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Abstract

We want to describe the dynamics of magnetic vortices in type-Il supercon-
ductors using the Gor’kov-I/EIiashberg equations. To solve this system is very
difficult so we want to use an approximation, called Slow-Motion Approxi-
mation. This approximation is used quite a lot in physics and for our system
of nonlinear partial differential equations we want to show, using rigorous
mathematical arguments, that it is in fact an approximation to the exact
solution. For the Abelian-Higgs model which shares the same time indepen-
dent equations with the Gor’kov- éliashberg system, such a mathematically

rigorous proof was given by Stuart (1994).

The mathematical discussion starts with an ansatz for the solution that
involves the exact solution of the static problem and a small correction. It
is well-known that the static solution is a 2N real-parameter family. Let us
denote the parameters by g. In the Slow-Motion Approximation we assume
that the parameters are time dependent. In our case we want to find the
trajectory in the space of static solutions which is the closest, in some sense,

to the exact solution.



As in many approximation techniques we need a small parameter such that
the approximation gets better and better the smaller the parameter becomes.
The small parameter, denoted by e, is given by the Higgs self-coupling con-
stant k2= (1 + e)/2.

Guided by Stuart’s proof we assume that the time derivative of the parame-

ters g is O (e).

So the problem of proving the validity of the approximation is now turned
into proving the existence and smallness of the corrections, which are the
solutions of a parabolic linear partial differential equations system on M2. In
order to prove this we try to imitate the techniques for finding solutions of
the same class of equations in a bounded domain. We need also an iterative
method that provide us with certain estimates in suitable Sobolev spaces.
We get a system of equations for the parameters q(t) that is a Cauchy prob-
lem as soon as we fix initial conditions for g. Imposing initial conditions as
well on the corrections of the static solution we simplify the equations for g
and solve them.

Substituting these q(tys into the static solution we obtain a good approxi-

/
mation for the exact solution of Gor’kov-Eliashberg equations.



N otation

detA = determinant of A.
Rn = n-dimensional real Euclidean space,
e — (0,...,0,1,0,..., 0) = ith standard coordinate vector.
dU = boundary of U.
B(x,r) = closed ball with centre £, radius r > 0.

For numbers a, b £ C we use the usual inner product

In particular

Definition 1 Let a = (ai, 02) a vector potential for the magnetic field H.
We define the covariant derivative with respect to the background field a of a

complex field f as

m=djf—ajf

forj = 1,2.

A vector of the form j3—(/?i,..., /), where each component P%6is a nonneg-

ative integer, is called a multiindex of order

3l —Pi 4 HAI-
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Given a scalar function u : U — >R and a multiindex /3, we define

d”u
(re) := df1...d™u(x).
dx[I...dxt
We will use the same definition for the covariant derivative instead of the

normal derivative.

Definition 2 A function u : U — >R is called Holderian if a multiindex

and 7 > 0 exist such that

\d\ 1eeednnu(x) - dfl... dEnu(y)\ < C\x - y\*

for some constant C > 0 and all x,y £ U.

The Laplacian of a scalar function u is defined as

n

Au(x) = J 2 duu(x)-
1=1

The gradient of a scalar function u is defined as
Vu(x) = (diu(x),...,dnu(x)).

If now m = 2,3 and U C Rm, the divergence of a vector-valued function
u:U —>Rm, u{x) = ("i(:r),..., um(x)) is defined as

m
V eu(x) = "Ydlui(x).
1=1

Ck{U) = [u :U — >R | u is k-times continuously differentiable}.
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C°°(U) = {u : U —»R | uis infinitely differentiable}.

C%°(U) = {u GC°°(U) | = 0 outside a compact subset of U}.
LP(U) = {u:U —>R |uis Lebesgue measurable, < +°0},
where

xJu '
L°°(U) = {u:U —>R |n is Lebesgue measurable, \u\l1°°(u) < +°°}>

where

ML) = %JB \u(x)\.

Fix 1< p < +00 and let H e a nonnegative integer. We define now cer-
tain function spaces, whose elements have weak derivatives of various orders

lying in various IP spaces.
Definition 3 The Sobolev space
W k*(U)

consists of all locally summable functions u : U — >R such that for each

multiindex j3 with V3 < k, dfl.. -d~u exists in the distributions sense and

belongs to 1/(17).

Remark. Ifp = 2, we usually write

Hk(U) = WK2(U) (k= 0,1,...).



Definition 4 Ifu GWkp(U), we define its norm to be

\U\W'[,P{U) = A VE m K k fu? 1l-ldnnu(x)\pdx;p (l<p<+00)
£ |0KgfcsuPxec; 1M f1eeednnu (x)I (»= +00)-
a(x, t)
Definition 5 Let a a multiindex. =1 | ¢ M2 x C, then
A{x,1)
we call
Hra('q®)(R2) = :R2x [0,T] —>R2x C |Vi € [0,T]
M iirac-g0) < +0o},
where
r 2
1#, ®)ra(,{Q) := A (INT1--
WPl=l R2

+ \DR" o)™ ... (" a3 "7 (x,1)[2)d 2x.

Cauchy’s inequality. Let a,b> 0and 7> 0. Then

ab < r\a2+ 22

il

Holder’s inequality. Assume 1 < p,q < +00" + ~ = 1 Then ifu ¢

#(£/), v 6 L«(£/), we have

< \uMp{U)W\I<i(u)-

Minkowski’s inequality. Assume 1< p < +00 and u,v ¢ 1/(11).

\u+ vipU) < \wlp{U) + M LP(U)-



Cauchy-Schwartz’s inequality. For every x,y 6 W1

I(x,y) | < WM-

Definition 6 IfdU is Cl, then along dU the outward pointing unit normal

vector field

is defined at any point x £ dU.
Let u € CI{U). We call

— (x) = v(x) m\Vu(ar)

the outward normal derivative of u.

Theorem (Green’s formulas). Let u,v € C2(U). Then

Definition 7 We define the inner product for functions exponentially decay-

ing at infinity as



Throughout this work we use an arbitrary positive constant T. Also a
constant k is used. It is related to the material in which the equations
describe the vortex motion. The parameters the real and
imaginary parts of the zeros of the static Higgs field. They are made time
dependent. A short time scale r := et is introduced. The derivative with
respect to r is indicated with g. Finally the functions a, £>and a0 represent
the deviation of the exact solution from the solution to the static Ginzburg-

Landau equations.



Chapter 1

Introduction

1.1 Phenomenology of Superconductivity

An explanation of the microscopical understanding of superconductivity has
been given by Bardeen, Cooper and Schrieffer (B-C-S) in [BCS57]. In their
theory, the onset of superconductivity is due to the formation of bound elec-
tron pairs, the so called Cooper pairs. With respect to small applied forces,
the electron pairs interact as single entities, particles with twice the charge of
a single electron. Furthermore this effective particle is a boson of spin zero,
since the spins of the single particles of the pairs are supposed antiparallel.
Large external forces and the temperature of the materials, usually near 0°K
for metals and about 100°K for ceramics, disrupt the pairing and force the

superconductor to change to the normal state.

The supeconducting state is characterized by an ensemble of Cooper pairs

and these in turn are described by a scalar field <€ for charged, spinless



particles. As usual, such a field is a complex-valued function of position.
The density |*(5)|2 is proportional to the number density of Cooper pairs in
X. The field <is called the order parameter. The state where 3>~ 0 has a few
pairs and behaves as a normal conductor. The case in which |<f is bounded

away from zero describes the state of condensed pairs and superconductivity.

The order parameter provides a macroscopic description of the system de-
scribed microscopically by the B-C-S theory. While this macroscopic theory
can be obtained as an approximate consequence of the more general B-C-S
theory, it was proposed well before the justification of a microscopic theory
existed. A system of equations for <and its interaction with the electromag-

netic potential A was proposed by Ginzburg and Landau [GL50].

In this system a parameter Aappears, called Higgs self-coupling constant,
which is related to the material and describes different physical properties.
When Ais smaller than 1 in a certain normalization, the material, called
type-1 superconductor, once embedded in an external magnetic field H, ex-
pels utterly this field. If sufficient intensity has been achieved, the external
field will penetrate uniformly the material and the superconducting prop-
erties vanish. When A is greater than 1 the material, now called type-II
superconductor, once subjected to an external magnetic field H, can exist in

one of three phases:

o If \H\ is smaller than a certain value, say |i?0> the external field is
pushed out of the sample. The material is in a fully superconducting

phase.



o If \H\ is between |ifO| and another value, say \Hi\, the external field
penetrates the sample only partially. What one detects physically is
that the total flux of the magnetic field through the sample is quantized
and every single quantum of flux, called fluxon, can be regarded as a

lump of magnetic field lines or vortex. In the centre of the vortex $ ~ 0.

o If \H\ is greater than \H\\, the external magnetic field gets through the
material uniformly with consequent total break-down of superconduc-

tivity.

1.2 The Ginzburg-Landau Model

The macroscopic model for superconductivity presented by Ginzburg and
Landau in [GL50] is based on thermodynamic considerations and is an ex-
tension of Landau’s theory of second order phase transitions. The time-
independent Ginzburg-Landau equations are given by the following second-

order system:

AANX) - dhV «A(X)

= NMii>(E)(ARS(E) - LAR(E)S(E)) + *$(E) (dh<I(E) + » (£)$(£))),

- (A~ 7i(2))28(8) = “S(E) (i - [$(E)12) (1.1)

&l
where $ is the Higgs field or the order parameter, A is the vector poten-
tial and A'is the so-called Higgs self-coupling constant. The term Vl—iA is
called covariant derivative and makes the equations invariant under a par-

ticular class of transformations, the so-called gauge transformations. The

3



invariance of the solutions of the Ginzburg-Landau equations under such
transformations allows us to consider several mathematical solutions with-
out altering the physical measurable quantities which are the electrical and

magnetic fields.

A generalization of the Ginzburg-Landau system to the time-dependent
case was given by Gor’kov and Eliashberg in [GE68] for the case of type-
Il superconductors. They found out, using the Feynman technique for the
Green functions at finite temperatures, that the generalization to the non-
stationary case of the Ginzburg-Landau equations is still gauge invariant and

is given by

di®@'+y [(_ ~T)+"~") N ~wrr +
-b 2zeMo™ =0)

3= cr\%-th-VAO) + [*e($V$ - <EVS$) - = B|2A

2m
/= V x (V xA). 1.2)

Here $/ is the Higgs field, A'is the vector potential, Aqis the scalar potential,
j is the current, v21\ is a constant proportional to the diffusion coefficient, rs
is a parameter which has the meaning of a free flight time between collisions
associated with the electron spin flip in a material with paramagnetic impu-
rities, Tc is the critical temperature at which the superconducting behaviour
starts, T is the actual temperature of the material, a is the conductivity of
the electrons in the material, e is the electron charge, c is the speed of light

and N and m are other coefficients.



The motion of the vortex structure was investigated on the basis of the B-
C-S microscopy theory of superconductivity only in the vicinity of the upper
critical field Hi. The model proposed by Gor’kov and Eliashberg enabled
Gor’kov and Kopnin [GKT71] to find an approximate solution for any value,
of | between \HO\ and |i?i|, provided that the parameter of the Ginzburg-
Landau theory Ais much bigger than 1. Their reasoning was based on the
idea that the solution is formed by the solution of the corresponding static
Ginzburg-Landau system and a correction which must solve another set of
equations. We point out that, as many experiments have shown, supercon-
ductors of the second type (alloys, ceramics, etc.) have a finite resistance in
a magnetic field exceeding the lower critical value |i?0]- The nature of these
dissipative effects is due to the motion of the Abrikosov vortex structure
under the influence of the Lorentz force resulting from the flow of current

[Abr57]. For \H\ « [i?i], however, the resistance is very small.

1.3 The Multivortex Static Solution

A feature of the Ginzburg-Landau model is the existence of a Lagrangian from
which the Ginzburg-Landau equations are derived as its equations of motion.
In [Bog76] it was shown that, for the case A= 1 in (1.1), a lower bound
on the action associated to the lagrangian of Ginzburg-Landau exists, and

minimizing such an action means solving the so-called Bogomol’nyi equations

di7Ze $(x) + Ai(x)Im $(x) —82~71 $(£) + A2(X)'7Ze $(x)

0,

@7£e $(X) + A2(X)Xm $(x) + d\l m ~>(f) - Ai{x)IZe <I1>()

I
o



diA2(x)-d2A1(x) + \{mx)\2-1)=0

with  and A = (™i, A2,0) & above.

In [Wei79] it is shown that, assuming the existence of an arbitrary solution
of minimal energy, for every integer N there is a 2Af-real parameter family of
N-vortex solutions satisfying the Bogomol’nyi bound, the lowest static energy
state. It can be proven that the number N has the meaning of counting how
many times the Higgs field at infinity rotates in the complex plane, hence it
is called winding number. Furthermore, every solution satisfying this bound
must belong to such a family. Weinberg conjectured that these parameters
may be chosen to be the 2N co-ordinates specifying the positions of the

vortices.

In 1980 Jaffe and Taubes made great improvements to the understanding of
the static Ginzburg-Landau model. They proved that a finite action solution

to the Bogomol’nyi equations exists, called multi-vortex solution, such that:
* The solution is globally smooth.
» A finite number of zeros for the Higgs field exists.

Identifying these zeros of $ with the parameters discussed by Weinberg, one
can refer to them as the centres of the vortices. According to the interpre-
tation of the modulus of $ as the density of the Cooper pairs, the centre of
the vortices represent the points of the material where the superconducting

properties vanish.



To prove the existence theorem, Taubes and Jaffe defined
$ =: eHu+9\ A:=~(Ai-iA2), dz := i(di - id2)

with {Zi,..., Zn} the zeros of  They noticed that away from the zeros of

$ the Bogomol’nyi equations turn into
A = idzIn<],

N
-A U+ eu- 1= -47t~ 5(z - ZKk)
k=i

with the condition

I_|>r_r+1_00 u(z) =0

"

arising from

2/l 81 - 1

A more explicit static solution of the Ginzburg-Landau equations for a

general Alis given by the radially symmetric functions
A(x) = Na(r)(smO, - cos#, 0), $(£) = f(r)elND

where a(r), f(r) ¢ C°°(]0,+00][) satisfy an O.D.E. system and r, 6are polar
co-ordinates in R2. Such a solution represents N vortices sitting on top of

each other.



1.4 The Idea of the Slow-Motion Approxima-
tion.

Another generalization of the static Ginzburg-Landau model to the time-
/
dependent case but from the Gor’kov-Eliashberg equation is given by the

gauge invariant Abelian-Higgs model, i.e.

-A AQx,t) + dhV «A(x,t) = - <§(Et ) t )

- PAQX, D) $(X,1)) + $(x,t)(dt$(x,t) + L4o(£,i)3,(£,i))),

dttAh(x, t) - AAh(x,t) - dtdhAQ(x, t) + dhV *A(x, t)
= N(- I»(E t)(dh${x, t) - iAh(Xx, )$(£, 1))
+ $(x,t)(dh$(x,t) + iAh(x,t)$(x,1))"),

(dt - iAQ(Xx,1))25(x,t) IAI(X,1)28(x,t)

1=1

= £$(#»*) (I - 1$(z,1)|2

with the notation as above. Even if this model does not describe the dynam-
ics of the vortices in the superconductors, it will be useful to cite some its
mathematical characteristics in order to develop our method applied to the

present work.

As for the static Ginzburg-Landau equations, this system admits a La-
grangian, which allows to define an action or energy. A global existence of

time-dependent solutions of this system has been proven in [BM85]. The



next step would be to find an explicit expression for these solutions. Since
this aim appears over ambitious, for some applications it might be enough
to exhibit an approximate solution. A fruitful idea emerged in 1982 from
a remark by Manton on the scattering of monopoles evolving according to
the second-order field equations of the Yang-Mills-Higgs theory, [Man82].
At large separations monopoles move freely in straight lines, because there
are no forces. But what happens in a collision? Manton pointed out that
it should be possible to study the scattering of B-P-S (Bogomol’hyi-Prasad-
Sommerfield) monopoles, i.e. the static solutions of the B-P-S equations,
moving at slow velocities. At best his idea would give approximate results,

becoming exact as the velocities tended to zero.

Like in the case of vortices, Taubes and Jaffe proved the existence of the
static multimonopole solution dependent on a family of parameters denoted
collectively by 7, say ("4(x,7), <€(£,7)). Consider now a smooth trajectory
7 (t) in the parameter space, [Man82]. Then (v4(f, 7 (2), $(£, does
not in general satisfy the field equations, but it might provide a good ap-
proximation if the velocities are small. Since some of the parameters of
the multimonopole solutions represent positions, at least for well-separated
monopoles, such motion would describe well-separated monopoles in relative
motion. Although the evolution of the fields does not exactly follow a trajec-
tory in the set of exact static solutions, it was shown that it does to a good
approximation for a specific 7 (t). As (¢ 0) tends to zero, the approximation

becomes better and better.



A rigorous proof of Manton’s idea was given by Stuart for the Abelian-
Higgs model [Stu94,1] as well as for the three-dimensional Yang-Mills-Higgs
model [Stu94,11]. Since the Slow-Motion Approximation idea depends on
slowly moving vortices or monopoles given by static solutions, which only
exist for A = 1, one would expect that the perturbative forces should be
small, in other words, the system should be near the Bogomol’nyi regime.
The small parameter e introduced to describe the order of deviation from
A = 1 allowed Stuart to estimate also the time scale for which the Slow-
Motion Approximation furnishes a good approximation of the exact solution
of the Abelian-Higgs model. He found analogous results for the solution of the
Yang-Mills-Higgs model. In both models it turns out that the approximation

is valid for a O(-) time scale.

1.5 Solutions of the Time-Dependent
Ginzburg-Landau System

The existence of a continuous solution of the time-dependent Ginzburg-
Landau system for a short time defined on the whole of M2 is the first result

arising from this work.

The existence of global weak solutions was already proven in the more
physical case of a bounded domain, [WZ97]. In particular, when the spatial
dimension equals 3, the existence of global (in time) weak solutions of the
time-dependent Ginzburg-Landau equations for arbitrary LP (p > 4) initial

data has been proven by these authors. When the space dimension n =

10



2, first existence of global weak solution was obtained in [TW95]. Other
properties as uniqueness and asymptotic behaviour of the solution for large

time were found in [LQ93] and [RWW99].

Secondly we seek a solution which is a 0(e) perturbation of the static con-
figuration when we perturb the Bogomol’nyi regime to the same order in e.
Our aim is to follow Stuart’s reasoning, since both the Gor’kov—I/EIiashberg
equations and the Abelian-Higgs equations reduce to the Ginzburg-Landau
equations once all the fields are time-independent. While the space deriva-
tives of all the fields are supposed to be O (1), we will define a slow-time
variable such that the velocities of the centres of the vortices and the veloci-

ties of the perturbative components of the static fields are O(e).

In [CDGP95] the case with Higgs self-coupling constant A — +00 and
critical external magnetic field Hi = 0(A) is examined. Making a formal
expansion in powers of A2 in the Ginzburg-Landau equations, the authors
derive a sequence of recursive linear equations. The main result show that,
in a suitable sense when A — +00, the energy-minimizing solutions of the
full Ginzburg-Landau equations approach the solutions of the leading order
equations in the recursive system both in a bounded-domain setting and in

a periodic-lattice setting.

1.6 Summary

In chapter 2 we introduce the Time Dependent Ginzburg-Landau model along

with an ansatz for the candidate solution that brings a small parameter into

11



the equations. This parameter represent the intensity of perturbation of the
static solution of the time independent Ginzburg-Landau equations. Since
the system of equations is gauge invariant a gauge condition will be imposed.
Then an additional equation for the electric scalar potential is derived. In
section 2.4 the idea of the Slow-Motion Approximation is made explicit: a
2Af-parameter family associated with the static solution is made time de-
pendent and moves in a manifold, called the moduli space, provided with
a metric. The invertibility of such metric is discussed in section 2.5. From
here it follows that the 2A/-parameter family is the solution of a particular

O.D.E. system.

In chapter 3 we start describing some decay properties at spatial infinity for
the static solution of the Ginzburg-Landau equations, and a recursive method
to prove the existence of solution to the Gor’kov-Eliashberg equations is
applied. A new system of linear elliptic and parabolic equations is obtained
and general results are exhibited, such as existence in particular Sobolev
spaces and behaviour at infinity of their solutions. This method produces
then iterated functions and they are shown to satisfy firstly certain estimates

using the Sobolev norms.

In chapter 4 these estimates are improved in order to show that, under
certain initial conditions, the iterated functions remain bounded for a small
time. Using these fact and defining a new complete space, in chapters 5
and 6 we prove that the sequences of the iterated functions are Cauchy and
then convergent in a Sobolev norm. The way to show this is based on a

contraction of certain functions. We firstly use the mean value theorem

12



to bound the difference between two successive iterates through the partial
derivatives of those functions. Then we establish that the bounds on their
partial derivatives are dependent on time and a parameter e. By choosing
a short interval of time and small e it can then be said that the iterates do

form a contracting sequence.

Finally, in section 6.2 we show that the sums of these sequences define
the solution of the Gor’kov-I/EIiashberg system for a short time and for small
perturbation of the static configuration. Within the short time this solution
is continuous in t along with the 2N parameters. Notice that this result is
only local in time and it is valid when the static configuration of the vortices

is only slightly perturbed.

13



Chapter 2

The Gor’kov-éliashberg

Equations

2.1 The Model

The model describing the time dependent physical quantities is displayed.
The cylindrical symmetry of the fields enables us to represent the vector
potential as a 2-dimensional field defined on the complex plane. Also the
Higgs field is defined on the complex plane. This amounts to considering the
cross section of the vortices on a plane perpendicular to the magnetic field
within the material. A further equation, which we will use later on to study
the behaviour of the scalar potential, is derived from the time-dependent
Ginzburg-Landau model. All the equations are gauge invariant. Considering

cylindrical symmetry here amounts to imposing the conditions

A(x,t) = (Ai(x,y,t),A2{x,y,1)), $(£.,*) = $(x,y,1).

14



The Gor’kov-Eliashberg system describing the dynamics of the magnetic
vortices in type-l1 superconductors given in section 1.2 can be rewritten in

the dimensionless form

(dt - ikAO{x,t))$(x,t)
+ f2$ (f,i)(I$ (f,i)|2-1) - (V - ikA{x,t))2${x,t) =0,

(2.1)

—V x (V x A{x,t)) = a(dtA(x,t) —Vv~4007?,1))
+ N O(SB(E, )V S (E,i) - 9(2, )V I(f, 1)) + |$(F,i)]2i(f,<).

(2.2)

Here $ is the complex Higgs field, A is the vector potential, AQis the electric

scalar potential, and k and a are constants depending on the material.

The equations (2.1) and (2.2) are gauge invariant. Gauge invariance means
that when a solution of certain equations is transformed by a gauge trans-
formation, it is still a solution of the same equations. Here the gauge trans-

formation is

AN i—tAn +dpX, A=0,1,2

$ i—>%eix
where \ — xO™M) is a function sufficiently regular in the spatial variable.
The equations (2.1) and (2.2) are 4 real equations for 5 real functions. Due

to the fact that the solution is gauge invariant, an additional condition, a

so called gauge condition, may be imposed, e.g. 0 A* = S0 a
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system of 5 real equations for 5 real functions is obtained. It turns out that
to obtain certain estimates later on, a different gauge condition has to be

imposed.

If we let
do — dti —k A D , =

for fit= 0, 1,2, then (2.1) and (2.2) can be written in the following way:

2
Da$(x,i) -  £>7$(£,f) = k2(1- |$(£,H)]2$(x.i), (2.3)
/=1

adtXh(x, t) - AAIh(x, t) - crdhA0(x, t)

+ dh(V-A'(x,t)) = (i0(Z,t),D h$(£,1)) (2.4)

for h = 1,2. Here

To obtain certain estimates we also need an equation for AOwhich follows

from (2.2). We obtain

0 = Ve(VXVXA)=-aV sE —V ],

-V e(CcrE) - V ¢Ja= -V ¢Jc- V ¢Js,

with

E := —dtA + VAQ, Js m=t (A, —ikA&), JC:= oE.

16



Therefore

VeJc= -V eJs.

Since
—Vv *Js = V-Jdc= V-crf
= crV e(-dta + Vj40) = —<t9*(V *a) + ctA A q,
one obtains
2
-CtAA'g + adt(V -A") = kJ2di(**, A®)- (2-5)

i=1
Remark 2.1.1 Notice that, supposing AQ(x, 0) = 0 and considering the time
independent solution of (2.3) and (2.4), the equation (2.5) turns into
(a-*4)*)=o0
&1
for any static configuration (A (¢?), $(£))*

From here on, /10 and j4' will be replaced by AOand A, respectively, in (2.3),
(2.4) and (2.5).

2.2 The Ansatz and the Gauge Conditions

The ansatz for the candidate solution of the Gor’kov-Eliashberg system is
presented here. As is the case in a gauge theory, the solution is not defined
uniquely since it can be transformed by a gauge transformation. At different
orders in a small parameters, two conditions are imposed for such a solution
and it is shown that they are equivalent to fixing the gauge, i.e., these two

conditions eliminate the gauge freedom.

17



Let us use the ansatz:

Ah(x, t) = ah(x, y, q(t)) + eah(x,y, t),

$(x,t) = <t>(i,y,qt)) + £<j>{x,y,t) (2.6)
for h= 1,2, with e > 0,
k2= (I + e)/2,

(a, 0) a static solution of (2.3) and (2.4) and g a family of 2N real parameters.

The integer number N is the winding number. If \§& approaches a constant,

7, at infinity, then a winding number can be defined in the following way: if
N —>(@{po(0) = 7eia®  asr  +00
then

0oo/7: 51 —~C/(I)

9  >ei(0)

i.e. 000/7 maps the circle at infinity, S1, to the unit circle in the complex
plane, U(1). To each continuous <0 we can therefore associate a winding

number

18



Two gauge transformations are now defined as follows: the first one is

Ao H—¥A0:=Aq + £dtf

Ah = ¥Ah = Mit+ %(EE) = % + + (W)

$ $ = = (0 +
in terms of £ = £(x, y, t). The second, in terms of S = E(X, y, </(£)), reads

Mo -7

—»Alj := An + 9/iS = {j + Edh

5 —>8% = [>eiS = (0 + £(j))elelE
= (eiEeift + # V se”

= <6+ g(er ~ V IEr <reEesi,
£
with

al. ;= «t+ dhS, <P:=

= ah+ = — ~— <*l-+ $ el-e%.

The functions £ and E are chosen such that the following conditions are

satisfied:

Voe5(ar,y, 1) - e(i<p(a;, i/, ?(*)), 0(z,y, 1)) = 0 2.7)

and

SV edta(x, y, q(t)) - (i<p(x, y, q(1)), dt<p(x, y, q(t))) = O. (2.8)
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To show that £ and S can be found to satisfy the conditions (2.7) and (2.8)

we rewrite (2.7) and (2.8) as follows:

2 pief _ |
T I — <~ + <HVe'ei) = 0,
i=i £

2
N dt(at + d{E) - (i(FelE dt(g=E)) = 0. (2.9)
iI=x

The above system admits solutions. In fact, (2.9) is equivalent to

_1
+Vea - gits—-— <9 - gi<t>, =0,

adt(V ea) + aAdtE —(#e*=, + ilel~4>tt=) = 0,
which in turn is equivalent to

Af = -V ea +g QB A — (<> D + gsin(@® {i(), i) +e(i<I>,<I>etet) 1

aAdtS - |RQE = -adt(y *a) + (*,<9*0),
or,

AE = -V ea + |0]2sin(s) + e(ig> "V "), (2.10)

AdLE - A dIE = -dt(V m) + =< dt4>)m (2.11)

The equation (2.10) is a nonlinear Poisson equation. The existence of solution

is proven using the method of variations, [Eva98, chapter 8].
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To solve the equation (2.11) it is necessary to examine the properties of

the static solution of the Ginzburg-Landau equations. Let
Zf.= {ze CI(>2=0}= {zh ..., ZN}

where Zi,..., ZN have ft,..., g2N as the real and the imaginary parts. Ac-
cording to [JT80], let the fields be represented using u and 0O, two real

functions of x, y and f t , , o' such that
u+id
=e

From the Bogomol’nyi equations it follows that

ai = Mdau +di9), a2=-~{diu-d?20),

in R2\ 4f,. For any fi G {I,..., 27V}, the equations
dE da 12 9S , dip v
— = and Wwo— = -(*0,—(IO
da., dg”™ dg”™ dg

are satisfied in R2\ Z# by E = -0/2. This amounts to satisfying

~ =0 d A =0 2.12
dgn an (Vpdq/ (2.12)

in R2\ ZAfforany /i G {l,...,2JV}. Knowing that thestatic solution is

globally C°°inthe variables and in the parameters, [JT80] and [Stu94,1],
Vejp- —0 and tip,” N-) - 0
Jd%" (tip d)q/
hold on the whole of R2. Then (2.11) admits a solution on R2.

N.B. The same arguments as those used to prove the validity of condition

(2.8) enable us to prove the condition

v "3qT(x ¥>(j(t) ~ M X'y'?(*))>quT(X’V’?(*))) — o (2-13)

We will need (2.13) to justify certain results later on.
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After fixing the gauge transformations in the way just presented, the initial

ansatz turns into:

Ah(x, t) := ah(x,y, q(t)) + sah(x, y,t),

$(x, 1) 1= <px y, () + ed(x Y, 1),

with a, (p, a and 0 satisfying the conditions (2.7), (2.8) and (2.13).

2.3 The Equations for Aq, a and ()

The ansatz is substituted into the equation for the scalar potential and into
the Gor’kov-Eliashberg equations. Also the conditions (2.7) and (2.8) are
taken into account in order to rewrite the original equations as a new system.
Using that new system, an operator is defined and some of its properties are
pointed out. A slow-time variable r := et is introduced. This procedure will
allow us to apply the Slow-Motion Approximation to the new system in the

next section.

In the following we will adopt the notation q := * Putting the
ansatz into the equation (2.5), one obtains

~ 2
-AA0= -dt~2 diai+ £1)
1=l

k 2
+ - di (i(ip + e$), (dt- i(ai + eai))(<p + e$)\ =
G 1=t

22



Using Remark 2.1.1 and the conditions (2.7) and (2.8), this is equivalent to
12N a u 2

-Alo =e(- - 53 (<R, +-13 D{0V)
v a,-=1 a =i

+- 53(*>dD|]‘|)+ 53("’>dD¢0)<t:)

a (=1

- =53 «i (~>+- 53idir a(’\/))

a ¢l azZA

+ £2((i<”,610) + N<E[2(zp,Y) - "53a|(0,0i¥>)

53  dapy+-5Z(*"a@)+- 53(*>d|310)"))

o T o 55
2N
+e3(53 - —(%0- —0/(0cM)
V M ag» a 1=l
with
D<0 := § - 1q,

for | = 1,2. Therefore, without loss of generality, A0 can be O(£), i.e., one
can write = (x,y,1).

Using this definition for >lo, one obtains

-AS0= fo(?i,t,dtt,q,q) (2.14)
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with

1
fo(a, (f, df>q,0) == - - 53 M '> «» s m,0Q))0h

n=1

2 2
+ 5N (9 PAQN) + e (P a))
G 1=1 1=1
2 2
+ (iip{-,0),diDJO)4) - ~¢ o ,(p (-,9).%>(+?))
N 6:1 N 6:1

+ - 5Z (IdIVAOV(->9» +e((M-»9)>ft")
N AL

+ N | 2(i<(-tf),<6) - 5 3 a,(<E,%>(+,?))

2 2 2
~ o0l q), di$) + - 53 ( -Df~) + - 53 (@™
° =i a i=i i=1
+ e2(5 3.
Vp=i
2
- — 53 4a,(0,9;7)) - e3™|0]|2(*<E(, g),«M). (2.15)
N 6=1 N

Putting the ansatz into (2.3), one obtains

dt(p+ e$) - ieaoiv + £0)
~y: RN Ao 0. -+ N
=i

(2.16)
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After eliminating the terms involved in the static Ginzburg-Landau equation
for the Higgs field, (2.16) becomes

2 2
(0)
iV
1=1 1=1
2/\ N —_~
iifis 3 = -dTi+ -<p{l- §¥) + iao<p + €j3 (2.17)
Fl
with
h(a,<j>,aQq) = - 2™ o0 B0 - iy>(-0) ¢ a/’.)’2
/=1 =i A

1

-4‘,£"/53" +0M1- IMS9)I12) - (i + *nvO»«).™)
=1

- ¥>(-,9)(*(-,9),?) - My MOV (L,9) - (1 +e)l0f2?
i),

(2.18)
Putting the ansatz into (2.4), one obtains
adt(ah+ eah) - A (ah+ eah) - £adhQo
2
+53 @ ai+te”')= + e” ’(dh ~ ioih ~ + £O)m
i=i
(2.19)

Again eliminating the terms involved in the static Ginzburg-Landau equation

for the vector potential and using condition (2.7), (2.19) becomes
adtah- Aah+ WWah- 2(<t> D" tp)
- (idhip,® - (iip, dhd = -ad Tah+ adhaO+ ejh (2.20)
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with

jir{a,<i>q) := -2 ah(<p(-,q),<i>) + DAAD)
-e\432ah - (idhip(-,g),<j>) - (i<p{-,q),dh$

The equations (2.17) and (2.20) can be rewritten in the form

adra
dT(p
aVao
+ £3
i(pao
with
(2
31
a:= am 02
Vijs)
and
-Aai + |[Hai
—Aa2+ |0]|2a2

{-zU D \on + m )

2(i4>,Df)tp) - di (i<p.<>)

2 - d2(itp,

*2 X)?=i aiD[0)(p- GX{1- [P - )

26
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Now two important properties of the operator are pointed out.

Property 2.3.1 The operator is self-adjoint on a domain VxD V2,

where
Vx:= {(a,?) Gij*->90)(M2) |V «a - e(i<p,0) = 0}
and

V2:={{alJ)eH3a"°»{R2)| l|a(x, -)|, Jl < Ce~m* 3C,m>0}.

In particular

n
nt D=d ! U () ) (2-23)
n. & n.
w/zere
( dot\
«i = ggzl neoe (dikli
. Ay "

are the 2N so-called zero modes.

n

Since G n P 2, once we prove (2.23), the self-adjointness

n;
of L(aw) is proven on V\ DV 2. In fact



2

N R
2

“¢ I ((AOW (M),4r(z,9)Kz
thi "R2 A

+ 1 \<{x,g)\2(4>(x,t), M-{x,q))d 2
Jm2 oqgn

+2X3 1 aj(x,)(iD(0(a;.9), I" (a 9))d2%,

777 */r2

- J; m - <X Q>{x, t) - (X g))d2x

- [ (¢<Mar,g),0(a;,1))(T<y3(a:,9),"-(a;,9))ci2a
Jr2 oqnR
2
=¢ | SKM)(-A|™(z,¢) + |[<EX,Q)[2"(x,¢))d2r

+2J2 1T ~-{x,q){iDj0)fp{x,q), (x,t))d2x

717 7r2 oqV

2
* 4 100D A D) .0
2

g‘lJKz d2(0 (M ),-"M K x
2

+2¢ [ di{D¥] (XRM xt))d2x
2
- e 1 (AOV A (2,9),<MM))d22

=1 ./R2 C'ili
+ 1\ g\2{~-{xiq),4>{x,t))d2x
JR2
2
_2¢, T SiM)(i-1z>?),

- L (- 1,9) (- (A»9)>0(A )N X
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where the last equality is obtained by noticing that from (2.12) it follows

and by using the exponential decay at infinity of the zero modes and their

spatial partial derivatives.
Property 2.3.2 The operator vanishes on the zero modes.

In fact, differentiating the Ginzburg-Landau equations with respect to  and

knowing that

for any fi G {1,..., 2A"}, one obtains

for h = 1,2, namely

(2.24)

for any n G {1,..., 2iV}. Also note the following:
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Remark 2.3.1 The operator can  written as follows

G T RV CCE R (2.25)
+
with
1 -¢A(orSi) + ¢|0]2(0-ai) ~
Ly -+A(aa2) + i|™|2(cro2) (2.26)
® -eLi@@)yv + iriv /
and

-2{i4>,Df\) - 9i(i<p,y)
era -2{i4>,Df\) - d2(ip(>

ELiicAQV - [<Ki - 102D - %% )

(2.27)

2.4 The Slow-Motion Approximation

The idea of the Slow-Motion Approximation is presented by using a particular
distance in the space of the solutions. The idea is to minimize the distance
between the solution of the Gor’kov-Eliashberg equations and a certain 2N-
parameter family of static solutions of the Ginzburg-Landau equations. It is
shown that this is equivalent to imposing another condition on (a, ¥ in the
ansatz. Also a condition for a0 is derived. Finally, a system of O.D.E.s for

the parameters is obtained.

Given the static solution of the Ginzburg-Landau equations (a, (/?), the

Slow-Motion Approximation amounts to finding the solution of the Gor’kov-
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Eliashberg equations (A, $) which minimizes the distance

[ (0\A(x,t) - a(x,q)R+ IB(x,t) - ip{x,q)\2)d2r

JR2
in the moduli space of the parameters g. The choice of this distance is
inspired by the Abelian-Higgs case, [Stu94,1]. Since a constant a appears in
(2.1) and (2.2), we need to give this definition of distance in order to be able
to find an approximate O.D.E. system for g. At the minimum

—d——f (cnNA(x,t) - a(x,q)+ [$(a;,i) - ip(x,q)\)d2x = 0
do i Jr2

must hold for any fi G {1,..., 2N}, which is equivalent to

)=0 (2.28)
for any /iG {1,..., 2Af}.
Moreover, for any // G {1,..., 2AT}, we have
2
<jval(- 1) J ( nj.(-a(t))
ia0(-,0)<p(-,q(t) v 'y n2(-,q(1)) JR2V

* (@0, )id(x, 4 ¢tHW- (x,q(t))))d2x
2
= - 1na Q) (A YAINX,q (1) - (iTpDxa(t), A-{x,q(1) N jd .

Then, using condition (2.8), one obtains



for any g G {I,..., 2iV}. Also, differentiating (2.28) with respect to t, one

«(“MIM'IM1)’

Now a system of O.D.E.s for the parameter q is derived from the equations,

obtains

using the conditions mentioned so far. In fact, from (2.22)

era n:
(dt n#ﬂ h + 1 a )
nl n.
adTa n 0
[ = ™. \ E>(1 - &
avao \ | n!
+ ( > 1)+ £U’nu)
iaO(p j yn;
2N da
g dau follows. Then, using (2.23), (2.24), (2.29) and (2.30),
/= E(ove(¥)) 1\ nii (<)
on},
_e(
& (+.«(*))
= %}rz 2(0))(1- \HX,2(i))]2),n2(x,q(t)))d:
4- S(j(a('St)! 0('! I), 2007 t), g(l))’ q(t))) (231)
forany /i G{1,..., 27V}. To leading order,
2N 5 da
I >(¥)
Ei V E£<e.«(<» «E(->0(*))

=\ i {PfalUW - VP{xq())\2,ii2(x,g(t)))é

¢ Ju?2

32



for any fie {1,..., 2TV}

2.5 The Metric

The matrix in the left-hand side of the O.D.E. system (2.31) for g is the sum
of a part depending only on the static solution and another part of order
e. The first part is associated with the metric in the moduli space of the
parameters g and it is shown to be invertible. The metric is examined away
from the zeros of the Higgs field. All the results will extend by continuity
to all the points of the moduli space. The entire procedure in studying this
metric is based on work by Samols, [Sam92]. The invertibility of the first
part and the small correction given by the second part to the determinant of

the first matrix guarantee the invertibility of the complete matrix.

The invertibility of the matrix

A(a,4>,Q) - (<V(O! (/)! q))

with

0)* (

must be proven. First of all the metric associated with

-»2 N}
is examined for g £ R2N\ Z#
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After defining
a* ;= i(ai - ia2) and 7:= dty,
the first Bogomol’nyi equation can be rewritten as
a* = idzlnq
with dz := \(di - id2) [JT80, p. 61], and then
dta* = idzf).
From u = In\g¥ one obtains
dtu —21Ze 7.
Moreover
dta* = - (d{Zm 77+ d21Ze 1j 4- i(d2Xm 1j - dille 7))
and then, because of
dta\ = d\Lm 7+ d2He j and dta2= d2Xmrj- dilZe 77,
we have

V edta —AXm 77

Therefore equation (2.8) can be written

aAim 7—euXm rj = 0. (2.32)
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After differentiating with respect to t the second Bogomol’nyi equation for u

on R2N\ zZ#

-Au+eu- 1=0 (2.33)

yields

AlZe ] —eWZe j = 0. (2.34)

We now define SQasa set of nonoverlapping discs of radius g centred at

zeZ# and wuse itinthe following calculation:

2~ dgn dqu
Aip v dGi" d(i» » dtodt

[ (4adta*{x,q)dta*{x,q) + \dt(p{x,q)\2)d2x
JR2

/ (4crdzfj(x,q)dir](x,q) + \tp(x,g)\2T](x,q)fi(x,q))d2:
JR2\Se

f (4adta*(x,q)dta*{x,q) + \dtip(x,q)\2d2x

+

Jsi

4aUe /| dz(fi{x,q)diri{x,q))d2x
JR2\sc

bHe / (- aArj(x,q) + \ip(x,a)\A](x,q))fi{x,q)d,
JR2Se

J[Sn (4adta*(x,q)dta*{x,q) + \dt(p{x,q)\2)d2x
(2.35)

with dz defined above in this section and

& = + N2
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Since the integrand of T is smooth the last part of (2.35) is 0(Ng2), which

vanishes as g —0. For

He / dz (j](x,q)dzr](x, q))d2x
Jrasc

the same arguments as those in [Sam92, section 4.2] are applied. There it
was shown that, by using the divergence theorem only the contributions from

the neighbourhoods of the zeros S6are left so that

f dz {ff{x,q)di'n{x,q))d2x = [ fi(x,q)dgT)(x,q)dz. (2.36)
JR2\Se Z JdSg

We assume that the zeros of the Higgs field {Z1,..., Zjy}aredistinct, so all
have multiplicity one. In a neighbourhood of Zr from ip(z) =(z —Zr)hr(z),

[JT80], it follows that
u(z) = In|<M®2=In —Zr|2+ smooth (2.37)

and, using the definition of 77, that

*e> - - jh rf- (2756
Writing u = In \(p¥ (2.13) becomes

Aim - euXm n —O0. (2.39)
Adding (2.34) to (2.39) it turns out that, for z ™ ZT,

Ar] - eup=0

which, extended to all points of R2, becomes



Equation (2.33) extended to all points of R2 becomes
N
-Au +teu-1=4tJ2s(z~zr)- (2-41)

r=1
Note that (2.41) is the equation analysed by Taubes in his proof of the

existence of vortex solutions.

The solutions of (2.40) and (2.41) may be related in a simple way. Differ-

entiating (2.41) with respect to Zr gives
(2.42)

Turning now to the boundary conditions on u and 77, we note that the finite-

ness of the static energy requires

lim u(z) =0
\z\—>+00
and the fact that a metric on the moduli space of the parameters Z\,..., Zjy

has to be well-defined everywhere, [Wei79], requires
\Zlim Tlz) = 0.
Thus by the linearity of (2.40), and for the boundary conditions on u and 7

just mentioned,

(2-43)

Using successively (2.38) and (2.43), and neglecting terms of G(g), the

right-hand side of (2.36) can be rewritten as

(2.44)
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where for each s the integration is around the circle \z —Zs\= g. Now, near

Zs, a Taylor expansion of the smooth part of u in (2.37) gives

uz) = Injz - Z,[2+ as+ %) + &(*- %)}
+ ¢s(z —Zs)2+ ds(z —Zs){z —Zs) + cs(z —Zs)2+ 0("3),

(2.45)

where to satisfy (2.41) we require

ds= -j-

Hence for z near but not equal to Zs, it follows that

du 1dbs 1 N
dsdZr = 2dZr + I 5ra+ ° {e)-

Substituting into (2.44) we obtain finally

L\s, g)d” lix"q))d2x

For a single vortex (N = 1), u is rotationally symmetric and the coefficient
bi of the linear term in (2.45) vanishes. When there is more than one vortex,
the br in the Taylor expansion are non-zero; they describe the leading local
change in the fields at each vortex due to the presence of the rest. Since (see
[Sam92, Appendix A]) a system of well-separated vortices is approximated
by the superposition of 1-vortex solutions with an error exponentially small

in the separation, the br will then be small of the same order and then
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For
Tie / (-aATrj(x,q) + \(p(x,a\2r](x,q))fj(x,q)(fx
JR2\Se

one notices that, for (2.32,)
1Ze {(-aArj + \(P2ADfj} = (-crAHe 7+ \p\21Ze rj)He 7 (2.47)
and, by invoking (2.34), one obtains
-0AlZe ]+ \y\2He rj= (1 - a)AHe 77 (2.48)

As discussed in the introduction, we restrict our attention to a = 1+ 0(e).
Therefore, using (2.48) in (2.47), one obtains

7Ze | °&'n{x,q) + \p(x,q)\2'q{x,q))r)(x,q)d2x = 0{e).
jR2se

(2.49)

Using now (2.46) and (2.49) in (2.35) it turns out that at leading order T

m dzr dZr

4% dt dt
and then the matrix associated with the kinetic metric T is proportional
to the identity matrix, which is trivially invertible. Then detA'(q) * 0 is
invertible and consequently, for e > 0 small enough, even detA(q) / 0 for
q £ R2N\ 4Zj,. Extending this result by continuity to Z” the invertibility of

A(q) is proven everywhere in R2n.
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Chapter 3

An lterative Scheme

In this chapter the original coupled P.D.E.s associated with the Gor’kov-
Eliashberg system are used to define a system of elliptic equations, parabolic
equations and a set of O.D.E.s. The existence of a solution to this new system
is shown in sections 3.3 and 3.4. The exponential decay of the solutions
at infinity in space is discussed as well. The iterative method allows us
to find certain estimates for the solutions in terms of the initial data and
the functions on the right-hand side of the system. The first section aims
to describe the exponential decay at infinity of the static solutions of the

Ginzburg-Landau model.

3.1 Higher Derivatives of the Static Solution
As given in section 2.5, the second Bogomol’nyi equation can be written

-Au +eu-1=0 (3.1)
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on R2\ zZ~. Differentiating (3.1) with respect to Xj yields
—AdjU + eudju = 0 (3.2)

on R2AB (0, R), where B(0, R) is a closed ball with regular boundary contain-
ing all the zeros of (p, which are the singularities of u. Given thedefinition

of u, u = In\92, it turns out that
eudju = dj(\<p\2) = 2((p,D f)<p) (3.3)

holds. Then, using (3.3) and the fact that the covariantderivative of the
static Higgs field is exponentially decaying at infinity and that u vanishes at
infinity, [JT80], one obtains that
lim \dju(x, g\ < 2| |Iim \Df*Mp(x, g\ = 0
X|—+00

|af|—+00

uniformly in x.

We now invoke the following,
Proposition 3.1.1 Letu GC°°(Rd), v G C°(Rd). Suppose that for |rd > R,
Au(x) - 2b(x) *Vu(x) - m2(1—v(x))id(x) = q(x)
and
lxllLrQOO w(@)l = 0, |x||_i>nQoo li>(:c)|=0

uniformly in arg(x). Suppose that b is bounded and
\g{x)\ < Mie-ff}Y
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for Mi > 0 and 0 < a < +00, and define bO:= sup|x/>ie \b(x)\. Then given

0 < e < I, there exists M(e) < +00 such that
\u (x)\<M (e)e~"m~

with fn := min{(m2+ bo)L/2—ho, cr}.

Proof See [JT80, IlI, Proposition 7.4].

From Proposition 3.1.1 it follows that a solution of (3.2) is such that
(3.4)

with constants Ci,mi > Odepending only on g.

Now thedefinition of u is used to define a new smooth function u on the

whole plane as follows:

u(x,q) if x 6 K2\ £(0, Ri)
0 ifx e B(0,R2)
u(x,q) := <
smooth interpolation between u and 0
itxeB{0,R1)\B{0,R2)

with R2< Ri. Then, it follows from (3.2) that u solves on M2 the equation
-Adju + e*dju = f (3.5)

with / smooth and different from zero only in B (0, Ri) \ B (0, R2). Since djU
has the same behaviour at infinity as djU G L2(R2), and since eu is bounded,

the Fourier transform may be taken. Thus dju G L2(M2) and



One of the properties of the Fourier transform on L2(R2) [Eva98, 1V, theo-
rem 2] tells us that, since AdjU G L2(R2),

Adju(f) = -verv2dju GL2(R2).
Thus (1 + |f2ydju is in L2(R2), which is equivalent to
dju GH2(R2)

as shown in [Kes98, page 52]. Differentiating (3.5) with respect to Xk one

obtains
- AdXku + euBku = dkf - e%udku. (3.6)

Since 4¢ju,dku and dkf are exponentially decaying at infinity and euis bounded,
the right-hand side of (3.6) is exponentially decaying at infinity. Moreover it
has just been proven that du is in L2(R2). Iterating the previous procedure

one obtains

d%ueH\R?2).

Now we recall two results:

Proposition 3.1.2 (Sobolev Imbeddings) There exists a constant ¢ =

c(m,p,q,d) such that for all f G WA+n,g(Rd) and for pd/(d + pm) < q <p,

\A\WI BRI A cl/|wd+maM)j

W j+rm'q(Rd) C Wjp(Rd).
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Proof. See [JT80, VI, Proposition 2.5].

Proposition 3.1.3 Suppose u G WK1,p(Md) for some p > d. Then u satisfies

;é_iﬂoo SR, \u(x)\ = 0.

Proof. See [JT80, IlI, Proposition 7.5].

In particular, from Proposition 3.1.2 it follows that
H2(R2) := W22(R2) C w 13" 2)
and from Proposition 3.1.3 it turns out that
lim sup \dlku(x,g)\ = 0

holds. Thus, all the hypotheses of Proposition 3.1.1 are satisfied and a solu-

tion of (3.6) exists for which
[d%u(x,q)\ < CZe- n*xI (3.7)

with constants C2m2 > 0 depending only on g Differentiating (3.6) with

respect to xi and repeating the previous arguments one obtains
\d]klu{x,q)\ < C3&~m (3.8)

and so on for the higher derivatives.
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As a consequence of our choice of gauge in section 2.2, in M2\ £2(0, R) the

fields may be written
P=e% ai = ~dau, a2 = -*diu.
Now all these results are used to prove,

Remark 3.1.1 The following quantities:
sup \djdkdt...<p(x@\
xG\V2 s '

and

sup |djdkdi... ah(x, g\ with h= 1,2

r
are bounded by a constant dependent on g and r. Moreover, if q is within a
compact set of R2N, say Il, there exists a constant M > 0 independent of x

and q and dependent only on Il, r and s such that

d d d
sulg2>< Idjdkdi... . L <p{x,q)\<M
{x,q)eR2xn ‘dg”hdqvdqT
V_

r N

S
and
. ) d )
sup  |djdkdi... ——— ... (*h(, g\ <M withh= 1,2
(x,q)£ER2xn s- dg» dqvdqT
forr,s = 0,1,2,
In fact

sup \dj(p{x,<)l = max{ max \dj<p(x,q)\, sup \djip{x,q)\}
xeR2 x£B(0,R) xm 2\B{0,R)
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This supremum is shown to be bounded because maxxeB(o,R) \dj<p(x,q)\ is
finite since dj(p is a continuous function on a compact domain and because,
from the definition of the static Higgs field and from what has been proven

at the beginning of this section, we know that

sup \djcp(x,q)\= sup  \dj{e”xq)\
xm 2\B{0,R) xER2\B{0,R)

< —i’\u(x'q} sup  \dju(x, )\ < +00,
XxER2\B(0,R)

where x yields a maximum of u. Analogously
sup |&k<p(x, g)] = max { max |&k(p(x, q)l, sup |d%kip{x, g)[}
XER2 xeB{0,R) xE£R2\B(0,R)

is shown to be bounded because maxxGB0#) Bjk(f{x, g) \is finite since dx’pis
a continuous function on a compact domain and because, from the definition
of the static Higgs field and from what has been proven at the beginning of

this section, we have

sup sup \d% (e™)\
xER2\B(0,R) xeR2\B{0,R)

< liu(xg)  sup |& u{x,q)\

* xeR2\B(0,R)
+ sup [dju(x, g)\dku(x, gq)\ < +00,
4 xeR2\B(0,R)

with x as above. The same method can be used for the higher derivatives.

One proceeds analogously for c”. For example,

sup |ai(x, V)| = max { max \oti(x,q)\, sup \ai(x,q)\}.

xeR2 xeB{0,R) xE.R2\B(0,R)
This supremum is shown to be bounded because maxxeB(oR) g)\ is finite
since is a continuous function on a compact domain and because, from
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the definition of the static vector potential and from what has been proven

at the beginning of this section, we have

sup \al(x,g)\ =\ sup \d2u(x,q)\ <+ 00.
xeS.2\B{0,R) Z ieR 2B (0 R)

Analogously

)s(trjﬁz\djai(x,q)\ = max {)&dh\djai(x, q)\, )dﬁﬁQFQ \djQii(x, 9)|}

is shown to be bounded. The same method can be used for the higher
derivatives. For the derivatives with respect to q we proceed in the same
way as for the derivatives with respect to x. We notice that from (3.1) an
equation like (3.2) for the holds. Since

du
M];)“.’,'_OO |§(ﬁg*>f|)|: 0»

from proposition 3.1.1 it follows that they are exponentially decaying. Then
we iterate this method for the higher derivatives and the exponential fall-off

is proven for all the derivatives with respect to x as well as q of the static

solution (a, ).

3.2 The Iteration System

The new system for the fields is still coupled. An iterative system is defined
in order to uncouple it. This system consists of an elliptic equation, two

parabolic equations and a set of O.D.E.s.

Putting together (2.14), (2.22) and (2.31), the aim becomes to prove that

the system



q= f2@a<>a0q) (3.9)
with
/o(a, t>a0, dt(),q,q9) =/, (a, 9 dt(), g, g) + eaO, (3.10)

for /o like in (2.15),

2N (”,, da (
f[{a,4>,a0q,q) := - 2 S0
v=\
+ ° ]+ ( ~Va® | +d(a>'?Lao0!9)
(3.11)
f{a,~a0q) = A 1(«>0’tf)(?’ﬁR2 (</>(z,?)(I - |0(x,9)|2),n2(a;,9))d2s;
+ e(j(a,<£,a0,i7),n(-,9)))) (3.12)

has solutions bounded in some normed space. An iterative method will be

used to show this.

The following system of linear partial differential equations is defined:

-Aa,+1) + £00+1) = /Jo(aW, &\ Oq\ dtd q{\ q{l),
(3.13)
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. WWTY)

(3.14)

C+]>= (3.i15)
with
ac(-,i):=a(-#(1)), *>«(9 = p(.,g@()):

t

Define
Ip()(x,t) =
and, for the initial data, choose
ao\x,t) :=00(x,00 = 0, ip{O)(x,t) :=ip(x,0), ¢@O)i) := ¢(0).
Below we will use the following notation:

fo(i, x, t) := fo(aw (x, t), €M (x, t),ci™\x, t), dta){x, t), gM (1), gM (1)),

fi(i, x, t) := h (aw(x,t), HD(x,t), ao+1) (x,t), gw (F), qw (*¥))
and
f2(i,x,t) := f2@M(x,t),™)(x,t),ao+\x,t),q t)(t)).
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3.3 The Elliptic Equation

The existence of a solution to (3.13) is now shown. We outline a possible
proof based on the knowledge of a fundamental solution of the equation.
For a complete proof two theorems about the equation (3.13) are displayed.

These theorems also establish the regularity of the solution.

Theorem 3.3.1 A solution of (3.13) exists on the whole ofR2 and has the

following form:

Oo+l\x,t) = f fo(i,y,t)Ko(~\x-y\)d? 3.16
)erz(y)( y\)d?y (3.16)

where is the first K-Bessel function.

Proof. It is known that u(x) := ~Ko(y/e\x\) is a solution of
—Au(x) +eu(x) =0

forie M 2\ {0}, where Kqis the first if-Bessel function [ES92, 2.9, example
2.116]. (For a complete discussion of the if-Bessel functions see [Abr57, 9.6]).
Now we prove that (3.16) solves (3.13):

-ASq ~(x,t)+£:a0 \x,t)

— —A* JfRZfQi,x-y D) K Qvely\)d2y

+T- 1 - y,t)Ko{Vely\)d
Rl y,t)Ko{Vely\)d2y
=- T JfRZ Ay/0(i,x —y,t)KOy/s\y\)d2y

+ 1T }Fafo(i,x ~ vy, 1) KQVs\y\d2y
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- )}-L%JLQZ\B(G’\O Ayfo(i,x —y, t)KO(~\y\)d2y

¥ olr !i'ﬂrgJF/eZ\B(O)mf(x" X -y, HKOVewy\)dzy

—J—lim fO(i,x-y,t) AyK Quy/e\y\)d2y

Z7T 72-50 \B (0>1?)

* 90 vroade(or) O TNX-Y DA (VEW) dy

N

-1i i ~N-(i,x -y, ) KUy/e\y\)d
2tt I>>7r];]‘0\|]d8(0>7?) (I,XOI”I y’) (Xyey) Zy

+  lim J 10G, x -y , i)-fro(viely|)<izy

Z7T ©-*0 J R2\B (o”)

2lim ykz\B(oﬂ)fo(i,x-y,t)(- AyKo(VEW\) + £Ko{Ve\y\))d2y

+ fo(i,x-y,t)*-(Vely\)d2y

2?r *?->0 y aB{0fl)

- 27T>”7—>ln@]J(;B(0,ri)A -{i,x-y, t)KQy/e\y\)d2y

1 2x /BK \
~2798SI A X~ (AT (v&)) Ir=

lim7/0(* a:-ij5.1) (Vv en)

+ IimYl((’)‘(j,ar - ru,*))| 77K/\s/lrj)

rj-*0 r

-fo(i,x,t) limvi~-iVer)) + ~N-(i,x,t) limr]Ko(,/er]).
\ ar | |r=77 ar vV-*0
According to [Abr57, 9.6.13, 9.6.12] a constant 7 exists such that

i»(Vi,/2)(i+~  +A +..0)

-7+ (-T+1) "™ + (-7 +3/2)<SglE + ...

5l



and

- jAVH Vsv/2)- A P2 3In(vArli2)

+ (v~ o+ T2 + 't
Therefore

dKi

. . o I _
7\g_\>r51r]Ko(y/er|) 0 and il?l_rl]om\ (/o/|r)/) 1,

or \r=rj

which allows us to conclude that

-ASq+l) + eSotl) = fof{a{\ ftt\aQ),dt@EM,q{t),q{l)).

The aim is now to discuss the regularity of a solution of (3.13). We recall

the following results:

Proposition 3.3.1 Let f G L2(Rn) and let Uy be a positive real constant.

The problem
—Au(x) + yju(x) = f(x), ier
| |Iim ux) =0 (3.17)

has a solution u ¢ HI(WI) in the distributional sense. This solution is

unique.

Proof. See [Kes98, 3.2.6].
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Proposition 3.3.2 Let u GH 1(Rn) such that
—Au(X) + uju(x) = f(x), xG In

m the distributional sense, with f G Hm(Rn) and where m > 0 is an integer.

Then u G Hm+2(Rn) and
|Mi/mE2(R) < (3.18)
w/iere C > Qis a constant independent of f.

Proof. See [Kes98, 3.3, theorem 3.3.1].

Finally a result about the regularity of the solution of (3.13) will be used

later on:

Proposition 3.3.3 Let u Gi/*M 2) be a solution in the distributional sense
of the elliptic equation —Au + oju = f in R2 and suppose that the function

f is in HKk(R2) for any k GN with k > k. Then u G C°°(R2).

Proof. From Proposition 3.3.2 it follows that u is in Hk+2(R2) for any k G N

with k > k. Moreover from Proposition 3.1.2 it turns out that
Hk+2(R2) C W I'p{R2)

for p > 3. Knowing that, ifp > 2 then every u G VFLP(R2) is Holderian. In
fact, from [JT80, 6, corollary 2.7, (6)],

\u(x) - u(x0)| < C\dju\woRR)\x - x08
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with /? := 1- 2/p, for any x,rcO € R2. Since u G W 1LP(R2)
lu(x) - u(x0)| < (3.19)

yields. Thus, for every e > 0 exists ¢(5) := ~ > 0 such that, if \x —x0\ <

5(e), then, using (3.19),
\u(x) —u(xo0)| < e.

So the continuity of u on R2 follows. Iterate the same method for the higher

derivatives of u with respect to x in order to prove the smoothness of u.

3.4 The Parabolic Equation

The existence of a solution of (3.14) is proven by induction. Such an equation
can be split into two parabolic equations, one for a and the other for 0. The
general theory about the parabolic equations is used to prove the existence

of solutions and to study their behaviour as |rr] tends to infinity.

Consider a second-order parabolic operator:

n

LXtu(x, t) := -dtu(x,t) + 53 aij(x,t)diju(x,t)

ij=1
+ n bi(x,t)diu(x,t) + c(x,t)u(x,t) = f(x,t). (3.20)
=l
Assume that the functions bi and c are continuous on Rn x [0,T] and
that A> 0 exists such that
Xn)oy(iT,t)&fc> Al£|2 (3.21)

hj=1
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for any f £ Rn and for any (x,t) E Inx [0,T]. Condition (3.21) is called the

ellipticity condition.

It is possible to find a solution of the Cauchy problem (3.20) using Green’s
functions. A fundamental solution of (3.20) is a function t, r) defined
fort >t and x, f £ Rn such that for each continuous bounded function g on

Rn the integral
)= L. c(0r(*,f,*,0)d"f
u(x,t) j:mc( r( 0)
converges, LXtu(x,t) = 0 fort > r and
£I_i’n6+u(x,t) = g(x).

The existence of such a fundamental solution has been shown in [Fri64,

chapter 9].

Now we want to discuss the existence of a solution of (3.20) and to analyze
the behaviour of that solution and its derivatives with respect to x, as |x|

tends to infinity.

Proposition 3.4.1 Let the function g be continuous on Rn and, given H :=

Rnx]0, T], let f be continuous on H and satisfy a Holder condition on x. Let
\e(x)\ + |/OM)| < CeCIW2>\ >0, O0<t<T (3.22)
for some constants C and C\. Thenfor 0 <t < T the function

u{x,t) = [ g(E)r(x,£,t,0dnE+ [ [ [(E,r)r(a;,E,t,r)iin™r
it" Jo JRn

(3.23)
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satisfies (3.20) and
li 1) = : 3.24
£_|>f8+U(X ) = a(x) (3.24)
Here \u(x,t)\ < CZCI~2~vf for some constant C2 andfor 0< t < T.

Proof. See [ES92, 2.5.7, theorem 2.82] for references.

A regularity result for the solution of (3.20) is given by

Proposition 3.4.2 Given H := Rnx]0,T], if the coefficients of Lxj and f
are infinitely often differentiable with respect to x in H, then every solution

u of (3.20) is infinitely often differentiable with respect to x in H.

Proof See [Fri64, 9.6, theorem 10].

The uniqueness of the solution of (3.14) is established in the following

Theorem 3.4.1 Suppose that H := Rnx]0,T] and that the coefficients of
the operator LXt are bounded in H. Then the Cauchy problem for (3.20) can
have at most one solution in H in the class of functions of C(H) satisfying

condition

KM)| < CeaW2 inH, (3.25)
for positive constants C and a.

Proof. See [ES92, 2, corollary 2.75].
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In particular, since Lg¥X satisfies the ellipticity condition and all its
coefficients are continuous and bounded functions in H, the solutions

and exist satisfying (3.25).

It is possible to extend the outcome about the behaviour at infinity of u

in Proposition 3.4.1 to its derivatives with respect to x:

Proposition 3.4.3 Let all the hypotheses of Proposition 3.4-1 and Proposi-
tion 3.4-2 hold, with aij andbi independent of x and » 0- (x, t) bounded
inx on H for all 0 < \P\ < r, with r an arbitrary positive integer. Further-
more, let us suppose that the functions a & (x) are continuous on Rn,

dx%? (x, t) are continuous on H, satisfy a Holder condition on x and

oxj .

[— ZA — N A"
\dthdxrt(x)\+ 1&[1” rM \ <cec

.dxin
(3.26)
in the interval 0 <t< T, forry> 0 andfor all 0 < V& <r. Then
hx{l...dxt(x't]\ - CzeCM (3-27)

for some constant C3 andfor0< t < T.

Proof. From Proposition 3.4.2 and using the hypothesis on the differentiabil-
ity of g,f andthe coefficients of LXt, by differentiating (3.20) with respect
to Xj, itturns out that djU is the only solution of

LxjvOr, t) = djf (x,t) - djc(x,t)u(x, t) (3.28)
satisfying the condition
v(x, 0) = dju(x, 0) (3.29)
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on H. By using the conditions on g, / and applying Proposition 3.4.1, it
follows that |dju(x, ¢)] < C*eO0™ 2\ for some constant C3and for0 < t < T.
An iteration of the previous method for the higher derivatives with respect

to x allows us to prove (3.27) forall 0 < VA < r.

n

3.5 Exponential Decay of 5(6) and

In the sections 3.3 and 3.4 the existence of solutions to (3.13) and for (3.14)
has been shown. Now we want to discuss the behaviour at infinity of the
functions a0 and " for all i GN. Let us suppose that the first iterates, i.e.
the initial data ao(-, 0), a(-, 0) and <X+ 0) are CE° in x. During the proof we

will need the following:

Lemma 3.5.1 Letf :R2—»E such that djf G L°°(R2) exists, forj = 1,2.

Then f is Holderian.
Proof Let us start with
() - Fx YOV = 1Y) - Hxy) + Fixy) - fx Ly
< K(x,y) - f(x", Y\ + [fix",y) - fix", y)\

From the mean value theorem

¥(x.y) - fix"y) |

\X ) \d\f{ri,y)[

follows for some v £1x',x [ and also

I/Aty) —fjxtyo\
y - Y\
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for some f €]y",y[- Therefore

oYY =TT qup \difv.w)r<c

and
HXEy) - YN g 2w < C,
IV - y'\ (ti, m)ek2

where such a constant C > 0 exists by hypothesis.

Under the previous hypothesis we can show the following

Theorem 3.5.1 Let us suppose that the initial data ao(-,0) = 0, a(*,0) and
H0) are in C™ in R2. Then Qg ”~and which are the solutions of
(3.13) and (3.14) respectively, are in C°° in R2for any i G N and their partial

derivatives with respect to x are exponentially decaying as x tends to infinity.

Proof. The results will be proven by induction on i. For i = 0, using
the hypothesis on the initial data, the definition of (j) given at the end of
section 3.2 and the fact that the zero modes decay exponentially at infinity

with respect to x, it follows that

[/o(0,* ,t)|[<C <°>e-mW)W

for some constants > 0. Then, since /00, *,t) ¢ L2(R2), from
Proposition 3.3.1 it turns out that ap (%, t) is the unique solution in the sense

of distributions of (3.13) such that

lim Sg\ x,t) = 0

|a;]—+o00
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and a0 (-1) G AR 2). Actually, since a(-,0), 9¢.0), 20(*0) and ~A(-.0)
are C°° functions in x identically zero outside a certain compact subset of R2,
since the zero modes are also C°° in x and all their partial derivatives with
respect to x are exponentially decaying when x tends to infinity, it follows

that /0(0, «¢) G C°°(R2) for any 0 < t < T and, for any positive integer r,

~ cWe_mW|x| (3-3°)

for some constants C*\m~ > 0, forall 0 < V3 < r, and 0 < t < T.
Therefore /0(0, -,t) G Hm(R2), with an arbitrary large integer m > 0. Thus,
applying Proposition 3.3.2, one obtains a”~”~t) G # m+2(R2). Now, using
Proposition 3.3.3, one obtains that ao”™(*,i) G C°°(R2) when 0 < t < T.
From Proposition 3.1.2 it follows that, by choosing d = 2, j = 1, p = 3
and g = 2, Hm+2(R2) ¢ WM,3(R2). Then, for any positive integer r, another

positive integer m big enough can be chosen such that

NS (',,sh,u(r2)
forall 0 < V3 < r, when 0 <t <T. Thus, Proposition 3.1.3 allows us to

conclude that

lim — ——-—~(x>)=0 3.31
M—*+oodX{1...8Xt (x) ( )

uniformly in x for all 0 < V3 < r, and 0 < t < T. By differentiating
(3.13) with respect to x on R2 and recalling (3.30) and (3.31) one can apply
Proposition 3.1.1 so that

1 dwWa-° {xX, )\ < ¢ f
dxl1...dxt
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with constants >0, forall 0O< |2 <r, when0<t<T.

Now, since a(-, 0), ¥4+ 0), Sq t)and the zero modes are C°° on E2, it turns

out that also /i (0, t) G ™ (E 2)for any t G [0,T]. Now, using Proposition
I

3.4.2, one finds that | , the solution of (3.14), is C°° on E2 for

\ )
any t G [0,T]. Furthermore, since the derivatives with respect to x of a(-,0),

- ~(i)

0(*,0), ag (-,£) and of the zero modes up to any order are exponentially
decaying as |x| tends to infinity, one obtains that the derivatives of /i(0, *,£)
with respect to x up to any order are exponentially decaying as |x| tends to

infinity, for any t G [0, T]. In particular, from

with constants CA*\m ™ > 0, forall 0< VA < r, when 0 < t < T, it follows

immediately that

0,-,f) GL°°(E2
dxil...dxnn( ) (E2)

forall 0 < |/3 < r, when 0 <t < T. Thus, using Lemma 3.5.1, one obtains
that _(q? isHolderianon x, forall0 < M\ < r—land 0 <t<T.
Now, by using Proposition 3.4.3, we find that two constants mf >0

exist such that

forall 0 < V& < r —1 when 0 < t < T. We now assume that 5@,
and ()™ are C°° on E2 and that, for any positive integer r, constants

B[, , BN k[N, > 0 exist for which

DI
dx{l...dxfr (bl <
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(x,t) I < Bf-'e
dXil...dXn

and

ldxA*dxfr{Xt)l- B*i>)e~-k3 ™
forall0< |jl§ <r, when 0<t< T, for I <i. The aim is to prove that the
same inequalities hold for dg \ a&¥+1™and (y™MI\
Using (3.14) and the induction hypothesis one obtains that dt(j)™ and all
its derivatives with respect to x are exponentially decaying, as x tends to
infinity. Using this result, again the induction hypothesis on aQ, afi and
$Wand the fact that the zero modes decay exponentially at infinity with

respect to x, it follows that
[/o(*,*,i)|<1?(Q)e-mOW

for some constants > 0. Then, since fo(i, - t) € L2(E2), from
Proposition 3.3.1 it turns out that a0 (-,t) is the unique solution in the
distributional sense of (3.13) such that

lim al \x,t) =0

[*|-H-00

andal,+ \-,t) 6 H1(E2). Actually, since OW(-,£ ) , ¢), dt)W-,t)
and the zero modes are C°° functions in x and all their derivatives with
respect to x are exponentially decaying when x tends to infinity, it follows
that /o(v> ¢) £ C°°(M2) for any 0 < t < T, and for any positive integer r,

Lggn - gyiall XDV s cwe ="K (3.32)

62



for some constants >0 forall 0 < |7 < r,when 0 <t < T.
Therefore /0(z, -,t) G# m(R2), with an arbitrary large integer m > 0. Thus,
applying Proposition 3.3.2, one obtains 54 \',t) G Hm+2R2). Now, using
Proposition 3.3.3, one obtains that g \*,t) GCO00* 2) when 0 < t < T.
From Proposition 3.1.2 it follows that, by choosingd = 2,j = 1, p = 3 and
q= 2, 77m+2(M2) C WM,3(R2) and then, for any positive integerr,another

positive integer m big enough can be chosen such that

a° m+*) e W 1,3(R2)
dXil...dXn

for all 0 < |f3] < r, when 0 <t < T. Thus, Proposition 3.1.3 allows us to

conclude that

lim —%2 " g =0 (3.33)
M>+too dxfl...dxfc

uniformly in x for all 0 < V3 < r, when 0 < t < T. By differentiating
(3.13) with respect to x on K2 and recalling (3.32) and (3.33) one can apply

Proposition 3.1.1 so that

dXi1l...dxnn

with constants >0, forall 0< |3 <r, when0<t<T,
Since an(*, 1), <7(*,t),aQ (*t) and the zero modes are C°° on M, it turns
out that also fi(i, -,t) ¢ C°°(M2) for any t ¢ [0, T]. Now, using Proposition

o t) \
¢ I, the solution of (3.14), is C°° on M2

for any t ¢ [0, T]. Furthermore, since every derivative with respect to x of

an(-,t), 07 (*,t), Sg+\",t) and the zero modes are exponentially decaying
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as |a| tends to infinity, one obtains that also any derivative with respect to x
of fi(i, *,i) is exponentially decaying as x tends to infinity, for any t G [0,T].

In particular, from

"dx/N.-.dxt
with constants >0, for all 0< |[/3 <r, when 0< t < T, itfollows
immediately that
OW/I f, r roo/p2\

for all 0 < |/? < r, when 0 < t < T. Thus, using Lemma 3.5.1, one obtains
that —37- k"-(1, nt) is Holderian on x, for all 0 < V& < r - 1 and when
0 <t < T. Now, by using Proposition 3.4.3, we see that two constants

> 0 exist such that

Moyl (M 1< co8 v w3 w

ftrfl. . dxnn' "Sxf1...dxn
for all 0 < |3l < r —1, when 0 < t < T. So we conclude that all the
derivatives with respect to x of and <N+1) are exponentially decaying

at infinity.

3.6 Estimates for Ea%) and

Estimates in certain Sobolev spaces are derived from the equations of the
iterative system. First of all the norms for those spaces are defined. Then
estimates for the fighds a0 and are given in terms of the right-hand sides

of (3.13) and (3.14).
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From Theorem 3.5.1 one knows that all the iterates a0 (s, t) are in H3(R2),

and are in E2). This allows us to define
iV . OH = max |i(-, s)|"3(r2)
and
"M H = " fx |# (-,s)]3ia(.,,(0).

For the 2Ar-real parameter family the following norm is defined:

2N
[ev(i)h=EI"W I.
n=l
Firstly we state
Lemma 3.6.1 Let the initial data a0(-,0) = 0, a(-,0) and 0(-,0) be in
C£°(E2). Tlien; for any 5g+\ ¢/ie solution of (3.13), a constant C > 0

independent of i exists such that

lao () I£3(r2) < C\fo{h »MIiJR)* (3.34)

Proof. From the hypothesis, using Theorem 3.5.1, it turns out that the
quantities in (3.34) are all well-defined. Thus the inequality in (3.34) follows
directly from (3.18) for m = 1 and with the constant C > 0 independent of
(¢, -,£), i.e. independent of i.

Furthermore, an estimate for "ip™ is given by the following

Lemma 3.6.2 Let the initial data aO(-,0) = 0, a(*,0) and < 0) be in
C™(R2). Then, for any the solution of (3.14), constants C, K > 0
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independent of i exist, where K := 2(H-Ri+ R2+ R3)2> 2 with constants

Ri,R2Rs > 0 independent ofi, such that

<K\~ i+1\;0)\3MMD) + C Jf 1/i(i, .,a)|ze{m )ds.  (3.35)
0

Proof. The inequality (3.35) will be proven for any component of

Multiplying the real component of (3.15) by aa” I\ noticing that
aZ"dtaa” ="rdt{laa"+)\2)
and integrating on E2, one obtains
Adt\aar+1](-,t)\R2m  + (aa(+1)(-,1), (-A + [OW(-, t)\2)aar+1)(- 1))

< W 4+1)(;t)fIh(h-,t) UI(R2)-
(3.36)

From [Stu94,1, lemma 9.1] it is known that a constant ¢ > 1 independent of

i exists such that

c-> 4 t+1)(-,i) | < (adi+1)(-,i),(-A + |#)(-3)|2aSii+1)(-,i)).

(3.37)

By means of the Holder inequality,

lerak+1)(%. *)/i*(*» «.i)k 1(R2) ~ kait+1)(->i)U 2(R2)1/i/1(*> *>i)U 2(R2)

(3.38)
holds, and using the Cauchy inequality,
\aar+1\ -, t)\L2(*2)\fIh{i, *,1)[i,2(R3)
A iflaai + ACIMEARY) + AMifE(*>'>M) AR (3.39)
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with 77> 0 small. From (3.36), (3.37), (3.38), (3.39) one obtains
Mlaa ™ IN>YIIL2R2) + (¢ 1 277)|cra™H A, MIfI-i(R2) < — \flhih
and then, as c~l —2r] > 0,

AR < 27 /ife(t, *MIif2(R2)-

Integrating the last inequality with respect to £ one obtains

K4AZDCNIZD) < k4 H)(FIAR+ —J * 5| IR 5"
(3.40)

We now use exactly the same arguments for the higher derivatives. Differ-
entiating with respect to Xj the real component of (3.14), multiplying it by
dj(aa™+1", noticing that

(N4 i+Hm A i+l) =
and integrating on M2, we obtain

\dt\dj{ffa~+1) {-,t))\R2m
+ 02(M4 I+)(=0), (~A + t)\2)djan+1){-, 1))
< \dj(aa™+1){-, t))djfInh(, - t)\L™ )

+\dj(\~i,t)\DaarH\- t)d]j (aat+\-, 1)) \Lim . (3.41)

From [Stu94,l, lemma 9.1] it is known that a constant ¢ > 1 independent of

i exists such that

c_1Mj(E@+D (YD) IFRD) < a2(djaf+1\-,t),{-A + [0(O(-,i)[2)0j4 “+1) (s»*))e
(3.42)

67



By means of the Holder inequality and Remark 3.1.1 we get

1di (creh+1)(->1))djfih(h =011HR?2)

+m W ; aatiy; )

< (FFfid*+ 1) (-, i)) U2(R2)[~/Th(*, i)]i2(R2)

+ AfKch+D)(x *)Uj()IN7 K +1)(-, *)) UZr2) (3.43)

and, using the Cauchy inequality, one obtains

\dj (o-Sft+1) (m, i)) [12(r2)|Aj/i/i(*! <i)U»(R2)
+ M\aa%+1\ - , )\L2(R2)\dj (aa%+1\ - ,1)) |1 2(2)

< 7?719j(<Ia™+1)(-,i))||12R2) + ~™M9jflhih *MNI2(R2)
+ — |€Tar+1) (-, i) liacR2) + ~ 7217 (crai + )(-,<))li*(R») (3'44)
with 1> 0 small. From (3.41), (3.42), (3.43), (3.44), (3.45)

di\dj{aa[+ ~(-.£))12(k2)
+ (2¢-1 - 2rj(M + 1))|9j(ixa”+1)(*,i))|"i(R2)

= 2rjr N INRY + A 1a2if+)(»7) 2R
+ [y

follows and then, as 2c-1 —2r](M + 1) > 0,

+ 2AIT®fcHIA(>O)H 2(*7) + 4 A \]0 /Ih(*> & s)1ii2(R2)A5-
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Integrating the last inequality with respect to t, one obtains
\dj{cra%+I\-,t))\lam < |dj(aa”+ "(-,0))||2(R?)

+ 2~J \djfih{irjs)\R2\2)ds + — J* k4 ,+D)(S0)li2RD*

+7r?lo lo A AATAW *)dTd®

< | (CkA+L) @ 0)) [i.2(R2) + —  \djflh(i, -,s)|i2 (RACS

+ "2Ater it+1)('>0)1i2(R2) + I/Th(*> " ®)1ffs(Rs)"®>

which implies
2

31 |
2 N
+£E M "M ))Ir +(-+71) \fL(i,-,s)\hm ds.
(3.46)
Differentiating with respect to xj,xk the real component of (3.14), multiply-

ing it by djk(aaf£+17), noticing that

and integrating on R2,
\d t\d%(craZz+1\-,t))\I1*m
+a2(d%4+1\;t), (F-A + [M)(-, )N 4 i+1)(-,1))
< fydjkfihfa ©0Ukk?2)

+ AN (MW (N )TV 4 <H)(*, <)M (N IHL)(*a))u* («*)
+ 20af( |~ (,i)|2ai K i+1H 7))~ (aaii+l)(-i)UiR) (3.47)
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follows. From [Stu94,l, lemma 9.1] it is known that a constant ¢ > 1

independent of i exists such that

¢ I\djk{aah+1\">t))\2H(R?
< a2(d%a<i+\;t), (-A + |#)(.,1)]|2)d%cK+1\;t)). (3.48)

By means of the Holder inequality and Remark 3.1.1 one obtains

9% (Ckii+1) (". t)) d%fih. (*.'-<) U (R2)
+ i)Afc(crsh+1)(» %)) Ul (Ra)
+ 2[dfe(Mi) (- 1)|2)d] (0'5j1+1) (¢, )~ 4(cralt+1) (= 1)) [n(R2)
< \dlk{aat+1\-, t))][i2(R\dXf I h(i, -,t)\L2m
+ M\(jar+A (o, 1) [2,20k2) [~ (aaii+1)(-, 1)) [x2(ir2)

+2M\8j (a4 i+1)(- 1)) |L2R\d%{azI+1){; tj) [E2R2) (3.49)

and, using the Cauchy inequality,

\d% (tre/F+1) (2 ¢)) U2(R2) Itfkfthih  *) U2(R2)

+ M|<7a£+L) () t) UAR2)\djk (aajf+L) (+ 1)) [E2RD)

+

2M\d, (0-Hh+1)(-, i)) U2(R»)|*c (A 4 i+1)(>*)) U2(R2)

A

\dX (aa™+1\-, t)) [E2R2) + — 1 1/1,(2, = i) 112(R2)

+

AL e+ 1) (S DIL2(BD) + 27 1Afe(ait+1)(-1)) 11 2ARD)

+

A0 TK +1)(-,1)|22R) + 2r]M\djk(@h+ )(-,i))|E2RD)
(3.50)
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follows with 77> 0 small. From (3.47), (3.48), (3.49), (3.50), (3.40), (3.46),

one obtains
2N Mo (<Taferl)(-i))1iI2KR) + (¢ 1 77(3AfF + 1)) (cra™ N*, ¢)) [«i{R2)
rins i (x> --iytizR) + (AN + cn 2y 9afte1)(->0) 1i2(R2)

+ A 1 9j((TSh+1)(*>°))li2(R2) + (~2 + 1623) 7 1nft(*>'>s)1//2(R2)ds

(3.51)
and then, as c-1 - ryBM + 1) > 0,
dt\9]k{aah+ < 2M&jkfih(ii *M)12(r2)

+ + A2 )1<jah+1,(>°)i2R) + A 1A (£7ah+1)(">°))1i2(R2)

(M MH\ A j. 2
+ V V+ 82f)y0 AlhA, sASRI)

Integrating the last inequality with respect to ¢, yields

A AN A \dfk{aah+ )(*5°)) 112D
+ 2rido +/ (M+V-) YRk

+/ L (~ £ W A fngTA HHUMATAS

ft AS

+ ALA (<T«h+1)("10))IE,2(R2)cCis

A |dfjfe(<7aft+ A (-,0)) £ 2(R2) + — Idjltﬂhi.hl)s)liZ(RZ)’\s
(Mt M2t2\. X2

+ (1N + A ICH ()R
T | [7ih (*. ">S)I1ff2(R2)~"S + > K +9% 0 ))1i2(R2),

71



which implies
2
jk=1
H T, I2(ett+)(-,0) hArg + y ,  (<ral+1)(-,0)) [F2(R2)
12 I_ZIMi M2t2\ rl "

q e o3 ) J MIh(h >s)Itf2(R2)NS-

(3.52)

Differentiating with respect to xj,xk,xi the real component of (3.14), multi-

plying it by (*(craj™ 1), noticing that

integrating on M2 and using Remark 3.1.1, we get

dt\djki(»+1]{-,t))\22m
+ a2(djhlati+1-,t), (-A + [*«(.,i)|2djuag+% t))
< \djjki(<4+1)0>t))tfafin(h t)Uh«?)
+M\<jo%+1) (i tydjKi (FISh-+1)(>*)) Um2)
+ m\di K 1+1)(-, t))d*klI(aa”i-, t)) |£i(r2)

+ 3Af («r0™M 0, 1)) Unhr*, (3.53)

From [Stu94,1, lemma 9.1] it is known that a constant ¢ > 1 independent of

i exists such that

c~1\djkl (crea+1)(>t)) IffHR2)

< a2(d*Klaii+l)(-,t), (-A + \Hil{-,D)\)dKar+ 1 ) (3.54)
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By means of the Holder inequality the following holds:

1 *) | %>

+ SM\di(aa”+1\-,t))~ kl{aa”+1\-,t))\L im
+ 3M\dji{aar+"(=,i))9]< (cra™+ ~(-,i))|Li(RD)

< \tfjKi{™h+\ -, )\LHM\dIifIh(i, +»*)k2R)
+ M\oar+) (o, 1) |LAr2) \djK (aa”+1) (-, 1)) [12(r2)

+ ZM\di (fro]l+1) (>*) U2R)  (“®fc+1)(">%)) U2ARY)
+ 3M[d2(cra+1)(- 1)) |L2AR)|d%t (a4 “+1) (+ 1)) [12 ()

(3.55)

and, using Cauchy’s inequality, one obtains

| H)tw\id¥ i, ;t)\Lsm
+ Maa” ) (., 1) [c2(R2Hd]W (a4 i+1) (-,*)) [LXr2)
+ 3M\di (aat+) (v, t)) u2(-2)\d)H(aa%+1) (-, t)) |L2R)
+ 3M|d2 (<Todi+1) (=, 1)) [LXR\AjK (crag+L) (, t)) [£2(RS)

< i2INTfei( AL S)) T 2RD) + > iR

+ ~A\Qi(0-arH\-, 1))\ 22(2) + 3MH/|3|w(<Ta+1)(-,i))1i2 (R

(3.56)
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with 7> 0 small. It should be noticed that

ldjjkI(a0jh+ li2(R2)
= (A + MDD N 4 1+1)(-.1))

“a2(Maii+)(-,0), M (D)2 4 i) (-i))- (3-57)
Now, from (3.53), (3.54), (3.55), (3.56), (3.57), (3.40), (3.46), (3.52),

2/t\Aki{aah+1\ A )\ RARY) + a2((1 ~V)C 1_ 7M?7)|3|A(aall+1)(.,i))[ i(RD

+ A 2( N da fA)(-,0), 0 (-, 0) 20 4 i+1)(-,0)
1.2 . (M 3M2t  3M3t2\. ~(j+i), X2
< mA\djkfih(Ir,t)\mR*) + + +~wifraah (,0)li2(R)

(1M 9M2t 3MH2\ ) ,
F(V +W ~32rf~/ 1o Ih(i**"s)1" 2AR2ds

+ + A )I5j(iraft)(-.0))1[20M) +  12*(CT™+1)(",0))[22(R2)
(3.58)

follows and then, as (1 —t?)c 1- 7Mrj > 0

dt\djkl(aah+I\-,1))\22R2) < %3jfc/i/i(v>*)ll2(ir2)

/M 3M2t  3M32\. ~(t+l)/ nM2
oo HE

+ (/7_'\". p OM2 SMBIZ\ G o
472 877s 16774

+( ™ +317?) B(S +HIC0) ™D
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Integrating the last inequality with respect to t, one obtains

< |djki(aa[+  0))[|2E9
\9%flh(h-,s)\I2{mds
[I(M 3M2s , 3M3s2\. _(i+l), 2
I \»+2f~+~&r)Wah (-° ~ ) ds
[I f$(7M 3M2s 3M3s2v fl,. 2
+
JoL (v +7 +16 ) VIft(v'r)IN K)ATds

+

A Iafe(a“h+1)(S0)II2(RD)

A (aah+  0)li2R)

/1 Mt m 2t2 3M3t3\ m2 ,
SN Ao+ + i, N sh 2A)ds
IMi  3M22  3M3i3\. A(i+). n, R
oo 222 Sric
3M2t2 3 mi / W .2

V 4t/\2 2["] ‘]\dj{aah M ))EE» ()

2V

which implies

Jk =1
4M i 12M 2t2 3M 3i3
i laai + 0)H2AR2
7 R (B ) N2AR)
2
/3 M 2i2 6M i
+
r ® =i
3M i
+ X I 1A (<7ah+1)(""°))li2(R2) + ¢ Inlifel(cre«h+1)(’.0)) 1i2(R2)
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/1 7Mt 9M22 3M33

Y T IT ) UIh(V.9)lff2(R2)dS-

(3.59)

Now, adding (3.40), (3.46), (3.52), (3.59), it turns out that there exist a

constant t small enough and a constant C > 0 independent of z, for which
laaii+1M(*M) 3K - 2)<™4+ H>Q)|tF3(R2) + C Jfo * M|N2(R2)iis
and then

gﬂg}t k4 i+1)(*>5)IW 20 — “Maah+\'i 0)Ifi3R2) + C JE) \flh(h Bs5)1tf2(R2) s -
(3.60)

For the complex component of (3.15) one proceeds in the same way as for
the real component. Unlike in the previous case, however now the covariant
derivatives D  must be used instead of the usual derivatives and therefore

one needs to find a constant ¢ > 1 independent of i such that

C 1|A*+1H '~ )li2(r2) + ¢ 1 VAL (*A)112(ir2)
1=1

1=1
In fact, from [Stu94,1, lemma 9.1], it is known that such a constant exists,
since

c AR)+c 1 \d[ VA+IH>MN1I2(r2)
1=1

= c~1\Eit+1){-,1)\BHR2)

4-c*1 [ _ (@MHINX, ¢), 12a™N (X, t) oV N+ (X, t))d2x

ri
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+c L[ \a™\x, )\A()M\x, 1)\ 2d2x
it2

< (M HDM )L (- A+ o)) [2) M +1)(-00))

+ f A t+H\x, t),i2an (X, t) oV M 217X, t))d 2
Jr.2

+ f \an(x,t)\2\NM+1\x, t)\2d2x
Jr2

1=1

Moreover, now the partial covariant derivatives D~ are used where, in the

previous case, the usual partial derivatives were used, and, exactly in the

same way as before, one obtains

rnax (10 (i+1)(-, s) [12(R3) + J2 \D f]MNi+D){-,s)n 2(r2)

3=1

+¢) \Df)D "% ,s)\h (fe)+ t &<%*))
j.k=l k1=l

< 2 (™ +1>(-,0)H2(r2) + vy I-D-°V (i+1)(-, 0)[j,2(ir2>

+ ¢ ; \Df)D?W +1)(-M RHR>) + E I~ 0)4 O0)A (0)* +1)(->0)]i2(R2))
/A k1=l

£ 2

H~ f (\fl(h »5)n2(rR2) + DAY/ i (A * 5)112(1R)
i 7=1

+E "0l ft S)&)m (36D

GEL

Since the inequality (3.35) involves the norms |+|3a(,90) and I*ka(-,g(0)) and

the estimate just obtained involves the covariant derivative D°\ we search
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for a relationship between D' g and D/°\ Using Cauchy’s inequality
and Remark 3.1.1, we get the result
DA 2289 = | —iaj(-, #HONX(-, 1) [1 2AR2)
= iDfuntf +ifaingit)) -"+(+,9(0)))n(-,1)||2AVD)
< @+ 21?712j0 u- IEAKR) + (1 + ~ ) N 2k(IL2(MR)

< #l(m*,£)|L2(R2) + |-Dj°~(*,i)|i2(R2))
with jRi > 0 constant and independent of i. Then

I JaCoC)INM(MIN2AR) < Ri{W{-,t)\R2R2) + |Dj ~u(-,1)|12(]r2)).  (3.62)

In an analogous way

[12R2) < i21(jw (", )\RAR) + IDj ~ " (*,0)]iARY)-  (3.63)

We now proceed analogously for the higher covariant derivatives. Using

Cauchy’s inequality and Remark 3.1.1, one obtains
IFEIC)) RO |2
_ |[BAA) Bfu(-, i) - <?2(O)u(- 1)) [12(r2)
= |Dj*(.40)D O)u(-,i)
+ JE>1“(%0) ((afel- g(i)) - afo- 9(0)w(-, 1)) [i2(K2)
= 1) +*(«j(.9(<)) - aj(-.9(0)))iQw(-,i)
+ idj (a/fe(- 9(i)) - ak(- a(0)))u(-, 1)
+ i{ak{, oft)) - ak(- a{0)))DfJu{- t)
- “JO.L «((«r (o> «(*)) - 9(0)))«(-» 0
+ «(=>9(0)) (a*(-, g(¥))) - <, 9(O)u(-, i) ")
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< (I +12Mr] + 8M2r)| D[ 1ZAr2)
+ A2M 2+ 24M2y+ 16M3GH— — j 1228 A (-, ¢)12(£2)

I 9 Wi 4 2M 12M2  16M3\. , . I2
+ A2M  + 16M + 12M H— -— bt ] |N(*5M)112(e2)
+ (%M2+ 16M3P+ N - + I~ 0)«(-. *)IE(R*)
<R2(M*J 2R+ 1AV NMIEA) + IMTAT A(*NIE2AMD)

with #2 > 0 constant independent of i and then
IDF(-"o))™(-"(0))u (.. )i 2AR2)

< 2>ty H2E2) + |-Aj0w(h ) li2(M) + IDj IDL M ">MIi2(M))-

(3.64)

Analogously,

\D f]

+ 1 +\D *m D *m u(-MHm)-
(3.65)

Using Cauchy’s inequality and Remark 3.1.1, the following holds

IDwm))Dto-m))D(Qu(.t

oDIa(*0)Z2(-90)) ((2: (-, (%)) - (-, «(O))u(- 1)) HaRD)
- + ((«*(-9(i) - OfeC~HOPES D)« (- 1))
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- 1D A~ m (dk(ai(;q(t)) - ai(;q(0)))u(;t)
M ->2(*)) - ai(-,9(0)))E>*%(s,1)

N «M) - ol 9(0))«(-, 1) [EIRD)
"W M °))iDO)D (°)u (.ii) + iESWA(0)))(afc(.!g (1)iDOu(.i1))

+

+

-¢ D £(-9(0))(af(-,9(0))DIOW-,1))
- 1Dja(,i(0) (d* (a,(-, ¢-() - ai(- g(0)))u(-, 1))
(ai(-,q[t))D™u{-, 1))
+ Dja(,i(0)) (ai(-, (7)) (af(- a(t)) - ak(- g(0)))u(-, 1))
+ zDw w(®)(@i{. 5(0))D Qu (.
< [1>j0)22W DO)tt(.,i)) + ia"gW arqmDAD AuAt)
+ djak(- g(iNE>Ou(-,t) + 9(<))£>j0).D,)w(-, i)
- (=« () (=>2(1))AOQu (™) + ai (7>9(°))afe(>9(*))A0)«(>)
- ¢dra*(-)g(0)1>(0)«(-.i) - ia*("g(0)1>j-QI>(Qu(-.t)
+ «¢0. q(t))ak(- q(0))Bi0u(-, t) + aj (-, 9(0))a*(-, 1(0)).D,O)«(-, f)
- idjk(ai{-, q(t)) - at(-, q(0))u(-, t) - idk(ai(-, a(t)) - ai{-, 9(0))L>joju(-, t)
+ aj(-,9())a*(aj(-,9(i) - ai(-,a(0))u(-.1)
taj(-,q(0))dk(a,(-.a(t)) - ai(-, q(0)))u(-t) - idjai(-,q(t))BWu(-1)
- iat{-, 9(i))DjO)LYOMG 1) + aj{-, q(t))ai(-, q(t)) D{’Ju{- t)
+ «-(+, q(0))ai(-, a(t))D10)u(-.t) + djai(- q(t))(ak(-, a(t)) - ak(-, q(0)))u(-, t)
+ cei{-, q(t))dj(ak(- q(t)) - ak(- q(0)))u{-, t)
+«l(, 2(%))(M 7>2(¥) - «*(+, 9(0))E>F(AQ)M(-, T)
+10j(-, a(t))ai(-, q(t)) (ak(- q(t)) - ak(- q(0)))uf-, 1)
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- *%(e, 9(0))a,(-, a(t))(ak(- aft)) - ak(- a(0)))uf-, t)
+id M mq(0))DIO(; t) + *a,(.,<?(0))If Z?i%(-, i)
- <N>9(0))«((- «(0)-D*0)«(-i i) - aj(-, a(0))ai(-, q(0))BIBu(-, t)|E2(r2)
< (2CM + 8CM2+ 4CM3)\u(-,t)\2,m
+ (2CM + 2CM2\D?)u(;t)\RHR) + (2CM + 4CM2)\Df]u(;t)\2,m
+ (2CM + 4CM2\DIOu (;t)\I2R) + 2CM\DF)D f)u{;t)\Rim
+ 2CM\DF)DIO)(;t)\IHM + CM2\DADIOu(;t)\2HmM
+ C\Df)D f)DIO)u(-,t)\hm
< (G 1) AR + |-Dj* (- )IE2(R2)
+\D" DIE2(RY) + | u(-,)\e2AR2)),

with C, Rs > 0 constants independent of i and then

f22R2) < 0i2AR)
+ FOIOWCIM 2R + 1A 0N ieAu (MR + \d 2 1d [ 7 [ Ae(s,i)[E2(RR)).
(3.66)
In an analogous way
\DAD fD?2)u(;t)[faRY < M M *Whp*)
+ \D™ M)u(; i)|E2(R)
+ |D (@-%A0))D @Q-20D)u () 1)[22AR2)
+ JM(NCN (NN A-MO) WA [ 22 - (3.67)
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Now, summing (3.62), (3.64), (3.66) and (3.63), (3.65), (3.67) one obtains

L+ RI+R2+ R L(WCHIRRY+| | x , 2 ( R
+ B)CCOOME (HO)u (1) [[2R)

AWM H2(ER) + IDj AU(-)i)]i2(R)

+ID f'D At)A +10i fIJIW V' QIE<*)

< (1021 + i22 + A3)(IM (“>D)12(R2)

t [P ja(-?(0))« (- i)[E2(R2) + |~ “(™(0))) D ia("2(0)))« (-,i)li2(R2)
D (")) p (“(™)))IDW--"(0)U (11 []2(R2)).

The norm involving and the norms involving D(Q“(°))) are equivalent

and then for (3.61), (3.35) holds.

Finally an estimate for the 2JV-parameter family g(I+l) is given by the

following
Lemma 3.6.3 Let be a solution of (3.15). Then
KG+D)(i)] < 12(i+1)(0)] +£ Jf \f2(i,-,s)\ds. (3.68)
o

Proof. From (3.15) one obtains

D

dt (1) = £2(t+1)(i) = ef2(i, mt)m

Integrating with respect to t, we obviously have
g(+1)(i) = 9(+1)(0) +£ [ f2{i,s)ds,
Jo

from which (3.68) follows immediately.
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Chapter 4

Upper Bounds for the lterated

Functions

Under certain initial condition it is shown that all the iterated functions
from the previous chapter are bounded for a suitably short time. The esti-
mates proven in chapter 3 serve as the first step of this proof. An induction

technique is used to prove the boundedness of Ogq \ and gN+1\

~(z+1)

4.1 A New Estimate for a0

The aim of this section is to find a new estimate for ||a0 ||'*in terms of
||5(c')) > and We start with (3.34) and study the form of the

function /0(z, - 1).
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Let K > 2in Lemma 3.6.2 and 5 < (2 —1/K)T. Let us suppose also that

forany i G N
[[tf% 0) [, [2()(O0)] < 7
and
1# (., 0) - 0)|3aif(0), kw(0)- 9(0)1 <
Firstly the case with i = 0 is examined. Using the definition of the first

iterated function one obtains

NG = 1N G0) I = V(-,0)3,a(-,</(0))

< |V>(-,0) - V(i)(->0)|3,aC,<i(0)) + |V’(i)(-,0)|3,a(,i(0))

and
k @O\ =12(0)] < KX)(0) - g()] + [#(0)]| < | ~o<r
Now, let us suppose that for any I <i the following inequalities hold:
?7(0W I<r.
Then the aim is to show that
[TAM 11, \g{i+1)(t)\<T.
for some t. From Lemma 3.6.1 one knows that

|[|[«o+1>(*»*)[] ~ I/o(*.-,s)Iff1(R2)
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with C > 0 constant independent of i. To have a more precise estimate of
one looks at the form of /o(z, ¢, s) in (3.10). Using the Schwartz

inequality and the Cauchy inequality one obtains

~(@® .
max (ff2k ®s)Iifi(R2)
+8 EIW -. iw(®).A@0?(@)(-s))|2fW
1=1
+ A2 E S)>5iA (OV (', # (s))) [tfi(R2)
Z=1
+A e IM-> W), 9)) 2 1()
i=l
2
+ A E S)M  ">4W (s)), 9W (s))) Ih 1(R2)
Z=1

+ 722 E T(N D)(-9)-" 01 (->9(1)W))[&IR)

+ el 9(i,(s)). s)) In He2)

0 (. # (9)2M .. # (9).0W(-)s))|2IR2)

+ E S)Y(A()(’>s) " 5i¥ (iI)(--9W (s)))Iff'(R2)

+ ~ E 9W (5))> 9~ (i)(-. «)) IffI(R2)
=i}
"2 2

+ oA E  I(*a” (i)(->s)>A (V °0 . a))|Bl(r2)
1=1
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s

+ E s’ (OW -> s))1h*(R)

a 2
av O
+ CedV  1(0{¢)-, S),i-"-(-, KiKs)))g™Ms)\HHmM
n=1

+AIM -, FF(0()),2@)(-»))lim(«*)

4Ce4 2
+ A E
a ti

2 ’s) S) s)'W 2

+ A 112 WE®)aM -, 9 (0(%)),2w (-»))lip(R*))
2N

< max (t15°(-,,m + cfi_:}é owi!
1=

+C ¢ |O¥ (-, s)Bi(2) + C|0% S)H(R)

71
FC'EIs)|jfi(K2) +CE s)IN'(R2)
=1 1=1

+C [di(A(-, S)/fi(RD) + Ced<tA-, S)Mi(RD + C[*M (-,8)I/j-i(r2)

4002 2@ (0, ) M -, 2()(s))) B102)
a2 =i

¥ E S)H 9(i)(S)), «)) lifl(R2)
a =\

+CE i@ s), DfW\-, a) |Bi(r2)

1=1
2
+ E (AW (->s)’9iZ)(0)r )(-,s))|2i1(R2)
a /A
2N
HH

86



+ M- | (R Q)(S), 00, 8)) (1< gM(s)), s)) iR

4Cei 2
H > E 5)0 A (’>S)> s)) Itfi(R2)
° 1=l
0%6\\A (; 9\2(i<p(; «»(«)), *«(-, s))[ffi(R2)) « (4-1)
<

Here C > 0 is a suitable constant independent of z

Now every component of the right hand-side of (4.1) is estimated. For
example, using the Schwartz inequality and the Cauchy inequality, one finds

a constant C > 0 independent of z such that

[ali)(.,9) (* (-, 9))al¥) (-, # (9))) | A(R2)
< CTlaW(-, s) (0())(- 8), %>(+, gw (s))) 1! 2(RD)

+ ¢ Y jbBW(>s)(a® (i)(">s)p PW(s))li»(*2)
1=1

+CE S) S)’ W(9))) 122R)
3=1

+cE [N (-, (), %> #(7)))
J=1
Then, because of the Cauchy-Schwartz inequality and Remark 3.1.1, the

terms on the right-hand side are smaller than

CM f \at\x,s)\2G)0x, s )\ 2d2x
Jr2

+ CMV f \a[l\x, s)\2\dj(fil\x, s)\2d2x
j=i

+ CM [ \a[l\x, s)\2\ftl\x, s)|2d:
JR2

87



Then, by definition of |+|1°°(r2>0ne obtains that the last expression is smaller

than

CM\<NN(-, s)li°°(R2)|a/ SII2(R2)
2
+ CM\a[ s)lioo(R))53 1 5)1i2(R)
i=i
+ CM\ (’,5) [loo(R2)\a® (*, §)|i2(R2)
2

+ CM\</)A(-, s)|'oo(R2) 5 3 s)li"*

j=1
Prom [Eva98, page 292, ex. 18] it follows that |«|1°°(r2) < |+ |#2(r2)5s0 that

the last terms become smaller than

s)[#2(K2)la[ "(*, s)|"-3(R9)
+ CM\a[l\-, 5)|r3(R2)[07(*» 5)If3(R)
+ 5)lIr2(R2)[a"(-, s)Ih3(r2
+ s)|tF2R2)[a[ (-, s) [ 3R2).

Now, since |*\h*(r2) with ft G N is equivalent to the norm involving D (Q¥0)))
and, using the fact that ||*(-,T)|| < T for any I < i, it turns out that the

last sum is smaller than a constant C (r) > 0 independent of i.

In the same way one proves:

IS{i)(.,S) (" ->gW(9), "W (-,9))|RlI(K2) < C(r),
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< C(T),

<c(r),

1(iI?7w (-,5),5n>« Q)i W (-. *))&»(«*) <
{<p(Ga®(s)), *« (o, «)) (<2, #(*)), *«(., 5)) [HI(K2) < C(T),

*)(?«(e,*),ak?w (-,«)liri(R*) < c(r),

and
17w (-%)[2ZM -, 9 (0(%)).2W(-*))lir(R) < ofT).
Now, using all these estimates for the right-hand side of (4.1), one obtains

[[50+1)M ) || <
2N
+ z(IZ(r)( max E 1"\WD2+ 8C-:c%r)
11=1
+ £2CC(T) max \dt$ %, s)|™i(r2) H

4e2CC3(r) " 4 e2CC3
+ — -2—()+CC(r)+ az(T)

+ 8edc c 3(r) + £6¢c ¢ 3(r)
<j2 az2

and, possibly with a redefined C(r) > Oindependent of ?, (4.2) can be written

as follows:

Po+1)(-,0|| <
+ C(r) er<1‘531<><t lg@) (s)|2+ eC(r) max \dttpM{-, s)li,a(-, @)y  (4.3)
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4.2 An Estimate for g1) and g(*+l)

The equation (3.15) is the starting point to improve the estimate for a0
Here the aim is to find an estimate for q(I+1) in terms of [aQ+ . We then
use such an estimate to evaluate dg ~in terms of ||a[/|| and \dtip™\ as well

as to evaluate by means of [|ao+ 7.

From here on we use the notation A”(t) for Aty” (t),g” (t)) and ars(i,t)
for ar8(xIf~(t),g”~(t)). In (4.3) we need an estimate for g”*(s). It should be

noticed that, since

A)(F) = (arsl(i,t)) r<sE{L....2N}

exists, then for any r,s G {I,..., 27V} the functions
ars A >R
are continuous in ™~ N\g”~\ Here Ais a compact subset of (R2)xR2N

as, by induction hypothesis, |[*||> \QN < F. Then a“1lis bounded by a
constant C(T) > 0 independent of z for any r,sE {1,..., 2N}. From (3.15)

we obtain
2AT 2N
i+HDwi = E i HDwi = EiNN- )i
u=l u=l
2N 2N r
= "N *))(1-
EIQEVTN [, (X
2Ar

+eE anx> <O+ &), 2OV 20N



2N I
+e E  PAmP>®0'(AQ@H>50% (+»i)»9(Q(*)).n/i(-,9W(*)))I
VAL

av

+ £C'(NEIO'(V W(-.1).20+1)(-.i).9 ()W ).n/* (- #W )>1-
fi=l

Hence, up to redefining C (r),

2N
[~ +1> (i)|<C ()T | J[ 2{<|O{><,0|{t)(t))(| - X AI{1))\2),n2(x, g{l](t))) d2x\
n=l Jr
2N
+E£C(r)EIO-(#(-,)Is r L,(-3)I# (1)) ,n,(-,#(i)))].
=l

(4.4)

The first term on the right-hand side of (4.4) is estimated as follows:

LM z.# (D)) (1 - \(Gafd(0)12),n2(x,afi)()d20

r

< FM1- \exaM{D)©\)(ip(x,a{.{t)),n2(x,q{i{t)))\d2x.

Jr2
We use the Holder inequality and the fact that 1- |0(-, g”(t))|2 is expo-
nentially decaying as x tends to infinity [JT80, 3.8, theorem 8.5], to show
that
IJ[R2(<"’(a;,g(i)(i))(1- \A>{x,q[i)()\2), n2(x,q{){t)))d2x\ < C(T)  (4.5)

for some constant C(r) > 0 independent of i.
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In a similar way one proves an estimate for the second term in the right-

hand side of (4.4):

2t), 4 +D(;1,?%)), n,(-, 2w ()

- E f| i i (x,t),a0+1>(x,t),q@) (i) [x,q(){t))\d2x
+ [ \G3(M{\x,t),a0+1\x, 1), q (ti{t)), ~ (x,q {\t))\d2x. (4.6)
Jr2 cfqu

Now, considering the form of jf(*~(-,t),a0 (=,t),g”(t)) in (2.21) and (2.18)
and using the Cauchy-Schwartz inequality, the right-hand side of (4.6) is

shown to be smaller than
CYN [ IO C>*)U(P>9(0)(*)), ~(I)ar, 1)) [ (a?, g(i)(i))|d2ar

+ C'E [ \HE)(x,1),DI°)>M(x, 1))\ (x,q(1)()\d?x
izi WR A

+CYL i AW ) 12117 (2,9 wW)M22
+CYL[ I(*(z,90)())0®)(M))11(z, IWW)]|d2z

+CA2 [ \(i<p(x,gM{t)),di*M(x,t))\\A-{x,qM(t))\d2x
i=i 7R A

+CY [ dalx OWGEFe)(x, ), A -{x, g M(1)))\d2x
1=l N

+CE [ \rf\x,0)\2(DIO” (x,1),~ (x,q M{t)\dx
1=1 JR2

+ C?E [ $'"\x,t)\2\(i<p(x,qV\t)),~(x,q{i)(t)))\d?x
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+

C'52 [ NG (X)), §~ %, g {i)(1)\d2x
1=1 ~R2 A

C }r2|1 - N gMEN2N (M {x L ) C/I\ij(,x , g M(t)))\d~x

+

+

C [ M(p(x,q{ht)). ft\x, ) W(<p{\x, t), ™ (x, g {)(1)))\d2x
JR2

L Ipe a(i)), ARx, 1) Lipix, a0 (1)), a0 (7)) \d2x
JR2

+ C [ WX, O\2(v(x,qW (1)), 7 {x,q{)(t)))\d2x
JR2 Qi

+ C [ \M(x,t)\2\ (M {x,t),~M{x,q{\t)))\d2x
JR2

+ C [ \aQ+I\x,t)\\ (M {x,t),~-{x,q (i){t)))\d2x, (4.7)
JR2

with ¢ > o constant and independent of i. Now every single component
of (4.7) is estimated by using Remark 3.1.1, the Holder inequality, the ex-
ponential behaviour of the zero modes as x tends to infinity and the fact
that |+ |I°°(r2) < |«|tf2(R2), in order to find that a constant C(r) > o exists,
independent of i, for which (4.7) becomes smaller than

2
C(n)<n(-D)[LaKe) ™2 |an(-,£)]jy3(R2)
1=1

+ ()<~ (" t)|"2(R2)

+ C(r)|™) (L) [2A3R2E |a [I(-,1)[L2K2)
1=1
2

+ c(r)lo()(* 1)|L2(M) + c(r) 5 3 L2(R2)
1=1
2

+ Jow (*~)12(rz)s 3 i5F)(-~)ii/3(M2)
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+ C(r)|oOW(-,1)jf3(R2) \ai (% ¢)|tf3(R2)|az (*,T)|12(R2)

1=1
1=1
+c(NIYW(..1)|LaR) E +c,(NI"w(-")Uw>
i=I

Fe2(0)[i (. DIffsRe)|o« (., U2RY + C (F)]o (- t) \ m
+ CT(r)[M*> (-, t) NTSCY) [NWC t) [Ex(Ra) + CI(r ) [~ (-, i) [ rs(Ra ) ™ (“t)[La(RT)

24X
+ C(r)fo ()(-.t)[figM)|ao  (mt) [c2(r2)
<CT7(r) + C*(r)[[yhD(>)|[l/2. (4.8)

Putting together (4.6), (4.7) and (4.8) it turns out that

1O (AW (-.1)> 4 1+1)(-.1)>9WW ).% (-.9W(i)))I

<c(r) +c(r)po+1(-,i)||V2 4.9

Now, substituting (4.5) and (4.9) into (4.4), one obtains that two constants

E(T),F(T) > 0 exist, independent of i, for which
\q(i+I\t)\ < E(T) + eF (r)ypii+l)(-,i)||1/2. (4.10)
By the same arguments,

[4(i)(s)l < & (r) + ei’*(r)|1y (..i)ll1/2. (4.i0)

Now we want to use (4.11) to improve the estimate for 5(6). Substituting
(4.11) into (4.3) leads to the result



+ C(r) max (E(r) + sF(T)||So (*s)|H

+ eC(r) max §) 11,4(0,(<))e

Then, using the Cauchy inequality and redefining the constant C(r), one

obtains
5ot DIl <c(r)+¢cenili(-i)l

+eC(r) max $)[i,«(.,(<). (4.12)

Moreover we use (4.10) to find an estimate more suitable to our purposes.
Apply (4.10) to (3.68) and it follows that

\gM+IVE)N < - +eC(T)I™ (I + eflao (-,5)]]  )ds (4.13)

for some constant C(r) > o independent of i.

4.3 A New Estimate for

The aim of this section is to find a new estimate for |[0~+17| in terms of
a6 T and [&5™" . we start with (3.35) and study next the form of the

function /i(z, +t).

Using the definition of || «| given at the start of section 3.6, (3.35) can be

written as
[N (<)M || < *||tf(+)M ) ||+ C Jf \Mi,;s)\2ai,qgmds (4.14)
0

where K > 0 and ¢ > 0 are suitable constants independent of i. The next

step is to estimate fi(i, -,5) in order to improve (4.14). It follows from the
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definition of |« |2,a(.,9(0)) and the Cauchy inequality that a constant ¢ > o
exists independent of z, for which

2

\fi{h s)ka(-,9(0)) = 53 %9)Itf2(R2)
1=1
4 /1 ft B5)IL2(E2) + 5 3 '9(0))A2ft *55)1i2(IR2)
3=1
J*=1

<c e (N (L ANV->#(7)))ITW)
z=1
2iv

+HCEE] (> «con)ity)iNwi

+¢53 Yj5)IhArd+ 753 A (5)] 5))i*Ar2)
/=i ¢
+ ¢ 531N s)) IhAr2)

+ C¢  2PH»5H , )W), 2«(,*)) B2(r2)
1=1

+¢53i7)("),”00(3)(*5)irAR)

Z=

+CEii?2» (A«)|2°(si)i2ri(® )+ CE I~ 02®)A OV (-.«w W)lI» (")

z=1 Z=1
+ CI17 (-, s)(I —[0(, gW(s))l:) i (R)

v -
+ A 5 3 lo~-(*j"\(5)iiARY) i~ (5)12

u=l °g”
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+ CIM(-,gw (s)) (1 - |0(-,CW(s))|2I112(b2) + C |4 (*,8)¥%,('jaHs))112(r2)

+ C'192(-,2()(s)) (TV (->9W(5)), A W(->s) ) li 2(R2)

+Cy¢ \drf\-,sm -, s)\Iim +Cg, S)D[°W\; s)li2R2)

1=1 i=i

+C¢ TN s) V(- g6 2R + Ci 1A ()12 ()e, )11

+ C|§7<I<(-!S)(I-|gi(-,?(i)(5))|2)||2(R2) |

+ CIME9) (- 9w (9)), 0 W(-, 9)) [I2(R2)

+ Q(p{- qU(s)) {vi; «»(«)), 0 W(-, «)) [12(RY)

+ QI">(-, 9[22, g0 () [12R + C[[0Q) (- 5) [2* () (% 5) AR

+ eC\a0 (% s)(i>™N\-, §)|22(k2)

£C ¢ \DAm (4«(,S)DW\(:éo (6)))22R)
i,/=1

i=1
2 2av

=1

+ Cé  IDJU(90)) (- # (SN - [e(- 9()(«))N2) 12A(r2)

3=1

+ g T <A @UHG - <) ] 212)
J=1

+ ¢ ¢ |DQO) (V(, <?«(NAV( gfi)(F>, $))) i o

3=1

+Cy¢ [IDJ*<(3l«i™>(-,»)?"(,.»l.«.,

i,1=1
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+C¢ IDf 9m {af(-,5)D\0(-,s))\IHm

jl=1

+C¢ ID ~gm (IafH-, s)\M : 9(i)(s))1i2R)
i =l

+ C ¢ |D'a(-i(0))(lale)(..8)12™  (.,8))1¢2(R2)
jui=i

+ C ¢ I D fCHONCAN ) ) (- A (- #W )r)) 1 i2(R2)
J=1

tc ¢ |E>F-1(0) (*»(m, 5) M-, 9(i)(s)), “(e)-.8))) bR

j=!

+ ¢ ¢ [DJEAO)) (VG g(i)(s)) (v(- 9(0(%)> «))) B2AR)

=1

t¢ ¢ IDIQIONI0OME IV ( IMN)NITAR)

+cj2\D f9m\WAH-,s)\22H -,s))\hm
i=1

+ £C ¢ |5Im ) (-, s)\IHm
3=1

oy ) (“ ("«<(0))E»(q(.'«(0))) (Bw (., A)Z>{°V (-, # (*))) I12(R2)

+c ¢ [22@C0)4 atoO)DG--s)( - 1*.««W >n)liw

jfc=1

+C ¢ E i DI“("9i0))™ a(”,<o)™  (4,91¢)(s))|2i2(R2)I™ )(s)|2

jfc=1 /x=1

tc ¢ ILFCO)PIACONCIEXS))( - 1*-,«®«)12)H»™
j k=i
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Now, use a technique similar to that employed to prove (4.9): every single
component of the right-hand side of (4.15) is estimated invoking Remark
3.1.1, the Holder inequality, the exponential behaviour of the zero modes as
x tends to infinity, the fact that | *[z,°°(r2) < 1*|h2(m2) and the induction
hypothesis. Thus one finds that a constant C(T) > 0 exists, independent of

for which the right-hand side of (4.15) is smaller than

c(r) + c,(r)lgw(s)|2+ ec(r)|sii+tl)(., S)|aV

+ c(r)l®o  ®@s)I/f3R2) + c(r)

1=1
+ G(T)I?W (. 55)112(MR)
j=1
+c{m) £ [DQ%))4 “("())" )(-5)[i2R2)
j,k=1
+c(r) - [i>j“ (0NN ia(*,(0))A @(*.(0))" (1)(-.s)1£2(Re)-
J, ,:

(4.16)

Again, invoking the induction hypothesis, one obtains that another constant

C(r) > 0 exists, independent of z, such that (4.16) is smaller than
C(r)(I +\qr(5)[2+ [la0  (*5s)|| +ella0 (' 5)I)- (4-17)

Hence, using (4.17), (4.11), the Cauchy inequality and the hypotheses on
the initial data in (4.14) it turns out that

M (D<) <+ Cr(n)jis (i + [[T0(S)]

+ ellao)(-,s)|| + [lao+1)(">s)|| + £]||«o+1>(-.s)||)ds (4-18)
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for some constant (7(1") > o independent of i.

4.4 An Estimate for

An estimate for <" z+1) is discussed in this section. Such an estimate will be
coupled with (4.12) in order to make \ao* | bounded for a nontrivial time

interval.

We start our discussion for the real component of From (3.14),
by using the Cauchy inequality, it is known that a constant C > o exists,

independent of z, such that

*))& (*) = \A{aar+i\- 1)) - » (aa<m ) (+,i))

+

flhih

N

C\A{aa +1\", 1))\ Bi A + C,||</>"(-i)[2cra™+17(*,1)]]i-I(R2)

+

C\flh(ii >*)1M(M2)

C\A(aa%+1\- 1)) |i2(M) + ~ 53 \r3~(aah+I\ "A))\14r2)
3=1

+

Cllo () )28+ 1) (*))P2(M) + Cs s \dj(\AN A)\2aa[+ A, A)lza(r2)
j=I
+ C\flh(h ®~lhhr2)- (4%9)

Again, using the Cauchy inequality and Remark 3.1.1, theright-hand side of
(4.19) can be bounded by

cE I + Cj2 KKk ("- <)) IEW

(=1 ii*=1
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4- CM\aah+I\-,i)\R2R) + CM\aar+I\", t)\p2~

+ CM 53 9§(crS[l+1)(-.i))|22(M) + C\f{hai, - 1)[hi(r2)  (4.20)

j=i

which, by defining a new C(r) > o, is smaller than
C(r)ka™+1)(., i)™ 2) + CT(r) /" (2, t)|"x(M2). (4.21)
Putting together (4.19) and (4.21), it yields

1$(*4 + — C(r)laai+)(") [HM) + c(n)l/il(z,,i)|* (M)
(4.22)

with C(r) > o constant and independent of i.

The complex component of dt~ ¥ is estimated proceeding in the same
way as for the real component, except for using the covariant derivative D

instead of the classical derivative. Then

\dti(i+% M *m + E \Dfldtp +I\-,t)||2(R2)
3=1

< ClaA(IIZRZ+ ~E MO (+3(5)11ZR
J=1
+ C E |D fD f~ +1)(-,i)]|2(R2)
j.fe=l

+c £ |

i k1=l
+ CMUL, 1o R2 +C72 \PEA(, ik 2R3

J
(4.23)
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follows. However, an estimate with norms involving D ~ "* 0))) instead of D

is required due to the definition of | *|i,a(,9(0))- Because the norms defined

with the two different covariant derivative are equivalent, from (4.23)
ia?( @MII*R) + E \Df-gO)dtfti+h-M >m
3=1
< ¢ |06 ) 2R3+ cI2 \D MY i+)(-,H\*m
j=1

to B IR EE)Y ()™ +1)(- ) 1i2R)

J,A=I

+C BP0 (o)) ial™ (o) (i+1)(-,1)][2(R2)

j.fc,z=l

+ M )R + ~ I~ QI ) 11 2R

J
(4.24)

follows, for a constant ¢ > o independent of i. Now, adding term by term
(4.22) to (4.24), it turns out that

0i#+1)(-i)la-AQ) < Clpfi+h-,t)\3AHMo) + C|/i(v,i)|i,a(190)
(4.25)
for ¢ > 0 constant and independent of i. In section 4.3 it was proven that
e ~()
\fi{h «li.a(-i(0)) < Ci(r)(I + I|a8 (~.E)l
+ £jlao) (-, DIl + [|Mo+1)(">0[] + £]|®0+1)(") t) [[) (4-26)
for some constant C(r) > 0, independent of i.
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Using (4.18) and (4.26) in (4.25), one obtains

|~ (i+)(-Dl,a90) < e~ + C(r) jT (L + p i +1)(-,9)|
+ £]lao \">s)[[)*s) + c(c(r) (I + [[a0 (%) +Ff[la0 (%)l
+ ll«o+1)M ) || +el[«o+1)(-»i)]]))
<C(r)+cm L at pity)(- 8+ epo+a)(-s)l)ds
+C(r)(I +][ao (-i)[l+ellao o> [[+ [0 (011 + £][a0  (>011)
from which, possibly with a redefinition of c(T),
\dt” i+H\-, D)\IM.gm <c(r) +tC(r)
+ tC(T) ||So+D) (s, t) || + etC{T) p i +1)(-,011
+e(npf(0f+eCr)pf (0]

+ ¢(r) |loo+])(-,0[| + eC(r) p j+1)(- of| (6 27)

follows.

4.5 Convergent Sequences and Upper Bounds
for and q(l+1)

The last estimates for ag+ \ ~ t+1\ q(t+l) and derived in sections
4.1, 42, 43 and 4.4 are now used to prove the convergence of a particular
series. It is shown that this is equivalent to proving that, after choosing the
parameter e small enough, the functions and are bounded for a

sufficiently short time.
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Replacing i with i —1 in (4.27) one obtains

A w (=) | «(Mo))<e(r)+te(r)
+tC(M) [13j° (| + etC{Y)po ' (+,*)!
+ C(r) [laQi_1) (s, i)l + eCc(r) 11r-1~_t)u

+C(r)yp f (,0)||+e(7(r)|3fl(=*)1 (4.28)
for some C(r) >0, independent of i. Now, using (4.28) in (4.12) yields

pii+)M)|| < c(r)(i + 2ec(r) + eic(r))
+ eC7(r) (2 + tC{T) + etC(T) + etC(T)) pJV , v
+eC2(r)(I + £)\\a0 M)]]|
=pler) +eP2etr)p, )Yl +eP3er)p "G, 1) (429

where

Pi(e,r) -=c(r)(i + 2eC(r)),
P2(e,t, 1) := C(r) 2+ iC(r) +etc{r) + etC(r)),

P3(s,T) := C2(r)(l + e).
Using (4.29) for i and z—1 it follows that

P?+IM)|| < PI(E,T)+EPLE T)P2A£,t,r)+£P L, T)P3(E,T)

+ £2Pi(E, r)P2(e, t,r) + (EsPs(e, t, V) + e2P2(e, t, T)P3(e, T)) ||[S0_2)(- 1) ||
+ (€3p2(£,i,r)P3(e,r)+£2p 2(£,r))pSTIM)||. (4.30)
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Again, estimating \\a0 t) | and wa0 " (v<0|| according to (4.29) it follows
that

[ |i+1)(-,0|] < Pi(e,T) + ePL(£,T)(P2(£,t,r) + P3(e,r))

+ £2p 1(E, r) (p2(e,t, r) + p3(E, r))2+ ¢p~e,r)(p2(e,t,r) + p3(e, r))3

+

£4(2p2(E, t, r)PI(E,r)pi!m3)(-,0)|| + 3p2(e,t,t)p3(E,r)pj" 4)(., v

+

2p2{e,t, r)Pj(e,r)po”d(-, 1) + P2(e,t,t)p3(E,r)po _4)(- )|

+

4P2(e, t, r)Pi(E, r)pi"™ 5o, t) I+ 2P2(E,tr)p2(E, r) pf'~6)(-, t) |

+

PRA(E, r)pi~7)(.DID. (4.31)

By iteration of (4.29), one obtains that
p?+1)G,i)|| < Pi(e,r) + £Pi(£, r)(p2(g,t,r) +p3(e,r))
+ e2Pi(e, r)(P2(e,t, T) + P3(e, T))2+ e»Px(e, T) (P2(e,t, T) + P3(e, T))3
+ edPi(e, T)(P2(e, t, T) + P3(e, T))4+ ....
Now, if e is chosen such that

Pi(e,r) < P[{T) := 2C(r),
P2(£,t,r) < P2(t,r) :=C(r)(3 + tC(T)),

P3(£,T) < P3(T) := 2C2(r)

then

Pii+1)M)[| < P|(r)(i + e(p2(i,r) + p3(r))
+ £2(p2(t,r) + pn(r))2+ £3(p;(i, r) + p;(r))3

+ £4(p2(i,r)H-p3(r))4+ ...). (4.32)
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Since the series on the right-hand side of (4.32) is a geometric series, it is

convergent, when
e<(P'(i, T) + P'AT))-1

In that case, there exists a constant A(t, T) > o, independent of z, namely

the sum of the geometric series in (4.32), such that
Po+D(- DIl < A{t.r). (433
Now, using (4.33) in (4.18), one obtains
M (<+DE NI < A+ A(r) JT (1 + H -, a)|

+ £]]a0 (*,8)]| + \a0  (=,5)\ + £]]a0  (=,5)|ljas
<y C(r) [ (1 +2A{t,r)+elA{t,T))di
-2 Jo
= £ +tC(T) (I + 2A(t, 1) + e2A(, T)).
By defining
T TINA D (1 + 2ia(i,r)+ ezia(i,r))’

it turns out that
[tf(<+DM ||< r (4.35)

for any t £ [o,7\].
Furthermore, using (4.33) in (4.27), with the same choice of Xi, one obtains

\dtr i+1)(; )\ BE.g{0)< 2C(T)+tC(r)
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ttC(T) [[sii+1)(- ) | + etc(T)[ISo+2>0, *) I+ C (r)\\ve); s
+ec(r)||50) (i)l + C(D)|Isii+D)(-,i)|| + £¢ (r)|]i +1)(-,i)]]

< 2C(T) + ¢(r)7\(r) +a{tur)c(r)Ti(r) + eA(Tur)C7(r)ri(r)
+ 2A(tur)C(r) +elA{Tur)c(r)

for any t G [o, Ti], and then
m ii+1)(;t)\M  0))<B (Ti>r)- (4-36)
The constant B{Ti,T), independent of i, is given by
b(tur) :=2C(r) + c?2(Dri(r> + aftur)c(r)Tx(r)
+ eA(TLNC(NTi(r) + 2A{TUr)c(r) + e2A{Tur)C(r).
Finally, using (4.33) in (4.13), one obtains
\fi+D(E\ < A+ e C (r)j\l + e\$ +1)(-,5)\V2)ds
<1 +eC(T)I (1+ey/2A{TuT))ds
~ + etC(T)(l + e2A(TuT)).
Then, defining
t2 t20r): exC(r)(i + £27M(Ti,r))’ N3N
we have
lg+D)()| < r (4.38)
for any t € [0, TZ],
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We can collect all the results of this chapter in the following

Theorem 4.5.1 Let K > 2 as given in Lemma 3.6.2 and 5 < (2 —1/K)T.

Let us suppose also that for any i £ N
WAV 0)N,  [9(3)(0)] < A
and
|# (-, 0) - ||>(;0)|3,a(,9(0)), kW (0) - 9(0)1 < |.

Then there exists T := min{Ti,T2} > o with T\ and T2 given respectively by

(4.34) and (4.37) such that for any i € N

111 # (i)l <r \i€[ot]

109



Chapter 5

Contraction Estimates

5.1 A Mean Value Theorem

A new Banach space is defined. The choice of its norm is based on the norms
previously discussed. It is straightforward to see that the sequence of the
quantities and generated by (3.13), (3.14) and (3.13) are in such a

space. Moreover a mean value theorem is presented in a general case.

The following space is defined:

X(T) := {(50{m,T),ip(-,T),q(T)) £ H3{R2) x H3q("«(O))(K2) x M2\

[1S0(-,T)II < <r, m_ax_l__\q(t)\ < T,
i

0<i<

max_ \dtip(-, i)]i,a(-,i(0)) < B{TUT)},
o<t<T

with the norm
I50(;T)M(.,T),q(T))Ixm := |I50(-, T)|| + [lt/>(-T)l|

N .
+ max |9t (-i)li,a(->(0) + max g (i)
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and T as in Theorem 45.1. From Theorem 4.5.1, from (4.36) and from
(+.33) one derives that £2 > o exists such that, for any e < £2, the sequence

wen 18 1N X (1), for any t € [0,T].

It is known that the cross product of Banach spaces is complete. In par-
ticular, since H3(R2), H3a%a* (R2) and R2N are Banach spaces, [Eva98,
theorem 2, p. 249], it must follow that also X(T) is complete as it is a closed
subset of a complete metric space. Then, if one proves that T = T(T) > 0

exists, small enough such that ((ég)(x,i),""(x, £),97 (1))« is a Cauchy
sequence, it follows that such a sequence is convergent in ~X(i), | *|x(t)) for

any t G o, T].

In the remainder the following theorem will be used to find the contraction

estimates we need:

Theorem 5.1.1 (Mean Value Theorem) vLet (A'i, |*|*i),..., (XV,|*\xp)

and (Y, l*|y) be normed spaces and let
fIXXX 000X Xp—>Y
such that djf G L°°(R2) exists forj = 1,... ,p. Then

\f(x\, ..., xp) - f{X'v ..., xp)\Y < sup IdiffflbIxx -x [\ XI
xeXi X--xXp

+ oeeet osup ldpf(x)\Y\xp - Xp\Xx,,-
XEXiX--"XXp

Proof The proofis similar to that of Lemma 3.5.1 with the usual Euclidean
norm replaced by the normsin Xi,..., Xp,Y. For details see proofof Lemma
3.5.1.



In our case the partial derivatives are shown to be smaller than 1 for a

suitable choice of e and t. Then theorem 5.1.1 provides a contraction.

5.2 An Estimate for

An estimate of in terms of the initial data, | —qg~~~] and

[/i(BW AW ,50+1),9(<),9(9) - /i(a('_1),0(i_1),«o\ 9(i_1))In.°<-.i<»)(R2) is
given. The procedure is similar to that followed in section 4.3. The real com-

ponent and the complex component of are considered separately.

We start the discussion with the real component. Write the real part of
(3.14) in the form

dt{<jal\x,t)) - A (cra®OM))

+ V4> (x,(t))\2aa™(x,t) = fth(i - 1,x,t)
and

- A(aa%+1\x,t))
+ 1<K z.#(i))]274 t+1)(M ) =
Then, subtracting one from the other, we obtain

dt(aa™+I\x,t) - aa”\x,t)) - A (aa%+1)(x,t) - aa{{x,t))

+ \4>{x,q{I\t))\2(aa™+1){x,t) - aa™{x,t))

=aalxM<I>(x,QF Im 2- \A>{x\{t)\9

+ fLih  t) ~ fihii ~ 1,x, 1). (5.1)
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Now, applying to (5.1) the same arguments as in the proofof Lemma 3.6.2,
one obtains that two constants K, C(r) > o independent of i exist such that,

foro< t<T,

< 4i+1)(-,i) - |B13(r2) < Klac%+1\;0) - o tiX 0)[*3(R2)

+c(r) IVAMIW -,® A»))12-
t flhih %s) —fIh(i ~  »9)1h2(R)"S

holds. Then

\aah+1\'ii) ~ aah\">t)\BM*(R2) - K\aah+ A(*’0) - &cCIh\'i 0)|h3(R2)
+ C(r) JE) |a04°(-, 8) (<%, g"{s)) - <l Af~1){s)). - ¢ ([H(s)))tF2(K)ds
+ C(n) JE Wa{\-,s) (v(-,9™\s))-v(-,q{- \s)),ip{-,q{- 1{s))) \em ds
+ C(r) Jg #5) “ flh{i ~ *h)ItF2(R)dS (5.2)

for some constants if, C(r) > o, independent of z, for o < t < T.

Now every component of the right-hand side of (5.2) will be estimated.
For example, because of Cauchy’s inequality, a constant ¢ > 0 exists, inde-
pendent of ij such that

D)) = Bl «(®)(9)), ¥4 9(1:)(9) TW 2

< $) (A>IWMS)) - ¥ 9( L) () - R)

+CE 170 .s) ("0 .#(«)) - 2(i_.)(s)). ¥{» 9it_.)(s))) Bt

FCE rf(-, ) ("0 <) - ¥l N (5)), «A (i) 112 (R)
j=1

113



j=i

+CJ2 Wab\',s)(d]kip(-a@)(s) - 42" (-, 9(i-1)(s)), ¥, 9(IL1)(5)))Va(Re)

+CE $) # (5 ) ) - fyp(>9(_0)(8)), %>(>s(i_1)(5)))liz(Re)
#CE (o) (>0)) ("X Qo) - M- Q1 3s), (-, 91 3(s))) 14RD)

+c B lorsi)(>s)(" (9w (s)) " (0.9 (1) (s)), 7 (-9 (- 1)(5)))[£={R2)

j.fe=1

tCE 1M (asf)(>s))(vI-9W(s)) -~ (.5 (") (s)." ™ (-9 (._1)(s))) [E=(RD)

j, k=1

+ s)) #(«)) - <P(9(1_1)(3)), ¥(>9(i_1)(9)))|E2(R2).

j,A:=I

(5:3)

Now, for the first term of the right-hand side of (5.3), using Remark 3.1.1
and knowing that E X(T), we find that a constant C(r) > 0 exists,

independent of z for which

kail!)(->s) # ( S)) - ¥>(>9(1_1)(s)). <p{-,9(|_1)(s))) 1i2(R2)

= LA -r(s)) - (g (iL(s))y (xe (L) (s)))]2ci2x

JR*
Ny KA ) (xps)I2b (a2 (i 1)(s)) 12k (S@w (5)) - WA 8-1n) )2
<C{F) [ [<"@gw(s)) - <Ma;g(i_1)(s))]=Cloax (5.4)
JR2

for o < t < T. Using Lemma 3.5.1 and the fact that the zero modes are

exponentially decaying as x tends to infinity, it turns out that the right-hand
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side of (5.4) is smaller than
C(r) JfRZ A x,q")\2\qu(s) ~ q(i~(s)\2d2x < C(r)|9%«(s) - q”s)!,
og”

for some C(r) > 0 independent of z, for 0 < t < T. Applying the same

arguments to the other terms of the right-hand side of (5.3) one obtains that
4>(«. A _DOPA-9(~-D))IffARD)
< C(N3Ws) -g (LD ()l (5.5

for some constant C(r) > o independent of z, for o < t < T.

In the same way, for the second term of the right-hand side of (5.2) one

proves that

- 4(-.9(,-2) (5)»VA-.9(i)(5)))Iff2(RJ)
<C(T)\g~(s)-gq~Ns)\ (5.6)

for some constant c(T) > o independent of z, for o < t < T. Thus, (5.2)

becomes
*r'M ) - < Klaa>r’(;0) -
+ C(r) [ max \g~\r) - <7 _q)(r)|ds
+ e'er) J[ fih(@i,; s) - flh{i- 1, - «)&,(,.,)*, (5.7)
0

for constants if, C(r) > Oindependent of z, for 0< t < T.
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A similar line of reasoning is followed for the complex component of

_ ™0. From the complex part of (3.14) one obtains

dt$ i+1\x,t) - £«(x,t)) - £ (Dw«>)2$ i+lHx,t) - *«(*,*))

1=1

+ o () (1) 12 (M) (x, t) - B\x,t)) = Fi(i,x,t) - fi(i - 1,%,1)

- in2<fli)(x,t) (diai(x,q@)(t) - diarg”it)))

1=1

- 129/ DLO)A{D{x,t) (al(x,q{){t)) - ai(a:,g(i_1)(i)))

1=1

+ B Ai)(x70 (a*(x"?W(¥) ~ ai(x>Qt~1}(*)))2
1=1

UG (I<fix,gM (@) - 1¢ fag”™ m 2). (5.8)

Now, applying to (5.8) the same arguments as in the proofof Lemma 3.6.2,

it turns out that the following inequality holds for 0 < t < T:

1$(*+%t) - +1 - @) Nw

i=1

+ B |z}QH(0))4 a(-,(0) (" (i+i)(-1i) -
k=1

+ £ ("+ (1) - 1) [i.(IP)

jfe,z=l

< M |? (4+1)(-,0)-?» (e, 0 )1 ~

+ K 52 [1>jQ(7.(0))) (¢>(i+1)(-, 0) - 0(i)(-,0))[2(R2)
3=1

+ A E DO O +1)(-,0) - 0«(-,0))[|AR)
J,lc=l
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j.fc,l=1

+<7(OJ* (Vi 5 os) - V|(|'1,',S)||2(m)

+ B DFEON (2, ) - oy «)&(F)
3=1

oo P («=i)D (M ))) 5S) - 17(* - 1, -5)) [12(R2)
j k=i

+ E (A (> s) (2 Qi(i €\Vs)) - 5(0:i(-.9(,-1)(s)))I12(R2)

o |E)" NN (-.8)(0,ai(-,g{i)(s)) -~ (.9 (i_L)(@)NH*(**)

i,«=1

+ g IDja((0))DIQ((0))) (V « (-, s) 9IW(s))
j.k,1=1

- dstf qi-H9)))) IR

+ E TA (0w (“s)(a,(""9W (s))- aK’'™9(_1)(s)))Ii2(R2)

=i

+ E s) (aj(-, <W (S)) - aij(->9(i_1)(s))))li,2(R2)
i,1=1

+ ¢ ID W-~(0)))D W ~ OM s) (<*.(s, 9(ei(s))
j.k, =1

- ag(, ¢(1_1)(s)))} 112r2

+E 1AW (3s)(QI(CI9W(s)) - aii’igE_1Hs)))2]12(r2)
1=1

+ 53 1Dja(’,9(0))) (0 ((-,«)(0:j(-,9(t)(«)) - aiO .g~"W ))2)~ ™)
j,z=1
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+ £ [Pjeoe))i? fi(0) (~ (-, (ai(-># (S))
ozl

Cal@ DN W+ [00-,8) (Mg ()(S)I2
0 (Mg (- HO)D TV )+ E A ) DA )6))]
1=1
. E (25> (-,») («m,g<>(8))f
3,k=1

- IN-590 1X9))I2)li2(K2))ds.
(5.9)

Now, by estimating every term of the right-hand side of (5.9), as in the

case of (5.2), one obtains the equivalent of (5.7) for the complex component:

e (+UCE) _ oM )2R) + £ [E)(Q(-9(0) (Ai+1)(. 0) - [£2(r2)

+ £ [N (M)NEYW-M)» (N +)(LD)-7) (1)) ] 22R)

i,fc=i

£ i) (a-2i(0)))z) (o(-2(0)))p(al-i () ~ (i+ 1)~ t) _ ~ t)) [12(r2)

+ k£ idI"o>y(2«>(e,0) - 1«(-,0)1V,
=1

+* E 22w -M%)»d W -2 ) » (M) (L,0) - A (-,0))[£2(r2)
jk=1

+ar B [DJQUIOND f-0Ni) QRO +)(-.0) - *>(-,0))I12AR)

jkl=1
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+C(r)b5}}\xskﬂ(r) - 5 1A(r)cis

+ CM [ (\rf(i,;s)- -9)I2AR)

2

+ 177° 1Q0  (/I(*> *5) " [I(* 1>755))!112(R2)
j=1

+ & [Z)WAE>>44(90) (/2(, 5) _ /2G - 1,-.,))\Im )ds
j k=l
(5.10)

for constants K, C(r) > 0 independent of ¢, for 0 < t < T.

5.3 An Improved Estimate for

In this section an improvement of the estimates (5.7) and (5.10) are presented.
The mean value theorem is the main tool used here which helps to estimate
N*+1) _1(2) by wsing the initial data, ||** — W% —bo ||, |

and \qw - q(I~"|.

Firstly, we focus on improving (5.7). The mean value theorem is applied
to prove an estimate for Si% &+ \q~\q ")
—fih{o~~N\(t>"~1\"a0\q~~I\g~~ 1. Following the notation of Theorem 5.1.1,

we define
XxX Xz2X X3 x XA:= X(T), Xs:=R2", Y :=H\R2, [ :=f\h

Now, provided that all the partial derivatives of f\h with respect to a, (),
a0, g and q are bounded in L2(R2), applying the mean value theorem, an

estimate for ~ fih(a{l-\ ~ i~Na 0\g~-1\ g ~ )
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is straightforwardly obtained in terms of the quantities A

|4+ 2=20", | —q™~1Y and \g~ —g¥~~\. It is known that

| - E=i 4ot adta ~ *oax(fe ), H
fi(ip,a0,q,q) :=
v E n¥i 8£(m, QQn + (1 - <4=9)|2) + ?)
( —e{i<t>, D™<j>) + ycrajl™p
-£{i4>,Df)'$) + ~crazi~ 2
*AE?=15'(@5")+ EL oaD0O™N+ -, .., Ef=i(axi.
IR Ef=igl(aa\)
c. E?=0N(NMD)

*NEf=I(MN0 2- £2(0 - W-2)12) + A(i + e)d>{<p(.-,<i)A)

-2(i<j>, D {’}ip(-,q))

C2(#,7M°V (-,9))
BE>?) (M- ?), +es +|)MVO,?+ (] +]) v
E?=idi(aat)

L. E L i i(CKi)

[M(1 - [0(-,9)]2) + *¢<~(-,9) EL i~O™;) + ieao0

Differentiating with respect to  ao, g and (z, we obtain

Yol of e .

g(gsS*)(~’5°’g’”") = ~ — Shk(<p(-,q),<I>) - —ihfcl™2,

d~h{tp,a0,q,q) = ~ a a h(<p(-,q), ) + e(i,D ")
2£
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We notice <)’ d " B and A are bounded in H2(R2) for 0<
t <T. Because of Cauchy’s inequality a constant C > o exists, independent
of i, such that

dfl — -m — v
Ig ™ ~ Ly(V?°0? 9?4)|/f272) < C\(<E(s, #), 0) 1h2(m2) C\(€>0) |h2(r2)-

(5.11)

Because of Remark 3.1.1 and since (“ao,#) € X(T), the right-hand side of
(s.11) is bounded for o < t < T. Analogously, we find that a constant ¢ > 0
exists, independent of i, such that

dfl

|—Oc¥)-('\, a0, (27)|ha(r2) < Cllerall (M(%, 9), 1) » 2(*2)
+Cl@¢ V)R + Q) (05 1) lif. ()
+ Cleralj™, 0) |/f2(E2) + C] (z, #)) 1f2(E2)- (5.12)

We use Remark 3.1.1, (",a0,9) G -X"(T) and the fact that the covariant

derivative of the static Higgs field and any of its derivatives with respect to



x is exponentially decaying as x tends to infinity, [Stu94,1, corollary 2.4], we
find that the right-hand side of (5.12) is bounded for o < t < T. Obviously

\-"-(ip,a0,q,q)\r{K) =0
dao0

IS bounded for o < t < T. Moreover, because of Cauchy’s inequality, a

constant ¢ > o exists, independent of z, such that

fi=1

+ Cleralj”, ~ - (+5M))Ih22) + C,|'~ “(,~)(020)1h2(r2)

+ C0,z7-(- )" 2(R) + C(io, ~)i%)™ (7)) [/ T2(M)

+ Q) (A> <A=>9)) |ff2(R2) + C I(5/17 ?2)) 1*2(R2).

(5.13)

Using again Remark 3.1.1, (?,a0,0) G -X"(T) and the fact that all the deriva-
tives with respect to x and g of the zero modes are exponentially decaying
as x tends to infinity, the right-hand side of (5.13) is seen to be bounded for
0 < t<T. Inan analogous way, a constant ¢ > 0 exists, independent of i,
such that

107 LW,520,2, \2(r) A M\~A~(AQ)\h2{r2) (5-14)

As in the previous case, the right-hand side of (5.14) is bounded for 0 < t <
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Then, applying the mean value theorem to the function 0>Q,0,q) °ne

ohtains
\flh(i,;s) - f\h(i - <CM*W-s)-~ M U
+ C'(r)lISo+1)(-,«)-2j")(-,«)|| +C (r)amax [iw (r) - i (C_1)(T)|
+ C(T)\g~(s)-g~-1s)\. (5.15)

Finally, using (5.15) in (5.7), it turns out that, foro< t < T

laah+1\'->t) ~ aah\"it)\B¥R2 * Klaat "(*o) ~ aa”(*>"Ifrs(Re)

+ C (If)}0 (TkW(-.5) - ~(i"1)(>5)|| + [l«o’+1)(-,s) - aQ’(- 5)ll

+ max |gMHr) - gM~Nr)\ + [</A(S) - g¥~Ds)\)ds (5.16)

0<T<S

for constants K,C(F) > o independent of i.

Now the mean value theorem is applied to the complex part of

fx(d”,4)7,a0+l),gw,4W) - Ji(a(,_1)»?(_D).a0)»9(,_1)>Xi-1)}- In this case>
with the same notation as in Theorem 5.1.1, we define

XIxX2xX3xXi:=X(T), X5d:=E2N, Y :=H2R2, f :=/2

where H2(M?) is equipped with the covariant derivative £)(a("9(°))) instead of
the normal derivative. After differentiating fI with respect to t> a0, q and

q, wWe obtain

dfl "\ 30, qq) = - izt qu‘)d - i—aak(pl, q) - 222231,
o(aak) 0 <
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~r{ip,do,q,q) = — E di(aai)- —J”~aa~”"q)

P at? at!
02 2
- *— ~2{aat)2- e(l + s)ip{-, >, 1) - e2(l + e<tx((> 1)
df2 ~ ~

-~r{ip,a0,q,q) = icp{-,q) + isP,
dao

H—

A - 1M>@)I2) [~ (T ®) ~ A(->®) M -T®@)> 1Y (s7«))

- L+ BNV 9), 9 - £(1 + 537 (-, )

- £ M >q>¢) - £lp(*s) (0> 9))
-sLbr~rw o~ 2?2 ) o+ ) |roaf("s)
and
df?  ~ dp, \
We notice that, while and are bounded in # 2(R2) for

0<t<T, " is unbounded since <p(-g) & L2(R2). In fact, because of the
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Cauchy inequality, a constant ¢ > o independent of i exists such that

(s ) (A0 MIaR) —  V|[If2(W)
b ((aife<n(t, (7)INa(r2) + AMATeAACR 2 (5-17)

From Remark 3.1.1 and since (*, a0,q) e X (T) the right-hand side of (5.17) is
bounded for 0 < t < T. Moreover, because of Cauchy inequality, a constant
C > o independent of i exists such that

d ~ _
=5 (7,5 0,0.0)[2(R) < C92(G)h2(RD) + Claaiai(-,q)\Bi2R)
0Oq)

+ C\(aai)2\Bi2R2) + Clip(-, A5, 1) |#2(R2) + AGIG), 1) [tf2(Re)
+ C|(0, <P)f2(R2) + C|L - |0(",)|2]h2(K2) + ~|«0|h2(E2)- (5.18)

Because of Remark 3.1.1, since (Vs*o,#) £ ~(T) and since 1 —|0(,#)2 and
its derivatives with respect to x are exponentially decaying as x tends to
infinity, the right-hand side of (5.18) is bounded for o <t<T. On the other
hand

9/2 - ~
a°’ o)\B2(r2) = £1M(*> g)\?f2(R2) + ~H h " r?2)
aao

is unbounded since <p(-,g)  L2(R2). Again, using the Cauchy inequality, a
constant ¢ > o independent of i exists such that

M., a0, ffRo(c) < ¢ g R (2a)n1a Ry

N

(‘;(;:
+ AT A))IFI2R2) ¢ V(i) (A (N )0 A (7 #)) 1EF2(K2)
2
+ MK a7 (“N)IFfRY) + lor™ 0~ (,~) 11 2(R)
z=1
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t Cloco, g° (>M))[M2(Re) + C [™ - (5 () (DA ), 0) 1tf: Re)

+ C|IM(Z0) (07 (BY))IM2AKR) + Mg jrh (N 1M 2AK)
2
+ |9/(aal)™-(-,~)|" 2(R2). (5.19)

1=1 oQv

Because of Remark 3.1.1, since (*,a0,</) c X(T) and all the derivatives with
respect to x and q of the zero modes are exponentially decaying as x tends
to infinity, the right-hand side of (5.19) is bounded for 0 < t < T. Finally,
in an analogous way, we see that a constant C > o, independent of z, exists
such that

(5.20)

Since all the derivatives with respect to x of the zero modes are exponentially
decaying as x tends to infinity, the right-hand side of (5.20) is bounded for

0<t< T,

Subtracting from fi{i>,ao0,q,q) the component producing this unbound-
edness, namely icio<p(‘,q), the mean value theorem can be applied. Then,
because of the Cauchy inequality, a constant C > o independent of i exists
such that

i (v ,«)-1/i «)IE»(»»)
2
f«(2.9(0))) f2(-
+X>i( ()))(/lgw-‘s)- M2(* - 1,+ s))|£ 2{R2)
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2

+ B ira(o)n a(o0) (/2(*. os) - [2(* - 1>es))ifw

jk=1
2N
w199
2
+ ¢4*+1)(>»M -. 9w (s)) - s) E di(ctSw (>5s))
/=1
E aaw (""s)A (0)N (i)(--s) - ?(0(s)) E (<jaw (*7s))2
¢=1 Z=1

s)E - (K™Mw (-2t [<EW (-5)(1 - [«E(-gw (5))[2)
z=1

- s(1t @)W (- 8) (<l W («)). 0 (I)(- )

S B (e OW(5)) (<2 # (<)) > OW (> «))

») IV (*.9W(*)) - «)[22 W (-,«)
B> (QE8)(. - 1 (8))12) + *55" (-, 3i)(s )) E QE7W(--s))
/=1
+ iea0+1 (s,s)0w (-,s) + E «(<_1)W )9107-1)(S)
VIR

= NS (L)) U - M) - e e 1
+ S)E )+ E aSi_)>s)DEY ¥, 9
° 171

1=1

+ ié;<p(',9(1_1)(s)) E (aSil_1)('>s))2

Z=1
+i~-D (.,a)¢ (a0~ M )2- - N (L«(i- 1X(5))[2)
¢=1
+e(l +e)0(i_1)( «)("(-, 9(_1)(s))- «))
o ADE) X 9_L)E)- «)
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+ enyE[</> (i 1)(-,8)|V (-.9(* A00) + e2~~— 10( 1)(-,s)|V* 1)(-»s)

- A D(-,s) (-] N (S)]2)

Z=1
2 2AT o

i %
=1 AL R

+ 5(-,C M) - 1"(-9WMs))[9 + «@o+1)(->s)*(-.9WMs))
L imts(i) ) E GTANG ) - Iy <THMES)R 0 WES)
=1

a Z=1

- #) Y (IM>))2_ S)E (aSf)(>s))2
+ $)(1 - NiH->0W(9))[2) - e(l + )OW(-.5)(<p(-# («)), 0(i)(-.5))

- M #(«))F¥> (2 H#(«))>0(01)G 8)) - eryMOW- «)IV(->9Ws))

- e2n [0 « (-, 89)2n () + - 10(-,#(9)12)

+ ", 9W(s)) ¢ Oi(cra[°(-,s)) +¢e50  (-,5)0w(-.s)
£(T =i
2V,

+E A (-, 9D)NTD(S) - -¥>(e90_1)(s)) (- 7(-,9(21)(8))12)

n=i é

- mo}(- s)<p{- g(i_1)(s)) + s)E- (erall_1)(- 9))

+* g Y <I_1)(>8)8 10N (L)(- 5)

2 2

+ 2(-1)()) ¢ (80}-1)(- 8))2+ §)¢ (oa*1)(-s))
G 1=1 ° =1
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- 84>(,-1)(-»s) (1 - A (=.9(i_1)(s))]2)
e (l+ e<E(i_1)(-, 5) (<p(-, 9 (>1)(5)), 0 (I_1)(9))

+ enN(->9(1_1)(s)) (¥>(m, s))
Se<A(C_1)(-us) (0 - 1M (-9 (iZ1)(s))]2)
2
- = 7 (.1)() 5) - 5)" (¢ D 8)) B4R
i
2 2AT ~
+y , D« = » D« -» (-E |E£E(,,«)(S)"™w
e =1
&*=1

+ N (e>9W(S))(1- IM(-.5()(s))|2) + *ao+1)(->sM -, # (s))

s)"™ di(aajli¢,s)) - %% Foraj')ms)Dho)Hf s)

1=1 1=1

-in<p{-,q{(s))YN (<™MW(-,5))2-T~ 0 W(-,s)E (ctSW(-,5))2
/=1 1=1

YW (LS - [<e(-g«(5))12) - e(l + £)2«(+,s KA

- etpi; g(i)(s)) (- #(«))> "W(>s)) - e M [?2W (-, )|V (-, #(s))

-e2M |0« (,s) 2™ (-,8)+ N W(E5)(L - [e(-,9«(s))]2)
2
+ T— <l gw (s)) ¢ 9i("a[N(- s)) + ieHo+1)(» «)OW(>«)
i< i=x
2N

+ A A A

iao {">S)P('->Q(<T ~s)) + N-,s)ygp2di(tTal[l ~(-,3))
i=i
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+ i— "Ylaa<i' 1)(->s)-pfv ¢ 1]("s) +i-~ip(-,q( ~ (s))E iaa<i' 1}(->s))2

G 1=1 1=1
+%A-m'«)zf'{ -fAM d - w-N-1)1D
+e(l + e)M(1_1( s) (V- g(1_1)(s)), s))

+ B> 9(¢_1)(s)) (" (-, 9(1_1)(s))- s))

+ ML) + 2y ML 5)|D(_1)s)
A=) (L9 U1 A -D (9)ID)

A(e,2(i_1)(s ) ) E 9'((jS"t_1)(*>s)) -* £S0)(->s) ('_1)(->s)) 112(R2)
e</ i=1

< CIM+D(8)7 (-9« (8) ) -~ D(.,s)¥7(-,9(i- 1)(5)) || 2R2)

+C  \Df{'qm (aj+h)(- s)<p(-q@)(s)) - ao\-, )<p(- ?(_1)(5)))I|2AR)
J=1

jle=1

Y
- % (s «<*>(+,5(i_1,0))IL>(R2) + C| - E &~ (">9(<)(s))i¢0(®)
»=l

+ A (-,9 (D)(s)) (- I</>(->9(i)(s))12) -* -0 W (->s)E 9l (crSW ('"s))
z a i=i

=32 cr"W(-TF)A O (N> - ?(0(s)) J 2 5))2
| -

=1 =1

Coewen e (@NS)2_E(1+ e VESIMEONE)), W)

a

+ m-yrow(-,s)(1 - A{D)($)\2) - £p(-, afll(s)) (<p(- a{l)(s)).4>{i)(- s))
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4<AH)GS)IV(-CA)S) - er y A WEQIVWG )

t = H>0W(s)) ¢ o((aal!)(- s)) + ¢eadl+1)(-. s)NW('»s)
£<r 1=1
2V
M
+ 1-0 (1_1)(-,s) E <h s)) + 1T— E <Teil_1)(->s)A (0)r (1_1)(-.s)
" =1 ° 1=1
2 2 2
e AT-D(m\\ ™ (-'Zii-Vt ,W2 . A6
a Z=1 Z=1
+e(l + e)N(i_1)(, s) (V2= 9(,_1)(s)), s))
S Ay AN (D) (--s) (1 - 10(->9(i1)(s))12)

+

e<p{-, I=1)(s)) (<p(-, g (1_1)(s)), <j-1)(-, 5))

+ S)\M; g~\s)) +Mix £ N -0)(L;s)\2n - \-, )

-ij-<p(-,qfi % ) ) td N~ 1{-s)) -ifal\-,s)<t>{i 1)(-,9)]],2R2)

1=1
2 2N
+C £ |I,W-<»)»(-2gL(,,«)Wi«(9
J=1 MEL A
+ A2 WENE - INTW(E))[2) - F N W S) (+»»))

1=1

E G9M"s)A @~ @(->s) - 5W(s)) El (crSif) (->3)) 2
z=i —

a

- ) e (@ W(7s))2" £(1+ ) ()S)(N(-- #(«)), s))

a

+ Ay N0 (Q--8)(F - I<AG9()(8))12) -£¥>(+,9W(s)) (" (-,?W(s)),0W(-, 5))

NV (- #(*)) - $)\2ft% ,s)
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+ Cw (s)) E df(aa<il)('’s)) + isal0+ V» s)0OW(->s)

fa 1=1

202,
+ E Qir A di~)(sM o~ I)(s) - \W{', qfi~)m i - 10(-.q~is)) i2)

«=i 0(“" ¢

2 0o 2

+ ¢-<E£( 1)(-,s)¢9/(aal* X)(-,s))+i— E aai'" 1)(,>S)AR °

a i=1 a Z=1
+ i-é\.<fi{-,5(ﬂ"33)(%))){E' (@@l 1)(-8))2+ EToA([ '7( ' - K X(-.5))

a 1=1 1=1
+e(l+ e)E(i-1)(s)  qt~1)s)), s))

1+ €

2

+ £¥>(s, 9(_1)(8)) (<>(% q.(1_1)(s))> 0 (t_1) (> «))
+eMyMNO(I_D)ES)IM->9¢, 1)) + e y 21 D)l )
- i— y>(-, ¢ (i_1)(s)) E 9i(asSii_1)(->s)) “ ¢e«o!)(->s)0(1_1)(*.s)) li,»(R»)

ea i=i

2 2N
+CE£ |D<«]_’»>>D|'“«"»>( -2 fi(-,#(»))<«(.)
jife=I B=I o/

+ M- AM00 X1 wow o)wy2) - e (-,
z

FER O AN (- o) - E())E K w(-'s))2
a ¢=1 Z=1

- IR0 (OGS E  (aSM(>s))2_ £(X+ £)"W-. ) (&% 9w (s)), OW (-, )

Z=1

- eip{*, a{\s)) ((p{-, a{1(s)), & (- 9)) - FOE9)IV (-, alrs))
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2

S)[2AW (->s) + ijzVi'i9W(«)) E s))
fa i=i
2V
+ ieao+.)(-,8)s (1,(-,5) + NN IH«)
M Qi
S A (e« (B D)) (- + A~ 1M £ * 2i<"1)M )
1=1

+i—J 2 s ) D Bt~ s) +ir2<p- 9t 1)) E (aSii_1)(>s))2

G 1=1 1=1

+ S) E (cra(-1)(-, s))2
47 i=1

+e(l +e) (t1)( 8) (9 9(t2)(9), o CLi)(-,)
() (! - 10(-,g<t1)(s))12)
+ey>(-, 9(i_1)(s) s))

* V(- GIE) +e2 Y ~ [M-1)() )2 (L))

«W JE ftK 1X-,5)) - iea® {-,5)fi 1}-, s5)) [E2(r2).
£a i=i

(5.21)

The first three norms in the right-hand side of (5.21) are now examined.
Because of the Cauchy-Schwartz inequality a constant ¢ > 0 exists, inde-

pendent of z, such that

[20°+1)(>*M-> ?()(«)) - «0OV. «M-.4(_1)(5))|2*(Rs)

+ E 1 £,1a((0)(50+1)(-.8)~(-,9(i)(s)) -a 0 )(-.8)¥I-»9(,_1)(s)))|22(R2)
j=i
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< Clao+a)(-8) (y>(-9(1)(s)) - ¥>(-0(i_1)(s)))1i2(R2)
+ Cv?2(-9" X(s))(ao  (’>s) —ao @s))IiAR)

+CE£ ID ~m (4 +1)(9)(<pG;quU(s)) - <p(; <P~IH»)))) \hm

3=1

+CX, I» " H>C4 )-2?(e,.))) ll.«)
Jle=l

+C-£ |Of- D i« >»>>G,»-"M X rV ,» - S?2\", »)))II,R.,.
j,k=1
(5.22)

Using Remark 3.1.1, Lemma 3.5.1, the fact that (*AaQ ,q™) € X(T) and
that all the derivatives with respect to x of the zero modes are exponentially

decaying as x tends to infinity, one obtains from (5.22)

a0+1)(>SM SOW(S)) - “0V . s)<pf-, 9(,_1)(s))1i=(R2)

B IR0 (%e+1)(> IW(«)) “ “0: (2. )" (= 9 11 (5))) 1= ()
j=i

+£ | Fo &

k=1
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-<£\-,8)<p(-,qfi 1}(8))) [12(Re)

< (T(r)[|oo+1)(-.5) - ao}(-,s)|| + c(T) max |afi\r) - ¢i_1)(r)]
(5.23)

for some constant C(T) > 0, independent of i, for 0 < s <T.

The norm in the remainder of the right-hand side of (5.21) satisfies the

conditions of the mean value theorem. Therefore, it is bounded by

C(O)IV()(--5)-V (i_D)(-,8)|| +C (r)||50+1)(--s) -« 0’V.iOll
+ C(r) max BW(r) - «(_s)(r)[ + C(r)lgw (s) - ¢(i=2}(s)]

(5.24)

for some constant C(T) > 0 independent of i, for 0 < s < T. Then, using
(5.23) and (5.24) to estimate the right-hand side of (5.21), yields

112(V,S) -/112(*~ 1»-,5)]i2(R)

+ 2RO (/1 (5 ) i (s, % «)) lia(R)

3=1

# B P1aCiO) aCiO)rtih - s) 17 (%= 1, %)) []2(RD)
<C(N#(- 8- VIEYEH)I+ C(r)pot+l)(s) - ath; s
£ C(r) max [#(r) - "~ (1)L + C{TNAA(s) - ~ (s))\

(5.25)

for0<s<T.

135



Now, using (5.25) in (5.10), one obtains

+ £ [E>1(7,(0)))4 a("?(@))(NM(+1)(-.0) -~ ()(-»1))1i2(R2)
j k=l

+ £ oW (..1))12{R2)

jkl=1

<X M+ (-,0)-7)(-.0)[12R2)

+ i~ E IDf ("?(0) (M(i+1)(>0) - 0 (i)(->0)) |i,J(R2)
3=1
2

+/c £ [E>ja (", ?2(0))r>iQ("?2{o))) (" (i+1)(-,0) - ~(i)(-,0))ii2(R2)

j fo-!
+ (N +D()0) _ £» (., 0))iizcen
+ C(T) Jf (IV>(1) (-, s) - S)|| + Woh+1\; *) - ?2 (- *
0
+ max BW(r) - 1 (™) (T)] + [g(i)(s) -« 1>(s))ds (5.26)

with K, C(r) > 0 constants independent of z, for 0 < £< T,

Adding (5.16) to (5.26) term by term, we finally obtain

+C(m ( (H?0s) - V(<L)(-«)|l + [[«o+1)0.5) -« 0 )(".5)|
+ max [#(r) _q(i-o)(r)] + [a®(s) - ~ {s~ ds (5.27)

0<T<S

with constants K ,£7(r) > 0 independent of z, for 0 < t < T.
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54 An Estimate for gW—q» ™ and — >

Here an estimate for in terms of || (*-1) —="(*~2)||, ||So* —Sq *|
and —qg~~27\is presented. Then this estimate is substituted into (5.27)
in order to make it smaller than a linear combination of

[1A-D -~ L, Jloo+a)—=0g™, 1 1i-So 3|, k(i)-g (,_1)] and |g(i_1)—g(i-2) |.
In the same way also an estimate for |*i+l) —qg~\ is derived in terms of

() =0 (*-DI) [I*0 "—agw and \g~ —qi~IN

From (3.15) it is known that

2N
il=1
= \} M a.9(“1,(s))(1 - 10(~9(i-1)(s))]2),n2(a;,9(i- 1)(s)))d 2a;
*Jr2
+e(i(a(t_1)(-, ), s),a0\-, s), g(!_1)(s)), n™-, QAi_1)(s))}
and
2N

=1, (PEHEDEN G-\ B af2){s))e), n2 (x,qhi)(s)) ) d2
+e(jr-2;8),7-2; ), ~I\; 9),qf-2Im  nM. g(i- 2)(s))>.
Subtracting from each other, inverting the matrix i4(*_i)(s) and i4(*_2)(s) and

taking the norm, one obtains

\qU (s)-ti-\s)\ =Y /\tF)(s) - q t)(s)\

T=1
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_ 2N | 2N ar/i(z—l,S)(a/\z —113)—3M’(Z—2,S))gi /\(5)

r=1 n,v=lI

2N

+ Y ar»(i ~ 1>S)
fl=1

(1 f (@~ 10 9(LD(NIZ*." (1)) n2(2.9(_1)(s))iiz
+€0°(a(*_1)(-,5),0 (- )(-.5), 20)(-,5),9 (-1)(s)), NM-, §(,_1)(5)))
f (@~ 17,9 (_2)(s))I9"(a:,g{.2)(s)),n2(a:,i(l_2)(s))c?2"

* JR2

- e(j(a(i_2)(-,5),0(_2)(-,5),50 X(-,5),9(1_2)(s)),% (*,?(_2)(<I)!

2N

< J2 KA-MIKVA-M)-V'(*-M )19 *~1()
T.Av=1
2N

+ £ k-~-M )|

rMm=1

B J[ez (0 -A\<I>(x,q(1~1) (s )\2)<p{x,ai- 1)(5)) N2 {X,G"-1)(8))) <X

+ £°0(«(,_1)(>s) «). «0 *(>5)>?(_1)(s))> », (*, At_1)(s))>

ST (G T G2 N 1O0L2)(s)>n2(as 1(LA() T

S A0 («(i_2)(>5)>2 (,_2)(->s)> <o 1)(">5)>9(8_2)(s))> «/*(s» 2 (i_2)(s)))].

(5.28)

Using the fact that for every r,s e {l,...,2iV} the entry a~}(i —1,s) IS
bounded, as was shown in the proofof Lemma 3.6.3, and using the definition
of the norm in R2N, from (5.28)

2N
lgw (s) - 9 (i_1)(s)| < C(r) K>'(i- 1rS)-aflv(i-2,s)Hqit~1)(s)l

H,v=I
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+ e(j{afi 1)(-.8),4")(*»s).9 (i 1}(s))>

-t ((1-17 g {i=28))\2) (p{x,a{%6 2){s)) . nI(x,q" 2){s)))d2x
ZJR2

- £{j(d{i~2)(-, 5), Mi~A-, 8),«0 X)-,5), §i_2)(5)), <, (%, A.-2)(9))!
(5.29)

follows for some constant (7(1?) > 0 independent of i, for 0 < 5< T.

Now every single term on the right-hand side of (5.29) will be estimated.
By applying (4.11) to the first sum on the right-hand side of (5.29) and using
the definition of aM/, one obtains



= C(M)

y ! CK 0.9(i_1)(s))-«2("»9(i_2)(s))) \ f «i(»9(< 1(«)) V

+,(ni(7230)() - <(e- qli~21(s)) i crnl(-,g(i~2)(s)) \

Voexrms(Cy-ecrtM>( )\ 1 A (-9 (i-1)(s)) \

y 0<)-«)-029) I\ S(-"A) /

I aat~a\-,8) \ /g (L g(-i)(s))-9 (LN -2)(9)) )

\ a1 2-9) y T IH(90L1Xs))- (-, 19E) /

(5.30)

for some constant C'(r) > 0 independent of z, for 0 < s < T.

Now for the first term on the right-hand side of (5.30) the following in-
equality holds:

[ o-(ni(-7-3(s))-ni(-,9(i-2(9)) \ 7/ nj,(-9(-1)()) V
\' niegb-ne) -N2A-01:A6Q) I\ N-,9019) /

F A (P93 1) ()" A (o9 (IF2)W ) IA)IA (5,9 (-1 («))lw .
(5.31)
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Because of Remark 3.1.1, Lemma 3.5.1 and the fact that the zero modes are
exponentially decaying as x tends to infinity, (5.31) yields

@(=>9( () - nli-><ii~2)s) I\ n\(,g(i-1)(s))
< o(m) max o)1) - +(“2)(1) (5:32)

for some constant C(r) > Oindependent of z, for 0< s < T.

Exactly in the same way it is shown that

( nl(-,q{i 1s)) 2)(s)) \ I anl(-,q2>(s)

< C(r) max |g(i"1,(T) - 9(i-2)W

and

I

< C(r) max [N -x)(r) - g~ 2r)\ (5.34)

0<T<S

for a constant c(T) > o independent of z, for 0 < s < T.

Now we want to estimate

A gact 2(-8) M M AH->9(0 1)(s))
Hi-1-5) - 20629 1\ §F-(-9(11)(s))

We try applying the mean value theorem to the function
Ui :if3™(-2(0)(E2) — >E
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defined as follows:
Ui(aa, 4>)~{ >

First of all we have to check if the conditions of the mean value theorem are

satisfied in this case. It should be noticed that

( 6ik\ a2 (.

du
' B = d2@ .
d(aak) EaP=1{ s« qogr W)
\ 0 /
and then
d(daualk) (eraq 6)\| % Idziaau .>9(*” X))l L1(R2)- (535)

The right-hand side of (5.35) is bounded by a constant independent of z,
for 0 < s < T, since all the derivatives with respect to g are exponentially

decaying as x tends to infinity, [Stu94,1, corollary 2.4]. For the same reason,

given
'o' |/ i-1)\
0 dopenut Y
7 ((75.0) = (0 dg”dqu V »” I

d(p
V1/ \' dg~dg,,

one obtains that

LHK2): (5.36)

with the right-hand side of (5.36) bounded by a constant independent of z,
for 0 < s < T. Then, since the mean value theorem can be applied, one
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obtains

| aa”P- «)-aar~A-5) \ ( AF(-,2(i-1)(9) V

A(TIIIAM =AM 11 (5.37)

for some constant c(T) > 0 independent of i, for 0 < s < T. Now, using
(5.30), (5.32), (5.33), (5.34) and (5.37), one obtains

EIE ~19) ar - 29))™ D)

fi=1 i/=1
< CIV'(_D(5) - # - 2)- )| + C(r) max [gC<-D(T) - gW ( T\

(5.38)

for a constant C(r) > 0 independent of 2, for 0 < 5< T.

Now we estimate the second term in (5.29). The aim is to apply the mean

value theorem to the function
:X(T) —>R
defined as follows:

Vp(a,(j>a0,0) : =\ [ (<p(x,q){l - \4>(x,0)\2),n2(x,q))d2x
* JR2

+ e{j{a’<j>va01q) N II(_vq))
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All the partial derivatives of  must be shown to be bounded in R in order

to apply the mean value theorem. From

£)i

Qy ~ -
£/ (a, 4, a0 N@a, 4 do, a))

d{aak) d{aak:)

= -e( %S2k{<p(-,q),<i>) + f~2*|0|2 1

i~D f]&t i-"o-akip{-, q) +

it follows that

dv 2e .
M fa<f>a0,g)| < - V i
d(azk) R2 oQ/t

a £N-"k2

- 7ir2|£I°V(z,s)||f’\(z,?(s))|d 2z

[ laaA(a;,s)llvs(a;.5(s))II"-(a:,9(s))[c!5X

+ ’d-jRZ\aak(x,s)\\${x,s)\\"{x,q(s))\de.

?(s))|d2x

(5.39)

Using the Cauchy inequality, Remark 3.1.1 and the fact that (0,a0,<z) G
X (T), it turns out that the right-hand side of (5.39) is bounded for 0 <t <T.

From
Qy - — Qj - =
M(a,<t>,a0,q) = e(-~(a, <>a0,q),nJ-,q))
af> d@)
1 (<~ 9).1) "

%o0a2(<p(-,q),i) 5

\ ~ E Il di(™i) + 1EjLivaiait,q) ) V
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1 ~(i,Di0)$ n PE(Tew>!
£< -(i,D 5 f<ome> >
ANEFZIW -0 (-0 (->9)]2) y E<ome> |

«i( >9) )

_e{ %
L+ £)<%(,9,1) + 1+ ) (¢ 9.4\ 4o

* (?,a01i) X
~e( *(?,<roi) SM
¥>(',9)(V(',9)»|) + (1 teM -, ?)0 U ) \ *E£(e>«)
(8%, 2).) Ry
e( (*%>(-,9),1) da2 @m

e(l + BB 1) + |(1 + e)<N2 —ia0 AR

it follows that

\g(lr)(a,(j),ao,q)\<~y] | Iaai(x,5)||<“(a;,9(8))c|in(a;,9(8))|d2&

i=1

+eYl | 1AQHe9)lIN (3a8)<2

2
d
+eE [/ MZyg(S))II"(ZvS)II"gir,g(S))Irf2Z

ill 'R2 Om
3»i
+ I ka((~-s)HA,8) (R (x,g(s))]d2x
-Ik2 n

+EE [ Wd'p(x>q(s)) WA (XA (s))\d2x
l’\% JR2 g»

£V f \di{aai){x,s)\*-(x,q{s))\d2x
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+ [ Wa.i{x,s)\a,{x,q{s))\\*-{x,q{s))\d2x
a Rz

+AY T \™i{x,s)\2\ 2 (X, g (5))\d?x
izi JR2

+ £ [ \M-\d>(x,q(s))\2A x,qg (s))\d 2x
OQp

i Ju2

-3e(l+e) o \ip(x,q(s)\(x, s)[|"-(as, g(s))d-&
JR2 og"

-£ [ \Mp(x,q(s))N2\(x,q(s))\d 2x
JR

S EEPIER NI CILE

+s [ \a0{x,s)\\*-{x,q(s))\d2x. (5.40)
JR2 adhi

Using the Cauchy inequality, Remark 3.1.1 and the fact that {~,a0)q) €
X (T), one finds that the right-hand side of (5.40) is bounded for 0 < t < T.

From

fil) '
m"(a,<f>,a0,q)
dao

dj —
f(™(«> «0. 9). «m/*(*»«))
aao
O w N
= 0 *£('.«)
V1M 0\ dQ
it follows that

v m(a,0,a0,0)] <e [ s)WA-(x, q{s))\d2x. (5.41)
da.( Jr2 oQn
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Using the Cauchy inequality and the fact that (*,a0,q) G X(T), it turns out
that the right-hand side of (5.41) is bounded for 0 < t < T. Finally, from

N o(a,4a0,9) = - [ (<p(x, Q). ™ - (X, 9)) (<px, 9), ~~{Xx, q))<&X
oQv r2 0q oqv
v 11-
s, i1 - 9)12) 9), I)qu,\(IJq{Jfo
Q -~ - A dfi
+ «,9), «, (%, 9>+ e(J(a, <= a0 .. )
\ ( dai
*7“1(& 1£(*>9)) dagn (+:9)
‘ fto0.9)
LtY LI **E (e, 9)+ <*E (0. 9) Ef=i(<T«i): \ o
¢ M )
feM
O 17 (59)) + i1+ E)NAIE(?)
\ ¢taw  x \
(*>"1n7 (w?)) (+.?)
—e ( (r>xn2 A (->9)) (+9)
IN(->9)(<p(-,9),0) + <p(-0)(<i> §£(">q))
-e (
\ £(+,«)
ferai(<p(-,9),</>) C dopda, £ 59,
-e( l<da2 (ip{-.9).4>) datidgv ~” 'U

“OEli  +¥EfSicaiDi> | 209
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\/ az;! (, n\

d2a2
dfjfidqul(°))(()
d29g
\  dg~dqu /

. \ A JPai_r VA
-\ct5i|0]2 dq~dau * 5

+ £< -~Ncraz2|n2 dgJdgS''~
ML - D12 - @ H)TIHAPED'TD) )\ M )

(idM-,q),<t>) O s (0

‘e (id2</2s, <?)<f)
wEA(>9)8) + v\ g

( _&E' / g\ \

(i<p(-,0),di4) G
e (i<p(-a),d24) dondes (5.42)

e+ ia0d) | i (+9)

it follows that
d . .
v'(a!4>lalQ’q)\< f \<p(X,q(s))\2\"-(X,?(s))||Jp-(ar,q(s))\d X
v JR2 og” oqv
4 &}rz I1“ |Hx,q(s))\2\\’8di(Jx,q(s))\\d~q(ux,q(s))\d2x

+ 0\ f 11 - A\ (x,q(8))\2W {x,q(s))\\-"-~-(x,q(s))\d 2x
r2 cfgnOgqu

*J

1

y ] | VM X,s)W& (x,s)\W\WA(x,q(s))\W\(x,q(s))\d2x

ey, [ Wrs)2Ili* (23(*)) 2

bsyvy (KE(, ddqgi (x, q(s))\di”-(x, q(s))\d2x
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£E[ \2~s)H)VNI-A~rqg{s))\vav\v e~ { x,q{s))\d2x
z Jr2 og”oqu

J(I+E2) T \p{xaf{s)\Mx,$)\2\-~-~-(x,q{s))\d 2
* Jr2 oqpdqu

r

s [ \AOGS)WN(PX,A(s)\2\ -~ - (x,q (s))\d 2x
Jr2 og”~oqu

T(1+£) /

7r2 oqpOqu

Jr2

[ Ms,s)||0(s,g)|k 5 r -{x,q{s))\d2x. (5.43)
vqudqv

Using the Cauchy inequality, Remark 3.1.1 and the fact that (ip,ao,q) G
X (T), it turns out that the right-hand side of (5.43) is bounded for 0 < t < T.

Then, applying the mean value theorem to the function v», one obtains

Nir
Elo / (v,(2 9(“0)G)) (I - 10(z,g(i-1)(s))[2),n2(x,i(* % )))d 2x
Ml ZJ«2

+e0'(a(i_1)(>s) s),ap\-, s),qi*~2s)), NM-, g(<-1)(s)))

=\ MA,9G2(s)) (- 10(2;,9(i-2)(s))12)n2(ar,g(i- 2)(s)))ciex
-e(j(a(i-2)(-,s),0G 2)(-,s),a0 \,s),9 (i 2)(s)), (" (i_2@s)>l
< C(r)| | (e>«<)- (2 9) || + C(I’) poXe,s) - So-1)(, 9)||
+ C(r) max k(i_1)(r) - g(i_2)(r)! (5.44)

for some constant C'(r) > 0 independent of z, for 0 < t < T. Now, using
(5.28), (5.29), (5.38) and (5.44) it turns out that

\a{i)(s)-a (- ds)\ < C(N)[I* (- 1)(-1S) - (- 2)(-.9)]]

+ C(r)|Joo)(,.»)-«0 I\; ®)+ ~(r) max \ A ( t) - g{~2)(n)\
(5.45)

for C(r) > Oconstant independent of i, for 0< t < T.
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Using (5.45) in (5.27) and the hypotheses on the initial data as in Theorem
4.5.1, one finds

< Cc(T)n
+ C(r) f (1™ {i)(- s N+ N 0, s - w(i-2)(-,
¢ IR *+1 5 ~{')d Hj) * s (-,

+ max [ (r) - q@ I(r)[ + max \fi 1(r) - afi 2)(r)[)ds

0<T<S

(5.46)

for some constant C'(r) > 0 independent of i, for 0 < t < T.

Furthermore, an estimate for |q(%H) —g~\ can be easily derived from the

previous inequalities. From (3.15),

4
qW (t) = <F»(p)+e [ Mi,;s)d
Jo

and

W (i) = 9W(0) + e f f2(i- 1, - s)ds
Jo
follow. Then, subtracting the second equation from the first and taking the

norm of R27V, one obtains
lg(i+1)(i) - 9w (i) < [g(i+1)(0) - g(i)(0)]

v £ f 12(i,-,8) - 12(*- 1,-,8)\ds. (5.47)
Jo

151



With the same reasoning that lead us to prove (5.45), by replacing i with

2+ 1, one obtains

[<ii+1) (i) —<?(ME)! <
+ C'(n||50+1)(-,i) -aoV-i)!! + ¢'(r)max kW(s) - ? (,-1)(s)l
(5.48)

for a constant C(r) > 0 independent of z, for 0 < t < T. We notice that
the integrand in (5.47) coincides with the left-hand side of (5.48). Using the

hypotheses on the initial data, from (5.47) one obtains
\gfi+I(t) - 9« (i)] < c(r )™ +ec(m)j* (MMH#(e,s) - 5)||
T ol«0+1)(->s) - «)(->s)|] T (Qraggww (t) = 5(I—1)(r)|)t/s (5.49)

for some constant C(r) > Oconstant independent of i, for O< t < T.

55 An Estimate for a0’ "~ —a0

The equation (3.13) is the key to finding an estimate for ﬁao -~§Zdﬂﬂ in
terms of Jl5llall =Sa A IISg ~—Sq Al
lg(t-1)_g(*-2)[5|g(*-2)_~(*-3)| an(j \dtipw — li,c(,~(0)). Again the mean

value theorem is the main tool used in the proof. From (3.13) it is known



and, subtracting one from the other, one obtains

-A(a0+N0\x,i) -a 0(x,t)) + \<>(x?(,)(i))]|2(0g+1)(a, t) - ag\x,t))
- - fo(i - 1,x,t) -0Q (x,t)(\<t>(x,gM{t))\2- \(N(x, ¢(i_17(i))[2).
(5.50)

Now, applying the same arguments as in the proof of Lemma 3.6.1 to

(5.50), it turns out that

kO (m,*)-% (=i)Iff3(K2)< C'(r)l/o (i>-,1)-/0 (i-1,-IDIHi(R2)

+C (n)™)DA0Gg0)))2- [>Cgi_)(M)IIfi(ke)

for some constant C(r) >0 independent of i for 0 <t < T, and then

—(F) ~(1)

\a0 —a0 (*>")Itf3(R2) — *51) ~ fo(i ~ 1» ’jN)Ifl-i(R2)

+ C(T) \ Q {D()><>>9(0W) - ¥ > (* > W))Ihi(R2)
+ C(TIVV(, «»() = *(.s ¢ ~«(1)), » (-, 9(«)(1)) 112
(5.51)

for some constant C(r) > 0 independent of z for 0 <t < T.

Now every component on the right-hand side of (5.51) will be estimated.
For example, for the last two components of the right-hand side of (5.51),

proceeding as for (5.5), one obtains

[C>(, ««(*)), <«(®) - >N (1)) [BIR2)
< C(T) max |[<?«(s) - ™~ (s)] (5.52)
O<s<f

153



and

1G>, gW(*))-¥>(o»9( BENIFiI(R2)
< C(r) max ow (s) - 9(i_1)(s) (553)

for some constant C(T) > 0 independent of z for 0< t < T.

Now, on the right-hand side of (5.51), also the term /0(z, *£) - / 0(z -1, -,t)
must be estimated. We try to apply the mean value theorem to find such an

estimate. Following the notation of this theorem,

XX X X2X *3 x X4x *5 = X{f) x ii1*" O» " 2),

X6:=R2N, Y-.=H\R2, /:=/0.

Then it must be checked if the partial derivatives of fo{'ip,aQ,dt'ip,q,q) are
bounded in HI(R2). From the form of /0 it turns out that

d(%f;k) (ip,a0,dtild,q.q) = -~ (<p(-,q),dk(p(-.a))

- M(i>.dk<p(-,9)) - “(<p{-.q),dk4) - 7*-(0,d*<£),

~{'ip,a0,dtip,q,q) = --¢ai(-,9)(% >(-.9).1)
de a i=i
2 2
* E_ (= diD\O)<p{~q)) - ;"2diai(-,q)((p(-.a), )
i=i i=i
2 2 2

-AyAvaifidi<p{-.q)) ~ -*2ai(-,q)(dtG),])
G 1A ° 1=
2 2
riE (*i&iDiO)ZI%\— s E q) &)
O-Z=1 J Z=1
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2 <o am <@ - —CEEPNSPD

op2 2 0-3

na-(i>,a0,dtip,q,q) =£,
dao

d(%?;’p) (ip,a0dtip,q,q) = O,

AW ,Sj,a,v,«,4) =-\Y |
/i

+ s ¢ (% «» - ?2«'e <()'i) E )
2 2

- N (e «) E &«i(->«)- 1¢ 9)(% (> 9). %

~ ~E 9) (&> Q)+ A2 (FtA ). 9))

a {=1 ac, a (=) oqv

2 2

E aj(-"9)O@In’ «) + N (B(>»®) «)) E  9'(ct5))
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and

ip,a0,dtip,q,q) = -*(iip{-,9),"-(-.q9)).

While ajfe» 8f”a fe %; and |£ are bounded in (~(R2)for0< i< T,
H2 is unbounded since a constant function not zero is unbounded in H I\(/RZ}.
Because of Cauchy’s inequality a constant C > 0 exists, independent of z

such that

< 9), <) |7fi(R2)
+ C\{4>,dkip(-,q))1hi(R2) + C{y>{-,q), dk$)\BI\ A + c|(</> ck>)\Ri * y

(5.54)

Because of Remark 3.1.1, since all the derivatives with respect to x of the
static Higgs field are exponentially decaying as x tends to infinity, as it has
been shown in section 3.1, and since (* a0,q) £ X(T), the right-hand side of
(5.54) is bounded for 0 < t < T. Moreover, because of Cauchy’s inequality,

a constant C > 0 exists, independent of z such that

df 2
Oo, dti>, g, 2)&!(»») < c Y jM ’>9) q), 1) |"i(R2)
A 1=
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2 2
+ ¢ E 1(>diDiOv(-, )) [*1(2) + C * 2 Hiaij(-, q) (P(- a). 1) [ 1R

1= 1=
2 2

+ CY2\aa‘(~ 9) IfiR2)+ C X M -, q) (di4> 1) Iffi(R))
=l =l

+ Q\(<p(-, ), 1) (ip(- @), BIfFIR + C\ g ) , 1) (P 9), 0) [tFi([R)
2

+ ¢ aai(dq), 1) ["1E) + C\(0, 1) @~(- 9), 0) &i(r2)
i=i

(5.55)
Again because of Remark 3.1.1, since all the derivatives with respect to X
of the static Higgs field and the static vector potential, all the derivatives
with respect to x of the covariant derivative of the static Higgs field are
exponentially decaying as x tends to infinity, as it has been shown in section
3.1, and since (-0,a0,g9) G X(T), the right-hand side of (5.55) is bounded for

0 <t<T. Unlike the previous partial derivatives of /0,

which is unbounded since a constant function not zero is not even square

integrable. On the other hand, using Cauchy’s inequality, one obtains that

which is trivially bounded. Moreover, because of Cauchy’s inequality, a con-

stant C > 0 exists, independent of i, such that
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2N 12
+C53IM 0)arkr 9)IW 2

+ 153 (~>5i~ (0))Iifi(R2)

2

s 53100 320> OUAMKY+ c 53 10 T (SHWOIIIR)

= oqv
+C¢  19laj(-, 9) (0, g))in)

(=i n
+ C53 1" ("9 9). HIffi(R2)

i=i °qv

+c 53w -»?) & a~('» 9)) 1hi(r)
i=i 9"

+ C53|(0iD{0"z-"(.,9))|BI(R2)
i=i A/

+C¢ laa,(%(, 9. 1" (-, gNI" ]
i

+C53  (&=9),di*-{-, g) IhmQ
i=1

aqv

+ C ¢ 1(¢0,0,d 5r (s 9))]ii(R2)
i=1 n

+AEIN(59)M -.9).67)IW 2

+C¢  Jai(- g) (d<€ 37 (-, 9)) [hi(r2)
1=1 9"
2 d

+ C 53 [9i("ai)(v2(-, 9), ojé/\o, 9N1ii(R2)
E
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io v5q) O>viv) IhMir*I'v /_jivi o

i1 i=i
+ CL> 37 (> 9)) (V(, D<) liri(R2) + Cl (e ?>0) (0> ?)) Iffi(R>)
+ ClIM2(™ 9)) 1 1ED)- (5.56)

We use again Remark 3.1.1, the fact that all the partial derivatives of the
zero modes with respect to q and x are exponentially decaying as x tends to
infinity and (~,a0,g) G X(T). It follows that the right-hand side of (5.56) is
bounded for 0 < t < T. Finally, because of Cauchy’s inequality, a constant

C > 0 exists, independent of i, such that

\-A-{ip,a0,dt*,q,q)\Bi{m < C\(iip(-,q), — (*,9))IrHR2)-
(5.57)

Because of Remark 3.1.1 and since the zero modes are exponentially decaying

as x tends to infinity, the right-hand side of (5.57) is bounded for 0 <t<T.

Subtracting from /o(*, flo, dt'ip, g, g) the component producing the unbound-
edness, it is possible to apply the mean value theorem to the remaining
function. This component is eaqg Then, because of Cauchy’s inequality, a
constant C > 0 exists, independent of z such that

2N
o(* ot) - M i-1 ,0)iBlK2) < Jr @<, #(i)), g”™.,9w(t)))"(i)
n=I A
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(2= >diAOV (->?()00))
a Al

(M(+>9W(i))>5iDi0)" ()(-.1»
a Al

+ 413 aS/°(*¢) W ()>% (+> 2(,)(*)))

1=1

a Z=1 Z=1

C4i0(-,9(,W)i2E  0j(cTSI(>0))

1=1

-e(4 ¢ <A DO, % (- #(*)))

a 74
+ 4 53 cr5W(->i) (> t))
a /A1
a z=i a A

- (— (+40C O ), ¥, @))>owes)

+ ;1 E: crSw () (M QP 0t E)(-.))

+ Arlow (-, 0)12(M (-,9()(M)).~w (-.1))
2N
-1 E M->9(_1)W), 2(3- 1)(i)))~-1)()
a #-1
+ 710,71 (-,9 (IL1)(1).£) (@0 {_D)(-.1)) + " (10 ()("D).0iZ?]°V (- #(*)))
+ 17 (-,9 (- 2(1)),011?00)(i- D(-11))]

- Mmerd|!_1)(-, 1) (<p(- afl~11{1), %>(,
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+ D)) .’V (-9 "W))
a /=1
2 2

+ - N didt(aaf?~) (e, 1)) + \ \ 4>{-, g{lI~1 (1)) |2 d; (cra[,_1) (, t))
G 12 ° =1

+e (4 53 csil_1)(> 96>(e> 9(i-1)(*)))
a /A

+ 4 53 atS/I_1>(>%) (M(-9(i_1)w)> )
a Zz

a i=i

- -5 3 A ()O)i),NA O _1)(-<))

a 1=l
2
e (1 M-, P(-D-*)NM -, Ki_1)(i)),0(_1)0, *))
2 2 _
T4 DED-DE), )
a =i
PNTEX( 1)(*)),$* 1)(->i)IIIMR2)
+C\a0 (-,t)-a0 (-,*)||a(RI). (5.58)

Applying the mean value theorem to all the terms bar the last one on the

right-hand side of (5.58) it turns out that their norms are smaller than

+ sC{T) max \dtipM{-, s) - <QK,_1)(-, s)li,a(-.«(0))
+ C(T) max |g«(a) - () + CQN [<x(t)- g ~ (1)]
(5.59)
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for some constant C(r) > 0 independent of i, for 0 < t < T. Furthermore,
for the last term on the right-hand side of (5.58) it follows easily that
-50_1)M)|tfi(R) < -ar\;t)w (5-60)

for some constant C(r) > 0 independent of i.

Using (5.59) and (5.60) to estimate the right-hand side of (5.58), one ob-

tains

+ 0 - 0]l
+C(r) max \dtip(){-) - dtipd X )l a(20)
+C(r) max low(s) - 2@ D) + C(r) max [g(_H(s) - i 26!

(5.61)

for some constant C'(r) > 0 independent of i, for 0 <t <T.

Now, substituting (5.52), (5.53) and (5.61) into (5.51), it turns out that

+e() § (VDG - Wi-2G I+ W =209 -~ -3
+ a0 (-,s)-ao0 (-,5) + a0 (*,s)-a0 (-,s
4 max 1™ A(r) —g™ 2%(n)] 4 max | Ar) —q%3(r)))ds

+ eC(r)|Ho)(-,i) -So _1)(-.)ll

+5C(T) pay ldtipf). s) - N (SD(- 9)li,0(0)
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+c(r)n+ Eic(r) " (1) - v-("2 (1)l
+ £iC(r)|lao)(-,i)-S o™ (-,

+ etC(T) max [g A" I\s) - g A2As)\ +C {T )"
+ ELC(T)\AQ-2 ; t) - A -3 1)\

+etC(r) po _B(-,«)- 51" 1)

+ etC(r) 6n<sa<)% lg(i_2)(s) - ?(i_3)(s)I (5.62)

for some constant C(T) > 0 independent of z for 0 < t < T.

5.6 An Estimate for — dtr

An estimate for \dt™ I+I"—dt”™ \ in terms of || I+1) —* ||, \ipN —

[[«o+1)-a0)|. II(0-9 (i“1)|, |V,(i_1)- ~ (i_2)||, |]ao)-«o Al and |g(i_1)-g (i_2)|
is presented here. Again the mean value theorem is the main tool of the
proof. As usual, the real part of dt™ 1+1°—85 ~ is treated separately from

its complex part.

For the real part of (5.50), by considering the norm in HI(R2) and using

Cauchy’s inequality, one obtains

\dt(@ h+1)(>*) - 3* (+>*))1hhrd = [A K +1)(-i) - aa™(-,t))

- M) (Vs (-Lg{D()N2 - 1<>(-,9(_1>(0))2)

+ Jlh(*> 'i*) — flh(l ~ 1;') O li/HR2)
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< C\A(aar+\-,t) - CTi)(-.i))IHI(R)

+ O\(E>(-, gfI{D))\2(aan+1]{-t) - (+>*))Iffi(R2)

+ Claa”(-, t) afht)) - <pb af~1(1), - gw (i) \Bi{R2
+C\aa{-, t) VA~ q(KY)) - ip(-,9 (i), <A« «< (1)) ffi(R)

+ AN ) ili(2% A 2) (5.63)

for some constant C > 0, independent of i. UsingRemark 3.1.1, from (5.63)

we obtain

+  o*10)A0EH)-1D) -crawe\- v)eim

<CW\AHN;t) -2 (G E) . (5.64)

As wesaw in (5.5), (5.6), (5.15) and (5.45), for theremaining norms  on the
right-hand side of (5.63) the following estimate holds for 0 <t<T:

CW hH-»*)(<?(«>9(i)(t)) - <p(,?230_1)(*)),<p(',q®(t)))Ihi(r!)
+ C k 4 S)(->* ) OWW) - ¥>(«.9(C-1)(i)), ¥(=>9('_1)(i)))|ffi(RS)

+ c|Ah(*, »% - [ih(* - 1, - DIni(r2

<QOIVELD) - "G +CMIBIHAYD) -sTMH

+ C(r)max|9% (9 - + C(r)\\*-I\;t) -~ -2t

+ C'(r)]lao,M) -«o0 M-, t)W+C(T)maxt\éi-I\s)-q~ (s)\
(5.65)

164



for some constant C(r) > 0, independent of i, and then, from (5.63), using

(5.64) and (5.65), one obtains

M)) - dt{™h\-,1)|",(R)
< (G411 + e (DM« (1) - MM

+ C'(NIIHo+1)(-,1) - Sa)(- i) || + C(r) max |gw (s) - g{i_1)(s)|

+ o' (NN G-, 1) -7 =Dl + c'(NII§oX-,i)

+ C(r) max |g(i_1)(s) - 9(i_2)(s)| (5.66)

for some constant C(r) > 0 independent of z for0 < t < T.

For the complex part, proceeding in a similar way, one finds a constant

C(r) > 0, independent of z such that

\dd{i+]) (-,1) - aw (-,i)l12(K)

3=1
<c(Nlv>@+DM ) -~ w (- D] + c(r)|[v- (D)

+ C(Nlso+D) (i) -«o) (M) +C ' (r)max [gw (s) - i (i_1)(s)]
+C(r)u "o, - (Ol +c(r)p®(,*)-aii i1

+ C(r) fax, lg(t_1)(s) - Ki_2)(s)I (5.67)

for 0 <t < T. Thus, adding (5.66) to (5.67) it turns out that

max [9t*(+1)(-s) - " (-.8) 1 L,(.(0) < CIOIV'(+D(D) - “w(,
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+c(NI#)(-. 1) - [+ c(r)lISo+1)(- 1) -% % 1)
+ C(T) max \q®(*) ~ Li_ ()l + C 7 (r ) (%) - ~(“(-1)l

+ C'(Nlloo) (i) -flo (- *)|| +C (r) max \{i~1](s) - i (i_2)(s)l

(5.68)
for0<t<T.
By replacing i with i —1 and i —2 in (5.46) we get, respectively,
; +c(r)/ (H "M - tf(i_2)M || + |[tf(*-2)M - tf(< 8)(-,
(0]
¢ 5 () - §)- & )/.>(5<|| . ||A 1)/ S)\_ 35*'2)/(-,5
+ 0r<nax IgrHT) - g(@i_2)(r)| + 0rpax \q(i~2}{r) - q(i~3)(T))ds
(5.69)
and
2i-2
+ C(T) Jfo (V-(-2)¢-*) - # " 2)¢ )l + s)- N -4
+ [la0 (% s) —a0 ()l + [[a0  (*,s)-a0  (-,s)]]
+ max |gi_2)(r) - g(<3(N)| + pax [gi=3)(r) - 5(_4)(r)])ds
(5.70)

for some constant C(r) > 0 independent of z for 0 < t < T.
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By replacing zwith i —21 and i —2 in (5.62), one obtains

#C) 1 (117-268) - » = YEI) + 1199 - Wl A,
+ a0 M )-a0 (*s) + a0 (-,s)-a0 (-,5
+ max \@-2(T) - g(-3)(r) 1+ max [g(i-3)(r) -
+eCTMINDU) - 17 2D

+ eC(r) max bV(,_1)(-,9 - dup~2):; 9)li,@20)
+c (AT +eiC(NIN-2(.i) - # - ()

+ £IC'(NIISo=1)(-i) -5 0 *2)(-,])|

+aCU)mwngq9-<L%Bn+C(%gz

o<s<t

+ £iC(r)||S0"2)(-,i) -a0 " 3)(-,

+ etC{T) max [i(i"3)(s) - @i_4)(s)| (5.71)

for some constant C(r) > 0 independent of z for 0 < t < T.

Finally, by replacing zwith z—1 and z—2 in (5.49) one obtains respectively,

k() - 26 D) < c(r)x +eC(N)jf F1A M ) - i 2¢-9)|

+ [[fo*)(w>s) —®0  1)(-,s)[| + max|g(*-1)(r) - g(t_2)(r)[)cis

(5.72)
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and
|g«<-D(t) _ 9(«d)(i)] < C (r)*- +eC(r) jf* (M31_2(>8) - * - (-5

+ |[«o 1)(->s) - «0 2)(>s)|| + max |g(,-2)(r) - g~-3\r)\)ds

(5.73)

for some constant C'(r) > 0 independent of z for 0 < t < T.

Now, using (5.46), (5.69), (5.70), (5.62), (5.71), (5.72) and (5.73) in (5.68)

one obtains
mex [d™ iHa){-s) - ot (-,s)\ia;, m<C(r)"
+ C{T) i (lI"(-,9)- S))|+ H~"O ,s)- "~ 2;

U~(*H), v ~So, A i)\
IE (*,5) —ald M )| + [[ab’(* s) —a0 (-5

+

+

max [<w (t) - F(i-1)(t)] + max [5(@i_1)(r) - ~i_2)(r)|)cis
0<r<s 0<r<s

=+

c(nHn™"L+C()[ (llvho, - (s *

+ |[ME-2)(-,8) - V(I"I)(->s)|| + [ISo)(-.s)-a0 I~
+ llco X)(-5) - a0 2)("s)l] + max g(i_1)(r) - g(i_2)(n)]
+ max \g{i~2){r) - q{i~3){T)\)ds + C(T) ~ r

+

Cir) f (H~O,5-""~2; Q| + S-~"-3; S
Jo

+ a0 (*,s)-a0 (-,s) + a0 (-,s)-ao0 (e,*

max [g@i x)(r) - a{l 2)(r)| + max [g@ 2)(r) - g(i 3)(r))di
0<T<S 0<T<5
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+ eC'(n)llao)(*,i) —ao_1>(*,i)|

+ 0 2(r) pax dtipfs) - s)h,a(,9(0))

+ C(T)ji +etC(T)W\WAi-D -, t) -~ i- 2., 1)\

+ £1C(r)\\ao\-,t) -ag (-l +£iC (r) max [g{,-1)(s) - ¢(,_2)(5)|
e (r)Ni+eiC,(Nlv>3i_2)(-0) - * - 3)(-i)ll

+ etC(T)po _I)(+.*)- a;~2)( 9|
+etC(TO)<£rlt"y-2\s)-q"(s)\

+C{T)j. +eC(r)jf (11"0,S) - # - 2+

+ IfINO,«) -«0 X, 9| + max [A- D(r) - q”2)(T\)ds

+C (T +C(T)J* s) - 2)(-,

+|INE-3)(-5) - V(A)(-9)ll +po V) -aa A-,s

+ Po 2)(-s)~a0 3)(s)ll 4 maxlgi_2)(r) - g(i_3)(r)l

+ max lq(i~3)(r) - q@i-4)(r)i)ds + C (T )"

Jt C(r) F(HAT-.1) - VAM I+ Wi“9-9) - 1-4)(-s
+ 0 (o9 QT M K"-2'[mS)-ab V(-5

+ max lq(i- 2)(r) - q(i-3)(r) I+ max IgniT) - qrUrrds

+Ec (r)iiri(',«)-r ()i

+ eC(r) max |0tr (<_1)(-, s) - dtip(t~2){-, s)]i,a(-,«(0))

+C(r)¢+etC(T)WAi-2H ;t)-"i0-3\;t)\W\
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+etan)[2* NGy - 2G|
+ etC(T) max \i~2)(S) - oi_3)(s)| + C '(r)~"-
+ eiC (r)|j~ (i- 3)C-i) - ip(i- AA-,1)\\
+etc(r)\zI12)(.,t)-$ -3)(, )\

+ etC(r)Unl%\q(i-& s ) - q@-i\s)\
+C)Nr A2 (r) i f (1" -2)(s) - ~(-3)9) |l

+ "0 1)(-.8) -«0  2)(--s)|| + " &gk (<2(T) - g (i~3)(T)\)ds
(5.74)

for0<t<T.

To sum up, we collect all the main results of the present chapter in the

following

Theorem 5.6.1 Let ((S™(-, 1), q®(t)))ieN be a sequence in X(T).
If the initial conditions of Theorem 4.5.1 are satisfied, then exists a constant
C(r) > 0 independent ofi such that (5.46), (5.49), (5.62) and (5.74) hold for
0<t<T.
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Chapter 6

Existence of a Solution

6.1 Contractions for the lterates

The estimates derived in chapter 5 are shown to produce certain contractions
in order to prove the existence of a solution of (3.9). What we show here is

a straightforward sequel to (5.46), (5.49), (5.62) and (5.74).

From (5.46) follows

+CMIVEDG - #7 2 +e(ntpiADe o~ alVy)|
+ C(n)illao)(-i) - 00 (-l +C(r)i max [gWs) - 20 ()i

+ C(r)i max lg(i_1)(s) - Qi_2)(s)!
and then
[|# +1)(-,1) -T/)(-, )] - c,(r)i]|[5S0+1)(--i) ~ s0)0>*)]]
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+ C(MtWAi-1\ 5 t) -~ &2)(-,1)] + C'(T)HHISo)(-i) -a G_1)(-,
+ C(Mtmax |g«(9 - *(s)! + C(r)i max \g”(s) - q"2As)\

(6.1)

for a constant C(T) > O, independent of i.

From (5.62) it is known that there exists a constant C(r) > 0, independent

of i, such that

piitl)(-,i) -*M H <c(r)*r +c(r)A

+ (@ +e)iC(n) M- t) - A -3, D)

+ C(r)(e + t+ei)|[a0 ('">t)~a0 (ALl

+ (L+e)iC(rn)|]a0 (-,t)-a0 (A1

+ (I +e)tC(T2<ng<a}xyi- \s)-q”2s)\

+ (1 + e)tC{r) max |g(i_2)(s) - g(i-3)(s)l

+ £C(r) max s) - d " (i-1)(-, )28 1(0)). (6.2)

From (5.49) it is known that
max 12 (5) - #(s)| <C(r)"L +£tC( D t ) - *<w*%,i)||

+ £1C(r) [ooTHE, 1) - Qo 1) || + etC(T) max [gA)(S) - 9D ()]
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and then

max |g(t+1)(s) - gw (s)| - eiC (r)|lao+1)(-,i) -
<C(T)MN +E£IC(MWGH - A M 1]

+AC(r) max lq®(s) - afi~1]{s)\ (6.3)

for some constant C(T) > 0, independent of i.

With the same reasoning that lead us to (6.1), except for replacing i with

2—1 and 2—2 respectively, it turns out that

Iv>w (-,1) —0 C2 D))l —C(ntllaoX(-t) -«o  IX{-,i)l
< (=i +CimillrG- e - A= A5 D)
+e(r)t\WA-2A5 1) - Wi"3)(- )| + c(r)ipo_1)(- 1) - si"2)( t)]]
+ C{Mt max [g(*_1)(s) - ?(-2)(s)| + C(r)i max \afi~2(s) - 9(i_3)(s)|
(6.4)

and

A)Cfi)y-~ (L)) c@)ih "i)(-i)- s r ’i-.on

+O(DiNV-Ii) - EAM)|| + e(ntnr-2st) -7~
+ C(T)t pax 19(-2)(6) - afi-3A(S) + SNt max [ai-3(s) - 2(i_4)(s)]
(6.5)

for some C'(r) > 0, independent of i.
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With the same reasoning that lead us to (6.2), except for replacing i with

i —1, it turns out that

n~*)/ A -(*-D/  xIl . S 8
a, 0 Vv\ —rwa)2i-2 1

+ (L+e)IiC(r) W2 («,*)- Wi D) |

+ @+ e)IC(|*s)(-i) - M(<AM)|]

+ C(r)(e+ 1+ei)]ad i')~ao (>
+ (1 +e)iC'(NIISo_2)(-.i) —8r 3G |

+ (1 + e)tC(T) max \g~2As) - g~ 3s)\

+ (1 +e)iC(r) max \a{i~3{s) - 9" H)(s)|

+ eC(r )Orr<1g:1<xt 1 s) - dtip{,- 2](-, s)|x,0(.,?(0)) (6-6)

for some C(T) > 0 independent of i.

Again with the same reasoning that lead us to (6.3) except for replacing i

with i —1 and i —2 respectively, it turns out that

max [gw (s) - g(I_1)(s)l - eiC'(r)[[ag)(->1) ~ «0 7 (>}

0<s<
< C (r)| +etc(r)\\Ni-1;t) - [

+ etC(r) onja)é |</i_17(s) —g”™_27(s)| (6.7)
and
mark D(s)-q 2)) - £iC(nllao ~(-.i) - a, 2

< +StC(T)W\hi-2\ 5 t) - Il

+ etC(r) max [9(“2)(s) - ™ " 3)(9)I (6.8)
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for some constant C'(r) > 0, independent ofi. Using (6.1), (6.4), (6.5), (6.3),
(6.7) and (6.8), from (5.68) it turns out that

max \dt™ i+1\ 5 s) - dt™ (., s)lha(i@) < C (r)[ + C(r) *

+C(TH)M +C(nN~r3+tc(r)g+N\;t)-zt\;t)W

+ {e +tC(T) +eiC(r))pii)(-i)
+tC(r)gr<1§1<>t<\qM(s)-q"(s)\

+eC{T) max \dip{,)(-, ) - $)|1,.A( 9(0))
+ (1 +e)iC(NIV'(-1)(-i) - *(<2)(* Dl

+ (I1+5)iC(r)||ad~1(.,i)-~0_2)(-,i)|]

+ (1 + €)iC(r) max (i 1)(s) - afi~2)(s)\

+ L +e)IiIC(N|MiDEa) - M3I_3)(- )\

+ (e +tC(Y) +E£C(T)\\aQ (-t) —a0 (N
+ (L+e)tC(r) max [afi~ds) - afi~3s) \
+eC(r) max:\dtip{l 2)(-s) - dtip{l 3)(-, s)Ii,Qto(0))
+ (1 +eICMIV'AIE 1) - ~ A DI

+ (1 +e)iC'(r)po_3(-i) -8o_4 (MU

+ (1 +e)iC(r) max 19(_3)(s) - afi~i](s)|

+ (I +£)IC ("< 4>(-0) - TX<5)(-, 1)

+ (L+e)tC(T) max *» (s) - g7 3s)\
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and finally

max \dt" i+\;s)-dt"(;s)U M.ym

<C(r)| +C (r)ij+C (D A +C(r)A
+iC (N[N > (Li)-i><-) (0l

+ (e+iC(r) + £iIC (r)||™N(-,1) - So_1)(-i)||
+1C(T) max \aM(s)-q {i~1)(s)\

+ BOr) max dr>p{i)(-,s) - OtVi_1)(-,s)|i,a(.90)
+ (1 + e)ICN[IV>(_)(-1) - Hi2)(-0)l

+ (I +e)iC(r)||ao - 29 2(-,1)|

+ (1 + e)tC(T) max |g(i-1)(s) - g(i_2)ad

+ (1 +e)iC(NIV"2)(->i) - V(I 3)(-i)

+ (e+iC(r) + £iIC(r))|[|50 ~(-,i)-O0 X011
+ (L+ e)iC(r) max fa{i-2)(s) - 9(L3)(s)|

+eC(r) Max |atr (i~2\-, s) - dtip{i~3){-, S)|i,a(.«0)
+ 1+ e)ICMIVI(<3(-s) - VA, 9)l

+ (1+e)iC'(nljao - t)-af

+ (L +e)tC(r) max |?(i_3)(«) - ?(_4)(3)

+ (1 +e)iC'(NIIV>(i_4)(-i) - t/(5)(-1)l

+ (1 +e)tC(r) max N(s) - (6.9)
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6.2 Cauchy Sequence and Existence of a So-
lution

A new sequence is defined. It is shown to be a Cauchy sequence in the
complete space X(T) for a time T small enough. The convergence of such a
sequence is the last step to prove the existence of a solution for the system

(3.9) and equivalently for the system given by (2.5), (2.3) and (2.4).

A new sequence in K is now defined by
QI(0) m|# +1)(-,) t |l«otl)(-<) -
+ max ) - S)i,0(-{) + max \a{i+])(s) - ?()(s)]

for any t > 0. Then, the next aim is to prove that T = T(T) >0 exists such

that

+00
(=0
In order to show this, we state the following
Theorem 6.2.1 Givenr G]0,1[ T = T(T) > 0 and e2> 0 exist such that
QI\T) <c (r)é«lli * Cv(r')zl ¥ 2i-1 " c(r )2|£~2 * C(r)é*s-s

+r(QN-RT) + Q(I~2{T) + Q"~-3AT) + Q{i~4(T) + Q" {T))
(6.10)

for some constant C(r) > 0 independent of i.
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Proof. From (6.1), (6.2), (6.3) and (6.9) one obtains

W ) - ()N + (L-tC(T) -eiC (r))pii+l)(.,f) -s 19
+ fax lg(t+1)(s) - gw (s)l + %Mtip{xﬂ){q s) - s)li,a(.,90)
<C(r)2'*|$i +C(r )2L * 2i_ 1 telr )2]{|~‘2 * C{r)_;{'::a
+ (1 +e)tC(n||*«(.,t) -~ & 1(.,1)]
+{e+eC{T) +tC(T) +etC(T)) [Isf(-,i) - » -1)G D)l
+ (1 + e)fC'(r) max lgw (s) - KI_1)(s)I

+eC(r) Onlgg(t |dtip{i)(-,s) - dtip{i X(-, s)|i,a(.9(0)

+(+e)iC(Npo () - a, 1]

* (1 + e)tC(T) max [*'-17(s) - <V-27(s)|

+ (1 + e)tC7T(NIN<2)(-1) - Xi_3)(-. i)l

+ (e + tC(T)+£tC(T))\atAd;t) - 50~3)(-,i)||
+ (L + e)tC(T) max \g™~2s) - <i-37(s)]

+eC(r) max \dt™ 1 2)(e, 5) - dt™{i 3)(-, s)1i,0(.9(0))
+ (i + £)*c(n)[#-3)(-*) - " (14

+ (1+e)c(M\al (-,£)-a0 (v

+ (1 + e)tC(T) max [N -3)(s) _ *«d>(,)]

+ (L+e)IC(n)|[#-A() - roti-5)i-,

* @+ s)tC(T) max gt 4)(s)-g( 5)s)| (6.11)
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for 0<t <T. From (6.11) it follows immediately that

(1- tC(r) - etC(M))QV(t) <C{T)~ +c(r)| +C(T)~
+C ("2 + + e+ (T) +tC(T) +etC(T)) (Q "M\t)
+ Q(*2)(i) + Q[i~Y{t) + Q ~ (t) + Q(i~5)(i))

for0< t< T. Then

agW (D < c<> fJ-+i +jL +1J +J
1-TC(r)-eTC(r) V&L 2* 271 2=2 23
g+eC(r) + TC(r) +eTC{r) Qi-2)(T) Qa-Q(T)
1- TC(T) - eTC(r) Y v v 1lJtv y 1
+ <i- 4)(T) + Q<i-5)(T)). (6.12)

For ~2 > 0 sufficiently small

T:= r- £- Eg H >0
C(r) +eC(r) + rC(T) +reC{T)
exists such that

e+eC(r) + TC(T) +eTC(T) ~
1- TC{T) - eTC{T) ~r

for any 0 < e < £2- It is convenient to notice that such atime is 0(1).

Therefore

0V Sr=ferm) stemrdimL Tt 2 T 0t g

+ r(Q@LI(T) + Q((T) + Q*~3T) + Q~iT) + Q(-H(T))

and (6.10) is proven.
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From (6.10) it follows that

+00 +00 +00 +00
53 QO)(T) - r53 (M- r53QG(T) - r53 )
=5 vo0 i=5 w00 =5 =5
—53 20 4(T) ~r 53 Q(H(")
- A o L1000 3 +00 100 B 100 I
O(l; AN N [ o ®
- 1- TC(r) - eTC(r) Vg 2Mi+ 4 26+~ 20 +4 24
+ I=82I )
and then
+00 +00 +00 +00
53 QW(T) - r53 QW(T) - r53 Q@)(T) - r53 Q@)(T)
2=5 (=4 (=3 z=2
+00 4-00 r~/px +00 ~

-TE « "(T)-rg<3<™>T) <, _rc(r)» c(r)g g-

From the last inequality we find

"I-00 r/T~"\ ~t~°° ¢ 4
N m re (r. re|r)E
2=5 AV v 7 2—0 2=0
which, for r < 1/5, implies
+00
53<3(0(r) <+00. (6.13)
2=0

From (6.13) it follows that

+00

53I|V’'t+1))M - Vw (-,i)|| < +00, (6.14)



530™ * | A (+1)(->8) _ A W(>s)ka(-,90) < +00 (6.16)
&0 5

and
+00

53,15a? j9 (i+1)(s) - 9W(S)l < +00 (6.17)
(=0

forany 0<t<T.

The convergence of these series is equivalent to the Cauchy condition. For
example, from (6.14) it follows that S exists such that

N+h

Me>0 3N suchthat Wt>0
¢=0

which is equivalent to the Cauchy condition:

Ve>0 3N suchthat WVft> k>N
N+h N+k

15 3 1" iH\-,t) - i), - 53 M) - <% I < e
¢ ¢
From the Cauchy condition it follows that

M>0 3M suchthat Mh>k>M

\WM+h)(;t) -~ MHK\;t)\\<e

which means, by definition, that is a Cauchy sequence in the
complete space X(t) forany 0 <t < T. Then (VA(*>*0)” is convergent in
X(t) forany 0 < t < T. In particular, since | ¢| is a sup norm with respect

to the series of functions



is uniformly convergent on [0, T}. In an analogous way one shows that also

are convergent in X (t) forany 0<t< T and

f\—Y¥aq ( 4

1+»
and
13 gqM(t)

are uniformly convergent on [0, T\.

Moreover, since
1w ("w(-,i),00)(-.1),9()(*)
are continuous functions in t uniformly convergent on [0, T], also
t—>/2("(_1)t £),q{i~1(t))
are continuous functions in t uniformly convergent on [0, T] and then so are
1 1+—mq{i)(t).

Thus, if QW converges pointwise to <, converges pointwise to g. Then,

the existence of the solution of (3.9) has been proven and this is given by

(a0,ip,q).
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Chapter 7

Conclusion

In the Abelian-Higgs model, Stuart extended the local proof to a longer
period of time by means of two almost conserved quantities. Our outcome is
still only local because the Gor’kov-I/EIiashberg equations, unlike the Abelian-
Higgs model, do not admit a Lagrangian from which one can derive certain
energies. Perhaps it would be possible to find quasi-conserved quantities also
for the time-dependent Ginzburg-Landau equations and then use them to
give an estimate of the time-scale for which the Slow-Motion Approximation
can be applied in that case. We hope that the local result is the first step
towards a more complete description of the dynamics of vortices through the

Slow-Motion Approximation.

Nevertheless we see some immediate application of our result. An expan-
sion in the separation parameters for two vortices close together was given
in [BKO1] up to the third order in the distance parameter. This expansion

could be used to study some aspects of the scattering of vortices in type-II
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superconductors. In the Abelian-Higgs model vortex scattering was stud-
ied using the geodesic equations for the parameters and 90°-scattering was

explained analytically.

Since the Gor’kov-Eliashberg equations are first-order in time, the O.D.E.s
for the parameters are first-order as well. If we want to enhance the under-
standing of the multivortex dynamics, we have to choose initial conditions
for the exact solution slightly different from a static configuration, otherwise
the vortices remain in the initial location. Imposing suitable initial condi-
tions to the solution and supposing that the initial velocity of the vortices is
not zero, we hope to be able to understand the scattering of two vortices by
means of the local proof we carried out, provided that they are sufficiently

close together.

To conclude, we want to point out two limitations of our model to de-
scribe the physics of type-Il superconductors. The first is that the model
we considered assumes that the dimensionless conductivity a and the Higgs
self-coupling constant Aare both close to 1. The second is the fact that we
took into account for our description only infinitely extended materials where

no boundary effects appear.
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