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ABSTRACT

We explore the problem of making two matrices similar while at the same time
submatrices are similar. An approach is adopted based on ideas from state variable
feedback and control theory resulting in an easily implementable solution to the
problem. The method is perfectly general and puts no constraints on the matrices
other than they are real.

1. Derivation

1
We consider the problem of nested similar matrices. We begin with a given A and
B, real n x n, we want B similar to A, i.e.

B=NAN"! (1.1)

simultaneously if we partition A and B as follows:

ail | Cl,{ b11 | b,{
B =
a9 |A22 b2 |BQQ

A =
with a;; 1x1,af 1 x(n—1), a2 (n—1) x 1, Aga (n—1) x (n — 1), and similarly
for B we want Bso similar to Ass, i.e.,
Boy = M Ay M1 (1.2)
We want to explore the conditions under which this is possible, i.e. that matrices
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and submatrices can be similar. To begin, we write (1.1) as NA = BN, i.e.

ni1 | 'fL,{ a1 | af bll | b,{ nii | n{
ny | Noz az | Az by | MAyp M1 ny | Noz

(1.3)

We take it that A and M are given and that we have to find by1, b7, by (and thus
Bas)and nq1,ni, ng, Nag. We begin by writing the equation for the (2,1) blocks in

(1.3):
naayy + Nagag = banyy + M Ase M~ 'y

Sobongg = [Clnf - MA22M71] ng + Nogas

1
b2 = n—{[anl — MA22M_1] no + N22a2}
11

This defines by in terms of nq1,no and Nos. Note that we choose
ni1 7é 0
We now look at the (2,2) block in (1.3)
ngalT + Nog Aoy = bzn{ + M Age M ™! Noy
Using (1.6) to substitute for be, this gives

(1277;{:|

ni1

M Agos M~ Ny — Nao [A22 -

agn{

= MAQQM_lNQQI — I Noy |:A22 —
ni1

To address the solution of this we write the Nog in terms of its columns.
Nag = [(Na2)1, (Naz)2; - - -, (Na2)n—1]

and rearrange this as a single column of dimension (n — 1)% x 1:

(Na2)1

(Naz2)2

n =

(N22)n—1

Similarly we introduce the notation

1
F = nga{ - — [(IHI — MAQQM_I] ngan
ni1

1
:| = nza{ - — [au.[ — MAQQM_l]
ni1

(1.4)

(1.5)

(1.6)

(1.7)

(1.8)

1 _
= nga{ — T [au.[ — MAQQM 1] ngan
11

(1.9)

ngan

(1.10)

(1.11)

(1.12)

(1.13)
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and rewrite F in terms of its columns as
F:[(F)la(F)27"~7Fn—l] (114)

defining the (n — 1)2 x 1 column f as

f= : (1.15)

We now convert (1.10) to Kronecker product notation:

T T
CLQTL1:| o1

IT® MAypM ™ — [A22 - n=f (1.16)

ni

Now, as will be shown later, the (n — 1)? x (n — 1) matrix on the left hand

T
side of (1.16) is nonsingular if and only if M Ay M1 and |:A22 — amq have no

nii

eigenvalues in common, i.e. if and only if Ags and Az — 2™ have no eigenvalue

in common. Hence we invoke state variable feedback theorylh] provided (Asz, az)
form a controllable pair, i.e. provided

det [(127 Aggag, (A22)2a2, ey (AQQ)’”_ZGQ} 7é 0 (117)
It is possible to choose the 1 x (n — 1) row Z—i so that |:A22 — %] has any

desired eigenvalues, subject only to complex pairing (since the matrices are real).
We specify any n1; # 0 and select nf" accordingly.
Now lets look again at F'.

1
F = nga{ - [auI — MAggM_l} 77,2?’7/,{ (118)
n1

Having specified n1; and completed n? so that Ay and Ay — aian have no eigen-
values in common, all we need to do now is choose no,[(n — 1) x 1]}, so that F' # 0,
ie. f#01in (1.16). We then solve (1.16) for n, i.e. for Nag from (1.12).

We have now got nq1, n?ng and Nog, i.e. we have the n x n matrix N.

We must check that det NV # 0. We can write

T
det N = nll.det |:N22 - 2 :|
ni
, so that the extra condition here is
T
det {NQQ _ et ] £0 (1.19)
ni
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Note that we have by from equation (1.6)
Finally, we solve for by and b7 from the equation

[blla b’{] N = [nu,nﬂ A (120)

The first roy of BN is the first row of N A. This concludes the solution. It is worth

highlighting that in many applications the matrix A may be assumed to have n dis-
b11 | bt

tinct eigenvalues. In such a case it suffices that A and B= have
bo | MAQQM_l

the same characteristic polynomial. Note we make use of the observation that

b11 = a1 when a solution exists. The characteristic polynomial condition in this

case can then be expressed through the use of Schur complements as follows:

tr(aT Alyay) = tr(bT M AL, M~ 'by) (1.21)

for j =0,1,...,n — 2. From such a formulation a simple solution can be seen in the
form of Boy = MAQQM_l,bT = G{M_l,bg = Mas.

2. EXAMPLE

We assume A and M are given. In this example

1 5 =3
A=| 5 -4 15 ,M=[235 _65}
-7 2 9

where M has been chosen to be invertible. Next we specify any ni; # 0 and select
nT accordingly.
So let us arbitrarily choose ny; =5

T
n¥ is now arbitrarily chosen subject to the constraint that Agp and Agy — “2™L
have no eigenvalues in common, for example:

nii

ni =[3 —7]

Examination of the corresponding eigenvalues confirms the appropriateness of this
choice of n{. We now choose na,[(n — 1) x 1], so that F # 0, for example with:

=17

r_ 16.1965 5.5416
T | 224.3363 —471.4513

We use F then to solve (1.16) for n, i.e. for Nay from (1.12).

This yields

2
‘We would like to thank an anonymous reviewer for this insight
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We have now got nn,an,ng and Nayg, i.e. we have the n X n matrix N having
checked that det N # 0. N in this case is revealed as

5 3 —7
N= |5 —-0.63703 —1.66247
6 11.07589 —15.44987

We calculate by from equation (1.6) and the remaining unknown elements of B from
(1.20)
This reveals B as

1 12.379  0.35083
B = 4.62494  —2.85841 0.76991
—32.07305 56.54867 7.85841

and concludes the calculation.

In summary this worked example demonstrates how for a given A and M the
method described in this paper provides a means for calculating B and N such
that:

B=NAN"! (2.1)

and simultaneously with A and B partitioned as follows:

a1 | CL{ b11 | bip
A=|— | B=
as | Az by | By
with a;; 1 x1,af 1 x (n—1), a3 (n—1) x 1, Asy (n — 1) x (n — 1), that By, is
similar to Ags, i.e.,

By = M Ay M1 (2.2)
3. APPENDIX

nii

T
Nonsingularity of the (n—1)?x (n—1)% matrix, |I @ M AgpoM ! — |:A22 — M} ® I} .

To simplify the notation let’s write this as [ @ P — Q ® I].
Now let V; be an eigenvector of P belonging to the eigenvalue A; and W; be an
eigenvector of () belonging to the eigenvalue p;. Now consider

[eP-QeI|[W;oV]=[IcP|[W;aV]-[QcI][W;aV]
= [IW; @ PV;] - [QW; @ IV]]

= [W; @ MVi] = [psW; @ Vi]

=\ —pi) W @ V]

Therefore W; ® V; is an eigenvector of [I ® P — @ ® I] belonging to the eigenvalue
Ai — p;- A matrix is singular if and only if it has 0 as an eigenvalue. Therefore
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[I ® P — @Q ® I] is nonsingular if and only if P and @ have no eigenvalues in com-

1T
mon, i.e. if and only if M Ay M~ and [Az — ai?ll } have no eigenvalues in com-

T
mon, i.e. if and only if Ayy and Ay — % have no eigenvalues in common.
T
As mentioned, provided (Asg,as) is a controllable pair, no can always be chosen

3

to ensure this. Interestingly and relevant, a recent result [2] examines conditions
under which the Sylvester equation PX — X@Q = Z where P and () may have some
common eigenvalues, is solvable.
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