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Abstract 

This thesis examines a question of stability in stochastic and deterministic systems with 

memory, and involves studying the asymptotic properties of Volterra integro-differential 

equations. The type of stability that has been established for this class of equations is 

important in a variety of real-world problems which involve feedback from the past, and 

are subject to external random forces. These include modelling endemic diseases, and 

more particularly the modelling of inefficient financial markets. 

The theine of the thesis is to subject a dynamical system with memory to increasingly 

strong and unpredictable external noise. Firstly, a fundamental deterministic Volterra 

equation is considered. Necessary and sufficient conditions for the solution to approach 

a nontrivial limit are known. A strengthened version of these conditions is shown to be 

necessary and sufficient for exponential convergence to  a nontrivial limit. 

Next, a Volterra equation with a fading stochastic perturbation is studied. Two types 

of stochastic convergence are considered: mean square and almost sure convergence. Con- 

ditions are found which ensure that the solution converges to a non-equilibrium random 

limit. Moreover, the rate a t  which this limit is approached is established. In the mean 

square case, necessary and sufficient conditions on the resolvent, kernel and noise are de- 

termined to ensure this rate of convergence. In the almost sure case, the same conditions 

are found to be sufficient; furthermore, it is shown that the conditions on the resolvent and 

the kernel are necessary. A correspoilding result was also found to hold for a more general 

class of weakly singular kernels. As in the deterministic case, necessary and sufficient 

conditions for the solution to converge exponentially fast to its limit are found. 

Finally, a stochastic Volterra equation with constant noise intensity is considered. This 

gives rise to the process analogous to Brownian motion, which has applications to mathe- 

matical finance. It  can be shown that the increments of the process converge to a station- 

ary statistical distribution, which is Gaussian distributed. The conditions under which 

such convergence can take place are completely characterised. In fact, a solution of a 

corresponding Volterra equation with infinite memory is shown to have exactly stationary 

increments which match the limiting distributions of the increments of solutions. 



Chapter 1 

Introduction 

This thesis examines stochastic and deterministic systems with memory, and involves 

studying the asymptotic properties of Volterra integro-differential equations. More par- 

ticularly this thesis examines equations which are poised between stability and instability. 

Mathematically, the convergence of solutions to a nontrivial and nonequilibrium limit is 

examined. 

The type of stability that has been established for this class of equations is important 

in a variety of real-world problems which involve feedback from the past, and are subject 

to external random forces. One of these real-world problems concerns the modelling of 

population growth or the spread of endemic disease. Various authors have considered 

these problems (cf. 114, 181). The advantage of using a Volterra equation as a model is 

that while the birth rate is a linear function of the population, the convolution term allows 

death to occur at any time. 

More particularly, stochastic Volterra equations may be used to model inefficient finan- 

cial markets. Surveys of financial markets reveal that a persistently high proportion of 

traders use past prices as a guide to making investment decisions (cf. [21, 321). Such 

feedback trading strategies are thought to be responsible for speculative asset bubbles and 

crashes: this feedback behaviour is absent from standard non-delay models. I t  is therefore 

plausible to postulate that aggregate demand is a functional of past prices: in which case, 

price dynainics could be modelled by stochastic Volterra equations, (cf. 1191). Further, 

financial processes such as stock returns and interest rates do not tend to point equilibria 

but rather to stationary distributions, which are a more general type of equilibrium. The 

solutions of stochastic Volterra equations exhibit this behaviour under certain conditions. 

The theme of the thesis is to subject a dynamical system with memory to increas- 

ingly strong and unpredictable external noise. Initially the fundamental Volterra equation 

known as the resolvent equation is considered. Next a deterministic perturbation is ap- 

plied to the equation and the resulting stability of the system examined. The equation 
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is then perturbed by a fading noise term before the most unstable type of equation is 

studied, namely the fundamental equation perturbed by constant noise. 

To understand the behaviour of these stochastic Volterra equations, we first study an 

underlying deterministic equation, namely 

R1(t) = AR(t) + K ( t  - s)R(s)  ds, t > 0, I' 
where the solution R is known as the resolvent, A is a constant n x n-dimensional matrix, 

K is n x n-dimensional function-valued matrix and I is the n x n-dimensional identity 

matrix. 

The behaviour of the resolvent is important in its own right; moreover the solutions 

of perturbed Volterra equa.tions may be expressed in terms the resolvent using variation 

of parameters. As such it is important to understand the underlying behaviour of the 

resolvent equation before considering more complex equations. 

The asymptotic behaviour of R has long been a topic of study, and it is well known 

that a very natural type of asymptotic stability is associated with the solution R being 

integrable (which implies asymptotic convergence of the solution to zero). In this thesis 

however we are interested in studying equations where the solution tends to a nontrivial 

limit. Krisztin and Terj6ki [24] studied this case and determined conditions under which 

the solution R of the resolvent equation converges asymptotically to a limit R, which 

need not be trivial. In Chapter 2 we extend the result of Krisztin and Terj6ki by finding 

necessary and sufficient conditions for the exponential convergence to R,. Much of the 

inspiration for this work stems from results by Murakami [31, 301; he studied the speed of 

convergence of solutions of the resolvent equation to zero. 

In the latter part of Chapter 2 we study the behaviour of the resolvent equation which 

has been influenced by a fading deterministic perturbation, 

where f is n x 1-dimensional function-valued vector and xo is the initial condition. As in 
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the resolvent case we find necessary and sufficient conditions for exponential convergence of 

the solution to a nontrivial limit. The examination of this perturbed equation provides an 

insight into the asymptotic behaviour of the more complex stochastic Volterra equations. 

Moreover, this perturbed equation has direct application in deterministic demographic 

modelling. 

As a next step we perturb the Volterra equation using a fading noise term, 

where C : [O, co) 4 AJnXd(R) and B(t )  = (Bl( t) ,  . . . , Bd( t ) ) .  Here each Bi(t) is a standard 

Brownian motion for i = 1 . .  . , d .  Two types of stochastic convergence, namely mean 

square and almost sure convergence, are considered. The former considers the 'average' 

behaviour of all sample paths of the solution, while the latter can give information on the 

convergence to the solution on a pathwise basis. 

In Chapter 3 and 4 the stochastic analogue of results in [24] are proven: Chapter 3 

considers the mean square case while Chapter 4 considers the almost sure case. In the 

mean square case the conditions under which convergence can take place are completely 

cliaracterised. In the almost sure case sufficient conditions to ensure convergence of the 

solution may be found. However it has not been possible to show the necessity of each 

condition. In Chapter 6 we obtain the stochastic analogue to the results in Chapter 2 

concerning the asymptotic speed of convergence. The results in Chapters 2, 3 and 4 have 

been published, see [2], [3] and [4] respectively. 

By perturbing the resolvent equation by both a deterministic and stochastic perturba- 

tion, 

K(t  - s ) X ( s )  ds + f ( t )  dt + C(t)dB(t) ,  t  > 0, 

we obtain an equation which may be used to model the dynamics of a population. In 

Chapter 7 we prove some theoretical results concerning the long run behaviour of this 

equation before using them to analyse a demographic model. 
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Finally we consider the resolvent equation which has been perturbed by a constant noise 

term, 

dX(t) =   AX(^) + K ( t  - s)X(s)  ds) dt + 'Z dB@), t > 0. 

In this case, solutions do not converge to a point equilibria: instead convergence to a 

stationary process may be observed. As we are interested in the asymptotic convergence 

of solutions it is important to examine the 'limiting' version of this equation, 

where $ is a n-dimensional vector-valued function known as the initial function. Authors 

that have examined the behaviour of a stationary object satisfying a differential equation 

include Kuchler and Mensch [25] and Riedle [36]. Due to the nature of the assumptions on 

the resolvent it becomes clear that the solution of this equation is not in general stationary. 

Instead, we investigate whether the increments of the solution might possess stationartiy 

properties. It  is found that for a particular initial condition the increments of the solution 

are indeed stationary with Gaussian distribution. Furthermore, the increments of the 

solution of the equation with unbounded but not infinite delay converges to this stationary 

distribution. This analysis may be found in Chapter 8. 

1.1 Mat hematical Preliminaries 

1.1.1 Deterministic Preliminaries 

In this subsection standard deterministic notation used in the sequel is explicitly defined. 

Vector Notat ion.  Let R denote the set of real numbers and let Rn denote the set of 

n-dimensional vectors with entries in R. Denote by ei the ith standard basis vector in Rn. 

Denote by ( A ,  B) the standard inner product of A and B E Rn and the standard Euclidian 
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norm, 11 - 1 1 ,  For a vector A = (a l  , , . . , a,) is givcn by 

where tr dmloks the trace of a square matrix. Thc Ca~rchy-Schwarz incq~a~l i ty ,  

provcs useful in subsequent proofs, 

Matrix Notation. Let hdn,,(R) be the space of n x n ~rlntrices with real entries where 

1 is the idcntilg m a w .  Let diag(a,,az, ..., a+,) dcnote the 12 x n m ~ t r i x  with the scalar 

entries ar, aa, ..., a, on the diagond and 0 clsewhcre. The transpose of' any rnntrix A is 

denoted by A ' ~ .  For A = (ni j )  E AGxd(R) the n o n  denotcd by I[ - 11 i s  dcfinecl by 

Thc h b e n i u s  nonn. is denoted by (1 [ I F  nnd clefinecl by 

Sii~ce h'l',x,j(R) Is R finite-dilnensiond Brtnach space the two norms 11 . 11 and 11 . 111;. nre 

equivalent. Tl~us u~l ivers~ l  constants 0 5 cl (lz, d )  5 cz(n, d )  can be found such that 

Tlrc: following inequality will hc! used in the scqucl: 

I t  provcs usc f t ~ l  wlrei~ mnriipul~ting norms. 

Little o Notation. 111 subsequent work it is necessary to cl~nractcrise the nsyrnptot.ic 

bel~nviour ol fi~nctioi~s: lbrt Function f is o( t )  as t 4 cm if 



C&a&ee 1, %tion 1 Introduction 

Integrable Functions in the Deterministic Sense. If J is an interval in R and V 

a finite-dimensional normed space, with norm ( 1  . 1 1 ,  then C(J ,  V )  denotes the family of 

continuous functions 4 : J V .  The space of Lebesgue integrable functions 4 : (0,  oo) 4 

V will be denoted by L' ( (0 ,  oo), V )  where 

The space d Lebesgue squareintegrable functions 4 : (0,  CQ) -4 V will be denoted by 

~ ' ( ( 0 ,  m),  V )  where 

Where V is clear from the context it is omitted it from tile notation. Note that n function 

of domain J that belongs to L'(K,  V )  for every compact subset K of J is known as a 

locally integrable function and denoted LL,(J, V). 

Convolutions. The convolutior;, of A : [0, oo) 4 Mnxd(R)  and B : [O, CQ)  -+ Mdx,(R) is 

denoted by A * B and defined to be the function given by 

( A  * B ) ( t )  = A(t  - s ) B ( s )  ds, t 2 0. I" 
The following properties of convol~ltions are utilised in tht: sequel: (A*B)*C = A*(B*C) = 

The following lemma is extracted from [16, Theorem 2.21: 

Lemma 1.1.1. (i) Let a E L1((O, m), Mnxn(R))  and b E LP((0, oo), Mnxn(R))  for p = 

1,2. Then a * b E Lp((0, oo), Mnx,(R)). 

(ii) Let a E L ' ( ( o , ~ ) ,  M,~,(R)) and let the function b E LP((O,m), M,x,(R)) be 

bounded and tending to z e n ,  asymptotically. Then limt,,(a * b ) ( t )  = 0.  

(iii) Let a E LP((0, oo), Mnxn(R) )  and let the function b E Lq((0, oo), Mnx,(lR)) where 

+ $ = 1. Then limt,, ( a  * b) ( t )  = 0. 
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Convolution Equations. There are two results concerning the behaviour of linear con- 

volution equations, 

x ( t ) f  ( k * x ) ( t ) = f ( t ) ,  t > O ,  

which are used throughout the thesis: 

Theorem 1.1.1. Let the function k satisfy k E Lkc((0,  oo), Mnxn(R) ) ) .  Then there is a 

unique solution r E Lbc((O, oo), M n x n ( R ) ) )  of the two equations 

r ( t )  + ( k  * r )  ( t )  = k ( t ) ,  

and 

Furthermore, 

Theorem 1.1.2. Let k E L ~ , ( ( O ,  oo), M ~ ~ , ( R ) ) )  and f E LfOc((0, oo) ,Rn).  Then there is 

a unique solution x E L:,,((o, oo) ,Rn) of (1.1.3). This solution is given by the variation 

of parameters formula: 

The proof of these two results may be found in [16]. 

Complex Numbers. The set of complex numbers is denoted by C; the real part of a in 

C being denoted by Re z and the imaginary part by Im a. The absolute value of a complex 

number z = a+bi is defined as lzl = d m .  Let Mnxd(C)  be the space of n x d matrices 

with complex entries. We define the norm of the n x d-dimensional matrix-valued function 

A : @ r-1 Mnxd(@) in a similar manner to the norm of a real function: 

The Riemann-Lebesgue Lemma may now be stated: 
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Lemma 1.1.2. If tthe J~ncfion f : LQ M Ilg i s  u Riemann integmlrk function such that 

This lemma is used cxtensiwly in Chapter 2. The proof of this result may be found in 

1231- 

Laplace Transfarms. The Laplace lmnsjomr. of the function A : 10, oo) + A4nxv(R) is 

If E E R and &m]IA(t)]]e-'LClt < w then A(z) exists for Rea 2 r nnd is analytic for 

Re a > t. If A is a continuous Fj~nction whiclr satisfies IIA(t)ll < C C ~ ~  for t > 0 then the 

holds for all F > P .  The hllowil~g properties of the Laplace transform can e ~ s i l y  be shown: 

if A and B E L1(O,co) Ihcn 

and 

and 

?(O) = 1, 

where the function e is tlefilred ~ ( f )  = c-5 t 3 L, 

8 
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Equilibruim and nonequilibruim limits. If the solution of an integro-differential 

equation converges to a limit we say that the limit is an equilibuim limit if it a solution of 

the integredifferential equation, we say that it is a nonequilibuim limit if it a not solution 

of the integro-differential equation. 

1.1.2 Stochastic Preliminaries 

A brief overview of the basic theory concerning stochastic processes is given in this section. 

For a more details see texts such as Mao 1261, Bksendal [33], or Karatzas and Shreve [22]. 

Probability Spaces. Consider the probability triple (R ,  T ,  P). Here R denotes the sam- 

ple space where each outcome in 52 is denoted by w .  Of particular importance are u- 

algebras: if C is a family of subsets of R then a(C)  is the smallest a-algebra containing 

the set C which satisfies the following conditions; R E u(C) ,  A E u(C)  implies AC E u(C)  

and {Ai)i21 E a(C) implies Uz1Ai  E u(C) .  Here, AC = R - A is the complement of A. 

The family 3 is a a-algebra; any set which belongs to 3 is said to be 3-measurable, in 

other words a function X : R 4 R is said to be 3-measurable if {w : X ( w )  _< a)  E 3 

for a E R. A probability measure P on the space ( Q , T )  is a function P : 3 H [O, 11 

which satisfies the following conditions: P[R] = 1; if All  Ap,  . . . are disjoint events then 

P[u,"=~A~]  = Cz l  P[Ai]. In particular, if P[A] = 1 then we say that A is an almost sure 

event where a.s, is often used as shorthand. A filtration { 3 ( t ) j t 2 ~  is an increasing set of 

a-algebras in 3. The filtration at time t represents all the information available at  that 

time. The filtered probability space is denoted by (R ,  3, {F(t)) t lo ,  P ) .  

Random Variables. A random variable is an 3-measurable function X : R H R. 

Every randoin variable X induces a probability measure px on the Bore1 sets B of R 

where pX(B) = P[w : X ( W )  E B]. If X is integrable with respect to the probability 

measure; that is if 

F 



Chapter 1. Section 1 Introduction 

then the expectation of X can be expressed as 

Distributions. The distribution function of a random variable X is the function F : 

R H [ O ,  11 given by F(x)  = P(X < x). The sequence of random variable XI ,  Xz, . . . (with 

corresponding distribution functions Fl, F 2 . .  . )  has a limiting distribution denoted F if 

lirn,,, F, = F. 

Characteris t ic  function. The characteristic function of the scalar random variable X 

is the function 

where i = G. It has a number of important properties: Q(0) = 1; \@(A)\ 5 1 for all X 

and is uniformly continuous on R. The joint characteristic function of the vector of ran- 

dom variables X = (XI,. . . , Xn) is given by Qx(h) = $ [eiuT] where h = (XI,. . . , A,). 

Of special interest is the case when X has multivariate normal distribution in which case 

the joint characteristic function is given by QX(h) = e-iACAT where C is the covariance 

matrix of X .  

A useful result is the following: suppose that Fl , F2, . . . is a sequence of distribution func- 

tions with corresponding characteristic functions Ql ,  Q2, .  . . . If lim,,, Fn = F, where F 

has the characteristic function a,  then lim,,, @,(A) = @(A) for all A. 

For further detail the reader is referred to Grimmett and Stirzaker [Is]. 

Stochast ic  Processes. A stochastic process is a fanlily {X(t))t>o of Rn-valued random 

variables. I t  is continuous if for almost all w E R the function t I+ X ( t ,  w) is continuous. 

It is .F(t)-adapted if X ( t )  is 3(t)-measurable for every t .  It  is said to be increasing if 

X ( t ,  w) is nonnegative, nondecreasing and right continuous on t 2 0 for almost all w E 52. 

It  is a process of finite variation if X( t )  = &t) - a ( t )  where both {A(t)) and {a ( t ) )  are 

increasing processes. 
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Stationarity. A process S = {S( t ) ) t>o - is called a stationary process if 

IP[S(t + t k )  E Ah,  k = 1 . .  . , n] = P [ S ( t k ) ,  E A k ,  k = 1 . .  . , n],  (1.1.10) 

for all t > 0, tk  E [0, m)  and Bore1 sets A k ,  where k = 1 , .  . . , n .  

Standard Brownian Motion. If ( R , F ,  { F ( t ) ) t 2 0 , P )  is a filtered probability space 

then a 1-dimensional standard Brownian motion {B( t ) j t>0  - is a process which has the 

following properties: B ( 0 )  = 0; the increment B ( t )  - B ( s )  is normally distributed with 

mean 0 and variance t - s where 0 I s < t < m; the increment B ( t )  - B ( s )  is independent 

of F. where 0 5 s < t < m. 

Stochastic Integrability and Convergence. Due to the random nature of stochastic 

processes various definitions of stochastic integrability exist. A stochastic process X is 

integrable if X ( t )  is integrable with respect to the probability measure for each t > 0, that 

is if IE ( ( X ( t ) ( (  < CQ for each t 2 0; i t  is square integrable if IE I I x ( ~ ) ~ ( ~  < m for each t 2 0. 

The notion of convergence and integrability in pth mean and almost sure senses are now 

defined: the Rn-valued stochastic process { X ( t ) ) t 2 0  converges i n  pth mean to X ,  if 

lim IE \ \ X ( t )  - X,\(p = 0; 
t+m 

the process is pth mean exponentially convergent to X ,  if there exists a Pp > 0 such that 

1 
lim sup - log@ ( ( X ( t )  - X ,  ( ( p )  I -Pp; 

t-oo t 

we say that the difference between the stochastic process { X ( t ) ) t l o  and X ,  is integrable 

i n  the pth mean sense if 

If there exists a IP-null set Ra such that for every w $! Ro the following holds: 

lirn X ( t ,  w )  = X,(w), 
t*, 

then X converges almost surely to X,; we say X is almost surely exponentially convergent 

to X ,  if there exists a Do > 0 such that, 

1 
lirn sup - log ( ( X ( t ,  w )  - X,(w) ( 1  I -PO, a s -  

t-, t 
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Finally, the difference between the stochastic process {X(t))t>o - and X, is square inte- 

grable in the almost sure sense if 

Henceforth, IE [Xp]  will be denoted by IEXP except in cases where the meaning may be 

ambiguous. 

Stochastic integrals. The n-dimensional It6 integral is defined as 

where B(t) = (Bl ( t)  . . . , Bd(t)),  each Bi(t) is standard Brownian motion and g is an 

n x d-dimensional function. If the function g is square integrable then 

X is an n-dimensional It6 process if there is an adapted n-dimensional vector-valued 

function f and an adapted n x d matrix-valued function g such that 

where Xo is deterministic. The stochastic differential used to express this is given by 

dX(t) = f (t) dt + g(s) dB(t),  t > 0, 

X(0) = xo .  

One of the most important tools of stochastic calculus is the change of variable formula 

which is also known as AZ's formula: 

Lemma 1.1.3. Let the n-dimensional AZ process X be defined by (1.1.11) and assume 

that the functions f and g are in L1(O, oo) and L2(0,0a) respectively. If the function 

V(. , .) E C2n1(iRn x W, Rn) then t ++ V(X(t),  t) is once again an It5 process with stochastic 

dzfferential given by 
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Another important tool used in stochastic calculus is the integration by parts formula: 

L e m m a  1.1.4. Let the 1-dimensional It2 process X be defined by (1.1.11) with n = d = 1 

and assume that the functions f and g are in L1(O, cm) and L2(0, co) respectively, If Y is 

a continuous adapted process of finite variation then 

Martingales. The stochastic process M = {M(t)}t>o, - defined on the filtered probability 

space (0, T ,  {3(t)}t201 P), is said to be a martingale with respect to the filtration {3(t))t>o - 

if M(t )  is 3(t)-measurable for all t 2 0, IE [IM(t)J] < oo for all t 2 0 and for all 0 5 s 2 t 

Furthermore, if the process M is a real-valued square integrable martingale then there 

exists a. unique, adapted, increasing, integrable process (111) = {(M)(t)})t20 such that the 

process { ~ ( t ) ~  - (M)(t)}tlo is a martingale which vanishes at t = 0. The process (M) 

is known as the quadratic variation of M .  The asymptotic behaviour of the quadratic 

variation characterises the asymptotic behaviour of the martingale, this is seen in the 

Martingale Convergence Theorem, which is stated presicely in Lemma 1.1 -5. Before stating 

this we define a stopping time and a local martingale. A random variable T : 0 ++ [0, a] 

is called a stopping time if {w  : ~ ( w )  5 t} E 3 ( t )  for any t 2 0. A right continuous 

adapted process A4 = {M(t))t>o - is a local martingale if there exists a nondecreasing 

sequence of stopping times { T ~ } ~ ~ ~  with T,, 4 oo as k -t oo almost surely such that every 

{M(rk  A t)}t20 is a martingale. 

L e m m a  1.1.5. For a continuous local martingale Ad, the sets {(M)(cm) < oo} and 

{limt,, M( t )  exists} are almost-surely equal. Furthermore, limsupt,, M(t )  = oo and 

lim inft,, M( t )  = -co almost surely on the set {(M) (co) = oo). 

The proof of this leinina may be found in [35]. Another result concerning the asymptotic 

behaviour of martingales is the Law of Large Numbers for Martingales: 
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Lemma 1.1.6. Let the process M = {M(t)}t>o - defined o n  the filtered probability space 

(0,3, {3(t)}t20, P) be a continuous martingale which vanishes at  t = 0, If the quadratic 

variation (M)  of M satisfies limt,,(M)(t) = oo then  

M ( t )  lim ----- - - 0 a.s. 
t-m (M)  ( t)  

The Burtholder-Davis-Gundy inequality provides useful bounds on the moments of 

martingales. 

Lemma 1.1.7. Let M be a continuous local martingale. For every m > 0 there exist 

universal positive constants k,, K, (depending only o n  m) such that  

krnE [(M) (T)ml 5 E ozgT ~ ( t ) ' "  5 KmE [ ( M )  (T),I 1 ! I 
holds for every stopping t ime  T > 0. 

Note that if g E L2(0, oo) then the It6 integral defined by I ( t )  = ~ ~ ~ g ( s )  d B ( s )  is a 

martingale with quadratic variation given by 

( I ) ( t )  = [ g(s)' ds .  
0 

Useful Inequalities. T h e  Holder and Chebyshev inequalities are used frequently in 

subsequent chapters. They are stated here for clarity: if the finite-dimensional random 

variable X satisfies IE IIXIIP < oo for p E (0, m) and the finite-dimensional random variable 

Y satisfies E IIY ( ( q  < co for q E (0, co) then 

1 1  1 1 1 ~  [xTy] 11 5 E [llxlj~j: e [ ~ ~ Y I I $  , p > I ,  - + - = 1; 
P '2 

furthermore, if c is a positive constant, then 

The Liapunov inequality is useful when considering the pth mean behaviour of random 

variables as any exponent p > 0 may be considered rather than p > 1 in the case of the 

Holder inequality: 
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Exponential Convergence to a Nontrivial 

Deterministic Limit 

2.1 Introduction 

In this chnpter the expolzential dccay OF the solution of 

Rt( t )  = AR(t) -b K(t  - s ) R ( s )  ds, t > fl, 4' (Z.3.la) 

to H. constant vector is studied. ITcre tile matrix-val~red function R is known as the 

r c sohn t  or fundamental solutio~~ md A is a rmI n x n matrix. It is ~ssrlmed througl~out 

that the function I< : 10, m) --, M, x, (B} satisfies 

Under the hypothesis (2.1.2), it is well-known that. (2.1.1) hw a aunique cnntinuaus solution 

W e  also examine the exponential decay of the solution of (2.1.3), 

Thc f~~nctiort 1 t-+ x(b;:to, f) is tlkr uniquc n-dimensional solution of 1.11~ init id value 

pl-ohlmn (2.1.3), A find K arc defined RS ahovr: and t llc runctiou 1 : [0,00) --, RR stltisfies 

Tlie rcp~~esentation of thc sol~~tion of (2.1.3) in tcrins oS R is given by the variation of 

constrttlts formula 
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Note that where xo and f are clear from the context they are omitted from the notation. 

So it is clear that the behaviour of the perturbed equation is influenced by the behaviour 

of the underlying resolvent. 

It  is interesting to understand the relationship between the rate of decay of the kernel, 

and the rate of decay of solutions of (2.1.1) and (2.1.3). Authors who have shown that 

some sort of exponential decay in the kernel can be identified with exponential decay of 

the resolvent include Murakaini [30, 311 and Appleby and Reynolds [7]. Murakami shows 

that the exponential decay of the solution of (2.1.1) is equivalent to an exponential decay 

property on the kernel K under the restriction that none of the elements of K change sign 

on [0, co). A condition of this type will be employed in this chapter to identify exponential 

convergence. In a similar spirit, various authors have identified decay conditions on K 

which give rise to particular decay properties in the resolvent. For example Burton, Huang 

and Mahfoud [13] have shown that the existence of the 'moments' of the kernel can be 

identified with the existence of the 'moments' of the solution. Appleby and Reynolds [6] 

have studied a type of non-exponential decay of solutions (called subexponential decay) 

which can in certain circumstallces be identified with the subexponential decay of the 

kernel. Jordan and Wheeler [20] and Shea and Wainger [38] have studied the relationship 

between the existence of the kernel in a certain weighted LP-space and the existence of 

the solution in such spaces. 

The case where the solutions of (2.1.1) are neither integrable, nor unstable, has also 

been considered. Krisztin and Terj6ki [24] studied this case and determined conditions 

under which R(t )  converges to a limit R, which need not be trivial as t 4 oo. In addition 

to determining a formula for R, in these cases they showed that a condition on the second 

moment of the kernel is crucial. 

Throughout this thesis the case where the resolvent of (2.1.3) is not integrable is con- 

sidered. In this chapter an equivalence between the exponential decay property of R- R, 

and an exponential decay property of the kernel is found; it is also shown for solutions of 

(2.1.3) that the exponential decay of x - x, can be identified with exponential decay in 

the kernel and the perturbation. 
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2.2 Discussion of Results 

In this section, the connection batwcen the results on exponential decay presented by 

Murakami in 130, 311 and those in this dlaptcr arc explained. 

Murakami obtninecl the following rcst~lt in Ll~e cnse where the solut.iohs of (2.1.1) are 

integnblc. 

Theorem 2.2.1. Let I =  salisk (2.1.2). Snppo,ce Ihe ~.roivenl R of (2.1.1) sobisfie8 

each en,lr-y of K does n,ot chan,ge sign on 10, m), (2.2.2) 

then the faElawirng UTE equivalent: 

(iij Ilrere exist conslants c > 0 and p > 0 such. that 

A fundarnentd i*esnlt on the nsyrnptotic behtavior~r of thc golrrtion of (2.1.3) is the 

following l;heol.cm duc to Grassman and Miller 1171: 

Theorem 2.2.2. Let. K snbfshj (2.1.2). Tlte resolvent R of (2.1.1) anldsfies (2.2.1) if and 

only i[ 

M~.~rakami considered thc cast where the resolvent of (2.1.1) is integrable and consc- 

qucntly was able to nt&e use OF (2.2,5) in his proof, In this thesis, the case where the 
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solution of (2.1.1) approaches a constant matrix is considered. This constant matrix need 

not be trivial, in which case the solution is not integrable, consequently, assumption (2.2.5) 

no longer holds for all Rez  > 0. So, it is not possible to apply Murakami's method of 

proof directly to (2.1.1). 

However, a reformulation of ( 2 , l . l )  as an integral equation was provided by Krisztin 

and Terj6ki [24],  the details of which may be found in Lemma 2.3.1. A fundamental 

result concerning the integrability of Volterra integral equations is the following theorem 

by Paley and Wiener [34]: 

Theorem 2.2.3. If the functions F and G E L1(O, oo), then the unique solution Y of the 

equation Y ( t )  + ( F  * Y ) ( t )  = G ( t )  i s  integrable if and only if 

Krisztin and Terjkki were able to show that (2.2.6) of Theorem 2.2.3 holds for their 

specific integral equation. 

Before citing the relevant results from 1241 some notation used there and adopted here- 

inafter is introduced. Let M = A + s: K ( t )  dt and T be an invertible matrix such that 

J = T- 'MT has Jordan canonical form. Let ei = 1 if all the elements of the ith row of 

J are zero, and ei = 0 otherwise. Let Dp = diag(el, e2, ..., en) and put P = TD,T-' and 

Q = I - P. The relevant theorem is now stated: 

Theorem 2.2.4. If K satisfies 

and the resolvent R of (2.1.1) satisfies 

then 

det[zI - A - ~ ( z ) ]  # 0 for Re z 2 0 and z # 0, 

18 
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and 

det [P - M - Am lrn P K ( U )  d u d s ]  f 0 .  (2.2.10) 

Moreover R(t) + R, as t -+ co and 

-1 

R, = [P - M - lrn lm P K ( u ) d u d s ]  P. (2.2.11) 

Here, assumption (2.2.7) corresponds to the integrability condition on F and G in The- 

orem 2.2.3. In fact, this hypothesis may be improved upon; it is shown in Chapter 3 that 

a condition on the first moment of the kernel combined with an integrability condition on 

the solution ensures that assumption (2.2.6) holds. However, in this chapter, this stronger 

assumption is acceptable as it is required for the existence of Laplace transforms. 

It  is shown in Lemma 2.4.1 that (2.2.9) and (2.2.10) imply that (2.2.6) holds for the 

reformulated integral equation. I t  becomes clear that (2.2.6) is an analogue of (2.2.5) in 

the case where the solution to (2.1.1) converges a nontrivial limit. 

Using the reformulated equation and (2.2.6) we can apply Murakami's method to obtain 

the main theorem of this chapter: 

Theorem 2.2.5. Let K satisfy (2.1.2) and (2.2.7). Suppose there exists a constant matrix 

R, such that the solution R of (2.1.1) satisfies (2.2.8). I f  

each entry of K does not  change sign o n  [0,  oo), 

then the following are equivalent: 

(2) there exists a constant a > 0 such that 

(ii) there exist constants ,O > 0 and c > 0 such that 
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One can readily see the similarities between Theorem 2.2.1 and Theorem 2.2.5; the 

hypotheses (2.2.1) and (2.2.2) in Theorem 2.2.1 are identical to (2.2.8) and (2.2.12) in 

Theorem 2.2.5; moreover, the equivalence between (2.2.3) and (2.2.4) in Theorem 2.2.1 

is mirrored by the equivalence between (2.2.13) and (2.2.14). The hypothesis in Theo- 

rem 2.2.5 which has no counterpart in Theorem 2.2.1 is (2.2.7); however, this hypothesis 

is natural and sometimes indispensable in the case when the limiting value of R is non- 

trivial. 

Assumption (2.1.2) is stated explicitly in Theorem 2.2.5 to highlight the condition that 

ensures the existence of a solution and the condition which is needed for convergence. 

It  is possible to obtain results comparable to Theorem 2.2.5 for the solution of the 

perturbed equation (2.1.3). More precisely, it is possible to show that the exponential 

decay of x - x, is equivalent to the exponential decay of the tail of the perturbation and 

the exponential integrability of the kernel. The following theorem makes this precise: 

Theorem 2.2.6. Let K satisfy (2.1.2) and (2.2.7), f satisfy (2.1.4), and fi be defined by  

Suppose that for all xo there is a constant vector x,(xo, f )  such that the solution t H 

x ( t ; x O ,  f )  of (2.1.3) satisfies 

If K satisfies (2.2.12), the following are equivalent: 

( i )  there exists a > 0 such that statement (2;) of Theorem 2.2.5 holds and there exist 

constants y > 0, cl > 0 independent of xo such that 

(ii) for each xo the solution t H x ( t ; x O ,  f) satisfies 



=pter 2, Section 3 Expnnentid Convergence to a Nontrivrnl Determliristic LImit 

for some B > 0 independent a jxo ,  and cz = q(so) > 0. 

Note that assumption (2.2.16) may bc replnced by (2.2.8). 

2.3 Reformulation of Equation (2.1.1) 

The resolvent equntion (2.1.1) must hc reformulabed in order to prove Theorem 2.2.5 nnd 

Theorela 2.2.6. The proof of these theorems rcly an the tra~isformation or the uerormulnted 

equation using Laplme transforms. The rletails of this tra~~sfwrmation may be fourld in 

thc following lemma: 

Lemma 2.3.1. If Ihe kernel # sntisfies (2.1.2) and (2.2,7), rand there en!sts rr constant 

rn,nlri-in: & sucla th,at the soEutian R of (2.1,1) salisfies (2.2,8) t/nm 

?ohere Y ( t )  = R(t) - R,, the junction z tl p ( z )  i s  defined for h r  > O as 

and 

and fitnction, c" ++ GIZ)  is rlcfiraerd for  Itc z 2. 0 as 
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PwoJ As conditions (2.2.71 mil (2.2.8) hold it is known from Theorcm 2.2,4 that (2,2,11) 

holds. An idea used in 124, Theorcm 21 is now employed. Define the funct,ions Y and a, 

for t > 0, by Y( t )  = R(t) - R- and Gj t )  = P + eLLQ respectively. Mtrltiply from the left 

both sides of R'(s) = ARCS) + (K * R)(s) by @(t - s) to get 

Integrating over 10,I.j one obtains 

1 0  
@(t - s ) R f ( . ~ )  ds = G(i! - s)AR(s)rls +- @(t - s)( lC n R)(s) ds. I* J', 

Using integration by parts on the left Irmd sidc of this expression this becomes 

On rcnrrangcment the follatving js obtdned: 

where P = a' - @ A  - (@ a I<), Expmding the left hand side of this expression we see that, 

where tlw function e is defined by e(t) = e-5 t 2 0. The details of this expnnsion m&y be 

foilnd in Appendix B. A Ff~rtl~cr calculrttion yields 

wl~orc G(t )  = +(t)  - IZ, - ( F  * I;$o) ( t ) .  Again, by expondii~g the left !land sidc of this 

cxpr~ssion one obtnjns 
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the details of which may be found in Appendix B. 

Since (2.2.8) holds, the Laplace transform of Y denoted by ? exists for R e z  2 0. Since 

(2.2.7) holds the Laplace transform of F exists for Re z 2 0. In fact, by applying (1.1.8) 

to the first term on the right hand side of (2.3.7), (1.1.5) and then (1.1.8) to the second 

term on the right hand side of (2.3.7) and (1.1.6) to the third term on the right hand side 

of (2.3.7) we get 

-1 1 1 1 
~ ( z )  = -Q(I + A) - -QK(Z) + -PK(O) - -PK(z), Rez >_ 0, z # 0, 

z + 1  z + l  z Z 

which on rearrangement yields (2.3.2). Now consider the case when z = 0. By applying 

(1.1.9) to the first term on the right hand side of (2.3.7), (1.1.5) to the second term on the 

right hand side of (2.3.7) and (1.1.7) to the third term on the right hand side of (2.3.7) it 

is found that 

which on rearrangement yields (2.3.3). Similarly, as (2.2.7) holds the Laplace transform 

of G exists for Rez 2 0. By applying: (1.1.8) to the first and second terms on the right 

hand side of (2.3.9); (1.1.6) twice to the third term on the right hand side; (1.1.6) to the 

fourth term on the right hand side; (1.1.5) and then (1.1.8) to the final term on the right 

hand side of (2.3.9), we get 

which on rearrangement yields (2.3.4). Now consider the case when z = 0. If we apply 

(1.1.9) to the first and second terms on the right hand side of (2.3.9), calculate the third 

term on the right hand side explicitly, apply (1.1.7) to the fourth term on the right hand 
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side, before finally applying (1.1.5) then (1.1.9) to the final term on the right hand side of 

(2.3.9), we arrive at 

which on rearrangement yields (2.3.5). This completes the proof. 

If it is assumed that there exists a constant a > 0 such that (2.2.13) of Theorem 

2.2.5 holds then the functions 3 and G defined by (2.3.2) and (2.3.4) respectively can 

be extended into the negative half plane. Use is made of this fact when proving that 

statement (ii) implies (i) in Theorem 2.2.5. 

2.4 Proof of Theorem 2.2.5 

Theorem 2.2.5 is a consequence of the following results. 

Theorem 2.4.1. Let K satisfy (2.1.2) and (2.2.7), and R be the solution of (2.1.1). 

Suppose there exists a constant matrix R, such that (2.2.8) holds. If there exists a constant 

a > 0 such that K obeys (2.2.13) in Theorem 2.2.5, then there exist constants ,8 > 0 and 

c > 0 such that R obeys (2.2.14) of Theorem 2.2.5. 

Theorem 2.4.2. Let K satisfy (2.1.2), (2.2.7) and (2.2.12), and let R be the solution of 

(2.1.1). Suppose there exists a constant matrix R, such that (2.2.8) holds. If there exist 

constants ,8 > 0 and c > 0 such that R obeys (2.2.14) in Theorem 2.2.5, then there exists 

a constant a > 0 such that K obeys (2.2.13) in Theorem 2.2.5. 

The following lemma is used in the proof of Theorem 2.4.1. The proof is deferred until 

the end of the section. 
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Lemma 2.4.1, If the Iuncfion K satisfies (2.1.2), (2.2.3) and there exists a conatant 

matrix I?- such that the solution R of (2.1.1 j satisfies (2.2.83, llaen 

The followirlg ~~ropovjtion may extracted from /30, 311 and used later in the proof af 

Theorcm 2.4.2. 

Proposition 2.4.1, Let K sntejy (2.1.23 and (2.2,12). Suppose there exists a > 0 and a 

fitnetion B such that k(z) = B ( z )  forb Re 2: 2 0 and 14 is rucll dqfined on /Rex]  5 a and 

anrml~~fic on IRE z] < cw. Tl?.cn 

m 

JJK(S)JJP dr < m. 

T l ~ c  proof of this proposition is deferred to Appendix A. Thc proof is idcritical in dl 

important details to that of Tlleoreln 2 in 1311. The diflerencc is that one must work i11 

finite clin~ensions. 

Pmuf of Thcoern 2.4.1, As (2.2.8) holds the illvcrsion Forlnlila For the Laplnce Trans- 

form of Y is well defi~~ed when E > 0: 

From Lemma 2.41 it i s  known t l~nt dct(l t 8 ( z ) ]  f 0 for REZ 2 0 so one can write 

?(z) = Rl(z), Rez 2 O, 
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Firstly, i t  is shown that  for same 0 > 0 one can write 

O h s c ~ ~ e  that sincc det[J + ?(0)] f. O, Hr(0) exists. Using (2.2.13) m ~ d  the Riernann- 

Lcbcsgue Lemma it, is smn tllet k ( z )  4 0 as lzl- oo for Re z 2 -a, Thus it can bc seen 

from (2.3.2) that, P ( z )  -4 0 as l z l  -1 ca for Re z >_ -a. Thercforc, n constant To > Q exists 

suelt that for Ilrn tl > To the Function z H det[f + p [ z ) ]  f 0 whcn Re z 2 -0, l11n z]  > %I. 

Hence, HI (2) cxists when (Em zi > To and Rc z > -n. Let 

and 

Since z ++ ( I  -!- $ ( z ) )  is nnafytic on the domain Rez > -a, and its dctcrminant is a 

continuous function of its entries, the function z H detE1-k $ ( z ) ]  is analytic on the domain 

Re z > -a. Tlrtrs it has nt most s finite number of zeros in the set D. As dct[~-l- P(.t.)] f 0 

for Re z = 0 this means that q, < 0, Take a constItnt P > 0 so that co < -0 and cwlsidcr 

the intep;rntion of the fiinction M I  (z)e-+' mound tllc baunrlmy of the region: 

Since HJ cxists and is analytic in this region it follows thnt the integral ovcr the boundary 

is zero, t,hat is: 

( / P + ~ T  + /-stir + j - f i - i ~  + j P - i T )  13; (x )eZ 'dz  = 0. 

0-cT PI-IT -P+iT -6-iT 

It is now shotvn that 
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Consider  HI (t.)eXE(( tvhere z = X + iT and -0 5 X 5 P: 

Duc to R previous argument, det[I + f (z ) !  # 0 on the contour ac are considering, so a 

c o ~ ~ s t m t  c may be found such that I((f % fi(z>)+'II < c. Using this and expanding & we 

As T -s co this rnems that It1 4 SO from t t l ~  Riemann-Lebc~igua Lemma it is seen 

that as (TI -, co, K ( z )  4 O uniformly, for Rcz 2 -a. Now, due to the continuity of K, 

n positive coilstant m < C ~ O  can be forrnd such that 

for [Re z \  < p, z = X + iT, rind t > 0. Thus, 

0+2T It is obvious that J+ljt.2T [IH1 (;.)eztlldz -, 0 t l s  T -+ 00. A similar argument shows that 

p-i7' J-8-t7" ]JHl ( z ) e J f  lldx -) 0 as X 4 oo, Hence, 
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as required, 

It is necessnry to choose nn integrable function 1J2 in order to obtain (2.2.14), The 

h~nction lTJz is dclined as follows: 

Hz(z) = +FTI(X) - (n - c o ) - ' ~  

- 1 1 --.-. 
z-co z + l  

( I  + f (z))-' [ (z  - CO)(Z + I)@(*) - ( X  -F 1)(1+ F(I) )L]  

where L := Q(1- ( I  -4- A + ~(o ) )R , )  - P ~ ' { Q ) R , .  Since H2 is -a continuous f~tnclion i t  

is clear that F12 is intcgrnbk if  11z2H2(2)11 < oo as lzl 4 ca, Obviomty, 

Firstly, both ]&-I and 131 te1-d to unity as (11 -r m. Thus, positive constants CI and 

cz may be found such that I& I < el and 131 < e. A previous argument showed that 

ds1,[1+F(z)1 $ 0  far Rc z > -B, SO we cnn find s constant c > 0 sr~cl~ that El(i+p(z))1\ < C. 

As (2.2.13) holds ii, is known from t,hc Riernnnrl-Lebe~gue lcrnrna thnt; ?(I) -4 0 as 

[I/ - m with Rcr  5 -a. Thus from (2.3.2) and (2.3.4) it is -seen that J(ea(s -I- l)&(z)l) 

D I I ~  \\(t + l ) f i ( z )~ l l  we bounded for R e x  > -a. Now we examine i(r + 1)6(r)  - rL: 
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Due to the definition of L we see that (2.4) becomes 

when we take norms on both sides. The right hand side is clearly tending to a constant 

as IzI -) CO. SO again using the continuity of K we see that I(Z(Z + ~ ) G ( z )  - zLII is 

bounded. Combining the above arguments it is clear that Ilz2Hz(z)ll < m with Re z = -P. 

Consequently, 

Therefore, 

This completes the proof. 

Proof of Theorem 2.4.2. Since assumption (2.2.8) holds, the definition of the Laplace 

Transform of Y is valid. Therefore ? exists and is continuous in {Ret 2 -P) and is 

analytic in {Re z > -PI. As assumptions (2.2.7) and (2.2.8) hold Theorem 2.2.4 can be 

applied to get (2.2.10). Thus det[z?(z)- R,] is nonzero at  zero. From the continuity of P 

at zero there exists an open neighbourhood centered a t  zero on which det[z?(z) - R,] # 0. 

From the definition of P it is clear that its eigenvalues are either 0 or 1. Thus det[zI + P] 

is nonzero except at  zero in an open neighbourhood centered at zero with radius less 

than one. Choose a! > 0 such that det[z?(z) - R,] and det[zI + PI are nonzero for 
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-a! < Rez < 0. Define the function B as follows 

for -n < Rr! z < 0 and B(0) := k(0). Note that B(x3 := k ( z )  for Rc z 2 0, Proposition 

2.4.1 cnil he applied ko prove Theorem 2.4.2. 

The formula for the hinctian B is now derived: the function F cRn easily be expressed 

as 

F ( r )  = [-?Q(I -I- A )  + z(z -I- I)PI?(O) + Z ( P  + r ~ ) k ( z ) ]  , 
z"z -1- 1) 

and the function G can easily be ~xpresscd ~s 

Using t h ~  above expressions we can cxpand ? ( z )  t P ( z ) P ( x )  = &(z )  to obtain 

Rearrsngiiig the equation one obtains 

Bath P + z T ~ u d  t ' l i ( z )  - R, are invcrtihlr: i n  the rcgian considerecl, so (2.4.2) holds. IJ 
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Proof of Lemma 2.4.1.  The case where z = 0 and Rez  2 0, z # 0 are considered 

separately. If z = 0, then using the fact that QM = M, it is seen that 

de t [ I+  P(o)] = det [I - Q ( I  + A  C ~ ( 0 ) )  - PK'(o)] 

= det [P - M + lw Lrn P K h )  d u d s ]  . 

This is nonzero by (2.2.10) of Theorem 2.2.4. Now consider the case when Re z 2 0, z # 0; 

1 1 - 
det[I + fi(z)] = det + A) - -QK(Z) + P-K(0) - -PK(Z) 

z + l  z z 

- - 1) - z Q ( I  + A) - z&k(z )  

I 
z z + 1  

- - 1 I 
-- det z ( d  - A  - ~ ( z ) )  + P ( z I  - A - ~ ( z ) ) ]  
z z + l  [ 

- - 1 1  
-- det[zI + PI det [ z ~  - A - ~ ( r ) ]  . 
z z + l  

using the fact that PM = 0. Consider each term individually. Obviously, $& # 0, since 

Re z 2 0 and z # 0. The function z H d e t [ z ~ -  A -  ~ ( z ) ]  is nonzero due to Theorem 2.2.4. 

Finally, the function z H det[zI + P] is nonzero due to the structure of P: the matrix P 

has two eigenvalues, 0 and 1. So det[zI + P] is zero only at z = 0 and z = -1. From the 

above it is obvious that (2.4.1) holds, 

2.5 Proof of Theorem 2.2.6 

Theorem 2.2.6 is a consequence of the following results: 

Theorem 2.5.1. Let K satisfy (2.1.2) and (2.2.7) and let f satisfy (2.1.4). Suppose that  

for all xo there i s  a constant vector x,(xo, f )  such that  the solution t H x ( t ; x ~ ,  f )  o f  

(2.1.3) satisfies (2.2.16). If there exist constants a > 0, y > 0 and cl > 0 such that  

statement (i) of Theorem 2.2.6 holds, then  there exist constants ,8 > 0, independent ofxo, 

and cz = cz(xo) > 0, such that s tatement  (ii) of Theorem 2.2.6 holds. 
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Theorem 2.5.2. Let K satisfy (2.1.2), (2.2.7) and (2.2.12) and let f satisfy (2.1.4). 

Suppose that for all xo there is a constant vector x,(xo, f )  such that the solution t H 

x ( t ;  xo, f )  of (2.1.3) satisfies (2.2.16). If there exist constants > 0, independent of xo, 

and c2 = cz(x0) > 0 such that statement (ii) of Theorem 2.2.6 holds, then there exist 

constants 0 > 0, > 0 and cl > 0 such that statement ( i )  of Theorem 2.2.6 holds. 

If a weaker condition is imposed (that is if (2.2.18) of Theorem 2.2.6(ii) only holds for 

a basis on initial values) then the same result holds. 

Theorem 2.5.1 is proven by examining the variation of parameters representation of 

the solution while Theorem 2.5.2 is proven by examining the integral version of (2.1.3). 

The rationale for this is obvious; when showing sufficiency we have information about the 

underlying resolvent, but when showing necessity we know nothing about the resolvent a 

priori. 

Lemma 2.5.1 is required in the proof of Theorem 2.5.1; it is however an interesting result 

in its own right. I t  gives conditions which ensure that the constant matrix R, satisfies 

the differential equation (2.1.1) at  oo. 

Lemma 2.5.1. Let K satisfy (2.2.7). Suppose that there exists a constant matrix R, 

such that the solution R of (2.1.1) satisfies (2.2.8). Then 

Lemma 2.5.2 is the analogue of Lemma 2.5,l. It  states conditions that ensure the vector 

x, satisfies (2.1.3) at oo. It  is required in the proof of Theorem 2.5.2. 

Lemma 2.5.2. Let K satisfy (2.2.7) and let f satisfy (2.1.4). Suppose that there exists 

a constant matrix x, such that the solution x of (2.1.3) satisfies (2.2.16) and x(t) -+ x, 

as t -4 co. Then 

(a + 1, K(s) d s )  x ,  = 0. 

The proof of both Lemma 2.5.1 and 2.5.2 may be found at  the end of this section. 
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P m f  of Theorem 2.5.1. Using (2.1.4) and (2,l.s) it is seen that lirnt,, x ( t )  = z, 

where x, is finite a i ~ d  

which implies 

Integrating ( ( R  - Rm) * f ) ( t )  by parts one obtains 

Due to  the fact that K obeys (2.2.13) it follows that R - R- decays cxponentidly by 

T1ieo1-ern 2.2.5, It is proved in the scqucl t h ~ t  RR' ciccays exponenti~lly; ft dso decnys 

exponentially so therefore the convolution of R' and fr decays cxponentially. By use nf 

the nhuw: facts and the hypothesis (2.2.17) on f r ,  i t  is clear that  eat11 term on the right 

hand sjde of (2.5.1) decays cxponentially, whiclz yields (2.2.18). 

It is now shown that R' decays cxponent,idlly. The resoIvent equation (2.1.1) can be 

rewritten nrj 
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The first term on the right hand side of (2.5.2) decays exponentially since (2.2.13) holds. 

An argument is now provided to show that the second term decays exponentially. Since 

R - R, decays exponentially and (2.2.13) holds it is possible to choose p such that the 

functions t H e b t K ( t )  and t H e p t ( R ( t )  - R,) are both in L 1 ( ( O , m ) ,  M n x n ( R ) ) .  The 

convolution of two integrable functions is itself an integrable function, so 

= IILt e ~ ( ~ - ' ) K ( t  - s ) e p s ( R ( s )  - R,) ds  5 c. (2.5.4) I I 
Clearly Jot K ( t  - s ) ( R ( s )  - R,) d s  decays exponentially. It  is now shown that the third 

term on the right hand side of (2.5.2) decays exponentially using the following argument: 

> e " L W  IIK(s)llds > e a t l l ~ l ( t ) l l .  (2.5.5) - 

where Kl is defined by (2.5.3) .  Finally, it is shown that ( A  + K ( s )  d s ) R ,  = 0  in 

Lemma 2.5.1. Combining the above observations it is seen that R' decays exponentially 

to 0 .  

Proof of Theorem 2.5.2. Firstly assumption (2.2.13) is proved. As (2.2.18) holds for 

all zo  the following n + 1  solutions of (2.1.3) can be considered; { x j ( t ) ) j = l ,  ... ,,+I where 

xj(O)=ej f o r j = l , . . . , n  and xn+l(0)=O.  

It  is known that x j ( t )  approaches x j ( m )  exponeiltially fast. Introduce s j ( t )  = x j ( t )  - 

xn+l ( t )  and notice s j ( 0 )  = ej .  Let S ( t )  = [s l  ( t ) ,  . . . , s,(t)] E M n x n ( R ) .  Then 



m ~ c r  2, Section 5 Exponcntid Convwgence Lo a NolrLrivI~l Dacrmln16tic Limlt 

Define sj(oo) = q(m)  - xn+l (m). Then S(t) 4 S, cxponcntidly fast, so Theorem 2.4.2 

can be applied to obtain (2.2.13). Note that  the ralc of convergence of IC is indepcndont 

Using tllc above, one can now prave (2.2.17), Ag (2.2.18) holds for nJ1 init,id conditions 

we can dloo~e xo = 0 to sirnpIify ~nlculn~io~zs. Integr~ting (2.1.3) the following is ol3tnjne.d: 

The objective? now is to write f in terms of IC and x -zoo. Adding and subtracting x, 

From h0t.h sides it is wen that 

I t  is shown in the proof of Lemma 2.5.2 that ( A  i- 17 K(TL) d t i ) ~ ~  = 0, SO 

+ 1 L'K(.~ - IL)(I(V) - xm) dud.  

Changing tlrc urdcr of integration ancl i~~troclucing n chnnge of variable in (2.5.0) the 

followjng is obtained: 

1 t 
- 1 ICl (a) drixrn 4- j ( s )  ds. 
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A further rearrangclnent yields 

Allowing t 4 oo in (2,ti.G) it is seen that 

An application of (1.1.2) yidds 

Sub~tittit~ing this cxpression lor -2, into (2.5.7) onc obtdns 

(u) d~ xCO - j l  ( t )  - (i - U) ( X  (u) - 5m ) du. 

This yields 

I t  is now sl~own that f ilecays exponentially, The fi~sl and third term on the right hand 

side of (2.5.10) dccnv rxponentinlly to  zero duc to nssumptio~~ (2.2.18). As IC hns been 

slrown to  clbcy (2.2.13) it, is seen ii.o~n (2'5.5) thnt hm 1 1  I€!  (3) I l?ne-ut, t 2 0. l3y this 
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estimate i t  is clear that the second and fourth terms decay exponentially to zero. Note 

that since K is independent of x0 and I (x ( t )  - x ,  1 )  5 c2(0)e-Pt = c2e-Dt the rate of decay 

of f l  is independent of xo. 

Proof of Lemma 2.5.1. Integrate (2.5.2)  over [ O , t ]  and rearrange the terms to obtain: 

t 
- ( A  + lm ~ ( s )  d s )  R,t = A ( R ( s )  - R,) ds  

The first term on the right hand side of the equation is bounded as (2.2.8) holds. The 

second term on the right hand side of the equation is bounded as the convolution of an L1 

function with an L1 function lies in L1. The third term is bounded due to (2.2.7). Due 

to the fact that assumption (2.2.8) holds and R converges to a finite matrix R, the final 

term is bounded. Combining these arguments it is seen that (A+  Sow K ( s )  d s )  R, = 0 .  

Proof of Lemma 2.5.2.  To prove this consider (2.1.3)  and add and subtract x ,  from 

the right hand side of the equation to obtain 

+ f ( t )  - K ~ ( t ) x ,  + ( A  + Lm ~ ( s )  d s )  xm .  

Integrating and rearranging terms the following is obtained 

( A  + Lm K ( S )  d s )  x,t = ( x ( t )  - s,) - ( s o  - x,) - A ( x ( s )  - x,) d s  I" t 

- I"IS K ( s - u ) ( x ( u )  -z , )duds-J /0 t  f ( s ) + l  K I ( s ) x , ~ s .  (2.5.11) 

The first term on the right hand side of (2.5.11) is finite since (2.2.16) holds and x( t )  --, x, 

as t 4 oo. The second term is finite since both xo and x ,  are finite. The third term is 

finite since (2.2.16) holds. The fourth term is finite since an L1 term convolved with an 
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L1 term is in L1. The fifth term is finite since (2.1.4) holds. Finally, the sixth term is 

finite since (2.2.7) holds. 

The left hand side of (2.5.11) tends to m if ( A  + Sooo K ( s )  ds)  xm # 0, while the right 

hand side of (2.5.11) is finite. This is contradictory, thus ( A  + Sooo K ( s )  ds) xm = 0. 



Chapter 3 

Mean square convergence 

3.1 Introduction 

Here the asymptotic convergence of the solution of 

to a random variable is studied. I t  is assumed that X o  is a deterministic n-dimensional 

vector, that K satisfies (2.1.2) and that the function C : [0, oo) -, M n x d ( R )  satisfies 

Let { B ( t ) ) t > o  - denote d-dimensional Brownian motion on a complete probability space 

( R , F ,  { 3 B ) t l o , ~ )  where the filtration is the natural filtration of B namely, FB( t )  = 

a { B ( s )  : 0 < s 5 t } .  The function t H X ( t ;  X o ,  C) is defined to be the unique continuous 

adapted process which satisfies the initial value problem (3.1.1). Results concerning the 

existence and uniqueness of solutions may be found in [9, Theorem 2E] or [37, Chapter 51 

for example. As C is continuous, for any deterministic initial condition X o  there exists a 

unique a.s. contiiiuous and adapted process obeying (3.1.1) given by 

Again, it is noted that when X o  and C are clear from the context they are omitted from 

the notation. 

In the stochastic case the asymptotic convergence of solutions of (3.1.1) to equilibrium 

alone has been considered. Authors who have studied this type of convergence include 

Appleby and Riedle [ B ] ,  Mao [27] and Mao and Riedle [28]. This work is the first of its 

type to consider the mean square convergence of solutions of (3.1.1)  to non-equilibrium 
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limits. The levels of environmental noise by which the system can be perturbed while still 

maintaining convergence to an explicit non-equilibrium limit X ,  is established. These re- 

sults suggest that when considering the convergence of the system to a non-trivial random 

variable the square integrability of the noise term is crucial. Conditions for the integra- 

bility of X - X, in the mean square case are also considered. Here, the establishment of 

the necessary and sufficient conditions on the resolvent, kernel and noise is complicated 

by the fact that X, is not F(t)-adapted. Consequently standard It6 methods cannot be 

directly applied. The results presented in this chapter have counterparts in the almost 

sure case, the details of which will be presented in Chapter 4. 

3.2 Discussion of Results 

The main results of the chapter are presented in this section. The necessary and sufficient 

conditions for asymptotic convergence of solutions of (3.1.1) to a nontrivial limit and the 

integrability of these solutions in the mean square sense are considered. 

Krisztin and Terjbki considered the case where R - R, is in the space of L1(O, co) 

functions. However, in the stochastic case it is more natural to consider the case where 

R - R, lies in L2(0, m). Consequently, Theorem 2.2.4 is collverted from the space of 

integrable functions to the space of square integrable functions. This conversion may be 

found in Lemma 3.3.1. Furthermore, it is found that an assumption on the existence of the 

first moment of K-rather than on the second moment as required in (2.2.7) of Theorem 

2.2.4-is adequate for the convergence and integrability of solutions of equation (2.1.1). 

This is due to the fact that R - R, E L2(0, m) is assumed a priori in this case, while 

Krisztin and Terjkki were interested in the necessary and sufficient conditions to establish 

R -  R, E L1(O,co). 

Initially, sufficient conditions for convergence of solutions to a non-equilibrium limit are 

considered. 

Theorem 3.2.1. Let K satisfy (2.1.2) and 
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and let C satisfy (3.1.2) and 

If  the resolvent R of (2.1.1) satisfies 

then the solution X of (3.1.1) satisfies X ( t )  4 X ,  as t -+ oo almost surely, where 

and X ,  is almost surely finite. 

The following theorem concerns sufficient conditions for asymptotic convergence in mean 

square of the solutions of (3.1.1) to a nontrivial limit X, and the integrability of X - X ,  

in the mean square sense. As in the almost sure sense, it is found that conditions (3.2.2) 

and (3.2.3) are required for convergence in mean square. Additionally, in order to ensure 

integrability, an assumption on the existence of the first moment of the noise term is 

required. 

Theorem 3.2.2. Let K satisfy (2.1.2) and (3.2.1) and let C satisfy (3.1.2). If C satisfies 

(3.2,2) and there exists a constant matrix R, such that the solution R of (2.1.1) satisfies 

(3.2.3), then for all initial conditions X o  there is an almost surely finite ~ ~ ( o o ) m e a s u r a b l e  

random variable X,(Xo, C )  with IE ((X,(Xo, C ) ( ( 2  < ca, such that the unique continuous 

adapted process X ( .  ; X o ,  C) which obeys (3.1.1) satisfies 

Moreover, if the function. C also satisfies 

then 
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Furthermore, it is possible to prove that conditions (3.2.2), (3.2.3) and (3.2.6) are nec- 

essary for the asymptotic convergence of the solution X of (3.1.1) to the non-equilibrium 

limit X,, and for the integrability of X - X w  in the mean square sense. 

Theorem 3.2.3. Let K satisfy (2.1.2) and (3.2.1) and let C satisfy (3.1.2). Suppose 

for all initial conditions X o  there is a n  a.s. finite FB(m)-measurable random variable 

X,(Xo, C ) ,  with IE lIX,(Xo, c ) ( ( ~  < GO, such that the unique continuous adapted process 

X ( .  ; X o ,  C )  which obeys (3.1.1) satisfies (3.2.5) and (3.2.7). Then there exists a constant 

matrix R, such that the solution R of (2.1.1) satisfies (3.2.3) and the function C satisfies 

(3.2.2) and (3.2.6). 

Theorems 3.2.2 and 3.2.3 can be combined to obtain the following equivalence. 

Theorem 3.2.4. Let K satisfy (2.1.2) and (3.2.1) and let C satisfy (3.1.2). The following 

are equivalent. 

(i) There exists a constant matrix R, such that the solution R of (2.1.1) satisfies (3.2.3) 

and the function C satisfies (3.2.2) and (3.2.6). 

(ii) For all initial conditions X o  there is an a.s. finite .FB(m)-measurable random vari- 

able X,(Xo, C )  with IE IIX,(Xo, C)1I2 < oo such that the unique continuous adapted 

process X ( .  ; X o ,  C )  which obeys (3.1.1) satisfies (3.2.5) and (3.2.7). 

(iii) There is a basis of initial conditions { X j ( 0 ) ) l l j l n  and a collection of a.s. finite 

.FB(oo) -measurable random variables { X j    GO))^^^^^ with IE IIXj (oo)  11' < GO, such 

that for each j = 1 , .  . . , n the unique continuous adapted process X j  = X(. ; X j ( 0 ) ,  C )  

satisfies 

lim IE I IXj( t )  - ~ j ( o o ) ( 1 ~  = 0 ,  
t-w 

42 
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and 

The proof of Theorems 3.2.2, 3.2.3 and 3.2.4 may be found in Section 3.4. 

3.3 Convergence of Deterministic and Stochastic Equations 

to a Nontrivial Limit 

In this section, sufficient conditions for convergence of solutions to an explicit non- 

equilibrium are established. Firstly, the result by Krisztin and TerjBki is converted from 

the space of integrable functions to the space of square integrable functions. This result 

is presented in Lemma 3.3.1, the proof of which is technical and deferred to Section 3.6. 

Lemma 3.3.1. Let K satisfy (2.1.2) and (3.2.1). If there exists a constant matrix C such 

that the resolvent R of (2.1.1) satisfies 

then 

det [P - M + lco 1, P K ( u ) ~ u  ds] # 0. 

Moreover, i f  the constant R, is  defined by 

-1 

R, = [P - M + ~ m ~ m P K ( ~ )  duds] P, 

then R ( t )  + R, as t + oo and C = R,. 

The proof of Lemma 3.3.1 relies on proving that, given a particular criterion, the rank 

of a certain matrix is less than the rank of another. The proof of this is interesting in its 

own right and so it is stated as the following lemma: 
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Lemma 3.3.2. Let K satisfy (2.1.2) and (3.2.1). Suppose that there exists a constant 

matrix R, such that the resolvent R of (2.1.1) satisfies (3.2.3). I f  

det [P - M + lrn lrn P K ( u ) d u  ds  = 0, I (3.3.3) 

then rank ( P D N )  < rank ( N )  where D = I + Ssw K ( u ) d u d s  and the matrix N i s  

defined as N = T D N T - I .  Here DN = d iag( f l ,  fi, ..., f,) with fi = 1 if all the elements of 

the ith column of J are zero, and fi = 0 otherwise. 

We prove the result in Section 3.5. Some illustrative examples are included in this 

section to highlight the complexities of this result. 

The following lemma is used in the proof of Theorem 3.2.1. The details of the proof is 

deferred to Section 3.6. 

Lemma 3.3.3. If K satisfies (2.1.2) and (3.2.1). I f  there exists a constant matrix R, 

such that the resolvent R of (2.1.1) satisfies (3.2.3),  then 

where F is  defined by (2.3.7). 

Proof of Theorem 3.2.1. Begin by writing (3.1.1) in integral form over [0,  s], then mul- 

tiply both sides of the equation by @'(t - s), where @(t) = P + ePtQ. Integration of the 

resulting equa.tion over [0, t] leads to: 

where the function F is given by (2.3.7), Gs is given by 

and p ( t )  = J ,  C ( S )  d B ( s ) .  Now using Itb's Lemma with d Y  ( t )  = C ( s )  dB(s )  and V(y, t )  = 

et y we see that 
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and so 

F'rom Theorem 1.1.2, it is known that X can be expressed as 

where the function r satisfies r + F * r = F and r + r * F = F. In order to consider the 

asymptotic behaviour of X in (3.3.8)  we begin by looking at the asymptotic behaviour of 

Gs in (3.3.6) .  Clearly, @(t) -+ PXo as t + m. Now consider the second term in (3.3.6). 

Since (3.2.2) holds, we see using the Martingale Convergence Theorem that lirnt-too p ( t )  = 

p ( m ) .  NOW consider the third term in (3.3.6) .  Since limt,, p ( t )  = p ( w )  and @ is 

integrable, as t -+ m, we have 

Combining the above we see that the first term on the right hand side of (3.3.8) has finite 

limit 

Now, consider the second term on the right hand side of (3.3.8) as t 4 m. Due to 

Theorem 2.2.3 and Lemma 3.3.3 it is seen that r is integrable. Thus one can integrate 

r + F * r = F over [0, m )  and rearrange the equation to obtain 
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Now consider the asymptotic behaviour of r( t  - u)Gs(u) du: 

It  was shown in the proof of Lemma 2.4.1 that I + p(0) = P - M + Sooo lsoo PK(u)dz~ds .  

So letting t + rn and using the definition of R, given in (2.2.11) i t  is seen that by taking 

limits as t -+ oo in (3.3.8) we get 

00 

lim X ( t )  := X, = Gs(m) - r(s)  ds Gs(co) = R, (xo + lrn ~ ( t )  d ~ ( t ) )  , 
t+w 

by combining (3.3.9) and (3.3.10). From assumption (3.2.2) and Lemma 3.3.1 it is seen 

that X, is finite ass. This completes the proof. 

3.4 Conditions for Convergence and Integrability in Mean 

Square 

In this section, necessary and sufficient conditions for asymptotic convergence of solutions 

of (3.1.1) to a nontrivial random variable in the mean square sense are considered. Two 

technical lemmas used in the proof of Theorem 3.2.3 are presented. Lemma 3.4.1 is the 

analogue of Lemma 2.5.1 in the stochastic case; it concerns the structure of X,. This 

result enables us to prove Lemma 3.4.2, which concerns the necessity of (3.2.2) for stability 

of the system. Consequently, one need only assume the continuity of the noise term (which 

ensures the existence of solutions) at  the outset. Lemma 3.4.2 in turn allows us to show 

the necessity of (3.2.6), the details of which may be found in the proof of Theorem 3.2.3, 

given below. 

Lemma 3.4.1. Let K satisfy (2.1.2) and (3.2.1). Suppose that for all initial conditions 

Xo there is a .FB(oo)-measurable and almost surely Enite random variable X,(Xo, C) 

with IE JJX,112 < oo such that the solution t H X(t ;  Xo, C) of (3.1.1) satisfies (3.2.5) and 
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(3.2.7). Then, X ,  obeys 

Lemma 3.4.2. Let K satisfy (2.1.2) and (3.2.1). Suppose for all initial conditions Xo 

there is  an almost surely finite random variable X,(Xo, C) which obeys IE ( (X,(Xo,  C)1I2 < 

oo such that the solution t H X ( t ;  X o ,  C) of (3.1.1) satisfies (3.2.5) and (3.2.7). Then C 

satisfies (3.2.2). 

The proofs of these Lemmata are deferred until Section 3.6. 

Proof of Theorem 3.2.2. Using Theorem 3.2.1, it is shown that IE 1 1  X,))2 < cm as fol- 

lows: 

By applying Lemma 3.3.1, it is seen that the first term on the right hand side of (3.4.1) 

is finite. Furthermore, the second term is finite by (3.2.2). 

It  is now shown that (3.2.5) holds. By considering the solution of (3.1.1) expressed in 

terms of variation of parameters and the expression obtained for X ,  obtained in Theo- 

rem 3.2.1 it is seen that 

IE /Ix(t) - x,1I2 = IE [tr ( X ( t )  - X m ) ( X ( t )  - x,lT] 

From Lemma 3.3.1, it is clear that the first term on the right side of (3.4.2) tends to 

0 as t + cm. Now consider the second term. Using the fact that R(t) 4 R, as t + cm 

and (3.2.2) it is seen that limt+, S, II(R(t - S )  - R , ) C ( S ) ~ ~ ~  ds  = 0. Finally, the third 

term is examined. Using the using the continuity of C and the existence of R, it is seen 
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that limt,, 11  R,C(s) 11' ds = 0. Combining these observations it is clear that (3.2.5) 

holds. 

In order to show that (3.2.7) holds, the right hand side of (3.4.2) is considered. The 

first term is in L1(O, oo) since (3.2.3) holds. The convolution of two ~ ' ( 0 ,  oo) functions is 

itself in ~ ' ( 0 ,  oo), so the second term is in L1(O, oo). Finally, as (3.2.6) holds it is seen 

that the third term is in L1(O,w). From this analysis it is evident that (3.2.7) holds. 

Proof of Theorem 3.2.3. Firstly, assumption (3.2.3) is proved. Using Holder's inequal- 

ity the following is obtained: 

Squaring both sides yields 

Since (3.2.7) holds the required result is proven. 

By Lemma 3.4.2, (2.1.2), (3.2.1), (3.2.5) and (3.2.7) imply (3.2.2). 

Now using (3.2.7), which was given as a hypothesis to Theorem 3.2.3, together with 

(3.2.2) and (3.2.3), it is shown that (3.2.6) holds. Rearranging equation (3.4.2) the follow- 

ing is obtained: 

Each term on the right hand side of (3.4.5) is in ~ ' ( 0 , o o )  so (3.2.6) must hold. This 

completes the proof. D 
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Proof of Theorem 3.2.4. Showing that (i) implies (ii), and that (ii) implies (i) is the 

subject of Theorems 3.2.2 and 3.2.3 respectively. 

It is now shown that (i) implies (iii). For j = 1,. . . , n i t  can be shown that (3.2.8) and 

(3.2.9) hold by observing that 

Using an identical argument to that used in the proof of Theorem 3.2.2 i t  can be shown 

that (3.2.2), (3.2.3) and (3.2.6) imply (3.2.8) and (3.2.9) for j = 1, . . . , n. 

It  is now proven that (iii) implies (i). Using the argument given by (3.4.3) and (3.4.4) 

for j = 1, . . . , n it is seen that (R - R,)Xj(0) is square integrable. Since XI  (0), . . . , Xn(0) 

form a basis in Rn it follows that each column Rj(t) - Rj(oo) of R(t) - R, is square 

integrable; thus (3.2.3) must hold. It  is clear that Lemma 3.4.2 holds for any initial 

condition Xj(0), so (3.2.2) holds. Again, for any initial condition Xj(0) the argument 

given by (3.4.5) can be used to prove that (3.2.6) holds. This completes the proof. 

3.5 Proof of Lemma 3.3.2 and Explanatory Examples 

In this section we prove Lemma 3.3.2. Some illustrative examples are included to highlight 

the complexities of this result. The proof of Lemma 3.3.2 follows the line of reasoning in 

[24]; here, the details have been fleshed out. 

Proof of Lemma 3.3.2. It is now shown that rank PDN < rank N if (3.3.3) holds. It  

can easily be seen that the assumption det[PD - M] = 0 excludes the case where M has 

no zero eigenvalues. Suppose that M has rank r.  Consequently, the matrix J has rank r 

and the matrices D p  and DN have rank n - r .  Without loss of generality we can assume 
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that the zero eigenvalues of M occupy the (r + l)th to the nth diagonal position in J, so 

there exists an invertible r x r-dimensional matrix J1 and a matrix J2 in Jordon canonical 

form such that 

Now consider P D  - M: 

where D = TP1 D T  and Dp is defined as in Section 2.2. So we are interested in D ~ D  - J. 

By definition, the ith diagonal entry, [DPIii, of DP is 1 if and only if the ith row of J is 

zero. Thus, the ith row of D ~ D  is equal to the ith row of fi if [DPIii is nonzero, and is a 

zero row otherwise. Obviously, ~ p h  has a zero row if and only if the corresponding row 

in J is nonzero so the i j t h  entry of DpD - J is either Dij or -Jij. As d e t [ D p ~  - J] = 0 

it is seen from the structure of J that there must be a linear dependence in the columns 

of D ~ Z )  - J that correspond to the zero columns of J. 

When the matrix D ~ D -  J is postmultiplied by DN the resulting matrix, ( D ~ D -  J) DN, 

consists of zero columns and nonzero columns. Clearly, the ith column of (Dp D - J )  DN is 

zero if [DNIii is 0 and is equal to the ith column of D ~ D  - J if [DNIii = 1. As [DNIii = 0 

if the ith column of J is nonzero it is clear that the nonzero columns of ( D ~ D  - J )DN 

correspond to the zero columns of J .  That is the columns consist only of entries of B; 

entries of J are excluded. These nonzero columns are in fact the linearly dependent 

columns mentioned above. 

When the matrix DpB-  J is postmultiplied by DN,  the resulting matrix, ( D ~ D -  J ) D ~ ,  

consists of at most n - r nonzero columns; however the linear dependence in the columns 

means that the rank of ( D ~ D  - J )DN is less than n - T .  
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Now observing that M N  = 0 we see that ( P D  - M ) N  = P D N  so it is clear that 

rank ( P D N )  < rank (N) .  

Two illustrative examples are now considered. Example 3.5.1 considers the case where 

the geometric multiplicity of the zero eigenvalues of M is equal to the algebraic multiplicity. 

This is the most straightforward type of multiplicity. If the multiplicities do not coincide 

then the calculations are more complicated; this is because Dp is no longer equal to DN.  

Example 3.5.2 considers a multiplicity of this type; that is, the case wherc the geometric 

multiplicity of the zero eigenvalues of M is equal to one. Example 3.5.2 can easily be 

generalised to the case where the geometric multiplicity is greater than one. 

Example 3.5.1. Suppose that M has rank r and that the geometric multiplicity of the 

0 eigenvalue of M is equal to the algebraic multiplicity. The matrix J is of the form 

where J1 is an invertible r-dimensional matrix and O m x d  is an m x d-dimensional matrix 

with 0 entries. Clearly, 

where I(,-,)X(,-,.) is the (n - r) x (n - r)-dimensional identity matrix. Now, 

where = T-lDT as before, and has individual entries [ D ] ~ ~  = dij for 1 5 i, j <_ n. 

Since d e t [ ~ p ~  - J] = 0 and J is an invertible matrix this implies that 

5 1 
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Now, 

Therc are n - r nonzero columns in this nratrix; however due to the linear dependence in 

the colllnlns the rank of the nlutrix must be less than n - r .  

Example 3,5.2, WitI~out loss of generality we cnn consider matrix M whose cigendues 

NC all 0. WC consider EI 4 x 4 matrix where the geometric multiplicity of the 0 eigenvdue 

is I. The matrix J is of the form: 



and 

Since d e t l ~ ~ b  - J1 = Q this means that the vectors ( 0 , 8 , d 3 ~ ,  1 and (0,0, dad, 44) are 

Tllc rank of DN = 2. However due to the linear dependence in the columns of ( ~ ~ i )  - 

J)DN t l ~ c  rank of { D ~ O  - J )  DN initst be less thm thc rank of ON. 

3,6 Proofs 

In this section the proofs of restilts w h i d ~  were postponed earlier in tbe chapter are given. 

Pmuf of Lemma 3.3.1. We begin by proving t h ~ t  (3.3.2) holds. A method sirnila-1. to 

that used by TCrimtin and Tcyjdki in 124, Thcol+em 4) is applied. As (3.2.1) hdds tllc matrix 

D = 1 4- lom K{R) ds dt  can be clefinccl. Suppose t h t  (3.3.2) does nnt hold, that i s  

detlPD - Ad] = 0. 

53 
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A simple calculation shows that M N  = 0: 

It  is shown in Lemma 3.3.2 that rank PDN < rank N ,  so there exists a vector v  E Rn 

such that v  is in the kernel of PDN but not in the kernel of N .  That is Nv # 0 and 

PDNv = 0. Since PDNv = 0 it is clear that the vector DNv lies in the kernel of P. 

Suppose that the rank of M is r; then the rank of the kernel of P is also r. As PM = 0 

it is obvious that Prni = 0 for i = 1,. . . , n, where M = [ml , .  . . ,mn]. M has a basis 

{bl,. . . , b,} and P b i  = 0 for i = 1 , .  . . , r .  As the rank of the kernel of P is r this means 

that { b l , .  . . , b,} is the basis of the kernel of P. Thus, {ml, .  . . , m,} is a spanning set of the 

kernel of P and so we can choose a vector w = (wl, . . . , w,) which is a linear combination 

of {bl, .  . . , b,) such that such that Mw = DNv. 

Using the fact that h4Nv = 0 and Mw = DNv it is seen that Nvt  3- zu is a solution of 

since 

= DNv - DNv + Nv = Nu. 

Now using variation of parameters the following is obtained: 

t 00 

N V ~  + w = ~ ( t ) w  + 1 ~ ( t  - s) K ( u ) [ N ~ ( s  - e) + w] duds. (3.6.1) 



Chapter 3, Section 6 Mean square convergence 

Adding and subtracting the matrix C from the right hand side of (3.6.1) yields 

+ c w + c / o  l8 K ( u ) [ N v ( s  - u )  + w] duds. (3.6.2) 

As Nv # 0, the left hand side of this equation consists of a vector which is growing linearly 

and a constant vector. The right hand side of (3.6.2) is now examined. The first term lies 

in ~ ' ( 0 ,  a). The third term is a constant vector and can therefore be combined with the 

constant term on the left hand side to create the vector Cl.  

Now, examine the fourth term on the left hand side of (3.6.2). As (3.2.1) holds it is 

clear that K ( t ) [ N v ( t  - s)  + w] ds -+ 0 as t -+ co since 

As IlK(s)ll[llNvll(t + S) + llwll] ds -f 0 as t -+ co for all E > 0 we can choose T ( E )  > 0 

such that for all t > T ( E )  the function K satisfies 1 1  K ( s )  1 1  [ I /  Null ( t  - S )  + 1 1  wll] ds 5 E. 

Thus, 

but since 6 > 0 is arbitrary we see that 

lim i lt Jm ~ ( u ) [ ~ v ( s  - u)  + wl duds = 0. 
t-ca t 

So the fourth term on the right hand side of (3.6.2) is o( t )  as t -+ oo. 

Now consider the second term on the right hand side of (3.6.2). It  can now be easily 

shown using the Cauchy-Schwarz inequality that the convolution of a square integrable 
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function with a function which tends to zero is o(t) as t -+ oo: 

t rn Since So SS [IK(u) [ I  [IINvll ( S  + U )  + llwll] duds + 0 as t + cm this means that 

Also, the convolution of a L1 function with a function tending to zero tends to zero. So 

we see that the second term on the right hand side of (3.6.2) is o(t)  as t --, m. 

Thus, the second and final term can be amalgamated with the linear term on the right 

hand side to obtain Cz(t) t  where Cz(t)  -+ Nv # 0. Hence, ( R ( t )  - C)w = C1 + Cz(t)t. 

Rearranging this equation and taking norms one obtains 

But the ~ ' ( 0 ,  m) function ( R ( t )  - C)w cannot satisfy this inequality and so the desired 

contradiction is obtained. 

Next we use the reformulation of (2.1.1) found in Lemma 2.3.1; 

where the function F is given by (2.3.7). It  can easily be shown that F E L2. Using the 

fact that the convolution of an ~ ~ ( 0 ,  cm) function with an ~ ~ ( 0 ,  oo) function is bounded, 

continuous and tends to zero at infinity we see that 

F(s )  ds C := R,. 
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Now, we once again use the reformulation of the resolvent equation given by (2.3.6) to 

obtain 

wl~erl: IC = R - .&. Noting that Y -, O ~s t -5 m ~ n d  F E L1 we take limits on bob11 

sitles of this eqlration 

Now since detli  4- R(o)] # O nre sce ebnt R, := [I + $(o)]-'P. 

A proof by contradiction is used to show that C = l?,. Suppose that C # I?-. Obscwe 

Integrating bath sides over [O,t] a~ld dividing both sides hg t one obtnins 

Using Caucl~~-Sehwru.z we scc that the first tcrm on the, rigllt hand side of (3.6.0) tends 

to  zero since 

nntl R - C E L2 by assumptian. Now consider the second term on the right hand side of 

(3.6.6). Sinct! R -+ 31, as t -+ ac, it is clear tt~nt Eor any c > 0 we can choose TIE) > O 

fiucll that for i: 2 T ( E )  the following kolds: ((R(t)  -&)I < E .  Tl~us 

taking bhc limit as f -r m 0x1 both sides wc scc that # I:(R(~> - &) rts -$ 0 as t -* w 

since E is arbitrary, Combining the above arguments we see that R, = C.  
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Proof of Lemma 3.9.3. From the proof of Lemma 2.4.1 it is known that 

det[I +fi(0)] = det [ P - M + Lrn Lrn p K ( u )  duds] . 
and that 

1 1  
det[I + $(z)] = -- det[rX+ PI det [ZI - A - ~ ( z ) ]  , 

z z + l  

w h e n R e z >  0, z # O .  

Using Lemma 3.3.1 we see that det[I + p(0)] # 0. Now consider the case where Rez > 

0, z f 0. Obviously, # 0, since z # 0. The function z H det[zI + P] is nonzero 

due to the structure of P. The matrix P has two eigenvalues, 0 and 1, thus det[zI + P] is 

zero only at 0 and -1. Thus, in order to prove that (3.3.4) holds for Re z 2 0, z # 0 it is 

necessary to show that det[zI - A - ~ ( z ) ]  # 0. An idea used in [24] is utilised. Suppose 

that there exists zo # 0, Rezo 2 0 such that det[zoI - A - k(zo ) ]  = 0. Thus voeZot is a 

solution of 

Using variation of parameters we see that 

voeUJt = R(t)vo + R(t  - s )  Lrn ~(u )voe" ( ' -~ )  duds. 

We consider the cases where Re zo > 0 and Rezo = 0 separately. When Re zo > 0 the 

real part of the left hand side of (3.6.7) is unbounded as t -+ co. Now consider the right 

hand side. The first term on the right hand side of (3.6.7) converges to a finite limit 

t 4 oo. Now we consider the second term. Since t H ~(u)e"o(~-")  du is integrable 

and R(t) + R, as t + GO their convolution tends to a finite constant. So the real part 

of right hand side approaches a finite constant while the real part of the left hand side 

58 
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is unbounded. This yields a contradiction md so detfzf - A - k ( z ) ]  # 0 for rCcz > 0. 

We now took at the cwc when Re xo = 0. By consiriering the 1.4 part of both sides of 

(3.6.71, wc see t h ~ t  thc lefthmd side varies sirillsoidally while the righthand side tends to 

n constant. This yields et contx.ndiction and so 

det[zl - A  - k(x)] # 0 for Rcz 2 0. 

Proof of Jemma 5.4.1. Drtfinc A(t) = X I t )  - X,, ancl lct A be give11 by 

It is s l ~ a w ~ ~  in the scqud that 

whert. R is a positive constallt. Arrt~ed with this estimnt,e, it is now shown that A = 0, R . S .  

Define for m > Z the discrete tiltration (Gm)nrl l ~ y  Gm = JR(m2),  rn 2 1. Tl~cn, the 

djscrcte time process N = {N(m) : m 3 1; G,,} defined hy 

is a Rn-vnlued G,-martingale. Detine For m 2 1 the processes Ni and fi6 by 

and fiz [m) = Ni(m) /n12 rcspectivcl y. Consider first, the case when nj, clcfined by 

liminfNi(m.) =-w,  limsupNi(m) z o o ,  a.6. 
m-m m-m 
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This jrnplies 

I-Icnce, by Chebyshevh iinsqudity, for every E > 0, 

Therefore, Ivy the first Borel-Cantelli Iemn~a it is seen that 

Pindly, since this limit exists, (3.6.11) may be used to give 

-Ai = ljln fii(m) = lim sup fii(nt) L 0, 
rndm ~ L - . C X I  

so Ai 5 0, R.S. Therefore A, = 0, a.s. 

The ease when oi defined by (3.6.10) obeys 0: E L' (0, m) is now considered. Clearly, 

Due m (0.6.8), thc Arat tel-rn on the rigl~tllnnd side 11ns zero limit as 1 - m. As For tlm 

secortd term 011 the righi l ~ n i ~ c l  side, 

and this also t c n d ~  to  zero as t 4 m. Thus m[i\'] = 0, and SO Ai = 0, B.3.  

60 
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Combining the components for which cr: E L"0, w)  and those for which LT: ,2 L1(O, m), 

it is Been that hi = O n.s. in all cases, and therefore A = 0, as., proving the result. 

It is now shown that (3.6.9) holds. Rearranging the integral version of (3.1 .I), adding 

ai~c! subtracting X, and divirling across by t one obtains: 

where Act) = X(t) -X,. W i n g  norms and expectations across both sidcs of the equation 

one obtains: 

Begin by examining the first twm on t l~c  right hand side of (3.6.12); it is shown that this 

tends to eel'o using the following estimate: 

Thcreforc, t,aking the lim sup on both sides of this inequality t -, m, 

1irnstlpIE ( 1 ~ ( t ) ( ( ~  5 IE ( ( ~ ~ 1 1 ~ .  (3.6.13) 
L--+m 

Since t I+ E \ ] x ( ~ ) ] ] ~  is m t i n u o u s ,  it is clcw LhRt IE l l ~ ( t ) [ l ~  5 K ]  for "11 t 2 0. Bcc~use 

D l l ~ ( t ) l l ~  5 2E I/X(L)~/ '  + 2lE l l .~m] ]~ ,  there is n > 0 sudi that E l [ ~ ( t ) l [ '  5 ~2 IOP dl 

t 2 0. Thus, 

1 
-& t2  l l ~ ( t ) l l ~  5 7, t21,  

using the Fact that & 5 For t 2 1. 
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Using the definition A(t)  = X ( t )  - X,, ~ n d  thc fact that 

it is clcw that 

4-{X,, X (t) - Xo - /d' C(s) dB(s)).  

Therefore, by Lemma 3A.1, and tI1c definition of Kr , o i ~ c  obtains 

Substituting (3.6.10) into (3,6.18), taking expectations and ~*enrranging the equation, one 

obtains: 

Consider each term nn the left: liand side of (3.6.20). The first tern1 is bounded due the 

nrgumcnt given in Lcrninn 3.4.1. The ~econd term is I~oandcd due to our nssu~~lptions. 
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Consider the third term: 

Since X obeys (3.2.7) it is seen that E [fi / /A(s) / 1 2  ds] < Ci. I t  is easily shown that 

P: [J; IIAA(s) + ( K  * A) (s) [ I 2  ds] is also bounded: 

since K is integrable and X obeys (3.2.7). Thus, the third term on the right hand side of 

(3.6.20) is unifornlly bounded. 

Now consider the fourth term. 

Examine the last line on the right hand side of this inequality. The first term is bounded 

since (3.2.7) holds. The second term is bounded since IE ~ I x , I ~ ~  < 00 and (3.2.1) holds. 

Thus the fourth term on the right hand side of (3.6.20) is bounded. 

Again, using the argument given in Lemma 3.4.1 we see that the fifth term is uniformly 

bounded. Finally, the sixth term is bounded due to our assumptions. Consequently, by 
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applying the Cauchy-Schwnrz inequdity to  the last term, there is n constant C > 0 such 

that 

Cle~rIy, it must follow that C E L*(O,CCJ); for if not, we have 

iim I I E ( S ) I I $ ~ T  = m, 
1--cc: 

and so by dividing l~otll sides of (3.6.213 hy J, [ l ~ ( , ~ > I 1 ~ . r l s  and letting t -, m we obtain a 

coi~tradiction. This completes the proof. 
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Almost sure convergence 

4.1 Introduction 

In this chapter we present results analogous to those proved in Chapter 3. As before we 

consider equation (3.1.1) under the conditions (2.1.2) and (3.1.2) on the kernel K and the 

noise term C respectively. This equation was precisely defined in the previous chapter. 

As before, establishing the necessary and sufficient conditions on the resolvent, ker- 

nel and noise for convergence is complicated by the fact that X, is not F(t)-adapted. 

Nonetheless, it is shown that the sufficient conditions for convergence and integrability in 

the mean square case also suffice in the almost sure case. However, showing that these 

conditions are necessary is not as straightforward as in the mean square case. This is due 

to the fact that we can no longer avail of the simplifying effect that taking expectations 

has on a random variable. Consequently, we cannot show that the condition on the tail of 

the noise is necessary. 

4.2 Discussion of Results 

The main results of this chapter are presented in this section. Necessary and sufficient 

conditions for asymptotic convergence of the solution of (3.1.1) to a nontrivial limit and 

the integrability of this solution in the almost sure case are considered. 

The sufficient conditions for the asymptotic convergence of the solution X of (3.1.1) to 

a nontrivial limit X,, and for the integrability of X - X, in the almost sure sense are 

considered in Theorem 4.2.1. As in the mean square case, it is found that conditions (3.2.2) 

and (3.2.3) are required for convergence; in addition, (3.2.6) is required for integrability. 

Theorem 4.2.1. Let K satisfy (2.1.2) and (3.2.1) and let C satisfy (3.1.2). If C satisfies 

(3.2.2) and if there exists a constant matrix R, such that the solution R of (2.1.1) satisfies 
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(3.2.3) then for all initial conditions Xo there i s  a n  almost surely finite ~ ~ ( o o ) - m e a s u r a b l e  

random variable X,(Xo, C )  such that the unique continuous adapted process X ( .  ; Xo, C) 

which obeys (3.1.1) satisfies 

lim X(t;Xo,C)=X,(Xo,C) a.s. 
t+m 

Moreover, if the function C also satisfies (3.2.6) then 

The necessary conditions for the asymptotic convergence of the solution X of (3.1.1) to  

a nontrivial limit X,, and for the square integrability of X - X ,  in the almost sure sense 

are now stated. 

Theorem 4.2.2. Let K satisfy (2.1.2) and (3.2.1) and let C satisfy (3.1.2). Suppose 

for all initial conditions Xo there is  a n  almost surely finite .TB(m)-measurable random 

variable X,(Xo, C) such that the unique continuous adapted process X( .  ; Xo, C) which 

obeys (3.1.1) satisfies (4.2.1) and (4.2.2).  Then,  there exists a constant matrix R, such 

that the solution R of (2.1.1) satisfies (3.2.3) and the function C satisfies (3.2.2) and 

Assumptions (3.2.2) and (3.2.3) are both necessary and sufficient for convergence and 

square integrability. However, we have not been able to show that (3.2.6) is a necessary 

condition. By taking expectations it is clear that (3.2.6) implies (4.2.3) but it is not 

immediate that (4.2.3) implies (3.2.6).  

Although much is known about the behaviour of the solution of equation (3.1.1) and 

its parameters, both by assumption and analysis, we have not been able to conclude that 

(3.2.6) holds by examining the structure of the equation. 

Due to the complicated structure of (4.2.3) it is not obvious how one may obtain (3.2.6) 

by examining (4.2.3) directly. Analysis of this tern1 is complicated for a number of rea- 

sons. Firstly, the expression hm R,C(s) d B ( s )  is not a martingale, although this may be 
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overcome by examining each term of the vector individually and applying a time change 

argument. Secondly, although these martingales are normal random variables, the key 

objects which we encounter is not a normal random variable but rather the integral of the 

square of a normal random variable ( i.e. a Chi-square random variable). 

Analogous results may be obtained in the case where the equation is both stochastically 

and deterministically perturbed. The following theorem places sufficient conditions under 

which solutions tend to a non-equilibrium limit. 

Theorem 4.2.3. Let K satisfy (2.1.2) and (3.2.1),  let C satisfy (3.1.2) and (3.2.2) and 

let f satisfy (2.1.4). Suppose the resolvent R of (2.1.1) satisfies (3.2.3). Then  the solution 

X(t ;Xo,  C, f )  of  (7.1.1) satisfies X(.; Xo, C, f )  + Xw(Xo, C ,  f )  almost surely, where 

and X, i s  almost surely finite. Moreover if C satisfies (3.2.6) and f satisfies 

then 

This theorem has applications in the study of infinite delay equations. In particular it 

provides useful insights into the epidemiological model examined in Section 4.3. 

4.3 Biological Application 

In this section the following epidemiological model is considered: 

Here the solution x ( .  ; 4, C )  is a scalar function on [0, oo),  the function g is a scalar linear 

function satisfying g(x )  = a x  for some constant a > 0, w is a positive scalar weighting 
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function satisfying 

C is a continuous and square integrable scalar function on [O,m), {B( t )} t lo  is a one- 

dimensional Brownian motion on a con~plete filtered probability space (0, T ,  F~ (t)tlo,  P) 

where the filtration is the natural one r B ( t )  = g { B ( s )  : 0  5 s  5 t )  and the initial function 

q5 satisfies 

Various authors have considered similar models in the deterministic case where x ( t )  rep- 

resents the population at  time t .  Cooke and Yorke [14] proposed the nonlinear delay- 

differential equation xl ( t )  = g(x ( t ) )  - g(x( t  - L ) )  as a model for the growth of an epi- 

demic; where g(x ( t ) )  represents the birth rate when the current population is x ( t ) ,  while 

death is certain at an age of L time units. A generalisation of this model was considered 

by Haddock and Terjkki [18], in which a convolution term was incorporated to allow for 

deaths at  a distribution of ages. Indeed, Burton [12] extended their model and considered 

in which both births and deaths are distributed. Here, death can occur at  any time while 

the number of births is related to the number of conceptions which occurred up to L time 

units ago. A simple calculation illustrates that this equation is fundamentally the same 

as the deterministic version of (4.3.1) when appropriate conditions are imposed on the 

functions p and q. 

The following theorem, the proof of which may be found in Section 4.5, considers the 

conditions under which the solution of this model converges to a nontrivial limit. 

Theorem 4.3.1. Let w satisfy 

and 
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Let C satisfy (3.1.2) and (3.2.2) where n = d = 1 and let q5 satisfy (4.3.2). Suppose the 

resolvent R of (2.1.1) satisfies (3.2.3). Then the solution x(- ; 4, C) of (4.3.1) satisfies 

x(- ; 4, C) -4 x,(q5, C) almost surely, where 

and x, is almost surely finite, Moreover if C satisfies (3.2,6) and w satisfies 

then 

The function w represents the distribution of deaths within a population. It  is evident 

from Theorem 4.3.1 that the growth of a population is influenced by the decay rate of w: 

if the first moment of w exists then the population will converge to a finite limit. 

4.4 Conditions for Asymptotic Convergence and Integrabil- 

ity in the Almost Sure Sense 

In this section, sufficient conditions for asymptotic convergence of solutions of (3.1.1) to 

a nontrivial random variable in the almost sure sense are obtained. The necessity of these 

conditions is also considered. Two technical lemmas used in the proof of Theorem 4.2.2 

are presented. Lemma 4.4,l concerns the structure of X,. This enables us to prove 

Lemma 4.4.2 which concerns the necessity of (3.2.2) for stability of the system. So, all 

that is required a pn'ori is an assumption on the continuity of the noise intensity C; this 

ensures the existence of solutions at  the outset. 

Lemma 4.4.2 in turn allows us to show the necessity of (4.2.3); the proof of this inference 

may be found in the proof of Theorem 4.2.2 below. The proofs of Lemmas 4.4.1 and 4.4.2 

are deferred to Section 4.5. 
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Lemma 4.4.1. Let K satisfy (2.1.2) and (3.2.1). Suppose that for all initial conditions 

Xo there is an almost surely finite random variable X,(Xo, C) such that the solution 

t H X ( t ;  Xo,  C) of (3.1.1) satisfies (4.2.1) and (4.2.2). Then 

Lemma 4.4.2. Let K satisfy (2.1.2) and (3.2.1). Suppose for all initial conditions Xo 

there is an almost surely finite .FB(oo)-measurable random variable X,(Xo, C )  such that 

the solution t H X ( t ; X O , C )  of (3.1.1) satisfies (4.2.1) and (4.2.2). Then C satisfies 

(3.2.2). 

Proof of Theorem 4.2.1.  From Theorem 3.2.1 we know that X ,  is almost surely finite 

and (4.2.1) holds if (3.2.1), (3.2.2) and (3.2.3) hold. 

We know from Theorem 3.2.4 that JFIE IIX(t) - XW1I2 dt < oo since (3.2.2), (3.2.3) and 

(3.2.6) hold. F'ubini's theorem allows us to interchange the order of integration in this 

term; thus IE [Jaw J J X ( t )  - X ,  / I 2  dt] < oo. If the expectation of a non-negative random 

variable is finite then the random variable itself is almost surely finite; applying this fact 

here means that (4.2.2) holds. 

Proof of Theorem 4.2 .2 .  We begin by proving (3.2.3). Consider the n + 1 solutions 

X j ( t )  of (3.1.1) with initial conditions X j  (0)  = ej for j = 1, . . . , n and Xn+l (0)  = 0 where 

el,. . . ,en is the standard basis. Note that X j ( t )  = R ( t ) e j  + p(t) and X,+i(t) = p(t) 

t where p(t) = So R ( t  - s )C(s)  dB(s ) .  Since Xn+1(t) -+ X n + l ( m )  as t 4 oo this implies 

that p ( t )  -4 p(m). Now, since R( t ) e j  = X j ( t )  - Xn+l(t) for j = 1, .  . . ,n  we see that 

R ( t )  -t R,. Thus for j = 1 , .  . . , n, we can write 
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Since (4.2.2) holds we see that (R(-)  - R,)ej E L 2 ( 0 , ~ )  for j = 1,. . . , n  hence (3.2.3) 

holds. 

In order to show (3.2.2) holds we apply Lemma 4.4.2. Finally, we turn to (4.2.3). 

Expressing the solution of (3.1.1) using variation of parameters, subtracting X, from 

both sides and rearranging the equation we obtain 

The first term on the right hand side of (4.4.2) is in L2(0, oo) due to the above argument. 

Using the fact that (3.2.2) and (3.2.3) hold we see that 

If the expectation of a random variable is finite then the random variable itself is finite 

almost surely which means that the second term is in L2(0,co). The third term on the 

right hand side of (4.4.2) is in L2 (0, oo) using (4.2.2), and so (4.2.3) holds. This completes 

our proof. 

4.5 Proofs 

In this section the proofs of results which were postponed earlier in this chapter are now 

given. 

Proof of Theorem 4.2.3. The solution X ( t ;  Xo ,  C) of (3.1.1) satisfies (3.1.3) and the 

solution X ( t ;  Xo, C, f )  satisfies 
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thus 

As t -t co, we know from Theorem 3.2.1 that X ( t ;  X o ,  C )  + X,(Xo, C). Also from our 

assumptions 

and so X ( t ;  Xo, C ,  f )  -t X ,  (Xo  C ,  f ) where X, (Xo ,  x, f )  is given by (4-2.4)- 

We now prove (4.2.6). Consider 

Consider the righthand side of (4.5.2). We know that X ( t ;  X o ,  C) -X,(Xo, C )  E ~ ~ ( 0 ,  co) 

by using Theorem 4.2.1. An L2(0,  oo) term convolved with an L1(O, co) term lies in the 

space of ~ ' ( 0 , m )  functions and so the second term on the right hand side of (4.5.2) must 

lie in ~ ' ( 0 ,  oo). Next, (4.2.5) and the fact that limt,, R, f ( s )  ds = 0 guarantee that 

the last term on the righthand side of (4.5.2) is in ~ ' ( 0 ,  oo). Combining the arguments 

given in this paragraph we see that (4.2.6) must hold. This completes our proof. 

Proof of Theorem 4.3.1.  We begin by splitting the convolution term as follows: 

Clearly -a I!, w ( t  - s ) 4 ( s )  ds corresponds to f ( t )  of (7.1.1) for t 2 0. We see that this 

term is in L' (0 ,  m )  using (4.3.2) and (4.3.4). Thus we can apply Theorem 4.2.3 to show 

that the solution x ( t ;  4 ,  C )  of (4.3.1) satisfies x ( .  ; 4,  C )  -, x,($, C )  almost surely, where 

x , (4 ,  C )  is given by (4.3.5)n 
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Furthermore, as (4.3.6) holds, a simple calculation shows that condition (4.2.5) of The- 

orem 4.2.3 is satisfied and so (4.3.7) must hold. 

Proof of Lemma 4.4.1. Define the random vector A as in (3.6.8). Writing (3.1.1) in 

integral form, adding and subtracting X, from both sides, dividing both sides of the 

equation by t and then rearranging we obtain 

As t -t oo we see that the first term on the right hand side of (4.5.3) tends to zero since 

(4.2.1) holds. The second term tends to zero as t -+ oo since Xo is a finite deterministic 

vector and X, is almost surely finite by hypothesis. The third term tends to zero since 

(4.2.2) holds. Consider the fourth term. Using the Cauchy-Schwarz inequality we see that 

where K = Jom ilK(t)ll dt. Using (2.1.2) and (4.2.2) we see that the right hand side of this 

inequality tends to zero as t -+ oo. Thus, the third term on the right hand side of (4.5.3) 

tends to zero. Since (3.2.1) holds, we see that the fourth term tends to zero as t -+ oo. 
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Therefore if  we take limits on bath sides of (1 -5.3) we obtain 

Wc rmw show that A = 0 a.s. Each individad entry of the v e c t o ~  4 $ E(s) dB(s) is 

given by 

Since A is ~lmos t  surely finite by hypothesis we know that PIC=] = 1 where Ct C S l  is 

defined by 

For cmh i = 1,. . . ,d, define ai by (3.6.10) and consider the cats when u: E ~ ~ ( 0 ,  w) and 

0; $ L1 (0, m) individually. If a: E L~ (0, m), then limr, x:=, I: C, (s) dBj(s)  exists 

arid is n.s. finite, ant1 so 

TI-tus, i1 v: E LS(0, w), then hi = 0, n.s. 

111 the cmr when o: $ L' (0, oa), we have t l ~n t  

d 1 

Ai = lim x Ea (8) dBj ( s )  = lim inf E'ij (s) cLBj(s) 5 0. 
! -.m i-nm ' j=t  
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so h, _< 0, a.s. Similmly, 

so hi 2 0, a.x, Therefore, in the case when 0: ,2 ~ ~ ( 0 ,  oo), we have that hi = 0, a.s. Hence 

& = 0 for dl i = 1,. . . , d, as., ~ n d  so A = 0, a,s. That is (4.4.1) must hold. 0 

Proof of Lemma 4.4.2. We suppose that 

and prove that this is false by !,contradictioll. In orda. to do this we ~ ~ l d y s e  two difircnt 

formulntjons of J: (X (s) , AX (s) -t (K * X)(s)} deb 

We obtain the first formulation by rearranging (3.6.18): 

L 

2 l ( x ( r ) , ~ ~ ( s )  + ( I <  * X)(r))dn = ((x(t)112 - I l ~ n l l '  - 1 11~(.)112-;~~~ - M(L). 

(4-5.6) 

where 

The quad)-atic variat,ion of A I  is given by 

Therefore, 
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If we define the event C by 

C = {W : lim ( M ) ( t , o )  = w) ,  
L-*w 

then l y  L'I-IGpitd's r l~ la ,  (4,5.5) and (4.2-1) we get 

Thercf~re, by the law of large nulnhers For martingales (SEE Lemma 1. l ,fS) we get 

On c, we have tllat lirn,,, J4(b) exists a.s, and is a.s. firnitme, Therefore, on account of 

(4.5.8), wc have 

I3y applying this result ancl using (4.2.1) in (4.5.6) we now may concludc that 

~ ( X ( S ) , A X ( ~ ) +  ( IC*X)(s) )ds 1 
1i m - -- - 

2' 
a.s 

t-w 6 llUfi)\l~7 ds 

W e  now m~lyse the second ~-eformulation of .fi (X (s) , AX (s) -!- (K 4 X) (3)) ds. We obtain 

t1iis reformuintion as follows: introduce tlte function A defined by A(t) = X ( t )  -X,, apply 

ternma 4.4.1, LISP the definition of IC1 and the fact hllat 
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We now niialyse the right hand side of (4.5,8) and slrow that its limit must be zero, 

thereby inducing n contradiction to the Irypothesia that (4.5,5) holds. Dividing (4.5,8) by 

S,1 Ilcls)ll$ we get 

- f i ( ~ ( a ) ,  (s)xm) ds + (X,. x ( t )  - xo) 
So' I l ~ ( ~ ) l l : ~ ~  A; l\m)ll; ds 

Now consicIer each term on t.he right hand side of (4.5.1)). Applying the Cnuchy-Scl>wa~r. 

inequdily twice! to the nnmcrector of the first term one ohtctins: 

This term is finite as (4.2.2) nl~cl (2.1.2) lrold, Conwqitently, the first term on thn right 

hnnd siclc of (4.5.9) has zero limit a? t -) ca. n,s, Now consid~r the second term on 

tlw right hnnd side of (9.5.9). A g ~ n ,  by applying the Cn~~cl~y-Scl~warr, inequality 1.0 the 
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numerator one obtains: 

where K = Sooo IIK(s)II ds as before. As X, is finite almost surely due to our assumptions, 

and assumptions (4.2.2) and (3.2.1) hold, it is seen that the numerator of the second term 

tends to a finite limit, consequently the second term on the right hand side of (4.5.9) tends 

to 0. Now consider the third term. Again, by applying the Cauchy-Schwarz inequality to 

the numerator one obtains: 

By (4.2.1) and (4.2.2), it follows that for each w in an almost sure event t H IlA(t, w)II 

is uniformly bounded. Hence, the third term has zero limit as t -4 oo, a.s. Thus, by 

considering the final term on the righthand side of (4.5.9), it is evident that 

lim Sf ( ~ ( s ) ,  + (K * x)(s)) ds = 0, ass. 
t-oo J; 11C(~)Il; 0 

if it can be shown that (4.5.5) implies 

lim J," =Us) dB(s) = 0, a s .  

t+W J; IIC(S) 11% ds 

Hence proving (4.5.11) provides the desired contradiction to (4.5.7) in the shape of (4.5.10). 

The proof of (4.5.11) is quite straightforward. Define N(t)  = J; C(s) dB(s) ,  for t > 0 

and 

so that N i ( t )  = (N( t ) ,  ei). Then each Ni is a local martingale with square variation 

t 

(Ni) (t) = 1 o D:(s) ds, t > O. 
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where ui is defined by (3.6.111). I t  is easily seen thnt 

In the case when Iirnt,,(Ni)(t) = cu, the law of large nuinbcrs for martingales and 

[4.5*12) give 

lirn INi(t)l INiI(t3 I*i(f)I = jim = O, R.S. 

t-,- S,' \]E(s) ll?.+ ds "-" IN) [t)  $ l l ~ { s )  ds 

On the other hand, due to  the martingdc convergence theorcm (see Lemma 1.1.5), if 

limt,,(Ni}(t) < m, then limt,, lVi(t) exists n.s. mid is  R.S. finite. Siilce E: obeys 

(4.5.5), It is imrnedintc; that 

lirn tMi(f)l = 0, R.S. 
t-= S,' \I C(s)JI% ds 

lim INi("l = 0, for dl i = I , ,  . . , d v  o,,s., 
t - . ~  Ji ~IE(s)II;:~s 

from wlrich (4.5.1 1) follows immediately. 



Chapter 5 

Equations with Weakly Singular Kernels 

5.1 Introduction 

The behaviour of Volterra equations with weakly singular kernels has been studied by 

several authors including Miller and Feldstein [29] and Brunner e t  al. [lo, 111. We briefly 

examine the effect of a weakly singular kernel of algebraic or logarithmic type on the 

convergence and integrability of the solution of (3.1.1). I t  is found that singularities of 

this type have no effect on the convergence of the solution. The type of singularity used 

in the sequel is precisely defined below. 

5.2 Discussion of Results 

In this chapter, the behaviour of the solution of equation (3.1.1) when the kernel is weakly 

singular is considered. While Miller and Feldstein considered a general definition for weak 

singularities in the kernel, Brunner e t  al. [lo, 111 considered Volterra equations with 

weakly singular kernels of algebraic or logarithmic type. In these papers singularities 

not only in the kernel itself but also in its derivatives were considered. In keeping with 

earlier assumptions made in this paper no new assumptions concerning the existence of the 

derivatives of the kernel are made in this section. Instead, the investigation is restricted 

to the study of singularities in the kernel alone. Consequently, an abridged version of 

the definition of a weakly singular function used in [ll] may be adopted; the function 

K : (0, oo) --t Mnxn(W) satisfies 

if K is continuous on (0, cm) and 
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Before considering the effect of a weakly singular kernel on the results discussed in the 

previous chapter, it is necessary to prove that a solution exists under assumption (5.2.1). 

Theorem 5.2.1. L e t  K satisfy (5.2.1) and let C sat is fy  (3.1.2) t h e n  there  i s  a u n i q u e  

adapted process X( .  , Xo, C) E C([O, GO), Rn) obeying (3.1.1). 

The proof of this theorem breaks into several steps. Firstly, it is necessary to show that 

there exists a process X which satisfies a reformulated version of (3.1.1) for t E [0, TI: 

where p(t) = Jot C(s) d B ( s ) .  The weak singularity in the kernel introduces added complex- 

ity into the analysis of the equation. However, if the reformulated equation is considered 

this analysis is simplified. Secondly, by applying Fubini's Theorem to (5.2.2) we can show 

the process X is actually a solution of (3.1.1). Next, a Gronwall-type argument can be 

implemented to show that this is in fact a unique solution. Finally, standard arguments 

can be applied to show that X is in fact a unique, continuous, adapted process obeying 

(3.1.1) on [O,m). 

A consequence of Theorem 5.2.1 is that assumption (2.1.2) may be replaced by 

in Theorem 3.2.1. In order to show that the conclusion of this proof is unaltered a number 

of results must be reanalysed very carefully: firstly, it must be shown that (3.1.1) may still 

be reformulated as (3.3.5); secondly, in order use expression (3.3.8) for the solution X of 

(3.1.1) the hypotheses of Theorem 1.1.1 and 1.1.2 must be shown to bevalid under (5.2.3); 

finally, Lemma 3.3.3 needs to be proved afresh under the weaker hypothesis. Each of the 

above points are stated precisely and proved in Section 5.4. Using them it is possible to 

prove the analogue of Theorem 3.2.1: 

Theorem 5.2.2. Let  K sat is fy  (5.2.3) a n d  (3.2.1) and  let C sat is fy  (3.1.2) and (3.2.2). If 

t h e  resolvent R of (2.1.1) satisfies (3.2.3) t h e n  t h e  solut ion X of (3.1.1) satisfies X(t)  -, 

X, as t + oo almost  surety,  where X, i s  g iven  by  (3.2.4) and i s  a lmos t  surely finite. 
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The proof of this theorem may be found in Section 5.4 below. The primary reason 

that the analogue of Theorem 3.2.1 holds is that the reformulation of equation (3.1.1) 

still holds. In fact, the structure of the reformulated equation ensures that the type of 

singularity considered in the kernel has no influence on the convergence of the solutions. 

The question of integrability of solutions is more delicate and requires careful analysis. 

The proof of this result requires the use of the variation of parameters representation of the 

solution. I t  will be necessary to prove the validity of this formula, which will involve a close 

examination of stochastic Fubini theorems (see [9], for example), before the integrability 

of the solution can be tackled. This work lies outside the scope of the thesis and will be 

examined elsewhere. 

In [ l l ,  291 the extent to which the regularity in the kernel influences the regularity of 

the solution of the deterministic equation was investigated. However, the presence of the 

non-differentiable Brownian motion in the stochastic equation prohibits the existence of a 

derivative in the solution. Indeed it is known that the solution to the stochastic equation 

will be Holder continuous with exponent 1/2 - 6 for every 6 > 0. Consequently, we cannot 

expect to obtain the same amount of regularity in the solution of the stochastic equation 

as obtained in the deterministic case regardless of the regularity of the kernel. 

5.3 Proof of Theorem 5.2.1 

In the proof of Theorem 5.2.1 use is made of Fubini's Theorem. Due to the presence of 

the weakly singular kernel it is crucial that the hypotheses of this theorem are examined 

closely to ensure that they are satisfied before the conclusion of the theorem is applied. 

Proof of Theorem 5.2.1. We begin by proving the existence of a continuous adapted 

process X which satisfies (5.2.2). Since the dispersion coefficient C is dependent on the 

parameter t alone we can fix an arbitrary LJ E 0 and regard equation (5.2.2) as a deter- 

ministic equation with forcing function { p ( t , w )  : 0 5 t < T). Define the Picard iterations 
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BE 

whcn I > 1 and 

otherwise. By mathematical induction it can easily be shown that Xk is continuous and 

adapted on [0, TI for each k 1 0. 

On the interval [O, T] observe that 

5 M I ( X ~ ~ ~ T  + p := C, 

where M = IlAll + Som IIK(u)11 d u  and p = S U P ~ < ~ < T  - - 11p(t, w ) / ( .  SO it is clear that 

Again on t .11~ intern1 [O,T] and for k: > 0 wr. haw that 

t-a 

Xk+,(t, w) - X k ( t ,  U )  = l [A + 1 ~ ( u )  dU] (Xk ( s ,w)  - X k - ~ ( s ,  w ) )  ds. 

Taking norms across this equation we see that 
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Using (6.3.1) and (5.3.2) wc now prove by mathcmcttical induction tlmt 

As n mnsequci~ce of (5.3,l) it is clear that (5.3.3) holds for k = 0. Now asTurne that 

(5,3.3) lrolds for k = 1. Using this assumption we sl~ow that (5,3.3) holds for K = 1 f- I 

using thc following argument: 

Let Xj.(t", u) dcnotc tlic: it" cornpencnt of the vcctar X k ( t ,  w )  where 0 5 i 5 n. Notice 

thot, due to the rtcfinitian of the norm ~ n d  (5.3.4) it is seen t11aL 

TIm expression &c(~'?T)* is the general tern of thc Taylor exp~nsion of c e f i T ;  so 

$C(AT)%S n convergent squence. Now, due to the Weierstrauss M-test it is 

clear that ~ : ( 1 . ,  w) ,  which may he expressed as a partial sum 

k - l  

x i . ( f ,w)  - XA(t,w) + C{x;,,(t,w) - ~ j ( t , w ) ) ,  
3 =0 

must convergc to a limit, which we ctdl Xi(b, w).  Thus, 

We now show that X is a solution of (5.2.2). Consider tlre expression 
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from X,  changing the order of integration in the double integral once again and taking 

norms across the equation we obtain 

where M = \\All +SF IIK(t)II dt .  Using Gronwall's inequality we see that ( ( X ( t )  - Y(t)ll = 

0, in other words t H X ( t ,  C) is unique process obeying (3.1.1) on 0 I t < T .  However, 

since T is arbitrary we see that X is the unique, continuous, adapted process which satisfies 

(3.1.1) on the positive real line. 

5.4 Proof of Theorem 5.2.2 

In order to prove Theorem 5.2.2 the following lemmata are required. 

Lemma 5.4.1. Let K satisfy (5.2.3) and let C satisfy (3.1.2). Then (3.1.1) may be 

reformulated as (3.3.5) where the function t H F ( t )  can be written as (2.3.7) and is well 

defined for all t >_ 0 .  

Lemma 5.4.2. Let K satisfy (5.2.3) and (3.2.1). Then  the function F satisfies 

(5.4.1) 

and the Laplace transform of F ,  z H p ( a ) ,  i s  given by (2.3.2) for Re a 2 0 and a # 0 and 

(2.3.3) for z = 0. 

Lemma 5.4.3. Let K satisfy (5.2.3) and let f satisfy (2.1.4). Then  the solution x of 

(2.1.3) expressed using the variation of parameters representation given by (2.1.5). 

Lemma 5.4.4. Let K satisfy (5.2.3).  Suppose that the kernel K satisfies (3.2.1) and the 

resolvent R of (2.1.1) satisfies (3.3.1). If (3.3.3) holds, then rank ( P D N )  < rank ( N )  

87 
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where D  = I + Som K ( u )  d u d s  and the matrix N i s  defined as N = T D ~ T - ' .  Here 

DN = diag(f1,  f i ,  . . . , fn )  with fi = 1 if all the elements of the ith column of J are zero, 

and fi = 0 otherwise. 

Lemma 5.4.5. Let K satisfy (5.2.3). Suppose that  the kernel K satisfies (3.2.1) and 

there exists a constant C such that  the resolvent R of (2.1.1) satisfies (3 .3 .1) .  T h e n  

(3.3.2) holds. Moreover, zf the constant R, i s  defined b y  (2.2.11) t h e n  R(t) 4 R, as 

t 4 m  a n d C = R , .  

Lemma 5.4.6. If K satisfies (5.2.3) and (3.2.1) and the resolvent R of  (2.1.1) satisfies 

(3.2.3) ,  t hen  (3.3.4) holds. 

Proof of Lemma 5.4.1. We begin by considering (5.2.2). Similarly to Lemma 3.2.1 

both sides of (5.2.2) are premultiplied by @'(t  - s )  to obtain 

where p ( t )  = [ A  + Sips K(u )  du]  X ( s )  ds and @ ( t )  = P + Qe-', Integrating this over 

[0, T ]  one obtains 

t 
= 1 @'(t - s ) X o  ds  + @'(t - s ) ~ ( s )  d s  + @'(t - s ) ~ ( s )  d s ,  0 5 s t T .  I" 

(5.4.2) 

Now examine each term in (5.4.2). As Theorem 5.2.1 holds it is clear that the integral on 

the left hand side (5.4.2) exists on [0, T ]  and may be written notationally as a' * X. The 

first term on the right hand side of (5.4.2) can be evaluated in a straightforward manner 

due to the continuity of the integrand: @'(t - s )  X o  d s  = @ ( t )  Xo  - X o  Now examine 

the second term. Due to the fact that 
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we see that p is continuous on [0, t]  and p(0) = 0. So the integral @'(t - s )p(s )  ds is 

well-defined for t E [0, TI. We can reformulate this integral using integration by parts: 

where we have rewritten p according to p(t) = Sot [ A X ( s )  + Sos K ( s  - u ) X ( U )  d ~ ]  d ~ q  

Using the above and the fact that p( t )  = X ( t )  - Xo - p(t) we see that (5.2.2) becomes 

X ( t )  + ([@I - @ A  - @ * K ]  * X ) ( t )  = Gs( t )  where Gs is given by (3.3.7). Letting F = 

@'-@A-  @ * K as before we now check that the reformulated version of F given by (2.3.7) 

is still valid: 

t 
= - e - t ( ~  + Q A )  - P ( A  + Lrn K ( S )  d s )  + P Lrn K ( u )  du - 1 e-('-')QK(s) ds. 

As the function K is integrable this means that the matrix M which is defined as 

M = A+Som K ( s )  ds exists and so P M  = 0 as before (where P is defined as in Section 2.2). 

Now consider the second and third terms: both terms are bounded by SF IIK(t)ll d t  SO 

they are well-defined. Thus, F is a well-defined function on [0, TI. Again, since T is 

arbitrary the reformulated equation is valid for t > 0. 

Proof of Lemma 5.4.2.  We use (2.3.7) to obtain 

PCO roo 

and use this to show that (5.4.1) holds. Obviously the first term on the right hand side of 

(5.4.4) is bounded. We now show that the second term on the right hand side of (5.4.4) 
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is bounded. Note that for an arbitrary constant T, with 0 < T < oo, 

Thus, we can apply Fubini's Theorem to obtain 

lm l ee('-') \ \K ( s )  1 1  ds dt = lim lT l dt-') 1 1  K(S) 11 ds dt 
T-m 

00 

= 1 11 K(s) 11 ds - lim e - ( T - s ) ~ ~ ~ ( ~ )  11  ds. 
T--too IT 

Now consider the final line of this expression. Clearly the first term is finite due to our 

assumptions. We see that the second term on the right hand side tends to zero by using 

the Dominated Convergence Theorem. (Define a sequence fT(t) = e - ( T - t ) l l ~ ( t ) ~ \  for 

0 < t 5 T and zero otherwise, clearly lim~,, fT(t) = 0. As \ f ~ ( t ) (  I. IIK(t)ll and K is 

integrable we can apply the Dominated Convergence Theorem.) Thus the second term on 

the right hand side of (5.4.4) tends to zero. 

Now consider the third term on the right hand side of (5.4.4). Note that 

So, using Fubini's Theorem and the Dominated Convergence Theorem, 

lo sl\K(s)ll ds = lirn sIIK(s)II ds  
T-m l o  

So we see that the third term on the right hand side of (5.4.4) is bounded. Combining 

the above arguments, we see that the left hand side of (5.4.4) is bounded; that is (5.4.1) 

must hold. 
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As assumption (5.4.1) holds it is known that the Laplace Transform of F ,  denoted k ' ( z ) ,  

exists for Re z 2 0. We now show that the expression for the Laplace Transform of f l ( z )  

given by (2.3.2) for Rez  2 0 and z # 0 and (2.3.3) for z = 0 is valid. 

We begin by considering the case when Re z 2 0 and z # 0. The first term of F given 

in (2.3.7) in not influenced by K and so can be calculated in a straightforward manner 

as before. Now consider the second term. Before calculating the Laplace transform of 

( e  * Q K ) ( t )  we note for Re z 2 0 and z # 0 that 

Using this we can apply Fubini's Theorem and the Dominated Convergence Theorem to 

obtain 

1 T 

= lim - ( l e-"K(s)  ds  - e-zT e-('-"K(s) d s )  
T-w z+l 

Now consider the third term on the right hand side of (2.3.7). It  is necessary to simplify 

the Laplace Transform of the function t H Lco P K ( s )  ds. Note that 
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SO 

$ T ~ s ~ z t I I ~ ( 8 ) l l  ah 5 - JT( l  - e - z s ~ , , ~ ~ ( ~ ) , ,  dl < m. 
1.1 0 

So applying l31l)inj's th~orern and the noininated Convergence Theorem we see that, 

Thus, JT Jtm e-*PIC(s) ds dt = $ P ~ ? ( o )  - !PR(z) .  Combining the a b m  arguments we 

Now consider the cwc when z = 0. The first t.crrn in of F in (2,3,7) in not influenced hy 

K and so can be calculated in a strnightforward manner as before. Wow consider the second 

term on the right hand sidc of (2.3.7). Since (5,4.5) holds we can apply F'ubini's TI~eorem 

and the Dominated Cnnvesgencc Theorem to obtain Jr Ji e-('-') Q K [ S ) ~ S  = Q K ( O ) .  

ALo, since (3.2.1) holds we can change the order of integration in the third term on the 

right hmd sidc of (2.3.7) to ak,tsin Lm P K ( s )  ds dt = -?>kl(0). Combining the above 

mgurnents wc see t l ~ ~ t  $(o), given by (2.3,2), holds as bcf01.e~ 

Pro@ of Eemvna 6.4.9. 1% want to show that x given by (2.1.5) satidfies equation 

(2.1.3). Initially wc show thnb this representation huids for. 0 < 1 < T. Consider the 

Iett linnd side of (2.1.3) and suhstit.ute the variation of prtrnmctcrs representation of the 
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solution into the integral version: 

t 
= xo + l AR(S)  ds xo + Jl;t 1' ~ ( s  - u ) ~ ( u )  duds so + Jdt l5 AR(S - I) f ( n )  duds 

t 
+ lt l' Jdu K ( S  - u ) R ( u  - v )  f ( v )  dv duds + l f (s) ds. 

Consider the final line on the right hand side. Using the continuity of f and R on finite 

intervals it is clear that we can interchange the order of integration of the fourth term. 

Since So9 J:-' IJK(s - v - z)ll 1IR(u - v)II 1 1  f (v)ll dzdv ds < 00 for 0 5 t 5 T we can 

change the order of integration twice in the fifth term. So we obtain 

t 
ro + Jot ( ~ x ( s )  + 1' ~ ( s  - u ) x ( u )  du) ds + 1 f ( s )  ds 

= R(t)xo + ( R  * f ) ( t ) ,  

as required. Now since T is arbitrary this representation holds for all 0 5 t < m. 

Proof of Lemma 5.4.3. As the kernel is integrable, the matrix M exists. The proof of 

this lemma now follows the line of reasoning given in the proof of Lemma 3.3.2. 

Proof of Lemma 5.4.5. Due to (i) the existence of the variation of parameters represen- 

tation of the solution; (ii) the assumption that the kernel is integrable; (iii) the existence 

of the function F which allows the differential equation (5.2.2) to be reformulated as 

an integral equation, we may follow the line of reasoning in Lemma 3.3.1 to show t,hat 

Lemma 5.4.5 holds. 
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Pmof of Lemma 5.4.6. Using tlxe definition oE p(0) obtained in Lemma 5,4.2 we can 

[ lm lw PK(u) du d3] . det[I 4- P(o)] = dct P - Ad 4- 

Now using Lemma 5.4.4 we see that this expression is nonzero. 

Using the definition of @(z) obtained in Lemma 5.4.2 we can show that 

1 1  
det(l -I- F(r) ]  = -- d e t [ d  + P] dc~. [ r ~  - A - ~ ( z ) ]  , 

2z- I -1  

whcn Rc z 2 0, z # 0. Now, using the fact that ttrre variation of parameters representation 

of the solution holds wc can apply the line of reasoning found in Lcmma 3.3.3 to complcte 

tlrc proof. • 

Proof of &emme 5.2.6. By ~pl~ly ing Lemma 5.4.1 we we that equation (3.1.1) may be 

reformulated ns the integral cquntion defii~ed cts ('3.3.6). Since t l . 1 ~  function F defined by 

(2,3.7) iIocs not contain a singularity we can hpply Theorem 1 ,I ,  1 and Lemma 5.4.0 to sec 

that there exists a uniquc solution r E L1 ((0, m), h/r,,,(R>) of the cquatjons r -I- F*r  = F 

and r + T c F = F. Wc can intcgnte r -t- F * r = F ova. [O, m) and rearrange the equation 

to obtnin 

1" r(s) ds = (I + lrn F(r) ds)  -' im F(a)  ds. 

Using Thcorcm 1 .I .2 we sce that the solution X of (3.1 .I) can be cxpresscd using variation 

nf parameters: X ( t )  = Gs(f) - (T * Gs)(t) .  Letting t --r oo we obtain a11 cxpsession for 

X, beforc. 17 



Chapter 6 

Exponential Convergence of Solutions of (3.1.1) to 

a Nontrivial Stochastic Random Variable 

6.1 Introduction 

In this chapter we study the exponential decay of the solution of X (3.1.1) to a non- 

equilibrium limit under conditions (2.1.2) and (3.1.2) on the kernel K and the noise term 

C respectively. 

A paper by Appleby and Freeman [5]  considered the speed of convergence of solutions 

of (3.1.1) to a trivial equilibrium. I t  was shown that under the condition that the kernel 

does not change sign on [0, m) then (i) the almost sure exponential convergence of the 

solution to zero, (ii) the p-th mean exponential convergence of the solution to zero and 

(iii) the exponential integrability of the kernel and the exponential square integrability of 

the noise are equivalent. 

This chapter extends these results. Conditions are determined on the resolvent, kernel 

and noise terms which ensure exponential convergence of solutions to a non-equilibrium 

limit in the p-th mean and almost sure senses. Similarly to [5] it is shown that the 

exponential integrability of the kernel and the exponential square integrability of the noise 

are crucial. 

6.2 Discussion of Results 

In this section, the necessary and sufficient conditions for the solution of (3.1.1) to converge 

exponentially to a nontrivial limit are stated. Appleby and Freeman [5] considered the 

exponential convergence of solutions of (3.1.1) to zero. The connections between their 

result and the main result presented in this chapter are discussed, as are the connections 
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between Theorem 2.2.5 and the main result presented in this chapter. 

Appleby and Freeman obtained the following result in the case where the solution of 

(3.1.1) is integrable. 

Theorem 6.2.1. Let K satisfy (2.1.2) and let C satisfy (3.1.2) and (3.2.2). I f  (2.2.12) 

holds, then the following are equivalent. 

( i)  There exist constants a > 0 and y > 0 such that (2.2.13) holds, C satisfies 

and the solution R of (2.1.1) satisfies (2.2.1) 

(ii) For all initial conditions X o  there exists X p  > 0 ,  such that for every p > 0 there exists 

a constant M p ( X o )  > 0 such that the solution t -t X ( t ;  X o ,  C )  of (3.1.1) satisfies 

(iii) For all initial conditions Xo there exists a constant ,B > 0 such that the solution 

t -, X ( t ;  X o ,  C) of (3.1.1) satisfies 

I 
lim sup - log l l X ( t )  I( I -P ass .  

t-oo t 

In this chapter, a result in the case where the solution is not integrable but approaches 

a nontrivial limit is considered. In Chapter 2 the exponential convergence of the solution 

of (2.1.1) to  a non-equilibrium limit was considered. By writing the solution of (3.1.1) in 

terms of variation of parameters the theory contained in Chapter 2 may be applied in the 

analysis of the solutions of (3.1.1). The main theorem of this chapter is now stated. 

Theorem 6.2.2. Let K satisfy (2.1.2) and (2.2.7) and let C satisfy (3.1.2). If K satisfies 

(2.2.12) then the following are equivalent. 
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(2) There exists a constant R, such that the solution R of (2.1.1) satisfies (3.2.3) and 

the function C satisfies (3.2.2) and (3.2.6), and there exist constants a! > 0 and 

y > 0 such that K and C satisfy (2.2.13) and (6.2.1) respectively. 

(ii) For all initial conditions Xo and constants p > 0 there exists an  almost surely finite 

.FB(oo)-measurable random variable X,(Xo, C )  with lE IIXwllp < m such that the 

unique continuous adapted process X (. ; X o ,  C) which obeys (3.1.1) satisfies 

where ,Bp and rn, = rn,(Xo) are positive constants. 

(iii) For all initial conditions Xo there exists a n  a.s. finite .FB(oo)-measurable random 

variable X,(Xo, C) such that the unique continuous adapted process X(- ; Xo, C )  

which obeys (3.1 . I )  satisfies 

1 
limsup - log IIX(t) - X,II I -Po a s s .  

t--too t 

where ,Bo is  a positive constant. 

It  is clear the assumption (6.2.1) guarantees that assumptions (3.2.2) and (3.2.6) hold. 

In this theorem they are explicitly assumed in order to highlight the conditions that 

guarantee the existence of a limit and the integrability of the solution minus its limit in 

contrast to the conditions that guarantee the speed of convergence. 

Whether considering the exponential convergence of solutions to a non-trivial limit 

or the exponential convergence to zero it is seen that the conditioils on the exponential 

integrability of the kernel and noise term remain the same. The additional assumptions in 

Theorem 6.2.2 ensure the convergence to an explicit almost surely finite random variable. 

In addition, it is required that the R - R, lies in the space of square integrable functions. 

This is due to the fact that in general it is more natural to consider It6 integrals with 

square integrable integrands rather than integrable integrands. Here, R - R, E L2 (0, oo) 
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rather than in the space of L 1  ( 0 ,  co) functions is considered. Nonetheless it is possible to 

make use of Theorem 2.2.6 in the proof of Theorem 6.2.2. This is due to the fact that 

R - R, E L2(0 ,  co) together with an assumption on the second moment of the kernel 

implies that R - R, E ~ ' ( 0 ,  co) . This statement is made precise in Lemma 6.3.2. 

6.3 Sufficient Conditions for Exponential Convergence of 

Solutions of (3.1.1) 

In this section, sufficient conditions for exponential convergence of solutions of (3.1.1) to 

a non-equilibrium limit are obtained. Proposition 6.3.1 concerns convergence in the pth 

mean sense while Proposition 6.3.2 deals with the almost sure case. 

Proposition 6.3.1. Let K satisfy (2.1.2) and (2.2.7),  C satisfy (3.1.2) and (3.2.2) and let 

R, be a constant matrix such that the solution R of (2.1.1) satisfies (3.2.3),  If there exist 

constants a > 0 and y > 0 such that such that (2.2.13) and (6.2.1) of Theorem 6.2.2(i) 

hold, then there exist constants ,Op > 0 ,  independent of X o ,  and mp = m p ( X o )  > 0 ,  such 

that statement (ii) of Theorem 6.2.2 holds. 

Proposition 6.3.2. Let K satisfy (2.1.2) and (2.2.7) and let C satisfy (3.1.2)' (3.2.2) 

and (3.2.6) where R, is a constant matrix such that the solution R of (2.1.1) satisfies 

(3.2.3).  If there exist constants cu > 0 and y > 0 such that such that (2.2.13) and (6.2.1) 

of Theorem 6.2.2(i) hold, then there exists a constant Po > 0 ,  independent o f X o  such that 

statement (iii) of Theorem 6.2.2 holds. 

Proposition 6.3.1 may be proved by examining the variation of parameters representation 

of the solution. Proposition 6.3.2 may be proved by considering the integral representation 

of the equation. 

Extensive use is made of Liapunov's inequality in the proof of Proposition 6.3.1 and 

Proposition 6.3.2. This inequality is more appropriate in this instance than Holder's 
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inequality: using Holder's inequality, the exponential pth mean convergence is obtained 

for p > 1 while exponential convergence is obtained for p > 0 using Liaponov's inequality, 

which is a stronger result. 

The proof of Proposition 6.3.1 is divided into two cases: 0 < p < 2 and p > 2. In the 

first case, Lemma 6.3.1 and Liapunov's inequality may by applied initially to show the 

existence of the pth moment of the limit and then to show that the speed of convergence 

to the limit is exponential. In the second case, the result is proved for the 2mth moment, 

where 2 ( m  - 1 )  < p 5 2 m .  Liapunov's inequality may then be applied to prove the result 

for p. Here the even exponent simplifies calculations. 

In Chapter 2 ,  the conditions which give mean square convergence to a nontrivial limit 

were considered. So a natural progression in this chapter is the examination of the speed 

of convergence in the mean square case. Lemma 6.3.1 examines the case when p = 2 in 

order to highlight this important case. This lemma may be then used when generalising 

the result to all p > 0 .  

Lemma 6.3.1. Let K satisfy (2.1.2) and (2.2.7) ,  let C satisfy (3.1.2)  and (3.2.2) and let 

R, be a constant matrix  such that  the solution R of (2.1.1)  satisfies (3.2.3) .  I f  there exist 

constants a > 0 and y > 0 such that  (2.2.13) and (6.2.1)  of Theorem 6.2.2(i) hold, t hen  

there exist constants X > 0 ,  independent of X o ,  and m = m ( X o )  > 0 ,  such that  

From Chapters 3 and 4 it is evident that R - R, E ~ ' ( ( 0 ,  c o ) ,  M n x n ( R ) )  is a more 

natural condition on the resolvent than R - R, E L1 ( ( 0 ,  oo), M n x n ( R ) )  when studying 

convergence of solutions of (3.1.1) .  However, the deterministic results obtained in Chap- 

ters 2 are based on the assumption that R - R, € L1( (O ,co ) ,  M n x n ( R ) ) .  In order to 

make use of Theorem 2.2.5 in this chapter Lemma 6.3.2 is required; this result isolates 

conditions that ensure the integrability of R - R, once R - R, is square integrable. 

Lemma 6.3.2. Let K satisfy (2.1.2) and (2.2.7) and let R, be a constant matrix  such 

that the solution R of (2.1.1) satisfies (3.2.3). T h e n  the solution R of (2.1.1) satisfies 
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(2.2.8). 

Two technical lemmata are now stated. Lemma 6.3.3 concerns the moments of a nor- 

mally distributed random variable. It  can be extracted from [5, Theorem 3-31 and it is 

used in Proposition 6,3.1. Its proof may be found a t  the end of this section. 

Lemma 6.3.3. Suppose the function u E C ( ( 0 ,  a)  x ( 0 ,  a), MPx, (R) )  then 

where d,(p, r )  = pm+1~2m+1 (2m)!(m!2m)-1cn(p,  r )m.  

The following lemma is used in Proposition 6.3.2. A similar result is proved in [5]; the 

proof is included in Appendix A for completeness. 

Lemma 6.3.4. Suppose that K E C([O, a), Mn,,(R)) n ~ ' ( ( 0 ,  m) ,  M,,,(R)) and 

If > 0 and f j = 2 i  A d then 

where c is a positive constant. 

The proofs of Proposition 6.3.1 and 6.3.2, Lemma 6.3.1 and 6.3.3 are now given. 

Proof of Lemma 6.3.1.  Erom Theorem 3.2.1 we see that X ( t )  -+ X, where X, is 

given by (3.2.4). From Lemma 3.3.1, the definition of the norm and the expression for 

X ,  we see that 

0 

E llx,l12 = E [tr (x ,x~)]  = I ~ R , X O ( ( ~  + 1 ( ( R ~ C ( S ) ( ~ ~  ds < m. (6.3.2) 

Since 

E [ / ( X ( t )  - x,1l2] = E [tr ( X ( t )  - X, ) (X( t )  - x,)~] , (6.3.3) 
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we use (3.1.3) and (3.2.4) to expand the right hand side of (6.3.3) to obtain 

In order to obtain an exponential upper bound on (6.3.4) each term must be considered 

individually. We begin by considering the first term on the right hand side of (6.3.4). 

Using (2.2.7) and (3.2.3) we can apply Lemma 6.3.2 to obtain (2.2.8). Then using (2.2.7), 

(2.2.8) and (2.2.13) we see from Theorem 2.2.5 that 

We provide an argument to show that the second term decays exponentially. Using (6.2.1) 

and the fact that R decays exponentially quickly to R, we can choose 0 < A < mi@, y) 

such that exC and ex(R- R,) E ~ ' ( 0 ,  co) where the function e~ is defined by ex(t) = ext. 

The convolution of an L2(0, m) function with an L2(0, oo) function is itself an L2(0, oo) 

function, thus, 

Using the argument given by (6.3.6) we see that the second term of (6.3.4) decays expo- 

nentially quickly. 

We can show that the third term on the right hand side of (6.3.3) decays exponentially 

using the following argument: 

Combining these facts we see that 
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where m(Xo) = cl ( ( X O ( ( ~  + cz + C((R,I I~  and X < rnin(P, 7 ) .  

Proof of Proposition 6.3.1.  Consider the case where 0 < p 5 2 and p > 2 separately. 

We begin with the case where 0 < p 5 2. Using the argument given by (6.3.2) shows that 

IE [ l l ~ , 1 1 ~ ]  < 00. NOW applying Liapunov's inequality we see that 

We now show that (6.2.4) holds for 0 5 p < 2. Liapunov's inequality and Lemma 6.3.1 

can be applied as follows: 

where mp(Xo) = rn(xo);and Pp = Xp. 

Now consider the case where p > 2. In this case, there exists a constant m E W such that 

2(m - 1) < p _< 2rn. We now seek an upper bound on IE ((x, 1 I z m  and IE [I(x(t)  - X, ((2m], 

which will in turn give an upper bound on B ((X,IJp and IE [I(X(t) - X,l(p] by using 

Liapunov's inequality. Clearly, we see that 

by applying Lemmas 3.3.1 and 6.3.3. 

Now consider IE [jlX(t) - ~ , 1 1 ~ ~ ] ,  Using the variation of parameters representation of 

the solution and the expression obtained for X, we see that 
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Now taking norms, 

raising boll1 sides of the equation ta the 2mth power, 

then taking t?xpectations across the inequality, we RIT~V(? at 

TVe coi~sider each term on the right hatrd side of (6,3.8). Using (2.2.7) and (3.2.3) m can 

apply Lemma 6.3,2 to obtain (2.2.8). Thcn using (2.2.7), (2.2.8) and (2.2.13) wc see from 

Theorem 2.2.5 that 

Now, cansidcr thc sccoi~d tenn on the right hand side of (8.3.8). Using thr! ttrgument, given 

by (6.3.6) wc see that J: ( ( (R( t  - 9) - & ) ~ ( . s ) l l ~  ds 5 ~ e - ~ ~ '  where X < min(B, 7) .  NOW 
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using Lemma 6.3.3 we see that 

Using (6.3.7) combined with Lernmn 0.3.3 and the Dominated Collverge~ce Theorem, 

we sbow that the third term decays cxpon~11l7tially quickly: 

'rn -2mv.1, 5 d,(n,d)C e 

Combir~ing (6.3.9). (8.3.10) and (6.3.1 1) the inequnlity (6.3.8) becomes 

Usil~g Linp~~nw'r inequnl i t~ .  the inequaliw (6.3.12) implies 
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Proof of Proposition 6.3.2. In order to prove this proposition we must show that 

For each t > 0 there exists n E N such that n - 1 5 t < n. Define A(t) = X ( t )  - X,. 

Integrating (3.1.1) over [n- 1,  t ] ,  then adding and subtracting X ,  on both sides we obtain 

t 
X ( t )  - X, = ( X ( n  - 1 )  - X,) + A ( X ( s )  - X,) ds I-1 

K ( s  - u ) ( X ( u )  - X,) duds  + 

applying Lemma 4.4.1 this becomes 

t t 
A(t) = A ( n  - 1)  + ( A A ( s )  + ( K  * A ) ( s ) )  ds + 1 C ( s )  d B ( s )  

6 - 1  n-1 
t 

- 1-1 K l ( s )  ds X,. (6.3.14) 

Taking norms on both sides of (6.3.14), 

and squaring both sides this becomes, 

This then becomes 
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taking suprcma, 

sup l l ~ ( t ) ( I ~  5 4 
rr-l<tSn 

before findly taking ~xpectat~ions yields: 

WE now consider cncll term on the rigid hand side of (6.3.1 5 ) .  norn Lcmma 6.3.1 we sec 

that. the first term satisfies 

In order to  obtnin an exponcntinl bound on the second term an the right hand side of 

(8.3.8) we rnnke use al the Cauchy-Schwwz inequality ns follows: 
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where K, = Jr eatllK(t)ll dt. Take expectations and examine the two terms within the 

integral. Using Lemma 6.3.1 we obtain 

5 11~11~rn(Xo) rL e-2h' ds (6.3.17) 
n- 1 

< c1(Xo)e -2X(n-1) 
- 

In order to obtain an exponential upper bound for the second term within the integral we 

apply Lemma 6.3.4 with K = K, a = 5, A = and 7j~ = fj. 

< m ( x O ) L  Sn Is e-"u~~~(u)lle-2"(DY) duds - (6.3.18) 
n-1 0 

< c2 ( x ~ )  e-v("-l). 

Next, we obtain an exponential upper bound on the third term. By the Burkholder- 

Davis-Gundy inequality, there exists a constant c3 > 0 such that 

Applying (6.3.7) we see that 

Now consider the last term on the right hand side of (6.3.15). Using (2.2.13) we see that 

(2.5.5) holds. Using this and the fact that IE IJXmJ12 < oo (see (6.3.2)) we obtain 

2 

I I K l ( ~ ) l l  d ~ ) ~  B I I X ~ ~ ~ ~  < & I I X ~ ~ ~ ~  (11 ~ e - , '  ds) 5 ~ 4 e - ~ ~ ( " - l ) .  (6.3.21) 

Combining (6.3.16), (6.3.17), (6.3.18), (6.3.20) and (6.3.21) we obtain 

r - 
E 1 sup I I X ( ~ )  - X,/I'] 5 * ( ~ o ) e - ~ q ( ~ - ' ) ,  

n-l<t<n 
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where fi(Xo) = 4 ( ~ ( X O )  + CI -I- cz(Xo) + 45: + q). 
Wc can now apply the line of rcawning nged in 126, Theorem 4,4.2] to obtain (6.2.5). 

Let E E (0, q)  be arbitrary. Since (6.3.13) holds wc can apply Chcbphev's inequality: 

Since xz, e-c[n-'l < m we can apply the first Rorcl-Canklli lci~lrnw to see thM, for 

w E Rn, with P[flO] = 1, 

sup ~ (X(~ ,LJ )  - x ~ { w ) I I ~  5 e-2(~-')(n+1), n 2 ng(w). 
n-lststa 

Con~qumit-ly, for n - 1 5 t < TI, 

But since r is nstitrhry this means that 

I 
limsup - log 1\X(t) - XmII < -qr n.s. 

l-oo t 

Proof of Lemma 6.9.2. Consider the reformulation of (2.1.1) given by (2.3.8). From 

Theorcrn 1.1.2 wc! know t l~nt  Y can be cxprcsscd as 

whcre the ftirlction 7. sntisf es r + I: 1: 3. = F and 7- %- r * F = F ,  Consider the first term on 

the right hand side of ((3.3.22). As (2.2.7) lrolds it is clear that the  fu~~ction G is intsg~ahle. 

Now consider the second term. Since (2.2.8) and (3.2.1) hold wc may ~ p p l y  Lemma 3.3.3 
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to obtain (3.3.4). Now we may apply Theorem 2.2.3 to see that r is integrable. The 

convolution of an integrable function with an integrable function is itself integrable. Now 

combining the arguments for the first and second terms we see that (2.2.8) must hold. 

Proof of Lemma 6.9.3. We see that 

Applying (1.1.1) twice we obtain 

we can use the fact that for a normally distributed random variable X (X N(0 ,a2 ) )  

2m - (2m)!uzm obeys lE [X ] - to obtain 

6.4 Necessary Conditions for Exponential Convergence of 

Solutions of (3.1.1) 

In this section, the necessity of condition (6.2.1) for exponential convergence in the almost 

sure and pth mean senses is shown. Proposition 6.4.1 concerns the necessity of the condition 

in the almost sure case while Proposition 6.4.2 deals with the pth mean case. 
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Proposition 6.4.1. Let K satisfZl (2.1.2) and (3.2.1) and let C satisfy (3.1.2). If there 

exists a constant a > 0 such that (2.2.13) holds, and if for all X o  there is a constant vector 

X,(Xo, C )  such that the solution t H X ( t ;  X O ,  C )  of (3.1.1) satisfies statement (iii) of 

Theorem 6.2.2, then there exists a constant y > 0, independent of Xo,  such that (6.2.1) 

of Theorem 6.2.2(i) holds. 

Proposition 6.4.2. Let K satisfy (2.1.2) and (3.2.1) and let C satisfy (3.1.2). If there 

exists a constant a > 0 such that (2.2.13) of Theorem 6.2.2(i) holds, and i f  for all X o  

there is a constant vector X,(Xo, C )  such that the solution t H X ( t ; X O ,  C) of (3.1.1) 

satisfies statement (ii) of Theorem 6.2.2, then there exists a constant y > 0, independent 

of X o ,  such that (6.2.1) of Theorem 6.2.2(i) holds. 

In order to prove these propositions the integral version of (3.1.1) is considered. B y  

reformulating this version of the equation an expression for a term related to the expo- 

nential integrability of the perturbation is found. Using various arguments, including the 

Martingale Convergence Theorem in the almost sure case, this term is used to show that 

(6.2.1) holds. 

A supporting result is now stated. This was proved in [5], but for completeness the 

proof is given in Appendix A. 

Lemma 6.4.1. Let N = ( N l , .  . . , N,) where Ni N N ( 0 , v ; )  for i = 1 , .  . . , n,  then there 

exists a vi-independent constant dl > 0 such that 

Proof of Proposition 6.4.1. In order to prove this result we follow the argument used 

in [5, Theorem 4-11. Let 0 < y < a A Do. By defining the process Z ( t )  = eY tX( t )  and the 

matrix n ( t )  = e Y I K ( t )  we can rewrite (3.1.1) as 
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Using integration by parts this becomes: 

Rc~rranging the equation one obldns: 

Rlultiplying both sides by eTt: 

the integral form of which is 

[ K ( r  - u)Z(u) duds -k Z(t) - Z(0) = (71 4- A )  Z(s) tls + 

Using Z(1,) = e T t X [ f )  aild rearranging the equation this bmomes 

Adding and subtracting Xm fmm t l~e  right hand side 

- [ cT' 1' K ( s  - u)(X (mu) - X,) rlu d.5 -k eflX, 

- (yl+ A) C ~ ' X m d S  - & L e w [ ~ ( r  - o ) ~ , d l L b  

- e7*(X(t} - X,) - (Xo - Xm) - (71 + A) X(s) - Xm) ds lf ( 
- 1' PT" La I<(I - ( t )  ( X ( Z L )  - Xm) (lv d~ 

- 1' c7' (A + Lrn I( (TL) dtr)  Xm dn 

+ 1' c?' lrn IC(u) X, du da. 
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Applying Lemma 4.4.1 we obtain: 

- 1' CT* La K(J  - e)(X(u) - X,) duds + eTaKl (u) duds X,. (8.4.1) I' 
Consider each term on the rig11C hand side of (6.4.11, We scc that the first term tends to 

zero as (6.2.5) holds and y < flo. The second term is finite by hypothesis. Again, using the 

fact that. Y < Po anrl that ~ssurnp t io~~  (6.2.5) holds we see thnt +(X - X,) E ~ ~ ( 0 ,  co), 

so thr! third term 4,cnds to R limit RS 1 4 w. NOW cons id^^' thc fo~rth term. Since 

0 < y c a A/&, we can chhoasc yr > 0 such that y < yj < a Ahoh Now, we can wply an 

arpmcnt similar to (2.5.4) to sl~aiv that 

Tl~us,  it is clcm that the Fourth term has rc finite limit as C 4 m. Findly, the fifth term 

on the right hni~cl side of (6,4.I) tlas a finitc limit at infinity, using the argument given by 

(2 .5 .5 ) .  Each tern) on the right l l ~ n d  side of the incqunlity has ts finite limit t -4 oo, so 

therefore 

lirn it e-FC(s) dB(.)  exists md is d m o s t  nurely finite. 
I-m 

The Martinga.le Convci*gence TI~eorcm may now be applied component by camponcnt to 

obtain (6.2.1), 0 

Pmof of Proposition 15.4.2. By Lemma 3.4.1, (8.4.1) still holds, Definr! 7 < c~ A PI, 
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take norms nild expectations across (6.4.1) to obtnjh 

By Theorem 6.3.1 there exists m1 such that 

thus thc first, second auld third terms on tho right hand side of (6,4.2) are uniformly 

bouncled an [Ci, m). Now consider the fourth term. Since 0 < 7 < cr A PI,  we call choose 

yl > Q such that y < rl c: cr A pl. Wow we can apply an argumenl simila' to (2.5.4) to  

show that 

so it is C I C R ~  that LIle fourth tcrln is uniformly bouiidcd on [O,m). Finally, we consider 

the final term 01.1 the right hand side of (6.4.2). Using (2.5.5) we obtain 

since r < a. Thus there is a constant c > 0 sucI1 that 

The proof ~IDR' follows the line of reasoning found in [5, Tlieorcn~ 4.31: ohset~ro that 
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where 

It  is clear that Ni(t) is normally distributed with zero mean and variance given by 

Lemma 6.4.1 and (6.4.4) may now by applied to obtain: 

Allowing t -+ oo on both sides of this inequality yields the desired result. 

6.5 On the Necessary and Sufficient Conditions for Expo- 

nential Convergence of Solutions of (3.1.1) 

We now combine the results from Sections 6.3 and 6.4 to prove Theorem 6.2.2. 

Proof of Theorem 6.2.2. We begin by proving the equivalence between (i) and (ii). 

The implication (i) implies (ii) is the subject of Theorem 6.3.1. We can demonstrate that 

(ii) implies (i) as follows: we begin by proving that (6.2.4) implies (2.2.13). We consider 

the following n solutions of (3.1 .I); Xj (t)j,l,... ,n where X j  (0) = ej .  Since (6.2.4) holds we 

obtain 

for each j = 1 . . . , n. Thus, the resolvent R of (2.1.1) decays exponentially to R,. We 

can apply Theorem 2.2.5 to obtain (2.2.13) after which Proposition 6.4.2 can be applied 
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obtain (6.2.1). As (6,5.'1) lroIds it is clear tbnt (3.2.3) Irolds and ns (6.2.1) and M RR, 

is finite it is clear that (3.2.6) holds. 

We now prove the equivdenm between (i) and (iii). Thc implication ( I )  implies (iii) 

is the subject of Tkearcm 6.3.2. We now demonstrate that (iii) implies (i). Wc begin 

by proving that (6.2.5) implies (2.2.13). As (6.2.5) holds for all Xo wc can consider the  

following n + I solutions of (3.1 .I); X j ( t )  j=l,... 1 where 

We k ~ ~ a w  that X j ( b )  appraachrs Xj(m) expollentially quickly in the almost stire sense, 

Introduce 

nnd notice Sj(0) = ej. Let S = lS1, . . . , S,] E h/r,,,(O, m). Then 

If  we rlcfinc Sj(m) = Xj(ao) - X,+l(oo) then S(t) + S, exponentiully quickly so we 

can apply Ttreoren~ 2.2.5 to obtain (2.2.13), As (2.2.13) nnd (6.2.5) hold we cnn apply 

Proposition 6.4.1 to o h t ~ i l ~  (6.2,l). Again, as (6.5.1) holds it is clear thttt. (3.2.3) holds 

and as ((i.2.1) I~olds nntl &, is finite it is clcar. !.hat (3.2.6) holds. This proves tlint (iii) 

implies (i}' 



Chapter 7 

Exponential Convergence of Solutions of (7.1.1) to 

a Nontrivial Random Variable 

7.1 Introduction 

In this chapter we study the exponential convergence of solutions of 

to a nontrivial random variable. Note that A, B are defined as before and K, f and C 

satisfy (2.1.2), (2.1.4) and (3.1.2) respectively. 

Results analogous to those obtained in Chapter 6 are proven: we find the necessary 

and sufficient conditions for the exponential convergence of solutions of (7.1.1). Here, the 

analysis is complicated, particularly in the almost sure case, due to presence of both a 

deterministic and stochastic perturbation. 

These theoretical results are then used to interpret the equation as an epidemiological 

model. Conditions under which a disease becomes endemic, which is the interpretation 

when solutions settle down to a non-trivial are studied. The theoretical results are ex- 

ploited to highlight the speed at which this can occur within a population. 

7.2 Discussion of Results 

In this section, the necessary and sufficient conditions for the solution of (7.1.1) to converge 

exponentially to a nontrivial limit are stated. 

Theorem 7.2.1, stated below, is an analogue of Theorem 6.2.2. In Theorem 7.2.1 the 

behaviour of the solution to equation (7.1.1) is considered rather than the behaviour of 
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the solution to equation (3.1.1). The proof of this theorem is complicated by the presence 

not one but two perturbations. 

Theorem 7.2.1. Let K satisfy (2.1.2) and (2.2.7),  let C satisfy (3.1.2) and let f satisfy 

(2.1.4). If K satisfies (2.2.12) the following are equivalent. 

(i) There exists a constant R, such that the solution R of (2.1.1) satisfies (3.2.3) and 

there exist constants a > 0 ,  y > 0, p > 0 and cl > 0 such that K and C and the tail 

of the perturbation fl defined by (2.2.15) satisfy (2.2.13), (6.2.1) and 

respectively. 

( i i )  For all initial conditions X o  and constants p > 0 there exists a n  a.s. finite ~ ~ ( o o ) -  

measurable random variable X,(Xo, C, f )  with E 11X,Jlp < oo such that the unique 

continuous adapted process X ( .  ; X o ,  C ,  f )  which obeys (7.1.1) satisfies 

where ,B; and ml*, = m G ( X o )  are positive constants. 

(iii) For all initial conditions X o  there exists a n  a.s, finite FB(oo)-measurable random 

variable X,(Xo, C, f )  such that the unique continuous adapted process X ( .  ; X o ,  C, f ) 

which obeys (7.1.1) satisfies 

1 
limsup - log I IX( t )  - X,II L -Po" a.s.  

t-cc t 

where P," is  a positive constant. 

I t  is interesting to note that the condition on the deterministic perturbation f which 

ensures that the solution of (2.1.1) converges exponentially to a nontrivial random variable 

is the same condition which ensures that the solution of (7.1.1) converges exponentially 

to a nontrivial random variable. 
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7.3 Biological Application 

In this section, the biological application considered in Section 4.3 is once again examined. 

Theorem 7.3.1 builds on Theorem 4.3.1. In Theorem 4.3.1 sufficient conditions for conver- 

gence to a nontrivial random variable are considered; Theorem 7.3.1 considers necessary 

and sufficient conditions for exponential convergence to a nontrivial random variable. 

Theorem 7.3.1. Let n = d = 1.  Let w satisfy (4.3.3) and (4.3.6), let C satisfy (3.1.2) 

and let $ satisfy (4.3.2). I f w  satisfies 

w does not change sign on [0, co), 

the following are equivalent. 

(i) There exists a constant R, such that the solution R of (2.1.1) satisfies (3.2.3) and 

there exist constants a > 0 and y > 0 such that w satisfies 

and C satisfies (6.2.1). 

(ii) For all initial functions $ satisfying (4.3.2) and constantsp > 0 there exists an almost 

surely finite 3B ( m )  -measurable random variable X,($, C) with IE IX,(p < co such 

that the unique continuous adapted process X( .  ; 4, C) which obeys (4.3.1) satisfies 

where ,O; and m;5 = m;(Xo) are positive constants. 

(iii) For all initial functions q5 satisfying (4.3.2) t h e n  exists an a.s. finite ~ B ( c o ) -  

measurable random variable X,(d, C) such that the unique continuous adapted pro- 

cess X ( .  ; $, C) which obeys (4.3.1) satisfies 

1 
lim sup - log IX(t) - X,1 I -0; a.3. 

t303 t 
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where pi is a positive constant. 

I t  is evident that the exponential decay of the population is reliant not only on the 

deterministic factors but also on the external random influences. 

7.4 Sufficient Conditions for Exponential Convergence of 

Solutions of (7.1.1) 

In this section, sufficient conditions for exponential convergence of solutions of (7.1.1) to 

a non-equilibrium limit are found. Proposition 7.4.1 concerns the pth mean sense while 

Proposition 7.4.2 deals with the almost sure case. 

Proposi t ion 7.4.1. Let K satisfy (2.1.2) and (2.2.7), C satisfy (3.1.2), f satisfy (2.1.4) 

and let R, be a constant matrix such that the solution R of (2.1.1) satisfies (3.2.3). If 

there exist constants a > 0, y > 0 and p > 0 such that such that (2.2.13), (6.2.1) and 

(7.2.1) hold, then there exist constants ,Op" > 0, independent of Xo,  and m; = m;(Xo) > 0, 

such that statement (zi) of Theorem 7.2.1 holds. 

Proposi t ion 7.4.2. Let K satisfy (2.1.2) and (2.2.7), C satisfy (3.1.2), f satisfy (2.1.4) 

and let R, be a constant matrix such that the solution R of (2.1.1) satisfies (3.2.3). If  

there exist constants a > 0,  y > 0 and p > 0 such that such that (2.2.13), (6.2.1) and 

(7.2.1) hold, then there exists a constant > 0, independent of X o  such that statement 

(iii) of Theorem 7.2.1 holds. 

Lemma 7.4.1 is an analogue of Lemma 6.3.1; it is used in the proof of Proposition 7.4.1. 

Lemma 7.4.1. Let K satisfy (2.1.2) and (2.2.7), C satisfy (3.1.2), f satisfy (2.1.4) and 

let R, be a constant matrix such that the solution R of (2.1.1) satisfies (3.2.3). If  there 

exist constants a > 0, y > 0 and p > 0 such that such that (2.2.13), (6.2.1) and (7.2.1) 
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hold, then there exzst constants X > 0, independent of Xo, and rn* = m*(Xo) > 0, such 

that 

In order to prove the above propositions and lemma the following result is required. 

Lemma 7.4.2. Let K satisfy (2.1.2) and (3.2.1) and let R, be a constant matrix such 

that the solution R of (2.1.1) satisfies (3.2.3) then  

Proof of Lemma 7.4.1. We begin by considering the difference between the solution 

X(. ; Xol C, f )  of (7.1.1) and its limit X,(Xo, C, f) given by (4.2.4): 

Using integration by parts this expression becomes 

Taking norms on both sides of the equation, squaring both sides, and taking expectations 

across we obtain 

Now consider the right hand side of (7.4.3). The first term decays exponentially quickly 

due to Proposition 6.3.1. The second term decays exponentially quickly due to assumption 
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(7.2.1). We can apply Theorem 2.2.5 to show that the third term must decay exponentially. 

In the sequel, an argument is provided to show that R' decays exponentially. Thus the 

final term must decay exponentially. Combining the above arguments we see that (7.4.1) 

holds where A* < min(A, p ) .  

I t  is now shown that R' decays exponentially. I t  is clear from the resolvent equation 

(2.1.1) that 

- Kl ( t )  R, + ( A  + Am ~ ( s )  ds)  RW. (7.4.4) 

Consider each term on the right hand side of (7.4.4). We can apply Theorem 2.2.5 to  

obtain that R decays exponentially quickly to R,. Using an argument similar to (2.5.4) 

and (2.5.5) we see that the second and third term respectively on the right hand side decay 

exponentially. Finally, using Lemma 7.4.2 we see that the fourth term equals zero. Thus 

R' decays exponentially quickly to 0. 

Proof of Proposition 7.4.1. The case where 0 < p 5 2 and p > 2 are considered 

separately. We begin with the case where 0 < p 5 2. Using the expression for X,(Xo, C )  

given in Theorem 4.2.3 and (7.2.1) we obtain 

Applying Liapunov's inequality we see that 

We now show that (6.2.4) holds for 0 < p _< 2. Liapunov's inequality and Lemma 7.4.1 

can be applied as follows 
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P where m;(Xo) = m*(Xo) 2 and p; = X*p. 

Now consider the case where p > 2. In this case there exists a constant m E N such that 

2(m-1) < p I 2m. We now seek and upper bound on IE ((x, and E [((X(t)  - X,))2m], 

which will in turn give an upper bound on IE llX,llP and lE [IIX(t) - X,llp]. Clearly, we 

see that 

Now consider IE [IIX(t) - Xo112rn]. Taking norms on both sides of equation (7.4.2), raising 

the power to 2m on both sides, and taking expectations across we obtain 

Now consider the right hand side of (7.4.6). The first term decays exponentially quickly 

due to Proposition 6.3.1. The second term decays exponentially quickly due to assumption 

(7.2.1). We can apply Theorem 2.2.5 to show that the third term must decay exponentially. 

In Lemma 7.4.1 we provided an argument to show that Rf decays exponentially. Thus the 

final term must decay exponentially. Combining the above arguments we see that (7.4.1) 

holds. 

Proof of Proposition 7.4.2. Take norms across (7.4.2) to obtain 

IlX(t; Xo, C, f )  - X,(Xo, C, f ))I 5 lIX(t; Xo, C) - Xm(Xo, C)lI 

Using Proposition 6.3.2 we see that the first term on the right hand side of (7.4.7) decays 

exponentially. The second term on the right hand side decay exponentially as (7.2.1) holds. 
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We can apply Theorem 2.2.5 to  show that the third term must decay exponentially. An 

argument was provided in Lemma 7.4.1 to show that R' decays exponentially. Combining 

this with (7.2.1) enables us to show that the fourth term decays exponentially. Using the 

above arguments we obtain (7.2.3). 

Proof of Lemma 7.4.2. We now show that ( A  + Som K ( s )  d s )  R, = 0. Integrating the 

resolvent equation (2.1.1), adding and subtracting R, from both sides, dividing by t and 

rearranging the equation we obtain 

Using the fact that (3.2.3) holds and R, is a finite constant we see that the first term on 

the right hand side of (7.4.8) tends to 0 as t -4 co. We know that K 1  decays exponentially 

due to (2.5.5): thus, the third term on the right hand side of (7.4.8) tends to zero. Now 

consider the second term. 

:/I Jot [ a ( R ( s )  
- R,) + i8 K ( s  - u ) ( R ( u )  - Rm) d u  d~ I ll 

1 

A ( R ( s )  - R,) + K ( s  - u)(R(u) - R,) du  112 ds] ' 
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where K = Sooo 11 K ( s )  11  ds.  Using the fact that (3.2.3) holds we see that J; llA1I2 1 1  ~ ( s )  - 

R,(I2 ds < C. As the convolution of an L' function with a L' function is in L1 we see that 

S: IIK(s - u)11 IIR(u) - R~ I t 2  d u d s  < C. Thus, the second term on the right hand side 

of (7.4.8) tends to zero. The right hand side of (7.4.8) tends to zero while the left hand 

side is a finite constant. This implies that ( A  + sow K ( s )  d s )  Roo = 0 as required. I7 

7.5 Necessary Conditions for Exponential Convergence of 

Solutions of (7.1.1) 

In this section, the necessity of (6.2.1) and (7.2.1) for exponential convergence of solutions 

of (7.1.1) in the almost sure and pth mean senses is shown. Proposition 7.5.1 concerns 

the necessity of the conditions in the pth mean case while Proposition 7.5.2 deals with the 

almost sure case. 

Proposition 7.5.1. Let K satisfy (2.1.2) and (3.2.1),  let C satisfy (3.1.2) and let f satisfy 

(2.1.4). If there exists a constant a! > 0 such that (2.2.13) holds, and if for all X o  there is a 

constant vector X,(Xo, C, f )  such that the solution t H X ( t ;  X O ,  C, f )  of (7.1.1) satisfies 

statement ( i i)  of Theorem 7.2.1, then there exists constants y > 0 and p > 0, independent 

o f X o ,  such that (6.2.1) and (7.2.1) hold. 

Proposition 7.5.2. Let K satisfy (2.1.2) and (3.2.1),  let C satisfy (3.1.2) and let f 

satisfy (2.1.4). If there exists a constant a > 0 such that (2.2.13) holds, and if for all 

X o  there i s  a constant vector X,(Xo, C ,  f) such that the solution t ++ X ( t ;  X O ,  C, f )  o f  

(7.1.1) satisfies statement (iii) of Theorem 7.2.1, then there exists constants y > 0 and 

p > 0 ,  independent of X o ,  such that (6.2.1) and (7.2.1) hold. 

The following lemma is used in the proof of Proposition 7.5.2. 
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Lemma 7.5.1. Suppose c 2 0 is an almost surely finite random variable and 

where X > 0 ,  w E a*, P[R*] = 1 and the functions f i  and pl are defined by (2.2.15) and 

respectively. Then (6.2.1) and (7.2.1) hold. 

In Lemma 7.5.1 the exponential decay of f ,  (7.2.1), and the exponential square inte- 

grability of C ,  (6.2.1), can be proven given an assumption of the tail on f and the tail of 

C.  In order to prove this result the object defined by (6.2.1) is not considered directly, 

instead a variant of this condition given by (7.5.13) is examined. The reason for this is 

that (7.5.13) may be reformulated in terms of the tail of C. 

The following lemma is proved in [ I ]  and used in the proof of Lemma 7.5.1. 

Lemma 7.5.2. If there is a y > 0 such that u E C([O, oo), R) and 

then 

where {B( t ) } t20  is a one-dimensional standard Brownian motion. 

Lemmas 7.5.3 and 7.5.4 are used in the proofs of Propositions 7.5.1 and 7.5.2 respectively 

and are the analogues of Lemma 3.4.1 and 4.4.1. Their proofs are identical to the proofs 

of Lemma 3.4.1 and 4.4.1 in all important aspects and so are omitted. 

Lemma 7.5.3. Let K satisfy (2.1.2) and (3.2.1). Suppose that for all initial conditions 

Xo there is a FB(oo)-measurable and almost surely finite random variable X,(Xo, C )  

with IE 1 1  X,((2 < oo such that the solution t H X ( t ;  X o ,  C )  of (7.1.1) satisfies 

lim IE ( ( X ( t ;  Xo, C, f) - X,(Xo, Z f)l12 = 0 
t-+, 
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and 

Them, X, obeys 

Lemma 7.5.4. Let K sntish (2,1.2) and (3.2.1). S~~pposc tlant /or all .initial conditions 

Xo thew is a ~ ~ ( c a )  -measumblc and aImosi svml?, ,h ih ie  madom. vla.t.inbbe X,(Xa, C, f )  

such th,d tl~,,e solution i n X ( t ;  Xo, 6, f )  o/ (7.1.1) satisfies 

and 

Proof of Proposition 7.5.1. Since (7.2.2) l~olds for all initial conditions we can choose 

Xo = 0: this simplifies cdculcttions. Morcov~r using (7.2.2) in h m m a  7.5.4 it is clcar that 

assumption (7.5.3) holds. Consider the jntegrd form or (7.1.1). Adding and subtracting 

X, fram bath sides nnd applying Lemma 7.5.3 we ohtaiin 

whcro A(t) = X(f) - X,, the fmlct.ion r; is defined by 
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and p ( t )  = C ( S )  d B ( s ) .  Taking expectations across (7.5.4) and allowing t -+ m we 

obtain 

where ~ ~ ( t )  = AE [A(t)] + ( K  * E [A])( t ) .  Using this expression for IE [X,] we obtain 

The first term on the right hand side of (7.5.7) decays exponentially due to (7.2.1). As- 

sumptions (2.2.13) and (7.2.2) imply that KIE decays exponentially so the second term 

decays exponentially. The third term on the right hand side of (7.5.7) decays exponen- 

tially due to the argument given by (2.5.5). Hence, f l  decays exponentially. 

Proving that (6.2.1) holds breaks into two steps. We begin by showing that 

where pi > 0. By choosing pi  < ( ~ A P ~  we can obtain the following reformulation of (7.1.1) 

using methods applied in Proposition 6.4.2: 

+ lo epls lo K ( s  - u ) A ( u )  du ds - e p 1 5 ~ l ( s )  d u d s  X, 
J o  

Rearranging (7.5.9), taking expectations then norms across (7.5.9) we can obtain 

+ l ep" l5 llK(s  - u)(IE \lA(u)ll d u d s  + eP'"~lKl(s)ll  d s E  IIX,I/. (7.5.10) I" 
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Since (7.2.2) holds this implies that both the first and third terms on the right hand side 

of (7.5.10) are bounded. The second term is bounded due to our assumptions. Since 

0 < pl < a A PI, we can choose p:! > 0 such that pl < pz < a A Dl.  Now we can apply an 

argument similar to (2.5.4) to show that 

Finally, we see that the fifth term is bounded using (2.5.5). So, (7.5.8) holds. 

We now return to (7.5.9). Again rearranging the equation, taking norms and then 

expectations across both sides we obtain 

We already provided an argument above to show that the first five terms on the right 

hand side of this expression are bounded. Also, we know that (7.5.8) holds. Thus, 

The proof is now identical to Proposition 6.4.1. 

Proof of Proposition 7.5.2. Consider equation (7.5.4). Since Lemma 7.5.3 holds we 

can obtain (7.5.4). Thus, as t -, co we obtain 

00 

K ( S )  ds - f (s)  ds  - ~ ( o o )  + I" 
where r; is defined by (7.5.5). Using this expression for X,, equation (7.5.4) becomes 
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where p l ( t )  = St* C ( s )  d B ( s ) .  Rearranging the equation and taking norms yields 

The first term on the right hand side of (7.5.11) decays exponentially due to (7.2.3). Using 

the argument given in (2.5.5) we see that the third term on the right hand side of (7.5.11) 

decays exponentially. Finally, we consider the second term. Clearly A A ( s )  ds decays 

exponentially due to (7.2.3). In order to show that r ( K  * A ) ( s )  d s  decays exponentially 

we use an argument similar to that applied in (2.5.4). Thus 

We can now apply Lemma 7.5.1 to obtain (7.2.1) and (6.2.1). 

Proof of Lemma 7.5.1. Choose 0 < y < A. We begin by supposing that (6.2.1) holds. 

Using the equivalence of norms we see that for all 1 < i 5 n and 1 5 j 5 d assumption 

(6.2.1) implies that 

Applying Lemma 7.5.2 we obtain 

Thus, we can choose q j ( w )  > 0 such that 

lim sup log I Lrn xij ( s )  dB ( s )  
t 4 o o  t 

< -7 a.s. 

Now, summing over j we see that 

Ipij(t)l = ILrn x v ( s )  d ~ j  ( s )  

where w E Ri = nyz1 f l u ,  = x;=l q j  and p; ( t )  = xy=, IpV ( t )  1. NOW, since 

< ~ j ( w ) e - ~ ' ,  w E R i j ,  P[ f l i j ]  = 1. 
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we sec that 

whcm & > 0 is finite and p < y. Now summing ovcr 2' we obtain (7.2.11, by picltillg out 

any LJ E W. 

Now define the martingnle M as 

nnd t.he function d as 

We show in tht! sequel that 

and therefore nssunlc it for the time being. 

Now, consider ttie case where nssumptiorl (6.2.1) Fails to hold. Clearly, the quadratic 

variation of Ad is given by 

Sirwe (0.2.1) Fails to hold there exists at least one entry i, 1 5 i J n sac11 that 

lim inf Ad+(t) = -m and I i n ~  n ~ p  Mi (1.) = oo. 
I-m l -m 
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Consider the function di; it is either bounded or unbounded. If di is bounded then M 

is bounded and so by the Martingale Convergence Theorem this means that (M)(t)  is 

bounded: a contradiction. So, we suppose the latter, that is d is unbounded, and proceed 

to show this is also contradictory. Since (di(t) + Mi(t)J < CI(W), for w E Cl* it is clear that 

-cl - Mi(t) < di(t). Taking limsup's on both sides of the inequality yields 

oo = -cl - lirn inf Mi(t) < lim sup di(t). 
t-+w t-+w 

Thus, as d is deterministic, there exists a sequence of deterministic times {t,)E=l such 

that di(tn) --, oo as n + oo. This in turn implies Mi(t,) -+ -MI as n -+ oo. 

A simple proof now shows that this is inconsistent. Define N(n)  = Mi(tn) for {t,}E=o, 

where Mi is the ith component of Ad. Clearly N is a martingale such that lirn,,, N(n)  = 

-oo. Also lim,,,(N)(n) = oo due to assumption (7.5.16). By the Martingale Conver- 

gence Theorem, this implies that limsup,,, N(n)  = m and liminf,,, N(n) = -oo. 

However, as lirn,,, N(n) = -oo this provides the desired contradiction: that is, there 

cannot exist a sequence of times {tn}jto=l such that Mi(tn) --, -00 as n -4 m. This 

excludes (7.5.16), and hence (6.2.1) holds. 

We now show that assumption (7.5.15) holds. By changing the order of integration we 

can show that 

Thus, as 0 < y < A, 

5 C(W) I t  e7 ' ( e -~~  + e-*") ds < c(w), w E Cl*. 
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7.6 On the Necessary and Sufficient Conditions for Expo- 

nent ial Convergence of Solutions of (7.1.1) 

We now combine the results from Sections 7.4 and 7.5 to prove Theorem 7.2.1. 

Proof of Theorem 7.2.1. We begin by proving the equivalence between (i) and (ii). 

The implication (i) implies (ii) is the subject of Proposition 7.4.1. Now consider the 

implication (ii) implies (i) Using (7.4.1) we see that 

Consider the n + 1 solutions Xj(t) of (3.1.1) with initial conditions Xj(0) = ej for j = 

1,. . . , n and Xn+l(0) = 0. Since R(t)ej = Xj(t) - X,+l(t) we see that 

where cj = Xj(m)  - Xn+l(oo) is an almost surely finite constant. As both terms on 

the right hand side of this expression are decaying exponentially to zero, t R(t)ej 

must decay exponentially to IE [cj] as t -4 oo. Thus R must satisfy (2.2.14). Now, apply 

Theorem 2.2.5 to obtain (2.2.13) and Proposition 7.5.1 to obtain (7.2.1) and (6.2.1). 

We now prove the equivalence between (i) and (iii). The implica.tion (i) implies (iii) is 

the subject of Propositioll 7.4.2. Consider the n + 1 solutions Xj(t) of (3.1.1) with initial 

conditions Xj(0) = ej for j = 1, .  . . , n and Xn+l(0) = 0. Since R(t)ej = Xj(t) - X,+l(t) 

for j = 1 , .  . . , n, we can write 

where cj = Xj(oo) - Xn+l(oo) is an almost surely finite random variable. From (7.2.3) we 

know that X j  decays exponentially quickly to Xj(oo), similarly Xn+l decays exponentially 

quickly to X n + l ( a ) .  Thus, R decays exponentially to a limit R,. As a result (3.2.3) must 

132 
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hold. Now apply Theorem 2.2.5 to obtain (2.2.13) and Proposition 7.5+2 to obtain (7.2,1) 

and (6.2.1). 

7,7 Proof of Theorem 7.3.1 

Wc begin by proving that (I)  implies [ii) and (iii). Rcwritc (4.3.1) 8s 

Let 

Using ~ssamptions (4.3.2) and (7.3.2) we 6ee that 

Using this fact cainbined with (3.2.3) m d  (7.3,2) we can apply Theorem 7.2.1 to see that 

both (3.3.3) m ~ d  (7.3.4) hold. 

'In order to prove the implication that {ii) implies (i) and (iji) implies (1) we once again 

rewrite the equat,ion ns in (7.7.1) and define f as in (7.7.2). Agnin applying Theorem 7.2.1 

yields ~ h c  dmircd result,. 



Chapter 8 

Behaviour of Equations with Constant Noise 

8.1 Introduction 

In this chapter we consider the equation 

As always we are interested in the case when R - R, is square integrable. I t  is evident 

that the solution of (8.1.1) is not in general stationary, nor does the solution converge to 

a stationary process. However, we pose the following question: do the increments of the 

solution of (8.1.1) converge in distribution to a stationary process? 

Before tackling this question it is natural to examine the infinite delay differential equa- 

tion: 

where q5 is a n x 1-dimensional vector-valued function is the initial function. We define 

standard Brownian motion B on the entire real line as follows 

where B1 and B2 are independent Brownian motions. 

Riedle [36] considered an equation of this type for a class of measures and proved that 

the integrability of the resolvent was necessary and sufficient for a stationary solution to 

exist. I11 this chapter we explore the case where R - R, is square integrable and examine 

the existence of a solutioll which gives rise to stationary increments. 

In the sequel a number of interesting results concerning the increments of the solutions 

of (8.1.1) and (8.1.2) are proved under assumptions on the integrability of moments of the 
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kernel and the behaviour of the initial function. I t  is proved that for a particular initial 

function the corresponding solution of (8.1.2) has stationary increments. Furthermore, it is 

proven that for any initial function the increments of the corresponding solution converge 

to a stationary process. Finally, it is shown that the solution of (8.1.1) also converges to 

a stationary process. 

These results are stated and discussed in Section 8.2. Note that all of these results are 

proven in the scalar case, although i t  is thought that they also hold in the n-dimensional 

case. 

8.2 Discussion of Results 

It is possible to show that for a particular initial function that there exists a solution to the 

infinite delay equation with stationary increments. Indeed, if the initial history satisfies a 

particular constraint then it is possible to show that the corresponding solution converges 

in distribution to the stationary solution. 

We begin by considering the existence of a unique continuous FB-adapted process sat- 

isfying (8.1.2). 

Theorem 8.2.1. Suppose there is E > 0 such that the kerne l  K satisfies 

and the initial function 4 satisfies 

sup (1 + l t l ) - ( l + ~ ) m ( t ) ~ ]  < a. 
1-m<t<o 

Then there exists a unique con,t~:nuous rB -adapted process X which satisfies (8.1.2). 

This theorem gives a sufficient condition on the initial function which will ensure the 

existence of a solution under (8.2.1). It  should be noted that as the initial function becomes 

less well behaved a stronger condition is required on the integrability of the kernel in order 

to counteract this. 
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Although most of the proof of Theorem 8.2.1 follows the corresponding proofs for equai 

tions without infinite delay, there are a number of differences which should be highlighted. 

A non-standard norm must by used to ensure the existence of the solution on the entire 

real line; many of these differences arise due to the use of this norm. Consequently we 

supply the proof of this theorem in full in Section 8.6. 

We now consider the solution X of (8.1.2) for a particular initial function. The key 

hypothesis which ensures the relevant stationarity property of the solution of (8.1.2) is 

that there exists R, such that R - R, is square-integrable where R is the resolvent of 

(2.1.1) .  I11 this case X can be written for all t E R as the sum of a standard Brownian 

motion and stationary Gaussian process. 

Theorem 8.2.2. For E > 0, let the kernel K satisfy 

Suppose that there exists a constant R, such that the resolvent R of (2.1.1) satisfies 

If the initial function 4 is given by 

then the process S defined by 

satisfies (8.1.2). 

Since (8.2.4) holds we see that the variance of S ( t )  defined by (8.2.6) is given by 

IE [ ~ ( t ) ~ ]  = R : c ~ ~  + 2 R , C  ( R ( s )  - R,) d s  + ( R ( s )  - I' I" 
It  is clear that the process S is not stationary unless R, = 0. However, the following 

theorem asserts that the increments of S are stationary. 
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Theorem 8.2.3. Suppose that there exists a constant R, such that the resolvent R of 

(2.1.1) satisfies (8.2.4) and let the process S be defined by (8.2.6). Then  for every A > 0 

the increment S A  = {SA( t ) ) t20  defined by 

S A ( t )  = S ( t )  - S(t  - A),  

is a stationary process. 

In Theorem 8.2.4 it is shown that (8.2.4) is in fact necessary for the existence of a 

solution with stationary increments. 

Theorem 8.2.4. For E > 0 ,  let K satisfy (8.2.3) and let 4 satisfy (8.2.2) where {4( t ) ) t<o 

is independent of the Brownian motion { B ( t ) ) t l o .  The following are equivalent: 

( i )  There exists a constant R, such that the resolvent R of (2.1.1) satisfies (8.2.4). 

(ii) There exists a function 4 E C((-ca,O],lW) such that the corresponding process X 

satisfying (8.1 -2 )  has stationary increments. 

Theorem 8.2.3 and Theorem 8.2.4 are proved in Section 8.4. 

If a general initial function is considered then the increments of the resulting process 

converge to the increments of the process given by (8.2.6). 

Theorem 8.2.5. For E > 0, let K satisfy (2.2.7) and let 4 satisfy (8.2.2) where {4 ( t ) } t lo  

is independent of the Brownian motion { B ( t ) } t > o .  The following are equivalent: 

(2) There exists a constant R, such that the resolvent R of (2.1.1) satisfies (8.2.4). 

(ii) The increment of the process X satisfying (8.1.2) has a limitimg distribution. 

Finally we consider the solution of (8.1.1). 

Theorem 8.2.6. For E > 0, let K satisfy 

The following are equivalent: 
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( i )  There exists a constant R, such tha t  the resolvent R of (2.1.1) satisfies (8.2.4). 

(ii) T h e  increment  XA of the process X satisfying (8.1.1) has a l imit img distribution. 

The condition on the kernel K given by (8.2.7) is weaker than (8.2.3) because it is no 

longer necessary to allow integrability in order to control the impact of the possibility of 

an unbounded process. 

Theorem 8.2.6 may be proved in a manner identical to Theorem 8.2.5 and so the proof 

is omitted. 

8.3 Proof of Theorem 8.2.2 

Before proving Theorem 8.2.2 we state some following supporting results. We begin by 

stating that the initial function defined by (8.2.5) satisfies (8.2.2) in Lemma 8.3.1. 

Lemma 8.3.1. Suppose tha t  there exists a constant R, such tha t  the  resolvent R of 

(2.1.1) satisfies (8.2.4). T h e n  the ini t ial  function q5 defined by (8.2.5) satisfies (8.2.2). 

Proving that Lemma 8.3.1 holds requires the stochastic integral in the initial function 

(8.2.5) to be rewritten. This is in order to avoid the need to consider Fubini-type theo- 

rems for iterated stochastic integrals over infinite domains. The reformulation enables all 

stochastic integrals to be replaced by Riemann integrals with stochastic integrands. 

In Lemma 8.3.2 a general square integrable function is considered and a reformulation 

obtained under certain growth conditions. 

Lemma 8.3.2. Let q E L 2 ( ( 0 ,  cm), R) ,  and satisfy 

and 
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and let Q' sntisb 

lhen 

T J ( ~  - s) dB($) = ~ ( 0 )  B(t> + 57'(t - s)B(s)  ds, t 6 i  R. (8.3.1) 

In Leinrna 8.3.3 we stntc a condition of tlx kernel which ensures that ehc growth condi- 

trims I~old when coi~slsidering R - I?, in t,lle role of q in Lemma 8.3.2 above. 

Lemma 8+3.S. LtL K .en,kisfij (8.2.3) mnd suppose ihal there ezisf,u n conslant IZ, sucf~. 

that the wsnlveml R oJ (2.1.1) ~nt is f ies  (8.2.41, th.en R aatisfics 

kk 
lim {I -I- t )  I R(i)  - R-I = 0, t.-m 

(8.3.4) 

W e  require growth conditions such ns these on the st>lu#on of the resolvent eqn~tion and 

on its derivative to show that S defined by (8.2.6) satisfies (8.1,2). They we needed to 

show that en infinite ii~tcgrnl containing an intcg~nncl i~lvolving Brownian motion exists. 

Before proving these Icrnmata we state u version of R rcsult by Shcn and Vlhil~gcr, [3R], 

which is rrccdcd to prove Lemma 8.3.3. In t,his result it is shown that if tllc kernel of a 

resolvent integral cquatioll is in rt. certain weighted spacc then so is its solution. 

Theorem 8,S.l. Let, A he a con,tin,rdous fz~nction w/rz'ch satisfies 
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whew p E C[O, ca) t positive orad 

Define 

and stLpose that 

exists and salisfilrs 

In 1381, Shea and Wainger state and prove the above result Sor an intagra-differentid 

cqt~ntion suld comment that tlre result dso lrolds for an integral equation. The statement 

of Theorem 8.3.1 may net be found in (381, I~owever !r astacment may bc found in 116). 

Proof of Lemma 8.3.1. We want to  prove that 

Defining Y = R - R, as before and npplying Lcmrna 8.3.2 and 8.3.3 wc see that 

sup (1 + / L / ) - ( ~ - ' )  Y'(t - s ) Z B ( s )  ds)'] 
-m<tlfl (8.3.8) 

1 

+ 22% [ sup (l + lt\)-(l+d 
-Cv<L_<O 
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In order to obtnirr a bound we consider the terms on the last line of (8.3.8). We begin 

with the first term; using the fact that ~ ( f )  = B(-t) is R standard Brownian motion we 

see that 

We now apply Itrj's Lemma to (1 + t ) - ( 1 C t ) ~ ( t ) 2  to  obtain 

Taking the supmmum over 10, TI, then taking expediztions and rising the Burkholdcr- 

Davis--Gundy inrtquulity one obtains 

sup (1 + - t ) - ( '+ ' )~[ t )~]  
Olt5T 

whcrc Co is R constant indcpendcnt of T, ~ n d  C(E)  > O is dso independent of T. 

Obviously, s ~ p ~ < ~ . , ~ ( l  - -k t ) ' ( ' + ~ ) ~ ( i ) ~  is a random variable increasing in T, So wc can 

use the monotone convergence tlmorem to ohtain 

sap ( I  + t ) - ( ' " ) ~ ( t ) ~ ]  = IPJ[ lim sup (1 + t)-('*ll3(Ll2] 
r f g r < ~  7'-*m05r.r~ 
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We now turn to t1.w second term en the last line of (8.3.8). Using the fact that R' is 

intcgrtble and the f ~ c t  that E [ s ~ ~ - , , , ~ ~ ( l  + \ t ~)-('+C)R(E)~] < oo it is clear that 

sup (I + ~t() - (~" ' )  
-m<t"<O 

t 

sup [I -t (tl)-('tE) 
-m<tgo 

IRt(l - 911 da lm IP(t - s ) ~ B ( J ) ~  ds] 

= cZ[ sup (1 + 11\)-(~"1 iR'(t - 3)lB(s)2 dS] 
-m<L<O 

So, (8.2.5) satisfies (8.22). 

Pmof of Theowm 8.2.2. Wc consider (8.2.6). By Lcmmn 8.3.2 ~ n t l  Lcmma 8.3.8 wr: 

can rewrite this as 

We now aim to prove that 

wl~ich es.tahlisl~es tlmt S is the unique continuous acl~pted solution of (8.1.2). 

We ~xa~tline each term oil the right 11alid side of (8.3.11). Obviously by (8,3.10), 
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Now consider t,he second term on I,he right hand side of (8,3.11). Clearly, 

Now consider each term on t l ~ e  right 11nnd side of (8.3.13). Due to  the coiitinuity of R! 

nnd I3 and the compxtncss of intervals, we can use Fc~bini's Thcorem to exchange the 

orclcr of the intcgrotion in the second term to obtain 

&' AY)(S - ~ ) B ( v ) C d v d s  = AY/(J - ZJ)B(,U)Z ds ~ I J  

t (8.3.14) 

=J, A Y ( t - y ) B ( v ) C d v -  A Y ( ~ ) B ( v ) E ~ v .  I' 
Now consider the third term on the right 11a11d side of (8.3*13). We define the function f~ 

Due t o  the continuity of Yt  and B we see that 

Note that, by the Law of thc Xtcr~ted Lognrfthrn, Lemma 8.3.3 and the fnct that s > 0, 

5 I(.), 

wherc I is n contfn~~ous fintctlon integrable over compact intcrwds. So using the Dominated 
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Convergence Theorem and then hbini 's Theorem we see t h ~ t  

So using the fact that Y (0) = 1 - &, (8,3.13) may be rewritten according to 

using (8.3.14) and (8.3.15). 

Now consider t.he third term on the right 11an.ncl side of (8.3.11). Obviously 

Now consicler the first term on the rightlimd side of (8.3.17). Due to the compactness 

of int,el.vaIs and the continuity of K and R we can exchange thc order of integration to 



obtain 

Now consider the econcl term on the right sidc of (8.3.17). Due the cornpaclrless of the 

intervals and the continuity of the integrand we can exei~angc the order of integration 

Now using iutegrntiou by parts on tbe inner intcgal one ahtnins 

Now cnnsicler the third tcrrn on thc righl hand sidc of (8.3.17). Obseiw that 

tvljcre u +* 1 I ( $ ,  u)] is a continuous fulluctia~~, integrnble an compact intervnls fbl. every 

s 3 (I. So m can use the Dorninat,ed C~nvergcnce Tl~eorenl nnrl Fubini's Theorem to  
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clrang She order of integration as follows 

= 1 0  S% I<(s - u)Yt(u - v)B(v)Cdv duds 

K ( s  - u)Yt (u - v )  B(v)C dv duds 

Now since 

we can obtain 

by changing the older of integration twicc. Using inlcgrtion by pwtrts we see t118t 
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Hence: by combitzing (8.3.181, (8.3.19) and (8,3.20) we see that (8.3.17) becomes 
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We may now carnbinc (8.3.16) and (8.3.21) to obtain 

We cnn simplify this equation by co~~sirlcring each of the terms. norn Leinma 7.4.2 it 

is known that ( A  -t- J," IC(s) ds)R, = 0, Using t h i s  we see tlmt 

Now consider the sucoiid tcrin on the rig11t. 11a1ld side of (8,3.22). Using t,llcl fact the 
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Similarly, the third term on the right hnnd side of (8.3.22) becomes 

We now use (8,3.23), (8.3.24) and (8.3.25) to reformulate (8.3,22) as 

R ~ l t  the first, third md fiRh termz of' this eq~latian may be combinecl to  obtain 



Clraptcr 8, Soctlon 3 - Rehavio~ar of Fduntlons with Constant N& 

and so (8.3.26) becomes 

We now consider the fourth term on the right hnnd side of (8a3.11). Since 

where s ~-r I ( s )  is continuous m d  so intcgrnblc on camp~c t  intervals. So, we ohtain 

X ( s  - u)EB(a) duds + LJo K ( s  - ~r)Y'(u - v ) B ( u ) z d . d ~ d ~  
-0 



Chapter 8, Section 3 Beh~vlour of Ecguations wit11 ConsGnnt Naiw 

Now combining (8.3.12), (8.3.27) and (8.3.28) we see that 

wlricll becomes 

sincc Y[O) = 1 - .&. So we will have complekd the proof if  
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Rearranging the right hand side of this equation we obtain 

= [l lw K ( s  - u)Y1(u - v) d u d s  1 B ( v ) C d v ,  

using Fubini's Theorem and integration by parts. Since 
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we can exchange the order of integration to obtain 

We now wish to change to order of integration of the inner integrals. 

- - - T-. lim w [ T J - : , ~ < ( b - ~ ~ ) ~ t ~ ~ - ~ ) ~ ( ~ ) ~ d ~ d ~  

Now 

Since (8,Z.I) l~olds we have 



~ l m  /' IT ~ ( s  - u ) ~ ' ( u  - v )  ~ ( v ) ~ d v d u  = I<(s - u)Y'(u - v )  B(v)C dudv 
T-m , 

This completes our proof. 

8.4 Proof of Theorem 8.2.3 and Theorem 8.2,4 

The following theorem higlllights the necessity of (8,2,4) for thc existence of a ststtionnary 

solution. 

Theorem 8.4.1. Let K sati8f.q (2.2.7) and let tlac initiml fi~nction .$ snti,rrfl (8,2.2) luherr! 

4 i s  independent OJ the Dmwnian motion {B(t ) )120.  If Ihc increment XA defined by 

Xa(l) = X ( t )  - X(t - A), A > 0, (8.4.1) 

i s  stationary, then then e.rists a constant R, such that the wsohent R of (2.1.1) satisfies 

(8.2.4). 

The following Ieinma is required in tbc proof of Theorem 8.4.1. 

Lemma 8.4.1. Let IC snti,~f:y (2.2.7). If the A-in,c~rneni o j  the solution ll of the resolvent 

eqeaniion (2.1.1) defined b b ~  

R ~ l t . )  = R ( f )  - R(t - A), A > 0, ( 8 .4 ,~ )  

then thew exists n condaat R, such, that the p-esolvcnt R of (2.1.1) sntisfies (8.2.4) 

154 
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Proof of Theowrn 8.2.3. Wc choose 4 to  be the process in (8,2.5$. Then the process 

S in (8.2.6) obeys (8.1.2) by Theorem 8.2,2. Usina the rwt that R(t)  := 0 for t < 0 we 

see that 

1 
= &E (O(t) - B(l - A)) + 1 (R(i - s) - R(t - A - r))E dB(r) 

. -DD 

Cwsider the vector 

whcre r = (t l  , . . . ,in) and 0 < tl < ta.. < t,,. CIewly Sa(7) h a s  rnultivasiak ncllmd 

distribution 

I t  is dcar tbnr, C is independent oft .  
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The characteristic function of a distribution compIetely clzaracteris~s the distributian, so 

in order to show that the process SA is stationary we calculate the characteristic function 

of the vector S&(T):  

where X = (XI,. . . , An). Since Sa,(r)  is multivariate normal we see that 

which is independent of t .  This means that the process is stationary. 

Proof of Theorem 8.4.1. Using vltriation of pnrametexs the process X whjcll satisfies 

(8.1.2) may be represented as 

where 

f ( t )  = 1' K(t - rr)Q(u) du. 
--go 

Now consider t,hr t:hwncteristic Function of XA(t) givml by 

For nrly d~wacteris~ir: filrlction gl/O) = 1 nnd 4r is continuous in A, so rve can choose ;\ 

close to zero so that +XA(L)  (i) = C # 0. 
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So 

using the independence of the increments of {B( t ) J t>o  from {q5(t))tlo, and the fact that 

Jot Rn(t - s )C  d B ( s )  is a normally distributed random variable. Multiplying both sides of 

iZ  
the equation by e d ;  R ~ ( a ) 2 c 2 d s ,  taking absolute values, using the fact that any charac- 

teristic function is bounded by 1 and rearranging the equation one obtains 

So it follows that Jr R*(s)' ds < oo. We now apply Lemma 8.4.1 to  obtain (8.2.4) as 

required. 

Proof of Theorem 8.2.4. By choosing the initial function 4 as in (8.2.5) we see that 

implication (i) implies (ii) is the subject of Theorem 8.2.3. The implication (ii) implies 

( i )  is the subject of Theorem 8.4.1. 

8.5 Proof of Theorem 8.2.5 

We use the following two theorems to prove Theorem 8.2.5. 

Theorem 8.5.1. Suppose that K satisfies (2.2.7) and that the initial function 4 satis- 

fies (8.2.2) where { d ( t ) ) t S o  is independent of the Brownian motion {B( t )J t ,o .  Suppose 

there exists a constant R, such that the resolvent R of (2.1.1) satisfies (8.2.4). Then  

the increment XA defined by (8.4.1) has a limitimg distribution. Moreover this limiting 

distribution is  the same as the distribution of the increment S A  defined i n  Theorem 8.2.3. 
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Theorem 8.5.2, Let IC satisfi (2.2.7) and let the imifinlfunction 4 sa t i s -  (8.2.2) where 

{t$(t)}t<o - is independent 01 EIte Bro~mian motion {13(t))t,o. IJ t?ze a'nc~~rncnt Xa has a 

Brnitimg dii~lribufion tltea there exists -s constant R, such that th.e reso~vent R of (2.1.1) 

satisfies (8.2.4). 

Pmof of Tlteorem 8.6.1, We know that 

Now consider the vector 

whew T = ( t t r . .  . , tn )  RS before and 0 T, tl < E z . .  + < t,. With X = (A1,. . . ,A,), the 

~I~arnctcristjc function of this vector is givcn by 

where C( t )  is a11 n x ~t rnntrix with ijl" entry givcn bv 

b+t,At, 

cij([) = /a R A ( . ~ ) R A ( s  + Ii i  - t j l )  ds. 

Since (8.2.4) n ~ i d  (2.2.7) hold it. is known that 
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dso we have that 

sup (I t ltl)-'('+c)&(t)2 (1 - .t t u ) ' + ' I K ( z L ) I  $ 1 ~  
--oo<~C_O 

So f E L' almost surely. As the convolution of nn L2 function with an L~ hnction tends 

to zero asymptotically we scs that 

NOW since 

we can rrsc tlie bounrted convcrpnce theorem to obtain 



Chapt,er 8, SKOC-15 Behwlo~ir or Equntiona with Constant Noise 

lim axA (A) 
t +cx, 

= cxp A C ( ~ ~ ) X ~  , { 1 
wherc C(m) is an rt x 7~ matrix with ijL" entry given by 

C i j ( w )  = R A ( s ) R ~ ( s  -t (ti tf 1) ds.  I" 
As this is independent of t we llnvlc the desired resuIt. 

Proof of Theorem 8.5.2, We know tiint convergence in distribution implies 

whc~e is a cl~mwteristic function. Due to the continuity of and the fact ahat 

@4(0) = 1 we can dloosc a ;\ suc11 that  Q ~ ( X )  # 0. Naw as before we bavc that 

Tnking limits on both sides we obtain 

So it Sallows that# R*(X)* d s  < w. IVe now nppfy Lemn~n 8.4.1 ta  obtain (8.2.4) E C ~  

rcq~ri~etl. 
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8.6 Proof of Technical Results 

Proof of Theoma 8.3.1, Lei; > 0 and T be co~~stant. Before proceeding we define 

for convenience t.he norm (1 - (IT on a subspmc of continuous 7'-adapted processes hy 

We now prove the existence of n continuous ~ ~ - a d a p t s d  proems X which ~ r t t i s f i ~ s  (8.1.2) 

on t,he intervn2 ( -w,T] .  Define the Picttrd iterations 

when k 2 1 and 

othcrwisc. By mnthernaticd induction it can emily be sheurn that Xk is continuol~s and 

adapted 011 10, T] for each k > 0. 

Obviously, 

and 
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Once ngdn we consider the interval (0, T] and square both sides of (8.6.1) to obtain 

-t- (1 + 1 ~ 1 ) " '  sup 

:= C(T, w), 

where M = JAJ t JF IK(t)\ dt.  Note that 

ConsirEr~* the! cnsc when t > 0, sq~~nl-ing both sidcs of tlrc above, one obtains 
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We now prove by mathematical induction that 

Obviously (8.8.2) holds when k = 0. When k = 1 we obtain 

= c[T,~J)TA?~~, 

When k = 2 we obtain 

So we nssume that (8,6,2) holds for k - l ,  that is 

and prove that it l~alds for k = I + I: 

- 1 -- 
( l  -k I)! 

C(T, W ) ~ T J ~ ~ ~ J ~ * ~ ,  

as required. 

Now 
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We can now use Chebgshev's inequality nnd (8,0.3) to obtain 

This uppa. bound is the general term in a convergent sequence so we may apply thc 

Borcl-Cantelli Lemma to cor~cludc that for each w 6 R' there exists N ( w )  € Rl such thak 

with PIR'J = 1. Conmqiienllg thc sequence {Xk(t ,w))y=D=o convergcs in the suprcmtinl 

topology to a continuom limit which we call X ( t ,  w )  011 0 < t ( T. 
Wc now sllow that X is a solution of (8.1.2) for t C 10, TI. Consider the mtprcssion 

Using the definition of t,he Picard iteration we see that 

If (s - u)q5(nr, w) duds - CB(t,  w )  

I t -8 

= ( ~ ( t . w )  - ~ ~ ( t . ~ ) )  - / [ A  + K ( u )  du ( ~ ( s .  w )  - xcl(s,w)) ds o 5 t 5 T. 
0 0 I 

Taking al,solute vnlucs across both sides 
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I-Ience. 

sup X [ t ,  Ld) - rbf0, w )  - 
O < t g  I [ A  + l-' K ( ~ )  4 X(r.w) n s  

- S1l_+qs - u ) ~ ( U , W ) d u ~ - z ~ ( t , w )  

< (1 + A??-) sup \ X ( t ,  w )  - Xkrt,  w ) ( .  
0115T 

Now taking the limit as k 4 oo we see thnt and using the fact that Xk --t X as k 4 oo 

we see that 

sup X(t,#) - 4 ( 0 , w )  - 
ust5r I Jdl [A + It-' K ( ~ )  (1~1 X ( S .  W )  d s  

that is, X is a solution of (8.1.2) for 0 E 5 T. 

Thc following ~u.gumt;nt is provided to show thnt t I-. X(b, 6) is tltc unique continuous 

adapted process satisfying (8.2.2) on 0 5 1 5 IT. Suppose both X and Y are continuous 

adapted processes satisfying (8.1.21, Subtracting Y from X and taking al3solute valtles 

across the equation we obtain 

where = ~ A J + J ' ~  1K(t)J dt.  By constructio~~ XCt} = Y( t )  for t 5 0 ~ n d  using Gronwall's 

inequnlity we scc that ( X ( t )  - Y(t)1 = 0 for all 1 f in other words t I+ X(.t,C) is 

unique on -ca _< t < T. H~wevel., since T is arhit.raiy we sce that X is the unique. 

continuous, adnptcd p~.ocess which satisfies (8.3.2) on the wl.ialc red line. 
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Proof of Lemma 8.3.2. For T < 0,  we obtain 

= (Jdt -u q l ( z )  d z )  dB(u )  + B ( T ) q ( t  - T )  - B(T)q(O) 

t t 

= ST ~ ( t  - U )  d m )  - ~ ( 0 )  J d ~ ( u )  + B ( T ) B ( ~  - T )  - B(T)O(O) 
T 

which on rearrangement becomes 

Since rl E L ~ ,  the limit as T 4 -oo on the left hand side of (8.6.4) exists almost surely. 

The limit as T -, -oo of the last term on the right hand side of (8.6.4) exists since 

t 
< c ( ~ ) /  ( d ( t - s ) 1 ( 1 + 1 t - s 1 ) * d s c m .  

-CO 

So taking the limit as T 4 -m on both sides of (8.6.4) we obtain 

since the limit as T -4 -CQ of B ( T ) q ( t  - T )  exists (since the limit of each of the other 

terms in (8.6.4) exist) and equals zero due to 

im sup limsup JB(T)I  Iq(t - T ) (  5 1 '  (1 + t - ~l ) ( '+ ' ) l~ ( t  - T ) I  = 0. 
T - + - a  T+-w (1 + I T I ) ( ~ + ~ )  

Proof of Lemma 8.3.3. The integro-differential equation (2.1.1) may be reformulated 
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where Y = R - h& and 

If r is the solution of 

~ ( t )  i- (IC1 * r) ( t )  = If1 lt), f I 0, 

t11cn thr, solution Y of (8.6.6) may he expressed a? 

Thus. 

where c is a positive constant, 

We begin by considwing (8.3.2). Integrating (8.6,7) over (0, m) ane obtains 

Cni~sider the first term an the right hand side of (8.6.8). Clearly, 

Now cansidrr the sccond term and Ihird tern1 in thc right hand side of (8.6.8). Let 

a 
p ( t )  = (1 + 1) 2 . It can ~ ~ i i l y  be shown thnt (8.3.5) holds and thnt (8.3.6) holrls Eor 
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p, = 0 .  Also since (8.2.4) holds and the second moment of the kernel exists the scalar 

version of Theorem 2.2.4 may be applied to obtain condition (8.3.7) with K1 in the role 

of A. So, we can apply Theorem 8.3.1 to obtain 

Using this and (8.6.9) we see that the second and third terms in (8.6.8) are finite so (8.3.2) 

holds. 

We now consider (8.3.3). Taking the limit as t -+ oo on both sides of (8.6.7) we obtain 

+limsupc ( 1 + t - s ) ~ ~ r ( t - s ) ( ~ ~ ~ ( s ) ~ d s + l i m s u p c  s I r ( t - s ) l I K z ( s ) I d s .  
t-+cc I" t--too I"" 

The first term on the right hand side of (8.6.11) is zero since 

Now consider the second term. Since (8.6.10) holds and K2 + 0 as t -4 oo we see that 

second term tends to zero since the convolution of an L1 term with one which tends to 

zero is tending to zero. Finally we consider the third term. Since r is integrable and Kz 

tends to zero due to (8.6.12) we see that the third term on the right hand side of (8.6.11) 

tends to zero. Combining the above arguments we see that 

as required. 

Now consider (8.3.4). Using equation (2.1.1) and the fact that ( A + J r  K ( s )  ds )Rm = 0 

we see that 
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so, 

+ lw 1 + ( t )  dt 1 ,  (8.6.13) 

Thr! first term on the right hand side of (8.6.13) is finite due to  (8.3.2). Consider the 

second term: 

< Cl* l ( 1  + t - s ) W l l ( ( t  - s ) l \ ~ ( a ) ( d s &  

+Clml I R ( ~  - s ) l s Y l ~ ( s ) l d s d t  cm, 

r t u ~  to (8.2.3) nnd (8.3.2). We may shaw that the thirrl term is integrable in a manner 

similar to  (8,ti.9). So (8.3.4) IloZds. 

Pwof of Lemma 8 . 4 , f .  In order to  prow this rcsult we must prove that (i) 

x - A - K 0 Rez 2 0, 

and apply EL I'CSIIIC of Grossman and Miller, Thewcm 2.2.2, to obtain that the r~qolvcnt R 

satisfying (2.1.1) is integahla, from which it may ekqily bc shmn tlmt (8.2.4) I~olds with 

& = 0 01- (ii) show that 

and apply rr. resirlt olPeley and Wcincr, Theorem 2.2,3, from wliich it may easily be shown 

that (8.2.4) holcls. 

1% bcgin hy considering the casc when 2 + 0 n ~ l i l  prove 
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We begin by ~ssarning the opposite: that is there exists a non xero constant .nt = ZfR + i f r  

with Z R  > 0 such that 

Consequently we" is a solution of 

so using variation of parameters 

since 710 # 0 and 

where c = (1 - el"). 1% consider the c ~ ~ s  when RE 2 > 0 and Itc 2 = 0 separately. 

We begin by considering Re2 > 0. Examine tl~e lright hand side of (8.6.18). The first 

term nn the right hmld side is square integrable due to assumption (8.4.3). Sincc 

< el 1 / l < ( ~ ) ] o - ~ f i "  drr < m, 

wc see that Lhe second term on the righi, hand side of (R,6.18) is square integrnbl~ as tho 

convolution era square intcgldlle function with an integrable function is square integrable. 

So, the right hand side of (8.0.18) is squme integrable while the left laand side is unbounded 

ns t tends to oo, This products R contradiction and so z - A - R(z) $ O for Rc 5 > 0. 
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Now consider the cnsc when Re Z = 0. Equation (8,6.18) becomes 

m 
= Ra (l) 4- it ~ * ( t  - s) J. K ( u )  (coR(I, (S - u ) )  + i sin(ir (s - u))) du ds,  

The left hand side of this equation varies sinusoiddly while thc left h ~ n d  side jn L', This 

produces a ~ont~radiction and so z - A - R(n) # 0 Sol. Re z" = 0. 

So combining the above arguments we see that (8.6.15) holds. N m  if A+Jr K(t) dt # 0 

we may apply Thewem 2.2.2 to obtain (8.2.4) with R, = 0, 

If A $ *rF IC(E) dt = O, we mt~sf, prow that (8.4.2) and (2.2.7) ifiply tlmt 

We bcgin by considcrlng the case when z = 0. We assume that 

md prove by contradiction thnt this cannot hold, If this holds, we can choose any nonzero 

constant. c so that ct +?In is a wiolation oi' (8.6.16). So by using variation of parameters it 

M 

ct + a = R(tJ1~n + R(L - s) 1 K(r~)[c(r - l a )  + vo] duds .  

and 

Subtrn.cting these two equations one obtains 

wlrcrc j is given by 
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We see that f is integrable since 

Moreover f ( t )  -+ 0 ns t 4 m ;sn f is square integrable. Con~idcr equation (8.6.19). 

The first term on the right lland side is square integrable due to our aesurnptions. Tho 

second term is dao squwe intcgrahlc since a square integrable function convalved with a 

square integrable funct,ion is squasc integrable. So the right hand sicle of (8.6.19) is square 

jntepable while the left lrand side is g t  non zero constant. These facts are incon~pntible 

which Emplics that 1 -I- I?~(o )  # 0, 

Nixv consider the case wllen z # 0. It  is easy to show that 

As we have dlown tlmt (8.6.15) holds we set? thnt 

combining this with the Fact that 11+1?~(0) # 0 we obtain (8.6.14). So using Theorem 2.2.3 

we sec that tllc solution of T + r * IC1 = K1 is ii~tcgr~ble. Now using the representntion 

of the solution of (8.6.6) givcn in Thmrern 1,1.2: 

y(t> = react) - I' ~ ( t  - s)TG(s) ds, t 2 0, 

and using the fact, that fi2 and r ere integrable we see that (8.2,4) holds. 
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Conclusion 

We end by summarising the main results of this thesis and highlighting the links and 

relationships between them. Further to this some avenues for the extension and application 

of this thesis are discussed. 

The paper by Krisztin and Terjkki [24] lies at  the foundation of this thesis. Here the most 

fundamental equation considered in the preceding chapters, namely the resolvent equation, 

is analysed. The conditions which completely characterise asymptotic convergence of the 

resolvent to a nontrivial and nonequilibrium limit are found. 

Building on this foundation, the analysis in this thesis initially consists of three sep- 

arate strands before becoming interlinked as more complex and involved questions are 

considered. 

The first strand consists of the analysis of deterministic Volterra equations. Under the 

condition that the sign of the kernel does not change sign on [0, w) and that the second 

moment of the kernel exists, we can use methods applied in [30, 311 to find that the expo- 

nential integrability of the kernel is necessary and sufficient for exponential convergence 

of the resolvent to a nontrivial limit. 

The above result is then used as a building block to develop this strand. A perturbed 

Volterra equation is considered and it is found that the exponential decay of the tail of 

the perturbation is the only additional assumption required for exponential convergence 

to a nontrivial limit. This condition is in fact necessary. 

The second strand considers a stochastically perturbed Volterra equation with asymp- 

totically fading noise. As the study of stochastic Volterra equations is newer than de- 

terministic Volterra equations, this strand begins at a less advanced stage: initially a 

stochastic analogue of Krisztin and Terjkki result is found. Under the condition that the 

first moment of the kernel exists, necessary and sufficient conditions for the convergence of 

the solution to a nontrivial random variable and for the integrability of the solution minus 

its limit in the mean square case is found. These conditions are the square integrability 
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of the resolvent minus its limit and the existence of the tail of the noise term. In fact the 

same conditions are sufficient in the almost sure case but the proof of the necessity of the 

condition on the noise term has so far been elusive. 

This strand is developed in a way analogous to the deterministic case: necessary and suf- 

ficient conditions for exponential convergence to a nontrivial random variable are found- 

the kernel must be exponentially integrable and the noise term exponentially square in- 

tegrable. Obvious comparisons can be drawn with the corresponding result in the deter- 

ministic case. Indeed the proof of the stochastic result draws much of its inspiration from 

the deterministic case. 

The final strand considers a stochastic Volterra equation with constant noise. Once 

again the resolvent minus its limit being square integrable manifests itself as the necessary 

and sufficient condition for convergence, in this case to a stationary distribution. 

This strand has the most scope for further development. Perhaps more interesting is 

the applicability of the equation as a model of a financial market. 

The solution of this equation is a continuous-time stochastic process which, like Brown- 

ian motion, has Gaussian and stationary increments, but in contrast to Brownian motion, 

has correlated increments. In a financial model, this would mean that past returns of 

asset prices can influence current returns. It  also enjoys a semimartingale property which 

enables it to be used in the pricing of derivative securities in inefficient financial markets, 

which is not shared by existing long-memory processes. The process also has ~otent ia l  

application in time series modelling, as it is a continuous-time and long memory analogue 

of popular discretetime and short memory econometric models. 



Proofs 

Proof of Proposition 2.4.1. We begin by defining the norm: 

This proof fallows by a sequence of contl-dictions, W e  begin by showing t h ~ t  thc first 

rnome~~t OF the kernel is integrable, that is 

This is not the case if thcrs exists a constant T > I sucb that 

1 - e - ' b l  (hat 1 - (I - /cat + -& - . . .I 
sup - 

o<t ST 11. h - 
P t 3  

= sap 1% - - 3! 
astsr 

Mnnipule.ting this incqunlity one obtains: 



Consequently, 

using the fact t,hat JCij(t)  has  the same sign on [I), m) at thc Inst. step. So for 0 < h < 6~ 

we obtain 

n contrdiction. Flence (A,0,1) holds. 

We now procced to show that B'(z) := - Som t e - " ' ~ ( ~ )  di for z 2 0. Using I'HBpitxl's 

Bfj(z  t 11) - Bij(2) 
h';,(z) = lim 

h-o+ f r  

whcrc z > 0 ntld h > 0. Therefore B1(z) = - Jr t e d z i ~ ( d ) d t ,  

TItesc procedures c w  be repeated to obtain tl~c following: 

and Bn(z)  = (-1)" S,OD tne-"1JC(f) dt For z 2 0 and n E R. 

Since B is analytic lor lRe r\ $ m tlw Maclmlrin's series, Cr=o T a n  is absolutely 



E) 
. . 

4 
V1 .- u 

s 'I: 
r=: c 

2 



Proof of Lemma 04.1, By the equivalence of norms, tberc exist n-dependent positive 

constants cl (n) < cz(n) such that 

Clearly, 1) N(( > cl EYE IIVil. Taking expectations across this mpression one obtzcills 

now squaring this inequnlity we obtain 

Using the equivalence of norms again, 

Now, the following simple cnlcul~tion shows that there exids n ui-independent const.anint 

Tlns (A.0.3) becomes 

Due tn t.lle indrpendence of the l~orrnal ~n~ldarn varinblrs we nee thm E [ I I N I I ~ ]  = V: 

SO 



Appendix B 

Derivation of functions 

Lumrna B.O,1. Let K satish (2.1.2). Then the function F ,  gz'uen by 

m 

F(1) = -e-t(Q + Q A )  + P I  K(s)  ds - (e * QIC)(t),  
1 

Proof of Lemma B.O.1. Since K is integrdde the matrix M is well defined sa PM = 0, 

where M =: A + #(s) ds ns before, i t  is seen thak 

= - e - ' ( Q + & A )  - P IC(s)ds- ( c +  QK)(t) 

= -e-'(Q -k Q A )  + P 

ns required. 

Lemma 13.0.2, Let K satisjy (2.1.2). Y),.en !he function G, given b ? ~  



Proof of Lemma B.0.2. 1t is known that 

Ry expandil~g the final term on thc right hand side of this expression it is seen that 

On evaluation of She first term on the left hand side of (B.0,l) the faIIowing is obtained: 

Now consider the finnl term on the left hand side nf (l3.O.I): 

Evaluating tlre first term on the left hand side of (B,0.3) one obtnins 

In order to ~valunte the second twtn on the left hand side of (B.0*3) one splits the integral 

in two, cllmgcs the ordcr of integration and recoin bin^^ the terms as follaws: 



Combining (8.0.4) mid (B.0.5) one obtains 

m 
( c *  QK *&)( t )  = (1 - CL) 1 QI<(I)~s - ( e *  QX)(L)R, 

Camlining (B.0.2) with (B.O.6) one obtains 

Now wing the fact tllnt QM = A 8  and Q = 1 - P is seen that 

Now ~aiug bhc definition of I?, given by (2.2.11) th is  l~ccnmcs 
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