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Summary 
After briefly introducing the conventional techniques used for modelling wheel-rail 
interactions, mostly based on the construction of the system’s equations of motion, Artificial 
Neural Network (ANN) modelling techniques are introduced, followed by a discussion of 
how these have been applied to model wheel-rail interactions. An analysis of ANN models 
efficiencies is then presented, aimed to assess aspects of the ANN models most relevant in the 
context of wheel-rail interaction modelling. Finally results and conclusions from the 
application of this efficiency analysis to some of the obtained ANN models is discussed. 
 
 
Abstract 
Over the past two decades, Artificial Neural Network (ANN) techniques have been used in 
many fields of research, due to their high speed and improved robustness and failure tolerance 
capabilities compared with conventional modelling approaches. In applications such as 
railway vehicle dynamics, discrete scenarios of vehicle/track interactions are currently 
modelled using computer packages such as Simpack, ADAMS/Rail, Vampire or Medyna, 
which use multi-body techniques to accurately model different aspects of rail vehicles and 
tracks such as derailment or passenger comfort. 
 
The authors have developed new ANN techniques which make it possible to achieve ANN 
model accuracies comparable to those of multi-body techniques. A particular ANN structure 
has been designed with the aim of simplifying the training of ANNs with long training data 
sets. This is a Recurrent Neural Network (RNN) structure characterised by an optimised 
feedback technique which requires very little computational power. This novel structure and 
other more conventional RNN structures have been trained and tested and the processing 
times compared. The efficiency of the novel ANN structure in modelling a number of vehicle 
types, from passenger to friction damped freight vehicles, has been validated against 
commonly used techniques and also with a newly designed method, which consists of a 
combination of statistical functions applied to assess different aspects of the ANN models 
responses. 
 
The novel ANN structure appears to be much faster than other structures commonly used for 
non-linear system modelling and adequate for the purposes of rail vehicle modelling. 
Compared to conventional ANN validation techniques, such as the mean square error and the 
cross-correlation function analysis, the novel assessment technique results in a more accurate 
quantification of the error terms and therefore, in a safer assessment which may be focused on 
aspects of the ANN model responses which are relevant in the context of railway engineering. 
It is possible that this novel approach to designing efficient ANN’s could be applied to a wide 
variety of scientific fields involved in the application of ANN techniques. 



 2

Introduction 
In the field of railway engineering, vehicle models are currently implemented in software 
packages for design and assessment purposes. These vehicle models are mostly based on the 
use of the multi-body technique which relies on the derivation of complex equations of 
motion  to describe the dynamics of the considered system. Current multibody models can 
reach high levels of accuracy, but they require lot of computational power and modelling time 
can be high. In this context, ANNs [1 – 4] represent a valid alternative in modelling vehicle 
dynamics and track interactions. ANN techniques could contribute to railway technology by 
speeding up the modelling process and also allowing more variables to be included into the 
models, improving track measurement and maintenance techniques or constituting a more 
cost effective means of measurement for implicit aspects of vehicle-rail dynamics. 
 
Attention in this paper will be focused on ANN modelling of wheel-rail interactions. Some of 
these interactions have already been modelled with acceptable accuracy [5 – 8], such as the 
vertical forces present at the wheel-rail contact patch. Other more complex aspects, such as 
the lateral forces or the derailment coefficient are more difficult to model with a level of 
accuracy sufficient for ANNs to be used as stand-alone tools in safety-critical applications.  
 
The main cause of this problem lies in the training sets which the ANNs use to learn the 
dynamics of the target systems: the learning process of an ANN consists of the application of 
a training algorithm which uses a subset (called a training set) of possible target system input-
output combinations. This subset needs to contain most of the dynamics (in terms of 
amplitude and frequency) of the target system. To achieve such a training set, the availability 
of another non-ANN model of the same target system is often necessary. Such a model would 
be given a set of inputs designed to excite the model across most of its dynamic range, so that 
a training set can be constructed from its inputs and outputs.  
 
This reduces the usefulness of ANNs as substitute methods for conventional modelling 
techniques. An alternative is that of using a set of data measured from a real system, but 
again, this has to include most of the dynamics of the system. This usually leads to very large 
datasets, resulting in an excessive amount of computational power being required to train the 
ANNs. An ANN structure is presented in this work, aimed to overcome this limitation. 
 
Another problem with the application of ANNs to railway engineering is the difficulty of 
accurately assessing the ANN performance. Currently, performance assessment techniques for 
ANNs are based on general probability methods which do not contribute to an increase in 
confidence of ANN applications in railway engineering, mainly because of their deficiency in 
assessing specific aspects of the ANN performance. A technique for improving these 
performance validation methods, to assess more specific aspects of ANN performance, is also 
presented. 
 
 
Modelling Rail Vehicle Dynamics 
When constructing a mathematical model of a railway vehicle, it is usually considered as a 
multibody system. Once the multibody system has been defined, the equations of motion for 
the system can be derived. These are usually differential equations, expressed in matrix form.  
Once the equations of motion for the system have been obtained, these can be analysed and 
the system behaviour can be simulated. This is done by looking at the solutions of the 
equations for given inputs and desired outputs. Performance criteria are used as guidelines to 
prevent vehicle derailment, vehicle and track damage or passengers discomfort. 
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In this work, derailment prediction and ride quality have been the main issues studied. The 
risk of derailment can be predicted by calculating an L/V ratio, where L and V are the lateral 
and vertical wheel-rail contact forces respectively. When this ratio exceeds a certain 
maximum (often set at around 1), it is considered that there is high risk of derailment. The 
ride quality analysis is usually performed on the basis of two ranges of horizontal and lateral 
vibrations respectively, to which humans are most sensitive ([0.2 – 10]Hz for vertical 
vibrations and [0.2 – 2]Hz for lateral vibrations). 
 
Software packages are available for the simulation and analysis of the railway vehicle system 
and, in most of the cases, these use the methods described above. The drawback however is, 
the computational time that these techniques require. Usually many approximations are made 
to reduce the simulation times. In this context, ANN techniques represent a valuable 
alternative due to their speed and also the fact that the increase in required computational 
power which comes when adding more variables to the models is not significant when using 
ANNs.   
 
 
Neural Network Models 
An Artificial Neural Network (ANN) is a system that uses a finite number of neurons 
(processing elements which apply transfer functions on their inputs) connected to each other 
in different ways in order to perform operations.  
 
A neuron can be defined as an operative cell (also named by mathematicians as a Processing 
Element - PE) whose main task is to execute an activation function on its inputs.  
A neuron accepts a certain number of inputs and to each input it applies a weighting factor 
which indicates the contribution of each input to the neuron output. Once the inputs have been 
weighted, a net-input is calculated (normally by adding or multiplying all the weighted inputs 
together) and the result is forwarded to an output function (activation function) from which 
the output of the neuron is calculated. This process can be described mathematically by the 
block diagram shown in Figure 1. 
 
  
 
 
 
 
Figure1 
 
An additional component of a neuron which must be considered before a working artificial 
neuron can be achieved is an input, often referred to as a threshold or bias. The demonstration 
of the operation of this input is beyond the scope of this paper and here it will only be said 
that its value is assumed to be a constant input +1 and therefore, only the weight has to be 
determined.  
 
Because of its ability to learn and generalise, an ANN can theoretically approximate any 
system. However, there is still the need to choose the most appropriate ANN structure (the 
way the different neurons are connected to each other and the different transfer functions that 
these neurons implement) which is dependant on the type of operation which has to be 
performed by the ANN. 

inputsxxxx n =,...,,, 210  
weightswwww n =,...,,, 210  

outputy =  
=f activation function 
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For the purpose of modelling wheel-rail interactions, Recurrent Neural Networks (RNNs) 
have been used, which are ANNs with feedback connections between the outputs and the 
inputs of the ANN neurons. This allows data from previous time steps and thus dynamic 
characteristics to be included. 
 
 
Training an ANN 
The training algorithms used in this work are based on minimisation of the error between the 
ANN outputs and the desired outputs. Every time a set of inputs is presented to the ANN to 
train, this will produce a set of outputs accordingly. The error between the ANN outputs and 
the desired outputs is calculated and the weights of the neurons of the ANN are updated to 
minimise the error. The process is then repeated until the ANN gives outputs within a 
tolerable range of error. The number of updates which the training algorithm performs on the 
weights of an ANN is defined as number of epochs.  
 
Normally, only the desired output for the output neurons of an ANN are known, but this 
problem is overcome by using techniques which will approximate the error of each neuron of 
the ANN on the basis of the error of the output neurons, activation functions, and the weights 
of the ANN.   
 
Different training algorithms update the ANN weights on the basis of different formulas. The 
training algorithm used in this work is the Levenberg-Marquadt, which is an approximation of 
Newton’s method used to find the minima of the error curve at the ANN output with respect 
to the ANN weights. 
 
 
Neural Network models of Wheel-Rail Interactions 
It has already been demonstrated that (RNNs) are suitable structures to model wheel-rail 
dynamics [5 – 8]. RNNs are a class of ANNs and are characterised by backward connections 
(also called feedback connections) between outputs and inputs of neurons in the hidden and 
output layers. The feedback connections allow RNNs to model time-series systems.  
 
However, the drawback with RNNs is that the feedback connections significantly increase the 
amount of data that an RNN has to process. This limitation, in conjunction with the problem 
of using large training sets from measured input-output data, can make the RNN modelling of 
the target system very tedious. 
 
However, in this work it was found that the amount of feedback connections in a RNN can be 
optimised to a single set of connections between the output of the output neurons and the 
inputs of the neurons of the input layer, as shown in Figure 2. 
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Figure 2 
 
For many vehicle-track interactions the network of Figure 2 can be used and a small number 
of neurons in the hidden layer is sufficient. However, if the target model is highly non-linear, 
small modifications can significantly improve performance, that is, including neurons with 
different non-linear activation functions [4] in the hidden layer (as shown in Figure 2) or 
adding an extra hidden layer to the ANN. 
 
The external inputs supplied to the model were track vertical and lateral irregularities, cross-
level irregularities, curvature irregularities and gauge variations. 
 
 
Evaluation of the Neural Network Performance 
When comparing the response of an ANN model with that of the target system, the most 
commonly used function is the mean-square-error (MSE) function, defined as shown in 
equation 1. 
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where Q is the number of samples of the target response (equal to the number of samples of 
the corresponding ANN response), t(k) is the output of the target model to a certain input u(k 
– 1), and a(k) is the output of the ANN to the same input u(k – 1). 
 
However, there are aspects of the ANN behaviour which cannot be assessed by using the 
MSE function (unwanted peaks, phase errors, lack of frequency content, etc...). Hence, other 
test functions have been implemented which can analyse other factors of the ANN responses.  
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Power Spectral Density analysis 
A Power Spectral Density (PSD) describes how the power (or variance) of a time series is 
distributed with frequency. A PSD analysis is performed by comparing the PSD of the ANN 
response to a certain input with the PSD of the response of the modelled system to the same 
input. One way of comparing the PSD of the two signals is by using the MSE. This has the 
advantage of minimising the amount of data when several ANNs are assessed.  
 
In the context of prediction of ride quality [9, 10], it was found more efficient to compare the 
ANN output PSD and target system output PSD within a the range of frequencies to which 
humans are most sensitive.  
 
 
Cross-Correlation (XCORR) Functions Analysis 
The Cross-Correlation function is a measure of similarity of two signals, commonly used to 
find features in an unknown signal by comparing it to a known one.  
 
In the context of the work here presented, ANN and the target system responses to the same 
input dataset have been compared.  
 
First, it was necessary to modify the two responses in a way that the function autocorrelation 
(the cross-correlation of a signal with itself) of each of them would be defined within  the 
interval [0 – 1]. An example is given in Figure 3.  
 
 
 
 
 
 
 
 
 
 
Figure 3 
 
If the autocorrelation of each of the cross-correlated signals is defined in the interval [0 – 1], it 
can be shown that the nearer the peak of the cross-correlation function is to 1, the more 
similar the two compared responses are in terms of their amplitudes.  
 
This normally gives a more practical value compared to the MSE as results from different 
tests can be compared.  
 
The cross-correlation also analysis can also assess the phase error between the two compared 
responses. This is done by analysing the position of the peak of the cross-correlation graph 
with respect to the x-axis. If N is the number of samples of the ANN response (and the target 
response), if the x-axis value xp, corresponding to the peak of the XCORR curve is the same 
as N, then there is no phase error between the two signals. When this is not the case, the phase 
error is proportional to the distance on the x-axis of xp from N. 
 
In the case of Figure 3, each of the compared signals is composed of 18334 samples. As The 
peak value falls on the 18335th sample this means that phase error of 1 sample occurs.  
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Analysis of Variance (ANOVA) 
The ANOVA test determines the probability that the similarities between two sets of data are 
not due to chance. This is done by analysing the variances of two datasets in order to decide if 
their means are significantly different This is also to say that, if there is a significant error 
between two datasets, the ANOVA test would detect it.  
 
The theory of the ANOVA technique is beyond the scope of this paper and it is well 
documented in [11]. It is only stated here, that if the ANOVA value is below 0.05, a common 
assumption is that the two compared datasets are considered significantly different.  
 
 
Maximum Error (ME) 
The purpose of the maximum-error function is to detect peak errors between the ANN and the 
target system responses, which may be outside a tolerance range defined by the user. A 
software routine was used to compare the ANN and target system output samples one by one 
and store the maximum error found.  
 
A maximum error found is in many cases irrelevant (for example, due to a very short 
duration, its energy is not sufficient to affect the behaviour of the model).  
 
Therefore, an analysis of the maximum error needs to be performed by looking at the area 
surrounding the error in order to assess the impact of the detected error on the overall 
performance of the model.  
 
In this work, the Analysis of Variance (ANOVA) and the cross-correlation functions have 
been used as a means of assessment of the area surrounding the maximum error. 
 
 
Results 
The ANN validation methods presented above have been applied to assess the performance of 
vehicles modelled with the RNN structure, also introduced in this paper. Figure 4 shows an 
example of the results obtained for an ANN modelling the lateral forces of a 4-axle passenger 
vehicle with Linear Stiffness and Damping.  
 
The data inputs which can be presented to an ANN can be classified as seen or unseen data. 
Seen data is the data with which the ANN has been trained, while unseen data is data that the 
ANN has not seen during the training phase.  
 
Predictably, ANNs perform much better in the prediction of system response to seen data than 
to unseen data. For this reason, all results presented here are obtained by performing 
validation on unseen data. 
 
Figure 4 was obtained by validating an ANN after each training epoch and recording the 
validation results. It can be seen from the figure, that at the 7th epoch, the ANN already shows 
results which indicate a good performance (Table 1 shows the results  recorded at the 7th and 
8th epochs). The maximum error detected is large (about 0.3), considering that the ANN has 
been trained with data normalised in the interval [-1 1], but both the ANOVA and the 
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XCORR indicate that the error is not significant and does not noticeably affect the overall 
behaviour of the model. 
 

 
Figure 4 
 
Figure 5 shows the target system and the ANN response to a set of unseen data.  
 

Figure 5 – Target and ANN responses after 7 training epochs 
 
The ANN was composed of 15 hidden neurons (with a tangent sigmoid transfer function) and 
using a feedback signal describing 6 samples of past history, each sample being recorded at a 
distance of 0.4 meters. 
 
Similar results have been obtained for various other wheel-rail interaction systems modelled 
with similar ANNs. 
 

 7 Epochs 8 Epochs
MSE 0.001153 0.0011511
MSE_PSD 6.86E-05 9.76E-05
ME 0.337 0.341
ME_XCORR 0.95 0.94
ME_ANOVA 0.060 0.056
TOT_XCORR 0.987 0.999
TOT_ANOVA 0.093 0.51
Table 1 
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Conclusions 
Figures 4, 5 and Table 1 provide a more complete description of the level of accuracy of the 
ANN model than that of the single MSE function. The MSE is still used, together with the 
MSE of the PSDs of the compared responses and their XCORR, to assess the overall 
performance of the ANN. However, the ANOVA test is also used to determine the probability 
that the similarities between the two responses are not due to chance, that is, an analysis of the 
reliability of the ANN model. The test results show that the ANN can be considered reliable 
after 7 training epochs. 
 
Also, the ME between the two responses has been determined and assessed (by performing 
XCORR and ANOVA tests using a 2m window surrounding the point where the maximum 
error was detected) for its impact on the overall behaviour of the system. The test results show 
that the ME can be considered irrelevant after 7 training epochs and the 2m window 
surrounding it reaches an acceptable level of correlation with the target response after the 6th 
training epoch. 
 
It can also be seen that the MSE and the MSE of the PSD indicate that the ANN has an 
acceptable performance after the 4th training epoch. However, Figure 6 clearly shows that 
only 4 training epochs are insufficient in achieving an efficient ANN model. The XCORR, 
ANOVA and ME analysis indicate that an optimal number of training epochs is 
approximately 7 or 8, which produces the ANN model whose response is shown in Figure 5. 
 

 
Figure 6 – Target and ANN responses after 4 training epochs 
 
It is therefore concluded that the error analysis proposed here can better describe the ANN 
behaviour and it also constitutes a more accurate assessment than the MSE function.  
 
With respect to the ANN models developed here, this error analysis cannot determine with 
certainty if an ANN is safe to use for wheel-rail interaction modelling, as the assessment is 
based on statistical results. 
 
However, the same error analysis could be performed by comparing conventional wheel-rail 
models (such as those based on multibody techniques) with real measured data. In this 
context, if similar results to those of the ANN models are achieved, then it may be possible 
that ANNs could be considered safe to use. Therefore, the proposed error analysis constitutes 
a means of validation for the suitability of ANNs for applications like wheel-rail interactions 
modelling and perhaps many other applications of ANNs. 
 
Finally, a most common RNN (more precisely Elmann ANN) has been used to model the 
same target system. Apart for the number of feedback connections (one set of feedback from 
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the output to the input of each neuron), all the other specifications of the RNN were the same 
as for the previous ANN. This was carried out with the aim of comparing the speed of training 
and testing of the two ANNs, so that the speed improvement of the ANN structure proposed 
here could be quantified. The test could not be completed as the Elmann RNN was causing a 
computational error after an extreme length of time taken for completion of the first training 
epoch. 
 
It is therefore concluded that the feedback technique proposed in this paper is more efficient 
than other most common RNN feedback techniques. 
 
 
Future Work 
The proposed ANN validation method, can also be applied to assess the accuracy of 
conventional models (such as those based on multibody techniques), so that a record of results 
for different vehicles could be constructed. This record would then be useful as a benchmark 
to finally validate the suitability of ANN techniques for applications such as wheel-rail 
interactions modelling. 
 
This method could also be adapted for application to other fields of research, especially where 
the suitability of ANN techniques to a certain application has to be assessed.  
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