
(]

A(k) (9(Xa(n —k)) = BYa(n — k)

il
LL

A(k‘) (ﬁXA(TL— k) — BYa(n —k + A XA n— k‘))
=

l\D

=
Il
<]

<]

=
5

BA(G)Za(n—j)+F(n+1), n>N+A-1

(o]

<.

The fact that XA = Za + Y implies that

N-2 N-2 N-2
|F( A+ DY TAGDIYatn =1 =4) +& Y [AG)|1Za(n — 1= 4)|-
J=0 j=0 3=0

Introducing g as the solution of gg(n+ 1) = Z;V;OQ BA)es(n—7),n >0, with pg(0) =1, pg(n) =0
forn=—-N+2,...,—1, then

Za(n) = za(n) + Z og(n—j)F(j) for n>N+A-1
j=N+A-1

The condition (2.2.3) implies that g is summable (it is nothing other than § in Lemma 2.2.1), so za(n) — 0
asn — oo. Since Ya(n)/v4+(n) — 0as n — oo a.s., we have that

n

1Za(n)] Sua(n)+e Y optn—4) Y |AE)ZaG - 1K), n>=N+A-1,
j=N+A-1 0

=
)

=~
Il
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where

n N-—-2
)+ Y Qﬁ(n_j)<L*(5)ZA( +€Z|A IYAn—l—k’)>,

|
j=N+A-1 k=0

andua(n)/v+(n) — 0asn — oo a.s. By taking ¢ > 0 sufficiently small and observing that g € ¢!(N, R),
an argument similar to that used at the end of the proof of Theorem 2.5.1 shows that Za (n)/v+(n) — 0 as
n — oo a.s., and hence that Xa = YA + Za obeys Xa(n)/v4+(n) — 0asn — oo as. O

2.7 Supporting Lemmas
The following Lemma is used in the proof of Theorem 2.3.1, Theorem 2.5.1, Theorem 2.6.1 and Theo-
rem 2.6.2. It enables us to find the growth rate of a moving average of a slowly increasing function.

Lemma 2.7.1. Let vy be positive and increasing with v(n — N)/vy(n) — 1, asm — oo, forall N € N.
If k = {k(n) : n € N} is non—negative with %~ k(n) € (0,00), then lim,_.o(k * v)(n)/v(n) =
D oneo k(n).

Proof. Without loss of generality, let > 2 k(n) = 1. For every ¢ > 0 there is N > 0 such that
> e Ny k(j) < /2. Forn > N + 1, we have

k*v N T A
Z’“ -3 () -

j=0 j=0
N N n n
=S k(])z((;l)]) SR+ Y k(])zgz)J) -3 k)
§=0 j=0 j=N+1 j=0
N n
_ y(n—j) v(n—J)
N ;k(]) < v(n) 1) +j_ZN:+1k(]) < 7(n) 1)
Now as 7 18 an Increasing sequence
al v(n — ) v(n —j)
2 HD = 1) < 2 k) ey
y(n —j)
= 25| () 1‘
= ey |2 =) = ()
0<j<N ~(n)
y(n —j)
~ o5 (1 ") >
_,_2=N)
v(n)

Also

P v(n) Py v(n)
~ o (A=)
SJ_NZH’“”( oY
<2 RG) <2 Y k()
j=N+1 j=N+1



Thus

Using v(n — N)/+(n) — 1, and then letting € — 0 yields the result. O

The following Lemma shows that the difference equation as defined below satisfies the variation of
constants formula. This result is used in the proof of the Law of the Iterated Logarithm.

Lemma 2.7.2. Define Z(n+1)~Z(n) = G(n+1)+58 (S5 " wi(7)Z(n - ) = SN2 wa(i) Z(n = j) )
Then

|
-

Zn)=)> r(n—=1-7)GG+1), n>1 (2.7.1)

J

Il
=]

Proof. Forn > 1, suppose that Z(n) = Z;L;OI r(n —1—7)G(j + 1) then

Ny—1 Ny—1
Zn+1)—Z(n)=Gn+1)+p4 wi()Z(n—j)— > wa(j)Z(n—j) |,
i= §=0

j=0 j=0
Ny—1 n—1—k No—1 n—1—k

+3 wy (k) rin—k—1-7)GG+1) - > wa(k) rin—k—1-4)G({+1)
k=0 7=0 k=0 7=0

Now

According to equation (2.2.2)

Ny—1 Ny—1
T(”_j)_T(n—j—1)=5<Z wi(k)r(n—j—k—1)— Z wg(k‘)r(n—j—k—l)),

k=0 k=0
then
n—1
Gn+1)+ > (rln—j)—r(n—1-7)G([i+1)=Gn+1)
j=0
n—1 lel N271
+Y 0 ( Yo wik)yr(n—j—k) = Y wak)r(n—j— k)) :
3=0 k=0 k=0
As both sides of the equation are equal we have (2.7.1) as required. O

In Theorem 2.5.1 we write the nonlinear resolvent X (n) in terms of the linear resolvent Y (n) and another
resolvent Z(n). The following Lemma shows Z(n) is bounded.
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Lemma 2.7.3. Suppose Z and z are sequences defined by

Zn) < F)+ Y aln—1-HZ(G), n>1

=0

“n) = F(n) + Y aln— 1 j)=(), n>1
7=0

where Z(0) < z(0) and z(n) > 0. Then z(n) > Z(n).
Proof. Define A(n) = z(n) — Z(n), n > 0. Then A(0) > 0.

=3 atn — 1= HAG).

Suppose A(j) > Oforall j =0,---,n — [. This is true for n = 1. But by the previous equation

A(n) > 0. Hence the result is true by induction.

43

(2.7.2)

(2.7.3)



Chapter 3
An Affine Stochastic Functional Differential Equation
model of an Inefficient Financial Market

3.1 Introduction

In the previous chapter we examined in detail the long—run behaviour of a discrete—time inefficient financial
market in which the returns were governed by the demand of trend—following speculators. In particular
we showed that the market can either exhibit a kind of (positively) correlated random walk or experience a
bubble or crash, characterised by exponential growth in the returns. It is therefore interesting to ask whether
these results are peculiar to discrete—time models or whether an analogous modelling of the speculators’
behaviour in continuous—time would lead to similar dynamics in the returns. In this chapter we answer
this question in the affirmative. Roughly speaking it is shown that the returns follow a kind of positively
correlated SBM or undergo exponential growth. The condition under which these two possibilities arise
are directly comparable to the mathematical conditions and financial interpretation under which these occur
in the discrete—time model. In other words the results of the model are not only robust to the absence of
exact linearity of the speculators demand function but also to the time scale on which trading takes place.
Taken together with evidence form the following two chapters we see that the presence of trend—following
speculators tends to lead to excess volatility or to bubbles or crashes independently of the precise model
used.

To capture this mathematically we model the returns using a SFDE. Trading is now assumed to take place
continuously as opposed to occurring at fixed (and uniformly spaced) points in time.Once again the returns
respond to imbalances in the demand of speculators. This demand, as in the previous chapter depends
on the difference between a short-run and long—run weighted average of the cumulative returns over the
previous 7 units of time. This planned ex-ante demand is supplemented by expost and unplanned demand
which depends on "news” which reaches the speculators. In the time—honored fashion of continuous time
modelling this cumulative news process is modelled by a scalar SBM. We suppose that the price adjustment
at time ¢ for a market with NV traders is given by

N
dy (t) = aZﬁj (/[_9, ) Y (t + u)s;j(du) — /

Y(t—i—u)lj(du)) dt + o dB(t). (3.1.1)
[_Tj 70]

Here s; and [; are finite measures, representing the short— and long—run weights that trader j uses to form
their demand schedule. 8; > 0, @ > 0 and o are constants. This is equivalent to the linear stochastic
functional differential equation

Y (t) = (0) +/tL(Ys)ds+/tadB(s), t >0, (3.1.2a)
0 0
Y(t) = ¢(t), te[-7,0l. (3.1.2b)

where L : C[—7,0] — R is a linear functional with 7 = max;—;,_ y max(7;,6;), and

veey

@)= [ oo, €m0

The measure v € M[—, 0] inherits properties from the weights s; and /; and the constants 3; and cv. These
special properties influence the almost sure asymptotic behaviour as ¢ — oo of solutions of (3.1.1). Roughly
speaking, we show that the market either follows a correlated Brownian motion or experiences a crash or
bubble. Therefore, the presence of feedback traders produces more complicated or extreme price dynamics
than would be present in a corresponding efficient market model in which the driving semimartingale is a
continuous Gaussian process with independent increments.

In common with chapter 2 there are two main and analogous findings; Firstly, if the trend—following
speculators do not react very aggressively to differences between the short—run and long—run returns, then

44



the rate of growth of the partial maxima of the solution is the same as that of a standard Brownian motion.
Therefore, to a first approximation, the market appears efficient. However, the size of these largest fluc-
tuations is greater in the presence of trend following speculators than in their absence, where the market
only reacts to “news”. Hence the presence of these speculators tends to increase market volatility as well as
causing positive (though exponentially decaying) correlation in the returns. The main result in this direction
is part (a) of Theorem 3.3.1 and mirrors the corresponding results in discrete time in chapter 2. Secondly,
when the trend—following speculators behave aggressively, the returns will tend to plus or minus infinity
exponentially fast (see part (b) in Theorem 3.3.1). Again this is a direct analogue of results in chapter 2;
moreover the same causes of bubble or crash can be identified. There are some distinction between the
work in this chapter and that in chapter 2. Since we do not consider a non—Gaussian news process we do
not obtain results on the large fluctuations of the returns which correspond to those in section titled "Large
Deviations Of The Incremental Returns” in chapter 2. Furthermore we do not extend results to nonlinear
equations in continuous time in this chapter. However results analogous to those proven in section titled
”Cumulative Returns In The Nonlinear Equation” in chapter 2 are developed and proved in chapter 4.

In terms of financial economics, this chapter is an extension of previous work by Appleby & Swords [12]
and Appleby, Swords and Rodkina [11], which considers corresponding discrete time equations and in
which discrete-time analogues of Theorem 3.3.1 are proven. This chapter covers some special cases of
results proven in Riedle [66] and for more general affine stochastic functional equations in which the struc-
ture of the Liapunov spectrum is extensively investigated. Here the scalar structure of the equation, and
positivity and monotonicity of the underlying resolvent enable us to prove complementary results. Another
related paper on the Liapunov spectrum for linear SFDEs is [63]. The analysis is also inspired by recent
work of Appleby, Reynolds and Devin [5, 6] which studies affine stochastic Volterra equations that have
non—equilibrium and random limits. A common theme with these papers and the current work is the fact
that the characteristic equation of the underlying deterministic resolvent has zero as one of its solutions. An
interesting recent paper which concentrates on non—equilibrium limits in deterministic functional differen-
tial equations is [26].

We have chosen to model the speculators’ behaviour in this chapter using finite measures rather than
through fixed delays or continuous averages of past returns. This affords some modelling advantages. It
allows us to capture a very wide variety of moving average—type strategies within the same model. Here, we
can consider a market comprising of agents who compare (i) current returns with a continuously computed
moving average of historical returns, (ii) continuous short—term and long—term weighted averages of re-
turns, (iii) corresponding weighted averages using only a finite number of times in the short and long—term
averages and (iv) any combination of these strategies. Not only does this allow for a general and flexible
model of feedback trading, it enables us to do so using a compact and unified notation which simplifies anal-
ysis and aids interpretation of economic results. Apart from notational advantages, we have the important
implication that the manner in which traders compute moving averages is unimportant in the form of the
ultimate dynamics. This is important in any mathematical model in economics, as model assumptions are
unlikely to be satisfied in reality, rendering general models which are robust to changes in the assumptions
particularly desirable.

This chapter has the following structure; Section 2 gives notation and supporting results; Section 3 states
the main mathematical results of the chapter; while Section 4 shows how the hypotheses of these results
are satisfied in the financial model. The interpretation of the results to the financial model are also explored
in Section 4, along with a variety of concrete examples of moving average trading strategies which involve
both continuous and discrete weights of past returns. The rest of the chapter is devoted to proofs which
mimic those of chapter 2.

3.2 Preliminaries

We first turn our attention to the deterministic delay equation underlying the stochastic differential equation
(3.1.2). Let Z(z) denote the Laplace transform of z. For a fixed constant 7 > 0 we consider the deterministic
linear delay differential equation

y'(t) = / y(t+u)v(du) fort >0,
[_T70]

y(t) = ¢(t) fort e [—7,0],

(3.2.1)
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for a measure v € M = M|[—,0], the space of signed Borel measures on [—7, 0] with the total variation
norm ||-|| -, which is defined as ||a||7y = supé-\’:1 la(t;) — a(t;j—1)| where the supremum is taken over all
N and over all sets of points ¢; € J such that t; < ¢; for 7 < j. The initial function ¢ is assumed to be in
the space C[—7,0] := {¢ : [-7,0] — R : continuous}. A function y : [—7,00) — R is called a solution of
(3.2.1) if y is continuous on [—7, 00), its restriction to [0, c0) is continuously differentiable, and y satisfies
the first and second identity of (3.2.1) for all ¢ > 0 and ¢ € [—T, 0], respectively. It is well known that for
every ¢ € C[—, 0] the problem (3.2.1) admits a unique solution y = y(-, ¢).

The fundamental solution or resolvent of (3.2.1) is the unique locally absolutely continuous function
r:[0,00) — R which satisfies

t
r(t) =1+ / / r(s+u)v(du)ds fort > 0. (3.2.2)
0 J[max{—7,—s},0]

It plays a role which is analogous to the fundamental system in linear ordinary differential equations and
the Green function in partial differential equations. Formally, it is the solution of (3.2.1) corresponding to
the initial function ¢ = 1¢y. For later convenience we set (t) = 0 for t € [—7,0).

The solution y(+, ¢) of (3.2.1) for an arbitrary initial segment ¢ exists, is unique, and can be represented
as

y(t, @) = p(0)r(t) + /[ ) /0 r(t+s—u)p(u)duv(ds) fort >0, (3.2.3)
cf. lemma 3.9.3. Define the function i : C —> Cby
h(\) =\ — /[ ; e v(ds). (3.2.4)
Define also the set
A={ e C:h(N) =0}. (3.2.5)

The function A is analytic, and so the elements of A are isolated. Define
vo(v) :=sup{Re () : h(A) =0}, (3.2.6)

where Re (z) denotes the real part of a complex number z. Furthermore, the cardinality of A’ := A N
{Re (A\) = vg(v)} is finite. Then there exists €9 > 0 such that for every ¢ € (0,e9) we have

e 0 Mir(t) = Y {p;(t) cos(Im (A\)t) + ¢;(t) sin(Im (A;)t)} + o(e "), ¢ — o0, (3.2.7)
AjEN

where p; and ¢; are polynomials of degree m; — 1, with m; being the multiplicity of the zero A; € A’ of h,
and Im (z) denoting the imaginary part of a complex number z. This is a simple restatement of Diekmann
et al [30, Thm. 5.4].

Let us introduce equivalent notation for (3.2.1). For a function y : [—7,00) — R we define the segment
of y at time ¢t > 0 by the function

Yy [-7,0] = R, ye(u) == y(t + u).

If we equip the space C[—7,0] of continuous functions with the supremum norm Riesz’ representation
theorem guarantees that every continuous functional L : C[—7, 0] — R is of the form

2= [ vt v

for a measure v € M[—7,0]. Hence, we will write (3.2.1) in the form

y'(t)=L(y) fort>0, yo=2¢

and assume L to be a continuous and linear functional on C[—, 0].
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Let us fix a complete probability space (€2, F,P) with a filtration (F(t));>o satisfying the usual condi-
tions and let (B(¢) : t > 0) be a standard Brownian motion on this space. We study the following stochastic
differential equation with time delay:

dY(t) = L(Y;)dt + o dB(t) fort >0, (32.8)
Y(t) = ¢(t) forte [-T,0], -
where L is a continuous and linear functional on C[—, 0] for a constant 7 > 0 and o > 0.

For every ¢ € C[—7,0] there exists a unique, adapted strong solution (Y (¢,¢) : ¢ > —7) with finite
second moments of (3.2.8) (cf., e.g., Mao [49]). The dependence of the solutions on the initial condition ¢
is neglected in our notation in what follows; that is, we will write y(¢) = y(¢,¢) and Y (¢t) = Y (¢, ¢) for
the solutions of (3.2.1) and (3.2.8), respectively.

By lemma 3.9.2 the solution (Y'(¢) : ¢ > —7) of (3.2.8) obeys a variation of constants formula

(3.2.9)

¢(t)v le [_7—7 O]a

where 7 is the fundamental solution of (3.2.1). This result mimics that of proposition 2.3.1 in chapter 2.

3.3 Main Theorems

If we assume that there is only one A € C with Re (\) = wvg(v), i.e. A’ = {A} then it follows that A is
real-valued. If we assume furthermore that A is a simple zero of h the representation (3.2.7) implies that
there exists €g > 0 such that

r(t)e Wt = ¢ 4 o(e™) forall e € (0, ¢), (3.3.1)

and moreover c obeys

1
= . 332
‘ 1= f[—‘r 0] SeUO(U)SV(dS) ( )

The formula for ¢ can be determined by contour integration; see e.g., Chapter 7 of Gripenberg et al. [35].
The assumption that )\ is a simple zero of h guarantees that c is well-defined because the denominator of ¢
equals h/()\), i.e. is non-zero.

Theorem 3.3.1. Suppose that r obeys (3.3.1). Then the solution Y of (3.2.8) satisfies
(@) ifvo(v) =0, then

Y(t)

lim sup ——~%—— =oc¢ a.s.
tﬂoop V2tloglogt 7
Y(t
lim inf # = —oc a.s.

t—oo \/2tloglogt
(b) ifvg(v) > 0O, then a.s.

lim e~ Mty (¢)

t—oo

0 o'}
=c (gb(O) + /[ 0]/ e W= () duv(ds) + 0/0 e voW)s dB(s)) .

In both cases, the constant c is given by (3.3.2).

Remark 3.3.1. The case vo(r) < 0 is discussed in [36]. It turns out in this case that all solutions converge
weakly to a stationary distribution. The trading strategies of the speculators in our market model forces the
measure v to obey vo(r) > 0. Thus the situation where vo(v) < 0 has no economical interpretation and
will therefore not be considered.
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Remark 3.3.2. The analogue of this Theorem can be found in chapter 2. Part (a) corresponds to Theo-
rem 2.3.1 and part (b) corresponds to Theorem 2.3.2. The underlying idea of the proof is the same as that
of chapter 2.

We notice that if o # 0, then the random variable on the righthand side in (b) of Theorem 3.3.1 is
normally distributed with non—zero variance. Thus, there is a positive probability that the limit is positive,
and a positive probability that the limit is negative.

Given a measure v it is often a rather delicate issue to determine the value of v (v). In the following result
we give sufficient conditions for this for a subclass of M |[—7,0] which will cover the economic modelling
later.

Theorem 3.3.2. Suppose that 0 # v € M[—7,0] obeys

v([-t,0]) >0 forallt € |0,7], (3.3.3)
v([-7,0]) = 0. (3.3.4)
(i) If
m(v) = / sv(ds) > 1 (3.3.5)
[=7.0]

then h has a simple zero at A = vy(v) > 0 and all other zeros X of h obey Re (A) < vo(v).
(it) If
m(v) ::/ sv(ds) <1 (3.3.6)
[77—70]

then h has a simple zero at A = vo(v) = 0 and all other zeros X of h obey Re (\) < vo(v).

Remark 3.3.3. The condition given by 3.3.3 is required for exponential growth and 3.3.4 is required for the
Law of the Iterated Logarithm. Equations 3.3.5 and 3.3.6 define the stability condition for an unstable and
a stable market. The analogue of these two conditions in chapter 2 are 2.2.5 and 2.2.3 respectively.

Remark 3.3.4. For this proof we introduce the function P(X) which is written in terms of the characteristic
equation. To prove the result for the unstable case we apply Lebesgue’s Theorem which implies there exists
a unique Ay > 0 so that P(A\g) = 1. We show that \y > is simple by differentiation and then show that
A1 < Ap. An outline of the proof in the stable case is omitted as it is straightforward.

3.4 Applications to Financial Markets

34.1 Economic modelling

We now consider equation (3.2.8) in the context of a market model. Suppose that there are N traders in the
economy, who determine their demand based on the cumulative returns Y on an asset. The trading strategy
of the j-th agent at time ¢ is as follows: he considers a short-run moving average of the cumulative returns
price over the last 6; units of time

/ Y (t+u) sj(du)
[—0,,0]

for a measure s; € M[—6;,0] and also calculates a long—run average of cumulative returns over the last
7; > 0; units of time

/ Y (¢ + ) 1 (du)
[=75,0]

for a measure [; € M[—7;,0]. The measures s; and [; reflect the weights the agent puts on the different
past values. In order to make the short-run and long-run comparable the measures s; and /; are chosen such
that

53 ([0, 0]) = {;([=75,0])- (3.4.1)

We extend s; to M[—7;,0] by setting s;(/) = 0 for any Borel set I C [—7;,6,). These averages can
be distinguished as being “short-run” and “long—run” by hypothesising that the short-run average always
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allocates at least as much weight to the most recent ¢ time units of returns as the long—run average does.
Mathematically, this means that

/ sj(du) > / l](du), t e [077']',]. 34.2)
[—t,0] [—t,0]

The averages are distinguishable by presuming that s; # [;.

Trader j then has planned demand at time ¢ which depends upon the strength of the signal received from
the market, the signal being stronger the greater the difference between the short—run and long run—average.
We assume in the sequel that the trader buys the asset if the short—run average exceeds the long—run average
and that he sells the asset if the short—run average lies below the long run average. The converse situation
can be analysed analogously. The planned excess demand of trader j at time ¢ is

Bj </[ej,01 Y (t+u)s;j(du) — /[ijo] Y (t+ u) lj(d’ll,))

where 3; > 0. Therefore, the overall planned excess demand of all traders is

N

> B </[0-0]Y(t+u)8j(dU) —/[ . Y(t+“)lj(dU)>-

Jj=1

The constants 3; model the different influence of each trader on the total excess demand. Speculators react
to other random stimuli— “news”— which are independent of past returns. The increments of this news
are independent, so if the stimulus is a continuous process, this may be thought of as adding a further
o(B(t2) — B(t1)) to the traders’ excess demand over the interval [¢,¢3] where B is a one—dimensional
Brownian motion and o > 0.

Finally, we suppose that returns increase when there is excess demand (resp. fall when there is excess
supply), with the rise (resp. fall) being larger the greater the excess demand (resp. supply). One way to
capture this is to suppose that the evolution of the returns is described by

av(y = i::ﬁj ( /[] Y(t+ws(dn) -

Y (t + u) lj(du)> dt + cdB(t). (34.3)
[_ijo}

We extend all measures s; and [; to the interval [—7, 0] where 7 = max{ry,...,7x} by setting them zero
outside their support. By introducing the measure v € M[—7, 0] defined by

N
v(du) = B;(s; — 1;)(du) (3.4.4)
j=1
and the linear functional L defined by
L:Cl-1,0) 5 R, Lo= / Yt + u) v(du)
[_T’O]

we can rewrite equation (3.4.3) as
dY (t) = L(Y;) dt + o dB(t) forall t > 0.

Note, that under the conditions (3.4.1) and (3.4.2) on the measures s; and /; the measure v satisfies the
conditions in Theorem 3.3.2.
The evolution of the price of the risky asset (S(¢) : ¢ > 0) is now given by

dS(t) = pS(t)dt + S(t)dY (), t>0;  S(0)=sy>0. (3.4.5)

We can think of u as the non-random interest rate in the model and consider P as the equivalent risk-neutral
measure. Applying Itd’s formula shows as in the standard Black-Scholes model that the asset S' can be
represented by

S(t)=5(0)exp (Y(t) + (n— 20*)t)  forallt > 0. (3.4.6)

In the case when the feedback traders are absent, i.e. 5; = 0 forall j = 1,..., N, we have dY (t) =
o dB(t), in which case S is Geometric Brownian motion, evolving according to

dS(t) = pS(t)dt + oS(t)dB(t), t>0;  S(0)=so > 0.
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3.4.2 Economic interpretation of main results

Before considering specific examples of types of moving average strategies of the traders, we make some
general comments about the economic implications of these results.

One of the most important consequence of our model is that the presence of trend-following agents makes
the market more volatile. Suppose momentarily that the Brownian motion B is extended on all R. If v obeys
the conditions in Theorem 3.3.2 and m(v) < 1 then it can be shown that

t
Y(t) =o0c"B(t) + 0/ (r(t—s) —c*)dB(s)
is a solution of the first equality in (3.2.8), which means that this solution of (3.2.8) can be written as the
sum of a Brownian motion plus a stationary Gaussian process. The implication for the financial model is
that the driving semimartingale Y is composed of a process with independent and stationary increments,
plus a correlated process. It is this correlated process which is responsible for short—term trends that can
arise in the price and this makes the market informationally inefficient. Also, as ¢ > 1, we see that the
largest fluctuations of Y are greater than would occur if in the standard Black-Scholes model with v = 0,
ie. Bj = 0forall j = 1,..., N. Therefore, the presence of trend—following speculators also make the
market more volatile.
If m(v) < 1 then combining Theorem 3.3.1 and Theorem 3.3.2 implies

lim su 140) = g a.s
P V2tloglogt 1 — f[fr,()] wv(du)”
which because of (4.3.9) yields
ClogS(t) — (u— o)t o
lim sup = a.s.

t—o0 V2tloglogt 1-— f[f'r,O] uv(du)’

with a similar result available for the liminf. Therefore the process S experiences larger fluctuations from
the trend rate of growth than it experiences in the absence of the trend chasing speculators. In other words,
the presence of the trend chasing speculators makes the market more risky and leads to greater fluctuations.
Moreover, the fluctuations increase in size with

N
/[—T,o] uv(du) = ;ﬁj (/[—@,0] us;(du) — /[—rj,o] ulj(du)>
N
=: Zm(sj) —m(l;).

Jj=1

We now investigate what factors increase this quantity. Note, that in the most common situation when
the measures s; and [; are non-negative then the quantities m(s;) and m(l;) are negative. The larger the
absolute quantity |m(s;)|, the greater the weight that trader j gives to recent returns when computing their
short—run moving average. Therefore, m(s;) is a weight of the effective length of the “short-run” memory
of trader j. In a similar manner, the quantity m(l;) is a weight of the effective length of the “long—run”
memory of trader j. The greater the difference m(s;) — m(l;) between these times, the larger the value of
m(v) and the more unstable that the market becomes. It may be seen that a large value of m(s;) — m(l;)
arises, for example, when trader j bases their short—run average on returns over a very short time—horizon,
but whose long—run average gives significant weight to returns from the relatively distant past. This strategy
can obviously introduce significant feedback from the distant past, so causing trends from the returns in the
past to persist for long periods of time, which will tend to cause excess volatility. As we shortly see, it can
even lead to the formation of bubbles or crashes as well.

To take a simple example: if all traders make their decisions based only on a comparison of returns 6
periods ago with returns 7 periods ago, where § < 7, then we have m(s;) = 6 and m(l;) = 7, and

so bubbles form if (6 — 7) Zjvzl B; > 1 while we have a correlated Brownian motion market if (6 —

)3 B < L.
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A large value of 3; corresponds to aggressive or confident speculative behaviour. The planned excess
demand of trader j is 3; times the difference between the short—run and long—run weighted averages of
returns. Therefore, for larger (3;, a smaller signal from the market is required to produce a given response
from trader j. Hence, as an increase in 3; also increases m(v), aggressive or overconfident trend chasing
strategies will tend to increase the market volatility, as switches from an advancing to a declining market
are amplified by the trend chasing strategy, causing increased volatility and greater extreme fluctuations in
the price.

Finally, the greater the value of «, the more responsive is the price to changes in demand and the greater
the value of m(v).

Summarising these effects, we see that aggressive responses from traders, giving significant weight to
the returns in the more distant past and responsiveness in the price to changes in demand, will all tend
to destabilise the market. In fact, when these effects are so pronounced that m(v) > 1 we have that
lim; o e’”f’(”)tY(t) =: I" exists and is almost surely non—zero, and it assumes a positive and negative
value with positive probability. In this case, the aggressive response and long memory of the traders is
sufficient to force the market into a bubble (when I' > 0) or a crash (when I' < 0). Therefore, the more
aggressive the responses from traders and the greater the weight that they allocate to returns in the more
distant past, the more readily the market leaves the correlated Brownian motion regime (m(v) < 1), and
enters the bubble or crash regime (m(v) > 1).

3.4.3 Bubble dynamics

In the case when v € M ([—7, 0], R) obeys (3.3.3) and (3.3.4) and is such that (3.3.5), then there is a unique
vo(v) > 0 such that a.s.

lim e~ "Mty ()

( / / (5= g (w) du v(ds) _|_U/OO e~ vo(¥)s dB(5)> =:T(¢). (347
7,0] 0

where the constant c is given by (3.3.2). We say that the market experiences a bubble if ' = T'(¢) > 0 and
acrashif ' = T'(¢) < 0, because in the former case Y'(t) — oo as ¢ — oo at an exponential rate, while
in the latter Y (¢) — —oo as t — co. We remark that I'(¢) # 0 a.s. because I' is normally distributed with
non—zero variance. Therefore only bubbles or crashes can occur when v obeys (3.3.3), (3.3.4) and (3.3.5).
In the next theorem, we analyse the dependence of the probability of a crash or bubble according to the
behaviour of the initial returns ¢ on the interval [—7, 0].

Theorem 3.4.1. Suppose that v € M ([—7,0],R) obeys (3.3.3) and (3.3.4) and is such that (3.3.5). Let Y’
be the solution of (3.1.2a) with initial condition ¢ € C([—1,0],R).

(i) If ¢ is constant, then P[I'(¢) > 0] = 1/2.

(ii) Let Y (¢1) be the solution of (3.1.2a) with initial condition ¢1 and Y (¢2) be the solution of (3.1.2a)
with initial condition ¢o. If 1 — 2 is constant then

P[[(¢1) > 0] = P[[(¢2) > 0].

(iii) Let ¢ € C([—7,0],R) be such that P[['(¢) > 0] > 1/2. Then o — P[['(ap) > 0] is increasing and
moreover

lim P[[(a¢) >0 =1, lim P[T(a¢) > 0] = 0. (3.4.8)

(iv) Let ¢ € C([—7,0],R) be such that P[I'(¢) > 0] < 1/2. Then o — P[I'(a¢p) > 0] is decreasing and
moreover

lim PI'(a¢) > 0] =0, QEIPOOP[F(QQS) >0]=1 (3.4.9)

a— 00

(v) If ¢ € CY([—7,0],R) is increasing with ¢'(0) > 0, then P[T'(¢) > 0] > 1/2. Moreover o
P[[(ag) > 0] is increasing and obeys (3.4.8).
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i) If € C*([—7,0],R) is decreasing with ¢'(0) < 0, then P[['(¢) > 0] < 1/2. Moreover o
P[I'(«ag¢) > 0] is decreasing and obeys (3.4.9).

Remark 3.4.1. This Theorem and its interpretation is an analogue of Theorem 2.3.3 in chapter 2. As the
proofs are very similar no outline is given.

3.4.4 Positive and exponentially fading autocovariance in the returns

In this subsection, we analyse the patterns in the J—returns, where § > 0 in the situation where the measure
v obeys (3.3.3) (3.3.4) and the stability condition (3.3.6). The d—returns are simply the percentage gains or
losses made by investing over a time period of § units, and are denoted at time ¢ by Yj(¢). Accordingly we
define the process Y; by

Ys(t) =Y (@) —-Y(t—-96), t=>6. (3.4.10)

It is convenient to extend r to (—oo, —7) by setting r(t) = 0 for ¢ € (—oo, —7), and to introduce the
function rs defined by
rs(t) =rt)—rt—290), t>0. (3.4.11)

Since Y (t) = y(t) + f(f r(t — s)o dB(s) for t > 0, we have the identity

Y5(t) =y(t) —y(t —0) + /0 rs(t —s)odB(s), t>9. (3.4.12)

The next theorem shows firstly that Y5 is an asymptotically stationary process for each 6 > 0. Secondly,
we show that it is positively autocorrelated at all time horizons. Thirdly, it is shown that the autocorrelation
of § returns separated by A time units, decays at an exact exponential rate in A as A — oco. We state the
result.

Theorem 3.4.2. Let 6 > 0, A > 0. Suppose that v € M ([—7,0],R) obeys (3.3.3) and (3.3.4) and (3.3.6).
LetY be the solution of (3.2.8) with initial condition ¢ € C([—,0],R). Suppose that r is given by (3.2.2),
rs by (3.4.11), and Y5 by (3.4.12). Then

(i)
Cov(Ys(t),Ys(t+ A)) >0, forallt > 4. (3.4.13)
(ii) For every A > 0 the limit
cs(A) = tlim Cov(Ys(t),Ys(t+ A)) = 02/ rs(u)rs(u + A) du (3.4.14)
— 00 0

exists and is finite. Moreover, ima .o, c5(A) = 0 and cs € L*(0, ) for each 6 > 0.
(iii) If v is such that
Leb{t € [-7,0] : v([t,0]) > 0} > 0,
there exists a unique A > 0 such that —\ € A and c5(A) obeys

lim cs(A)e*™

A—o0

_ o2(1 — M) ) . (1— ) f[—r,o] Au(du)
Sl g uem N (du) (/0 r(u)e” " du + O Ty ) ) (3.4.15)

with the limit being finite and positive.

Remark 3.4.2. This Theorem is an analogue of Theorem 2.4.1 in chapter 2 and the proof is very similar.

Once again the proof is postponed to the end. We make some further observations and comments. An
interesting conclusion of the theorem is that the d—returns are positively autocorrelated. Therefore, even
though the returns undergo iterated logarithm behaviour like standard Brownian motion, there is correlation
between the increments of the process. The presence of a positive correlation means that trends in the returns
have a tendency to persist. This is responsible for the fact that the largest fluctuations of the process Y are
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greater that those that would be seen if there were no trend—following speculators present. The correlation
between returns of horizon length ¢ decays exponentially in the time lag A between successive observations,
as A — oo. Moreover, the exponent in the rate of decay is independent of A. Therefore, although the
market is informationally inefficient in the sense of Fama because the future returns are correlated with past
returns, the memory of recent events is discounted relatively quickly. This “short memory” is a consequence
of the finite memory trading strategies employed by agents.

3.4.5 Examples of investment strategies

In each of the following examples, we consider only one agent and his or her trading strategy. Because of
that we neglect the parameters [3; in the model.

Current returns versus past returns

Suppose that the investor compares the current value of the cumulative returns Y with a continuous time
weighted average over the last 7 units. To put this in the form of the model considered in the beginning of
this section, the current value of the cumulative returns is weighted by

s(du) := adp(du)

for a constant @ > 0 and where §y denotes the Dirac measure in 0. The cumulative returns in the long-run
are weighted by

I(du) := f(u) du,
where f is a nonnegative function in L ([—7,0]) with || f|| . = « and for some 7 > 0. Then the measure
v(du) := s(du) — I(du) = adp(du) — f(u) du

satisfies the conditions in Theorem 3.3.2 with the moment given by

m(v) = _/0 wf(u) du,

-7

The linear functional L is of the form

0
L:C([=7,0)) = R, L(¢) =ag(0) = [ ¢(u)f(u)du.
Thus, if m(v) < 1 then the cumulative returns obey
lim sup 40 = 7 a.s
t—oo V20loglogt 1+ [C uf(u)du
Y
lim inf ®) = g a.s.

t=eo 2tloglogt 1+ [° uf(u)du
On the other hand if m(») > 1 then there exists a unique A > 0 such that a.s.

lim e~ Y (t)

t—o0
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Short run versus long run moving averages

Suppose that the investor compares a continuous time weighted average of the cumulative returns Y over
the last 6 units of time with a moving average over the last 7 > 6 units of time. The short-run is weighted
by a nonnegative function f € L'([—6,0]) whereas the long-run by a nonnegative function g € L*([—7,0])
with || || .« = |lgll,: > 0. We extend f to [—, 0] by setting f(u) = 0 for u € [—7, —0). If we suppose in
addition that

0 0
f(uw)du > / g(u) du forall ¢t € [—,0],

—t

then the measure v(du) := (f(u) — g(u)) du satisfies all the conditions in Theorem 3.3.2 with the moment

The linear functional L is given by

0

L:C(=n0) =R, L(¢)= | o(u)f(u) = g(u))du.

If we have m(v) < 1 then combining Theorem 3.3.1 and Theorem 3.3.2 yield

lim sup 140 = 7 a.s
t—ce V2tloglogt 1 [© w(f(u) - g(w)du
lim inf 40) = 7 a.s.

oo Vatloglogt 1 — [0 u(f(u) - g(u)) du
On the other hand, if m(r) > 1 then there exists a unique positive A > 0 such that a.s.

lim e MY (t)

—c (¢<o> + [ "((s) — a(s) / " A () duds + e dB<s>)

s 0

where
1

1— [7 seds(f(s) —g(s))ds

Discrete-time moving averages

Suppose that the investor compares a weighted average of the cumulative returns at m points in time over
the last 6 units of time with a weighted average of the cumulative returns at n points in time over the
last 7 units of time, where 7 > 6. Let the cumulative returns in the short-run be observed at time points
—0 := —0,, < --- < —6; <0 and in the long-run at time points —7 := —7,, < --- < —711 < 0. Then the
short-run observations are averaged according to a measure

s(du) = Z a;jd_g, (du)
j=1
for some weights o; > 0 and the long-run observations according to

I(du) := Z B;6_r, (du)
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for some weights 3; > 0. If we assume that

a1+ tan =044+ 08, >0,

Z%X tO] >ZBJX[ tO ) forallt € [077—])

then the measure v(du) := s(du) — I(du) satisfies all the conditions in Theorem 3.3.2 with the moment

n m
= E ﬁjTj— E Oéjej.
j=1 j=1

The linear functional L is given by

L:C([-7,0]) — R, Zam Z@j
If m(v) < 1 then the cumulative returns evolve according to
lims Y() 7 a.s
imsup = 7 i .
t—oo V/2tloglogt  1—370 ) Bim;+ > 50, a;b;
lim inf 140) =— 7 a.s.

t—oo /2tloglogt 1= 370 Bims + 2070 ayf;

On the other hand, if m () > 1 then there exists a unique positive A > 0 such that a.s.

lim e MY (t) = ¢ <¢(O) + /000 e dB(s))

t—oo
Sa / e+ () du—Zﬁ / e N+ () du |
j=1 - —7;

where
1

n — m — .
1= Bimie™ T 4 300, abe N

CcC =

3.5 Proof of Theorem 3.3.1

We start this section by proving a kind of law of the iterated logarithm for the Gaussian process (Q(t) : t >
0) defined by

) :/O F(t— 5)dB(s) (3.5.1)

for a differentiable function f € L*(RT) with f € L2(R"), (f € W?1([0,00))). Instead of following
the direct proof one can also use general results on the law of iterated logarithm for Gaussian process, see
for example the monograph [46].

Lemma 3.5.1. Suppose that f € L*(R") with f' € L?>(R"). Then the Gaussian process Q defined in
(3.5.1) satisfies

limsup ;51(7) <A1 as.

Remark 3.5.1. For this proof we decompose equation 3.5.1 into three terms. By Lemma 3.9.4 we can show
that the limit of the first term is zero. For the second term we calculate a bound on it’s second moment.
Then using the Borel-Cantelli Lemma we show that it’s limit is less than one. By applying Mill’s estimate
and the Borel-Cantelli Lemma to the third term we prove the above result.
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Lemma 3.5.2. Suppose that B is a standard Brownian motion. Then for every € € (0, 1) we have

ey BO=B00)
n—00 ne<t<(n+1)e \/elogn

Remark 3.5.2. See Section 3.9 for the proof of the Lemma. As the proof is short no outline is given.

=0 as. (3.5.2)

Proof. Because f is differentiable we obtain by partial integration and the stochastic Fubini’s Theorem

o= [ (10+ [ rwa) s

0
= /Ot (/OU f'(v—2s) dB(8)> dv + f(0)B(t).

Thus, for arbitrary € € (0,1) and n € N we can decompose Q(t) according to
Q) = Q) — Q(n) + Q(n)
= f(0)(B(t) — B(n®)) + /t (/OU (v—s) dB(s)) dv + Q(n°). (3.5.3)
We now analyse each term in (3.5.3). By Lemma 3.9.4, the first term obeys
B(n)|

B(t) —
lim sup FOIIBE) =0 a.s. (3.54)
n—00 ne<t<(n+1)¢ \/elogn

For estimating the second term in (3.5.3) choose k& € N such that (1 — €)2k > 1 and let

t v
/ (/ f'(v—s)dB(s)) dv|.
ne 0
Applying Cauchy-Schwarz inequality implies

[ ([ resem) o
(/ f'(v—s)dB(s ))

(n+1)°
— (4 =0 [ B ] do,

€

U, = sup
ne<t<(n+1)e

E [Unzk} =E sup
ne<t<(n+1)e

gEl sup (t—nf 2k1<

ne<t<(n+1)¢

m)]

where J(v) = [ f'(v—s)dB(s ) is normally distributed with zero mean and variance [ f(s)? ds. Since

e LQ(O, 00) we have E[J(v)*] = Cj, ([, f/(s)? ds) < Cy || /1% . Moreover for every n there exists
Ny € [n,n + 1] such that (n + ) —n® =enS” S en~1. Because (1 — €)2k > 1, E[U2*] is summable.
By Chebyshev’s Inequality, P[|U,,| > 1] < E[Uﬁk], and so the Borel-Cantelli Lemma implies

/t (/0 fv—s) dB(s)) do

For estimating the last term in (3.5.3) we define the standardized normal random variable

n) (/On f?(s)ds>1/2.

lim sup sup <1 as. (3.5.5)

n—0o ne<t<(ntl)e

For any 6 > 1 we get by Mill’s estimate

1 —01lo
]P’[|Zne > 2010g(n5)} \ﬁ \/W e
1 1

\/577 20 log(ne) (ne)?”
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Thus, choosing fe > 1, we get
ZIP’ |:|Zne| > +/20 1og(n5)} < 00.
n=2

According to the Borel-Cantelli lemma, there exists a random integer ng such that

Lne
lim sup | <0 as.
n— 00 2 log(nf)
Letting 0 — % through the rational numbers, we get
: Qnf) 1
1 — < —/ . 3.5.6

Finally, (3.5.4), (3.5.5) and (3.5.6) allows us to conclude for the decomposition (3.5.3) that

t 1
limsup  sup Q) < —VIIfllzz as.,

n—oo ne<t<(nt1)e 210gt €

which implies

t 1
lim sup Q) < —VIIfll2, as.

t—00 2logt €

Finally, by letting ¢ 1 through the rational numbers, we get

Q)] T
ti»IEo \/W < ||f||L2 a.s.

as required. O

Proof of (a) in Theorem 3.3.1. The solution Y of equation (3.2.8) can be decomposed in

Y(t)=y(t)+ U/O r(t —s)dB(s)
=y(t) +0Q(t) + ocB(?),

where y is the solution of equation (3.2.1) and @ is defined by

Q) = / (r(t — s) — ) dB(s).

We next notice that (3.2.3) and the fact that r(t) — ¢ as ¢ — oo together imply that

0
lim y(t) = ¢(0)c + c/[_ o]/ o(u) duv(ds). (3.5.7)

t—o0

By combining the Law of the Iterated Logarithm for standard Brownian motion together Lemma 3.5.1 and
(3.5.7), we find that

lim su 7}/@) c lim inf 7}/(” c as
= oc, = —0 Sy
t—>oop v/2tloglogt t—oo 4/2tloglogt
as required. U

To prove the second part of Theorem 3.3.1 we require another Lemma on a convolution Gaussian process,
which is similar to the one considered in Lemma 3.5.1.
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Lemma 3.5.3. Define for A > 0 and k € L?(0, 00) with k' € L*(0,00) a Gaussian process (K (t) : t > 0)
by

t
_ / k(t — s)e=>* dB(s).
0
Then tlim K(t) =0a.s.
Remark 3.5.3. We begin the proof by splitting K (¢) into three terms. Applying the Cauchy—Schwarz
inequality and taking suprema over [a,,, a,,+1] We rewrite these terms in terms of the second moment. We

then show that the second moments are finite. By employing Fubini’s Theorem we can show that the
lim;_, o K (t) = 0 almost surely.

Proof. Applying the stochastic Fubini’s Theorem we obtain the representation

K(t) = /Ot (k:(O) + /Ot_s K (w) du) e~ dB(s)
— k(0) /Ot e dB(s) + /t </t K (u )du> e dB(s)
_k(())/ot e dB(s / / e~ dB(s) dv.

Thus, for an arbitrary increasing sequence (a,,)5°, and t € [ay,, a,+1) We have the identity

K(t) = K(ay) + k(0) /t A dB(s / / e dB(s) dv.

An

Then using the Cauchy-Schwarz inequality (a + b + ¢)* < 3(a® + b* + ¢?) and taking suprema over

[@r, ant1] result in
. 2
sup (/ e s dB(s))
An StSan+l An

4 3(ansr — an) /:n“ E [(/0 K (0 — s)es dB(s)>2] dv.

n

E sup  K(t)?

an<t<an41

< 3E[K (an)?] + 3Kk(0)*E

(3.5.8)

The function t +— E[K?(t)] is in L' (R") because

/ E[K%(t)] dt = //k2 e P dsdt = 7/ E*(u) du < oo.
0

Thus, the integrability criterion for series implies that we can choose the sequence (a,, )22, with ag = 0,
0 < apt1 —a, < lforalln eN,lim,_ o a, = oo such that

Z E[K ] < +o0, (3.5.9)

see [3, Lemma 3]. Doob’s inequality implies

[e’e) 2 Ani1
ZE sup (/ A dB(s ) < Z / e "2 ds < 0. (3.5.10)
n=0 an

an<t<any1
Applying Itd’s isometry and letting oy (t) = e~2* gives

/anﬂ (/ E (v ASdB(s)>2] dUZLan+l(k/2*62A)(U) dv.

n
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Since k¥’ € L?(0,00) and ezy € L'(0,00) we have k2 * eay € L'(0,00), and so, by using the fact that
Gn+1 — Ay < 1, it follows that

oo

An+1 v 2
Stan—an) [ BN [ K- se ) ] v
n=0 an 0 (3.5.11)
< / (" x eg) (v) dv < 0.
0
Applying (3.5.9), (3.5.10) and (3.5.11) to the representation (3.5.8) gives
Z E sup  K(t)?| < .
n—0 anStSan+1
Fubini’s Theorem implies
sup  K(t)? < oo a.s.
n=0 an <t<ant1
yielding K (t) — 0 a.s. as t — oc. O
Proof of (b) in Theorem 3.3.1. Define
k(t) = e Wtp(t) — ¢, (3.5.12)
t
K(t) = / k(t — s)e )3 dB(s), (3.5.13)
0

where vg(v) > 0 is defined by (3.2.6) and c is defined by (3.3.1). By the variation of constants formula
(3.2.9) we have

t
e Mty (1) = ety () 4 O'C/ e~ 4B(s) + o K (t). (3.5.14)
0

The second term on the righthand side of (3.5.14) tends to the almost surely finite random variable
co fooo e~ ®)s B (s) as t — oo a.s., by the martingale convergence theorem.
By (3.3.1) the function k is in L2(0, 00). In order to prove that &’ is also in L2(0, o) note that

K (t) = —vo(v)e " @tr(t) + / e M)y (1 4 5) e )3 1 (ds).
[—T,O]

Because vp(v) is a zero of h we have

E () = —vo(v) (e Mir(t) — ¢) + / (e o)t 4 g) — )W) y(ds).
[77-10]

Hence, by (3.3.1), we have that &’ € L?(0,00) which enables us to apply Lemma 3.5.3 and to conclude
K(t) — 0as.ast — oo.
For the first term in (3.5.14) the formula (3.2.3) yields

e—vo('/)ty(t) — ¢(0)€_UO(V)tr(t)

0
+ / / e VoWt g 4 g )e? M= () du v (ds)
[—7,0] /s

0
— ¢(0)c+ / / e WG gy du v(ds) ast — 0o,
[—7,0] Vs

which completes the proof. O
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3.6 Proof of Theorem 3.4.1

To prove (i), notice that if ¢(¢) = ¢ for all t € [—7, 0], then the solution y of (3.2.1) is y(¢, ¢) = ¢ for all
t > —7. Therefore lim; . y(t, ¢)/e? ") = 0, and so

[(¢) =co /OO e~ vo(¥)s dB(s) =: Z, (3.6.1)
0

where Z is normally distributed with zero mean and variance ¢?02/(2vo(v)). Therefore P[['(¢) > 0] =
P[Z > 0] = 1/2 as claimed.

For the proof of (ii), let y(¢1) be the solution of (3.2.1) with initial condition ¢; and y(¢5) be the solution
of (3.2.1) with initial condition ¢o. Let z(¢) := y(¢1,t) — y(¢p2,t) for all t > —7. Then z(t) = c for all
t € [-7,0] and 2’(t) = L(z¢) for t > 0. Therefore z(t) = cforall t > 0, or y(é1,t) — y(P2,t) = ¢ for all
t > —7. If y is the solution of (3.2.1) we may define the operator Ly : C([—7,0],R) — R by

Jim y(t, ¢) /e = Ly(9) (3.6.2)

where L1 (¢) is given by the formula

0
L1(¢):c<¢(0)+ /[_ , / e”o(”)(s_“)¢(u)duy(ds)>7 (3.6.3)

with ¢ > 0 given by (3.3.2). We note that c is independent of ¢. Since z(t)/e?("") — 0 ast — oo, we have

y(¢17t) li y(¢2at)

Li(¢1) — Li(¢2) = lim

t—o0 eUU(’/t) t—o0 e’UO(Vt)

$0 L1(¢1) = L1(¢2). Therefore T'(¢p1) = T'(¢2) and (ii) is proven.
We now prove (iii). By (3.6.2) and (3.6.3) we have

207

[(¢) = Li(¢) + co /oo e W3 4B(s) = Li(¢) + Z,

0

where Z is defined by (3.6.1). Therefore if P[I'(¢) > 0] > 1/2, we have
1/2 <P[I(¢) > 0] = P[L1(¢) + Z > 0] = P[Z > —L1(9)] = 1 = P[Z < —L1(9)],

so P[Z < —Lq(¢)] < 1/2, which implies L;(¢) > 0. Clearly L;(a¢) = aL1(¢) for any o € R, and
so N(a¢) = aLi(¢p) + Z. Now P[T'(a¢) > 0] = P[Z > —aLi(¢)], so as L1(¢) > 0 we have that
a +— P[I'(ag) > 0] is increasing, with limy_,cc P[I'(¢1) > 0] = 1 and lim,—, oo P[['(ap1) > 0] = 0.
The proof of (iv) is similar.

We prove (v). Let y be the solution of (3.2.1). Extend v to (—oo, —7] by setting v(E) = 0 for every Borel
set E C (—o0,—7). Next consider v4 (E) = v(—F) for every E C [0, 00). Also extend ¢ to [—c0, —7)
by setting ¢(t) = 0 for all t < —7. Then y satisfies

y@wzjﬁﬂmyu4«QVW@::A;mmyu4-@uw@::A;mfxt—@u+w@7

so with F(t) = [,

[£,00) ¢(t — s)v4(ds) for t > 0 we have

MﬂZAwmﬁwme+ﬂﬁ%t>Q 4(0) = 6(0).

Define N by
N(t) = / vi(ds), t>0, (3.6.4)
[0.2]
and F' by
P = [ 00w+ /[0 s, ez (3.65)
it ,00
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Since y € C*(0, 0) we have

/M it = wetds) = [ vilas) (¢<0> + [ T du)

— N(1)6(0) + / . (ds) / () du

[0,]

/[Ot /t ’ +(ds)y' (u) du
v [, s d
+ /Ot N(t — s)y (u) du.

y'(t) = [ ]N(t—u) y'(u)du+ F(t), t>0. (3.6.6)
0,t

Therefore with F' defined by (3.6.5) we get

For t > 7 since (3.3.3) holds and v (E)) = 0 for all Borel sets E C [7, 00) we have

FO)= [ 00)-mlds)+ [ 60)-va(ds)+ [t s(ds) =0

[0,7] (7.t] [t,00)

For 0 <t < 7 define N1(t) = [y, , v+(ds) with N1(0) = 0. Then

:/O Nt — ) (u) du
/N1 '(t — s)ds

Since N1(t) > 0 forall ¢ > 0 and F'(t) > 0 for all £ > 0 we have from (3.6.6) that /(¢) > 0 for all
t > 0. Since m(v) > 1 there exists a unique A > 0 such that [ N1(s)e™**ds = 1;infact vo(v) = A > 0.
Therefore we have

Y (e M =F(t)e ™+ Ni(s)e e M=)/ (t — s)ds, t >0,
0,¢]

and so by the renewal theorem and the fact that F'(¢) = 0 and N (¢) = 0 for t > 7 we have

lim y(t) _ fo e MF(s)ds _ fOT e M F(s)ds
t—oo e [ 5Ny (s)e~ AS ds [ sNi(s)e=?sds

From this we see that

Coylt) 1 fOT e M F(s)ds
lim =+ = ——== .
t—oo eAt )‘fo sNi(s)e=*sds

Therefore P[I'(¢) > 0] > 1/2 provided [ e **F(s)ds > 0, which is true if F' is positive on some
subinterval of [0, 7].

Since ¢'(0) > 0 and ¢/ € C([—7,0],R) there exists S2 € (0,7) such that ¢'(u) > 0 for all v €
(—f2,0] € [—7,0]. Since m(v) > 1 we have [ Ni(s)ds > 1 and therefore there exists an interval
(01,02) C [0, 7] such that N1(s) > 0 for s € (61,02) C [O 7].

Lett € [0, 7] be such that 0V (01 — 33) < t < 6;. Define the interval I; := (t,02 A (t+32)) C (¢, 7) and
J = (01,7). Since t > 01 — B2 we have t + (35 > 61, and, because 0 > 6;, we have 0 A (t + (2) > 6;.
Therefore I; N J is a nontrivial open interval. Let s € I;. Then we have 65 > s > tand s < t + [32, s0
0>t— s> —f,. Hence forall s € I, we have ¢/(t — s) > 0,and so ¢/(t —s) > Oforalls € I, N J. If
s€ JNnI,wehaves € I;, s > 01, and s < 0. Hence for all s € I; N .J we have Ny(s) > 0. Therefore as
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Ni(s)¢'(t —s) > O0foralls € ;N J,and eacht € (0V (61 — B2),01), foreacht € (0V (61 — B2),61)
we have
F(t) = Ni(s)¢'(t — s)ds > Ni(s)¢'(t — s)ds > 0,
(t.7] InJ

so [, e **F(s)ds > 0 which implies P[I'(¢) > 0] > 1/2. The fact that o — P[I’(a¢) > 0] is increasing
and that (3.4.8) hold is a consequence of part (iii).

The proof of part (iv) is similar to that of part (v). If ¢ is decreasing, and y(¢) is the solution of (3.2.1),
we note that y_ = —y(¢) is the solution of (3.2.1) with initial condition ¢_ = —¢. Since ¢_ is increasing
with ¢’_(0) > 0, part (v) can now be applied to y_ to give the result.

3.7 Proof of Theorem 3.4.2

By (3.4.12) for t > § we have

¢ t+A
Cov(Ys(t),Ys(t+A)) =E /Org(t—s)UdB(s)-/o rs(t+ A —s)odB(s)| .

Henceas A >0
¢ ¢
Cov(Y5(t),Ys(t+ A)) = 02/ rs(t — s)rs(t+ A — s)ds = o / rs(u)rs(u+ A) du.
0 0

Extend v to (—oo, —7] by setting v(E) = 0 for every Borel set E C (—oo, —7). Next consider vy (E) =
v(—FE) for every E C [0, 00). Then r satisfies

V() = /[_Tvo]r(t+s)1/(ds)= /(_Ooyo]r(t+s)1/(ds)= /[Om)r(t—s)u+(ds),

r'(t) = /[o,t] r(t —s)vi(ds), t>0, r(0)=1.

Let N be defined by (3.6.4). In the case when (3.3.3) and (3.3.4) hold we have that N(¢) > 0 for all

t > 0, limy_o, N(t) = 0, and in particular N(t) = 0 for all ¢ > 7. Since r € C'(0,00) we have
t—s

r(t—s) =1+ [, " 7'(u)du, then

' (t) = /[07t] v(ds) (1 + /Ots ' (u) du) , t>0.

Notice that /(0) = f[o B vi(ds)r(—s) =V, (0) > 0. By definition of N this gives

r'(t):N(t)—i—/[Ot] 1/+(ds)/0 _sr’(u)du, t>0.

By Fubini’s Theorem

Therefore
r’(t) = N()+ N(s)r'(t —s)ds, t>0. (3.7.1)



Since N(t) > 0, we have /(t) > O forall ¢ > 0. Let A > 0. If 5 is defined by (3.4.11), then r5(¢) > 0 for
all ¢ > 0. Since r5(0) > 0, by continuity we have that (3.4.13) holds for all ¢ > 6.
If we suppose that m(v) < 1, then

/ N(t)dt = / /0 o L (ds)d
= /0 /[o,t] vy(ds)dt+ /TOO </[0,T] vy(ds) + /[T’t] l/+(d8)> dt
= /OT /[O,t] vy(ds)dt = /[o,r] /ST dt - vy (ds)

_ /[O’T](T_s)u(ds): /M vy (ds) = /[T’O] su(ds) = m(v) < 1.

Therefore ' € L' (0, 00) and so 7/(t) — 0 as t — oo. Therefore for ¢ > § we have

Wﬁyzﬁﬂ—fﬁ—5)zllxﬁgd&

Hence r5(t) — 0 as t — co. Also for T' > 24 we have

/§T t)dt = / /ta s)dsdt = /0 /SH(S dtr’(s) ds
:/0 /:M dtr'(s)ds—&-/: 6/8 dtr'(s)ds—i—/Tj:é/sT dtr'(s) ds
=A:W$@+AP%M@@+A:G—$M$®

T
ga/
0

Therefore 75 € L (0, 00) for each § > 0. For each A > 0 we can consider the limit
¢5(A) = Tim Cov(Y3(t), s(t + A)) = o / ra(w)rs(u + A) du.
[— OO 0

This limit is finite, because 75 is bounded and 75 € L'(0, 00), proving (3.4.14). Next we have
0<cs(A) <02 [ rs(u)du- sup,>a 76(v). Therefore cs(A) — 0as A — oo. Also we have

/0 dA—a// w)rs(u+ A) dudA
fg/O Mu)(/u rg(v)dv) dugaz</ooor5(u)dU>2,
and so ¢ € L'(0, c0).

It remains to prove (3.4.15). We note that because /() > 0, N(t) > Oand [ N(s)ds = [} N(s)ds <
1 and N(¢) = 0 for all t > 7 that there exists a unique A = A(IN) > 0 such that

1—/N ASds—/ N(s)eM ds.
/ N(t)eM dt = / / vi(ds) | eMdt = / / eM dtv, (ds)
0 0 [0,t] [0,7] /s

1
=5 /[0 ] (e’ — e**) vy (ds)

_1 (/ e vy (ds) —/ eA‘gV+(ds)> ,
A\ o, [0,7]
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we have that A > 0 obeys
A=— / e vy (ds). (3.7.2)
(0,7]

Now h(=A)=—A—[_, A= Jio My, (du) = 0,50 —\ € A.
Moreover with r(y) (t ) ( ) /\t N(,\)( ) = e’\tN( ) we get

T () = Ny (t / Nyt = s)roy(s)ds, t>0,

and so by the renewal theorem we have

1 1
Jo tNoy (@) dt [ te [ vi(ds) dt

We can simplify R). Since [ te dt = 7e*™ /X — se** /A — (e — %) /A%, and using (3.3.4) and (3.7.2)

we have
/ teM/ L (ds)dt = / / te M dtvy (ds) / (/ teM dt) vy (ds)
[0,] [0,7] [0,7] s
= / 7'6)\ lse’\s - i(e” — &™) b vy (ds)
0.7 LA A X2 -
Lox LA
_ - s = As d
e

1 . 1
=3 /[o,r] seMu (ds) — X

Therefore by the definition of v we get

e 1 1
/ tN(t)dt = —= + f/ ue Nv(du),
0 A Ao

lim 7/ (t)e = lim r(y)(t) =
t—oo

t—oo

= R)\.

SO

A
Ry = . 3.7.3
AT+ f[_T B ue= My (du) (37.3)
Since
t t 5
rs(t)eM = / ' (s)er® - A9 ds = / (r'(s)e™ — Ry) - %) ds + R,\/ M du,
t—4& t—4& 0
we have s
lim rs(t)et RA/ e du.
t—o0 0
Now -
cs(A)er = 02/ rs(u)e Mrs(u+ A)eNATY dy,
0
so as 5 isin L' and A > 0 we have
o S
Alim cs(A)e :ozR)\/ e du/ rs(u)e” " du. (3.7.4)
—o0 0 0

The righthand side of (3.7.4) is positive. Finally, we write it in terms of data. By (3.7.3) we have

§
2 Au 2 e
R du = .
o )\/O' (& U o _1_’_1'[_7—70] ue—)\uy(du)

)\6_1
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To compute fooo rs(u)e~ du notice first that

[} 0 o pru
/ rs(u)e M du = / r(u)e M du + / / ' (s) dse™ " du.
0 0 0 u—04

o) 5 e—)\(S ~1 %)
/ rs(u)e M du = / r(u)e ™ du — ———— / ' (s)e™* ds. (3.7.5)
0 0 A 0

We evaluate the second integral on the righthand side. By (3.7.1) we have

Hence

JIO N(s)e™*ds JT N(s)e=**ds

> / —)\sd _ 0 — — 0 — .
/0 ri(s)e T — Jo N(s)e=*sds 1— [} N(s)e=**ds

Next we have

/OTN(t)e“ dt = /OT (/M y+(d5)> e dt = /[O’T] (/T Y dt) v (d5)

1 — AT 1 —>\s> 1 / —As
= —e VT ——e vi(ds) = = e ui(ds).
/[0,7] <—>\ —A A Jio,7)

Hence - 1 )
/ N(t)e Mdt = f/ e My (ds) = 7/ eMu(du),
0 AJjo] AJi=ro
and so f \ (du)
00 eMu(du
7 (s)e8 ds = —A=Y . (3.7.6)
/0 (s) A ff[ N ery(du)

By (3.7.5) and (3.7.6) we have

oo )
e _
TS u)e_’\“ du = / r(u e M du — .
/0 ( 0 ) A A — ‘/‘[77’0] ery(du)

Hence

lim c5(A)er™

A—o0

— Au
T N P L S )
1— [ quew(du) \ Jo A A= g etv(du) |

as required.

3.8 Proof of Theorem 3.3.2

To prove Theorem 3.3.2, it is convenient to introduce the function
P:C—C, P\ :/ e_/\t/ v(ds) dt (3.8.1)
0 [—¢,0]

and the function
N:[0,7] = R, N(t) = v([-t,0]). (3.8.2)

Fubini’s theorem and v([—7, 0]) = 0 yield

P(\) = /[_ ) (/T'e_)‘t dt) v(ds) = i/[_ ; eMy(ds) = —@ +1 (3.8.3)
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for A # 0. Therefore, for A # 0 we have that P(\) = 1 if and only if A(\) = 0. For A = 0 Fubini’s
theorem yields

P(0) = /MO] [ dt v(ds) = /Mo]sy(ds)m(u). (3.8.4)

Proof of (i): Because of (3.8.4) we have P(0) > 1 and due to Lebesgue’s theorem we see P(A) — 0
as A — oo. Hence there exists a unique Ag > 0 such that P()\g) = 1 and so a unique Ao > 0 such that
h(Xo) = 0.

To see that this root \g is simple we differentiate P and deduce by (3.3.3)

P'(\) = —/ te*)‘t/ v(ds)dt <0  forall A > 0.
0 [—t,0]

On the other hand differentiating P by using representation (3.8.3) results in P'(\) = —h'(\)/A+h())/\?
for A > 0. Since P/()\()) < 0, and P/(/\()) = —hl(>\())/)\0, we have h/(>\0) > 0.
Suppose there exists Ao € R such that h(Ag + iA2) = 0. Then P(A\g + iX2) = 1 yields

1= / e Mtcos(Not)N(t)dt, 0= / e Mt sin(Aot) N (t) dt. (3.8.5)
0 0

Since h(Ag) = 0, we have P(X\g) = 1, 0r 1 = [ e~ " N(t) dt. Using this and the first equality in (3.8.5)
gives

/ =20t (1 — cos(Aat))N(£) dt = 0. (3.8.6)
0
But because IV is non-negative and not vanishing everywhere this yields Ao = 0.

Since we have already shown that there are no other zeros of & on the line Re (A\) = Ag, it is enough to

show that A; < \g for all A\; € R with A(\; 4+ iA2) = 0 for some Ay € R. Because P(A1 + iA2) = 1 we
have

1 =Re (P()\l + Z}\Q)) = / GiAlt COS()\Qt)N(t) dt S / EiAltN(t) dt = P()\l)
0 0
Since P is decreasing on R and P()\g) = 1, we must have \; < )y, which, by the above remark, proves
part (i).
Proof of (ii): The assumption v([—7,0]) = 0 implies that & has a root in 0. It is simple since h'(0) =
1-— f[_T o sv(ds) > 0, using m(v) < 1.
Suppose there exists Ao 7# 0 such that h(iAz) = 0. Then (3.8.3) implies P(iA2) = 1 which results in

- /0 " cosQut)N () dt, 0= /0 " sin(ot) N (2) dt. (3.8.7)
On the other hand (3.8.4) yields
/OT N(t)dt = P(0) = m(v) < 1.
Consequently, by using the first equality in (3.8.7) we get
/OT N(t)(1 = cos(Agt)) dt <0,

which contradicts N > 0. Hence h(i\y) # 0 for all Ao # 0.
The same argument as in (i) shows that for all other roots A; + ¢\ of A we have A\; < 0.

3.9 Supporting Lemmas

In this section, Lemma 3.9.1, 3.9.2 and 3.9.3 are interrelated. Each one simplifies the form of the solution
of either the stochastic or deterministic differential equation supplied by a previous result.
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Lemma 3.9.1. Let Y (t) and y(t) be solutions of the processes defined by (3.2.8) and (3.2.1) respectively.

Then the solution (Y (t) : t > —7) obeys the variation of constants formula

Y(t) = y(t) + fot r(t —s)odB(s), t>0,
REG! te -0,
where 1 is the fundamental solution of (3.2.1).
Remark 3.9.1. As the proof is straightforward no outline is given.

Proof. Let Z(t) =Y (t) — y(¢), then

dZ(t) = dY (t) — dy(t)

:/ Y (t+ s)v(ds)dt + o dB(t) —/ y(t + s)v(ds) dt.
[=7.0]

[_7-70]

Hence
dZ(t):/ Z(t+ s)v(ds)dt+odB(t), t=>0,
[77—70]

where Z(t) = 0 for all values of ¢t € [—, 0]. Consider the process

[ o fir(t—s)dB(s), t>0
U(t){ 07f0 t<0.

We will show that U satisfies the equation for Z. Now by the stochastic Fubini’s theorem
t
Ut) = O‘/ r(t —s)dB(s)
0
t t—s
= o’/ (1 + / r’(u) du) dB(s)
0 0
t et
=oB(t) + a/ / (v —s)dvdB(s)
0 Js
t v
=oB(t) + 0/ / (v —s)dB(s) dv.
o Jo
Therefore
t
dU(t) = o dB(t) + a/ Yt — s dB(s)dt, > 0.
0

Now fort > T,

/[T,O] Ut + s)v(ds) = J/e[f,m v(ds) /:ﬂ r(t + s —u) dB(u)

s =0

:U/ (/ r(t—i—s—u)v(ds)) dB(u).
0 [u—t,0]A[—T,0]

For —7 < u —t < 0, define

I(u,t)z/[_to]r(t—&—s—u)l/(ds).

Then

I(u,t):/[_ O]T(t—u—i—s)u(ds)—/ r(t —u+ s)v(ds)

[—7u—t]

= ’I"/(t - ’U,),
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and foru —t < —7,

Thus .
/ U(t+ s)v(ds) :0/ r’'(t —u)dB(u), t>T.
[—7,0] 0

Now for t € [0, 7] we have

7,—t)

/ U(t+ s)v(ds) = Ult+s u(d8)+/ U(t+ s)v(ds)
[_7—70] (—t,O]
= (

/ )
[_
/ U(t+ s)v(ds)
[-.0]
/ o l/(ds)a/[o . r(t+s—u)dB(u)
_ // r(t+ s — wv(ds) dB(u)
t,0]n[u—t,0]
:(T/ / r(t+s—u)v(ds)dB(s)
0 J[u—t,0]
= U/Ir’(t — u) dB(u).
0
Thus for ¢t > 0,
/[T,o] Ut + s)v(ds) = 0/0 r'(t —u) dB(u).
Hence fort > 0

U (t) :adB(t)+/[_ ) Ut + s)v(ds) dt,

where U(t) = 0 for ¢t € [—, ] But the solution of 3.9.2 with initial condition Z(t) = 0 forall t € [—7,0]
is unique, so Z(t) = U(t) for all t > —7 and hence Y (¢) obeys the variation of constants formulas

3.9.1.
Lemma 3.9.2. Let y be the solution of (3.2.1). Then

t
o(0) =160 + [ rlt=oa(s)ds,  t20
0
where 1 is the fundamental solution of (3.2.1) and

(1) = { Jirg $1(s +t)v(ds),  forall te€0,7]

0, otherwise,

Remark 3.9.2. As the proof is straightforward no outline is given.

O

(3.9.3)

Proof. Now y/(t) = [, [=7.0] y(t + s)v(ds) where ¢ > 0. We compute its Laplace Transform is ¥ in what

follows. First, we integrate to get
/ —)\t / / —)\t/ t 4 S dS) dt.
0 [=7,0]
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Hence

Then

0
— e*u(ds) | T\ = e*u(ds e M p(u) du.
(A /[] <d>>y<A> 6(0) + /H (ds) [ e oty d

If r is the differential resolvent we have ()\ — f[fT 0l ey ds)) 7(A\) =1,s0

5N = BO)F(N) + (V) ( /[

-7,0]

0
e)‘su(ds)/ e M (u) du).

We need to take inverse transforms to establish (3.9.3). To do so we write the second term on the right hand
side as a product of transforms. To this end, we write

0 0
As —Au _ —A(u—s)
/[_770] e (ds) /5 e "o(u)du /[—r,o] v(ds) /S e o(u) du

= /[_T,o] v(ds) /0—8 e M o(s 4+ w) dw.

Now define

b1(t) = {qb(t), forall t € [—,0],

0, t>0.

Then

[

= / v(ds) /00 e Moy (w4 s) dw
[—7,0] 0

= [ [ s+ e
0 [—7,0]

= ¢2(A).

) [t o

Thus 7(A) = 7(A)¢(0) + F(A)a(\) which implies

y(t) = r(t)¢(0) +/O r(t — s)pa(s)ds, t>0.

Finally we rewrite the formula in (3.9.3) in a form which simply depends on ¢.
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Lemma 3.9.3. Let y be the solution of (3.2.1). Then

0
y(t) = r(t)o(0) + /[ ) / r(t+s—u)op(u)duv(ds), t>0.

where 1 is the fundamental solution of (3.2.1).

Remark 3.9.3. As the proof is straightforward no outline is given.

Proof. By Lemma 3.9.2

y(t)

F(£)6(0) + / r(t — 5)da(s) ds

r)00)+ [ 1l =) /[ | nta () s

Now

/Otr(t—s)/[T,O]¢1(S+u)u(du)ds:/[70 [/ +- s syt
/[ro/ r(t+ s —w)ér (w) dwv(ds)
/[TO/OT + 5 —u)dy(u) duv(ds)

t+s
/ / r(t+s—u)opr(u) duv(ds).
[-7,0] JO
If t > 7, then for s € [—T,0],

/[_TVO] </ﬁo r(t+s—u)¢1(u) du+ /0“'5 r(t+s—u)p1(u) du> v(ds)

_ /[T’O] /SOT(HS — W)(w) duv(ds).

This confirms (3.9.4), in the case t > 7. If 0 < ¢t < 7 then,

/[TO/ r(t+ s —u)p1(u) duv(ds) =

_|_

/[T’t]/s r(t 4 s —u)py (u) duv(d5)+/[t’o] /St+sr(t+s—u)¢1(u) duv(ds).

We express the first term to get

/[T t/t+s (t+s—u)pr(u) duv(ds)
_/[_T t/ r(t+ s — u)p(u) duv(ds) /[_T t]/+q t+s—u)p(u) duv(ds)
_ /[th] / r(t+ 5 — w)(u) duv(ds),

and then the second, yielding

t+s
/[to/ r(t+s—u)pr(u) duv(ds)
t+s
_/to]/ r(t+s—u)pr(u) duv(ds) /[tO]/ t+s—u)pr(u) duv(ds)

/[w] / r(t+s—u)g(u) duv(ds).
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Therefore if t € [0, 7] we again get

tr(t—s) d1(s +uw)v(du)ds = Or(t—|—8—u)¢(u) duv(ds)
frea |l

and hence obtain (3.9.4) in this case, as required.

0
y(t) =r(t)p(0) + /[ ’ / r(t+ s —u)o(u) duv(ds),

as required. O

Lemma 3.9.4. Suppose that B is a standard Brownian motion. Then for every € € (0, 1) we have

s B0 =B
N=00 pe<t<L(nt1)e Vvelogn

Proof. Using some properties of Brownian motion we obtain

=0 as. (3.9.5)

P[sup ne<t<(n+1)¢ B(t) - B(ne)‘ > 1]

=P{ sup (B(t)-B(n9))>1}uU{ inf (B(t)—B(n)) <—1}]
ne<t<(n41)e ne<t<(n+1)

<2P[ sup (B(t)— B(n%))>1]
ne<t<(n+1)¢

= 2P| sup B(t) > 1]
0<t<(n+1)c—ne

= 9P| B((n + 1) — n%)| > 1]
= W[ Zu(n)] > o] < e RS,

vV 2T Ty

where x,, ;== 1/4/(n + 1)¢ — nc and we have used the fact that

B((n + 1) - nf)

Zeln) = = e,

is M(0,1) distributed. By the mean value theorem z,, = ﬁilngl_e)p for some n, € [n, n+1]. Therefore
\/E_ln(l_e)/2 < z,, and so
4 1 1, (1—¢)

B(t) - B(n9)| > 1] < T
) = Bl) ]7\/%\/?1”(176)/26

Plsup ne<t<(n+1)¢

Therefore

Z ]P[Sup ne<t<(n+1)¢ B(t) - B(n6)| > 1} < +o0,

n=1
and so by the Borel-Cantelli lemma there exists an almost sure event {2* and for each w € Q* there exists
no = no(w) € N such that for all n > ng, we have sup,,c<;<(, 11y |B(t) — B(n)| < 1. This gives
(3.9.5). O
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Chapter 4
A Nonlinear Stochastic Functional Differential Equation
model of an Inefficient Financial Market

4.1 Introduction

As with the previous chapter, we present a stochastic functional differential equation model of an inefficient
financial market. Once again the model is informationally inefficient, in the sense that past movements of
the stock price have an influence on future movements. Following the model of the previous chapter we
suppose that the price adjustment at time ¢ for a market with N traders is given by

N
ax( =5 ( [, see s~ [

g(X(t+ u))lj(du)> dt
[=75,0]

6]' 70]

+0dB(t). (4.1.1)

Here s; and [; are finite measures, representing the short— and long—run weights that trader j uses to form
their demand schedule. 3; > 0 and o are constants. This is equivalent to the nonlinear stochastic functional
differential equation

X(t) =v(0) +/O/ {/[_ O]g(X(s+u))u(du)} ds—i—/oladB(s), t>0, (4.1.2a)
X(t)= o), te[-70], (4.1.2b)

where 7 = max;—y,__ ny max(7;, ;). The measure v € M[—, 0] inherits properties from the weights s;
and /;, and the constants 3; and a. These special properties influence the almost sure asymptotic behaviour
as t — oo of solutions of (4.1.1).

The distinguishing feature of this model is the presence of the nonlinear function g in the place of the
linear function x — [z in the equation (3.1.1). As in chapter 2, this nonlinear function allows us to capture
differing attitudes to risk among the traders when the returns do not depart too far from equilibrium values.

Despite the presence of the nonlinearity g we can still show that the returns undergo long run dynamics
consistent with either a correlated standard Brownian motion, or a bubble or crash characterised by expo-
nentially growing returns. These results are directly comparable to the corresponding results for nonlinear
discrete—time equation in chapter 2 and to continuous—time affine equations in chapter 3. The economic
interpretation of these results and the conditions under which they apply carries over without any significant
amendment.

The chapter has the following structure; Section 2 gives notation and supporting results; Section 3 states
the main mathematical results of the paper, while Section 4 shows how the hypotheses of these results are
satisfied in the financial model. The interpretation of the results to the financial model are also explored in
Section 4 and the rest of the chapter is devoted to proofs.

4.2 Preliminaries

Please refer to chapter 3 section 3.2, from (3.2.1) to (3.2.1) and (3.2.9), for an outline of various equations.
Let us fix a complete probability space (£2, F, P) with a filtration (F(¢))¢>¢ satisfying the usual conditions
and let (B(t) : t > 0) be a standard Brownian motion on this space. We study the following stochastic
differential equation with time delay:

dX(t) = /[ ) g(X(t+s))v(ds)dt+ocdB(t) fort >0,

(4.2.1)
X(t)=¢(t) forte[-7,0],
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for a constant 7 > 0 and ¢ > 0. We presume that g obeys

g € C(R;R) is locally Lipschitz continuous (4.2.2a)
lim 9®) _ 1, lim 9@ _ (4.2.2b)
xr— 00 €T xr——00 €T

Then for every ¢ € C[—, 0] there exists a unique, adapted strong solution (X (¢, ¢) : t > —7) with finite
second moments of (4.2.3) (cf., e.g., Mao [49]).
It is convenient to introduce an associated affine stochastic differential with time delay

4y (t) = /[_ VA () o dB() fort 20, .

Y(t) = ¢(t) forte [—7,0].

For every ¢ € C[—7,0] there exists a unique, adapted strong solution (Y'(¢,¢) : t > —7) with finite
second moments of (4.2.3) (cf., e.g., Mao [49]). The dependence of the solutions on the initial condition ¢
is neglected in our notation in what follows; that is, we will write X (¢) = X (¢, ¢) and Y (¢) = Y (¢, ¢) for
the solutions of (4.2.1) and (4.2.3) respectively.

4.3 Statement and Discussion of Main Mathematical Results

In advance of stating our main results concerning the nonlinear equation (4.2.1), first recall the result con-
cerning the linear equation (3.2.8). We can now state a nonlinear version of Theorem 3.3.1, which is the
main mathematical result of the chapter. Roughly speaking, because (3.2.8) is a “linearisation” of (4.2.1) at
infinity, the asymptotic behaviour of the solution of (4.2.1) follows that of (3.2.8) according as to whether
vo (V) is zero or positive.

Theorem 4.3.1. Let o # 0. Let g € C(R; R) satisfy (4.2.2), and let v € M[—7,0]. Suppose that r obeys
(3.3.1). Then the solution X of (4.2.1) satisfies

(i) If vo(v) = O, then

; X(t)
imsup —(——=—
t—>ocp v/ 2tloglogt

(ii) Ifvo(v) > 0, then

o] lim inf X(t)
=|ole, liminf ————
t—oo /2tloglogt

= —|ole, a.s.

1
lim sup n log | X (t)] <wo(v), a.s.

t—o0

If, moreover there exists a non—decreasing continuous 7y : [0, 00) — (0, 00) such that

lg(z) —z| <o(lz]), z€R; / 7(;(23;) dr < 400, 4.3.1)
1
then
Jim e WX (1) = A, as. (4.3.2)
where

0 oo
A=c (gb(()) + /[ ’ / e W= g (h(u)) duv(ds) + J/O e vo)s dB(s))
+ cup(v) /OO e M g(X () — X(s)}ds. (4.3.3)
0

In both cases, the constant c is given by (3.3.2) and A is finite.
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Remark 4.3.1. The function vo(7) = maxg<s<|q| |g(s) — 5| is non-decreasing, continuous positive and
obeys the first part of Theorem 4.3.1. Therefore if

> maxo<s<|q| |9(5) — 5|
1 2
and vg(v) > 0, then (4.3.2) and (4.3.3) hold.

Remark 4.3.2. The analogue of this Theorem can be found in chapter 2. Part (a) corresponds to Theo-
rem 2.5.1 and part (b) corresponds to Theorem 2.5.2. The proof of this Theorem is similar to the proof of
the Theorems mentioned in chapter 2 and for this reason no outline of the proof is given.

dr < 00

The next result shows that in the case when vo(v) > 0 the condition (4.3.1) on g is difficult to relax
without losing the property that X is asymptotic to e”°(*)* as t — oc.

Theorem 4.3.2. Let o # 0. Let g € C(R; R) satisfy (4.2.2), and let v € M[—7,0]. Suppose that r obeys
(3.3.1) with vo(v) > 0. Suppose there exists x1 > 0 such that ~ is monotone on (—oco, —x1] U [21, 00),
and that the solution X of (4.2.1) obeys (4.3.2) where A is a finite FB (00)—measurable random variable
which assumes positive values on an event of positive probability, and negative values on a event of positive
probability. Then A is given by (4.3.3), and

00 —1
/ (@) dx and / (@) dx are finite. 4.3.4)
1 —

2 2

oo

The result also shows that the existence of a limit in (4.3.2) forces that limit to be given by (4.3.3).
An explicit equivalence between the size of g(x) — x and the existence of the limit in (4.3.2) can be
obtained by imposing some extra monotonicity and structure on g.

Theorem 4.3.3. Let o # 0. Let g € C(R; R) satisfy (4.2.2), and let v € M[—7,0]. Suppose that r obeys
(3.3.1) with vg(v) > 0. Suppose that x — g(x) — x is odd and monotone on R. Let X be the solution of
“4.2.1).

(i) If

/ Ig(ar;%x\ dz < +o0, (4.3.5)
1

then there is a finite FB(co)-measurable random variable A such that X obeys (4.3.2), and A is
given by (4.3.3).

(ii) Suppose there is a finite F5(oo)-measurable random variable A positive values on an event of
positive probability, and negative values on a event of positive probability, and that X obeys (4.3.2).
Then A is given by (4.3.3) and g obeys (4.3.5).

Proof. Let y(x) = g(x) — x for z € R. Then ~y is monotone and odd. Define vo(x) = |y(x)| for z € R.
Then

Yo(=2) = [y(=2)| = | = y(2)[ = (2)] = 70(2).
Then |g(z) — 2| = vo(z) = Yo(|z|) for z € R. (4.3.5) implies

/°° @) /°° lgt@) —al oo

2 2

By part (ii) of Theorem 4.3.1 we have that X obeys (4.3.2) and that A in (4.3.2) obeys (4.3.3). This proves
part (i) of the result.

To prove part (ii), since y is monotone on R it follows from Theorem 4.3.2 that A is given by (4.3.3) and
that v obeys (4.3.4). The latter conclusion implies that

o5} _ —1 _
/ M dr and / M dx are finite.
1

2 2
T oo T

Since  — g(z) — x is odd, we may rewrite the second integral as

/_1g(;v)z—xdx:/1°°g(—u)—(—u)du:/1°°u—g(u)dw

T

— 00
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Therefore both [, (g(z) — z)/2* dz and [~ (z — g(x))/2* dx are finite.
Since z +— g(z) — x is odd, we have that 0 = g(0) — 0. If x — g(x) — « is monotone non—decreasing,
then g(z) — z > 0 for all z > 0 and so

JaCC = PRy CEC P
1 1

2 x

and the proof of part (ii) is complete in this case. If, on the other hand, x — g¢(z) — x is monotone
non-increasing, then g(z) — z < 0 for all z > 0 and so

[ g [Tt
1 z 1 T

and part (ii) has been established in this case also. O

Given a measure v it is often a rather delicate issue to determine the value of vy(v), but Theorem 3.3.2
gives sufficient conditions for this for a subclass of M[—T,0] which will cover the economic modelling
later. Theorem 3.3.2 guarantees that when v obeys (3.3.3) and (3.3.4), then m(v) < 1 implies part (a) of
Theorem 4.3.1, while m(v) > 1 implies part (b).

The following auxiliary lemma is required in the proof of Theorem 4.3.1; its proof is deferred to the final
section.

Lemma 4.3.1. Let ¥ be positive and increasing with 9(t — T)/9(t) — 1, ast — oo, forall T > 0. If  is
non-negative with [ k(s)ds € (0,00), then

) 1 t - oo
tlggoﬂ(t)/o Kk(t — s)¥(s) ds —/0 k(s) ds.

Remark 4.3.3. This Lemma is an analogue of Lemma 2.7.1 in chapter 2.

4.3.1 Economic modelling

Equation (4.2.1) application to the financial market mimics that of chapter 3. The only difference is the
trading strategy of the j-th agent at time ¢ is as follows: he considers a short—run moving average of a near
linear transform the cumulative returns over the last ¢; units of time

/ g(X(t +u)) 5;(du)
[—8;,0]

for a measure s; € M[—6;,0] and also calculates a corresponding long-run average of cumulative returns
over the last 7; > 6; units of time

/ g(X(t + u)) I;(du)
[—75,0]

for a measure [; € M[—7;,0]. So the planned excess demand of trader j at time ¢ is

Bj </[—9j,01 9(X(t +u)) sj(du) — /[_Tho] g(X (t +u)) zj(du)>

where 3; > 0. Therefore, the overall planned excess demand of all traders is

N
i X u)) s;j(du) —
3. </[_9J.,O]g( (t4+0)) sy au) — [

[_Tjao]

9(X(t +u)) lj(du)> ;

and the returns are described by

N
EXOED ( [, sexe s~ [

g(X({t+uw)l; (du)) dtc dB(t). (4.3.6)
[=75,0]

0 ,0]
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We extend all measures s; and [, to the interval [—7, 0] where 7 = max{7y, ..., Ty} by setting them zero
outside their support. Again introducing the measure v € M[—7, 0] defined by

N

v(du) = B;(s; — 1;)(du) (4.3.7)

j=1

we can rewrite equation (4.3.6) as
dX(t) = / v(ds)g(X(t + s))dt + o dB(t) forallt > 0,
[77—70]

which is the form of (4.2.1). The evolution of the price of the risky asset (S(¢) : ¢ > 0) is now given by
dS(t) = pS(t)dt + S(t)dX(t), t=>0; S(0) =s9 > 0. (4.3.8)

We can think of i as the non-random interest rate in the model and consider P as the equivalent risk-neutral
measure. Applying Itd’s formula shows as in the standard Black-Scholes model that the price of the asset
S can be represented by

S(t) = S(0)exp (X (¢) + (n— 2o?)t)  forallt > 0. (4.3.9)

In the case when the feedback traders are absent, i.e. 3; = Oforall j = 1,..., N, we have dX(t) =
o dB(t), in which case S is Geometric Brownian motion, evolving according to

dS(t) = pS(t)dt + oS(t)dB(t), t>0; S(0) =50 > 0.

4.4 Proofs

4.4.1 Proof of Theorem 4.3.1, part (i)

Let Y be a solution of (4.2.3) with Y (t) = ¢(t), t € [—7,0]. Define Z(t) = X(t) — Y (¢),t > —7. Then
Z € C'(0,00) obeys

Z’(t):/[_ﬂO]g(X(t—&-s))u(ds)dt—/[ Yt +s)v(ds), t>0,

—7,0]

with Z(t) = 0 for t € [—7,0]. Define y(z) = g(z) — x, € R. Then

Z’(t)z/[ i Z(t+s)y(ds)+/ V(X(t+ s))w(ds)ds, t>0.

[—7,0]

Hence by variation of constants and Fubini’s Theorem, we get

Z(t) = /0 r(t—s) /[ ) Y(X (s 4+ u))v(du) ds

_ /MO] {/Ot r(t — )Y (X (s + ) ds} V(du).

Therefore for ¢ > 7, and using the fact that X (v) = ¢(v) for v € [—7, 0], we have

Z(t) :Fl(t)+/ {/t r(t—s)*y(X(s+u))ds}y(du), 4.4.1)

[—7,0] —u

where

Fi(t) = /[7‘,0] {/O“ r(t — $)y(d(s + w)) ds} v(du), t>r. (4.4.2)

Notice that as r(t) — c as t — oo implies that F} (t) — F* ast — oc.
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Now, by Fubini’s Theorem, and (3.2.2), we get

/[ {/t r(t = s)y(X(s +u)) ds} v(du)

0] u

_ /[_T,O] {/OHU r(t+ 1 — v)y(X (v)) dv} v(du)

_ /0 t { /{vtm,wr r(t+u— v)y(du)} (X (v)) do
_ /O o { /[T,O] r(t+u— v)u(du)} +(X (v)) dv

- /t—T {/[v—t,o] rtu- U)y(du)} (X (v)) dv

= /0 N 't —v)y(X(v)) dv+ /t_ {/[ —t,0] St U)V(dw} e

:/7Tr’(t—v)'y(X(v))dv—|—/ uo(t — v)y(X(v)) dv,
0 t—T1

where we have defined ug(t) = f[_t B v(du)r(t + u), t € [0, 7]. Inserting this into (4.4.1), we obtain

Z(t) = Fi(t) —|—/0 u(t —v)y(X())dv, t>T,

where we have defined "
r(t), t>T,
“(“—{ wlt), tel0,7].

Note that r — ¢ € L*(0, 00) implies that 7’ € L'(0, 00), so u € L'(0, 00). Property (4.2.2b) implies that
for every e > 0 such that e [ [u(s)| ds < 1/2, there exists a A(¢) > 0 such that

|v(x)] < Ae) +¢lz|, forallz e R.

Therefore for all ¢t > T,
Z()] < R (1) + A) / fu(t — ) dv + ¢ / Ju(t — )] | X (v)] dv
< Fy(t) + 5/ lu(t — v)||Z(v)] dv,

where Fy(t) = [F1(t)| + A(e) [;° Ju(v)] dv + é‘ﬁ) |u(t — v)||Y (v)] dv for t > 7. Now define

_ | maxyepo11Z(s)], tel0,7),
) = { (), t>7,

Then .
|Z(t)] SF(t)—i—s/ lu(t —v)||Z(v)| dv, t>0. (4.4.3)
0

Now, we determine the asymptotic behaviour of Z. To do this we need to find the asymptotic behaviour of
F'. By Theorem 3.3.1, Y obeys

Jimsup — DL
t—oo +/2tloglogt

Fix w € Q*, the almost sure event on which the last statement holds. Then by Lemma 4.3.1, we have

=clo|, as.

lim sup (7 < eclo] / s)| ds. (4.4.4)
t—oo  +/2tloglogt
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Next note by (4.4.3) that the solution U (-, w) of
t
Ult,w) = F(t,w) + 5/ lu(t — 0)|U (v, w) dv, t>0,
0

obeys |Z(t,w)| < U(t,w) for all ¢ > 0. Defining p by p(t) = e|u(t)| + fg elu(t — s)|p(s)ds, t > 0, we
have

U(t,w) :F(t,w)+/tp(t—s)F(s,w)ds, t>0.
0

Since € [ |u(s)| ds < 1/2, we have that p > 0is in L' (0, c0) and obeys

oo f |dt 1
1+/ p(s)ds=1—|—€ 9
0 fo |dt 1—e [ [u(t)|dt’

Therefore, by Lemma 4.3.1, we obtain

e rersgr <) woies (1 [
1 ) )| d ds ),
D e s T 2“Oglog < ed|a] s)| ds ; p(s)ds

lim sup ———— 12(tw \U|/ |ds

t—oo /2tloglogt log

SO

dt

fo

Therefore, we may let ¢ — 0 to get

Z(t,w)
m —,—— —
t—oo /2t loglogt
Since this holds for each w in an almost sure event and Z = X — Y, we have that
X)) -Y(t
lim sup M =0, a.s.

t—oo /2tloglogt

Therefore, by applying the result of part (a) of Theorem 3.3.1, we see that the assertion of part (i) of the
Theorem 4.3.1 must hold.

4.4.2 Proof of Theorem 4.3.1, part (ii)

Let Z(t) = X(t) =Y (t),t > 0 where Y is the solution of (4.2.3) with Y (t) = X (t) = ¢(t) fort € [—7,0].
With y(z) = g(x) — x, F; defined by

Rut) = /[] { [ = sntets + w) ds} vdu), 1>

and u is defined by

r'(t), t>T
WO = gt wpdu), te .7,
we obtain

Z(t) = Fi(t) +/0 u(t —v)y(X (W) dv, t>T,

Hence with F'(t) = Fy(t) + Y (t), we have

X(t)=F()+ /01 u(t — s)y(X(s))ds, t>r.

By Theorem 3.3.1, we have that lim; ., e =" )Y (#) =: Iy a.s. and by hypothesis we have
lim; o 7(t)e "0t = ¢, where c is given by (3.3.2) and v (v) is real, simple zero of the characteristic
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equation. Next as

[_7—70]

{/O_u(e—uu(u)u—s)r(t ) — c)e M)y ((s + u))} (du)

" /[—7,0] {/o_u ce 05 (G(s + u)) dS} v(du),

we obtain
tlirn e MR () = / {/ ce™0 W3y (B(s + u)) ds} v(du) =:T.
—ee (-0 LJo

Define X(t) = et X (t) fort > —7 and fort > 0 define u(t) = e~ UMty (t) and
F(t) = e~ ®!F(t). Then we have lim; ., F(t) = g +T. Also

Jim u(t) = Jim e oMty () = Jim v(ds)evo s Es)y(f 4 )
—00 —00 =00 J—r,0]
= c/ v(ds)e?® ™) = cug(v).
[77—’0]
By the definition of X , U etc., we have
t ~
X(t)=F(t) + / U(t — s)e oWy (e X (5))ds, t>T. (4.4.5)
0

Now, let X (t) = X (t)e~ o)+t etc, 50 that

t
X.(t) = F.(t) + /0 Ue(t — s)e” (V0TI (ooM)FIs x ()Y ds ¢ > 7.

For every ) > 0 there exists L(n) > 0 such that |y(z)| < L(n) 4+ n|x|. Choose > 0 sufficiently small so
that n [ e=“*|t(s)| ds < 1. Hence for t > 7 we have

X1 < 10+ [ Jucle =) {Ee @O £ aix.(5)]} ds
t uc(t — s s)|ds t ue(t — 8)|e~(o)te)s gg
\Fe(t)|+n/0 fue(t — )| X.(s)] d +L(n)/0| (t—9) d

IN

= Gelt) +1 / et — )[|X.(s)| ds.

Since ue € L'(0,00) and F. € L*(0,00) it follows that G, € L'(0,00). Similarly, u.(t) — 0 and
F.(t) — Oast — oo, and hence G ,,(t) — Oast — oco. Since G, € L'(0,00) and 7 [~ e [u(s)|ds <
1, we have X, € L'(0,00) a.s. Thus, as u.(t) — 0 as t — oo, we have that X(t) — 0 as t — oo a.s. We
have thus shown that there exist a.s. events €. such that

lim e~ (I X (1) =0, on Q..

t—o0

We hold e > 0 fixed temporarily. The limit implies that for all w € 2, there exists T'(¢, w) so that| X (¢, w)| <
e+ for all t > T'(e,w). Hence

1
n log | X(t)] <wvo(v) +€, t>T(e,w),

and so i
lim sup n log | X ()] <wo(v)+e€, as.onf.

t—o0
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Now, let 2" = Ncegn(o,1)¢2e- Then Q* is an almost sure event and we have

lim sup — log\X( )| <wvo(v), as.onQF,

t—oo

as required.

It remains to prove the existence of the limit hmtHOO eVt X (¢ ) under the hypothesis (4.3.1) on g.
We begin by making some observations. Since F is continuous and F( ) — Ty + T ast — oo, we may
define f; = sup, |F(t)| € (0,00). Since @ is continuous and %(t) — cvo(r) as t — oo, we may define
U1 = sup;>g |u(t)| € (0,00). Thus

t
X®)I < f +/ w0y (e X (5)) | ds, t > 7.
Since |y(x)| < vo(Jz|) for z € R we have

t
X < fi+w / e (0K (s))) ds, > 7.
0

Define f> > f; such that

& 1 U1 1
- ds - —. 4.4.6
/2 52 ’YO(S) $ ’Uo(V) < 2 ( )
Define I(¢ f e=v0 (s~ (ev0()s| X (s)]) ds for t > 0. Since o is continuous and positive, I is non—

decreasing and dlfferentlable, and I obeys |)~( )] < f1+uI(¢t) fort > 7 and
I'(t) = e~ X (1)),
Therefore as 7, is non—decreasing for t > 7 we have
WL () = 7o (e X (8)]) < (e (1 + wi I(1))).
Hence for any ¢ > 7 we have

t
16 1)+ [ o005 (fy 4wl (5) ds.

Since I is non—decreasing and ~y is non—decreasing, with y* := fo + u1 I(t) > f1 + u11(t) we have
t
I(t) < I(7) +/ e Mg (e (fy + urI(s))) ds

¢
<I(7) —|—/ 6_7’0(””7 (y*e”‘)( v)s *)ds.

Now, as u — o (u)/u? is integrable and (4.4.6) holds, we have

) yrerot 11
/ 6*1’0(1/)s (y*evg(u ) ds = / yf’YO(w) —dw
i yrevo)T W vo(v) w

w? vo (V)
* yo(w) Jo +urI(t)
= /2 w2 d vo (V)
w 2 1
< /2 ,Y(,]u(}2) Uof(l/) + 5 (t)v

where we have also used the facts that y* > f5 and vg() > 0 to extend the limits of integration. Thus for
any t > 7 we have

I(t)§1(7)+/w70(zu)dw~ f2 + L.

w vo(v) 2
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Therefore

I(t) < 2I(7) +2/OO 20(2) 4

. w? vo(v)’

Thus I is bounded, and therefore it follows that there exists a finite Z > 0 such that | X ()] < Z for all
t > 0. Define J(t) = e~ "0t (et X (t)). This yields

t
()= F(t)+ / At — s)J(s)ds, >
0
Since u(t) — cvg(v) as t — oo, if we can show that J € L'(0, 00), then
tlim e X (1) =Ty + T + cvo(y)/ J(s)ds, as.
—00 0

which establishes the existence of the required limit. To show that J is integrable, we simply note that as
|X ()| < Z and 7y is non—decreasing, we can obtain

/ 7(8)] dt = / e~ (W K (1)) dE < / e~ (oW K (1))
0 0 0
S/ efvo(u)t,)/o(evg(z/)tf)dt
0

<z 1 1
= / E'yo(w) — dw < +00,
s W vo(v) w

as required. Therefore

lim e~ X (t)

t—o0

( /[TO/ (=) g )duy(ds)Jro/Ooo )3 IB(s )>
e /[] { / 0t () du} u(ds) + enn(v) [ e (X (6) ds

Since g(z) = = + (), we get (4.3.2) as required.

4.4.3 Proof of Theorem 4.3.2
Suppose that X (t)e= ()t — A + 0 as ¢t — co. Since

t
()= F(t)+ / At — 8)e=0 (0 X () ds, ¢ > T,
0
it follows that we must have

t
lim Ut — s)e "0y (X (s))ds exists.

t—o0 0

Now
u(t) — cvo(v) = / e s (¢ 4 s)e_”"(”)(t+5) —c)v(ds)
[-7.,0]

so by (3.3.1), u — cvg(v) is integrable. Hence

t—o0

lim { / (it — 5) — evo(0) ey (X(s)) ds + evo(v) / o (X (s)) ds}
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exists. Now v(z)/x = g(x)/x — 1 — 0 as |z| — oo. Therefore, for every € > 0 there is a A(¢) > 0 such
that for all £ > 0 we have

e (X (1)] < e A(e) + e WX (1)),
Hence as X (t)e ") — A ast — oo, and vy(v) > 0 we have

lim sup e~y (X ()| < elimsup e~ X (¢)] = eA.
t—oo

t—o0

Since £ > 0 is arbitrary, we see that e =" (")y(X(t)) — 0 as t — oco. Hence
t
lim (Ut — 5) — cvo(v)) e~ M3y (X (5)) ds = 0,

t—oo 0

and therefore as cvg(v) > 0 it follows that
t

lim e W5y (X (s))ds exists and is finite.

t—o0o 0

Suppose that A > 0. Then there exists 77 > 0 such that 3A/2 > X (t)e v > A/2 for all ¢ >
T, so that 3A/2@”0(”)t > X(t) > A/2e”0(”)t for all t > Tj. Clearly there exists T, > T} such that
A/ 2ev0 (T2 > 2, Without loss of generality, we may take v non—decreasing on [€1,00). Then we have

o) T> s}
L efvo(u)s s g = e*’U(](l/)S S S 6—1)0(11)5 s s
= / V(X (s))d / (X (s)) ds + / (X (s))d

T>
T> fe’e] A
2/ e_UO(V)S'y(X(s))ds—i—/ e_vo(”)s'y(ie“‘](”)s)ds.
0 T

Also we have

T o 3A
C < / 6_1)0(V)S’Y(X(S))d8+/ e—vg(u)s,}/(7evg(u)s)dsl
0 To

Hence there exists a finite C'; such that

oo A o0 A/2 11
1 2/ 67710(”)5’}/(*6”0(”)5)&9:/ —/v(u) — du.

T 2 AJ2ev0nTy U v (V) u

Therefore there is a finite C] such that

0>/m 1) 4,
L= A/2ev0 () T2 u?
Similarly, we can deduce that there is a finite Cy such that

¢ < | 1) g,
3

A/2ev0 (1) T2 u?

which implies that [, y(u)/u? du is finite.

Suppose that A < 0. Then there exists 75 > 0 such that 3A/2 < X (t)e *t < A/2 for all ¢ >
T3, so that A/2e" ™t > X (t) > 3A/2e" ™) for all t > T3. Clearly there exists 74 > Ty such that
A/2ev0 )T < g, Without loss of generality, we may take -y to be non—increasing on (—oo, —x]. This
implies that y(A/2e0)?) < v(X (1)) < y(3A/2e* ) for t > Ty, so we get

Ty

o) Ty e’}
C::/ e‘”O(”)SV(X(S))ds:/ e_vo(”)SW(X(S))dSJr/ e 0o (X (s)) ds
0 0

T, )
A
2/ e_UO(”)S'y(X(s))ds—I—/ e_”‘)(”)sv(—evo(”)s)ds.
0 T 2
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Also we have

T > 3A
C S/ efvo(u)sy(X(s))der/ e~ vo)s y(— 5 e ) %) ds.
0 Ty

Hence there exists a finite C such that

o0 A A/2e0 T 6 g 11
Ch 2/ e_vo(”)sv(ievo(”)s)ds:/ / ~(u) — du.
Ty

— 00

Therefore there is a finite C] such that

A/2ev0 () Ts
C) > / () du.

u?

—0o0
Similarly, we can deduce that there is a finite C% such that

3A/2¢70 ()74
< | 1) g,

u2

— 00

which implies that f u) /u? du is finite.

4.4.4 Proof of Lemma 4.3.1

Without loss of generality, let fooo s)ds = 1. For every ¢ > 0 there is T = T'(¢) > 0 such that
Jp K(s)ds < e.Fort > T, we have

i [ [ ()
" /T o) (M 1) s
Now, as fo s)ds = 1, and ¥ is an increasing function
o (it =) ] 1=

Moreover, as x is non—negative and 1 increasing, we have

foror (5 ) = Lo (1 27 ) s [T

IE—T) [
9t —T)
<1+Tt)+€.

Thus

Using ¥(t — T)/9(t) — 1 as t — oo, and then letting £ — 0 yields the result.
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Chapter 5
Market Models from Max-Type Stochastic Functional
Equations

5.1 Introduction

This chapter introduces a class of stochastic functional difference equations whose structure is motivated
by three ubiquitous forms of heuristic investment strategy in financial markets: the comparison of current
prices with a reference level; trading on noise (or the latest news); and trading based on a comparison of
the local maximum of prices with the current price. It is the presence of the last category of speculative
behaviour which makes it reasonable to incorporate a maximum functional of the process on the right
hand of the stochastic difference equation. Accordingly the equations studied are stochastic functional
difference equations in which the maximum of the solution over the last IV time units appears on the
righthand side. Roughly speaking, we show that the market experiences either fluctuations or undergoes
dynamics consistent with a crash or bubble.

Earlier in the thesis we have considered moving averages a feature of many of these stochastic func-
tional equation models. A number of papers using these equations or difference equations to model risky
asset price dynamics include [1, 2, 14, 12, 11, 21, 38]. These moving averages lead to stochastic Volterra
equations or to equations using linear functionals of past prices or returns, such as those studied in earlier
chapters. These equations are quite tractable analytically but do not allow for the inclusion of agents who
use the maximum of the last several periods of returns as a trading indicator. If we wish to include such
agents in our model, it will first be necessary to understand and deduce some properties of stochastic func-
tional difference equations with maxima. A body of literature on deterministic equations with maxima has
begun to mature in the last ten years, building on original work on the stability of functional difference
inequalities with maxima found in [37]. The main result in this direction is referred to as Halanay’s in-
equality. Current research on deterministic functional differential equations with maxima covers results on
existence, oscillation and asymptotic behaviour. A selection of important and representative recent papers
is [41, 47, 40]. On the other hand, Halanay’s inequality has been employed in numerical analysis [19], and
in the numerical analysis of stochastic functional differential equations [15, 17, 18] in particular. Despite
the analysis in [15, 17, 18], it seems that very limited information about stochastic functional difference
equations with maxima has appeared in the mathematical literature. For this type of stochastic difference
equation, it is usually not possible to express the solution explicitly in terms of an underlying deterministic
difference equation. However, by employing a constructive comparison technique similar to that developed
in the study of almost sure asymptotic behaviour of SFDEs in [4, 9], we find it possible to determine quite
sharp estimates on the rate of growth of both the partial maxima and of the solutions themselves in the
recurrent and transient cases respectively.

We describe how the results in this chapter can be considered in terms of financial economics. Our model
is informationally inefficient, in the sense that past movements of the stock price have an influence on future
movements. We assume that there is trading at intervals of one time unit (a day, say) with prices fixed in
the intervening period. The inefficiency stems from the presence of a class of trend—following speculators,
whose demand for the asset depends on the difference between the current level of the daily returns and the
maximum of the daily returns over the past N time units. We assume that there are another class of traders
who compare returns with a reference level, and that traders can also respond to “news”, represented in the
model as a source of independent and identically distributed random variables independent of the returns.

By considering the excess demand of traders, we are led to analyse a stochastic difference equation of
the form

X(n+1)=X(n)+aX(n) —|—6n Ij{flg?(<nX(j) +&n+1), n>0, (5.1.1)

where ¢ is the “news”. Here X (n) represents the daily returns, shifted by a constant, and « and 5 > 0
are constants which incorporate the trading behaviour of the various classes of speculator. These special
properties influence the almost sure asymptotic behaviour as n — oo of solutions of (5.1.1). We are able to
identify two comprehensive and non—overlapping regions in («, 3) parameter space in which the equation
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has either transient or recurrent solutions. In the transient case we determine the growth rate of solutions,
while in the recurrent case we determine the size of the largest fluctuations of solutions. Roughly speaking,
we show that the returns exhibit dynamics consistent with the daily returns being stationary, or the market
experiences a crash or bubble.

The recurrent case (1 + «+ 8 < 1), which results from the presence of sufficient negative feedback from
the instantaneous term, may be interpreted as a conventional fluctuating market and enable us to show that
the daily returns are governed by fluctuations consistent with a stationary process. Such recurrent behaviour
arises if the technical speculators do not react very aggressively to differences between the maximum return
and current return, in which case the rate of growth of the partial maxima of the solution is the same as that
of the noise term. These partial maxima measure the asymptotic rate of growth of the largest fluctuations.
Therefore, the trading does not itself produce very excess volatility, and so to a first approximation the
market appears efficient. However, upper bounds on the size of these largest fluctuations is greater in the
presence of trend following speculators than in their absence, where the market only reacts to “news”.
Hence the presence of these speculators tends to increase market volatility as well as causing correlation in
the returns. Representative results in this direction are Theorems 5.2.2, 5.2.3 and 5.2.5, in which regularly
varying, polynomial and thin—tailed distribution functions are tackled, respectively.

The transient case (1 + o + § > 1) yields a mathematical realisation of a runaway stock market bubble
or crash. This occurs if the reference traders are predominantly positive feedback traders, and the daily
returns will tend to plus or minus infinity exponentially fast (see Theorem 5.2.1). The manner in which
these dynamics form is consistent with the phenomenon of mimetic contagion [65].

In terms of financial economics, the chapter is an extension of previous work by Appleby & Swords [12]
and Appleby, Swords and Rodkina [11], which consider discrete time equations in which speculators use
moving averages rather than maxima to determine their trading strategies, and of Appleby and Wu [13]
which considers related equations in continuous time. In each of [12, 11, 13] analogues of Theorem 5.2.1
and e.g., Theorem 5.2.2 are proven. This is important in any mathematical model in economics, as model
assumptions are unlikely to be satisfied in reality, rendering general models which are robust to changes in
the assumptions particularly desirable. The common feature with results in this chapter and those in [12, 11]
is that an excess of positive feedback trading leads to a market bubble or crash, while the presence of heavy
tailed noise leads to large fluctuations in the incremental returns consistent with the returns coming from
a heavy—tailed stationary distribution. In this chapter, we extend results in [11] and actually show that the
large fluctuations in the daily returns are equivalent to the same kind of thick tailed noise term £. Moreover,
unlike the situation in [12, 11], we are unable to avail of a variation of constants formula, or a linearisation
of an underlying linear Volterra difference equation owing to the presence of the maximum functional on the
righthand side of (5.1.1). The results of this chapter are in many cases discrete—time analogues of those in
[13]. However, due to variety of types of tail behaviour of the discrete stochastic sequences £ (as opposed
to the Gaussian distribution of increments of Brownian motion), we can admit larger fluctuations in the
returns in e.g., Theorem 5.2.2.

The chapter has the following structure; Section 2 gives the mathematical model of the market, and
reduces the equation for the returns to the simplified form (5.1.1); Section 3 gives notation and gives
statements of and discussion about the main mathematical results of the chapter; Section 4 explores the
interpretation of the results to the financial model. The rest of the chapter is devoted to proofs.

5.1.1 The Economic Model

We suppose that there are M7 reference level traders and M, technical traders. We assume that these
traders do not change their investment strategies over time and have infinite lives. We may interpret this
latter assumption as allowing for the replacement of a trader with a finite lifetime by another with the same
investment strategy. Trading takes place at times 1,2, 3, ...; for simplicity, we think of these times as
representing the start of the first, second, third etc. trading day. The (daily) return over the time interval
[n,n+1)is R(n).

Reference traders believe that daily returns should either (a) revert towards a mean level, or (b) will depart
from that level. The latter case reflects the idea that if the returns are currently at a high (resp. low) level this
is a signal of higher (resp. lower) returns to come and so it is advantageous to buy (resp. sell) in advance of
the increase (resp. decrease) in prices. The mean level r; chosen is idiosyncratic to the [—th trader and the
planned excess demand is proportional to the deviation of the return from the reference level. Therefore,
there is a; € R such that the planned excess demand of reference trader [ = 1, ..., Ny just before trading
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at time n + 1 is a;(R(n) — r;). The planned excess demand of all reference traders before trading at time

n + 1 is therefore
M

> a(R(n) — ).

1=1
Some reference traders are contrarians: such traders buy if the daily return is below the reference level and
sell if it is above this level. This type of trader is modelled by setting a; < 0. Other traders are positive
feedback traders: such traders buy if the daily return is above the reference level, and sell if it is below the
reference level. This type of trader is modelled by setting a; > 0.

Technical traders believe that patterns in the returns are significant and should be traced. We suppose that
there are M such traders and consider for concreteness the j-th trader. He believes that if the current daily
return R(n) is significantly (meaning more than a tolerance of 7; units) below the maximum daily return
over the past IV days, then this is a signal that the market will advance. Trader j has planned excess demand
before trading at time n + 1 proportional to the strength of the signal

R(k) — R(n) — ;.
n—?\/’lg)légn ( ) (TL) 7y
The tolerance 7; is idiosyncratic to the trader. However, we assume for mathematical convenience that all
traders have the same length of memory, N days. The planned excess demand of trader j before trading at
time n + 1 is therefore

b R(k) — R(n) — 75

j (n_grvlg),g 2, filk) = R(n) TJ)

where b; > 0 means that a positive signal leads to buying, while a negative signal leads to selling at time
n+ 1.

We note that if R(n) = max,,—n<,<n R(j), then the signal is negative and trader j sells. Therefore, if
the market is experiencing a very strong day relative to the recent past, the trader sells, expecting a reversal
of the market in the near future. Therefore the planned excess demand of all technical traders before trading
at time n + 1 is therefore

Mo
Zl b; (ﬁ&li’ém R(k) — R(n) — T]—> .
J=

Speculators react to other random stimuli— “news”— which is independent of past returns. This “news”
comes in the form of a signal of strength &’(n + 1), arriving just before trading at time n + 1. For speculator
j=1,..., My + My this leads to unplanned excess demand ¢;{(n + 1). Welet{(n+ 1) = Z;w:lfMQ SR
&(n+1).

We suppose that the daily return will be greater (resp. less) tomorrow than today if there is excess demand
(resp. supply), with the rise (resp. fall) being larger the greater the excess demand (resp. supply). Hence,
the price adjustment at time n + 1 for a market with M; reference traders and M» technical traders is given

by

n—N<k<n

le M2
R(n+1)—R(n) = ai(R(n) —r) + Z b; ( max R(k) — R(n) — Tj)
+&n+1), n>0. (5.1.2)
We now show how to reduce (5.1.2) to the equation (5.1.1). Suppose that
My
Z a; # 0. (5.1.3)
=1

Define
M M,

M,
1
! *
o = ;1 a, = ZEI arry + E 1bj7j , (5.1.4)
= - j=
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and X (n) = R(n) — r*. Then R(n) = X(n) + r* and so

My
X(n+1)=X(n)=>_ a(X(n)+r*—m)
=1

Mo
+ ij <nrz1\[]1:c<uk(<nX(k) —X(n)— Tj) +&n+1), n>0.

Therefore, with 3 := Z;\fl b; > 0, we have

Xn+1)=Xn)+ (¢ —p)X(n)+p max X(k)

n—N<k<n
M, M,
+<r*a’ — Zam — ijrj +&(n+1), n>0.
1=1 j=1
By using the definition « := o/ — 3 and (5.1.4) we get
X(n+1)=Xn)+aX(n)+0 max_ X(k)+&mn+1), n>0. (5.1.5)

Note that 3 > 0. It is seen that (5.1.5) is nothing other than the equation (5.1.1). We examine the mathe-
matical properties of (5.1.5) in the next sections, returning in Section 4 to interpret these properties in the
context of the economic model.

5.2 Statement of the Problem and Discussion of Main Results

Let (Q, F, P) be a probability triple and suppose that { = {£(n) : n > 1} is a sequence of random variables
such that
&(n) is a sequence of i.i.d. random variables with distribution function F'. (5.2.1)

Let N € N, and let the following hypothesis stand throughout the chapter
1+4a>0, [B>0. (5.2.2)
Let X = {X(n) : n > —N} be the solution of

X(n+1)=X(n)+aX(n)+ ﬂnirj{}?j&nX(j) +&n+1), n>0 (5.2.3a)
X(n)=vMmn), ne{-N,—-N+1,...,0}. (5.2.3b)

If G(n) = o{&(j) : 1 < j < n} is the natural filtration generated by the process £ = {&(n) : n > 1}, then
there is a unique G(n)-adapted solution X of (5.2.3). We employ the conventional Landau big O and little
o notation throughout the chapter.

The asymptotic estimates on the solution of (5.2.3) given in the chapter are consequences of the following
comparison results. The first deals with the case when the solution grows exponentially; the second when
the solution fluctuates unboundedly.

The following proposition is required for the proof of Theroem 5.2.1.

Proposition 5.2.1. Let £ be a process obeying (5.2.1). Let 3 > 0,14+ a >0and 1 + o+ 3 > 1. Let X be
the solution of (5.2.3). Let C := 1+ max;j=1,... n+1|X(j)|- Then

n—1

Xin)=Q+a+8)" " [C+) A+a+B) 7 (5G+D+1) ], n>1, (5.2.4)
j=0

and we have

Xi(n+1)=Xi(n)+aXi(n)+0 max_ X+()+l€n+1)|+1, n>N+1. (5.2.5)
n— SIsn

Moreover | X (n)| < Xy (n) forn > 1.
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Proposition 5.2.2. Let £ be a process obeying (5.2.1). Let 3 > 0,1+ a >0and 1 + o+ 3 < 1. Let X be
the solution of (5.2.3). Suppose that ~y is a positive, increasing sequence with v(n) — 0o as n — o0 such
that

lim sup [gn+ 1wl < c(w). (5.2.6)
n— 00 v(n)
Ther X(n,0) @)
o n,w c(w
IS =) ST (tathn)

We are now in a position to state the main results of the chapter.

5.2.1 Exponential growth when 1+ o+ 3 > 1
In the case when 1 4+ o+ 3 > 1, the solution of (5.2.3) exhibits exact geometric asymptotic growth to occ.

Theorem 5.2.1. Let £ be a process obeying (5.2.1) and for which f |z| dF(z) < 400, and X be the
G(n)—adapted solution of (5.2.3). Suppose «, 3 obey (5.2.2) and 1 —|— a+ B > 1. Then there exists a
G(oo0)—measurable finite random variable A such that

lim I+a+8)""X(n)=A, as. (5.2.7
where
_ S ~(1+9)
A = X(0) +ﬁjz::0 (14 a+g) Ut (j I}vli’qu( ) l; A+a+p)7"el). (528

Remark 5.2.1. For the proof of this Theorem we define the equation of the resolvent X (n) by three terms.
We know that the first two terms have limits (possibly infinite). By extending the definition of the last
term and by employing the Borel-Cantelli Lemma we also show that this term has a limit. We combine
proposition 5.2.1 with the Borel-Cantelli Lemma to prove the three limits are finite.

An explicit formula for A in (5.2.7) is not available, although a formula for A depends on a functional of
X and ¢ is established given by (5.2.8). Perusal of the formula for A reveals that A > X (0) + >, (1
a + B)7'(1). Therefore P[A > 0] > 0. If we temporarily emphasise the dependence on 1, by writing
A = A(vp) we see that lim,()—.o P[A(¥)) > 0] = 1. Therefore, an increasingly large initial condition
increases the probability that X (n) — oo as n — oo rather than X (n) — —oo. Moreover, X (n) — 400
as n — oo is the favoured limit in the case when each & has symmetric distribution (with expectation zero):
when ¢(0) = 0, we have A > 72 (1 + a + 8)7/¢(1), and so P[I" > 0] > 1/2. These comments are of
particular interest from the perspective of financial modelling as we will see in the next Section.

The result is also a discrete—time analogue of Theorem 1 in [13] for a related continuous—time equation.
We will supply other analogues; so we introduce the continuous time process here. Let o # 0 be a real
number, let 7 > 0 and suppose that ¢p € C([—7,0];(0,00)) be a deterministic function. Suppose B
is a standard one-dimensional Brownian motion with natural filtration FZ. We consider the stochastic
functional differential equation of It type

Y (1) =¢(0)+[ (aY(s)+b sup Y(u)> ds+/tadB(s), £>0; (5.2.92)

s—17<u<s 0
Y(t)=v(@#), te[-7,0] (5.2.9b)
Under these conditions, (5.2.9) has a unique global strong solution (cf. e.g. [49]). A usual differential
shorthand for (5.2.9) is

dY (t) = (aY(t) +b sup Y(s)) dt + o dB(t), (5.2.10)

t—1<s<t

We presume b > 0. If also @ + b > 0, then the unique continuous adapted process Y which satisfies (5.2.9)
is such that there exists an almost surely finite /72 (co)-measurable random variable T such that

lim Y (t)e @+t =T as. (5.2.11)

t—o0
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where . oo
r=Y(0)+ be~(atb)s ( sup Y (u) — Y(s)> ds + / e (@055 4B(s).
0

0 s—7<u<s

5.2.2 Growth of large fluctuations when 1 + o + 5 < 1

We now consider the asymptotic behaviour in the other case when 1 + oo + 3 € (0, 1); we remark that the
case 1 + a + (8 < 0is ruled out by the hypothesis (5.2.2).

We first consider the case when the tails of the distribution function F' are “heavy” in the sense that their
tails decay at a polynomial rate as |x| — co. One way of characterising this is to assume that there is a
number 4 > 0 such that

/ |z[H™= dF () < +oo, / |z| € dF(z) = +oo, foralle > 0;

This property is enjoyed by any distribution function F' whose left tail ®_(z) := F(—=x) and right tail
®, (x) = 1 — F(x) decay whose density decays according to f(z) = O(|z|~**+1) as |z| — oo but
1/f(x) = o (Ja|*) as |z| — occ.

We also need to use the notion of regular variation at infinity for certain sequences. We say that a
sequence 7 is regularly varying at infinity with index 7 if

T (%0)
n—co y(n)

Theorem 5.2.2. Let £ be a process obeying (5.2.1), and X be the solution of (5.2.3). Let o, 3 obey (5.2.2)
and 1 + « + B < 1. Suppose that v, and _ are increasing functions regularly varying with index p > 0
at infinity. Then the following are equivalent:

1)

= ANforall A > 0.

/_OO 2 (J2]) dF () < +oo / (&) dF (z) = +o0: (5.2.12)

(Il) The process & obeys

1 1
limsup ———*— [£tn + 1] =0, limsup M =00, a.s. (5.2.13)
n—oo ( ) n—oo V- (n)
(II1) The process X obeys
X X
lim sup M =0, limsup | X(n)] =00, a.s. 5.2.14)
n—oo  Y4(n) n—oo  Y—(n)

Remark 5.2.2. To prove (I11) implies (1) we use Lemma 5.4.1. To prove (IT) implies (I) we combine
Borel-Cantelli Lemma with Lemma 1.2.1. To prove (I) implies (/1) we combine Lemma 1.2.1 with the
Borel-Cantelli Lemma.

We have the following Corollary in the case when 4 (n) = nuEe,

Theorem 5.2.3. Let & be a process obeying (5.2.1), and X be the solution of (5.2.3). Let o, 3 obey (5.2.2)
and 1 + o + 3 < 1. Then the following are equivalent:

(I) There exists p > 0 such that

/ |x|#~ dF () < 400, / |z| € dF(z) = +oo, foralle > 0; (5.2.15)

— 00
(Il) There exists p > 0 such that

1 n o1
limsup 28D _ L (5.2.16)
n—00 logn I

89



(Ill) There exists . > 0 such that

log | X 1
lim sup M =—, as. 5.2.17)
n—oo logn I

Finally, a result is available in the case when the noise is thin tailed in the sense that

1
lim sup 7|§(n + 1)

=1, as. (5.2.18)
n—oo  Y(n)

for some v € RV, (0) which is increasing and obeys v(n) — oo as n — o0o. As we now see, one
consequence of (5.2.18) is that I is a distribution for which all moments are finite, viz.,

/ |z|M dF(z) < 400, forall M > 0. (5.2.19)

To prove (5.2.19), we note that it will be shown in Theorem 5.2.4 that (5.2.18) and v € RV (0) implies
the existence of K1, K> € (0, 00) such that

/_OO V(2| K1) dF () = 400, / V(2| Ka) dF () < +00; (5.2.20)

Since v € RV (0), we have logy(x)/logz — 0 as x — oo. Since + is increasing and y(z) — oo
as ¥ — oo, we have logy/logy~*(y) — 0 as y — oo, which implies logy~!(z)/logz — oo as
xr — oo, and so for every M > 0 there is z1(M) > 0 such that y~(z) > 2™, 2 > x1(M). Thus
v/ Ka) > 2™ /(K2)M, 2 > Kox(M) =: x(M). Therefore, it follows that

|l ara

/ T etar@ ki [ Y ey [T g
= xdF:U—i—K'/ de—l—K/ dF
— (M) > ) KM * Jeany K

z (M) —z(M) 00
< / 2| M dF(z) + KM ( / 4 / ) (2 K2) dF ()
—z(M) —o0 x (M)

z(M)
< / 2™ dF () + K / Y|al/Kn) dF (),

x(M)

which is finite for every M > 0 by (5.2.20), proving (5.2.19).

Theorem 5.2.4. Let & be a process obeying (5.2.1), and X be the solution of (5.2.3). Suppose that «, 3

obey (5.2.2) and 1+ a+ 3 < 1. Suppose that v is an increasing function in RV (0) such that & and ~y obey
(5.2.18). Then

1 [ X (n)| 1
lim < 5. 5221
Trltatf - P20 “T-(tarp 622D

Remark 5.2.3. This Theorem is proved by contradiction.

Example 5.2.1. If {(n) is a sequence of independent and identically distributed normal random variables
with mean zero and variance o2, then

limsup% =|o] a.s.

Hence by Theorem 5.2.4,if 1 +a > 0,3 > 0and 1 + a + § < 1, we have
o | X (n)] o

—— < limsu < , as.
THltat+h = s 2logn — 1 - (1+a+p)

This example proves a discrete—time analogue of a result for the stochastic functional differential equation
(5.2.10) in the case where a + b < 0. In Theorem 2 of [13] it is shown that for the process Y obeying
(5.2.10) that there exist deterministic C; > 0, Cy > 0 such that

Y(t
C:1 < limsup & < (Cy, as.
t—oo IOg t
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We can show that not only does the slow growth of the large fluctuations of |£| imply the same essential
rate of growth of the fluctuations of | X|, but that both are also equivalent to the thin tailed condition (5.2.20).
The following theorem captures this analogue of Theorem 5.2.2.

Theorem 5.2.5. Let £ be a process obeying (5.2.1), and X be the solution of (5.2.3). Suppose that o, 3
obey (5.2.2) and 1 + a + 3 < 1. Suppose that 7y is an increasing function in RV (0). Then the following
are equivalent:

(I) There exist K1, K2 € (0, 00) such that

/OO v H|z|/Ky) dF (z) = +oo, /_OC v x|/ Ky) dF (z) < +oo; (5.2.22)

— 00
(II) There exists deterministic 0 < c¢; < cg < 400 such that the sequence & obeys

1
c1 < limsup M

n—oo  (n)

<cgy, as.; (5.2.23)

(Ill) There exist deterministic 0 < C7; < Cy < 400 such the process X obeys

X
C; < limsupM <

n—oo  Y(n) T >

a.s. (5.2.24)

Remark 5.2.4. Employing the method of the proof of Theorem 5.2.4 we show that (I7) implies (/1]). Em-

ploying proposition 5.2.1 we show (I17) implies (/). Combining Borel-Cantelli Lemma with Lemma 1.2.1
we prove (IT) implies (I). Combining Lemma 1.2.1 and (5.2.22) with the Borel-Cantelli Lemma we show

(I) implies (II1).

Remark 5.2.5. If we use the notation (I)(K1, K2) to be equivalent to (5.2.22), (I1)(¢1, ¢2) to be equivalent

to the statement (5.2.23) and the notation (II1)(C4, Cs) to be equivalent to (5.2.24), then (I1)(¢1, ¢2) implies

M) (cy/(1+1+a+p),ca/(1—(1+a+03))), and (IIN)(Cy, Cy) implies (IN)(Cy (1 — (14+a+3)), Co(1+

(1+a+p))). Moreover, (I)( K71, K5) implies (IN) (K7, K») and (I1)(cy, ¢2) implies ()(¢1 (1 —¢€), c2(1+4¢))

for every € € (0,1).

Example 5.2.2. If there exist 0 < C7 < C5 < oo such that

X
C, < limsupM < (Cy, as.
n— oo 210gn
by Theorem 5.2.5 we then have
. €(n)] B
Ci(1+ (1 +a+p)) < limsup TTos <Cy(1-(14+a+p)), as.

Now, as we identify y(x) = /2logz, we have v~ !(z) = exp(z?/2), by the above comment for each
e € (0,1) we have

/_o:c o (20%(1 e+ 2: EDR 5)2) dF(z) = +oo,

/_Z P (203(1 —(1+ 2: B))2(1 + 5)2) dF(z) < +00.

5.3 Interpretation of Main Results to the Economic Model

Since b; > 0 for each j = 1,...,M> we have 8 > 0 as required by (5.2.2). The requirement that
1+ a=1+4a" — B > 0is equivalent to

My Mo
1+a>0 ifandonlyif 14> a—» b;j>0. (5.3.1)
=1 j=1
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We note that the key parameter 1 + o« + Bis givenby l+a+8=1+a' =1+ EMI a;. Therefore we
have

My
l+a+B>1 ifandonlyif > a;>0. (5.3.2)
1=1
The condition, E ?1 b; Ml 1 a; < 1, is required as a standing assumption to ensure that the results

in Section 3 hold. The condltlon holds if the individual agents do not act very strongly at any time to
the signals provided by their trading rules which are based on discrepancies between current returns and
indicators of returns (reference levels in the case of the reference traders and the maximum of the last N
returns in the case of the technical traders). At any time step, the agents will react sufficiently moderately
to ensure that 25\4:21 b; — Zf\ill a; < 1, provided the time gap between trades is sufficiently small.

This can be seen explicitly by considering the continuous—time stochastic functional differential equation

My

Zal(r( -1 +Zﬁi( max_ r(s) — T(t)—Tj> dt +odB(t), t>0,
=1

t—7<s<t

where B is a standard one—dimensional Brownian motion. This equation is guaranteed to possess a strong
unique adapted continuous solution. If we take a uniform Euler—-Maruyama discretisation with time step
h > 0, and letting R(n) be the approximation to (nh), the evolution can be approximated by

t—N<s<t

M
R(n+1) Z hay(R(n) — ) + Z hB; ( max r(s) —r(t) — Tj)
j=1

+&n+1)

where N is the nearest integer to 7/h and £ is a sequence of zero mean independent normal random variables
with variance o2h. This equation is in the form (5.1.2). In this case, if & > 0 is sufficiently small, we have

My

Mo
jz:ﬁ% —-ZE:CW < 1.
j=1 =1

Together with the condition Z;wjl B; > 0, this ensures that the standing hypothesis (5.2.2) holds.

If the feedback traders are, on the whole, of positive feedback type (in which case Zf\ill a; > 0), by
Theorem 5.2.1 the market experiences a bubble or crash according to

Mo

My
tli)r&(l + Zal)_"R(n) = R(0) — Ml Zam + Z b;T;
=1

=1

Mo %) M, —1—3 My 1
+j;bj-z<l+§al> (j %%‘QW - ) Z 1+;aj ), (5.33)

=1

almost surely. It should be noted that the presence of the technical traders neither prevents nor promotes the
creation of this runaway event.

Examining the limit on the righthand side of (5.3.3), we see that it tends to infinity a.s. as R(0) — oo.
Therefore, the larger the initial daily return, the greater the probability that R(n) — oo as n — .
This explains at least in part the manner in which this bubble forms; if initially the stock performs well,
this encourages positive feedback traders to take this good performance as a signal that informed investors
believe the stock will do well in future, so they buy the stock. This then forces prices up further, encouraging
further buying. This upward spiral continues and a bubble ensues.

Conversely, if the initial value of R(0) is negative, but | R(0)| is large, this tends to make the limit on the
righthand side of (5.3.3) negative and makes the event { R(n) — —oo as n — oo} more probable. In this
situation, this helps to explains the crash dynamics: an initially poor performance by the stock convinces
positive feedback traders that informed traders believe the stock will perform poorly in future, so they sell
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(or short sell) the stock. This then forces prices lower, encouraging further selling, and the result of this
downward spiral is a crash. In both cases, and when a; > 0 for each [, we see that it is the level of the
market R(0) relative to the “weighted consensus” return r. := Zf\ill airy/ Zi\ill a; of the reference traders
that is particularly important; the greater the difference R(0) — r., the more probable a bubble.

We next ask what is the impact of a sequence of “good news stories” about the stock at the time shortly
after trading begins. We can interpret this as a majority of noise terms &(n) being positive for small n. Since
the non-random part of the summand in the martingale term on the righthand side of (5.3.3) diminishes
rapidly as time increases, it is the sign of these “initial” values of ¢ that largely determines whether the
sum assumes a positive or negative value. Therefore, initial good news about the stock tends to result in a
positive value of this sum, while initial bad news about the stock tends to lead to a negative value of the
sum. Therefore, if there is good initial news about the stock, the price of the stock tends to increase and
the positive feedback traders force the price higher by misperceiving this increase as arising from demand
from informed speculators. As before, this induces further buying and the stock price undergoes a bubble.
Similarly, initial bad news tends to precipitate a crash.

Finally, consider the penultimate term on the righthand side of (5.3.3). Firstly, we note that it is always
positive and that the main contribution to the overall value is from the time shortly after trading begins.
This contribution is relatively large if the returns are relatively low, because in this case max;_ n<;<; R(I)
will tend to strictly exceed R(j). If the returns are running below their maximum during the initial period
of trading, the technical traders will tend to force the returns upwards; this trend will then be extrapolated
by the positive feedback traders, increasing the probability of a bubble. On the other hand, the contribution
of the penultimate term in (5.3.3) is smaller if the returns are generally increasing and therefore at or close
to their N—day running maximum. However, in this case, the contributions of the first two terms on the
righthand side are quite likely to be positive; so the additional bubble—promoting impact of the penultimate
term, although modest, is likely to be unimportant. Hence, the penultimate term tends to have its greatest
bubble—promoting impact when other bubble—promoting factors (such as strong initial returns relative to
the reference levels of the feedback traders, or a sequence of good news stories about the stock) are not so
strong. Therefore, it seems that the technical traders can also “seed” a bubble in a market which is naturally
prone to generate a bubble. Hence, the interaction of such traders with the positive feedback traders can
make bubbles more likely.

These remarks suggest that the mechanisms by which bubbles form in this model are consistent with the
notion of mimetic contagion introduced by Orléan (cf. e.g., [65]). In mimetic contagion we may think of
the market as comprising of two forms of traders, with new entrants choosing the trading strategy which
tends to dominate at a given time. In the long—run, the proportion of traders in each category settles down
to a value which is random but which depends quite strongly on what happens in the first trading periods.
The similarities with mimetic contagion are as follows: in (5.3.3), the righthand side depends crucially on
the market behaviour in the first few time periods; once a dominant trend becomes apparent, the positive
feedback traders will tend to extrapolate that trend; and the long—run behaviour (either a bubble or crash) is
not known in advance.

If the feedback traders are, on the whole, of negative feedback type (in which case Zf\ill a; < 0), the
market experiences large fluctuations whose size is intimately connected with the distribution of indepen-
dently and identically distributed news variates. For example, by Theorem 5.2.3 the tails of the distribution
function F of the “news” variates decay polynomially and satisfy

/ |z[F™= dF(z) < 400, / |z| € dF(z) = +oo, foralle >0,
for some p¢ > 0 if and only if
log |R 1
lim sup 70g| (n) = —, as.
n—oo logn M

5.4 Proof of Theorems

5.4.1 Proof of Proposition 5.2.1
Forn > N + 1, X defined by 5.2.4 is increasing and

o max X (j) =Xy (n).
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Then forn > N + 1

Xi(n+1) = (1+a+B)X:(n) - €+ 1) -1

=1+a+8)" |[C+Y _(1+a+B) 7 (LG+D]+1) | —1—[¢n+1)]

Jj=0

n—1
—(l+a+B)(l+a+p)" [C+> (L+a+p)7 (EG+1)]+1)
=0
=1-1+[En+1)[—[5(n+1)
=0.

We next prove that X (n) > | X (n)|forn =1,..., N + 1. This holds for instance if

as

i X+ () =X4(1)

)

=C+(1+a+p8) (€0 +1)

=C+ (1)) +1
> ] )]
1+ max [X(G)+1>  max |X()]

Finally, we must show that X (n) > |X(n)| for all n > N + 1. Suppose to the contrary that there is a
minimal N7 > N + 1 such that X (N; + 1) < |X(Ny + 1)], so that X1 (n) > |X(n)| forall n < Nj.
Then, as 1 +a > 0, and 3 > 0, for n > 0, we have

X(n+ 1| = |1+ )X () + 8 max X()+¢n+1)

<+ QX0 +0 max_ [X()]+[én+1)

<|X(n)|+alX(n)[+ 8 max [X(j)|+1+[{(n+1)].

n—N<j<n

Hence

XNy + 1) < XN+ o X (N[5 max_ (X)) + 1+ (N + 1)

1—N<Gj<N

< Xi(N)(1+a)+ 5N171]512>J§SN1 X4 () + 1+ [6(Ny + 1)
=X, (N1 +1) <|X(N+ 1),

a contradiction. Therefore we must have that X, (n) > | X (n)| forall n > N + 1, and thus that X (n) >
| X (n)| for all n > 1, as claimed.
5.4.2 Proof of Proposition 5.2.2

Since 1 + « > 0 and 5 > 0 we have

X(n+ D)< (1+a)X(m)|+8 max_ [X()|+[em+1)], n>o0.

n—N<j<n
By (5.2.6), it follows that for every £ > 0 there is an N1 (g) € Nsuch that |{(n + 1,w)| < ¢(w)(1 +¢&)y(n)
for n > Nj(g). Define

cw)(d+¢) ca(w,e) =1+ max | X (j,w)| > 0.

SR () AN
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Let X1 (n,w) = co(w,e) + ¢1(w,e)y(n) forn > Ni(e) — N. Then forn = Ny(g) — N,..., Ni(e) we
have

> = ] .
Ximw) Zea) =1+ max [XG@)] > [X(n,)

Forn > Ni(e),since 1 + a+ 3 < 1, ¢ > 0 and ~ is increasing we have

Xi(n+1) = (L4 )Xo (n) =8 max_ X))~ [¢(n+1)

=cx+ay(n+1) = (1+a)(ez +c1v(n)) — Blez + e1y(n)) — [€(n + 1)
=cl-Q0+a+8)+ar(n+1) -1 +a+p)ay(n) —[En+1)
> c1y(n) — (1 +a+ B)ery(n) — c(1 +¢€)y(n)
=9n)(cc(l1—(1+a+8)—c(l+¢€))=0.
Thus
Xyl +1) > (14 Q)Xo () + 6 max_ Xo() +l€n+ 1], 2 M),
By the argument of Proposition 5.2.1, it follows that | X (n, w)| < X, (n,w) for n > N;(e,w). Thus

m su | X (n,w)] im0 su co(w,e) + c1(w,e)y(n) Celew) = c(w)(1+¢)
hrILIl—>boop ’V(n) = 1n—>oop ’V(n) 1(67 ) 1- (1 ta+ ﬁ) .

Letting ¢ — 0 gives the result.

5.4.3 Proof of Theorem 5.2.1

We first rewrite (5.2.3) according to

X(n—i—l):(l—l—a—i—ﬁ)X(n)—i—ﬁ( max X(j)—X(n))—i—f(n—i—l), n > 0.

n—N<j<n
Define H(n) = 8 (max,—n<j<n X (j) — X(n)) for n > 1. Note that H(n) > 0 for all n > 1. Then
Xn+1l)=14+a+B8)Xn)+Hn)+&{n+1), n>0.
Multiplying both sides by 37~ (1 + a + 3)" =77 yields

X(n) =1+ a+3)"X(0)+ ni(l +a+ B TTIH())
" n—1
+Y (A+a+8)" G +1), n>1.
Therefore, for n > 1 we have B
(1+a+B)""X(n) :X(O)+§(1+a+ﬁ (GG +zn: (1+a+3)7"().
Jj=0 =1

Since H(n) > 0and 1 + «+ 3 > 1, the first two terms on the righthand side have a limit (possibly infinite)
as n — o0. As to the last term, consider the (possibly infinite) extended random variable

o0

Seo = (14 a+8)7'().

=1

Since each & has the same distribution function F, with pq := ffooo |z| dF(x) < 400, we have

E[|Ssl] <> (1 + o+ B)"ElE(D)]
=1

1 , 1 1
<pp—— l+a+p0)7 =
_M11+a+ﬁ§( f) M11+a+ﬁ17(1+a+ﬁ)’1
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Therefore S is an almost surely finite G.,—measurable random variable. Hence

n o0

E|Se— Y (1+a+p) 7] < Y (1+a+B) EEQ)

=1 l=n+1

:U1(1+O‘+6)7(n+1) Z (1+a+ﬂ)n+171
l=n+1

Cm(lta+p)

 (l+a+p) -1

By Chebyshev’s inequality and the summability of the righthand side, the Borel-Cantelli Lemma implies
that

n

nILH;OZ( +a+6)7%(1) = S, as.

1=1
Therefore we have that (5.2.7) holds, with

A:—X(O)+ﬁ2(1+a+ﬂ)1j< max X (1) > Zl—&—a—h@ lﬁ()

N<I<j
J=0 Jj— =7

possibly infinite. We note that A is G, measurable. If we can show that

limsup | X(n)|[(1+a+3)"" < +o0, as., (5.4.1)

n—oo

then it is guaranteed that A is finite a.s., and the result is proven. To establish (5.4.1), we note by Proposi-
tion 5.2.1 that

n—1

(1+a+8) " VXM <O+ (1+a+8)7 (EG+1)|+1), n>1,
=0

where C' := 1+ max;—; ... n41|X(j)|. Now, with
=> A+a+B)7 (56 +1)|+1)
7=0

we have that S, > 0 and E[S,.] < +00. Therefore

il+a+6 TEG+DI+ D] =(m+1)) (A+a+p)~
7=0 j=n

by Chebyshev’s inequality and the summability of the righthand side the Borel-Cantelli Lemma implies that
limy, 0o D5 o1+ a+B)7 (|6 +1)| + 1) = Sw, a.s. Therefore

limsup(1 4+ a4 8)" " Y|X(n)| < C 4 Ss < +00, as.,

n—oo

proving (5.4.1).

5.4.4 Proof of Theorem 5.2.2

We start by showing that under the hypotheses of Theorem 5.2.2 that (5.2.13) and (5.2.14) are equivalent. In
the proofs in the rest of the paper, we sometimes use the fact that a regularly varying sequence or function
~ has the property that
i 20— M)
1m

, foreach M € N. 542
ntoe " (n)
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Lemma 5.4.1. Let £ be a process obeying (5.2.1), and X be the solution of (5.2.3). Let «, 3 obey (5.2.2)
and 1 + o+ B < 1. Suppose that 4 and v_ are increasing functions in RV (1) for g > 0. Then the
following are equivalent:

(I) The process & obeys (5.2.13);
(Il) The process X obeys (5.2.14).
Remark 5.4.1. This lemma is proved by contradiction.

Proof. We first prove that the second statement of (5.2.13) implies the second in (5.2.14). Suppose that

[€(n+ 1)

limsup —— =00, as.
n— o0 Y- (n)

Let the event on which this is true be 2*. We want to prove that

X
lim sup [X(n)] =00, a.s.
n—oo Y— (n)

Suppose to the contrary that there exists an event A with P[A] > 0 such that

A= {u}:limsup|X(n’w)| < oo}.
n—oo  V—(n)

Now define A* = AN Q*, so that P[A*] = P[A] > 0. Thus for w € A*, we have

1
n—00 7-(n)
X X X
< lim sup X w)] + 1 + a|limsup X, w)] + 3 max [XG,w)] < 00,
Ky oy L Y YRR - S
which forces a contradiction. Hence P[A] = 0, or
X
lim sup X (n)] =00, as.
n—oo Y— (n)

as required.
We now prove that the first statement in (5.2.14) implies the first statement in (5.2.13). We have by
hypothesis that

lim sup M =0.

n—oo V4 (n)
Let the event on which this holds be called A such that

A= {w : limsup'éﬁ(n—'_il’w)| > 0}
n—oo 'y_;,_(n)

Consider A* = Q* N A. Then P[A*] > 0 and we have that
1
lim sup 7%(” +1,w)|
n—oo  Y(n)

X X
glimsupM—l—\l—&—aHimsup e

n—oo +( ) n— oo +( )

which forces a contradiction. Hence P[A] = 0 or

1
i sup 0+ 1.2

=0, a.s.
n—o0 Y+ (n)
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To prove that the first statement in (5.2.13) implies the first statement in (5.2.14), we start be remarking that
there exists an a.s. event * such that for all w € 0*, we have

[§(n+1,0)|

lim sup =0.
n—00 Y+(n)
Hence for every € > 0 we have
1
lim sup [gn+1w)|
n— 00 Y+ (n)

Setting ¢(w) = € in (5.2.6) we obtain by Proposition 5.2.2 that for all w € Q* we have

lim sup [X(,w)] < = .
n—oo  V+(n) I1-(14+a+p)
Letting ¢ — 0 yields
lim sup [X(n,w)| =0, forallwe QF,

n—oo  Y4(n)

X
lim sup (n)
n—oo V4(n)

and so

=0, as.,

as required.
We now prove that the second statement in (5.2.14) implies the second statement of (5.2.13). We have by
hypothesis that
(X (n)]

lim sup =00, as.
n—oo Y— (n)

Let the event on which this holds be called 2*. Suppose that there exists an event A with P[A] > 0 such
that
1
A= {w : limsupM < +oo} .
n—oo 7-(n)

Consider A* = ANQ*. Then P[A*] > 0 and for w € A* we have

1
msup £+ 1.2

msil ) =: c(w) < +00.

By Proposition 5.2.2, we have that

X
lim sup X (n, @)l < ew) < +o0o forw e A*.
n—oo V(M) I1-(14+a+p)
This gives a contradiction. Hence P[A] = 0, and so

X
limsup‘ ()| = 00,
n—oo Y- (TL)

as claimed. O

5.4.5 Proof of Theorem 5.2.2
We show first that (IIT) implies (II) and that (IT) implies (I). Lemma 5.4.1 implies

1
lim sup M =00, as. 54.3)

n—00 y-(n)

and )
limsup S FED o s (5.4.4)

n—o0 Y4 (n)
Together (5.4.3) and (5.4.4) imply (II).
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If (I) (i.e., (5.2.13)) holds, then (5.4.3) and (5.4.4) hold. Since (£(n)),>o are independent random
variables, (5.4.3) and the Borel-Cantelli lemma implies that

PllE(n+1)] > Myy—(n)] = 400, forevery My > 0,

WE

I
-

n

while the independence and (5.4.4) implies

NE

PllE(n 4+ 1)| > Mavyy(n)] < oo for every My > 0.
1

3
Il

Let ¢ be a random variable with the same distribution as (n) for all n > 1. Since £ obeys (5.2.1), we have

D Pl = Miy-(n)] = +o00, Y P[I¢| > Moy (n)] < +oo.

Since ~y_ is an increasing function, the function I'js _ (x) = M~_(z) has inverse given by I‘X;ﬁ(x) =
y~!(x/M). By lemma 1.2.1

> Pl¢ = Miy-(n)] < E[Ly7 (1))

n=1
oo

:MKWMMLH=/ Y|l /M) dF ().

— 00

Since _ is in RV (1), it follows that v~ is in RV, (1/p), and so it follows that

| e dr) = +oc.

— 00

Define I'ys 4 (x) = M~y (x), which has inverse given by F]T/[%Jr(x) = v '(z/M). On the other hand,
Lemma 1.2.1 also implies for all M5 > 0 that

oo

/_OO it (el /Ma) dF () = E[Cyy, 1 1C] < Y PlIC| > Moy (n)] < oo,

n=0

so [0 ~i'(|x|/Ms) dF (z) < +oc. Therefore we have (5.2.12). Hence (II) implies (D).
We now show that (I) implies (IIT). Let M/, > 0. Then by Lemma 1.2.1 and (5.2.12), we have

oo o0

D Pl > Miy-(n)] = ER=H(C/Ma)] = / v=H(|2l/My) dF (z) = +oo,

n=0 -0

using the fact that v~ (/M) /v~ (z) — (1/M;)"/* as 2 — oo. Since £(n) has the same distribution as
¢, we have

D PllE(n + 1) > Myy_(n)] = +oo. (5.4.5)
n=0

Therefore by the Borel-Cantelli lemma, we have

lim sup 7|§(n + 1)l

> My, as.onQy 4,
n—oo Y- (n)

where (7, + is an almost sure event. Let Q4 = Nar, en8ar, +. Then 24 is an almost sure event, and we

have )
lim sup M =00, a.s.onfl;.

n—oo  Y—(M)
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Lemma 5.4.1 now implies
lim su M
p
n—oo Y-(n)
Let My > 0. Similarly, by Lemma 1.2.1 and (5.2.12), we have

=00, a..on{);. (5.4.6)

oo

D PlI¢] = Moy (n)] < By ' (I¢]/Mz)] < +oo.

n=1

Since &(n) has the same distribution as ¢, we have

STPllE(n + 1)] > Moy (n)] < +oc. (5.4.7)

n=1

Therefore by the Borel-Cantelli lemma, we have

n+1
lim sup M < M,, as.onQy,
n—oo  Y4+(n) 7
where €27, _ is an almost sure event. Let _ = Nar,e(0,1)n8hy,, - Then 2_ is an almost sure event,
and we have .
lim sup M =0, as.on{)_.

n—oo  Y4+(n)
Theorem 5.4.1 then implies
lim su [X(n)]
p
n—oo Y+ (n)
Together (5.4.6) and (5.4.8) imply (III).

=0, as.on{)_. 5.4.8)

5.4.6 Proof of Theorem 5.2.4

To establish the lower bound in (5.2.21), suppose that there is an event A such that

B . | X(n,w)| 1
A—{w.hrrlrisotipv(n) —Cg(w)<71+1+a+ﬂ

and P[A] > 0. Let

QF = {w : limsupM = 1} .
n—oo  7(n)
Then P[Q*] = 1. Let A* = AN Q*. Then P[A*] = P[A] > 0. Letw € A* then

[ X (n,w)] [€(n+ 1, w)|

limsup ———— = Cs(w), lim sup =1 (5.4.9)
By definition
X(n+1Lw)= (14 a)X(nw)+ 5 max_ X(w)+En+1,w).
n— sSIsn
Then

€n+Lo) < [X(n+ 1w+ [1+alX(nw)|+5 max  [X(jw)]-
n— SIsSn

Since +y is regularly varying and obeys (5.4.2) we have that

i KO L X0 L] (e
n—oo 'Y(n) n—oo ’y(n + 1) 'y(n)

= Co(w). (5.4.10)
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Also

maXn—_N<j<n ‘X(j?w” — m |X(]7w)|
~v(n) n-N<j<n 7y(n)
(X0 W)l ()

= max ——— —=.

n-N<j<n - y(j)  v(n)
So by (5.4.2) we have

n— j<n X .a
lim sup maxn-N<j<n [X (5 w) < Cy(w).
n—oo PY(”)

Thus )
moup 1€ 1)
n—o00 y(n)

which contradicts (5.4.9) and the assumption that P[A] > 0. Hence P[A] = 0 and so P[A] = 1 or

lim sup [X()] > 1
n—oo Y(n) T 14+ (l+a+p)

a.s.

which is the lower estimate in (5.2.21).

< Cy(w) + (1 + a)Cs(w) 4+ BCa(w) < 1,

(5.4.11)

(5.4.12)

To prove the upper estimate in (5.2.21), we simply apply Proposition 5.2.2 with ¢(w) = 1 in (5.2.6).

5.4.7 Proof of Theorem 5.2.5

By employing the method of proof of Theorem 5.2.4, we can show that

1
c1 < limsup M < co, as.
n—oo y(n)
implies
_a < lim sup X(n)l < 2 ,
I+(I+a+p8) 7 nose () ~ 1=(1+a+p)
Thus (IT) implies (IIT). If (IIT) holds, then
X 1
s LD X (04 1)
n—00 v(n) n—00 y(n)
X
+ (14 a) hfl—i}ip W + ﬁhfisolipn—?vlg);gn
SO )
lim sup |§(n—|(—),w)| <Cy+ (14 a)Cy+ BCy,
n—oo yLn

as required. Finally, suppose that there is an event A

A ={w :limsup 7‘5(71 +1,w)|
n— o0 v(n)

where P[A] > 0. Then by Proposition 5.2.2, we have for each w € A that

. X(n,w)] c1(w)
] < < 0.
Ay T 1-(ltatp)

Therefore for all w € A* we have

X
Cy < limsup M

n—oo  Y(n)

<Cl7

a contradiction. Hence (III) implies (II).
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We now show that (II) implies (I). If (IT) holds then (5.4.13) holds. Since ({(n)), >0 are independent
random variables and for all values w € Q*, there exists N (w, €) € N such that

WSCQ(1+E) foralln > N(w,e).
Then
P[W > (14 €)io.| =0

and by the Borel-Cantelli lemma

Z P[l&(n 4+ 1)] > c2(1 + €)y(n)] < 400, forevery € > 0.

n=1

Similarly
’ Pg(n +1)

Y >c(l—e)io.| =1,

so then for every € € (0,1)
> PllE(n+1)] > e1(1 - €)y(n)] = +oo, forevery € € (0,1).
n=1
Let ¢ be a random variable with the same distribution as (n) for all n > 1. Since £ obeys (5.2.1), we have

D PIC = el = e)y(n)] = +oo, Y P[] > a1+ €)y(n)] < +oo
n=1

n=1

and since v is an increasing function, the functions I's(z) = ¢3(1 + €)y(x) and Ty (z) = ¢1(1 — €)y(x)
have inverses given by T'; *(z) = v~ '(x/ca(1 4 ¢€)) and ]! (z) = v~ '(2/c1(1 — €)). By Lemma 1.2.1
we have

gﬂw > e1(1 - (n)] < ENT(C))]
e ()= Lo (G e

/00 ’y*l(|x|/cl(1 —€))dF(z) = 400 foreverye € (0,1).

— 00

Thus

On the other hand, Lemma 1.2.1 also implies for all e € (0, 1) that

/Oo v (2l fea(L + €)) dF () = BT HCN < D PIC] > ea(1+ €)y(n)] < +oo,

-0 n=0

so [7° v (|z|/c2(1+¢€)) dF(x) < +oc forall e € (0, 1). Therefore we have (5.2.22). Hence (II) implies
(D. We now show that (I) implies (IIT). By Lemma 1.2.1 and (5.2.22), we have

oo

> Pli¢ > Kiv(n)] = By (1¢1/Ky)] :/ v~ (ol /Ky) dF () = +oo.

n=0 -0

Since &(n) has the same distribution as ¢, we have

S PBlle(n +1)] > Kiy(n)] = +oc.

n=0
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Therefore by the Borel-Cantelli lemma, we have

lim sup 7|§(n +1)]

> K, as.on{Qq,
n—oo  7Y(n)

where 2 is an almost sure event. Similarly, by Lemma 1.2.1 and (5.2.22), we have

SB[¢ = Kany(n)] < B[N (¢]/K2)] < +oo.

n=1

Since £(n) has the same distribution as ¢, we have

D PllE(n+ 1) > Kay(n)] < +oc.

n=1

Therefore by the Borel-Cantelli lemma, we have

1
lim sup M < Ks, a.s.ons.
n—00 v(n)
Together we get that
[€(n + 1)

K, < limsup < K5, as.onfy NQy,

n—oo 'Y(”)

which is (II), and this implies (III).
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Chapter 6
Spurious Long—Run Behaviour from Numerical Methods
for SFDEs with Continuous Weight Functions

6.1 Introduction

In this chapter we show that the long—time behaviour of the SFDE with discrete weights

dX(t) = iajg(X(t—Hj))—iﬁjg(X(t—Tj)) dt +odB(t), t>0 (6.1.1)

can be reproduced by using a standard Euler method with a sufficiently small but uniform step size. How-
ever, a similar simple method does not suffice to reproduce the asymptotic behaviour of the SFDE

AX (1) = (/0 wl(s)g(X(t—s))ds—/OT2 wg(s)g(X(t—s))ds> dt+odB(t), t>0. (6.12)

in which the weight functions w; and wy are continuous. By considering specific simulations, we show that
problems arise both for a naive explicit discretisation and also for a modified discretisation which attempts
to fix the solution of the characteristic equation associated with the linear deterministic equation underlying
(6.1.2) at zero. For an equation with a particular choice of weights w; and wa, we show that these two
methods are unreliable. However, a third method of discretising (6.1.2) for these choices of w; and ws,
when applied to a deterministic version of (6.1.2), seems to give asymptotic behaviour which is consistent
with the continuous time solution provided that / is chosen sufficiently small. This lays the ground for work
in the final chapter on a comprehensive numerical method which gives qualitatively satisfactory results for
the asymptotic behaviour of (6.1.2) for any choice of continuous weight functions, while also controlling
the error of the approximation on any compact interval.

The chapter has the following structure; Section 2 applies the uniform Euler scheme to a SFDE with
discrete weights; Section 3 discusses whether such a scheme will reproduce the long—time behaviour of the
SFDE with continuously distributed weights; Section 4 applies both the native and modified Euler to the
SFDE with continuously distributed weights.

6.2 Euler Scheme for Discrete Weights

In this chapter our analysis will focus mainly on the case where the speculators use continuously distributed
moving averages rather than discrete ones. It will be seen that in the former case we will need some kind
of specialised numerical method to mimic correctly the almost sure asymptotic behaviour of the continuous
time equation.

In this section we show that we can preserve the asymptotic behaviour if we use a standard Euler—
Maruyama method in the case that the speculators use discrete moving averages. We consider the most
general form of discrete weights introduced in the examples in Chapter 4. Our results say (roughly) that if
we take a fixed step size sufficiently small, then we can recover the basic type of almost sure asymptotic
behaviour, and if we let the step size get smaller and smaller, we can estimate key growth parameters with
arbitrary accuracy.

We recall the details of the discrete moving average investment strategy outlined in Section 3.4.5. Sup-
pose the investor compares a weighted average of the cumulative returns at m points in time over the
last 6 units of time with a weighted average of the cumulative returns at p points in time over the last
7 units of time, where 7 > 6. Let the cumulative returns in the short-run be observed at time points
—0 := —0,, < --- < —0; < 0 and in the long-run at time points —7 := —7, < --- < —1; < 0. A
weight a; > 0 is attached to the observation at the time 6;, while a weight 3; > 0 is associated with the
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observation at the time 7;. We assume that the weights and observation times obey

a1_|_..._|_am:ﬁl_|_..._|_ﬁp>() (6.2.1)

Zajx [—t,01(—05) > ZﬂJX[ £,0](—75) forall ¢t € [0, 7], (6.2.2)

then the measure
Zaﬁ 9, (du) Zﬁjé,n du)
satisfies all the conditions in Theorem 3.3.2 with the moment

p m
l/) = ZﬁjTj — Zaﬁj.
j=1 j=1

As previously, we assume that g obeys

g : R — Ris locally Lipschitz continuous, | l‘im @ =1. (6.2.3)
Let ¢ € C([—,0],R). The continuous time functional differential equation is

m p

> aig(X(t—0;) =Y Big(X(t—m))) | dt+odB(t), t>0 (6.2.4)

where X (t) = ¢(t) for t € [—7,0]. If m(v) < 1 then the cumulative returns evolve according to

() i s
im sup = ™ .
t—oo /2tloglogt 1— Z?:l BT + Zj:l ;0;

lim inf X () = - ’ a.s.

t—oo +/2tloglogt 1- Z?:l BT + 27:1 ;0

On the other hand, if m () > 1 then there exists a unique positive A > 0 such that a.s.

lim e MX(t) = ¢ <¢(0) + /0 T e dB(s))

t—o0
> a, / A0+ () duf§:ﬂg / e gy du |
=1 -

Ti

where
1

1_25‘):163'7']' J"’Z Ly ajbjem
It turns out that the asymptotic behaviour of (6.2.4) is preserved by a uniform Euler discretisation of

(6.2.4) once the uniform step size h > 0 is sufficiently small. We demonstrate this fact over the next few
pages. First define 7o = 0 and 6y = 0. Let

c= (6.2.5)

7T={teR:t=r;forsomej=0,...,port =0 forsomek =0,...,m}. (6.2.6)
Define d(7) = min{|z — y| : z,y € T, x # y}. Clearly d(7) > 0. Let h € (0,d(7)) and define
T(h) ={n € N:n=[r;j/h] forsome j =0,...,p orn = [0)/h] for some k=0,...,m}.

Define the integers M;(h) = [0;/h] for j = 1,...,mand N;(h) = [r;/h] and j = 1, ..., p. The fact that
h < d(7) implies that the order of the non-negative integers (N;(h));j=1,... p, (M;(h));=1,..m preserves
the order of the real sequences (7;)j=1,... p (6;);=1,... m in the sense that

Tj < 6 for some j, k implies N;(h) < My(h)

7; > 0y, for some j, k implies N;(h) > My(h)

7; = 0y, for some j, k implies N;(h) = My (h),

105



e '
| | | | | |
| | | | | |

- Bs -G - " :
s s 3 7 2! 0
| | | | | |
| | | | | ]

As I3 My Iz T a0

Figure 6.1: 6, M short-run and 7, N long—run time delays

and the fact that the sequences (6;);=1, . m and (7;);=1,., are increasing implies that the sequences
(M;(h))j=1,....m and (N;(h));=1,... p are increasing.

First we note form the graphs that §; > 7; and M; > N; as required by (6.2.2). If we let j = 1 and
k =2 then 71 < f3 and Ny(h) > Ms(h). On the other hand if we set j = k = 2, then 5 > 65 and
Na(h) > Ms(h) . Final if j = 3 andk = 4 then 73 = 04 and N3(h) = My4(h) as required.

We now consider the stochastic difference equation

Xo(n 4+ 1) = Xi0) + b | 3 asg(Xn(n = M5(0) = 3 Bi9(Xn(n — Ny (1)

+oVhE(n+1), n>0 (627

where X, (n) = ¢(nh) forn = —N,(h),...,0.

We define wy j,(n) forn =0, ..., My, (h). Ifn €{0,...,M,,(h)}issuchthatthereisaj € {1,...,m}
for which M;(h) = n, define w; 5 (n) = a;h; otherwise let wy,p(n) = 0. We similarly define ’U.)QJL( ) for
n=20,...,Np(h). If n € {0,...,N,(h)} is such that there is a j € {1,...,p} for which N;(h) = n,
define wo ;(n) = B;h; otherwise let wo ,(n) = 0. This means that (6.2.7) can be rewritten as

Mo () Np(h)
Xp(n+1)=Xpm)+ Y win()g(Xn(n—5) = > wan(i)g(Xn(n - 5))
7=0 7=0

+oVhE(n+1), n>0
Since each «; and 3; is positive, we have
wip(n) >0, n=0,...,My,h) wypn) >0, n=0,...,Ny(h).
The condition (6.2.1) implies that

My, (h) Np(h)
0

w1,n(j) = Z wa,p(j) > 0.

j=

Finally, the condition (6.2.2) guarantees that

Zwl,h(j)ZZWQ,h(j)a TLZO,,Mm(h)
7=0 7=0
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Therefore, if
Np(h) M (h)

Z Jwa,n(J Z Jwi,n(J

we have
. Xn(n) _
im sup = N ( ) —, as.
n—oo +/2(nh)loglog(nh) 1 — St wa () ) + Z ") Gwy n ()
lim inf Xn(n) = ( ) 7 0 , as.
n—00 \/2 nh) loglog(nh) 1 _E s jwan(j )+Z o Gwy p(5)
while if
N, (h) M, (h)
Z Jw2,n(J Z Jwin(J
we have x
lim n(1) exists and is finite a.s.
n—oo a(h)™
where a(h) > 1 is the unique solution of
h)y=1+h (Zaja(h)["j/h Zﬂ o TJ/hl)
j=1
Noting that
My, (h) Np(h) P
Z leh Za]hM Z ]th Zﬂth
§=0 §=0 j=1
The discrete analogue of m(v) is:
b m p m
= BihN; =Y ajhM; =" Bih[r;/h] = a;h[0;/h].
j=1 j=1 j=1 j=1
Therefore
P
—(mp(v) — (Zﬁ] 7 — hl7;/h]) + ZO‘J hl6; /h])>
j=1
which implies
p m
imin(v) = m)] <Y Bjlr; — hlri /Rl + Y o105 — hi6;/R]],
j=1 j=1
P
Z hB;l7;/h — Tj/h|+ZhO‘J|9 /h—1[0;/h]],
j=1 j=1
<h Y Bi+> a
Jj=1 j=1
If m(v) < 1,and h < hy where
p m
h | Y B+ ;| =1—m), (6.2.8)
j=1 j=1



then

mp(v) = mp(v) —m@) +m(v) <h Zﬂj +Zaj +m(v) < 1.

j=1 j=1
On the other hand if m(v) > 1 and h < hy where
P m
S8+ oy | =m) -1, (6.2.9)
j=1 j=1

then
mu(v) = mp(v) — m(v) + m(v) > —h Zﬂj + Zaj +m(v) > 1.

Theorem 6.2.1. Suppose that (6.2.2), (6.2.1) hold and that m(v) < 1. Suppose g obeys (6.2.3). Let T be
given by (6.2.6). Let 0 < h < d(7T) A hy, where hy > 0 is defined by (6.2.8). If X}, is the solution of
(6.2.7), we have

: Xn(n)

| = 8. 6.2.10
W () loglog(nh) | 1— S By [n/h]+zj Iy M
lim inf Xn(n) a.s. (6.2.11)

n—00 \/2 nh) log log(nh) 1 Z§:1 Bihlrj/h ] + Z;n:l ajhl0;/h)’
while the solution X of (6.2.4) obeys
X(t) o

lim sup = = , o a.s. (6.2.12)
t—oo /2tloglog(t) 1 — >0 ) Bimi+ 207, b,
X(t
lim inf © ____ 7 as. (6.2.13)
t—oo /2tloglog(t) 1 857+ 205 a0

We notice that the asymptotic behaviour of the solution X}, of the discrete scheme (6.2.7) enjoys the same
almost sure iterated logarithm rate of growth of the large fluctuations as the solution X of (6.2.4), provided
that the step size h is less than some critical size h* which can be determined from data associated with the
original equation (6.2.4). Moreover, it can be seen that as i — 07, the size of the limiting constants on the
righthand side of (6.2.10) and (6.2.11) converges to the limiting constants on the righthand side of (6.2.12)
and (6.2.13).

We now consider what happens when the moment m(v) > 1 for the continuous equation.

Theorem 6.2.2. Suppose that (6.2.2), (6.2.1) hold and that m(v) > 1. Suppose g obeys (6.2.3). Suppose
also that there exists a non—decreasing continuous o : [0,00) — (0, 00) such that

lg(x) — x| < vo(lz]), =eR; / %;(f) dx < +o0. (6.2.14)
1

Let T be given by (6.2.6). Let 0 < h < d(T) A ha, where hy > 0 is defined by (6.2.9). If X}, is the solution
of (6.2.7), there exists a unique A\(h) > 0 satisfying

p
ZO‘ o= A(W)[6;/h]h Zﬁje—w)[n/h]h (6.2.15)

Jj=1

,\(h)h

such that there exists an almost surely finite random variable A(h) such that

. Xn(n)
dm s

=A(h), a.s. (6.2.16)

If X is the solution of (6.2.4), there exists a unique positive A > 0 satisfying
m p
A=) oM =N giem (6.2.17)
j=1 j=1
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such that there exists an almost surely finite random variable A such that

Jim. eMX(t)=A, as. (6.2.18)

Once again the asymptotic behaviour of the solution X, of the discrete scheme (6.2.7) enjoys exact

almost sure real exponential growth, just as the solution X of (6.2.4) does, provided that the step size h is

less than some critical size h*. As before, the critical step size h* can be determined from data associated

with the original equation (6.2.4). Finally, it can be seen from (6.2.15) and (6.2.17) that as h — 07, the

exponential rate of growth A(h) > 0 of the solution of (6.2.7) converges to the exponential rate of growth
A > 0 of the solution X of the continuous equation (6.2.4).

6.3 Euler Scheme for Continuous Weights

In this section we consider whether a uniform Euler discretisation will reproduce the long—time behaviour
of the SFDE in the case when the weights attached to values of the process in the past are continuously
distributed. This is in contrast to the equations considered in the last section, in which a discrete weighted
average of past values are taken. In broad terms, by means of a mixture of analysis and numerical ex-
periments, we show that an Euler scheme which is implemented directly will not mimic the asymptotic
behaviour of the SFDE, despite the fact that this scheme enables us to control with arbitrary accuracy the
mean square error on any compact interval, given sufficient computational effort. Furthermore, we are able
to detect the presence of these spurious computational features even in absence of noise or of nonlinear
terms in the space variable. Consequently, in our discussion in this section, we tend to study the properties
of discretisations of the underlying linear deterministic equation.
More specifically, we show the following:

(i) The Euler scheme applied directly to the SFDE will in general not accurately reproduce the presence
of the zero solution of the characteristic equation of the underlying linear deterministic equation;
this will lead to spurious asymptotic behaviour in the case when this zero is the solution of the
characteristic equation with largest real part.

(ii) Itis possible to modify the standard uniform Euler method in (i) in such a manner that the underlying
discrete linear resolvent has characteristic equation with a unit solution, which now correctly mimics
the presence of the zero solution of the characteristic equation of the underlying linear continuous
equation. However, numerical experiments seem to suggest that errors arising from round—off, trun-
cation (or both) in the computer implementation do not hold the solution of the discrete characteristic
equation with largest modulus at unity. This leads once again to spurious long run asymptotic be-
haviour of the discrete time solution. Moreover, it is not clear that these problems can be alleviated
easily by reducing the step size.

(iii)) The Euler scheme in (ii) can be further modified in such a way to remove the unit solution of the
characteristic equation entirely. However, this changes the structure of the Euler scheme to one more
reminiscent of a Volterra summation equation with finite memory. Numerical experiments in this
case confirm that this adjustment leads to more satisfactory long—run discrete dynamics. However,
the positivity of a sequence depending on the weights is not assured by this method. This is an
undesirable feature from a modelling perspective because this positivity is instrumental in causing
the presence of a positive correlation in the returns at all time horizons, a feature of the economic
model which is responsible for the excess volatility and bubbles. This is unsatisfactory because these
properties are among the advantageous characteristics of the dynamics. Moreover, in the absence of
such positivity, it is more difficult to conduct an analysis of the long—run discrete dynamics of the
scheme.

The findings of (i)—(iii) tend to suggest that we should approach the question of long—term simulation of
equations with continuous weights by means of standard Euler methods with extreme caution. However,
the satisfactory performance of the algorithm in (iii) suggests that it might be feasible to rehabilitate such
schemes by exploiting the presence of the zero solution of the characteristic equation at the outset and
developing an Euler scheme in which the associated unit solution of the discrete characteristic equation has
been removed. The analysis and experiments also suggest that it would be sensible from both theoretical and
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modelling perspectives to impose a positivity restriction on an analogue of the sequence which depends on
the weights in (iii), provided that this adjustment neither incurs excessive error nor introduces a systematic
bias into the long—run simulations. A major part of the remainder of the thesis is devoted to showing that
these issues can be successfully addressed.

In this section, the Euler methods employed are all explicit. However, there is no reason to exclude a
priori the use of implicit methods on the drift term. We have not considered implicit methods for these
simulations because the contribution from the implicit term in the drift will be of small order, since it
arises from a continuously distributed weighted average. The evidence of (i)—(iii) suggests that it is not the
presence or absence of such small terms which are of main importance, since the correction to force the
unit solution of the characteristic equation at unity does not fix the underlying numerical instability when
the solution is simulated on a computer. Rather, the problem seems to stem from the presence of this unit or
near unit solution in the discrete scheme in the first place. Thus, it appears from (iii) that the removal of this
unit solution of the discrete characteristic equation greatly improves the performance of the simulation and
because explicit schemes are more readily implemented, our priority is to remove this unit root above all
other considerations; then, if an explicit scheme proves satisfactory, we need not consider implicit schemes
on the grounds of simplicity.

In the next section, we distil the evidence gained from implementing standard Euler methods to the case
where the weights are continuous. Our experience suggests that we seek a method which has the following
properties:

e The method converts the zero solution of the continuous linear resolvent to a unit solution of the
discrete linear resolvent and then removes it. This suggests that the final form of the difference
scheme might be a Volterra summation equation with finite memory.

e The method preserves positivity properties of the original continuous time equation, aiding both anal-
ysis of the method and preserving in discrete time salient economic properties of returns’ dynamics.

e The method is robust in the sense that it preserves the essential type of the long run dynamics (i.e.,
either iterated logarithm large fluctuations, or real exponential explosion of solutions) regardless of
the underlying model parameters, once the step size is chosen less than some critical level.

e The method recovers key growth parameters (e.g., exponential growth rate or normalising constant
for iterated logarithm growth) with arbitrary accuracy for sufficiently small and uniform step size.

e The method can still be used for numerical analysis on finite time intervals with mean square error
tending to zero with an explicitly computable bound as the step size tends to zero.

It transpires that we can develop an alternative numerical method which is based on discretising a random
continuous time Volterra equation satisfied by the solution of the continuous time SFDE. Despite this non-
standard approach, it is nonetheless interesting to note that the form of the Volterra summation equation
satisfied by the discrete equation is very similar to that satisfied by the Euler scheme in (ii) above. Therefore,
this nonstandard approach is in practice closely related to the standard Euler method but incorporates some
special features which improve reliability and exploit the particular structure of the SFDE.

6.4 Standard Euler Scheme and Modifications

Let 75 > 71 > 0, and define 7 = max(m,72) = 72. Let wy and wo be continuous, non—negative functions
on [0, 7] and [0, 72] respectively, and suppose that

/T1 wi(s)ds = /T2 wa(s)ds =1, (6.4.1)
0 0

as well as . .
/ wi(s) ds > / wa(s)ds, te€0,m]. (6.4.2)

0 0
We presume moreover that w; and ws are not identically equal, so that continuity ensures that there is a

subinterval of [0, 71] interval on which the inequality (6.4.2) is strict. Let ¢ € C([—7,0];R), 0 # 0, and g
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be a locally Lipschitz continuous function that obeys

lim —= =
|z]|—o0 T

for some 3 > 0. Let B be a standard one—dimensional Brownian motion. Then there is a unique continuous
adapted process X which obeys

dX(t) = </071 w1 (s)g(X(t —s))ds — /072 wa(s)g(X(t — s)) ds) dt
+0dB(t), t>0. (643)

The long—time behaviour of solutions of (6.4.3) has been determined in Chapter 4 . Specifically, we show

that if - "
B </ swa(s)ds — / swi(s) ds) <1 (6.4.4)
0 0

then

lim su X () = 7 a.s

ol V2t loglogt — 1—B([,” swa(s)ds — [y swi(s))
X
lim inf ® = 7 a.s.

oo /2floglogt ~ 1-— B([,? swa(s)ds — [ swi(s))’
while under the condition that g obeys

> maxo<|s|<z |9(5) — 5]

3 dr < 400

1 X

and
T2 T1
B </ swa(s)ds — / swi(s) ds) >1 (6.4.5)
0 0
we have that (i
)(\t) exists and is a.s. finite
t—oo e

where A is given by the unique positive solution of the characteristic equation

A=p (/Tl wi (s)e™ ds — /T2 wa(s)e ™ ds) . (6.4.6)
0 0

In order to determine the essential problems associated with the behaviour of discretised versions of
(6.4.3), we focus on the equation in which g is linear, the noise term is absent (i.e., 0 = 0 and the initial
function v is zero on [—7,0) and obeys 1(0) = 1. When we have determined potential problems and
solutions related to the discretisation of the underlying deterministic problem, we will show in the next
chapter that the appropriate numerical methods for the fully nonlinear and stochastic equation resolves all
the problems outlined.

The resulting simplified and deterministic equation is

x'(t)=p </0 wi(s)z(t —s)ds — /0 wa(s)z(t —s) ds) , t>0 (6.4.7)
z(0)=1, =«()=0, te]-T1,0). (6.4.8)

We note that in the case when (6.4.4) holds, z(t) tends to a nonzero finite limit as ¢ — oo, while in the
case when (6.4.5) holds, z(¢) tends to infinity at the rate e* as t — oo where A > 0 is the unique positive
solution of (6.4.6). We wish any numerical method to reproduce this qualitative behaviour.
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6.4.1 Naive explicit Euler scheme

Suppose that & > 0 and that we allow, for n € N, x,(n) to be the approximation to x(¢) at time ¢ = nh.
Define the integers
Ny = |n/h], N2 =|m2/h] (6.4.9)

in such a way that Ny > N; > 1. This can be arranged for 4 > 0 sufficiently small. We define x(n) by

zp(n+1) = zp(n)

lel Ng*l
+Bh | D wilih)an(n—)h— > wa(jh)an(n—j)h |, n>=0; (64.10)
j=0 7=0
,(0) =1, x4(n)=0, nc[-Ny+1,0). (6.4.10b)

Examination of the characteristic equation associated with (6.4.10) shows that the characteristic equation
has a solution at unity if and only if

lel Ng*l
> wi(Gh) =) wa(jh). (6.4.11)
j=0 7=0

This is not automatically implied by (6.4.1). Therefore, the zero eigenvalue of the characteristic equation
(6.4.6) is not necessarily transformed exactly to a unit solution of the characteristic equation associated with
(6.4.10). In the case when (6.4.4) holds, but (6.4.11) does not, we cannot have that xj(n) tends to a positive
limit as n — oo, and therefore the asymptotic behaviour of the solution of (6.4.7) cannot be reproduced in
this case.

Simulations confirm that this problem arises in the case when (6.4.11) fails to hold, and the simple Euler
method (6.4.10) is employed.

Example 6.4.1. We consider the case when 71 = 1, 7o = 2
wi(t) = Cre™", te€[0,1], wa(t)=Coe™", te]0,2]. (6.4.12)

We pick h = 0.001 and therefore N; = 1000, No = 2000. In this case in order that w; and wy obey (6.4.1)
we require C; = 1/(1 — e~ ') and Cy = 1/(1 — e~2). Noting that fot se"*ds=1—e""'—te !, we have

T2 T1 2 1
/ sway(s)ds — / swi(s)ds = 02/ se *ds — (O} / se *ds,
0 0 0 0

1-3e? 1—2e! 1

1—e2 1—e1 e+1

In the first simulation, we have 8 = 1.2, in which case

Ié; (/072 swa(s) ds — /OT1 swi(s) ds> = el—fl < 1.

In the second simulation, we have 3 = 2¢2/(e — 1), in which case

5([Tsmras— [Msmas) - s m2 o
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In this situation, we note with A = 1 that

Aﬂ(/ wi(s)e *’\Sdsf/ wo(s)e N ds>
0
2
<C’1 —2s dstQ/ e 2 ds),
0
1, Co _
_1€(<‘e -G eteD),
e 2 1—e*?
¢ el 1—e2

© e ((el Je+1) (e 1)(62451)),

e—1) e2(e? —1

ST D I S )
e—1'e e e—1 e
Therefore, when 3 = 2¢%/(e — 1), we have that

x(t . .\ .
m (—) is positive and finite.
t—oo et

Our analysis predicts in the case when h = 0.1 and § = 1.2 that xj,(n) does not tend to the correct limit

as confirmed by the figure on the left. On the other hand when 3 =
display exponential growth as indicated by the diagram on the right.

= (.1 that equation does not

1000

500

00

02 . 1 1 1 . 1 1 1 . 000 . 1 1 1 . 1 1 1 .
02 40 & 8 10 120 140 160 180 200 020 40 6 & 10 120 140 60 180 200

n n

Figure 6.2: Stable and Exponential growth of Naive Euler

6.4.2 Weighted Euler scheme

In order to rectify the problem that the characteristic equation associated with (6.4.11) has a unit solution,
we weight the terms in the approximation of the drift in (6.4.10) by the discrete sums of w; and ws in
(6.4.11).

Once again we suppose that xp(n) is the approximation to x(¢) at time ¢ = nh. Define the integers Ny
and Ny as in (6.4.9) so that once again No > N7 > 1. Define

Wi (h) = Z wi(jh)h,  Wa(h) = > wa(jh)h. (6.4.13)
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We define zp,(n) for n > 0 by

zp(n+1) = xp(n)

1= , I .
+ S8h W) jgow1(3h)xh(n—J)h—W2(h) ;Jwg(jh)xh(n—j)h , (6.4.14)

with initial conditions
zp(0) =1, xp(n)=0, ne€[-N2+1,0).

In contrast with (6.4.10), the characteristic equation associated with (6.4.14) always has unity as a solution.

Suppose that (6.4.4) holds, so that the solution of (6.4.7) is asymptotically constant. Since the solution
of the characteristic equation (6.4.6) with largest real part has been mapped to the unit solution of the
characteristic equation of (6.4.14), for sufficiently small 2 > 0, we might expect the solution of the equation
(6.4.14) to reproduce the asymptotic behaviour of (6.4.7). However, for small step size h, the number of
terms in each of the sums W and W5 as well as in the sums in (6.4.14) are of order 1/h, and the increasingly
large number of terms (each of which makes a smaller and smaller contribution as h decreases) increases the
possibility of roundoff or truncation error, so that in practice the unit solution of the characteristic equation
associated with (6.4.14) does not always give rise to an asymptotically constant solution of (6.4.14). This
supposition is given credence by the result of the simulation below.

12 1000

&0

02 -500

. 1 1 1 . 1 1 1 . . 1 1 1 . 1 1 1 1
02 40 & 8 10 120 140 160 180 200 020 40 6 & 10 120 140 60 180 200
n n

Figure 6.3: Stable and Exponential growth of Weighted Euler

For the above graphs we have used the exponential weights as defined by (6.4.12). Our analysis predicts
in the case when h = 0.1 and § = 1.2 that x,(n) does not tend to the correct limit as confirmed by the
figure on the left. Also when 5 = ffze and i = 0.1 the graph on the right does not display exponential
growth as would be expected.

6.4.3 Removal of the unit solution of the characteristic equation

The results of the last two subsections suggests that numerical stability of the long run behaviour can only
be achieved by removing unit solution of the characteristic equation associated with the discrete scheme.
We start with equation (6.4.14) because its characteristic equation has such a unit solution.

We have that 2y, (n) is given by (6.4.14) viz.,

zp(n+1) = x(n)

N | . |
T ; wnGmg(en(n = iDh = s ; wa(jh)g(zn(n — j))h

+oVhE(n+1), n>0,
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with initial conditions xp(n) = Yn(n) forn € [—N2 + 1,0). We let ,(0) = ¢(0). With Wy and Wy
defined by (6.4.13), define

wih) _ waGh) _
Wi() =4 W0 mt € {0, M =1}, (6.4.15)
,V[Zgh)’ ]E{Nl,...,Ngfl},

With N = max (N1, No) = Ny > 2, we have

N-1
zp(n+ 1) =xp(n)+h Z Wi(i)g(xn(n —j)h+oVhé(n+1), n>0.
§=0

Moreover, we have

N-1 Ni—1 . ) No—1 .
L (wi(h)  wa(jh) — w2(jh)
2 ) = 2 ot =) T 2w

i=0 !

R wah) RS wah) R walh)
STl w2 W T 2 am)

=0

Next we get

n

n N-1
thj+1)—xh = hZWh ach]—l)h+0\/52§]+l n > 0.
7=0 =0 =0

7=0

Therefore for n > 0, we have

zh(n+1) = $(0) = > hWi(1) Y glan(i —1) h+m/ﬁZ§]+1
=0 =0 =0
N—-1 jn l ”
WD) > glan(k) h+o—f§:§;+1
1=0 k=—1 =0
n (n—k)A(N-1) n
= Y glaEDh Y AWa()+oVh) G+ 1),
=—N+1 I=0V—Fk j=0
—1 (n—k)A(N—-1)
= > glwENh D hWR(D)
k=—N+1 I=—k
n (n—k)A(N=1)
+Y glank)h > WL +afZgg+1
k=0

=0 7=0

Therefore with

-1 (n—k)A(N=1)

IWn,n) ==90)+ > gnk)h Y W), n>0, (6.4.16)

k=—N+1 I=—k
we have

(n—k)A(N—1)

en(n+ 1) =Inn) + > glenkDh Y WL +ovVRY € +1)
k=0

1=0 j=0
Define _
J
W)=Y _hWu(), j=0,...,N-2. (6.4.17)
=0
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Then we havefor1 < N —1<n

n—N+1 (n—k)A(N-1)
zp(n+1) =IWn,n)+ Y glan(k)h > BWi()
k=0 =0
n (n—k)A(N—1)
+ Y glank)h > W +af253+1
k=n—N+2 1=0 J=0
n—N+1 —1
=I(n,n)+ > glan(k)h Y hWi(l)
k=0 =0

n n—k n
+ > g(xh(k))hZhWh(l)+m/ﬁ25(j+1),
k=n—N+ j

2

=I(Wn.n)+ Y hZhWh +a\/EZ§g+1
k:n—N-i—Q j=0
N-2

=I(Wn,n)+ > glan(n— )W +o\FZgg+1
Jj=0 7=0

Forn=20,..., N — 2 we have

n JA(N-1)

wh(n+1) = I(¢n,n) + > _glen(n—j)h D> AWi() +oVhYy £ +1),
0 1=0 =0

n

= I(¢n,n) + > glxn(n — 5))WW; (5) + 0\/525 j+1).

7=0 7=0

Therefore we have

N—-2
wp(n+1) =I(Wn,n) + Y _ glan(n — 5)hW; (j)
7=0

+a\/EZ£<j+1), n>N-1>1,
§=0

n

wh(n+1) = I(n,n) + Y glan(n — 5)hW; (5)

Jj=0

+ovhY EG+1), 0<n<N-2
=0

Notice from (6.4.16) that I(v},, n) is equal to

N-1 (n+j)A(N—1)
I(n,n) =(0) + > g(¥ > hwa),
J=1 I=j
so that forn > N — 2, we have
N-1
(4, n) )+ D 9(Wn(=i)h Z hWi (1) =: I* (¢n).-

=1

<.

Hence I (v}, n) is constant for all n > N — 2. This implies that

N-2

ou(n+1) =T (Yn) + > glan(n — §))hW; (j +o\/EZ£J+1 1<N-1<n,

Jj=0
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and

wn(n+1) = I(n,n) + > glan(n — AW (G) +oVhY (G+1), 0<n<N-—2 (64.20)
§=0 j=0

We will observe in the next chapter that another discretisation of (6.4.3) gives rise to a Volterra summation
equation of the form (6.4.19) and (6.4.20) for the discrete approximation z; of X. In that method, we
endow an analogue of the sequence W, with a positivity property which does not change on compact
intervals the order of the mean square of the sup norm of the approximation error. This positivity also
enables us to recover the asymptotic behaviour of the continuous equation (6.4.3) for sufficiently small step
size h irrespective of whether the stability condition (6.4.4) or the instability condition (6.4.5) holds.

In a following example, the discretisation (6.4.19), (6.4.20) in the case of the exponential weights defined
in (6.4.12) gives rise to positive weights W;(j) for all j € {0,..., N — 2}. This positivity allows us to
use analysis applied to discrete—time equations in previous chapters to determine the asymptotic behaviour
of xj, and to show that it is consistent with the asymptotic behaviour of the continuous time solution X
of (6.4.3). This in part motivates the imposition of positivity on the analogue of the weights in the next
chapter.

In the linear deterministic case when g(z) = Sz, ¥n(n) = 0 forn < 0, ¢(0) = 1 and o = 0, we have
from (6.4.16) that I (¢, n) = 1 foralln > 0 and so

N—-2
zh(n+1) =14 > Bap(n—jAW;(j), 1<N-1<n,
j=0

zp(n+1) =14 Brn(n—j)hWi(j), 0<n<N-2
=0
Therefore
nA(N—-2)
zh(n+1) =1+ Y Banln—H)hW; (), n>0. (6.4.21)
j=0

Itis sometimes convenient for asymptotic analysis to extend W (j) := 0for N—1 < j. Thenfor N—1 < n
(6.4.21) reads

nA(N—-2)

rp(n+1)=1+ Z Ban(n — j)hWy (5),
=0

2
N

L+ > Ban(n —5)AWE (),

<.
[}

=2
)

Brp(n — MWy (i) + Y Ban(n— j)hW; (j),
j=N-1

I
—
+
.
Sl
)

L+ ) Brn(n —j)hWi(5).

Jj=

[}

Therefore, by extending W;* to N\ {0, 1,--- , N — 2} as above, (6.4.21) is equivalent to
zp(n+1) =14 Bry(n—j)hWi(j), n>0. (6.4.22)
§=0
Example 6.4.2. Since

Ni—1 No—1

Wi(h) = > Cie "h, Wa(h)= Y Cye™"h.
j=0 7=0
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we have

1 1 —ih .
Wi (j) = < Dy Temthh 1N=2016—"hh> e g e{0,.... N —1},
. 1= ‘
*ﬁ, je{Ny,...,Ny— 1},

1=0

Therefore for j € {0,..., N3 — 1} we have

j J
1 1
Wi(G) =Y hWa(l) = - et > 0.
h (]) i h( ) (ZNl—l e—mh ZNQ—l Gmh> Z

m=0

On the other hand for j € {Ny,..., No — 2} we have

Ni—1 j
Wi(G) = D hWi(l)+ > hWi(l),
=0 =Ny
Ni—1 J
1 1 —lh 1 —lh
= Ni—1 ., —Na—1 _ Ze P Ze )
<Zml—0 emmh Yo e mh) 1=0 Domeg € =N,
—_1_ lNzlo_1 e B {:Nl e 1 {:0 e
=1 No—=1  _mn Na—1 _mp 1 No=1 _mh > 0.
Zm:O € Zm:O € Zm:O e

Therefore W;(j) > O forall j € {0,...,N —2}.
We now consider the long—run dynamics of Z;V:_OQ hW(j) for these choices of wq ,ws and h. When
we do simulations for this example it turns out that positivity is always ensured. In fact as the figure below

shows the simulated TV," even has the property that it is increasing on {0, ..., N7 — 1} and decreasing on
{N1,..., N3 — 2} just as the formula indicates.
18
16
14
12
= 1
gUE

Suppose that

By Wi(j)h < 1. (6.4.23)

Then we can use arguments of Chapter 2 to deduce that

lim a7, (n) !
im zp(n) = — —.
e 1= B2 W ()

Simulations seem to confirm that this limit is attained under the condition (6.4.23). In fact, since we can
show that

N=2 Psemds [t se~*ds
lim S Wi(j)h = 20 _Jo_ , (6.4.24)
h—0+ = fo e~ sds o € %ds
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it follows that the resolvent (which is the solution of (6.4.21)) approaches a limit as n — oo that itself
approaches a limit as b — 07. Moreover, this latter limit is exactly that attained by the linear differential
resolvent (6.4.7). Therefore, it can be seen that by increasing the computational effort (by reducing k), we
obtain a better approximation of the asymptotic behaviour of the continuous time equation.

Suppose on the other hand that
N-2

By Wi(j)h> 1. (6.4.25)

§=0
Then we can use arguments of Chapter 4 to deduce that there is a unique o = «(h) > 1 such that

N—

By Wi(a(h)y Un =1,

Jj=0

[\~]

and that «(h) determines the asymptotic behaviour in the sense that

~—

. zp(n
1
oo a(R)"

exists and is positive and finite.

This is also confirmed by simulations in the case that (6.4.25) holds. In the next chapter, we will show that
if we write log a(h)/h = A(h), then not only can the rate of growth of (6.4.21) be written as

lim z}\hi(n) which exists and is positive and finite,
n—oo e (h)nh
but
lim A(h)=A>0 (6.4.26)
h—0t

where ) is the unique positive solution of (6.4.6). Therefore, the rate of real exponential growth (or Lia-
punov exponent) predicted by the discrete scheme (6.4.21) converges (as the step size h — 07) to the real
exponential rate of growth of the linear differential resolvent x which solves (6.4.7), and obeys

lim z(t)

—7 exists and is finite.
t—oo e t

Simulations also seem to confirm (6.4.26); in the case where 3 = 2¢2/(e — 1), A = 1. When we have
taken h = 0.001, we find that A(h) = 1.05 after 5, 000 iterations and when we take » = 0.0001 we have
A(h) = 1.08 after 30, 000 iterations where we have approximated the Liapunov exponent A by

1
(h) = A log p (Tmax)

nmax

where Ny > N is the maximum number of iterations.
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We now confirm that (6.4.24). We first compute

N-2 Ni—1 Nz—1
Wi(h= > Wi(h+ Y WiG)h
j=0 7=0 Jj=N1
(o ot )
= Ni—1 No—1 __ e h
2 m—o € —mh Pomeo € j=0 1=0
N2—1 J —lh
3 (1o S
j=N1 Dm0 €™
1 1 Nt
—lh
= e ""h(N71 —=1)h
(e i) 3 v
1 No—1 Ny—1 ]
—ih —lh
Fomt 3 (X e
m=0 j=N1 = =0
1 1 e
—lh
= — e ""h(Nih — lh
(ZZ;J he=mh ST he’”h) Z S
No—1 Na—1
e DD DI
Z’mQ 0 emh j=N1l=j+1
1 1 Nt
—lh
= e ""h(N1ih —lh
(e~ i) 3
1 No—1
t———— > e "h(ih— Nih).
> omeo €™ I=N1+1
Hence
N—-2 1 1 N;—1
lim Wihh= | 7 — 77— lim e~ —Ih)h
h—0t = o e%ds  [Peds | hoot
1 No—1
+ﬁ lm Z e_lhh(lh_’]—]).
Jo* e ds h—o+ A
Next we have
Ni—1 Ni—1 Ni—1 . -
Z e_lh(Tl —hl))h =7 Z e hp — Z e_lhlhh—>7'1/ e_sds—/ e °sds,
1=0 1=0 1=0 0 0
and
Na—1 No—1 Ny—1
> oetah—m)=-n Y e"h+ Y e "hin
I=N;+1 I=N1+1 I=N;+1

Therefore we have

T2 T2
— —7'1/ e ‘ds —l—/ e °sds.
T1 T1

N-—-2
lim S Wi ()h
0

h—0t <
j=

- 1
n fn e—sds

1 T1 T1
<7'1/ e °ds —/ e °s ds)
O e~sds 0 0

+

1 ( /7'2 T2
| 71 e *ds —|—/ e %s ds) .
f e *ds 1 1
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Hence
T — T —
"se7Sds  [['e ®sds

N—2 _ _
o s - B A [
1n prJ)n= 1 - ) - T2
+ —s —s —s —s
h—0+ Jo e ds Jo e ds Jo e ds o € %ds
T f:lz e %ds f:f e sds

fOT2 e 5ds fOT2 e=sds

Therefore we get
N-2 T2 — T1 —
se %ds se %ds
lim Wft (j)h = OT _ - OT — .
h~>0+jz::() Jo e s ds Jo e ds

Our analysis predicts in the case when h
1.4765153710910428 and this seems to be confirmed by the figure below on the left hand side. On the
other hand when 8 = 2<~ and h = 0.1 we expect that zj,(n) — Che*""h as n — oo, where A(h) — 1
as h — 0T. Since we have chosen  relatively small we expect that lim,, o - log 5 (n) = A(h) to be

close to 1 which is consistent with the figure on the right which give A(0.0) = 1.03.

log(x(nj}nh

e}/ 1
0 . 1 1 1 . 1 1 1 .

WoIEm I 02 40 6 & 10 120 140 60 180 200
n

1
a4 @ & @13 M

o n
a

Figure 6.5: Stable Growth and Liapunov Exponent of Modified Euler
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Chapter 7
Asymptotically Consistent Long—Run Behaviour from
Numerical Methods for SFDEs with Continuous Weight
Functions

7.1 Introduction

In this chapter we show that it is possible to perform a h > 0 uniform discretisation of the stochastic
differential equation with memory given by

dX(t) = (/Oﬁ w1 (8)g(X(t —s))ds — /0T2 wa(8)g(X(t — 5)) ds) dt + odB(t), t>0 (7.1.1)

in such a way that the asymptotic behaviour of the discretisation (X n(n))n>0 captures that of the solution
of (7.1.1). Here w; and wy are positive continuous functions with unit integrals over their domains of
definition and which obey

/Otwl(s) ds > /; wa(s)ds, te 0,7

with wy # wq. Also g is asymptotically linear at infinity in the sense that there exists 3 > 0 such that
g(z
@ _,

x
im 9 _ gy 9@

r—0o0 I r——00 I
In the case when a stability condition holds, it can be shown that for all step sizes & sufficiently small
that the discretisation is recurrent on R just as is the continuous process X, and enjoys the same iterated
logarithmic large fluctuations as X, namely

lim sup Xn(n) = A(h) = — liminf Xn(n)
n—oo /2(nh)loglog(nh) n—oo /2(nh)loglog(nh)

, a.s.

Moreover, as h — 0T, the constant A(h) — A > 0, which is exactly the normalising constant that appears
in X

li X(t) A lim inf X() a.s
msup ———— = = —laminl ————, .S.
t—>oop V2tloglogt t—oo /2tloglogt

Therefore, by increasing the computational effort the asymptotic behaviour of X n better approximates that
of X.

In the case when the stability condition does not hold and an additional condition on g(x) is imposed
which restricts the degree of its asymptotic departure from Sz as |z| — oo, we show that, provided h is
sufficiently small, X, inherits the exact a.s. exponential rate of growth of X

. Xi(n)
nILH;o m = L(h), a.s.

where A(h) — A* > 0as h — 07, and A\* is the almost sure deterministic rate of growth of the solution X

of (7.1.1)1i.e.,
. X(t)
tli>H<>1c oAt =1L, as.

The method used to discretise the problem is interesting because it can be shown that simple Euler
discretisations of (7.1.1) do not preserve the asymptotic behaviour, at least in the case when the stability
condition holds. Moreover, the discretisation also preserves the positivity and exponentially fading memory
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present in the autocovariance function of increments of the process X. In the final chapter we even show
that the discretisation method outlined here obeys

lim E | max |X,(t) — X(t)]*| =0, foranyT >0, (7.1.2)

h—0+  |0<t<T

where X}, is a piecewise constant process defined on [0, T'] for which X (t) = X n([t/h]) for ¢ > 0. The
condition (7.1.2) is enjoyed by conventional Euler—-Maruyama methods for stochastic functional differen-
tial equations, so although our discretisation method is designed to reproduce asymptotic behaviour, it is
sufficiently robust to also control the mean square of the error on any compact interval [0, 7.

7.1.1 Connection with dynamic consistency

The work in this chapter is in the theme of analysis suggested by Mickens on the dynamic consistency of
finite difference methods for differential equations. Roughly speaking, the discretisation of a differential
equation exhibits dynamic consistency if the original equation (or its solution) has a property P and the
discretised equation (or its solution) also has property P. It is assumed that the system is convergent.
In relation to our equation this refers to the Law of the Iterated Logarithm and bubble,crash dynamics.
Some surveys of this work can be found in [56, 57, 59, 58]. Results pertaining to deterministic differential
equations with delay are [60] and [44].

The emphasis in the work of Mickens and his school is, in the first instance, to recover property P
in their discretisation: error control is considered secondary, although still of importance. This is our
perspective here, as standard methods will guarantee strong convergence of a uniform mesh E-M scheme to
the true solution: a new discretisation is only developed in order to recover the asymptotic behaviour of the
continuous equation.

Our work differs from that of Mickens in some regards: he highlights, for instance, the importance
of making non—standard (sometimes non—uniform) discretisations and of using implicit or semi—implicit
methods. It turns out that we do not need to be so sophisticated here. Rather, our method hinges on
rewriting the differential equation as an integral equation and using properties of the equation to explicitly
remove certain terms from the discretisation.

Results in the spirit of dynamic consistency abound for stochastic differential equations without de-
lay. However, there seems to be less literature for SDDEs. An example in which dynamic consistency
is demonstrated is in Appleby and Kelly [8, 7], in which it is shown that correct discretisation of SDDEs
with vanishing delay requires a non—uniform mesh and, in common with our analysis here, reformulates
the differential equation before discretising it.

7.2 Conversion to Integral Equation
As in the previous chapter, suppose that 7 := 75 > 71 > 0 and that

wy € C([0,71];[0,00)), w2 € C([0,72];[0,00)) (7.2.1)
We also request that
T1 T2
/ wy(s)ds =1, / wa(s)ds =1 (7.2.2)
0 0
and that . .
/ wi(s)ds > / wa(s)ds, te€0,m]. (7.2.3)
0 0
Assume that the function g : R — R obeys

g is locally Lipschitz continuous, (7.2.4)

and that there exists 5 > 0 such that

lim @ = lim @ =p. (7.2.5)



Let o # 0 and B be a standard one—dimensional Brownian motion. Let ¢) € C([—7, 0]; R). Then there is a
unique continuous adapted process X which satisfies

dX(t) = (/OT1 wy(s)g(X(t—s))ds — /072 wa(s)g(X(t —s)) ds) dt (7.2.6a)

+odB(t), t>0,
X(t)=v(t), te[-0. (7.2.6b)

We rewrite (7.2.6) as a Volterra integral equation. In doing so, we find it convenient to introduce some
auxiliary functions. Define W7, W5 and W by

tAT;
Wit) = / wils)ds, t>0 i=1,2 W) =Wit)—Walt), t>0. (7.2.7)
0
We also introduce the functions /; and I which depend on the function
0 TiN(t—s)
L, t) = / / wi(u)du | g((s))ds, t>0, i=1,2, (7.2.8)
and the constants 0

rw = [ ([ wtoa) swenas =z, (729)

Lemma 7.2.1. Suppose that w1 and w2 obey (7.2.1), (7.2.2) and that g obeys (7.2.4) and (7.2.5). Then
there is a unique continuous adapted process X which obeys (7.2.6).

(i) Li(y,t) = IF, wheret > 7; and
(ii) If W is given by (7.2.7) and I; by (7.2.8) then X obeys

X(t) = 9(0) + 1 (1, 8) — L(i,1) /W X(t— 8))ds + 0B(t), t>0,
X(t) = $(0) + I (6) — 5 () + / W(s)g(X(t - 5))ds + oB(t), > s,

Remark 7.2.1. No outline of the proof is given because although the calculations are long they are straight-
forward.

7.3 Construction of the Numerical Scheme

We now discretise the Volterra integral equation just derived. Since w; and ws are continuous and defined
on compact intervals, both possess moduli of continuity. More precisely there exist functions ¢; : [0, 00) —
[0,00) and 5 : [0, 00) — [0, 00) such that §;(0) = 0 and limj, ¢+ 0;(h) = 0fori = 1,2 and

|t—s|§rfIL1,§§€[0,T,;] |w; (t) —w;(s)] < d;(h) forallh € [0,7], i=1,2. (7.3.1)

We pick h > 0 so small that we may define N, = No(h) € N, Ny > 2 such that

Ny STz/h< 1+ Ns. (7.3.2)
Extend wy (t) = 0 for ¢ € [1, T2]. We now define the sequence W, parameterised h > 0 by

Wi(0) = 72 (81(h) + 6a(h)) (7.3.3a)
Wi (§) = 72 (61(h) + 62(h +Zw1 (th)h = > " wa(lh)h, j =1, , Ny(h) (7.3.3b)

Wh(Na+1) = 0. (7.3.3¢)
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It is implicit here that W}, (n) is an approximation to W (nh). However, in order to recover the positivity of
W in the approximation, we have added a correction term to the naive approximation

n—1 n—1
Wnaive(n) = Z wl(lh)h — Z U)Q(lh)h
=0 =0

The following lemma shows that this can be achieved in such a way that any resulting biasses or errors
introduced by the correction can be controlled. Also in the lemma, we record some estimates on the ap-
proximation of W to W.

Lemma 7.3.1. Let h > 0, and suppose that 7o > T1. Let w; have modulus of continuity 6; given by (7.3.1).
Suppose that No = Ny (h) obeys (7.3.2). Define Wy, by (7.3.3).

(i) Forj =0,...,Na, Wy(j) > 0.

(ii) Withw; = sup,¢(o ,,] wi(t), we have

immh ~ ( /0 " sw(s) ds - /O " swn(s) ds)

75 (81(h) + 62(h)) + h {4+ 72 (W1 + Wa) + 272 (61(h) + 52(h))} :=n(h). (7.3.4)

154 (/72 swa(s)ds — /T1 swi(s) ds> <1, (7.3.5)
0 0

then there is hy > 0 which obeys

<

N W

(iii) If

Bn(hy)=1-0 (/OT‘z swa(s)ds — /07'1 swi(s) ds) , (7.3.6)

such that for h < hy we have 3 Zj‘v:zo /Wh(j)h <1

(iv) If
I5] (/ swa(s) ds 7/ swi(s) ds> >1, (7.3.7)
0 0

then there is ho > 0 which obeys

Bn(he) =0 (/072 swa(s)ds — /OT1 swi(s) ds> -1, (7.3.8)

such that for h < hg we have 3 Z;VZQO /Wh(j)h > 1.

Remark 7.3.1. Part (ii7) of the above lemma is saying that if the stability parameter is less than one in the
continuous case then this parameter will also hold for the discretised equation for small . In other words
the asymptotic behaviour is preserved for small h. The same holds for part (iv).

It is standard that

N To T1
hli%1+ jZ::OWh(j)h— (/0 swa(s) ds—/0 swi(s) d5> =0

thus ensuring the existence of h; and hs in parts (iii) and (iv). However, it is convenient to have an explicit

bound on
N2 _ T2 e
Z Wh(j)h — (/ swa(s)ds — / swi (s) ds)
j=0 0 0
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in terms of h so that we can determine a bound on a value of h which will guarantee that the asymptotic
behaviour of the continuous—time process X given by (7.2.6) and its discrete approximation Xj,. In the
case when wy and wy are Lipschitz continuous there exists K3 > 0 such that |w; () — w;(s)| < K3t — s
forall 0 < s <t < 7;. Therefore we can choose J; in such a way that §,(h) < Ksh for i = 1,2. Then we
have

h) < h{4+3m3Ks+ 72 (W1 + W2) + 472 K3h} (7.3.9)

From this estimate and parts (iii) and (iv) of Lemma 7.3.1 we can deduce an explicit estimate on the critical
values of h (hy if (7.3.5) holds and hs if (7.3.7) holds) because the righthand side is a quadratic in /. Indeed
it can even be estimated by a linear function in h, because the requirement that No > 2 and (7.3.2) forces
h S 7'2/2.

Remark 7.3.2. Part (i) of the Lemma is proved by using the properties of the moduli of continuity. We

prove part (i7) by deriving an equation for Z;V:QO Whi(j f s) ds which comprises of five terms.
We simplify these five terms further to obtain the desued result Parts (mz) and (iv) are proved by exploiting
the continuity and the monotonicity of the moduli of continuity.

We are now in a position to discretise X. Let /Wh be defined by (7.3.3). Suppose that
(&(n))n>1 is a sequence of i.i.d.N (0, 1) random variables. (7.3.10)

We suppose for n. > 0 that X (n) is an approximation for X (nh). Suppose we approximate I;(¢), nh) by
IL* (’L/J, n) . Define (Xh(n»nzo by

Xn(n+1) = 9(0) + I} (v, n) — I3 (4, n) ZWh —i)h (7.3.11a)
+U\/EZ§(]+1)7 ’I’LZO,"',NQ—17
7=0
Xn(n—+1) =(0) + (¥ )+ Z Wi(5)g(Xn(n — 5))h (7.3.11b)

+m/EZ£(j+1)7 n > Ny,

Jj=0

where X, (0) = 4(0).

7.4 Statement and Discussion of Main Results for Discrete Equation

It is convenient to introduce the discrete resolvent 7 defined by

N2
Pn+1) =8> Wi(j)hi(n—j), n=>0, (7.4.1a)
j=0
7(0)=1; 7(n)=0, n=-Ny—Ny+1,...,—1. (7.4.1b)

We can prove the following result concerning asymptotic behaviour of solutions of (7.3.11) under the con-
dition (7.3.5).

Theorem 7.4.1. Let h > 0, 75 > 7 > 0 and define Ny by (7.3.2). Suppose that wi and ws obey (7.2.1),
(7.2.3) and (7.2.3), and that g obeys (7.2.4) and (7.2.5). Suppose ﬁA> 0 is such that (7.3.5) holds. Let
h1 > 0 be defined by (7.3.6) and suppose that h < hy. Suppose that Xy, is defined by (7.3.11). Then

lim sup Xn(n) = Jg' ——— =1 A(h), as.
nne /3) logg(nh) 1 B3 Wa(i)h
lim inf X (n) = o] a.s

n=oo \fa(nh)logy(nh) 11— B Wi(j)h'
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Moreover
o

h—0+ T 1o B ([, swa(s)ds — [ swi(s)ds)

Remark 7.4.1. First we prove the result for the linear equation. Then we rewrite X, (n) = Z,(n) + Y5 (n)
where Zy,(n) is a bounded function whose limit tends to zero. Subsequently the limit of the nonlinear
equation is equal to the limit of the linear equation.

This result is consistent with the asymptotic behaviour of the solution X of (7.2.6); Not only does The-
orem 7.4.1 show that X; mimics the almost sure iterated logarithmic rate of growth of the partial maxima
of X, but that the normalising constant A(h) converges as h — 0T to the normalising constant on the
righthand side of the continuous process X . The relevant continuous—time result appears in Chapter 4, and
is restated here for ease of comparison.

Theorem 7.4.2. Let 75 > 7 > 0. Suppose that wy and ws obey (7.2.1), (7.2.3) and (7.2.3), and that g
obeys (7.2.4) and (7.2.5). Suppose 3 > 0 is such that (7.3.5) holds. Then the solution X of (7.2.6) satisfies

: X(t) o]
1 - _ .
e 2t loglogt 1 — 3 (fy* swa(s)ds — [ swi(s)ds) “
lim inf X(¢) o] a.s.

t—oo /2tloglogt :71—ﬁ( o swa(s)ds — [t swi(s)ds)’

In the case when 3 obeys (7.3.7), we have that X », grows at an exact a.s. exponentially rate; moreover
the rate at which X}, grows converges to a limit as » — 0%

Theorem 7.4.3. Let h > 0, 7o > 7 > 0 and define Ny by (7.3.2). Suppose that w1 and ws obey (7.2.1),
(7.2.3) and (7.2.3), and that g obeys (7.2.4) and (7.2.5) and also

/oo maxs| <z |g(3) - 53‘
1

5 dx < 4o00. (74.2)

x
Suppose 3 > 0 is such that (7.3.7) holds. Let hy > 0 be defined by (7.3.8) and suppose that h < hs.
Suppose that Xy, is defined by (7.3.11). Then there exists a \(h) > 0 and a finite F¢(co)-measurable
random variable L*(h) such that

Moreover A(h) > 0 obeys
lim A(h) = \*, (7.4.4)

where \* > 0 is the unique positive solution of
T1 T2
X =5 ( [ we ds = [T o ds) . (7.45)
0 0

The asymptotic behaviour of X 1, 1s consistent with that the solution X of (7.2.6), in that X grows at an
exact a.s. exponential rate provided the nonlinearity g satisfies (7.4.2) and that the discrete exponential a.s.
rate of growth A(h) of X}, converges to the almost sure exponential rate of growth A* > 0 of X. Once again,
the corresponding continuous—time result is proven in Chapter 4, and is restated here to aid comparison.

Theorem 7.4.4. Let 7o > 7 > 0. Suppose that wy and ws obey (7.2.1), (7.2.3) and (7.2.3), and that g
obeys (7.2.4) and (7.2.5) and also (7.4.2). Suppose 3 > 0 is such that (7.3.7) holds. Then the solution X of
(7.2.6) satisfies
. X(1)
lim

A/
t—oo e/\*t

,  Q.S. (7.4.6)

where \* > 0 is the unique positive solution of (7.4.5) and L is an a.s. finite and F5(co)-measurable
random variable.

Remark 7.4.2. To prove Theorem 7.4.3 we first show that |)/(\' n| is bounded by the function z*. We then
prove that the limit of =* is finite and subsequently the limit of | X}, | is finite.
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7.5 Proofs of Supporting Results
7.5.1 Proof of Lemma 7.2.1

Written in integral form (7.2.6a) is

// wn(u (s = w)) duds — // wa(u )) duds

+oB(t), t>0.

Lett > 7,

// (s — u)) duds = // 1) dvds
// d”d8+// ) dv ds.

[ et s
//(+) (s —v) ds g(X(v)) dv
/0 (/0 ver _>)wi<“>dU> 9(X () dv

(L s ([ s

A P A Vi P

On the other hand

L
//+) i(s —v) dsg(X(v)) dv
/_ </0(+) wifs — v>ds> 9((v)) dv
X /O < /v(mm e ds) -
/_On (/_ wilt) d“> g(p(v))dv+ /0 ( /0 T ) du) 9(X (1) dv.

Now
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Therefore fort > 7;

/ / wi(w)g(X (s — w) duds:Ii*(z/))—i—/On </Owt_v) wi(u)du> (X (v)) dv
+ /t </7M(t—v) w; (u) du) g(X(v))dv

Lett € [0, 7;], then

/ / (s~ 0)g(X (0) duds
</U+T>M S_Ud8>g
:/0 </v+7)/\t (5 ds>g
/0 (/(WW (s— v ds) o(X(v)) dv
" ( T s =) ds> s+ [ ([ s =0y ds) gtx(e
-/ ( / R ) st o+ [ t (f ) ) o(X(0) o
L)+ / ( / i) du) (X (o)) v

because t —v < t < 7; forv € [0,¢] and ¢ < 7;, then

// (s —v)g ))dvds =1, /W X(t—9))

v

(X(v)d
(¥ (v)) dv

+

0

S—

Fort > 1;,t —s >, 1f5€[ 5, 0], hence 7; A (t — 8) = 74, s0 I;(¢,t) = I} (3). Fort > 0
// wi(u (s —w)duds =1I7(¢,t) + /W g(X(t —s))ds.
Therefore
X(t)=v(0)+ I (v /W1 X(t—s))ds — Ix(¢y,t)
/W2 X(t—s))ds+oB(t)

which proves (ii). Let t > 7o, then
X(t) =4(0) + I} () — I3 (¢) + /0 (Wi(s) — Wa(s)) g(X(t — s)) ds + o B(t)
=9(0) +I{(¥) - I3 (¥) + /072 (Wi(s) — Wa(s)) g(X(t —s)) ds

o B(t) + / (Wi (s) — Wa(s)) g(X (¢ — s)) ds.
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For t > 79, W;(t) = ft/\ﬂ wi(s)ds = [ w;(s)ds = 1, then fort > 7

0

0

X(t) =9(0) + 1 () = I3 (¢) + /072 (Wi(s) — Wa(s)) g(X(t = s)) ds + o B(t),

which completes the proof.

7.5.2 Proof of Lemma 7.3.1

Clearly W,(0) > 0, and W, (N3 + 1) = 0 by (7.3.3¢c). Forj = 1,..., Ny wehave 0 < j — 1 < N, — 1.
Therefore 0 < (j — 1)h < (N2 — 1)h < Nyh < 75 and both terms on the right hand side of (7.3.3b) are
well-defined. Foreach j = 1,..., Ny we have jh < Noh < 19, s0fori = 1,2

Therefore

Hence we have

Jj—1 j—1
> wi(th)h =y
1=0

=0

ih j-1
/ w;(s)ds — Zwi(lh)h
0 1=0

ih
/ wi (s
0
ih
/ wa(s
0

)ds — jz_: wy (lh)h
1=0

)ds — ]2_: wa(lh)h
1=0

Jj—1

=0

J=1 (+1)h
sZ[ jwi(s)

1=0 /1h

j—1
<Y héi(h) <
=0

No—1

=0

S 61(}1‘)7-27

S 62(h)727

wa(lh)h > /0 " () ds — 61 (s — /

(I+1)h
Z (/lh wj(s

(1+1)h
)ds — / w;(lh) ds
ih

—w;(lh)| ds

> héi(h) = 6;(h)hNy < 5;(h)7s.

(7.5.1)

(7.5.2)

jh
wg(s) ds — 52(h)7'2
0

jh jh
= / wi(s)ds — / wa(s) ds — 19(d1(h) + 02(h)).
0 0

Therefore for j = 1,..., Ny as jh € [0, Nah] C [0, 2] by (7.3.3b) and (7.2.3) we have

_— Jh jh
vwmz/ m@w—/ w(s)ds > 0,
0 0

as required. To prove part (ii), define w(t) := w1 (t) — wa(¢) for ¢ € [0, 7], and note from (7.3.3) that

No e T
jz_:owh(J)h—/o W(s) ds

N2
= hra(61(h)
=0

No—

+h Y

= (N2 4 1)h1a(01(h) + 02(h)) +

Ny—1

h T2
+h w(lh)h — Wi(s)ds —
2 vl |

No—1 j—1 Ny—1 G+1)h
+02(h)+ > R wlh)h— Y / W (s)ds
j=1 1=0 j=1 Jih
1 h T
w(lh)h—/ W(s)ds — W(s)ds
0 Nah
No—1 .(j+1)h [i—1
Z/ (Zw(lh)h—W(s)) ds
j=1 “ih 1=0

W (s)ds.

Naoh
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Now we estimate the first term and the last three terms on the righthand side. By (7.3.2) we have

(NQ + 1)h7’2 (51(h) + 52(h)) < (7’2 + h) To (51(}1) + 52(}1)) .
Next by (7.5.1), (7.5.2), (7.3.2) and (7.2.2) we have

Ny—1

> w(lh)h

=0

(7.5.3)

Ny—1 Nz—1

> wi(th)h = > wa(lh)h

=0 =0
Nz—1 Nz—1

< > wi(lh)h+ wy(Ih)h
=0 =0

(7.5.4)

Nah Noh
< /0 w1 (s) ds + 1201 (h) + /0 wa(s) ds + 1201 (h)
< 24 79(81(h) + d2(h)).

Now W (t) = W1 (t) — Wa(t) = fomn wi(s)ds — JAT? wa(s)ds so W(t) < 1. Hence

h
/ W(s)ds < h. (71.5.5)
0

Also as Ny obeys (7.3.2) we have

T2

W(S) ds <1 — Noh < (1 + Ng)h — Noh = h.
Nah

Therefore by (7.5.3), (7.5.4), (7.5.5) and (7.5.6) we have

N T2
jz_:OWh(j)h—/o W(s)ds

(7.5.6)

S (7’2 + h)TQ ((51(h) + (52(h))

No—1

J+1)h j-1 s
Z /jh (Zw(lh)h—/o w(u) du) ds|.

+ h(2 + TQ((sl(h) + 52(h))) + 2h +

(7.5.7)
j=1 1=0

We estimate the last term on the righthand side of (7.5.7). For s € [jh, (j + 1)h]

j—1

Z w(lh)h — /Os w(u) du

=0

1=0 “th ih

J=1 L(+1)h s
= Z/lh (w(lh) — w(u)) du — / w(u) du.

1=0 jh

J=1 L(+1)h J=1 L(+1D)h s
:Z/ w(lh) du—Z/ w(u) du—/ w(u) du
! 1=0 /1h j

Hence for s € [jh, (j + 1)A]

j—1

Z w(lh)h — /05 w(u) du

=0

J=1 (+1)h s
< Z/z lw(lh) — w(u)| du—l—/ |w(w)] du.

1=0 "th ih
Now for u € [lh, (I + 1)h] by (7.3.1) we have

w(lh) — w(w)] < [wr(1h) — wn(w)] + fwa(Ih) — wa(u)] < 51(h) + Salh).
Therefore for s € [jh, (j + 1)h]

;w(lh)h—/o w(u) du <jh(él(h)+§2(h))+/jhw1(u)du+/jhw2(u)du

< jh(01(h) + 62(h)) + (W1 + Wa) A,
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where we have defined w; = sup,¢|o ,) wi(t). Therefore

No— (G+1)h
Z/ Zwlhh /
j=1 ik
No—1 (j+1)h |11 s
< Z/ Zw(lh)h—/ w(u) du| ds
j=1 Jih 1=0 0
NaZl o (G+1)
< Z/ Jh (61(h) + 02(h)) + (Wi +wz)hds
j=1 7ih
No—1
<

Z {ih? (51(h) + 62(h)) + (W1 +Wa) h*} .

Therefore

NZ} /J(]H)h (Jiw /0 w(u) du) ds

j= =0
No—1
< h2 (61(h) + b2(h Z j+ (Ny — Dh (w1 + W) h. (7.5.8)

Thus by (7.5.7) and (7.5.8) we have

N. -
> Wiih - | was
< (12 4 h)72 (81(h) + 62 (h)) + h (4 + 1281 (h) + 62 (h)))

+ B2 (61(h) + 62(h)) W + (N3 — 1)h (W, + W) h
= (12 + h12) (61(h) + 62(h)) + 4h + T2h(61(h) + d2(h))

+G10) + ) TR 4 () 4 )

3
< (27'22 —+ Qh’Tg) (51(h) —+ 52(h)) +4h + T2 (@1 + @2) h.

Therefore we have (7.3.4). Because we can deduce the identity

SAT1
/ Wi(s ds—/ / duds—/ /wg ) du ds
:/ / wl(u)dsdu—i—/ 1ds—/ / wa(u) ds du
0 u T1 0 u

= /T1 (11 — w)wy (u) du + 19 — 11 — /T2 (12 — wws(u) du

0 0

T2 2
= / uwsg(u) du — / uwi (u) du,
0 0

using the fact that [ w;(u) du = 1, together with the continuity of w; and ws and the fact that w (t) = 0
for t € (71, 72]. Suppose that (7.3.5) holds. We note that the moduli of continuity are non—decreasing.
Therefore h +— n(h) is an increasing function. Since d; is continuous, we have that 7 is continuous and we
also have 7(0+) = 0. Therefore there exists h1 > 0 which obeys (7.3.6). Hence for h < hy, by (7.3.6) we

132



have

53 Walih < 5 ( / " swa(s) ds - / " suns) ds) + Bn(h)

j=0
< (/OT swy(s) ds — /0 swy(s) ds> + Bn(hy) = 1.

This proves part (iii). To prove part (iv), suppose that (7.3.7) holds. Once again by the continuity and
monotonicity of the moduli of continuity §; and §, there exists ho > 0 such that hs obeys (7.3.8). Since
h +— n(h) is an increasing function, by (7.3.8) for h < hy we have

ﬁimmh > 9 ( /O " sws(s) ds - /O " swi(s) ds) — Bu(h)

> 8 ( [ suaterds = [ st ds> T i) = 1,

which proves part (iv).

7.6 Proof of Theorem 7.4.1

The asymptotic analysis of the nonlinear equation (7.3.11) is facilitated by studying an auxiliary linear
equation. To this end we define ¢ = ¥(0) + I () — I5 ()

7.6.1 Linear stochastic equation

No n

Y(n+1)=c+ > BWa()hY (n—j)+ > &(i+1), n> Ny, (7.6.1a)
=0 =0
Y(n)=Xp(n), n=0,...,Ny, (7.6.1b)

where &,(j + 1) = ovV/hé(j + 1) for j > 0.

Lemma 7.6.1. Let h > 0, o > 7 > 0 and define N5 by (7.3.2). Suppose that wy and wo obey (7.2.1),
(7.2.3) and (7.2.3). Supposgﬁ > 0 is such that (7.3.5) holds. Let hy > 0 be defined by (7.3.6) and suppose
that h < hi. Suppose that'Y is defined by (7.6.1). Then

- ORI o _
sup - No 17 /-
n— 00 2(nh) 10g2 (’I’Lh) 1-— ﬁ Zj:O Wh (])h
lim inf Yin)

n—oo /2(nh)logy(nh)

= —A(h), a.s.

Moreover

lim A(h) = 7

h—0+ 1= B ([, swa(s)ds — [ swi(s)ds)

Proof. Define F(n+1) =c+ Z?:o &n(j + 1) where n > Nj. Then ?(n) = Xp(n)forn =0,...,N,
and

N2
Y(n+1)=Y AWy()hY (n—j)+ F(n+1), n> Ny, (7.6.2)
§=0
Define also i by
N2 _ N
Jn+1) =Y BWi()hg(n —j), n >Ny §(n)=Xp(n), n=0,1,...,N,. (7.6.3)

J=0
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Define U (n) := Y (n) — §(n) forn > 0. Then U(n) = 0 forn = 0,1,..., N, and

N2
Un+1)=Y BWi()hU(n —j) + F(n+1), n > Na.
§=0

n—1

Forn > N3 + 1 by the variation of constants formula we have U(n) = >_/_y 7(n —j — 1)F'(j + 1).
Then for n > N5 + 1 we have '

Y(n) =5(n) + z_j Fn—j—1) <c+Z§h(l+ 1))

=N 1=0
n—1 n—1 j
=gn)+e Y Fln—j—1+ Y Fln—j—-1) &(l+1)
j=N> j=N> =0
Define .
R(n) =Y 7(j), n>0, (7.6.4)
§=0
and
n—1
yi(n) =gm)+c > Fln—j-1), n>Ny+1.
j=N2
Therefore for n > N5 + 1, we obtain
R n—1 j
Vi) =)+ 3 fn—j— 1) € +1)
=N 1=0
n—1 [ n-1
=y(n)+ ) Fn—j—=1) | &+1)
1=0 \j=IVN,

J=N, 1=0 k=0
$O
anzfl szl ’I’L*szl
y2(n) =7y(n) +c Z () + Z ( Z ?(k)) &n(l+1), n>Na+1. (7.6.5)
1=0 1=0 k=0
Therefore .
Y(n)=y2(n)+ Y Rn—1-1&(1+1), n>Np+1 (7.6.6)
I=Na
Since Z;‘Vio /Wh(j)h < 1, we have
N . 1
lim R(n) =: R* = NS
e 1= B, W)k
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and y(n) — L as n — oo. Therefore

N2—1
lim ya(n) = L+ cR" + R’ > Gl+1) = L.
=0
From (7.6.6) we have forn > Ny + 1
R n—1 n—1 N
Y(n)=ya(n)+ R* Y &+1)= > (R*=R(n—1-1))&(1+1). (7.6.7)
I=No I=N>

Since &;, are independently and identically distributed with zero mean and variance o2h, by the Law of the
Iterated Logarithm we have

I+1 " +1
lim sup —El N & ) =lo |\f liminf—Zl N, & ) :,|0|\/ﬁ,

n—oo v/ 2nlogy n n—oo . /2nlog,n

Define V(n) = Y- ]\1, (R* — R(n — 1 —1))&,(I+ 1). Let b(z) = \/z, & > 0. Then b : [0, 00) — [0, 00)
is increasing and b~ ! () = 22. If £ is a random variable with the same distribution as &3, (n), by Corollary
4.1.3 in [28], we have

a.s. (7.6.8)

ZP@ )| > vl <EB(€))] = B[€?] < oo.

By the Borel-Cantelli lemma, lim sup,, . [£x(n)]/+/n < 1, a.s. which implies that
lim,, o0 |€n(n)]/v/2nloglogn = 0 a.s. Thus, there is an a.s. event Q* such that for all w € Q*, and all
e > 0, there is C'(g,w) > 0 such that

|€h(n,w)| < Cle,w) + ey/2nloglog(n + e¢) =: y(n,w), n€N.

By ﬂZjViO jWh(j)h <1, R* — R € (*(N;R), so we have

\V4 R*—R(n—j—1)|y(w ©
lim sup 7‘ (m, w)) < lim sup Ej . | Rn —j = Dh(@,)) Z

n—oo YN, W n—oo ’y(n,w) =0

thus limsup,, _, . |V (n,w)|/v2nloglogn < 52;10 |R* — R(j)], hence

S, (R = R(n—1—1))&,(1+1)

li =0, a.s. 7.6.9
o v2nloglogn s ( )
Therefore by (7.6.7), (7.6.8), and (7.6.9) we have
Y Y
lim sup (n) = o] Vi = —liminf _ Y a.s

n—oo \/2ﬂ10g2ﬂ 1— 52;\[:20 W(])h n—oo /2n10g2n

and therefore

. Y o SR 4 (1
sup = N, = = —limin ,
n—oo \/2(nh)logy(nh) 1 — 33772 hW(j) n—co . /2(nh)logy(nh)
almost surely, as required. O
7.6.2 Proof of Theorem 7.4.1
Define
v(x) = g(x) — Bz, forallz € R, (7.6.10)
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and let ¢ = ¢(0) + I7 (1) — I3 (). Then by (7.3.11b) we have

N2 n
Xn(n+1)=c+ > Wi()hg(Xn(n—5)+ D i +1), n>Ny,
j=0 7=0

where £, (j + 1) := oV/hé(j + 1) for j > 0. Define Z(n) = X, (n) — Y (n) forn > 0. Then Z(n) = 0 for
n € {0,1,---,Na}. Forn > Na,

Zn+1) zwh )i (9(Zn(n = 3)) = B (n — )

Na
- zwh h (9(Xn(n = 5)) = BXn(n = 5)) + Y BWa(i)hZ(n - j)
=0
Ny R '
=G(n+ 1)+ BWi(j)hZ(n - j),
j=0
where G(n + 1) := Z;V:QO Wi (j)hy(Xn(n — 5)). Therefore we have
Zin+1)=Gm+1)+ Y BWi(j)hZ(n—j),n> Ny, Z(n)=0,n=0,1,...,N,.
=0

Define Z_(n) = Z(n + Ny) forn > —Nj and G_(n) = G(n + Ny) for n. > 0, then

N2
Z_(n+1)=G_(n+1)+ Y BWi(j)hZ_(n—j), n=>0
j=0
Z_(n) =0, n=-1,-2,...,—Na.

Now for n > 1 we have Z_(n) = >_7_ — F(n—1—j)G_(j + 1) and so
Z(n+ Ny) = Z;L OlA(n —1—7)G(j + 1+ Ny) for n > 1. Therefore for m > N2 + 1 we have

m—Ng—1 m—1
Zm)= Y Fm—-Na—1-j)G(i+1+N)= > F(m—1-1)G(l+1).
j=0 =N3>
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Forn > Ny +1

n—1 N>
= > Fln—j =) Y Wa)hy(Xn(j —1))
j=Ns =0
n—1 J
=3 Fn—j-1) Y Walj—khy(Xalk)
j=Na2 k=j—N2
n—1 [ (N2+k)A(n—1)
— Z ( Z T(n—j—1DWh(j— k‘)h) Y(Xn(k))
k=0 Jj=kV N2

No—1 [(Na+k)A(n—1) . N
r(n—j—=1Wp(j = k)h | v(Xn(k))

Jj=N2

n—1 (N2+I€)/\(TL—1)
k=N» j=k

+ 3 PR S NTATES k)h) Y(Xn (k)

n—1 [ (Na+k)A(n—1) . R
fin)+ ) ( > ?(njl)wmk)h) Y(Xn(k)),

k=N, =k

where

Ny—1 [(N2+k)A(n—1)
k=0 j=N»

filn) = P CE B NTACES k)h) Y(Xn(k)) (7.6.11)

obeys f1(n) — 0asn — oo. Nextletn > 2N, + 1. Then

n—1 (N2+k)A(n—1)
> ( > ?(n—j—l)@(j—k)h) Y Xn(k))

k=Ns =k

k=N j=k

n—1—Ns [ No+k e R
> ( Y Fln—j = HWa(j - k’)h) V(Xn(k))

M |

(Z Rn—j = )Wi(j — k)h> (Xn(K)).

k=n—Nz \j=k

Define 1(j) = S04 7(j — L — 1)Wy(I)h for 1 < j < Ny. Then for j € {1,..., Ny} we have

j—1
() = 7 =1 )Wa(Dh
1=0
2 N2
P — 1= DWa(Dh =Y (i =1 = )W)k
1=0 =5
1 1.
==Y B — 1= )Wih(Dh = =7(j),
B £ g
where we used (7.4.1a) at the last step and (7.4.1b) at the first. Therefore
n—1 - n—k—1 -
Pn—j—DWh(j —kh= Y Fln—k—1-1)Wy()h=n(n—k).
=k 1=0
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Consider the first term on the righthand side, where & € {N3,...,n — 1 — N3}. Then

Nao+k e 1 N .
> Fn—j—1D)Wa(j—k)h= 3 > R —k—1-0)BWy(1)h.
=k 1=0

Sincek<n—1— Ny,wehaven—k—1>n—1—n+1+ Ny = Ny > 0. Hence

No+k

Y Fn—j— OWa(j —k)h =

i=k

r(n—k):=nn-—k)

Q\*—‘

where we have defined 1
n(j) = B?(j), j>1 (7.6.12)

Forn > 2N, + 1 by (7.6.12) we have

n—1 [ (Na+k)A(n—1) . R
> Yo Fn— = )W — k)b | v(Xa(k))
k=N, j=k
n—1—Ns . n—1
= > nn—kyXu®)+ Y. nln—E)y(Xak)).

k:NQ k:’anz

Thus

n—1
Zn) = fitn)+ Y nn—k)y(Xu(k), n>2N;+1, (7.6.13)
k=Na
and because 7 is summable, we have € L!'(N;R) and also 7(k) > 0 for all k¥ > 1. Let € > 0 be so small

that e 372, n(1) < 3. Also by (7.2.5), for every € > 0 there exists L(e) > 0 such that |y(z)| < L(e) + €|z
for all x > 0. Therefore for n > 2N5 + 1,

Z)1 < 1A+ Y o= k) (L(e) + e Xa(k)])
k=Ns
n—1 n—1
=i+ L(e) D nn—k)+e > nin— k)Y (k)
k=N, k=N,
+e Y n(n—k)|Z(k)
k=N>
n—1 n—1
<fated nn—RYE|+e > nn—k)ZE)
k=N» k=No
<fted nn—k)YE)|+ed nin—k)Zk)
k=0 k=0

where fo > 0 is defined so that | f(n)| + L(e) 7 N, M — k) < foforalln > 2Ny + 1. Let f3 =
maxo<;<aon,+1|Z(j)| and fa := fo + f3. Thenforn > 1

Z(n)| < f4+6in(n— R)Y (k) +62—:77(n— DIAGI
k=0 k=0

Define f5(n) := fs + € Y p—o n(n — k)|Y (k)| for n > 1. Therefore

lim sup f5(n Z lo1Vh =:eK(h), as. (7.6.14)

s W 1= 0 BWh(j)h
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Define n_(n) := n(n + 1), n > 0. Then for n > 0 we have

n

n(n+1-k)|Z(E)| = fs(n+1)+ey n-(n—k)|Z(k).
k=0

~

[Z(n+ 1| < fs(n+1)+e€

bl
HMz
o

N\

Define (Z(n))n>0 so that Z.(0) = | Z(0)| and define

Zen+1)=fs(n+1)+€e> n-(n—k)Z(k), n>0.
k=0

Then |Z(n)| < Z.(n) for n > 1. Clearly Szon-(3) = X252 n(j) < oo, and Y72 jen(j§) < 5. Let
(pe(n)),,>( be defined by p(0) = 1 and

pe(n+1)=en-(n+1)+eY n(n—kp(k), n>0.
k=0

Note that 7%  pe(n) is finite, because -7 en—(j) < 1/2. In fact we have

D pen) =14 pn)=1+€> n-(n)+e>_ n-(n)Y_ pe(n).
n=0 n=1 n=1 n=0 n=0

Therefore

- o 1‘*‘6220:1777(”)
nz_:ope(n) =T ()

and Z(n) = f5(n) + > p_o pe(n — k) f5(k) for n > 0. Then by (7.6.14) we have

Z. >
lim sup [Z<(n)]

—— <
n—oo /2nlogyn — o

for all € € (0,€(h)) so small that Z;‘;l en—(j) < 1/2. Therefore we have

Z Z
lim sup 2l < limsup 2l < eKq(h).

n—oo +/2nlogyn n—oo +/2nlogyn

Therefore as ¢ > 0 is chosen arbitrarily, we have that

Z
lim sup [Z()] =0
n—oo 1/2(nh)logy(nh)

on each sample path. Thus

lim sup h =0, a.s.
n—oco +/2(nh)logy(nh)

Combining this with Lemma 7.6.1, we obtain

X, X
lim sup n(n) = o] = — lim inf n(n)

n—oo \/2(nh)logy(nh) 1 —BY2 B () n=00 \/2(nh)logy(nh)’

almost surely, proving the first part of the result. The second part follows from Lemma 7.3.1.
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7.7 Proof of Theorem 7.4.3

We start with a preliminary lemma which tells us that the exponential rate of growth of the discretised
equation mirrors that of the continuous equation. Also as the step size tends to zero the rate of growths in
the two systems will concur.

Lemma 7.7.1. Let h > 0, o > 1 > 0 and define N by (7.3.2). Suppose that wy and wo obey (7.2.1),
(7.2.3) and (7.2.3). Suppose that 3 > 0 is such that (7.3.7) holds. Suppose also that h < ho where ho > 0
is defined by (7.3.8).

(i) There exists a \* > 0 such that

5/ W(s)e ™ *ds = 1. (7.7.1)
0
(ii) There exists a unique o(h) > 1 such that
No g
a(h) =" BWy(j)ha(h) 7, (7.7.2)
j=0
and therefore 7 defined by (7.4.1) obeys
. T(n)
1 =R*(h . 7.7.3
nin;oa(h)” R*(h) >0 ( )
(iii) With a(h) given by (1.7.2), define
1
A(h) = 7 log a(h) > 0. (7.7.4)
Then
lim A(h) = \* 7.7.5
Jim A(h) = A%, (7.7.5)

where \* > 0 is given by (7.7.1).

Remark 7.7.1. The proofs of (i) and (i¢) are short and straightforward and no outline is given. To prove
(#41) we establish the bound |I(\) — Fj,(A\)| < BC2(h). Then we use properties of the functions I and F
combined with the bound to show that |A(h) — A\*| < e. Hence the required result.

Proof. (i) has already been proven. For (ii) define

Nz(h)/\ 4
Gr(@) =8> Wi(ha UtV a>1.
j=0

Recall that ﬁ/\h(j) > 0forallj =0,..., Ny andin particular that Wh(O) > 0. Then (a) G (1) > 1 because
BZ?’:Z(()}L) I//V\h(j)h > 1; (b) @ — Gp(«) is decreasing and continuous in «; (¢) limy—. Gp(a) = 0.
Therefore there exists a unique (k) > 1 such that Gp,(«(h)) = 1 which gives (7.7.2). (iii) If A(h) is given
by (7.7.4) we have a(h) = e Define

Nz(h)/_\ 4
Fr(N) =B Y Wi(j)he MU x> 0.
j=0

Then Fj,(A(h)) = 1; note also that A — F},(\) is decreasing and continuous. Define

Na(h)=1  .(j+1)h o
CQ(h) =2h+ Z / }W(S) - Wh(s)| ds
j=0 7k

Na(h)h o
=2h +/ (W (s) — Wh(s)| ds,
0
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where Wp,(s) := Wh(j) for jh < s < (j + 1)h. Then Cy(h) — 0, as h — 0. Define

0= [ Wis)e ds.
0

Then (a) I(A*) = 1, (b) A — I(N) is decreasing. Let e € (0, A*) be fixed. Then as I(A* —¢) > 1 and
I(A\* +¢€) < 1, there is ha(€) > 0 such that 3Ca(h) < I(A* —¢) — 1 where h < ha(e) and hs(e) > 0
such that 3C2(h) < 1 — I(A\* + €), h < h3(e). Define also h*(€) = min(ha(€), hz(€), ha). Therefore for
h < h*(e) we have

Fu(Ah) =1; BCy(h) <I(\*—¢)—1; BCy(h) <1—I(\* +e). (7.7.6)

T2 Ng(h)/\ v
[()\) — Fh()\) = ﬁ/ W(s)e_ks ds — ﬁ Z Wh(j)he_)\(j+1)}L
0 =0

(G+Dh __ A
/ Wh(j)e 2Dk gg
j

Ny—1

Ngh
=p W(S)ef)‘s ds — Z
° j=0 Jih
T2
+ ﬁ W(S)G_As ds
Nsh
Na—1 o(j+1)h B |
=8 / (W(S)e‘*s - Wh(s)e—Mm)h) ds
j=0 “ih
T2
+ 6 W(S)G_AS ds
Noh
Na—1 o(j+1)h . B |
— ﬂ Z / (e_/\(J-i-l)h (W(S) — Wh(S)) + W(S) (e—AS _ e—)\(]+1)h) ) ds
=0 jh
T2
+8 W(8)67A5 ds.
Ngh

Thus as A > 0 and W (s) < 1 we have

[1(A) = Fu(N)]
Nz—1 (G+1)h

<8 Z e—,\(j+1)h/J (W (s) — Wh(s)| ds
=0 J

jh

Na b r(i+1)h ,
48 Z / (e—/\s _ e—/\(g+1)h> ds + BheN2h
o Jih

Jj=

No—1 .(j+1)h B Noo1 | |
<p Z / (W (s) = Wh(s)| ds+ 3 Z h (e—Aah _ e—)\(j+1)h> \ Bh
j=0 7k =
No—l (j+1)h o No—1 _
=8 Z / |W(s) — Wh(s)| ds+ Bh Z e=Mh (1— e ) 4+ g
j=0 “Ih =
N1 o(j+1)h B R
=8> /h [W(s) = W(s)| ds + Bh (1= ™) 5 + Bh
=0 i
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In the case when A = 0 the second sum on the righthand side is zero and the estimate holds. Therefore for
all A > 0 and h > 0 we have

[I(A) = Fr(A)] < BC2(h).
Now let b < h*(€). Then Fj,(A* +¢€) — I(A\* + €) < SC5(h) and by (7.7.6)
Fu(\ +€) < BCo(h) + I\ +¢) < 1. (1.7.7)
Also for h < h*(€) we have Fj,(A\* —€) — [(A\* — €) > —(3C5(h) and by (7.7.6)
Fp(A" =€) > I(X\* 4 ¢€) — BC2(h) > 14 BCa(h) — BC2(h) = 1. (7.7.8)
Therefore for all € € (0, A*) there exists h*(e) > 0 such that for all b < h*(e)
(X —¢€)>1=F,(A(h)=1> F,(\* +¢).

Since A — Fj () is decreasing, A\* — e < A(h) < A* +eor |A(h) — A*| < e. Thus for all € € (0, \*) there
is h*(e) > 0 so that for all b < h*(e) we have |A(h) — A\| < e. But this is equivalent to (7.7.5). O

Lemma 7.7.2. Let h > 0, o > 7 > 0 and define No by (7.3.2). Suppose that wy and wo obey (7.2.1),
(7.2.3) and (7.2.3). Suppose that 3 > 0 is such that (7.3.7) holds. Suppose also that h < hs where ho > 0
is defined by (7.3.8). Then there exists a unique a(h) > 1 obeying (7.7.2) and therefore T defined by (7.4.1)
obeys (1.1.3) for some R*(h) > 0. Moreover the solution § of (7.6.3) obeys

n—oo (¢

lim &Z) = R*(h)a(h) ™2 (Xh(Nz)

No—1 No
+ ) a(h) ) Y @hWh(l))?h(j—z+N2)>.

=0 I=j+1

Remark 7.7.2. In this lemma we calculate an explicit formula for the exponential rate of growth of the linear
deterministic equation. Proof of the lemma is standard.

Proof. Define y_(n) = §i(n + N3) forn > —Na, z_(n) = Xp(n + N) forn = —Na, ..., 0 and extend
x_(n)forn < —Ny —1byz_(n) =0forn < —N3 — 1. Define v(j ) BW,(j)hforj =0,..., Ny and

v(j) = 0for j > Ng + 1. Therefore y_(n) = x_(n) forn = —N3,...,0 and by (7.6.3) we have
Ng oo
y-(n+1)=> v(y-(n—5)=> v(y-(n—3), n>0.
§=0 3=0
Taking z—transforms yields
Zz—(n-l-l) n+1)+y (0) lzz—nzv ,(n—j),
7=0

o0

sowith a(n) := > 2.2 v(j)z—(n — j) forn > 0 we have

2y—(2) = zy— +Z Z —(n—j +Z Z _(n—1j)

j=n+1

= zy_(0) + +Zz "a(n) = zy_(0) + 0(2)y_(2) + a(2).

n=0

y_(0) + a(z). On the other hand 7(2)(z — 5(2)) = z, so zy_(z) =

U= (2)7(2) (2 — 0(2)) = 27(2)y_(0) + 7(2)a(z), which implies for z # 0 that

T
o
=
o
o
<
—~
w
N
—
w
I
<
~!
w
=
I
w0



Therefore with b(n) := (r * a)(n — 1) for n > 1 and b(0) := 0, we have

oo oo oo

E(z):Zb(n)z*":zflz(r*a)(nfl (n=1) — 712 Txa) L

n=1 n=1

50 b(z) = 2~ '7(2)a(2). Therefore we have y_(n) = 7(n)y_(0) + b(n) for n > 0, or

n—1

y—(n) = Fn)y_(0) + (7 a)(n — 1) = Fn)y_(0) + 3 F(n—1 - ja(j), n> 1.
§=0

Since v(j) = 0 for j > Ny + 1 forn > N3 we have a(n) = 0. Forn € {0,..., No — 1} we get

Ny 00 Ny
an)= > vir-n—-j+ > viz-(n—j)= > vz (n-j)
j=n+1 j=N3+1 j=n+1

Therefore for n > N5 + 1 we have

No—1 n—1
Gn+ Na) = y_(n) = F)y_(0)+ 3 Fn—1-fa)+ 3 7n—1— ja(j)
Jj=0 j=N2
Nao—1
—F)FN2) + > Fn—1— ja(j)
§=0

Hence for n > 2N; + 1 we have g(n) = 7(n — N2)y(Na) + Zj 20 '%(n — Ny — 1 — 5)a(j) which yields
the limit

oy ) T No) N,
nh—>H;o a(h)r nh_{rolo a(h)—Ne a(h) y(Nz)
— Ny —1-— ,
+ Z - OELE — o n) 13
Na—1 ‘
:R*(h)a(h)*Nz G(N2) + Z a(h)f(lﬂ)a(]’)
j=0
Np—
R e (5 + 3 a0 S we (-1
Jj=0 I=j+1
= R*(h)a(h)~ " <)?h(N2)
Ngfl , N2 e R
+ Z o(h)~ (D) Z ﬁhWh(l)Xh(j—l+N2)>7
=0 I=j+1
as required. -

7.7.1 Proof of Theorem 7.4.3

We start by determining the asymptotic behaviour of Y defined by (7.6.1), recalling the formulae

n—No—1 No—1 /n—Ns—1
ya(n) =Gn)+c Y T+ Y ( > ?(k)> En(l+1), n>Ny+1,
=0 =0 k=0
and
Y ( + > Rin—1-1)&(1+1), n>No+1.

l=Ns
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Under the hypothesis that h < hy we have that Wh( j) > 0 for all j > 0 and that 8 Z A Wh( j)h > 1.
Therefore by part (i) of Lemma 7.7.1, there exists &« = «(h) > 1 which obeys (7.7.2) and R* (h) > 0such
that 77 obeys (7.7.3). Therefore, with R defined by (7.6.4) we have

. R(n) . YI,T0) u ? j . > _
lim :hmi—l y~(r=3) = R*(h a(h)™I
§ 1
= B0 m

Next for n > Ny + 1 we have

wn) _ g0 Ro-N—1) (A
o)~ alh)yr T a(h) ( * Z nll “)

By Lemma 7.7.2 there exists a finite * such that § defined by (7.6.3) obeys
lim g(n)/a(h)™ =:y". (7.7.9)

Since Y obeys (7.7.9), we have

fm 20 e R L ! S 141 = o
oy =Y R T gy gy (0 2 @D ) =k
=0

Therefore as

Y (n) _ S Rn-1-1) 1
Oé(h)" o — a(h n -1 ( )l+1§h(l+1)
Ny—1 ]Bu(n—l—l) 1
- lz% a1 a(h )z+1§h(l+1)
we have
1 i; n * * 1 e _ 1
HILH;O ()" =y, + R (h)ﬁ(h)*l ZZZ]\;Q a(h) 1+ )fh(l +1)
_ R*(h) 1 Ne !
Vo a(h)~1 (a(h)N2+1 <C+ ; En(l+ 1)))
+ 1_]%;%_1 (i a(h)~TDE, (1 + 1)) — Y™
I=N»

We now turn our attention to the nonlinear equation (7.3.11). Let v be defined by (7.6.10) and define ¢ by
Yo(x) := max|s <, |7(s)| where 2 > 0. Then

()| < nax I7(s)] = 0(ly]), forally € R (7.7.10)

Is|<lyl

and g is non—decreasing. Therefore (7.4.2) 1mp11es

/Do 200@) gy [T Belze V) = () / il ‘<”” 96) =05 4y < poo. @7aD)
1 z 1
Forn > 2N, + 1, by (7.6.13) and (7.6.12) we have

n—1

Z(n) = filn) + > nln—k)y(Xa(k))
k=N,
n—1 1
= fin) + Y =F(n— k) (Xn(k))
k=N, s



Define F (n) := Y (n) + f1(n) then forn > 2N, + 1,

n—1

Ran) = F(n) + 3 %?(n (k).

k=N,
If n — 1 > 2(Ny — 1) then by (7.6.11) we have

N>—1 [ Na+k

Am) =3[ 3 Fn—j - DWa(i — k)b | 1 (Xn(k)).

k=0 \j=N,
Therefore as 7 obeys (7.7.3) we have

No—1 No+k ~

lim M = lim Z Z MOF(J#UW;L(]'—kVL ’Y()?h(k))

n—oo ™ n—oo an—i-1
k=0 \j=N»
No—1 No+k
= > R(h a”UHDW,(j — k) | y(Xn (k) =:
k‘:O j N2
Therefore 7
lim (1) = fi+Y" = Fy.

n—o00 a(h)n
Let X;,(n) = Xp,(n)/a™ and Fy(n) = Fy(n)/a". Then forn > 2Ny + 1,

n—1 o
5 L7 V(Xn(k))
Xn(n) Z B an k ok
k=N,
Therefore with 7#(n) := 7(n)/a™ we get

n—1

X’h(n) = ﬁl(n) + % Z (n— k)a_kv(ak)?h(k:)).
k=Na

Since 7, ﬁl are bounded sequences and (7.7.10) holds, there exists u* > 0 and
F{ > 0 such that

n—1
Kn(m)] < By +ut Y a9y (o/IK0()]) s m= 2N + 1.
7=0

Define I(n) = 37" 0 aI0(ad| X, (j)]), when n > 1. For n > 2(N; + 1)

n—1 n—2

1) = I(n—1) = 3" a ™ 0(@? | K0 ()]) = 3 @970 (/1 %0(5)1)

j=0 7=0
=a "Ny, (a"_l\)w(h(n - 1)\)
< a*(nfl),y() (anfl (Fl* +’LL*I(T‘L - 1))) ’

(7.7.12)

(7.7.13)

where we have used the monotonicity of vy at the last step. By (7.7.11) we have that z — ~o(x)/2? is in

L'(1,00). Therefore as o > 1 we may define Fiy > F} such that

<1 uwa? 1
il do - -
/ mQWO(x) TaT1 52

*

Forn > 2Ns + 2,

n n

Yo TG -IG-1)< > a Uy (o (F +utI( - 1)),

j=2N2+2 j=2N2+2
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SO

I(n) SI@Ny+ 1)+ Y a Uy (o7 (FY +uI(j - 1))
j*2N2+2

<I(2No+1)+ Z a0, (1 (F5 +u*I(n—1)))
J=2N2+2

<IN+ 1)+ Y a Uy (o7 (F5 + u'I(n))) .
J=2N2+2
Define y* = Fy +u*I(n). Thenforn > 2N; + land a > 1

n
I(n) < I(2N2+1) + Z a0 Dy (a3~ 1y)
Jj=2N2+2

n Yo aj—ly* . .
=I2Ni + 1)+ | > (Tfl) (F3 +u*I(n)).
j=aNa+2 Y

As x — vo(x) is non—decreasing

Thus

[ee) oo * j—1
/ ~Yo(x) dxza_l Z 70(y ol )
y

y*ajfl
j=2N2+2

So forn > 2N7 + 2,

1 y*a2N2+1 .732
2

I(2N; +1) — (Fy +u*I(n))

/
12N, +1) / (:FQI + 227“11 (n))
/

%(x) PF | [%n0lx) , o?u’
. 1
I(2N1+ 1)+ o~ dx a—1+ 2 dxa_l (n)
<1eN 41+ 2 L
! w2 Tl

Thus forn > 2N + 2,

I(n) < 2I(2Ny +1) +

u*

Hence I is bounded. By the definition of I and (7.7.13), this implies |)? 1| is bounded; therefore there
exists an almost surely finite random variable z* > 0 such that | X} (n)| < a* for all n > 0 a.s. Now for
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n > 2N7 + 1 we have

n—1

Xn(n) = Fi(n) + % 3 Fn—k)a Ty (ak)?h(k)) .

k=N3>

By (7.7.12), and the fact that 7#(n) = 7(n)/a" tends to a finite limit as n — oo, we have that X, (n) tends

to a finite limit as n — oo provided
0 ~
Z a=* ‘7 (ath(k))’ < 400, as,
k=N

but as |)Z'h(k)| < z* forall k£ > 0, by (7.7.10), and ~ is non—decreasing, we have

n

> 0t K] € 3 ot (HIK) £ 3 07t (obe)

k=N k=N, k=N>
n k,.x
o\ T
<yl (afz) .
akx*
k=0

By (7.7.11) and the fact that 7 is non—decreasing, we have

+oo>/
x*

* k1

z/m

’}/01,‘04 * k
dm>z g v (a—1)

which proves

n n k,.x
k k % (afa”) |
> ot et K| < 30w
k=N> k=0
SL/ ’Yo()d < +oo,
a—1 ). a2

which proves (7.7.14). We have shown that there exists a finite L*(h) such that

j\(h(”) . y
= lim X =L .S.
] () I n(n) =L*(h), as

By the definition of A(h) > 0 in (7.7.4) we have (7.4.3). By Lemma 7.7.1 it follows that
A(h) — A* > 0 where A* obeys (7.7.1). But such a A* is also the unique solution of (7.4.5)
by the definition of W.
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Chapter 8
Convergence of Euler Scheme for an Asymptotically
Consistent Numerical Methods for SFDEs with
Continuous Weight Functions

8.1 Introduction

In the previous chapter, we developed a discrete process X, as the solution of a Volterra summation equa-
tion, which reproduced the main asymptotic features of the stochastic delay differential equation

dX(t) = (/071 wy(8)g(X(t —s))ds — /0T2 wa(8)g(X (t — 5)) ds> dt+cdB(t),t>0 (8.1.1)

provided that the step size h is chosen sufficiently small. The construction of the process X} was motivated
by the fact Euler discretisations of (8.1.1) do not faithfully reproduce the almost sure asymptotic behaviour
of X. However, the results on X} concentrate on the pathwise asymptotic behaviour of X, rather than
moment error on finite intervals. It is known that Euler discretisations obey

E { sup |X(¢) —Xh(t)|2] <C(h,T), C(h,T)— 0ash— 0T foreachT > 0. (8.1.2)
0<t<T

where X, is an extension of X}, to continuous time. It is therefore reasonable to ask: can we similarly
extend the solution of our asymptotically consistent scheme X}, to continuous time in such a way that we
can show the continuous time extension X, obeys (8.1.2)? In this chapter we show that the answer is “yes”,
and provide an estimate on C'(h, T') which depends on problem data. Moreover, we can show that it obeys
C(h,T) — 0as h — 0 for each fixed T > 0. In fact, in the case when each of wy, wy and 1 is Holder
continuous of order 1/2 or greater, and g is globally Lipschitz continuous, we can show that the error is of
the from

E| sup |X(t) — Xn(t)|?| < crh(l+ ce®T), forall h < h*,
0<t<T

where ¢y, ca, c3 > 0 are constants independent of ~ and 7T'.

8.1.1 Discussion of Literature

The problem of constructing satisfactory numerical methods for stochastic functional and delay differential
equations has been investigated vigorously over the last ten years, and many fundamental results have been
obtained. One of the most important issues is to establish that any approximation converges (in a suitable
sense) over finite intervals to the true solution, to determine a rate at which this convergence takes place,
and to find an upper bound on the error incurred. These are the questions addressed in this chapter for the
non-standard discretisation we have chosen to employ. In order to demonstrate how our results compare
with the literature, we briefly review some of the known results.

One of the early works by Kiichler and Platen [45] which develops discrete time approximations for
solutions of SDDEs with fixed time delays which converge in a strong sense. Other early work on the nu-
merical approximation of hereditary equations was considered by Tudor [67]. An explicit one-step Euler—
Maruyama method for SFDEs with discrete delays was considered in Baker and Buckwar [16], and strong
convergence was obtained. Interestingly, this error depends on the index of Holder continuity of the initial
function, as in one of our main results. An extension of the results in [16] to SDDEs with variable delay, in-
cluding interpolation between meshpoints, was conducted by Mao and Sabanis [55], and to general SFDEs
by Mao [50]. The paper [50] also extends these results to equations with both locally and globally Lipschitz
continuous functionals. The order of strong convergence and Holder continuity condition on the initial
function are the same as those found and required, respectively, in our analysis. The strong convergence
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order is improved to unity in a Milstein scheme in Hu, Mohammed and Yan [39] where there are discrete
delays. The error is bounded according to

sup E[X(t) — Xn(t)?] < ch?
_r<t<T

given initial data which is Holder—continuous with exponent 1/2, rather than Mao’s estimate of

E| sup E[X(t) - Xn(t)| < ch.
—7<t<T

A relationship between p—th order mean—square consistency and p—th order mean square convergence for
very general SFDEs is established in Buckwar [23]; in particular, it is shown (under some natural and mild
conditions) for that p—th order consistency implies p—th order convergence. Moreover, [23] considers drift
implicit as well as explicit methods.

Weak convergence for general SFDE:s is considered in Buckwar, Mohammed, Kuske and Shardlow [24].
Results on consistency of the methods are obtained in many of the above—mentioned papers also. Linear
multistep methods are analysed in [25]. However, neither weak convergence nor consistency analysis are
considered here, and we restrict our attention here to one—step methods.

Despite the special structure of the original continuous equation, our results shown that the strong con-
vergence of the numerical solution, as well as the convergence rate and error estimate do not improve what
is already known in the literature. However, this is not of primary concern, because standard methods do not
seem to preserve the appropriate continuous time asymptotic behaviour. Thus, even though our convergence
results might be crude, they show that the nonstandard method not only preserves asymptotic behaviour,
but behaves acceptably in comparison to standard methods because it exhibits mean—square convergence of
order 1/2.

8.1.2 Limitations of results and future work

The method of discretisation employed in the last two chapters deals satisfactorily with the long—run dy-
namics, and recovers results with are at least comparable with the error analysis in the literature. However,
it must be admitted that the error estimates are obtained with greater effort, and for a much more limited
class of equations. Indeed, we have not attempted to employ implicit schemes, have not studied finite—
dimensional equations, nor considered equations with non—constant diffusion coefficient. This is due to
constraints of time and space: in any event, to do so would lead away from the main direction of the thesis.

Despite this, we feel for equations exhibiting the type of positivity properties seen here, that it may be
possible to again reformulate the SDDE to a Volterra integral equation. Then it would be necessary to
discretise in order to retain the dominant real solutions of the characteristic equation of the underlying
differential resolvent. As regards non—constant noise, an analysis of the continuous—time equation would
first be required to determine the asymptotic behaviour, and this to date is absent. An example of an
SFDE for which the exact exponential behaviour of the underlying deterministic equation is preserved for
unbounded noise is given in [13]. Given that we have been able to recover the asymptotic behaviour for
constant noise given in [13] in Chapter 5, there is some reason to be confident that we could once again
perform the asymptotic analysis in discrete—time.

8.2 Recapitulation of Results from Previous Chapter
As in the previous chapter, suppose that 7 := 75 > 71 > 0 and that

wy € C([0,7];[0,00)), wq € C(]0,72];[0,00)) (8.2.1)
We also request that
/ wi(s)ds =1, / wa(s)ds =1 (8.2.2)
0 0
and that . .
/ wi(s)ds > / wa(s)ds, te€0,m]. (8.2.3)
0 0
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Assume that the function g : R — R obeys

g is globally Lipschitz continuous with |g(z) — g(y)| < Ka|z — y| forall z,y € R; (8.2.4)
g is globally linearly bounded with |g(z)| < K3(1 + |z|) forall z € R, (8.2.5)
and that there exists
[ > 0 such that lim M = lim M = /. (8.2.6)
r—oo I r——00 I

Let o # 0 and B be a standard one—dimensional Brownian motion. Let ¢ € C'([—7,0]; R). Then there is a
unique continuous adapted process X which satisfies

AX (t) = ( /0 " (5)g(X(t — ) ds — /O b wg(s)g(X(t—s))ds) dt (8.2.7a)

+odB(t), t>0,
X(t) =), te[-r0] (8.2.7b)

We rewrite (8.2.7) as a Volterra integral equation. In doing so, we find it convenient to introduce some
auxiliary functions. Define Wy, W5 and W by

tAT;
Wi(t):/ wi(s)ds, >0 i=1,2, W)= Wi(t)— Wa(t), t>0. (82.8)
0

We also introduce the functions I; and I which depend on the function
0 TiN(t—s)
s = [ ([ wtde) g ds ez0 i=12, (3.2.9)

and the constants

rw= [ ([ wtwan) wisnas. i=1.2 (82.10)

—T; —s

We have already shown under these hypotheses that X can be written as the solution of a Volterra integral
equation.

Lemma 8.2.1. Suppose that w1 and ws obey (8.2.1), (8.2.2) and that g obeys (8.2.4) and (8.2.6). Then
there is a unique continuous adapted process X which obeys (8.2.7).

(i) I;(¢,t) = I, where t > 7; and
(ii) If W is given by (8.2.8) and I; by (8.2.9) then X obeys

X(t):¢(0)+11(1/J,t)*12(1/)7t)+/0 W(s)g(X(t —5))ds +0B(t), =0,

X(t) =9(0) + I{ () — I3 (¢) + /072 W(s)g(X(t —s))ds +0B(t), =7

Since w; and w- are continuous and defined on compact intervals, both possess moduli of continuity.
More precisely there exist functions d; : [0,00) — [0,00) and d5 : [0,00) — [0, 00) such that §;(0) = 0
and limy,_,¢+ 6;(h) =0 fori = 1,2 and

|t—s|§rfILl,§§€[O,T,;] |w; (t) — w;(8)] < d;(h) forallh € [0,7], i=1,2. (8.2.11)

Moreover each §; is non—decreasing. It is also useful to introduce the notation

w; = Orgntzg; wi(t), i=1,2. (8.2.12)
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Since v is continuous and defined on a compact interval, it also possesses a modulus of continuity. More
precisely, there exists a function d3 : [0,00) — [0, 00) such that §3(0) = 0 and d3 is non—decreasing with
limy o+ d3(h) = 0 and

- < for all . 21
O<t751§1}3§,t€[0,7] |¢(t) ¢(S)‘ - 53(h) orall h € [077-} (8 3)
Define also
G = _max g1 (s))] (8.2.14)

We pick h € (0, 71) so small that we may define Ny = Ny(h) € N, N3 > 2 such that

This automatically forces h < 75. Extend w1 (t) = 0 for ¢ € [r1,72]. We now define the sequence Wh
parameterised h > 0 by

Wi (0) = 7 (81 (h) + d5(h)) (8.2.162)
W (j) = 72 (81(h) + 8a(h)) + Zwl Ih)h — ng Lh)h -, Ny(h)  (8.2.16b)
Wh(Ny + 1) =0. (8.2.16¢)

It is implicit here that ﬁ/\h(n) is an approximation to W (nh). However, in order to recover the positivity of
W in the approximation, we have added a correction term to the naive approximation

n—1

nalve Zwl lh h— ZUJQ lh

The following lemma shows that this can be achieved in such a way that any resulting biasses or errors
introduced by the correction can be controlled. Also in the lemma, we record some estimates on the ap-
proximation of W to W.

Lemma 8.2.2. Let h > 0, and suppose that o > T1. Let w; have modulus of continuity §; given by (8.2.11).
Suppose that Ny = No(h) obeys (8.2.15). Define W}, by (8.2.16).

(i) Forj =0,...,No, Wh( j) > 0.
(ii) With w; defined by (8.2.12), we have

< 2722 (01(h) + 02(h)) + h {4+ 75 (W1 + W) + 273 (82(h) + 62(h))} := n(h). (8.2.17)

We recall the discretisation of X. Let /Wh be defined by (8.2.16). Suppose that

(&(n))n>1 is a sequence of i.i.d. N (0, 1) random variables. (8.2.18)

We suppose for n > 0 that X (n) is an approximation for X (nh). Suppose we approximate I;(v), nh)
by I;(¢),n) and I} () by I}(¢). Suitable formulae for I} and I; are given at the end, in (8.6.2). Define
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(X1 (n))nz0 by

Xn(n+1) = $(0) + (¢, n) = Io(,n) + > Wa(j)g(Xn(n — j)h (8.2.192)
=0
+ovhY & +1), n=0,,Ny—1,
j=0
Xn(n+1) = 0(0) + I (¥) +ZWh 9(Xn(n—j))h (8.2.19b)

+ax/ﬁ§j§<j+1), n > Na,

Jj=0

where X;,(0) = (0). The construction of f; and T; in (8.6.2) uses implicitly the identification X,(n) =
(nh) forn = —Na,...,0.

8.3 Discussion and Statement of Main Result

The equations (8.2.19a) and (8.2.19b) define a sequence of random variables approximating the continuous—
time process X which is the solution of (8.2.7) at a sequence of times. We would like however to be able
to estimate the error between the true solution of (8.2.7) and its approximation at all times on any given
interval [0, T']. To this end, we introduce a piecewise continuous interpolation X ;, associated with a uniform
step size h > 0. Our main result, which we now state, demonstrates that this interpolant converges to X as
h — 071 in the sense that (8.1.2) holds.

Moreover, an explicit estimate is known for C(h,T') in (8.1.2) in terms of the data. Of course, such
results have already been established for a wide range of general stochastic functional differential equations,
so such a result does not add to the state of the art; the convergence rate of solutions is no faster than
that of standard methods on any compact interval [0,7]. Indeed, as the scheme (8.2.19) exploits some
idiosyncratic features of (8.2.7), and the proof of convergence exploits these features, it would seem that we
have constructed a more complicated scheme, whose effectiveness is more difficult to establish, and which
supplies a more conservative error bound than general, simpler existing methods. Therefore, the merit of
establishing afresh such convergence result would seem to be severely limited.

We attempt now to justify our interest in such a result. We remember that we have already demonstrated
by means of sample simulations that standard Euler—Maruyama methods for discretising (8.2.7) do not
reliably reproduce the asymptotic behaviour of the solution of (8.2.7), even though the mean—square error in
(8.1.2) can be made arbitrarily small on any interval [0, T] by choosing h > 0 sufficiently small. Therefore,
we may think of the method (8.2.19) as being more robust than standard Euler schemes: not only does
it reproduce the asymptotic behaviour of (8.2.7) (a purpose for which it has been designed) in contrast to
simple Euler schemes, but it also satisfies (8.1.2) (for which it has not been designed), albeit with greater
error for a given amount of computational effort than an Euler scheme.

With X, defined by (8.2.19), we define the piecewise continuous approximation X to X by

Xn(t) = Xp (ULD . t>0. (8.3.1)

Theorem 8.3.1. Suppose that g obeys (8.2.5), (8.2.4) that wy and wo are non—negative continuous functions
which obey (8.2.2) and (8.2.3). and that v is continuous. Let X be the unique continuous adapted process
which obeys (8.2.7). Let T > 0 and h > 0 be such that h < 11 AT Let X, be defined by (8.3.1) where
X}, is the solution of (8.2.19). Then there exists a h* > 0 independent of T such that there exists a function
C:[0,h*) x [0,00) : (h,T) + C(h,T) such that

E| sup |X(t) — Xn(t)?| <C(,T), 0<h<h* (8.3.2)
0<t<T
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where C(h, T) — 0as h — 07 for each fixed T > 0. Furthermore, if w1, wo and 1 are Hélder continuous
of order 1/2 or greater, there exist h and T independent positive constants ¢y, co and ¢ such that

E| sup |X(t) — Xn(t)|?| < crh(l+ c2e®T), h e (0,h%). (8.3.3)
0<t<T

Remark 8.3.1. For equations with Lipschitz continuous coefficients with additive noise (such as (8.2.7))
standard uniform Euler methods with step size h gives an error O(h?) in the sense that

% 2 2
e B[X(nh) - Xa(n) ] < I, (8.3.4)

for some constant C' > 0, which can depend on 7', where N3 is defined by (8.5.1). Our estimate in (8.3.3)
is only O(h), however. The reason for this is that the estimate in (8.3.4), which can be estimated with
arbitrarily small error by Monte Carlo simulation, considers only the values of the error at the meshpoints.
On the other hand, the error considered in (8.3.3) deals with the error over the whole interval. To derive an
error estimate in this case, it is necessary to have estimates for the interpolation error over intervals of length
h for both the true solution X and the continuous extension X j, of X n- However, the relevant interpolation
error in the former case is of order h only, owing to the estimates of |B(t) — B(nh)| for t € [nh, (n+ 1)h].
The relevant estimate is

IE{ max  |B(t) B(nh)z} < 4h,
nh<t<(n+1)h

and this error propagates into the corresponding error estimates for | X (¢) — X (nh)| on [nh, (n+1)h]. This
“forcing term” in the Volterra difference inequality for the error on each interval leads to the O(h) estimate
in (8.3.3).

Remark 8.3.2. The construction of h* > 0 in the proof of Theorem 8.3.1 is technical. Here is an estimate.
Let K3 > 0 be defined by

K3 :=5K3 (/ : W (s)ds + n*) : (8.3.5)
0

where W is defined by (8.2.8), K is the constant in (8.2.5) and (8.2.4), n* > 0 is given by

3
’r]* = 57’22 (51(7’1) + (52(7’2)) + h {4 + T2 (wl +@2) + 27—2 (61(7'1) + 52(T2))}7 (836)
w1, Ws are given by (8.2.12), and d1, d2 by (8.2.11). Define Cy by
C4(h) = (T2 + h) (2 ((51 (h) + (52(]1)) To + h(@l + WQ)) , forh >0, (8.3.7)

and C5 by
Cg(h) = 2K3h + K3C4(h) + 2K37'2(51<h) + 52<h))h, for h > 0. (8.3.8)

Then we may choose h* > 0 such that
Cs(h*) < 1/4. (8.3.9)

Remark 8.3.3. We also give an estimate on C'(h) in (8.3.2). Let C be defined by
1 3302
Co(T) = 5+ —— +3 2) SVRERT T >, 8.3.10
2( ) (2 + 4\/§K2 + _E_ngaf;tw(s) )6 ) s ( )

Also define
C1(T) = 12K27 + 12K31,Co(2T) + 1202, T >0, (8.3.11)

where K> is the linear growth and Lipschitz constant of g from (8.2.5) and (8.2.4). With d3 defined by
(8.2.13), 97 and §, defined by (8.2.11), and G defined by (8.2.14), define
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Also define

e(h) = {501(T V )k + 5 (5(h) + 5(h)2 V5 (€1 () + ea(h))? (8.3.14)

+ (5K3 + 5K3C(T V 13)) 04(h)2} \/ {12K22h2 +1202h + 12K22h202(h)}

It turns out that we obtain the estimate for the mean square error with step A to be

C(h) =¢e(h) {1 +2K3 (/0T2 W(s)ds + Tl*) 64K3(T+7—1/\T)} 7

where n* is defined by (8.3.6) and K3 by (8.3.5). Thus we have the error bound

E 1?3§]|X(t)Xh(t)]2] ge(h){lJrQKg (/ W (s) ds+77*> e4K3<T+TlAT>}. (8.3.15)
telo, 0

Remark 8.3.4. It can be seen that if w;, wy and ¢/ are Holder continuous of order greater than or equal to
1/2, then the estimate (8.3.15) is of the form

E Lé?é‘f%] | X(t) - Xh(t)ﬁ’] < Cs5(T)h,

where Cj5 is independent of h. This is because in this case £(h) is order h for small k. To see this, the
assumption on the Holder continuity implies |w; (t)—wy (s)] < Ks|t—s|'/2, |wa(t)—ws(s)| < Kg|t—s|'/?,
[(t) —1(s)| < Kq|t — s|'/2. These facts force 6;(h) < Kgh'/? fori = 1,2, 3, from which we can infer
that £;(h) and ¥ (h) are order v/h for small i and i = 1,2. The fact that §;(h) < Kgh'/? fori = 1,2 also
implies that C4(h) is order h for small h. These estimates show that e(h) in (8.3.14) is order h, as required.
We also note that C5 cannot grow faster than exponentially in 7. This follows from exponential growth
bounds in 7" in the h—independent factor in (8.3.15), provided that C; and C5 grow exponentially fast in 7.
We see that an exponential bound on C'; implies an exponential bound on C';. An exponential bound on Cy
is true by e.g., Theorem 5.4.1 in [52]. An estimate for the equation (8.2.7) is given in Lemma 8.4.1 below.

Remark 8.3.5. The proof of this theorem involves deriving six Lemmas. The six Lemmas calculate bounds:
Lemma 8.4.1 calculates the bound on the second moment; Lemma 8.4.2 calculates a bound on the difference
between the resolvent X (¢) and the resolvent evaluated at the mesh point X (nh); Lemma 8.4.3 calculates a
bound on the difference between the continuous and discrete weights; Lemma 8.5.1 calculates a bound for
the moment error on the three intervals [0, h], [nh, (n + 1)h] for T' < 7o, and [nh, (n + 1)h] for T > 75.
Lemma 8.5.2 we calculate o* which enables us to calculate the bound h* on the mesh size h. Lemma 8.5.3
calculates a single bound for the moment error. Combining all this information together we are able to
prove Theorem 8.3.1.

8.4 Preliminary Results

Lemma 8.4.1. Let X be the solution of (8.2.7) and let T' > 0. Then

E[ max |X(t)|2} < Cy(T), (8.4.1)
te[—TQ,T]

where Cy is defined in (8.3.10).

Proof. The proof that (8.4.1) holds can be deduced by an argument similar to that of Theorem 5.4.1 in [52].
We give the revised argument in full. Let ¢ € C'([—7,0]; R) and define f by

1) = / " i (2)9(6(—s)) ds - / " wa(s)g(6(~s) ds.
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Then X obeys dX (t) = f(X;)dt + o dB(t). Suppose temporarily there exists K > 0 such that | f(¢)|? <
K(1+ ||¢]|?). Then for any ¢ > 0 we have

X2(t) :){2(0)+/0 (2X(s)f(Xs) + 07) ds—&—/o 20X (s) dB(s)
< X2(0)+ /O (cXQ(s)—Fi f2(Xs)+02) ds + /0 20X (5) dB(s)
§X2(0)+/0 <0X2(5)+I§(1+||XS|2)+02> ds+20/0 X(s) dB(s).
Hence we have

E [oz?ngX%)} < X%(0) +E/OT (cX2(s) + %(1 + 1 Xs)1%) + 02> ds

+2|0|E { sup /Ot X(s) dB(s)} .

0<t<T

Now by the Burkholder Davis Gundy inequality for any o > 0 and for any b > 0 we get

(£/xere)”
<z (ozt;pTX‘Sf)m </0T”S)

]E{ sup /OtX(s) dB(s)} <4E

0<t<T

1/2

1
<2E [a sup X (s)* + T] .
0<t<T a

Hence

T
K 4
B| sw x20] <2048 [ (x4 Ta s o+ 1) as

0<t<T 0 c «

+4a|UIE[ sup X(s)ﬂ .

0<t<T

Therefore with ¢ = VK, b = ﬁ (\/EJr o2+ %) and 1 — 4ao| > 0 we have

E [ sup XQ(t)}
0<t<T

T K K 4
§X2(0)+E/ (c sup X(u)?+— sup X(u)*+ (+02+|0|)> ds
0 C (0%

0<u<s C —7<u<s

+4|a|aE[ sup |X(t)|2}
<T

0<t<

T
§X2(0)+E/ <(c+K) sup X(u)2+(K+02+4|J|>> ds
0 ¢ ) —r<u<s ¢ o

+4|U|OJE[ sup |X(t)|2}

0<t<T

1 WK r
< —  X?0)+ ——F b XW)|?) ds.
T O+ T g (*f’ffq <“)'> ’

Also because
IE[ max X(s)2] < max ¢(s)? —&—]E[ max X(s)g]7

—7<s<t T —r<s<t —7<s<t
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we get

1

b+ E X2 <b 24— 2
FE| s XH0| <04 06+ 0
WK T
—_— b+E su X(u 2) ds.
1—40[|0'| 0 ( —TSESS‘ ( )l

Let 2(t) = b+ E [sup_,<,<, | X (u)[?] for T > 0. Then

1 VK [T
T)<b 24—y —_— ds, T >0.
o(T) < b+ _rTngaétw(s) iz 4o¢|a|w 0)+ 1 —4alo| Jo z(s) ds, =0
Hence by Gronwall’s inequality, we have for 7" > 0
1 2V
2 — < 2 2 TMT
b+ 8| sup [XWP| = (1) < (b4 mwx 00 + g e(0)) TR

so by fixing o« = 1/(8|o]|) we get 1 — 4|o|a = 1/2 and so

B | sw_ XG0P

—17<u<t

< (2\% (VK +330%) + max U(s)” + 21/)2(0)) AVET

1 3302 2\ 4VKT
< | = .
< (2+2 5—1—3_%}(?1/1(3) >e

It remains to estimate K. By (8.2.5), (8.2.1) and (8.2.2) we have

1) < / " () Ka(1 £ |6(—s)]) ds + / " (s Ka(1 + |6(—s)| ds

gzgiéﬁuq@n¢¢ﬂnds+zgg+J§{/WU@@)¢@snds

0

SK2||¢||/ 1w1(s)ds+2Kz+K2H¢ll/ " wn(s) ds
0 0
< 28s(1 + 6.

Therefore | f(¢)|? < 4K3(1+]¢]))? < 8K3(1+]|¢||?). Hence we may set K = 8K?3; thus VK = 2v/2Ko.
This together with the definition of C5 from (8.3.10) gives the estimate (8.4.1) as required. O

Lemma 8.4.2. Let X be the solution of (8.2.7). Let T > 0. If h € (0,71 AT, we have

E max | X(t) — X(nh)]*| < CL(T)h, foralln < T/h. (8.4.2)
te[nh,(n+1)h]

where the increasing function t — C1(t) is defined by (8.3.11).
Remark 8.4.1. We begin this proof by directly calculating | X (¢)— X (nh)|. Combining Doob’s and Cauchy—
Schwarz inequality we get an explicit estimate for the bound.

The estimate supplied by this Lemma is much less sharp than comparable results available in the litera-
ture. However, as it enables us to establish simpler estimates later on, and we have not attempted throughout
to optimise the upper bound on the mean square error estimate, we do not press the argument here either.
Part of our motivation here is to avoid analysing separately the cases where T' < 7o and 1" > 7.

Proof of Lemma 8.4.2. We show that (8.4.1) implies (8.4.2). Let t € [nh, (n + 1)h]. Then

t

X(t) — X(nh) = /

nh

< /0 wi(w)g (X (s —u)) du — /0 " (g (X(s — ) du) .
+ o(B(t) — B(nh)).
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Therefore by (8.2.5)
|X(t) — X (nh)]|
<K, /th (/0 wi(w)(1+ X (s — w)]) du+ /0 wa(w) (1 + | X (s — u)|)du> ds
’ + |o[|B(t) — B(nh)l,
which by (8.2.2) yields

X(t) — X(nh
ety X ()~ X ()]

< K» /n(nﬂ)h (2+/072(w1(u)+w2(u))X(s—u)| du> ds

" t

(n+1)h  p1o
§2K2h+K2/ / (w1 (u) + wa(u)) | X (s —u)| duds
nh 0

/n; dB(s)] .

Using Doob’s and Cauchy—Schwarz inequalities we get

+ o]  max
nh<t<(n+1)h

+]o|  max
nh<t<(n+1)h

E X (1) — X (nh)|?
om0~ X ()P

(n+1)h

< 12K3h% + 3K§E[ (/nh Uom(wdu) +wa(u)) [X (s — u) du] ds)?

[

UOTQ (w1 (u) +wa(u)) |X (s — u)| du] i ds}

[

2/0T2(w1(u) + wo(u))E [\X(s - u)ﬂ duds

2

+30°E [ max
nh<t<(n+1)h

(n+1)h
< 12K3h* + 3K3hE U
nh

+ 30°E l max
nh<t<(n+1)h

(n+1)h
< 12K2h% + 3K22h/
nh

+1202h
12K2h% + 12K3h2Cy((n + 1)h) + 120%h
(12K3h + 12K3hCs(T + h) + 120?)

<
<h
< h (12K37 4+ 12K37.C5(2T) + 1207)

where we have used the fact that A < T A 71 and that C is increasing. The definition of C; gives the
result. O

Lemma 8.4.3. Let W be defined by (8.2.8). Let h € (0, 71) and N5 be given by (8.2.15). Define W, by

Wha(t) =Wy (ULD . t>0, (8.4.3)
and n* > 0 by (8.3.6). Then
(i)
(N2+1)h T2
/ Whp(s)ds < / W(s)ds+n", (8.4.4)
0 0
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(ii) If Cy is defined by (8.3.7) then Cy(h) — 0 as h — 0T and

(Nngl)h
/ Ta(s) — W(s)|ds < Ca(h). (8.4.5)
0

Remark 8.4.2. This lemma provides some uniform bounds on the difference between W and W, As this
proof is short no outline is given.

Proof. Recalling that [* W(s)ds = [,* swa(s)ds — [, swi(s) ds, and by using (8.4.3) and (8.2.17),
we obtain

(N2+1)h Na (G+Dh No T
/ W(s) ds = / Wi(s)ds =S Wi(j)h < / W (s)ds + n(h),
0 j=0 jh 7=0 0

where 7 is defined as the righthand side of (8.2.17). Since the moduli of continuity of w; and wy are non—
decreasing in their arguments, and w; and ws are restricted to [0, 71] and [0, 72] respectively, inspection of
the formula for 7 reveals that n(h) < n*, where n* is given by (8.3.6). Therefore (8.4.4) holds. To prove
(8.4.5) we start by noting

N2

(G+1)h .
S [ W - W ds

(N2+1)h o
[ W -Wields -
0 =0 jh

We estimate [W (s) — Wy(j)| for s € [jh, (j + 1)h] and j = 0,-- - , N,. Recall from the extension of w;

to (71, 7o) and the definition w(s) = w1 (s) — wa(s) that W(s) = fOSATQ w(u) du. It can be shown that

W (s) = Wa(5)| < 2001(h) + 62(h)) 2 + h(wy +7T2).
Thus

(G+1D)h -
/h W (s) — W) ds < h {2 (81 (h) + 6a(h)) 72 + h(@1 +702)}

and so
(Na+1)h .
/0 W (s) = Wh(j)lds < h(Nz + 1) (2 (d1(h) + 62(h)) T2 + h(w1 + W2))
< (2 +h) (2(61(h) + 62(h)) T2 + h(w:1 +w2)) ,

which by the definition of C4(h) in (8.3.7), proves (8.4.5). The fact that §;(h) — 0 as h — 0T shows that
Cy(h) — 0ash — 0t. O

8.5 Proof of Theorem 8.3.1

The proof of Theorem 8.3.1 is the result of a sequence of lemmata. We first introduce the integer
N3 = N3(h) defined by
N3h <T < (N3 + 1)h. (8.5.1)

Our first (and most important) lemma shows that the error (A4,,),>o defined by

Apy1=E { max | X(t) -

2
0’|, n=0,...,N 852
te[nh,(n+1)h] n(®)] } n 3 (8.5.2)

obeys a linear Volterra difference inequality.

Lemma 8.5.1. Let h > 0 such that h < 71 A'T. Define

(s, nh) — L;(¢, n)

gi(h) = max , 1=1,2 (8.5.3)

n=1,...,N2
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and

-~

s =|rw) -Trw|, i=12. (8.5.4)

Let * > 0 be given by (8.3.6) and W by (8.2.8) and define K3 > 0 by (8.3.5). Also define e(h) > 0 by
(8.3.14), where Cy(h) is defined by (8.3.7), and C; and Cs are defined by (8.3.11) and (8.4.1) respectively.
Then (A,,) defined by (8.5.2) obeys

Ay < e(h), (8.5.5)
n—1
Apiq gg(h)+KSZWh(j)hAn,j, n=1,...,Na, (8.5.6)
j=0
Nz -
Apyr <e(h)+ Kz Y Wi(j)hAn_j, n=Ny+1,...,Ns. (8.5.7)
j=0

We have assumed in the proof that T' > 75 in which case we can choose N3 > Ny such that h > 0.

Remark 8.5.1. We begin this proof by deriving two estimates for X ((n + 1)h) on the two intervals n =
0,---,Ny—1and n > N,. Combining this information with the definition of X (¢) we compute the bound
on the first interval i.e. 8.5.5. Next we switch out attention to the interval [n, (n 4+ 1)h] when T' < 7.
For 1,---, Ny we calculate the formula for max;ep,p,(n+1)n) | X (t) — X (t)| and subsequently the bound
for the second moment. We follow a similar procedure to calculate the bound on the third interval i.e.
[, (n+ 1)h] where T' > 5

Proof. By the definition of (8.3.1) and (8.4.3) we have X ;,(nh) = X}, ([n]) = X, (n) as well as W, (nh) =
Wi ([n]) = Wr(n). Forn =0,..., Ny — 1 we have

(n+h B
/0 W (5)g(Xn((n + Db — 5)) ds

n

(G+Dh -
- g /  Wa(s)g(Kl(n+ Db ) ds
no__ (G+1)h
=Y W) [ ol Db ) ds
3=0 ih
n__ =i
=37 /Mh o(Xn () du

=Y " Wa(j)hg(Xn(n - ).

3=0
Therefore for n = 0, ..., Ny — 1, by (8.2.19a), because X 1,((n + 1)h) = X, (n + 1) we have
(nt1)h

YMW+1WFﬂM®+ﬁWWU—EWwﬁ+A Wi(s)g(Xn((n+1)h — s))ds

+0B((n+1)h), n=0,...,Ny—1. (8.5.8)
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Let N5 € N. Then

(Nz4+1)h o
/0 W (s)g(Xn((n+1)h — 5)) ds

N2

G+D)h _
_ ;/jh Wi(s)g(Xn((n+ 1)h — s)) ds
Ny —~ (J+1)h _
_ gw ”/jh 9(Xn((n+ 1)k — 5)) ds
No - (n—j+1)h
=30 [ e d
N2 N
= Z Wi(5)g(Xn(n —j))h.
j=0

Then for n > Na, since X, ((n + 1)h) = X, (n + 1), by (8.2.19b) we have

Xn((n+1)h) = 9(0) + I; () — I3 (¥)

(No4D)h o
+/ Wi(s)g(Xn(n+1)h—s)ds+oB((n+1)h), n > Ns.
0

We start by estimating the error on the interval [0, h]. Let t € [0, k). Then

~

X(t) = Xn(t) = X(t) — Xn(0) = X(t) — (0)

_ /Ot (/0 wi (w)g(X (5 — ) du — /0 wa(u)g(X (s — u))du) ds
+oB(t).

Therefore by (8.2.2) and (8.2.5)

ax, | X(t) — Xn(t)]

<[ ' ([ oo =)t [ watu (s = ) ) as

+ |o| max [B(t)]
0<t<h

g/oh (/OT wl(u)KQ(H|X(s—u)|)du+/0m wg(u)K2(1+|X(s—u)|)du) ds

+ |o| max |B(t)]
0<t<h

<Ky / ' (2+ / " (w1 () + w3 () 1X (s — w) du) ds +|o| max |B(t)

/0 "dB(s)

h T2
:2K2h+K2/ / (w1 (u) + wa(u)) | X (s —u)| duds + |o| max
0o Jo te[0,h]
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Then by (8.2.2) and (8.4.1) and using Doob’s inequality we have

- 2

= s () - X0 ]
h T2 2
< 12K2h? +3K§h/ E U (wy (u) + wa(u)) | X (s — u)| du] ds
0 0

/0 " dB(s) 2

h
< 12K§h2+1202h+3K22h/ 2/ (w1 () + wa(w))E [|X (s — ) ] duds
0 0

max
0<t<h

+ 30%FE

h
< 12K3h* 4+ 120%h + 6K§h/ 205 (h) ds,
0
so by the definition of A; we have
0<t<h

A; =E | max |X(t) Xh(t)|2] < 12K3h% +1202h + 12K2h%Cy(h) < e(h), (8.5.10)

where we note the definition of (/) in (8.3.14). This proves (8.5.5). Next we develop an estimate for the
error on the interval [nh, (n + 1)h] for 1 < n < Ny. Letn € {1,---, No}. Then by (8.2.15) we have
h <nh < Nah < 15. Lett € [nh, (n + 1)h). Then by (8.5.8) and Lemma 8.2.1 we have

= X(t) — X(nh) + X(nh) — Xp(n)
= X(t) — X(nh)
+9(0) + I (¢, nh) — Is (¢, nh) + W )g (X (nh — s)) ds + oB(nh)

0

( )+ Il (Y, n 12 (¥, n) / Wh(s Xh(nh — s)) ds + O’B(TLh)) .

Thus for ¢t € [nh, (n+ 1)h) where n € {1,---, Na},

X ()= Xu(t)
= X{6) = X(0) + Db nk) I, m) = (Ba(v,nh) = B(v.n)

nh
+ W X(nh—s)) ds — / Wh(s)g (Xn(nh —s)) ds. (8.5.11)
0 0
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We consider first the last two terms on the righthand side of (8.5.11). By (8.2.4) and (8.2.5) we have

nh
| WX = ) = Wa(5)g(Tn(nh - ) ds

AMW@—

nh
| Tu6) (o k= ) = oK = 5)) s

< Wi(s)) g(X(nh — s))ds

+
nh

IN

A W (s) — Wa(s)| lg(X(nh — )| ds
nhi e
+K2/ Wh(s)‘X(nh—s)—Xh(nh—s)‘ ds
0
nh
<Ko [ W) = Wa)] L+ X0 - 9)) ds
0

nh
+K2/0 Wh(s)|X(nh—s) — Xp(nh — s)| ds.

Then

nh
/0 W (s)g(X (nh — 5)) — Wa(s)g(Xn(nh — 5)) ds

nh nh
< Kg/o |W(s) = Wh(s)| ds+ KQ/O [W(s) = Wh(s)||X(nh—s)| ds

nh
JrKg/ Whi(s)|X(nh—s) — Xu(nh — s)| ds. (8.5.12)
0
Recall the definition of ¢; given in (8.5.3). Then by (8.5.3), (8.5.11), and (8.5.12) for 1 < n < N, we have
X(t) — Xn(t
el X @ = Xn(t)]
< X)) —X
< omax X (1) = X(uh)| +ea(h) + ()
nh o nh L
+ KQ/ W (s) — Wa(s)| ds + K / W (s) — Wi(s)| [ X (nh — 5)| ds
0 0
nhi -
—|—K2/ Wh(s) | X (nh —s) — Xp(nh —s)| ds.
0

Therefore as (a1 + az + ag + a4 + a5)? < 5(a? + a3 + a3 + a3 + a2) then by (8.4.2)

= 2
E X(t) — Xn(t
[te[nfrzr,l(%)il)h] | ( ) ’< )| }

< 5E [te[n}rtl,l(%z)il)h] | X () — X(nh)ﬂ +5(e1(h) + ea(h))?

nh
+5K3 (/0 (W (s) — Wh(s)| ds)
nh

nh
+5K22/0 |W(s) — Wh(s)| ds /0 [W(s) fWh(s)|]E|X(nhfs)2\ds

2

2

nh
+5K3E / Wh(s) | X(nh—s) — Xp(nh—s)| ds
0
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The estimate of the first term on the righthand side is straightforward but noteworthy. Since n < N», the
definition (8.2.15) implies n < Ny < 75/h. Also, h < 75 by construction. Therefore by Lemma 8.4.2

(specifically by making the choice T = 75 in (8.4.2)), we get
E X(t) — X(nh)|*| < Cy(m2)h.
LX) - Xl < i)
Therefore for n = 1,. .., No, by the definition of Cs (viz., (8.4.1)), we have
- 2
E X(t) — Xp(t
Le[nlrzr,l(%zil)h] | ( ) }( )’ ]
< 501 (r2)h + 5 (e1(h) + e2(h))”
2

nh 7
+ (5K3 + 5K35C(m2)) </0 (W (s) — Wh(s)| ds)

nh nh
+ 5K3 Wh(s)ds Wi(s)E [| X (nh — s) — Xp(nh — s)|?] ds.
0 0

Forn =0,..., Ny let A,,+1 be given by (8.5.2). Then

/ Wh(s ’X nh—s) — yh(nh—s)ﬂ ds
n—- G+h - . 9
:Z/ Whi(s)E ‘X(nh—s)—Xh(nh—s)‘ ] ds
(J+1)h r o 9
/ max | X(nh —u) — Xp(nh — u)| } ds
Lih<u<(j+1)h
(J+1)h r o 9
/ max | X (v) — X0 (v)] } ds
L(n—j—1)h<v<(n—j)h

@G+Dh n-l__
= Z/ Wh(s)An—jds =Y Wi(j)hA,_;.
J

j=0"7Jh =0
Using this estimate, (8.5.2) and (8.5.13) we obtain forn = 1,..., N
An+1 < 5C4 (Tg)h +5 (51(/7,) + 52(h))2

nh o 2
+ (5K3 + 5K3C5(m)) (/0 (W (s) = Wh(s)| ds)

+5K2/ Wh(s)ds - ZWh VhAn_j, n=1,...,N.
7=0

(8.5.13)

(8.5.14)

Finally, we deduce an estimate for the error on [nh, (n+1)h] for No+1 < n < N3. In this case by (8.2.15)
we have 72 < (N2 4+ 1)h < nh. Let ¢t € [nh, (n + 1)h]. Then by (8.5.9) and Lemma 8.2.1 we have

X(t) = Xa(t)
= X(t) — X(nh) + X (nh) — Xp(n)

= X(t) — X(nh) +¢(0) + I{ (¢ / W(s)g (X (nh — s)) ds + o B(nh)

N . (N2+1)h -
- <w<o> + W) - Tw) + / Wi ()g(Xn(nh — s)) ds + aB(nm)
= X() = X(nh) + I () = T () = () - ()

T2 (N2+1)h
4 /0 W (s)g(X (nh — s)) ds — /0 W ()g(Xn(nh — 5)) ds.
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Next as W (t) = 0 fort > 75 and 75 < (N3 + 1)h we have

T2 (N2+1)h7 o
/ W (s)g(X (nh — ) ds — / W (5)g(Xn(nh — 5)) ds
0 0

Wi(s)g(Xn(nh — s))) ds

(N2+1)h
A (W(s)g(X (nh — 5)) —

(N2+1)h o
/0 (W(s) = Whi(s)) g(X(nh —s))ds

(N24+1)h o
+ /0 Wh(s) (g(X(nh —5)) — g(Xn(nh — s))) ds.

Therefore by (8.2.4) and (8.2.5) we have

T2 (Ng—i—l)hi -
/ W(s)g(X (nh —s))ds — / Wh(s)g(Xn(nh —s))ds
0 0

(Na+1)h o
<Ko [ W) = W] (14 X (b = ) ds

(Na+1)h o
—|—K2/ Wh(s)| X (nh —s) — X(nh —s)|ds
0

SO

T2 (N2+1)h7 -
/ W(s)g(X(nh —s))ds — / W(8)g(Xn(nh —s))ds
0 0

(N2+1)h o
< KQ/ W (s) — Wa(s)| ds
0
(N2+1)h .
+K2/ |W(s) = Wh(s)| | X (nh — s)|ds
0
(N2+1)h7 .
+K2/ Wi(s)| X (nh —s) — Xp(nh — )| ds. (8.5.16)
0

Recall the definition of £f(h), i = 1, 2, from (8.5.4). Then for n > N5+ 1, by (8.5.15), (8.5.16), and (8.5.4)
we have

X(t) — Xn(t
te[nlal}(%ﬁl)h] | ( ) h( )|

< X(t) — X(nh 1(h 5(h
< X0 - X(ub)|+ () + <30
(N2+1)h o
+ K / W (s) — Wa(s)| ds
0
(Nerl)h .
JrKg/ [W(s) = Wh(s)||X(nh—s)| ds
0

(N2+1)h7 e
+K2/ Wh(s)|X(nh — s) — Xu(nh — s)| ds.
0
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Therefore as (a1 + az + az + a4 + as)? < 5(a? + a3 + a3 + a3 + a2) then by (8.4.2)

h(t)|2]

E { max | X(t) —
te[nh,(n+1)h]

X
te[nh,(n+1)h]

(Na+1)h o
+ 5K3 (/O |W(s) — Wh(s)] ds)

(N2+1)h o (N2+1)h o
+ 5K§/ W (s) — Wi(s)| ds / W (s) — Wi(s)| EIX (nh — 5)?| ds
0 0

§5]E{ ma |X(t)_X(nh)2]+5(e;(h)+s;(h))2

2

(Na+1)h B 2
+5K3E UO Wh(s) | X (nh —s) — Xp(nh — s)| ds] .

Since Nj is defined by (8.5.1) and we have n < N, it follows that n < T'/h. Also, h < T by construction.
Therefore by Lemma 8.4.2 (specifically (8.4.2)), we get

" X(t) = X(nh)[*| < C1(T)h.
[te[nfrbr,l(iﬁnh]' (t) (nh)] } < Ci(T)
Therefore for n = 1, ..., N, by the definition of Cs (viz., (8.4.1)), we have
< )2
E X(t) — Xn(t
|:t€[”frbr}(%)i1)h]| () n(1)] ]
< 5CUT)h + 5 (<5 (h) + €5 (h))?

(Na+1)h o 2
+ (5K3 + 5K3C(T)) / |W(s) — Wh(s)| ds
0
(N2+1)h (N2+1)h _
+ 5K§/ Wh(s) ds/ Wh(S)E [|X(nh—s) — Xp(nh —s)|*] ds.  (8.5.17)
0 0
We estimate the last term on the righthand side of (8.5.17)

(N2+1)h
/ Wh(s)E “X(nh—s) —Yh(nh—s)ﬂ ds
0

Na o o(G+Dh ] o )

:Z/ Wh(s)E ’X(nh—s)—Xh(nh—s)’ ] ds
j=0"3h ]
N r(G+Dh r _ )

< Z/ Wi(s)E max |X(nh—u) th(nhfu)| ] ds
i—oih Lih<u<(j+1)h
N2 o o(j+1)h r o 9

= Z/ Wh(s)E max | X (v) — X1(v)] ] ds
= Jin [(n—j~1)h<v<(n—j)h
N2 (G+Oh No -

= Z/ Wh(s)An—jds =Y Wy(j)hAn_;.
j=0"Jh j=0

Using this estimate, (8.5.2) and (8.5.17) we obtain forn = No 4+ 1,..., N3
Ant1 < 5C1T)h + 5 (e (h) + e3(h))?
(Na+1)h o 2
+ (5K3 +5K3C5(T)) / |W(s) — Wh(s)| ds
0
(N2+1)h7 Na -
+5K22/ Wh(s) dSZWh(])hAn,J, n=Ny+1,...,N3. (8.5.18)
0

=0
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We now simplify and consolidate the estimates (8.5.14) and (8.5.18). By (8.4.4) and (8.3.5) we have

T2 (N2+1)h7
K3 =5K3 (/ W(s)ds + n*) > 5K§/ Wh(s)ds. (8.5.19)
0 0

By (8.3.14) and (8.4.5) we have
e(h) = 5CLU(T NV 72)h + 5 (5(h) + £5(h)* V5 (e1(h) + £2(h))? (8.5.20)
+ (5K22 + 5K2202(T V Tg)) C4(h)2
> 5C1(TV 72+ h)h + 5 (e5(h) + e5(h))* V5 (1(h) + e2(h))*

(No+1)h 2
+ (5K3 +5K35C5(T V 12)) (/ [Wh(s) —W(s)| ds> ,
0

where Cy(h) is defined by (8.3.7). Then by using the estimates (8.5.14), (8.5.18) together with (8.5.19) and
(8.5.20) we obtain the estimates (8.5.6) and (8.5.7) as required. This completes the proof of the lemma. [

Our next lemma is technical and short. For this reason no explanation of the proof is given. Amongst
other things, it enables us to estimate an upper bound on the step size i.e. h* for which an explicit estimate
can be given on the mean square error in (8.3.2). It also prepares an estimate which will be of importance
in deriving an explicit upper bound on the errors A,, defined in (8.5.2).

Lemma 8.5.2. Let o* > 0 be such that

4

Define C3 by (8.3.8), and let h* > 0 be such that (8.3.9) holds. Let h < h*. Then there exists A\ = A(h) > 1
such that

2 x 1
K3/ W(s)e™® *ds < -. (8.5.21)
0

No
> Wi(i)hKsA(h) U <

1
—. 5.22
, 5 (8.5.22)
7=0
Remark 8.5.2. We notice that o* = 4K3 > 0 suffices in (8.5.21). Since W (¢) < 1 for all ¢ > 0 we have
T2 N T2 . [e’e} . K 1
Kg/ W(s)e_asdngg/ e_asds<K3/ e_‘"“ds:—f:f,
0 0 0 « 4

as required.

Proof of Lemma 8.5.2. With o* > 0 defined as in (8.5.21), let A\(h) = e* " > 1. We have the identity

(N2+1)h . N3 (G+V)h .
/ Wh(s)e™™ *ds = Z/ Wh(s)e™® *ds
0 0vJ

Ne G+Dh
= ZWh(j)/ e ™ %ds
=0 jh
1—eo'h Mo . TN
=" ‘ Wh(j)h (6 )
=0
1— e—a*h No -
= —j
o 2 Wal)hA()
7=0
Thus
(Na+Dh ) | _ e—a'h Ny ‘
/ K3W(s)e™® *ds = —————A(h) Y KsWy,(j)hA(h) =0T
0 a*h =
e 1 X i
= ZK3Wh(])h)\(h)—(J+ ).
§=0
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Hence if
(N2+1)h o . 1ed™h 1
KW TS ds < ———— 8.5.23
/ SWa(s)e™" s < 552 (8523)

then (8.5.22) holds, as required. Then

(Ng—‘rl)h . . T2 .
/ KsWhp(s)e™™ *ds — Kg/ W(s)e ™ *ds
0 0

Nzhi (Nz-f-l)hi

= K, ( Wh(s)e @ *ds +/ Wh(s)eo‘*sds>
0

Nzh

T2

Nzh s *
— K3 < W(s)e ™ *ds + Wi(s)e *? ds)
0

Nah

Nah
= K3/0 (Whi(s) —W(s)) e % ds

(Ng—‘rl)hi . T .
+ K3 / Wh(s)e™™ *ds — K3 W(s)e™® *ds.
Nah Nah

By (8.2.8) we have W (¢) < 1 for all ¢ > 0; moreover by (8.2.3), W (t) > 0 for all ¢ > 0. Thus as a* > 0
and the definition of C4(h), C5(h) and using the fact that h < h*, we have

(N2+1)h o . T2 .
/ KsWg(s)e™® *ds — Kg/ W(s)e™ *ds
0 0

Nah .
< K3/ (Wi(s) —W(s)| ds + KsWy(Na)h + Ksh
0

< K3C4(h) + K3Wh(N2)h + Ksh
< K3Cy(h) 4+ K3|W (Nah) — Wi (Na)|h + KsW (Nah)h + Ksh
< 2Ks3h + K3Cy(h) + Ks|W (Nah) — Wi, (N2)|h

1
< 2K3h + K3C4(h) + 2K372(61(h) + d2(h))h = C3(h) < 1
Therefore by (8.5.21) and the last estimate, we obtain
(N2+1)h . . T2 . 1 1 1
/ KsWh(s)e™® *ds < Kg/ W(s)e™® ®ds + C3(h) < it1i=5 (8.5.24)
0 0

We now use this estimate to prove (8.5.23). Since z — z/(e” — 1) is decreasing on (0, 00), we have
a*h/(e*™™ — 1) < 1, so by (8.5.24) we have

a*h (Ne+Dh ats 1
ea*h 1 /O K3Wh(8)€ dS < 5
which is (8.5.23). Hence (8.5.22) holds and the lemma is proven. O

The construction of «* and h* > 0 in Lemma 8.5.2 along with the inequality (8.5.22) enable us to derive
an explicit exponential upper bound on the growth of A,, defined in (8.5.2). The form of this bound will
eventually allow us to derive an estimate for the error in (8.3.2) which remains under control as h — 0.

Lemma 8.5.3. Let o* > 0 obey (8.5.21). Let h* be defined by (8.3.9). Then for h < h*, A(h) = e > 1
satisfies (8.5.22). Define

No
S(h) = K3y _ Wi(j)h. (8.5.25)
j=0

If A,, obeys (8.5.5), (8.5.6), and (8.5.7), then
A, <eh)14+2S(h)A(W)"™), mn=1,...,Ns. (8.5.26)
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The estimate (8.5.6) holds in the case when T" < 75. In that case we need only consider n < Ny < N3
in the proof below.

Remark 8.5.3. As the proof is short no outline is given.

Proof. For n = 1, the proof is trivial. Suppose that (8.5.26) is true for m < n i.e., suppose that
Ap <e(h) (14 2S(h)A(h)™), foralll <m <n. (8.5.27)

We now show that the same estimate holds for A, 1. Letn =1,..., No. By (8.5.6) we get

n—1 n
Appr <e(h) + K3 > Wi(j)hAn_j =c(h) + K3 > Wi(n — j)hA;
§=0 j=1

n

e(h) +e(h)Ks > Wi(n— j)h (1 +28(h)A(h)?)

Jj=1

j=1

< e(h) <1+ngn:hm(n—j)) h) K328 (h ZhWhn AR

= ¢(h) (1 + Ky i Wmm) +e(h)2S(h) i KshWy (DA(R) =D \(h) 1

=0 =0
Nz - N2 e
< e(h) (1 + K3 Wh(l)h) +e(h)28(h) Y KshWi (A(R) =X (R)™ 1.
=0 =0
Thus by (8.5.25) and (8.5.22) we get

N2
Apgr < e(h) (1+ S(h) +2:(h)S(h) > KshW, (DA(R) =D \(B)"H
=0

)+ 22(R)S() S\ ()
(14 5() + SGIAR)™)

(1 + S(R)A(R)"H + S(h))\(h)("“))
(14 2S(R)A(R)" ).

Hence A, 11 < e(h) (1+2S(h)A(h)"T'), where n € {1,...,N,}. Therefore (8.5.26) holds for all
n < Ny + 1. Now let n > N, + 1 and suppose that (8.5.27) holds. Then by (8.5.7) we get

)
)+

N2
A1 <e(h) + Kz Yy Wi(j)hA,-
j=0

N2
<e(h)+ K3 Y Wi(j)he(h) (1+2S(h)A(h)" )

Jj=0

Ny N2
=e(h) (1 + K3y W (j)h) + K3 Y Wi(j)h2S(h)e(R)A(R) =D A(R)"+

Jj=0 Jj=0

IN

() (1-+ S()) + 25 (W=(h) A ()"
(h) (1+ S(h) + S(AG)™)

(h) (14 5( h))\ h)" T+ S(h)A(R)™TY)
e(h) (1 +2S5(h)A( )"'H) ,

IN

£

which proves the result. O
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We are finally in a position to prove Theorem 8.3.1.

Proof of Theorem 8.3.1. For h < h*, by Lemma 8.5.3, we have forn =0, ..., N3 that

- 2
X(t) = Xnt)]"| = Apgr < e(h)(1 +2S(h)A(R)™TY).
X0 = Xal0f | = A < 201+ 250D
Since A(h) = ¢® " > 1 and n < N3 we have

E max | X(t) - X

2 .
t <e(h)(1+2S(h)e” h(n+1) .
[t€[0,(n+1)h] n( )| :| <e(h) ( +25(h)e )

Since N3 obeys N3h < T < (N3 + 1)h, we have

_ e -
E X(t) — Xp(t <E X(t) — Xp(t
s KO- a0l <2, 0 - a0

< e(h) (1 + QS(h)ea*thH))

< e(h) (1 + 2S(h)ea*<T+h>) .

Next, as h < 71 and S(h) = K3 E;V:QO Wh (4)h, by (8.4.4), we have

st < 6 ([ Wds ).

where n* > 0 is given by (8.3.6). Therefore as h < 7 AT, we have

T2
B clo.1) | X(t) _Xh(t)ﬂ <e(h) {1 + 2K (/ W(s)ds + 77*> e (TJ“”AT)} .
te|0, 0

We call the righthand side C'(h). This proves the estimate (8.3.2). We note that C'(h) — 0 as h — 07

provided e(h) — 0 as h — 01 where €(h) is defined by (8.3.14). Since Cy(h) — 0as h — 0, we have
that

li i(h) =0, i S(h)y=0 fori=1,2 8.5.28

g (W) =0l €l () =0 fors (8529

implies e(h) — 0as h — 07. O

It remains to prove that (8.5.28) holds. In the next section we give discrete approximations to I; and I}
for which this can be achieved.

8.6 Proof of (8.5.28)

We now give approximations to I;(1), -) and I(¢) which are parameterised by h and which possess the
property (8.5.28). First note that I; (1, -) and I (1)) can be rewritten according to

L, 1) = /Ori(Wi(t Fu) = Wi(w))g(b(—u)) du, 0<t< T, (8.6.12)

1) = / "1 = W) g (4(—u)) du, (8.6.1b)

where I; (v, t) = I} (¢) for t > 7,. Consider the approximations

i

L(,nh) =" { (Wh,i(n +4) - Wh,i(j)> g(w(—jh))} h, 1<n<N, (8.6.2a)
=0
N;

Trw) =Y (1= Wai(i) g((=jh)h, (8.6.2b)
7=0
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where

Whiln) =0, n=0, (8.6.32)
Wh.i(n Zwl (Ih)h n=1,...,N;(h), (8.6.3b)
Whiln) =1,  n>Ny(h)+1. (8.6.3¢)

Lemma 8.6.1. Leti = 1,2. Let I;,(1, -) be defined by (8.6.2a) where Wi’h obeys (8.6.3). Suppose that G is
defined by (8.2.14) and 63 by (8.2.13). Then

i, nh) = T, m)| < Ko (h)mi

Therefore, by (8.5.3), we can define €;(h) by (8.3.12). Moreover

h—0+ h~>0Jr h=1,.. ,Nz(
Remark 8.6.1. We begin the proof by calculating an explicit estimate for |I; (¢, nh) — fi(¢7 n)| which

comprises of three terms. We then simplify the form of the first term. These calculations are not difficult
but are long and take up the rest of the proof.

Proof. Let1 < n < Ns. Now as nh < 7; by (8.6.2a) and (8.6.1a) we have

L) = T = [ (O¥i(h + ) = Wiu))g((-) du

=S {(Wastn+5) — Wi 9~ }

{(th(n +7) — th(])) g(zb(—jh))} h
~{ (Wi 4+ N)) = Wi (N)) g (~Nif)) | .

Therefore as W;(t) € [0,1] for all ¢ > 0, Wh,i(j) = 1forall j > N; + 1, and (8.2.14) holds, we have

|Li (¢, nh) — I;(3,m)|

Ni—l (j+1)h
<Y/
0 jh

Jj=

(Winh +u) = Wi(u))g(¢(—u))

~ (Wha(n+ ) = Was(3)) (i) | du

- / [Wilnh +u) = Wi ()G du+ { [Whi(n + Ni) = Waa(N)IG
N;h
N;—1

(G+1)h
< /
jh

Jj=0

Wi(nh +u) — Wi(u))g((—u))

- (th(n +J) — th(ﬁ)) g((=7h))|du+ hG + |1 — Wh,i(NmGh. (8.6.5)
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The rest of the proof is devoted to estimating the first term on the righthand side of (8.6.5). We first estimate
the integrand. Let j = 0. —Luejh,(j+1)],1 <n <N, Then

(Winh + ) = Wilu)g(b(~w) = (Whin + ) = Wha(5) ) g((—jh))
= (Wilnh -+ u) = Wi(w) {g((~u)) - g(:(~jh))}
+ (Wil + ) = Wi(w) = Wi+ ) = Was(i)) (6 (~3h)).
Thus by (8.2.14), (8.2.4) and (8.2.13) we have

(Wilnh + u) = Wi(w)g((=u) = (Wai(n + ) = Wai(3)) g (=ih))
< |Winh +w) = Wi(w)|lg((~u)) = g((=jh))
+ | Wilnh + u) = W;(u)) — (Whi(n+j) — Wh,i(j))) G
< Kol (—u) = (—jh)|
+ [Wilnh + ) = Wai(n + )IG + [Wi(u) = Wai()|G
< Kod3(h) + [Wi(nh +w) — Wii(n + 5)|G + [Wi(u) — Whi(5)|G.
Hence
(G+1)h e e
[, 0 = W)~ (Fastn ) = W) gw(-h)| do

G+1)h -
< K253(h)h+c:/ Wi(nh + ) — Wii(n + )| du
(J+1)h

IfN;,—n+1<j,then N;+1<j+n, so/WhJ(n—&—j) =1.Alsor; < (N;+1)h < (n+j)h <nh+u.
Therefore W;(nh + u) = 1. Therefore

Nzl r(G+1)h
S [ Wi ) - W) g(w(-w)
j=0 "Ik
- (Wh,i(n+j) - th(])) g((—=jh))| du
Ni—1 .(j+1) -
< Kaba(byri+ G Y [ (Wilaht ) = Wi + )] du
j=0 “Jh

Nizl a(j+1)h -
+G Z/ Wi(u) = Whi(j)| du.  (8.6.6)
j=0 /h

We now estimate the second term on the righthand side of (8.6.6). If 0 < j < N;—n—1, then thi(n—i—j) =
97wy (Lh)h. Also nh 4 u < (n + j + 1)h < N;h < 7. Therefore Wi (nh + u) = Onhﬂl w;(s) ds.
Hence
Nzl (G+Dh _
Z/ |Wi(nh +u) — Whi(n + j)| du
j=0 7k

— GO
=

n+j—1

nh+u
/ wi(s)ds — Y wi(lh)h| du.

=0
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The integrand can be estimated by

nh+u n+j—1
/ w;(s)ds — Z w;(lh)h
0 1=0
nh+jh n+j—1 nh+u
< / wi(s)ds — Z w;(lh)h +/ w;(s) ds
0 1=0 (n+3)h
n+j=1 . (1+1)h
<> / w;(s) — w;(Lh) ds| + hav;
1=0 7Ih
n+j—=1  .(1+1)h
<y / lwi(s) — w;(IRh)| ds + hw;
—o Jih
n+j—1
<

> Gi(W)h + hav; = (n+ 5)5i(h)h + haw,
=0

Therefore
Ni—n—=1 .(j+1)h -
G Z / [Wi(nh +u) — Wi, i(n+ 7)| du
j=0 Jik
Ni7n71
<G Y h(ridi(h) + hiw;) = G(N; — n)h(7:6;(h) + ha;)
§=0
< GNlh(Tl(sl(h) + hﬂ}i),
SO

Nizn=1 . (j+1)h

G [ Wilmh ot )~ Wi+ ) du
j=0 ik
SGTi(Ti(Si(h)—‘y-h’lf)i), n=1,...,N;. (8.6.7)

This estimate holds for n = 0 also. Inserting this estimate into (8.6.6) yields
Ni—1

i (j+1)h
X/,
J

J=0

(Wi(nh +u) = Wi(u)) g(1b(—u))

- (th(ﬂ +7) — th(J)) g(1(—=jh))| du

(N;—n+1)h .
(N;—n)h

< Ko83(h)7; + hG Wi(v) — Wi (N + 2G7; (1:6:(h) + hav;) .
< Kad3(h)m + vemﬁ?ﬁv’%l)h]' (v) = Whi(Ni)| + 2G7; (1:6:(h) + haw;)

Inserting this estimate into (8.6.5) we get
where we also use the bounds |W;(v) — Wh,(NZ)\ <1+ Whv(Nl) and |1 — /W;,Z(Nz)| <1+ /Whl(N,)
Finally we estimate W, ;(V;) purely in terms of k. Using (8.6.3b) we have

N;—1

N;h
/0 w;(s)ds — Z w;(lh)h

=0

|W\h,i(Ni) — Wi(N;h)| =

N;—1 (I+1)h N;—1
<3 / fwi(s) — wi(ih)] ds < 3 6:(h)h = Nidi(R)h < 730 ().
1

1=0 Y 1=0
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Thus Wh i(N;) <1+ 7;6;(h). Using this together with (8.6.8) gives the estimate (8.6.4) as required. [

Lemma 8.6.2. Leti = 1,2. Let I (1)) be defined by (8.6.2a) where Wi,h obeys (8.6.3). Suppose that G is
defined by (8.2.14) and 63 by (8.2.13). Then

|17 () — I} ()| < Kads(h)7i + Gri (1:6;(h) + hw;) + hG + (2 + 7:6;(h)) Gh. (8.6.9)
Therefore, by (8.5.4), we can define €} (h) by (8.3.13). Moreover
lim ef(h) = lim |L;(y) — IF (¥)] = 0.
Jim g3 (h) = lim [1i(y) = I ()] =0

Remark 8.6.2. As proof is short no outline is given.

Proof. By (8.6.1b) and (8.6.2b), we have
I; (¢) - I; (%)

Nizl e(j+1)h i
-y / (1= Wi(w)g((—u)) du + /N (= W )g( () du

j=0 Jih
- Z {(1=Wni() 9=t } b= { (1 = Waa(V)) g((~Neh)) } b

Therefore by (8.2.14), and the fact that W;(t) € [0, 1] for all t > 0 we have,
\; *( ) I; (v)]

(G+1)h —~
/ (1= Walw)g((~w) — (1 = Wai(3)) g ~h) | du
+/Nh|1_ i(u ))|Gdu+{|1_Wh,i(Ni)|G}h
Ni—1 r(j+1)h .
<3 [, |0 W) (1= W) i)
+ hG + |1 = Wi (N:)|Gh. (8.6.10)

We now estimate the first term on the righthand side of (8.6.10). Let j = 0...N; — 1, u € [jh,(j + 1)],
1 <n < N;. Then

(1= Wi)g((~w) = (1= Wai(5)) g(w(=jh))
:41—wumumw¢u»—gw«ﬁm»+(Wmo>—wuw0gw«nmy
Thus as W;(t) € [0, 1] for all t > 0, g obeys (8.2.4), 1 obeys (8.2.13), and (8.2.14) holds, we get
(1 = Waw)g((—u)) = (1 = Wha() ) g((—jh))|
< 1= Wilw)| lg((—w)) = g(b(=im)| + | ~Wilw) + Wai(i))| @
< Koltp(—u) — (—jh)| + [Wi(u) — Whi(5)|G
< Kab3(h) + |Wi(u) — Whi(5)|G.
Therefore

Ni—1 .(j+1)h
>/,

j=0 7

du

(1= Wiw) g (~w) = (1= Wai(§)) g(w(~jh)

Ni—=1 .(Gj+1)h /\
< Kby ()i +G Y / Wi(u) — Waa () du. (8:6.11)
j=0 7ih
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Recalling that the estimate (8.6.7) holds for n = 0, we can use (8.6.7) with n = 0 and (8.6.11) to get

Nzl r(G+Dh U _
> [ o= W) g = (1= W) a(w(=in) | du
j=0 7d
< Kg(gg(h)Ti + GT1; (Tﬂ%(h) + hu’;z) .
Therefore using this bound in conjunction with by (8.6.10) we get
¥ (0) — I (0)] < Ka83(h)7i + Gri (136;(h) + hit;) + hG + (1 + Wi i(N;))Gh. (8.6.12)
Substituting the bound VV\W(NZ-) <1+ 7;6;(h) into (8.6.12) gives (8.6.9) as required. O
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