
 Abstract—A novel blind nonlinear equalization (BNLE) 

technique based on the iterative re-weighted least square is 

experimentally demonstrated for single and multi-channel 

coherent optical orthogonal frequency-division multiplexing 

(CO-OFDM). The adopted BNLE combines, for the first time, a 

support vector machine-learning cost function with the classical 

Sato or Godard error functions and maximum likelihood 

recursive least-squares. At optimum launched optical power, 

BNLE reduces the fiber nonlinearity penalty by ~1 (16-QAM 

single-channel at 2000 km) and ~1.7 dB (QPSK multi-channel at 

3200 km) compared to a Volterra-based NLE. The proposed 

BNLE is more effective for multi-channel configuration: 1) it 

outperforms the ‘gold-standard’ digital-back propagation; 2) for 

a high number of subcarriers the performance is better due to its 

capability of tackling inter-subcarrier four-wave mixing. 

 

Index Terms—Optical OFDM, Optical Fiber Communication, 

Machine Learning, Fiber Nonlinearity Compensation. 

I. INTRODUCTION 

Many electronic techniques have been proposed to 

compensate fiber nonlinearity such as digital back-propagation 

(DBP) [1], phase-conjugated twin-waves (PC-TW) [2], 

maximum-likelihood (ML) with finite impulse response (FIR) 

filtering [3] and machine learning [4-6, 7]. However, DBP 

presents enormous computational complexity, PC-TW halves 

the transmission capacity, while ML-FIR and machine learning 

require large amount of training data thus limiting the signal 

capacity. On the other hand, coherent optical OFDM 

(CO-OFDM) is an excellent candidate for long-haul 

communications due to its high spectral efficiency and 

tolerance to both chromatic dispersion (CD) and 

polarization-mode dispersion (PMD). Yet, due to its high 

peak-to-average power ratio (PAPR) the nonlinear cross-talk 

effects among subcarriers are enhanced resulting in 
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complicated nonlinear deterministic noise that appears 

stochastic. CO-OFDM uses pilot subcarriers to combat linear 

distortions, while for the compensation of the deterministic 

fiber nonlinearity it could employ low-complex nonlinear 

equalization (NLE) based on the inverse Volterra-series 

transfer function (VNLE) [7]. To tackle stochastic nonlinear 

noise from the interaction between nonlinearity and random 

noises (e.g. PMD), CO-OFDM employs nonlinear mapping 

based on statistical learning such as support vectors machines 

(SVM) [4-6] and artificial neural networks (ANN) [7] which 

typically require a large amount of training data. Since blind 

equalizers are preferred in coherent optical communications as 

they eliminate inter-symbol interference (ISI) without 

increasing overhead costs, it is preferably NLEs to compensate 

linear and nonlinear noises of both deterministic and stochastic 

nature without the need of training data. To the best of our 

knowledge, only decision-directed-free blind linear equalizers 

(LE) [8] have been implemented in CO-OFDM. 
 

 
Fig. 1. Conceptual block diagram of proposed blind nonlinear 

equalizer (BNLE). 

 

In this work, we propose a novel blind NLE (BNLE) based 

on the iterative re-weighted least square (IRWLS) [9] which 

combines, for the first time, the conventional cost function of 

the SVM with the classical Sato or Godard [9] error functions to 

perform blind LE, and harnesses ML recursive least-squares 

(ML-RLS) [10,11] for BNLE operation. The proposed hybrid 

LE/BNLE (referred as BNLE for simplicity throughout this 

work) is implemented in a single- and multi-channel 

CO-OFDM setup for ~41-Gb/s 16-quadrature amplitude 

modulation (16-QAM) at 3200 km and ~21-Gb/s 

(middle-channel) quaternary phase-shift keying (QPSK) at 

2000 km, respectively. It is shown that the developed BNLE 

can reduce the fiber nonlinearity penalty by ~1.7 and ~1 dB 

compared to VNLE for multi- and single-channel, respectively, 

also offering an increase in bit-rate of 1-Gb/s due to the absence 

of pilot subcarriers. Finally, the proposed BNLE is more 

effective for high number of subcarriers due to its ability of 

tackling inter-subcarrier four-wave mixing (FWM). 
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Fig. 2. (a) Block diagram of CO-OFDM receiver with BNLE. (b) 

Proposed SVM-BNLE. 

 

   
(a)                                                    (b) 

 

Fig. 3. (a) Flowchart for computing the ML-RLS estimate 𝜃(𝑡). (b) 

IRWLS pseudocode. 

II. PROPOSED ALGORITHM 

The proposed approach extracts high-order statistics indirectly 

from error functions defined over the NLE output leading to 

stochastic gradient descent algorithms. The proposed BNLE 

employs the Sato’s [9] and Godard’s-based constant modulus 

algorithm (CMA) [9] cost functions in the penalty term of an 

SVM-like cost function which is iteratively minimized by 

IRWLS. Fig. 1 depicts (a) the block diagram of the CO-OFDM 

receiver equipped with the BNLE, and (b) the proposed 

SVM-BNLE. The received OFDM symbols for each subcarrier 

x{k} are processed by BNLE which are scaled by the vector of 

filter coefficients (weights, w) for each subcarrier wk,i (where i 

is the symbol) by means of ML-RLS [10]. Assume we have a 

set of Ns number of subcarriers with u, the system input and y, 

the output: uN={u(1),u(2),…,u(Ns)}, yN:={y(1),y(2),…,y(Ns)}. 

Let the likelihood function 𝐿(𝑦𝑁𝑠|𝑢𝑁𝑠−1, 𝜃)  equal the 

probability density function 𝑝(𝑦𝑁𝑠|𝑢𝑁𝑠−1, 𝜃). The ML estimate 

is then obtained by maximizing the likelihood, i.e. �̂�𝑀𝐿 =
argmax

𝜃
𝐿(𝑦𝑁𝑠|𝑢𝑁𝑠−1, 𝜃). Assuming an ML-RLS system which 

employs a nonlinear FIR and the ML estimates 

�̂�𝑀𝐿 = �̂�(𝑡 − 1), the Taylor expansion of 𝑈(𝑡) can therefore be 

expressed as �̂�(𝑡) = �̂�(𝑡 − 1) + 𝐿(𝑡)�̂�(𝑡) , in which the 

𝐿(𝑡) term is derived from 𝐿(𝑡) =
𝑃(𝑡 − 1)�̂�𝑓(𝑡) [1 + �̂�𝑓

𝑇(𝑡)𝑃(𝑡 − 1)⁄ �̂�𝑓(𝑡); where �̂�𝑓(𝑡) is the 

information vector [10] and 𝑃(𝑡 − 1) is the covariance matrix. 

The flowchart for computing the ML-RLS for blind nonlinear 

operation that estimates �̂�(𝑡) (=�̂�𝑀𝐿 ) is shown in Fig. 3(a). 

Hence, using ML-RLS the BNLE output in a more general form 

becomes: 
 

𝑦𝑘 = ∑ 𝑤𝑘,𝑖𝑥𝑘−𝑛 = 𝑥𝑘
𝑇𝑤𝑘,𝑖

𝑁𝑠−1

𝑛=0

                       (1) 

 

In (1) we assume a reference sequence 𝑠𝑘 to obtain the optimal 

coefficients for linear operation. Hereafter, the equalizer 

updates the weights, w, in (1) with the help of the following 

expression [10]: 
 

𝑤𝑘+1 = 𝑤𝑘 + η𝑒𝑘𝑥𝑘
𝐻 ,                              (2) 

 

where H denotes the Hermitian operator, η the step-size, and 𝑒𝑘 

the error of the equalizer output, 𝑒𝑘 = 𝑦𝑘 − 𝑠𝑘−𝑑, with d being 

the joint channel-equalizer delay. Formulation of the proposed 

equalizer is performed by means of the IRWLS algorithm to 

solve a cost function obtained from the SVM framework. For a 

subcarrier number, Ns, the proposed algorithm minimizes the 

following SVM-based cost function: 

𝐿𝑝(𝑤) =
𝐶

2
‖𝑊‖2 +

1

𝑁𝑠

∑ 𝐿𝜀(𝑒𝑖),

𝑁𝑠

𝑖=1

                    (3) 

 

where 𝐿𝜀(𝑒𝑖) is the loss function, C is a penalty regulation 

parameter (indicated as C-parameter in Fig. 5(b)), and 𝑒𝑖 is the 

penalization term for the ith symbol. The loss function denotes 

the existence of an 𝜀-insensitive region of size 𝜀 by means of 

quadratic cost function: 
 

𝐿𝜀(𝑒) = {
0 , 𝑖𝑓 𝑒 < 𝜀

𝑒2 − 2𝑒𝜀 + 𝜀2, 𝑖𝑓 𝑒 ≥ 𝜀
                  (4) 

 

In this context, the BNLE consists in replacing the reference 

signal in the error term 𝑒𝑖 by Sato and Godard reference, i.e. 
 

— Sato cost function: 
 

𝑒𝑖 = 𝑦𝑖 − 𝑅𝑠𝑠𝑔𝑛(𝑦𝑖),                           (5) 
 

where 𝑅𝑠𝑠𝑔𝑛(𝑦𝑖) is a statistical reference and 𝑅𝑠  is Sato's 

constant. 
 

— Godard cost function: 
 

𝑒𝑖 = |𝑦𝑖|𝑝 − 𝑅𝑝,                             (6) 
 

where 𝑅𝑝 is the Godard’s constant. From (6) we consider 𝑝 =

2, which is the most common choice for Godard algorithms 

(this is the order that defines the CMA on-line algorithm). The 

steps involved (initialize W0) in SVM-BNLE using the IRWLS 

pseudocode are shown in Fig. 3(b), in which 𝐿𝜀(𝑒) is calculated 

from (5) and (6) via (1) by substituting yi = yk. 

The adopted VNLE procedure is identical to Ref. [7] using 

3rd order Volterra Kernels, thus offering ∼50% reduced 

computational DSP complexity compared to single-step/span 

DBP. Such VNLE inherits some of the features of the hybrid 

time-and-frequency domain implementation, for instance 

non-frequency aliasing and simple implementation using 

parallel processing for concurrent CD and fiber nonlinearity 

compensation. 



III. EXPERIMENTAL SETUP AND RESULTS 

Fig. 4 depicts the experimental setup for (a) single- and (b) 

multi-channel CO-OFDM where external cavity lasers of 100 

KHz linewidth were modulated using a dual-parallel 

Mach-Zehnder modulator fed with ‘offline’ OFDM IQ 

components. The transmission path at 1550.2 nm was a 

recirculating loop consisting of 20×100 km (single-channel; 

4-spans × 100km × 5 rounds) and 32×100 km spans 

(multi-channel; 4-spans × 100 km × 8 rounds) of OH-LITE 

fiber (attenuation of 18.9-19.5 dB/100 km) being switched by 

an acousto-optic modulator. The loop switch was located 

before the 1st Erbium-doped fiber amplifier (EDFA) and a 

gain-flattening filter was placed after the 3rd EDFA for both 

configurations to flatten the gain across the wavelengths of 

interest. For Fig. 4(b), the transmitter was constituted of five 

distributed feedback lasers on 100 GHz grid located between 

193.5–193.9 THz connected with a polarization maintaining 

multiplexer. Using an amplified spontaneous emission (ASE) 

source, another 20 ‘dummy’ channels of 10 GHz bandwidth 

were generated with a channel spacing of ~ 100 GHz. These 

channels covered 2.5 THz of bandwidth as depicted in inset 

Fig. 5(b). The optimum launched optical power (LOP) was 

swept by controlling the output power of the EDFAs. At the 

receiver, the incoming signal was combined with 100 KHz 

linewidth local oscillator for both single- and multi-channel 

configuration. 

After down-conversion, the signal was sampled using a 

real-time oscilloscope operating at 80 GS/s and processed 

offline in Matlab. 400 OFDM symbols were generated using a 

512-point IFFT, 210 middle subcarriers were modulated using 

16-QAM while the rest were set to zero. A cyclic prefix of 2 % 

was included to eliminate ISI. The OFDM demodulator for 

non-blind LE/VNLE included timing synchronization, IQ 

imbalance, CD and frequency offset compensation [7] resulting 

in a net bit-rate of ~20 and ~40-Gb/s for QPSK and 16-QAM 

CO-OFDM, respectively. All NLEs were assessed by Q-factor 

measurements (related to bit-error-rate, BER, using 𝑄 =

20𝑙𝑜𝑔10[√2𝑒𝑟𝑓𝑐−1(2𝐵𝐸𝑅]) averaging over 10 recorded traces 

(~106 bits), which was estimated from the BER obtained by 

error counting after hard-decision decoding. 

                 
(a) 

                           
(b) 

 

Fig. 5. (a) Q-factor vs. launched optical power (LOP) at 2000 km for 

single-channel 16-QAM CO-OFDM using BNLEs (~41-Gb/s) and 

VNLE/LE/DBP (40-steps/span) (~40-Gb/s). (b) Q-factor vs. 

C-parameter for BNLEs at optimum LOP of 2 dBm. Insets: Received 

constellation diagrams at (a) 6 dBm of LOP for Sato-BNLE and 

VNLE; and (b) for Sato-BNLE with a C-parameter of 10 and 20. 

 

In Fig. 5 (a), the Q-factor against the LOP is plotted for 

single-channel CO-OFDM at 2000 km for BNLEs at ~41-Gb/s, 

and for non-blind LE, VNLE, and DBP at ~40-Gb/s. It is shown 

that for an optimum LOP of 2 dBm, BNLEs can reduce the 

fiber nonlinearity penalty by ~1 and ~2 dB compared to VNLE 

and LE, respectively. The performance benefit of the BNLE is 

also clear for high powers, as depicted in the received 

constellation diagrams at 6 dBm of LOP shown as inset in Fig. 

5(a) (upper diagram: BNLE-Sato; lower diagram: VNLE). 

BNLEs can also extend the range of LOP by up to ~3.5 dB at 

the FEC-limit (~10 dB in Q-factor). However, when compared 

to DBP the Q-factor is lower for high LOPs. On the other hand, 

Sato slightly enhances the Q-factor compared to Godard-CMA, 

due to the ability of tackling stochastic nonlinear phase 

variations. Fig. 5(b) confirms such improvement in terms of the 

C-parameter, where by proper C-parameter scaling the BNLE 

performance can be enhanced by ~3.5 dB. 

 

 
(a) 

 

 
 (b) 

 

Fig. 4. Experimental setup for (a) single- (b) multi-channel configuration. Inset: Received spectrum for multi-channel system. DSP: digital 

signal processing, ECL: external cavity laser, AWG: arbitrary waveform generator, AOM: acousto-optic modulator, EDFA: Erbium-doped 

fiber amplifier, GFF: gain-flattening filter, LO: local oscillator, DFB: distributed feedback laser, ASE: amplified spontaneous emission, 

PMM: polarization maintaining multiplexer, WSS: wavelength selective switch, BPF: bandpass filter, OSA: optical spectrum analyzer. 
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Fig. 6. (a) Q-factor vs. LOP at 3200 km for middle-channel QPSK 

multi-channel CO-OFDM using BNLEs (~21-Gb/s) and VNLE/LE 

(~20-Gb/s). (b) Received constellation diagrams for NLEs at optimum 

LOP of -5 dBm. (c) Complexity comparison of algorithms at 2000 km. 

(d) Q-factor vs. subcarriers at 3200 km and optimum LOP (-5 dBm) 

for a simulated QPSK multi-channel CO-OFDM. 

 

In Fig. 6(a), the Q-factor against the LOP is plotted for 

multi-channel QPSK CO-OFDM at 3200 km for BNLEs at 

~21-Gb/s, and for LE/VNLE/DBP at ~20-Gb/s. As shown from 

the results in Fig. 6(a) and the corresponding received 

constellation diagrams at optimum -5 dBm of LOP in Fig. 6(b), 

an improvement in Q-factor of ~1.7 dB is observed using 

Sato-BNLE compared to VNLE. On the other hand, results 

reveal that Sato slightly outperforms Godard-CMA for 

optimum and high LOPs. Moreover, the proposed BNLE is 

very effective for multi-channel CO-OFDM as it outperforms 

the ‘gold-standard’ DBP over the whole range of LOPs (BNLE 

can tackle the stochastic parametric noise amplification). Our 

results show that the proposed BNLE can tackle more 

effectively inter-channel nonlinear cross-talk effects than 

intra-channel nonlinearities.  It should be noted that at low 

powers the proposed BNLE can improve the Q-factor 

compared to LE/VNLE since it partially tackles the interaction 

of the accumulated stochastic ASE noise with other effects at 

3200 km (many optical amplifiers involved). Finally, in Fig. 

6(d) we numerically investigate in a co-simulated Matlab® 

(electrical/DSP components) with VPITM-transmission-maker 

(optical devices and standard single-mode fiber) platform the 

impact of the number of subcarriers on BNLEs in ~21-Gb/s 

QPSK multi/middle-channel CO-OFDM at 3200 km and 

optimum LOP of -5 dBm. From Fig. 6(d), it is evident that for 

higher number of subcarriers Sato-BNLE is more robust than 

Godard-CMA and VNLE, because it can tackle more 

effectively the accumulated inter-subcarrier FWM induced 

from CO-OFDM’s high PAPR [6,7]. The numbers of 

floating-point real-valued operations (FLOP) for VNLE is 

calculated by 𝑁𝑉𝑁𝐿𝐸 = (𝑁𝑠𝑝𝑎𝑛 + 1)8𝑁𝑆𝐶𝐾𝑙𝑜𝑔2(𝑁𝑆𝐶𝐾) +

(20𝑁𝑠𝑝𝑎𝑛 − 6)𝑁𝑆𝐶𝐾 + 16(𝑁𝑠𝑝𝑎𝑛 + 1) , and for DBP by 

𝑁𝐷𝐵𝑃 = 𝑑𝑙𝑖𝑛𝑘/𝑑𝑠𝑡𝑒𝑝[8𝑁𝑆𝐶𝐾𝑙𝑜𝑔2(𝑁𝑆𝐶𝐾) − 9𝐾𝑁𝑆𝐶 + 16] , 

where Nspan is the span number, K the oversampling factor, NSC 

the subcarrier number, 𝑑𝑙𝑖𝑛𝑘  the distance and 𝑑𝑠𝑡𝑒𝑝 the splitting 

step. The BNLE FLOP is independent from the link-related 

parameters and is calculated by 𝑁𝐺𝑜𝑑𝑎𝑟𝑑 = 𝑁𝑆𝐶𝐾𝑁𝑖[12𝑁𝑤 +

(
64

3
) 𝑁𝑠

3 + (3𝑝 + 20)𝑁𝑠
2 + (𝑝 + 2)𝑁𝑆 + 2] and 𝑁𝑆𝑎𝑡𝑜 =

𝑁𝑆𝐶𝐾𝑁𝑖[12𝑁𝑤 + (
64

3
) 𝑁𝑠

3 + 21𝑁𝑠
2 + 3𝑁𝑆 + 2], where 𝑁𝑖 , 𝑁𝑤, 

𝑁𝑠 are the number of iteration, the filter order and training data, 

respectively. p=2 for the CMA and 𝑁𝑠 is 1 since our algorithm 

is blind. For a system with 𝑁𝑆𝐶 = 512, 𝐾 = 4, 𝑁𝑠𝑝𝑎𝑛 =

20, 𝑑𝑙𝑖𝑛𝑘 = 2000  km, 𝑑𝑠𝑡𝑒𝑝  = 2.5 km, 𝑁𝑖 = 10 (related to 

C-parameter) and 𝑁𝑤=3, the BNLE is minimum about 70.7 and 

2.5 times less complex than DBP and VNLE, respectively. Fig. 

6(c) shows a FLOP comparison between the BNLEs and 

VNLE/DBP for different 𝑁𝑆𝐶 at 2000 km. 

IV. CONCLUSION 

A novel ML-RLS-based SVM-BNLE was experimentally 

demonstrated harnessing Sato and Godard-CMA for 

single-channel 16-QAM CO-OFDM and multi-channel QPSK 

CO-OFDM over up to 3200 km of fiber transmission. 

Compared to VNLE, BNLE reduced the fiber nonlinearity 

penalty especially when considering inter-channel 

nonlinearities (~1.7 dB in Q-factor at optimum transmitted 

power of -5 dBm) and high number of subcarriers. Sato 

marginally outperformed Godard-CMA by tackling more 

effectively stochastic nonlinear phase variations. Compared to 

DBP, BNLE outperformed for multi-channel QPSK since DBP 

cannot tackle inter-channel nonlinear cross-talk effects. 
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