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Abstract

Singularly perturbed problems arise in many branches of science and are characterised
mathematically by the presence of a small parameter multiplying one or more of
the highest derivatives in a differential equation. This thesis concerns singularly
perturbed problems posed on non-rectangular domains. The methodology used is to
perform a co-ordinate transformation to pose the problem on a rectangular domain
and to then study the transformed problem.

We first consider a class of parabolic problems. We classify the problems in the
transformed problem class according to the nature and location ofthe layers present in
their solution. This classification then enables us to design numerical methods specific
to each class of problems. Known theoretical results are stated for the convergence
of some of the methods. We then examine in detail one particular method. Under
certain assumptions it is shown that the numerical solutions generated by the method
converge uniformly with respect to the singularly perturbed parameter. Detailed
numerical results are then presented which verify the theoretical results.

The next class of problems considered is a class of elliptic problems. In this case the
transformed differential equation contains a new term and the situation is thus more
complex. For this reason we consider only the case when regular layers are present.
An appropriate numerical method is constructed and under various assumptions it is
proved that the numerical solutions converge uniformly, in the perturbed case, i.e.,
when the singularly perturbed parameter is small. This is the central result of the
thesis. Extensive numerical computations are presented which verify the theoretical

result.
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“l can’t help it, gas cscapes from my fundament on the least pretext, it's
hard not to mention it now and then, however great my distaste. One
day | counted them. Three hundred and fifteen farts in nineteen hours,
or an average of over sixteen farts an hour. After all it’s not excessive.
Four farts every fifteen minutes. It’s nothing. Not even one fart every
four minutes. It’s unbelievable. Damn it, | hardly fart at all, |1 should

never have mentioned it. Extraordinary how mathematics help you to

know yourself.”

Molloy, Samuel Beckett.



N otation and conventions

We gather together some notation and conventions that are used throughout the
thesis. Let ZN be any mesh function. The partial finite difference operators £)+, D~

and 8\ are defined as

yN _ YN
N+ yN i+1,] ij
X3 M- X

N y N

D~Zn = 3

X o« Xi-Xi-1 !
¢ = 2(9, N -
x 17 Xi+l - XN

with analogous definitions for the corresponding difference operators with respect to
t and y.

We represent solutions of continuous problems by lower case letters, for example
U, and solutions of discrete problems by upper case letters, for example UN. We use
hats for functions and operators on the original domain of definition of a problem, for
example a. We use tildes to indicate stretched variables and corresponding functions,
for example X.

We denote by CVK(ST) the space of Holder continuous functions where k is an
integer and v G (0,1], with corresponding norms Hjj* and semi-norms |-|fc. The norm,
[|I-]l, is the maximum norm. Sometimes the above norms are subscripted to indicate
the appropriate domain.

The generic constant C, sometimes subscripted, is independent of e and N.



C hapter 1

Introduction

1.1 The aim of the thesis

In this thesis we will examine the application of numerical methods to the approx-
imation of solutions of singularly perturbed partial differential equations posed on
non-rectangular domains. In particular we will investigate the use of finite difference
numerical methods based on special piecewise-uniform meshes sometimes referred to
as Shishkin meshes. The purpose of this introduction is to give an overview of the
types of problems we are concerned with, to provide a brief summary of the numeri-
cal techniques that have been employed in the area and to put the main results and

findings of the thesis into this context.

1.2 Numerical methods for singularly perturbed
problems

Singularly perturbed problems arise in a diverse array of physical phenomena from the
modelling of fluid flow and heat transfer [37] to option pricing in financial mathemat-
ics [5]. Such problems are described by differential equations and are characterised
mathematically by the presence of a small parameter called the singular perturbation
parameter, in the coefficient of the highest order derivative in the equation. The solu-

tions to these problems may exhibit what are termed layer phenomena, that is there



exist regions in the domain of definition of these problems in which their solutions
change rapidly. Such regions are called boundary layers or interior layers depending
on their location.

One particularly important class of singularly perturbed problems are convection-
diffusion problems, so-called as they model physical phenomena where both con-
vection and diffusion processes are present. In this context our problem becomes
singularly perturbed when the convection processes dominate the diffusion processes.
This usually gives rise to boundary layers of various types. This class of problems is
the main focus of this thesis.

Perhaps the simplest example of a convection-diffusion problem is the following

linear problem in one-dimension on the interval 0 = (0,1).

Problem Class 1.2.1.

eu" + a(x)?4 = f(x) in (1.2.1a)
u£(0) = u0, wue(l) = uu (1.2.1b)
where a(x) > a>o0, X&£ (1.2.1c)

It is well known that the solution to this problem contains a boundary layer of
width O(e) in aneighbourhood of X = 0. Despite its simplicity it will prove convenient
for highlighting the drawbacks in some well known numerical methods.

Of course singularly perturbed problems that arise in practice are much more com-
plicated and the majority involve partial differential equations, which are in general
hard to solve analytically. Therefore it should come as no surprise that there is a
vast literature devoted to numerical methods designed to generate approximations to
their solutions. These methods can be broadly divided into two different categories:
finite element & finite volume methods, and finite difference methods.

In this thesis we will not investigate finite element and finite volume methods and
confine ourselves to some brief remarks on their relevance to the problems that we
are studying. A description of these methods may be found in many books. For a
detailed account of their application to singularly perturbedproblems and a survey
of some theoretical results we refer the reader to the books [40], [37] and [34].

Finite difference numerical methods applied to the approximation of solutions to



differential equations have a long history (see [41]). Their application to singularly
perturbed problems however, is much more recent, though already an extensive litera-
ture has been developed. Early methods that were devised were classical in approach
and were based upon uniform meshes and so-called fitted difference operators. The
first such method was described by Allen and Southwell [8] and analysed by I1'in [20].
Similar methods were described by Hemker [19] and El-Mistikawy and Werle [14], the
former derived via a finite element framework. The shortcomings of these methods
when applied to Problem Class 1.2.1 are expounded in [15, §2.5]. We remark that the
primary difficulty lies in the fact that when a uniform mesh is employed there will be
no mesh points present in the boundary layer region when the singular perturbation
parameter is small. In this case one says that the methods do not resolve the layers
present.

It should be noted that it is possible to construct a finite element method based
on a uniform mesh (see O’'Riordan [38]) that resolves the boundary layers in Problem
Class 1.2.1 if a complicated form of interpolation is used (based on the exponential
basis functions introduced by Hemker in [19]). However, the extension of this method
to problems in more than one dimension is difficult.

In [4 Bakhvalov proposed a numerical method that was based on a special non-
uniform mesh and a standard finite difference operator. Thus in contrast to the
above approaches it was the mesh that was tailored to the boundary layer rather
than the operator. He was able to show that this method resolved the layers present
in solutions to (1.2.1). However, the complicated construction of the Bakhvalov mesh
and the difficulty of the theoretical analysis has meant that extension of the method
to problems in more than one dimension has been limited (see [24] and [44]). For
further discussion of this mesh and other non-uniform meshes we refer to [15, §3.1]
and [40, §2.4.2],

The preceding discussion highlights the fact that the consideration of Problem
Class 1.2.1 is most useful for identifying disadvantages in a numerical method. This
is because of the simple fact that numerical methods that are appropriate for this
simple problem may not be suitable for more general problems in more than one
dimension. This is a key point. The application and analysis of numerical methods for

partial differential equations (PDESs) is considerably more difficult than for ordinary



differential equations. There are numerous technical difficulties that are simply not
present in one dimension. We shall take up these issues in 81.5.

In this thesis we study singularly perturbed problems which are much more com-
plicated than (1.2.1) yet which are still simpler than what one encounters in practice.
Hence even for these problems we must bear in mind that the methods we develop

should be capable of extension to more general situations.

1.3 Robust layer-resolving methods

The authors in [15] require the following key properties from a numerical method

designed to be applied to singularly perturbed problems with layer phenomena:
1. Globally defined: defined at each point of the domain of the exact solution.

2. Pointwise-accurate: the error between the computed solution and the actual

solution should be measured in the global maximum norm.

3. Parameter-uniform: the numerical solutions converge e-uniformly to the exact
solution and can be computed using an e-uniform amount of computational

effort.

4. Monotone: the discrete operator used in the numerical method should be a

monotone operator.

A comprehensive discussion ofthese properties may be found in [15]. It is worth noting
that it can be difficult to establish theoretical results in the global maximum norm
for the finite element method applied to convection-diffusion problems, particularly
in more than one dimension. It is also hard to guarantee the monotonicity of such
schemes.

These requirements were formalised in the following definition of a robust layer-

resolving numerical method [15, 81.4],

Definition 1.3.1. Let (P£) be aclass of singularly perturbed problems parameterised
by a singular perturbation parameter e, such that 0 < e < 1. Assume that each prob-

lem in (Pe) has a unique solution ue, and that each ufis approximated by a sequence



of numerical solutions {(U” ,GN)}":i obtained using a monotone numerical method
(P™), where is defined on the mesh ViN and N is a discretisation parameter. Let
I1f denote the piecewise linear interpolant over of the discrete solution. Then (P")
is said to be arobust layer-resolving method if the numerical solutions are computable
with an e-uniform amount of computational work and converge e-uniformly, in the
sense that there exists a positive integer NO, and positive numbers C and p where No,

C and p are independent of N and e, such that for all N > No we have

sup P ~UE < CN-P. (1.3.1)
0<£<1 n

1.4 Finite difference methods based on piecewise-
uniform fitted meshes

As should be clear from the preceding discussion finite difference numerical methods
based on uniform meshes are in general inadequate for the resolution of boundary
layers in the solutions of singularly perturbed problems. Indeed, it is essential to
use a non-uniform mesh. One particularly simple type of non-uniform mesh was
introduced by Shishkin [45]. It essentially comprises two uniform meshes of differing
widths joined at an appropriately chosen transition point. For the one-dimensional

convection-diffusion problem (1.2.1) the transition point is defined as

= min "i,;ln N
When the mesh is chosen in this way it is referred to as a piecewise-uniform fitted
mesh. In the literature it is sometimes also referred to as a Shishkin mesh. We
shall use the former terminology. A finite difference method based on this mesh and
a simple upwind finite difference operator is robust and layer-resolving in the sense
defined in the previous section when applied to Problem Class 1.2.1 (see [15, Chapter

3]) with the following error bound: for all > 4 we have

sup ™ _UE < CN InN. (1.4.1)
0<E<1 n



The great virtue of the mesh is its simplicity and this fact makes it readily ap-
plicable to more complicated problems. Indeed, even before it became widely known
in the Western literature Shishkin went on to apply his mesh to very general classes
of singularly perturbed problems in many dimensions. He presented a wide collection
of results in the seminal work [47]. Currently only available in Russian, this book
includes a huge amount of material in a highly condensed style with few proofs and
little in the way of explanatory detail. All of these facts have meant that it was a
relatively long time before Shishkin’s ideas and methods became widely known. It
wasn’t until the mid-90’s, when he began a collaboration with a group of Irish math-
ematicians, that the analysis of his methods was expounded in a more constructive
fashion. This endeavour culminated in the monographs [35] and [15]. All of this is far
removed from the situation today where research on piecewise-uniform fitted meshes
is one of the dominant areas in the field.

It should be noted that to implement the mesh one must know the nature and
location of the layers present in the solution of the problem being considered a priori.
This is the case for the problems we study in this thesis but for more complicated
problems it may be hard to establish this information. One technique that may
prove fruitful in this regard is adaptive mesh refinement based on a posteriori error
indicators. A summary of some of the current theory for these methods may be found

in [27]. We will not consider such methods in this thesis.

1.5 Singularly perturbed partial differential equa-
tions

Practical problems involving singular perturbations involve PDEs. For example the
full Navier-Stokes equations are a system of non-linear PDEs. Hence if we are to
have any chance of developing adequate numerical methods for problems such as
these it is essential that we contemplate problems that involve PDEs. In this regard
consider the following two-dimensional convection-diffusion problem on the square

domain Q = (0,1) x (0,1).



Problem Class 1.5.1.

eAue+ a(x,y) mWue= f(x,y) in fl, (1.5.1a)
uE = g(x,y) on d£l. (1.5.1b)

Depending onthe particular form of the coefficient of the convection term in the
equation, a, different types of layers can appear in the solutions of problems from
this class. Under suitable assumptions on the data of the problem the nature and
location of these layers can be determined using the techniques of matched asymptotic

expansions (see the books [21] and [13] among others). For example, if we have

a(x,y) > (ai,”) > (0,0), V(ee,y)eft, (1.5.2)

then the solutions of problems from this class possess regular layers in a neighbour-
hood of the sides X = 0 and y = 0 and a corner layer near the corner (0,0); while
if

a(x,y) =(ox(x,y), 0), with ax(x,y) > «i >0, V(X V) e ft (1.5.3)

then the solutions will exhibit parabolic layers in a neighbourhood of the sides y —0
and y = 1, a regular layer in a neighbourhood of X = 0 and corner layers near (0,0)
and (0,1).

It is clear that the solutions of singularly perturbed partial differential equations
can exhibit much more complex layer phenomena than can one-dimensional problems.
In particular parabolic layers and corner layers cannot occur in the solution of ordinary
differential equations. Further evidence that numerical methods with a fitted operator
on a uniform mesh are inadequate for singularly perturbed problems is provided by
considering a problem where parabolic boundary layers are present.

In [46] Shishkin showed that for a class of parabolic problems containing parabolic
boundary layers there is no fitted operator method on a uniform mesh that is e-
uniform. A clearer demonstration in a simpler case can be found in Miller et al
[35] and a similar result for a class of elliptic problems with parabolic boundary
layers is given in Shihskin [43]. As parabolic layers only arise in solutions to partial

differential equations this limitation of fitted operator methods can only be seen



when contemplating problems in more than one dimension. In contrast a numerical
method consisting of a standard finite difference operator on an appropriately defined
piecewise-uniform fitted mesh is robust and layer-resolving for a class of problems with
parabolic boundary layers (see for example Miller et al [36]).

Another difficulty that arises when we consider problems in more than one dimen-
sion is the question of the existence and regularity of a classical solution. Roughly
speaking, for problems posed on smooth domains the regularity of the solution is
determined by the regularity of the data of the problem. A general theory for elliptic
equations can be found in [26]. However, for problems such as (1.5.1) posed on a
domain with a piecewise-smooth boundary, we need to impose additional conditions,
known as compatibility conditions, in order for a similar statement to hold.

In [18] Han and Kellogg give sufficient conditions for the solution to (1.5.1) to
be in C3V(Q) under the assumption (1.5.2). These conditions are local conditions in
the sense that they involve the boundary data and the coefficients of the differential
equations evaluated at each of the corners of the square. Conditions that ensure more
regularity are not in general local and there does not seem to be explicit formulae for
them except in the case of constant coefficients.

If the appropriate com patibility conditions are not satisfied then the solution of a
differential equation will in general possess corner singularities in a neighbourhood of
the corners of the domain. In other words the solution will be regular in a classical
sense up to a finite number of singular functions. The theory of corner singularities
is presented in the books by Grisvard [16, 17] and Dauge [6] amongst others.

The situation is even more complex when the domain is non-rectangular. In
this case it seems that no explicit formulae for the compatibility conditions exist to
guarantee that the solution is even in C3"(Q). In this thesis we will not study corner
singularities that may be present in the solutions of problems such as (1.5.1). Thus
to derive the main result in Chapter 4 we need to make an assumption that no such
singularities exist in the solutions of problems from the class we are studying. As
regards the convergence result that we prove, we can say that our numerical method
is appropriate for resolving the boundary layers present in the regular (in a classical
sense) part of the solution. Note that for the class of parabolic problems that we study

in Chapter 3 it turns out that the compatibility conditions can be stated explicitly



and no equivalent assumption is needed.

The issue of compatibility conditions is of theoretical importance as the analysis
of numerical methods for problems such as (1.5.1) usually requires a higher level of
regularity of the solution than may be expected from practical problems. This is

discussed in more detail in the next section.

1.6 Theoretical results for numerical methods
based on piecewise-uniform fitted meshes

In this section we present a brief survey of the theoretical results that have been ob-
tained for numerical methods based on piecewise-uniform fitted meshes for singularly
perturbed problems involving PDEs. As already stated these methods have proved
capable of application to quite general singular perturbation problems involving di-
verse kinds of layers. We intend to provide a sketch of the development of this theory
for the Problem Class 1.5.1 under condition (1.5.2), i.e. when only regular and cor-
ner layers are present in the solution. We also provide a discussion of the analytical
tools that have been employed. This will better enable us to put the results of this
thesis into the proper context. For a more general discussion of layer-adapted meshes
applied to singularly perturbed problems see the review articles [39] and [27].

It was first shown by Shishkin in [47], under certain strong assumptions on the
regularity of the data of the problem and on the compatibility conditions, that a
numerical method based on a piecewise-uniform fitted mesh and an upwind finite
difference operator was e-uniform when applied to a more general problem than that

given in (1.5.1). The error estimate is of the form

sup Ve - uf _< CN”™ilnN)2, (1.6.1)
0<£<l

where the constants NO and C are independent of e and N.
It should be noted however, that under much weaker assumptions the following

bound was also proven [47, Chapter 3]

sup UP -uE_< CiN-1(InN)2)p, (1.6.2)

O<e<l
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where p = 1/4 or 1/8 depending on the precise assumptions made.

The proof of estimates of the kind (1.6.1) generally requires precise bounds on
the derivatives of the solution of the problem being studied. An asymptotic expan-
sion of the solution while revealing about the layer structure of singularly perturbed
problems, is inadequate for obtaining these bounds. Therefore a different approach
must be taken. Shishkin introduced the following decomposition of the solution into
a regular component and a layer component (sometimes referred to as a Shishkin

splitting in the literature). Let

u= v+ w, (1.6.3a)

where Lev = /, LEw — O, (1.6.3b)

where Le is the differential operator in question. The key feature of this construction

is thatthecomponent w, representing the boundary layerbehaviour of the solution,
is in thenullspaceof the differential operator, Le. Shishkin employed this kind of
decomposition in analysing methods for quite general problems (again see [47]). An
analogous decomposition of the numerical solution can also be constructed and used

to analyse the error in the numerical scheme.

Since these results appeared the complexity of the presentation and the implicit-
ness of the assumptions in [47] have prompted efforts by various authors to provide
a more constructive proof and to make the compatibility assumptions more precise.
An initial effort was made by Miller et al in [35], where the maximum principle and
barrier function technique first introduced by Kellogg and Tsan [22], is used along
with the decomposition (1.6.3) to prove the estimate (1.6.1) in a simpler case. Flaws
in this proof due to the compatibility assumptions were pointed out in Dobrowolski
and Roos [9] where a splitting based on an asymptotic expansion was constructed to
obtain the bounds on the derivatives. Linfi and Stynes [30] employed a similar split-
ting and used it in [29] to analyse a hybrid difference scheme on a piecewise-uniform
fitted mesh where the error bound derived was 0 (N ~1). They also improved the error
bound for the upwind scheme to 0(N~1InN). In [23] Kopteva provides an expan-
sion of the error for the upwind scheme which requires less compatibility conditions
than the other approaches but which is only valid in the perturbed case (i.e. when

e < CN-1). She uses it to obtain error estimates for the Richardson extrapolation
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technique and for the approximation of derivatives of the solution.

In the theoretical analysis in this thesis we shall use decompositions of the form
(1.6.3) in conjunction with the maximum principle and barrier function technique.
For this approach to work the finite difference operator must be monotone. If this
is not the case then a different technique must be employed. One such technique
is due to Andreev and Savin [3]. It involves bounding the discrete Green’s function
associated with the finite difference operator. It was used in Andreev and Kopteva
k] to prove an C>((iV-: IniV)2) error estimate for the central difference scheme on
a piecewise-uniform fitted mesh for the one-dimensional problem (1.2.1). A recent
extension of the technique to the problem (1.5.1) can be found in [1], where it was
used to obtain a priori estimates for the Green’s function of a monotone difference
scheme on an arbitrary mesh.

It should be noted that a lot of the technical considerations in the above papers
related to the compatibility conditions can be circumvented if one uses the technique
of extending the domain when one is defining the regular part of the decomposition.
For an example of this see 84.4. Following on from the discussion in the previous
section we remark that none of the work cited above considers problems where corner
singularities are in general present in the solutions of the problem except for [47]. Also,
in [49] Shishkin proves that for problem (1.5.1) with low regularity on the data of
the problem and no compatibility, a numerical method based on a piecewise-uniform

fitted mesh is e-uniform with the error estimate

sup UF - ug _</i(AO, (1.6.4)
O<e<I i

where jiis independent of e and /i(N) —=0 as N —» oo0.

1.7 Singularly perturbed problem s on

non-rectangular dom ains

It should be clear from the previous section that there exists a lot of results for
methods involving piecewise-uniform fitted meshes even if we restrict ourselves to

considering the model problem (1.5.1). However, all of the results quoted in the
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previous section are only valid on a rectangular domain. It should be noted however
that in [47] Shishkin gives appropriate constructions for convex polygonal domains
but the results are not widely known. For non-convex domains see [48].

It is worth noting that it is somewhat more convenient to deal with more general
domains when using finite element methods, as the geometry of the problem is natu-
rally incorporated into the discretisation. However, as already stated the derivation
of error estimates in the maximum norm, particularly for convection-diffusion prob-
lems is difficult. The main purpose of this thesis is to study the application of finite
difference numerical methods for singularly perturbed problems on non-rectangular
domains, and to derive error estimates of the kind presented in 81 .6 .

The procedure for this study is now outlined. Given a class of problems on a
non-rectangular domain we make a change of variables to transform the class to an
equivalent one on the usual rectangular domain. This simplification of the geometry
produces a more complicated differential equation as the information about the geom-
etry is incorporated into the coefficients of the equation. However, it is a convenient
approach as it allows us to study problems defined on different types of domains in
the one setting. It also more convenient from a practical point of view to design
and implement a numerical method on a rectangular domain. As we are interested
in employing meshes which are fitted to boundary layers, discretising on a possibly
complicated domain could prove troublesome in general.

In Chapter 2 we begin our study of singularly perturbed problems posed on non-
rectangular domains by considering a class of parabolic problems. Using a suitable
co-ordinate transformation the problem is posed on a rectangular domain. The na-
ture and location of some of the boundary layers that can occur are identified and
subclasses of problems are defined that have the same behaviour. In the special case
of a domain with straight line boundary and an equation with constant coefficients
it is shown that it is possible to classify every possible problem into one of these
subclasses. Numerical methods consisting of an upwind finite difference operator and
an appropriate piecewise-uniform fitted mesh are constructed for each subclass. Nu-
merical results are presented that show computationally that the methods described
are e-uniform for particular problems from each subclass. Finally, more complicated

domains are considered and numerical results are presented for a sample problem.
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In Chapter 3 theoretical results are presented for a numerical method applied to
a class of parabolic problems with a boundary turning point. This class of problems
is a slight generalisation of one identified in Chapter 2 whose solutions possess a par-
abolic boundary layer in a neighbourhood of x = 0. A numerical method based on a
piecewise-uniform fitted mesh is constructed and it is shown that the numerical solu-
tions generated by the method converge e-uniformly to the solution of the continuous
problem. Numerical results are presented that validate the theoretical result proven.
Finally, a similar but related problem is examined. Some analysis is given that mo-
tivates the construction of an appropriate numerical method. Numerical results are
provided that show computationally that the numerical solutions converge.

In Chapter 4 we move on to consider a class of elliptic problems on a non-
rectangular domain. We restrict our attention to the case when only regular layers
are present in the solutions of problems from this class. We assume that there exists
a sufficiently regular co-ordinate transformation from the domain to the unit square.
The transformed problem class is then studied. In contrast to the parabolic case
we note the presence of a new term in the differential equation which contains the
mixed derivative of the solution. This fact makes the construction and analysis of
an appropriate numerical method much more difficult. Particular attention is paid
to the establishment of a discrete comparison principle. In the perturbed case, i.e.
when e < CN~X it is shown that the numerical solutions generated by our method
converge uniformly with respect to the singular perturbation parameter. This is the
central result of the thesis.

In Chapter 5 we present extensive numerical results demonstrating the applica-
tion of the method developed in Chapter 4. Firstly, in the case of a domain whose
boundary is a parallelogram, we verify computationally the theoretical result proved
in the previous chapter. Some of the computational issues related to the presence of
the mixed derivative of the solution in the differential equation are then examined.
We conclude the thesis with some numerical results where our method is applied to a
problem posed on a domain whose boundary is more complicated. It is again demon-
strated that the numerical solutions generated converge uniformly with respect to the
singular perturbation parameter. We feel that this example offers an indication of

the wider applicability of the method developed.
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Chapter 2

N um erical m eth od s for a class of
singular-rly p erturbed p arabolic

p roblem s

2.1 Introduction

In this chapter we begin our study of singularly perturbed problems on non-rectangular
domains by considering a parabolic problem posed on a domain with a piecewise-
smooth boundary. Using a change of variables the problem is transformed to one on
a rectangular domain. We are interested in the nature and location of the boundary
layers that can occur in solutions to problems from this class. As the form of the
differential equation is complicated in the general case we consider the special case
when the boundary of the domain is made up of straight lines. It is then possible to
identify all possible types of boundary layer behaviour.

This information enables us to construct numerical methods based on upwind
finite difference operators and appropriate piecewise-uniform fitted meshes which re-
solve the layers present. It is shown computationally that each of these methods
is e-uniform when applied to particular problems. We also consider more general
domains.

This chapter is organised as follows. In 82.2 we introduce a class of problems

posed on a non-rectangular domain and perform a transformation of the independent
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variables to obtain an equivalent class of problems posed on a rectangular domain. In
82.3 we consider a particularly simple kind of geometry, namely when the boundary of
the original domain is given by straight lines. Each problem from the corresponding
transformed problem class is then classified into a particular subclass according to
the behaviour of the convective term in the differential equation. In 82.4 we identify
the nature and location of the boundary layers that are present in the solutions of
problems from each of the subclasses. In 82.5 we construct numerical methods that
will resolve the layers present in each of the subclasses identified and in &.s we
present detailed numerical results. Finally, in 82.7 we consider problems posed on
more complicated domains and present some numerical results for a sample problem.
Some of the material in this chapter has appeared in [10] and [11].

The computations in this chapter and the following one were performed using

C++.

2.2 Statem ent of problem

We consider the following class of singularly perturbed parabolic problems

Problem Class 2.2.1.

LEI(E,t) = (elutf + av,£ — but —du)(€,t) = f(£,t) in U, (2.2.1a)
u(™,t) = g(™t) on T —CI\A, (2.2.1b)

b(£,t1)>P> o, d(l,t)>6> o, V(£,i)ea, (2.2.10C)

where d = (fa(t), fait)) x (o,T] isa non-rectangular domainbounded by the curves

£ = 4>i(t), £ = fait) such that

42()= 0o, fa(0) =1, fa(t) < fa{t), Vite[O,n (2.2 .2)

and o < e < 1 is the perturbation parameter.

We also assume that the data a, b,d, f, g and fa, fa are sufficiently regular, and

that / and g satisfy sufficient compatibility conditions at the corners of the domain.
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Figure 2.1: A non-rectangular domain Q.

The problem is now transformed to one on a rectangular domain. This is achieved

by introducing the new co-ordinatc system (x,t) and the change of variables

(2'2'3)
Note that this transformation exists by virtue of (2.2.2).

The transformed class of
problems, P£>is then

Problem Class 2.2.2.

Leu(x, t) = (euxx + atix —blit —du)(x, t) = f(x, t) in Q, (2.2.4a)

u(x, t)

g(x, t) on T, (2.2.4b)
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where

ft —(0,1) x (0,T], r = ft\ft, u(x,t) = u(£,t),

a(x,t) = (a(£.t) + S(FIF)(® ($(t) - fait)) + fa(t)))(fa(t) - fa(i)),
fe(x, i) = &E, t)(fa(t) - fait))2, d(x,t) = d(£, t)(fa(t) - fa(t))2,

f(x,t) = f(£,0)(fa(t) -fa(t))2, g(x, t) = g(£,1),

£ = $(x,t) = x(fa(t) - fa(t)) + fait).

Notice that irrespective of the functions fa and fa,

b(x,t) > 0, d(x,t) > 0, V(a;,i)Gft,

similar to b and d. However, in general, the behaviour of a may be such that it becomes
zero or changes sign at certain points of the domain. When e is small boundary layers
of various types are in general present in solutions of problems from Problem Class
2.2.2,and it is precisely the behaviour of a that determines the nature and locations
of these layers. Thus the choice of numerical method will depend critically on a which
in turn depends on the relationship between the geometry of the original domain and
the original coefficient functions.

Ideally we would like to identify all the possible types of layer behaviour that
could appear in the solution to problems from the transformed class. If we could do
this then it would be possible to decompose P£ into distinct subclasses. Each subclass
would consist of problems whose solution had similar behaviour (i.e. possessed the
same type of layer in the same region of ft). The reason for this is that we strive
to design numerical methods that will be applicable to all problems with the same
behaviour. Thus the classification of a particular problem into a subclass amounts to
deciding what the appropriate numerical method to apply to the problem is.

The difficulty with this approach is that we must be able to determine, for all
possible choices of a, the layer behaviour of the solution a priori. This is a difficult
task in general so we will confine ourselves to some specific situations where this
information can be determined. It will be shown in the next section that if the original

domain is bounded by straight lines and the coefficient functions are constant then

18



a complete classification of every problem in the transformed problem class can be
achieved. This enables us to explore in a relatively simple setting the diverse kinds

of boundary layer behaviour that problems posed on the same geometry can exhibit.

2.3 Special case-straight line boundary

We will assume that the original domain has a boundary given by straight lines. That

is we will assume that ft = Cl1 is a domain bounded by the lines

<t>i(t) = ®2(t) = 1+ - m2t, Vise [,T],

where mi and m: are constants. For simplicity it is also assumed that the original

coefficient functions are constant.

a(f,t) = a, S(£,t)= i3 V(f,t) Gft

The resulting transformed problem class, C PE£, is

Problem Class 2.3.1.

LEu(x,t) = (euxx+ aux — but —du)(x, t)

f(x,t) in ft,

u(x,t) = g(x,t) on T,

where

a(x,t) = h(t)i& —(3(xim2 —mi) + mi)), b{x,t) = /3(/i(i))2,
d{x,t) = di£,t)(h(t))2, f(x,t) = f(E,0)(h(1))2, g(x,t) = g(£1),

£ = £(x,t) = xh{t) —mit, hit) = 1 — (M2 — m x)t).

Note that h(t) > 0, which follows from condition (2.2.2).

The form of this problem class is sufficiently simple to allow us to identify all of the
possible types of behaviour of a (i.e. different sign patterns) and the layer structure
of the corresponding solutions. This will enable us to classify any problem from P~

into a subclass of Pe. In this case we can identify nine such subclasses. These are
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defined as follows:

P* = {/el «(@:;1)>0, VI[xt)Gft},
PE= {Pe| «(#,¢) =0, V(xt) Gft},
P~ = {Pe| a(x,t) <0, V(i) Gft},
\ = o X ~ o, ViG [0, T 1
t e a(x,t) < [0, 7]
| * | >o° 0o < X< 1, ViG]I[0T] j
X = o, Vi G [0,T 1
pe- =. a{x,t) < -0 0.7
1y <o 0< X< 1, ViG]I[0,T] J
e 0 < X< 1, ViGI[0,T] 1
P-"=. a(x,i) <
o u =0° X = 1, Vi G [0,T] J
i >0 o< x< 1, ViG][0,T] 1
pt+° = < a(x, t) <
! p- | = o X=1, Vi G [0, T] J
r
re<o X < Vi G (0,7]
P-* = <pe a(x,t)< =o x = C, ViGI[0,T]
>0 x>C,  ViGFp,T] J
f )
> x < C, ViG][0,T] 1
Pt = <Pe a(x,t) < =o s= o ViGI[0T]
k<° > C, VlG[O,T] J

where ( G (0,1),

Of course these nine subclasses are properly contained in Pe. That is
P+ UP°UP~UP°+UP°~UP~°UP+°Up-+UP+~ £ PE£.

Actually we need only be concerned with six of these subclasses as three pairs of them,
viz. (P&,P~), (PO+,Pfa) and (Pe~.Pe0), arc equivalent under the transformation
X = 1—X.

Now we may state simple relationships between the slopes of the lines defining
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the boundary, m\ and m2, and the coefficients, a and /3, which determine if a given
problem in P} will be an element of a certain subclass of PE. These are shown in
Table 2.1. The form of the transformed function, a, is also given to show that it has
the required behaviour. The constants 7,71 and 72 are all strictly positive. The value

of Cis the same for the two applicable cases:

a —fimi
i3(m2 - mi)
and we clearly have £ G (0,1).
2.4 Location and nature of boundary layers

In the final column of Table 2.1 we have indicated the location of the kinds of boundary
layers that can occur in the solutions of particular problems from P}. In this section
we show how this information can be determined. To do this we will consider the
original problem class 2.2.1 corresponding to P~ where the boundary is given by
straight lines and show how the relationship between the geometry of the domain
and the coefficients in the differential equation give rise to boundary layers in the
solutions to problems from this class.

The reduced problem corresponding to (2.2.1a) is obtained by formally setting

e = 0. This gives us the first order hyperbolic partial differential equation

(avE — bvt — dv)(£,t) = /(£,t) in C. (2.4.1)

As we have assumed that a and b are constant this becomes the simpler

(avt - (3vt - dv)[i,t) = /(E, 1) in Cl.

It is clear that we cannot impose all of the boundary conditions (2.2.1b) on v as this
reduced problem is only of first order. To figure out on which part of P we can specify

conditions we consider the characteristic curves of the reduced problem. It can be
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Case Condition Subclass

7711 > V.2 O = /o Fo+
a = /3tz F-°
$m2 < a < $mi Pe~+
d > (3m\ r?
a < fim2 K
m.2 > rrii a = fimi po-
a=0m2 p+0
fimi < a < P+ -
A < fimi pe
a > pm,2 p+
mx= m 2 & — i3m,i P°e
a > (3mi Pe+
or < (3m\ Pf

Table 2.1: Classification of problems from P£, R.L.=Regular

Layer.

a(x, t)
h(t)jx
-h(t)7 (i - X)
h{th{x - C)

h{t)(7i + 722)

-0 - th I
—h()~fx
h(t)7(1 - a)
MO7(C - x)

~h{t) (71 + 72«)

7i(i)(7i - 724),

22

i> 72 R.L. near x

Behaviour

P.L. neara= 0

P.L. near x = 1

Smooth

1
o

R.L. near X

1
[EnY

7i > 72 R.L. near x

P.L. near x = O,

R.L. near x = 1

R.L. near x =
P.L. near x = 1

R.L. near a =
R.L. near x — 1

R.L. near x = 1

1]
o

P.L. near x —0,
P.L. near x = 1

R.L. near a= 0

R.L. near x = 1

Layer, P.L.=Parabolic



easily shown that these are the straight lines given by

where c is an arbitrary constant. Along each characteristic the reduced equation

becomes the first order ordinary differential equation
vs-dv = f

which means that if v is specified at any point on a characteristic then its value at
all other points on the characteristic is fully determined.

As $ is strictly positive it follows that the characteristics are oriented positively in
time. So the value of v on each of the characteristics is determined by the boundary
value at the point on the boundary where they begin. The set of all such points is
called the inflow boundary. Similarly the set of all points on the boundary that are
endpoints of characteristics is called the outflow boundary, and a region of the bound-
ary that is itself a characteristic of the reduced problem is called the characteristic
part of the boundary. We denote these regions by f¥, To and fc respectively. We
have r = f¥ U To U Fc- Clearly, the relationships between the slopes of the charac-
teristics and the slopes of the boundary walls determine what parts of the boundary
belong to which set (Figures 2.2 and 2.3).

It can be shown that for points on T that are not part of the inflow boundary the
solution of the reduced problem will not in general be equal to that of the full problem
and thus we will have a boundary layer in a neighbourhood of these points. There
are many different types of boundary layers but we will be concerned with just two
distinct types, viz. regular boundary layers and parabolic boundary layers. It can be
shown using the techniques of matched asymptotic expansions (see [21] and [13]) that
the solution of the original problem will have a regular layer in a neighbourhood of
fo and a parabolic layer in a neighbourhood of Tc- The width of the regular layers
in all cases is 0(e) while the parabolic layers have width 0(y/e).

In terms of the transformed problem class the existence of a regular layer near
£ = fa for example, corresponds to a regular layer near x = o as £ = fa is mapped

to x = 0 by the transformation (2.2.3), with similar statements for the other types of
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Figure 2.2: Characteristic curves of the reduced problem (2.4.1) in the case P

behaviour.

We will not be concerned with problems from subclass P~+ as there axe in general
no boundary layers present in their solutions and standard numerical methods suffice
for generating adequate approximations. It is well known that this is not the case for
problems from the other subclasses where boundary layers are present.

In Chapter 3 we will develop a numerical method that is adequate for resolving
the layers that are present in problems from a more general class than PE£ DPH+. We

will consider problems where we have

a(x, t) = a0(x,t)xp, p > 1, O0o(x,i)>o,

which corresponds to the form of a in problems from Pj- fl P&+ when p — 1 (see
Table 2.1). Therefore, in this chapter we will not concern ourselves any further with

problems from P~ fl Pen+.
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Figure 2.3: Characteristic curves of the reduced problem (2.4.1) in the case PE’

In the next section we will construct appropriate numerical methods to resolve
the layers that are present in all problems from except those in the two subclasses
mentioned above. That is we are concerned with generating numerical solutions to
problems from the intersections between problem class P{} and the four subclasses of

the general problem class P£:

Pinp+, PinPEPinP° PknP+~. (2.4.2)

Note that while we now deal exclusively with problems from the transformed class,
the numerical methods we design will provide us with adequate numerical solutions to
problems from the original class as well, because the two classes are equivalent under
the transformation (2.2.3). We implement the numerical methods on the transformed

domain as it is more convenient computationally to deal with a rectangular geometry.
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2.5 Numerical methods

We now construct numerical methods that will generate approximations to solutions
of problems from each of the four classes in (2.4.2). These consist of an upwind finite
difference operator, and an appropriate piecewise-uniform fitted mesh. The difference

operator ,on a mesh QN, is defined for any mesh function ZN, as

L?ZN(Xi,tj) = {e52ZN + aDXxZN - bD~ZN - dZN){xhtj), V(xittj) E QN,

where
( D+ZN(xi,tj), a(xi,tj)> 0
DIZN{xhtj) =i o, a(xi,tj)=0
{ D-ZN(xitj), a(xi,tj) <o
Note that the definition of Dx assures us that satisfies a discrete comparison

principle and is thus a monotone difference operator.
We use Nx mesh intervals in the x co-ordinate direction and Nt mesh intervals
in the t co-ordinate direction. Define the mesh, that discretises [0, T] with Nt

uniform mesh elements, as

= {tj Ih = j/Nt, o< < Nt},

and the piecewise-uniform meshes, and , that discretise Q = [0,1] with Nx

mesh elements, as

2 ia/Nx 0<i< Nx/2
Xi =
a+ 2{i - Nx/2)(1 - a)/INx Nx/2 < i < Nx
I Ai, Ti/Nx 0< i< Nx/A
T, Xi x<=\ ri+ 2(- Nx/4)(€2- Ti)/Nx Nx/4< i< 3Nx
| Ti + 4[i - 3AN4)(1 - t2)/Nx 3Nx/4 < i < Nx
It can be seen that consists of two uniform meshes, with Nx/2 mesh elements,

—N
joined together at the transition point a and that ftri=r2 consists of three uniform

meshes, with Nx/A, Nx/2 and Nx/A mesh elements, respectively, joined at the two
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transition points t\ and r2. Clearly we must take Nx to be a multiple of 2 when
using the first mesh and a multiple of 4 when using the second mesh. We intend to
apply the first mesh to problems that possess a boundary layer near x = o and the
second mesh to problems that have boundary layers near both x = 0 and x = 1. The
transition points will be chosen appropriately according to the particular problem
class.

We define the resulting piecewise uniform fitted meshes to be the tensor products

n"=n"*xnf, (2.5.1)
C = < ;x C =~ (2.5.2)
Setting nTandr”Nmn= Pl r gives us the following fitted mesh finite

difference methods

Method 2.5.1.

L e U N{xh tj)

f(xi,tj) in n?*T2

UN(xi,tj) = g(xutj) on
Method 2.5.2.
LU N(xi,tj) = f(xi,tj) in Q/~T2
UN (xi,tj) = g(xi,tj) on T ™.

Finally we specify for each of the four problem classes in (2.4.2)the appropriate
numerical method and the correct choice for the transition point(s) in each case.
These are stated in Table 2.2. Note that a is the lower/upper bound on a.

We now state known theoretical results concerning the first two methods given in

Table 2.2.

Theorem 2.5.1. For problems from class , which are sufficiently compatible at

the corners, the numerical approximations generated by Method 2.5.1 with a defined
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Problem Class Method Transition Point(s)

Pe nP? 251 a=min{|,MnA~™}

Pe n P° 2.5.2 n =mind*y*InA”™} , r2=1-n

Pe n Pe~ 2.5.2 ri= min{],y/e]lnNx}, rz=1-min{i, flnA"}
Pe n Pe~ 2.5.2 ri=min{] | InNx}, rz=1- tx

Table 2.2: Appropriate numerical methods and transition points for each of the classes
(2.4.2).

as in Table 2.2 are e-uniform and satisfy the following error estimate

sup U™ —u < CN~ (inNx) + CNt,

0<£<1
where C is a constant independent of Nx, Nt and e.
Proof. See, for example, Shishkin [47]. O

Theorem 2.5.2. For problems from class Pf, which are sufficiently compatible at
the corners, the numerical approximations generated by Method 2.5.2 with T\ and r2

defined as in Table 2.2 are e-uniform and satisfy the following error estimate

sup B —u _<C(N~ilnNx)2+ CN{'I!

0<£E<1
where C is a constant independent of Nx, Nt and e.

Proof. See, for example, Miller et al. [36]. O

2.6 Numerical results

In this section we present comprehensive numerical results that demonstrate the nu-

merical methods introduced in 82.5 applied to each of the problem classes given in
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Example mi m:  Subclass

1 05 025 PinP+
2 1.0 1.0 Pl n/f
3 1.0 15 PinPt

05 125 PlnPrTr

Table 2.3: Example problems.

(2.4.2). This will verify computationally Theorems 2.5.1 and 2.5.2. It will also demon-
strate experimentally that the other methods resolve the layers that are present in the
solutions of the corresponding problem classes. To this end we consider the following

problem posed on the domain CIL. Note that we take T = 1.

Problem Class 2.6.1.

(eu™ + UE —ut —u)(x,t) = —£—1 in &1,
u(Eo)=1-£2, £elo,ll,
u(—mit,t) =1, u(l —rriit,;t) = o, ie (o0,1]

We can construct a problem from each of the four subclasses using this problem
posed on various (similar) domains. This will show quite explicitly that the nature
of the layers present in the solution of a problem from Problem Class 2.2.1 depends
critically on the geometry of the domain. In Table 2.3 we show appropriate values of
mi and m: that give us an example problem from each of the subclasses.

To generate approximate solutions to each of the examples we apply the appro-
priate numerical method given in Table 2.2. We let Nx = Nt = N and tabulate the
computed errors, E”, and the computed e-uniform errors, E N, for a variety of values
of e and N for each of the examples given. As we do not have an exact solution for
any of the problems we use the piecewise bilinear interpolant of the numerical solution
generated by the appropriate method on the finest available mesh, viz. U , as our

approximation to the exact solution. Thus we define E~ and E N as follows

- 1 N H _ N g =
Ef Og?,?%(NIC/ fe.|3) C /1024( ,|,3|, EN e:I,ZTi?.).(.,Z—CQ
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The values of these quantities for each of the numerical methods applied to the ap-
propriate example problems are shown in Tables 2.4-2.7. Note that the vertical dot
notation indicates that in each column the errors have stabilised and remain essen-
tially constant for each of the values of e omitted. In each table we see that the
values of for each fixed e decrease with increasing N. A fortiori the values of
E N decrease with increasing N indicating that the convergence is uniform with re-
spect to e. These results indicate that each of the methods are layer-resolving for the
corresponding example problems.

We also present graphs of some representative numerical solutions generated by
each of the numerical methods applied to the corresponding examples for particular
values of e and N. We choose to plot these graphs on the original domain as it

illustrates more clearly the effect of the geometry.

2.7 M ore com plicated dom ains

In this section we will look at some problems where the boundary of the domain is
more complicated than those considered thus far. Assume that the sides of the original
domain are parallel. That is we will assume that d — Clp is a domain bounded by
the lines

0i(i) = <>t), 02(i) = 1+ <>t), Vi£ [0, T\,
where O is sufficiently regular. The resulting transformed problem class, Pz is

Problem Class 2.7.1.

Leu(x,t) = (euxx + aux — but — du)(x,t) = f(x,t) in Q,

u(x,t) = g(x,t) on F,

where

a(x,t) = a(£,i) + i(£,i)0/(i), b(x,t) = b(E,t), d(x,t) = d(£,1),
f(x,t) = gfat) = £ = £(x,t) = x + <.
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Number of Intervals N

e 8 16 32 64 128 256

1 3.11e-02 1.82e-02 1.01€-02 5.21e-03 2.52e-03 1.10e-03
2.1 1.29e-02 7.48e-03 3.94e-03 1.97e-03 9.34e-04 4.04e-04
2.2 1.51e-02 8.01e-03 4.03e-03 1.98e-03 9.28e-04 3.99e-04
2.3 3.03e-02 1.59e-02 8.07e-03 3.96e-03 1.86e-03 8.01le-04
6.30e-02 3.04e-02 1.35e-02 5.85e-03 2.75e-03 1.19e-03

5 s.86€-02 4.69e-02 2.35e-02 1.12€-02 5.06e-03 2.08e-03
2-€  1.04e-01 5.80e-02 3.03e-02 1.52e-02 7.18e-03 3.08e-03
2+7  1.13e-01 6.49e-02 3.51e-02 1.83e-02 8.98e-03 3.98e-03
28 1.18e-01 ©s.sseo02 3.84e-02 2.07e-02 1.05e-02 4.81e-03
2.9 1.21e01 7.12e-02 4.06e-02 2.24e-02 1.18e-02 5.55e-03
9™ i ,,e01 7.26e-02 4.19e-02 2.36e-02 1.27e-02 6.14e-03
2-N 123e-01 7.34e-02 4.27e-02 2.43e-02 1.33e-02 6.55e-03
2-12 1.23e-01 7.39e-02 4.32e-02 2.48e-02 1.36e-02 6.81e-03
2_13  1.23e-01 7.41e-02 4.34e-02 2.50e-02 1.38e-02 6.96e-03
2.1 1.23e-01 7.42e-02 4.36e-02 2.51e-02 1.39e-02 7.03e-03
2515 194601 7.43e-02 4.36e-02 2.52e-02 1.40e-02 7.07e-03
2-16 1 94e-01 7.43e-02 4.37e-02 2.52e-02 1.40e-02 7.10e-03
2-'7T  124e-01 7.44e-02 4.37e-02 2.52e-02 1.40e-02 7.11e-03
218 1.24e-01 7.44e-02 4.37e-02 2.52e-02 1.40e-02 7.11e-03
2-19 1 24e-01 7.44e-02 4.37e-02 2.53e-02 1.40e-02 7.11e-03
2-20 1 24e-01 7.44e-02 4.37e-02 2.53e-02 1.40e-02 7.11e-03
221 1.24e-01 7.44e-02 4.37e-02 2.53e-02 1.40e-02 7.12e-03
2-22  1.24e-01 7.44e-02 4.37e-02 2.53e-02 1.40e-02 7.12e-03
2-23 1 94e-01 7.44e-02 4.37e-02 2.53e-02 1.40e-02 7.12e-03
2724 124e-01 7.44e-02 4.37e-02 2.53e-02 1.40e-02 7.12e-03

IN)
~

2-32 1 940-01 7.44e-02 4.37e-02 2.53e-02 1.40e-02 7.12e-03
EN  1.24e-01 7.44e-02 4.37e-02 2.53e-02 1.40e-02 7.12e-03

Table 2.4: Computed errors, ET, and computed e-uniform errors, E N, for appropriate
method chosen from Table 2.2 applied to example 1
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Number of Intervals N
e 8 16 32 64 128 256

. 2.93e-02 1.70e-02 9.10e-03 4.64e-03 2.22e-03 9.67e-04

» 1 2.56e-02 1.27e-02 6.26e-03 3.03¢-03 1.41e-03 6.05e-04
2«2 3.58e-02 1.81e-02 9.01e-03 4.38e-03 2.05¢-03 8.78e-04
2.5 3.82e-02 1.96e-02 9.81e-03 4.78e-03 2.24e-03 9.61e-04
2.4 4.14e-02 2.09e-02 1.03e-02 4.96e-03 2.32e-03 9.93e-04
2~5  4.92e-02 2.40e-02 1.17e-02 5.59e-03 2.60e-03 I.lle-03
2-6  544e-02 2.63e-02 1.26e-02 5.98¢-03 2.77e-03 1.18e-03
2~7  6.25e-02 2.91e-02 1.35e-02 6.29e-03 2.89e-03 1.23e-03
2-8  §.44e-02 3.41e-02 1.48e-02 6.69e-03 3.01e-03 1.27e-03
2.9 6.49e-02 4.00e-02 1.99e-02 7.38¢-03 3.18e-03 1.31e-03
27° 6.55¢-02 4.02e-02 2.47¢-02 l.lle-o2 3.70e-03 1.39e-03
2-U  659e-02 4.03e-02 2.47e-02 1.16e-02 4.53e-03 1.64e-03
l2 562e-02 4.03e-02 2.49¢-02 1.14e-02 4.42¢-03 1.50e-03
213 6.64e-02 4.04e-02 2.49e-02 1.15¢-02 4.42e-03 1.50e-03
2-14 g 5e-02 4.04e-02 2.49e-02 1.15e-02 4.43e-03 1.51e-03
6 .cseo02 4.05e-02 2.50e-02 1.15e-02 4.43e-03 1.51e-03
2-16  6.67e-02 4.05e-02 2.50e-02 1.15e-02 4.43e-03 1.51e-03
2-17  6.67e-02 4.05e-02 2.50e-02 1.15e-02 4.43e-03 1.51e-03
2-18 6.686-02 4.05e-02 2.50e-02 1.15e-02 4.43e-03 1.51e-03
6 sseo2 4.05e-02 2.50e-02 1.15e-02 4.43e-03 1.51e-03
220 6.8e02 4.06e-02 2.50e-02 1.15e-02 4.43e-03 1.51e-03
2-2! o cseo. 4.06e-02 2.50e-02 1.15e-02 4.43e-03 1.51e-03
2-22 o 6ge02 4.06e-02 2.50e-02 1.15e-02 4.43e-03 1.51e-03
66se02 4.06e-02 2.50e-02 1.15e-02 4.43e-03 1.51e-03
224 6.69e-02 4.06e-02 2.50e-02 1.15e-02 4.43e-03 1.51e-03

2-32  5.69e-02 4.06e-02 2.50e-02 1.15e-02 4.43e-03 1.51e-03
EN  6.69e-02 4.06e-02 2.50e-02 1.16e-02 4.53e-03 1.64e-03

Table 2.5: Computed errors, , and computed e-uniform errors, E N, for appropriate
method chosen from Table 2.2 applied to example 2.
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Number of Intervals N

£ g 16 32 64 128 256
. 3.356-02 1.8seo02 9.95e-03 5.01e-03 2.39¢-03 1.03e-03
» 1 3.33e-02 1.72e-02 8.60e-03 4.19e-03 1.97e-03 8.44e-04
2~2  3.89e-02 1.99e-02 9.99e-03 4.87e-03 2.28e-03 9.78e-04
2vs  4.19e-02 2.12e02 1.06e-02 5.14e-03 2.40e-03 1.03e-03
2-4 570e-02 3.14e-02 1.63e-02 8.21e-03 3.90e-03 1.69e-03
2~5 6.43e-02 4.78¢-02 3.16e-02 1.se02 9.16e-03 4.00e-03
2-6 737¢-02 5.87e-02 3.74e-02 2.19e-02 1.19e-02 5.77e-03
2~7 8.80e-02 7.99e-02 5.02¢-02 2.74e-02 1.40e-02 6.54e-03
2s  959e-02 9.91e-02 6.96e-02 3.88e-02 1.83e-02 7.89e-03
2-9  989e-02 1.10e0: 8.56e-02 5.51e-02 2.92e-02 1.25e-02
2-10 9936.02 1.14e-01 9.43e-02 6.63e-02 3.94e-02 1.91e-02
2-n 978e-02 1.15e-01 9.72e-02 7.14e-02 4.58e-02 2.45e-02
2~12 9.53e-02 1.13¢-01 9.65e-02 7.21e-02 4.78e-02 2.71e-02
2-i3  928e-02 I.lle-o:1 9.45e-02 7.05e-02 4.71e-02 2.73e-02
2-14 908e-02 1.0e01 9.26e-02 6.85e-02 4.57e-02 2.65e-02
2-i1S  898e-02 1.08e-01 9.136-02 6.70e-02 4.44e-02 2.57e-02
2.16  8.91e-02 1.08e-01 9.05e-02 6.61e-02 4.37e-02 2.51e-02
-7 g87e-02 1.07e-01 9.01e-02 6.56e-02 4.32e-02 2.47e-02
2-18  g.84e-02 1.07e-01 8.99e-02 6.53e-02 4.30e-02 2.45e-02
2.1 8.83e-02 1.07e-01 8.97e-02 6.52e-02 4.28e-02 2.45e-02
2-20 g g2e-02 1.07e-01 8.97e-02 6.51e-02 4.28e-02 2.44e-02
2~21 8.81e-02 1.07e-01 8.96e-02 6.51e-02 4.27e-02 2.44e-02
2-22 g 8le-02 1.07e-01 8.96e-02 6.50e-02 4.27e-02 2.44e-02
2-23  8g0e-02 1.07e-01 8.96e-02 6.50e-02 4.27e-02 2.44e-02
2-24 83380e-02 1.07e-01 8.96e-02 6.50e-02 4.27e-02 2.44e-02

2-32 gg0e-02 1.07e-01 8.96e-02 6.50e-02 4.27e-02 2.43e-02
EN 9.93e-02 1.15e-01 9.72e-02 7.21e-02 4.78e-02 2.73e-02

Table 2.6: Computed errors, E*, and computed e-uniform errors, E N, for appropriate
method chosen from Table 2.2 applied to example 3.
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Number of Intervals N

£ ] 16 32 64 128 256

. 4.18e-02 2.40e-02 1.29e-02 6.52e-03 3.12e-03  1.35e-03
» 1 4.11e-02 2.16e-02 1.09e-02 5.33e-03 2.50e-03 1.08e-03
5.17e-02 2.se02 1.33e-02 6.51e-03 3.05e-03 1.31e-03
6.56e-02 3.42e-02 1.72e-02 8.42e-03 3.95¢-03 1.70e-03
8.53¢-02 4.45e-02 2.24e-02 1.i0e02 5.17e-03 2.22e-03
8.32e-02 4.63e-02 2.40e-02 1.19e-02 5.62e-03 2.42¢-03
2:6 595e-02 4.12e-02 2.18¢-02 1.i0e0z 5.29e-03 2.30e-03
».7  8.27e-02 7.89e-02 4.67e-02 2.55e-02 1.28e-02 5.65e-03
2-S 104e-01 1.07e-01 8.46e-02 5.31e-02 2.81e-02 1.28e-02
»-s 1.17e-01 1.18e-01 8.84e-02 5.65e-02 3.34e-02 1.70e-02
2-i0 1 25e.01 1.26e-01 9.29e-02 5.96e-02 3.50e-02 1.78e-02
2-N 120e-01 1.29e-01 9.54e-02 ©..2e-02z 3.59e-02 1.82e-02
2-12 132e.01 1.31e-01 9.66e-02 ©..0e-0z 3.63e-02 1.84e-02
2-13 133001 1.33e-01 9.72e-02 6.24e-02 3.65e-02 1 .s6€-02
2-14 1 346.01 1.33e-01 9.75e-02 6.26e-02 3.66e-02 1.566€-02
2-15  134e-01 1.33e-01 9.76e-02 6.27e-02 3.67e-02 1.85€-02
2-16  134e-01 1.34e-01 9.77e-02 6.28e-02 3.67e-02 1.866-02
2-iF 1 346.01 1.34e-01 9.78e-02 6.28e-02 3.67e-02 1.566-02
2-1s  1.34e-01 1.34e-01 9.78e-02 6.28e-02 3.67e-02 1.87e-02
2-19  134e-01 1.34e-01 9.78e-02 6.28¢-02 3.67e-02 1.87e-02
272 1.34e-01 1.34e-01 9.78e-02 6.28e-02 3.67e-02 1.87e-02
2~21  1.34e-01 1.34e-01 9.78¢-02 6.28e-02 3.67e-02 1.87e-02
222 13401 1.34e-01 9.78e-02 6.28e-02 3.67e-02 1.87e-02
2-28 340,01 1.34e-01 9.78¢-02 6.28e-02 3.67e-02 1.87e-02
1.34e-01 1.34e-01 9.78e-02 6.28e-02 3.67e-02 1.87e-02

N}
IN)

1.34e-01 1.34e-01 9.78e-02 6.28e-02 3.67e-02 1.87e-02
E* 1.34e-01 1.34e-01 9.78e-02 6.28e-02 3.67e-02 1.87e-02

Table 2.7: Computed errors, , and computed e-uniform errors, E N, for appropriate
method chosen from Table 2.2 applied to example 4.
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Figure 2.4: Plot of numerical solution generated by appropriate method chosen from
Table 2.2 applied to example 1 with e = 2.5 and N = 128.
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Figure 2.5: Plot of numerical solution generated by appropriate method chosen from
Table 2.2 applied to example 2 with e —2.12 and N = 128.
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Figure 2.6: Plot of numerical solution generated by appropriate method chosen from
Table 2.2 applied to example 3 with e = 2.5 and N = 128.
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1 0

Figure 2.7: Plot of numerical solution generated by appropriate method chosen from
Table 2.2 applied to example 4 with e = 2-It) and N = 128.
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To determine the location and nature of the layers present in solutions of prob-
lems from this class we again consider the reduced problem (2.4.1). In this case the

characteristics will in general be curves. They are given by (£(s),i(s)) where

df " dt j
da = ds = 7
We introduce the following vectors
c(€,t) = (-&(( 1),b(£,t)), n(t) = (=1, (2.7.1)

The vector c(£,t) is interpreted as the characteristic direction at the point (£,£) and
n(t) is an outward normal to the boundary £ = <Xt) and an inward normal to the
boundary £ = 1+ 4>(t) depending on its location. In order to be able to classify every
problem in Pf into a subclass of PEdepending on its layer behaviour we will assume

the following.

Assumption 2.7.1. The signs of the quantities c(cf>(t),t) -n(i) andc(l + (j>(t),t)-n{t)

do not change as t varies.

Geometrically speaking this means that the angles that all of the characteristic
curves make with each of the boundaries of the domain, are of the same type for all t,
i.e., always acute, right or obtuse. This rules out situations where the characteristic
curves intersect the boundaries in complicated ways. For example we cannot have a
characteristic curve being tangent to the boundary at one point only. In this case the
layer structure of the solution of the corresponding problem would be considerably
more complex than the examples considered here.

It can be seen that the signs of the quantities ¢ (</>(£), t).n(t) and c(l + 4>(t), t).n(t)
determine whether the corresponding boundary is part of the inflow boundary, outflow
boundary or characteristic boundary. Therefore these quantities determine the types
of layers present in the solutions of problems from the original class, and therefore also
the transformed class, P&@. Note that the coefficient a in the transformed problem class
is precisely the quantity c(£,t) en(t) and hence the above assumption is equivalent
to assuming that the sign of a remains the same along both sides of the domain.

Therefore, under Assumption 2.7.1, any problem from Pe can be classified into one
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of the subclasses of P£ defined in §2.3.

Consider the following problem posed on the domain Clp. We take T —1.

Problem Class 2.7.2.

+ (2i2 — DUE —ut—u)(x,t) = —£— 1 in Clp,
u(£,0) = I-<£2, £ G [0,1],

n(0(i),i) = 1+1t2, «(1+ 4>(),t) =0, i G(0,1],

where

() = t —i3.

W ith this choice of boundary function 0 it is easy to see that c(£, L mn(i) =
0, Vi. Hence the corresponding transformed problem class is a subclass of P€ and the
solutions will possess parabolic boundary layers ofwidth 0{y/e) in a neighbourhood of
x = 0and x — 1. To generate numerical solutions to problems from the transformed
class we apply Method 2.5.2 with the appropriate transition points

Ti=min jr-v/ilnivij;]), rz=1- T\ (2.7.2)

In Table 2.8 we show the computed errors, , and the computed e-uniform
errors, EN, for a variety of values of e and N. Similar to the examples considered
already, the values of E” for each fixed e decrease with increasing N and the values of
E N also decrease with increasing N indicating that the convergence is uniform with
respect to e. We also present a graph of a representative numerical solution plotted on
the original domain for particular values of e and N (Figure 2.8) and an illustration
of how the piecewise-uniform fitted mesh would look on the original domain (Figure
2.9).
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Number of Intervals N

e g 16 32 64 128 256

. 1.99e-02 1.1e02 6.8le-03 3.56e-03 1.73e-03 7.55e-04
» 1 1.35e-02 7.36e-03 3.79¢-03 1.88e-03 8.85e-04 3.82¢-04
».2 2.58e-02 1.31e-02 6.55e-03 3.21e-03 1.51e-03 6.50e-04
4.21e-02 2.10e-02z 1.03e-02 4.97e-03 2.32e-03 9.92e-04
5.67e-02 2.72e-02 1.31e-02 6.28¢-03 2.91e-03 1.25¢-03
».s  6.93e-02 3.23e-02 1.53e-02 7.19e-03 3.31e-03 1.41e-03
2-e  8.92e-02 3.84e-02 1.74e-02 7.99e-03 3.63e-03 1.53e-03
1.12€-01 4.72e-02 2.01€-02 8.88e-03 3.94e-03 1.64e-03
1.22€-01 6.53e-02 2.51e-02 1.02€-02 4.32e-03 1.76e-03
2+9  1.24e-01 8.57e-02 3.27e-02 1.27e-02 4.94e-03 1.92¢-03
1.25e-01 8.62e-02 4.30e-02 1.75¢-02 6.12e-03 2.20e-03
2N 126e-01 s.cseo02 4.30e-02 1.82e-02 7.12e-03 2.61e-03
212 1.27e-01 s .se-02 4.32e-02 1.82e-02 7.06e-03 2.62e-03
» 15 1.28e-01 8.70e-02 4.33e-02 1.82e-02 7.08e-03 2.62e-03
2»+14  1.28e-01 8.71e-02 4.33e-02 1.83e-02 7.09e-03 2.63e-03
2-15 1 98e.01 8.72e-02 4.34e-02 1.83e-02 7.10e-03 2.63e-03
2-ifl  129e-01 8.73e-02 4.34e-02 1.83e-02 7.11e-03 2.63e-03
2-n 120e-01 8.74e-02 4.34e-02 1.83e-02 7.12e-03 2.63e-03
2-18 1 70e-01 8.74e-02 4.34e-02 1.83e-02 7.12e-03 2.63e-03
2-W  129e-01 8.74e-02 4.34e-02 1.83e-02 7.12e-03 2.63e-03
2-20 1 29e-01 8.74e-02 4.34e-02 1.83¢-02 7.12e-03 2.63e-03
2-21 1 99e-01 8.74e-02 4.34e-02 1.83e-02 7.12e-03 2.63e-03
222 179e.01 8.75¢-02 4.34e-02 1.83e-02 7.13e-03 2.63e-03

2-32 190e-01 8.75e-02 4.34e-02 1.83e-02 7.13e-03 2.63e-03
EN 1.29e-01 8.75e-02 4.34e-02 1.83e-02 7.13e-03 2.63e-03

Table 2.8: Computed errors, , and computed e-uniform errors EN, for Method
2.5.2 with transition points given by (2.7.2) applied to Problem Class 2.7.2.
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Figure 2.8: Plot of Numerical Solution generated by Method 2.5.2 with transition
points given by (2.7.2) applied to the problem from Problem Class 2.7.2 with e = 2~12
and N — 128 on original domain.
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Figure 2.9: Piecewise-uniform fitted mesh for the problem from Problem Class 2.7.2
on original domain.

43



Chapter 3

N um erical m eth od s for a <c¢lass o f
singularly p erturbed p roblem s

w ith a b oundary tu rning p o int
3.1 Introduction

In this chapter we will study a class of singularly perturbed problems with a boundary
turning point. As remarked in 82.4 this problem is a generalisation of a class of
problems that was generated from the consideration of a suitable parabolic problem
on a non-rectangular domain. The key feature of problems from this class is that the
coefficient of the convective term in the differential equation becomes zero along one
side of the domain. It. will be seen that this means that the solutions of problems from
this class possess a parabolic layer in a neighbourhood of this side of the domain.
The material in this chapter is set out as follows. In 83.2 we state precisely the
class of problems we will be investigating and identify the nature and location of the
boundary layers present. In 83.3 we consider some properties of the continuous prob-
lem. In particular we establish a maximum principle and bounds on the derivatives
of the solution. In 83.4 we obtain sharper bounds on the derivatives through a suit-
able decomposition of the solution into regular and layer components. The numerical
method is constructed in 83.5 and its monotonicity is proven. In 83.6 we show that

the numerical solutions generated by the method converge uniformly to the solution
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of the continuous problem with respect to the singular perturbation parameter. De-
tailed numerical results are presented in 83.7. Finally, in 83.8 we briefly consider a
related problem also with a boundary turning point. Some of the material in this

chapter has appeared in [12] in a slightly different form.

3.2 Statem ent of problem

Consider the following class of singularly perturbed parabolic problems:

Problem Class 3.2.1.

Leu(x,t) = (suxx + aux — but— du)(x,t) —f(x,t) in ft, (3.2.1a)
u(x,t) = g{x,t) on T, (3.2.1b)
a(x, t) = a0O(x,t)xpi p > 1, aO(x,t) >a >0, V(x,i) G ft, (3.2.1c)
b(x,t) > /3> 0, d(x,t) >5>0 V(a; t3-2fid)
where
ft = (o,i) x (o, 1], r = ft\ft=Tlu urn,
rL= {(o,i) lo <i<T}, rB = {(x,0) lo<x< 1}, rR= {(i,t)\o<t<T}.

We assume that the data aa,b,d,f and g are sufficiently regular. In particular,
this means that for a to have a certain amount of regularity (for example to be in
Cs(ft)) we must rule out the case when p < 3 and takes a non-integer value. We also
assume that / and g satisfy sufficient compatibility conditions at the corners of the
domain so that the solution and its regular component are sufficiently smooth for our
analysis.

Problem 3.2.1 is a so-called boundary turning point problem. For p > 1, the
turning point is called a multiple turning point. It is a parabolic partial differential
equation where the coefficient of the convective term is zero along the left side of
the boundary of the domain, i.e. on Tl. Note that we make no assertions about a

steady-state solution of this problem. The corresponding reduced problem is defined
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Figure 3.1: Characteristics of the reduced problem (3.2.2).

to be

(a(v0)x - b(y0)t - dv0)(x,t) f(x,t) in Q, (3.2.2a)

vO(x,t)

g(x,t) on rBurfl (3.2.2b)

The solution is said to have a parabolic boundary layer in a neighbourhood of Y1
when a(o,t) —o and s(o,t) > o, as the boundary x —o is then a characteristic curve
of the reduced problem. The other characteristics do not intersect the boundary T
but deviate increasingly from the vertical away from the lateral boundary (Figure
3.1).

Ordinary differential equations of a form related to Problem Class 3.2.1 have been
dealt with by several authors (see for example [53], [52], [32], [31] and [27]) and arise
in geophysics and in modelling thermal boundary layers in laminar flow (see [52] and

the references therein).
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The analysis in this chapter (when p set equal to 0) is also valid for the case
a(x,t) > a > 0, V(xt) Eft.

The solutions of problems from the class then possess a different type of layer than the
layers examined here, viz. a regular layer. This class of problems has been extensively
studied (see for example [47], [50], and [24]). Moreover the method of proof given can
also be applied to the reaction-diffusion case, when a is identically zero (see [36]). In
this case the solutions of problems from the class possess parabolic boundary layers
at both x — 0 and x = 1. These facts indicate that the technique of proof can
be applied to a wide variety of problems involving boundary layers. This illustrates
the potential of the technique in establishing theoretical results for other classes of

singularly perturbed problems.

3.3 The continuous problem

The differential operator L£ in (3.2.1a) satisfies the following minimum principle.

Lemma 3.3.1 (Minimum Principle). Let v E C2,(ft).
If v(x,t) >0, V(i,t)eT, and Lev(x,t) < O, V(x,i)eft,

then v(x,t) > 0, V(x,t) E ft.

Proof. Assume

3r E ft such that ‘u(r) = minv < O,
n

then r ~r, which implies r € ft.

Now let
w(x,t) = v(x,t)e“aPtV2(p+le) Mix, t) E ft.

Then w(x, t) > 0, V(ic,t) ET, and w(r) < 0. Thus the minimum of w must also be

negative. Let g E ft such that
tu(q) — minti; < o.
si
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Applying the differential operator to v gives

Ltv =L £(we-a*P+IMv+1)E)

—bwt —dw'j (x,t) e aa;P+/2(p+Ue

The argument now divides into two cases depending on the position of q.

Ifg~rr = {(x,T)|]0< x < 1} we have

Wr(q) > o, we(q) = tflt() = o,

which gives

Lev(q)

Vv
o

If q € Fj then
Wxx(q) > o, '~(q) = 0, u/t(q) < 0,

which again gives

LEv{q)

v
©

This is a contradiction and thus our original assumption is false and we can conclude

that the minimum of v is non-negative. O

An immediate consequence of this is the following bound on the solution of any

problem from Problem Class 3.2.1.

Lemma 3.3.2. The solution u of any problem from Problem Class 3.2.1 satisfies the

following bound

MwSMTIr+nfh/P -

Proof. Consider the barrier functions

x,i) = Ci + C~t + ufaj.t),

where Cx = ||o|lr and C2 = [I/lIn //?-
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These functions satisfy the hypotheses of Lemma 3.3.1 and therefore

$*(eM ) > 0, V(x,i) G ft,

and the result follows. O

Remark 3.3.1. Note that Lemma 3.3.2 yields a time-dependent stability bound. If wc

impose the restriction

/A% < Ct (3.3.1)

then by using the barrier function

NE{x>t) = C\ + C2(1— x) = u(e, i),

where C\ — |ldllr and Ci — |]|//a]ljj we can establish a time-independent stability
bound. However, we do not wish to limit the problem class with the restriction

(3.3.1).
We have the following bounds on the derivatives of any problem from Problem

Class 3.2.1.

Theorem 3.3.3. Let u G <73,t,(ft) be the solution of a problem, from Problem Class

3.2.1. Then for all non-negative integers i,j, such that 0< i+ 2j < 3,

) < Ce~il2. (3.3.2)
dx'dti
Proof. Transforming the variable x to the stretched variable x — x/y/e, Problem
Class 3.2.1 becomes
Problem Class 3.3.1.
(ua + aE”~Ux ~ but — du)(x,t) = /($,1) in ft, (3.3.3a)
u(x,t) —g(x,t) on f, (3.3.3b)
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where ft = (0,1j\fs) x (0,T] and f is its boundary and

u{x,t) = u(x,t), a(x,t) =do(x,t)xp, do(x,t) = oo(®,1),
b(x,t) = b(x,t), d(x,t) = d(x,t), f(x,t) = f(x,t), gf{x, t) = g(x, t).

Applying the estimate (10.5) from [25, p. 352] gives, for all non-negative integers
i,j, such that 0< *+ 2j < 3,

di+ju

dxidP g

where for each (x,t) G ft and 5 > o we define
Ns = Ns(x,t) = ((x- Ox+ 6) x (¢, T]) n ft,

and the constant C is independent of Ns and does not depend on inverse powers of
the coefficient d e » or its derivatives. Returning to the original variable it follows

that

di+Ui

. Ce 1 + Utilln)
dx'dti

NS
< Ce-" (1 + 1¢[5)

< CE

using the bound on u given in Lemma 3.3.2, where Ng is defined in an analogous
manner to Ns- Taking the supremum of the left-hand side over all Ns C ft gives the

required result. O

3.4 Decomposition of solution

It turns out that the above bounds on the derivatives of the solution are not sharp
enough for the proof of our required result. Stronger bounds are now obtained based

on a method originally contained in Shishkin [46]. This is achieved using the following
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decomposition of the solution into a regular and a singular- part. Let

u(x,t) = v(x,I) + w(e,t), V(xt)s ft,

where

Lev(x,t) = f(x,1) in ft, (3.4.1a)

v{x,t) = u(x,t) on U (3.4.1b)

with the value of v on TL still to be specified. Thus, w is the solution to the problem

LEw(x,t) = 0 in ft, (3.4.2a)
w(x,t) = 0 on TfiUrR, (3.4.2b)
w(x,t) = u(x,t) —v(x,t) on TL- (3.4.2¢)

The values that v takes on Ti are chosen so that its first two derivatives in space are

bounded independently of e. This is aided by the further decomposition

v{x,t) = (vgq+ svi +e2W){x,t), V(x,it) € ft,

where vq is the solution to the reduced problem (3.2.2), and and vZ2arc the respective

solutions to the problems

(oN- ~b ~ - dvi)(x,t) = ~~"j(x,t) in ft, (3.4.3a)
vi[x,t) = O0on reUF/j, (3.4.3b)
and
Levi(x,t) = -~"-(x,t) in ft,
V2(x,t) = o on T.
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We clearly have Lev(x,t) = f(x, t) in ft, as required, with
v(x,t) = (VO+£v1)(x,t) on r”.

Note that extra compatibility conditions must be imposed on the data at the corners
of the domain so that the components Vo, Vi, v2 and w are sufficiently regular. To
establish bounds on the derivatives of v we need the following assumption about the

regularity of Vg and VA\.

Assumption 3.4.1. Letvo bethe solution of the problem (3.2.2) andvi be the solution
of the problem (3.4.3). Assume that for all non-negative integers 1i,j, such that

0< i+ 2j<3
dI+Jvi

<C, :
dxidP dxidP
Theorem 3.4.2. Let v be the solution of (3.4.1). Then, under Assumption 3-4.1,
for all non-negative integers i,j, such that 0 < *+ 2j < 3,
di+jv

. < C{l+£2~i/2).
dxidP

Proof. Clearly v2 satisfies a problem of the same form as u, and so applying Theorem

3.3.3 we have: For all non-negative integers i,j, such that 0 < *+ 2j < 3,

dl+jVo
dxidP

< CE~il2.
Combining this with the bounds on vq and W\ given in Assumption 3.4.1 we have: For
all non-negative integers i,j, such that 0 < i+ 2j < 3,

dl+iV2 c dl+jv2 di+jVv2
+ +
dxidP dxidP dxidP dxidP
< C+ eC + £2C£~i/2
< C{1+ £2~i/2)

as required. 0

We now consider the other term in the decomposition, w. This is the part that
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represents the boundary layer. For the proof of our result we just require a sharper

bound on w itself and not its derivatives. This bound is given in the following theorem.

Theorem 3.4.3. Let w be the solution of (3.4.2). Then

\w(x,t)\ < Ce~x" V(x,t) ¢ ft.

Proof Consider the barrier functions

"ipf{x,t) = Ce~x" e At+ w(x,t),

where A = maxjj{0, (1 —d)/b}. We have

~{x,0) = Ce-xlv*> o,
-0£(0,i) = CeAtzxu(x,t) —v(x,t) > 0,
N (1,0) = Ce“l/W > o

if C is chosen sufficiently large. Also

Lerf{x,t) —C(1— ajy/le —bA —d)(x,t)e~x* e M < 0. (3.4.5)

It follows from Lemma 3.3.1 that

> 0, V(x,t) € ft,

and the result follows. O

3.5 N umerical method

We now introduce the appropriate discretisation that we will use for generating nu-
merical approximations to problems from the class P£tP. This consists of a standard
upwind finite difference operator on a fitted piecewise uniform mesh. The difference

operator L™, on a mesh ftw, is defined for any mesh function ZN, as

L?ZN(xi, tj) = (e52ZN + aD+ZN - bD~AZN - dZN)(xhtj), \/{xutj) e nN.
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Define the mesh, QNt, that discretises [0,T] with Nt uniform mesh elements, as

HiM= {i3|tj=Tj/Nu o <j< Nt},

and the piecewise-uniform mesh, , that discretises [0,1] with Nx mesh elements,

as
2icr/Nx, 0< i< Nx/2

a+ 2{i - iW/2)(I - §)/Nx, Nx/2 < i < NX

fizx = 1 Xi Xi =

where

a—mm|~, Ve\lnN~

It can be seen thatQ,”x consists of two uniform meshes, withNx/2 meshelements in
each, joinedtogether at the transition point a. When a =1/2 the mesh is uniform,
otherwise the mesh condenses near FL. We use the notation N = (Nx,Nt) and define

the resulting piecewise uniform fitted mesh to be the tensor product

X n Nt,
and its boundary points T,, are D F. The resulting fitted mesh finite
difference method is
Method 3.5.1.
LAMNUN(xi,tj) = f(xi,tj) in (3.5.1a)
UN(xi,tj) = g(xi,tj) on (3.5.1b)

The following Lemma gives a discrete analogue of the minimum principle given in

Lemma 3.3.1. Its proof is standard.

Lemma 3.5.1 (Discrete Minimum Principle). Let ZN be any mesh function defined

ondp.

If ZN(xi,tj) > 0, V(si,i;-) € rf, and LfZN(xutj) < 0, V(xi;tj) e

then ZN(xi,tj) > o, V(xi,tj) €
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A consequence of this is the following stability property of the finite difference

operator
Lemma 3.5.2. Let ZN be any mesh function defined on ; _
if z N(Xi,tj) > o, v(xiliJ)e if,

then \ZN(xi,tj) | < mpﬂ.x\ZN\+ Z’W\L’\Zn\//& G

Proof Consider the discrete barrier functions
N («i, ¢¢) = Ci+ C2tj £ ZN(xi, tj),

where Ci = maxrw\ZN\and C2 = max™w | ZN\/3.

These functions satisfy the hypotheses of Lemma 3.5.1 and therefore
AN(xutj) > o, V(xi,tj) e 0%,

and the result follows. O

In the next section we will need the following bound on the local truncation error

of Method 3.5.1 whose proof is standard.

Lemma 3.5.3 (Truncation Error). Let u be the solution of (3.2.1) and UN be the
v
solution of the discrete problem (3.5.1) defined on . Then the following gives a

bound on the local truncation error

LAMU  —u)(xi,tp)\ < -(xi+i-xi-j.) a3 -I-’a(xi>tj)('gf+i-xt)% d2u
dxs dx?2

d2u

dt2
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3.6 Decomposition of numerical solution and error

estim ates

In an analogous manner to the continuous case we decompose our numerical solution

into a regular and a singular component
UN(xi,tj) -V N(xi,tj)) + WN(xi, tj), VOitj) £

where VN is the solution of the inhomogeneous problem

LAVN(xi,tj) = f(jCi,tj) in (3.6.1a)

V N(xi,tj) v(xi,tj) on If, (3.6.1b)

and therefore W N is the solution to the problem

L” W N(Xi,tj) 0 in  fif (3.6.2a)

W N (xi,tj) w(xi,tj) on If. (3.6.2b)
The error in our numerical solution can now also be decomposed:

(UN - u)(xutj)= (VN -v) + (WN - w))(xi,tj), V(xi,tj) G ,

and we estimate the error in the regular component and the singular component

separately.

Theorem 3.6.1 (Error in the Regular Component). Under Assumption 3-4-1 the

error in the regular component satisfies the following estimate
\(VN -v)(xutp\ < CiN-'+ N f1), \(xhtj) eflf,

where VN is the solution of (3.6.1) and v is the solution of (3.4.1).
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Proof. We begin by considering the truncation error with respect to the regular com-

ponent. Prom Theorem 3.5.3 this is

d3v o{xi,g d2v
ILs(VN _v)(xi,tj)\ < - Xi_i) + a0
dxs dx2
b(xutj) . . d2v
it t]-
(tj j-1) .

Using the bounds on the derivatives of v given in Theorem 3.4.2 and the fact that

Xi+l - Xi-1 < ANX , xi+l -X i< 2Nx , tj- tj-1 = M ,

we get

XE(l -£1/2) + Nx XL + €) + Nt %
< CiN~ + Nfl), V(Xitj) €if,

and an application of Lemma 3.5.2 gives us

| (v*-«)(**,* )t~ ¢ ~ +ivrl, MXi,tj)en”".

Note that the above theorem is also valid on a uniform mesh. It is only when we
come to deal with the singular component that the fitted mesh is needed. In order
to examine the error in the singular component we will require the following bound

(see for example [15]).

(3.6.3)

Theorem 3.6.2 (Error in the Singular Component). Under Assumption 3.4-1 we
have, for all Nx > 4 and Nt > max”"jO, (2 — d)/b}, the following estimate for the

error in the singular component

\(WN -w)(xhtj)\ < C(N-\A\nNx)2+ Nt% Vfc.f,-) e ftf
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where W N is the solution of (3.6.2) and w is the solution of (3.4.2).

Proof. We consider separately the cases a = 1/2 and a — y/e In Nx. In the first case

the mesh is uniform and we have
e-1 <4 (In Nxf (3.6.4)

The expression for the local truncation error is, from Theorem 3.5.3,

d3w a(xi,tj) . . d2w

3 dx3 + — Tr~(xi+t1 _ x% dx 2
d2w
* i ti-1) 4y

Using the bounds on the derivatives of w (which follow from the bounds on the

derivatives of u given in Theorem 3.3.3), (3.6.4), and the fact that

Xi+1Xi— m=2Nx , N+l Xi Nx , tj i Nt ,

we get

LN{WN -w)(xi,tj)\ < CiN-"e-1*2+ N-'e-1+ N f1)

< C(N~ (InNx) + Nf ), V(xitj) £ ft".

Applying Lemma 3.5.2 then gives

We now consider the other case, that is when a — \/iln Nx. The mesh is now
piecewise uniform and the mesh spacing (in the ~-direction) is h = 2a/Nx in the
subinterval (0,a) and H = 2(1 — a)/Nx in the subinterval (a, 1). The argument now
depends on the position of the mesh point av

If Xi £ [a, 1) then from the bound on w given in Theorem 3.4.3 we have

Iw&utj)] < Ce-a/ = CN ;1.
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To derive a similar bound on W N wc introduce the mesh function Y N which is defined

Yijl = Y N{xi,tj) = \
NX ¢ j< N x

where A = maxjj{0, (2 — cl)/b}. This is the discrete analogue of the barrier function

used in Theorem 3.4.3.

Provided we choose Nt large enough (i.e. Nt > A) we have

Also,
DtY(xi}®3)< 0, D;Y(XUg) >0, Vi, €

Now we apply the difference operator to Y N:

L?YE = eSIYU+aMDIYV-Hxt.tjw Yii-dix~Y U

< e%Y%t+a(xtts)DiY%.

Depending on the position of the mesh point Xi we get two different expressions. If

i TE Nx/2 we have

LAYidJ< (l-Ab-d)Y~<0, Vj

While if i = Nx/2

L2YNx/2J < (NXH -A b - d)Y'{’j\l

< (2- Ab - d)Yijl < 0, Vj.
Now consider the mesh function, CY N — I'i/jV. We have

(cyn - w N)(Xi,tj) > o0, v(*it €r*,
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once wc take C > max-o<j<N, |W,v(0. tj)\. Also

L?2(CYn - WN)(Xi, tj)

(CL"YN- L?2W N)(xi,tj)

CLAYN{xu tj)

< .
Then Lemma 3.5.1 applies and wc get
WN{xutj) < CYN(xutj), V*,tj) e
But

2]nNX\~N m / 2 A\~

(-0
-Nt
< 2NX~1( i )
< Ci\/7‘7},
by (3.G.3), and the fact that
lim '<C.

N,—e0 \ NtJ

Therefore we get

WN(xi,tj)<CN~\ \f(xutj)e N"" si. Efe[<r,l),

and the error in the singular component in this case can now be estimated as

< CN-\ V(xutj)en" st Xi.g[<r, 1.

If Xj E (0, a) then the expression for the truncation error becomes

[L2(Wn - w)xittj)] <c (N InNx+ af{xutj)e-1/2N - 1INNx + N~ 1),
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Now consider the discrete barrier functions

Nu tj)=C(e-2f2N -1hiNx(a-xi)+(N-10nNx)+ Nr% + N -1)+{W N-w)(xi,tj).

We have
& © > o 0< i< Nx/2,
~ (o Ltj)) > o, 0 < j < Nt,
> o, 0 < j< Nt,

< 5, V(Xi,tj) e £1% s.t. Xi G (0,07)

Applying Lemma 3.5.2 in the subregion of Qa bounded byt = 0. x = 0, and x = a

we get

> o V(a?j,tj) € s.t. Xie (0,a).
This implies that
\(WN -w )~ ~ < CiN-"QaNje-Wa + iN-"QnNj + Nr~tj+ Nil
< C(N”™1(InNx)2+ N~™1), Vfatj) ¢ U™ s.t. xts (o,a).
Combining the estimates in each subregion gives the required result. O

The previous two theorems together give us the following e-uniform estimate of

the error in our numerical approximations at the mesh points.

Theorem 3.6.3. Let u be any solution from Problem Class 3.2.1 and UN be the cor-
responding numerical solution generated by Method 3.5.1. Then, under Assumption

3.4-1, for all NX>A and Nt > max”~{0, (2 — d)/b}, we have
sup < CiN-"QnN~™ + Nrl,

O<ex<l|

where C is a constant independent of Nx, Nt and e.
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3.7 Numerical results

In this section we present numerical results that verify computationally the theoretical
result of the last section. We take T — 1 and consider the following subclass of

Problem Class 3.2.1

Problem Class 3.7.1.

(euxx + xpux —ut —u)(x,t) —x2—1 in ii,
u(x,o0)= (@ —x)2, o< X <1,
u(o,t) = I +t2, wu(l,i) = o, 0 < t< 1.

We let Nx — Nt = N and tabulate the computed errors, , and the computed

e-uniform errors, EN, for a variety of values of e and N for p — 1.0 (Table 3.1). For
other values of p the error behaviour is analogous and so we show only the computed
e-uniform errors (Table 3.2). As we do not have an exact solution for the above
problem we use the piecewise bilinear interpolant of the numerical solution generated

. . . 024 . . .
on the finest available mesh, viz. U , as an approximation to the exact solution.

Thus we define E”~ and EE£ as follows

Ee = max JUN(xi,tj) - UWM(xi, tj)], EN =

a E?.
0<i,j<N

max
e=|,2-1,...,2-sa
We also tabulate the computed e-uniform orders of convergence gN for each value of
p considered (Table 3.3). These are calculated from the two-mesh differences defined
as

= max \UN(xi,tj) —U2N(xi,th)\, DN — max
\Y

0<i,j<N

The gN are then defined as
DN
4 ~ °s2 ~jy2N"'
We see from Table 3.1 that the values of E” for each fixed e decrease with increas-
ing N. A fortiori the values of EN decrease with increasing N indicating that the

convergence is uniform with respect to e. For various values of p, e-uniform orders
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of convergence depending on N are given in Table 3.3. As N increases, the conver-
gence order approaches 1, which corresponds to the conclusion of Theorem 3.6.3. For
this particular problem, the orders of convergence (over the range of N E [8,256]) are
higher than the theoretical rate given in Theorem 3.6.3 (see [15, §8.3] for some sample
values). The orders tend to the order associated with C N -1 InTV for all values of p.
In Figure 3.2 we plot the numerical solution generated by Method 3.5.1 for particular

values of p, e and N.

3.8 The case p < 1.

This chapter deals with the case p > 1. It is interesting to examine numerically the
case p < 1. There are extra technical considerations to be taken into account when
p < 1. In particular we impose the following further restrictions on the data of the

problem

W/allh—C, [V/%<<?, 11/A%<C",

to ensure that the solution is e-uniformly bounded.
We can transform the independent variable x to the stretched variable x ~ x/ep+i
1=y
and neglect the terms containing . The resulting differential equation is indepen-

dent of e and therefore we arrive at the following assumption:

Assumption 3.8.1. For all non-negative integers i,j, such that 0 < i+ 2j <3,

<C £ -il{p+1\ if O<p«<lI. (3.8.1)

dxidP |

In order to generate numerical solutions to problems from this new class we pro-
pose using the same numerical method as in 83.5 but with the following choice of

transition parameter

fl (2{p+ De \ pH"
a=mmz«< -t InN x

This is motivated by (3.8.1).

We now demonstrate experimentally that the numerical solutions do converge.
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N umber of Intervals N
£ g 16 32 64 128 256
10 3.44e-02 2.1e0s 1.15e-02 5.95e-03 2.88e-03 1.26e-03
2 1 1.85e-02 9.46e-03 4.99e-03 2.54e-03 1.22e-03 5.28e-04
2«2 2.89e-02 1.46e-02 7.23e-03 3.52e-03 1.64e-03 7.06e-04
2.3 3.91e-02 1.99e-02 9.86e-03 4.80e-03 2.25e-03 9.64e-04
2-4  497e-02 2.51e-02 1.25e-02 6.07e-03 2.84e-03 1.22e-03
2~5 5.09e-02 3.04e-02 1.53e-02 7.44e-03 3.48e-03 1.49e-03
2:6 493e-02 2.93e-02 1.s8e0z 9.18e-03 4.29e-03 1.84e-03
2~7 4.94e-02 2.81e-02 1.58e-02 8.81e-03 4.67e-03 2.28e-03
2-8  541e-02 3.01e-02 1.53e-02 8.38¢-03 4.39e-03 2.04e-03
2-9 570e-02 3.19e-02 1.6e02 8.22e-03 4.31e-03 2.01e-03
2-10 590e-02 3.29¢-02 1.74e-02 8.70e-03 4.27e-03 2.00e-03
2-n (o,eos 3.37e-02 1.81e-02 9.08¢-03 4.31e-03 1.99e-03
2-12 s.a1e02 3.45e-02 1.85e-02 9.34e-03 4.45e-03 1.98e-03
2-13  6.16e-02 3.50e-02 1.s€-02 9.51e-03 4.55e-03 1.98e-03
6 20e02 3.53e-02 1.90e-02 9.65e-03 4.62e-03 2.01e-03
2-15 §23e-02 3.55e-02 1.91e-02 9.74e-03 4.67e-03 2.03e-03
2-16  24e-02 3.57e-02 1.92¢-02 9.80e-03 4.71e-03 2.05e-03
2-17  §26e-02 3.58¢-02 1.93e-02 9.84e-03 4.73e-03 2.06e-03
2-18  §26e-02 3.59¢-02 1.93e-02 9.87e-03 4.75e-03 2.07e-03
2-19 §27e-02 3.59e-02 1.93e-02 9.89e-03 4.76e-03 2.08e-03
272 6.28e-02 3.60e-02 1.94e-02 9.90e-03 4.77e-03 2.08e-03
2-21  §28e-02 3.60e-02 1.94e-02 9.91e-03 4.78e-03 2.08e-03
2-22 §28e-02 3.60e-02 1.94e-02 9.92e-03 4.78e-03 2.09e-03
6.28¢-02 3.60e-02 1.94e-02 9.93e-03 4.78¢-03 2.09e-03
2-24  §28e-02 3.61e-02 1.94e-02 9.93e-03 4.79e-03 2.09e-03

2-32 §.29e-02 3.61e-02 1.94e-02 9.94e-03 4.79e-03 2.09e-03
EN 6.29e-02 3.61e-02 1.94e-02 9.94e-03 4.79e-03 2.28e-03

Table 3.1: Computed errors, E”, and computed e-uniform errors, EN, for Method
3.5.1 applied to Problem Class 3.7.1 with p = 1.0.



Number of Intervals N
\V; 8 16 32 64 128 256
2.0 5.67e-02 4.09e-02 2.28e-02 1.21e-02 5.96e-03 2.64e-03
3.0 6.40e-02 4.12e-02 2.43e-02 1.33e-02 6.68e-03 2.99e-03
5.0 7.09e-02 4.60e-02 2 .6s8€-02 1.49e-02 7.58e-03 3.43e-03
10.0 4.39e-02 3.72e-02 2.83e-02 1.65e-02 8.63e-03 4.01e-03

Table 3.2: Computed e-uniform errors, EN, for Method 3.5.1 applied to Problem
Class 3.7.1 for various values of p.

Number of Intervals N
\V; 8 16 32 64 128 256
1.0 6.77e-01 s.11e-01 8.85e-01 9.35e-01 8.89e-01 8.97e-01
2.0 3.88e-01 7.44e-01 8.25e-01 8.95e-01 9.37e-01 9.62e-01
3.0 5.84e-01 5.80e-01 7.87e-01 8.72e-01 9.19e-01 9.51e-01
5.0 3.79e-01 s.00e01 7.81e-01 8.04e-01 8.96e-01 9.33e-01
10.0 1.15e-01 5.11e-01 5.94e-01 7.34e-01 8.52e-01 9.07e-01

Table 3.3: Computed e-uniform orders of convergence, qN, for Method 3.5.1 applied
to Problem Class 3.7.1 for various values of p.
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Figure 3.2: Numerical solution generated by Method 3.5.1 applied to problem from
Problem Class 3.7.1 with p — 2, N = 128 and e = 2-12.
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We consider the following problem for various values of p.

Problem Class 3.8.1.

(euxx + xpux — xput)(x,t) = —2xp in Cl,
u(0,i) = 1+ + 12, u(l,t) = o, o <i<l1,
u(x,o) = 1 — X2, 0 < X< 1.
As before we let Nx = Nt = N and tabulate the computed e-uniform orders of

convergence gN for each value of p considered (Table 3.4). The behaviour of the
errors indicates that the numerical solutions converge. Of course theoretical analysis

is required to establish the convergence of this numerical scheme inthe caseo < p < 1.

Number of Intervals N
p 8 16 32 64 128 256
0.1 6.95e-01 7.63e-01 s .02€-01 8.48e-01 8.96e-01 9.15e-01
0.2 6.99e-01 7.61e-01 8.15e-01 8.58e-01 9.03e-01 9.37e-01
0.5 7.04e-01 7.69e-01 s.22e-01 8.69e-01 9.12e-01 9.44e-01

Table 3.4: Computed e-uniform orders of convergence, gN, for Problem 3.8.1 for
various values of p.
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Chapter 4

N um erical m eth o d s for a <c¢lass o f
sin gularly p erturbed elliptic

p roblem s

4.1 Introduction

In this chapter we will consider a class of singularly perturbed elliptic problems posed
on a non-rectangular domain. The boundary of the domain will typically be piecewise-
smooth. We assume that there exists a sufficiently regular co-ordinate transformation
from the domain to the unit square. Then we will proceed to study the transformed
class of problems. We restrict our attention to the case when only regular layers
appear in the solutions of problems from this class. This requires some restrictions
on the data of the transformed problem class.

The most interesting feature of the transformed problem class is the presence of a
mixed derivative term in the differential equation. This is significant for a number of
reasons. Firstly it is in sharp contrast to what happens in the parabolic case where
no extra terms are introduced into the transformed problem. Thus it will be seen
that the construction of an appropriate numerical method is more complicated in
this case. Secondly the mixed derivative term also introduces a number of technical
considerations in the analysis of the numerical method. Chief among these is the

issue of the construction of a monotone difference scheme for the problem.
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The material in this chapter is set out as follows. In 84.2 we introduce a class of
problems posed on a non-rectangular domain and show the form of the differential
equation when we transform to a rectangular domain. In 84.3 we state precisely
the class of problems we will consider and establish bounds on solutions to such
problems and their derivatives. In 84.4 a decomposition of the solution is constructed
which enables us to establish sharper bounds on the derivatives. In 84.5 we introduce
the numerical method that will be used to generate approximations to solutions of
problems from the transformed problem class. In 84.6 we discuss our choice of finite
difference operator paying particular attention to the requirement of monotonicity.
Finally, in 84.7 we prove that the approximations generated by this method converge

uniformly with respect to the singular perturbation parameter.

4.2 Statem ent of problem

We consider the following class of singularly perturbed elliptic problems:

Problem Class 4.2.1.

Leda(£,ri) = (eAQ + a- VO)(E,r/) = /(E,rg) in U, (4.2.1a)
«(£.V) = iKE, V) on duU, (4.2.1b)

a(E,r?) = (ai(£,r?),az2(£,r?)), \/(G,rf)eU, (4.2.1c)

ae-fi 0, (4,2.1d)

where Q ¢ R2 is apiecewise-smooth domain, A denotes theunit outward normal on

3U, ando< e < 1is the perturbation parameter.

We also assume that the data &, /, and g are sufficiently smooth and that / and
g satisfy sufficient compatibility conditions at the corners of the domain.

We assume that there exists a sufficiently smooth co-ordinate transformation from
Utofi= (0,1) % (0,1):

x = A("™Mri), y = B(Eri), u(x,y) = Ofarf). (4.2.2)
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Figure 4.1: A piccewise-smooth domain C.

The transformed differential equation then takes the form

(e ((+ AfudXx Hz (\*Be + ATBTuUXy + (B + B~)Uyy)

+(LeA)ult+ (LeB)uy)(x,y) = f(x,y) in ii.

Note that to write this equation out explicitly requires that we can invert the trans-
formation in (4.2.2) to obtain £ and 7 as functions of x and y. Note also the presence
of the mixed derivative of the solution in the term 2(AcB” + AvB,l)uzd/. The elliptic-
ity of the differential operator is preserved once the Jacobian of the transformation

(4.2.2) is non-zero. To see this we write the highest order terms in the differential

equation as auxx + 2 buxy + cUyy and calculate the quantity b2 — ac:

(A(B(+ /(. fthyz - [A\ + + Bj) = - A,B(f < 0.
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4.3 The continuous problem

Motivated by the discussion in the previous section we now state precisely the problem
we are considering. It is the general second order singularly perturbed linear elliptic

equation with variable coefficients and homogeneous Dirichlet boundary conditions.

Problem Class 4.3.1.

Lfu(x,y) = {e[auxx + 2buxy + cuyy) + a Vu)[x,y) = f(x,y) in Cl, (4.3.1a)

u(x,y) =0 on dCl, (4.3.1b)

where

a(x,y) = (ai(e,y), a2(x,y)) > (aua2) > (0,0), V(e,y) s C, (4.3.1c)

and the coefficients a, b and c satisfy the following ellipticity conditions:

For all (r,s) € M2

Ci(r2+ s2) < (ar2+ 2brs + cs2)(x,y) < C2(r2+ s2), (x,y)eil, (4.3.1d)

where Ci,C2 > 0 are positive constants.

Remark 4.3.1. There is no loss of generality in assuming homogeneous boundary

conditions. To see this consider the problem

Lev(x,y) = f(x,y) in Ci, v(x,y) = g(x,y) on d.

Assuming g is sufficiently smooth define the transformation u = v —g*,where g*is
defined to be an extension of the boundary conditions g to the whole of the domain

Cl. For example we could let

g*{x,y) = gs(x)(1 - y) + gw{y){l - x) + gn(x)y + ge(y)x
- (gs(oyr -x){l-y) + ge(r)ar - x)y + gn(i)xy + ge(o)(l- y)),

where gs, ge, gn and gw are the boundary functions on the appropriate sides, and at
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the four corners of the domain we have

&(0) = 9e(0), 9e(1) = 5n(0), 9n{1) = 9w(1), ow(O) = &(1).

Then u satisfies the problem

Lfu(x,y) = f(x,y) —L£g*(x,y) in fi, u(x,y) = 0 on dsl,

which is of the form of Problem Class 4.3.1.

Remark 4.3.2. The conditions (4.3.1c) ensure that the solutions of problems from this
class possess regular layers in a neighbourhood of the sides x = o and y —o and a
corner layer in a neighbourhood of the corner (0, 0). We thus exclude the possibility

of characteristic boundary layers.

Remark 4.3.3. The conditions (4.3.1d) obviously imply that the functions a and c
are strictly positive. Another consequence of the conditions (4.3.1d) is the following

familiar inequality

®(x,yn2 < a(x,y)e(x,y), forall (x,y)s il (4.3.2)
To see this let r — —y/c. and s = ™ in (4.3.1d).
The differential operator Le in (4.3.1a) satisfies the following minimum principle.
Lemma 4.3.1 (Minimum Principle). Let v E C2(fi).

If v(x,y) > 0, V(x,y) EdCI, and Lev(x,y)< 0, V(x,y) Efl,

then v(x,y) > 0, V(rc,y) E i).
Proof.
Assume 3p = (pi,p2) such that u(p) < o,
then p ~dCl, which implies p s il.

Now let

w(x,y) = v(x,y)erlX/ee?2E, V(x,y) E
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where
Qi a?
71=1iH i 72=2W"
Then w(x,y) > 0, V(x,y) GdCl and w(p) < 0. Thus the minimum of w must
also be negative. Let q = (gx,02) G 4 such that

w(gq) = minu; < 0.
n

Prom the definition of g we have

wx(g) = wy(g) = 0, wxx(q) > 0, (wxy(q))2< wxx(q)wyy(q). (4.3.3)
But then
Lev(q) = (e(awxx + 2bwxy +cwyy)(q)

+ (01- 2(071 + 672)wx(q) + (02- 2(67L+ Q72)) ~ (q)
+ £-4(cry2+ 267172 + C72 - OiTi - aZl2) w(q)) e_7TI19ee_ 72920

> re(acxx - 2sgn(6(gx, 2))by/wxxwyy + cwyy)(q)

+ o0 (0 njN2+ ™ ()" e_7i9)/ee-7292/e
viiair imi iicii iicir imi iicii / )

>  (e(awxx - 2sgn(6(gi, g2))bv/uixxwyy + cwyy)(q)

- —/\ ._ -
+ ZG(/ aZ(aa| llal] ax) + . (ca2- |c|]| a2)

— . T L (MI a2a2- 2baxa2+ |ic]| aio-i) ) iu(q) ) e 1oi/eg—72le
H I licl / /

> A(am” - 2sgn(§(?i, g2)) b wxxwyy 4 cwyy)(q)

+ 7-f-"2 (oai- 1210l + (ca2- |c|| a2)

4e a

— T Al n(aa2- 2bala2+ caf)® w(q)\ e 7191/fe 7292 > O
IMI IMI / )

where we have used the inequalities (4.3.1c), the ellipticity condition (4.3.1d), the
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definition of 71 and 72 and (4.3.3). This is a contradiction and thus our original
assumption is false and we conclude that the minimum of v is non-negative. The

result follows. O

An immediate consequence of this is the following bound on the solution of prob-

lems from Problem Class 4.3.1.

Corollary 4.3.2. The solution u of any problem from Problem Class 4-3.1 satisfies
the following bound

M1 <11/11 A*.

where a —max{ctlt 02}-

Proof. Consider the functions

= — (1- x)zu{x,y), (x,y) € fl

Now,

LAix/y) = -~-ai{x,y)£f{x,y)
< - 1= f{xy)
< 0.
Also,
= 5 - *>0 (xy) e dii.

It follows from the minimum principle that

ai ati

Similarly it can be shown that

, H,
42 (x,y) e

and the result follows. O
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We now state some assumptions regarding the smoothness of the solutions of

problems from Problem Class 4.3.1.

Assumption 4.3.3. Assume that the functions a, b, ¢, ax and a2 are smooth. Let

f c C'lI(fi) for some u € (0,1). Assume that f satisfies the compatibility conditions
/(0,0) = /(l, 00=/(0,1) = /(I, 1) = 0. (4.3.4)

Assume also that f is sufficiently regular and that the data of the problem satisfy
additional compatibility conditions so that u € C'3t/(fi) for some v G (0,1).

Remark 4.3.4. W ith the previous assumption we are ruling out the existence of any
corner singularities in the solutions of our problems. The solutions to elliptic problems
on non-smooth domains are in general not as smooth as their data and additional
conditions need to be imposed to ensure their regularity. The conditions (4.3.4) are
sufficient in the case when 6= 0 (see [18].) These are local conditions on the function
/. Unfortunately for the Problem Class 4.3.1 it seems that such local conditions
cannot be derived. This necessitates the introduction of this assumption as we require
that u ¢ C3"(fi) in the following analysis. This issue is discussed further in §1.5 in

the Introduction.

We now establish some classical bounds on the derivatives of problems from Prob-
lem Class 4.3.1 where the inhomogeneous term in the differential equation can depend
on e.

Theorem 4.3.4. Assume that a, b, ¢, oi, a2, f & Clyv(fi) for some v ¢ (0,1).
Let u ¢ c, " (fi) be the solution of a problem from Problem Class 4.3.1. Then if

[1/]]. < Ce-1 we have
M k —Ce~k, for A=0,1,2,3,
and if Il/Hj, < Ce~2 we have
Mfc < Ce~(k+1\ for k = 0,1,2,3.

Proof. We follow the proof given in [28, Theorem 3.2]. Transforming the variables
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(x,y) to the stretched variables

we see that Problem Class 4.3.1 becomes

Problem Class 4.3.2.

(cilhox + 2bxi%y "+ ciiyy “F' 0, \Ux +~d ) (x,y) — f (X, ) d, (4.3.0a)
u(x,y) = 0 on dfi, (4.3.5b)

where Q = (0,1/e) x (0,1/e) and dCl is its boundary and

u(x,y)
ai{x,y)

u(x,y), a(x,y) = af{x)y), b{x,y) = b(x)y), c(x)y) = c(x,y),
Oi(x,y), axy) = a(x,y), f{x,y) = £f(x.y).

The differential equation in (4.3.5a) is independent of e. Thus from [26, p. 110]
(which can be extended to the square using the techniques of [51]) we have, for all

Ns,
N ijw<— + NUJ>
and, for k —0, 1,

[ Nfc+2,v,;v4 A + »
where for each (x,y) G d we define
Ns= Ns(x,y) = ({x- Gx+ 6 x (y- 6y + 6)nq,

and the constant C is independent of Ns, isand e. Returning to the original variables
it follows that

eMi.jv, — 2 (elllllil,Ard + IM Ilwm)
< <W [|[.+M]),
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where N$ is defined in an antilogous manner to N$. Therefore we have
|« u <¢7(11/11,-he-11M1).

Now if H/||( < Ce_l we get
\UMiNF < C e ~\ (4.3.6)

where we have used the bound on u given in Corollary 4.3.2. While if ||/]|, < Ce~2
we get
U < Ce~\ (4.3.7)

Also for k —0,1

« Hw* < ¢ (E ~-1/U , +NIU)

< C + JJulld .

Therefore wc have

Mmu <C (¢ i* *"|/],,+e--1TMIJ nm

And if |]/I1, < Ce-1 we get

< Ce-" +2>, (4.3.8)

where we have again used the bound on u. While if ||/||, < Ce~2 we get

M w, S (4.3.9)

Taking the supremum of the left-hand sides of (4.3.6), (4.3.7), (4.3.8) and (4.3.9) over
all N$ C fi gives therequired results. O
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4.4 Decom position of solution

The bounds on derivatives given in the previous section are not adequate for the
analysis of our numerical method. In this section we will establish sharper bounds
on the derivatives by constructing a decomposition of the solution into regular and
singular components.

Firstly we shall construct the regular component of the decomposition. This
is done in the following way. We introduce an auxiliary problem definedon some
extended domain. Through a careful decomposition of the solution to this problem
we show that we can specify boundary conditions that ensure that the solution and
its first two derivatives are bounded independently of e. We then define our regular
component as the solution to this problem restricted to the original domain. To this
end define the extended domain O* —(—d, 1) x (—d, 1), where d > 0 is an arbitrary

constant independent of e. Consider the class of “extended” problems

Problem Class 4.4.1.

Lev*(x,y) = (eM*v* + a* «Vv*)(Xx,y) = f*(X,Yy) in d* (4.4.1a)
V*(X,y) = g*(Xx,y) on dCI*, (4.4.1b)
where
M*v*(x,y) = (a*v*x + 2%y + c*v*y)(X, ), (4.4.1¢)
a*(x,y) = (a\(x,y),a*{x,y)), al\li= al, afn = a2 (4.4.1d)
a*\n —a) c*l,=c¢c [/*h =1/, g*|fin; = 0. (4.4.1e)

The coefficient functions in the differential equation (4.4.1a) have been constructed
so that when they are restricted to the original domain they coincide with the respec-
tive functionsin (4.3.1a). To define them in the rest of O* we continuously extend
each function in such a way that if ax € Cku(Cl) then a* € CKk'v(Clt) with similar
statements for the other functions mutatis mutandis. In addition we define /* in such

a way that at (—d, 1) and (1, —d) it satisfies the following com patibility conditions
vn-d, 1)=97*(,-d) = 0
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for all multi-indices i such that |i = 0,... ,4.

The boundary data g* is defined to be 0 on the inflow boundary dil} so that it
coincides with the boundary values of the original problem on We will define g*
on the outflow boundary d£1® appropriately later.

We further decompose v* into the following sum

vF= vo+ EV*+ £A2i (4.4.2a)

where
a* mvVi>o(x,y) = f*(x,y) in CT, =0 on dQj} (4.4.2b)
a*-Vv*(x,y) = - M*Q(x,y) in O* < =0 on dQ}, (4.4.2c)
L*v2(x,y) = - M*v{{x,y) in tt*, v2=g* on dfl*. (4.4.2d)

It can be easily verified that v* defined in this way satisfies the differential equation

in (4.4.1a). We need the following assumption.

Assumption 4.4.1. Assume that g* can be chosen on dQ® so that the data of the
problem 4-4-%d satisfy additional compatibility conditions so that v2 G C3v(fl*) for
some v G (0, 1).

Theorem 4.4.2. Assume 4-4-1 and that a*, b* c* a* and a2 are smooth, f* G
ChHI/(Q*) and that g* G C31/(dQ*) for some u G (0,1). Suppose that f* satisfies the
following additional compatibility conditions at the inflow corner (1,1)

67*(i,i) = o,
for all multi-indices i such that |i| = 0,..., 4. Then v* G C3V\CC) and
WAk < C(L+ e2~k) for k=0,...,3.
Proof. Prom [28] we have W G C5I/(f2*) and therefore M * v G C3u(f2*). Also

9*«S(1.1) = 0,
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for all multi-indices i such that |?| = 0,... ,5, and from [28] wc have v* G C3¥(f2 )
and therefore M*v\ G CI'u{CI’). Also

ax(i,i)=o,
for all multi-indices i such that |z = 0,..., 3. This implies that in particular
1) = 0.

We also have d, 1) = M*v{(1,—d) = 0.
From Assumption 4.4.1 we have v2 G C'il/(il*) and we canapply a similar theorem
to Theorem 4.3.4 to get

"2k~ Ce~k, for k=0,..., 3.
Since the equations defining Vg and v{ arc independent of £ we have
rola< C, |wilft < C, for k=0,...,3,

and the result follows. O

We now introduce the following decomposition of the solution of Problem Class

4.3.1 into regular and singular components
u(x, y)= v(x,y) &w(x,y), (x,y) cqQ, (4.4.3)

where v is defined as the restriction of v* to il

vV = v¥n> (444)

and the singular component satisfies the following homogeneous problem

Lew(x,y) =0 in d, (4.4.5a)
w(X,y) =0 on dCl[, (4.4.5b)
su@}d) = —v[x,y) on dCIQ. (4.4.5¢)
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We now proceed to prove the required sharper bounds on the derivatives of w. It is

convenient to introduce the exponential functions

ex(x,y) = e~AIMySx,

e2(x,y) = e~Axfi)y/£,
e(x,y) = ei(e,y) + e2{x,y) - e”x, 0)e2(0,y).
where y) 2. y)
_ai{x)y _acx,y
AUy MO gy

Theorem 4.4.3. Let w be the solution of (4.4.5). Then w can be decomposed into

the following sum
w(x,y) = wL(x,y) + wB(x,y) + we(x,y), (x,y) € (4.4.6)
where, for all (a;,y) £ Q we have the following bounds

\wL(x,y)\ < Ce~lix/2e,
\WB(x,y)| < Ce~I2v/2e,
\Wwe (x,y)| < CeIx/Ze-™/2f,

and for all i,j, 1< i+ j < 3 we have

Hxsy) < Ce \e L(x,y) + el D),

dxidy

dl+iw} < Cemj(e2x.y) + e1-i)
e~ (e X, el-l),

dxidyr(x,y) J y

dl+jwc -

axoayfxy) = Cer i

where
fai{x,y)\ . fa2(x,y)\

Zi= mm_< - h (4.4.7)

" e alxy)

Remark 4.4.1. The key feature of the bounds on the derivatives of the layer compo-

2T oen T eiky) 3

nents wl and wB, is that the magnitudes of the derivatives in the directions normal
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to the layers, have an extra positive power of e. This will be crucial in the analysis

of the error in the singular component in 84.7.

Proof. Initially we use the decomposition w — wg + ewx where wq satisfies an in-
homogeneous differential equation, but the same boundary conditions as w, and wt
satisfies homogeneous boundary conditions and an appropriate inhomogeneous dif-
ferential equation. This was originally used in [35]. We choose wQin the following
way. Extend the boundary data of (4.4.5) defined on dil to a function () E C3v(Cl)
for some v £ (0,1). Note that we do not need to specify additional compatibility
conditions at the corners (0,1) and (1,0) as v S C'3I/(iT) for some u E (0,1). Define
wg as wg = (e Since e = 1 on dClo it is clear that wq satisfies the same boundary
conditions as w. Note also that £>and its derivatives are independent of e.

As a consequence of the definition of wg we see that wx satisfies the following
problem

Lewi(x,y) = --LewQx,y) in Q,
wi(x,y) — O on dcCl

Noting that
LEwO= Le(0e) = Le(4%i(z, y)) + Le(0e2(@;,y)) - Ls(0ei(x, 0)e2(0, y)),

we define a further decomposition of wx by

Wi= z\+ 22+ 212,
where

LeZi(x,y) = —L e(0ei)(x,y) in i2, zx= 0 on dCl, (4.4.8a)

Lfz2(x,y) = —ELE(ZbQ)(x,y) in Q, z2—0 on dCl, (4.4.8b)

Lfzh2(x,y) = --L Hgel(x,0)e2(0,y)) in zi2= 0 on dCl. (4.4.8¢)
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We now bound zx, z2, £1,2 and their respective derivatives separately. To accom-
plish this it is necessary to bound the inhomogeneous terms in (4.4.8). Starting with

the equation for z\ we have

Leifeiiixyy) = (L£</>)ei(z,y) + O(Leei(x,y))

“T 2e(002.(6i)x “F s by (r1yx) t ~Dyinyyyex) 20).

Since () and its derivatives are independent of £ we have

\LE(4>ei)(x, y)\ < C + |Leei(a;y)| + emax |

E<*en> })0
It can be verified that
max dei je i (4.4.9)
a dy (x,y) < jei(x,y), 4.
and it remains to estimate |Leei(cc, y)|. We have
M {0, i
Leeixy) = € a(ey) Y 2b(xy) S, (AIE Yy
b oY) x(Ai(;@,y))y\JZ "("i(Qe,y))yy
aila;, yMi(0y)  xa2(x,y)(Ai(0,y))v
ei(x.y)
= - [o(a, y)AL(0, y)(Ai(0, y) - AX(x,Y))
+2b(x,y)(xAL(0,y)(AL(0,y))y - e(Ai(0, y))y)
+ (%, Y)((X(AI(0,y))Y)2- ea;(ni(0,y))yy) - xa2(x,y)(Ai(0,y))y] e”x, y)
Since
. dA\
v4i(0,y) - AMXMy) = -x — (xy), O<x’<x,
we have

Inerx,?2)! < C (I + ) ei(ay) < 2C\lel(x,y).
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Using this and (4.4.9) wo obtain

[LaSei(x,y)\ < Cylei(x,y). (4.4.10)
In an analogous manner we get

\Ls(<j>ez)(x,y)\ < Cy/le2(xiy). (4.4.11)

Now,

LE{(pei(x,Q)e2(Q,y)) (LcO)ei(.x, 0)62(0, 7) + <f{L£el (x,0)e-2(0,y))

- 2brcifa>d) (el (@, 0)e2(0»3)),,; + f>(ay)lci>x(ei(x, 0)e2(0,y))j,

+

cy(ei(x, 0)e2(0,y))x) + c(x, y)§>v(ei(x, 0)e2(0,y))y" m
Since (and its derivatives are independent of e we have
\Le{<i>ei{x, 0)e2(0,2/))] < c(ei{x, 0)e2(0,y) + |Leei(x,0)e2(0,y)]|
+ emaxjle 2(0.y)| lei(a:, 0)] 'g‘y ~20yy) })
It is easily seen that

max {eZ(o,y)l | («.(».0) leizo)] » mo,y) W< | eix 0e20,y),
(4.4.12)
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and it remains to estimate \L£ex(x, 0)e2(0, y)|. We have

Lgel(x,0)e2(0,y) (L£ei(0;,0))e2(0,y) + ei(x, 0)(L£e2(0, y))
+ 2£b(x,y)(el(x,0)x(e2(0,y))y

A Aa(x, y)(Ai(0,0))2- anx, y)Al(0,0) + 2b(x, y)AL(0,0)A2(0,0)

c(x, y)(A2(0,0))2- a2(x,y)A2(0,00~ e~x, 0)e2(0,y)

£ a(x, y)Ai(0,0)(Ai(0,0) - Ax{x,y))
+ 2(b(x,y) - 60,0))A1(0,0A2(0,0) + 26(0,0)*(0,0)A2(0,0)

+ ¢(x, y)A2(0,0){A2(0,0) - AZ(x,Yy)) )e”x, 0)e2(,y).
Since
d d .
Al(0,0)-Al(x,y) = -x-Q~-(xf,y)-y-Q~™(x,il), 0<x'<x, 0<y <y,
A2(0,0) - AZ(x,y) = -x"-(x",y) - yA-(x,y"), 0<X'<Xx 0<y"<y,
b(x,y) - 60,00 = x~ (x,ny) + V')’ O< "< x>0<v"< M

we have, for all [x,y) € £2

\LE(ei(x, 0)e2(0,y)\ < j +y + |6(0,0) Mjerx, 0e2(0,y)

< C(1+ e_116(0,0)])v/ei(x,0)v/e2(0,y).

Note that the presence of the mixed derivative term introduces an extra inverse power
of e into this bound which is not present in the special case when 6(0,0) = 0. Using
this bound and (4.4.12) we obtain

\LE(Dei(x, 0e2(0,y))| < C (L + e'116(0,0)])y/e~x, O)~ ( 0,y). (4.4.13)

The bounds on zi,z2 and are now obtained using the minimum principle.
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Starting with 2\ we introduce the barrier function

A(x) = C'e~"nx/2e.

Then at each point in Q, using (4.4.7), (4.4.8a) and (4.4.10), we have

LEGJi(s) = Zi(x,y)) = LeiA(*) +. i) (®,Y)
. LICiIMxy) [ _2ai0ii)\ + e 7II2E
£\ 4 Vo a(x,y)) )
< 0,

if C' is chosen sufficiently large. Also at each point on dfl
(ipi £zi) = ipi > 0.

It follows from the minimum principle that (ip\ £ zxX) > 0 in Q and so at each point

in A we have
\zi(x,y)\<C'e-"x/2£E. (4.4.14)

In an analogous manner we can use (4.4.7), (4.4.8b) and (4.4.11) to get the bound on

\z2(x,y)\ <C'e~™ [2f, (4.4.15)

To bound z”2 we use the barrier function
M x,y) = C~l+e-116(0,0)])e-"13/2fe-w/2£.

Then at each point in Q, using (4.4.7), (4.4.8c), (4.4.13), the inequalities (4.3.1c) and
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the ellipticity conditions (4.3.1d), wc have
Ls(ip@+ *12) = Leipit2(x,y)+~ L E<I>i(x)0)e2(0,y))
C+ A 0,°n (o(®, Y172 + 2b(x, y)7i72+ c(x,y)j2

2ai(x,y)7i - 2a2(x,~ 72) 4-c je~"Ix/Ze~"Vv/2E

(t (*-»>»

+  co(x y)721r72.- &::2&@';;)

(ai(s, y)71 - 26(ar,y)7i72 + «2(Qy)72) ~ + c¢'j e~',"x/Ze~"'nv,2e

N\
<
1 az(x’y)
c@®,y)72 T2- c(x.y)
- @re,y) (2- 26(r,y) (i 12+ c(x,y) 1) ~ + (7~ e=Lliffivde 72wzt
< 0,

if C' is chosen sufficiently large. Also at each point on <9fi

(012 £ A,2) = A1,2 > 0.

It follows from the minimum principle (4.3.1) that (ipi2+ 212) > 0in Q and so at

each point in Q we have
k 2(x,y)| < C'(1 +s-116(0,0)|)e-"2ee-™ '2£ (4.4.16)

To bound the derivatives of 2\, z2and we note that zx, z2and zit2 arc solutions
of problems from Problem Class 4.3.1 and therefore we can apply Theorem 4.3.4.

The inhomogeneous terms in equations (4.4.8a) and (4.4.8b) defining zx and z2 are
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bounded by Ce 1. Therefore we have

Mfc<:Cfe"\ \zi\k<Ce~k, for *=1,2,3. (4.4.17)

The inhomogeneous term in the equation (4.4.8c) defining z\” is bounded by Ce~2.

Therefore
K 2U< Ce-(fctl), for A=1,2,3.
Setting
wl = <f>ei+ezi,
Wh = 2+ £22
We = —<j>eie2+ £:12

taking appropriate derivatives, and using (4.4.14), (4.4.15),
(4.4.18) we get the desired result.

4.5 Numerical method

We now introduce a numerical method that will generate approximations to solutions

(4.4.18)

(4.4.16), (4.4.17) and
O

of problems from Problem Class 4.3.1. It comprises an upwind finite difference oper-

ator on a fitted piecewise-uniform mesh. The difference operator LT, on a mesh

is defined for any mesh function ZN, as

= (e(abi+ 2(J)+6:v+ b-S-~c4) +alDt+a2D;)ZN(xi>yj)) V(*,,%) GnN

where

0.5(b(xi,yi) + [8 Vi){>, i< Nx/2, j < Ny/2,

(«*»%) =

0, otherwise,

0.5(b(xi,yj) - [fc@if2/j)]), i < N,/2, j < Nv/2,
0, otherwise,

b {xi,yj) =

88
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D+D+ + DzD,
g)ngN(x,,yj) = X » 92 1 ¥ ZN(X,Yj) (4.5.2a)
and
K,2N(xhVjl= DiD* 2D:D* ZK(xl,Vj). (4.5.2b)

Clearly, at each mesh point, at most one of b+ and b~ can be non-zero. We defer a
discussion of our choice of difference scheme until §4.6.

We use Nx mesh intervals in the x co-ordinate direction and Ny mesh intervals in
the y co-ordinate direction where Nx and Ny are both even integers greater than 4.

We discretise the domain O with the tensor product mesh Cla = Cla* x dal , where

CIN = {xi |0< i< Nx}, and CI™"= {% |0<j < Ny},

with

v 2iai/NXx, 0< i< Nx/2
| =

(Ji + 2(i —Nx/2)(1 —cri)/Nx, Nx/2 < i < Nx
2ja2INy, 0<j < Ny/2
% A2+ 2(j - Ny/2)(L - (INy, Ny/2<j<Ny

and

ai = mmj~, ~-In(NxNy)~ , a2= minji, ~In(iVaivy) | . (4.5.3)

Note that when b = 0 and Nx — Ny we have an appropriate choice of cit and a2 in
the standard case (see, for example [15]). For later convenience we shall define the

following mesh widths
hi —Xi Xj_i, H (/ij4hi+i)/2, h — |, H -jy— . (4.5.4a)

Ki = Vj~Vj-u kj= (kj+ kj+1)/2, k= K = 27 a2\ (4.5.4b)

Setting dfl™* = CI™fl dCI, the resulting fitted mesh finite difference method is
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Method 4.5.1.

L*UN(xi,yj)
UN(xi,yj)

f{xi,yj)in fif,

0 on

The finite difference operator L" in (4.5.1) satisfies the following discrete minimum

principle on

Theorem 4.5.1 (Discrete Minimum Principle). Let ZN be any mesh function defined

on NgY.

Proof. This follows from the fact that the associated system matrix is an M-matrix
(see [15, 82.3]). To see this we need only examine those rows of the matrix that
correspond to the bottom left hand corner region, i.e., the set of mesh points (x"yf)
for which i < Nx/2 and j < Ny/2. In all other rows the M-matrix structure is
guaranteed by the choice of the upwind finite difference operator (see [15, §2.4]). A

typical finite difference equation for a mesh point in the corner region is as follows
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S (@2ij» yN 1 ijnyN
'hk + hk) + k JNjH+ hk 1+415+V

We will assume that bij > 0 and thus bfj = bijj and b~j = 0. The case b"j < 0
is analogous. It is clear that the system matrix is irreducibly diagonally dominant.

Also the coefficient of in the above expression which corresponds to the diagonal
of the system matrixwill be negative once the following inequality is satisfied
ahj _ ,A.>n

h2 hk k2

This follows directly from the ellipticity conditions (4.3.1d) by setting r — \ and
s = —p All the coefficients of the other ZN in the above expression which correspond
to off-diagonal elements in the system matrix will be non-negative once the following

inequalities are satisfied

ai,j _ vV n > n
h2 hk~ k2 hk-~

Together they require that the following hold

hj,j < » < aio
af k bifj

Using the expressions for the mesh widths given in (4.5.4) this becomes

hi < ZIEy < (4.5.6)
Cij O2A%5  bij

Depending on the values of a\ and c2 we have the following cases:

1. ai —(2= 1/2. we must have

bjj ~ AT aif
Gj  Nx bij

We can always find an Nx and Ny to satisfy these inequahties because from
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It is then trivial to ensure that the Nx and Ny so chosen are even to enable the

construction of the mesh,

. ai = ~ \n(NxNy),a2= 1/2. We must have

Tibj A~ a
72Cij

To ensure that these inequalities can be satisfied we must have
7ikjj ~ aij
72cCi,j i1
This imposes conditions on the coefficients in the differential equation.
. ui = 1/2,02 = ~ In(/Vx/NVy). We must have
AN TG
Cij ~bij
To ensure that these inequalities can be satisfied we must have
bjj < 7iQ)j
&«j 72kt

This imposes conditions on the coefficients in the differential equation.

. 0i = ~ \n(NxNv), a2= 7 In(7\yVy). We must have
7iAj < A < TiOY (4.5.7)
20 7o14]

As in case 1 the inequality (4.3.2) ensures that we can always find an Nx and

Ny to satisfy these inequalities.



Thus we have shown that the system matrix corresponding to the numerical
method 4.5.1 is an M-matrix and the result follows. O

Remark 4.5.1. In 84.7 we will prove that in the perturbed case the numerical solutions
generated by Method 4.5.1 converge uniformly to the solution of the corresponding
problem from Problem Class 4.3.1. Thus the monotonicity of our scheme depends
on the inequalities in Case 4 in the preceding proof. However, in Chapter 5 when
we will present numerical results demonstrating our method, it will be convenient
from a practical point of view, to take Nx = Ny = N. In this case the appropriate
inequalities are the following

bij 2 72 2 aij

Ci,j 7i hi’
and if we want to include the case when bij < 0 the inequalities become

hi <A< a3

3 7i M

(4.5.8)

In the sample problems we consider we shall ensure that these inequalities are satisfied,
noting however that this restriction can be lifted if we allow Nx and Ny to be different.
This issue is discussed further in 85.4.

We will need the following bound on the local truncation error of Method 4.5.1 in

the next section. The proofis standard.

Lemma 4.5.2 (Truncation Error). Let u be the solution of (4.3.1) and UN be the
solution of the discrete problem (4.5.1) defined on . Then the following gives a
bound on the local truncation error in the corner mesh region

LA[U* Y ) h d?’u d3u . K d3u d3u
- u)(x e
Uyl < C dx3 dx2dy dy3 dxdyl
d2u d2u
+ + k
dX2 dy2
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And the following expression gives a bound for the local truncation error in the re-
mainder of the mesh

o d3u d3u

\Le (UN —u)(xi,yj)\ < C ~(0i+l xi- ix3 * iVitl - Vj-i) dy3
d2u dau d2u
fob g TORM XD o (e W) o

Remark 4.5.2. The latter expression contains the quantity \\b\ @ which is due to
the fact that our numerical method does not approximate the mixec derivative term

outside the corner region.

4.6 Finite difference operators for the approxim a-

tion of mixed derivatives

In this section we discuss the approximation of a mixed derivative with a finite dif-
ference operator. In particular we shall examine the issue of deriving a discrete com-
parison principle similar to the one for the continuous operator (see Lemma 4.3.1).
This is important as the derivation of our error estimates in 84.7 depends crucially
on the fact that the difference operator used is monotone. This however, is a non-
trivial task, and there is a large literature devoted to this subject (see [42], [33] and
the references therein). Monotone schemes have been constructed for a large class of
elliptic equations with mixed derivatives, but these schemes are designed for classical
equations. Hence, uniform meshes are used in each co-ordinate direction, and there
are restrictions on the ratio of the mesh widths.

The numerical method that we introduced in the previous section is based upon a
tensor product of two piecewise-uniform meshes. Therefore the above schemes cannot
be used. To construct a difference operator that satisfies a comparison principle (see
Theorem 4.5.1) it was necessary to employ an inconsistent operator to approximate
the mixed derivative. This is because in regions of our mesh where the mesh widths in
each co-ordinate direction vary in magnitude (i.e. in the regions i < Nx/2, j > Ny/2
and i > Nx/2,j < Ny/2 where the mesh is fine in one dimension and coarse in the

other) the M-matrix structure of the associated system matrix breaks down. To see
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this consider the region i < Nx/2, j > Ny/2 and assume that we have approximated
the mixed derivative term in the entirety of the mesh. In this region the mesh widths
in the x and y co-ordinate directions are h and K respectively, with h and K defined
as in (4.5.4). When e is small the magnitude of the former is significantly smaller
than that of the latter. So, for example, the coefficient of the Z’\_l term in atypical

finite difference equation in this region is (assuming bij > 0)

We need this quantity to be positive for our system matrix to be an M-matrix.
Therefore, we must have

bijK,
which will not hold if £ is small.

Note that this is not to say that a method based on a consistent finite difference
operator will not be monotone just that its associated system matrix will not be an
M-matrix. However numerical experiments have shown that this is indeed the case.
We investigate the numerical performance of such a method in 85.4.1.

One further point that should be made is that the actual form of the discretisa-
tion of the mixed derivative (whether the scheme is consistent or not) seems to be
unimportant. Any other simple choice for the discretisation would have suited our

purposes just as well provided that we could prove a discrete comparison principle.

4.7 Decomposition ofnum erical solution and error

estim ates

In an analogous manner to the continuous case we decompose our numerical solution

into a regular and singular component

UN{xhyj) = VN(xuyj)+ W N{xu %), (a* ys) e Q*,
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where VN is the solution of the inhomogeneous problem

L*V N{xi,yj) = f{xi,yj) in (4.7.1a)
VN{xi,yj) = v(xi,yj) on dQ%, (4.7.1b)

and therefore W N is the solution of the problem

L»W N(xuyj) =0 in fl* (4.7.2a)
WN(xi,yj) = w(xi,yj) on . (4.7.2b)

The error in our numerical solution can now also be decomposed

(UN- u){xuyj) = ((VN~v) + (WN - w))(xiyj), (xiyj)e Q~,

and the error in the regular component and the singular component can be estimated

separately.

Assumption 4.7.1. For convenience we set Nx — Ny = N and assume that the
inequalities (4.5.8) hold. Also we shall assume that e < iV_1. This implies that

(7i= 2—InN, a2= 2— InN. (4.7.3)
7i 72

Theorem 4.7.2 (Error in the Regular Component). Under Assumption 4-7.1 the

error in the smooth component satisfies the following e-uniform error estimate

[(VN—vV)(xi,yj)\ < CN-1,xhyj) EQ,",

where VN is the solution of (4.7.1) and v is given by (4.4.4).

Proof. We begin by considering the local truncation error with respect to the regular

component. We first consider the case when i < N/2, andj < N/2. The expression
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for the local truncation error from Theorem 4.5.2 is

d3v d3v d3v
LAN(VN - N C E(h k
L7 V) Deuypt < ( (dx3 ¥ dx2dy ¥ dy3 ¥ dxdy?2
d2v K d2v
+ +
dx?2 dy2

Using the bounds on the derivatives of v given in Theorem 4.4.2 and the fact that
h < N~x, k < AT-1, we get

\L2(VN -v) (xi>yj)\ <CN ~\

and applying the discrete minimum principle given in Theorem 4.5.1 and a standard
barrier function the required result follows.

At all other points in the truncation error is from Theorem 4.5.2
Le (V LYIN C d3v a3
e ~V)(XI, < i+i - i-i + j+i ~ Vj-i
( ) (xi,yj) B ((x S
d2v + (xitl- Xi) d2v d2v
+ X+l - Xi i —Ui
dxdy dx2 * Vit —U) dy2
Again using the bounds on v given in Theorem 4.4.2 and the fact that
Xi+i - < CN-1, xI+l - X i< CAT-1,yj+i - < CN_1andyjtl- yj < CN-1
we get
IL?2(VN-v)(Xi,yj\ < CiN-"+¢
< CN-1,
since £ < N . The result follows as before. a

In order to estimate the error in the singular component we require the following
Lemma.

Lemma 4.7.3. The mesh function A%}, defined on |7Ia, given by

@+ ")\ 0<i<N/2, O0<j<N,

(4.7.4)
Adaj(l+ ~f)y"RA12), N/2+1<i<N, O0<j<N,
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has the following properties, for all o0 < j <N,

s ©O ©<{<N, (4.7.5a)
Ai,- = -TEAI+1< 0, 0O<i<N- 1 (4.7.5b)
DAAIj = 0, O<i< N, (4.7 .5¢)
e6laij = [1IHIA 1<i < N- 1 (4.7.5d)
As h Ai+I*

< 0, I<i< N m, (4.7.5e)

An/2j < 2N-\ (4.7.5f)
Aij < 2Ai+ig, 0<l< Nf2--1. (4.7.50)

Proof. The first four properties are obvious and can be verified by computation. Using

these we have
ina 7iaij ( (ai)i,j . hi+i\ A
A TKKj ( («ikj 2\
< 0,

where we have also used the definitions of hi and ht given in (4.5.4), the definition of

7i given in (4.4.7) and the positivity of «i given in (4.3.1c).

Now
Ny 2
AWJ = (1+"2)
2InN \-n2
< +
N
< 2N ~\
using (3.6.3).
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Finally for 0 < i < N/2 —1 we have

\Vj o o= (i + A+l
} 21niVv\
~ [1+ ~ N ~)Ai+1j
< 2Ai+ij.

Theorem 4.7.4 (Error in Singular Component). Under Assumption 4.1.1 the error
in the singular component satisfies the following e-uniform error estimate

\(WN - w)(xi,yj)\ < C7V_1(IniV)2, (xy,) G

where W N is the solution of (4.7.2) and w is the solution of (4.4.5).

Proof. We introduce the following decomposition of W N into separate layer compo-

nents, which is analogous to the decomposition of w given in (4.4.6).

W N(xuyj) = W?2{.xuyj) + Wb fa, Vj) + Wc 0OXi,yj), (xhyj) e

where
I>MWL(xi,yj) - 0 in W E(xi,yj) = wL(xi,yj) on dQ%,
1JeW B(xi,yj) = 0 in 2”7, Wag(xi,yj) = wB(xi,yj) on )
LAWc(xi,yj) = 0 in Q% Wg(xuyj) = wc{xityj) on dn%.

The error in the singular component can therefore be written as

(WN-w) (xuyj) = ((W?-wD+ (WG -wB)+ (WS-we)) (X)), (n .ftjel],

and the error in each layer component can be estimated separately.
Firstly consider the term (Wff —W1). We will give separate proofs depending
on the location of the mesh point Xi. Suppose that Xi & [oi, 1]. Using the triangle
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inequality we get

V(W1 —WL)(xi,yj)\ < \WE(xi,yj)] + \wL(xuyj)\,
and we shall estimate the two terms on the right-hand-side of the inequality separately.
Using the bound on wi given in Theorem 4.4.3 and the formula for a given in (4.7.3)

we get

WL(xi,yj)\ < Ce-™/*
< Cle*TIffif2E
< CATL1l

To establish a similar bound on \WE£(Xi, xjj)\ we introduce the mesh function

= & Aijt W?(xiyyj), where Cx= ||O]|r,urB .

Now, Vittw = CiAiiN > 0,
vw,j ~ CiANj > 0,
iPaj = Cx#<f>(0fyj) > 0,

ipto CiA,0 = 0(*i, 0)el(ici, 0) > O,

and C\L™MAIj < 0.

It follows from the discrete minimum principle in Theorem4.5.1 that
> 0, (xityj)e U?.

This implies that, for Xj >

Imfa,yj)\ < c¢xAid
< C\AN2
< CN-~\
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as required.
Now suppose that Xi 6 [0,01). Ifyj € [«2, 1) the expression for the local truncation

error from Theorem 4.5.2 becomes

ILf(M A-Wi)(x)%)] < C e ddwl \ dswr - GBawr
dx3 dy3 dxdy
- d2wL . K dwL (4.7.6)
dx2 dy2 o

If yj 6 (0, (T2) the expression for the local truncation error from Theorem 4.5.2 be-

comes

Le (WE -w L)(xiiyj)\ < C £
( w L) (xiiy)) @3 dxady

83wl d 2Wr d2wj
+ Kk + + h + k
dy3 dxdy?2 dx2 dy2

The quantity on the right-hand-side of (4.7.6) is the largest and therefore we will
assume that the truncation error in the whole region satisfies this bound.
Using the bounds on WI given in Theorem 4.4.3 and the definitions of h and K

given in (4.5.4) we have
[ILf(Wf- wL)(xhyj)| < C{alE-2N~I + e~AN"1+ 1).
Forall0< i < N/2 and 0<j < N we introduce the mesh functions
= C2«"i-x™~a~N-l+e-"N-1+ 1)+ TVD)+ (W? - wL)(xh Vj).

Now,

C2((TL(cME-2)V -1+ £-liV-1+ 1)+ ~-1 >0,
Vito = = M(eri - xi)(alf 2iVe1+ eMJV-1 + 1)+ AT*1) > 0,

N f2i > C2V-1-C WdV-1>0,
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if Ci is chosen sufficiently large. Also

LAfd < —C2ai)ij(aif~2N~1+ e"1IVv"1+ 1) + G(aX-2N~x+ e AT 1+ 1)
< 0

a,gain if Ci is chosen sufficiently large. Applying the discrete minimum principle in
the region defined by 0 < i < N/2 and 0 < j < N vyields

>0, 0<i<N/2, 0<j <N.
This implies that

\{W? - wL)(xuili)|

A

C2((0od- Xi)(ciye~2N 1+ e~IN~1+1) + N~X)
< CA/™\e-2N~I+ ctif~xN~x+ <1+ N-1)
< C(N~I(InAT)2+ AT1InN+eInN + N~1)

< CATLInAT)2

sincce < N~I.

In an analogous manner it can be shown that
[((Wb —wb)(®i,3")] < CW-1(InAf)2.

Finally we consider the term (W£ —% ). We wiU provide separate proofs in the
corner region and outside the corner region. First suppose (Xityj) [0,<7i) x [O, ero).

Using the triangle inequality we get
{We - we){xuyj)| < [Wg{xiyj\ + \wG{xiyj)\

and we estimate the two terms on the right-hand-side of the inequality separately.

Using the bound on wi given in Theorem 4.4.3, the formulae for a\ and a2 given in
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(4.7.3) and the fact that either Xi > Oi or yj > u2 we get

lwe(*i.% )l <
< Cxe ~ " /[2E (C:e - " [2£), Xi>a (y, > a)

< CN-~\
To establish a similar bound on \Wc [xi,yj)\ we introduce the mesh function
Zij = AijBij, 0< i< Nx, 0<j< Ny,
where Aij is given in (4.7.4) and BtJis analogously defined as

f @a+")~j, 0<i<N, O0<j<N/2,
ij 1 Bnf2(1+ 3E)~U-N/2). 0<i<N, N/2+1<j <N.

It can be shown that Bitj satisfies analogous properties to those satisfied by Aia given

in Lemma 4.7.3. Specifically we have, for all 0< i < N,

Biii > 0, 0<j<N, (4.7.7a)

D+Bid = o, 0<j <N —1, (4.7.7b)

D+Bij = 0 0<j<N, (4.7.7¢)

e&Bh = f£~-B id+u l<j<N-I, (4.7.7d)

L”Btj < O 1<j <N-1, (4.7.7€)

BiN2 < 2N -\ (4.7.71)

Bij < 2Biij+u 0 <j< N/2—1 (4.7.79)

We shall assume that bij > 0 so that i>t. = andb~j= 0. The case when

bij < O canbe handled in a similar manner. Nowfor all (xllyj) ([0, 4i) x [0,(72) we
have

L?Zid = L?AidBifj
= (Lg Aij'jBij+ Ai“"Bij) <0,
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using (4.7.5a), (4.7.5¢), (4.7.5e), (4.7.7a), (4.7.7c) and (4.7.7¢). And for
{Xi,yj) 6 [0, i) x [0,02) we have

L?Zij = Lg Ai'jBij
= (L?Aj)Bg + + €btj(DiA,jD+BuU + D;A"D; By)
= £ ("~ - AuijBtj+ g (2£fi- M y) A jBw
hf.'vivo
= 5 (~2" + 26« 7172+ A "()i71t (*2i72) A,jB'd
< N Kj7i + 26+ 7172 + CijTf - (ai)wTIl - («2),>72)

< 0,

where we have used the definitions of 71 and 72 given in (4.4.7). Therefore for all
(Xi,yj) G we have L*Zitj < 0.

We introduce the mesh functions

i>5j~C i ( ® i > %)» where Ci= [|*|rf>urfl «
Now,
= Ci*.jv> 0,
> 0,
= CIEQ F<0 Vj)e2{0,%) > 0,
= CiAifi & 0)ei(xi, 0) > 0,
and

W j =Ciifz« < 0-

It follows from the discrete minimum principle that
ifc > 0, (xuvj) €n*.
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Using the fact that either X{ > axor yj > a2, this implies that

\We (xuyj)\ < CxZitj
< CiAi'jBij
< CiAN2j (CxBiN2), Xi > ax {yj > <92)
CN~\

as required.
Now suppose that (xt,yj) € [0, <j\) x [0, <2)- The expression for the local truncation

error from Theorem 4.5.2 becomes

d2Wr d3wr
Lg(We —wce)(Xiyj)\ < C e (h
g(We —we)(Xiyph < Coe(h ( "y oy
,  dawe - d3we , . dawe d2we
dy3 dxdy2 ) ! dx2 dy2

Using the bounds on wc given in Theorem 4.4.3 and the definitions of the mesh

widths h and k given in (4.5.4) we get
\L%{Wg - wc){Xi,yj)\ < Ce~2N ~\(tx+ cr2).
Forall 0 < i < Nx/2 and 0 < j < Ny/2 we introduce the mesh functions
ip tj = C3IV_1(e 2(Ti(<Ti - xi) + a2(a2- xjj)) + )+ (wq - wc){xu %9°

Now,

T'g CzN~Il{e~\al + a2(a2- \j)) + 1) > 0,
ipift ~  C3N -I(e~2((jx(crx- Xi) + a\) + 1) > 0,
PNGJ2j > CzN~x(E~2a2(2- Vj) + 1)- CN~I >0,

- C3N~I[e~2ax(ax- x™~ + 1) - CN~I > 0,
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if C3 is chosen sufficiently large. Also

Le'tptj — 2N ‘'((ai)ijen + (aZ)i,jch)+ Ce “N 1(crj t- a2)
< 0,

if C3is again chosen sufficiently large. Applying the discrete minimum principle given

in Theorem 4.5.1 in the region defined by 0 < i < N/2 and 0 < j < N/2 yields
N 0<i< A/2, 0<]j < N/2
This implies that in the corner region

[((Wc - u>c)(Xiyj)l < CzN~I(e~2ai(<Ji - Xi) + a2(a2- %)) + 1)
< C3N I(e 2(af + af) + 1)
< CN~\\nN)2.

This completes the proof. O

The previous two theorems together give us the following e-uniform estimate of

the error in our numerical approximations at the mesh points.

Theorem 4.7.5. Letu be any solution from Problem Class 4.3.1 and UN be the cor-
responding numerical solution generated by Method 4-5.1. Then, under Assumption
4-7.1, for all N > 4, we have

sup lit/" -u |U < CAr-1(In AT)2,
O<e<l

where C is a constant independent of N and s.

106



Chapter 5

Numerical results for elliptic
problems

5.1 Introduction

In this chapter we present extensive numerical results for the method introduced
in Chapter 4 applied to some sample problems from Problem Class 4.3.1. These
problems will be generated, of course, from the consideration of suitable problems
from Problem Class 4.2.1. Various choices for the non-rectangular domain will be
considered. The numerical results presented will include avalidation of the theoretical
result proved in Chapter 4.

This chapter is organised as follows. In 85.2 we introduce some special cases of
domains for Problem Class 4.2.1 and show what form the transformed Problem Class
4.3.1 takes. In 85.3 we present detailed numerical results for some sample problems
posed on parallelograms. In 85.4 we discuss some important practical issues concern-
ing the application of our method. Finally, in 85.5 we consider more complicated
geometries and present some sample numerical results.

All computations in this chapter were performed using MATLAB. The linear sys-
tems generated were solved using the Unsymmetric MultiFrontal PACKage (UMF-
PACK) [7]. This is a direct LU based solver which is chosen in preference to an

iterative solver due to memory restrictions.
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5.2 Special cases of non-rectangular dom ains

We consider the subclass of Problem Class 4.2.1 where the domain d = Clp is a

domain bounded by the lines

e =m , t=i+m, (5.2.1)
V = 0 n=1, (5.2.2)

where tfiXj) is sufficiently smooth. In this case the co-ordinatetransformation (4.2.2)

takes the simple form
x = E£-<i>{r}), y =r u(x,y) = U(E,rj). (5.2.3)
Also in this case the inverse transformation can be easily found to be
E=x+ OO, D—y.
So the transformed differential equation becomes
(14 (@) )wx  2((>) vy 'Up) “t axiix + a2ay) (x,y)  f(xy) in

where

0i(®,y) = ax(x + (i)}{y).y) - a2{x+ (v) - e<D"(y), a2(x,y) = a2(x+ (p{y),y).
(5.2.4)
We now introduce the corresponding Problem Class.

Problem Class 5.2.1.

(e((I + (#)uxx- 2(yuy + Uyy) + axux + @Quy)(x,y) = f(x,y) in (5.2.5)
nx,y)=0 on <92 (5.2.6)

w/iere ai and a2 are given by (5.2.4) and satisfy
ax(x,y)> 0, aZx,y) > 0, V(x,y)eQ. (5.2.7)
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Figure 5.1: The domain UP.

Remark 5.2.1. The sign of the mixed derivative term in (5.2.5) is governed by the

curvature of the boundary wall £ = ;).

Remark 5.2.2. The conditions (5.2.7) impose restrictions on the convective terms
in the original equation which necessarily depend on the geometry of the original
domain. For small e, the larger the curvature of the boundary wall is the bigger 0i
must be relative to 42. This is illustrated in Figure 5.1 where the arrows indicate the

direction of the convective term a.

One particularly simple choice for the function specifying the boundary is (jXri) =

—mri, where m is a constant. In this case the domain is a parallelogram. This is
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illustrated in Figure 5.2. The angle 6 satisfies
tan(# —7r/2) = m if m >0, tan# = 1/m if m < 0.

For simplicity we shall also assume that the convective terms in the original equa-
tion have constant coefficients. That is, ax = ax and a2= ct2- For all calculations in
this chapter we will take f(x,y) = 16a:(1 —x)y(1 —y) as the inhomogeneous term.
This choice guarantees that the compatibility conditions (4.3.4) are satisfied. The

corresponding transformed Problem Class is

Problem Class 5.2.2.

(e((1+ muxx+ 27111~ + Uyy) + (al + madux + a Dy)(x,y) = f(x,y) in ft,
u(x,y) = 0 on dC

where
OLi[x,y) +maZ{x,y) > 0, a2(x,y)> 0, V(x,y)ett. (5.2.8)

5.3 Numerical results for elliptic problems on a

parallelogram

In this section we present detailed numerical results for Method 4.5.1 applied to
suitable sample problems from Problem Class 5.2.2 for a wide range of choices of
the parameter m. Due to practical restrictions the maximum number of mesh points
that we are able to generate solutions from our method is 512. To examine the
performance of the method we will tabulate the computed orders of convergence, pf,
and the computed e-uniform orders of convergence, pN. These are calculated from

the two-mesh differences defined as

L??Q(N \UN{xuyj) - UN(xi,yj)\ DN (5.3.1)
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Figure 5.2: The domain Up when <)(j) = —mr).

wliere i/ 2A indicates the pieccwise bilinear interpolant of the numerical solution UN.

The Pg and pN are then defined as

a . D? N DN
ve =1°g2 ]y(%d > P = [)2N '

As we are interested in the performance of our method in the perturbed case we
shall assume that £ < N~ for the range of N considered. This explains the values of
e in the definition of DN in (5.3.1). As discussed in Remark 4.5.1 and 85.4 we shall
be taking Nx = Ny = N and choosing our sample problems so that the inequalities

(4.5.8) are satisfied. For problems from Problem Class 5.2.2 these take the form

m>0: 0<
_ ~ »’ (5.3.2)
m<0:—2m<_m<_-2m-

The region defined by these inequalities is shown in Figure 5.3. Note that as the

magnitude of m increases, and therefore the angle 6at the vertex of the parallelogram
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deviates further from a right angle, the range of possible values of £4 and a2 are
decreased. As mentioned in Remark 4.5.1 we can remove these restrictions if we

allow the number of mesh intervals in each direction to vary and satisfy (4.5.7). So

m

Figure 5.3: The region defined by (5.3.2).

to satisfy the inequalities (5.3.2) we will take

m > 0: <= «2 = 1,
77i = 0: ai=l, o02=1 (5.3.3
m«<O0: ai:—2m, az2= 1

Note thatwith these choices of »i and a2 the couditions (5.2.8) are alsosatisfied. We

now define the subclass of Problem Class 5.2.2 that we will be usingfor our sample
problems.
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Problem Class 5.3.1.

(e((1 "™ )uxx 2muUXy ~-Vvtyy) (0N ril(x2)lix ‘t N 2 2 1) foojay
u(x,y) = 0 on O9ft,

where ax and a2 are given by (5.3.3).

In Tables 5.1 and 5.2 we present the computed orders of convergence, p”, and the
computed e-uniform orders of convergence, pN, form —1, and m = —2, respectively.
We see that, for the range of e considered, the p” are essentially independent of e,
and are approaching 1, as N is increased. For other values of m the e-uniform orders
of convergence are shown in Table 5.3 which indicates that our method performs
uniformly well for all values of m considered. These results validate Theorem 4.7.5.
For these particular problems, the orders of convergence (over the range of N E
[8,128]) are higher than the theoretical rate given in Theorem 4.7.5 (see [15, 88.3] for
some sample values). The orders tend to the order associated with CTV 1In N for all
values of p.

We also include graphs of some representative numerical solutions (see Figures
5.4 and 5.5), plotted on the original domain to better illustrate the interaction of the

layers and the geometry of the problem.

5.4 Comoputational issues

In this section we investigate some issues of practical importance concerning the

application of Method 4.5.1. In particular we will look at the following:
1. Consistent versus inconsistent difference schemes.
2. Using different number of mesh intervals in each co-ordinate direction.
3. The effect of the mixed derivative term on the layer structure.

To examine these points in detail we shall consider some problems from Problem
Class 5.2.2.
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Number of Intervals N

e 8 16 32 64 128
2"J 072 075 075 081 0.84
2-io 971 075 074 081 0.84
2-n 070 075 0.74 080 0.84
212 070 0.75 0.74 0.80 0.84
2-13 070 075 0.74 0.80 0.84
2-14 o970 075 074 0.80 0.84
215 070 075 074 080 0.84
2-ie 070 075 074 0.80 0.84
2-N 070 075 074 080 0.84
2~is 070 075 074 080 0.84
2-19 70 075 074 080 0.84
220 0.70 0.75 0.74 0.80 0.84
pN 070 075 074 0.80 0.84

Table 5.1: Computed orders of convergence, p£, and computed e-uniform orders of
convergence, pN, for Method 4.5.1 applied to Problem Class 5.3.1 with m = 1

Number of Intervals N
£ 8 16 32 64 128
29 073 075 075 082 084
2-io 072 075 074 081 084
2-u 071 075 074 081 084
212 970 075 074 080 0.84
2-18 070 075 074 0.80 0.84

2-U 970 075 074 080 0.84
2-15 570 075 074 080 0.84
2W 970 075 074 080 084
2-17

0.70 0.75 0.74 0.80 0.84
2~18 070 075 0.74 0.80 0.84
2~19 070 075 074 080 0.84
220 470 075 074 080 0.84
PN 070 075 074 080 0.84

Table 5.2: Computed orders of convergence, p”, and computed e-uniform orders of
convergence, pN, for Method 4.5.1 applied to Problem Class 5.3.1 with m = —2.
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Number of Intervals N

m 8 16 32 64 128
-3.00 086 0.80 0.76 0.83 0.84
-2.75 085 0.77 0.76 083 0.84
-2.50 083 0.76 0.76 082 0.84
-2.25 076 0.76 075 081 0.84
-2.00 0.70 075 0.74 0.80 0.84
-1.75 0.66 0.72 0.74 079 0.84
-1.50 066 073 073 0.78 0.83
-1.25 057 067 0.74 0.79 0.83
-1.00 053 063 0.67 073 0.79
-0.75 060 0.71 0.78 0.78 0.83
-0.50 0.70 075 0.74 080 0.84
-0.25 089 081 0.78 0.80 0.82
0.00 0.53 0.64 068 0.74 0.80
0.25 090 0.81 0.78 0.79 0.82
0.50 0.83 0.76 0.76 0.82 0.84
0.75 0.72 0.75 075 081 0.84
1.00 0.70 0.75 074 0.80 0.84
1.25 071 0.75 0.75 0.80 0.84
1.50 0.74 0.76 0.75 0.81 0.84
1.75 0.78 0.77 0.75 0.81 0.84
2.00 0.83 0.76 0.76 0.82 0.84
2.25 085 0.76 0.76 0.83 0.84
2.50 086 0.79 076 0.83 0.84
2.75 0.86 0.80 0.77 0.83 0.84
3.00 0.87 0.81 0.77 0.83 0.83

Table 5.3: Computed e-uniform orders of convergence, pN, for Method 4.5.1 applied
to Problem Class 5.3.1 with various values of m.
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Figure 5.4: Plot of Numerical Solution generated by Method 4.5.1 applied to the
problem from Problem Class 5.3.1 with m —1, ax and a2 given by (5.3.3), e —2-10
and N = 128 on original domain.
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13

Figure 5.5: Plot of Numerical Solution generated by Method 4.5.1 applied to the
problem from Problem Class 5.3.1 for m = —2, ax and a2 given by (5.3.3), e —2-10
and N = 128 on original domain.
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5.4.1 Consistent versus inconsistent difference schemes

As demonstrated in the previous section Method 4.5.1 performs well when applied to
problems from Problem Class 5.2.2 providing that the singular perturbation parame-
ter is small with respect to the number of mesh intervals used. This is in accordance
with the theoretical result proved in 84.7. As discussed in 84.6 this necessitates the
employment of an inconsistent finite difference operator so that our method satis-
fies a discrete comparison principle (see Theorem 4.5.1). However if we wish to use
a numerical scheme that is consistent (i.e. that approximates the mixed derivative
throughout the mesh) then the theorem no longer holds. Therefore, it is interesting
to investigate how a numerical method based on such a scheme performs and how
the numerical solutions generated compare with those from our inconsistent scheme.
This is the purpose of the present subsection. It is also convenient to include here an
investigation of the performance of our inconsistent scheme for large e.

Let ZN be any mesh function. We define the difference operator L~Con as

where

and 5£y and 8- are defined in (4.5.2). Thus the operator L~C(m is the consistent
analogue of L f defined in (4.5.1).

The corresponding numerical method is

Method 5.4.1.

in 0%,
0 on dfl”.

To compare the performance of Methods 4.5.1 and 5.4.1 we consider the problem
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from Problem Class 5.2.2 with a\ = 1, a2= 2and m = 2:

(e(Buxx + 2muxy + uyy) + 5ux + 2uy)(x,y) = f(x,y) in O, (5.4.3a)
u(x,y) = 0 on dfl. (5.4.3b)

This problem was chosen so that Method 4.5.1 will be monotone when applied to it.
This can be checked by verifying that the inequalities (5.3.2) are satisfied. Of course
Method 5.4.1 will not be monotone when applied to this problem (see §4.6). Therefore
it is interesting to see if the numerical solutions generated by this method exhibit non-
physical oscillations not present in the solutions generated by the monotone method.

In Figure 5.6 we show the solution generated by Method 5.4.1 when applied to
problem (5.4.3) for particular values of e and N. There seem to be no non-physical
oscillations present. This is in contrast to what one normally finds when a non-
monotone method is applied to a singularly perturbed problems, for example when
the first derivative is approximated by a central difference operator. In Figure 5.7
we show the absolute difference between the numerical solutions generated by the
two methods for the same problem. Observe that the largest values occur away from
the corner of the domain. In Table 5.4 we show the maximum relative differences
between the numerical solutions for a range of values of e and N. The maximum

relative difference is defined as

m aXg<ij<N 1UN{xj, Vj) ~ Ucon(xu Vi) |
m-&xo<i,j<N {\UN (xi,yj)\,\Ugon(xi,yj)\}'

We see from the table that for large e the maximum relative differences are approxi-
mately constant while for small e they are proportional to e. In addition the difference
between the two solutions for small e is smaller in magnitude than the corresponding
two-mesh differences for Method 4.5.1. To see this we compare the computed orders
of convergence, p”, and the computed e-uniform orders of convergence, pN for these
two methods. Note that here we have defined DN for a wider range of values of e
than we did in (5.3.1):

Dn = max Df ,
e=Il,2- 20

with the definitions of p and pN changed similarly. This is because we are interested
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in the behaviour of both methods for large values of e also. We see from Tables 5.6
and 5.5 that the orders are approximately the same for small e. This is experimental
justification for the choice of an inconsistent difference operator.

However, these tables also indicate that the use of a monotone operator is, in this
case, really only to enable us to prove error estimates, as the non-monotone method
appears to behave in an identical manner for small e, at least for the examples we have
considered. Moreover, for values of e where our convergence result does not apply we
see that Method 4.5.1 does not give acceptable results. For moderate values of e (2-5
and 2~6) we see that the computed orders of convergence decrease with increasing
values of N, whereas it can be seen that the ~-uniform orders for the consistent
scheme behave well. However, there is one drawback to the non-monotone method
which explains why Table 5.6 is smaller than Table 5.5. The direct solver uses more
memory when solving the linear systems associated with Method 5.4.1 than those
associated with Method 4.5.1. The performance of an iterative solver has not been

investigated as this would require even more memory.

5.4.2 D ifferent number of mesh intervals in each co-ordinate

direction

In 85.3 we remarked that for computational convenience we would choose sample
problems from Problem Class 5.2.2 so that in order for Method 4.5.1 to be monotone
it would suffice to have an equal number of mesh intervals in each co-ordinate di-
rection. This involved taking particular choices for the convection coefficients in the
original problem so that the inequalities (5.3.2) were satisfied. In this subsection we
demonstrate the application of the method for problems where the coefficients are
not restricted in this way. In this case the inequalities (4.5.7) must be satisfied and
thus the number of mesh intervals in each direction will possibly be different. For

problems from Problem Class 5.2.2 these inequalities take the form (for m ~ 0)

sgn(m) (x+7T ™) -~ -Ba(m (:+3 ° (5'4'4)

where a — a\/a2. This shows explicitly that for particular values of ax and a2

the number of mesh points required for our method to be monotone depends on the
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Figure 5.6: Plot of numerical solution generated by Method 5.4.1 applied to problem
(5.4.3) with e = 2~8and N = 128.
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Figure 5.7: Plot of absolute difference of numerical solutions generated by Methods
45.1 and 5.4.1 applied to problem (5.4.3) with e —2-8 and N = 128.



Number of Intervals A"

e 8 16 32 64 128 256

1 1.49e-001 1.69e-001 1.76e-001 1.80e-001 1.82e-001 1.82e-001
2-1  145e-001 1.61e-001 1.70e-001 1.75e-001 1.78e-001 1.79e-001
2.2 127e-001 145e-001 1.62e-001 1.71e-001 1.76e-001 1.78e-001
2.3 0.66e-002 1.13e-001 1.32e-001 1.43e-001 1.48e-001 1.51e-001
2-4  530e-002 7.22e-002 8.53e-002 9.49e-002 1.01e-001 1.04e-001
2.5 3.24e-002 4.01e-002 4.81e-002 5.54e-002 6.00e-002 6.27-002
26 179e-002 2.25e-002 2.57e-002 3.02e-002 3.34e-002 3.53e-002
27 0.35e-003 1.19e-002 1.35e-002 1.59e-002 1.78e-002 1.90e-002
2-S 478e-003 6.09e-003 6.86e-003 8.22e-003 9.21e-003 9.93e-003
2-9  2.42e-003 3.09e-003 3.46e-003 4.19e-003 4.70e-003 5.09e-003
2-10 1220003 1.55e-003 1.74e-003 2.11e-003 2.38e-003 2.58e-003
2-Nn 611e-004 7.79e-004 8.72e-004 1.06e-003 1.20e-003 1.30e-003
2-12° 306e-004 3.90e-004 4.36e-004 5.31e-004 5.99e-004 6.53e-004
;ij 1.53e-004 1.95e-004 2.18e-004 2.66e-004 3.00e-004 3.27e-004

14 7656005 9.76e-005 1.09e-004 1.33e-004 1.50e-004 1.64e-004
2-S  383e-005 4.88e-005 5.46e-005 6.65¢-005 7.51e-005 8.19e-005
216 1.91e-005 2.44e-005 2.73e-005 3.33¢-005 3.76e-005 4.09e-005
2-17" 957006 1.226-005 1.37e-005 1.66e-005 1.88e-005 2.05e-005
2-18  478e-006 6.10e-006 6.83e-006 8.31e-006 9.39e-006 1.02e-005
2-19 2.39e-006 3.05e-006 3.41e-006 4.16e-006 4.70e-006 5.12e-006
220 120e-006 1.53e-006 1.71e-006 2.08e-006 2.35e-006 2.56€-006

Table 5.4: Maximum relative differences between numerical solutions generated by
Methods 4.5.1 and 5.4.1 applied to applied to problem 5.4.3 for m —2.
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Number of Intervals N

e 8 16 32 64 128

1 060 084 094 095 0.97
2-1 064 078 0.90 095 097
2~2 057 071 0.84 091 0095
2"3 079 0.83 078 084 091
24 081 050 047 083 0.66
2-5 086 069 0.64 055 0.53
26 09gs 078 075 0.78 0.58
27 085 078 075 081 083
2-s 084 077 075 0.82 0.84
29 084 076 076 082 0.84
2-i° 083 076 076 0.82 084
2-u 083 076 076 0.82 084

2-ia 9g3 076 076 0.82 0.84
2-is 083 076 076 0.82 0.84
2-14 0983 076 0.76 0.82 0.84
2-15 (g3 076 076 082 0.84
2-16 9g3 076 076 0.82 084
2-17 083 076 076 0.82 0.84
218 g3 076 076 082 0.84
219 9g3 076 076 082 0.84
2-2° 0983 076 076 0.82 084

083 076 076 0.82 0.57

Table 5.5: Computed orders of convergence, ..and computed e-uniform orders of
convergence, pN, for Method 4.5.1 applied to problem 5.4.3 with m = 2.
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Number of Intervals N

e 8 16 32 64
1 047 076 088 0.94
21 059 081 091 0.95
2-2 058 079 0.90 0.95
2-3 061 0.87 093 0.94
2"4 086 050 049 0.92
25 080 072 074 0.77
26 086 077 075 081
2"7 085 077 076 0.82
28 084 076 076 0.83
29 084 076 076 082
2-i0 083 0.76 0.76 0.82
2-n 083 076 0.76 0.82
212 983 076 0.76 0.82
2-13 083 076 0.76 0.82
2714 983 076 0.76 0.82
215 083 076 076 0.82
216 983 076 0.76 082
217 083 076 076 0.82
2-18 983 076 076 082
219 g3 076 076 0.82
2-2° 983 076 0.76 0.82
PN 0.83 076 0.76 0.82

Table 5.G: Computed orders of convergence, p”, and computed e-uniform orders of
convergence, pN, for Method 5.4.1 applied to problem 5.4.3 with m = 2.
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geometry of the domain.

Consider first the case to > 0. Suppose that we have a = 2. Thus, the inequalities
(5.3.2) will not in general be satisfied. In this case the region defined by (5.4.4) is
shown in Figure 5.8. It can be seen that for to > 0.5 the lower limit in the inequality
requires that Ny/Nx > 1 and the maximum value of this ratio is approximately 1.5.
Also observe that as m increases both sides of (5.4.4) tend to 1. More generally for
a > 0 as m increases the upper limit in inequality (5.4.4) decreases towards 1 and
the lower limit attains its maximum value when m = M = (1 + y/T+ a2)/a and
then decreases towards 1. Computing the maximum value of the lower limit in the

inequality shows that when m = M we must take Ny and Nx to satisfy

NE> vrn ?
iV, - 1+ M2 :

to guarantee the monotonicity of our scheme. So for example if a = 5 this bound
shows that we must take more than 3 times the number of mesh intervals in the y
co-ordinate direction compared to the x co-ordinate direction. Thus with a maximum
limit of 512 mesh intervals in each co-ordinate direction this would severely restrict
the extent of any illustrative table that we could produce.

If a < 0 the situation is reversed in that the number of mesh intervals in the x
co-ordinate direction may be required to be greater than the number in the y co-
ordinate direction. However the magnitude of a in this case is restricted by the fact
that the conditions (5.2.8) must be satisfied. Now both sides of the inequality (5.4.4)
increase with increasing m towards 1 (see Figure 5.9 which shows the situation when
a = —1). So the smaller to gets the larger Nx must be relative to Ny.

Now consider the case to < 0. Again the conditions (5.2.8) restrict a. Specifically
we must have a > —o. The region defined by the inequalities (5.4.4) for a = 3 is
shown in Figure 5.10. It can be seen that for values of m close to 0 we can take
approximately the same number of mesh points in each co-ordinate direction. Also
observe that for m with larger magnitudes both limits in the inequality tend to 0. In
general the upper limit in the inequality decreases towards 0 as the magnitude of to
increases. The lower limit attains its maximum value whento = M = (1—V | + a2)/a

and then decreases towards 0. This shows that as we get closer to violating the



m

Figure 5.8: The region defined by (5.4.4) fora —2and m > 0.

restriction a > —m, wc must take Nx to be progressively larger than Ny. Also when

m = M we must take Nx and Ny to satisfy

Ny VTTc?
N, ~ 1+ M2

to guarantee the monotonicity of the scheme. So for example if a = 5 this bound
implies that we have to take more than twice the number of mesh intervals in the y
co-ordinate direction than in the x co-ordinate direction.

To round off this subsection we present numerical results for some sample problems
where it is necessary to have a different numbers of mash points in each co-ordinate

direction. Consider the following problem from Problem Class 5.2.2
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m

Figure 5.9: The region defined by (5.4.4) fora = —l and m > 0.

Problem Class 5.4.1.

(e((I + mryuxx + 2muxy + uyy) + (3 + m)ux + uy)(x,y) = f(x,y) in ft,
u(x,y) = 0 on dft.

with m = 2and m = —2. It is easy to see that for these choices of m the conditions

(5.3.2) are not satisfied. The inequalities (5.4.4) become

m 2. 2<’§5tt<25

(5.4.6)
-2 . 04<A” <O05.

m

Thus, if we choose Ny = 2Nx in the first case and Nx = 2Nv in the second case
Method 4.5.1 will be monotone when applied to the two problems. In Tables 5.7
and 5.8 we present numerical results for this method applied to these two problems.

Note that the finest mesh that we can use here is one with 256 mesh intervals in one
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Figure 5.10: The region defined by (5.4.4) for o:= 3 and m < O.

co-ordinate direction and 512 rnesh intervals in the other and hence the tables shown
here arc smaller than those in 85.3. Nevertheless it can be seen that Method 4.5.1
used with differing number of mesh intervals in each co-ordinate direction behaves in

a similar manner to the method with equal number of mesh intervals.

5.4.3 The effect ofthe mixed derivative on the layer struc-

ture
To conclude this survey of some of the computational issues relevant to the application
of Method 4.5.1 for problems from Problem Class 4.3.1, we demonstrate numerically

the effect the mixed derivative term has on the layer structure of the corresponding

solutions. To this end consider the following sample problem from Problem Class
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Number of Intervals NX
e 8 16 32 64

28 090 080 076 0.75
2-0 991 080 077 0.75
2-u 091 o081 077 0.75
212 991 o081 077 075
2-13 091 081 077 0.75
2-u 091 081 077 0.75
2515 991 081 077 075
216 091 081 077 0.75
217 091 081 077 0.75
2~18 091 081 077 0.75
2-19 991 081 077 075
220 991 o081 077 075
PN 091 081 0.77 0.75

Table 5.7: Computed orders of convergence, p£, and computed e-uniform orders of
convergence, pN, for Method 4.5.1 with Ny = 2Nx applied to Problem Class 5.4.1
with m = 2.
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Number of Intervals Ny
£ 8 16 32 64

29 065 068 072 0.79
2-i® 063 067 071 0.78
2-n 062 065 070 0.76
212 961 065 070 0.76
2"13 061 065 069 0.75
2-14 061 0.64 069 0.75
2-is 060 064 069 0.75
2-16 060 064 069 0.75
2-17 060 064 069 0.75
218 960 064 069 0.75
219 060 064 069 0.75
220 960 064 069 0.75
PN 0.60 0.64 0.69 0.75

Tabic 5.8: Computed orders of convergence, , and computed e-uniform orders of
convergence, pN, for Method 4.5.1 with Nx — 2Ny applied to Problem Class 5.4.1
with m = —2.
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5.2.2

(e(2uxx + 2uxy + uyy) + 2ux + uy)(x,y) = f(x,y) in ft, (5.4.7a)
u(x,y) = 0 on 9ft, (5.4.7b)

and the corresponding problem without a mixed derivative term

(e(2uxx + uyy)+ 2ux + uy)(x,y) = f(x,y) in ft, (5.4.8a)
u(x,y) = 0 on O9ft. (5.4.8b)

It is easy to check that the inequalities (5.3.2) are satisfied and therefore that Method
4.5.1 will be monotone when applied to these problems. In Figure 5.11 we show the
absolute difference between the numerical solutions generated by Method 4.5.1 applied
to the 2 problems (a) over the whole domain and (b) in the corner mesh region for
particular values of e and N. We see that the maximum value of the difference is
approximately 0.2 and this value is obtained in the corner mesh region. Outside of
this region the difference is negligible in magnitude and much smaller than e. Indeed
for small values of e we can see that the maximum value of the difference remains
constant and always occurs in the corner region. This is illustrated in Table 5.9 where
we have calculated the maximum value of the difference for a range of values of e and
N, and the mesh point at which this occurs. This verifies the fact that, in our analysis
in Theorem 4.4.3 of the layer structure of solutions of problems from Problem Class
4.3.1, we sawthat the mixed derivative term only had an influence when it came to

bounding the functions associated with the corner layer.

5.5 A more complicated dom ain

In the final section of this thesis we present some numerical results for Method 4.5.1
applied to a problem posed on a domain that is more complicated than a parallelo-
gram. Consider the following choice for the function g)in (5.2.1):

1) = —mirf - m2] (5.5.1)
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Figure 5.11: Absolute difference between the numerical solutions generated by
Method 4.5.1 applied to problems 5.4.7 and 5.4.8 on (a) the whole mesh and (b)
in the corner mesh region with e = 2-8 and N = 128.
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Number of Intervals N

£ 32 64 128 256 512
2~"~ 0.0198(3,3) 0.0215(4,4) 0.0229(7,6) 0.0239(10,9) 0.0244(17,15)
2-w 0.0197(3,3) 0.0215(4,4) 0.0228(7,6) 0.0238(10,9) 0.0244(17,14)
2-n 0.0196(3,3) 0.0214(4,4) 0.0228(7,6) 0.0238(10,9) 0.0244(17,14)
2-12. 0.0196(3,3) 0.0214(4,4) 0.0228(7,6) 0.0238(10,9) 0.0244(17,14)
2-13  0,0196(3,3) 0.0214(4,4) 0.0228(7,6) 0.0238(10,9) 0.0244(17,14)
2-Y 0.0196(3,3) 0.0214(4,4) 0.0228(7,6) 0.0238(10,9) 0.0244(17,14)
2-15 0.0196(3,3) 0.0214(4,4) 0.0228(7,6) 0.0238(10,9) 0.0244(17,14)
2-ie 0.0196(3,3) 0.0214(4,4) 0.0228(7,6) 0.0238(10,9) 0.0244(17,14)
2-n 0.0196(3,3) 0.0214(4,4) 0.0228(7,6) 0.0238(10,9) 0.0244(17,14)
2-18  0.0196(3,3) 0.0214(4,4) 0.0228(7,6) 0.0238(10,9) 0.0244(17,14)
2-19  0.0196(3,3) 0.0214(4,4) 0.0228(7,6) 0.0238(10,9) 0.0244(17,14)
2-20 0,0196(3,3) 0.0214(4,4) 0.0228(7,6) 0.0238(10,9) 0.0244(17,14)

Table 5.9: Maximum absolute differences between the numerical solutions generated
by Method 4.5.1 applied to problems 5.4.7 and 5.4.8.

where mi and m2are constants. In this case the boundary of the domain Op is in gen-
eral curved (see Figure 5.12). We will continue to assume that the coefficients of the
convective terms in the original differential equation are constant. The corresponding

transformed Problem Class is:

Problem Class 5.5.1.

(s(auxx + 2buxy + cuyy) + a\ux+ aZuy)(x,y) = f(x,y) in O,
u(x,y) —0 on do,
where
a(x,y) = 1+ (2miy + m2)2, b(x,y) = 2miy + m2, c(x,y) = I,

ai(x,y) = ai + (2miy + m2a2+ 2emi > 0, a2(x,y) = a2> 0.

We see in this case that some of the coefficients in the differential equation are
now variable, in contrast to the situation for Problem Class 5.2.2, and that depending

on the values of mi and m2 the coefficient of the mixed derivative term may change
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sign.

Figure 5.12: The domain iip with (> as defined in (5.5.1).

For our example we shall take the following values for the constants f?ii, m», aj
and o/

mi =1 =n2:- —05, «cti=2, a2= 1. (5.5.2)

With these choices it can be verified that inequalities (4.5.8) are satisfied and so we
may take v x = vy = N in our calculations.

As in 85.3 we examine the performance of the method (in the perturbed case)
by tabulating the computed orders of convergence, , and the computed £-uniform

orders of convergence, ) n , with these quantities defined as in that section. We see
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Number of Intervals «

e 8 6 32 64 128
2"9 0.86 0.74 0.64 067 0.76
2-10 386 075 0.65 067 0.76
2-n 085 0.75 0.65 0.67 0.76
2-12 085 075 065 0.67 0.76
2~13 085 0.75 065 0.67 0.76
2-u 085 0.75 0.65 0.67 0.76
2-is 085 075 0.65 0.67 0.76
2-16 085 075 0.65 0.67 0.76
2~17 0.84 075 065 0.67 0.76
2~18 0.84 0.75 0.65 0.67 0.76
2-18 084 0.75 065 0.67 0.76
2-20 084 075 0.65 067 0.76
PN 0.84 0.75 0.65 0.67 0.76

Table 5.10: Computed orders of convergence, ; ¢ , and computed e-uniform orders of
convergence, pN, for Method 4.5.1 applied to the problem from Problem Class 5.5.1
with mi, m2, «i and : : given by (5.5.2).

in Table 5.10 that the ; » are essentially independent of ¢ and are approaching 1, as
N is increased. This indicates that our method is e-uniform for this problem for the
range of ¢ considered. We also present a graph of a representative numerical solution
plotted on the original domain for particular values of : and « (Figure 5.13) and
an illustration of how the piecewise-uniform fitted mesh would look on the original

domain (Figure 5.14).
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Figure 5.13: Plot of Numerical Solution generated by Method 4.5.1 applied to the
problem from Problem Class 5.5.1 with n i, n 2 2 x and : : given by (5.5.2), ¢ - 2-10
and v = 128 on original domain.
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Figure 5.14: Piecewise-uniform fitted mesh for the problem from Problem Class 5.5.1
with n i, n 2, 2x and : 2 given by (5.5.2) on original domain.

138



Chapter 6

Conclusions

In summary, we present what we believe to be the main results and findings of this

thesis.

e The nature and location of the boundary layers present in the solutions to prob-
lems posed on non-rectangular domains depends on the relationship between the

geometry of the problem and certain coefficients in the differential equation.

e For a certain class of singularly perturbed parabolic problems posed on a non-
rectangular domain it is possible to classify some of the problems into dis-
tinct subclasses and apply numerical methods based on piecewise-uniform fitted

meshes to resolve the layers present.

« Singularly perturbed elliptic problems posed on non-rectangular domains present
more difficulties than do corresponding parabolic problems, as a mixed deriva-
tive term is introduced into the differential equation under a transformation of

the independent variables. In particular the construction of a monotone finite

difference operator is a non-trivial task.

» It is possible to construct a monotone finite difference operator for a singularly

perturbed elliptic equation with a mixed derivative if one considers schemes

which are inconsistent.

* A numerical method based on a monotone, inconsistent difference scheme and
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a piecewise-uniform fitted mesh generates numerical solutions which are e-

uniformly convergent in the perturbed case, i.e. when: < ¢ v -1.
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