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Abstract
Estimation of Buffer Overflow Probabilities and

Economies of Scale in ATM Multiplexers by

Analysis of a Model of Packetized Voice Traffic
by Paul J. Farrell

We obtain upper bounds on the probability of buffer overflow for an ATM multiplexer
of L 1dentical packetized voice sources The multiplexer 1s modelled by a FCFS
single server queue The arrivals at the multiplexer are a homogenous superposition
of the arrivals from L independent 1dentical sources, with each source modelled by
a copy of a discrete time Markov Chain which we call the Cell Level Model
Throughout, appropriate parameters are scaled with L, to mamtam a constant load
over all superposition sizes

The probability that, the queue-length (gf) of the queue 1 a finite buffer exceeds
the buffer size b, 1s bounded above by the probability that the queue-length (¢“) of
the queue 1n an 1nfinite buffer exceeds length b In order to bound the former above,
we find upper bounds or approximations for the latter by using the theory of,

o Large Deviations, to determine 1ts asymptotics for large b,
e Martingales, to obtamn upper bounds, valid for all positive b,

e Large Dewviations, to determine 1ts asymptotics for large L for time rescaled
(proportional to L) arrival processes

These demonstrate the multiplering gain and economies of scale obtammable from
large and small buffers and large multiplexers, respectively



Chapter 1

Introduction

1.1 Integrated Services Digital Network (ISDN)

The developement of ATM networks presents new problems 1n queueing theory, prob-
lems that cannot be solved by classical queueing theory ATM networks transmit
packets of data or cells, as they have come to be called The asynchronous nature
of the network means that 1n an ATM multiplexer cells from different sources can
compete for available transmission bandwidth This leads inevitably to buffering of
queueing cells awaiting transmission The nature of the arriving streams of cells at
the buffer means that they cannot be modelled effectively by a Poisson process unhike
the modelling of traffic at the call level armving at an exchange 1n the classical theory
as it is applied to teletraffic The arnvals (calls) in that case can be assumed to be
independent and hence the arrival streams can be modelled by a Poisson process
But the arnvals at an ATM multiplexer are highly correlated They are produced in
bursts and are not well modelled by a Poisson process [1]

The asynchromcity and the need for queueing 1n an ATM multiplexer result n
an 1nability to predetermine the delay that will be experienced by an arriving cell
The delay will be random due to the randomness of the queue length A further
difficulty anses, should the buffer be full when a cell arrives then that cell will be
lost 1e will not be transmitted The possibility of buffer overflow and cell loss has

therefore to be addressed It is not possible to guarantee with certainty that the



buffer will not overflow or that delays will not become excessively long. But it is
possible to guarantee that neither will occur with a probability greater than some
prescribed value. This value must be extremely small, of the order of 10-9, because
of the high transmission bandwidth. The problem arises of how to dimension the
buffer in order to guarantee that buffer overflow will not occur with a probability
greater than this. This problem is resistant to exact treatment because of the bursty
nature of the arrival streams [1]

Because of the nature of the traffic as we have pointed out this problem cannot
be solved by classical queueing theory; we need more recently developed techniques.
The small probabilities mean we are dealing with rare events [1]. The theory of
large deviations is a theory of rare events [2]. The correlations between arrivals
mean we are dealing with non-independent arrivals. The theory of Martingales has
been used to extend results applying to independent random variables to results for
non-independent random variables [3].

We use the theory of large deviations and the theory of Martingales to obtain up-
per bounds or approximations for the tail of the queue length distribution in a model
of a packetized voice ATM multiplexer that consists of a homogeneous superposition
of independent sources feeding arrivals into an infinite buffer served on a first come
first served basis. The traffic from each of the sources is modelled using a discrete
time Markov Chain.

1.2 Asynchronous Transfer Mode (ATM)

Information and its transmission or communication is becoming of greater and greater
significance in a shrinking and increasingly fast paced and changing world.

Information technology advances, such as the development of digital technology
and the rapid development of optical fibre transmission technology, are leading to
the development of high speed or broadband digital communications networks that
are capable of providing new types of communication services [4].

These services would traditionally be carried by separate networks, specialised for
the particular service that they carry. It is, however, more economical to integrate
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all of these services onto a single network, called an Integrated Services Digital Net-
work (ISDN), thus avoirding the need for overlaying networks and allowing increased
flexability n the mtroduction and evolution of services This increased economy 1s
motivating the development of the Integrated Services Digital Network (ISDN) [4]

The new services that will use such a network will involve the transmission of
mmformation 1n entirely digital form It 1s this fact, that all the different services are
transmitted as digital streams, that makes integration possible The network need
be able to handle nothing other than bit streams For example, in digital telephony,
the initial analogue voice signal 1s sampled at discrete instants by digital technology
which represents the sampled value in digital form The encoded signals are then
divorced from the analogue waveforms of the source Thus, the digital transmission
and switching equipment of a digital telephone or voice network 1s inherently capable
of servicing any traffic of a digital nature The services, and the technologies used
to provide them, are termed broadband, their speeds ranging from 1 Mb/s (10° bits
per second) to 100 Mb/s and greater [4]

For transmission through the network, different bit streams are multiplexed onto
a single Transmission medium to form a single bit stream The type of multiplexing
used with such digital bit streams 1s termed Time Division Multiplexing (TDM) [4]

The large dispanty between transmission bit rate, for example Gb/s (10° hits per
second) where fibre optics and laser technologies are used 1n transmission, and the bit
rate of, say, data terminals or telephones, which range from less than 1 kb/s to hun-
dreds of kb/s depending on the encoding algorithms used, suggests that substantial
economies should be achieved by using large multiplexers and also suggests the util-
1sation of new broadband services 1n order to capitalise on the increased bandwidth

capability [4]

1.2.1 Multiplexing

The Transmission medium used for broadband services, and hence for the integrated
services digital network, 1s optical fibre, because of 1ts high bandwidth and transmis-

sion reliability Both constant bit rate and varniable bit rate communications must be



capable of sharing this transmission medium, and so the question of how this can be
done efficiently and flexibly must be addressed.

The form of Time Division Multiplexing (TDM) that provides the greatest flex-
ibility and the most efficient use of bandwidth, when different variable bit rate
or bursty communications share the same transmission medium, is Asynchronous
Time Division Multiplexing (ATDM) more commonly called Asynchronous Transfer
Mode(ATM) [4]

Time Division Multiplexing (TDM) involves the multiplexing of different bit
streams onto a common transmission medium in time slots of a predetermined length.
There are two basic forms of TDM, namely, Synchronous Transfer Mode (STM) and
Asynchronous Transfer Mode (ATM) [4, 5].

The STM approach involves the assumption of a common time frame of reference
for all of the sources. Within this frame of reference each source is assigned its slot
or slots. These slots, once assigned, are termed circuits and are said to be owned by
the source, with each source having exclusive use of its assigned slot or slots in the
reference frame [4]

In the case of single rate traffic, i.e. all the sources having the same bit rate,
single slot TDM is used, with all the slots being of the same fixed length and, as the
name suggests, exactly one slot being assigned to each source [4]

In the case of multi-rate traffic, slot assignment is more complicated, and multi-
window TDM is used. For multi-window TDM the transmission channel capacity
Is divided into windows within the frame of reference, one window for each of the
different bit rates, and each window is further divided into slots, each of the same
fixed duration particular to that window and differing in duration from slots in other
windows. One slot is assigned to each source in the window corresponding to its bit
rate [4].

This multi-window TDM approach is inflexible for the following reasons. An
initial standardized set of source bit rates must be chosen as must the number of
sources of each it rate type. But in a network with evolving services it may be
difficult or impossible to predict what standard bit rates should be fixed and how



many of them should be chosen The approach does not allow for the evolution of new
services and 1s 1n this sense inflexible There are also difficulties in formatting and
synchromsing slot, window and frame lengths, and there can be as many windows as
source types Sharing of capacity is inflexible as any change 1n the number of sources
of more than one type can necessitate changing many window boundares [4]

A more flexable form of TDM for dealing with multi-rate sources, 1s multi-slot
TDM, where a source can be assigned, 1f needed, more than one slot in a reference
frame A reference bit rate is chosen belonging to one of the source types We then
proceed to derive the single-slot TDM format just as we would 1f all sources had this
reference bit-rate Then any source with a bit-rate less than this reference rate 1s
assigned one slot, and any source with a bit-rate greater than the reference rate 1is
assigned the number of slots 1t requires, given 1ts bit-rate Slots assigned then have
a fixed owner within the frame of reference [4]

Bandwidth 1s wasted in this case by sources of bit-rate lower than the reference
rate Choosing a small reference rate results in large numbers of slots, and high bit
rate sources then require large numbers of slots, which all leads to greater complexity
m tracking the assigned slots A balance must therefore be struck in this case between
wasting bandwidth and increasing slot assignment complexaty, and, 1n order to strike
this balance, we again need to be able to predict the traffic mix, a task which may
be difficult or impossible and which is 1n any case an 1mposition resulting from a lack
of flexibility 1n t};e multi-slot TDM format [4]

The Synchronous Transfer Mode thus lacks flexibility when dealing with an evolv-
ing network This 1s due to having to choose a reference frame structure, both the
choice and the structure itself are inherently incompatible with the flexable evolution
of network services

The Asynchronous Transfer Mode abandons the 1dea of a common time reference
frame for all of the sources Sources simply seize bandwidth when they have generated
a sufficient number of bits The data to be transmitted is segmented into packets or
cells of a fixed length Time 1s divided 1nto slots of a fixed length, the length being the

time taken to transmit a cell on the transmission hne There is no reference frame,



and hence each slot has no implicit owner, unlike STM where each slot is assigned
an owner within the frame of reference. Thus in the ATM format each cell must be
|abelled. A cell then consists of data, plus a header, which contains the label that
identifies the cells source and the time slot it was transmitted in. The header will
contain other information, such as the type and priority of the data being transmitted,
and possibly other routing information. The absence of a reference frame in an ATM
network means new services can be introduced flexibly as they evolve. ATM also
allows for more efficient use of bandwidth, particularly in the case of variable bit rate
(VBR) sources, such as silence suppressed packetized voice sources, where speech
activity detection is used. The use of ATM therefore provides for greater flexibility
and more efficient use of bandwidth than the use of STM [4]

However, in the ATM format several sources may attempt to seize the same time
slot, something which cannot happen with STM where slots are assigned to individual
sources. If this occurs ,then, as only one cell can be transmitted per slot, one cell
will be transmitted and the remaining cells will have to queue in a buffer until a slot
becomes available for each. Thus, in the ATM format cells may suffer random delay
depending on the length of the queue in the buffer, unlike the STM format where
delay is fixed by the framing. Further, cells will be lost should the buffer capacity be
exceeded by the length of the queue of waiting cells [4].

ATM thus allows for flexible sharing of a transmission medium, without the
scheduling complexity of STM, but at the expense of this random delay, and the
possibility of cell loss. Quality of service can only be guaranteed statistically in an
ATM network [4, 5].

ATM s the multiplexing technique of choice for broadband ISDN primarily be-
cause of this flexibility, which is of importance due to the fact that it is not possible
to predict what future traffic will be carried on the evolving ISDN. And due to the
fact that different types of traffic, much of it from variable bit rate sources, will be
carried on the ISDN [4, 5].

ATM multiplexing is used in the operation of ATM switches in the ISDN Network.
The type of switching used is called packet switching, to distinguish it from circuit



switching Circmt switching provides a dedicated path between two points carrying
any mformation that fits into the available bandwidth Thus, for example, switching
using STM is aircwit switching, as slot ownership 1s assigned to sources within the

reference frame, the slots being termed circuits [4]

1.2.2 Buffering and QoS

As the discussion of the previous subsection pomnted out, competition for available
transmission bandwidth 1s mevitable in an ATM multiplexer Buffering and buffer
dimensioning are thus an essential part of the operation of an ATM multiplexer
Should the queue become larger than the buffer can cope with, then cells will be lost,
also excessively long queues can lead to unacceptable degradation of the service
The ATM forum proposed three parameters to measure the quality of service

expenenced by traffic as 1t passes through a queueing system [6] They are
o the cell loss ratio
e the mean cell delay
e the cell delay variance

These parameters depend on a fourth,

e buffer overflow frequency

What 1s required 1n order to guarantee a prescribed QoS 1s an upper bound on each
of these parameters This requires us to have an upper bound on the tail of the
queue length distribution for the queue 1n the buffer The queue length distribution
for the queue i an infinite buffer will provide us with an upper bound on all of
the parameters The reasons for this become clear when the meaning of the three
parameters 1s explained The cell loss ratio 1s the ratio of the expected number of
cells lost to the expected number of cells arriving at the queue The expected number

of cells lost per tick 1s,

E[number of cells lost] = E{number of cells arriving at a full buffer| P[buffer overflow]
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The cell loss ratio is then,

_ E Lnumber of cells Iost]f
cell loss ratio ~ E[number of cells arriving at a full buffer]

= P [ouffer overflow]

The probability that the buffer overflows is bounded above by the probability that
the queue length in an infinite buffer exceeds the buffer size. The mean cell delay
can be bounded above in a similar manner, as the length of time that a cell will wait
in the queue is approximately the length of the queue it finds on arrival at the buffer
divided by the service rate. The cell delay variance can also be bounded once the tail
of the queue length distribution is bounded. The typical values envisaged as upper
limits on the cell loss ratio for an ATM multiplexer range between 10-s to 10~u.
These are extremely small probabilities, so small that in many applications events
with such probabilities of occurring would be regarded as never occurring [1]. As
we stated earlier transmission bandwidth can be of the order of Gb/s (109 bits per
second) if fibre optic technology is used [4]. But in a multiplexer with a transmission
rate of one Gigabit per second and a cell loss ratio of 10-s we would lose on average
one cell per minute [1]. Thus we see the reason for requiring such low buffer overflow
probabilities.

In order to be able to guarantee to the user a prescribed Quality of Service (QoS)
for an ATM based ISDN it is thus necessary to approximate the tail of the queue
length distribution of the queue at an ATM multiplexer or to be able to put an upper
bound on the probability that such a queue will exceed any given length,



Chapter 2

Markov Chains

The models for an ATM multiplexer which we will be concerning ourselves with in
this thesis involve modelling traffic from a single transmission source using Markov
Chains. In this Chapter we outline the more important results and ideas relating to
Markov Chains.

2.1 Stochastic Processes and Markov Chains

A stochastic process with state space E is a collection {Xt[t e T} of random variables
Xt defined on the same probability space and taking values in E. T is referred to as
the parameter set. If T is countable, for example, T = N, then the process is said to
be a discrete parameter process. Otherwise it is referred to as a continuous parameter
process. Usually t represents time, and Xt is thought of as the state of the process
at time t [7].

Markov Processes are a particular class of stochastic processes, with the defining
feature, that given the present state of the stochastic process the future evolution is
independent of the past. A Markov process is called a Markov Chain if the parameter
set is discrete.

Thus the stochastic process {X,,|n & TV} on the state space E which we will take
to be discrete is a Markov chain provided that,

P[x,+l =j\X0,..Jy =P[X,«1=j\Xn] forallj €E

9



The probabilities
P[Xu11 =71 Xn =1 =Pu(s3,7) 1,7€E

are called the transition probabilities for the Markov chain X And the matrix of all
such probabilities 1s called the transition matrix of the Markov chain

If,
P,(3,7) = P(3,7) 1mdependent of n

then the Markov chain 1s referred to as time-homogeneous or as having stationary

transition probabilities [7]

2.1.1 Transition Matrix Properties

The transition matrix of a Markov chain X is a square matrix with the properties
that all of 1ts entries are positive, less than or equal to one, and that 1ts rows sum to

lie,

> P(1,5) =1 foreachi1 € E
JEE

Given the mitial distmbution Py(29) the jont distribution of Xy, , X, for any

nis,
P[Xo =1, ,Xn=1s]= Po(20)P(10,21)P(21,22) Pltm—1,%m) (21)
From this we can prove,
PXnim =31 Xn=1=P™(,3) 1,7€EEandmeN
and this i turn imphes,

PN (5, 5) = 3 PG, PO (k,g) 1,7 € B
keE

This is known as the Chapman-Kolmogorov equation, and 1t says that, starting in
state 7, 1n order to reach state 7 in exactly m + n steps, X must enter some interme-
diate state k after m steps, and then reach state j from state k£ 1n n steps The night

hand side of equation 2 6 above can also be written,
P™(1,7) = P[X,, = 7| Xy = 1] (22)

10



and hence we can write, for a stationary Markov chain,
P[*,#m=)\X,,=1]= ppim=j\X0= 4 23)

This tells us that the evolution of the process X after time n, from fixed state i, is
the same as the evolution of the process after time 0, from the same state 1. In other
words from all times of entry into state i, the process evolution will be the same,
from that time, independent of that time, or how it reached this state i.

An important property of Markov chains is called the strong Markov property
which holds for certain random present times T, instead of fixed present times, These
random times have the property that for every time n the following holds,

|{t<n} = I{T<n](X0, ,Xn) (24)
1 IfT <n
o otherwise 23)

Such a random time is called a stopping time or a Markov time. The occurrence or
not of the event {T < n} can be determined from the values of X0, ..., Xn alone. The
occurrence of T does not anticipate the future evolution of the Markov Chain. The
strong Markov Property then states, for any stopping time T,

PIXr+mXTin <T] = Pm(XT,j) forallme N andjeE (2.6)
NXTHm=)\XT=1}=»"(ij) (2.7)
It tells us that the evolution of the Markov Chain starts afresh at time T if T is a

stopping time [7].
Next we discuss the classification of the states of a Markov Chain.

2.1.2 Classification of States

In this section we describe how the states of a Markov chain are classified. This
IS covered in detail in [7]. The states of a Markov Chain are divided into classes
according to properties of the time of first visit to the state, given that the Markov
Chain is initially in the same state. These times are sometimes called the times of

i



first return to the state or recurrence times for the state. The successive returns to
a particular state constitute a recurrent event.

The question arises as to whether a return to a particular state is certain or not.
And, further, if it is certain, the question of the finiteness of its mean recurrence time
arises. States are classified according to the answer to these questions for each state.

Let T be the time of first visit to state j given that X Q—j then, state j is called
recurrent if

P[T<00[Xo=]] = | 29

In words the state is recurrent if a return to the state Is certain. Such a state will be
visited infinitely often. State j is called transient if

PIT = 00lX0 =j] >0 9)

.. if a return to the state is not certain. Such a state will be visited only finitely
many times; there will be a last visit to the state after which the state will not be
entered again, hence the name transient. A recurrent state | is called null if

E[T|Xo=]j\ =00 (2.10)

Otherwise j is called non-null. Thus, recurrent states are called null or non-null,
according as their mean recurrence times are infinite or finite respectively.

There is one further classification of the recurrent states of a Markov Chain,
namely, whether or not a state is periodic or not i.e. whether T 6 {5,25,35,.....}
with probability 1 for some integer S > 1, called the period of the state, or not. A
state that is not periodic is called aperiodic.

All results pertaining to aperiodic states can be applied to periodic states j, with
period 6, by considering the Markov Chain {Yn\n e N}, where Yn= Xng, in which |
Is aperiodic. The times of successive returns to a recurrent state j, given X0= J, form
an increasing sequence of Stopping times. Thus, in particular, the Strong Markov
Property holds at every element of the sequence.

We can classify sets of states according to whether states outside them can be
reached by states inside the set or not. A state j can be reached from a state i if

12



there exists an integer n > 0 such that P™(z,7) > 0 If a state can be reached from
another state, then, there 1s a sequence of intermediate states, each of which can be
reached from the preceding state in one time step

A set of states is said to be closed if no state outside 1t can be reached from any
state mside 1t Such a set containing only one state 1s called an absorbing state A
closed set containing no closed proper subsets 1s called irreducible And a Markov
Chain 15 called irreducible 1if the set of all states 1s iwrreducible A simple criterion for
determining whether or not a Markov Chain 1s irreducible follows directly from these
definitions

A Markov Chain 1s irreducible if and only 1if every state can be reached from every
other state

Inspection of the transition matrix or the transition diagram for the Markov Chain
will tell us if the chain 1s irreducible or not This follows from the fact that if j can
be reached from 2 and k& can be reached from 7, then k can be reached from + Thus,
by mspection of the Transition matrix, in an 1iterative fashion, using this fact we
can find all the closed sets, and 1n particular, determine whether or not the chain 1s
irreducible

In fact if we find a closed set C, and delete from the transition matnx all rows
and columns corresponding to states not in C, then, the resulting matrix 1s again a
Markov matrix, in fact 1t 1s the transition matrx for the Markov chain with state
space C

From a recurrent state only recurrent states can be reached The reason for this
1s as follows Say, for example, that from a recurrent state j 1t 1s possible to reach
a state 2 1e there 1s a positive probability of going from j to ¢ 1 a finite number
of steps Then, 1n order for 3 to be recurrent, the probability of going, eventually,
from 7 to 5, must be 1 After visiting state i, the chain will eventually visit state
7, after which 1t will return to 7 infimtely often But after each visit, there 1s the
positive probability that it will visit 2, thus 7 will be visited infimitely often, 1e ¢ is
also recurrent

The set of all recurrent states of a Markov chain is a closed set, and can be divided,

13



I a unique manner, mnto wrreducible closed sets This is because, from a recurrent
state only recurrent states (and not transient states) can be reached, hence the set of
all recurrent states must be closed The division mnto irreducible closed sets follows
from the fact that the set of all states that can be reached from a fixed state 7 1s
by defimtion a closed set, and 1f that fixed state 1s a recurrent state, then it can be
reached from any state in this set, and hence, every state in this set can be reached
from every other state in this set via the intermediate state 3, 1implying that the set
1s irreducible The set 1s umque for 7, hence, the partition of the set of all recurrent
states 1s unique

For an irreducible Markov Chaimn we can thus say that all states are transient, or
all states are recurrent Since the set of all recurrent states 1s an irreducible set, 1t
must be the set of all states or 1t must be the empty set, and in the latter case all
states must be transient We can go further and say that if all states are recurrent
then they must all be recurrent null, or all be recurrent non-null, and further, all
must be aperiodic or all must be periodic with the same period

For an irreducible finite closed set C' we can add that there are no recurrent null or
transient states If there were one recurrent null state, then by the earlier statements
all states would be recurrent null From any state in C, and for any given number of
time steps, we can say that the probability of a transition to some state in C' from
that state, in that number of time steps, 1s 1 This 1s because C 1s irreducible But,
If every state in C' were recurrent null, then there would be some time step for which
all of the transition probabilities from that state were < 1/N, where N 1s the size
C, contradicting the last statement Put simply, in order for the chain to spend a
fantastically long time between returns to every state in the set, 1t would have to
leave the set, as the set 1s finite, but this is impossible, as the set 1s an irreducible
closed set Similarly, if one state were transient, all states would be transient, due to
irreductbility, and again, 1n order for the chain to leave all of these states, which are
finite in number, never to return, the chain would have to leave the closed set

We can now say that in any Markov Chain with a finite state space, there are no

recurrent null states and not all states are transient
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In order to classify the states of a Markov Chain with finite state space 1t 1s
necessary to first identify the irreducible closed sets, then all states belonging to these
sets are recurrent non-null, and all other states are transient In order to determine
if the recurrent state 7 1s periodic or not, we sunply find the greatest common divisor
of the set of all n > 1, such that, P*(3,7) > 0 If this 1s equal to 1, then the state 1s
apenodic, and hence, all recurrent states are aperiodic If 1t 1s greater than 1, then
1t 15 the perod of the state, and of all the recurrent states In order to determine
the gcd of the set of all the above n, 1t 15 necessary to look only at the sequences
of states through which the chain can pass to return to 3, and to count the number
of states 1n enough of the sequences to be able to evaluate the gcd and hence the
penod For example 1f two such sequences differ in length by 1, then all of the states
are aperniodic, as the gcd of the set of all n > 1, such that P*(3,7) > 0,15 1

2.1.3 Limiting probabilities and the invariant measure

In 21 we described how the states of a Markov Chain may be classified The use-
fulness of this classification 1s due essentially to the fact that we can restrict our
attention to states of one particular type This 1s always the case for irreducible
Markov Chains, and we showed how the states of Markov Chain with finite state
space can be easily classified The chains which we will be dealing with will have
fimite state spaces, but we will state the following theorem which can be used to
classify the states of a Markov Chain with infinite state space

The theorem 1s of interest to us for another reason A corollary to this theo-
rem, which apples to irreducible aperiodic Markov Chains (ergodic) with finite state
spaces, guarantees the existence of a so-called invariant distribution for such Markov
Chains [7] This invanant distribution gives us the probability, as n tends to infimty
,that starting 1n an imitial state » we are 1n state 7, n steps later This probability
depends only on 7, 1t 1s independent of the imitial state + In the long run the chain
forgets the imtial distribution The independence from the 1nmitial state also means
that the absolute probability of being in state j also tends to the mvariant probabil-

1ty of being mn this state The process settles into this invariant distmbution The
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term 1mvariant derives from the fact that if the the Markov Chain has this mitial
distribution, then 1t will have this distribution at all subsequent times The nvarant
distribution is also called the stationary distrnibution, and 1s sometimes referred to
as the equiibrium distribution, this referring to the equilibrium reached by a large
ensemble of such 1dentical processes, where the number of processes 1n any state, at
any time, tends to a constant, for large enough times, with the proportion of pro-
cesses in that state being (approxiumately) the stationary probability of being in that
state [8]

We now state the theorem and 1ts corollary [7)

Theorem 1 Let X be irreducible and aperiodic Then all states are recurrent non-

null of and only if the system of linear equations,

™) = ZEW(Z)P(Z,J) (211)
dow(g)=1 (212)

where ) € E, has a solution w If the solution exists, then it 1s strictly positie and

there are no other solutions, and further,
n(3) = lm P"(s, ) (213)
foralli,j € £

Corollary 1 If X s an wrreducible aperiodic Markov Chasn unth finitely many states,
then

") = Lr)PG,) (214)
=) =1 (2 15)

has a unique solution The solution T 1s strictly positwe, and

m(3) = lm P"(s,7) (216)

foralls,3 € E
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Thus an irreducible aperiodic Markov Chain with finite state space has an invariant
distribution. 1t is possible to interpret the invariant distribution probability for a
state | as the rate at which state j is visited [7]

|f we write m(j) for the mean recurrence time for j then, we can say the follow-

ing [7]
Proposition 1 Let] be an aperiodic recurrent non-null state. Then,
= (2.17)

n->00 m(j)

We also have the following [7],

Proposition 2 Letj bea recurrent non-null aperiodic state, and letn(j) be as before.
Then,

Ciime =TS (2-18)
This tells us that the fraction of time spent by the chain in state j is 7(j) and it has
the following corollary [,

Corollary 2 Let X be an irreducible recurrent Markov Chain with stationary distri-
bution 7. Let f be a bounded function on E. Then,

im0 - jag "0)/0) as (2-19)
And a corollary to this is [7],

Corollary 3 Let X be an irreducible recurrent Markov Chain with stationary distri-
bution ... Let f be a bounded function on E. Then,
lim — r!]r E [f{Xm)] :_YE, 7()f()) independent of | (2.20)
n '+ 1M=o0 J€
We could summarise some of the more important facts concerning Markov Chains
that we have described in 2.1.2 and 2.1.3 as follows. An irreducible Markov Chain
has at most one invariant (stationary) distribution. Its states are either all transient,
all null recurrent or all non-null recurrent. Further, all states are periodic or all are
aperiodic. They are all non-null recurrent if and only if the chain admits one invariant
distribution, and this is certainly the case if the chain has finite state space.
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2.1.4 Reversed Markov Chains and reversed time

Up to this point we have been considering Markov Chains where we know something
about the “present” state of the chain, and we wish to know something about the
“future” states But, 1n some situations, 1t 1s desirable to know something about the
“past” developement of the Markov Chain given knowledge of the “present”

If a Markov Chain has a stationary distribution, then it behaves as a Markov
Cham 1f 1ts evolution 1s observed in reversed time If the stationary distribution
of the Markov Chain 1s w, then the transition matrix for the reversed chain has
transition probabilities related to the transition probabilities of the forward chain in

the following manner [8],

Q1) = W (221)

The nth step transition probabilities for this chain can be calculated in exactly the

same fashion as they are calculated for the forward chain They are related to the

nth step transition probabihities of the forward chain as follows,

m(3)P"(3,2)
7(2)

Thus, the study of the past developement of the original Markov Cham reduces to

Q" (1) = (2 22)

the study of the reversed chain In the special case when Q(z,7) = P(z,7) the chamn
1s said to be time-reversible, and all the probability relations for such a chain are
symmetric mn time It can be shown that if P(z,7) > 0 if and only if P(3,2) > 0
and 1if all sets of such pairs (i,)) are reachable from all others, then the chain 1s time

reversible
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Chapter 3
The Models

We described in chapter 1, broadly the operation of ATM. We will now describe in
greater detail the situation we wish to model.

We begin by assuming that we have |_ independent sources or lines. Traffic from all
ofthese sources is to be multiplexed onto a single transmission line using asynchronous
time division multiplexing. Therefore we discretise time into fixed length slots. Each
source produces digital information in the form of fixed length packets called cells.
A single cell can be transmitted in each time slot. Thus the length of a time slot is
equal to the transmission period of the multiplexer. Cells arrive at the multiplexer at
the beginning of a time slot and are transmitted at the end of a time slot. In practice
a cell is of size 48 bytes with an additional 5 bytes for the header giving a total size

of 53 bytes (424 bits) [5].

3.1 Packetized Voice

W ith packetized voice a continuous time signal is generated by the source and is
digitally sampled at discrete instants. The standard sampling rate used in digital
telephony is 8 kHz and a sample is 8 bits thus giving us a constant bit rate of 64
kb/s. This digital information is then filled into the fixed length packets. Information
is not sent by the source to the multiplexer until a packet has been filled. This process

introduces its own fixed delay or packetization period [9]. It is measured in units of
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the multiplexer transmission period and we will label 1t s Thus s will be the ratio
of the packetization period to the multiplexer transmission period

Speech contains, typically, 50 percent silence and hence digital telephony uses
silence detection and suppression [5] This means that no cells are generated during
periods of silence This produces bursty traffic from the source, what would otherwise
be a constant bit rate output becomes a variable bit rate output, with periods of
activity during talk spurts alternating with periods of inactivity during silences We
will refer to active periods as burst periods and mactive periods as silences A burst
period begins with the arrival of a cell at the multiplexer and 1t ends s ticks after the
arrival at the multiplexer of the last cell in the burst This period of s ticks after the
last cell of a burst 1s referred to as the overhang period One tick after this period
has ended a silence 1s said to have begun, and 1t continues until the next burst begins
with the arrival of another cell at the multiplexer Thus burst periods are multiples of
s ticks 1n length A burst period then, consists a period of cells arriving periodically

every s ticks, plus the overhang period of s ticks We illustrate this 1n figure 3-1

burst silence burst
e R - - - - — - -~ L R
H 1 1 H 1 1 1 H | | N N SN N T N O | H 1t 1 H 11 vy
-<----Pa---------b time (frcks)—= -« - - -
A S A A
(overhang)

Figure 3-1 Sample of traffic on a single line

The group of cells arriving during a burst period we will refer to as a burst The
length of a burst will then be measured as the number of cells in the burst Bursts
and silences are of random length During normal conversation the duration of talk-
spurts fits the exponential distribution reasonably well while the duration of inactive
periods 1s approximated less well by the exponential distribution But we will assume,

as others have, that both active and nactive (real-time) periods are exponentially
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distributed [10]. Thus bursts and silences are of random length and, since we are
operating on a discrete time scale, we assume that burst and silence lengths are each
geometrically distributed, and that burst lengths are i.i.d. and silence lengths are
i.i.d., and further that silence and burst lengths are independent of each other. We

will define the probability that a burst continues for another cell to be d i.e.
d = P [burst continues] (3.1)
and we define the probability that a silence continues for another tick to be (3 i.e.
(3 = P [silence continues for another tick] (3.2)
Then,

Pburst= Ncells] = (@ —a)an 1 (3.3)

(L =M1 (3.4)

P[silence = M ticks]

and hence the expected numbers of cells in a burst, and the expected number of ticks

in a silence are,

E [burst length] = —-— (3.5)
1-a

(3.6)

3.2 Superposition of Packetized voice sources

In the situation that we are modelling, there will be |_ independent identical packe-
tized voice sources. The arrival process at the multiplexer will be the superposition
of the |_ individual arrival processes.

The multiplexer serves one cell per tick, and the ratio of the packetization period
to the multiplexer transmission period is S ticks. Thus S active voice sources will
just saturate the multiplexer, or to put it another way, the multiplexer will be not be
idle at any time during a period of length at least equal to the length of the shortest
burst period among the S active sources. And, during the period when S sources are

active, at the end of each interval of § ticks starting from the time of the first arrival,
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an arriving cell will find the buffer empty. In other words over this period when $
sources are active, cells will not accumulate in the multiplexer buffer. Conversely,
during periods where more than S sources are active, cells will accumulate in the
multiplexer buffer; the length of the queue in the multiplexer buffer will grow over
this period. After S ticks from the time of the first arrival, all arriving cells will
find the buffer occupied. However, once the number of active sources falls below
S the back-log of cells in the buffer can be cleared. And, during any such period
when the number of active sources is less than S, the buffer queue length decreases
to zero, except for periodic fluctuations, after which, arriving cells find the buffer to
be empty. These high frequency periodic fluctuations are the only contribution to
the queue length in the multiplexer buffer when the number of active sources is less
than or equal to s, and are simply due to the simultaneous arrival of two or more
cells at the multiplexer. In other words, these high frequency fluctuations in queue
length are due to an instantaneous increase in the cell arrival rate at the multiplexer
above the service rate, as opposed to a temporary increase in the average arrival
rate, over a period of time greater than S, to above the service rate, as occurs in
the case where the number of active sources exceeds 5. The former leads to short
length, short term queues, the latter can result in long queues lasting long periods
of time. Large queues are also subject to these small high frequency changes. But
these fluctuations are unimportant in the growth of large queues. They are however,
an important consideration in buffer dimensioning. In order to accurately estimate
the queue length distribution, the contribution to the queue-length from the cell-level
component must be taken into account. The queue in the multiplexer buffer can be
viewed as having two components: the burst-level component and, added to it, a
cell-level component.

When the number of active lines over a period greater than § ticks exceeds S or
equivalently when the average arrival rate over a period greater than S ticks exceeds
the service rate, we are in what is referred to as a heavy traffic regime. A heavy
traffic regime results in long term large queues. This is referred to as burst level

congestion. When the number of active lines over a period greater than S is less
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than s then we are in a low traffic regime and we have short term, short length
queues ie high frequency fluctuations of small amplitude in small queue-lengths
This 15 referred to as cell-level congestion A defect m many of the models used to
study ATM multiplexer congestion has been the failure of the models to properly
take these high frequency, low amphtude queue-length fluctuations into account For
example Daigle and Langford [10] describe three models A Sem Markov Process
model, a Continuous time Markov Chain model, and a Uniform Arrival and Service
model The first and last of their models 1gnore the high frequency fluctuations
completely, and as a result, underestimate cell level congestion by assuming no queue
length changes under a low traffic regime Their Continuous time Markov Chain
model overestimates cell level congestion by imphcitly assuming higher frequency
fluctuations i queue length than can occur in the system bemng modelled These
observations were confirmed by their simulations

Each individual source generates an arrival process that 1s 1n fact an alternating
renewal process But because of the bursty and periodic nature of individual sources,
the superposed arrival process 1s not a renewal process, the inter-arrival times of
the superposed process are negatively correlated and the average arrival intensities
over periods longer than s are positively correlated Only a superposition of Poisson
processes 1s itself a renewal process, in fact again a Poisson process, and modelling

the superposed process by a Poisson process has been shown to be unsatisfactory [11]

3.3 Modelling traffic from a single source

In this section we will describe how we model traffic from an individual source
The model we introduce in 3 3 1, the Cell Level Model, 1s new and 1s the model
which we will use throughout the thesis The model we describe 1n 3 3 2 the Block
Level Model has been studied 1n detail by Buffet and Duffield [3] We will make a

comparison between the two models in Chapter 4
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3.3.1 The Cell Level Model

We will model traffic from a single source 1n the following manner Define the random

variable X (t) where ¢ € N and X (t) takes values in the state space E = {0,1,2, ,s}
by,

X(t) = min{s,time since last cell arrval from the source at the multiplexer}

Then X (t) = 0 means an arnival from this source at time £ And X (t) 1s a Markov

Chain Its transition diagram 1s shown 1n Figure 3-2

030202050

Figure 3-2 Cell level transition diagram for single hine

The periodic nature of the arrivals from a single source means that transitions
from state 0 through to state s— 1 each occur with probability 1 At state s—1 either
a cell armives with probabihity o (1 e the burst continues) and the state of the source
makes the transition from state s — 1 to state 0 or the transition from s — 1 to s
occurs 1e the burst ends and a period of silence begins with probability 1 — o From
state s transitions can occur to state s 1e the silence continues with probability 3,
or to state 0 1 e the silence ends with the arrival of another cell and the beginning of

a new burst with probability 1 — 8 The following is the (s+ 1) by (s + 1) transition
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matrix for this Markov Chain model for a single hne,

( 0 1 - 00 0 \
0 0 00 0
0 0 - 00 0
P=
0 0 01 0
a 0 - 0 0 1-«
\l—ﬂ 0 00 g }

The states of this Markov Chain form an irreducible closed set and are recurrent
non-null aperiodic {(ergodic) Recall form Chapter 2 that they form an irreducible
closed set because every state can be reached from every other state 1e for each pair
of states 1 and j there exasts an integer n such that P™(z,7) > 0, this can also be
seen from the transition diagram Recall such a Markov Chain is termed irreducible
Further, from 2 1 3, since the state space 1s fimte all states are recurrent non-null
(since none are transient and all states must be either transient or recurrent non-null
by wrreducibility) Finally from 2 1 3 all states are periodic or aperiodic and since a
transition 1s possible from s to itself, 1e P(s,s) > 0thegcd of all n > 1 such that
P™(s,s) > 01s 1 that is s cannot be periodic, hence all states are aperiodic All of
this implies from 2 1 3 that the Markov Cham has a unique stationary distribution

In fact 1t has stationary distribution,

1
- __ : = 37
SH%Z(ll 111_) (37)

We will refer to this model from now on as the cell-level model

—

™

3.3.2 The Block Level Model

The cell level model described above 1s the model of greatest interest to us But a
simphfied model (studied 1 detail n [3]) which we wll call the Block Level Model
can be derived from 1t, and, in chapter 4 we compare the effective bandwidth decay

rates for the two models The block level model 1s derived from the cell-level model
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by looking at the cell-level model on a different time scale, we look at the number of
arrivals 1n each block of s ticks Thus we define a new random variable Y and define
a block to be a umt of time of size s taicks during which a cell may or may not arrive

We define Y as follows,

Y, € {0,1} (38)
Y, = 0 1if no cell arnval m block number (39)
Y, = 1 if one cell arnval in block number 3 (310)

We could relate this process to the X process by writing X,, for the state of the
source at the jth tick in the kth block Then,

V,=0 = X,1=s (311)
V=1 = X, .1<s (312)

But this process will not be a Markov Chain unless we make the incorrect assumption
that the end of one burst and the beginning of the next cannot occupy the same block

This 1s clearly possible as 1s illustrated in the figure 3-3

block block block
- -—- - - - P - - - P

|
|
|
| | L] L] Ll 1]

l | | | 1
- - - P -l - - _>§\\ \‘\\ time(ticks) ——=

s s end of burst - beggining of next burst

Figure 3-3 Bursts overlapping in a block

Instead we will define Y as 1n and assume that Y 1s a Markov Chain with the

transition diagram shown 1n Figure 3-4 The transition matrix for this Markov Cham

1—-a a
P=
( J l—d) (313)
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Where a and d are defined by,

a=P[Y,;, =1]¥, = 0] (3 14)

d=P[Y; =0]Y, = 1] (315)

We can see from these equations that a 1s the probabihity that a silent source

e ) 1

Figure 3-4 Block Level Transition Diwagram

becomes active and d 1s the probability that an active source becomes silent Thus,

a = P[silence < s] (3 16)
= 1-p5 (317)
d = Plburst ends] (318)
= 1l-a (319)

This Markov chain has unique stationary distribution,

(o) o

As described earlier, the traffic presented to the multiplexer, will be the super-

position of the traffic from all of the individual sources We will be nterested
homogeneous superpositions, where all of the sources produce traffic which generates

the same arrival process at the multiplexer for each individual source
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Chapter 4

The effective bandwidth
approximation

4.1 Effective bandwidth approximation

In this chapter we use the theory of large deviations to find an approximation for
for the tail of the queue length distribution for the queue in an infinite buffer served
at deterministic service rate where the arrivals are a homogeneous superposition of
arrivals from sources modelled by the cell level model this can be used to approximate
the the probability of buffer overflow from a finite buffer fed by the same arrivals
process with the same service rate. The approximation is known as the effective

bandwidth approximation [2] and is of the form,
PI<7> 1] fa e~lh

where [ is a constant. We also calculate the effective bandwidth approximation for the
queue length distribution for the queue in an infinite buffer served at deterministic
service rate where the arrivals are a homogeneous superposition of arrivals from
sources modelled by the block level model [3]. We compare the decay rate constants
for each model. In this we apply the work of Glynn and W hitt [12], Lewis and
Russell [2] and Duffield et al [13] to our new cell level model and to the block level
model already studied in detail in [3] to obtain the decay rate constants in each case.

We then compare the two constants. In Section 4.1.2 we state the Large Deviations
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result of Glynn and W hitt [12] and explain their result using the work of Lewis and
Russell [2]. We also state with proofan expression for the decay rate constant 7 which
is to be found in [2]. We give a proof from [2] of the Glynn and W hitt result [12]. In
Section 4.1.3 we explain the term effective bandwidth apprOXimation [2]. In Section
4.2 we give results from [13] on calculating the decay rate constant. In Section 4.3
we apply these results to calculate the decay rate constant for our new model the
cell level model. In Section 4.4 we do the same for the block level model of [3]. In
Section 4.5 we compare the two decay rate constants and prove that the decay rate

constant for the cell level model is smaller than that for the block level model.

4,1.1 The equilibrium queue-length

Our problem consists of finding an upper bound or approximation for the tail of the
queue-length distribution of a single server queue operating in discrete time with
a FCFS service discipline and an infinite buffer, where there are non-independent
arrivals to the queue. Let qn be the queue-length at time —n. Then the queue-length
at time Owill be the sum of the queue-length at time —]. and the arrivals at time —].
minus the work done by the server at time —1. The queue is never negative, thus,
if the server can do more work than the work presented to it at time —1, then the
queue-length will be 0. Let UN be the arrivals at time —. Let YN be the work the
server can do at time —. Then we can write the following Lindley equation for the

queue-length at time 0,
0= supgo, U\ -Yi+qi}
We can iterate this equation as follows,
0 = sup0, Ui =Yi+qi}
— sup{o, U\ =i + supgtf2 —U2+ 9y
supf0, Ul =Yi + U2—Y2+ 93
sup{0, Ui+ Uz—(Yi + Y2) + 4

Let AN— Ui and SN —52" Y&; ice. ANis the number of arrivals up to time —f and

SN is the service that can be performed up to time -N. Let WN= AN- Sn, then Wn
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1s called the workload process We will define Wy = 0 Then 1terating equation 5 1

t — 1 times we get,
Qo = SUP{WO, Wla ) Wt + qt}

We are nterested i the equilibrium queue-length Any queue with a FCFS service
disciphne and stationary ergodic arrivals U; and services Y; has a unique stationary

distribution if the load 1s less than 1 [14] The equilibrium queue-length 1s then given
by,

q =supW;
>0

4.1.2 Large deviations

We are interested 1n finding an approximation to, or upper bound on, the tail of the
queue-length distribution of a queue with non-independent arrivals We can do this
using the theory of Large Deviations Glynn and Whitt [12] showed that if (¥2,1),

where ¢ 1s discrete, satisfies a Large Deviation principle with rate function 7,1 ¢,

P[K? > w] & e W)
then,
Plg>bl~e™™
and,
v =1nf M
vy

The reason for this 1s indicated by the following [2],

Plg>b] = PlsupW;, > ]

= P[J{W; > b}]

>0

< D PW,> b

>0
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but,

PW, > = POt >

t
~ et
_pI/8)

b/t

= €

Thus,

1/2 105/2)
Plg>b ~ e e 4+ petH 4

with the second equality due to the fact that the term that dominates the nght hand
side of the first for large b, 1s the term for which the exponent 1s smallest We can

derive a further expression for the decay constant «y [2],

<y & 0_<_1{‘1]f¥
Gsl—(w—)forallw
w

fw — I(w) < 0 for all w
sup{w|fw — I(w) < 0}
A(6) <0

v = sup{0|A(6) < 0}

r ¢ ¢ ¢ ¢

where A(f) 1s the scaled cumulant generating function (CGF) for the workload pro-

cess

The following 1s a rigorous proof of the result for the asymptotic decay rate of the

queue-length distribution tail [2] Recall,

qg=supW;
>0
Thus,
{g=b} = J{W. > b}

£>0
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Thus for each £ > 0
{g= b} > {W: 2> b}
which imphes, for all £ > 0
Plg > b] > P[W; > b]
Let b = tw for fixed w > 0 Then,
Wzt = (2%
= (2w

hence,

Plg>b > P[W, >}

> Pl— 2w
t
which 1mples,
1 1 W
— > > —P— >
logPlg 28] 2 — P[>
and hence,
1 lw Wt
- = —t>
hggglfblogl:’[q >b > lm 1nf — log P| 2 w]
1 1 W
= EllggleIOgP[T > w]
L _Iw)
w
This 1s true for all w > 0 thus,
| I(w)
hminf . logPlg 2 8] 2> sup{—— =}
= —f ___I(w)
w>0 W

In order to complete the proof it 1s necessary to get an upper bound on the Iim sup
Let the sequence of random variables {W,}>¢ satisfy the conditions of the Gartner-

Ellis theorem [15] That is, for all real ¢ let,

1
M) = logBle™]

t
A(0) lim \;(6)

t—o00
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and let the hmit exist and be fimte Further, let v = sup{#|A(¢) < 0}

Then consider the set {#|A(¢) < 0} If this set 1s empty then ¥ = —co and then,

1
lim sup 7 logPlg >b] < —v

b—oo
If the set 15 not empty then let 0 < v be an element of this set Then from Chernoft’s
bound we have,
PW,>b < e ®E[™

But E[e?™] 1s fimite, thus,

1 A
lim sup ZlogP[Wt >b < -0

b—o0

Now for each integer N,

t=N

PlsupW; > b < ) P[W; >}
tSN t=1
< NsupP[W; > ]
t<N

But this imples,

b—o0

1
hmsup ~logPlsupW; > b] < suphmsup ! log P[W,; > b)
b t<N t<N booo D

< -9
We also have,

t=N

PlupW, >8] < Y P[W, >}
<N t=1
S e—éb Z E[eéWt]
t>N

— e—éb Z etAt(é)

i>N

Now the lim;_, A(d) = A(f) < 0, thus there exists € > 0 such that A < —¢, and

there exists an mnteger N(#) depending on @ such that A,(f) < —e for all ¢ > N(6)
This imphes

PlsupW; >b] < e ® Y e*
t<N t>N

1
1—e¢

< e %
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implying,

lim sup - 5 logP[sup W,>b < -6

b—oo
Thus, as
1
hm sup + log P[sup W; > b
booo D £>0
18 equal to,
1 1
max{hm sup 5 logP[ sup W; > ), hm sup ~logP[ sup W; > b]}
b t<N(f) b t>N(f)
we have,

lim sup b logP[sup W, >b < -0

b—o00

and this 1s true for all # < v and hence,

lim sup - 7 logP[sup Wy>b < —y

b—oo

Thus together with the lower bound we have,
1 11 Plg>b =
im —logPlg>b] = —v

as required

This tells us that the tail of the queue length distribution 1s asymptotically log-linear
with slope ~v [2]

4.1.3 Effective Bandwidths
The approximation, for large b,
Plg>bl~e™™

15 called the effective bandwidth approximation {2}, for the following reason Con-
sider the situation which 1s of concern to us We have an armival process served at

determnistic service rate r, 1e the workload process 1s,

WtzAt—’I't
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thus the scaled CGF is,

A(0) Um | logE[eOWi]

lim_-lo g E [¢ 0At 16
T-HX> t L J

A(9)-rd

where X(9) is the scaled CGF of the arrivals process. Thus we can write the following,
1) = sup{0j1a(0) < rO}

which gives us [ as a function of the service rate [. Now if our queue has finite
waiting space, i.e. we have a finite buffer, then we can use the effective bandwidth
approximation to give us an upper bound on the probability of the buffer overflowing.
This is because the probability of finite buffer overflow is bounded above by the
probability that the infinite buffer queue length exceeds the finite buffer size. This
leads us to the reason for the term, effective bandwidth. If we have a prescribed
probability of buffer overflow in an ATM network of, say y, and we have a buffer of
fixed capacity b, then we would want to know what is the minimum service rate needed
to guarantee that the probability of buffer overflow will not exceed our prescribed

value Y. Using our upper bound we get the following for this service rate r(y)
[(y) = intrie~""6< y}

From which we get,

rfj) = £91

with Q/ = w e cau effective bandwidth of the arrivals. It is the
minimum transmission bandwidth needed to guarantee that the probability of buffer

overflow will not exceed the prescribed value y

4.2 Calculating the decay rate constant

The decay rate constant 7 can be calculated for our models of an ATM multiplexer

by using the scaled CGF for the workload process [13]. Our model is an example of

3



a finite state Markov Additive Process for which 7 can be found using the following
technique from [13]. The workload process for the homogeneous superposition of|_

independent sources served at rate r, is,

< = Y,(4"-r/L)
1=1
Where is the number of arrivals from source | up to time —{. The first thing we
note is that if we let X f be the vector of states (X (1), ........ , in the state space

E = E XL, then X t is the state of the system of|_ sources or lines at time —t, and is a
Markov Chain with transition matrix P = P®|_ where this means the outer product
of the transitions matrices for the |_ lines. If we let the increment in the workload be

Z(xt) when Xt = xt then,

E[gWi] = oo s ere»=illX) n P (Xn= xnixn_i = x,_i)k(xi)
xieE  xteE n=2
where 7r(xi) is the probability that X! = x,. The product of the t —2 transition

probabilities with 7r(x!) isjust the joint probability of the { state vectors. If we write,
P («)(x,,Vi) = eiz<*>P(X,, = X,,|X_, = X,_,)
and write,
r(O) = eez’Xn~r(xh)
then we have,
Efew 1= rOp 04T

And hence,

= iS )ilog™ (0)p (0)T]

= log[sp(P(0))] (4.2)

where sp(A) means spectral radius of the matrix A Note we can write P(0) as
PDe-i>where D = D®1 and D is the diagonal matrix with 96n/\ in the (x, i) position

where n(l) is the number of arrivals if a source is in state |. The above result follows
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from a result of Frobenius [7] which says, if a matrix A is positive; i.e. all its entries
are non-negative and at least one entry is positive, and if the matrix raised to some
power is such that all its entries are positive, then, limn”oo (spfo) = B where all
entries of B are non-negative. Now if the Markov Chain Xt is irreducible, recurrent,
non-null and aperiodic then P(0) satisfies the conditions of this theorem because P

does and because D is a diagonal matrix with positive diagonal entries. Thus we can

Km i log[ir(0)P(0)*IT] - Um \ log[(sp(P(0)))]

Hmilo g I ™ -]

Jlim - log[r(OyB (0)17]

= 0

Where B plays the same part here as B in the theorem of Frobenius. We have

therefore,
= fe 7 LS[HO)p (0)ilT]
= Jlog[(sp(P(ff)))*]
= log[sp(P(0))]

as required.

Now if X t is stationary and recurrent and irreducible, then sp(P(0)) is in fact the
maximum of the moduli of the eigenvalues of P (9) For our models the individual
sources are modelled by Markov Chains which satisfy this condition and, hence X't
satisfies this condition. The problem of finding 7 reduces therefore to finding positive

9 for which the log of the maximum of the moduli of the eigenvalues of P (0) is O.

4.3 The cell level model

In order to find the decay rate constant 7 for the queue qL produced by the homo-
geneous superposition of|_ sources modelled by the cell level model, we need to find
the maximum of the moduli of the eigenvalues of the transformed matrix, P (0) for

the superposed process.
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Define v as follows,

= sp(PDe™?)
where,

P = p®

D = D&

Then define v as follows,

v() = sp(PDe'a/L)
= e %/tsp(PD)

Recall that 7 1s given by,

v = sup{f|A(d) < 0}

But,
A(0) = logsp(P(0))
= log9(f)
Thus,
v = sup{f|5(6) <1}
But,
9(0) = (v(0))*
Thus,
7 = sup{lo(8) < 1}
= sup{fv(6) < 1}
Now,

v(d) = e *Tsp(PD)
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And sp(PD) 1s just the largest eigenvalue of PD In order to find v(f) we need to

find the largest eigenvalue of matrix PD Recall that the transition matrix A for the

forward Markov Chain for a sigle line 1n the cell level model 1s,

[ o

1
0 0
0 0

A=
0 0
a 0
\1—[)’0

0
0
0

0
0
0

0
0
0

(e}

0 )
0
0
0
l -«
B

We are working 1n reversed tume, that 1s we are looking at the arrival process reversed

m time Thus we want the reversed Markov chain transition matrix P with entries

given by,

T
P, =2
T,

A,

Where 7 1s the umque stationary distribution of the Markov Chain

,s—1} and forz =

forr=sand 3 € {0, ,s—-1}

fory=sand2€ {0, ,s—1}

I~ for 1,7 € {0,
Ty
Ty _ l-a
P B 1"'/6
mo_ 1-8
T  1-«
Thus we have,
(0 0
10
01
P =
00
0 0
\0 0
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and the (s + 1) x (s + 1) matrix D 1s,

(& 0 000)

010 000

00 --000
D=

00 100

0 0 010

L0 o 001

Thus the transformed matrix 1s,

P() = PDe™%

where,
( 0 0 -0 a l1-« )
e 0 0 0 0
01 0 0 0
PD =
0 0 0 0 0
0 0 1 0 0
\ 0 0 0 1-p8 p )
The characteristic equation of matrnx PD 1s,
Det(z — PD) = —z*"'482°+ae’z+e(1-a—-p)
= g(iE, 8, S)

Thus,
v(f) = e ¥Tsup{z|g(z,0,s) =0}
= sup{z‘|g(z‘e’~,0,5) = 0}
Where we have put z* = ze %~ Thus we have the following for -,
v = sup{6]sup{z‘|g(z‘e"/*,0,5) = 0} < 1}
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Thus to find v we should attempt to solve,
g(eo/l’, 6,s) = 0
Then «y will be the supremum of the resulting solution set This gives us the following,
—e(tDOL | BesOIL 4 b/l L (1 —a—~fB) = 0 (43)

Note that the v which we would obtain if we could solve this equation and find the
supremum of the solution set would depend on . Now we are interested 1n finding
the decay rate constant for the queue ¢* produced by the superposition of L sources
for large L 1e the queue for a large multiplexer The load p of the multiplexed system

18,

L
s+(1-a)/(1-7)

This is dependent on L The requirement for stable queuing 1s that p < 1 Thus 1n

p=

order to study the queue for different values of L we will have to scale the parameters
of the model to ensure that p remains constant To this end we define the constants

(wrt L) o and 7 as follows,

- 3
M7
T = L(1-7)

That 1s we scale s and # 1n a manner that makes p constant wrt L Putting the

rescaled parameters into our equation for § we get,

—e?0e/T 1 (1 — %)e""+aeaea/"+—aeo+% B

Rearranging this so that all the L dependent terms appear on the same side we get,

-0 _ afef/t 1)+ ¢
(eF-1)+1

(44)

Now consider the behaviour of v(L) wrt L We know (L) solves the above
equation Thus consider the rnght hand side of that equation,

ot -1+  o(?F-1)+al+(1-0)
(et —-1)+1 (et -1)+ 1

T
L
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o' =D +3) (-0
@-D+; | @F-D+}
(1- )3

= a4+
(e%L —1)+ T
> o
Thus for all L > 0 we have,
-ovm o 1 (4 5)

o

Hence the sequence of gammas depending on L, y(L), 1s bounded above as follows,

L) < Hi—a)log[l/al

For typical values of o and o the rnght hand side of this mequality will be much
smaller than 1 Thus (L) will be much smaller than 1 Now consider the following,

1-a)f - st (1-a)T
@1 +7 ~ T L@ nir

a4+

(46)
(47)

In fact 1f y(L) 18 small (and/or L is large), we have,

(1-a)f
(e’Y(L)/L — ]_) + %

(1-o)r

o L@ —1) +

= a+

2
Q
+

Thus we obtain the following equation for an approximation for y(L)

go-tmwy _ o) +7
Y(L)+ 7

But the solutions to this equation are independent of L and are much smaller than
1 for typical values of @ and o, hence we can wnte the following equation for  an
approximation for the decay rate constant for the queue-length ¢~ that 1s independent
of L

1 _ oy +T
1+(1-a)y YHT
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giving us the quadratic equation,

al—o)' +(rl-0)=(1-0a))y = 0

Which gives us,

1-a)—7(1-0)

48
a(l — o) (48)
This 1s positive as required because,
_ 1
P o
< 1
which 1mplies,
1—
o+ a 1
T

and this implies,
l-a—-7(1-0)>0

As noted earlier we can use the effective bandwidth approximation to give us an
upper bound on the probability of overflow of a finite buffer in an ATM multiplexer

In the next section we find v for the block level model

4.4 The block level model

In chapter 3 we described a 2 state Markov model Y from [3] as follows We let the

state space £ = {0,1} and define the transition matrx to be,

Where,
a = PV =1|Y; = (]
d = PlYy; =0l¥;=1]
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This has unique stationary distribution,

And
Py = 7, P,

mmplying that the Markov Chain Y is reversible, 1 ¢ the matrix for the reversed chain

1s also P As with the cell level model,
P = pef
and,
D = D®E
and for the states 7 € E we have for the number of arrivals 2, when Y is 1n state 3,

3 € {0, 1}

1 Ifz, =y
Pl2(Y) =zlYi=3] = ’
0 otherwise

Hence,

PO) = sz(a)

= P,elas/D)

That 1s, the diagonal 2 x 2 matnx D 1s,

and therefore the transformed matrix 1s,

P(6) = PDe™ %/t

l-a  ae
PD =
d (1-d)e

44
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The characteristic equation of PD 1s,

Det(z — PD) = z*—((1-a)+ (1 —d)e’)z+ (1 —a)(l — d)e’ — ade’
= 22— ((1-a)+ (1 -d)ef)z+ (1 —a—d)é’
= h(z,0)

As 1 the cell-level model in order to find v we now solve, with ¢ =
h(e”,y) = 0
Then assuming that - 1s small, we have the following,
A+ = (1—a)+ (1 =d)1+)1+70) +(1—a—-d)1+7) =0
Then,
Y(oleo—(1—-d)+v((a+d)jg—a) = 0
hence,

_ ((a+d)o—a)
T Z s=d)=o)

(49)

4.5 Comparison of block and cell level models

The cell level model captures more of the features of the situation we wish to model
than the block level model But we would like to know 1if the bound on the tail of
the distnbution of the block level model queue 1s more, or less conservative than the
bound on the the tail of the distribution of the cell level model quene If 1t 1s more
conservative then we could use 1t for dimensioning the buffer in an ATM multiplexer,
1n place of the cell level model upper bound If 1t 18 less conservative then we could
not The answer to this question 1s the latter, as Yg)ock > Ycell
((a + d)o — a)

el = 5(T=d)—0)

l-a)—7(1-0)
TBlock = o(l - o)
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In order to compare the two models we must first relate the parameters from each.
The defining equation for d means that a is the probability that a silent line becomes
active, which for the cell level model means P [silence < s]. But this is just 1—(35,

and (3 iscloseto 1li.e. 1 —/3 is close to 0. Thus we have,

a = 1-138

= 1- (1- @-/?))

« 1-— 1+ s(l—(3)
= s(I~P)

Similarly d is the probability that an active line becomes inactive which for the cell

level model is 1 —a. Thus,

d

11
|
d

Hence,

—
1]

Writing both Tjjlock and TCell terms °f a, ~ and d we get,
at+d)a—a
a{l-a)-da
(@a+da—a
ACell —a) —da(l —a)

and 0 < < 1 Thus, da> da(l—a) and we have,

Block “

7Block > TCell
Hence the block level upper bound on buffer overflow is less conservative than the
cell level upper bound.

The effective bandwidth approximation deals with large b It tells us nothing

about small b It also tells us nothing about the economies of scale that may be
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possible 1n large multiplexers And i fact the effective bandwidth approximation
overestimates the probability of cell loss from a fimte buffer with bursty arrivals On
the other hand the effective bandwidth approximation shows the multiplexing gain

1 large buffers
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Chapter 5
An Upper Bound Via Martingales

In this chapter we use the theory of Martingales to prove two new upper bounds of

the form,
Pg>h]< <elb (5.1)

one for the full queue for the cell level model which includes the cell level queue the
other for the burst level queue of the cell level model. The cell level queue is due to
arrivals over a period shorter than the packetization periods in a multiplexer with
a service rate of 1 cell per tick. This gives rise to short queues when the arrival
rate temporarily exceeds the service rate. The burst level queue is due to arrivals
over periods longer than S and is due to the average arrival rate over such a period
exceeding the service rate. This gives rise to longer queues. The upper bound for the
full queue does not exhibit the economies of scale seen in large multiplexers for any
parameter values. The second upper bound does exhibit the economies of scale and
is an improvement over the effective bandwidth approximation in terms of bounding
the tail of the queue length distribution of the burst level queue. That iS, ¢< ].and

(b< L < 1 for some parameter values and for $ independent of|_ for this queue.

5.1 Martingales

Martingales were first studied by Levy but the development of the theory of Mar-

tingales is due to Doob [16]. The term first appeared in connection with gambling
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and the basic 1dea underlying the concept 1s that of a game being fair [17], 1 the
sense that a players conditional expected future fortune 1s the players current for-
tune In this context the terms submartingales and supermartingales correspond to
favourable and unfavourable games respectively [17] Martingale theory has devel-
oped a scope far beyond 1ts gambling origins In the context of finding upper bounds
queue length distributions Kingman [18] used the theory of Martingales to obtain ex-
ponential bounds for the queue length in the GI|G|1 queue Motivated by Kingman’s
result Buffet and Duffield [3] used Martingale methods to obtain an upper bound on
the queue length distribution for the block level model of our Chapter 3, which can
be viewed as an approximation for the burst level component of the queue 1n an ATM
multiplexer We will use similar methods to obtain an upper bound on the tail of
the queue length distribution for the cell level model We begin with the definition
of a Martingale Then we define a Markov Time (stopping time) Then we state two
theorems which are used or appear 1n this chapter, due to Doob, an Optional Stop-
ping Theorem for non-negative martingales and the Maximal Inequality for Positive

Submartingales [16]

Definition 1 Let {M,} be a sequence of random variables defined on a probabilsty
space (0, F, P) Let {F,} be a sequence of sub-o-algebras of F unth F, C Fpp1 C F
for alln  Then {My} 1s called a submartingale with respect to {F,} o,

e Each M, s F, -measurable
e E[M}] < oo for alln

e E[M,1|Fn) > M, foralln

where M;j = max{M,,0} If {—M,} s a submartingale, then {M,} 15 called a

supermartingale If both {M,} and {—M,} are submartingales then {M,} 1s called
a martingale unth respect to {F,}

Definition 2 Let {F,} be a sequence of sub-o-algebras of F wnth F, C Fpi1 C F
for alln A random varwable T taking values mn {0,1, 00} 1s called a Markov time

with respect to {Fn}, of for everyn =0,1,2, ,theevent {T=n} s F, 1 e,
{weT(w)=n} € F, foraln (52)
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This can be rewritten in the form of Defimtion 2 4,

Definition 3 Let {F,} be a sequence of sub-o-algebras of F with Fp C Foy1 C F
for alln A random varable T taking values i {0,1, ,00} 1s called a Markov time

with respect to {Fn}, of for everyn =0,1,2,

1 T <n
Iir<ny = - (5 3)
=" { 0 otherunse

s F,, -measurable

Next we state an Optional Stopping Theorem [16] for positive martingales, (Theorem
4 2 page 267 1n [16])

Theorem 1 Let {M,} be a martingale unth respect to {F,} and let T be Markov
time with respect to {F,} If M, > 0 for all n, then

EMrlirc)] < E[M] (54)
The following 1s called Doob’s Maximal Inequality for Positive Submartingales [16],
Theorem 2 Let {M,} be a positwe submartingale Then for any positive m,

Plup{My, M} 2m] < (M, (55)

5.2 Motivation

Kingman [18] used the theory of Martingales to obtain exponential bounds for the
queue length m the GI|G|1 queue Basically this involved proving that if {¥,,},>0 1

a sequence of 11d random variables, then
Plsup(Yp+ +Y,)>a] < e
n>1

Where 6 15 a real number such that E[e®Y] <1 The proof of this involves constructing

the Martingale,

eo(YO'f' +Ys)

T e
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This 1s a Martingale because, E[E[e sovay] = 1 for all n, and (E[eayn])n>0 1S & sequence

of independent non-negative random vanables, hence,
E[Mn+1l},07 ) Yn] = M,
Then Doob’s maximal mmequality for positive submartingale tells us that,

P[SUP{MO, 9Mn} 2 m] <

E[M;]

1
m

1
m

This result 1s then used as follows to obtain the required exponential bound, for § > 0

PlsupYp+  +Y,>1] = Plef5Pr20lfor +¥a) > cba]
n>0
= Plsupe’™ot +¥n) > 7]
n>0 -
(Yot +Y) 0
< Plsup e’

—— >
n>0 (E[an])n+1 =
where E[e/Y] < 1,

Thus,

PupYo+ +Y2a] < PlsupM, > e
n>0 n>0

S 6—01‘

Now this result holds for 11d random vanables But in the situation of interest
to us we are dealing with dependent random variables Martingale methods can
sometimes be used to extend results that hold for independent random variables to
results for dependent random variables This is what Buffet and Duffield did 1n (3]
motivated by Kingman We will use similar methods to obtain our upper bound

We will use a method for constructing Martingales for stationary Markov chains
which says that if we have a stationary Markov chain Y; with transition matrix P
and we have an eigenfunction f E — R, (where E 1s the state space for the Markov
chain), with eigenvalue p1e,

> f@PGg) = pf()

1€E
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then,

M, =

is a Martingale w.r.t. the filtration T generated by Tt = a(Y(O), ............ Y(t)) Using
the constructed Martingale and the Optional Sampling theorem (Theorem 1) we can

obtain an upper bound on the tail of the queue length distribution of the form,
P K> 1] < (edl

for the queue in an infinite buffer served at deterministic service rate on a FCFS
basis, produced by the homogeneous superposition of|_ sources each modelled by an
identical copy of the cell level model. Unlike the effective bandwidth approximation

this upper bound holds for all values of b > 0 not just for large b

5.3 The Martingale

We begin by briefly recalling the situation of interest to us. We have a queue with
an infinite buffer with arrivals to the server processed on a first come first served
basis. Let At be the time reversed arrival process at the queue for discrete time, f.
We define AO = 0, and At to be the number of arrivals between time — and time 0.
Arrivals are served at deterministic service rate. The workload process Wt is defined
by Wt = At—t. Then recall from Chapter 4 that under certain conditions the queue

length has a unique stationary distribution [14]. The equilibrium queue length is

given by,
= sup Wt
o
As in Chapter 4 we define, for real 9 and for { > 0

At(9)

A(0)

~NlogE[ew ‘]

tiggy AL(9)

and assume the limit exists. We note that A and A* are both strictly convex and

essentially smooth. In the situation of concern to us the increments of the workload
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process are controlled by the states of an underlying Markov Process X The situation
1s an example of a Markov Additive Process (MAP) With such a process the workload
15 a function of the underlying Markov process 1n such a manner that the pair (X, W)
1s also a Markov Process More precisely on probability space (2, F,P) let X; be a
stationary ergodic Markov Process on a state space F with o-algebra & Let W, be
an additive component adjoined to 1t with Wy = 0 and such that(X, W) 1s a Markov
Process on the state space E X RT (R* being the positive real numbers) Let Z be
the mcrement process of W Then the joint distribution of Z;,; and X;,; conditioned
on (X, W,) for all u € [0,t] depends only on X;, and this 1s expressed through the

kernel,
P(IE,G X B) = P[Xt+1 € G, Zt+1 € BIXt = CE] (5 6)

for G € £ and B a Borel set of Rt [19]
Returning to the cell level model, recall, we have a homogeneous superposition of

L idependent sources or lines served at determinmistic service rate r The workload
process for the superposition 1s,

L

WtL = Z(Agl) —r/L)

=1
where, as before, Agl) 1s the number of arrivals from source [ up to time —¢ Again we
let X, be the vector of states (X1, | X)) m the state space E = E*L, where
state X® is a Markov cham for a smgle source Then X, is the state of the system
of L sources or lines at time —t, and 1s also a Markov Chain If the transition matrix
for the individual source Markov Chain 1s P, then the transition matrix for X, 1s the
outer product of L copies of P which we denote as before by P = P®L Recall from
Chapter 4 that if we define the transformed transition matrix, P(6) by,

P(a) (xm xn,—l) = eOZ(x,.)P(Xn = xn,|:X-n—1 = xn,—l)
Then,
1
N6) = hm ;login(®)P(0)'1"

= log[sp(P(6))]
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where sp(A) means the spectral radius of the matrnx A Then the Perron-Frobenrus
Theorem [7] tells us that for all # in the effective domain of A, eM? is the umque,
real, positive and simple maximal eigenvalue with corresponding strictly positive
eigenvector, which we will denote by, ©9(x,6) Recall that « 1s the umque positive

solution of A(§) =0 Then,

1 P(y) has a maximal eigenvalue e*() = 1 with corresponding right eigenvector

o(,7)

2 Normalising 9( ,7) so that E[#(Xe,7)] = 1 then M, = e 9(X,7) 18 a posi-
tive martingale with respect to the canonical filtration F generated by (X, WT),
and we also have E[M,] =1

The proof of 2 1s the following Firstly,
WtL = thi1 + Z(X,)
Thus,

6'7WtL — e'YWtL—l e’YZ(xt)

Thus we have,

EM;.(7)|F) = E[%0(Xe41,7)|F
= ME[E”*5(X441,7)|F

L x A
= Wi Z e7%( t+1)U(xt+1,’)’)P(xt+1 = Xe41| X = %)

xt+1€E

= Y 0(XKes1, VP () (Keg1, Xe)

xt41€EE
L.
= e’YWt U(Xta 7)

= M;
For the last part,

EM,] = E[8(Xo)]



concluding the proof This Martingale can be used to prove an upper bound for the

queue length distribution of the form,
Plg > b] < g™
where, the prefactor ¢ 1s defined by the following equation,
o7 = gl BT X)W - > 01X =]
The proof of this result is the following Define the stopping time 7 by,
7 = wf{t > O{W} > b}}
Then,

Plsup Wt > b] = P[r < 0]
t

Then applying the Optional Stopping Theorem (Theorem 1) we get the following,

—
Il

E[M,]

v

EM,,7 < o]
= Y E[M,,7=n] (67)

n>0
But we can write the event {7 = n} as follows,
{r=n} = U {Gu(d0{Z>c}n{Xp1=x}} (58)
c>0,xcE

Where Gp(c) = {maxi<m<n-1 WE < b, WL, =b—c} Now this is a disjomnt union
for the following reasons, Firstly ¢ 1s an integer and E 1s countable Let the integer

c1,¢2 > 0 and x;, X, € E be such that (c1,x;) # (g, x2) then

NZHGale) N {Z > e} N {Xai =x}} © Gule) N{Z >} N{Xn1 =x,}

c Gn(cz) N {xn—l = xx}
C Gula)
- {er—l =b- cz}
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Similarly,

nj=2{G..(ci) n {ZN> a} n{x.,_i = x;}3 ¢ GN(a) n{Zn>a} n{xn_i = xi}
c Gn(Cl) n{x, ! = x;}
C {Xn!=Xi}

Thus,
nt P{Gn(Cl) n {Zn> a} n{x, !'=x8} ¢ {W,Li~= b'Ci) n{xn_x= Xi}
This is true for | = 1,2 hence,

nt?2{G,(ciyn {~>citn{xWl=xi}} ¢ ni:w -l=tft-citn{xnl=xi

- N

Thus we have the result. The union is disjoint. Thus substituting Equation 5.8 into
Equation 5.7 we get,
1 > <*E E E E[e’g->u(X,,; 7); G,(€)n {Z,, > C) N{X.,-i =x}] (59)
n>0 c>0 X6 E

We note here that for those x for which {Zn > c} fl {X,,_i = x} is the empty set
the resultant terms in the sum 5.9 will be zero. Hence Let E(c) C E be the set of
all states x for which {Zn > c} fl {Xnx = x} is not the empty set. Then we can

rewrite 59 as,

1> ¢WY E £ E[er"-c*(Xn;7);Gn(c)n{Zn>c}n{X 1 1=x"5.10)

n>0c>0xeE(c)

But conditioned on X,, !, Gn(c) is independent of ZN and X,, hence, we can rewrite

E[e'y(Zn-c)t; (X n;j)'G n(C) D {Zn > C] n {X,_! = x}] as follows,

= E[e"<'-c)u(X,; 7)(G,(c)n{z,>c)n{x,_,=x)}]

= E[e’2"-»)LX..; )I(GW{Z,>c)i{x.._.=.})]

= E[e’'z" - >t,(X,.: ) e @ {z. >0)|X,, L= x]P[X,._, = x]

= Elelz-r « (X, i)z > IxN-1= x1Bfa,w}X,.1= x]PIXn_, = xj

= E[e’2"-&V (X.:1)1)z.>¢)[X_Ll= XIP[G..(c)|X._, = X]P[Xn_, = X]
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Now we can define,
E[e"" =0 (Xn, 1)1 Za>c} | Xn-1 = X]
E[I{Zn>c}lxn—1 = X]

E[e" %~ (Xa, Y) {2, [ Xn-1 = X]
P[Zn > C|Xn—1 = x]

E[e"% (X, 7)|Z0 > c|Xn-1=%] =

And this 15 well defined on E(c) Then we can rewrite the night hand side of the last

equation as,
E[e"% (X, Y)|Zn > ¢|Xn_1 = X|P[Zy > ¢|Xn-1 = x|P[Gp(c)|Xs-1 = X|P[Xp_1 = X]
But this 1s just,

E[e"% (X0, 7)|Zn > ¢|Xn1 = X|P[{Z, > ¢} N Grlc) N {Xp_y =x}] (5 11)

Hence, putting this back 1nto the sum 1n Equation 59 and summing over x € E(c)
(all other terms being zero) we get,
1 > Y Ele"%9(X,,7)|Zn > ¢|Xno1 = x|P[Gn(c) N {Z, > ¢} N {Xpo1 = x}]
We will write

¢ = mf E[®W(X,,9)|Z > c|Xpo1 = X] (512)

c>0,x€E(c)
This 1s independent of 7 for a stationary Markov process X Thus
¢ = mf B N(Xy, )2 > ¢|X = x] (513)
c>0,xcE(c)

Thus,

1 > e 3 Y ¢7'PGulc) N {Zn > ¢} N {Xpor = x}]] (5 14)

>0 ¢>0 xcBy(c)

= %Y Y Y PG {Z >N K =x)]]  (515)

n>0c>0 xefi‘.(c)
= e’ ') Plr=n]
n>0
= e"¢'Plr < o0
= "¢~ Plsup W;" > b]
£>0
= e"¢~'Plg > b]

57



Thus, we have,
Plg>b < ge® (5 16)

completing the proof

5.4 Calculating The Prefactor

The prefactor is defined by,

¢ = mf E["P9%(X,)|Z —c > 0|Xo = x]
x€E(c),c>0
¥(Z1—¢) 5 T =
_ of Ele 0(X4) {Zl—c>0}|X0 x| (5 17)
xeB(c),c>0 P[21 —-Cc> 0|XO = x]
Now we can write,
Z = fie{l, ,L}XI=0}-1 (518)
= #eefl, ,L}HX;=1}-1 (519)

with the first equation due to the fact that arrivals from source ¢ only occur when
the Markov chain X} 1s 1n state 0 and Z; 1s the total number of arnvals at time ¢t = 1
minus the service completed in one tick, that service being 1 The second equation
1s due to the fact that the Markov chain X} makes transitions to state 0 only from
state 1 and from no other state and does so with probability 1 This can be seen
from the transition matrix in Equation 4 3 Chapter 4

Let E{(c) = {x € E|[f{#|z* =1} — 1 > ¢} Then, by Equation 5 18 we have,
{Xo € E(c)} Cc{Z, —c> 0}
and,
{Z, — c¢> 0} C {X, € E(c)}
Hence,
{Z, — ¢ > 0} = {X, € E(c)}
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Thus, E(c) = E(c) for the cell level model, and,

I{Zl —c>0} = I{XOEE(C)}

Note also that for ¢ > L — 1 both sides of this last equation will be 0 We can

therefore rewrite Equation 5 17 as,

E[e"%1-99(X 1) [ xoer(e)} [ Xo = X]

-1 = f 520
¢ xGE}(Ii),c>0 P[Xo c E(C)|X0 = X] ( )
= f  El"?99(X,)|X, = 521
e o Ele 9(X1)[Xo = x] (521)
= “TE[e™1 5(X,)|X, = 522
el o€ EET (X)X = x] (5 22)
= f e E[M||X,= 523
erl(Ii),ooe [M, X = x| ( )
= inf e 70 524
i 0 ® (x) (524)
where ¢ € {1, ,L — 2} and where Equation 5 22 1s due to
Wy = Wi +2Z(X,)
= 0+ Z(X,)
= 7
And Equation 5 24 1s due to an elementary property of Martingales
Let
m(x) = #{ee{l, ,L}z*=1 for x € E(c)} (5 25)
Then Equation 5 24 1s,
. L—m(x) o0
— — —ey 3 1)m{x 9
¢ z'eE—l,n}(Ig>c+1,c>oe g v(=t)o(1) (5 26)

Notece {1, ,L—2}and m(x)€ {c+2, ,L}
Now, recall from Chapter 4 that the transformed kernel of the reversed Markov

chamn for a single line in a homogeneous superposition of L lines for the cell level
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model, with 8 = - 15,

(0 0 L0 a l1-a)
e’ 0 0 0
01 0 0 0
P(y) =e/*
00-- 0 0 0
0 0 1 0 0
L 0 0 L0 1-8 § )

The equation for v 1s, subject to normalisation,

v= P(y)v
Written 1n full this then 1s,
[ v(0) ) [0 0 0 o« 1-a)/( v0))
e’ 0 -0 0 0
0 1 -0 0 0
= e"Y/L
0 0 0 0 0
0 0 - 1 0 0
\v(s)) \ 0 0 0 1-48 p /\v(s)/
From this we obtain the following set of equations for the components of v,
e av(s - 1) + (1 - Ju(s)) = v(0) (527)
e ery(0) = wv(1) (5 28)
e Iy(l) = wv(2) (5 29)

60



elu(s—2) = v(s—1) (5 30)

e E((1 = Bu(s—1) + fu(s)) = v(s) (531)
Rearranging Equation 5 31 we have,
- /L _
”(Z (s)l) = %_—[f (532)
> 1 (5 33)
as v > 1 Subtracting equation 5 31 from equation 5 27 we get,
e a+B-1)(v(s —1) —v(s)) = v(0) - v(s)

which, from the last inequahty 5 33 and the fact that e=7/* > 0, 1mphes,

v0)>v(s) & a+pB-1>0 (5 34)

In the case of bursty traffic we will have a + 3 —1 > 0 Now from equation 5 28 to

5 30 we can see,

v(l) > > v(s—1) (5 35)

Thus we have,
v(l) > > v(s—1)>v(0) > v(s) (5 36)

Now,
w0 +ol)+  +uE)(—Y) = s+_2 (5 37)
u(s) (1= 5 = s+ 1T 5
This and the previous inequality imply,

v(s) < 1 (5 38)

Thus from equation 5 36 we can rewrite equation 5 26 as,

¢! = mf{fe " v(s)F @)™ |m(x) € {c+2, ,L},ce{l, ,L-2}}
= 1nf{e—7°v(s)L(U—(}2)'"(")[m(x) €{c+2, ,L},ce{l, ,L-2}}

v(s)

R Ot - i 599
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Where this last equation 1s due to 5 36 We can rewrnite this equation as,

o) e M(1),.
o G (540)

Clearly the value of ¢ giving us the infimum only depends on whether,

-1 L
¢ = ce{l,lnf,-L—2}U(S) (

e "vu(l)

v(s)

We can prove that this 1s the case We do this as follows Firstly, by 5 36

>1 (5 41)

e "v(1) — (o1 e—2fy/LU(3 -1

542
o) o) 642
And by Equation 5 31
v(s—1) et —
v(is) —  1-p (543)
el — 1+ (1-p)
= 123 (5 44)
L(e"t —1
_ (e Y+ T (5 45)
T
Hence,
6_7’0(1) - 6’7(0’—1)6_2’7/1‘ L(C’Y/L - 1) + T (5 46)
v(s) T
Now consider the mnverse of the right hand side of this equation,
1(1=0) 2v/L T (5 47)

L/t —1)+71
If we subtract 1 from this and multiply the result by (1 — a)e7(”“1)e‘27/ L we get,

(1-a)r

L@ -1 ¥7 (1 — @)e"e Ve /L (5 48)
But this 1s just,
e’ — g — (1 — a)e""De-21/L (5 49)
Now consider,
o) _ o — (1 — @)elle"De-2/L (5 50)
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At 6 =0 this 15 0 and 1its denvative wrt 6 1s,
(-1 V- (1-a)o—1- %)ee(""l)e_”/]‘ (5 51)
And this 1s,
V(1 -a)(l -0+ %)e‘””‘ —(1-0)) < V((1-a)(l-0+2)-(1-0))
Now if @ > 1/2 then, 1 —a < 1/2 and,
SO -a)(1 -0+ 2) =~ (1=0)) < /(1 -0+7) - (1-0))

L
= SN - (1/2)(1-0))

< 0
if 0 <1—2 And consequently
o) (5 52)
v(s)e?
Alternatively,
-1 L(et -1
vis—1) _ L(e )+7’>1 (5.53)
v(s)e” evr
if,
L(e"t - 1)
T< S (5 54)

Recall from Equation 4 4 that,
aL(e"t —1)+7

y(e-1) _
e L= —1) +7 (5 55)
Thus,
L(e"t — 1)(e"e-) — q)
1= oD =T (5 56)
Now consider,
L(eVt — 1 L(e"t — 1)  L(et = 1)(erle-1) —
(-1 _ _ L-1) LE-1) ?) (5 57)
e —1 e’ —1 1 — erlo-1)
1 e’ — ¢
— L __ -
= L(e 1)(67 —1 1D (5 58)
1 —_ e’Y(a’_I) —_ (e’y —_ 1) (6’7(0’*1) —_ a)
= L(e" -1
—_ Y — 77
_ L(e”’”’—l)( l-a+ae”—e (5 60)

(e —1)(1 — e’Y(U—l))
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This will be positive 1f 1 —a+ ae” — €’ > 0smce 0 <1 and v >0 and 1 > o and

L(e"t —1) > 0 So consider,

1—a+ae? —e%

This 1s 0 at @ = 0 and 1t has derivative with respect to 0,

ae? —oe?” >0

on [0,00) if @ > ¢ Thus,
l—a4ae’ e >0

on (0,00) if & > o and 1n particular at § =~ Hence,

L(e"t - 1)
—_— > T
e —1
if « >0 Hence,
“Tu(s —
e Tu(s—1) o1
v(s)
And consequently by 5 42
e "v(1)
1
ois)

fa>0o

Finally, returning to 5 43

L(S — 1)+ 1 S 0+ 1

et el
=0
for # = 0, and, :
Lt —1)+1 047
>
efr et
For all 8 > 0, and,
0+7 1+71
—=——>1
e’'r er
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(5 63)

(5 64)

(5 65)

(5 66)

(5 67)
(5 68)

(5 69)
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For # =1 and 7 such that,

r< (571)
e—1
Now the derivative of
0+1
572
efr (572)
with respect to 6 1s,
efr(1 - 9)
_—r 5173
(ef7)? 0 (573)
for 0 < 8 <1, and the derivative of
1+7
574
er (574)
with respect to 7 1s,
—e
W <0 (5 75)
for all 7 Thus
e (1) e (s —1)
5 76
7O e (570
> 1 (5677)
for 7 < 1/(e — 1) Thus we have,
e (1)
1
o(s) (5 78)

For any one of T < 1/(e—1) oroc < aoro < 1— (2/L) if & > 1/2 all of which are
reasonable assumptions, since 7 < 0 5 1n for example the simulations n [9] and « 1s
close to 1 and 0 < 1 and L 1s large

We need an expression for v(s) 1n order to find ¢~ Now from Equation 5 27 to

Equation 5 30 we have,

s—1 s—1
Su) = (BT Ee™ LY el Yy — 1)
1=0 =1

(s—1)v/L _ 1
€
“omy WD

L(e(s_l)'Y/L _ 1)
L(ev/L —1)
= (s—14+e"e e " Yu(s—1)

= (s—1+eTe eI (14 %)v(s)

— (e(s_l)'Y/Le_'Y

(s - 1)
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From the normalisation of v we now have,

3‘*‘%5‘
U(S) = —Yo—1/L 7 l1-a
(s—1+eme e )1+ 1)+ =5
1—
_ S/IL+ wih
(F+ SR+ D+ 55

a+—1—;—°‘1
A+7o+=2

Returning to Equation 5 40 we now have,

-1 _ L U(l) 2 8_71)(1) 1 579
67 = wl) ) 579
= e Tv(s)"3v(1)? (5 80)
Thus we have the following for the prefactor,
Lt —1) o+ =2
— — o _—2v/L 3 L
L T T
That 1s,
evlo—1~1/L) _1 L(e‘Y/L—Q l-a
¢ — 67(6—70627/L 1 )3((0 + L )(1 + T )+ T )L
(Lge‘Y/L—ll + 1) g+ I_Ta
Now consider,
1 o(1472)+ ==
Jun slogp = log(— e ) (5 81)
> 0 (5 82)
This tells us that for large L the bound,
Plg" > b < ¢e (5 83)

does not exhibit the economies of scale seen for example in the upper bound ob-
taimned using Martingales for the block level model by Buffet and Duffield [3] These
economies of scale are seen 1n the simulations of Corcoran [9] for the rescaled cell

level model
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5.5 Calculating The Prefactor for the burst level
queue

Consider a new Markov chain derived from the Markov chain for the cell level model

defined by,
Xt = th (5 84)

and adjoined to this an additive component defined by,

W, = Wi (5 85)
with increments defined by,
ZXy) = Wy—Wiy (5 86)
Then,
M, = e™9(X,) (5 87)

18 a Martingale with respect to the canonical filtration F generated by (X, W)
Proof
Firstly,

Wt = Wt_l + Z(Xt)
Thus,

eWe — Wi g1Z(Xs)
Thus we have,

EM..(7)|F] = EW*9(Xi1,7) |5
= eME[ZX(R,y1,7)| 5

Now written 1n terms of the increments of the workload process for the cell level

model,

ZXpp) = ZXKesp) + -+ Z(XKesrom1) + Z(Xeoss) (5 88)
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Thus,
eWE[? )Ry 1, M F) = W B[ Xoms ZXert) (X1, 7) | F]

This 1s,

8

e’YWt Z . Z e’YZ:=1 Z(X:)'[)(xs,"y) H P(th+n = xnlxts+n—l = xn—l)
x1CE x;€E n=1
which 1s,
e’YWt Z T Z ’i)(x,,V) H P(7)(th+n = xnlxts+n-—1 = xn—l) = eqwtfl(xo,’)’)

x1€E x;€E n=1

~

= Mt
where we had

P[th—l-s = Xg, ,xts+1 - xllxts = xO] = H P(xn = xnlxn-l = xn—l) (5 89)

n=1

and,
P (0)(xn, Xn—1) = €72 P(Xy, = x| X1 = Xq1)

concluding the proof Note v and © are the same decay rate and eigenvector as those
for the full cell level model
Now 1if we define, the F-stopping time,

7 = mf{t|W; > b}

We see that the proof for an upper bound that we used for the cell level model queue

gives us an upper bound on g¢ With the new prefactor defined by,

o' = wf E[% %X, )2 > c|Xn1 = x] (5 90)

c>0,xeB(c)

Now X 15 stationary since X 1s stationary It has transition matrix P° Thus we can

rewrite Equation 5 90 as,

o7t = mf E[@@ 9y, N2, > ¢|Xo = X] (591)
c>0,xeE(c)
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But,

Zy, = Zv+ +2Z,

= W,
Thus, we have,
¢! = mf  E[e"W—y(X,, 1)|W, > ¢|Xo = x]
¢>0,xcE(c)
whach 1s,
¢—-1 = lnf E[e'y(Ws_C)’U(X-s, fY)I{W3>C}IXO = x]

c>0,er‘(c) P[Ws > CIXO]
Now let A(c) = {x € E|f{s]z* € {0, ,s—1}} —s>c} Then,

{X;€Alc)} ¢ {W,>c}

and,

W,>c} ¢ {Xi€A()}
thus,

{(W,>c} = {XieAg}
hence,

Itw,>p = Ixiea)

Now the numerator of Equation 5 93,

E[e"" (X, V) Iw,>qXo = X]

18,
> E[" 700X, Y, > Xo = %, X, = y|P[X; = y|X, = x]
yeE

by the Law of Total Probability [7] But this 1s,

E E[ev(w’_c)v(xs; Mixiea@wXo = %, X = y|P[X, = y|X, = x|
yeE
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by Equation 5 97 which 1s just,

e Y E[e™u(X,, 7)Xo =x%,X; = y|P[X; = y|Xo = X] (5 101)
y€A(c)
which 1s,
e > EM|Xo =x,X; =y]P[X; = y[X¢ = X] (5102)
y€A(c)

where M 1s just the Martingale that we used to get the upper bound for the cell level
model queue But then this 1s just,
e Y vy, 7PX:=y|Xo=x] (5 103)
yE€A(c)

Next the denominator of 5 93 1s,

PW, > c[X, =x] = P[X; € A(c)|X, = x] (5 104)
= Y PXi=y[X;=x] (5 105)
y€A(c)

by Equation 5 96 Thus we can now write,

¢ = uf e Yyea (¥, 7)PX: = y[Xo = X]
c>0,xeB(c) EyGA(c) P[Xl = Y|X0 p— x]

(5 106)

Now we can say the following,

e Yyea(q) vy, 7)P[X1 = y|Xo = x] Yyea) PIXi = y[Xo = x]

> e 7 mf vy,
ZyEA(c) P[xl = ylxﬂ = X] y€A(c) (y "}’) ZyEA(c) P[X1 = y|X0 = X]
= e ' inf oy, 5107
af oy, ) (5107)
Thus,

e ¢ , PX = =
inf Lyea VO NPX =y [Xo=x] L, e u(y, )
>0,x€B{c) ZyeA(c) P[X1 = y[X_o = x] e>0,yeA(c)

But this 1s just,

L
f —~5e 3
c>0,l;1€A(c) € g U(y )

Now let m(y) = #{s|y* € {0, ,s—1}} then y € A(c) implhes L > m(y) > s+c
Then the above becomes,
L—m(y)

e II v()v(s—1)"(y)

mf
c>0,y€A(c)m(y)>s+c =1
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Then from Equation 5 36 this 1s,

f —e L-m(y) - 1™
c>0,‘n},g')>s+ce U(S) ’U(S ) (y)

which 1s, with y such that each y* = s or s — 1 for all 1+ and with m(y) = m (the

choice of y being superfluous once m 1s chosen),

v(s—1)
v(s)

—~ve L
c>0,Iflf}£s+c € v (8) (

)m
which by Equation 5 36 1s,
—ve L ’U(S _ 1) e+l
wf ™ v(s) (———U(s) )

But we can wnte this as,

u(s —1)

£50 v(s)e”

1)\
nf (L Dy (L= Dyen
v(s)
But by Equation 5 53 to Equation 5 65, for @ > o or Equation 5 76 for 7 < e—i—l this
18,

v(s—1)
v(s)e”

Jo(s) (L= D)o

( o)

And this can be rewntten as,

vis—1)v(s—1)  puls—1), _ ws-Dw—1) . puls—1),
(v(s)e“f) v(s) ’U(S)( ()) “( (8)6'7) v(s) ()( ())

v(s —1) Tu(s
(vt

Where the last line 1s by Equations 5 36 and 5 65

5.5.1 Economies of scale

If,
(%(—3)—1))%(3) >1 (5 108)
Then we will have, for all b > 0
Plg; >8] < ¢e™
= %?fiel))ué(f)n“vé’(f)l)) v(s))L e
< e
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Thus our upper bound will be an 1mprovement on the effective bandwidth approxi-
mation holding as 1t does for all b6 > 0 and being less conservative Further if we can

show,

(U(Z(—;)l))“v(s) > k (5 109)

> 1 ‘ (5 110)
where k 1s independent of L, then we will have an upper bound of the form,
Plgl > b < dle® (5111)

where ® = % < 1 and 1s independent of L This bound exhibits economies of scale
which are seen 1 simulations for the burst level queue of the cell level model [9]
We will show this to be the case for some values of the model parameters First

we will prove the following, useful inequality,

1
(c—1)y
1+ L(e"t = 1)(1 - o) > e (5112)
Proof
Consider,
1+ L(e*/X —1)(1 — g) — el~9)2 (5 113)
At z = 0 this 1s 0 and 1ts derivative 1s,
(1—0)(eF —ell=%) = (1 - g)(e/t — elb=2)7/Ty (5 114)
= (1-0) (et — (/7)) (5 115)
< 0 (5 116)
for all z > 0 Thus, since v > 0 we have,
1+ L —1)(1-0) -7 <0 (5117)
1mplying,
1+ L - 1)(1 - o) < =00 (5118)
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and hence, 1n conclusion,

1
1+ L(et —1)(1 - o)

> el (5 119)

We can use this inequality to prove, another useful inequality,

L(e"t —1) < Leto-1

5120
T a(l —o) ( )
1_
= £ 5121
a(l - o) ( )
Proof
1
> el 5122
1+ L(e?/t —1)(1 - o) ¢ ( )
aL(e”* —1)+7
123
L@ —1)+r (5128)
by Equation 4 4 and Equation 5 112
For convemence write u = L(e”/” — 1) Then the above 1s,
1 au+T
5124
1+u(l-o0) u+T ( )
Thus rearranging we get,
wu(l—-o)—(l—a—-7(1~0)) < O (5 125)
which imphes,
u(l-o)—(1—-a—-7(1-0) < 0 (5 126)
since u > 0 Thus,
l—a—1(l -
y < dza-rl-o9) (5127)

1-o)
Thus, replacing u with L(e"/* — 1) and dividing the right hand side above and below

by 7 and replacing 1‘7" + o with ;—J we get 1n conclusion,

LVt —1) - o1

r o1 —0) (5128)
= _-_a(zl:la) (5 129)
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Returning to Equation

5 46 and Equation 5 79

=1 o+ oty
v(s) (o 4 €201y (1 4+ L(eﬂ:_ﬁ) + L=

Consider the following

which imples,

Thus,

and recall that

Thus,

v(s

(

v

We know o < 1 thus,

e'y(a'—l—l/L) < 1

evle-1-1/L) _ 1

o+ I < 0o
0 > — Tt
v L
(14 Helt1)5 4 1oe
— /L _
(”(Z (8)1)) e Gt - D) (5 130)
) e e e (5 131)
(s) (14 He2Dyg 4 1o

Now we want to prove that the right hand side of this equation 1s greater than 1 We

can prove this for 6 =1/2 and p < @ To do this we first assume,

1- L(e"t —1
i o(l+ LT———))" (5 132)
then,
1- L(e"t —1
1me a4 Y > 0
T T
1mplying,
1— /L _
c_ o(1+ Lee 1))1"" > 0
T T
for 0 =1/2 But since 1 + !’—('ﬂ:,ﬁl > 0 this imphes,
Lt -1),1-a L(et -1 1-a Lt -1
(1+ ( - ))a( - _0(1+ ( - ))1-—0) > __0( (6 ) 1
T T
1— 7/L _
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Hence, ‘

(1+L(e’T/:_—l))a(l;a)_a(l_}_L(e"f/i—l)) S 1;a_0(1+L(e7/:—1))a
Thus,
(1+L(e7/;_1))a(1;a)+a(l+wY > I_TG+J(I+M_—1))

1implying,
(0 + 52)(1 4 M=),
(14 X0y, | 1za

1 (5 133)

for o under the assumption in Equation 5 132 Now assume the contrary to assump-

tion Equation 5 132 That 1s, assume

— L _ 1

5134
T T ( )

and further, assume
p < « (5 135)

We will now prove that both of the assumptions 5 134 and 5 135 cannot hold at the
same time This will allow us to 1mply that if 5 135 1s true then Equation 5 132 must
be true implying Equation 5 133 for ¢ = 1/2 and 5 135 as we claxmed Assumption
5 134 imphes

1-— 7L _q
® < 1-0)a+ £(‘3—-—)) (5 136)
T T
for 0 =1/2 Thus,
1- L(et —1 L{e"E —1
2 (o)(1+ e -1 )) < 1+ Ler” -1 (5 137)
T T T
hence,
(o +1=)(1+ HETT (o 4 o)1 4 K)o (5 138)
(1 + L!e"{rl’—l!)a__l_ 1_;—(,!_ - (1 + L!e‘Y{rL—ll)
1— L -1
= (o+ —?C—”)(l + (L—))"‘1 (5139)
1 Lt -1
= 2a4 MO Dy (5 140)
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Thus,

RN Gllaitont ) IYEA s L s My 1 (5 141)
T (14 H2ZA)g 4 Loa P
Now at 0 = 1/2,
]_—_a 1 L!C‘Y/L—l! a
o+ )0+ 77 (5 142)
(14 Xty | Loe
T T
is equal to,
e [ ) PR 7 Gt SR e IR
(14 L2=Dy5 4 1oa T (14 H2Dy5 4 1oa
because,
(o + 520 L)y R /Gt N ) .
L{e/L -1 — L{eY/L -1 —
(1+J”T—Z)a+-1—;‘”- T (1+J‘ﬂr—l)a+l;2
18,
( (0 +22) )2( M))o
(14 U0y, 4 1 T
which 1s,
( (J + I—Ta) )20(1 + L(e’Y/L — 1) )a
(14 H2=Dyg 4 1oa T
and when o = 1/2 we have 20 = 1 and the above 1s then,
(o + =2) Lt -1
( Lge‘y/L_l; l—a)(l + ))6
(1+ p )0' + = T
But, by 5 141,
- /L_ -
0+ 52+ 22Ny | L 1), (045
1+ X220y, 4 Lme T (14 XDy, e
is,
L1 e+
T o p(14+ My, | L
1
S
1 L{en/t—1
p p + 0'—(61_—)-
_ 1
p+ pgaLgev/TL—lg
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But by Equation 5 120,

L(e'Y/L—l) 1_
2 2_ p
- < [ T—
prpo— g
1_

= p+p't

_ patp—p’

- x

where the second equation 1s due to 0 = 1/2 Now 1t 1s a simple matter to show that
the night hand side of the second equation 1s less than 1 under our assumption 5 135

Subtracting 1t from 1 we get,

L _parp—p _ a-pa—p+p’
a - a

(p—a)(p—1)

Now p < 1 so this 1s positive for p < o which we have assumed 1n Equation 5 135

This then 1mphes, for p < @ and 0 = 1/2,

1
L
p+ploL(et —1) < p+ P20&(9T_7)
<1
which 1mplies,
L > 1
p+ pzo_L!e’Y{rL—l!
Thus for 0 = 1/2
0+ 10+ Homy | L@ o 1), (0+5)
(14 XDy, 4 1ma T (14 Meli=ly; 4 1oa
15,
T
P14 My 4 Loe
> 1
and hence, for 0 =1/2
_ /n_
(O HEEe K o1, (o)
(1+ Moo + 12 " (1+ Moo + Lo

7



1S,

> 1 (o458 .
- L{eY/L—1 1—

P+ HE g + 122
> 1

Thus, by Equation 5 142, for 0 = 1/2,

(o + L2 (1 + L&EDye

1 (5 143)
L(ev/L -1 —
(1+H)o + 122
But, returning to our first assumption i Equation 5 134
1-— L(e*t -1
2 < o(l+ L™ -1 ))”
T
then,
1-— /L _
@ _ 0-(1 + L_l))t’ <0
T T
1mplying,
1- L(e"t —1
¢ o+ XDy
T T
for 0 =1/2 But simce 1+ ﬂif_—lz > 0 this imphes,
L(et —1) 1- L(eYt -1 1-— L(e"t —1
(1 + (6 ))a( o _ 0(1 + (6 ))1—0) S o _ 0,(1 + (6 ))1—0'
T T T T
1-— Lt -1
— o _ 0.(1 + (e ))0’
T T
Hence,
Lt —1) 1-— L(e* —1 1- L(e"* —
U=yl g MOy L g HET L)y,
T T T T T
Thus,
Lt -1), 1-a L/t -1 1~ L(e"t -1
s R
1mplying,

(0 + =2)(1 + HeEDyo
(14 H2l=lyg 4 1ma
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contradicting Equation 5 143 Hence our two assumptions 5 134 and 5 135 cannot
both be true at the same time

Thus we can say the following If we choose p < a then

1-— LYt -1
PO Gl

T T
for 0 =1/2 And then by Equation 5 133

(o + =2)(1 + Het=blyo

(1 + L§e7/L—1})0_+ l-a 1
Hence finally by Equation 5 131
v(s—1),,
1 5144
Co e > (5 144

forc=1/2and p< «
This tells us, that the upper bound is an 1mprovement over the effective bandwidth

approximation at least for this set of parameter values We would also hike to know

if,

v(s—1)

o

Yu(s) > k (5 145)
> 1 (5 146)

where k 1s independent of L, as this would tell us something about economues of scale
To this end consider the following

Recall from Equations 44, 46 and 4 5

lo-(L) a(e —1)+ 1
CLENES:
aL(e/t - 1)+
Lt -1)+71
ay(L)+7
Y(L)+ T

Thus upon rearrangement we have,

ay(L)+71
YL)+7

1
o < 1+'y(L) log( ) (5.147)
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Now consider the derivative of the right hand side of this equation with respect to

v(L) This 1s,

1 log(a'y(L)-l-T)_ 1 y(D)+7 (-a)
v ALy +7 7 (D) ey(L)+ 7 (v(L) +7)?

We want to know if this is positive or otherwise Now rearranging and multiplying

across by ay(L) + 7 > 0 and y(L)? > 0 and simphfying we get,

ay(L)+ T 1-oa)r
_(a7(L) + T) log( 'Y(L) +7 ) - 7(L) (7(L) + 7_)
Now consider,
au+T (1-a)r
—(au + 1) 10g(—+T )— u——(u )

at u = 0 this 1s zero, and 1ts derivative with respect to u 1s,

au+T u+7 (l-a)r (l-a)r (Q-a)r
—al -
a0g(u+7)+(au+7)au+'r(u+7')2 (u+71) u(u—i-'r)?
which 1s,
au+T (1-a)r
—al LY S 0
aog(u+7)+u(u+7_)2

for all 4 > 0 smce "‘—u’—‘ﬁ < 1 Thus the derivative of the rnight hand side of equation

5 147 with respect to (L) 1s positive for all (L) > 0 Now consider,

ozfy+7')
Y+T

1
o = 1+ ;log( (5 148)

The solution of this 1s independent of L and the derivative of the right hand side

with respect to -y 1s positive for all v > 0 Thus we have,

1 ay+T
1+-lo = 514
Jlos(Z ) =0 (5 149)
1 ay(L)+71
< 1+ lo 5 150
@) D) +7) (5 150)
1mplying,

Y(L) >« (5151)
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Thus we have,

1+ é—(e”Tl 1) > 1+ uTE’) (5.152)

> |+ ll. (5.153)

Now consider,

(L+ MAP -i))g + izs

Replace 1+ LEA(/YLr]) by x everywhere in this quotient. This becomes,

Xa+

Now differentiate this with respect to X. This gives us,

(xa + + MOXFL- @+ kK )axd _ x@Ev(o-+ - @-a)x)
(Xa+’\)2 (xer+ "~ )2

This is positive if,

1-q > (1 —a)X (5.154)
Now assume,
1-a - i
- > @- cr)+ M IA) (5.155)
Then
I-a, —aJX (5.156)
forall X < 1+ Thus,
(* + *2)(*)
Xa+ —=
is increasing for all X < 1+ ~ —T— Thus by Equation 5.152 we have,
(g+ " xi+ MA (g+" K i+2r
@+ ~-1))>) + I=g A+ 2)a + i=fi
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But if 0 = 1/2 and p < a then, we have by Equation 5 144

1- L(et -1
T T
Yo
1+ 2
> o(l+ 7_)
and the same argument as that used in Equation 5 132 to Equation 5 133 can be used

to show,

(0 +=2)(1+ )

- > 1
(1-}-:,})(74-":,_£

with the left hand side independent of L Thus we have,
(0 +52) (1 + M) (o4 Lm)(1 4 2)°
(7 &0y, =~ G+ 2o+ Lo
T T
> 1

Now assume the contrary to Equation 5 155 that 1s assume,

129 ¢ (1 o)+ M)

5 157
T T ( )

and let 0 = 1/2 and p < « then the argument 1 5 157 to 5 143 gives us,

(0 +=2)(1 + Hei-Dyo . 1
L{ev/L-1) 1-a I
1+=F)o+ 5 p+ PPt
> 1

where the second of the quotients i1s independent of L Note that we have not

assumed here that

1— L(e"/L _
2 <o(i+ Lt -1 1))"
T T

(5 158)

so we couldn’t have used the contradiction argument used in Equations 5134 to

5144 Thus we have proved that if 0 = 1 and p < « then,

(U—(%)”U(s) > k (5 159)

> 1 (5 160)
where £ 1s independent of L
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In conclusion then, for 0 = 1/2 and p < o we, have
PlgF > b] < ®Le™ (5 161)

where ® < 1 1s independent of L We can say that,

;-1 (4ol

o = max{p—f—p?aa(l_a),(a+1_7a)(1+%)0} (5 162)
more generally we have,
L v(s)e” v(s) v(s) s 1 Lo
Ploy >8] < (v(s——l))v(s—l)((v(s—l)) v(s)) (5 163)
T (1+ M) 4 Loa

= ¢ Le=1 (5 164)

=47 (g + 1281+ Z))

for all parameter values But 1t has to be determined if this 1s less than 1 for o # 1/2
or p> « and if

(14 XDy 4 1
(0 + =2)(1 + L2=1)0
T T

) <1 (5 165)

which would 1mply economies of scale exist for the particular values of o and a and

7 Finally we note that the condition, p > «, 1s the same as,

a(l - o)
r<f—2 (5 166)
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Chapter 6

Large Deviations Approximations

6.1 Large deviations

The development of large deviation theory began with Cramer who proved the theo-
rem that bears his name for the large deviations of the empirical mean of a sequence
of i.i.d. random variables. Chernoff subsequently discovered a general method for
calculating the rate function from the cumulant generating function of the i.i.d. ran-
dom variables. Gartner and Ellis generalised Cramer’s theorem for the case when the
random variables are not i.i.d. and, from a major result of Varadhan, a generalisation
of the method of Chernoff for calculating the rate function was shown to apply to the
case of non-i.i.d random variables. This obtains the rate function from the Legendre-
Fenchel transform of the scaled cumulant generating function [2]. In this chapter we
apply the work of Botvich and Duffield [20] to our new cell level model in order to
find (what they called) the Shape Function for this model. We also prove some new
results on the shape function in the case of non-negatively associated workload incre-
ments that flow from the definition of the shape function and from the sub-additivity
theorem (Lemma 6.1.11 of [21]). We begin in this Section with the definitions of a
Large Deviation Principle, the rate function and the cumulant generating function.
In Section 6.2 we describe the work of Botvich and Duffield from [20]. In Section
6.3 we describe some of the properties of the Legendre-Fenchel Transform giving a

number of well known results and some consequences not previously outlined for the



shape function We also prove some new theorems on the shape function in the case
of non-negatively associated workload increments 1n subsection 6 33 In Section 6 4
we apply the results of Botvich and Duffield [20] to find the shape function for the
cell level model We relate this to the simulations of [9] Ths is also related to the
work we carried out 1n [22] In Section 6 5 we describe the relationship between the
shape function and economues of scale, this 1s from work we carried out m [22] We
will now state formally what 1s meant by Large Deviation Principle, rate function

and cumulant generating function

Definition 4 Let {P,} be a sequence of probability measures on the real numbers
Then {P,} 1s said to satisfy a Large Deviation Principle unth rate function I and
constants Vy, 1f there 1s a function I R — [0,00] and a sequence of positwe numbers

{V..} dwerging to +00 and,

him sup 1 logP,[C] € — mf I(z) (6 1)
n—00 n zelC
for C closed and,
.o 1
him inf A logP,[G] > - ;Ielg I(z) (6 2)

for G open

Now note that if A 1s a set with,

$1é1£, I(z) = ;Ielg I(z)

= 1nof I(z)

zcA
where A’ 1s the mtenor of A and A 15 the closure of A, then
lim 1nf 1 logP,[A] = —mf I(z)
n—oo Y, z€A
and we write,

Pn[A] ~~ C_V" fzea I(z)

For a sequence of random vanables, {X;} the cumulant generating function 1s defined
by,
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Definition 5 The cumulant generating function of the sequence of random variables,

{X:} 15, the real function of real 6
g9(6) = logE[e"*] (63)

This can be used to obtain the rate function I and both I and g are convex Thus,

for example, 1f A = [z, 00] then,

1
hm 1nf A logP,[4] = - xefﬁf,w] I(x)
= -1 (.’EQ)

6.2 Large deviations and Queues

Let W; be the workload process for a general single server queue, where ¢ 1s discrete
or real time That 1s let, A, be the arrivals to be served 1n the interval [—£,0) and
let S; be the service that can be completed 1n the same time interval Then 1if the
workload has stationary increments and the queue has a FCFS service discipline the
queue length will have a umque stationary distribution [14], and the equihibrium
queue length will be given by,

g =supW; (64)

£>0

For such a general single server queue Glynn and Whitt [12] showed that under very
general conditions if the pair (%2, ) with ¢ € Z+ satisfies a Large Deviation Principle

with rate function I, 1€,

W,
P[—tE > w] ~ e ) (6 5)
then,
Plg>b~e™ (6 6)
where,
. d(w)
v=inf—— (67)



This was generalised in [23] for t ER and more general scaling functions than f.

Now we are interested in the queue QL in an infinite buffer generated by the L-
fold homogeneous superposition of independent sources served at a constant service
rate and modelled by the cell level model. Let the superposed workload process be
WL and let Wq = 0. The simulations of Corcoran [9 demonstrate that the broad
features of the queue length distribution of this queue remain essentially unchanged
when L and the queue length b are jointly scaled. Thus we are led to consider the
large deviation properties of the queue length distribution in L.

It was proved in [20] for more general situations than ours, under hypotheses that

follow, that

Theorem 3 Forbh>0,
Ilgwo [IogPtel, > Lb\ = - I(b)

Where the function I, termed the shape function, is related to the cumulant generating
function of the workload process WtL.

The hypotheses under which this result holds are,

Hypothesis 1 Let, the rescaled cumulant generating function for the workload pro-
cess W/J be,

Af(0) = ™ Hm logEle"«""] (6.8)
then,
* For each real 6 the limits,

\(e)
1{0)

exist as extended real numbers. With the first limit existing uniformly for all t
sufficiently large.

Iigp0)

hmAt(0)

o The functions A and at are both differentiable on the regions where they are
finite (effective domain) and tirn~~ jacom) = +oo for any sequence {9n}n, in
the effective domain, which converges to a point on its boundary.
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- There exists 9 > ofor which Xt(9) < ofor all t.

o Forrealt, We define WEr = supo<eir WE T - W fort > r > 0. Then for all
real 9,
Iim?gglim ELfI(F)JO Lr—stli%log ErQM] <O
The function | called the shape function is,

Comparing these hypotheses to the conditions in the Gartner-Ellis theorem, Duffield
and Botvich [20] note that the first two hypotheses mean that for each fixed { the

pair (Wf,L) satisfies a Large Deviation Principle with rate function (iAt)*. That is,

1
Iiml_s_l;gorlogP[—{~£A] < - inf (IXE)*(w)

jim inf ylogP W—”GA] > - inf, (IAt*(w
e 11097 g o (AD*W)
Now ([Xt)*(W) = t(X*[)(W/t), thus, the third hypothesis means that any root  of
(tXt)*(W) is negative, and we then have, for W > W)
lim Lsi[goi—logP[WGE >W < ~(tXt)*(W)

igpgloeP Ly =1 > N
It is noted in [20] that the third hypothesis also guarantees the existence of a strictly
positive solution 7 of the equation A(0) = 0 which is the asymptotic decay rate of
the queue length distribution (recall chapter 4). The fourth hypothesis is a local
regularity condition on the sample paths of the workload process.

Note that the result proved in [20] does not assume that the superposition is of
i.i.d sources or that the sources are independent at all. We note that in the case of
a homogeneous superposition of i.i.d workload processes the At(g) = liman XID(9)
condition is redundant, as then Cramer’s Theorem guarantees that the superposed
workload process satisfies a Large Deviation Principle with rate function as described

above [15].
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It was also noted i [20] that the differentiability condition guarantees that there

15 a umique w; for which (¢A;)*(w;) = 0 This number 1s such that,

E[WtL] _L) ,w:

and 1n fact, EL{i converges exponentially to w} as L tends to infimty [15],

WFE ex

T
that 1s, for any € > 0 there exists a number N > 0, dependent on ¢, such that, for all
L sufficiently large,

WL
Pl —wi| > ¢ <™

It was noted 1n [20] that i the case of a homogeneous superposition of independent

sources, with single source workload W;,
w; = E[W]

and _V%ﬁ converges exponentially to E[W;] as L tends to mfimty Further, since
Y%, eIV 15 fimte, the Borel-Cantell Lemma imphes that KVI{L— satisfies the Strong
Law of Large Numbers, that 1s,

WL

—Tf— — E{Wt] as

The reason why the result proved in [20] works 1s roughly the following
Pl¢" > Lb) = PlsupW} > L
t>0

= PU{W/ > Lb}]

£>0
The probability of each event 1n the union 1s exponentially small for large L Thus
the probability 1s dominated by the largest of the probabilities of each of the events

1n the union, in other words by the probability of the most likely event This 1s,
sup P[W} > Lb]
£>0
Now 1f for each fixed ¢, (W[, L) satisfies a Large Deviation Principle with rate function
(tAs)* then,

PWE > Lb) ~ e LW'®
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In other words we have roughly the following,

Plg" > Lb] ~ supP[W;" > Lb]
£>0
£>0
~ e—-Llnftzo(t)\t)*(b)

e—LI0)

It was also proved 1n [20] that the asymptotics of I(b) are,

Jim (16) - b1) = v 69)
where,
v = = Jmix) (610)

provided this limit exsts, and subject to some regularity requirements m the case of

discrete ¢ For large b we can approximate I(b) by [20, 22],
Ib) =~ v+by (6 11)
Thus for large b and large L we have,

Pl > b ~ e LIG/D)

[~ e—(L"+b'7)
= e e (6 12)

Thus we can see from 6 12 that in multiplexer models v determines the economies
of scale [22] that can be obtained from statistically multiplexing large numbers of
sources Note that, » = 0 for uncorrelated arrivals as then A\(y) = A(y) = 0
Therefore there are no economies of scale to be obtamned from multiplexing large
numbers of sources with uncorrelated arrivals If, however the increments of the
workloads on disjoint intervals are positively associated then v > 0 [20, 22]

For t > 0, if we define A;(f) = tA,(/t) and we assume that the workload W[ has

stationary mcrements and we define A(f) = him;_,o A;(6) for real ¢ and assume that
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the himit exists as an extended real number for all real # and we make one further

assumption, namely, that 0 1s 1n the effective domain of A* Then,

1(0) = A(0)

for discrete £, and
I(0) = A*(0) (6 13)

for real t This tells us that for large L (under the conditions given) the workload 1s

most hikely to exceed 0 at the smallest times [20]

91



6.3 The Legendre-Fenchel Transform and the Shape
Function

In this section we will define the Legendre-Fenchel Transform f* of a function f and
describe some of 1ts general properties [15] We describe how to calculate the shape
function I(b) form the Legendre transform of the cumulant generating function of the
workload process W;© We show how the derivative of the shape function with respect
to b is related to the cumulant generating function In subsection 6 3 2 we prove the
new result that the shape function 1s sub-additive if the imcrements of the workload
are non-negatively associated This has consequences for the shape of the shape
function which we demonstrate Under this condition on the workload increments,

and assuming I(0) = 0, the shape function cannot be convex

6.3.1 The Legendre Transform

Definition 6 [15] Let f R — R be a strictly convex function The Legendre-
Fenchel transform of f, denoted by f* 1s defined by,

f*y) = ilelg{xy — f(z)}fory € R

Lemma 1 [15] Let f R — R be a convez function Then,
1 (Y=
2 [(z) = sup,ep{zy — f*(y)}
3 (f*)* = f of f 15 closed

4 f* 15 a convex function also known as the conjugate of f

6.3.2 Some Generalities

Most of the following lemmas and defimtions are used erther to prove further more

useful lemmas or are used in section 6 3 2 Lemma 3 1s used to prove Lemma 4 which
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mn turn 1s used to prove Lemma 5 which 1s 1tself used to prove Theorem 4 in Section
633 Lemma 6 tells us how to calculate the rate function f;(b) from the cumulant
generating function f(£,6) The proofs of well known results are brief and so are

provided for completeness We begin with some definitions

Definition 7 Let 0;; be the 6 at which sup,{bf — tA;(0)} occurs +f such a 0 exsts

Definition 8 Let 1, be the unique t at which the 1nfyotA;(b/t) occurs of such a ¢

erists
Definition 9 Let f(t,0) = tA:(6)

This simplifies the notation shghtly as we can now write

Definition 10
I(8) = 1mf £3(8)

t>0

The following Lemma is well known and 1s used later to prove Lemma 6,

Lemma 2 f(t,0) 1s convez as a function of 6 for 8 > 0 wmplying f"(t,0) > 0 for all
0 and allt >0

Proof
From Defimtion6 we have f(t,0) = logE[e®"*] Now by Schwarz mequalhty we have,

(E[e"Wt])2 < E[e(0+C)Wt]E[e(0"<)Wt]

where 0 < ( < 0 Thus letting 6, =0 — ¢ and 02 = 6 + ¢ we get

(61+62)
2

log(E[e32wy) < 108[E[e"]] + log[Ble™]

2

proving that f(¢,8) 1s convex as a function of 8 > 0 for all ¢ > 0 hence,
f'@t,8) > 0

for4>0andt>0

We can show the known fact that f(b) 1s non-negative as follows,
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Lemma 3 Let f(t,0) be defined as m Definstion 9 and f;(b) be the Legendre trans-
form of f Then f(b) >0

Proof

It 1s obvious that,
b6 — f(t,0) = 0

for 8 =0 for all £ > 0 and all real b
Thus,

sgp{bf9 - f(t,0)} >0

We can also prove the known fact,

Lemma 4 Let f(,0) be defined as mn Definstion 9 and f;(b) be the Legendre trans-
form of f Then, ff(E[W;]) =0

Proof
For all # we have by Jensens mequahty [8],

f(t,0) = logE[™]

> loge"E[W*]
= E[W}]
Thus,
E[W:]0 — f(t,6) <0
But this imples,
f(EW]) < 0

Implying by Lemma 3 that,

FFEW]) =0
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The next three lemma’s are also known results supplied only because they are

usedlater. The following Lemma is used in the proof of Theorem 4,

Lemma 5 Let f(t, 9) be defined as in Definition 9. Then, for b> efwi

syp(D9 - (L, 0 = 5up{D9 - f(t, oy

Proof

For 9< 0and h > Epw#]

B9 —f 9 < e[W9-f{t,9)
< 0

But
s%p{bg—f(t,g)} > 0
Thus,

supfe>0—f(t, 0)y = sup{h9 —f(t, o)}

0>0

The following Lemma tells us how to calculate the rate function f7(b) from the

cumulant generating function f(t,g)

Lemma 6 Let f(t,9) be defined as in Definition 9 and f*(b) be the Legendre trans-
form of f. Then,

ft(h) = wtt-f(t, ety
where 9tjb is the unique 9 > o such that, for fixed t and b
f'(t,0) = b

I this equation has a solution for 9.

If on the other hand no such solution exists then, the supremum is only attained at
infinity.
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Proof
By definition,

fi®) = sup{bd - f(t,0)}
Then by Lemma 5,
fi(®) = sup{bd — f(¢,0)}
>0

But by Lemma 2 f(¢,0) 1s convex as a function of § Thus b0 — f(¢,8) 1s concave as

function of # Hence, 1f
f'(t,0) =0
for some § = 6,;, Then,
JE®) = b8 — f(2,0:)

and 0, > 0
On the other hand if,

f'(t,6) #b
for any § Then,
b—f'(t,0) #0
for any 6 Thus as b8 — f(t,8) 1s concave,
b— f'(t,6) >0
for all # > 0 and therefore, since b8 — f(t, 8) 1s strictly increasing,

ff(®) = hm (0 - f(2,6))
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The next Lemma 1s used n the proof of Lemma 8,

Lemma 7 Let f(t,0) be defined as wn Definition 9 and f(b) be defined as wn Defi-
nition 6 and 6, be defined as wn Definition 7 Then,

(ft*)’(b) = ot,b

Proof
By Lemma 6,

T2 (b) = b6,p — f(t,0:p)

Thus, from Lemma 2 we have,

. 00, . 96,
(ff)(b) = Op+b 62"’ - f'(t, 9)|0=0t,b—a;)b
~ 96,5 0y,
= G +bmm =

= O

With ¢, defined as in Definition 8 we can wnte the following equation for the

shape function I(b),

1) = f(b) (6 14)
And we have the following for the slope of I(b) at any b,

Lemma 8 Let t, be defined as wn Definition 8 and be fimite and non-zero Let 0, be

defined as wn Definstion 7 Let (L, f;; (b)) be a local minsmum pownt for f; (b) Then,
I’(b) = otb,b

Proof
By Equation 6 5,

I1(b) = f;,(b)
thus ,

roy = %O
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= Ol +(0)0)

= 0+ (f)' ()
= (£)'(®)

= etb,b
where the third equalty follows from the fact that (&, f7 (b)) 15 a local mimmum

pomnt The last equality follows from Lemma 7

The mmplications of Lemmas 3 to 8 can be summarised by the following diagram,

where we have assumed for the purposes of 1llustration that I(b) 1s concave (Diagram
Over-leaf)
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(9(q)) ¢
q (@ (9)f

(9 (9)) f- A
y (a1 g q

-~~~ (q) uonouny sdeyg

Figure 6-1 dlustration

99



The next Lemma tells us that aot,,, > 0 for all b When we combine that with
Lemma 10 we see that the sign of I”(b) = ‘(") ¢ depends on f'(¢(b), 0;p) %2

Lemma 9 Let f(t,0) be defined as in Definition 9 and 0, be defined as in Definition
7 be the unique finite @ such that f'(t,0) = b for allb on some interval Let f"(t,6;5) >

0 on this interval Then,
00:

ab - 1/f"(t gt b)
Proof

We have f'(t,6.) = b Thus, differentiating both sides of this equation wr t b gives,

00,5
" L 1
.f (t7 ot,b) ab

and the result follows

Lemma 10 Let f(t,0) be defined as n Definition 9 and 6, be defined as wn Definstion

7 Then,
00,4 _ J'(t,6:p)
ot f " (t7 gt,b)

Proof

we prove this as follows,
%(f*)(t,b) _ 00,4
Otob ot

Hence under the assumption,

y(f*)(tv b) _ aot,b

oot ot
But
JE(b) = bB:p — f(2,0,p)
hence,
o(f*)(t,b) 06, 00
% = Wtb—f(t 9tb)*t—2—f(t O1.0)
00, o6
= bWt’b - 6;’1, - f(t, ot’b)
= —f(t) ot,b)
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Thus
()b _  9f(,0kp)
O0bot 0b

o6t b
= _f,(ta 0t,b)

ob
Which by Lemma 9 gives,
PUNEE) _ S Oe)

0bot (R, 0:)

Hence we have the result

6.3.3 Theorems

Recall that the Shape function 1s defined 1n terms of the Legendre Fenchel transform

of the cumulant generating function of the workload process by [20],
1(b) = mftr;(b/7)
Which can be rewritten as,

I(b) = mf f}(b)

>0

Where f 1s defined as in defimtion 9 We will now prove three new results for the
Shape function for the case where the workload process has non-negatively associ-
ated and stationary increments These follow very simply from the defimtion of the
Legendre Fenchel transform, the defimition of the Shape function, the Sub-additivity
Theorem and a simple consequence of the Sub-additivity Theorem We prove that in
the case of non-negatively associated and stationary workload increments the Shape
function will be sub-additive and as a consequence a certain hmit exists and further
that the shape function cannot be convex on any mterval which contains the ongin

We do not use these results again, but they are included here because they follow
simply from definitions and are quite general

It was proved n [20] that for workload processes with non-negatively associated

and stationary increments v = — lim,_,, tA(t, ) is non-negative, to this we now add,
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Theorem 4 Let the increments of the workload processes W be non-negatwely as-
sociated and statwonary Let f(t,0) be defined as wn Definition 9 Let f}(b) be uts

Legendre transform Then I(b) s sub-addstwe 1 e the followsng conclusion holds

I(by + b2) < I(b1) + I(b2)
for all by,b, > 0

Proof
Firstly
f(tl -+ tz, 0) 2 f(tl,O) 4+ f(t2,0) fOI' a.ll tl,tg Z 0

thus,

(by+B2)0 ~ F(t +2,0) < (by+b2)0 — f(t1,6) — f(t2,6)
= b — f(t,,0) + b — f(ts,6) forall b6 >0

By Lemma, 5,
sup{bd — f(t,0)} = sup{bd — f(t,0)}
6>0 8
thus,
sgp{(bz +bo)0 — f(t1 +12,8)} < sgp{blﬂ — f(t1,8) + b — f(22,0)}

< Sgp{blo — f(t,0)} + Slzp{bze — f(t2,6)}

and hence,
Jerae, (b1 +b2) < f (b1) + f5, (Be)

Then, by Lemma 3

I

%I)lg ft* (b1 -+ bg) inf ft*1+t2 (b1 + bz)

{t1>0,t2>0}

< mf (f(b1) + [ (b2))

{t1,t2>0}
inf £ (b1) + Juf £, (B1)

with the last equality due to Lemma 3, that 1s f(b) > 0 Thus

b)

(b1 + b2) < I(by) + I(b2)
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Ths result tells us something about the shape of the Shape Function as Theorem 7
will show Note that we have equahity here for stationary and non-associated arrivals

since m that case

flti+12,0) = f(t1,0)+ f(t,0)
But,
I(by+b2) = I(b1)+ I(bo)
Imples,
I(b) = bI(1)
by a result due to Cauchy Further
fti+12,0) = [(t1,0) + f(t2,0)
the same result of Cauchy also implies,
ft,0) = tf(1,6)
= th(6)
which imples,
A(0) = Au(0)
= A(6)
which m turn umplies,
I(1) = %I)l(f)‘)\*(l/t)
=7
Thus we can say,

Theorem 5 Let the wncrements of the workload processes WL over disjoint time

intervals be stationary and non-associated Then the the follounng conclusion holds

1) = bIQ1)
= by
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Theorem 6 Let the increments of the workload processes WL over disjownt tume in-
tervals be stationary and non-negatwely associated Then the the followsng conclusion

holds

hm @ exists
b=eoo b
and,
. I(b) (b
Jim = = mb T
Proof

By Theorem 4
I(by +by) < I(b1) + 1(B)

for all by,bs > 0 Then the existence of the hmit and 1ts equality with the infimum
follows from the sub-additivity theorem (Lemma 6 1 11 of [21])

Theorem 7 Let the increments of the workload processes WE over disjownt time
intervals be non-negatwely associated and stationary Let 1(b) be defined as in Def-

snatton 10 Let I(0) = 0 Let K be an wnterval on the real hine containing zero

Then

I(b) cannot be conver on K

Proof of Theorem

By Theorem 4 ,
I(by + by) < I(by) + I(b2)

for all by, b > 0, with equality 1if exither b, or by are zero Hence,
I(by +be) — I(b1) < I(be)

for all b;,b, > 0 Hence, since I(0) = 0 we have,
I(by + by) — I(by) < I(bs) — I(0)

for all bl, b2 Z 0 ThUS,

I(by + by) — I(ln) < I(by) — 1(0)
bs - bo
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for all bi > 0 and b2 > 0. Thus,

lim jfe+w -jft) <limm -m
tQNI'O >2 b2~t0 62

for all & > 0 and hence,

m ) <m
for all b] > 0.
Hence,

1(0)iS not convex on K.

This concludes this section devoted to more general discussion of the shape function.

In the next section we will return to the shape function for the cell level model.

6.4 The Shape function for the cell level model

We intend, for reasons outlined in Subsection 6.4.1, to look at the behaviour of the
cell level model as we scale the number of sources L and the packetization period
S while keeping the traffic characteristics constant. In order to do this we rescale
the time scale on which the multiplexer operates so that it operates on a scale that
is proportional to L. We calculate the cumulant generating function for the time
rescaled workload process and from this we plot the Shape function. We then use

the Shape function to plot a graph of an approximation to logP[gL > b] against b for
finite L.

6.4.1 Time rescaling

In applications S, the packetization period, is expected to be very large as the trans-
mission rate of the multiplexer is much faster than the the sampling rate of the
individual sources during periods of speech activity. The number of multiplexed
sources L will also be large. Thus we are interested in the behaviour of the cell level
model for very large S and L. Again we have S = CfL for some fixed &, we have

1—r= t/L for some fixed r and we have a independent of L. Then the mean burst
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period length 1s,

measured 1n units of the multiplexer transmission period The mean silence length 1s

1 L

1-4 T

also measured m units of the multiplexer transmission period Both the mean burst
period length and the mean silence length are thus invanant (independent of L) on
a time scale which 1s proportional to L [22] Rescaling the time in this manner 1s
equivalent to reducing the multiplexer transmission period or scaling the service rate
proportional to L If we double the si1ze of the superposition the server operates twice
as fast As before the offered load 1s independent of L The charactenstics of the
arrivals from each individual source are kept constant modulo discretisation wr t L as
1s the offered load but the service rate or transmission capacity increases proportional
to L For example, i the simulations of Corcoran [9] the actual mean burst period
length 1s maintained at 352ms, the actual mean silence length then depends on the
offered load only, and with an offered load of 0 82 the mean silence length is roughly
mvariant as L 1s scaled, varying between 712 and 739ms over the range of values of
L used 1n the simulation

We are interested 1n the the behaviour of the cell level model as we scale L, keep-
ing the traffic constant The ratio of the source sampling period to the multiplexer
transmussion period, the transmission capacity (server speed) and the size of the su-
perposition are all scaled For the model this means that the single source arrivals
process Al 1s replaced by the time rescaled process A}, which 1s convergent m distri-
bution to some process A; as L — oo Large L scaling limits were first investigated
for modulated fluid processes by Weiss [24] and time rescaled renewal processes were
studied by Sriram and Whitt [11] What does Theorem 3 mean 1n the case of the
time rescaled arrival process? Well for a given superposition size L the single source
reversed arnval process is AL We define ALY = 0 The service rate 1s 7 which in the
case of the cell level model 1s 1 The superposition of L mdependent copies of the

arrivals generated by each source 1s denoted by 3°; AL Then the queue length at
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time 0 is,

QL = %gB(ﬁ_ZAt"' rt)

This is invariant under time rescaling where we replace f by Lt, thus,

L = supQ>£t- rLt)
*>° I
Hence we have,
P[qL> Lb] =P [‘SOU I_p Alt ~ I'Lt) > Lh

ptu{Y.ALt~rLt> Lh)]
>0 L

For large L the probability of each event in the union becomes exponentially small in
L. Hence the probability of the union is dominated by the largest probability among

the events of the union. Thus,
PloL> Lb]  supp vl Aft—rLt > Lb]
*>0 L

Now for any fixed { the single source arrival processes are mutually independent.

Thus by Chernoff’s theorem [4] we have for large L,
P2 A\t —rLt > L] « infe- ILbE[ee{A™ - THIL
Define the cumulant generating function Af (0) by,
AL(0) = T|09E[e*(’\ ~ ri)]
Then we can write,
P [\L(,Au ~rLt> Lh] » e-L{er{h)
Thus,

PlgL> Lb] fa e-Linft>).tr(h)

Now A [t approximates At for large L hence Af (0) approximates At(0) = \ logE[efi(Ai-rt)]

for large L. This is made rigourous in Theorem 3 by requiring that,

AO) = |lim Af(0)
AQ = lim AtO)

This explains the basis of Theorem 3 for the case of the time rescaled process [22].
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6.4.2 The Time Rescaled Cell level Model

The hmiting reversed arnval process A; for a single source has bursts of periodic
arnvals separated by a fixed period ¢ The number of arrivals 1n a burst 1s geometn-
cally distributed with mean ﬁ Bursts are separated by exponentially distributed
silences with mean length } The arrival process A; is a function of the continuous
time Markov process X; The process X; has state space E = [0,0) x {0} The
process X; moves determimstically at unit rate from ¢ to 0 From 0 1t jumps to o,
from where with probability « 1t moves as before to 0 Alternatively upon reaching

o from 0 1t can with probability 1 — o remain at o for an exponentially distributed

1
p-

time with mean - The arnval process A; 1s incremented by one arrival each time X,

passes through the state 0 [22] Thus we wnte,
X; = min{o, tmne to next arrnval}

We will define p = ——

g * 4
o+

The kernel for the hmiting rescaled Markov process X; 1s,

(1 — @)e ™25, (dy) + (1 — @)7e "2~ dy + aby_io(dy) 0Lz <1t
Pi(z,dy) = 0z—+(dy) o>z >t
e~ "8, (dy) + Te" Tt dy T=o0

This has stationary measure,

Q) = oo+ =5, (aa)

Where dz 1s the Lebesgue measure on [0,0) and d, 1s the umt measure at {o} This1s
the unique distribution on [0, o] which governs the steady state to which {X,} tends
That this 1s the stationary distribution is verified by the following The defining

equation for the stationary measure 1s,

[ Pia.dyas) = Q) (615)

We will write U,y (dz) for the uniform measure on [a,b] with density 1ie U(A) =
f41dz for A C [a,b] Putting our expression for Q(dz) (up to a multiphcative
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constant) mnto this equation 6 15 we have,

% / P.(z,dy)Q(dz) = [ Py(z, dy)(dz + u ; ?) 8, (dz)
= [ Padpds+ S= [Py, dy)i(aa)
The first term here 1s,

o t
/ Piz,dy)dz = / (1= a)e ™25, (dy) + (1 — ) re ™2~ dy 4 06,14 (dy)) dz
0 0

+ /t " boe(dy) dz

_ (-9 e D6, (dy) g + (1 — @)e ™2 Y[V 8 4 ol s 4y (dy)
T

+U{0,a——t} (dy)
1- l1-a) _,
= ( m CY) (50-((1’[/) - (—Tle td,(dy) + (1 - a)U{a—t,a'} (dy)
_(1 — a)e""r(t_o""y)dy

+04U{a—-t,a} (dy) + U{O,a—t} (dy)

The second term 1s,

(1-0)

/;Pt(z’ dy)d,(dz)) = a ; @) e "0, (dy) + (1 — a)e Tt gy

Combming the two we get,

%/Oapt(z,dy)Q(dz) = /()"Pt(:v,dy) dz+@/xl°t(l‘,dy)(5a(dx)

1-a

= - 6a(dy) + (1 — a)U{a_t,a} (dy) + U{O,cr—t} (dy) + O!U{a_t,g} (dy)

1 —_
= dy+ ~T—°‘5,(dy)

- %Q(dy)

Thus,

[ Pia @) = Q)

as required

109



6.4.3 Calculating The Cumulant Generating Function

In fact the arrival epochs of the process A; form a delayed renewal process In other
words, let Ty be the time of the first arrival (renewal) and let {Sy,}n>1 be the times

between successive arrivals, let {Tn}n>1 be the times of successive arrvals Then,
n
<é T, = T+ Z S,
- 1=1

and {T,,-Tp =Y, S,},,P 15 a Renewal process Renewal theory which we apply here
15 described n detail n'[25] We will give the label G to the distribution function
of the time of the first armval 7p And we will give the label F' to the common

distribution of {S;}n>1 Then F will be given by,

F(dt) = ad,(dt)+(1-a) /0 " re T8,y (dt)dy

We do not immediately have an expression for G but we can derive 1t from the
distribution of T conditioned on the 1mitial state of the underlying Markov Process

X For this distribution which we will call G, we have,

Go(dt) = 8:(d)8:((0,0)) + & ({0}) [ re6,.(dt)dy

From this we can derive G as follows Recall that the stationary distribution of

the Markov process X 1s,

Q) = pdo+ =D, (am)

Thus the distribution of Tj 1s,

G(dt) = /0 ” Go(dt)Q(ds)

Thus,

Gdt) = p /”Gz(dt d:v-i-p(l_a) /:Gx(dt)d,,(dx)

— (0, 0))dt + p( ) G, (di)
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We can now derive an expression for the distribution function G as follows,
) = [ Glay
_ o) gt
- p/ ((0,0))dy + o “)/0 Go(dy)
p18((0,0) + poi(lo,00)) + 10— [ e [, ()i
= p18((0,0)) + pos(lo,00) + o= [* 7e75,((0,1 - 0))du(0, 00))do

e —'; ) (1 - e™)5,((a,00))

= pt6((0,0)) + pode([o,00)) + p

Thus, we now have expressions for both G, the distribution of the time Tj to the first
renewal, and F', the common distribution of the inter-renewal times {Sp}n>1 These
are all we need to derive an expression for the cumulant generating function of the
workload process W,

Before that, we can prove that the arrval process A; has stationary increments
and constant renewal rate p To do this, we first calculate the mean inter-arrival time

as follows,

E[S,] = /0 " yF(dy)

= a/o y6,(dy) + l—a/ / 7€ ™ 8,44(dy)dt

= a+(l—a) /0 Te (0 + t)dt

= ao+(1—a)0+(1_Ta)
_ +(1——a)
T
-1
p

And we know % < 00

We want an expression for E[4;] We can write, A, i terms of the renewal epochs

{Tn}n>o as follows,

A=) Tog(Ty)
n=0

and hence, we have the following expression for E[A4;] in terms of G and F,
E[4] = Z P[T, < ]
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(G * ()

n=0

But this last expression can be rewritten as,

g(G*Fﬂ(t)) - G+§(G*F"(t))

) = G+(§F"(t))*G
- G—i—F;(f%F"(t))*G
= G+F*§:;(G*F"(t))
— G+ F«E[A]

That 15, E[A;] satisfies, the renewal equation,
E[A] = G+ F xE[4;]
or, on rearranging, we have for G,
G == E[At] - F*E[At]
Thus we have E[A;] = pt iff,
G=pt— Fxpt
And 1n fact this 1s easily proved as follows,
Fxpt (¢ — ) F(dz)
*pt = -
Iy
t t oo
p— — — —_ —-TY
'o/o (t — z)ad, (dz) + p/o (t—=z)(1 a)/o 7€ Y051y (dz)dy
= 6:((0,00))(p(t — 0)a + p(1 — @) /0 (t—0—y)Te ™4,((0,t — 0))dy)

= plt = )l(,00)) ~ piu(0,00)) L~ 4 gty (3, 00)) L= Dre-o

Thus we have,

1 —
pt—Fxpt = pt—p((t =) — T2 (1 = eT2))5,((0, 00))
_ pt fort <o
po + pgl—;—“l(l —e 7)) fort> o
- G(t)
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Thus we have proved,
E[A;] = pt forallt>0 (6 16)

Hence A; has stationary increments and the renewal rate 1s constant

We return to calculating the cumulant generating function for the workload pro-
cess In order to calculate the cumulant generating function we need the distribution
of the arnivals process We can determine this distribution from the distributions of

the renewal epochs First we will write {A; = n} mn terms of renewal epoch events

{A;=n} = {To1 <t,T, >t}

= {Tha <t} Tw S t)°
But,
{Tn <t} C{Tur < 8}
Hence the distribution of the arrivals process 1s, for n > 1

P[A;=n] = P[T,_; <t~ P[T, < {]
= GxF"(f) — G % F"(f)

= F"lyxpt—2F"xpt+ F" ' x pt
and for n =0,

P[A,=0] = P[T,> ¢

= 1-P[Ty < {
= 1-G(t)
= 1l—pt+Fxpt

These equations allow us to write the following expression for E[ef#¢]
oA [t/o]-
Ele"] = 1—-pt+Fxpt+ Y (F"'xpt— 2F"x pt + F"*' % pt)e™

n=1

Where F° x pt 15 defined to be pt and [t/o]- = max{m € Zt|t/o > m}
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We have, then, the following expression for the cumulant generating function for
the time rescaled workload process for the cell level model, with deterministic service
rate of one cell per unit time

[t/o]-
M(0) = —log[l —pt+Fxpt+ Y (F* 'k pt — 2F" % pt + F*' % pt)e’] — 0

n=1
It 1s then a simple matter to prove that,

[t/o]-
M(0) = l1og[1+ pte? — 1)+ 3 Frxptef" V(e -~ 1) -0 (617)

n=1
Now we need only calculate F*(dz) and the convolution with ptin order to find \;(6)
We use Laplace transforms to derive an expression for F*(dz) We will use the
notation L[ ] for the Laplace transform

First we find the Laplace transform of the distribution F
LiF] = [ efF
[F] = [~ e F(da)
00
= /0 e P (ad,(dz) + (1 — ) / Te Y ,,+y(d:1:)dy
—Bz - -7y
oz/o Oo(dz) + (1 -« / / o4y (dz)dy

The first term 1s,
a/ooo e P20,(dz) = ae P
The second term 1s,
(1-a) / / Frre Ve (dz)dy = (1—a) /0 > Te Plotle=y gy

= (1- a)e”ﬂ"T/O e TPy

= (1-a)e? ()

B+T

The two combined are,
LF] = (a+(1 —a)( ))e e

We now use the fact that the Laplace transform of a convolution 1s the product of

the Laplace transforms, that 1s,

LIF" = (LIF])"
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Hence,

LIF"] = (a+ (1 -a)( i ))"e~mPe
Then expanding binomially we get,
n n 7.
Na™ (1 — o) r ,—nfo
S (a1~ ) (e
We can rewrite this as,
LIF* = o —nﬁo’+ Mo -r _ r —nfo
(7] 50 o) (52-)e

Now we need only take the inverse transform of this to find F* We use the fact
that the mverse transform of the sum 1s the sum of the inverse transforms And we
again use the fact that the transform of a convolution 1s the product of the Laplace
transforms to deduce that, the inverse transform of (ﬂ—:;)'e‘"ﬁ" 1s the convolution
of the 1nverse transform of (#)' with the inverse transform of e#” The nverse
transform of (#)' 15 1tself just the r-fold convolution of the mnverse transform of
(757) with itself The mverse transform of (5%;) has the density 7e™" and the r-
fold convolution of this with itself has the gamma density 'rg(—)—l)—,e‘” The nverse

Laplace transform of e ™ 1s the measure d,,(dz) The convolution of this with

T%e‘” 18,
— r—1
/$ T (7'(27 - y))r—l e—'r(a:—y)é"w(dy) — T%eET('ﬂ_na) for z > no
0 (r—1) 0 otherwise

Thus we have the following for the distribution F®,

(7(z — no)) !
(r—1)!

In order to calculate A;(f) we need F™ x pt The convolution with a sum 1s just

F*(dz) = 6,((no,00)) i(?)a”"(l —a)r e TE) 4y 4 a6, (da)

the sum of the convolutions, hence we need to get

/ * 5. ((no, 00))r (T(”ET‘_";’ ))|)'"1 &5 ot _ 1)

Thas 1s,

0:((no, oo))(/t T(T(J; — ng))™!

—71{z—no) _
. o) e p(t — z)dz)
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Which becomes after integration by parts, and some rearrangement,

(7(t — no))

5((no, oo)) P g=r(t=na) Z 7 (I-r1)

I=r+1

We also need,

/0 ' p(t — z)a" b, (dz)

Which is,
8¢((no, 00))a" p(¢ — no)

Putting the convolutions back into the sum we get,

Frupt = 8((no,00)) (Z(r)a"~f(1 ) Le=rte-m) Y m))’

l=r+1

2 (I = 1)+ a"p(t — no))

Which can be rewntten as,

7(t — no))!

F'xpt = 4((no, oo))(z oz)'p ~7{t-no) Z l—(l—T))

r=0 I=r+1
We will write,

n!

b(n,r,a) ma

—1’(1 _ a)r

Now we have the following expression for A;(f) the cumulant generating function of

the time rescaled workload process, tA(6) 1s,

log |1 _ P AL T(t—no) na))l _ On—1)¢ 0 _ 1\2| _
g|l+pte’ —1)+ 5 - 3 Y b(n,r,a)e” Z ——l' (I-r)e (e’ — 1) 10
n=1 r=0 I=r+1

6.4.4 The Shape Function For The Time Rescaled Cell Level
Model

We begin by using Equation 6 5 [20] to find I(0) for the cell level model For ¢t < o

we have,

th(0) = log[l + pt(e’ —1)] -

116



Thus,
A(0) = tA(0/t)
= log[l + pt(et ~ 1)} — 8
Thus we have,

A@B) = hmA,(6)

-0 1f6<0
+oo i8>0

Hence we have, the following for I(0)
1(0) = A*(0)

= sup{-A(f)}
9

= sup{6}
6<0

=0
Next we will calculate the rate function f;(b) for ¢ < o For ¢ < o we have,
f(t,60) = log[l+ pt(e’ —1)] -6t
Recall,
£ () = sup{td - f(z,6)}

Now f(t,0) 1s convex as a function of 8, hence b0 — f(t,6) 1s concave as a function of

6 Thus the supremum occurs for § = 6,; such that,

fl(t’ at,b) = b

For t < ¢ this gives us,

ptess

= b+t
1+ pt(efs» — 1) +

which implies,

_ b+t 1-(b+1)
Oy = log pt] log[—l—:pt_]
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Then,

ft*(b) = bat,b - f(t, 9t,b)

Hence,

fr0) = G+logEY+ (1= 0+ ) log D)

The dervative of fi(b) wrt tfort < o1s,

b+t 1—(b+t)] b 1-—p(1-1b)
pt t 1—pt

f®) = log[W]—log[ T

Thus the second derivative of ff(b) wrt tfort <o 1s,

b b (1-p)*+p%? +2pb(1 — p)
2 bt+12 (1— (b+t))(1 — pt)

7 ()

For b+t < 1 this 1s positive Thus f;(b) 1s convex on (0,0] But examples also show
that f;(b) 1s not convex on (0,%;) as a function of ¢ for fy > o This 1s shown by
Figures 6-2 and 6-3

In order to plot the shape function for a given set of parameter values we numer-
1cally determine the infy.q f(b) for a range of values of b We do this by first fixing
b and ¢ = o then calculating f;(b) for these values of b and ¢ Then we mcrement
t by o and repeat the procedure until we have found mf,. f;(b) for the particular
value of b We then increment b and repeat the whole procedure This 1s carred out
by a program wntten in C The inf;,, f;(b) values are then plotted against the cor-
responding values of b giving us the graph of the shape function for these values and
the model parameter values chosen The graph of the shape function for o = 0 35696,
p =085, a=0995466 and 7 = 0 00553175 1s shown in Figure 6-4 All graphs were
plotted using “gnuplot” The graph of the approximation to log P[g" > b] obtained
using the shape function plotted against b for these parameter values and L = 400 1s

shown 1n Figure 6-5
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Figure 6-3 The Legendre-Fenchel transform, fi(b), for b= 0038 as a function of t
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Figure 6-5 A plot of the approzsmation to logP[ql > b] obtained using the Shape
function agamnst b wsth L = 400
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Figure 6-6 A Plot of The steep portion of fig 6-5

6.5 FEconomies of Scale

We mentioned in 6 9-6 12 that for a very large class of models the asymptotic form

of the shape function I for large b 1s [20, 22],
Ib) ~ vb+v (6 18)

and that v can be seen to determime the economes of scale [22] obtanable by multi-

plexing large numbers of sources through,
Plg" > b ~ e LI/ (6 19)
~ e (6 20)

For Markov Models 1t 1s possible to calculate v 1n the following manner [20, 22|,
Each source is described by a Markov Process X, c 1s the service rate and arnval

mcrements A; are described by a famuly of transition kernels Py(z,dy x dz),1e
P(z,Y xZ) = P[X, €Y, A € Z|Xy =z (6 21)
The transformed kernel £,(6) 1s given by,
By(z,dy,0) = / P,(z,dy x dz)e® (6 22)
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Then + 15 the value of # > 0 for which the largest eigenvalue of 131 (0) 151 The value

of v is got from,

o _ [QUap() [u(da)
Ju(dz)v(z)

where X; the underlying Markov chan has stationary distribution @Q(dz) and v and v

(6 23)

are respectively the left eigenmeasure and right exgenfunction of P; (6) wmith exgenvalue

1[22]

6.5.1 Calculating v and v for the rescaled cell level model

Firstly for the rescaled cell level model the arrival increment A; for £ < o 15 a
determimstic function of X; and X, In fact 1t 1s a determimstic function of ¢ and

Xo Thus for ¢t < o the kernel Py(z,Y X Z) 1s,
Py(z,dy x dz) = Pi(z,dy)dp,s)(dz) (6 24)
where h 1s the deterministic function We have,

1-t ft>zandz#0
hi(z) = -1 ft<z (6 25)
—t fz=co0r0

Thus the transformed kernel 1s,

By(z,dy,0) = / P,(z, dy)O, o) (d2)e™ (6 26)
= Py(z,dy)e’™@ (627)

and this 1s just,

Pi(z,dy)e® Y ft>zandz#0
P(z,dy,0) = { P(z,dy)e®  ft<z (6 28)
Py(z, dy)e % fr=cor0
Now the nght eigenfunction v and left exgenmeasure u with eigenvalue 1 of P;(6) are
the nght eigenfunction and left eigenmeasure of P,(#) because convolution preserves

such night eigenfunctions and left eigenmeasures thus, we need only solve,
/ u(dz) Py(z, dy)e’™ ) = u(dy) (6 29)
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to find u and,

[ o) Pz, @)™ = o) (6 50)

T

to find v
So let u(dz) = €"®dz + ki10,(dz) and let v(y) = (e™,k;) on [0,0) X {6} Then
performing the integration and equating the relevant sides we can solve for k; and

ks This gives us, for u,

ky = e’f;i (6 31)
and, for v,
ks 7;:: (6 32)
and further we find, 1n solving for u that,
e7=7) (%__*_—?;— +a) =1 (6 33)

which we recall is Equation 4 4 where L — oo and (L) — v Thus for u we have,

l-a
dz) = e"d v -
u(dz) edz + e 7+7‘6 (dz) (6 34)
and for v we have,
o
vy) = (1) (6 35)

7’Y+T

Thus for v we now have,

W _ 1QUz)v(a) [ u(ds)

¢ Ju(dz)v(z) (6 36)
putting u and v into this equation gives us,
_ 1 =1 (v+7)(ay+7)
eV = — 6
Yo+12 (1-a)r+o (6:37)
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Chapter 7

Conclusions and Suggestions for

Future Study

In this chapter we give our conclusions from the work described i this thesis, and
discuss future work that could be undertaken We divide this chapter according to

the chapters of the thesis 1tself

7.1 Conclusions

7.1.1 The Models

We have studied a new model for packetized voice traffic which we have called the
cell level model The model consists of the homogeneous superposition of the traffic
generated by L mdependent sources The traffic from each source 1s modelled by a
Markov Chain with a finite state space The states form an irreducible closed set
and are recurrent non-null aperiodic (ergodic) having as a result a unique stationary
distribution The only assumptions we make about the traffic from a single source
1s that the duration of talk spurts and in active periods are both exponentially dis-
tributed (an assumption made by others [10]) and that as a result bursts and silences
are geometrically distributed The model is thus a very accurate representation of
packetized voice traffic from a single source We also mention a model that has

been studied previously by Buffet and Duffield [3] which 1s simpler than the cell
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level model and which 1s called the block level model and we point out where the

connection between the two models breaks down

7.1.2 The Effective Bandwidth Approximation

We calculated approximations to the decay constant 7 of the effective bandwidth

approximations [2]
Plg>b~e™

for each of the cell level and block level models labeling the two resulting constants

YCell 204 YBlock Tespectively We showed that,

YBlock =~ YCell (71)

and can conclude from this that the upper bound on buffer overflow obtained from the
block level effective bandwidth approximation 1s less conservative than that obtained
from the cell level effective bandwidth approximation 1e the former upper bound
could underestimate the probability of buffer overflow obtained using the latter upper

bound

7.1.3 An Upper Bound Via Martingales

We proved an upper bound can be obtained of the form,
Plg > b < ge™

on the tail of the queue length distribution for the queue 1n an infinite buffer When the
workload process 1s a Markov Additive Process (MAP). The cell level model workload
process has increments which are controlled by an underlying Markov Process and 1t
1s an example of a MAP We calculated the prefactor ¢ for the cell level model and

showed that,

(e—1-1/L) L{eY/ L~ —
1 (0 + L7221+ MDY e

¢ - 67(6—70'62'7/L 3 - L
(Lge7{rb—12 +1)) ( g+.lT°‘_ )
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and we showed that asymptotically in L,

1 T
jm Liogg = log I DL (72)
> 0 (73)

From which we conclude that for large L the bound,
Plg“> b < ¢e (74)

does not exhibit the economies of scale seen for example 1n the upper bound obtained
using a different Martingale for the block level model by Buffet and Duffield [3] These
economues of scale are seen 1n the simulations of Corcoran [9] for the rescaled cell level
model This 1s not surprising since this upper bound has to bound the full queue
including the cell level queue which 1s due to short term fluctuations in the arrival
rate over time periods smaller than the packetization period s These fluctuations
result in short queues and this 1s exhbited 1n the graphs of log P[g” > b] versus b by
the almost straight steep portion of the graph The slope and intercept of this part
of the graph remain 1nvariant as L 1s changed 1n the simulations carried out 1n [9]
However the upper bound obtained for what we term the burst level quene the
queue resulting from arrivals over longer intervals of time than s, can exhibit these
economies of scale sice 1t does not bound the cell level queue We obtained such
a bound and we proved for parameter values ¢ = 1/2 and p < a 1t does exhibit
economies of scale and 1s an improvement over the effective bandwidth approximation
mn terms of bounding the queue length distribution of this burst level queue Note,

the condition p < « can be rewnitten as,

1
<
s s I_Ta < « (75)
but this 1s the same as,
a(l —a)
- l—-ao (76)
which for 0 =1/2 is,
20(1 - @)
< 27
S ' o (77)
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and since a > 0 Equation 7.6 is true, for all a if,
t < a(l-a) (7.8)
Fora = [/2 and p < a we, have
P& >*>}< §Le"T6 (79)
where § < 1is independent of L. We can say that,
* = m a (7.10)
more generally we have,

Pl-i>M < lvs)er ) vs) |l ro1 )le~* (711)
o, Lel-1\ -, 1-a

Pel (<L(C7/1 I_I ) + r}/»/I (flf1+-r~I:g)(rI s A "r -irm'\])i'e -7fc ;\7 12)
for ail parameter values. But it has to he determined if this is less than 1fora / 1/2

orp>aandif

M + + l=g

which would imply economies of scale exist for the particular values of < a and r.

It appears to he extremely difficult to prove (in a manner other than numerically)
that the bound exhibits economies of scale for other parameter values. One can for
example show that,

(Ff+ IS0 + H NELYy,
(1+ A =~1)-)a+ IS (7.14)

is, for fixed » an increasing function of a fora > " but this implies a > 1/2
that is it doesn’t hold at a = 1/2. Now since,

) - gg+ i=a)(i+ W L-l)y

= (7.15)
> 1 (7.16)

atd = 1/2 for P < @ the same must be true for values of @ on some interval centered
on 1/2 but h(CI’) may be decreasing on this interval i.e. ~ may not be in this interval,

If it were then for all o> 1/2 we would have h(a) >1
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7.1.4 Large Deviations Approximations

Botvich and Duffield proved in [20] that,

Theorem 8 Forb > 0,
lim ~ log P[¢" > Lb] = —1(b)
Looo L

Where the function I, termed the shape function, 1s related to the cumulant generating

function of the workload process

They also proved that for workload processes with non-negatively associated and sta-
tionary increments v = — limy_,00 tA(£, 0) 15 non-negative (provided the hmit exists)

We prove,

Theorem 9 We added the follounng Let the increments of the workload processes
WE be non-negatwely associated and statronary Let f(t,0) be defined as wn Definstion
9 Let f(b) be ts Legendre transform Then I(b) 1s sub-additwe 1 e the follounng

conclusion holds

I(by +by) < I(by) + I(bs)
for all by,b, > 0
and as a result,

Theorem 10 Let the wncrements of the workload processes WE over disjoint time

wntervals be stationary and non-associated Then the the follounng conclusion holds

I(b) = bI(1)

by

Note that I(b) = bI(1) means there are no economies of scale to be had from multi-
plexing large numbers of sources generating a workload process with stationary and

non-associated increments over disjoint time intervals We also have,
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Theorem 11 Let the increments of the workload processes W [J over disjoint time in-
tervals be stationary and non-negatively associated. Then the the follomng conclusion

holds.
(&
m! —%—) exists
and,

b-+00 b b>0 b
We make no assumptions here about the existence of v. We also proved,

Theorem 12 Let the increments of the workload processes W f over disjoint time
intervals be non-negatively associated and stationary. Let | (b) be defined as in Def-
inition 10. Let /(0) = 0. Let K be an interval on the real line containing zero.
Then

1(b) cannot be convex on K

These results do not directly bear on the cell level model but follow so simply from
the definition of the shape function that we included them.

The simulations of Corcoran [9] demonstrate that the broad features of the queue
length distribution remain essentially unchanged when L and the queue length b are
jointly scaled. Thus we were led to consider the large deviation properties of the
queue length distribution in L. We calculate,

A(0) = Jim HogEfer <)
for the time rescaled cell level model where A\t is the time rescaled single source
arrival process. We then obtained numerically the shape function for the queue gen-
erated by the rescaled workload process for a set of model parameter values previously

used in the simulations in this was then used to obtain graph of an approximation to
logP[<-L > ] versus b for L = 400.

1.2 Future Work

We have only studied here the situation arising from homogeneous superpositions of
the cell level model arrivals. Similar techniques could be applied to heterogeneous
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superpositions of cell level model arrivals For examples with other models see Botvich
and Duffield [20] The model 1tself could be altered to include more than one type of
silence, for example

It may be possible to prove an upper bound via Martingales for the burst level
queue for the cell level model for which the prefactor 1s such that 1t exhibits economies

of scale That 1s,
¢ < k* (7 17)

where k£ < 1 and independent of L for parameter values other than ¢ = 1/2 and
p<La(ie 7< %_1&;")

The 1n1t1al steep portion of the graph in chapter 6 for the shape function approxi-
mation to log P[g” > b] which are due to cell level queueing should be similar to that
obtained for a queue with Poisson arnvals at the same mean rate It may be possible
to substantiate this theoretically and/or by simulation

The theorem on the sub-additivity of the shape function in the case of non-
negatively associated workload increments may be of some use in proving that the

shape function 1s always concave 1n some case/cases
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