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Abstract

This thesis examines a question of stability in stochastic and deterministic systems with
memory, and involves studying the asymptotic properties of Volterra integro-differential
equations. The type of stability that has been established for this class of equations is
important in a variety of real-world problems which involve feedback from the past, and
are subject to external random forces. These include modelling endemic diseases, and
more particularly the modelling of inefficient financial markets.

The theme of the thesis is to subject a dynamical system with memory to increasingly
strong and unpredictable external noise. Firstly, a fundamental deterministic Volterra
equation is considered. Necessary and sufficient conditions for the solution to approach
a nontrivial limit are known. A strengthened version of these conditions is shown to be
necessary and sufficient for exponential convergence to a nontrivial limit.

Next, a Volterra equation with a fading stochastic perturbation is studied. Two types
of stochastic convergence are considered: mean square and almost sure convergence. Con-
ditions are found which ensure that the solution converges to a non—equilibrium random
limit. Moreover, the rate at which this limit is approached is established. In the mean
square case, necessary and sufficient conditions on the resolvent, kernel and noise are de-
termined to ensure this rate of convergence. In the almost sure case, the same conditions
are found to be sufficient; furthermore, it is shown that the conditions on the resolvent and
the kernel are necessary. A corresponding result was also found to hold for a more general
class of weakly singular kernels. As in the deterministic case, necessary and sufficient
conditions for the solution to converge exponentially fast to its limit are found.

Finally, a stochastic Volterra equation with constant noise intensity is considered. This
gives rise to the process analogous to Brownian motion, which has applications to mathe-
matical finance. It can be shown that the increments of the process converge to a station-
ary statistical distribution, which is Gaussian distributed. The conditions under which
such convergence can take place are completely characterised. In fact, a solution of a
corresponding Volterra equation with infinite memory is shown to have exactly stationary

increments which match the limiting distributions of the increments of solutions.

iv



Chapter 1

Introduction

This thesis examines stochastic and deterministic systems with memory, and involves
studying the asymptotic properties of Volterra integro—differential equations. More par-
ticularly this thesis examines equations which are poised between stability and instability.
Mathematically, the convergence of solutions to a nontrivial and nonequilibrium limit is
examined.

The type of stability that has been established for this class of equations is important
in a variety of real-world problems which involve feedback from the past, and are subject
to external random forces. One of these real~world problems concerns the modelling of
population growth or the spread of endemic disease. Various authors have considered
these problems (cf. [14, 18]). The advantage of using a Volterra equation as a model is
that while the birth rate is a linear function of the population, the convolution term allows
death to occur at any time.

More particularly, stochastic Volterra equations may be used to model inefficient finan-
cial markets. Surveys of financial markets reveal that a persistently high proportion of
traders use past prices as a guide to making investment decisions (cf. [21, 32]). Such
feedback trading strategies are thought to be responsible for speculative asset bubbles and
crashes: this feedback behaviour is absent from standard non-delay models. It is therefore
plausible to postulate that aggregate demand is a functional of past prices: in which case,
price dynamics could be modelled by stochastic Volterra equations, (cf. [19]). Further,
financial processes such as stock returns and interest rates do not tend to point equilibria
but rather to stationary distributions, which are a more general type of equilibrium. The
solutions of stochastic Volterra equations exhibit this behaviour under certain conditions.

The theme of the thesis is to subject a dynamical system with memory to increas-
ingly strong and unpredictable external noise. Initially the fundamental Volterra equation
known as the resolvent equation is considered. Next a deterministic perturbation is ap-

plied to the equation and the resulting stability of the system examined. The equation
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is then perturbed by a fading noise term before the most unstable type of equation is
studied, namely the fundamental equation perturbed by constant noise.
To understand the behaviour of these stochastic Volterra equations, we first study an

underlying deterministic equation, namely

R'(t) = AR(t) + /tK(t —8)R(s)ds, t>0,
0
R(0) =1,

where the solution R is known as the resolvent, A is a constant n X n—dimensional matrix,
K is n x n—dimensional function—valued matrix and I is the n X n—dimensional identity
maftrix.

The behaviour of the resolvent is important in its own right; moreover the solutions
of perturbed Volterra equations may be expressed in terms the resolvent using variation
of parameters. As such it is important to understand the underlying behaviour of the
resolvent equation before considering more complex equations.

The asymptotic behaviour of R has long been a topic of study, and it is well known
that a very natural type of asymptotic stability is associated with the solution R being
integrable (which implies asymptotic convergence of the solution to zero). In this thesis
however we are interested in studying equations where the solution tends to a nontrivial
limit. Krisztin and Terjéki [24] studied this case and determined conditions under which
the solution R of the resolvent equation converges asymptotically to a limit Ry which
need not be trivial. In Chapter 2 we extend the result of Krisztin and Terjéki by finding
necessary and sufficient conditions for the exponential convergence to Rs. Much of the
inspiration for this work stems from results by Murakami [31, 30]; he studied the speed of
convergence of solutions of the resolvent equation to zero.

In the latter part of Chapter 2 we study the behaviour of the resolvent equation which

has been influenced by a fading deterministic perturbation,

z'(t) = Az(t) + /Ot K(t—s)x(s)ds+ f(t), t>0,
z(0

):an

where f is n X 1-dimensional function—valued vector and xg is the initial condition. As in
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the resolvent case we find necessary and sufficient conditions for exponential convergence of
the solution to a nontrivial limit. The examination of this perturbed equation provides an
insight into the asymptotic behaviour of the more complex stochastic Volterra equations.
Moreover, this perturbed equation has direct application in deterministic demographic
modelling.

As a next step we perturb the Volterra equation using a fading noise term,

t
dX(t) = (AX(t)—i— /O K(t— )X (s) ds> dt + S(t)dB(t), t>0,

X(0) = Xo,

where ¥ : [0,00) — Mpxa(R) and B(t) = (Bi(t), ..., Ba(t)). Here each B,(t) is a standard
Brownian motion for i = 1...,d. Two types of stochastic convergence, namely mean
square and almost sure convergence, are considered. The former considers the ‘average’
behaviour of all sample paths of the solution, while the latter can give information on the
convergence to the solution on a pathwise basis.

In Chapter 3 and 4 the stochastic analogue of results in [24] are proven: Chapter 3
considers the mean square case while Chapter 4 considers the almost sure case. In the
mean square case the conditions under which convergence can take place are completely
characterised. In the almost sure case sufficient conditions to ensure convergence of the
solution may be found. However it has not been possible to show the necessity of each
condition. In Chapter 6 we obtain the stochastic analogue to the results in Chapter 2
concerning the asymptotic speed of convergence. The results in Chapters 2, 3 and 4 have
been published, see [2], [3] and [4] respectively.

By perturbing the resolvent equation by both a deterministic and stochastic perturba-

tion,
t
dX(t) = <AX(t) +/ K(t—8)X(s)ds + f(t)) dt + X(¢)dB(t), t>0,
0
X(0) = Xy,
we obtain an equation which may be used to model the dynamics of a population. In

Chapter 7 we prove some theoretical results concerning the long run behaviour of this

equation before using them to analyse a demographic model.
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Finally we consider the resolvent equation which has been perturbed by a constant noise

term,

t
dX (t) = <AX(t)+/O Kt —8)X(s) ds> dt +SdB(t), t> 0.

X(t) = Xo.

In this case, solutions do not converge to a point equilibria: instead convergence to a
stationary process may be observed. As we are interested in the asymptotic convergence

of solutions it is important to examine the ‘limiting’ version of this equation,

t
dX(t) = (AX(t)+/ K(t—s)X(s) ds> dt + $dB(t), t>0,
X(t) =

¢(t), t<0,

where ¢ is a n-dimensional vector-valued function known as the initial function. Authors
that have examined the behaviour of a stationary object satistying a differential equation
include Kiichler and Mensch [25] and Riedle [36]. Due to the nature of the assumptions on
the resolvent it becomes clear that the solution of this equation is not in general stationary.
Instead, we investigate whether the increments of the solution might possess stationartiy
properties. It is found that for a particular initial condition the increments of the solution
are indeed stationary with Gaussian distribution. Furthermore, the increments of the
solution of the equation with unbounded but not infinite delay converges to this stationary

distribution. This analysis may be found in Chapter 8.

1.1 Mathematical Preliminaries

1.1.1 Deterministic Preliminaries
In this subsection standard deterministic notation used in the sequel is explicitly defined.
Vector Notation. Let R denote the set of real numbers and let R denote the set of

n—dimensional vectors with entries in R. Denote by e; the ith standard basis vector in R™.

Denote by (A, B) the standard inner product of A and B € R™ and the standard Euclidian
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norm, || - ||, for a vector A = (@1,..., ay) is given by
n
IA)? =" a? = tr AAT,
i=1

where tr denotes the trace of a square matrix. The Cauchy-Schwarz inequality,
(A, B)| < [|AlllIBI,

proves useful in subsequent proofs.

Matrix Notation. Let Mpxn(IR) be the space of nxn matrices with real entries where
I is the identity matriz. Let diag(ay,asg, ..,an) denote the n x n matrix with the scalar
entries aj,az,...,a, on the diagonal and 0 elsewhere. The transpose of any matrix A is

denoted by AT. For A = (aij) € Mnxd(R) the norm denoted by || - || is defined by

n d g

A2 =37 D layl

i=1 \j=1
The Frobenius norm is denoted by || - || and defined by
n d X
[ANE =D laul®.
i=1 j=I

Since Myxa(R) is a finite-dimensional Banach space the two norms | - || and || - || ave

equivalent., Thus universal constants 0 < ¢ (n,d) < ea(n,d) can be found such that
alllAll £ J|Allr < e2]|All, forall A€ Mpxd(R).

The following inequality will be used in the sequel:

n k n
(Z |'L,]) < nF! Z |z n.k €N (1.1.1)
i=1

i=1

It proves useful when manipulating norms.

Little 0 Notation. In subsequent work it is necessary to characterise the asymptotic

behaviour of functions: the function f is o(t) as t — oo if

Jim f(t)/¢=0.
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Integrable Functions in the Deterministic Sense. If J is an interval in R and V
a finite_dimensional normed space, with norm || - |, then C(J,V) denotes the family of
continuous functions ¢ : J — V. The space of Lebesgue integrable functions ¢:(0,00) =

V will be denoted by L!((0,00), V) where

Awnmwwu<ax

The space of Lebesgue square-integrable functions ¢ : (0,00) — V will be denoted by
L%((0,00), V) where

A l6(6)|? dt < oo.

Where V is clear from the context it is omitted it from the notation. Note that a function
of domain J that belongs to L!(K,V) for every compact subset K of J is known as a

locally integrable function and denoted LI (J,V).

loc

Convolutions. The convolution of A : [0,00) — xd(R) and B : [0,00) — Mgy, (R) is

denoted by A * B and defined to be the function given by
t
(AxB)(t) = / A(t— $)B(s)ds,  t>0.
0

The following properties of convolutions are utilised in the sequel: (A*B)xC = Ax(Bx+C) =

AxBxC and if A, B € L'(0,00),

/OO(A*B)(t) dt = /Ooo A(t) dt /Ow B(t) dt. (1.1.2)

0

The following lemma is extracted from [16, Theorem 2.2]:

Lemma 1.1.1. (i) Let a € L*((0,00), Mpxn(R)) and b € LP((0,00), Mpxn(R)) for p=

1, 2. Then a * be Lp((oa Oo)aM’nX’n(R))'

(ii) Let @ € L1((0,00), Mnxn(R)) and let the function b e LP((0,00), Muxn(R)) be

bounded and tending to zero asymptotically. Then limy—oo(@ #b)(t) = 0.

(iit) Let a € LP((0,00), Mnxn(R)) and let the function b e L((0,00), Mpxn(R)) where

+1 =1, Then lim_oo(a xb)(t) = 0.

1
]
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Convolution Equations. There are two results concerning the behaviour of linear con-

volution equations,
z(t) + (k*+2)(t) = f(£), t=0, (1.1.3)

which are used throughout the thesis:

Theorem 1.1.1. Let the function k satisfy k € L}, ((0,00), Mpxn(R))). Then there is a

loc

unique solution r € L},,((0,00), Muxn(R))) of the two equations
r(t) + (k* r)(t) = k(t),
and

r(t) + (r x k)(t) = k(t).
Furthermore,

Theorem 1.1.2. Let k € L}, ((0,00), Myxn(R))) and f € L},.((0,00),R™). Then there is
a unique solution z € L} ((0,00),R™) of (1.1.3). This solution is given by the variation

of parameters formula:

z(t) = f(t) — (r+ £)().

The proof of these two results may be found in [16].

Complex Numbers. The set of complex numbers is denoted by C; the real part of z in
C being denoted by Re z and the imaginary part by Im z. The absolute value of a complex
number z = a+bi is defined as |z| = Va? T 82, Let Myxq(C) be the space of n x d matrices
with complex entries. We define the norm of the n x d-dimensional matrix—valued function

A C— Myxq(C) in a similar manner to the norm of a real function:

lA@IP =) (Z |aij(2)l) :

i=1 \j=1

The Riemann-Lebesgue Lemma may now be stated:

7
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Lemma 1.1.2. If the function f : R — R is a Riemann integrable function such that
o5 |F(t)] dt < oo then f(z) — 0 as 2| — oo.
This lemma is used extensively in Chapter 2. The proof of this result may be found in

[23].

Laplace Transforms. The Laplace transform of the function A : [0,00) — Myxn(R) is

defined as

A(z) = L " Alt)e* dt.

If ¢ € R and [° | A(t)]le~dt < oo then A(z) exists for Rez > e and is analytic for
Rez > ¢. If A is a continuous function which satisfies |A(t)|| < ce® for t > 0 then the
Laplace inversion formula,

1 petiT | | fetico
A(t) :711_1:20%]5_# A(2)e?t dz = = - A(z)e® dz, (1.1.4)
holds for all € > 3. The following properties of the Laplace transform can easily be shown:

if Aand B € L'(0,00) then

AxB(2) = A(z)B(2); (1.1.5)
furthermore if [ ||A(s)||ds € L'(0,c0) then
Al = %A(o) > }‘;fi(z), Reiz 30, 2 £0, (1.1.6)
and

Ay(0) = —A'(0), (1.1.7)

where Ay (t) = [ A(s)ds and A'(0) = [° sA(s)ds; also
Ji 0

TR .
e(z]—z+1, Rez > -1, (1.1.8)
and
e(0) =1, (1.1.9)

where the function e is defined by e(t) = e, t > 0.

8
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Equilibruim and nonequilibruim limits. If the solution of an integro—differential
equation converges to a limit we say that the limit is an equilibuim limit if it a solution of
the integro—differential equation, we say that it is a nonequilibuim limit if it a not solution

of the integro—differential equation.

1.1.2 Stochastic Preliminaries

A brief overview of the basic theory concerning stochastic processes is given in this section.

For a more details see texts such as Mao [26], Qksendal [33], or Karatzas and Shreve [22].

Probability Spaces. Consider the probability triple (Q, F,P). Here Q denotes the sam-
ple space where each outcome in Q is denoted by w. Of particular importance are o-
algebras: if C is a family of subsets of © then o(C) is the smallest o—algebra containing
the set C which satisfies the following conditions; {2 € o(C), A € o(C) implies A® € a(C)
and {A;}i>1 € o(C) implies U2, A; € o(C). Here, A® = — A is the complement of A.
The family F is a o—algebra; any set which belongs to F is said to be F-measurable, in
other words a function X : @ — R is said to be F-measurable if {w: X(w) <a} €F
for a € R. A probability measure P on the space (Q,F) is a function P : F — [0,1]
which satisfies the following conditions: P[] = 1; if A1, Ag,... are disjoint events then
PlUR, A;) = D52, PlAi]. In particular, if P[A] = 1 then we say that A is an almost sure
event where a.s. is often used as shorthand. A filtration {F()}1>0 is an increasing set of
o-algebras in F. The filtration at time t represents all the information available at that

time. The filtered probability space is denoted by (Q, F {F () }iz0, ).

Random Variables. A random variable is an F-measurable function X : @ — R.
Every random variable X induces a probability measure px on the Borel sets B of R
where px(B) = Plw : X(w) € B]. If X is integrable with respect to the probability

measure; that is if

/Q 1X ()] dP(w) < oo,
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then the expectation of X can be expressed as

IE[X]Z/QX(w)dIP’(w)z/oooa:dux(m).

Distributions. The distribution function of a random variable X is the function F :
R — [0,1] given by F(z) =P(X < z). The sequence of random variable X1, Xg,... (with
corresponding distribution functions Fy,F,...) has a limiting distribution denoted F' if

limy oo Fn = F.

Characteristic function. The characteristic function of the scalar random variable X

is the function
»:R—-C: AH@(A):]E[&MX],

where i = v/—1. It has a number of important properties: @(0) = 1; |®(A)] <1 for all A
and @ is uniformly continuous on R. The joint characteristic function of the vector of ran-
dom variables X = (X1,..., Xn) is given by &x(A) = E [e”‘XT] where A = (A1, An)
Of special interest is the case when X has multivariate normal distribution in which case
the joint characteristic function is given by ®x(A) = e~ 320N where C is the covariance
matrix of X.

A useful result is the following: suppose that Fy, Fy, ... is asequence of distribution func-
tions with corresponding characteristic functions ®1, o, . ... If limp oo Fn = F, where F'
has the characteristic function @, then lims oo ®n(N) = (N for all A.

For further detail the reader is referred to Grimmett and Stirzaker [15].

Stochastic Processes. A stochastic process is a family {X (t)}s>0 of R"-valued random
variables. Tt is continuous if for almost all w € Q the function ¢ — X (t,w) is continuous.
It is F(t)-adapted if X(t) is F(t)-measurable for every ¢. It is said to be increasing if
X (t,w) is nonnegative, nondecreasing and right continuous on ¢ > 0 for almost all w € §2.
It is a process of finite variation if X (t) = A(t) — A(t) where both {A(t)} and {A(t)} are

increasing processes.

10
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Stationarity. A process S = {S(t)}:>0 is called a stationary process if
P[S(t+tk) € Ap k=1...,n] =P[S(tk), € Ap,k=1... ROR (1.1.10)

for all t > 0, tx € [0,00) and Borel sets Ay, where k=1,...,n.

Standard Brownian Motion. If (Q,F, {F(t)}i>0,P) is a filtered probability space
then a 1-dimensional standard Brownian motion {B(t)}i>0 is a process which has the
following properties: B(0) = 0; the increment B (t) — B(s) is normally distributed with
mean 0 and variance t — s where 0 < s < t < 00; the increment B(t) — B(s) is independent

of F; where 0 < s <t <o00.

Stochastic Integrability and Convergence. Due to the random nature of stochastic
processes various definitions of stochastic integrability exist. A stochastic process X is
integrable if X (t) is integrable with respect to the probability measure for each t > 0, that
is if E|| X (t)|| < oo for each t = 0; it is square integrable if E || X (¢)||> < oo for each t > 0.

The notion of convergence and integrability in pt? mean and almost sure senses are now

defined: the R"—valued stochastic process {X (t)}i>0 converges in pth mean to Xoo if
lim E || X (t) — Xool” = 0;
t—00
the process is pth mean exponentially convergent to Xoo if there exists a 8 > 0 such that

1
lim sup = log(E | X (t) — Xoll?) < —Bp;
A

t—o0

we say that the difference between the stochastic process {X (t)}i>0 and Xoo 18 integrable

in the pt* mean sense if
oo
/ E ([ X (£) — XoolP dt < oo.
0

If there exists a P-null set £ such that for every w ¢ Q the following holds:
lim X (t,w) = Xoo(w),
t—oo

then X converges almost surely to Xoo; we say X is almost surely exponentially convergent

to Xo if there exists a fp > 0 such that,

il
limsup = log | X (t,w) — Xoo(@)]| < —Po, a-5.

t—o0 t

11
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Finally, the difference between the stochastic process {X(t)}izo and Xo is square inte-

grable in the almost sure sense if

/oo X (£, w) — Xoo(w)||? dt < o0
0

Henceforth, E[XP] will be denoted by E XP except in cases where the meaning may be

ambiguous.

Stochastic integrals. The n—dimensional It integral is defined as

¢
| atraes),
where B(t) = (Bi(t)...,Ba(t)), each Bi(t) is standard Brownian motion and g is an

n x d—dimensional function. If the function g is square integrable then

2 t
E[ ]=Anmm%m

X is an n-dimensional Itd process if there is an adapted n-—dimensional vector—valued

t
Am@wm

function f and an adapted n x d matrix—valued function g such that

t £
Mﬂ=M+/f®%+/ﬂﬂw@Lt2m
0 0
where Xg is deterministic. The stochastic differential used to express this is given by

dX(t) = f(t)dt+g(s)dB(t), t>0, (1.1.11)

X(0) = Xo. (1.1.12)

One of the most important tools of stochastic calculus is the change of variable formula

which is also known as Ité’s formula:

Lemma 1.1.3. Let the n—dimensional Ito process X be defined by (1.1.11) and assume
that the functions f and g are in L1(0,00) and L2(0,00) respectively. If the function
V() € C*H(R"xR,R") thent V(X (t),t) is once again an It6 process with stochastic
differential given by
1
dV(X(t).t) = [w(x (£),8) + Va(X (), )5 (2) + 5t (97 (B)VaalX (t).t)g(t))] di

+ V(X (t),t)g(t) dB(t) a.s.

12



Chapter 1, Section 1 Introduction

Another important tool used in stochastic calculus is the integration by parts formula:

Lemma 1.1.4. Let the 1-dimensional Ité process X be defined by (1.1.11) withn=d =1
and assume that the functions f and g are in L1(0,00) and L%(0,00) respectively. IfY is

a continuous adapted process of finite variation then

AX @Y (8)] = X (DAY () + Y (£)dX (¢).

Martingales. The stochastic process M = {M (t)}s>0, defined on the filtered probability
space (€, F, {F(t)}i>0,P), is said to be a martingale with respect to the filtration {F(@)}ez0
if M(t) is F(t)-measurable for all £ > 0, E [[M(t)|] < oo for all t > 0 and for all0<s<t

E[M(t)|F(s)] = M(s) as.

Furthermore, if the process M is a real—valued square integrable martingale then there
exists a unique, adapted, increasing, integrable process (M) = {(M)(t)})t>0 such that the
process {M(t)> — (M)(t)}t>0 is a martingale which vanishes at ¢t = 0. The process (M)
is known as the quadratic variation of M. The asymptotic behaviour of the gquadratic
variation characterises the asymptotic behaviour of the martingale, this is seen in the
Martingale Convergence Theorem, which is stated presicely in Lemma 1.1.5. Before stating
this we define a stopping time and a local martingale. A random variable 7 : Q — [0, 00]
is called a stopping time if {w : 7(w) < t} € F(t) for any t 2 0. A right continuous
adapted process M = {M (t)}s>0 is a local martingale if there exists a nondecreasing
sequence of stopping times {7 }k>0 with 7 — o0 as k — oo almost surely such that every

{M (7 At }z0 Is & martingale.

Lemma 1.1.5. For a continuous local martingale M, the sets {{M)(c0) < oo} and
{lim oo M (t) exists} are almost-surely equal. Furthermore, limsup;_,oo M(t) = oo and

lim inf,—eo M (t) = —00 almost surely on the set {{M)(co) = oo}

The proof of this lemma may be found in [35]. Another result concerning the asymptotic

behaviour of martingales is the Law of Large Numbers for Martingales:

13



Chapter 1, Section 1 Introduction

Lemma 1.1.6. Let the process M = {M(t)}i>0 defined on the filtered probability space
(Q, F, {F(t)}1>0.P) be a continuous martingale which vanishes at t = 0. If the quadratic
variation (M) of M satisfies limy_,co(M)(t) = oo then

i MO,

t—oo (M)(t)
The Burkholder-Davis—-Gundy inequality provides useful bounds on the moments of
martingales.
Lemma 1.1.7. Let M be a continuous local martingale. For every m > 0 there exist

universal positive constants km, Km (depending only on m) such that

kmE (M)(T)™] < E { sup M (t)zm] < KnE [(M)(T)™],
0<t<T
holds for every stopping time T>0.
Note that if g € L%(0,00) then the It6 integral defined by I(t) = fotg(s) dB(s) is a
martingale with quadratic variation given by

t
(1) (t) = /0 g(s)? ds.

Useful Inequalities. The Hdlder and Chebyshev inequalities are used frequently in
subsequent chapters. They are stated here for clarity: if the finite-dimensional random
variable X satisfies E [| X||P < oo for p € (0, o) and the finite-dimensional random variable

Y satisfies E ||Y[|9 < oo for g € (0,00) then
T 1 1 1 1
IE [XTY]|| <EMXIPIFENY |97, p>1o+o =T
furthermore, if ¢ is a positive constant, then
Plw: [ X)) = d < cPE|X]P.

The Liapunov inequality is useful when considering the pt" mean behaviour of random
variables as any exponent p > 0 may be considered rather than p > 1 in the case of the

Holder inequality:

E(X|7)F <E[IX[95, 0<p<q.

14



Chapter 2
Exponential Convergence to a Nontrivial

Deterministic Limit

2.1 Introduction

In this chapter the exponential decay of the solution of
L
R'(t) = AR(t) + / K(t—s)R(s)ds, t>0, (2.1.1a)
0
R(0) =1, (2.1.1b)

to a constant vector is studied. Here the matrix—valued function R is known as the
resolvent or fundamental solution and A is a real n x n matrix. It is assumed throughout

that the function K : [0,00) — Mpxa(R) satisfies
K € C([0,00), Maxa(R)) N L'((0,00), Mnxn(R)). (2.1.2)

Under the hypothesis (2.1.2), it is well-known that (2.1.1) has a unique continuous solution
R, which is continuously differentiable.

We also examine the exponential decay of the solution of (2.1.3),

2'(t) = Ax(t) + [t K(t—s)z(s)ds+ f(t), t>0, (2.1.3a)
0

z(0) = o (2.1.3b)

The function ¢t — x(t;xe, f) is the unique n-dimensional solution of the initial value

problem (2.1.3). A and K are defined as above and the function f : [0,00) — R™ satisfies
f € C([0,00), R") N L'((0,00), R™). (2.1.4)

The representation of the solution of (2.1.3) in terms of R is given by the variation of

constants formula
x(t; o, f) = R(t)zo + (1 * H), t=0. (2.1.5)

15



Chapter 2, Section 2 Exponential Convergence 1o a Nontrivial Deterministic Limit

Note that where zo and f are clear from the context they are omitted from the notation.
So it is clear that the behaviour of the perturbed equation is influenced by the behaviour
of the underlying resolvent.

It is interesting to understand the relationship between the rate of decay of the kernel,
and the rate of decay of solutions of (2.1.1) and (2.1.3). Authors who have shown that
some sort of exponential decay in the kernel can be identified with exponential decay of
the resolvent include Murakami [30, 31] and Appleby and Reynolds [7]. Murakami shows
that the exponential decay of the solution of (2.1.1) is equivalent to an exponential decay
property on the kernel K under the restriction that none of the elements of K change sign
on [0,00). A condition of this type will be employed in this chapter to identify exponential
convergence. In a similar spirit, various authors have identified decay conditions on K
which give rise to particular decay properties in the resolvent. For example Burton, Huang
and Mahfoud [13] have shown that the existence of the ‘moments’ of the kernel can be
identified with the existence of the ‘moments’ of the solution. Appleby and Reynolds (6]
have studied a type of non-exponential decay of solutions (called subexponential decay)
which can in certain circumstances be identified with the subexponential decay of the
kernel., Jordan and Wheeler [20] and Shea and Wainger [38] have studied the relationship
between the existence of the kernel in a certain weighted LP-space and the existence of
the solution in such spaces.

The case where the solutions of (2.1.1) are neither integrable, nor unstable, has also
been considered. Krisztin and Terjéki [24] studied this case and determined conditions
under which R(t) converges to a limit Roo which need not be trivial as t — oo. In addition
to determining a formula for Reo in these cases they showed that a condition on the second
moment of the kernel is crucial.

Throughout this thesis the case where the resolvent of (2.1.3) is not integrable is con-
cidered. In this chapter an equivalence between the exponential decay property of R— R
and an exponential decay property of the kernel is found; it is also shown for solutions of
(2.1.3) that the exponential decay of  — Zoo Can be identified with exponential decay in

the kernel and the perturbation.

16
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2.2 Discussion of Results

In this section, the connection between the results on exponential decay presented by
Murakami in [30, 31] and those in this chapter are explained.
Murakami obtained the following result in the case where the solutions of (2.1.1) are

integrable.
Theorem 2.2.1. Let K satisfy (2.1.2). Suppose the resolvent R of (2.1.1) satisfies
R € L}((0,00), Mnxn(R)). (2.2.1)
If
each entry of K does not change sign on [0, 00), (2.2.2)
then the following are equivalent:
(i) there exists a constant o >0 such that

/m | K (s)]le**ds < o0; (2.2.3)
0

(ii) there exist constants ¢ >0 and B > 0 such that
IR < ee™, t>0. (2.2.4)

A fundamental result on the asymptotic behaviour of the solution of (2.1.3) is the

following theorem due to Grossman and Miller [17):

Theorem 2.2.2. Let K satisfy (2.1.2). The resolvent R of (2.1.1) satisfies (2.2.1) if and
only if
det|z] — A — K(2)] #0, for Rez>0. (2.2.5)

Murakami considered the case where the resolvent of (2.1.1) is integrable and conse-

quently was able to make use of (2.2.5) in his proof. In this thesis, the case where the

17



Chapter 2, Section 2 Exponential Convergence to a Nontrivial Deterministic Limit

solution of (2.1.1) approaches a constant matrix is considered. This constant matrix need
not be trivial, in which case the solution is not integrable, consequently, assumption (2.2.5)
no longer holds for all Rez > 0. So, it is not possible to apply Murakami’s method of
proof directly to (2.1.1).

However, a reformulation of (2.1.1) as an integral equation was provided by Krisztin
and Terjéki [24], the details of which may be found in Lemma 2.3.1. A fundamental
result concerning the integrability of Volterra integral equations is the following theorem

by Paley and Wiener [34]:

Theorem 2.2.3. If the functions F' and G € L'(0,00), then the unique solution Y of the

equation Y (t) + (F x Y)(t) = G(t) is integrable if and only if

det|I + F(2)] #0, Rez>0. (2.2.6)

Krisztin and Terjéki were able to show that (2.2.6) of Theorem 2.2.3 holds for their
specific integral equation.

Before citing the relevant results from [24] some notation used there and adopted here-
inafter is introduced. Let M = A + Jo° K(t)dt and T' be an invertible matrix such that
J = T~YMT has Jordan canonical form. Let e; = 1 if all the elements of the it" row of
J are zero, and e; = 0 otherwise. Let Dy = diag(er, €2, .- en) and put P = TDZ,T‘1 and

Q = I — P. The relevant theorem is now stated:
Theorem 2.2.4. If K satisfies
/0 21K (8 dt < oo, (2.2.7)
and the resolvent R of (2.1.1) satisfies
R — Reo € L*((0,00), Mnxn(R)), (2.2.8)
then
detlz] — A - K(z)) #0 for Rez>0and z # 0, (2.2.9)

18



Chapter 2, Section 2 Exponential Convergence to a Nontrivial Deterministic Limit

and

x o0
det [P— M —/ / PK(u) duds:l #0. (2.2.10)
0 s
Moreover R(t) — Roo ast — 00 and

RM=F—M—AMKZ%WMM%AR (2.2.11)

Here, assumption (2.2.7) corresponds to the integrability condition on F and G in The-
orem 2.2.3. In fact, this hypothesis may be improved upon; it is shown in Chapter 3 that
a condition on the first moment of the kernel combined with an integrability condition on
the solution ensures that assumption (2.2.6) holds. However, in this chapter, this stronger
assumption is acceptable as it is required for the existence of Laplace transforms.

It is shown in Lemma 2.4.1 that (2.2.9) and (2.2.10) imply that (2.2.6) holds for the
reformulated integral equation. It becomes clear that (2.2.6) is an analogue of (2.2.5) in
the case where the solution to (2.1.1) converges a nontrivial limit.

Using the reformulated equation and (2.2.6) we can apply Murakami’s method to obtain

the main theorem of this chapter:

Theorem 2.2.5. Let K satisfy (2.1.2) and (2.2.7). Suppose there exists a constant matriz

Roo such that the solution R of (2.1.1) satisfies (2.2.8). If
each entry of K does not change sign on [0, 00), (2.2.12)
then the following are equivalent:
(i) there exists a constant a >0 such that
o0
/ | K (s)||e*® ds < oo; (2.2.13)
0
(ii) there exist constants 3 >0 and ¢ > 0 such that
|IR(t) = Rool| < ce™®, ¢20. (2.2.14)
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Chapter 2, Section 2 Exponential Convergence to a Nontrivial Deterministic Limit

One can readily see the similarities between Theorem 2.2.1 and Theorem 2.2.5; the
hypotheses (2.2.1) and (2.2.2) in Theorem 2.9.1 are identical to (2.2.8) and (2.2.12) in
Theorem 2.2.5; moreover, the equivalence between (2.2.3) and (2.2.4) in Theorem 2.2.1
is mirrored by the equivalence between (2.2.13) and (2.2.14). The hypothesis in Theo-
rem 2.2.5 which has no counterpart in Theorem 2.2.1 is (2.2.7); however, this hypothesis
is natural and sometimes indispensable in the case when the limiting value of R is non-
trivial.

Assumption (2.1.2) is stated explicitly in Theorem 2.2.5 to highlight the condition that
ensures the existence of a solution and the condition which is needed for convergence.

It is possible to obtain results comparable to Theorem 2.2.5 for the solution of the
perturbed equation (2.1.3). More precisely, it is possible to show that the exponential
decay of T — Too is equivalent to the exponential decay of the tail of the perturbation and

the exponential integrability of the kernel. The following theorem makes this precise:
Theorem 2.2.6. Let K satisfy (2.1.2) and (2.2.7), f satisfy (2.1.4), and fi be defined by
o
= fleds 120 (2.2.15)
t

Suppose that for all zo there is a constant vector Too(o, f) such that the solution t —

z(t; zo, f) of (2.1.3) satisfies
2( 170, ) — Zoo(T0, ) € L1((0,00), R). (2.2.16)
If K satisfies (2.2.12), the following are equivalent:

(i) there ezists o > 0 such that statement (i) of Theorem 2.2.5 holds and there exist

constants v > 0, ¢1 > 0 independent of Ty such that

IAD] < ce™, t20; (2.2.17)

(ii) for each xo the solution t— x(t;zo, f) satisfies

|2(t) — Zoo| < c2e™®, 20, (2.2.18)
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Chapter 2, Section 3 Exponential Convergence to a Nontrivial Deterministic Limit

for some f? > 0 independent of zg, and ¢y = ca(zo) > 0.

Note that assumption (2.2.16) may be replaced by (2.2.8).

2.3 Reformulation of Equation (2.1.1)

The resolvent equation (2.1.1) must be reformulated in order to prove Theorem 2.2,5 and
Theorem 2.2.6. The proof of these theorems rely on the transformation of the reformulated
equation using Laplace transforms. The details of this transformation may be found in

the following lemma:

Lemma 2.3.1. If the kernel K satisfies (2.1.2) and (2.2.7), and there exists a constant

matriz Rao such that the solution R of (2.1.1) satisfies (2.2.8) then

Y(z) + F(2)Y(2) = G(z), Rez 20, (2.3.1)

where Y () = R(t) — Reo, the function z F\(z) is defined for Rez = 0 as

P(z) = z:: QU + A+ () + %P{R’(O) — k(2) (2.3.2)
and
£(0) = —Q(I + A+ K(0)) — PK'(0), (2.3.3)

and the function z G(z) is defined for Rez = 0 as

G(z) =

o I)Q (f —(I+A+ f{(z-))nm)

= % (p;‘{'(o) +QK(0) - Qf((z)) Roo — %P(R’(O) ~ K(2))Reo  (2:34)
and

G(0)=Q - (Q(I + A+ K(0)) — %PR’”(O} = Qf’f’(m) Ris: (2.3.5)
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Proof. As conditions (2.2.7) and (2.2.8) hold it is known from Theorem 2.2.4 that (2.2.11)
holds. An idea used in [24, Theorem 2] is now employed. Define the functions ¥ and @,
for ¢t > 0, by Y (t) = R(t) — Roo and ®(t) = P 4 '@ respectively. Multiply from the left

both sides of R'(s) = AR(s) + (K * R)(s) by ®(t — s) to get
B(t — s)R'(s) = O(t — s)AR(s) + B(t — s)(K * R)(s).
Integrating over [0,#] one obtains
t L t
/ Ot — s)R'(s)ds = f ®(t — s)AR(s)ds +f O(t — s)(K = R)(s) ds.
0 0 0
Using integration by parts on the left hand side of this expression this becomes
R(t) — ®(t) + (' * R)(t) = (BA* R)(t) + (2 * K * R)(t).
On rearrangement the following is obtained:
R(t) + (F* R)(t) = ®(t), t=0, (2.3.6)
where F' = & —®A — (d = K). Expanding the left hand side of this expression we see that
oo
F(t) = —eH(Q + QA) — (e x QK)(t) + P/ K(u)du, t=0, (2.3.7)
t

where the function e is defined by e(t) = e, t > 0. The details of this expansion may be

found in Appendix B. A further calculation yields
Y(t)+ (F*Y)(t) =G(t), t=0, (2.3.8)

where G(t) = ®(t) — Roo — (F * Reo)(t). Again, by expanding the left hand side of this

expression one obtains

G(t) = e'Q — e (QRoo + QAR) + /{ " / " PE()Roo duds

- ijK('u)Rw du — (e * QK Rog)(t), t>0, (2.3.9)
I
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the details of which may be found in Appendix B.

Since (2.2.8) holds, the Laplace transform of ¥’ denoted by Y exists for Rez > 0. Since
(2.2.7) holds the Laplace transform of F exists for Rez > 0. In fact, by applying (1.1.8)
to the first term on the right hand side of (2.3.7), (1.1.5) and then (1.1.8) to the second
term on the right hand side of (2.3.7) and (1.1.6) to the third term on the right hand side

of (2.3.7) we get

F(z) = et

1 - 1 - 1 _ -

which on rearrangement yields (2.3.2). Now consider the case when z = 0. By applying
(1.1.9) to the first term on the right hand side of (2.3.7), (1.1.5) to the second term on the
right hand side of (2.3.7) and (1.1.7) to the third term on the right hand side of (2.3.7) it

is found that
£(0) = —QU + A) — QK(0) — PK'(0),

which on rearrangement yields (2.3.3). Similarly, as (2.2.7) holds the Laplace transform
of G exists for Rez > 0. By applying: (1.1.8) to the first and second terms on the right
hand side of (2.3.9); (1.1.6) twice to the third term on the right hand side; (1.1.6) to the
fourth term on the right hand side; (1.1.5) and then (1.1.8) to the final term on the right

hand side of (2.3.9), we get

A 1 1
G

1+, 1 . 1 4
TIiY Ty 7 (QReo +QAR) + P (—;K (0) ~ KO+ ;K(z)> Reo

1 _ - 1 - 1 N
N ;QK(O)ROO zh ;QK(Z)ROO o mQK(z)ROOa

which on rearrangement yields (2.3.4). Now consider the case when z = 0. If we apply
(1.1.9) to the first and second terms on the right hand side of (2.3.9), calculate the third

term on the right hand side explicitly, apply (1.1.7) to the fourth term on the right hand
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side, before finally applying (1.1.5) then (1.1.9) to the final term on the right hand side of

(2.3.9), we arrive at

~

G(0) = @ — (QRoo + QARe) + 5 PR"(0)Reo + QK'(0)Roo — QK (0) o

which on rearrangement yields (2.3.5). This completes the proof.
O
If it is assumed that there exists a constant a > 0 such that (2.2.13) of Theorem
2.2.5 holds then the functions F and @ defined by (2.3.2) and (2.3.4) respectively can

be extended into the negative half plane. Use is made of this fact when proving that

statement (i) implies (i) in Theorem 2.2.5.

2.4 Proof of Theorem 2.2.5

Theorem 2.2.5 is a consequence of the following results.

Theorem 2.4.1. Let K satisfy (2.1.2) and (2.2.7), and R be the solution of (2.1.1).
Suppose there exists a constant matriz Reo such that (2.2.8) holds. If there exists a constant
o> 0 such that K obeys (2.2.13) in Theorem 2.2.5, then there exist constants B >0 and

¢ > 0 such that R obeys (2.2.14) of Theorem 2.2.5.

Theorem 2.4.2. Let K satisfy (2.1.2), (2.2.7) and (2.2.12), and let R be the solution of
(2.1.1). Suppose there exists a constant matriz Reo such that (2.2.8) holds. If there exist
constants 8 > 0 and ¢ > 0 such that R obeys (2.2.14) in Theorem 2.2.5, then there erists
a constant a > 0 such that K obeys (2.2.13) in Theorem 2.2.5.

The following lemma is used in the proof of Theorem 2.4.1. The proof is deferred until

the end of the section,
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Lemma 2.4.1. If the function K satisfies (2.1.2), (2.2.7) and there exists a constant

matriz Roo such that the solution R of (2.1.1) satisfies (2.2.8), then
det|[l + F(z)] #£0, Rez >0, (2.4.1)

where the function F is defined by (2.3.7).

The following proposition may extracted from [30, 31] and used later in the proof of

Theorem 2.4.2.

Proposition 2.4.1. Let K satisfy (2.1.2) and (2.2.12). Suppose there evists a > 0 and a
function B such that K(z) = B(z) for Rez 2 0 and B is well defined on |Rez| < a and

analytic on |Re z| < a. Then

oo
/ 1K (s)]|e>® ds < .
4]

The proof of this proposition is deferred to Appendix A. The proof is identical in all
important details to that of Theorem 2 in [31]. The difference is that one must work in

finite dimensions.

Proof of Theorem 2.4.1. As (2.2.8) holds the inversion formula for the Laplace Trans-

form of Y is well defined when € > 0:

1 SR zt
Y(t) = ~2—f Y (2)e*dz.
€

e —ico
From Lemma 2.4.1 it is known that det(/ + £(z)] # 0 for Rez > 0 so one can write
V(z) = Hi(2); Rez>0,
where

Hy(z) = (I + F(2))7'G(z), Rez20,

by (2.3.8).
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Firstly, it is shown that for some # > 0 one can write

Y(t 1 R at
(#) = '2—”—?’ p— H{(Z)e dz, t>0.

Observe that since det[l + F(0)] # 0, H(0) exists. Using (2.2.13) and the Riemann-
Lebesgue Lemma it is seen that K (z) — 0 as |z] — oo for Rez > —a. Thus it can be seen
from (2.3.2) that F'(z) — 0 as |z| — oo for Rez > —a. Therefore, a constant Tp > 0 exists
such that for [Im 2| > Ty the function z = det[] +F(z)] # 0 when Re z > —a, [Imz| > Tp.

Hence, Hy(z) exists when |[Im z| > Ty and Rez > —a. Let

D=z —% <Rez<0, [Imz| <Tp}

and

co =max{Rez:z€ D, det[l+ F(z))=0}.

-

Since z —» (I + F(z)) is analytic on the domain Rez > —a, and its determinant is a
continuous function of its entries, the function z ~ det[/ + F'(2)] is analytic on the domain
Rez > —a. Thus it has at most a finite number of zeros in the set D. As det[/ +F(z)] #0
for Re z = 0 this means that ¢o < 0. Take a constant # > 0 so that ¢y < —3 and consider

the integration of the function H{(z)e™*' around the boundary of the region:
{Air: —BLALP, T <7 <7T}.

Since H) exists and is analytic in this region it follows that the integral over the boundary

is zero, that is:

O4iT =BT —A—iT B—iT
( + f + f 4 f ) Hy(2)edz = 0.
B—iT BT —B4iT —F—iT

It is now shown that

p 34T fF—iT
lim Hy(z)e'dz=0 and lim / Hi(z)e" dz = 0,
T—o0 J_gi41 T—oo J_g—iP
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Consider || Hy(z)e®| where z = A +iT and —f < A < f3:
[Hi(z)e|| = (T + F(2)) " G(=)e™|| < NG + F(2) 7.

Due to a previous argument, det[/ + F'(z)] # 0 on the contour we are considering, so a
constant ¢ may be found such that |[(7 + F(2))7Y| < ¢. Using this and expanding G we

obtain

|Q = (I + ARl , IQK(Resll | IPK'(O)Roo — QK(0) Rool

1Hi (2)e] < ce® - (

|z +1] |z +1] |2]
IQK (2)Reoll , IPR(O) Rl , [IPK(2) Recll
gkl 1L )

At i 2 -
<& (HQ (I + A)Ro|| + QK (2)Roo| + | PE'(0) Reo ~ QK (0) Rec|

|PE(0)Rsll | IPK(2) Rl
A )

As T — oo this means that |z] — oo so from the Riemann-Lebesgue Lemma it is seen

+H|QK (2) Rooll +

that as |T'| — oo, K (z) — 0 uniformly, for Rez > —a. Now, due to the continuity of X,

a positive constant m < o0 can be found such that
m
|H ()| < e,

for [Rez| < B,z =A+ i, and t > 0. Thus,

” fﬁm Hy(2)e dz

A - 8
< [ | Hy (A 4+ 3T)eP T d) < [ At gy < 2f e,
—3HiT J-p aT T

It is obvious that f?;:f:" | Hy(z)e*||dz — 0 as T — 00. A similar argument shows that

3—iT "Hl (z)ezi‘.”dz —0as T — oo0. Hence,

e
«fGioo —fI+ico
/ Hi(z)e™ dz = f Hy(z)e™ dz

B—ico —fi—io0

and

]. ~ﬂ+i00 "
Y(t) = Eﬁ/ Hy(2)e dz,

A—ico
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as required.
It is necessary to choose an integrable function Hp in order to obtain (2.2.14). The
function My is defined as follows:

Hy(z) = Hi(z) — (2 — co)~'L

- 1
T z—ey z4+1

I+ F@)™ [(2 - o)z + 1G(2) - (24 DU + F()L]
where L := Q(I — (I + A+ K(0))Roo) — P!;(‘{{})Rm. Since Hy is a continuous function it

is clear that Hs is integrable if |22 Ha(2)|| < oo as |z| — oo. Obviously,

z
z—¢p

z

)22 Ha(a)] < —

T+ FE)

x ||tz + étz) - zL“ $ ”(:g(z A 1)(;(;)" + L]+ ”(z + 1)ﬁ(z)L|[] .

x

Firstly, both |;% o

and l;‘%' tend to unity as |z| — oo. Thus, positive constants ¢ and

X
z—0p

¢y may be found such that < ¢y and lﬁf' < ¢y. A previous argument showed that

det[I+ F(z)] # 0 for Rez > —[3, 50 we can find a constant ¢ > 0 such that NI+E()) < e

As (2.2.13) holds it is known from the Riemann-Lebesgue lemma that K(z) — 0 as

|z| = oo with Rez > —a. Thus from (2.3.2) and (2.3.4) it is seen that |lco(z + DG(2)

and [[(z + 1)F(z)L|| arve bounded for Re z > —a. Now we examine z(z + 1)G(z) — zL:
2(z4+1)G(z) — zL

= 2Q (I = {4 A4 ﬁ:(z))Rm) —(z+1) (PIE”(U) +QK(0) - QR’(z)) Reo
(z+1)

_ 2 P(K(0) — K(2))Roo — 2L

=3z (Qu — (I + A)Ruo) — (PK'(0) + QK (0))Roo — L)
& (pf{*(u) + QK(0) + Pf{(())) Roo + K (2)Rso

—%PR’(D)ROO 4 %R(z)Rw.
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Due to the definition of L we see that (2.4) becomes

ez + DG — 2Ll < || (PR/©0) + R(0)) Rool| + 1K (2)Rec

" “PK%S;ROOH n B Izl ol

when we take norms on both sides. The right hand side is clearly tending to a constant
as |z] — oo. So again using the continuity of K we see that ||z(z + 1)G3(z) — zL| is
bounded. Combining the above arguments it is clear that |z2Ha(z)] < oo with Re z = —f.

Consequently,

—f+ico
/ | H2(2)|| dz < 0.

—f—ico

Therefore,

ol [ et

fA—ioco
—fB+icc —B+ico o2t
<zl /, m%4+H/ =4
2T B—ico 2 B—ico zZ—C
1 —,Bt Sy cot —ﬂt
< 5.€ | Ha(2)l| dz + o~ HL”@
—fB—ioco
< ce P,
This completes the proof. O

Proof of Theorem 2.4.2. Since assumption (2.2.8) holds, the definition of the Laplace
Transform of Y is valid. Therefore V exists and is continuous in {Rez > —B} and is
analytic in {Rez > —f}. As assumptions (2.2.7) and (2.2.8) hold Theorem 2.2.4 can be
applied to get (2.2.10). Thus det[zY (2) — Roo) is nonzero at zero. From the continuity of ¥
at zero there exists an open neighbourhood centered at zero on which det[zf’(z) —Ry] #0.
From the definition of P it is clear that its eigenvalues are either 0 or 1. Thus det[z] + P|
is nonzero except at zero in an open neighbourhood centered at zero with radius less

than one. Choose a > 0 such that det[zY (2) — Roo) and detfz] + P] are nonzero for
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—a& < Rez < 0. Define the function B as follows

B(z) = (P +21) ' [£2QU — (I + A)(Reo — ¥ (2))
— 2(z + 1)PR'(0) Roo — (2 -+ 1)(P + 2Q) K (0) Roo
— 2(z + )PR(0)V (2) — 2%(z + )Y (2)] (Y (2) — Reo)™' (2.4.2)
for —a < Rez < 0 and B(0) := K (0). Note that B(z) := K(2) for Rez > 0. Proposition
9.4.1 can be applied to prove Theorem 2.4.2.

The formula for the function B is now derived: the function F" can easily be expressed

as

o 1 2 ! ) . g
) = 2511 [-2QU + A) + 2z + DPR(O) + (P + DR,
and the function G can easily be expressed as

2 1

&)= 25Ty [zzQ(f — (I + A)Roo) — #(z + 1)PK"(0) Reo

— (24 1)(P+ 2Q)K(0)Ro + (P + zI)R’(z)RW].
Using the above expressions we can expand Y(z) + F(2)Y (z) = G(2) to obtain
2z + DY (2) + [—zﬁQ(f +A) +2(z+ 1)Pff(o)] Y(2) + 2(P + zDK(2)Y (2)
= [:ﬁQU — (I + A)Reo) — 2(z + 1)PK'(0) Ro
~(z+1)(P+ zQ)R(O)Rm] + (P + 2I)K (z) Roo.
Rearranging the equation one obtains
(P + 21K (2)V(2) = (P + 21)K (2) Roo

= 2Q(1 — (I + A)(Reo — Y (2))) — 2(2 + 1)PK'(0) Res

—(z+ 1)(P+ 2Q)K(0)Roc — 2(2 + V)PR(O)Y (2) - 22(z + DY (2).

Both P+ zI and zY(z) — R are invertible in the region considered, so (2.4.2) holds. [
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Proof of Lemma 2.4.1. The case where z = 0 and Rez > 0, z # 0 are considered

separately. If z = 0, then using the fact that QM = M, it is seen that

det[] + £(0)] = det [I _QU+A+R(©0) - PR'(O)]
o0 (e 0]
= det [P—M—i—/ / PK(u)dudS].
0 8
This is nonzero by (2.2.10) of Theorem 2.2.4. Now consider the case when Rez > 0, z # 0;

det[] + F(2)] = det [1 - Z—Jlr—lQ(I +A) - Z—%Qf((z) T P%K(O) - %PR’(Z)]

= %z ! 1det [z(z—l—l) —2Q(I + A) —2QK(2)

+(z + 1)PK(0) — (z + 1)Pf<(z)}
= %z—l}-l det [z(zI—A—K(z)) +P(zI—A—K(z))]
e %z—lkl det(2] + P)det [zI—A—K(z)] )

using the fact that PM = 0. Consider each term individually. Obviously, %E%T # 0, since
Rez > 0 and z # 0. The function z — det[zI—A—f((z)] is nonzero due to Theorem 2.2.4.
Finally, the function z — det[z] + P is nonzero due to the structure of P: the matrix P
has two eigenvalues, 0 and 1. So det[z] + P} is zero only at z = 0 and z = —1. From the

above it is obvious that (2.4.1) holds. O

2.5 Proof of Theorem 2.2.6

Theorem 2.2.6 is a consequence of the following results:

Theorem 2.5.1. Let K satisfy (2.1.2) and (2.2.7) and let f satisfy (2.1.4). Suppose that
for all zo there is a constant vector Too(Zo, f) such that the solution t — z(t;zo, f) of
(2.1.3) satisfies (2.2.16). If there exist constants & > 0, ¥ > 0 and c1 > 0 such that
statement (i) of Theorem 2.9.6 holds, then there exist constants G > 0, independent of xg,

and ¢y = ca(x0) > 0, such that statement (ii) of Theorem 2.2.6 holds.
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Theorem 2.5.2. Let K satisfy (2.1.2), (2.2.7) and (2.2.12) and let f satisfy (2.1.4).
Suppose that for all xo there is a constant vector zeo(zo, f) such that the solution t —
z(t; zo, f) of (2.1.3) satisfies (2.2.16). If there exist constants B > 0, independent of xo,
and ¢y = co(wo) > 0 such that statement (ii) of Theorem 2.2.6 holds, then there exist
constants o > 0, v > 0 and c1 > 0 such that statement (i) of Theorem 2.2.6 holds.

If a weaker condition is imposed (that is if (2.2.18) of Theorem 2.2.6(ii) only holds for
a basis on initial values) then the same result holds.

Theorem 2.5.1 is proven by examining the variation of parameters representation of
the solution while Theorem 2.5.2 is proven by examining the integral version of (2.1.3).
The rationale for this is obvious; when showing sufficiency we have information about the
underlying resolvent, but when showing necessity we know nothing about the resolvent a
PrioTi.

Lemma 2.5.1 is required in the proof of Theorem 2.5.1; it is however an interesting result
in its own right. It gives conditions which ensure that the constant matrix Reo satisfies

the differential equation (2.1.1) at oo.

Lemma 2.5.1. Let K satisfy (2.2.7). Suppose that there exists a constant matriz Reo

such that the solution R of (2.1.1) satisfies (2.2.8). Then

CA+AWK@yu>RW=a

Lemma 2.5.2 is the analogue of Lemma 2.5.1. It states conditions that ensure the vector

Too satisfies (2.1.3) at oo. It is required in the proof of Theorem 2.5.2.

Lemma 2.5.2. Let K satisfy (2.2.7) and let f satisfy (2.1.4). Suppose that there exists
o constant matriz Teo such that the solution z of (2.1.3) satisfies (2.2.16) and z(t) = Too

ast — oo. Then

<A+AMK&M0mw:&

The proof of both Lemma 2.5.1 and 2.5.2 may be found at the end of this section.
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Proof of Theorem 2.5.1. Using (2.1.4) and (2.1.5) it is seen that lim;—oeo z(t) = Teo

where Zoo is finite and

i = P (3-‘0 + /:’f(s)ds) ,

which implies

2(8) ~ 500 = RlB0 + R+ 1))~ Reo (a0 + [ 169 is)
~ (RO - Reohto + | (Rt 5) — Reo)f(5) ds — Reofa(8)

Integrating ((R — Roo) * [)(t) by parts one obtains

2(t) — oo = (R(t) — Reo)zo — (R(0) — Roo) f1(t)
(RO - R $10)— [ R~ Ie)ds ~ Foofi®): (251
Due to the fact that K obeys (2.2.13) it follows that R — Reo decays exponentially by
Theorem 2.2.5. It is proved in the sequel that R' decays exponentially; fi also decays
exponentially so therefore the convolution of R and fi decays exponentially. By use of
the above facts and the hypothesis (2.2.17) on fi, it is clear that each term on the right
hand side of (2.5.1) decays exponentially, which yields (2.2.18).
It is now shown that R’ decays exponentially. The resolvent equation (2.1.1) can be

rewritten as

i
R(t) = A(R(t) — Rec) + ﬁ K(t— )(R(s) — Roo)ds

— K (t)Roo + (A+ /oo K(S)ds) Reo, (2.5.2)
0
where

Ky(t) = f: * K(s)ds, t>0. (25.3)
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The first term on the right hand side of (2.5.2) decays exponentially since (2.2.13) holds.
An argument is now provided to show that the second term decays exponentially. Since
R — Ry, decays exponentially and (2.2.13) holds it is possible to choose u such that the
functions t - et K (t) and t — e’ (R(t) — Reo) are both in L1((0,00), Mpxn(R)). The

convolution of two integrable functions is itself an integrable function, so

ekt

/O K(t — 8)(R(s) — Roo) ds

= /t eHt= K (t — 8)e* (R(s) — Roo) ds|| < ¢ (2.5.4)
0

Clearly fg K(t — s)(R(s) — Reo) ds decays exponentially. It is now shown that the third

term on the right hand side of (2.5.2) decays exponentially using the following argument:
_ o0 o
K, = / K (s)]|le*°ds > / | K (s)]|e*ds
0 t
o0
> oot [T K(@)ds 2 @) (255)
t

where K is defined by (2.5.3). Finally, it is shown that (A + [;° K(s)ds)Roo = 0 in
Lemma 2.5.1. Combining the above observations it is seen that R’ decays exponentially

to 0. |

Proof of Theorem 2.5.2. Firstly assumption (2.2.13) is proved. As (2.2.18) holds for

all o the following n + 1 solutions of (2.1.3) can be considered; {z;(t)}j=1, n+1 where
zj(0)=e; forj=1,---,n and zp+1(0) =0.

It is known that z;(t) approaches z;(00) exponentially fast. Introduce s(t) = x;(t) —

Tn+1(t) and notice 55(0) = e;. Let S(t) = [s1(t),-. ., sn(t)] € Myuxn(R). Then

S'(t) = AS(t) + (K * S)(t), t>0;  S(0)=1.
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Define s;(o0) = ;(00) — Tn4 1(00). Then 8(t) — S exponentially fast, so Theorem 2.4.2
can be applied to obtain (2.2.13). Note that the rate of convergence of K is independent
of zg.

Using the above, one can now prove (2.2.17). As (2.2.18) holds for all initial conditions

we can choose xp = 0 to simplify calculations. Integrating (2.1.3) the following is obtained:
(
0

B{t) = At Az(s)ds + / (K *x)(s)ds + /Dl f(s)ds.

The objective now is to write f in terms of K and & — Zeo. Adding and subtracting Teo

from both sides it is seen that
t
2(t) — Too = —Too + / Alz(s) — Too) ds
0
t s
+ f / K (s —u)(z(u) — Teo) duds
o Jo

L t ps L
+[ Aa:{,oderf ] K{s—u):z:ooduds+f f(s)ds.
0 0 Jo 0

It is shown in the proof of Lemma 2.5.2 that (A + I3 K (u) du)zoo = 0, 50

T(t) — Too = —Too + ful A(z(s) — Too) ds
+ Lt /na K(s —uw)(z(u) — Teo) duds

t t
—/ Kl(s)ds:l:w—i-/ f(s)ds. (2.5.6)
0 0

Changing the order of integration and introducing a change of variable in (2.5.6) the

following is obtained:

z(t) — Too = —Too + .Ln (A + /:uu K(v) d'u) (z(u) — Too) du

= L ' Ryt ity fu " f(s)ds.
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A further rearrangement yields

Z(t) — Too = —Too + (A + ]ﬂm K(v) dv) /:(:E(ﬂ-) — Zeo) du

' Ky(s) ds ‘K l 5
-/0 (s) a:cm—/n 1(t-—u)(x('u)—3:w)du+£ f(s)ds. (25.7)

Allowing t — oo in (2.5.6) it is seen that

— Loy = -/OOA(:B(S) — Tng) ds
0
- Aw /Us K(s —u)(z(u) — 2e0) duds
+ fm Ky(u)duze — /mf(s) ds. (2.5.8)
0 0
An application of (1.1.2) yields
g e ]:0 A(z(8) = %eo) d8 = f:’ K(s)ds f{}m(z(s) i) idé
+ /m Kiy(u)di o — /m f(s)ds. (2.5.9)
0 0

Substituting this expression for —2e into (2.5.7) one obtains

(1) — Too = — (A -+ j:o K(v) dv) /tm(a:(u) — Zoo) At

oo t
R /r: Ky(u)duze — fi(t) — /u K1t — u)(z(u) — 2o0) du.
This yields
filt)=— (A + Am K(u) d-u) fw(m(s} — Too) ds + /m Ki(u) du e
1 t
—(z(t) — Too) — /l Kt —u)(x(u) — o) du. (2.5.10)
0

It is now shown that fi decays exponentially. The first and third term on the right hand
side of (2.5.10) decay exponentially to zero due to assumption (2.2.18). As K has been

shown to obey (2.2.13) it is seen from (2.5.5) that I K8 < Kqe~®t, t > 0. By this
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estimate it is clear that the second and fourth terms decay exponentially to zero. Note
that since K is independent of zg and |[z(t) — Tooll £ ¢2(0)e~Pt = cpe™P* the rate of decay

of f1 is independent of zo. (|

Proof of Lemma 2.5.1. Integrate (2.5.2) over [0,t] and rearrange the terms to obtain:

- (A—I—/()ooK(s)ds) Root:/OtA(R(s)—Roo)ds

i s t
+/0 /0 K(s—u)(R(u)—Rw)duds—/o K1(8) Roo ds — (R(t) — Ro).

The first term on the right hand side of the equation is bounded as (2.2.8) holds. The
second term on the right hand side of the equation is bounded as the convolution of an L!
function with an L' function lies in L. The third term is bounded due to (2.2.7). Due
to the fact that assumption (2.2.8) holds and R converges to a finite matrix Roo the final

term is bounded. Combining these arguments it is seen that (A+ f0°° K(s)ds)Rew =0. O
Proof of Lemma 2.5.2. To prove this consider (2.1.3) and add and subtract ZToo from
the right hand side of the equation to obtain
t
Z'(t) = Az(t) — Too) + / K(t— s)(z(s) — o) ds
0

+ f(t) — K1(t)Too + (A + /000 K(s) ds> Too

Integrating and rearranging terms the following is obtained

<A+/ K(s ds)a:oot—( (t)—:Eoo)—(mo——acoo)—/olt A(z(8) — Too) ds

/ / K(s—u)(z )—mw)duds—/o f(s) +/0tK1(s)zoods. (2.5.11)

The first term on the right hand side of (2.5.11) is finite since (2.2.16) holds and z(t) — Teo
as t — o0o. The second term is finite since both xo and e, are finite. The third term is

finite since (2.2.16) holds. The fourth term is finite since an L! term convolved with an
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L! term is in L*. The fifth term is finite since (2.1.4) holds. Finally, the sixth term is
finite since (2.2.7) holds.
The left hand side of (2.5.11) tends to oo if (A + [ K(s)ds) zeo # 0, while the right

hand side of (2.5.11) is finite. This is contradictory, thus (A+ [P K(s)ds) 3o =0. U
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Mean square convergence

3.1 Introduction
Here the asymptotic convergence of the solution of

dx () = (AX(t) + /Ot K(t—s)X(s) ds> dt + L(t)dB(t), t>0, (3.1.1a)

X(0) = Xo, (3.1.1b)

to a random variable is studied. It is assumed that X is a deterministic n—dimensional

vector, that K satisfies (2.1.2) and that the function ¥ : [0,00) — Mnxd(R) satisfies
% € C([0,00), Mnxa(R)). (3.1.2)

Let {B(t)}t>0 denote d—dimensional Brownian motion on a complete probability space
(Q, F,{FB}i>0,P) where the filtration is the natural filtration of B namely, FB(t) =
o{B(s):0< s <t} The function ¢ — X (t; Xo, &) is defined to be the unique continuous
adapted process which satisfies the initial value problem (3.1.1). Results concerning the
existence and uniqueness of solutions may be found in [9, Theorem 2E] or [37, Chapter 5]
for example. As ¥ is continuous, for any deterministic initial condition X there exists a
unique a.s. continuous and adapted process obeying (3.1.1) given by
t
X(t; X0, X) = R(t)Xo + /0 R(t — s)X(s)dB(s), t=0. (3.1.3)
Again, it is noted that when Xo and X are clear from the context they are omitted from
the notation.
In the stochastic case the asymptotic convergence of solutions of (3.1.1) to equilibrium
alone has been considered. Authors who have studied this type of convergence include
Appleby and Riedle (8], Mao [27) and Mao and Riedle [28]. This work is the first of its

type to consider the mean square convergence of solutions of (3.1.1) to non-equilibrium
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limits. The levels of environmental noise by which the system can be perturbed while still
maintaining convergence to an explicit non—equilibrium limit Xo is established. These re-
sults suggest that when considering the convergence of the system to a non—trivial random
variable the square integrability of the noise term is crucial. Conditions for the integra-
bility of X — X« in the mean square case are also considered. Here, the establishment of
the necessary and sufficient conditions on the resolvent, kernel and noise is complicated
by the fact that Xeo is not F (t)-adapted. Consequently standard Itd methods cannot be
directly applied. The results presented in this chapter have counterparts in the almost

sure case, the details of which will be presented in Chapter 4.

3.2 Discussion of Results

The main results of the chapter are presented in this section. The necessary and sufficient
conditions for asymptotic convergence of solutions of (3.1.1) to a nontrivial limit and the
integrability of these solutions in the mean square sense are considered.

Krisztin and Terjéki considered the case where R — Roo is in the space of L1(0, 00)
functions. However, in the stochastic case it is more natural to consider the case where
R — Ry lies in L?(0, 00). Consequently, Theorem 2.2.4 is converted from the space of
integrable functions to the space of square integrable functions. This conversion may be
found in Lemma 3.3.1. Furthermore, it is found that an assumption on the existence of the
first moment of K—rather than on the second moment as required in (2.2.7) of Theorem
2.9.4—is adequate for the convergence and integrability of solutions of equation (2.1.1).
This is due to the fact that R — Roo € L%(0,00) is assumed o priori in this case, while
Krisztin and Terjéki were interested in the necessary and sufficient conditions to establish
R — Ry € L'(0,00).

Initially, sufficient conditions for convergence of solutions to a non—equilibrium limit are

considered.
Theorem 3.2.1. Let K satisfy (2.1.2) and

/thK(t)H dt < o, (3.2.1)
0
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and let ¥ satisfy (3.1.2) and

/Ooo =) dt < oo (3.2.2)

If the resolvent R of (2.1.1) satisfies
R(") — Reo € L2((0,00), Mpxn(R)), (3.2.3)
then the solution X of (3.1.1) satisfies X (t) = Xoo 08 t — oo almost surely, where

o0
Xoo = Reo (Xo +/ =(t) dB(t)) a.s. (3.2.4)
0
and Xoo is almost surely finite.

The following theorem concerns sufficient conditions for asymptotic convergence in mean
square of the solutions of (3.1.1) to a nontrivial limit Xo and the integrability of X — Xoo
in the mean square sense. As in the almost sure sense, it is found that conditions (3.2.2)
and (3.2.3) are required for convergence in mean square. Additionally, in order to ensure
integrability, an assumption on the existence of the first moment of the noise term is

required.

Theorem 3.2.2. Let K satisfy (2.1.2) and (3.2.1) and let & satisfy (3.1.2). If T satisfies
(3.2.2) and there exists a constant matriz Reo such that the solution R of (2.1.1) satisfies
(3.2.3), then for all initial conditions Xo there is an almost surely finite F B (o0)-measurable
random variable Xoo(Xo,X) with I | X o0 (Xo, )| < oo, such that the unique continuous

adapted process X (-3 Xo, %) which obeys (3.1.1) satisfies
Jim E |1 X (t; X0, %) — Xoo( X0, Z)|I> = 0. (3.2.5)
—00
Moreover, if the function % also satisfies
o0
/ t|| RooZ(£)||? dt < 00, (3.2.6)
0
then

E (| X(; Xo, 5) — Xoo(Xo, D)1 € L ((0,00), R). (3.2.7)
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Furthermore, it is possible to prove that conditions (3.2.2), (3.2.3) and (3.2.6) are nec-
essary for the asymptotic convergence of the solution X of (3.1.1) to the non—equilibrium

limit X, and for the integrability of X — X in the mean square sense.

Theorem 3.2.3. Let K satisfy (2.1.2) and (3.2.1) and let ¥ satisfy (3.1.2). Suppose
for all initial conditions Xo there is an a.s. finite FP(oc0)-measurable random variable
Xoo(X0, %), with E ||X00(X0,Z)||2 < 00, such that the unique continuous adapted process
X(-; Xo, X) which obeys (3.1.1) satisfies (3.2.5) and (3.2.7). Then there exists a constant
matriz Reo such that the solution R of (2.1.1) satisfies (3.2.3) and the function & satisfies

(3.2.2) and (3.2.6).

Theorems 3.2.2 and 3.2.3 can be combined to obtain the following equivalence.

Theorem 3.2.4. Let K satisfy (2.1.2) and (3.2.1) and let 2 satisfy (3.1.2). The following

are equivalent.

(i) There exists a constant matriz Reo such that the solution R of (2.1.1) satisfies (3.2.3)

and the function ¥ satisfies (3.2.2) and (3.2.6).

(i) For all initial conditions X, there is an a.s. finite FB(oo)-measurable random vari-
able Xoo(X0,Z) with B | X oo (X0, 2)||2 < oo such that the unique continuous adapted

process X (-3 Xo, %) which obeys (3.1.1) satisfies (3.2.5) and (3.2.7).

(i4i) There is a basis of initial conditions {X;(0)}1gj<n and a collection of a.s. finite
FB(co)-measurable random variables {X;j(o0)hi<j<n with E || X;(c0)||> < oo, such
that for each j =1,...,n the unique continuous adapted process X;=X(; X;(0),%)

satisfies

Jlim B{|X;(t) - X;(o0)|? =0, (3.2.8)
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and
E|X;() — X;(00)|* € L((0,00), R). (3.2.9)

The proof of Theorems 3.2.2, 3.2.3 and 3.2.4 may be found in Section 3.4.

3.3 Convergence of Deterministic and Stochastic Equations

to a Nontrivial Limit

In this section, sufficient conditions for convergence of solutions to an explicit non-
equilibrium are established. Firstly, the result by Krisztin and Terjéki is converted from
the space of integrable functions to the space of square integrable functions. This result

is presented in Lemma 3.3.1, the proof of which is technical and deferred to Section 3.6.

Lemma 3.3.1. Let K satisfy (2.1.2) and (3.2.1). If there exists a constant matriz C such

that the resolvent R of (2.1.1) satisfies
R(-) = C € L*((0,00), Mrxn(R)), (3.3.1)
then
o0 o
det [P -M +/ / PK(u)du ds] # 0. (3.3.2)
0 g
Moreover, if the constant Rog 15 defined by
~1

o0 [o 0]
Rooz[P—M—l-/ / PK(u)duds] p,
0 s

then R(t) = Roo as t — 00 and C = Reo.

The proof of Lemma 3.3.1 relies on proving that, given a particular criterion, the rank
of a certain matrix is less than the rank of another. The proof of this is interesting in its

own right and so it is stated as the following lemma:

43



Chapter 3, Section 3 Mean square convergence

Lemma 3.3.2. Let K satisfy (2.1.2) and (3.2.1). Suppose that there exists a constant

matriz Reo such that the resolvent R of (2.1.1) satisfies (3.2.3). If

x (o o]
det [P -M +/ / PK(u)du ds] =0, (3.3.3)
0 3
then rank (PDN) < rank (N) where D = I+ [° fsoo K(u)duds and the matriz N s
defined as N = TDNT™!. Here Dy = diag(f1, f2, s fn) with fi =1 if all the elements of
the ith column of J are zero, and fi =0 otherwise.

We prove the result in Section 3.5. Some illustrative examples are included in this
section to highlight the complexities of this result.
The following lemma is used in the proof of Theorem 3.2.1. The details of the proof is

deferred to Section 3.6.

Lemma 3.3.3. If K satisfies (2.1.2) and (3.2.1). If there ezists @ constant matriz Roo

such that the resolvent R of (2.1.1) satisfies (3.2.3), then
det[] + F(2)] #£0, Rez>0, (3.3.4)
where F is defined by (2.3.7).

Proof of Theorem 3.2.1. Begin by writing (3.1.1) in integral form over [0, s], then mul-
tiply both sides of the equation by ®'(t — ), where ®(t) = P+ etQ. Integration of the

resulting equation over [0,t] leads to:
X(t) + (F* X)(t) = Gs(t), (3.3.5)
where the function F is given by (2.3.7), Gg is given by
¢
Gs(t) = B()Xo + u(t) + / &' (t — w)pu(u) du, (3.3.6)
0

and u(t) = fg %(s) dB(s). Now using Itd’s Lemma with dY (t) = (s) dB(s) and V(y,t) =

ety we see that
t 1
/ &' (1 — s)uls) ds = —Quit) + Q / e~ t=9)5(s) dB(s),
0 4]
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and so

¢
Gs(t) = D(E)Xo + / Bt — w)T(w) dB(w). (3.3.7)
0
From Theorem 1.1.2, it is known that X can be expressed as

X(t) = Gs(t) — /tr(t— 5)Gs(s) ds, (3.3.8)
0

where the function r satisfles r + Fxr = F and r +7 * F = F. In order to consider the
asymptotic behaviour of X in (3.3.8) we begin by looking at the asymptotic behaviour of
Gg in (3.3.6). Clearly, ®(t) — PX¢ as ¢t — oo. Now consider the second term in (3.3.6).
Since (3.2.2) holds, we see using the Martingale Convergence Theorem that lims oo 1(t) =
p(00). Now consider the third term in (3.3.6). Since limi.co u(t) = p(oo) and @ is

integrable, as t — 00, wWe have

t t t
[[ @ autads = || @/ s)ute) - pleN ds + [ @ = smeo)ds
0 0 0
oo
[ e
0
= —Qu(o0).
Combining the above we see that the first term on the right hand side of (3.3.8) has finite
limit
[e o]
Gg(o0) = PXo + P/ L(t) dB(t), a.s. (3.3.9)
0
Now, consider the second term on the right hand side of (3.3.8) as t — o0. Due to

Theorem 2.2.3 and Lemma 3.3.3 it is seen that r is integrable. Thus one can integrate

r 4 F xr = F over [0,00) and rearrange the equation to obtain
00 [ -1 roo
/ r(s)ds = <I—|—/ F(s) ds> / F(s)ds.
0 0 0
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Now consider the asymptotic behaviour of fg r(t — u)Gs(u) du:

t

00 -1 poo
lim [ r(t—s)Gs(s)ds= <I + /0 F(s) ds) / F(s)ds Gs(00). (3.3.10)
0

t—oo Jg

It was shown in the proof of Lemma 2.4.1 that I + F(0) = P— M + I [° PK(u)duds.
So letting t — oo and using the definition of R given in (2.2.11) it is seen that by taking

limits as t — oo in (3.3.8) we get

t—00

lim X (t) 1= Xoo = Gg(00) — /000 r(s) ds Gs(o0) = Roo <X0 + /OOE(t) dB(t)) ,
0

by combining (3.3.9) and (3.3.10). From assumption (3.2.2) and Lemma 3.3.1 it is seen

that Xoo is finite a.s. This completes the proof. O

3.4 Conditions for Convergence and Integrability in Mean

Square

In this section, necessary and sufficient conditions for asymptotic convergence of solutions
of (3.1.1) to a nontrivial random variable in the mean square sense are considered. Two
technical lemmas used in the proof of Theorem 3.2.3 are presented. Lemma 3.4.1 is the
analogue of Lemma 2.5.1 in the stochastic case; it concerns the structure of Xoo. This
result enables us to prove Lemma 3.4.2, which concerns the necessity of (3.2.2) for stability
of the system. Consequently, one need only assume the continuity of the noise term (which
ensures the existence of solutions) at the outset. Lemma 3.4.2 in turn allows us to show
the necessity of (3.2.6), the details of which may be found in the proof of Theorem 3.2.3,

given below.

Lemma 3.4.1. Let K satisfy (2.1.2) and (3.2.1). Suppose that for all initial conditions
Xo there is a FZ(co0)-measurable and almost surely finite random variable Xoo( X0, 2)

with E || Xoo||> < 00 such that the solution t — X(t; Xo, %) of (3.1.1) satisfies (3.2.5) and
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(3.2.7). Then, X obeys

(A + /Ooo K(s) ds> Xeo =0 as.

Lemma 3.4.2. Let K satisfy (2.1.2) and (3.2.1). Suppose for all initial conditions Xo
there is an almost surely finite random variable Xoo(Xo, ¥) which obeys E || Xoo(Xo, 2 <
oo such that the solution t — X (t; Xo, %) of (3.1.1) satisfies (3.2.5) and (3.2.7). Then %

satisfies (3.2.2).

The proofs of these Lemmata are deferred until Section 3.6.

Proof of Theorem 3.2.2. Using Theorem 3.2.1, it is shown that E [ Xeoll? < oo as fol-

lows:
[o 0]
B Xool? = [ir XeuXT] = [ReoXoll? + [ I1RoB()?ds. (34D
0

By applying Lemma 3.3.1, it is seen that the first term on the right hand side of (3.4.1)
s finite. Furthermore, the second term is finite by (3.2.2).

It is now shown that (3.2.5) holds. By considering the solution of (3.1.1) expressed in
terms of variation of parameters and the expression obtained for Xoo obtained in Theo-

rem 3.2.1 it is seen that
E X () — Xooll? = E [tr (X() = Xea) (X (D) = Xoo)']
¢
— (R ~ Re)Xoll*+ [ IRt~ 9) = Fee) S ds (342)
o0
+ [ IReB (o) ds
t
From Lemma 3.3.1, it is clear that the first term on the right side of (3.4.2) tends to
0 as { — oo. Now consider the second term. Using the fact that R(t) — Reo a8 t— o0

and (3.2.2) it is seen that limi—eo fg (R — s) — Roo)E(s)||2 ds = 0. Finally, the third

term is examined. Using the using the continuity of £ and the existence of R it is seen
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that lim;_eo f; | RooX(8)||? ds = 0. Combining these observations it is clear that (3.2.5)
holds.

In order to show that (3.2.7) holds, the right hand side of (3.4.2) is considered. The
first term is in L}(0, 00) since (3.2.3) holds. The convolution of two L!(0,00) functions is
itself in L'(0,00), so the second term is in L'(0,00). Finally, as (3.2.6) holds it is seen

that the third term is in L*(0,00). From this analysis it is evident that (3.2.7) holds. O

Proof of Theorem 3.2.3. Firstly, assumption (3.2.3) is proved. Using Holder’s inequal-

ity the following is obtained:

I(R(t) = Roo)Xoll = |E[X (t) — Xool |

1
2

<E|X() — Xooll SE[I(X(8) = Xoo)IIP]* - (3:4:3)

Squaring both sides yields
I(R(£) — Roo)Xoll? < E(X(t) — Xoo) 1% (3.4.4)

Since (3.2.7) holds the required result is proven.

By Lemma 3.4.2, (2.1.2), (3.2.1), (3.2.5) and (3.2.7) imply (3.2.2).

Now using (3.2.7), which was given as a hypothesis to Theorem 3.2.3, together with
(3.2.2) and (3.2.3), it is shown that (3.2.6) holds. Rearranging equation (3.4.2) the follow-

ing is obtained:

/t ” | Roe (6] ds = E X (£) — Xool?

1
_ IR() = Reo) Xoll? — /0 I(R(t — ) — Reo)S(3)|ds. (3.4.5)

Each term on the right hand side of (3.4.5) is in L(0,00) so (3.2.6) must hold. This

completes the proof. (]
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Proof of Theorem 3.2.4. Showing that (i) implies (ii), and that (i) implies (i) is the
subject of Theorems 3.2.2 and 3.2.3 respectively.
It is now shown that (i) implies (iii). For j =1,...,n it can be shown that (3.2.8) and

(3.2.9) hold by observing that

E||X;(t) — X;(c0)|* =

t o0
I(R(t) = Roo) X; (OI* + /0 I(R(t — s) = Roo)S(s)|I* ds + /t | Roo%(5) |2 ds.

Using an identical argument to that used in the proof of Theorem 3.2.2 it can be shown
that (3.2.2), (3.2.3) and (3.2.6) imply (3.2.8) and (3.2.9) for j =1,...,n.

It is now proven that (iii) implies (i). Using the argument given by (3.4.3) and (3.4.4)
for j =1,...,n it is seen that (R— Roo)X;(0) is square integrable. Since X1(0),... , Xn(0)
form a basis in R™ it follows that each column R;(t) — Rj(o0) of R(t) — Roo 1s square
integrable; thus (3.2.3) must hold. It is clear that Lemma 3.4.2 holds for any initial
condition X;(0), so (3.2.2) holds. Again, for any initial condition X,;(0) the argument

given by (3.4.5) can be used to prove that (3.2.6) holds. This completes the proof.

3.5 Proof of Lemma 3.3.2 and Explanatory Examples

In this section we prove Lemma 3.3.2. Some illustrative examples are included to highlight
the complexities of this result. The proof of Lemma 3.3.2 follows the line of reasoning in

[24]; here, the details have been fleshed out.

Proof of Lemma 3.3.2. It is now shown that rank PDN < rank N if (3.3.3) holds. It
can easily be seen that the assumption det[PD — M) = 0 excludes the case where M has
no zero eigenvalues. Suppose that M has rank r. Consequently, the matrix J has rank 7

and the matrices Dp and Dy have rank n — r. Without loss of generality we can assume
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that the zero eigenvalues of M occupy the (r + 1)t* to the nth diagonal position in J, so
there exists an invertible r x r—dimensional matrix J; and a matrix Jz in Jordon canonical
form such that

Ji Orx(n—r)

O(n—r)xr J2
Now consider PD — M:

PD - M = TDpT~'D — TJT™! = T[DpT DT — JIT~! = TDpD - JIT7Y,

where D = T~1DT and Dp is defined as in Section 2.2. So we are interested in DpD —J.
By definition, the ith diagonal entry, [Dpls, of Dp is 1 if and only if the ith row of J is
zero. Thus, the ith row of DpD is equal to the ith row of D if [Dplii is nonzero, and is a
zero row otherwise. Obviously, D pD has a zero row if and only if the corresponding row
in J is nonzero so the ijth entry of DpD — J is either f)ij or —J;j. As det[DpD —J]=0
it is seen from the structure of J that there must be a linear dependence in the columns
of DpD — J that correspond to the zero columns of J.

When the matrix D pD—Jis postmultiplied by Dy the resulting matrix, (D pD—J)Dn,
consists of zero columns and nonzero columns. Clearly, the ith column of (D pD—J)Dy is
zero if [Dn) s 0 and is equal to the ith column of DpD — J if [Dyls = 1. As [Dn)is =0
if the ith column of J is nonzero it is clear that the nonzero columns of (DPD — NDn
correspond to the zero columns of J. That is the columns consist only of entries of D;
entries of J are excluded. These nonzero columns are in fact the linearly dependent
columns mentioned above.

When the matrix D pD—J is postmultiplied by Dp, the resulting matrix, (Dpﬁ—J )Dp,
consists of at most n — r nonzero columns; however the linear dependence in the columns

means that the rank of (DPD — J)Dp is less than n — .
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Now observing that MN = 0 we see that (PD — M)N = PDN so it is clear that

rank (PDN) < rank (N). a

Two illustrative examples are now considered. Example 3.5.1 considers the case where
the geometric multiplicity of the zero eigenvalues of M is equal to the algebraic multiplicity.
This is the most straightforward type of multiplicity. If the multiplicities do not coincide
then the calculations are more complicated; this is because Dp is no longer equal to Dy.
Example 3.5.2 considers a multiplicity of this type; that is, the case where the geometric
multiplicity of the zero eigenvalues of M is equal to one. Example 3.5.2 can easily be

generalised to the case where the geometric multiplicity is greater than one.
Example 3.5.1. Suppose that M has rank r and that the geometric multiplicity of the
0 eigenvalue of M is equal to the algebraic multiplicity. The matrix J is of the form

Ji Orx (n—r)

O(n—r) X7 O(n—r) x(n—r)

where J; is an invertible r—dimensional matrix and Omxd is an m X d—-dimensional matrix
with 0 entries. Clearly,

Os-xr Oa-x(nvr)
Dp = DN = &
O(r:—r)xr I(u—r']x(n—r}

where J(n—r)x(n—r) 18 the (n —7) x (n — r)-dimensional identity matrix. Now,

[

0 o 0 \
_ 0 s 0
DpD = i
dr+1,1 v dr+1,n
k dn,l LR dn,n )

where D = T~1DT as before, and has individual entries [D]ij =d; for 1 <4, 5 <.
Since det[DpD — J] = 0 and J is an invertible matrix this implies that
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drig41 o+ Griin

det : : =0.
drn,r+1 e dn.n
Now,
(0 ses 0 0 i 0 \
N 0 ... 0 0 0
(DpD — J)Dn =
0 ... 0 dijrp—rtt <o dyy1n
\0 e 10 d-n.r+l e dn,?l )

There are n — r nonzero columns in this matrix; however due to the linear dependence in

the columns the rank of the matrix must be less than n — 1.

Example 3.5.2. Without loss of generality we can consider a matrix M whose eigenvalues
are all 0. We consider a 4 x 4 matrix where the geometric multiplicity of the 0 eigenvalue

is 1. The matrix J is of the form:

(0 11 0\
0 010
J: 3
0000
\(] 00 0)
50
(0 0 0 0\ (1 0 o 0\
0000 0000
Dp= ﬂlld.DN=
0010 0 000D
\0 00 1) kO 0 0 1/
Obviously,
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2 0 0 0 0
Dpbh = *
dsy dsz dag dsa
\dar daz dag dag )
and
fo x 2 o)
- 0 0 1 0
DpD — J =

dz1 daa daz dyy

\dar daz daz daa )

Since detIDPD — J] = 0 this means that the vectors (0,0, ds;,ds;) and (0,0, d34, d4s) are

linearly dependent. Postmultiplying DpD — J by Dy we see that

( 0 00 0 \
0 ¢0 0
dzi 0 0 dyy

kd.\i; 0 0 d4.J

The rank of Dy = 2. However due to the linear dependence in the columns of (DpD —

J)Dy the rank of (DpD — J)Dy must be less than the rank of Dy.

3.6 Proofs

In this section the proofs of results which were postponed earlier in the chapter are given.

Proof of Lemvma 8.8.1. We begin by proving that (3.3.2) holds. A method similar to
that used by Krisztin and Terjéki in [24, Theorem 4] is applied. As (3.2.1) holds the matrix
D =1+ [5° [ K(s)dsdt can be defined. Suppose that (3.3.2) does not hold, that is

det|PD — M] =0,
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A simple calculation shows that MN=20:
MN =TJT'TDNT ' = TJDNT ™ =0.

It is shown in Lemma 3.3.2 that rank PDN < rank N, so there exists a vector v € R™
such that v is in the kernel of PDN but not in the kernel of N. That is Nv # 0 and
PDNv = 0. Since PDNv = 0 it is clear that the vector DNw lies in the kernel of P.

Suppose that the rank of M is r; then the rank of the kernel of P is also . As PM =0
it is obvious that Pm; = 0 for ¢ = 1,...,n, where M = [ml,...,mn]. M has a basis
{b1,...,br} and Ph=0fori=1,...,7 As the rank of the kernel of P is 7 this means
that {b1,..., by} is the basis of the kernel of P. Thus, {m1,... , My} is a spanning set of the
kernel of P and so we can choose a vector w = (wi, e ,wn) which is a linear combination
of {b1,..., by} such that such that Mw = DNv.

Using the fact that MNv =0 and Mw = DNv it is seen that Nvt + w is a solution of
[0}
J(0 = Ay + [ Koy —)ds
since

A(Nvt +w) +/OOOK(S)[Nv(t—s) +w]ds = M(Nuvt +w) — /Ooo sK(s)ds Nv

-——Mw+Nv—<I+/
0

— DNv — DNv -+ Nv = Nv.

e e]

sK(s) ds> Nv

Now using variation of parameters the following is obtained:

Nut +w = R(t)w + /t R(t—s) /oo K (w)[Nv(s — u) +w] duds. (3.6.1)
0 3
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Adding and subtracting the matrix C from the right hand side of (3.6.1) yields

Nut+w =

t

(R(t) — Cw + /

(R(t—38)—C) /OOK(u)[NU(s —u) +w|duds
0 s

+Cw+C/t/ooK(u)[Nv(s—u)+w]duds. (3.6.2)
0 Js

As Nv # 0, the left hand side of this equation consists of a vector which is growing linearly
and a constant vector. The right hand side of (3.6.2) is now examined. The first term lies
in L2(0,00). The third term is a constant vector and can therefore be combined with the
constant term on the left hand side to create the vector Ci.

Now, examine the fourth term on the left hand side of (3.6.2). As (3.2.1) holds it is

clear that [° K(t)[Nv(t —s) +w]ds — O ast— 00 since

/ " KNI+ 8) + lwllds < 2 / " K@) IIN]s ds + / " K (s)lwl ds.

¢
As [ IE ()| INvI[(E 4+ 8) + |wl|] ds — 0 as t — oo for all € > 0 we can choose T'(e) >0
such that for all t > T(e) the function K satisfies SN ()Nl = s) + lwllds < e

Thus,

smeup = [ [ NIINls —ul-+ ful)duds <

t—00 t

limsupl </0T /:o | @) [ Nvl|s — ul + |lw)|] duds + /Tt 6ds) <,

t—00 t

but since € > 0 is arbitrary we see that

t—o00

lim %/Ot /sz(u)[Nv(s—u)-i—w]duds =0.

So the fourth term on the right hand side of (3.6.2) is o(t) as t — oo.
Now consider the second term on the right hand side of (3.6.2). It can now be easily

shown using the Cauchy—Schwarz inequality that the convolution of a square integrable
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function with a function which tends to zero is o(t) as t — oo:

2
ds)

/oo K(w)[Nv(s — u) +w|du

(% /Ot IR(t — )~ C ‘./w K (w)[No(s — ) +w] du

] t
< 0

t
/ IR(t — 5) — C|?
0

dsx

/oo K(w)[Nv(s —u) +w]du

ds), (3.6.3)

Since %fg S NK @)|INv]I (s +u) + |[w]|] duds — 0 as t — oo this means that

) 1 i o0
lim / / LK@ [INo](s +w) + ] duds = 0. (3.6.4)

t—o00

Also, the convolution of a L! function with a function tending to zero tends to zero. So
we see that the second term on the right hand side of (3.6.2) is o(t) as t — oo.

Thus, the second and final term can be amalgamated with the linear term on the right
hand side to obtain Ca(t)t where Ca(t) — Nv # 0. Hence, (R(t) - Clw = C1 + Ca(t)t.

Rearranging this equation and taking norms one obtains
I(R() — Cywl® +IC1|* 2 ICa()|?¢?

But the L?(0,00) function (R(t) — C)w cannot satisfy this inequality and so the desired
contradiction is obtained.

Next we use the reformulation of (2.1.1) found in Lemma 2.3.1;
R(t) + (F * [R— C)(t) = 2(¢) — (F % C)(t), (3.6.5)

where the function F is given by (2.3.7). It can easily be shown that F € L2. Using the
fact that the convolution of an L?(0,00) function with an L2(0,00) function is bounded,

continuous and tends to zero at infinity we see that

o0
lim R(t) = P—/ F(s)dsC = Reo.
0

t—0o0
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Now, we once again use the reformulation of the resolvent equation given by (2.3.6) to

obtain
Y(t) + (F*Y)(t) = ®(t) — Reo — (I * RBoo)(t),

where Y = R — Ro. Noting that Y — 0 as t — oc and F € L' we take limits on both

sides of this equation

0= Pim (I+f0wF(s)ds)Rm

Now since det[I + F(0)] # 0 we see that Reo := [I 4 F'(0)]"'P.

A proof by contradiction is used to show that C = Reo. Suppose that C' # Re. Observe
Ry — C = (R(t) - C) — (R(t) ~ Re).
Integrating both sides over [0, ] and dividing both sides by t one obtains
1 ]
By == / ~C)ds - f (R(t) — Roo) ds. (3.6.6)
0

Using Cauchy-Schwarz we see that the first term on the right hand side of (3.6.6) tends

to zero since

(/(R{s)— ds) f(R(s —C)ds

and R — C € L? by assumption. Now consider the second term on the right hand side of
(3.6.6). Since R — Ry as £ — oo it is clear that for any ¢ > 0 we can choose T'(€) > 0

such that for ¢ > T'(¢) the following holds: [|R(t) — Rl < €. Thus

L1 T(e) t
[ 0RO - Recids = 3 [ 1RO - Resllas + 3 [ 100 - Resls,

taking the limit as £ — oo on both sides we see that —}jg(R(t) ~Ry)ds — O ast — ca

since € is arbitrary, Combining the above arguments we see that Ry = C. O
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Proof of Lemma 8.3.3. From the proof of Lemma 2.4.1 it is known that
" [e 9} o0
det{I + F(0)] = det [P -M +/ / PK(u) duds] ,
0 g

and that

1
z+1

det[I + F(2)] = % det[z] + P]det [zI —A- R(z)] )

when Rez > 0, 2 # 0.

Using Lemma 3.3.1 we see that det[/ + £(0)] # 0. Now consider the case where Rez >
0, z # 0. Obviously, %—zlﬁ # 0, since z # 0. The function z — det[z] + P] is nonzero
due to the structure of P. The matrix P has two eigenvalues, 0 and 1, thus det[z] + P] is
zero only at 0 and —1. Thus, in order to prove that (3.3.4) holds for Rez >0,z #01it is
necessary to show that det[z] — A — K(2)] #0. An idea used in [24] is utilised. Suppose
that there exists zo # 0, Rezg > 0 such that det[zo] — A — K(zo)] = 0. Thus vge® is a

solution of

Y (t) = Ay(t) + /000 K(s)y(t—s)ds, t>0,

y(0) = wo.
Using variation of parameters we sce that
i o]
voe®t = R(t)vo + / R(t—s) / K(u)voez"(s'“) duds. (3.6.7)
0 g

We consider the cases where Rezp > 0 and Rez = O separately. When Rezy > 0 the
real part of the left hand side of (3.6.7) is unbounded as t — o0. Now consider the right
hand side. The first term on the right hand side of (3.6.7) converges to a finite limit
¢ — 0o, Now we consider the second term. Since ¢ [P K (v)e®t%) du is integrable
and R(t) — Roo asl — 00 their convolution tends to a finite constant. So the real part

of right hand side approaches a finite constant while the real part of the left hand side
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is unbounded. This yields a contradiction and so det|z] — A — R’(z)] # 0 for Rez > 0.
We now look at the case when Rezy = 0. By considering the real part of both sides of
(3.6.7), we see that the lefthand side varies sinusoidally while the righthand side tends to

a constant. This yields a contradiction and so

det(z] — A — K(z)] # 0 for Rez > 0.

O

Proof of Lemma 8.4.1. Define A(t) = X(t) — Xeo, and let A be given by
A= (A +/ K(s) ds) Xiso: (3.6.8)

0
It is shown in the sequel that
1/ 2
K ”;/ D(s)dB(s) + Al < i t>1, (3.6.9)
0

where k is a positive constant. Armed with this estimate, it is now shown that A =0, a.s.
Define for m = 1 the discrete filtration {Gm}Ymz1 bY Gm = F B(m?), m > 1. Then, the

discrete time process N = {N(m):m 2 1; Gm} defined by

2

N(m) = j,;m ¥(s)dB(s)

is a R"-valued G,,—martingale. Define for m > 1 the processes Nj and N; by

d  pm?
Nitm) = _ A Li(8) dB;(8)

j=1
and Ni(m) = N;(m)/m? respectively. Consider first the case when oy, defined by
o
of(t) =Y Tf(t), =0, (3.6.10)
Jj=1

obeys o ¢ L'(0,00). Then (Ni)(m) — oo asm — o0, and s0

lim inf Nj(m) = —co, limsup Ni(m) =co, as.
m—co m—0o0
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This implies

lLl;fLi&f Ny(m) <0, limsup Ni(m) >0, as. (3.6.11)

ME—+ 00

Now, by (3.6.9), for m > 1,
E[|Ni(m) + Ail?] < Ffi

Hence, by Chebyshev’s inequality, for every & > 0,

o0

Z P [|N’;(m) + A = E] < —Ng Z ml

m=1

Therefore, by the first Borel-Cantelli lemma it is seen that

lim Ny(m)=—A;, as.

m—+0o
Finally, since this limit exists, (3.6.11) may be used to give
—A; = lim Nj(m) = liminf Ni(m) <0,
m—0d m—o0
so A; > 0, a.s. Similarly, by (3.6.11)

—A; = lim Ni(m) = limsup N;(m) >0,

re— 00 M— 00

so A; < 0, a.s. Therefore A; =0, a5,

The case when o; defined by (3.6.10) obeys a;? e L'(0,00) is now considered. Clearly,

iz +2EK% j: E_(s}dB(s))i

Due to (3.6.9), the first term on the righthand side has zero limit as ¢ — 0. As for the

9

E[A2] < 2E ‘A,- + G— fo “5(s) dB(s))

second term on the righthand side,

E‘G f:E(s)dB(s))i - Elifofa'?(s)ds,

and this also tends to zero as t — oo. Thus E[A?] = 0, and so A; =0, a.s.

2
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Combining the components for which o7 € L'(0,c0) and those for which o2 ¢ L'(0,00),
it is seen that A; = 0 a.s. in all cases, and therefore A =0, a.s., proving the result.
It is now shown that (3.6.9) holds. Rearranging the integral version of (3.1.1), adding

and subtracting X and dividing across by t one obtains:

!
%L $(s) dB(s) + A

2 !
= %(X(f) — Xo) — -lt-_/a AA(S) + (K * A)(s) ds + %fo Ky (5) ds Xoos

where A(t) = X (t)— Xoo. Taking norms and expectations across both sides of the equation

one obtains:

e} [ mwane + A48 (G 100~ Xl 58 1o = Kol

Mt Ki(s)ds XWHZ). (3.6.12)

Begin by examining the first term on the right hand side of (3.6.12); it is shown that this

t 2
+§51a: M AA(s) + (K * A)(s) ds +§§]E

tends to zero using the following estimate:
E [ X(0)]? < 2E A@)I* + 28 | Xool*
Therefore, taking the limsup on both sides of this inequality as ¢ — ©0,

limsupE [ X2 < E | Xeoll®- (3.6.13)

l—oo
Since t — IE 11X(t)112 is continuous, it is clear that B ll)([t}u2 < gy for all ¢ > 0. Because
E [A@)|2 < 2B | X0 + 2E | Xool2, there is kp > 0 such that E IA@E)|? < k2 for all

t > 0. Thus,

FEIA@PS R, 2, (3.6.14)

using the fact that % < ; for ¢ = 1.
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The second term on the right hand side of (3.6.12) satisfies
L 1 X — Xol? < 22
P Koo — o <5 t21, (3.6.15)

as both X and E|| X || exist.
Consider the third term on the left hand side of (3.6.12); using the Cauchy-Schwarz

inequality, we get

1 L t
E < %f E [|[AA(s) + (K * A)(s)|I* ds
0

l]t AA(s) + (K * A)(s)ds
0

2 {
<2 [ (1@l +E 10 A7) do

and using the Cauchy-Schwarz inequality again, this becomes

2

£
ilina fo AA(s) + (K * A)(s) ds

t s
< %/ﬁ (ua AA(s)|? + K /0 llK{s——u)“lE||A(u)||2du) ds,

where K = [5° [|K(t)] dt. Since JE | A de < oo and K € L}(0, 00), it follows that

there is a constant kq > 0 which depends on A and K such that

1 2 K4
= < —, 6.1
tzE ; (3.6.16)

/ " AA(s) + (K * D)(s) ds
1]

Next, by (3.2.1), there is a universal constant g such that

2 t 2
L | g;}( | ||r<1(s)uds) EIXalf< 2, 121 (3617
4 0

I]t Ki(s) X ds
0

Thus, by (3.6.14), (3.6.15), (3.6.16) and (3.6.17):

3 [i $(s) dB(s) + A

d
L Jo

or in other words, (3.6.9) holds. This completes the result. ]

2
3%
lS-EI tZL

Proof of Lemma 3.4.2. By It rule, we see that
rt
X = 1ol +2 [ (X(), AX () (K + X)(s)) do
i
+f [5(s)|1% ds + M(t), (3.6.18)
0
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where

M(t) _gzzj X,(5)Di5(s) dB;(s)-

J=1i=

Using the definition A(t) = X (t) — Xoo, and the fact that

f AX(8) + (K * X)(s)ds = X(t) = Xo - E %(s) dB(s)
it is clear that
f{X(s),AX(s) + (K = X)(5)) ds
_ /t(A(s] AX(3)+(K*X)(s))ds+/t(Xm,AX(s)jL(K*X)(s))ds
f (A(s), AA(s) + (K * A)(s)) ds + / (A(8), AX oo + (K % Xoo)(5)) d

F{(Xoos X(8) = Xo — f 5(s) dB(s)).
Therefore, by Lemma 3.4.1, and the definition of K, one obtains
[ (X(s),AX(s) + (K % X)(s))ds = f (A(s), AA(s) + (K * A)(s)) ds
/ (A(s), K1(8) Xoo) ds + <Xoo,X(t) Xo - / (s) dB(s)> (3.6.19)

Substituting (3.6.19) into (3.6.18), taking expectations and rearranging the equation, one

obtains:
: t
[ 1l ds =B 1X I ~E 1Xo|? - 2E [) (A(s), AA(s) + (K * B)(s)) ds
+9E f (A(5), K1(8)Xoo) ds — 2B (Xao, X (£)) + 2E (Xoo, Xo)
0

+2E .<x,x,, /0 { £(s) d3(3)> . (3.6.20)

Consider each term on the left hand side of (3.6.20). The first term is bounded due the

argument given in Lemma 3.4.1. The second term is bounded due to our assumptions.
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Consider the third term:

E /t(A(s),AA(sH-(K * A)(s)) ds

0

t
<E [ IAGIIAAE + (6 = M) ds
i
<28 [ IA@IF+IAAG) + (K < A)a)i* ds
t t
<2 ["RIAEIF ds+ [ E[1AAG) + (K » A d

Since X obeys (3.2.7) it is seen that E [fo IA(s))|? ds] < . Tt is easily shown that

E [fé AA(s) + (K = A) ()] ds] is also bounded:
i
E / AA(s)+(K * A)(s)]2 ds
0
i
2 2
sﬂfo (E 4B +E (K * A)(o)) ds
t g
.
<2 (E JAA@IP+ K [ 1K~ |1A<u>n2du) ds
< 025

since K is integrable and X obeys (3.2.7). Thus, the third term on the right hand side of
(3.6.20) is uniformly bounded.

Now consider the fourth term.

E <E [ /O A (8) Xool ds]

/Otm(s), K (5) Xoo) ds

t
< 2E [ [ 1A + 15 Xeol? ds]
t t
s)||2 ds s)||?ds woll?.
52/0 E || A(s)]2d +/0 1K1()|1? dS E || Xoo

Examine the last line on the right hand side of this inequality. The first term is bounded
since (3.2.7) holds. The second term is bounded since E || Xoo||* < oo and (3.2.1) holds.
Thus the fourth term on the right hand side of (3.6.20) is bounded.

Again, using the argument given in Lemma 3.4.1 we see that the fifth term is uniformly

bounded. Finally, the sixth term is bounded due to our assumptions. Consequently, by
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applying the Cauchy-Schwarz inequality to the last term, there is a constant C > 0 such

that
‘ 2 a2 ([t 2 L
[ 12 ds < 0428 1ol (f IS(e)lds) - (3:6.21)
Clearly, it must follow that & € L*(0,c0); for if not, we have
s L
£lim ] I=(s)||% ds = o,
=1

and so by dividing both sides of (3.6.21) by j'D‘ |2(s)[|% ds and letting t — oo we obtain a

contradiction. This completes the proof. O
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Chapter 4

Almost sure convergence

4.1 Introduction

In this chapter we present results analogous to those proved in Chapter 3. As before we
consider equation (3.1.1) under the conditions (2.1.2) and (3.1.2) on the kernel K and the
noise term ¥ respectively. This equation was precisely defined in the previous chapter.
As before, establishing the necessary and sufficient conditions on the resolvent, ker-
nel and noise for convergence is complicated by the fact that X, is not F(t)-adapted.
Nonetheless, it is shown that the sufficient conditions for convergence and integrability in
the mean square case also suffice in the almost sure case. However, showing that these
conditions are necessary is not as straightforward as in the mean square case. This is due
to the fact that we can no longer avail of the simplifying effect that taking expectations
has on a random variable. Consequently, we cannot show that the condition on the tail of

the noise is necessary.

4.2 Discussion of Results

The main results of this chapter are presented in this section. Necessary and sufficient
conditions for asymptotic convergence of the solution of (3.1.1) to a nontrivial limit and
the integrability of this solution in the almost sure case are considered.

The sufficient conditions for the asymptotic convergence of the solution X of (3.1.1) to
a nontrivial limit Xeo, and for the integrability of X — Xoo in the almost sure sense are
considered in Theorem 4.2.1. As in the mean square case, it is found that conditions (3.2.2)

and (3.2.3) are required for convergence; in addition, (3.2.6) is required for integrability.
Theorem 4.2.1. Let K satisfy (2.1.2) and (3.2.1) and let ¥ satisfy (3.1.2). If T satisfies
(3.2.2) and if there exists a constant matriz Reo such that the solution R of (2.1.1) satisfies

66



Chapter 4, Section 2 Almost sure convergence

(3.2.3) then for all initial conditions X, there is an almost surely finite FB(oo0)-measurable
random variable Xoo(Xo,X) such that the unique continuous adapted process X (-3 Xo, )

which obeys (3.1.1) satisfies
tli)r&X(t;Xo,Z) = Xoo(X0,8) a.s (4.2.1)
Moreover, if the function % also satisfies (3.2.6) then

X(-3 X0, B) — Xoo( X0, %) € L2((0,00),R")  a.s. (4.2.2)

The necessary conditions for the asymptotic convergence of the solution X of (3.1.1) to
a nontrivial limit X0, and for the square integrability of X — Xco in the almost sure sense

are now stated.
Theorem 4.2.2. Let K satisfy (2.1.2) and (3.2.1) and let © satisfy (3.1.2). Suppose
for all initial conditions X, there is an almost surely finite FB(c0) -measurable random
variable Xoo(Xo, %) such that the unique continuous adapted process X (- : Xo, ) which
obeys (3.1.1) satisfies (4.2.1) and (4.2.2). Then, there exists a constant matriz Reo such
that the solution R of (2.1.1) satisfies (3.2.3) and the function ¥ satisfies (3.2.2) and

o0
J

Assumptions (3.2.2) and (3.2.3) are both necessary and sufficient for convergence and

2
dt < oo a.s. (4.2.3)

\/too RooX(s) dB(s)

square integrability. However, we have not been able to show that (3.2.8) is a necessary
condition. By taking expectations it is clear that (3.2.6) implies (4.2.3) but it is not
immediate that (4.2.3) implies (3.2.6).

Although much is known about the behaviour of the solution of equation (3.1.1) and
its parameters, both by assumption and analysis, we have not been able to conclude that
(3.2.6) holds by examining the structure of the equation.

Due to the complicated structure of (4.2.3) it is not obvious how one may obtain (3.2.6)
by examining (4.2.3) directly. Analysis of this term is complicated for a number of rea-

sons. Firstly, the expression ftoo RooX(8) dB(s) is not a martingale, although this may be
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overcome by examining each term of the vector individually and applying a time change
argument. Secondly, although these martingales are normal random variables, the key
objects which we encounter is not a norma) random variable but rather the integral of the
square of a normal random variable (i.e. a Chi-square random variable).

Analogous results may be obtained in the case where the equation is both stochastically
and deterministically perturbed. The following theorem places sufficient conditions under

which solutions tend to a non—equilibrium limit.

Theorem 4.2.3. Let K satisfy (2.1.2) and (3.2.1), let © satisfy (3.1.2) and (3.2.2) and
let f satisfy (2.1.4). Suppose the resolvent R of (2.1.1) satisfies (3.2.3). Then the solution

X(t; X0, =, f) of (7.1.1) satisfies X(1 X0, 5, f)— Xoo(X0, Z, f) almost surely, where
Xoo(Xo, s £) = Boo (X0+ / () dt + / (6) dB(t)) ol (4.2.4)
0 0
and Xoo is almost surely finite. Moreover if £ satisfies (3.2.6) and f satisfies
[0 @)
/ | Reof (4)]| dt < 00, (4.2.5)
0
then

X(3 X0, S0 f) — Xoo( X0, 0 ) € L2((0,00),R™) a.s. (4.2.6)

This theorem has applications in the study of infinite delay equations. In particular it

provides useful insights into the epidemiological model examined in Section 4.3.

4.3 Biological Application

In this section the following epidemiological model is considered:
¢
dz(t) = (g(m(t)) - / w(t — s)g(z(s)) ds) dt + L(t)dB(t), (4.3.1a)
—00

o(t) = o(t), <0 (4.3.1b)

Here the solution z(-;$, X) is a scalar function on [0, o), the function g is a scalar linear

function satisfying g(z) = ax for some constant a > 0, w is a positive scalar weighting
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function satisfying

/Ooow(s)ds =1,

" is a continuous and square integrable scalar function on [0,00), {B(t)}e>0 is & one-
dimensional Brownian motion on a complete filtered probability space (Q, F, FB(t)i>0,P)
where the filtration is the natural one FB(t) = o{B(s): 0 < s < t} and the initial function

¢ satisfies

sup |p(t)] < &. (4.3.2)
£<0

Various authors have considered similar models in the deterministic case where z(t) rep-
resents the population at time ¢. Cooke and Yorke [14] proposed the nonlinear delay—
differential equation z'(t) = g(z(t)) — g(z(t — L)) as a model for the growth of an epi-
demic; where g(z(t)) represents the birth rate when the current population is z(t), while
death is certain at an age of L time units. A generalisation of this model was considered
by Haddock and Terjéki [18], in which a convolution term was incorporated to allow for

deaths at a distribution of ages. Indeed, Burton [12] extended their model and considered

t t
2= [ pls—tata(eds— [ alo=tgtal) s

—o0
in which both births and deaths are distributed. Here, death can occur at any time while
the number of births is related to the number of conceptions which occurred up to L time
units ago. A simple calculation illustrates that this equation is fundamentally the same
as the deterministic version of (4.3.1) when appropriate conditions are imposed on the
functions p and q.

The following theorem, the proof of which may be found in Section 4.5, considers the

conditions under which the solution of this model converges to a nontrivial limit.
Theorem 4.3.1. Let w satisfy

w € C([0,00), R) N L*((0, 00), R). (4.3.3)
and

/ootlw(t)] dt < co. (4.3.4)
0
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Let ¥ satisfy (3.1.2) and (3.2.2) wheren =d =1 and let ¢ satisfy (4.3.2). Suppose the
resolvent R of (2.1.1) satisfies (3.2.3). Then the solution z(-;6,%) of (4.3.1) satisfies

2(-36, L) — Too($, X) almost surely, where

Too(?, ) = Roo <¢(0) + /000 /_Ooow(t — s)p(s) dsdt + /00 %(t) dB(t)> a.s. (4.3.5)

0

and Too is almost surely finite. Moreover if & satisfies (3.2.6) and w satisfies
o
/ 2 lw(t)| dt < oo, (4.3.6)
0
then

18( ;(,b, 2) - $oo(¢, E) € LZ((OV OO),]R”) a.s. (437)

The function w represents the distribution of deaths within a population. It is evident
from Theorem 4.3.1 that the growth of a population is influenced by the decay rate of w:

if the first moment of w exists then the population will converge to a finite limit.

4.4 Conditions for Asymptotic Convergence and Integrabil-

ity in the Almost Sure Sense

In this section, sufficient conditions for asymptotic convergence of solutions of (3.1.1) to
a nontrivial random variable in the almost sure sense are obtained. The necessity of these
conditions is also considered. Two technical lemmas used in the proof of Theorem 4.2.2
are presented. Lemma 4.4.1 concerns the structure of Xeo. This enables us to prove
Lemma 4.4.2 which concerns the necessity of (3.2.2) for stability of the system. So, all
that is required a priori is an assumption on the continuity of the noise intensity 3; this
ensures the existence of solutions at the outset.

Lemma 4.4.2 in turn allows us to show the necessity of (4.2.3); the proof of this inference
may be found in the proof of Theorem 4.2.2 below. The proofs of Lemmas 4.4.1 and 4.4.2

are deferred to Section 4.5.
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Lemma 4.4.1. Let K satisfy (2.1.2) and (3.2.1). Suppose that for all initial conditions
Xy there is an almost surely finite random wvariable Xoo(X0,Z) such that the solution

t X(t; X0, Z) of (3.1.1) satisfies (4.2.1) and (4.2.2). Then

<A + /Ooo K(s) ds> X =0 a.s (4.4.1)

Lemma 4.4.2. Let K satisfy (2.1.2) and (3.2.1). Suppose for all initial conditions Xo
there is an almost surely finite FB(00)-measurable random variable Xoo(X0,2Z) such that
the solution t — X(t; Xo,Z) of (3.1.1) satisfies (4.2.1) and (4.2.2). Then 3 satisfies

(3.2.2).

Proof of Theorem 4.2.1. From Theorem 3.2.1 we know that X is almost surely finite
and (4.2.1) holds if (3.2.1), (3.2.2) and (3.2.3) hold.

We know from Theorem 3.2.4 that [CEIX®) - Xool2 dt < oo since (3.2.2), (3.2.3) and
(3.2.6) hold. Fubini’s theorem allows us to interchange the order of integration in this
term; thus E [[5° [ X (¢) — Xool? dt] < oo. If the expectation of a non-negative random
variable is finite then the random variable itself is almost surely finite; applying this fact

here means that (4.2.2) holds. i

Proof of Theorem 4.2.2. We begin by proving (3.2.3). Consider the n -+ 1 solutions
X;(t) of (3.1.1) with initial conditions X;(0) =ejfor j=1,...,n and Xn41(0) = 0 where
ey,..., ey is the standard basis. Note that X;(t) = R(t)e; + p(t) and Xni1(t) = p(t)
where p(t) = fot R(t — s)X(s)dB(s). Since Xng1(t) — Xn1(o0) ast — 00 this implies
that p(t) — p(co). Now, since R(t)e; = X;(t) — Xpa1(t) for j = 1,...,n we see that

R(t) — Reo. Thus forj=1,...,n, wecan write

(R(t) — Roo)ej = (X;j(t) — Xn41(t)) — (X;(00) — Xnt1(00))

— (X;(t) — X;j(00)) = (Xn41(t) = Xn+1(00))-
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Since (4.2.2) holds we see that (R(-) — Reo)e; € L2(0,00) for j = 1,...,m hence (3.2.3)
holds.

In order to show (3.2.2) holds we apply Lemma 4.4.2. Finally, we turn to (4.2.3).
Expressing the solution of (3.1.1) using variation of parameters, subtracting X from

both sides and rearranging the equation we obtain

/t * Re5(s) dB(s) = (R(t) — Roo)Xo + /O “(R(t — 5) — Roo)2(s) dB(s)

—(X(t) — Xoo). (44.2)

The first term on the right hand side of (44.2) is in L?(0, 00) due to the above argument.

Using the fact that (3.2.2) and (3.2.3) hold we see that

r 4

- /0°° /0* I(R(t — 8) = Roo)X(s)[|* ds dt < 0. (4:4.3)

/ “(R(t - §) — Reo) () dB(s)
0

If the expectation of a random variable is finite then the random variable itself is finite
almost surely which means that the second term is in L?(0,00). The third term on the
right hand side of (4.4.2) is in L2(0, 00) using (4.2.2), and s0 (4.2.3) holds. This completes

our proof. O

4.5 Proofs

In this section the proofs of results which were postponed earlier in this chapter are now

given.

Proof of Theorem 4.2.3. The solution X (t; Xo,%) of (3.1.1) satisfies (3.1.3) and the

solution X (t; Xo, %, f) satisfies

i t
X(t;Xo,Z,f)zR(t)XoJr/O R(t—s)f(s)ds+/() R(t—)S(s)dB(s),  (45.1)
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thus

Xt Xo0,5,f) = X(t;X0,2)+/tR(t—s)f(s)ds, t>0.
0

As t — oo, we know from Theorem 3.2.1 that X (t; Xo,Z) — Xoo(X0,X). Also from our

assumptions
tlg& R(t—s ds—Roo/ f(s

and so X (t; Xo,%, f) — Xoo(X0, X, f) where Xoo(X0, 5, f) is given by (4.2.4).

We now prove (4.2.6). Consider

X(t;XO':Ea f) . XOO(XO’Z» f) = (X(t; XOaZ) - XOO(X(MZ))

+ /Ot(R(t —8) — Reo) f(8) ds — /too Reof(s)ds. (4.5.2)

Consider the righthand side of (4.5.2). We know that X (t; X0, 2) — Xoo(X0, ) € L?(0, 00)
by using Theorem 4.2.1. An L?(0,00) term convolved with an L'(0,00) term lies in the
space of L%(0, c0) functions and so the second term on the right hand side of (4.5.2) must
lie in L2(0, 00). Next, (4.2.5) and the fact that lim;—co [~ Roof(s)ds = 0 guarantee that
the last term on the righthand side of (4.5.2) is in L%(0,00). Combining the arguments

given in this paragraph we see that (4.2.6) must hold. This completes our proof. O

Proof of Theorem 4.3.1. We begin by splitting the convolution term as follows:

0 ¢
dz(t) =« (m(t) — /_ w(t — s)p(s)ds — /0 w(t — s)z(s) ds) dt + 2(t)dB(t).

Clearly —a ono w(t — s)¢(s) ds corresponds to f(t) of (7.1.1) for t > 0. We see that this
term is in L!(0,00) using (4.3.2) and (4.3.4). Thus we can apply Theorem 4.2.3 to show
that the solution z(t; ¢, L) of (4.3.1) satisfies z(-1 ¢, %) — Too($, ) almost surely, where

oo, X) is given by (4.3.5).
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Furthermore, as (4.3.6) holds, a simple calculation shows that condition (4.2.5) of The-

orem 4.2.3 is satisfied and so (4.3.7) must hold. 0

Proof of Lemma 4.4.1. Define the random vector A as in (3.6.8). Writing (3.1.1) in
integral form, adding and subtracting Xeo from both sides, dividing both sides of the

equation by t and then rearranging we obtain

X(t) - Xoo  Xo—Xoo _ JEAX(s) = Xoo)ds
t t t
fo Jo K(s —u)( X (1) — Xoo) du ds fot [ K(u)duds Xoo
t &l t
13
i OLO R

A=

As # — 0o we see that the first term on the right hand side of (4.5.3) tends to zero since
(4.2.1) holds. The second term tends to zero as t — oo since Xo is a finite deterministic
vector and X is almost surely finite by hypothesis. The third term tends to zero since

(4.2.2) holds. Consider the fourth term. Using the Cauchy-Schwarz inequality we see that
t s
/ K(s —w)(X(u) — Xoo) duds
0 Jo

(1 g)uz
{'2

1/2
(% [ " 1K (s — w1 X () — Xooll du d,,-r) /

1/2

(-lf/ ]HK“—U)”"X[U— Xmildu] ds)
1 9 1/2
(;[ [ s =21 = ) - Kool ds)
(7

1/2
— / []K(s—u)”"X(u)—quzd-u.ds) ,
0 Jo

/ﬁ [s K (s —u)(X (u) — Xoo) du ds
0 Jo

IA

IA

where K = [;° || K(t)| dt. Using (2.1.2) and (4.2.2) we see that the right hand side of this
inequality tends to zero ast — o0. Thus, the third term on the right hand side of (4.5.3)

tends to zero. Since (3.2.1) holds, we see that the fourth term tends to zero as t — oo.
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Therefore if we take limits on both sides of (4.5.3) we obtain

1 _
lim —[} B(s)dB(s) = —A. (4.5.4)

t—o0

We now show that A = 0 a.s. Each individual entry of the vector + f; $(s)dB(s) is

given by

L d
[% fo 5(s) dB{s)]iz %; L $34i(s) dBj(s)-

Since A is almost surely finite by hypothesis we know that P[C;] = 1 where C; C Q is

defined by

. t
Oy = {w: [iim l/ (s) dB(s}] exists}, i=1,...,d
=00 t 0 '-

For each i = 1,...,d, define g; by (3.6.10) and consider the cases when ¢? € L'(0,00) and
o2 ¢ L'(0,00) individually. 1f a2 € L'(0,00), then lim;—co '}_“,f:l [ Biz(s) dBj(s) exists

and is a.s. finite, and so

lim & Z f 5,(s)dBj() = 0, as.

t—oo b

Thus, if 02 € L'(0,00), then A; =0, a.s.

In the case when o2 ¢ L'(0,00), we have that

]muan/ Yi;(s) dBj(s) = —00, limsupZ] £ij(s) dBj(s) =00, as.

t—o00
=1

Therefore

11£12£f Z/ ii(s)dBj(s) <0, h?li.lﬁlp_ f Tij(s)dBj(s) 20, as.

Since lim—oo e a j; ii(s) dBj(s) = Ai as., and Aq is almost surely finite, we have

A; = lim “Zf Xij(s) dBj(s) =liminf - z[ 24(s) dBj(s) <0,
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so A; <0, a.s. Similarly,

Ai = lim ~ Z / Tij(s) dBj(s )—hmsup Z / ii(8) dBj(s) > 0,

J—I
so A; > 0, a.s. Therefore, in the case when o7 ¢ L#(0,00), we have that A; = 0, a.s. Hence

A;=0foralli=1,...,d, as., and so A = 0, a.s. That is (4.4.1) must hold. 0

Proof of Lemma 4.4.2. We suppose that
‘ 2
. - B P
Jim fu 152(s)][% ds = oo, (4.5.5)

and prove that this is false by contradiction. In order to do this we analyse two different
formulations of [j(X(s), AX(s) + (K x X)(s)) ds.

We obtain the first formulation by rearranging (3.6.18):

t i
2/ (X(s), AX(s) + (K » X)(s))ds = [X@)I® — [ Xol* — / =) ds — M(t),
0 0
(4.5.6)

where
d

M(t) = ZZZ f Xi($)T4;(s) dBj(8).
=1 1=l
The quadratic variation of M is given by
(MY (E) = 422 [ (Xi(s)5(5))

i=l j=

Therefore,
(M)(t) = 42 f Xi(8)Zi;(8))* ds
< 42 f Z Xi(s)* Z $ij(s)% ds
j=1Y0 =) i=1

v
<4 jﬂ 1X () 1PN ds.
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If we define the event C' by
€ = {w: Jim (M) (1) = 00},
then by L'Hopital’s rule, (4.5.5) and (4.2.1) we get

lim sup (M)(E)

e — <4 X 2, as.onC.
oo o [|5(s)1% ds =

Therefore, by the law of large numbers for martingales (see Lemma 1.1.6) we get

| MO0
FiEeEd = =0, as. onC.
= Jy e ds 1 G O

On C, we have that limi—co M(t) exists a.s. and is a.s. finite. Therefore, on account of

(4.5.5), we have

lim —tlﬁﬂﬂlz—* —0, as. onC.
t=oo [1|E(s)||% ds
Hence,
lim -——F‘—J(—t)—— =), s

i=oo [ |2(s)][% ds
By applying this result and using (4.2.1) in (4.5.6) we now may conclude that

JEX(s), AX (s) + (K x X)(s)) ds _ _%, as. (4.5.7)

lim

G Jo =) ds
We now analyse the second reformulation of ]0 (X (8), AX (5)+ (K= X)(s)) ds. We obtain
this reformulation as follows: introduce the function A defined by A(t) = X (t)—Xeos apply

Lemma 4.4.1, use the definition of K and the fact that
1 t
f AX(s) + (K * X)(s)ds = X(t) - Xo— / »(s) dB(s)
0 0

to obtain

/(X(s) AX(s)+(K*X)(a))ds—[(A(a) AA(s) + (K * A)(s)) ds

f(A(s) 1{1(3)Xm)d.s+<Xm, (f)—Xu—/ > s)dB(s)>. (4.5.8)
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We now analyse the right hand side of (4.5.8) and show that its limit must be zero,

thereby inducing a contradiction to the hypothesis that (4.5.5) holds. Dividing (4.5.8) by

LIS (s)|1% ds we get

W/ (X (5), AX(8) + (K % X)(s)) ds
0

/ (A(s), AA(s) + (K * B)(s)) ds

fo |!53($)||3 ds
B Jo(A(s), Ki(s)Xoo) ds (Xoos X (t) — Xo)
Jo IB()[3-ds JEIS(8) % ds

1

A T f BBl Bs)

Now consider each term on the right hand side of (4.5.9). Applying the Cauchy-Schwarz

inequality twice to the numerator of the first term one obtains:

’ fb (A(s), AA(s) + (K * A)(s)) ds
< /0 A IAA(S) + (K * A)(s)] ds
< [ Il A(s)]* ds f |AA(s) + (K * A)(s)]|* ds
<2 / AP ds [ LA A + UK = A)(s) | ds
0 0

<2 [ 1P dsx
0

([ 1 naieas+ [ wcanas [ 1 wnacar® ) ),

This term is finite as (4.2.2) and (2.1.2) hold. Consequently, the first term on the right
hand side of (4.5.9) has zero limit as ¢ — oo, a.s. Now consider the second term on

the right hand side of (4.5.9). Again, by applying the Cauchy—-Schwarz inequality to the
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numerator one obtains:

t t
/ (A(s), K1(5) Xoo) ds| < / AP 1K ()21 Xoo 12 ds
Q 0

i
< K| Xoo? /0 A ds

where K = [;° || K(s)| ds as before. As X is finite almost surely due to our assumptions,
and assumptions (4.2.2) and (3.2.1) hold, it is seen that the numerator of the second term
tends to a finite limit, consequently the second term on the right hand side of (4.5.9) tends
to 0. Now consider the third term. Again, by applying the Cauchy-Schwarz inequality to

the numerator one obtains:
(Xoo) X (t) — Xo) € 22|| Xoo 2l A? + |1 X0 — Xooll®):

By (4.2.1) and (4.2.2), it follows that for each w in an almost sure event t — NAE W)l
is uniformly bounded. Hence, the third term has zero limit as t — 00, a.s. Thus, by

considering the final term on the righthand side of (4.5.9), it is evident that

t—'oom/ (X (s), AX(s) + (K * X)(s)) ds a.s. (4.5.10)

if it can be shown that (4.5.5) implies

L Z()dB(s) _

im a.8. 45.11
t=o0 [||5(s) % ds ( )

Hence proving (4.5.11) provides the desired contradiction to (4.5.7) in the shape of (4.5.10).

The proof of (4.5.11) is quite straightforward. Define N(t) = f ¥(s)dB(s), for t 20

and

d ot
:Z/ Sij(s)dBj(s), ¢ 20,
5=1"0

so that N;(t) = (N(t),e:). Then cach N; is a local martingale with square variation
t
(N;)(t) = / oi(s)ds, t=>0,
0
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where o; is defined by (3.6.10). It is easily seen that

(N () < A 15(s)]1% ds. (4.5.12)

In the case when limi_.co(N;)(t) = 00, the law of large numbers for martingales and

(4.5.12) give

lim ; lN‘l(t)l — lim |Nt(t')| D— (Nt)(t) =0‘ 2.8,
oo o S(s)Bds o (N fo IRl ds
On the other hand, due to the martingale convergence theorem (see Lemma 1.1.5), if

limg—.oo(Ni)(t) < 00, then limy_.co N;(t) exists a.s. and is as. finite. Since ¥ obeys

(4.5.5), it is immediate that

[Ni(1)]
oo [LS(s)Eds

a.s8.

Therefore,
lim -—;!J—VLI:)L— = 0 fOI' all i = 1, viale ,d, 8.8,
t=oo [y 15(s) || ds
from which (4.5.11) follows immediately. a
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Chapter &

Equations with Weakly Singular Kernels

5.1 Introduction

The behaviour of Volterra equations with weakly singular kernels has been studied by
several authors including Miller and Feldstein [29] and Brunner et al. 10, 11]. We briefly
examine the effect of a weakly singular kernel of algebraic or logarithmic type on the
convergence and integrability of the solution of (3.1.1). It is found that singularities of
this type have no effect on the convergence of the solution. The type of singularity used

in the sequel is precisely defined below.

5.2 Discussion of Results

In this chapter, the behaviour of the solution of equation (3.1.1) when the kernel is weakly
singular is considered. While Miller and Feldstein considered a general definition for weak
singularities in the kernel, Brunner et al. (10, 11] considered Volterra equations with
weakly singular kernels of algebraic or logarithmic type. In these papers singularities
not only in the kernel itself but also in its derivatives were considered. In keeping with
earlier assumptions made in this paper no new assumptions concerning the existence of the
derivatives of the kernel are made in this section. Instead, the investigation is restricted
to the study of singularities in the kernel alone. Consequently, an abridged version of
the definition of a weakly singular function used in [11] may be adopted; the function

K : (0,00) — Mpxn(R) satisfies
K € W*((0,00), Mpxn(R)), (5.2.1)

if K is continuous on (0,00) and

1+ |log(t)] v=0, 0<t<o00,
R D<v<l, 0<t<oo.

K@) < e(K) {
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Before considering the effect of a weakly singular kernel on the results discussed in the

previous chapter, it is necessary to prove that a solution exists under assumption (5.2.1).

Theorem 5.2.1. Let K satisfy (5.2.1) and let X satisfy (3.1.2) then there is a unique
adapted process X (-, Xo,%) € C([0, 00), R™) obeying (3.1.1).

The proof of this theorem breaks into several steps. Firstly, it is necessary to show that

there exists a process X which satisfies a reformulated version of (3.1.1) for ¢ € [0, T:

t—9

X(@)=Xo+ /Ot [A—l— A K(u) du] X(s)ds+p@), 0<t<T, (5.2.2a)

X(0) = Xo, (5.2.2b)

where u(t) = fé %(s) dB(s). The weak singularity in the kernel introduces added complex-
ity into the analysis of the equation. However, if the reformulated equation is considered
this analysis is simplified. Secondly, by applying Fubini’s Theorem to (5.2.2) we can show
the process X is actually a solution of (3.1.1). Next, a Gronwall-type argument can be
implemented to show that this is in fact a unique solution. Finally, standard arguments
can be applied to show that X is in fact a unique, continuous, adapted process obeying
(3.1.1) on [0, 00).

A consequence of Theorem 5.2.1 is that assumption (2.1.2) may be replaced by
K € WY((0,00), Muxn(R)) N LY((0, 00), Mnxn(R)), 0<v <1, (5.2.3)

in Theorem 3.2.1. In order to show that the conclusion of this proof is unaltered a number
of results must be reanalysed very carefully: firstly, it must be shown that (3.1.1) may still
be reformulated as (3.3.5); secondly, in order use expression (3.3.8) for the solution X of
(3.1.1) the hypotheses of Theorem 1.1.1 and 1.1.2 must be shown to be valid under (5.2.3);
finally, Lemma 3.3.3 needs to be proved afresh under the weaker hypothesis. Each of the
above points are stated precisely and proved in Section 5.4. Using them it is possible to

prove the analogue of Theorem 3.2.1:

Theorem 5.2.2. Let K satisfy (5.2.3) and (3.2.1) and let X satisfy (3.1.2) and (3.2.2). If
the resolvent R of (2.1.1) satisfies (3.2.3) then the solution X of (3.1.1) satisfies X(t) —

Xeo ast — 00 almost surely, where Xoo 18 given by (3.2.4) and is almost surely finite.
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The proof of this theorem may be found in Section 5.4 below. The primary reason
that the analogue of Theorem 3.2.1 holds is that the reformulation of equation (3.1.1)
still holds. In fact, the structure of the reformulated equation ensures that the type of
singularity considered in the kernel has no influence on the convergence of the solutions.

The question of integrability of solutions is more delicate and requires careful analysis.
The proof of this result requires the use of the variation of parameters representation of the
solution. It will be necessary to prove the validity of this formula, which will involve a close
examination of stochastic Fubini theorems (see [9], for example), before the integrability
of the solution can be tackled. This work lies outside the scope of the thesis and will be
examined elsewhere.

In [11, 29] the extent to which the regularity in the kernel influences the regularity of
the solution of the deterministic equation was investigated. However, the presence of the
non—differentiable Brownian motion in the stochastic equation prohibits the existence of a
derivative in the solution. Indeed it is known that the solution to the stochastic equation
will be Hoélder continuous with exponent 1 /2 — ¢ for every € > 0. Consequently, we cannot
expect to obtain the same amount of regularity in the solution of the stochastic equation

as obtained in the deterministic case regardless of the regularity of the kernel.

5.3 Proof of Theorem 5.2.1

In the proof of Theorem 5.2.1 use is made of Fubini’s Theorem. Due to the presence of
the weakly singular kernel it is crucial that the hypotheses of this theorem are examined

closely to ensure that they are satisfied before the conclusion of the theorem is applied.

Proof of Theorem 5.2.1. We begin by proving the existence of a continuous adapted
process X which satisfies (5.2.2). Since the dispersion coefficient X is dependent on the
parameter ¢ alone we can fix an arbitrary w €  and regard equation (5.2.2) as a deter-

ministic equation with forcing function {u(t,w):0<t < T} Define the Picard iterations
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as
t t—s
X (t,w) = Xo +/ [A—i— K(u) du] Xi—1(s,w)ds + p(t,w), 0<t<T,
0 0
Xk(0,w) = Xo,
when k£ > 1 and
Xo(t,w) = Xo,

otherwise. By mathematical induction it can easily be shown that X} is continuous and
adapted on [0, T] for each k = 0.

On the interval [0, T observe that

X1 (8 w) — Xot,w)l| = 1 X1t w) — Xol

/0 t [A n OH K(u) du] Xods+ ,u(t,w)H

= /0 t [HAH + /0 Kl dU] 1 Xol| ds + flu(t, W)l
< M| Xol|t + A

< M| Xo|T + A= C,

where M = || Al + [° 1K (u)|| du and [ = supogi<r ll(t,w)||. So it is clear that

sup || X1(t,w) — Xo(t,w)|l < C. (5.3.1)
0<t<T

Again on the interval (0,7 and for k > 0 we have that

t—g

Xp1(t,w) — Xp(t,w) = /Ot [A + K(u) d'u,] (Xi(ssw) — Xx-1(s, w)) ds.

0

Taking norms across this equation we see that
st - Xl < [ f1al+ [ 7 el de] (50 = Kool 0
< 7 [ 1Xio) = Kua (o)l .
(5.3.2)
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Using (5.3.1) and (5.3.2) we now prove by mathematical induction that
1 -
IXks1(tw) = Xa(tw)l| < OGS, 0<k, 0<E<T. (5.3.3)

As a consequence of (5.3.1) it is clear that (5.3.3) holds for k = 0. Now assume that
(5.8.3) holds for k = l. Using this assumption we show that (5.3.3) holds for & = [+ 1

using the following argument:
¢
| Xipalt,w) = Xpra (B w)|| < M/o | Xig1(s,w) = Xi(s,w)ll ds
o B
< M/ ﬁC(Ms)‘ ds
D .

1

= mC(ﬂ:ﬂ.‘))-'_l.

Clearly,
sup || Xesa(t,w) — Xty w)l] € =COATYE, 0<k, 0<t<T. (5.3.4)
0<t<T k!

Let X}(t,w) denote the it" component of the vector Xi(t,w) where 0 < i < n. Notice

that due to the definition of the norm and (5.3.4) it is seen that

sup lX}';.H(t,w) — Xf{._(f.‘,w)] < %C(T\ZT)“, 0<k 0<teT
< <T

0
The expression HC(MT)* is the general term of the Taylor expansion of CceMT; so
SR, HC(MT)* is a convergent sequence. Now, due to the Weierstrauss M-test it is

clear that X} (¢,w), which may be expressed as a partial sum

k=1

Xj(t,w) = Xg(t,w) + Z(Xj+l(t,w) = Xj(t,w)),
j=0

must converge to a limit, which we call X*(t,w). Thus,
klim Xi(t,w) = X(t,w) = (X (t,w), ..., X"(t,w)).
—100
We now show that X is a solution of (5.2.2). Consider the expression

X(t,w)— Xg— f£ [A + /Dt‘—s K(u) du:' X(s,w)ds — p{t,w).

0
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Using the definition of the Picard iteration we see that

t—s

X(t,w)—Xo—/t [A+

A K(u) du] X (s,w)ds — p(t,w)

0

t t—s
— (X(tw) — Xe(t)) ~ Xo— [ [A + [ R du] (X(5w) — Xno1(s:w)) ds
0 0
t t—a
— u(t,w) + Xi(t,w) — / [A + K(u) du] Xi-1(s,w) ds.

0 0

Rearranging this and then taking norms across both sides the above equation becomes

HX(t,w) — Xo— /Ot [A + Ot-s K (u) du] X (s,w)ds — p(t,w)

t
< X (tw) — Xe(t,w)] + M /0 1X (5,w) — Xg_1(,0)]] ds

Xt w) — <X0+ /0 t [A+ OH K (u) du] Xp_1(5w) ds+u(t,w)> H

Using the definition of the Picard iteration for k we see that the last term on the right
hand side of this inequality is equal to 0. Now, taking the supremum over [0,T] on both

sides of the equation we see that

sup
0<t<T

X(t,w) — Xo— /Ot [A+ Ot—s K(u) du] X(s,w)ds — p(t,w)

T
< sup [X(t,w) — Xe(t, )] + 7 / 1X(5,) — Xi—1(s, )] ds.
0<t<T 0

Considering the limit as k — oo we see that

lim sup

LT, S X(t,w) — Xo— /0t [A + Ot‘s K (u) du] X(s,w)ds — H(t,w)H =

that is, X is a solution of (5.2.2). Hence, the continuous adapted process t — X (£, %) also
satisfies (3.1.1) for 0 <t < T

The following argument is provided to show that ¢t — X (t,¥) is the unique continuous
adapted process satisfying (311) on 0 <t <T. By applying Fubini’s Theorem, we see
that a continuous solution X of (5.2.2) must also be a solution of (3.1.1). Suppose that

there are two continuous adapted processes X and Y satisfying (3.1.1). Subtracting ¥
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from X, changing the order of integration in the double integral once again and taking

norms across the equation we obtain

1x@® - Y@l [ “1X () = Y (&) ds,

where M = ||Al|+ [;° | K (t)]| dt. Using Gronwall’s inequality we see that || X () =Y ()| =
0, in other words ¢t — X (¢,X) is unique process obeying (3.1.1) on 0 < ¢t < T. However,
since T is arbitrary we see that X is the unique, continuous, adapted process which satisfies

(3.1.1) on the positive real line.

5.4 Proof of Theorem 5.2.2

In order to prove Theorem 5.2.2 the following lemmata are required.

Lemma 5.4.1. Let K satisfy (5.2.3) and let ¥ satisfy (3.1.2). Then (3.1.1) may be
reformulated as (3.3.5) where the function ¢ — F(t) can be written as (2.3.7) and s well

defined for allt > 0.

Lemma 5.4.2. Let K satisfy (5.2.3) and (3.2.1). Then the function F satisfies
oo
/ |F)| dt < o0, (5.4.1)
0

and the Laplace transform of F, z — F(2), is given by (2.3.2) for Rez =2 0 and z # 0 and

(2.3.3) for z = 0.

Lemma 5.4.3. Let K satisfy (5.2.3) and let f satisfy (2.1.4). Then the solution T of

(2.1.3) expressed using the variation of parameters representation given by (2.1.5).

Lemma 5.4.4. Let K satisfy (5.2.3). Suppose that the kernel K satisfies (3.2.1) and the

resolvent R of (2.1.1) satisfies (3.3.1). If (3.3.3) holds, then rank (PDN) < rank (N)
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where D = I+ [§° [7° K(u)duds and the matriz N is defined as N = TDNT™!. Here
Dy = diag(f1, fo,..r fn) with fi =1 if all the elements of the ith column of J are zero,

and f; =0 otherwise.

Lemma 5.4.5. Let K satisfy (5.2.3). Suppose that the kernel K satisfies (3.2.1) and
there exists a constant C such that the resolvent R of (2.1.1) satisfies (3.3.1). Then
(3.3.2) holds. Moreover, if the constant Roo 45 defined by (2.2.11) then R(t) — Roo as

t — oo and C = Ry

Lemma 5.4.6. If K satisfies (5.2.3) and (3.2.1) and the resolvent R of (2.1.1) satisfies

(3.2.3), then (3.3.4) holds.

Proof of Lemma 5.4.1. We begin by considering (5.2.2). Similarly to Lemma 3.2.1

both sides of (5.2.2) are premultiplied by ®'(t — 8) to obtain
®'(t — 8)X(s) = ®'(t — )Xo + &'t — s)p(s) + @' (¢t —s)u(s), 0<s<t<T,

where p(t) = fg [A Re fg_s K(u) du] X(s)ds and ®(t) = P + Qe™". Integrating this over

[0, T7] one obtains

/t &'(t — )X (s) ds
0

= /Ot o't — s)Xods + /Ot @' (t — s)p(s)ds + /Ot P'(t—s)u(s)ds, 0<s<t<T.
(5.4.2)
Now examine each term in (5.4.2). As Theorem 5.2.1 holds it is clear that the integral on
the left hand side (5.4.2) exists on [0,T] and may be written notationally as ® * X. The
first term on the right hand side of (5.4.2) can be evaluated in a straightforward manner
due to the continuity of the integrand: fg’ &' (t — s)Xods = ®(t)Xo — Xo. Now examine

the second term. Due to the fact that
t i—s
[ wranad ixenas < oo (5.4
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we see that p is continuous on [0,t] and p(0) = 0. So the integral fg ' (t — s)p(s)ds is

well-defined for t € [0,T]. We can reformulate this integral using integration by parts:
t
/ ®'(t — s)p(s) ds = —p(t) + (PA * X)(t) + (@ * K * X)(t),
0

where we have rewritten p according to p(t) = Ji[AX () + [y K(s — u) X (u) du] ds.
Using the above and the fact that u(t) = X (t) — Xo — p(t) we see that (5.2.2) becomes

X(t) + ([ —®A— @+ K] = X)(t) = Gs(t) where G is given by (3.3.7). Letting F =

&' — dA— DK as before we now check that the reformulated version of F' given by (2.3.7)

is still valid:

¢ ¢
F(t)=e'Q - PA—e'QA~ / PK(s)ds — / e~ t=9QK(s)ds
0 0
o] [eo] 4
— et Q+QA)-P (A + / K(s) ds> + P/ K(u)du — / e~ QK (s) ds.
0 t 0
As the function K is integrable this means that the matrix M which is defined as
M = A+ [;° K(s) ds exists and so PM = 0 as before (where P is defined as in Section 2.2).
Now consider the second and third terms: both terms are bounded by [5° K (t)] dt so

they are well-defined. Thus, F is a well-defined function on [0,T]. Again, since T is

arbitrary the reformulated equation is valid for £ > 0. O

Proof of Lemma 5.4.2. We use (2.3.7) to obtain

oo o0 t
/ IF@)dt < 11Q + QAl + QI / / =]\ K¢ (s) | ds dt
0 0 ]

el | °° / Kl dsdt, (5.44)

and use this to show that (5.4.1) holds. Obviously the first term on the right hand side of

(5.4.4) is bounded. We now show that the second term on the right hand side of (5.4.4)
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is bounded. Note that for an arbitrary constant 7', with 0 < T' < oo,
T T T
/ / e~te’ || K (s)|| dtds = / (e —e T)ef || K(s)| ds
0 3 0
7 2
= [ Ix@ds— [ e TINK s < oo
0 0

Thus, we can apply Fubini’s Theorem to obtain

oo gt T pt
/ / e~ )| K (s)|| dsdt = lim / / e~ K (s)|| ds dt
0o Jo T—oo Jo Jo
T T
= lim/ / e || K (s)|| dtds
0 8

T—o0

(5.4.5)

[o0] T
= / K (s)||ds — lim / e~ T=9)| K (s)| ds.
0 T—00 Jo
Now consider the final line of this expression. Clearly the first term is finite due to our
assumptions. We see that the second term on the right hand side tends to zero by using
the Dominated Convergence Theorem. (Define a sequence fr(t) = e T IK@)| for
0 <t < T and zero otherwise, clearly limr oo fr(t) = 0. As |fr(t)] < [|K(t)]| and K is
integrable we can apply the Dominated Convergence Theorem.) Thus the second term on
the right hand side of (5.4.4) tends to zero.

Now consider the third term on the right hand side of (5.4.4). Note that

@
/ s|| K (s)[| ds < o0.
0
So, using Fubini’s Theorem and the Dominated Convergence Theorem,

o0 ) iy
[ stcteyas = im, [ sxispias

T ps

. im/ / | K (s)] dtds
T—oo 0 0
T T

= lim/ / 1K ()| ds dt
T—oo Jp Ji

= [7 [ inas

9o we see that the third term on the right hand side of (5.4.4) is bounded. Combining
the above arguments, we see that the left hand side of (5.4.4) is bounded; that is (5.4.1)

must hold.
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As assumption (5.4.1) holds it is known that the Laplace Transform of F', denoted F(z),
exists for Rez > 0. We now show that the expression for the Laplace Transform of F (2)
given by (2.3.2) for Rez > 0 and z # 0 and (2.3.3) for z = 0 is valid.

We begin by considering the case when Rez > 0 and z # 0. The first term of F given
in (2.3.7) in not influenced by K and so can be calculated in a straightforward manner
as before. Now consider the second term. Before calculating the Laplace transform of

(e x QK)(t) we note for Rez > 0 and z # 0 that
T T 1 T
/ / e~ K (s) dt ds = —— / (e‘(”’l)s — e~ U)K (5) ds,
0 s z+1 0

(o]

T T
/ / e~ (TS| K (s)|| dt ds
0

| ¥ Jlr 1 ( /0 ' e || K(s)|| ds + e /0 " -9k (s)] ds)
2

T
| K (s)|| ds < oo,

<
|z + 11 0
Using this we can apply Fubini’s Theorem and the Dominated Convergence Theorem to

obtain

oot
/ / e te QK (s)dsdt
0o Jo

T gt
= lim / / TS QK () ds dt
0o Jo

T—00

T T
= 1im/ / e~ S K (s) dt ds
0 s
1

T—00

T T
. :le_r'réo ) (/0 e K(s)ds - e—‘T/O e~ T=IK(s) ds)

i =
= Z+1K(z).

Now consider the third term on the right hand side of (2.3.7). It is necessary to simplify

the Laplace Transform of the function ¢ — [° PK(s)ds. Note that
T prs il T
/ / e #K(s)dtds = = / (1—e *)K(s)ds,
0 Jo z Jo
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50

T ps ol 1 T sl
jufne "K(s)ndtdssl—z-ifo (1 — =) K (s)[| ds < oo.

So applying Fubini's theorem and the Dominated Convergence Theorem we see that

1 [ T ps
—f (1 —e ™)K (s)ds = lim f / e " K(s)dtds
) T—oo Jo Jo

Z 4
T pT
= lim f / e K () ds dt
0 t

T—e0
o0 o0
= / f oK (s) ds dt.
0 Jt
Thus, [;° [° e *PK(s)dsdt = LPK(0)— LPK(z). Combining the above arguments we
see that F(z), given by (2.3.2), holds as before.

Now consider the case when z = 0. The first term in of F in (2.3.7) in not influenced by
I and so can be calculated in a straightforward manner as before. Now consider the second
term on the right hand side of (2.3.7). Since (5.4.5) holds we can apply Fubini’s Theorem
and the Dominated Convergence Theorem to obtain [~ jol e DQK(s)ds = QK(0).
Also, since (3.2.1) holds we can change the order of integration in the third term on the
right hand side of (2.3.7) to obtain [;° [* PK(s)dsdt = —~PK’(0). Combining the above

arguments we see that F(0), given by (2.3.2), holds as before. O

Proof of Lemma 5.4.3. We want to show that x given by (2.1.5) satisfies equation
(2.1.3). Initially we show that this representation holds for 0 < ¢ < 7. Consider the

left hand side of (2.1.3) and substitute the variation of parameters representation of the
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solution into the integral version:

:ro+/0t (Am(s)-l—/osK(t—s):n(s)ds) dt—l—/tf(s)ds

_—_:n0+/0t (A[R( 8)zo + (R* f)(s) / K(s—u) )mo—i—(R*f)(u)]du) ds

—I—/tf(s)ds

—:vo—l—/ AR(s ds:c0+/ / K(s —u)R(u )dudsm0+/ / AR(s — u)f(u)duds
/ / / K(s—u)R(u—v)f( v)dvduds+/ f(s

Consider the final line on the right hand side. Using the continuity of f and R on finite

intervals it is clear that we can interchange the order of integration of the fourth term.

Since [} 5 o U IK(s —v— 2)|| |R(w — v)|| | f ()| dzdvds < oo for 0 < t < T we can

change the order of integration twice in the fifth term. So we obtain

$0+/0t (A:n(s)—l—/osK(s—u)m(u)du> ds-l—/otf(s)ds

£ —v
=20 +/0 [AR(s) + (K * R)(s)] dszo + /Ot ( Ot AR(w) dw) fv)dv

X /Ot ( /:_U(K* R)(w) dw> fv)dv + /Otf(s) ds

t —v t
::z:o+/()tR’(s)dsm0+/0 /Ot R’(w)dwf(v)dv—l—/o f(s)ds

= R(t)zo + (R f)(t),
as required. Now since T' is arbitrary this representation holds for all 0 <t < 0. O
Proof of Lemma 5.4.3. As the kernel is integrable, the matrix M exists. The proof of

this lemma now follows the line of reasoning given in the proof of Lemma 3.3.2. O

Proof of Lemma 5.4.5. Due to (i) the existence of the variation of parameters represen-
tation of the solution; (ii) the assumption that the kernel is integrable; (iil) the existence
of the function F which allows the differential equation (5.2.2) to be reformulated as
an integral equation, we may follow the line of reasoning in Lemma 3.3.1 to show that
Lemma 5.4.5 holds. O
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Proof of Lemma 5.4.6. Using the definition of F'(0) obtained in Lemma 5.4.2 we can

show that
& o0 (= ¢]
det[I + F(0)] = det [P- M +f / PK(u)du ds] .
a 3

Now using Lemma 5.4.4 we see that this expression is nonzero.

Using the definition of £'(z) obtained in Lemma 5.4.2 we can show that

1
241

det{I + F(2)] = é detfz] + P|det [z — A~ K(2)]

when Rez > 0, z # 0. Now, using the fact that the variation of parameters representation
of the solution holds we can apply the line of reasoning found in Lemma 3.3.3 to complete

the proof. -

Proof of Lemma 5.2.2. By applying Lemma 5.4.1 we see that equation (3.1.1) may be
reformulated as the integral equation defined as (3.3.5). Since the function F' defined by
(2.3.7) does not contain a singularity we can apply Theorem 1.1.1 and Lemma 5.4.6 to see
that there exists a unique solution 7 € L'((0,00), Mu«n(R)) of the equations r+ Fxpr = F
and 7+ 7% F = F. We can integrate r + F xr = F over [0, c0) and rearrange the equation

to obtain

/:o?'(s) ds = (I +f:° F(s) d,s:)_l ﬁm F(s)ds.

Using Theorem 1.1.2 we see that the solution X of (3.1.1) can be expressed using variation
of parameters: X(t) = Gg(t) — (r* Gg)(t). Letting ¢ — oo we obtain an expression for

X 8s before. O
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Chapter 6
Exponential Convergence of Solutions of (3.1.1) to

a Nontrivial Stochastic Random Variable

6.1 Introduction

In this chapter we study the exponential decay of the solution of X (3.1.1) to a non—
equilibrium limit under conditions (2.1.2) and (3.1.2) on the kernel K and the noise term
Y. respectively.

A paper by Appleby and Freeman [5] considered the speed of convergence of solutions
of (3.1.1) to a trivial equilibrium. It was shown that under the condition that the kernel
does not change sign on [0,00) then (i) the almost sure exponential convergence of the
solution to zero, (ii) the p-th mean exponential convergence of the solution to zero and
(iil) the exponential integrability of the kernel and the exponential square integrability of
the noise are equivalent.

This chapter extends these results. Conditions are determined on the resolvent, kernel
and noise terms which ensure exponential convergence of solutions to a non—equilibrium
limit in the p-th mean and almost sure senses. Similarly to [5] it is shown that the
exponential integrability of the kernel and the exponential square integrability of the noise

are crucial.

6.2 Discussion of Results

In this section, the necessary and sufficient conditions for the solution of (3.1.1) to converge
exponentially to a nontrivial limit are stated. Appleby and Freeman [5] considered the
exponential convergence of solutions of (3.1.1) to zero. The connections between their

result and the main result presented in this chapter are discussed, as are the connections
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between Theorem 2.2.5 and the main result presented in this chapter.
Appleby and Freeman obtained the following result in the case where the solution of

(3.1.1) is integrable.

Theorem 6.2.1. Let K satisfy (2.1.2) and let £ satisfy (3.1.2) and (3.2.2). If (2.2.12)

holds, then the following are equivalent.

(i) There ezist constants & >0 andy >0 such that (2.2.13) holds, % satisfies
[e0)
/ 15(s) 2™ ds < oo, (6.2.1)
0
and the solution R of (2.1.1) satisfies (2.2.1)

(i3) For all initial conditions X there exists Ap > 0, such that for every p > 0 there exists

a constant Mp(Xo) > 0 such that the solution t — X (t; Xo, %) of (3.1.1) satisfies

E[| X (t)IIP] < Mp(Xo)e ™, t=0. (6.2.2)

(i1) For all initial conditions X, there ezists a constant 8 > 0 such that the solution

t — X(t; X0, %) of (3.1.1) satisfies

lim sup%log IX@)) < -8 as. (6.2.3)

t—oo

In this chapter, a result in the case where the solution is not integrable but approaches
a nontrivial limit is considered. In Chapter 2 the exponential convergence of the solution
of (2.1.1) to a non—equilibrium limit was considered. By writing the solution of (3.1.1) in
terms of variation of parameters the theory contained in Chapter 2 may be applied in the

analysis of the solutions of (3.1.1). The main theorem of this chapter is now stated.

Theorem 6.2.2. Let K satisfy (2.1.2) and (2.2.7) and let satisfy (3.1.2). If K satisfies

(2.2.12) then the following are equivalent.
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(i) There ezists a constant Reo such that the solution R of (2.1.1) satisfies (3.2.3) and
the function ¥ satisfies (3.2.2) and (3.2.6), and there exist constants o > 0 and

~ > 0 such that K and & satisfy (2.2.13) and (6.2.1) respectively.

(ii) For all initial conditions Xo and constants p > 0 there ezxists an almost surely finite
FB(00) -measurable random variable Xoo(Xo,X) with B [[XoolP < 00 such that the

unique continuous adapted process X (-} Xo, %) which obeys (3.1.1) satisfies
E[|1X () — XoolP] < mpe™", ¢20, (6.2.4)
where B, and my = mp(Xo) are positive constants.

(i) For all initial conditions Xo there exists an a.s. finite FB(co0)-measurable random
varioble Xoo(Xo0, %) such that the unique continuous adapted process X (- 1 X0, X)

which obeys (3.1.1) satisfies

limsupllog X () — Xooll £ =P a-s. (6.2.5)

t—00 t

where Bo is a positive constant.

It is clear the assumption (6.2.1) guarantees that assumptions (3.2.2) and (3.2.6) hold.
In this theorem they are explicitly assumed in order to highlight the conditions that
guarantee the existence of a limit and the integrability of the solution minus its limit in
contrast to the conditions that guarantee the speed of convergence.

Whether considering the exponential convergence of solutions to a non-trivial limit
or the exponential convergence to zero it is seen that the conditions on the exponential
integrability of the kernel and noise term remain the same. The additional assumptions in
Theorem 6.2.2 ensure the convergence to an explicit almost surely finite random variable.
In addition, it is required that the R — Ry lies in the space of square integrable functions.
This is due to the fact that in general it is more natural to consider Itd integrals with

square integrable integrands rather than integrable integrands. Here, R — Roo € L2(0,00)
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rather than in the space of L(0, 0o) functions is considered. Nonetheless it is possible to
make use of Theorem 2.2.6 in the proof of Theorem 6.2.2. This is due to the fact that
R — Roo € L2(0,00) together with an assumption on the second moment of the kernel

implies that R — Roo € L!(0,00). This statement is made precise in Lemma 6.3.2.

6.3 Sufficient Conditions for Exponential Convergence of

Solutions of (3.1.1)

In this section, sufficient conditions for exponential convergence of solutions of (3.1.1) to
a non—equilibrium limit are obtained. Proposition 6.3.1 concerns convergence in the pt*

mean sense while Proposition 6.3.2 deals with the almost sure case.

Proposition 6.3.1. Let K satisfy (2.1.2) and (2.2.7), X satisfy (3.1.2) and (3.2.2) and let
Roo be a constant matriz such that the solution R of (2.1.1) satisfies (3.2.3). If there exist
constants o > 0 and v > 0 such that such that (2.2.13) and (6.2.1) of Theorem 6.2.2(i)
hold, then there exist constants Bp > 0, independent of Xo, and mp = mp(Xo) > 0, such

that statement (ii) of Theorem 6.2.2 holds.

Proposition 6.3.2. Let K satisfy (2.1.2) and (2.2.7) and let % satisfy (3.1.2), (3.2.2)
and (3.2.6) where Roo 15 a constant matriz such that the solution R of (2.1.1) satisfies
(3.2.3). If there exist constants o >0 and v > 0 such that such that (2.2.13) and (6.2.1)
of Theorem 6.2.2(i) hold, then there erists a constant By > 0, independent of Xo such that
statement (iii) of Theorem 6.2.2 holds.

Proposition 6.3.1 may be proved by examining the variation of parameters representation
of the solution. Proposition 6.3.2 may be proved by considering the integral representation
of the equation.

Extensive use is made of Liapunov’s inequality in the proof of Proposition 6.3.1 and

Proposition 6.3.2. This inequality is more appropriate in this instance than Holder’s
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inequality: using Holder’s inequality, the exponential pth mean convergence is obtained
for p > 1 while exponential convergence is obtained for p > 0 using Liaponov’s inequality,
which is a stronger result.

The proof of Proposition 6.3.1 is divided into two cases: 0 < p <2 and p> 2. In the
first case, Lemma 6.3.1 and Liapunov’s inequality may by applied initially to show the
existence of the pt" moment of the limit and then to show that the speed of convergence
to the limit is exponential. In the second case, the result is proved for the 2mt" moment,
where 2(m — 1) < p < 2m. Liapunov’s inequality may then be applied to prove the result
for p. Here the even exponent simplifies calculations.

In Chapter 2, the conditions which give mean square convergence to a nontrivial limit
were considered. So a natural progression in this chapter is the examination of the speed
of convergence in the mean square case. Lemma 6.3.1 examines the case when p = 2 in
order to highlight this important case. This lemma may be then used when generalising

the result to all p > 0.

Lemma 6.3.1. Let K satisfy (2.1.2) and (2.2.7), let X2 satisfy (3.1.2) and (3.2.2) and let
Ry be a constant matriz such that the solution R of (2.1.1) satisfies (3.2.3). If there exist
constants o > 0 and vy > 0 such that (2.2.13) and (6.2.1) of Theorem 6.2.2(i) hold, then

there exist constants A > 0, independent of Xo, and m = m(Xo) > 0, such that

E||X(t) - Xeoll® < m(Xo)e M, t>0. (6.3.1)

From Chapters 3 and 4 it is evident that R — Reo € L2((0,00), Myxn(R)) is a more
natural condition on the resolvent than R — Roo € L}((0,00), Mpxn(R)) when studying
convergence of solutions of (3.1.1). However, the deterministic results obtained in Chap-
ters 2 are based on the assumption that R— Ry € LY((0,00), Mpxn(R)). In order to
make use of Theorem 2.2.5 in this chapter Lemma, 6.3.2 is required; this result isolates

conditions that ensure the integrability of R — Roo OnCe R — Ry, is square integrable.

Lemma 6.3.2. Let K satisfy (2.1.2) and (2.2.7) and let R be a constant matriz such

that the solution R of (2.1.1) satisfies (3.2.3). Then the solution R of (2.1.1) satisfies
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(2.2.8).

Two technical lemmata are now stated. Lemma 6.3.3 concerns the moments of a nor-
mally distributed random variable. It can be extracted from [5, Theorem 3.3] and it is

used in Proposition 6.3.1. Its proof may be found at the end of this section.

Lemma 6.3.3. Suppose the function o € C((0,00) % (0,00), Mpxr(R)) then

N < dm(p,1) (/ab lo (s, )11 d8>m

where dm(p,T) = pHLp2mtl (2m)l(ml2™) e (p, )™

b
E / o(s,t)dB(s)

The following lemma is used in Proposition 6.3.2. A similar result is proved in [5]; the

proof is included in Appendix A for completeness.
Lemma 6.3.4. Suppose that K € C([0,00), Muxn(R)) N LH(0,00), Mpxn(R)) and
0 -~ -
/ | K (s)|le**ds < oo.
0
IfFA>0andi=2\Aa then
t 3 - ~ -~
/ e~ 2M(t=9)g=63)| K (5)|| ds < ce™ ™,
0

where ¢ is a positive constant.

The proofs of Proposition 6.3.1 and 6.3.2, Lemma 6.3.1 and 6.3.3 are now given.

Proof of Lemma, 6.3.1. From Theorem 3.2.1 we see that X(t) — Xoo where Xoo 18
given by (3.2.4). From Lemma 3.3.1, the definition of the norm and the expression for

X we see that
B Xl = B [ir (Koo XD)] = [BooXoll + [ RSO ds <0, (632)
Since
E [|| X (t) — Xool®] = E [tr (X(¢) — Xoo) (X () — Xo0)T] s (6.3.3)
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we use (3.1.3) and (3.2.4) to expand the right hand side of (6.3.3) to obtain

E [ X () — Xool?] = I (R(t) — Reo) Xoll
i (o]
b [ 1R 0) - BBl + [ RS s (630
0 t
In order to obtain an exponential upper bound on (6.3.4) each term must be considered
individually. We begin by considering the first term on the right hand side of (6.3.4).

Using (2.2.7) and (3.2.3) we can apply Lemma 6.3.2 to obtain (2.2.8). Then using (2.2.7),

(2.2.8) and (2.2.13) we see from Theorem 2.2.5 that
I(R() — Roo) Xo|l? < IR(t) — Rool*[1 Xol* < e[| XolPe ™. (6.3.5)

We provide an argument to show that the second term decays exponentially. Using (6.2.1)
and the fact that R decays exponentially quickly to Reo we can choose 0 < ) < min(3,7)
such that e, and ex(R— Ro) € L2(0, 00) where the function ey is defined by ex(t) = e.
The convolution of an L2(0,00) function with an L2(0,00) function is itself an L%(0,00)

function, thus,

¢
@ [ (Rl = 5) ~ Beo) Bl ds
0
t
< / M| R(t — 5) — Roo2e|S(s)|? ds < ca. (6:3.6)
0
Using the argument given by (6.3.6) we see that the second term of (6.3.4) decays expo-
nentially quickly.

We can show that the third term on the right hand side of (6.3.3) decays exponentially

using the following argument:

[o0) o0 o0
% ::/ HE(s)HZe%Sds 2/ ||Z(s)l|2ezwds > ez7t/ ||Z(s)l|2ds. (6.3.7)
0 t t
Combining these facts we see that

E [)1X (1) ~ Xooll?] < m(Xo)e ™™,
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where m(Xo) = c1]|Xo||? + ¢2 + £[| Roo|? and A < min(8,7). O

Proof of Proposition 6.3.1. Consider the case where 0 < p < 2 and p > 2 separately.
We begin with the case where 0 < p < 2. Using the argument given by (6.3.2) shows that

E [“Xoon] < 0o. Now applying Liapunov’s inequality we see that
L
E || XoolP < B [[|Xoo]*]* < oo

We now show that (6.2.4) holds for 0 < p < 2. Liapunov’s inequality and Lemma 6.3.1

can be applied as follows:
p 215 —Bpt
E [ X () — Xooll”] SE[|X(t) = Xoo*]* < mp(Xo)e™™ £20,

where mp(Xo) = m(Xo)gand Bp = Ap.

Now consider the case where p > 2. In this case, there exists a constant m € N such that
2(m—1) < p < 2m. We now seek an upper bound on E || Xoo||*™ and E [|| X (t) — Xool*™],
which will in turn give an upper bound on E || XoollP and E[|| X (t) — Xo||?| by using

Liapunov’s inequality. Clearly, we see that

2m

E|Xool|*™ =E \\ROOXO + /Ooo RooX(s) dB(s)

"

<2?"E {IlRooXollzm + H/Ooo Roo3(s) dB(s)

x
<c (”RooXOIlzm + / HROOZ(S)H%"” ds> < 00,
0

by applying Lemmas 3.3.1 and 6.3.3.
Now consider E [|| X (t) — Xool|2™]. Using the variation of parameters representation of

the solution and the expression obtained for X we see that

X () — Xoo = (R(t) — Roo)Xo + /0 t(R(t — 8) — Roo)5(s) dB(s) — A * Roo5i(s) dB(s).
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Now taking norms,

"X(t) - Xoo”

t
< I(R(t) - Roo) Xol| + N [ ®e~5) - R)s(5)aB(s)

+ ” /t ” ReoX(s) dB(s)

¥

raising both sides of the equation to the 2m'* power,

1X(t) ~ Xooll*™

2m

t
< ("(R(t) — Reo) Xo*™ + “ fo (R(t - 5) — Roo)X(s) dB(s)

+ ” /L ” ReoX(s) dB(s)

2m
1

then taking expectations across the inequality, we arrive at

E [IIX(t) - Xool®™]

< g (M(Rm ~ Roo) Xo|[*™ +E [H [ (Rt 9) - Reym(e) ans

Qm]
2m
] ) (6.3.8)

We consider each term on the right hand side of (6.3.8). Using (2.2.7) and (3.2.3) we can

+E U‘ ft * ReoX(s) dB(s)

apply Lemma 6.3.2 to obtain (2.2,8). Then using (2.2.7), (2.2.8) and (2.2.13) we see from

Theorem 2.2.5 that
I(R(t) — Roo)Xo|™ < c1f| Xol*™e 2™, (6.3.9)

Now, consider the second term on the right hand side of (6.3.8). Using the argument given

by (6.3.6) we see that [ [|(R(t —s) — Rao)Z(8)]|? ds < cze™M where A < min(f,7). Now
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‘Zm:l

< ds) (

using Lemma 6.3.3 we see that

]E”l K(Ru — §) — Roo)B(s) dB()

t

m
R - ) - R PIZN® ds)
< dp(n,d) (cge*""“)
el (s d)crzne—ZmAt_

(6.3.10)

Using (6.3.7) combined with Lemma 6.3.3 and the Dominated Convergence Theorem,

E [” / ” $(s) dB(s) Qm} —E [T@& ] " $(s)dB(s) le
t 2m
II—IEOEU/ L(s)dB(s) ]

< l1rn dm (1, d) (/t. IIE[sHPd-s) (6.3.11)

T—p0

= dnma) ([ S ds)

& dm(ﬂ.. d)im e—?m-ytl

we show that the third term decays exponentially quickly:

Combining (6.3.9), (6.3.10) and (6.3.11) the inequality (6.3.8) becomes
E [IX () — Xal*™] <
gam=t (cl 1 Xo|[2™ et - dyn(n, d)e5re™ ™A + din(n, d)||Rm||2mi‘“‘e'2'“T‘) . (6.3.12)
Using Liapunov’s inequality, the inequality (6.3.12) implies
E [ X(8) — Xool”) < mp(Xo)e ™",

2m—1

where m,(Xo) = 32 (e 1 Xoll?™ + dm(n, d)es' + dm(n, d)HRwliz’“Em)ﬁ'ﬁT and f, = Ap.

O
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Proof of Proposition 6.3.2. In order to prove this proposition we must show that

E [ sup || X(t) — Xoon?] < i(Xo)e 21, > 0. (6.3.13)
n—1<t<n

For each t > 0 there exists n € N such that n —1 <t <mn. Define A(t) = X(t) — Xco-

Integrating (3.1.1) over [n—1, t], then adding and subtracting X on both sides we obtain
t
X(t)—Xoo—-:(X(n—l)—Xoo)+/ A(X(8) — Xeo) ds

-1

+/_ (A—i—/ K(u) du>Xoods—/ / K(v) X dv ds,

applying Lemma 4.4.1 this becomes

/n_ / K(s—u)(X(u) - Xoo)duds—l—/t %(s) dB(s)

t

(AA(s) + (K * A)(s)) ds + /t ¥(s) dB(s)

n—1

Alt) = A(n—1) +/

n—1

t
- Ki(s)ds Xoo. (6.3.14)

n—1

Taking norms on both sides of (6.3.14),

HA(t||<|[An—1||+H/ (AA /Ks—u >ds
/n_1 s)dB(s)|| + /_/ K (v) Xoo dv ds

=+

and squaring both sides this becomes,

A2 <4{|[A (n—D1|*+ H/ (AA(S / K(s —u)A(u )du) ds

¢
/ 3(s)dB s) / / K()Xoodvds
n—1 -

+

i

A2 < 4{llA(n o+ ( / t [nAu a@I+ [ 1K = wil186] du] d8>2

n—1
2+(/: 1K (s) unxmndsﬂ,

This then becomes

Y(s)dB(s
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taking suprema,

n—1<t<n

sup [|A()]* < 4 [II&(R —-1)|?

([ [l as + [ i - wiiawl il 48)2

RN ds)z].

4+ sup
n—-1<t<n

/t Y(s)dB(s)
n=1

before finally taking expectations yields:

E [ sup ||A{t}112] < 4{E||A(n -1)|?

n—1<t<n

-1

n 2
+E [( f LA A + (K * AT ) ds) ]

t 2
+E[ sup f $(s) dB(s) :\
n—-1<t<n ||Jn—1
n 5
2 =4
+u‘_lllmis)llds) E || Xooll } (6.3.15)

We now consider each term on the right hand side of (6.3.15). From Lemma 6.3.1 we see

that the first term satisfies
E [JA( — 1)I?] € m(Xo)e 1. (6.3.16)

In order to obtain an exponential bound on the second term on the right hand side of

(6.3.8) we make use of the Cauchy-Schwarz inequality as follows:

n 2
( f AR+ K] 1A ds)

sf'n (LA IA)] + (KT * 1A])()* ds

<o [ (IAIRIAGIE + (K] * [A1)(s) ds

n—1

<2 " [uAn*uA(snl’*
Tl 2
+ ( [ e e P~ AN d-u) ] ds

0

<2 [ [1APIawIR + Ko [ Kt = DN IAGIF i
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where Ko = [5° ¢®|| K (t)|| dt. Take expectations and examine the two terms within the

integral. Using Lemma 6.3.1 we obtain

o [ papiseia] < [ 14rE iAo &

T

. IlAHzm(Xo)f 16_2’\8 ds (6.3.17)

< cl(Xo)e—ZA(n—l) i

In order to obtain an exponential upper bound for the second term within the integral we
apply Lemma 6.3.4 with K=K, a=a& A= Xand =7
n g
5 [ K. [ el I8P duds]
-1 0
T 8
<o [l [ et -l E(AEI] duds
n—1J0
n k]
< m(Xo)Ka / / e K ()| duds  (6318)
-1Jo
_ n
< m(Xop)cKq / e " ds
n—1

< co (X()) B—Tl(n—l) .

Next, we obtain an exponential upper bound on the third term. By the Burkholder-

Davis-Gundy inequality, there exists a constant c3 > 0 such that

t 2 n
]E[ sup / ©(s)dB(s) i\ < cs/ I=(s)l1% ds (6.3.19)
n—1<t<n [|/n—-1 -1
Applying (6.3.7) we see that
1 2 B
E { sup / %(s) dB(s) ] < esSe~ 2, (6.3.20)
n—1<t<n n—1

Now consider the last term on the right hand side of (6.3.15). Using (2.2.13) we see that

(2.5.5) holds. Using this and the fact that E || Xool|> < o0 (see (6.3.2)) we obtain

([ e ds)2 BIXel? <EIXeel? ([ B ds>2 < oger2e) (63.21)

n

Combining (6.3.16), (6.3.17), (6.3.18), (6.3.20) and (6.3.21) we obtain

]E[ sup HX(t)-Xoon] < m(Xo)e 21 Y,

n—1<t<n
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where m(Xo) = 4 (m(Xo) + e1(Xo) + ca(Xo) + e3Z + ca).
We can now apply the line of reasoning used in [26, Theorem 4.4.2] to obtain (6.2.5).

Let € € (0,7) be arbitrary. Since (6.3.13) holds we can apply Chebyshev’s inequality:

P{w . osup || X(Hw) - Xoo(w)]|? >e—2(ﬂ~c){n—1)]

n—1<t<n

< E?(q—c)(ﬂ—l)lE [ sup HX(t,W) - Xeo (w)llz:l
n—1<t<n

< 1?1()(0)6'2‘(“'”.

Since Y onoy e—tn=1) < 5o we can apply the first Borel-Cantelli lemma to see that for

w € Qo, with P[] = 1,

sup || X(tw) = Xoo(W)[|* < e~ 2n=an=1) - p > ng(w).
n—1<t<n

Consequently, forn —1<t<mn,

1 1 n—1
Liog 1 (1) ~ Xl € g7 0BIX (60 = Xes()" < 0~ 98D > now)
But since € is arbitrary this means that
1
limsup — log | X (t) — Xeoll € =1, &S.
L—00 t
O

Proof of Lemma 6.3.2. Consider the reformulation of (2.1.1) given by (2.3.8). From

Theorem 1.1.2 we know that Y can be expressed as
t
ﬂﬂzGM—/r&—ﬂ&ﬂ@, (6.3.22)
0

where the function r satisfies 7 + F#r = F and 747 * F = F, Consider the first term on
the right hand side of (6.3.22). As (2.2.7) holds it is clear that the function G is integrable.

Now consider the second term. Since (2.2.8) and (3.2.1) hold we may apply Lemma 3.3.3
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to obtain (3.3.4). Now we may apply Theorem 2.2.3 to see that r is integrable. The
convolution of an integrable function with an integrable function is itself integrable. Now

combining the arguments for the first and second terms we see that (2.2.8) must hold, [

Proof of Lemma 6.3.3. We see that

2
P T
= Z f 045(s,t) dB;(s)
i=1l \ j=1
Applying (1.1.1) twice we obtain

» 2m
Spmdlg (g / oij(st) dBJ(S)>
el 2m-IZZ(/ o4i(5,t) dBj(s )>2m.

=1 j=1

m

/ab o(s,t) dB(s)

2m

/b o(s,t) dB(s)

/ab oij(s,t) dB;(s) ~ N (O, /ab ois(5,)? ds>

we can use the fact that for a normally distributed random variable X (X ~ N(0,0%))

obeys E [X*™] = Q’%‘gﬂ to obtain

IE[ 21 < prr?m(am)(mi2™) Y : ( / b a1, 1)? ds>m

=1 j=1
But oy;(s,t)? < o (s, 0|3 < ealp, rllo(s, )|, hence,

d

b
/ o(s,t) dB(s)

2m’

/b o(s,t)dB(s) :‘ < pm+1r2m+1(2m)!(m!2m)’102(p,r)m (/b l[a(s,t)“2 ds)

O

6.4 Necessary Conditions for Exponential Convergence of

Solutions of (3.1.1)

In this section, the necessity of condition (6.2.1) for exponential convergence in the almost
sure and p*" mean senses is shown. Proposition 6.4.1 concerns the necessity of the condition

in the almost sure case while Proposition 6.4.2 deals with the p* mean case.
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Proposition 6.4.1. Let K satisfy (2.1.2) and (3.2.1) and let Y satisfy (3.1.2). If there
erists a constant o > 0 such that (2.2.13) holds, and if for all Xo there is a constant vector
Xoo(X0, %) such that the solution t — X(t; Xo,%) of (3.1.1) satisfies statement (iii) of
Theorem 6.2.2, then there exists a constant vy > 0, independent of Xo, such that (6.2.1)

of Theorem 6.2.2(i) holds.

Proposition 6.4.2. Let K satisfy (2.1.2) and (3.2.1) and let Y satisfy (3.1.2). If there
exists a constant o > 0 such that (2.2.13) of Theorem 6.2.2(i) holds, and if for all Xo
there is a constant vector Xoo(Xo,Z) such that the solution t — X(t; Xo, %) of (3.1.1)
satisfies statement (ii) of Theorem 6.2.2, then there ezists a constant ¥y > 0, independent

of Xo, such that (6.2.1) of Theorem 6.2.2(i) holds.

In order to prove these propositions the integral version of (3.1.1) is considered. By
reformulating this version of the equation an expression for a term related to the expo-
nential integrability of the perturbation is found. Using various arguments, including the
Martingale Convergence Theorem in the almost sure case, this term is used to show that

(6.2.1) holds.
A supporting result is now stated. This was proved in [5], but for completeness the

proof is given in Appendix A.

Lemma 6.4.1. Let N = (N1,...,Ny) where Ny ~ N(O,v?) fori=1,...,n, then there

exists a v;—independent constant dy > 0 such that
E [IN|?] < AE[INI-

Proof of Proposition 6.4.1. In order to prove this result we follow the argument used
in [5, Theorem 4.1]. Let 0 <7 < A Bp. By defining the process Z(t) = e"X(t) and the

matrix s(t) = e K(t) we can rewrite (3.1.1) as
d(e " Z(t) = (A(e—%Z(t)) + / t eVt (t — 8)e T Z(s) ds) dt + S(t)dB(t).
0
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Using integration by parts this becomes:
t
— e " Z(t) + e " dZ(t) = (A(c"*‘Z(t)) + f e~ Vt=3)k(t — 8)e™ 7 Z(s) ds) dt
0
+ E(t)dB(t).
Rearranging the equation one obtains:
t
e~ MdZ(t) = ((-yI + A)e " Z(t) + f e M9t — s)e " Z(s) ds) dt + 2()dB(t).
0
Multiplying both sides by e
i
dZ(t) = (('.71 + A)Z(t) +[ k(t — s)Z(s) ds) dt + " Z(t)dB(t),
0
the integral form of which is
i t ps L
Z(t) — Z(0) = (v + A) / Z(s)ds + / [ k(s — u)Z(u)duds +/ e (s)dB(s).
Jo o Jo 0
Using Z(t) = €7 X(t) and rearranging the equation this becomes
t L
/ % (s) dB(s) = e X (t) — Xo — (W + A) f €™ X(s)ds
0 0
t 8
- / e™ f K(s —u)X (u) duds.
0 0
Adding and subtracting Xeo from the right hand side

/'t e"*5(s) dB(s) = €™ (X (t) — Xoo) — Xo— (4 + A) /: e (X (5) — Xoo)ds
0
- [I gr fﬂ K (s —w)(X(u) — Xoo) duds + " Xoo
Jo 0
— (yI + A) frl e Xeo ds — /t e /s K (s —u)Xoo duds
0 0 0
— (X (t) — Xoo) — (Xo = Xoo) — (7] +4) /l (X (8) — Xoo) ds
0
t s
—j e""*f K(s —u)(X(u) — Xoo) duds
0 0

¢ 0
—f e (A + / K(u) du) Xoods
0 0

t 00
—+-f e""‘/ K(u) X duds.
0 8
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Applying Lemma 4.4.1 we obtain:

L
/0 €T %(s)dB(s) = e™(X(t) — Xoo) = (Xo ~ Xoo) — (v] + A)/t (X (s) — Xoo) ds
0

L 8 L
—-/ e”'"/ K(s—u)(X(u)— Xw)duds+/ eV Ky(u)duds Xoo. (6.4.1)
0 0 0

Consider each term on the right hand side of (6.4.1). We see that the first term tends to
zero as (6.2.5) holds and v < ff. The second term is finite by hypothesis. Again, using the
fact that v < fp and that assumption (6.2.5) holds we see that ey(X — Xoo) € L%(0,0),
so the third term tends to a limit as t — oo, Now consider the fourth term. Since
0 <9< aA By, we can choose y; > 0 such that v < 41 < @ A ffy. Now, we can apply an

argument similar to (2.5.4) to show that

< ece M2,

/s K(s —u)(X(u) — Xoo)du
0

Thus, it is clear that the fourth term has a finite limit as t — co. Finally, the fifth term
on the right hand side of (6.4.1) has a finite limit at infinity, using the argument given by
(2.5.5). Each term on the right hand side of the inequality has a finite limit as t — oo, so
therefore

¢

tlim €% (s)dB(s) exists and is almost surely finite.
—0 /g

The Martingale Convergence Theorem may now be applied component by component to

obtain (6.2.1). (]

Proof of Proposition 6.4.2. By Lemma 3.4.1, (6.4.1) still holds. Define v < a A 3,
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take norms and expectations across (6.4.1) to obtain

o

./t e’ %(s)dB(s)

0

| <BI1x(0) - Xenl] +E 110 - Kol
+it + Al [ BI1X(6)  Xeoll ds
0
' 8
4 A & /D K ()| E (X (s — ) — Xooll] duds
t
" / K ()| S E [ Xool. (6.4.2)

0

By Theorem 6.3.1 there exists m; such that

E [e™|X(t) — Xooll] < mye™ B, (6.4.3)

thus the first, second and third terms on the right hand side of (6.4.2) are uniformly
bounded on [0,00). Now consider the fourth term. Since 0 <7y < a A [, we can choose
v > 0 such that ¥ < 11 < a A f1. Now we can apply an argument similar to (2.5.4) to

show that
/ﬂ 1K (s — w)E | X (1) — Xool du < ce™™?,
0

so it is clear that the fourth term is uniformly bounded on [0,00). Finally, we consider

the final term on the right hand side of (6.4.2). Using (2.5.5) we obtain

t ~ t

/ )| K1 (s) ]| dS E [| Xool| < KE || Xooll f e~la=Ms ds < o0,

0 0

since ¥ < «. Thus there is a constant ¢ > 0 such that
i
IE [“/ e X(s) dB(s)“] <e. (6.4.4)
0 |

The proof now follows the line of reasoning found in (5, Theorem 4.3|: observe that

“ /D  5(s) dB(s) e gm(x)ﬂ.
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where

d  t
Nity = / €1°%;5(s) dB;y(s).
j=10

It is clear that N;(t) is normally distributed with zero mean and variance given by

d ot
:Z/ €27 5;(s)? ds.
j=170

Lemma 6.4.1 and (6.4.4) may now by applied to obtain:
[ e ieeibas= S [ mytat ds = va o

i=1 j=1
T < dE [“ /0 1 5)(s) dB(s)

:E{

Allowing t — oo on both sides of this inequality yields the desired result. O

t 2
/e”sZ(s)dB(s) ] < dic?.
0

6.5 On the Necessary and Sufficient Conditions for Expo-

nential Convergence of Solutions of (3.1.1)

We now combine the results {from Sections 6.3 and 6.4 to prove Theorem 6.2.2.

Proof of Theorem 6.2.2. We begin by proving the equivalence between (i) and (ii).
The implication (i) implies (ii) is the subject of Theorem 6.3.1. We can demonstrate that
(i) implies (i) as follows: we begin by proving that (6.2.4) implies (2.2.13). We consider
the following n solutions of (3.1.1); X;(t)j=1, n Where X; (0) = e;. Since (6.2.4) h holds we

obtain
ma(e;)e 1t > B X;(t) — X;(oo)l
> |E[X;(t) — Xj(c0)] | = (B R(o0))e;ll. (6.5.1)

for each j = 1...,n. Thus, the resolvent R of (2.1.1) decays exponentially to Reo- We

can apply Theorem 2.2.5 to obtain (2.2.13) after which Proposition 6.4.2 can be applied
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to obtain (6.2.1). As (6.5.1) holds it is clear that (3.2.3) holds and as (6.2.1) and as R
is finite it is clear that (3.2.6) holds.

We now prove the equivalence between (i) and (iii). The implication (i) implies (iii)
is the subject of Theorem 6.3.2. We now demonstrate that (iii) implies (i). We begin
by proving that (6.2.5) implies (2.2.13). As (6.2.5) holds for all Xo we can consider the

following n + 1 solutions of (3.1.1); X;(t)j=1,- m+1 where
Xj0)=e; forj=1,--,1n and  Xp41(0) = 0.

We know that X;(t) approaches X;(c0) exponentially quickly in the almost sure sense.

Introduce
S;(t) = X;(t) — Xny1(t),
and notice S;(0) = e;. Let S =[S1,...,8n] € Mpxn(0,00). Then

8'(t) = AS(t) + (K * S)(t), t>0,

S(0) = 1.

If we define Sj(c0) = Xj(o0) — Xn41(00) then S(t) — S exponentially quickly so we
can apply Theorem 2.2.5 to obtain (2.2.13). As (2.2.13) and (6.2.5) hold we can apply
Proposition 6.4.1 to obtain (6.2.1). Again, as (6.5.1) holds it is clear that (3.2.3) holds
and as (6.2.1) holds and R is finite it is clear that (3.2.6) holds. This proves that (iii)

implies (i). O
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Chapter 7
Exponential Convergence of Solutions of (7.1.1) to

a Nontrivial Random Variable

7.1 Introduction
In this chapter we study the exponential convergence of solutions of

dX(t) = <AX(t)+ /0 tK(t—s)X(s) ds + f(t)) dt+X(H)dB(), t>0, (7.11a)

X(0) = Xo, (7.1.1b)

to a nontrivial random variable. Note that A, B are defined as before and K, f and %
satisfy (2.1.2), (2.1.4) and (3.1.2) respectively.

Results analogous to those obtained in Chapter 6 are proven: we find the necessary
and sufficient conditions for the exponential convergence of solutions of (7.1.1). Here, the
analysis is complicated, particularly in the almost sure case, due to presence of both a
deterministic and stochastic perturbation.

These theoretical results are then used to interpret the equation as an epidemiological
model. Conditions under which a disease becomes endemic, which is the interpretation
when solutions settle down to a non-trivial are studied. The theoretical results are ex-

ploited to highlight the speed at which this can occur within a population,

7 92 Discussion of Results

In this section, the necessary and sufficient conditions for the solution of (7.1.1) to converge
exponentially to a nontrivial limit are stated.
Theorem 7.2.1, stated below, is an analogue of Theorem 6.2.2. In Theorem 7.2.1 the

behaviour of the solution to equation (7.1.1) is considered rather than the behaviour of

116



Chapter 7, Section 3 Exponential Convergence of Solutions of (7.1.1) to a Nontrivial Random Variable

the solution to equation (3.1.1). The proof of this theorem is complicated by the presence
not one but two perturbations.
Theorem 7.2.1. Let K satisfy (2.1.2) and (2.2.7), let Y, satisfy (3.1.2) and let f satisfy

(2.1.4). If K satisfies (2.2.12) the following are equivalent.

(i) There exists a constant Reo such that the solution R of (2.1.1) satisfies (3.2.3) and
there exist constants a >0, v >0, p>0 and ¢; > 0 such that K and & and the tail

of the perturbation f1 defined by (2.2.15) satisfy (2.2.13), (6.2.1) and
O] < e (7.2.1)
respectively.

(i) For all initial conditions X, and constants p > 0 there exists an a.s. finite FB(00) -
measurable random variable Xoo(Xo, %, f) with E [ XoollP < 0o such that the unique

continuous adapted process X (-3 Xo, X, ) which obeys (7.1.1) satisfies
E[|X (t) — XoollP] < mpe™t, 20, (7.2.2)
where O, and my = m;(Xo) are positive constants.

(iis) For all initial conditions X, there exists an a.s. finite FB(o0)-measurable random
variable Xoo(Xo, X, f) such that the unique continuous adapted process X(-; X0, %, f)

which obeys (7.1.1) satisfies

lim supllog X () — Xeoll < —Bp  @-5- (7.2.3)

tooo b

where B} is a positive constant.

It is interesting to note that the condition on the deterministic perturbation f which
ensures that the solution of (2.1.1) converges exponentially to a nontrivial random variable
is the same condition which ensures that the solution of (7.1.1) converges exponentially

to a nontrivial random variable.
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7.3 Biological Application

In this section, the biological application considered in Section 4.3 is once again examined.
Theorem 7.3.1 builds on Theorem 4.3.1. In Theorem 4.3.1 sufficient conditions for conver-
gence to a nontrivial random variable are considered; Theorem 7.3.1 considers necessary

and sufficient conditions for exponential convergence to a nontrivial random variable.

Theorem 7.3.1. Let n =d = 1. Let w satisfy (4.3.3) and (4.3.6), let & satisfy (3.1.2)

and let ¢ satisfy (4.3.2). If w satisfies
w does mot change sign on [0,00), (7.3.1)
the following are equivalent.

(i) There exists a constant Reo such that the solution R of (2.1.1) satisfies (3.2.3) and

there exist constants a > 0 and v > 0 such that w satisfies
oo
/ lw(s)| e**ds < o0, (7.3.2)
0
and ¥ satisfies (6.2.1).

(i) For all initial functions ¢ satisfying (4.3.2) and constants p > 0 there exists an almost
surely finite FB(0o0)-measurable random variable Xoo(¢, L) with E | Xool? < 00 such

that the unique continuous adapted process X(-; ¢, %) which obeys (4.3.1) satisfies
E[|X (t) — Xool?) < mpe™ %, 20, (7.3.3)
where By, and my = my,(Xo) are positive constants.

(iti) For all instial functions ¢ satisfying (4.3.2) there exists an a.s. finite FB(c0)-
measurable random variable Xoo(&, ¥) such that the unique continuous adapted pro-

cess X (-3¢, %) which obeys (4.3.1) satisfies

lim supllog[X(t) —Xoo| £ =05 a.s. (7.3.4)

t—o0 t
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where % is a positive constant.

It is evident that the exponential decay of the population is reliant not only on the

deterministic factors but also on the external random influences.

» 4 Sufficient Conditions for Exponential Convergence of

Solutions of (7.1.1)

In this section, sufficient conditions for exponential convergence of solutions of (7.1.1) to
a non—equilibrium limit are found. Proposition 7.4.1 concerns the pt" mean sense while

Proposition 7.4.2 deals with the almost sure case.

Proposition 7.4.1. Let K satisfy (2.1.2) and (2.2.7), & satisfy (3.1.2), f satisfy (2.1.4)
and let Roo be a constant matriz such that the solution R of (2.1.1) satisfies (3.2.3). If
there exist constants a > 0, v > 0 and p > 0 such that such that (2.2.13), (6.2.1) and
(7.2.1) hold, then there exist constants B > 0, independent of Xo, and my = m;“,(Xo) >0,

such that statement (ii) of Theorem 7.2.1 holds.

Proposition 7.4.2. Let K satisfy (2.1.2) and (2.2.7), & satisfy (3.1.2), f satisfy (2.1.4)
and let Roo be a constant matriz such that the solution R of (2.1.1) satisfies (3.2.3). If
there ezist constants o > 0, v > 0 and p > 0 such that such that (2.2.13), (6.2.1) and
(7.2.1) hold, then there ezists a constant G5 > 0, independent of Xo such that statement

(iii) of Theorem 7.2.1 holds.

Lemmsa 7.4.1 is an analogue of Lemma 6.3.1; it is used in the proof of Proposition 7.4.1.

Lemma 7.4.1. Let K satisfy (2.1.2) and (2.2.7),  satisfy (3.1.2), f satisfy (2.1.4) and
let Ry, be a constant matriz such that the solution R of (2.1.1) satisfies (3.2.3). If there

exist constants o > 0, v > 0 and p > 0 such that such that (2.2.13), (6.2.1) and (7.2.1)

119



Chapter 7, Section 4 Exponential Convergence of Solutions of (7.1.1) to a Nontrivial Random Variable

hold, then there erist constants A > 0, independent of Xo, and m* = m*(Xo) > 0, such

that
E[|X () — Xool? < m*(Xo)e 2%, t20. (7.4.1)
In order to prove the above propositions and lemma the following result is required.

Lemma 7.4.2. Let K satisfy (2.1.2) and (3.2.1) and let Roo be a constant matriz such

that the solution R of (2.1.1) satisfies (3.2.3) then

<A+/000K(s)ds> Feo = 0.

Proof of Lemma 7.4.1. We begin by considering the difference between the solution

X(; X0, %, f) of (7.1.1) and its limit Xoo( X0, %, f) given by (4.2.4):
X(tn XOa Zv f) - XOO(X0| 27 f)
t o0
(Xt X0, ) — XoofXo, D)) + [ (Rt =) = Reo) f(5)ds = [ Reotts)as.
0 t
Using integration by parts this expression becomes
X(t; X0, 5, f) — Xoo(X0, 5 f) = (X (t; X0, %) — Xoo(X0, %))
t
A0 + (RO - B0~ [ Bl-fi(s)ds. (742

Taking norms on both sides of the equation, squaring both sides, and taking expectations

across we obtain

E X (8 Xos B £) — XoolXo, S DI € 4(@ 1X (& Xor E) — Xoo(Xo, DI
¢ 2
FIAGIR + 1RE) — ReolP 1A O + ( [ ire=amaei d-s) ) (7.43)

Now consider the right hand side of (7.4.3). The first term decays exponentially quickly

due to Proposition 6.3.1. The second term decays exponentially quickly due to assumption
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(7.2.1). We can apply Theorem 2.2.5 to show that the third term must decay exponentially.
In the sequel, an argument is provided to show that R’ decays exponentially. Thus the
final term must decay exponentially. Combining the above arguments we see that (7.4.1)
holds where \* < min(}, p).

It is now shown that R’ decays exponentially. It is clear from the resolvent equation

(2.1.1) that

R(t) = A(R(t) — Roo) + /0 " K(t - $)(R(s) — Roo) ds
— K1 (t)Roo + (A + / “ K(s) ds> Reo. (7.4.4)
0

Consider each term on the right hand side of (7.4.4). We can apply Theorem 2.2.5 to
obtain that R decays exponentially quickly to Reo. Using an argument similar to (2.5.4)
and (2.5.5) we see that the second and third term respectively on the right hand side decay
exponentially. Finally, using Lemma. 7.4.2 we sce that the fourth term equals zero. Thus

R’ decays exponentially quickly to 0. O

Proof of Proposition 7.4.1. The case where 0 < p < 2 and p > 2 are considered
separately. We begin with the case where 0 < p < 2. Using the expression for Xoo(X0,2)

given in Theorem 4.2.3 and (7.2.1) we obtain

o] 2
E ||Xoo(Xo,5_:,f)||2 <2 (IE ||X00(X0,2)“2 + H/ Roof(s)ds ) < 0. (7.4.5)
0
Applying Liapunov’s inequality we see that

E [ Xoo (X0, B, F)IP < E [ Xeo(Xo, 5, 7] < 00

We now show that (6.2.4) holds for 0 < p < 2. Liapunov's inequality and Lemma 7.4.1

can be applied as follows
E(1X(0) - Xeol] < E [IX(0) = Xeol®]® < mp(Xo)e 5", 620,
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where m;,(Xo) = m*(Xo)gand By = A*p.
Now consider the case where p > 2. In this case there exists a constant m € N such that
2(m—1) < p < 2m. We now seek and upper bound on E l| Xool|*™ and E Xt - Xool2™],

which will in turn give an upper bound on E | Xcol|? and E [ X (t) — XeollP]. Clearly, we

2m
< 00,

Now consider E [[| X (£) — Xoo|[*™]. Taking norms on both sides of equation (7.4.2), raising

see that

E | Xoo (Xo, 5, )P < 22771 (E | Xoo(Xo, S)[™ + || [ Reetts)as
0

the power to 2m on both sides, and taking expectations across we obtain

E | X (t; Xo, 5, f) — Xoo(Xo, By HIP™

< el (E 1X (6 Xo, E) — Xoo(Xo, DIF™ + | ()™
t 2m
HIR() - Reol ™ IAOIP™ + ( [ e -oise ds) ) (7.46)

Now consider the right hand side of (7.4.6). The first term decays exponentially quickly
due to Proposition 6.3.1. The second term decays exponentially quickly due to assumption
(7.2.1). We can apply Theorem 2.2.5 to show that the third term must decay exponentially.
In Lemma 7.4.1 we provided an argument to show that R’ decays exponentially. Thus the
final term must decay exponentially. Combining the above arguments we see that (7.4.1)

holds. O

Proof of Proposition 7.4.2. Take norms across (7.4.2) to obtain

11X (t; Xo, S, ) — Xoo( X0, s Al < X (£ Xo, &) — Xoo( X0, D)

. (7.4.7)

t
L LAD]+ IRD — Re)IIAO] + H [ Re-aneas

Using Proposition 6.3.2 we see that the first term on the right hand side of (7.4.7) decays

exponentially. The second term on the right hand side decay exponentially as (7.2.1) holds.
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We can apply Theorem 2.2.5 to show that the third term must decay exponentially. An
argument was provided in Lemma 7.4.1 to show that R’ decays exponentially. Combining
this with (7.2.1) enables us to show that the fourth term decays exponentially. Using the

above arguments we obtain (7.2.3). |

Proof of Lemma 7.4.2. We now show that (A+ [°K (s) ds) Roo = 0. Integrating the
resolvent equation (2.1.1), adding and subtracting Reo from both sides, dividing by t and

rearranging the equation we obtain

<A+/()OOK(s)ds> e ;ﬁ){_{
_ % /Ot [A(R(s) — Reo) + /0“" K(s —u)(R(u) — Reo) du] 5

t
e /0 K(s)Roo: (74:8)

Using the fact that (3.2.3) holds and Re, is a finite constant we see that the first term on
the right hand side of (7.4.8) tends to 0 ast — oo. We know that K1 decays exponentially
due to (2.5.5): thus, the third term on the right hand side of (7.4.8) tends to zero. Now
consider the second term.

1

? /Ot {A(R(S) — Roo) + /0 K(s — u)(R(u) — Roo) du] ds

< K% /0 AQR(s) — Rea) + [ F6(s — w)(R(w) = Reo) ds)T
<|t ]

[( zuAlPuR(s>—Roollz

va [ 1 -G - )HWMR(u)—Rooudurds)]

< [1(2 [ v - Rel?

12k [ 1K (s =0l 1R) ~ Rl duds) |

t

3 2
A(R(s) — Ro) + /0 K(s —u)(R(u) — Ryo) du

[0
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where K = [;° | K(s)|| ds. Using the fact that (3.2.3) holds we see that f(f |l A2 R(s) —
Roo|?ds < C. As the convolution of an I! function with a L! function is in L* we see that
SN K (s = u)ll |1 B(w) — Rool|? duds < C. Thus, the second term on the right hand side
of (7.4.8) tends to zero. The right hand side of (7.4.8) tends to zero while the left hand

side is a finite constant. This implies that (A+ [° K(s) ds) Roo =0 as required. O

75 Necessary Conditions for Exponential Convergence of

Solutions of (7.1.1)

In this section, the necessity of (6.2.1) and (7.2.1) for exponential convergence of solutions
of (7.1.1) in the almost sure and p" mean senses is shown. Proposition 7.5.1 concerns
the necessity of the conditions in the pt* mean case while Proposition 7.5.2 deals with the

almost sure case.

Proposition 7.5.1. Let K satisfy (2.1.2) and (3.2.1), let ¥ satisfy (3.1.2) and let f satisfy
(2.1.4). If there exists a constant o > 0 such that (2.2.13) holds, and if for all Xo there is a
constant vector Xoo(X0, 2, f) such that the solution t — X(t; X0, =, f) of (7.1.1) satisfies
statement (i) of Theorem 7.2.1, then there exists constants vy > 0 and p > 0, independent

of Xo, such that (6.2.1) and (7.2.1) hold.

Proposition 7.5.2. Let K satisfy (2.1.2) and (3.2.1), let S satisfy (3.1.2) and let f
satisfy (2.1.4). If there exists a constant a > 0 such that (2.2.13) holds, and if for all
X, there is a constant vector Xoo(X0,Z, f) such that the solution t — Xt X0, %5, f) of
(7.1.1) satisfies statement (iii) of Theorem 7.2.1, then there exists constants v > 0 and

p>0, independent of Xo, such that (6.2.1) and (7.2.1) hold.

The following lemma is used in the proof of Proposition 7.5.2.
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Lemma 7.5.1. Suppose ¢ > 0 is an almost surely finite random variable and
1F1(8) + pa(t,w)] < efw)e™,
where A > 0, w € Q*, P[Q*] =1 and the functions f1 and w1 are defined by (2.2.15) and

pi(t) = /too Y(s)dB(s), t=0, (7.5.1)

respectively. Then (6.2.1) and (7.2.1) hold.

In Lemma 7.5.1 the exponential decay of f, (7.2.1), and the exponential square inte-
grability of &, (6.2.1), can be proven given an assumption of the tail on f and the tail of
. In order to prove this result the object defined by (6.2.1) is not considered directly,
instead a variant of this condition given by (7.5.13) is examined. The reason for this is
that (7.5.13) may be reformulated in terms of the tail of 3.

The following lemma is proved in [1] and used in the proof of Lemma 7.5.1.
Lemma 7.5.2. If there is ay >0 such that 0 € C([0,00),R) and
o0
/ o(s)2e?"* ds < oo, (7.5.2)
0
then

1
lim sup = log
t—o0 t

< -7y as

/too o(s)dB(s)

where {B(t)}t>0 18 @ one—dimensional standard Brownian motion.

Lemmas 7.5.3 and 7.5.4 are used in the proofs of Propositions 7.5.1 and 7.5.2 respectively
and are the analogues of Lemma 3.4.1 and 4.4.1. Their proofs are identical to the proofs

of Lemma 3.4.1 and 4.4.1 in all important aspects and so are omitted.

Lemma 7.5.3. Let K satisfy (2.1.2) and (3.2.1). Suppose that for all initial conditions
Xo there is a FB(00)-measurable and almost surely finite random variable Xoo(Xo0,Z)

with E || Xoo||? < 00 such that the solution t — X(t; X0, %) of (7.1.1) satisfies
lim E X (6 X0, Z, f) = Xool X0, 2. /I =0
—00
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and
EX (-5 X0, 2, ) — Xoo( X0, Z, F)|I* € L*((0, 00), R).
Then, Xoo obeys

(A + /000 K(s) ds) Koo =0 a8 (7.5.3)

Lemma 7.5.4. Let K satisfy (2.1.2) and (3.2.1). Suppose that for all initial conditions
Xo there is a FB(oo)-measurable and almost surely finite random variable Xoo(Xp, 2, f)

such that the solution t — X (t; Xo, 2, f) of (7.1.1) satisfies
tléi}&){{t; X0, 2, f) = XX, B, f) @8
and
X3 X0, 5, ) — Xoo( X0, Z, f) € L?((0,00),R")  a.s.
Then, Xoo obeys

o0
(A -I-/ K(s]ds) Ken=10 a8
0

Proof of Proposition 7.5.1. Since (7.2.2) holds for all initial conditions we can choose
Xo = 0: this simplifies calculations. Moreover using (7.2.2) in Lemma 7.5.4 it is clear that
assumption (7.5.3) holds. Consider the integral form of (7.1.1). Adding and subtracting

X from both sides and applying Lemma 7.5.3 we obtain

I t t
Alt) = —Xg +/ K(s)ds -i-/ f(s)ds + p(t) — f Ki(8) ds Xoo, (7.5.4)
0 0 0
where A(t) = X (t) — Xoo, the function x is defined by

K(t) = AA() + (K * A)(E), (7.5.5)
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and u(t) = fg ¥(s)dB(s). Taking expectations across (7.5.4) and allowing ¢ — 00 we

obtain

_E[Xa] = _/Ow P el o= /Ow £(s)ds + /000 K1 (s) ds B [ Xoo] (7.5.6)

where kg(t) = AE[A(t)] + (K *E [A])(t). Using this expression for E [Xo0] we obtain

h(t) = —E{A®)] - /t = 56 e /t * K (s) dsE [Xoo) (7.5.7)

The first term on the right hand side of (7.5.7) decays exponentially due to (7.2.1). As-
sumptions (2.2.13) and (7.2.2) imply that kg decays exponentially so the second term
decays exponentially. The third term on the right hand side of (7.5.7) decays exponen-
tially due to the argument given by (2.5.5). Hence, f1 decays exponentially.

Proving that (6.2.1) holds breaks into two steps. We begin by showing that

(o ¢]
/ ePt (1) dt” < 00, (7.5.8)
0
where p; > 0. By choosing p1 < aAB1 we can obtain the following reformulation of (7.1.1)
using methods applied in Proposition 6.4.2:
t
eP1EA(L) = AQ0) + (] + A)/ eP? A(s) ds
0
t K] i
+ / efr® / K(s —u)A(u)duds — / e P K (s)duds Xeo
0 0 0

+/Ot e f(9) ds+/(: P55 (s)dB(s). (7.5.9)

Rearranging (7.5.9), taking expectations then norms across (7.5.9) we can obtain

t
/o e f(s)ds|| S E ™A@ +E A0

t
oI + Al /0 e/ | A(s) | ds

+ / o / " 1K (s — w)|E | AW duds + / o9 (| K1 ()| 45 E | Xooll-  (7.5.10)
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Since (7.2.2) holds this implies that both the first and third terms on the right hand side
of (7.5.10) are bounded. The second term is bounded due to our assumptions. Since
0 < p1 < @A By, we can choose pg > 0 such that py < p2 < oA 1. Now we can apply an

argument similar to (2.5.4) to show that

I " 1K (s — W) B[ AW]] du < ce™.

Finally, we see that the fifth term is bounded using (2.5.5). So, (7.5.8) holds.
We now return to (7.5.9). Again rearranging the equation, taking norms and then

expectations across both sides we obtain

1
E / 195(s) dB(s)|| < ElemtA®)] +EAQ)]

t i 8
ol + A [ e EIAGds+ [e [t —wEladuds

v [ eimmaasE el + | | o f(s)ds

We already provided an argument above to show that the first five terms on the right

hand side of this expression are bounded. Also, we know that (7.5.8) holds. Thus,

E <C, as.

/t e % (s) dB(s)
0

The proof is now identical to Proposition 6.4.1. O

Proof of Proposition 7.5.2. Consider equation (7.5.4). Since Lemma 7.5.3 holds we

can obtain (7.5.4). Thus, ast — oo we obtain

—Xoo = —/Ooo k(s)ds — /000 f(s)ds — p(o0) + /Ooo Ki(s)ds Xoo»

where k is defined by (7.5.5). Using this expression for X, equation (7.5.4) becomes

Alt) = _/too k(s)ds — fi(t) —ul(t)+/t°o K1(8)ds X0,
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where p1(t) = ftoo $(s) dB(s). Rearranging the equation and taking norms yields

LA + m®l = 1A + ” [ wtepas]+

/tw Ki(s) dono”, (7.5.11)

The first term on the right hand side of (7.5.11) decays exponentially due to (7.2.3). Using
the argument given in (2.5.5) we see that the third term on the right hand side of (7.5.11)
decays exponentially. Finally, we consider the second term. Clearly ft°° AA(s)ds decays
exponentially due to (7.2.3). In order to show that [°(K * A)(s) ds decays exponentially

we use an argument similar to that applied in (2.5.4). Thus
1) + (@) S ce™  as. (7.5.12)
We can now apply Lemma 7.5.1 to obtain (7.2.1) and (6.2.1). O

Proof of Lemma 7.5.1. Choose 0 < v < A. We begin by supposing that (6.2.1) holds.
Using the equivalence of norms we see that for all 1 <7< n and 1 < j < d assumption

(6.2.1) implies that
o0
/ 21‘7'(5)262’73 ds < oo.
0
Applying Lemma 7.5.2 we obtain

< —7vy as.

/too %ij(s) dB(s)

1
lim sup — log

t—00 L

Thus, we can choose c;j(w) > 0 such that

< cb-j(w)e—”t, w € Qij, ]P’[Qij] =1.

s = | [ a1 48)
Now, summing over j we see that
i ()] < exlw)e™,
where w € @ = N9 Qyj, € = Z?zl cij and pi(t) = 2T |psj(t)]. Now, since

@) +p o < 1A + i = 110 +mOl
=1
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we see that
|F{() + ii(2)] < elw)e™, we
Thus | f}(t)] < |£(8) + py (O] + [ (0)] < e(w)e ™ + cs(w)e*. This gives
)] < aw)e™,

where & > 0 is finite and p < 4. Now summing over i we obtain (7.2.1), by picking out
any w € Q.

Now define the martingale M as
t1
M(t) = / ~(e"* ~ 1)3(s) dB(s), (7.5.13)
0
and the function d as
%1
d(t) = / —(e™ —1)f(s) ds. (7.5.14)
o Y
We show in the sequel that
ld(t) + M ()] < e(w), we€EQ", (7.5.15)

and therefore assume it for the time being.
Now, consider the case where assumption (6.2.1) fails to hold. Clearly, the quadratic

variation of M is given by
b i
(M)(t) = / (€7 — 1)253(s)? ds.

(R

Since (6.2.1) fails to hold there exists at least one entry ¢, 1 < i < n such that
d_ oy
(M)i(t) =) f ;(6” —1)25(s)%ds — 00, ast— oo, (7.5.16)
j=17¢

where (M); is the i** component of the vector (M). Thus,

lim inf M;(t) = —oo and limsup M;(t) = oo.
t—00 =00
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Consider the function d;; it is either bounded or unbounded. If d; is bounded then M
is bounded and so by the Martingale Convergence Theorem this means that (M)(t) is
bounded: a contradiction. So, we suppose the latter, that is d is unbounded, and proceed
to show this is also contradictory. Since |di(t) + M;(t)| < a1 (w), for w € Q* it is clear that

—c1 — My(t) < d;(t). Taking limsup’s on both sides of the inequality yields
00 = —¢; — liminf M;(t) < limsup d;(t).
t—00 t—0o0

Thus, as d is deterministic, there exists a sequence of deterministic times {tn}5%; such
that d;(tn) — 00 a8 n — 0. This in turn implies M;(t,) — —oo as n. — 00.

A simple proof now shows that this is inconsistent. Define N(n) = M;(tn) for {tn}3los
where M; is the i*® component of M. Clearly N is a martingale such that imp_.co N(n) =
— 0. Also limp_eo(N)(n) = 0o due to assumption (7.5.16). By the Martingale Conver-
gence Theorem, this implies that limsup, e N (n) = oo and lim infp—co N(n) = —00.
However, as limyco N(n) = —oco this provides the desired contradiction: that is, there
cannot exist a sequence of times {tn}pz; such that M;(t,) — —oo as n — 00. This
excludes (7.5.16), and hence (6.2.1) holds.

We now show that assumption (7.5.15) holds. By changing the order of integration we

can show that
t t
d(t) =/0 €7 (f1(s) — fa(t)) ds and M(¢) =/0 7 (pa(s) — pa(t)) ds.

Thus, as 0 < v < A,

t

lld(t) + M)l S/O (I f1(t) + m O] + [ fa(s) + m(s)ll) ds

t
< ¢{w) / e (e + e M) ds < c(w), we.
0
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76 On the Necessary and Sufficient Conditions for Expo-

nential Convergence of Solutions of (7.1.1)

We now combine the results from Sections 7.4 and 7.5 to prove Theorem 7.2.1.

Proof of Theorem 7.2.1. We begin by proving the equivalence between (i) and (ii).
The implication (i) implies (ii) is the subject of Proposition 7.4.1. Now consider the

implication (ii) implies (i) Using (7.4.1) we see that
B [X (£) — Xool || S EJIX(2) — Xooll < ™.

Consider the n + 1 solutions X;(t) of (3.1.1) with initial conditions X;(0) = e; for j =

1,...,n and Xn41(0) = 0. Since R(t)e; = X;(t) — Xnt1(t) we see that
E [X;(t) — X;(00)] + E[Xnt1(t) — Xns1(c0)] = R(t)e; —E[e],

where ¢; = X;(00) — Xn41(00) is an almost surely finite constant. As both terms on
the right hand side of this expression are decaying exponentially to zero, ¢ + R(t)e;
must decay exponentially to E [c;] as t — oo, Thus R must satisfy (2.2.14). Now, apply
Theorem 2.2.5 to obtain (2.2.13) and Proposition 7.5.1 to obtain (7.2.1) and (6.2.1).

We now prove the equivalence between (i) and (iii). The implication (i) implies (iii) is
the subject of Proposition 7.4.2. Consider the n -+ 1 solutions X;(t) of (3.1.1) with initial
conditions X;(0) =e; for j=1,...,7 and Xn41(0) = 0. Since R(t)e; = X;(t) — Xnt1(t)

for j=1,...,n, we can write
(X;(t) — X;(00)) — (Xn41(t) — Xn41(00)) = R(t)e; —¢j,

where ¢; = X;(o00) — X,41(00) is an almost surely finite random variable. From (7.2.3) we
know that X; decays exponentially quickly to X ;(00), similarly X,,+1 decays exponentially

quickly to Xn41(00). Thus, R decays exponentially to alimit Reo. As a result (3.2.3) must
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hold. Now apply Theorem 2.2.5 to obtain (2.2.13) and Proposition 7.5.2 to obtain (7.2.1)

and (6.2.1). O

7.7 Proof of Theorem 7.3.1
We begin by proving that (i) implies (ii) and (iii). Rewrite (4.3.1) as
0 L
dz(t) = o (m(t) - f w(t — 8)(s)ds — f w(t — s)a(s) ds) dt + S(t)dB(t). (7.7.1)
—00 0
Let
0
Ft)= —a/ w(t — 8)¢(s) ds, (7.7.2)
then
. — v)dvds.
hi(t) 0/1 [3 w(v)d(s —v)dvds
Using assumptions (4.3.2) and (7.3.2) we see that
|f1(t)] € ere™®

Using this fact combined with (3.2,3) and (7.3.2) we can apply Theorem 7.2.1 to see that
both (7.3.3) and (7.3.4) hold.

In order to prove the implication that (if) implies (i) and (iii) implies (i) we once again
rewrite the equation as in (7.7.1) and define [ as in (7.7.2). Again applying Theorem 7.2.1

yields the desired result.
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Behaviour of Equations with Constant Noise

8.1 Introduction

In this chapter we consider the equation

i
dX(t) = (AX(t)+/O K(t —8)X(s) ds) dt + TdB(t), t>0, (8.1.1a)

X(t) = Xo. (8.1.1b)

As always we are interested in the case when R — Roo is square integrable. It is evident
that the solution of (8.1.1) is not in general stationary, nor does the solution converge to
a stationary process. However, we pose the following question: do the increments of the
solution of (8.1.1) converge in distribution to a stationary process?

Before tackling this question it is natural to examine the infinite delay differential equa-

tion:

t
dX(t) = (AX(t) + / K(t— s)X(s) ds) dt + 2 dB(t), t>0, (8.1.2a)

X(@t)=¢), t<0 (8.1.2b)

where ¢ is a 1 X 1-dimensional vector-valued function is the initial function. We define

standard Brownian motion B on the entire real line as follows

B(t) = Bi(t), t=>0
T Ba(—t), t<0,

where B; and By are independent Brownian motions.

Riedle [36] considered an equation of this type for a class of measures and proved that
the integrability of the resolvent was necessary and sufficient for a stationary solution to
exist. In this chapter we explore the case where R — Roo is square integrable and examine
the existence of a solution which gives rise to stationary increments.

In the sequel a number of interesting results concerning the increments of the solutions

of (8.1.1) and (8.1.2) are proved under assumptions on the integrability of moments of the

134



Chapter 8, Section 2 Behaviour of Equations with Constant Noise

kernel and the behaviour of the initial function. Tt is proved that for a particular initial
function the corresponding solution of (8.1.2) has stationary increments. Furthermore, it is
proven that for any initial function the increments of the corresponding solution converge
to a stationary process. Finally, it is shown that the solution of (8.1.1) also converges to
a stationary process.

These results are stated and discussed in Section 8.2. Note that all of these results are
proven in the scalar case, although it is thought that they also hold in the n—dimensional

case.

8.2 Discussion of Results

It is possible to show that for a particular initial function that there exists a solution to the
infinite delay equation with stationary increments. Indeed, if the initial history satisfies a
particular constraint then it is possible to show that the corresponding solution converges
in distribution to the stationary solution.

We begin by considering the existence of a unique continuous F B_adapted process sat-

isfying (8.1.2).

Theorem 8.2.1. Suppose there is € > 0 such that the kernel K satisfies
o0
/ (1+ )oK (B)] dt < o0, (8.2.1)
0
and the initial function ¢ satisfies

E[ sup (1-+ |tl)"(1+€)¢(t)2] < 0. (8.2.2)
—oo<t<0

Then there exists a unique continuous FB_qdapted process X which satisfies (8.1.2).

This theorem gives a sufficient condition on the initial function which will ensure the
existence of a solution under (8.2.1). It should be noted that as the initial function becomes
less well behaved a stronger condition is required on the integrability of the kernel in order

to counteract this.
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Although most of the proof of Theorem 8.2.1 follows the corresponding proofs for equa-
tions without infinite delay, there are a number of differences which should be highlighted.
A non-standard norm must by used to ensure the existence of the solution on the entire
real line; many of these differences arise due to the use of this norm. Consequently we
supply the proof of this theorem in full in Section 8.6.

We now consider the solution X of (8.1.2) for a particular initial function. The key
hypothesis which ensures the relevant stationarity property of the solution of (8.1.2) is
that there exists Roo such that R — Reo is square—integrable where R is the resolvent of
(2.1.1). In this case X can be written for all t € R as the sum of a standard Brownian

motion and stationary Gaussian process.

Theorem 8.2.2. For e > 0, let the kernel K satisfy
/O°°(1 + )5 | K ()] dt < 0. (8.2.3)
Suppose that there exists a constant Reo such that the resolvent R of (2.1.1) satisfies
R — Reo € L*([0,00),R). (8.2.4)

If the initial function ¢ is given by
t

(t) = ReoSB(t) + / (R(t — 5) — Boo)ZdB(s), t<0, (8.2.5)

—0o0

then the process S defined by
t

S(t) = ReoZB(t) + / (R(t — 8) — Roo)dB(s), teR, (8.2.6)

—0o0
satisfies (8.1.2).

Since (8.2.4) holds we see that the variance of S(t) defined by (8.2.6) is given by

t

E [S(t)?] = R%E% + 2R / (R(s) — Roo) ds + /0 OO(R(S) — Roo)* ds.
0

It is clear that the process S is not stationary unless R = 0. However, the following

theorem asserts that the increments of S are stationary.
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Theorem 8.2.3. Suppose that there erists a constant Reo such that the resolvent R of
(2.1.1) satisfies (8.2.4) and let the process S be defined by (8.2.6). Then for every A >0

the increment Sa = {Sa(t)}i>o defined by
Sa(t) = S(t) — St —A),

is a stationary process.

In Theorem 8.2.4 it is shown that (8.2.4) is in fact necessary for the existence of a

solution with stationary increments.
Theorem 8.2.4. Fore >0, let K satisfy (8.2.3) and let ¢ satisfy (8.2.2) where {¢(t)}r<o
is independent of the Brownian motion {B(t)}t>0. The following are equivalent:
(i) There exists a constant Roo such that the resolvent R of (2.1.1) satisfies (8.2.4).
(ii) There exists a function ¢ € C((—00,0],R) such that the corresponding process X
satisfying (8.1.2) has stationary increments.

Theorem 8.2.3 and Theorem 8.2.4 are proved in Section 8.4.
If a general initial function is considered then the increments of the resulting process

converge to the increments of the process given by (8.2.6).

Theorem 8.2.5. Fore >0, let K satisfy (2.2.7) and let ¢ satisfy (8.2.2) where {o(t) }r<0

is independent of the Brownian motion {B(t)}i>0. The following are equivalent:
(i) There exists a constant Reoo such that the resolvent R of (2.1.1) satisfies (8.2.4).

(i) The increment of the process X satisfying (8.1.2) has a limitimg distribution.
Finally we consider the solution of (8.1.1).
Theorem 8.2.6. Fore >0, let K satisfy

/w(l + )2+ K (t)] dt < oo, (8.2.7)
0

The following are equivalent:
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(i) There ezists a constant Reo such that the resolvent R of (2.1.1) satisfies (8.2.4).

(ii) The increment Xa of the process X satisfying (8.1.1) has a limitimg distribution.

The condition on the kernel X given by (8.2.7) is weaker than (8.2.3) because it is no
longer necessary to allow integrability in order to control the impact of the possibility of
an unbounded process.

Theorem 8.2.6 may be proved in a manner identical to Theorem 8.2.5 and so the proof

is omitted.

8.3 Proof of Theorem 8.2.2

Before proving Theorem 8.2.2 we state some following supporting results. We begin by

stating that the initial function defined by (8.2.5) satisfies (8.2.2) in Lemma 8.3.1.

Lemma 8.3.1. Suppose that there exists a constant Ro, such that the resolvent R of

(2.1.1) satisfies (8.2.4). Then the initial function ¢ defined by (8.2.5) satisfies (8.2.2).

Proving that Lemma 8.3.1 holds requires the stochastic integral in the initial function
(8.2.5) to be rewritten. This is in order to avoid the need to consider Fubini-type theo-
rems for iterated stochastic integrals over infinite domains. The reformulation enables all
stochastic integrals to be replaced by Riemann integrals with stochastic integrands.

In Lemma 8.3.2 a general square integrable function is considered and a reformulation

obtained under certain growth conditions.

Lemma 8.3.2. Let n € L2((0,00),R), and satisfy

o0 1+e
/ (1+t)7= |n(t)|dt < oo,
0

and

1+¢
2

lim (1+t)2 nt)| =0,
t—00
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and let ' satisfy

[ a0 ¥ < oo,
0

then

¢
n(t — s)dB(s) = n(0)B(t) + /t n'(t —s)B(s)ds, teR. (8.3.1)

—50 o0

In Lemma 8.3.3 we state a condition of the kernel which ensures that the growth condi-

tions hold when considering R — Re in the role of i in Lemma 8.3.2 above.

Lemma 8.3.3. Let K satisfy (8.2.3) and suppose thal there ezists a constant Reo such

that the resolvent R of (2.1.1) satisfies (8.2.4), then R satisfies

fuwu + 83 |R(t) — Reol dt < o0, (8.3.2)
and
Jim (14 1) |R(t) — Reo| = 0, (8.3.3)
and R’ satisfies
fa T+ F R () e < o0, (8.3.4)

We require growth conditions such as these on the solution of the resolvent equation and
on its derivative to show that S defined by (8.2.6) satisfies (8.1.2). They are needed to
show that an infinite integral containing an integrand involving Brownian motion exists.

Before proving these lemmata we state a version of a result by Shea and Wainger, [38],
which is needed to prove Lemma 8.3.3. In this result it is shown that if the kernel of a

resolvent integral equation is in a certain weighted space then so is its solution.

Theorem 8.3.1. Let A be a continuous function which satisfies

/u " p(t)| At)] dt < oo,
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where p € C|0,00) is positive and

p(ty +1t2) < p(tr)p(tz), 0 <tz < oo (8.3.5)
Define
and suppose that
1+ A(z) £0, Rez > p.. (8.3.7)

Then the resolvent r € C(|0,00),R) satisfying
r(t) + (Axr)(t) = A(t), t=0,
ewists and satisfies

/:D p(t)|r(t)] dt < oo.

In [38], Shea and Wainger state and prove the above result for an integro-differential
equation and comment that the result also holds for an integral equation. The statement

of Theoren 8.3.1 may not be found in [38], however a statement may be found in [16].

Proof of Lemma 8.3.1. We want to prove that

—oo<t<0 L

1 2
E [ sup (14 J¢)~+9 (sza(t) + f (R(t — 8) — Reo)Z dB(s)) } < 0.
o0
Defining Y = R — Roo as before and applying Lemma 8.3.2 and 8.3.3 we see that

—oo<t<l

1 2
=IE[ sup (14 J¢))~ O+ (zB(r,) -4-/ Y’(t—s)EB(s)ds)]
—oo<t<0 —00

(8.3.8)
< 222“2{ sup (14 1r.|)”“+‘-)f3(t)2]

—oo<t<0

+222]E[ sup (14 |ﬂ)~{1+c] (/_; Y'(t — s)B(s) ds)ﬂ]

—po<t<0
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In order to obtain a bound we consider the terms on the last line of (8.3.8). We begin

with the first term; using the fact that B(t) = B(—t) is a standard Brownian motion we

see that

IE[ sup (1+|z1)—“+43(.+,)2] =na[ sup (1+t)‘“+“B(t)2].

—o0<t< p<t<oo

We now apply It6’s Lemma to (1 + t)~(1+9 B(t)? to obtain

(1+1)~ 0+ B(t)?
t B(s)? . 1 Lt B(s)
_(1+e)/ ———--—(1+ )2+£ds+/u _—(1+s)1+'—‘d8+2j;, ————(1+3)1+ch(3)

B gt ‘Bl
--0+a || a1 g +2 ) e

: /n (14 5)~0+I B(s) dB(s)| -

<-+2
€

Taking the supremum over [0, 7], then taking expectations and using the Burkholder—

Davis-Gundy inequality one obtains

IE[ sup (1 +t)-“+=>B(t)2]
o<e<T

S%+2E[sup

L
_ f (1+ s)~U+9B(s) dB(s)
0<i<T |J0

|

/ T 1/2
< -E- +2Ch (IE [L (14 5)~ 21+ B(5)? ds]) (8.3.9)

1 T 1/2
< = +2Co [f (1+ s)_2“+‘)s ds}
0

< Cle),
where Cp is a constant independent of T, and C(¢) > 0 is also independent of T'.
Obviously, supgeier (1 + 1)~ B(t)? is a random variable increasing in 7. So we can

use the monotone convergence theorem to obtain

IE[ sup (1 -I-t)““‘"‘]B(t}g] [ lim sup (1+1%)” () B(t) ]

N<t<oo —oop<t<T

= lim IE[ sup (1 +t)"“+‘}8{£)2]

T—eoo | 0<t<T

< C(e)
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We now turn to the second term on the last line of (8.3.8). Using the fact that R' is

integrable and the fact that E [sup_ssci<o(l + |t))~ (I B(t)?] < oo it is clear that

]E[ sup (1 + [¢))~0+9 (/_; R'(t — s)B(s) ds)g]

—oo< i<l

gJE[ sup (1+|-a1)-u+=)f |R’(t—s)|d.s]t |R'(t—s)|}3(s)2ds]

—oa<t<0 e

i
=CE[ sup (1+|t1)'“+‘1] |R’(t—-s)|B(s)2ds]

—po<t<l

L 1—38 (1+¢)
< cm:[ sup  sup (1+|s|)““+‘)B(s)2f ( t) |R"(t—s)|d3]
_m -

—po<l<0 —co<s<i 1

o0 _ (1+¢€)
<(C; sup f (l—lij—t) |R' ()| du
5 O

—co<t<0

1+t (14e) poo o] U (1+€)
<y sup [ (———) f | R (u)| du + / (——-) | R ()| du]
—oo<t<0 1-1 0 0 1-t

< o,

So, (8.2.5) satisfies (8.2.2). 0

Proof of Theorem 8.2.2. We consider (8.2.6). By Lemma 8.3.2 and Lemma 8.3.3 we

can rewrite this as
{
S(t) = LB(t) + f Y'(t — s)B(s)Eds, tE€ R, (8.3.10)
=00

We now aim to prove that

S(t) = ¢(0) + fn f AS(s)ds + fu f fn " K(s — u)S(u) duds+

f f f " K(s—u)élu) duds+EB(t), (8.3.11)
0 -0

which establishes that S is the unique continuous adapted solution of (8.1.2).

We examine each term on the right hand side of (8.3.11). Obviously by (8.3.10),

0
$(0) = [_w Y/ (—v)B(v)X dv. (8.3.12)
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Now consider the second term on the right hand side of (8.3.11). Clearly,

fﬁ AS(s)ds
0

L v
- Eﬁ AB(s)ds —1—/; ./U AY’(s —v)B(v)E dv ds + /Dt [_‘; AY (s —v)B(v)E dv ds.

(8.3.13)
Now consider each term on the right hand side of (8.,3.13). Due to the continuity of R’
and B and the compactness of intervals, we can use Fubini’s Theorem to exchange the

order of the integration in the second term to obtain

‘/L /a AY'(s —v)B(v)Edvds = /t /.t AY'(s ~v)B(v)E dsdv
0 J0 0 Ju (8.3.14)

¢ L
= ] AY (t —v)B(v)Zdv — f AY (0)B(v)X dv.
0 0
Now consider the third term on the right hand side of (8.3.13). We define the function fp

by
0
Jr(s) = / AY'(s —v)B(w)X dv.

-7

Due to the continuity of ¥' and B we see that
0
lim fr(s) =f AY'(s — v)B(v)Sdv.
T—o0 LS

Note that, by the Law of the Iterated Logarithm, Lemma 8.3.3 and the fact that s > 0,

0 0
/ Y'(s — v)B(v)dv 5/ [Y'(s — v)| |B(v)|dv
=

sup
>0 -0
" S [B(v)|
s]m(lﬂs o)) 5 V(s v)|{1+lvn%ﬂdv
< I(s),

where [ is a continuous function integrable over compact intervals. So using the Dominated
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Convergence Theorem and then Fubini’s Theorem we see that

f U_ZOAY'(S — v)B(v)% dv] ds

L 0
—_— H l p—
. A { Jim f_ AY'(s v)B(fv)Eva ds

tr o0
= lim [/ AY'(s —v)B(v)Z dv} ds
T—o0 Jo —
B @ (8.3.15)
= lim / / AY'(s —v)B(v)Ldsdv
T—oo J_1 Jo
0 t~v
= f A { Y (w) dw} B(v)X dv
-0 —v
0 0
= / AY (t —v)B(v)E dv — / AY (—v)B(v)X dv.
—o0 o =00
So using the fact that ¥ (0) =1 — Ry, (8.3.13) may be rewritten according to
t
] AS(s)ds
0
t t
= / AB(1}]RmEdv+/ AY (t —v)B(v)Edv
0 0
0 0
+ / AY (t —v)B(v)Z dv — AY (—v)B(v)E dv,
- —00
! t 0
= f AB(v)RooX dv -+ / AY (t — v)B(v)X dv — AY (—v)B(v)X dv.
0 -0 ~0Q
(8.3.16)
using (8.3.14) and (8.3.15).
Now consider the third term on the right hand side of (8.3.11). Obviously
t prs
f f K(s—u)S(u)duds
o Jo
{ fa
= f f K(s —u)2B(u) duds
U o8 (8.3.17)

] 8 u
-+ / / / K(s—uw)Y'(u—v)Bw)Zdvduds
o Jo Jo

t pa p0
f / f K(s —u)Y'(u— v)B(v)Edvduds
0 JO V-co
Now consider the first term on the righthand side of (8.3.17). Due to the compactness

of intervals and the continuity of K and B we can exchange the order of integration to
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obtain

f; ./u K(s — u)RB(u) duds = /Ot [ fozau — dw] B(w)%. du. (8.3.18)

Now consider the second term on the right side of (8.3.17). Due the compactness of the
intervals and the continuity of the integrand we can exchange the order of integration

three times to obtain
L 8 u
/ / f K(s —u)Y'(u —v)B(v)2 dvduds
0o Jo Jo

:/ﬂt f:f:!f(s—u)Y’(u—v)B(-u)Edudvds

=/0t U:/:K(s—u)w{u—u)duds] B()Sdv
- /D ‘ [ / t f " K(s— )V (i~ v) dsdu] B@)S dv

- A t [ f t ( /0 ™ K(w) dw) ¥ (<0 du] B(v)Z dv.

Now using integration by parts on the inner integral one obtains
t t—u t—v
f ( K(w) dw) Y'(u—v)du=-Y(0) f K(w)dw + (K *Y)(t ~v),
v 0 0

S0

t 8 w
/ / / K(s—u)Y'(u—v)B(v)E dvduds
Jo Jo Jo

L t—v t
= v/ Y (0) (/ K(w) d.’w) B(v)X dv +/ (K +Y)(t —v)B(v)Edv. (8.3.19)
0 0 0
Now consider the third term on the right hand side of (8.3.17). Observe that

0
] K (s — w)| [¥'(u ~ v)| | B(v)| dv

-0

< /L [K (s —u)|(1+ [u— o)) Y (u — U)l(T!{j‘](*:;)}lT%j dv < I(s,u),

where u > |I(s,%)] is a continuous function, integrable on compact intervals for every

s > 0. So we can use the Dominated Convergence Theorem and Fubini’s Theorem to
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change the order of integration as follows
Lt ps 0O
/ f K (5 — )Y (ti— v)Blo) S dv duds
0 JO J-oo

1 8 0
- /a i /_T K (s — u)Y'(u — v) B(o) S dv duds

T—o0

L s D
= / lim f / K(s —w)Y'(u—v)B(v)Edvduds
0 0 J=r

T'—c0

T—00

- /0‘ i /_DT /a K(s — w)Y'(u— v)B(v)Edudvds.
Now since
f ) ] 1K (s — )| [Y' (w ~ v)| due | B(o)| do
—oa /0

|B(v

l dv
(1+ vl

< [0 [ s =l o o) ))J“

< I(s),

we can obtain

./; f /_ GWK(S —u)Y'(u—v)B(v)Edv duds

t 0 ]
= f lim j f K(s —u)Y'(u— v)B(v)E dudvds
0 =P Jo

T—o0

= Jim /{: [/:DT /: K(s—w)Y'(u— v)B(v)Edudv] ds

0

= lim [ /u 5 ( OH K (w) dw) Y!(u— ) du] B()S dv,

T—eco J_p

by changing the order of integration twice. Using integration by parts we see that

/: (/Ot—“ K(w) dw) Y'(u —v) du

=— -/t K(w)dwY(—v) + /‘fl K(t —u)Y (u—v)du+ fﬂ K(t—uw)Y(u—v)du
0 v 0

= —]t K(w)dwY (—v) + (K * Y)(t —v) + ]: K(t—u)Y(u—v)du.
0

So

/0( /u f_ * K(s - w)¥'(u—v)B) doduds
b ./-_0 (/ﬂt K{w}a’w) Y(—v)B(v)XZdv+ f) (K % Y)(t — v)B(v)X dv

-0

- [ ) ( /D " Kt —w)Y (u—1) d-u) B(v)Sdv. (8.3.20)
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Hence by combining (8.3.18), (8.3.19) and (8.3.20) we see that (8.3.17) becomes
f ] K (s — w)S(u) duds
- /[, { f_v K(w)dw] B(u)S: dv — / “¥(0) t—vK(w)de(v)Edv
" / (K +Y)(t — 0)B)Sdv — f ( / K(w) dw) (—)B(v)S dv
+ [w(ff *Y)(t —v)B(v)Sdv
+ /; (/;K{t —~ w)¥(u ~ ) du) B(v)E dv
=f; UDH K(w)dw] B(U)Rmildv%-/_;(ff*}’)(t-U}B('u}'ﬂdv
_ fﬂ ( / ‘ K(w)dw) Y(~v)B(v)E dv
f (/ K (t —u)Y (u—v) du)B(v)Edv

(8.3.21)
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We may now combine (8.3.16) and (8.3.21) to obtain

1 I ps
./0 AS(S)(£.9+/';V/; K(s—u)S(u)duds

= f L,a;B(«u)irim,:scm+ f t AY (t — v) Bv) S dv
a —o0

=V

_ [ LAY(‘—v)B('u)Edy " /.:[ 0 K(w)d‘w] ReoB(v)S dv

+ t (KY)(t —v)B(v)Edv

-0

= /io (f; f{(w}dw) Y(—v)B(v)Edv

+ /_(; (/U”R’(t —u)Y (u—w) du) B(v)E dv
= /0‘ [A 5 /u“" I{(w)dw] RooB(v)E dv (8.3.22)

+ fa [AY (t —v) + (K * Y)(t — v)] B(v)Z dv

~00

_ f " AY (<o) + (K * Y)(—)) B)S dv

" /_‘; (/ﬂ K(t ~w)Y(u— -u)du.) B(v)S dv

0
-l-/ (K % Y)(—v)B(v)Z dv

-

_ ]:f; (/ﬂt K (i) dw) Y (~v)B(v)E dv.

We can simplify this equation by considering each of the terms. From Lemma 7.4.2 it

is known that (A + f;ﬂ K (s) ds)Ro = 0. Using this we see that

/t [A + /lhu I('(w)dw} R B(1)Edv = — f: Ki(t —v)Ro B(v)E dv. (8.3.23)
0 0 a

Now consider the second term on the right hand side of (8.3.22). Using the fact the
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Y = R — R, we see that

/l [AY (¢ = v) + (K * Y)(t — )] B(v)Edv

= /f. [AR(t — v) + (K * R)(t —v)] B(v)2dv
B ' - (8.3.24)
-/ [A+ : K(w)dw] Roo B(0)E dv

—0d

=ft Y’(t—v)B(u)Edv+f£ Ki(t —v)Roo B(v)E dv.

Similarly, the third term on the right hand side of (8.3.22) becomes

f i [AY (—v) + (K * Y)(~v)]| B(v)T dv

-0

0 0
=/ Y’(-v)B{v)Ed-u-l—f Ki(—v)ReoB(v)X dv, (8.3.25)

—00 —o0

We now use (8.3.23), (8.3.24) and (8.3.25) to reformulate (8.3.22) as

fu ' AS(s) ds + /u L /0 " K(s ~u)Su) duds

= ft Kyt — v)Roo B(v)X dv + ft Y'(t —v)B(v)E dv
0 -0
t 0
+ K\(t — v)Roo B(v)EX dv — f Y'(—v)B(v)Edv

—o

- / ? Ky(~v) R B(0)S dv (8.3.26)
+ f ' ( f ' K(t—u)}’(u—v)du) B(v)S dv
—00 0

0
" / (K % Y)(~v)B)Sdv

- L : ( /n ' K(w) dw) Y(~v)B(v)E dv.

But the first, third and fifth terms of this equation may be combined to obtain

4 0

K (¢ -v)RmB('u)Edv—f Ki(—v) R B(v)E dv

—00

!
— [ K(t ~v) R B(v)E dv + j
0

-0

= /U [Ky (t —v) — Ky (—)|Roo B(v) X dv

e f; (f:u K(u) du) ReoB(0) S dv,
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and so (8.3.26) becomes
;AS[S) ds + /Ul /Os K(s —u)S(u)duds
0 t—v
= —/ (f K(uw) du) R B(v)E dv + /t Y'(t —v)B(v)Zdv

—oo \J-vu

0
= f Y'(—v)B(v)Zdv + f ’ (K *Y)(—v)B(v)Z dv (8.3.27)

+ /jm (/ﬁv K(t —u)Y (u—v) d‘u) B(v)Edv
o /_ ; ( ﬁ K (w) dw) Y (~0)B)E dv.

We now consider the fourth term on the right hand side of (8.3.11). Since

Bw)|
)5

where s — I(s) is continuous and so integrable on compact intervals. So, we obtain

t 0

f/ K(s — u)p(u) duds
f/ K(s —u)EB(u) duds+ff / K(s —u)Y'(u—v)B(v)E dvduds
:ﬁm(ﬁvuf{( )dw)EB(v)du ff [ K(s —u)Y'(u—~wv)B(v)Edvduds.

(8.3.28)

fo lK(s—u)llB(uNdu:fﬂ (1 4 |o—ul) F| K (s —u)| < Is)
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Now combining (8.3.12), (8.3.27) and (8.3.28) we see that

vl L p0
6(0) + /0 [AS(s)ds + (K * S)(s)] ds + /0 f_ K(s — u)p(u) duds + LB(t)

:fo y'(—u)B(u)Edu~f0 (f_vff(u}du) RsoB(v)X dv

+ /t Y'(t —v)B(v)Sdv — fﬁ Y/(~v)B(v)Ldv

0
+f (K #Y)(—v)B(v)E dv

= ( fot K(w) dw) /_ ; Y (—v)B(v)E dv

o f" :, ( fo " Kt —w)¥ (si~) du) B(v)S dv

+f° (/t““ K (w) dw) Y.B(u)ds
e[ [ [ K avsosmiuis
+ZB(),
which becomes
t t 0
¢(0) + / [AS(s)ds + (K = 8)(s)] ds+ / f K(s —u)¢(u) duds + LB(t)
0 -
=8(t) - (/: K(w) dw) ./:;Y(—-v)ﬁ(v)g duy

v [ B

+ _[_ﬁm ( /f—v K(w) d::u) Y (0)£B(u) ds

—=v

4 ‘[_{; (/D' K{t —a)¥ (1 —1) du) B(v)Zdv
+f: /ﬂn f_“ K(s — w)Y'(u — v) B(v)S dvduds,

since Y (0) = 1 — Reo. So we will have completed the proof if
t 0 ]
- / f / K(s—uw)Y'(u—v)B(v)X dvduds
0 J—ooJ—0o

— (/ﬂ‘ K(w)dw) /_[; Y (—v)B(v)S dv + /_‘; (f_:‘v K(w) d‘w) Y(0)£B(u) ds

4 f Y (K« Y)(—0)B)Tdv + f ) ( L v[f(t—u)Y(u—-v)du) B(v)Sdv.

—oo -0
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Rearranging the right hand side of this equation we obtain

/—Ooo [ (/_:—U K(w) dw> Y(0) - (/Ot K (w) dw> Y (=)

+ /0 [K(t—u)— K(=w)]Y (u—v) du} B(v)Edv

N /_Ooo [/0 </:u K(w)dw) Y'(u—v) du] B(w)Sdv
/_Ow [/0 (/;K(s a7 ds) Y'(u—v) du] B(v)Sdv

- /_Ooo Uot /0 K(s —w)Y'(u—v)du ds} B(v)Z dv,
using Fubini’s Theorem and integration by parts. Since

/ [/ K (s —u)l[Y"(u— vldu] |B(v)| = dv

z/—w[/o (1+ o)) T K (s — w)l[Y'(u - u)|du]—'l(—”|))l—|2ldv

SC(w)/dooo{/ (14 |u— v\+|u|) “|K (s —w)||Y (u— v)[du] dv

0

<ow [ [[a+m—onEix s—u)\lY'(u—v)\du] @
v [ [0 i -y ] av
<o [ [t -v-wia-+ it 1y )] | do
row [ [ arla—u it - iy )ld] ds
<o [ [ty e wldu] do
+Clw)/0 U (14 |5 — v — w]) 1K (s —v —w)||Y'(u )|dw]dv
<o [ [ 1K w1+ Y () )| ao
v [0 [[ 7o u G o -l w)ldw] do
scl(w)/aoo[/oulKu—w)llJrlw!)2IYwldw] v

—I—C’l(w)/:o[/o (14 |u— w| K (u— w)|[Y'( w)|dw] dv < 00,
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we can exchange the order of integration to obtain

0 L pv
/ / / K(s —u)Y'(u—v) B(v)Edudsdv
—o0J0 JO
Lt p0 u
= / f / K(s —u)Y'(u—v)B(v)Edudvds.
0 J~c0J0
We now wish to change to order of integration of the inner integrals.

fn f”K(s —w)Y'(u—v) B(v)E dudv
—coJ0

= lim ~f0 /DI{(s—u)Y'(u—U)B(U)Zdudv
=T Jv

T—o0

0 U
— lim f / K(s —u)Y'(u —v) B(v)E dv du
T—oo J g J-p
0 u
= — lim [ [ / K(s—u)Y'(u—v)B(v)Edvdu
T | Jooo J-T

_f_:/:;f((s—u)i"(u—U)B('U)Edvdu].

Now

sup /u K(s —w)Y'(u—v) B(v)dv
T>0)J-~-T
—wy IS Y (0 — o) —2N g
<1 -wl [ 0 F Y0l e do

<o —wl [ +I=v) —u) F Y@= old
<G -l [0+ =o)F Y-l
ol F K-l [l
<K=l [ -+ o) ¥ Y o)l dw
+ it~ F K (s~ [ IV (w)ldw

< Cyfw) (14 s - u) ) |K (s =)l
Since (8.2.1) holds we have

=T pru
lim / K(s —u)Y'(u—v) Blv)Xdvdu = 0.
=

T—00 f_on
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and

0 U v
lim fTK(s—-u)Y’(u —v)B(v)Zdvdu = fu / K(s —u)Y'(u—v) B(v)X dudv
- =00 /0

T—=oo [ 5o

50

]j; /: K(s —u)Y'(u—v)B)Zdudv = /_om /:; K(s —u)Y’'(u—v) B(v)Edvdu.

This completes our proof. O

8.4 Proof of Theorem 8.2.3 and Theorem 8.2.4

The following theorem highlights the necessity of (8.2.4) for the existence of a stationary

solution.

Theorem 8.4.1. Let K satisfy (2.2.7) and let the initial function ¢ satisfy (8.2.2) where

¢ is independent of the Brownian motion {B(t)}iz0. If the increment Xa defined by
Xalt)=X(@)-X(t—-4), A>0, (8.4.1)

is stationary, then there exists a constant Roo such that the resolvent R of (2.1.1) satisfies

(8.2.4).

The following lemma is required in the proof of Theorem 8.4.1.

Lemma 8.4.1. Let K satisfy (2.2.7). If the A-increment of the solution R of the resolvent

equation (2.1.1) defined by
Ra(t) = R(t) — R(t—4), A >0, (8.4.2)
satisfies
4o
f Ra(t)*dt < oo, (8.4.3)
0

then there exists a constant Roo such that the resolvent R of (2.1.1) satisfies (8.2.4).
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Proof of Theorem 8.2.8. We choose ¢ to be the process in (8.2.5). Then the process
S in (8.2.6) obeys (8.1.2) by Theorem 8.2.2. Using the fact that R(t) := 0 for £ < 0 we
see that

Sa(t) =85(t) - St —4)

= RooZ B(t) +f¢ (R(t — ) ~ Roo)S dB(s)

-A
— RS B(t - A) —/ (R(t — A — 5) — Reo)TdB(s)

= R, X (B(t) — B(t — A)) + /L (R(t —s) — R(t — A —s))EdB(s)
t
+ [ (Bt~ A-9) - Re)BdB(s)
t-A
= /; Ra(t — )X dB(s),
where Ry is defined by (8.4.2).
Consider the vector

Sa(r) = (Salt+t1),...,Sa(t +tn)),

where 7 = (t1,...,t) and 0 < t; < tg-++ < ty. Clearly Sa(7) has multivariate normal

distribution
Sa(r) ~N(0,C),

where the ij** entry of the matrix C is given by

Cij = Cov[Sa(t +t:), Sa(t + t;)]

by t+y
=E { RA(t +t; — s)2dB(s) Ra(t+1tj—s)2 dB(s)]

—0o —00

tht ALy .
=f Ra(t +t; — s)Ra(t +t; — 8)=%ds

— /‘X’ Ra(w)Ra(]t; — tj] + 11.)22 du.
0

It is clear that C is independent of £.

155



Chapter 8, Section 4 Behaviour of Equations with Constant Noise

The characteristic function of a distribution completely characterises the distribution, so
in order to show that the process Sa is stationary we calculate the characteristic function

of the vector Sa(7):
Bs (V) = E [exp{irSa(r)")]
where A = (A1,...,An). Since Sa(r) is multivariate normal we see that
. . &
‘DSA(T)(;\) = exp —5)\0)\ y
which is independent of £. This means that the process is stationary. O

Proof of Theorem 8.4.1. Using variation of parameters the process X which satisfies

(8.1.2) may be represented as

L 0 i
X(t) = R(t)$(0) + L R(t - s) f_ wf((s-—u)r,b(u) duds + fo R(t — §)SdB(s), t>0,

t t
Xa(t) = Ra(t)e(0) + f Ralt —s)f(s)ds + f Ra(t —s)2dB(s), t=0,
0 0
where

0

() = f K(t — u)p(u) du.
—00

Now consider the characteristic function of Xal(t) given by
@Xa(ﬂ(’\) = [exp{'i:\Xg(!.)H 5

For any characteristic function ®(0) = 1 and @ is continuous in \, so we can choose A

close to zero so that ‘I’Xc.{!)(:\) =C## 0
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So

c

0

) [exp {ix (RA(t)d)(O) + /Ot Ra(t —s)f(s) ds> }] exp {—i\; /Ot Ra(s)x? ds}

using the independence of the increments of {B(t)}t>0 from {¢(t)}:<0, and the fact that

_E [exp {ix (RA(t)¢(O) + [ "Ralt—s)f(s)ds + /Ot Ra(t—s)ndB (3)> H

fg Ra(t—s)L dB(s) is a normally distributed random variable. Multiplying both sides of
.
the equation by ei\z_fo’ Ra(s)?z* s taking absolute values, using the fact that any charac-

teristic function is bounded by 1 and rearranging the equation one obtains

32t
exp A—/ RA(S)ZZ2ds S—l——.
2 Jo IC

So it follows that [° Ra(s)?ds < co. We now apply Lemma 8.4.1 to obtain (8.2.4) as

required. O

Proof of Theorem 8.2.4. By choosing the initial function ¢ as in (8.2.5) we see that
implication (¢) implies (i%) is the subject of Theorem 8.2.3. The implication (ii) implies

() is the subject of Theorem 8.4.1. O

8.5 Proof of Theorem 8.2.5

We use the following two theorems to prove Theorem 8.2.5.

Theorem 8.5.1. Suppose that K satisfies (2.2.7) and that the initial function ¢ satis-
fies (8.2.2) where {¢(t)}i<o 18 independent of the Brownian motion {B(t)}t>0. Suppose
there exists a constant Reo such that the resolvent R of (2.1.1) satisfies (8.2.4). Then
the increment Xa defined by (8.4.1) has a limitimg distribution. Moreover this limiting

distribution is the same as the distribution of the increment Sa defined in Theorem 8.2.3.
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Theorem 8.5.2. Let K satisfy (2.2.7) and let the initial function ¢ satisfy (8.2.2) where
{@(t) }e<o s independent of the Brownian motion {B(t)}i>0. If the increment Xa has a
limitimg distribution then there exists a constant Ry, such that the resolvent R of (2.1.1)

satisfies (8.2.4).

Proof of Theorem 8.5.1. We know that

Xa(t) = Ra(t)p(0) + /: Ra(t —8)f(s)ds+ Az Ra(t —s)XdB(s), t=>0.

where

f(t)= fu K(t — uw)o(u) du.

—00

Now consider the vector
Xa(r) ={Xa(t+t1),.... Xa(t +ta)},

where 7 = (ty,...,t,) as before and 0 < ) < tp-++ < t,. With A = (A1,...,Aq), the

characteristic function of this vector is given by

@y, (N) = E [exp{irXa(r)"}]

Lt

- ]E[exp{i;Aj(RA(t +1;)6(0) +/U Ra(t+1t; — s)f(s) ds

+ /0 M Rt - 3)EdB(s)) }]

= E|exp ii}j Ra(t +t;)$(0) + T patt 4 —s)f(s)ds ) M
= 0

exp{ )\C(t)J\T},

th entry given by

where C/(t) is an n X n matrix with ij
L Aty
Cis(t) = [ Ra(s)Ra(s + |t: — t;1) ds.
Jo
Since (8.2.4) and (2.2.7) hold it is known that

lim Ra(t) =0,
t—oo
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also we have that

2
E[f(¢)?] = [ K(t—u ¢:(u)du)]
‘(1E

In

[ (14 Jul) " Kt —u)|@ + [u])~"Op(u)? du]

IA

JE[ sup (1+|¢1 )~ (49 (¢) ][ (1 + Ju)' MK (t — )| du

—co<li<

KIE[ sup (14 t])~ “+=>¢,(t)]/w(i—uu)”‘u{(unm
()

—co<t<0

50

E U;w f(z)?'dt] < c:/qw /:0(1 — £+ W) K ()] dudt

o0 pldu
:C/ f 2K (u)| dz du
0o J1
o9 )
<G / (1 +u)?*¢| K (u)| du < oo.
0
So f € L? almost surely. As the convolution of an L? function with an L? function tends

to zero asymptotically we see that
t
lim [ Ra(t—s)f(s)ds=0  as.
t—oo 0
Now since

exp{ii,\j (Rg(t + t5)9(0) + /‘:HJ Ra(t +t; — s)f(s) ds)} =

=1

we can use the bounded convergence theorem to obtain

L+t

Jim ]E[exp{ Z,\j(&a t+g)¢(0)+[ RA(t‘I-tj—S)f(-"')ds)}]

= IELIEE&exp{ile\j(RA(t +t5)6(0) + fom’ Ra(t+t; — s)f(s) ds) H =1,
=
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S0
o)
s L4ty
= r‘”1215"21}31 [exp{z‘ Z Aj (R&(i +t)6(0) + f Ra(t+t; —8)f(s) ds) }] %
j=1 2
exp{)\C(t))\T}
= exp{,\o(oo}x‘"},

where C(c0) is an n x n matrix with ¢ jth entry given by
(o]
Cifl00) = f Ra(s)Ra(s + |t — ti]) ds.
0
As this is independent of t we have the desired result. O
Proof of Theorem 8.5.2. We know that convergence in distribution implies
lllnolulE[exp{iAXa(t)}] = Pa(A),

where @ is a characteristic function. Due to the continuity of @5 and the fact that
$(0) = 1 we can choose a 3 such that ®a(X) # 0. Now as before we have that
E [exp{ifXa(0)}]
- t 0
=E [exp {M (R,_s. (t)¢(0) + f Ra(t —s) f K(s —u)p(u)du ds) H %
0 —o0
N2 ot i g
expd —— [ Ra(s)"E%ds ¢,
2 Jo
S0
. 32
lIE: [exp{i,\x,,.(t)}“exp 5 f Ra(s)?5%ds b < 1.
0
Taking limits on both sides we obtain
- 5‘2 o0
|@a(Xlexp { 5 / Ra(s)?2%dsp < 1.
Jo

So it follows that f(‘}” Ra(s)?ds < oo. We now apply Lemma 8.4.1 to obtain (8.2.4) as

required. O
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8.6 Proof of Technical Results

Proof of Theorem 8.2.1. Let € > 0 and T be constant. Before proceeding we define

for convenience the norm || - ||z on a subspace of continuous FB_adapted processes by

X(t)?
||xn%~=E[ I (.. i ]

—ooct<T (1 + [E)1F¢
We now prove the existence of a continuous 7 B_adapted process X which satisfies (8.1.2)

on the interval (—o0, T]. Define the Picard iterations
i t prs
Xi(t,w) = ¢(0) + f AXp_1(s,w)ds +f / K (s — u)Xp-1(u,w) duds+
0 0 Jo
t 0
/ f K(s —u)¢(u,w) duds + vB(t,w), 0<t<T,
0 J-oo
Xk(t‘s w) = ¢(tvw) t S OI
when k > 1 and

Xolt.w) = d(0,w), 0<t<T,

Xo(t,w) = ¢(t,w), t<0.

otherwise. By mathematical induction it can casily be shown that Xj is continuous and
adapted on [0,T7] for each k>0

Obviously,

t t—s
Xi(t,w) — Xo(t,w) = @(O.w]f [A + [ K(u) du] ds
0 )
L0
ok /f ] K(s— w)p(u,w) duds + LB(t,w), 0<t< T,
0 J—oo

(8.6.1)
and
Xi(t,w) — Xo(t,w) =0, t<0.
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Once again we consider the interval [0, 7" and square both sides of (8.6.1) to obtain

(Xl (ta w}—Xﬂ(t| W))2

= P [é((],w)g ( /0 t [A + fo o K (u) d‘u] ds)
+ (/ﬂt f_l; K(s — u)¢(u,w) dz.;ds)2 4 EQB(t,w)a}

< 3? [qﬁ(o,u)%?t

2

+RT S YK (s — ) du d:
srip(u T+ DT Jo (1+|u| (8 —u)duds
—00<s

B(t,w)? ]

2 I+4e ;
HERL R S s

" L £)?
<9 00,17+ KR@)_sp e

Yie B(t,w)?
R unw]

= O(T\).

where M = |A| + [;° |K(t)| dt. Note that

E (C(T)] = 3*M>TE [$(0)?]

o o(t)? ] 2542 14 B(t)? -
FPRRDE| s ] + SO0 | sup o | < o

1t is clear that
X (t,w) — Xi(t,w)

I [A + i K (w) du] (Xu(s,w) — Xi—a(s,w))ds, 0<t<T,

D, t<0.

Consider the case when ¢ > 0, squaring both sides of the above, one obtains

/ o —8 1 2
(Xis1(t,w) — Xi(t,w))® = (A' [fl + /0 K(u) dn] (Xp(s,w) — Xk_l(s,w))nfs)

L
< Tﬂzﬂj (Xg(s,w) — Xx—1(s,w))? ds.
0
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We now prove by mathematical induction that
(Xier1 (b, 0) — Xi(t,w))? < %C(T, )T A, (8:6.2)
Obviously (8.6.2) holds when k = 0. When k = 1 we obtain

(]
(Xa(t,w) — X1 (t,w))? £ m&r?/ (X1 (8,w) — Xo(s,w))* ds
0
= C(T,w)TM?t.
When k = 2 we obtain

(%&M—XMMﬁiﬂfoﬁ&wﬁh%wfﬁ
0

C(T,w) TN,

3| =

So we assume that (8.6.2) holds for k =1, that is
(Xpg (w) = Xi(t,w))? < %C(T@)[TM%]*.
and prove that it holds for k = {+ 1

t
(Xpy2(t,w) — X (tw))F < TJ\TI":A (Xig1(s,w) — Xi(s,w))?ds

t
< Tit? j %C(T,w}[Tﬂ?"‘s]‘ ds
u 1

'1 .
== mc’(':ﬂ w)[Tﬂ42t1£+]’
as required.
Now
X1 (8, w) — Xi(t,w))?
e 5wl (Xk+1

(| X k41t w) = Xt @)z L;‘;{’ET (1 + [e])+e
5] gy 2ETTE
=" loater (LA [EDH (8.6.3)

< (T IPFE(C(T,w)

<G (T)%[TQ N2,
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We can now use Chebyshev’s inequality and (8.6.3) to obtain

1 1 s
P| sup X (£ ) ~ X(t, w)] > 275] <A\ (T) T,

This upper bound is the general term in a convergent sequence so we may apply the

Borel-Cantelli Lemma to conclude that for each w € Q* there exists N(w) € N such that

1
sup |Xepi(tw) = Xi(tw)| < 5y k2 N(w),
0<t<T

with P[©2*] = 1. Consequently the sequence {Xi(t,w)}f, converges in the supremum
topology to a continuous limit which we call X({,w)on 0 <t <T.

We now show that X is a solution of (8.1.2) for t € [0,T]. Consider the expression

X (t,w) — $(0,w) — f{: [A + fUH K () du] X(s,) ds

t p0
= f / K (s — u)é(u,w) duds — SB(t,w).
0 J—oo

Using the definition of the Picard iteration we see that

X(tw) — ¢(0,w) — ﬁt [A + /;_5 K(u) du] X(s,w)ds—

t 0
f f K(s — u)p(u,w)duds — EB(t,w)
0 J-o0

1

L—5
= (X (L, )~ Xe(t,w))— [A+/ K(u)du] (X(5,w) — Xp—1(s,w))ds 0<t<T.
0 0

Taking absolute values across both sides

X (tw) — ¢(0,w) - f t [A + /0 ™ k) du] X w)ds

0

t 0
- / f K(s —u)d(u,w)duds — EB(t,w)
0 J—o0

< [ X(t,w) — Xg(t,w)| + M /: (X (s,w) — Xp~1(s,w)|ds, 0<ELT.
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Hence,

X(t,w) — p(0,w) — /ﬂt [A 4 At_s K(u) du] X(s,w)ds

sup
0<t<T
t o
—ff K(s—u)¢(u,u)duds—23(t,w)l
0 J-eo

< (14 MT) sup |X(t,w) — Xg(t,w)|.
0T

Now taking the limit as k — oo we see that and using the fact that Xy — X as k — oo

we see that

sup | X(t,w) — ¢(0,w) — j: [A + :HS K(w) du] X(s,w)ds

D<L<T

t 0
- / f K(s —u)dp(u,w)duds — EB(t,w) =0,
0 J-oo

that is, X is a solution of (8.1.2) for 0 < ¢ < 7T

The following argument is provided to show that ¢ — X(¢, X) is the unique continuous
adapted process satisfying (8.1.2) on 0 < t < T Suppose both X and Y are continuous
adapted processes satisfying (8.1.2). Subtracting ¥ from X and taking absolute values

across the equation we obtain
ot
(X(6)~Y(t)| <M f |X(s) ~ Y (s)|ds,
0

where M = |A|+ [° [K(t)] dt. By construction X (t) = Y (t) for ¢ < 0 and using Gronwall's
inequality we see that (X (¢) — Y(¢)| = 0 for all ¢ € [0, T}, in other words ¢ = X(t,X) is
unique on —oo < t < T. However, since T' is arbitrary we see that X is the unique,

continuous, adapted process which satisfies (8.1.2) on the whole real line, O
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Proof of Lemma 8.8.2. For T' < 0, we obtain

/Tt??'(t—s)B(S)ds—/tn(t—s) (/ dB(u )> ds—+—/Tt 1'(t — s)B(T) ds
// (t —s)dB(u)ds + B(T )/t Tn’(u)ds

:/T/un’(t—s)dsdB(u)+B(T)n(t—T)—B(T)n(O)
i t—u
-[(] 1(2)dz ) dB(w) + BT)n(e =) ~ BI)O)
/Tn(t—u)dB(u o)/ dB(u) + B(T)n(t — T) — BT)n(0)

i
= / n(t — u) dB(u) — n(0)B(t) + B(D)n(t — T)

T
which on rearrangement becomes

ar

i t

/ n(t —u) dB(u) = n(0)B(t) — B(T)n(t —T) + / n'(t — s)B(s) ds. (8.6.4)
T

Since n € L?, the limit as T' — —oo on the left hand side of (8.6.4) exists almost surely.

The limit as T — —oo of the last term on the right hand side of (8.6.4) exists since

t t lte
/ - MBEds = [ pl(e= )l +ls |>T—'@%:ds
. +ls) = (8.6.5)

<Cw)/ t—s)|1+|t—s|)2 ds < 00.

So taking the limit as T — —oo on both sides of (8.6.4) we obtain

t t
/_ n(t —u) dB(u) = n(0)B(t) + / /(t — 5)B(s) ds,

since the limit as T — —oo of B(T)n(t — T exists (since the limit of each of the other

terms in (8.6.4) exist) and equals zero due to

limsup |B(T)||n(t = T)| £ hm mSUp |B(T)]

PV (1 4t~ TNAFDn(t - T)| = 0.
T —o0o ( lTl)(l_l_E) l |) I"l( )l

O

Proof of Lemma 8.3.3. The integro—differential equation (2.1.1) may be reformulated

as
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where ¥ = R — Ry, and

00
Bl / Ki(s) ds.
¢
If 7 is the solution of
T(t) + (I{I * ?)(t) == I{I(t)l t= 0»
then the solution ¥ of (8.6.6) may be expressed as
¢
Y (t) = Ka(t) - / r(t — s)Ka(s)ds, 3 0.
0

Thus,

(0 IVl < (040 Kl +e | b= ) (e — )| [Knls)| ds
té f LM (e — 8)| [Kals) | ds, (8.6.7)
0

where ¢ is a positive constant.

We begin by considering (8.3.2). Integrating (8.6.7) over [0, 00) one obtains

0o -
/ (14 6) |V (£)| dt
0
o0 o0 t Ta
5/ (1+r)‘+‘|;{2(t)1dt+cf /{1+t—-s)‘*'}‘]r(t—s)lih’g(s)[dsdt
0 o Jo
o oy,
+c/ / 577 |r(t —s)| | K2(s)| dsdt. (8.6.8)
o Jo
Consider the first term on the right hand side of (8.6.8). Clearly,
o0 o oo :
/ (1 + 1) 5 [ Ka(8)] dt gf f (1 + ) 55| 1 (5)] ds dt
0 o Jit
- s
< C‘/ (L+8) 2 |Ky(s)|ds (8.6.9)
0
o Hde
< C;/ (14 u)7 | K(u)|du < o0,
0

Now consider the second term and third term in the right hand side of (8.6.8). Let

p(t) = (1 + t)F*. It can easily be shown that (8.3.5) holds and that (8.3.6) holds for
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pe = 0. Also since (8.2.4) holds and the second moment of the kernel exists the scalar
version of Theorem 2.2.4 may be applied to obtain condition (8.3.7) with K} in the role

of A. So, we can apply Theorem 8.3.1 to obtain

/000(1 + ) |r(t)| dt < 0. (8.6.10)

Using this and (8.6.9) we see that the second and third terms in (8.6.8) are finite so (8.3.2)
holds.

We now consider (8.3.3). Taking the limit as ¢ — 6o on both sides of (8.6.7) we obtain

limsup(1 + )5 [Y (£)] < limsup(1 +¢) | K2 ()|
t—o0

t—00

+ lim supc/ot(l +t— s)ljz—_elr(t — 5)| | Ka(s)| ds +1'1rtnsupc /t s%_elr(t — 8)| | Ka(s)| ds.
— 00 0

t—00
(8.6.11)
The first term on the right hand side of (8.6.11) is zero since
(1485 K (8)] < c/toos%-‘m(s)\ds (8.6.12)

Now consider the second term. Since (8.6.10) holds and Kz — 0 as t — 00 we see that
second term tends to zero since the convolution of an L! term with one which tends to
zero is tending to zero. Finally we consider the third term. Since 7 is integrable and Kp
tends to zero due to (8.6.12) we see that the third term on the right hand side of (8.6.11)

tends to zero. Combining the above arguments we see that
lim (1+¢) 25V ()] =0,
t—00

as required.
Now consider (8.3.4). Using equation (2.1.1) and the fact that (A+ [;° K(s)ds)Reo =0

we see that
Y/(t) = AY (t) + (K * Y)(t) — K1(t) Roo-
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So,

fow(l + )y at
w (ia ® JEE)
5/ (1+12)"= IAilY(t)ldt+f (1427 (K| * [Y])(t)dt
0 0
+ [0 x| @Rl (6613

The first term on the right hand side of (8.6.13) is finite due to (8.3.2). Consider the

second term:
[Taro Ko
ga[ﬂm /Dt(l 4t — ) 2K (¢ — 8)||V (s)] dsdt
+cf0mfot IK(t — 8)[s 32 Y (s)| dsdt < oo,

due to (8.2.3) and (8.3.2). We may show that the third term is integrable in a manner

similar to (8.6.9). So (8.3.4) holds. O
Proof of Lemma 8.4.1. In order to prove this result we must prove that (i)
2—A—-K(z)#0, Rez>0,

and apply a result of Grossman and Miller, Theorem 2.2.2, to obtain that the resolvent R
satisfying (2.1.1) is integrable, from which it may easily be shown that (8.2.4) holds with

Rso = 0 or (ii) show that
1+ Ki(2) #0, Rez>0. (8.6.14)

and apply a result of Paley and Weiner, Theorem 2.2.3, from which it may easily be shown
that (8.2.4) holds.

We begin by considering the case when z # 0 and prove

z~A—K(2)#0, Rez>0,z#0. (8.6.15)
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We begin by assuming the opposite: that is there exists a non zero constant z = Zp +12;

with Zg > 0 such that
F~A—K() =0, ReZ>0,3#0.

Consequently yge® is a solution of

V() = Ay(t) + /0 “ Kiawit—a)ds, >0, (8.6.16)
y(0) =ya # 0, (8.6.17)

so using variation of parameters
- t w -
e = R(t) +f R(t — s)/ K (w)e**=™ du ds,
a &
since yp # 0 and
. t—4 o0 -
eXt=8) = R(t — A) + ] R(t — A —s) f K (u)e**") duds.
0 8
So
= t w -
ce™ = Ra(t) + f Ra(t— s)/ K (w)e*5™" du ds, (8.6.18)
0 5

where ¢ = (1 — ¢ #2). We consider the cases when ReZ > 0 and Re Z = 0 separately.
We begin by considering Re 7 > 0. Examine the right hand side of (8.6.18). The first

term on the right hand side is square integrable due to assumption (8.4.3). Since

r

oo poo =
ds < / / LK (u)]e® ) du ds
0 8

m -
/ K (u)e*=) dy
8§

< ¢ /w |K (w)|e™ " du < oo,
0
we see that the second term on the right hand side of (8.6.18) is square integrable as the
convolution of a square integrable function with an integrable function is square integrable.
So, the right hand side of (8.6.18) is square integrable while the left hand side is unbounded

as ¢ tends to oo. This produces a contradiction and so z — A — K(z) # 0 for Rez > 0.
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Now consider the case when Re# = 0. Equation (8.6.18) becomes
c(cos(Zt) + isin(Zrt))
4 "0
= Ra(t) + f Ra(t — ) j K (u)(cos(Z/(s — u)) +isin(Z(s — w))) duds,
0 8

The left hand side of this equation varies sinusoidally while the left hand side in L2, This
produces a contradiction and so z — A—K(z) #0 for ReZ=0.

So combining the above arguments we see that (8.6.15) holds. Now if A+ Jo? K(t)dt #0
we may apply Theorem 2.2.2 to obtain (8.2.4) with Reo = 0.

If A+ [ K(t)dt =0, we must prove that (8.4.2) and (2.2.7) imply that
14 Ki(z) #0, Rez>0.
We begin by considering the case when z = 0. We assume that
o0
1+] sK(s)ds =0,
0

and prove by contradiction that this cannot hold. If this holds, we can choose any nonzero
constant ¢ so that et + yo is a solution of (8.6.16). So by using variation of parameters it

is seen that
t o0
et +yo = R(t)yo + / R(t — .s)f K (u)le(s — u) + yo] duds,
0 8
and
t—A o0
clt — A +yo = R(t — A)yo+ / R(t— A —s) f K (uw)le(s — u) + yo] duds.
0 8
Subtracting these two equations one obtains
it
e = Ral(t)yo + / Ra(t — s)f(s)ds, (8.6.19)
0
where f is given by
(& w]
flt) = [ K (w)[c(t — u) + vo) du
t

171



Chapter 8, Section 6 Behaviour of Equations with Constant Noise

We see that f is integrable since

o0 o0 o0 00
[ f | K ()] [e(s + u) + yo] du < C/ / w| K (u)| du
0 s 0 3
o0
< f WK du < oo,
0
Moreover f(t) — 0 as t — oo s0 f is square integrable. Consider equation (8.6.19).
The first term on the right hand side is square integrable due to our assumptions. The
second term is also square integrable since a square integrable function convolved with a
square integrable function is square integrable. So the right hand side of (8.6.19) is square
integrable while the left hand side is a non zero constant. These facts are incompatible
which implies that 1 4+ K;(0) # 0.

Now consider the case when z # 0. It is easy to show that

14 By(2) = %(z ~A-K(2)), Rez>0,

As we have shown that (8.6.15) holds we see that

14 K(2) #0, Rez>0,2#0,

combining this with the fact that 1+ K;(0) # 0 we obtain (8.6.14). So using Theorem 2.2.3
we see that the solution r of r + 7 # K; = K is integrable. Now using the representation

of the solution of (8.6.6) given in Theorem 1.1.2:
t ;
Y(t) = Ka(t) —/ r(t — 8)Ka(s)ds, t=>0,
0

and using the fact that K3 and r are integrable we see that (8.2.4) holds. O
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Chapter 9

Conclusion

We end by summarising the main results of this thesis and highlighting the links and
relationships between them. Further to this some avenues for the extension and application
of this thesis are discussed.

The paper by Krisztin and Terjéki [24] lies at the foundation of this thesis. Here the most
fundamental equation considered in the preceding chapters, namely the resolvent equation,
is analysed. The conditions which completely characterise asymptotic convergence of the
resolvent to a nontrivial and nonequilibrium limit are found.

Building on this foundation, the analysis in this thesis initially consists of three sep-
arate strands before becoming interlinked as more complex and involved questions are
considered.

The first strand consists of the analysis of deterministic Volterra equations. Under the
condition that the sign of the kernel does not change sign on [0, 00) and that the second
moment of the kernel exists, we can use methods applied in [30, 31] to find that the expo-
nential integrability of the kernel is necessary and sufficient for exponential convergence
of the resolvent to a nontrivial limit.

The above result is then used as a building block to develop this strand. A perturbed
Volterra equation is considered and it is found that the exponential decay of the tail of
the perturbation is the only additional assumption required for exponential convergence
to a nontrivial limit. This condition is in fact necessary.

The second strand considers a stochastically perturbed Volterra equation with asymp-
totically fading noise. As the study of stochastic Volterra equations is newer than de-
terministic Volterra equations, this strand begins at a less advanced stage: initially a
stochastic analogue of Krisztin and Terjéki result is found. Under the condition that the
first moment of the kernel exists, necessary and sufficient conditions for the convergence of
the solution to a nontrivial random variable and for the integrability of the solution minus

its limit in the mean square case is found. These conditions are the square integrability
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of the resolvent minus its limit and the existence of the tail of the noise term. In fact the
same conditions are sufficient in the almost sure case but the proof of the necessity of the
condition on the noise term has so far been elusive.

This strand is developed in a way analogous to the deterministic case: necessary and suf-
ficient conditions for exponential convergence to a nontrivial random variable are found—
the kernel must be exponentially integrable and the noise term exponentially square in-
tegrable. Obvious comparisons can be drawn with the corresponding result in the deter-
ministic case. Indeed the proof of the stochastic result draws much of its inspiration from
the deterministic case.

The final strand considers a stochastic Volterra equation with constant noise. Once
again the resolvent minus its limit being square integrable manifests itself as the necessary
and sufficient condition for convergence, in this case to a stationary distribution.

This strand has the most scope for further development. Perhaps more interesting is
the applicability of the equation as a model of a financial market.

The solution of this equation is a continuous-time stochastic process which, like Brown-
ian motion, has Gaussian and stationary increments, but in contrast to Brownian motion,
has correlated increments. In a financial model, this would mean that past returns of
asset prices can influence current returns. It also enjoys a semimartingale property which
enables it to be used in the pricing of derivative securities in inefficient financial markets,
which is not shared by existing long-memory processes. The process also has potential
application in time series modelling, as it is a continuous-time and long memory analogue

of popular discrete-time and short memory econometric models.
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Appendiz A

Proofs

Proof of Proposition 2.4.1. We begin by defining the norm:

n d
Ay =D lasgl, A€ Maxa(R).

i=1 j=1

This proof follows by a sequence of contradictions. We begin by showing that the first

moment of the kernel is integrable, that is

fmtuK(t)"th Z5. (A.0.1)
40

This is not the case if there exists a constant T > 1 such that
T -
/ LK (®)llw(t —1)dt > B, (A.0.2)
0

where B := ||B/(0)|[~-

We begin by assuming (A.0.2). By choosing 0 < h < dp:=min(l, e 7),

1 —e~M 1— (1— hat + 22 — )
sup —t| = sup - —1
oi<r| B 0<L<T h

. ht? R " ’

= okm e
2 ht |
< sup |||z — =7 .
m;’T' a1~ 3
72 T

S'hl -QF-FE_F”"
< |h|e”

<1, te[0.T).

Manipulating this inequality one obtains:

= e-—ht

2t—L
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Consequently,

” B(h) ;;B(

I &(r) - K(0)
- h

N
—ht

t)l—e

h N
—ZZ

e~hf,
/ Ki(t) ——h—dt}
i=1 =1

_ZZf | K (t) =

i=1 j=1

.

using the fact that Kj;(¢) has the same sign on [0, co) at the last step. So for 0 < h < dr

we obtain

B =|B'(0)|n = K“’

] K@) In(t —1)dt > B,

a contradiction. Hence (A.0.1) holds.

We now proceed to show that B'(z) := — [[* te”* K(z)dt for z > 0. Using I"Hopital's

rule,
. Bylz+h) — By(2)
Bij (Z) N hl—l{g‘*‘ h
= Han ‘1](2 ity — f{aj(z)
h—0 h
0o : e—h;‘. =z il .
o /U Jim S (1) de
m It
s / £ (t)e 2 dt,
0
where z > 0 and h > 0. Therefore B'(z) = — [ te™* K (t)dt.

These procedures can be repeated to obtain the following:

/w M| K (t)|| ;v dt < o0,
0

and B"(z) = (—1)" fﬂm t"e * K(t)dt for z > 0 and n € N.

Since B is analytic for [Rez| < a the Maclaurin’s series, Y > —«—(—13" is absolutely
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Proof of Lemma 6.4.1. By the equivalence of norms, there exist n-dependent positive

constants ¢;(n) < ez(n) such that

n n 1/2 #
ey |V < (Z lNeI"") <ery |Nil.
1=1 i=1

n=1

Clearly, | N|| = ¢1 Yl |Ni|. Taking expectations across this expression one obtains

EE [|[ V][] ZCleHMH,

now squaring this inequality we obtain
mn

1

2
E[INI* 2 ¢ ( EHMI]) -

1
Using the equivalence of norms again,

_ E[|N:l]?. (A.0.3)

i=l

n 2 .
E[|N|? > ¢} (ZEHI\QL]) 255

i=1

b?l\:l]l»—‘l\;‘

Now, the following simple calculation shows that there exists a v;—independent constant

¢4 > 0 such that E[|N;]] = eavi:
1 = —L(zy? 2 [ 1L
E[|N; =———f z|e da:=—Lf e~ 2% du = c3vi.
Nl == | e = |
Thus (A.0.3) becomes

Cgt’.'g n

2

B(INIE 2 %2 Dok
i=1

Due to the independence of the normal random variables we see that E [||N]|?] = X2k, v?
50
E{||N]? = dE [IN]?],
aa
where d = =%, a
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Appendiz B

Derivation of functions

Lemma B.0.1. Let K satisfy (2.1.2). Then the function I, given by
F(t) = ®'(t) — 2(t)A— (2 = K)(t),
may be reformulated as
o0
F(t) = —eH(Q + QA) + Pf K(s)ds — (e * QK)(®),
t
where ®, P, Q) and e are defined as before.

Proof of Lemma B.0.1. Since K is integrable the matrix M is well defined so PM =0,

where M = A + _f[;’o K (s)ds as before, it is seen that

t ¢
F(t) = —Qe™" — (P + Qe A - f PK(s)ds —/ Qe K(s)ds
0 0
= - (Q+QA)-P (A + fw K(s) d.s) + P/w K(s)ds — (ex QK)(t)
0 t

00
= —e @ +QA) + Pf K (s)ds — (e * QK)(¢),
t
as required. O
Lemma B.0.2. Let K satisfy (2.1.2). Then the function G, given by
G(t) = B(t) — Roo — (F * Reo)(1),
may be reformulated as
o o0
Git)=e'Q—e QI + A) Roo + / / PK (u)duds Roo — (e % QK)(t) Roo
t Js
o0
- / QK (u) du Reo.
t
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Proof of Lemma B.0.2. It is known that
G(t) = (t) — Roo — (F * Reo)(t).
By expanding the final term on the right hand side of this expression it is seen that
(F * Roo)(t) = —(Q + QA) (e * Roo)(t) + P(K1 # Reo)(t) — (e ¥ QK  Roo)(t).  (B.0.1)
On evaluation of the first term on the left hand side of (B.0.1) the following is obtained:
(@ + QA)(e* Reo)(t) = (1 ~ e )(Q + QA) Reo. (B.0.2)

Now consider the final term on the left hand side of (B.0.1):

(e*x QK % Ruo)(t) = /Gt e~ (t=%) (/l: QK (u) du) ds Rao

= fu t g~ (t-3) ( fn 5 QK (u) du) ds Reo — fu t gt ( fs mQK(u)du) ds Reo.  (B.0.3)

BEvaluating the first term on the left hand side of (B.0.3) one obtains

'[Dze—{tﬂ) (/uoo QK (u) du) ds Reo = (1 —e7™") /Uoo QK (s) ds Reo. (B.0.4)

In order to evaluate the second term on the left hand side of (B.0.3) one splits the integral

in two, changes the order of integration and recombines the terms as follows:

t o0
f g (t~2) (/ QK (u) du) ds Roo
0 §
t t t co
_ [ (-9 : 5 R ~(t-s) : -
/n e (./3 QX(u)d.u) ds R —1—-/[; e (/t QK(u)du) ds R
_-—tt(na) o e —tm(ts) »
=e /n ./u e’ ds | QE(u)duRo + e /! /ﬂe ds ) QK (u) du R

=g~ /ht(e” ~ 1)QK (w) du Roo + (1 — ") foo QX (u) du Reo
Jo t

= (e x QK)(t) — e~ /Uw QK (1) du Reo + [ " Ku)du R

(B.0.5)
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Combining (B.0.4) and (B.0.5) one obtains

(02 @K + Ru)(t) = (1—¢™) [~ QK(5)ds — (e QIO Reo
+et f - QK(s)ds Roo — / a QK (u)du R (B.0.6)
0 ¢
Combining (B.0.2) with (B.0.6) one obtains
(F * Ro)(t) = —(1— eY)NQ + QA)Roo + ft fw PK(u) duds Reo
0 Js
=) [ QK () ds oo + (04 QE)OReo
S L 00
e ‘/0 QK (u)du R +]t QK (u) du R
=" -1)QU+M)Rx+ ft /w PK (u) duds Reo + (¢ * QK) () Roo
0 Js
o o) 5 oo
e fu QK (u) du Reo +£ QK (w) du Rog:
Now using the fact that QM = M and Q = I — P is seen that
(F * Reo)(t) = —Reo + (P - M -+ /m /MPK(u)duds) Reo +€7'Q (I + M) Roo
0 3
- fm fm PK(u)duds Ry + (e * QK)(t) Reo — et fw QK (u)du Re
4 8 0

{e o]
+ f QK (u)du Reo.
t
Now using the definition of Re given by (2.2.11) this becomes

(F#Rao)(t) = —Roo+P+eQ (I + A) Roo— [,_, /w PK (1) duds Reo+ (e*QK)(t) Reo

+/£‘ QK (u) du Re.

Thus
G(t) = O(t) — Reo — (F * Roo)(t)
—e'Q—e'Q(I+ A) Res + [oo [m PK (u) duds Rog — (e % QK)(t) Roo
¢ Ja

- fw QK (u) du Reo.
¥
O
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