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We consider a quantum scalar field on the classical background of an asymptotically anti–de Sitter black
hole and the backreaction the field’s stress-energy tensor induces on the black hole geometry. The
backreaction is computed by solving the reduced-order semiclassical Einstein field equations sourced by
simple analytical approximations for the renormalized expectation value of the scalar field stress-energy
tensor. When the field is massless and conformally coupled, we adopt Page’s approximation to the
renormalized stress-energy tensor, while for massive fields we adopt a modified version of the DeWitt-
Schwinger approximation. The latter approximation must be modified so that it possesses the correct
renormalization freedom required to ensure the semiclassical equations are consistent. Equipped with these
approximations, the reduced-order field equations are easily integrated and the first-order (in ℏ) corrections
to the metric are obtained. We also compute the corrections to the black hole event horizon, surface gravity,
and minimum temperature as well as corrections to the photon sphere and quadratic curvature invariants.
We pay particular attention to the temperature profiles of the semiclassical black holes compared with their
classical counterparts, pointing out some interesting qualitative features produced by the backreaction.
These results ought to provide reasonable approximations to the first-order (one-loop) quantum back-
reaction on the geometry of asymptotically anti–de Sitter black holes when the exact numerical stress-
energy tensor sources the semiclassical equations.
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I. INTRODUCTION

Quantum field theory in black hole spacetimes has been
an important area of research since Hawking’s discovery
[1] that the gravitational field of a black hole stimulates the
emission of a low-energy quantum radiation. This insight
has led to some deep connections among gravity, quantum
mechanics, and thermodynamics (see, e.g., Ref. [2]) and
has, in some sense, been one of the arenas in which a search
for a quantum theory of gravity has been played out. While
there has been significant progress in our understanding of
these fundamental ideas over the decades, there still
remains a number of outstanding problems in the general
semiclassical framework that underpinned Hawking’s
original discovery, both conceptual and computational
challenges. For example, are the semiclassical Einstein
equations (17) the equations that emerge from a full
quantum theory of gravity in an appropriate semiclassical
limit? What about the existence and uniqueness of sol-
utions to these equations? On the pragmatic front, assuming
solutions exist, how do we compute them numerically and

what are their regimes of validity? There are, of course,
partial answers to aspects of these questions in the literature
(see, e.g., Refs. [3–10] for some relevant discussion), but
much of the endeavor has had a narrow focus on how to
compute the source term in the semiclassical equations,
the quantum expectation value of the stress-energy tensor
[11–22]. Moreover, usually the background spacetime is
fixed and possesses symmetries. This is understandable
since computing the source term is a necessary step and
already proved to be very challenging since it required a
regularization procedure to render the quantity of interest
well-defined (see Sec. II for details). While the conceptual
framework for this regularization prescription has long
been understood, the so-called point-split regularization
[23–28], only recently have efficient numerical schemes
been developed for its implementation in black hole
spacetimes [19–21]. Armed with efficient numerical
schemes for computing regularized quantum expectation
values, a natural progression now is to turn toward solving
the semiclassical equations, which remains a formidable
challenge. Given the labor and investment involved in
solving the semiclassical equations, it is prudent first to
attempt to gain some qualitative insight on the solutions
from approximate analytical means, if possible.
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In this paper, we are interested in quantum effects on
asymptotically anti–de Sitter (AdS) black holes and, in
particular, the quantum backreaction on such spacetimes
via the (reduced-order) semiclassical equations. Self-
consistent backreactions on these spacetimes are important
as a matter of principle since the end state of such a system
is not expected to be complete evaporation but rather the
black hole in stable thermal equilibrium. The reason is that
the AdS potential grows without bound as r → ∞ and this
effectively provides a reflective barrier resulting in an
evaporating black hole eventually reaching a point where
it is absorbing as much radiation as it emits. This raises an
issue of information loss in gravitational collapse [29] that
is different from the context often discussed where the
black hole ostensibly completely evaporates. In any case,
while this context provides a motivating factor for studying
these systems, here we make no attempt to address the
dynamical problem involving gravitational collapse, but
instead we seek static solutions to the semiclassical
equations perturbed about the Schwarzschild-AdS black
hole. Rather than solve the problem exactly, which as
mentioned above is a computationally intensive endeavor,
we adopt a simplified approach that replaces the renor-
malized expectation of the stress-energy tensor (RSET)
with a simple closed-form approximation. While this
strategy for computing the backreaction on a black hole
is not a novel one [30–36], oftentimes approximations are
employed that are either: (i) only valid for a very restrictive
set of field parameters, (ii) violate the properties required to
make the semiclassical equations consistent, (iii) not par-
ticularly accurate, or (iv) pathological in some region of the
spacetime. In order to cover a wide range of field
parameters, we adopt a two-pronged approach for our
approximation to the RSET, we use the Page approximation
[37] for a massless, conformally coupled field, and we use a
modified version of the DeWitt-Schwinger approximation
for massive, arbitrarily coupled fields. It is essential that the
latter approximation, as it is usually presented in the
literature, be modified in order to accommodate the correct
renormalization freedom which is needed to make the
semiclassical equations consistent. For the range of param-
eters studied, we find an approximate stress-energy tensor
that is regular on the entire exterior, possesses the correct
renormalization freedom, and is reasonably accurate.
With these approximations sourcing the semiclassical

equations and further assuming the perturbation induced by
the field’s stress-energy is static and spherically symmetric,
the equations reduce to two simple ordinary differential
equations (ODEs) which are straightforwardly integrated.
The result is a multidimensional space of black hole
solutions parametrized by the black hole mass, the AdS
length scale, and the quantum field parameters. Varying
these parameters gives a rich phenomenology to explore.
We focus on the temperature profiles in the space of
solutions; that is, we consider the temperature as a function

of the black hole radius assuming the AdS length scale is
fixed. We plot the semiclassical and classical temperature
profiles for a range of parameters to glean some qualitative
predictions about the nature of the semiclassical correc-
tions. Moreover, we used these profiles to examine for what
values of these parameters does the semiclassical approxi-
mation break down. We also examine the semiclassical
corrections to the unstable null circular orbit (the photon
sphere) and the quadratic curvature invariants.
The layout of the paper is as follows: In Sec. II, we

review the regularization and renormalization prescription
needed to make sense of the semiclassical equations, as
well as a reduction of order technique that rids the theory of
runaway solutions. In Sec. III, we introduce our approxi-
mation scheme for the stress-energy tensor and compare its
accuracy against exact results obtained numerically. In
Sec. IV, we compute the backreaction due to this approxi-
mate source term via the reduced-order semiclassical
equations. Finally, we discuss the results in Sec. V.

II. THE SEMICLASSICAL EQUATIONS

A. Stress-tensor regularization and renormalization

In this section, we review and discuss the renormaliza-
tion prescription that is essential to making sense of the
semiclassical equations. The starting point in the semi
classical approximation is to replace the stress-energy
tensor that appears on the right-hand side of the classical
Einstein field equations with the expectation value of the
stress-energy tensor operator for some quantum fields in a
unit-norm quantum state jAi,

Gab þ Λgab ¼ 8πGhAjT̂abjAi; ð1Þ

in units where c ¼ ℏ ¼ 1. As is well-known, the right-hand
side of these equations is meaningless since the stress-
energy tensor operator is quadratic in an operator-valued
distribution, and hence the expectation value is ill-defined.
In order to make sense of the theory, one requires a map
hAjT̂abjAi → hAjT̂abjAireg which renders the expectation
value finite which is compensated by an infinite renorm-
alization by some finite set of parameters in the theory. In
order to see what an appropriate map might look like
explicitly, let us simplify by assuming the only nongravita-
tional field present is a scalar field, and then we define the
point-split stress-energy tensor as

hAjT̂abjAi ¼ −i lim
x0→x

τ̂abGAðx; x0Þ; ð2Þ

where

GAðx; x0Þ≡ hAjT ϕ̂ðxÞϕ̂ðx0ÞjAi ð3Þ

is the Feynmann Green function for the scalar field in the
state jAi. The operator T appearing in the expression above
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is the time-ordering operator ensuring that the expression
above satisfies causality. The operator τ̂ab is any differential
operator that gives back the known expression for the
stress-energy tensor in the coincidence limit x0 → x, for
example, we take

τ̂ab ≡ ð1 − 2ξÞgb0b∇a∇b0 þ
�
2ξ −

1

2

�
gabgc0c∇c∇c0

− 2ξgac∇c∇b þ 2ξgab□þ ξGab −
1

2
m2gab; ð4Þ

where m and ξ are the scalar field mass and coupling to the
background curvature, respectively; ∇a is the covariant
derivative with respect to the metric gab; □ ¼ ∇a∇a is the
d’Alembertian operator; and gb0b is the bivector of parallel
transport. Since GAðx; x0Þ is a Green function, it satisfies
the inhomogeneous wave equation

ð□ − ξR −m2ÞGAðx; x0Þ ¼ −δðx; x0Þ; ð5Þ

where the right-hand side is the covariant Dirac delta
distribution. We restrict to a class of quantum states that
satisfy the so-called Hadamard condition (see, e.g.,
Ref. [38]), that is, states for which the Green function
has the following short-distance behavior [39]:

GAðx; x0Þ ¼
iΓd

2

�
Uðx; x0Þ

ðσðx; x0Þ þ iϵÞd=2−1

þ Vðx; x0Þ log
�
2σðx; x0Þ

l2
þ iϵ

�
þWAðx; x0Þ

�
;

ð6Þ

where U, V, and WA are symmetric biscalars and σ is
Synge’s world function corresponding to half the square of
the geodetic distance between two points (assuming there is
a unique geodesic connecting them). The parameter l here
is an arbitrary length scale needed to make the argument of
the log term dimensionless. In odd dimensions, this term is
irrelevant since V ≡ 0 for odd d. The coefficient appearing
in this expression is given by Γd ≡ Γðd=2 − 1Þ=ð2πÞd=2.
The term involving Uðx; x0Þ above is called the direct part
of the Hadamard form while the term involving Vðx; x0Þ is
known as the tail of the Hadamard form. Both of these
terms contain all the short-distance (or ultraviolet) diver-
gences. They are constructed only from the geometry
through the metric and its derivatives. The remaining term
WAðx; x0Þ depends on the quantum state and cannot be
determined by a local expansion.
Now in order to obtain a map that regularizes the

quantum stress-energy tensor, we postulate the existence
of a two-point function GSðx; x0Þ whose properties we will
discuss shortly. Now we can express the stress-energy
tensor as

hAjT̂abjAi ¼ −i lim
x0→x

τ̂abðGAðx; x0Þ −GSðx; x0ÞÞ
þ i lim

x0→x
τ̂abGSðx; x0Þ: ð7Þ

For this to be a useful procedure demands that the first limit
above be well-defined. This implies that the second limit
will diverge but we demand that this term can be absorbed
into some other terms on the left-hand side of the field
equations by an infinite renormalization of some param-
eters in the theory. This gives a set of properties that we can
demand of GSðx; x0Þ (see Ref. [40] for a similar axiomatic
construction of the regularized retarded Green function in
the classical self-force problem):

(i) GSðx; x0Þ is a parametrix for the Klein-Gordon wave
operator.

(ii) GSðx; x0Þ is symmetric.
(iii) GSðx; x0Þ is locally constructed from the geometry.

Existence of such a GSðx; x0Þ satisfying these properties is
straightforward, for example, taking GSðx; x0Þ to be

GSðx; x0Þ ¼
iΓd

2

�
Uðx; x0Þ

ðσðx; x0Þ þ iϵÞd=2−1

þ Vðx; x0Þ log
�
2σðx; x0Þ

l2
þ iϵ

�
þWðx; x0Þ

�
;

ð8Þ
where Wðx; x0Þ is any regular symmetric biscalar con-
structed only from the geometry. The simplest choice is the
trivial one Wðx; x0Þ≡ 0. Making this choice, we have

hAjT̂abjAireg ≡ −i lim
x0→x

τ̂abðGAðx; x0Þ −GSðx; x0ÞÞ

¼ Γd

2
lim
x0→x

τ̂abðWAðx; x0ÞÞ; ð9Þ

which is manifestly finite. Further defining

Θab ≡ iτ̂abGSðx; x0Þ ð10Þ

and introducing the notation ½·� to denote the coincidence
limit x0 → x, we have

hAjT̂abjAi ¼ hAjT̂abjAireg þ ½Θab�: ð11Þ

At this stage a couple of comments are in order. First, ½Θab� is
clearly ill-defined. We return to this below. Second, what we
have defined as hAjT̂abjAireg is not conserved in even
spacetimedimensions. In fact, ford even, it canbe shown that

∇bhAjT̂abjAireg ¼
Γd

2
½τ̂ab;bðWAÞ� ¼ −

dΓd

4
gab∇bv1; ð12Þ

where v1ðxÞ is the coincidence limit of the Hadamard
biscalar V1ðx; x0Þ [39,41]. This suggests the following
mapping:
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hAjT̂abjAi→Γd

2

�
½τ̂abWAðx;x0Þ�þ

d
2
gabv1

�
þ Θ̃ab; ð13Þ

where we now identify the first term in parentheses as the
regularized conserved quantum stress-energy tensor and the
second term is

Θ̃ab ¼ ½Θab� −
dΓd

4
gabv1: ð14Þ

To see how to deal with these terms, let us first implement
the mapping (13) in the semiclassical equations

G−1Gab þ Λ̃gab ¼ 4πΓd

�
½τ̂abWAðx; x0Þ� þ

d
2
gabv1

�
þ 8πΘ̃ab; ð15Þ

where we have divided across by G and defined Λ̃ ¼ Λ=G
for later convenience. Explicit expressions for Θ̃ab

are derivable for each d [39]. First note that Θ̃ab has
dimensions ½length�−d and can only depend on the
local geometry. For d ¼ 3, an expansion of Θab about x
before we consider coincidence limits gives terms of
the form m3gab and m2Gab. However, the coefficients of
these terms are singular in the coincidence limits.
Nevertheless, we reabsorb these terms into an infinite
renormalization of G−1 and Λ̃ on the left-hand side of
the semiclassical equations. Hence for d ¼ 3, the semi-
classical equations are

G−1
renGab þ Λ̃rengab ¼ 4πΓ3½τ̂abWAðx; x0Þ�: ð16Þ

Things are particularly simple for massless fields in any
odd dimensions where no parameters are renormalized; one
simply replaces the naive and ill-defined quantum stress-
energy tensor with the regularized one ½τ̂abWA�.
For the case of present interest, d ¼ 4, the situation is

considerably more complicated. The terms appearing in
the expansion of Θ̃ab are m4gab and m2Gab, as well as two
independent quadratic curvature tensors Aab and Bab.
Explicit expressions for Aab and Bab are given below,
but importantly they are each separately conserved. The
mass dependent terms again renormalize G−1 and Λ̃.
However, there are no terms on the left-hand side of
the field equations to absorb the higher curvature terms.
Hence, we need to consider the quadratic field equations
in the semiclassical approximation, the semiclassical
equations being

G−1
renGab þ Λ̃rengab þ αrenAab þ βrenBab

¼ 4πΓ4ð½τ̂abWA� þ 2gabv1Þ: ð17Þ

These equations are the starting point of the semiclassical
development. We note that oftentimes in the literature,

the quadratic terms on the left-hand side are omitted.
Without these, however, the solutions are dependent on
the particular choice of parametrix used to regularize the
right-hand side. These terms are necessary therefore to
ensure that different choices in the parametrix, i.e., different
choices for the regularization prescription, are degenerate
with different choices of renormalization of the constants
appearing in front of the geometrical tensors on the left-
hand side.

B. Reduction of order

Solving Eqs. (17) exactly is problematic for a number
of reasons. First, it is not even clear whether these equa-
tions are well-posed. They are fourth-order nonlinear
partial differential equations which are known to possess
runaway solutions [8,10]. Moreover, because the source
term depends on the quantum state, one needs to have
information everywhere on a past Cauchy surface to
determine the metric anywhere in the future, unlike the
classical Cauchy development.
One possible resolution to the problem of well-posed-

ness is the so-called reduction-of-order prescription. This
scheme is imported from electrodynamics [42] where the
self-interaction of the electron field with itself gives rise to a
third-order time derivative in the equations of motion. This
is resolved by expanding the solution around a background
solution which reduces the order of the equation when
terms above first order (in an appropriate small parameter)
are ignored. To see how this idea might be applied in
the semiclassical context, it is convenient to work again in
units where G ¼ 1, but reinstating ℏ as a small parameter,
whence the equations are (dropping the subscript on
renormalized parameters for typographical convenience)

Gab þ Λgab þ αℏAab þ βℏBab ¼ 8πℏhAjT̂ab½g�jAireg;
ð18Þ

where here it is convenient to adopt the notation

hAjT̂ab½g�jAireg ≡ Γ4

2
ð½τ̂abWA� þ 2gabv1Þ: ð19Þ

Now we assume a perturbative expansion of the metric and
quantum state of the form [10]

gab ¼ gab þ ℏhab þOðℏ2Þ;
jAi ¼ jAgi þOðℏÞ; ð20Þ

where, for simplicity, we are assuming that jAgi is a
quantum state for a Klein-Gordon scalar field on the fixed
background metric gab. Then to zeroth order in ℏ, gab is a
vacuum solution to the classical Einstein field equations.
The next order gives OðℏÞ quantum corrections to this
classical solution satisfying
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Gð1Þ
ab ½h� þ Λhab þ αAð0Þ

ab ½g� þ βBð0Þ
ab ½g�

¼ 8πhAgjT̂ab½g�jAgi; ð21Þ

where

Að0Þ
ab ½g� ¼

1ffiffiffiffiffiffiffi−gp δ

δgab

Z
d4x

ffiffiffiffiffiffiffi
−g

p
CcdefCcdef

¼ −2□Rab þ
2

3
∇a∇bRþ 1

3
gab□R −

1

3
gabR2

þ 4

3
RRab þ ðRcdRcdÞgab − 4RacbdRcd;

Bð0Þ
ab ½g� ¼

1ffiffiffiffiffiffiffi−gp δ

δgab

Z
d4x

ffiffiffiffiffiffiffi
−g

p
R2

¼ 2∇a∇bR − 2gab□Rþ 1

2
R2gab − 2RRab; ð22Þ

where all curvature terms and covariant derivatives here are

with respect to the background metric gab. The termGð1Þ
ab ½h�

is the linearized Einstein tensor which is explicitly given by

−2Gð1Þ
ab ½h� ¼ □h̄ab þ gab∇c∇dh̄cd − 2∇c∇ðah̄bÞc

− gabRcdh̄cd þ Rh̄ab; ð23Þ
where again covariant derivatives and curvature terms are
with respect to gab and h̄ab ¼ hab − 1

2
gabgcdhcd is the

trace-reversed metric perturbation. Finally, the source term
in (21) is the conserved quantum stress-energy tensor for a
scalar field on the fixed background gab in the quantum
state jAgi.
The crucial point is that the perturbation satisfies an

equation with time derivatives of second order. It is in this
sense that the perturbation scheme has reduced the order of
the equations and presumably removed unphysical run-
away solutions. Still these are extremely difficult equations
to solve, even numerically. Indeed, even computing the
source term is computationally challenging since an effi-
cient regularization prescription is required. While much
effort has been devoted to such regularization schemes in
recent years [19–21,43,44], there has been less progress on
solving exactly the reduced-order semiclassical equations
in contexts of physical interest.

III. APPROXIMATING THE STRESS-ENERGY
TENSOR FOR ANTI–de SITTER BLACK HOLES

In this section, we discuss the analytical approximations
for the expectation of the stress-energy tensor for a
quantum scalar field that we will use as the source term
when solving the reduced-order semiclassical equations.
We review the existing approximations in the literature, as
well as introducing a modified version of the well-known
DeWitt-Schwinger approximation for massive fields. First,
however, we briefly review the geometry and thermody-
namics of the Schwarzschild-AdS black hole.

A. Schwarzschild-AdS black holes

The Schwarzschild-AdS black hole spacetime is a static,
spherically symmetric solution to the vacuum Einstein
equations with negative cosmological constant Λ < 0. In
Schwarzschild-like coordinates, this solution has a line
element of the form

ds2¼gabdxadxb ¼−fðrÞdt2þdr2=fðrÞþ r2dΩ2
2; ð24Þ

where dΩ2
2 is the line element for S2 and

fðrÞ ¼ 1 −
2M
r

þ r2

L2
; ð25Þ

in units where G ¼ c ¼ 1. The parameter M is the
conserved mass and L ¼ ffiffiffiffiffiffiffiffiffiffiffiffi

−3=Λ
p

is the AdS curvature
length scale. The Ricci tensor and scalar for Schwarzschild-
AdS are, respectively, given by

Rab ¼ −
3

L2
gab; R ¼ −

12

L2
: ð26Þ

These coordinates are singular at r ¼ rþ where rþ is the
only real root of f, which has a rather complicated
expression in terms of M and L.
The hypersurface defined by r ¼ rþ is the black hole

event horizon. The surface gravity at the event horizon is

κ ¼ M
r2þ

þ rþ
L2

: ð27Þ

We will find it natural to parametrize the black hole not
in terms of ðM;LÞ, but rather in terms of ðrþ; LÞ since this
gives a clearer interpretation of the two length scales at
play. Moreover, we will also find it useful for the numerical
calculations described later in this paper to introduce a new
dimensionless radial coordinate ζ for which the event
horizon radius takes the same value irrespective of the
parameters rþ and L, defined by

ζ ¼ 2r
rþ

− 1: ð28Þ

In this new coordinate, the metric function assumes the
form

f̄ðζÞ ¼ fðrÞ ¼ ζ − 1

ζ þ 1
hðζÞ;

hðζÞ≡ 1þ r2þ
4L2

ðζ2 þ 4ζ þ 7Þ: ð29Þ

The event horizon r ¼ rþ is then located at ζ ¼ 1 for all rþ
and L, and the curvature singularity at r ¼ 0 is at ζ ¼ −1.
The function hðζÞ has no real roots. The asymptotically flat
Schwarzschild limit is given by L → ∞ whence hðζÞ ¼ 1.
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In terms of this parametrization ðrþ; LÞ, the surface gravity
of the black hole is

κ ¼ 1

2
f0ðrþÞ ¼

ð3r2þ þ L2Þ
2rþL2

: ð30Þ

Like asymptotically flat black holes, there is a natural
temperature T associated with Schwarzschild-AdS. To
see this, we note that the Euclidean section of the space-
time obtained by Wick rotating t → iτ would possess an
essential conical singularity at the horizon unless we
identify the Euclidean time coordinate with periodicity
β ¼ T−1 ¼ 2π=κ. Unlike asymptotically flat black holes,
there exists a minimum temperature which can be seen
by differentiating Eq. (30) with respect to rþ and solving
for the critical points. The only stationary point occurs at
rminþ ¼ L=

ffiffiffi
3

p
and the corresponding minimum temperature

is Tmin ¼ ð2πÞ−1ð ffiffiffi
3

p
=LÞ.

Thermal states in Schwarzschild-AdS are in thermal
equilibrium with a locally measured temperature

T loc ¼ Tf−1=2ðrÞ: ð31Þ

Due to the confining nature of the AdS potential as r → ∞,
the locally measured temperature decreases indefinitely as
the boundary is approached, unlike the asymptotically flat
case. This implies that the total energy of thermal radiation
in Schwarzschild-AdS is finite. This provides part of the
motivation for considering thermal states in asymptotically
AdS black holes. In contrast, in Ref. [30], the backreaction
on a Schwarzschild black hole due to a quantum scalar field
in a thermal state was considered, but the approximation
used diverged at infinity and it was necessary to place the
black hole in a box to avoid these issues. In asymptotically
AdS spacetimes, no such measures are needed since the
AdS potential effectively provides a confining box.

B. Review of existing approximations

There exists several approximations for the vacuum
polarization and stress-energy tensor in the literature.

The most common approximations are for conformally
invariant fields. These approximations usually rely on
computing closed-form expressions for hAjT̂a

bjAi in a
simplified (usually ultrastatic) spacetime conformally
related to the spacetime of interest. This technique was
first adopted by Page [37] to approximate the stress-energy
tensor for conformal scalar fields in the Hartle-Hawking
state in Schwarzschild, a result which was extended to the
Boulware vacuum state by Frolov and Zel’nikov [45]. It is
Page’s approximation that was used by York [30] to
compute the backreaction on a Schwarzschild black hole.
Brown and Ottewill [41] generalized Page’s approxima-

tion to include a more general class of conformal trans-
formations than those considered by Page which allowed
them to construct new approximations for the stress-energy
tensor. They also generalized to other conformal fields,
deriving approximations for neutrino and electromagnetic
field contributions to the stress-energy tensor, though it
was later shown that the approximation for electromagnetic
fields was a poor one near a Schwarzschild black hole [46].
This shortcoming was rectified by Frolov and Zel’nikov in
a more general approximation scheme that was valid for
any static spacetime. Their method has a free parameter
which can be chosen so that the stress-energy tensor
matches exact values on the horizon of a Schwarzschild
black hole. However, their approximation for the stress-
energy tensor of a scalar field in the Hartle-Hawking state
of a Reissner-Nordström black hole is singular on the
horizon, while the exact tensor is finite there.
Thus far, we have mentioned only approximations for

conformal fields. For fields with large mass, an oft-used
approximation to the stress-energy tensor is the DeWitt-
Schwinger approximation (see, for example, [47]). Based
on heat kernel methods for expanding the singular field, it
is a purely local approximation independent of the quantum
state, unlike the other approximations we discussed. For an
arbitrary spacetime, the DeWitt-Schwinger approximation
takes on a rather complicated form; however, for Einstein
spacetimes satisfying Rab ¼ Λgab for some constant Λ, the
expression simplifies considerably yielding

ð96π2m2ÞhT̂abiDS ¼ −
1

15

�
ξ −

3

14

�
RpqrsRpqrs;ðabÞ −

1

15

�
ξ −

13

56

�
Rpqrs

;aRpqrs;b −
1

70
Rpqr

a;sRpqrb
;s

þ 2

315
RpqrsRpqtaRrs

t
b þ

4

63
RprqsRt

pqaRtrsb −
2

315
Rpqr

sRpqrtRs
a
t
b þ

4

15
Λ
�
ξ −

1

4

�
Rpqr

aRpqrb

þ gab

�
1

15

�
ξ −

19

112

�
Rpqrs;tRpqrs;t þ 1

10

�
ξ −

1

6

�
ΛRpqrsRpqrs −

4

15

�
ξ −

41

252

�
RpqrsRp

u
q
vRrusv

−
1

15

�
ξ −

47

252

�
RpqrsRpquvRrs

uv þ Λ3

�
16

�
ξ −

1

6

�
3

−
2

15

�
ξ −

1

6

�
þ 2

945

��
: ð32Þ

Evaluating this tensor for the particular case of the Schwarzschild-AdS spacetime, the nonzero components are explicitly
given by
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hT̂r
riDS ¼

1

10080π2m2L6r9
½14L6M3ð216ξ − 47Þ − 21L4M2rð3L2ð32ξ − 7Þ þ ð168ξ − 37Þr2Þ

þ ð185 − 45360ξ3 þ 22680ξ2 − 3654ξÞr9�

hT̂t
tiDS ¼

1

10080π2m2L6r9
½2L6M3ð1237 − 5544ξÞ þ 3L4M2rð15L2ð112ξ − 25Þ þ ð1176ξ − 263Þr2Þ

þ ð185 − 45360ξ3 þ 22680ξ2 − 3654ξÞr9�

hT̂θ
θiDS ¼

1

10080π2m2L6r9
½2L6M3ð1543 − 7056ξÞ þ 3L4M2rð63L2ð32ξ − 7Þ þ ð1176ξ − 257Þr2Þ

þ ð185 − 45360ξ3 þ 22680ξ2 − 3654ξÞr9�: ð33Þ

C. Approximations to hT̂a
bi for the

Schwarzchild AdS spacetime

We now turn to the task of developing appropriate
approximations for the expectation value of the stress-
energy tensor for a scalar field in Schwarzschild-AdS
that will enable us to accurately compute the backreaction
on this family of black holes. We will discuss two distinct
and separate approximations, one which is based on the
DeWitt-Schwinger approximation for massive fields and
the other which is based on Page’s approximation for
conformal fields. Before discussing these approximations,
however, we first discuss the general properties we wish our
approximation to satisfy.
While our approximate stress-energy tensor operators are

not exact, in order for the semiclassical equations to make
sense mathematically and for the physics to be reasonable,
we insist on the following:

(i) The approximate RSET should be exactly conserved.
(ii) The approximate RSET represents a one-parameter

family of tensors parametrized by an arbitrary length
scale l and transforms appropriately under a
change in this length scale (see Sec. IV). The
exception to this is for conformal fields (m ¼ 0,
ξ ¼ 1=6) whence the ambiguity is fixed by insisting
we retrieve the standard trace anomaly hT̂a

ai ¼
v1ðxÞ=ð4π2Þ [48].

(iii) Our approximate RSET should asymptote to the
exact tensor as r → ∞.

(iv) Our approximate RSET should be regular on the
black hole horizon in a freely falling frame and
respect the symmetries of the background spacetime.

For the second of these properties, the renormalization
ambiguity is particularly simple when the background
spacetime is an Einstein spacetime, since the geometrical
tensors Að0Þ

ab and Bð0Þ
ab that appear on the left-hand side of the

semiclassical equations [cf. Eqs. (21) and (22)] vanish
identically. Hence changes in the arbitrary length scale of
our approximate RSET must correspond to a change in
terms proportional to the metric and are degenerate with
different renormalizations of the cosmological constant
Λren on the left-hand side of the semiclassical equations.

Imposing property 4 implies a natural association with
the field in the Hartle-Hawking state. For the Page stress-
energy tensor, the thermal nature of the approximation is
explicit in its construction and can be unambiguously
associated with the Hartle-Hawking state when applied
to a stationary black hole spacetime. However, the
DeWitt-Schwinger approximation is a purely local one
independent of the quantum state. On the other hand, of
the quantum states usually considered on a black hole
spacetime, the Boulware state diverges on the future
horizon, the Unruh state does not exist since the AdS
potential barrier prevents a flux of radiation out to infinity
[29], whereas the Hartle-Hawking state is regular on both
the past and the future horizons and the RSET in this state
has the same symmetries as the background spacetime.
Hence there is still a sense in which one would expect the
backreaction sourced by this approximation to best
approximate the exact backreaction for the field in the
Hartle-Hawking state.

1. Modified DeWitt-Schwinger approximation

In this subsection, we develop an approximation for
large mass fields which takes, as its starting point, the
DeWitt-Schwinger approximation (33). This expression is
not appropriate as is since it does not satisfy properties 2
and 3 above. In order to guarantee that all properties are
satisfied, we must exploit the freedom we have to add to
this any geometrical second-rank conserved tensor. In this
case, the only freedom we have is to add a term propor-
tional to the metric which ought to vanish for conformal
fields (see Sec. II). Hence, we take as an ansatz

hT̂a
bilDS ¼ hT̂a

biDS þ
3

128π2
δab

�
C1m4

ξ þ C2m2m2
ξ

þ C3

m2

L2
þ C4

L4

�
; ð34Þ

where C1;…; C4 are dimensionless parameters and we
have parametrized the dependence on ξ in terms of an
effective mass
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m2
ξ ¼ m2 −

12

L2

�
ξ −

1

6

�
; ð35Þ

which is defined in such a way that it vanishes for
conformally invariant fields. Note that the Klein-
Gordon equation satisfied by the classical scalar field
has stable solutions only for fields satisfying the so-called
Breitenlohner-Freedman bound m2

ξL
2 ≥ −1=4 [49,50].

Now the constantsC1;…; C4 are determined by demanding
that our approximation reproduces the correct asymptotic
value as r → ∞; i.e., we recover the exact known stress-
energy tensor in a global vacuum state for pure AdS
spacetime [51]

hT̂a
biAdS ¼

3

128π2
δab

�
m2m2

ξ

�
4

3
ln

�
2L
l

�

−
4

3
ψ

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L2m2

ξ þ
1

4

r
þ 1

2

�
−
1

3

�

þ 1

3
m4

ξ þ
2m2

9L2
−

2

45L4

�
: ð36Þ

We remark that this is not precisely the same form for the
tensor given in Ref. [51] but the two are easily seen to be
equivalent through a particular choice of arbitrary length
scale l. We have chosen a representation with a particularly
simple flat spacetime limit,

hT̂a
biAdS ∼ δab

m4

32π2
ln

�
2

lm

�
; L → ∞: ð37Þ

Wealso note here that (36) is theRSET for a scalar field in the
global vacuum state satisfying Dirichlet boundary condi-
tions. However, wewish to associate our approximationwith
the Hartle-Hawking state satisfying Dirichlet boundary
conditions which is a mixed thermal state. While simple
closed-form expressions are not known for thermal states in
pureAdS, the asymptotic behavior is the sameas those for the
vacuum state. Since we are only requiring that our approxi-
mation has the correct asymptotics as r → ∞, it matters not
whether we take the limit of the thermal state RSET or
vacuum state RSETon pure AdS, sowemay as well take the
latter. A further complication is that the correct comparison
for the asymptotics is not between Eq. (36) and Eq. (33) but
rather between a large-m expansion of Eqs. (36) and (33).
From the asymptotic expansion of the digamma function,
ψðzÞ ¼ ln zþOð1=zÞ, we see that

hT̂a
biAdS ¼ δab

128π2

�
−4m2m2

ξ lnðlm=2Þ þ 12

�
ξ −

1

6

�
m2

L2

þ 4ð185 − 45360ξ3 þ 22680ξ2 − 3654ξÞ
315m2L6

þOðm−4Þ
�
: ð38Þ

Comparing with (33), we recognize the last term here as the
dominant contribution from the DeWitt-Schwinger approxi-
mation in the large r limit. Hence, obtaining the correct
asymptotics necessitates that C1 ¼ C4 ¼ 0 and

C2 ¼ −
4

3
lnðlm=2Þ; C3 ¼ 4

�
ξ −

1

6

�
; ð39Þ

whence we can express our modified DeWitt-Schwinger
approximation as

hT̂a
bilDS ¼ hT̂a

biDS −
1

32π2
δab

�
m2m2

ξ lnðlm=2Þ

− 3

�
ξ −

1

6

�
m2

L2

�
: ð40Þ

This expression now satisfies all the properties that we
required, at least up to Oðm−4Þ in a large mass expansion.
In order to arrive at this form of our approximation,

we relied on the well-known ambiguity in the renormal-
ization of the stress-energy tensor; i.e., the renormalization
prescription provides an equivalence class of RSETs para-
metrized by l rather than a particular tensor. This fact
makes discussing the accuracy of an approximation some-
what confusing. For example, the DeWitt-Schwinger
approximation as it is usually presented possesses no
renormalization ambiguity and is claimed to be a good
approximation to the exact RSET. However, the exact
RSET is computed for a particular choice of length scale
in, say, the Hadamard regularization procedure but the
different choice of this length scale can produce very
different numerical results. It is not completely obvious
which l in the family of exact RSETs we should be
comparing with any given approximation. Instead, we say
there exists a mapping between the family of approximate
RSETs and exact RSETs for which each member in the
latter family of tensors can be well approximated by a
member in the former family of tensors. There is a sense in
which it does not matter since the RSET itself is not the
object of physical interest but rather the geometry of the
backreaction, and this does not distinguish between differ-
ent renormalization length scales. Hence, the most prag-
matic approach to solving the backreaction equations is to
source the semiclassical equations by hT̂a

biDS and absorb
the terms with an explicit l-dependence into a renormal-
ization of the cosmological constant on the left-hand side
of the semiclassical equations. Nevertheless, it is useful
for assessing the accuracy of an approximation to keep the
l-dependence in the RSET.

2. Approximation for conformal fields

While the above approximation is valid for large field
mass, it is clearly pathological for massless fields. We
require a separate approximation for this case. It is difficult
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to develop a massless approximation for general couplings.
However, for conformal coupling ξ ¼ 1=6, one can lever-
age the invariance of the scalar field theory under con-
formal rescalings to enable us to work on the conformally
related ultrastatic spacetime where good approximations
for the thermal propagator can be obtained. This is the

essence of the Page approximation [37], which uses as its
basis the Gaussian path-integral approximation for the
thermal propagator [52] on the ultrastatic spacetime to
obtain an approximation for the RSET in the Hartle-
Hawking state on static Einstein spacetimes. For a line
element of the general form (24), the result is

hT̂a
biP ¼ 1

5760π2f2

�
4κ4ðδab − 4δa0δ

0
bÞ þ 8C̃ca

dbð3f−1f1=2;c f1=2;d − R̃d
cÞ þ

2

3
B̃a

b − Ãa
b −

2

3
Λ2f2δab

�
; ð41Þ

where the tildes here indicate that these tensors are evaluated on the conformally related ultrastatic spacetime g̃ab ¼ f−1gab,
κ ¼ 2πT with T the temperature, C̃ca

db is the Weyl tensor, and the tensors Ãa
b and B̃a

b are given by Eq. (22) evaluated on
this ultrastatic spacetime. More explicitly, for a conformal scalar field in the Hartle-Hawking state on Schwarzschild-AdS
spacetime where f is given by (25), the Page approximation yields

hT̂r
riP ¼ 1

2880π2L8r8fðrÞ2 ½2L
8ð15M4 − 12M3rþ 2M2r2 þ κ4r8Þ þ 4L6Mr3ð6M2 − 9Mrþ 2r2Þ

þ L4r6ð−72M2 þ 36Mr − 5r2Þ þ 6L2r9ð2M − rÞ − 3r12�;

hT̂t
tiP ¼ 1

960π2L8r8fðrÞ2 ½L
8ð66M4 − 72M3rþ 20M2r2 − 2κ4r8Þ þ 4L6M2r3ð13r − 22MÞ

þ L4r6ð48M2 − 4Mrþ r2Þ þ 2L2r9ð6M − rÞ − r12�;

hT̂θ
θiP ¼ 1

2880π2L8r8fðrÞ2 ½L
8ð−18M4 þ 24M3r − 8M2r2 þ 2κ4r8Þ þ 4L6Mr3ð6M2 − 3Mr − r2Þ

þ L4r6ð−36M2 þ 12Mr − 5r2Þ − 6L2r10 − 3r12�: ð42Þ

For conformal fields, there is no renormalization ambi-
guity and one can speak unambiguously about the accuracy
of the approximation. For Schwarzschild spacetime,
Eq. (41) is known to be a very good approximation for
scalar fields. However, the approximation does not seem to
perform as well for Schwarzschild-AdS. The reason is
likely that, as already mentioned, Page’s approximation
uses the Gaussian path-integral approximation for the
thermal propagator counting only the contributions coming
from the shortest geodesic connecting points x and x0. The
contributions from other geodesics are ignored. The error in
ignoring the other terms is compounded in Schwarzschild-
AdS since the geodesic structure is more complicated
owing to the unbounded potential [53]. For example, there
are families of bound null geodesics in the Schwarzschild-
AdS spacetime that do not exist in the Schwarzschild
spacetime. Simply put, ignoring all but the shortest geo-
desic connecting two points means there is more to
ignore in Schwarzschild-AdS geometry relative to the
Schwarzschild geometry. Notwithstanding the fact that this
approximation is less accurate relative to its accuracy in
Schwarzschild spacetime, we still adopt this approximation
for conformal scalar fields in our backreaction scheme in
the following section, in part because we are not aware of a
better approximation for massless fields but also we note
that adopting this approximation gives consistent equations

(up to first order in our perturbation scheme) which satisfy
all the criteria we set out above. Moreover, the approxi-
mation should still give reasonable order-of-magnitude
estimates for the semiclassical effects on the background
geometry.

D. Numerical comparison of approximations

In order to draw conclusions on the accuracy of the Page
and modified DeWitt-Schwinger approximations, we
require full numerical results for the expectation value of
the stress-energy tensor of a quantum scalar field for
comparison. To obtain these we employ the method of
[18]. As is well documented, obtaining numerical results
for the quantum stress-energy tensor in a given spacetime is
a long and arduous process, and we refer the reader to [18]
for a detailed description of the approach taken in this
paper. For now, it suffices to say that we used this method to
calculate the nonzero components of the expectation value
of the stress-energy tensor of a quantum scalar field in the
Hartle-Hawking state on a “tortoiselike” grid of 30 points
in the exterior region of a Schwarzschild-AdS black hole,
including the exact horizon value. For clarity of presenta-
tion we perform the numerical calculations in terms of the
dimensionless radial coordinate ζ described in Sec. III A as
it fixes the location of the event horizon to be unity for each
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parameter set. In the plots contained in this section we
focus on a conformally and a minimally coupled field with
rþ ¼ L ¼ 10. As we wish to compare both the Page
approximation and the modified DeWitt-Schwinger
approximation, we include plots for both conformal and
massive fields. Ideally in order to assess the accuracy of the
modified DeWitt-Schwinger approximation, we would
include comparison plots for increasing values of m until
a reasonable level of accuracy is observed. However, the
error in the numerical scheme increases with increasing m,
rendering comparisons unreliable for mrþ > 2. Indeed,
even formrþ ¼ 2 the errors in the numerical calculation are
such that the results plotted in this section are only useful
for comparison purposes and would not be of the accuracy
required to, for example, solve the semiclassical field
equations numerically. Inspection of the comparison plots
for mrþ ¼ 2 demonstrate that the largest error in the
approximation occurs at the event horizon, and therefore
a comparison on the horizon itself, using the exact results
obtained in [17], should provide a good indication of the
accuracy of the modified DeWitt-Schwinger approximation
in the entire exterior region for values of mrþ > 2. The
difficulty in obtaining highly accurate numerical results
reinforces the need for approximations.
To obtain plots for nonconformal fields, we must fix

the renormalization ambiguity. We set the renormalization
length scale l contained in the modified DeWitt-Schwinger
approximation Eq. (40) to be

l ¼ 2

m
exp

�
6ξ − 1

2m2L2

�
: ð43Þ

With this particular choice, hT̂a
bilDS remains bounded in the

large m limit, in keeping with the large m behavior of the
standard DeWitt-Swinger approximation.
We must also fix a value for the arbitrary length scale

contained in the numerical calculations of the exact hT̂a
bi,

which we choose to set as

lnumeric ¼
ffiffiffi
2

p
exp f3=4 − γgl; ð44Þ

where γ is Euler’s constant and l is given by Eq. (43).
Making this choice for the arbitrary length scales for both
the approximate and the exact hT̂a

bi leads to agreement
on the AdS boundary to leading order in m. Here and
henceforth, we suppress the dependence of the numerical
RSET on the Hartle-Hawking state, and we suppress any
reference to whether the approximate RSET is the Page
approximation or the DeWitt-Schwinger approximation;
the particular stress-energy tensor being considered will be
clear from the context.
In Figs. 1 and 2 we compare the full numerical results for

the hT̂r
ri and hT̂t

ti components, calculated in terms of the
variable ζ using the method of [18], with both the Page
approximation (for conformal fields only) and the modified
DeWitt-Schwinger approximation for both a conformally
and a minimally coupled scalar field in the Hartle-Hawking
state with rþ ¼ L ¼ 10 and m ¼ 0 and m ¼ 2=rþ. In
Fig. 3, we plot the event horizon values of the hT̂t

ti (=hT̂r
ri)

component alongside its modified DeWitt-Schwinger
approximation, with rþ ¼ L ¼ 10, for both a conformally
and a minimally coupled scalar field as a function of
increasing m. We choose to compare the hT̂r

ri and hT̂t
ti

components only since, as will be seen in Sec. IV, they
appear in the source terms of the semiclassical field
equations.
In Fig. 1 for the conformal field we see that Page’s

approximation fails to be an accurate approximation in the
vicinity of the event horizon but is accurate for interme-
diary values of ζ and is exact in the limit of ζ → ∞. On
general grounds, we expect that the DeWitt-Schwinger
approximation should be reasonably accurate when the
Compton wavelength of the scalar field is much smaller
than the black hole, which in Planck units implies that
mrþ ≫ 1. It is often the case, however, that the approxi-
mation works even for modest values; for example, in
Ref. [13] it was found that for the Reissner-Nordström
spacetime, the DeWitt-Schwinger approximation is reliable

FIG. 1. Plots of the hT̂r
ri and hT̂t

ti components in green alongside the Page approximation (dashed lines) for a conformal field in the
Schwarzschild-AdS spacetime with rþ ¼ L ¼ 10.
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in the vicinity of the event horizon provided that mrþ ≳ 4.
For the Schwarzschild-AdS spacetime, we see in Figs. 2
and 3 that the modified DeWitt-Schwinger approximation
is not a very accurate approximation near the black hole for
small values of m but as expected the accuracy of this
approximation, at least at the event horizon, increases with
m. In the case of the Reissner-Nordström spacetime, the

approximation fails to be accurate for large values of r
where the nonlocal temperature-dependent contribution to
the quantum stress tensor dominates [13]. However, in the
Schwarzschild-AdS spacetime considered in this paper, we
see that the modified DeWitt-Schwinger approximation
becomes increasingly accurate as the distance from the
black hole increases, at least with an appropriate choice

FIG. 2. Plots of the hT̂r
ri and hT̂t

ti components in green alongside the modified DeWitt-Schwinger (dashed lines) for both a
conformally and a minimally coupled scalar field in Schwarzschild-AdS spacetime with rþ ¼ L ¼ 10 and for mrþ ¼ 2.

FIG. 3. Plots of the hT̂t
ti (=hT̂r

ri) component in green alongside the modified DeWitt-Schwinger (dashed lines). Here we plot event
horizon values as a function of mrþ for both a minimally and a conformally coupled scalar field in Schwarzschild-AdS spacetime with
rþ ¼ L ¼ 10.
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of l. This is a consequence of the locally measured
temperature decreasing indefinitely as the AdS boundary
is approached.

IV. THE BACKREACTION

A. The field equations

In this section, we will use our approximation for the
expectation of the stress-energy tensor for a quantum
scalar field to solve the backreaction equations on the
Schwarzschild-AdS spacetime to first order in ℏ.
We seek solutions of Eq. (21) with the source term

hAgjT̂ab½g�jAgi given by Eq. (40) for massive fields and
Eq. (42) for conformal fields. As discussed in the previous

section, both Að0Þ
ab ½g� and Bð0Þ

ab ½g� in Eq. (21) vanish for the
Schwarzschild-AdS spacetime, by virtue of Eq. (26). In
order to solve Eq. (21), one requires a functional form for
the perturbation of the classical metric, hab. Following the
method of [30], we are able to reduce Eq. (21) to a system
of two ODEs, which are easily integrated in terms of
elementary functions. While we assume in this study that
the backreaction and the background geometry are static,
we refer the reader to [54–63] for interesting work on the
backreaction of evaporating black holes.
Before proceeding we note that the approximate RSET

for both massive fields and conformally invariant fields
have a contribution that is proportional to the background
metric. Moreover, for massive fields, this contribution
contains the arbitrary length scale l which encodes the
renormalization ambiguity. As we have stressed above, this
ambiguity cannot be physical and is degenerate with
ambiguities in the renormalization of coefficients on the

left-hand side of the semiclassical equation. It is therefore
more transparent at this point to absorb the terms in the
RSET that are proportional to the metric into a renormal-
ization of the cosmological constant. In doing this, we
render the equations and hence solutions explicitly inde-
pendent of the length scale l. In other words, we now
consider a perturbation about a Schwarzschild-AdS
black hole with a renormalized cosmological constant
Λ̂ ¼ −3=L̂2, where Λ̂ has absorbed terms in the RSET
proportional to the metric. For the DeWitt-Schwinger
approximation for massive fields, the renormalization is
explicitly given by

Λ̂ ¼ Λ − 8πℏTAdS; ð45Þ

where we have identified the coefficient of the metric in the
RSET as

TAdS ¼
1

2520π2

�
1

m2L̂6
ð185−45360ξ3þ22680ξ2−3654ξÞ

−
315m2

L̂2

�
m2

ξL̂
2 lnðlm=2Þ−3

�
ξ−

1

6

���
: ð46Þ

Then the perturbation hab satisfies a simplified equation

Gð1Þ
ab ½h� þ Λ̂hab ¼ 8πhT̂abi; ð47Þ

where hT̂abi is given by Eq. (33) with the constant terms
omitted and with the bare cosmological length scale L
replaced by the renormalized length scale L̂, namely,

hT̂r
ri ¼

1

10080π2m2L̂6r9
½14L̂6M3ð216ξ − 47Þ − 21L̂4M2rð3L̂2ð32ξ − 7Þ þ ð168ξ − 37Þr2Þ�;

hT̂t
ti ¼

1

10080π2m2L̂6r9
½2L̂6M3ð1237 − 5544ξÞ þ 3L̂4M2rð15L̂2ð112ξ − 25Þ þ ð1176ξ − 263Þr2Þ�;

hT̂θ
θi ¼

1

10080π2m2L̂6r9
½2L̂6M3ð1543 − 7056ξÞ þ 3L̂4M2rð63L̂2ð32ξ − 7Þ þ ð1176ξ − 257Þr2Þ�: ð48Þ

Similarly, for conformal scalar fields, the last term in Page’s approximation given by Eq. (41) is proportional to the metric
and can be renormalized in the same way with

Λ̂ ¼ Λþ ℏ

120πL̂4
: ð49Þ

Then the perturbation satisfies (47) with a simplified source term given by

hT̂r
ri ¼

1

1440π2fðrÞ2
�ð15M4 − 12M3rþ 2M2r2 þ κ4r8Þ

r8
þ 2Mð6M2 − 9Mrþ 2r2Þ

L̂2r5
−
ð30M2 − 12Mrþ r2Þ

L̂4r2

�
;

hT̂t
ti ¼

1

480π2fðrÞ2
�ð33M4 − 36M3rþ 10M2r2 − κ4r8Þ

r8
þ 2M2ð13r − 22MÞ

L̂2r5
þ ð26M2 − 4Mrþ r2Þ

L̂4r2
þ 4Mr

L̂6

�
;

hT̂θ
θi ¼

1

1440π2fðrÞ2
�ð−9M4 þ 12M3r − 4M2r2 þ κ4r8Þ

r8
þ 2Mð6M2 − 3Mr − r2Þ

L̂2r5
þ ð−12M2 − r2Þ

L̂4r2
−
6Mr

L̂6

�
: ð50Þ

PETER TAYLOR and CORMAC BREEN PHYS. REV. D 103, 025006 (2021)

025006-12



We can now proceed to solve Eq. (47) with these
simplified source terms. We begin by transforming
coordinates from the Schwarzschild-like coordinates
given in Eq. (24) into the equivalent of the advanced-time
Eddington-Finkelstein coordinates, given by the following
transformation:

dv ¼ dtþ 1

fðrÞ dr; ð51Þ

where fðrÞ ¼ 1–2M=rþ r2=L̂2. In this coordinate trans-
formation, the Schwarzschild-AdS line element takes the
form

ds2 ¼ gabdxadxb ¼ −fðrÞdv2 þ 2dvdrþ r2dΩ2
2; ð52Þ

and the relevant components of the quantum stress-energy
tensor transform as

hT̂v
vi ¼ hT̂t

ti;

hT̂v
ri ¼

1

fðrÞ ðhT̂
r
ri − hT̂t

tiÞ: ð53Þ

We note here that hT̂v
ri remains finite as the event horizon

is approached [fðrÞ → 0]. We seek solutions of the
reduced-order semiclassical equations that respect the
symmetries of the background metric gab; in other words,
we seek a perturbed metric gab that is both static and
spherically symmetric.
In the new coordinate system, we may satisfy this

condition by taking gab to have the form

gvv ¼ −ΨðrÞ2
�
1 −

2MðrÞ
r

þ r2

L̂2

�
;

gvr ¼ grv ¼ ΨðrÞ;
gθθ ¼ gθθ; gϕϕ ¼ gϕϕ; ð54Þ

where ΨðrÞ is assumed to be nonvanishing in the region of
interest. In the spirit of the reduction-of-order approach
outlined in Sec. II, we assume perturbation expansions of
the functions ΨðrÞ and MðrÞ of the form

ΨðrÞ ¼ 1þ ℏρðrÞ þOðℏ2Þ;
MðrÞ ¼ Mð1þ ℏμðrÞÞ þOðℏ2Þ: ð55Þ

Inserting these expansions into the expressions contained in
Eq. (54) and neglecting terms that are Oðℏ2Þ yield the
following form of the first-order metric perturbation,

hvv ¼ −2fðrÞρðrÞ þ 2M
r

μðrÞ;
hvr ¼ hrv ¼ ρðrÞ;
hθθ ¼ hϕϕ ¼ 0: ð56Þ

Inserting hab into Eq. (23) yields to first order in ℏ:

Gð1Þr
r þ Λ̂hrr ¼

2

r2
½rfðrÞρ0ðrÞ −Mμ0ðrÞ�;

Gð1Þv
r þ Λ̂hvr ¼

2

r
ρ0ðrÞ;

Gð1Þv
v þ Λ̂hvv ¼ −

2M
r2

μ0ðrÞ: ð57Þ

All other components vanish except Gð1Þθ
θ and Gð1Þϕ

ϕ,
which are equal and which we can ignore as the field
equations involving these terms are satisfied identically
through the contracted Bianchi identity. Substituting these
in turn into Eq. (47) yields the following set of ODEs:

2M
r2

μ0ðrÞ ¼ −8πhT̂t
ti;

2

r
ρ0ðrÞ ¼ 8πhT̂v

ri ¼
8π

fðrÞ ðhT̂
r
ri − hT̂t

tiÞ;
2

r2
½rfðrÞρ0ðrÞ −Mμ0ðrÞ� ¼ 8πhT̂r

ri; ð58Þ

where the components of hT̂a
bi are given by Eqs. (48) and

(50) for massive and conformally invariant scalar fields,
respectively. Only two of these equations above are
independent; clearly the first two equations imply the third.

B. Backreaction for massive fields

For massive fields, Eqs. (58) are straightforward to
integrate with (48) as the source term yielding

μðrÞ ¼ 1

2520πm2

�
M2

3r6
ð1237 − 5544ξÞ þ 9M

r5
ð112ξ − 25Þ

þ M

L̂2r3
ð1176ξ − 263Þ

�
þ C0;

ρðrÞ ¼ M2ð392ξ − 87Þ
840πm2r6

þ K0; ð59Þ

where the parameters K0 and C0 are dimensional constants
of integration with ½C0� ¼ ½K0� ¼ ½length�−2. Both μðrÞ and
ρðrÞ are evidently regular at the event horizon of the
background spacetime. It is useful for later convenience to
express these solutions in terms of ðrþ; L̂Þ rather than
ðM; L̂Þ using the fact that 2M ¼ rþð1þ r2þ=L̂2Þ. Making
this substitution and redefining the integration constants so
that μðrþÞ ¼ C0 and ρðrþÞ ¼ K0 give
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μðrÞ ¼ −
ðL̂2 þ r2þÞ2

30240πL̂4r4þm2

�
ð1237 − 5544ξÞ

�
1 −

r6þ
r6

�

þ 6r2þð1176ξ − 263Þ
ðL̂2 þ r2þÞ

�
1 −

r3þ
r3

�

þ 54L̂2ð112ξ − 25Þ
ðL̂2 þ r2þÞ

�
1 −

r5þ
r5

��
þ C0;

ρðrÞ ¼ −
ðL̂2 þ r2þÞ2ð392ξ − 87Þ

3360πL̂4r4þm2

�
1 −

r6þ
r6

�
þ K0: ð60Þ

It is useful to adopt a notation,

μðrÞ ¼ μ0ðrÞ þ C0; ð61Þ

where μ0ðrþÞ ¼ 0 since with this choice, we can reexpress
the semiclassical spacetime in Schwarzschild-like coordi-
nates using the coordinate transformation

dv ¼ dtþ dr
ΨðrÞfðrÞ ; ð62Þ

whence

ds2 ¼ −f̂ðrÞð1þ 2ℏρðrÞ − 2ℏψðrÞÞdt2

þ ð1þ 2ℏψðrÞÞ
f̂ðrÞ dr2 þ r2dΩ2; ð63Þ

where we have defined

f̂ðrÞ ¼ 1 −
2M̂
r

þ r2

L̂2
;

ψðrÞ ¼ M̂
r
μ0ðrÞ
f̂ðrÞ : ð64Þ

In arriving at this particular form for the backreacted
metric, we have absorbed the constant C0 into a quantum
dressed mass M̂ ¼ Mð1þ ℏC0Þ so that C0 plays no further
role. We have also freely replacedM with M̂ in OðℏÞ terms
to arrive at this expression, which ignores terms of order
Oðℏ2Þ. This metric is now explicitly regular at r ¼ rþ, the
horizon of the background spacetime. If we further define

ρðrÞ ¼ ρ0ðrÞ þ K0 ð65Þ

so that ρ0ðrþÞ ¼ 0, then rescaling the time coordinate by

t →
t

1þ ℏK0

ð66Þ

allows us to absorb the constant K0 into the scaling
symmetry, at least up to the appropriate order in ℏ. This
implies that the constant K0 is equivalent to the freedom we
have in normalizing the Killing vector associated with the

time-translation invariance. Since this Killing vector is also
the generator of the horizon, a choice of normalization
forms part of the definition of the surface gravity. We will
revisit the consequences of this in the next section. For now,
we take our semiclassical black hole to be

ds2 ¼ −f̂ðrÞð1þ 2ℏρ0ðrÞ − 2ℏψðrÞÞdt2

þ ð1þ 2ℏψðrÞÞ
f̂ðrÞ dr2 þ r2dΩ2; ð67Þ

with f̂ðrÞ and ψðrÞ given by (64). The only difference
between the expressions (63) and (67) is that ρ is replaced
with ρ0. Of course, the time coordinate is different too but
this is suppressed in the notation.
Now the solution as presented is still not expressed in a

form appropriate for making any physical observation since
it contains both the bare and the dressed mass of the black
hole, the former occurring implicitly in the background
horizon radius rþ which occurs frequently in μ0ðrÞ and
ρ0ðrÞ. The bare mass is not accessible to experiment or
observation, only the quantum dressed mass; hence we
need a means to replace the dependence on the background
horizon radius rþ with the perturbed horizon radius. To
obtain the location of the perturbed event horizon, we
consider the expansion of an outgoing future directed null
vector field la, given in ðv; r; θ;ϕÞ coordinates by

la ¼
�
1;
1

2
ΨðrÞ

�
1 −

2MðrÞ
r

þ r2

L̂2

�
; 0; 0

�
: ð68Þ

The radially ingoing null vector field is

βa ¼
�
0;−

1

ΨðrÞ ; 0; 0
�

ð69Þ

with the normalization of βala ¼ −1. The event horizon is
then defined by the vanishing of the expansion of la, which
is given by

Θ ¼ ∇ala þ βalb∇bla ¼
ΨðrÞ
r

�
1 −

2MðrÞ
r

þ r2

L̂2

�
; ð70Þ

where covariant differentiation here is with respect to the
full metric gab in the ðv; r; θ;ϕÞ coordinate system. In terms
of M̂ and expanded up to and including terms of first order
in ℏ, the expansion is

Θ ¼ 1

r
f̂ðrÞ½1þ ℏρ0ðrÞ − 2ℏψðrÞ�: ð71Þ

Since the OðℏÞ term is assumed to be sufficiently small in
the perturbative scheme employed throughout, the term in
square brackets above is nonzero, and hence the expansion
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vanishes at a root of f̂ðrÞ. In other words, the semiclassical
black hole event horizon, which we label by r̂þ, satisfies

1 −
2M̂
r̂þ

þ r̂2þ
L̂2

¼ 0: ð72Þ

It is straightforward to express r̂þ in terms of the back-
ground horizon radius by recalling that M̂ ¼ Mð1þ ℏC0Þ
and adopting the expansion

r̂þ ¼ rþ þ ℏδrþ ð73Þ
in (72). Equating order-by-order in ℏ yields

δrþ ¼ 2ML̂2μðrþÞ
3r2þ þ L̂2

¼ MC0

κrþ
; ð74Þ

where the last equality follows from Eq. (30). We can see
clearly now that the constant C0 effectively sets the location
of the event horizon. We can also invert this expansion
which allows us to express rþ in terms of r̂þ, that is,

rþ½r̂þ� ¼ r̂þ − ℏδrþ½r̂þ� þOðℏ2Þ; ð75Þ

where δrþ½r̂þ� is given by Eq. (74) with rþ replaced by r̂þ.
The explicit expression for δrþ is actually irrelevant for our
purposes, since we only require terms to first order in ℏ
which implies we can replace rþ with r̂þ in any OðℏÞ
terms. In particular, we define

μ̂0ðrÞ ¼ −
ðL̂2 þ r̂2þÞ2

30240πL̂4r̂4þm2

�
ð1237 − 5544ξÞ

�
1 −

r̂6þ
r6

�

þ 6r̂2þð1176ξ − 263Þ
ðL̂2 þ r̂2þÞ

�
1 −

r̂3þ
r3

�

þ 54L̂2ð112ξ − 25Þ
ðL̂2 þ r̂2þÞ

�
1 −

r̂5þ
r5

��
;

ρ̂0ðrÞ ¼ −
ðL̂2 þ r̂2þÞ2ð392ξ − 87Þ

3360πL̂4r̂4þm2

�
1 −

r̂6þ
r6

�
; ð76Þ

as well as

ψ̂ðrÞ ¼ M̂μ̂0ðrÞ
rf̂ðrÞ ; ð77Þ

and then the solution in terms of dressed mass M̂ and the
scalar hair (the field mass and coupling strength) is

ds2 ¼ −f̂ðrÞð1þ 2ℏρ̂0ðrÞ − 2ℏψ̂ðrÞÞdt2

þ ð1þ 2ℏψ̂ðrÞÞ
f̂ðrÞ dr2 þ r2dΩ2: ð78Þ

Finally, we can express this solution in a form that is
explicitly regular at r ¼ r̂þ by converting back to

Eddington-Finkelstein coordinates and keeping only terms
up to the appropriate order, yielding

ds2 ¼ −f̂ðrÞð1þ 2ℏρ̂0ðrÞ − 2ℏψ̂ðrÞÞdv2
þ 2ð1þ ℏρ̂0ðrÞÞdvdrþ r2dΩ2: ð79Þ

In order for the perturbative scheme to make sense, we
require, at the very least, that jhabj=jgabj is bounded
throughout the exterior. In York’s exposition of the back-
reaction on the Schwarzschild spacetime [30], which
employs Page’s approximation to the stress-energy tensor
[37], the perturbation grows with r even though the
background is asymptotically flat; hence, the approxima-
tion breaks down at large r. To circumvent this issue, York
solves for the backreaction in a finite cavity around the
black hole and then matches this to an asymptotically flat
Schwarzschild solution with appropriate boundary condi-
tions across the matching surface. In our case, the asymp-
totic behavior of the solutions implies

jhvvj
jgvvj

¼
				 ð392ξ − 87ÞðL̂2 þ r̂2þÞ2

1680πL̂4m2r̂4þ

				þOðr−3Þ;

jhvrj
jgvrj

¼
				 ð392ξ − 87ÞðL̂2 þ r̂2þÞ2

3360πL̂4m2r̂4þ

				þOðr−6Þ: ð80Þ

From these expressions, it is clear that the perturbation
remains bounded for large r but also in the L̂ → ∞. In
other words, the perturbation induced by a massive
field is bounded over the entire exterior spacetime and
preserves the asymptotic structure of the background space-
time, even in the Schwarzschild limit. This is in contrast
to the unbounded nature of the perturbations induced
by a conformal field for large r in the Schwarzschild
geometry [30].

C. Backreaction for conformal fields

We now turn to solving for the backreaction for massless,
conformally coupled fields by integrating Eqs. (58) with
the source term given by (50). Integrating these equations is
not as elementary as the massive case; indeed, it is not even
obvious that the Page approximation is regular at the event
horizon. It is useful to first rewrite the components in (50)
in terms of ðrþ; L̂Þ rather than ðM; L̂Þ. Then factorizing the
metric function as

fðrÞ ¼ ðr − rþÞ
r

hðrÞ;

hðrÞ ¼ 1þ 1

L̂2
ðr2 þ rrþ þ r2þÞ; ð81Þ

gives the following form for the source:
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hT̂t
ti ¼

ðL̂2 þ r2þÞ2
7680π2L̂8r4þr6h2ðrÞ

�
32r5þr7

ðL̂2 þ r2þÞ
− ðL̂4 þ 10L̂2r2þ þ 17r4þÞr6 − 2rþðL̂4 þ 10L̂2r2þ þ 33r4þÞr5

− r2þð3L̂4 þ 30L̂2r2þ þ 11r4þÞr4 − 4r3þðL̂2 − r2þÞðL̂2 þ 11r2þÞr3 − r4þð5L̂4 − 54L̂2r2þ − 99r4þÞr2

− 6r5þðL̂2 − 11r2þÞðL̂2 þ r2þÞrþ 33r6þðL̂2 þ r2þÞ2
�
;

hT̂r
ri ¼

ðL̂2 þ r2þÞ2
23040π2L8r4þr6h2ðrÞ

�ðL̂2 þ 9r2þÞ
ðL̂2 þ r2þÞ

ðL̂4 þ 2L̂2r2þ þ 9r4þÞr6 þ
2rþ

ðL̂2 þ r2þÞ
ðL̂6 þ 11L̂4r2þ þ 75L̂2r4þ þ 81r6þÞr5

þ 3r2þðL̂4 þ 10L̂2r2þ þ 41r4þÞr4 þ 4r3þðL̂4 þ 18L̂2r2þ þ 21r4þÞr3 þ r4þð5L̂4 þ 42L̂2r2þ þ 45r4þÞr2

þ 6r5þðL̂2 þ 5r2þÞðL̂2 þ r2þÞrþ 15r6þðL̂2 þ r2þÞ2
�
: ð82Þ

These particular expressions are explicitly regular on the horizon and are more convenient to integrate. Employing these
expressions in (58) and as before, writing μðrÞ ¼ μ0ðrÞ þ C0 and ρðrÞ ¼ ρ0ðrÞ þ K0 with μ0ðrþÞ ¼ 0 ¼ ρ0ðrþÞ gives
expressions for the perturbations μ0ðrÞ and ρ0ðrÞ in terms of the background horizon radius rþ. Following the same
procedure as in the massive case, we absorb the integration constants C0 andK0 into a dressed mass M̂ and a time rescaling,
respectively, and we replace rþ with r̂þ in all OðℏÞ terms. The result is Eq. (78) with μ̂0ðrÞ and ρ̂0ðrÞ given by

μ̂0ðrÞ ¼
1

960πL̂2r̂5þ

�
3L̂2r̂3þ

�
1 −

r̂2þ
r2

�
þ 5L̂4r̂3þ
ðL̂2 þ r̂2þÞ

�
1 −

r̂þ
r

�
− 11r̂3þðL̂2 þ r̂2þÞ

�
1 −

r̂3þ
r3

�

−
ðr − r̂þÞ

L̂2ðL̂2 þ r̂2þÞð4L̂2 þ 3r̂2þÞĥðrÞ
ðð2L̂2 þ 3r2þÞðL̂8 þ 4L̂6r̂2þ − 13L̂4r̂4þ − 24L̂2r̂6þ − 9r̂8þÞ

− rr̂þð5L̂8 þ 34L̂6r̂2þ þ 129L̂4r̂4þ þ 153L̂2r̂6þ þ 54r̂8þÞÞ

þ 2ðL̂4 þ 12L̂2r̂2þ þ 9r̂4þÞð2L̂8 þ 8L̂6r̂2þ þ 22L̂4r̂4þ þ 24L̂2r̂6þ þ 9r̂8þÞ
ðL̂2 þ r̂2þÞ2ð4L̂2 þ 3r̂2þÞ3=2

arctan

�ðr − r̂þÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4L̂2 þ 3r̂2þ

q
2L̂2 þ 3rr̂þ þ 3r̂2þ

�

þ ð2L̂6r̂3þ þ 27L̂4r̂5þ þ 54L̂2r̂7þ þ 27r̂9þÞ
ðL̂2 þ r̂2þÞ2

log

�
r2ĥðr̂þÞ
r̂2þĥðrÞ

�
− 32r̂5þ log

�
r
r̂þ

��
; ð83Þ

and

ρ̂0ðrÞ ¼
1

2880πL̂2r̂4þ

�
14r̂2þðL̂2 þ r̂2þÞ

�
1−

r̂3þ
r3

�
þ 20L̂4r̂2þ
ðL̂2 þ r̂2þÞ

�
1−

r̂þ
r

�
þ 15L̂2r̂2þ

�
1−

r̂2þ
r2

�

þ ðr− r̂þÞ
L̂4ĥðrÞ2ð4L̂2 þ 3r̂2þÞ2

ð2r̂þðL̂2 þ 3r̂2þÞð49L̂10 − 173L̂8r̂2þ − 487L̂6r̂4þ − 318L̂4r̂6þ − 18L̂2r̂8þ þ 27r̂10þ Þ

þ ð16L̂12 þ 49L̂10r̂2þ − 2092L̂8r̂4þ − 3825L̂6r̂6þ − 1521L̂4r̂8þ þ 648L̂2r̂10þ þ 405r̂12þ Þðr− r̂þÞ
þ 2r̂þð39L̂10 − 440L̂8r̂2þ − 729L̂6r̂4þ − 27L̂4r̂6þ þ 405L̂2r̂8þ þ 162r̂10þ Þðr− r̂þÞ2
þ ð8L̂10 − 151L̂8r̂2þ − 172L̂6r̂4þ þ 141L̂4r̂6þ þ 243L̂2r̂8þ þ 81r̂10þ Þðr− r̂þÞ3Þ

þ 6r̂þð10L̂12 − 120L̂10r̂2þ − 400L̂8r̂4þ − 512L̂6r̂6þ − 357L̂4r̂8þ − 144L̂2r̂10þ − 27r̂12þ Þ
ðL̂2 þ r̂2þÞ2ð4L̂2 þ 3r̂2þÞ5=2

arctan

0
B@ðr− r̂þÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4L̂2 þ 3r̂2þ

q
2L̂2 þ 3rr̂þ þ 3r̂2þ

1
CA

−
3r̂2þð−2L̂6 þ 3L̂4r̂2þ þ 6L̂2r̂4þ þ 3r̂6þÞ

ðL̂2 þ r̂2þÞ2
log

�
r2ĥðr̂þÞ
r̂2þĥðrÞ

��
; ð84Þ

where ĥðrÞ ¼ 1þ L̂−2ðr2 þ rr̂þ þ r̂2þÞ. One can verify that the L̂ → ∞ limit of these solutions agrees with the solutions
obtained by York [30] for the quantum backreaction of a conformal scalar field on the Schwarzschild geometry.
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Hence the solution of the semiclassical equations per-
turbed about Schwarzschild-AdS with the perturbation
induced by a conformally invariant quantum field is given
by Eqs. (78) and (77) with μ̂0ðrÞ and ρ̂0ðrÞ given by the
expressions above. This perturbation is bounded on the
entire exterior region of the corrected geometry but, unlike
the massive case, does not remain bounded for large r in the
Schwarzchild limit in accordance with York’s results [30].

D. Surface gravity and minimum temperature

Let λa ¼ ðλ; 0; 0; 0Þ be parallel to the timelike Killing
vector associated with the time-translation invariance, and
then we can define the surface gravity by

λa∇bλa¼H − κλb; ð85Þ

where the “H” above the equals indicates that the equality
holds at the event horizon. Of course, the coordinates of the
line element (78) are singular at the event horizon so we
instead employ the Eddington-Finkelstein-type coordinates
in which the metric is given by Eq. (79). In these
coordinates, the defining equation reduces to

λ

2

∂
∂r gvv¼

H − κ̂ð1þ ℏρ̂0Þ: ð86Þ

Evaluating at the horizon and keeping terms only up to
linear order in ℏ give

κ̂ ¼ λ

2
f̂0ðr̂þÞð1þ ℏρ̂0ðr̂þÞ − 2ℏψ̂ðr̂þÞÞ: ð87Þ

We know that, by construction, ρ̂0ðr̂þÞ ¼ 0 ¼ μ̂0ðr̂þÞ, and
hence from Eq. (77), we obtain

κ̂ ¼ λ

�
κ0½r̂þ� − ℏ

M̂μ̂00ðr̂þÞ
r̂þ

�
; ð88Þ

where in arriving at this form,we applied l’Hôpital’s rule and
denoted by κ0½r̂þ� the background surface gravity evaluated
at r̂þ. The normalization λ is fixed in asymptotically flat
spacetimes by assuming that λa is normalized to unity in the
limit r → ∞. This would imply λ ¼ 1. For asymptotically
AdS spacetimes, themagnitude of this vector diverges in this
limit. In the classical context, one can simply insist on
retrieving the asymptotically flat result in the L → ∞ limit
which again yields λ ¼ 1. This limit is not appropriate in this
context, however, since at least for conformal fields, the
perturbed spacetime is not asymptotically flat in this limit.
It was precisely for this reason that York [30] matches the
semiclassical spacetime derived as a solution to the semi-
classical equations to an asymptotically flat solution at some
finite radius. Another tempting approach to fix the normali-
zation is to insist thatwe retrieve the correct classical solution
in theℏ → 0 limit, but this only fixes the zeroth-order term in

a small ℏ expansion of the normalization constant, i.e.,
λ ¼ 1þOðℏÞ. One can choose the OðℏÞ term so that κ̂ ¼
κ0½r̂þ� to linear order, for example. It is clear that the quantity
of physical interest is κ̃ ≔ κ̂=λ since this is invariant under
different choices of normalization.
It is clear from (88) that the surface gravity is indepen-

dent of ρ̂0 regardless of the field mass and coupling.
We can also obtain simple explicit expressions for the
specific field configurations under consideration. For
massive fields where the RSET is given by the DeWitt-
Schwinger approximation, we have

κ̃ ¼ 3r̂2þ þ L̂2

2r̂þL̂2
− ℏ

�ðξ − 2
9
Þðr̂2þ þ L̂2Þ2ð4r̂2þ þ L̂2Þ

20πm2L̂6r̂5þ

�
: ð89Þ

For conformally invariant scalar fields whose RSET is
approximated by Page’s approximation, we obtain

κ̃ ¼ 3r̂2þ þ L̂2

2r̂þL̂2
þ ℏ

ðr̂2þ þ L̂2Þð5r̂2þ þ 3L̂2Þ
480πL̂4r̂3þ

: ð90Þ

For large varying r̂þ, all other parameters held fixed, the
corrections to the surface gravity (and hence temperature)
scale linearly with increasing r̂þ for both massive and
conformally invariant scalar fields. However, for small
varying r̂þ, say, r̂þ ∼ lpl with lpl the Planck length, all
other parameters being fixed, then the corrections scale
very differently for varying r̂þ for massive and conformally
invariant fields. Of course, this is also precisely where the
semiclassical approximation breaks down but ostensibly
the phenomenology of the corrections for the different
scalar fields may diverge before this limit is reached.
Unlike asymptotically flat black holes, for Λ < 0 the

temperature as a function of the horizon radius has a
stationary point [64]. To see this for Schwarzschild-AdS,
we parametrize the surface gravity of the black hole in
terms of rþ and L whence κ ¼ ð3r2þ þ L2Þ=ð2rþL2Þ. In the
Schwarzschild limit L → ∞, the surface gravity, and hence
the temperature, is a monotonically decreasing function of
the horizon radius; that is, smaller black holes are hotter
than larger ones. On the other hand, for asymptotically AdS
black holes, solving ∂κ=∂rþ ¼ 0 yields a stationary point
at rþ ¼ r0 ¼ L=

ffiffiffi
3

p
. This turns out to be a minimum of the

surface gravity or equivalently of the temperature. We get a
very different thermodynamical picture whereby, for an
event horizon with rþ > r0, the black hole gets cooler as it
evaporates reaching a minimum temperature of Tmin ¼
1=ð2πr0Þ at rþ ¼ r0. Since the stationary point is a
minimum, these black holes are thermodynamically stable,
unlike the Schwarzschild black hole. In general, for any
fixed temperature T > Tmin, there are two Schwarzschild-
AdS black holes at that temperature, one smaller black hole
for which rþ < r0 and one larger black hole for which
rþ > r0.
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Let us compute the quantum correction to the horizon
radius at which this stationary point occurs, to first order in
ℏ. We require a particular horizon radius r̂þ ¼ r̂0, say,
which is a stationary point of the surface gravity, or
equivalently of the temperature; i.e., we seek r̂0 satisfying

∂κ̃
∂r̂þ

				
r̂þ¼r̂0

¼ 0: ð91Þ

We require a solution only to linear order in ℏ so we can
look for a solution of the form r̂0 ¼ r0 þ ℏδr0 with r0 ¼
L̂=

ffiffiffi
3

p
the stationary point in the space of classical

Schwarzschild-AdS black holes. For massive fields whose
RSET has been approximated by the DeWitt-Schwinger
model, the corrected stationary point occurs at

r̂0 ¼ r0 − ℏ

�
16ðξ − 2

9
Þ

27πr30m
2

�
: ð92Þ

For the conformally invariant scalar field where we have
approximated the RSET by Page’s approximation, the
corrected stationary point occurs at

r̂0 ¼ r0 þ ℏ

�
5

216πr0

�
: ð93Þ

The corresponding correction to the minimum temper-
ature which occurs for black holes with horizon radius r̂0 is
easily shown to be

T̂min ¼
1

2πr0
−

ℏ
4π

�
1þ r20

L2

�
μ̂00ðr0Þ: ð94Þ

For massive fields whose RSET is given by the DeWitt-
Schwinger approximation, the explicit semiclassical mini-
mum temperature is

T̂min ¼
1

2πr0
− ℏ

�
14ðξ − 2

9
Þ

135π2r50m
2

�
; ð95Þ

while for conformally invariant scalar fields whose RSET is
given by the Page approximation, we have

T̂min ¼
1

2πr0
þ 7ℏ
1080π2r30

: ð96Þ

E. Plots of temperature profiles
for semiclassical black holes

In this section we present some plots in order to gain
insight into the effect of the backreaction on the geometry
of the background spacetime obtained via the reduced-
order semiclassical field equations. We choose to focus
on the effect to the thermodynamics of the quantum
corrected black hole, and we examine the correction to

the temperature for a massive field only, since in the
conformal case the magnitude of backreaction effects on
the temperature are too small to be discernible on any plot.
To this end, working again in units where G ¼ c ¼ ℏ ¼ 1
in order to exaggerate the quantum effects, we plot the
temperature as a function of r̂þ for various parameters in
our model. In these units, the Planck length is unity and so
we restrict our attention to values r̂þ > 1, since below the
Planck scale one needs a full quantum theory of gravity.
Indeed, our results are dubious for r̂þ ∼ 1 even when the
horizon radius is larger than the Planck scale since this is
where the semiclassical approximation completely breaks
down. On the other hand, the effects of the backreaction are
indiscernible on astrophysical scales; thus we allow r̂þ to
take on values of the order of the Planck length in order that
the effect may be examined at all, but also we point out that
perturbative schemes can sometimes work reasonably well
even outside the domain of their formal validity.
In the plots that follow, the blue and orange curves

represents the temperature as a function of the black hole
radius, r̂þ, for a family of background Schwarzschild-AdS
spacetimes and their semiclassical counterparts, respec-
tively. As already mentioned above, for a given temperature
above the minimum temperature Tmin, there are two
classical black holes at that temperature. In the plots, this
is represented by the horizontal dashed line which can be
seen to intersect the curves at two distinct r̂þ values.
In Fig. 4, we fix the corrected AdS length scale L̂, the

field mass, and then we vary the parameter ξwhich controls
the strength of the quantum field coupling to the back-
ground curvature. We note that the allowable range of ξ is
bounded above by the Breitenlohner-Freedman bound
m2L̂2 − 12ðξ − 1=6ÞÞ ≥ −1=4, and for the values of m
and L̂ chosen in Fig. 4 this upper bound is ξ ≈ 833, while
there is no lower bound on ξ. In Fig. 4 we examine the
effect of allowing ξ to vary from large negative values to
large permissible positive values. For all values considered,
we find that for large r̂þ there is no discernible difference
between the temperatures of the classical and semiclassical
black holes. However, when r̂þ ∼ 1 quantum effects can
play a noticeable role, with this phenomenon becoming
more pronounced as the magnitude of ξ increases. In
Fig. 4(c) we see that for ξ ¼ 0 there is no discernible
difference between the two graphs for all r̂þ but as ξ
increases in Figs. 4(d) and 4(e), for r̂þ ∼ 1 the graph of T̂
moves slightly to the left. In other words, considering black
holes with radii approaching the Planck length for a fixed
temperature and sufficiently large coupling ξ, the semi-
classical black holes will have a smaller horizon radius at
that temperature than their classical counterpart. We also
see when r̂þ ∼ 1, there are classically allowable black hole
temperatures which are ruled out for semiclassical black
holes of similar sizes, with the range of these forbidden
temperatures increasing with ξ. In Figs. 4(a) and 4(b), we
see that as ξ becomes more negative, for r̂þ ∼ 1 the graph of
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T̂ moves slightly to the right, leading to semiclassical black
holes that now have a larger horizon radius at that temper-
ature than their classical counterpart and semiclassical
black holes at certain temperatures with no classical
counterpart of similar size. Since there is no lower bound
on ξ and as the magnitude of the quantum correction grows
unbounded with negative ξ (holding all other parameters
fixed), there must come a point where the perturbative
approach of the semiclassical approximation breaks down
for quantum fields with sufficiently negative values of the

coupling constant ξ, at least in the case of black holes
with r̂þ ∼ 1.
In Fig. 4(e) we find for values of ξ near, but still below,

the upper limit set by the Breitenlohner-Freedman bound,
there is a drastic deviation from the typical shape of the
temperature curve at a small horizon radius, the curve for T̂
acquiring an additional stationary point near r̂þ ¼ 1. The
temperature decreases to negative values for r̂þ < 1 (not
shown in the graph) signaling a complete breakdown of
the semiclassical approximation. It would be interesting to

FIG. 4. Plots of temperature as a function of the corrected horizon radius for the family of classical Schwarzschild-AdS black holes
(blue curves) and the temperature as a function of the corrected horizon radius for the family of semiclassical solutions perturbed about
the Schwarzschild-AdS solutions (orange curves). The perturbation here is induced by a massive quantum scalar field. All parameters
are held fixed except the coupling of the quantum field to the background curvature ξ which is increased from ξ ¼ −800 in (a) to
ξ ¼ 800 in (e). The inserted plots represent the temperature functions of the classical and semiclassical black holes when r̂þ ∼ 1.
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know when exactly the approximation breaks down and,
more specifically, if the additional turning point is a
genuine prediction. If so, then for certain values of the
parameters, for a fixed temperature, one may have three
semiclassical black hole solutions [as in Fig. 4(e)].
Moreover, there could be regions in the space of solutions
where these black holes are thermodynamically stable and
regions where they are unstable. Again it is worth stressing
that all of the interesting results described above occur
when r̂þ ∼ 1, at the limit of validity of the semiclassical
approximation.
As a final note, we point out that the backreaction seems

not to depend strongly on the field mass within this large
mass approximation and also, for the case of a massive and
conformal field, the effect of the backreaction on the
temperature is suppressed for increasing L̂ assuming all
other quantities are fixed.

F. Photon sphere in the semiclassical black hole

In the classical Schwarzschild-AdS geometry there exists
a photon sphere (a hypersurface on which a massless
particle can orbit the black hole on unstable circular null
geodesics) at ru ¼ 3M [53], and in this section we seek
the equivalent photon sphere in the corrected geometry.
To achieve this we first obtain the radial null geodesic
equation for the metric Eq. (78) by solving the Euler-
Lagrange equations associated with this metric in the usual
way. Adopting this procedure leads to the following radial
equation for a photon in the plane θ ¼ π=2:

−
E2

f̂ðrÞð1þ2ℏρ̂0ðrÞ−2ℏψ̂ðrÞÞþ
ð1þ2ℏψ̂ðrÞÞ

f̂ðrÞ _r2þA2

r2
¼ 0;

ð97Þ

where E and A are constants of motion corresponding to the
symmetries of the spacetime and _r ¼ dr=dτ, τ being an
affine parameter along the geodesic. Working to OðℏÞ we
may reexpress this equation of motion in the form

ð1þ 2ℏρ̂0ðrÞÞ_r2 ¼ E2 −
A2f̂ðrÞð1þ 2ℏρ̂0ðrÞ − 2ℏψ̂ðrÞÞ

r2
:

ð98Þ

The right-hand side of this equation is now in the standard
form E2 − VeffðrÞ where VeffðrÞ denotes an effective
potential. The photon sphere occurs at the value of r for
which VeffðrÞ reaches its maximum value. In the spirit of
earlier calculations we seek a solution of the form

r̂u ¼ 3M̂ þ ℏδru; ð99Þ

leading to the corrected photon sphere occurring at

r̂u ¼ 3M̂

�
1þ ℏ

M̂ðL̂2 þ 27M̂2Þðρ̂00ð3M̂Þ − ψ̂ 0ð3M̂ÞÞ
L̂2

�
;

ð100Þ

or in terms of μ̂0ðrÞ and ρ̂0ðrÞ,

r̂u ¼ 3M̂
�
1þ ℏ

�
μ̂0ð3M̂Þ − M̂μ̂00ð3M̂Þ

þ M̂

L̂2
ðL̂2 þ 27M̂2Þρ̂00ð3M̂Þ

��
: ð101Þ

As μ̂0ðrÞ and ρ̂0ðrÞ satisfy the ODEs arising from the
reduced-order field equations as given in Eq. (58), we may
simplify the above expression further to give

r̂u ¼ 3M̂ð1þ ℏ½μ̂0ð3M̂Þ þ 36πM̂2hT̂r
rijr¼3M̂�Þ: ð102Þ

For the case of a massive field where the RSET is
approximated by the DeWitt-Schwinger model this takes
the form

r̂u ¼ 3M̂

�
1 −

ℏ

7348320πL̂4m2r̂4þðL̂2 þ r̂2þÞ4
½5L̂12ð22344ξ − 4967Þ þ 54L̂10ð18144ξ − 4045Þr̂2þ

þ 27L̂8ð113400ξ − 25387Þr̂4þ þ 756L̂6ð6480ξ − 1457Þr̂6þ þ 3645L̂4ð1176ξ − 265Þr̂8þ
þ 4374L̂2ð448ξ − 101Þr̂10þ þ 243ð1512ξ − 341Þr̂12þ �

�
; ð103Þ

where we have parametrized r̂u in terms of ðr̂þ; L̂Þ. It is clear from the above expression that provided ξ > 341=1512
then r̂u < 3M̂ for all r̂þ, L̂, and m. For a conformal scalar field where the RSET is given by Page’s approximation r̂u is
given by
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r̂u ¼ 3M̂

 
1þ ℏ

77760πL̂2r̂5þðL̂2 þ r̂2þÞ2ð4L̂2 þ 3r̂2þÞ2
�
−2592r̂5þð7L̂2r̂2þ þ 4L̂4 þ 3r̂4þÞ2 log

�
3

2

�
r̂2þ
L̂2

þ 1

��

þ 162

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4L̂2 þ 3r̂2þ

q
ð12L̂2r̂2þ þ L̂4 þ 9r̂4þÞð8L̂6r̂2þ þ 22L̂4r̂4þ þ 24L̂2r̂6þ þ 2L̂8 þ 9r̂8þÞtan−1

0
B@ r̂þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4L̂2 þ 3r̂2þ
q

1
CA

þ 81r̂3þð2L̂2 þ 3r̂2þÞð4L̂2 þ 3r̂2þÞ2ð12L̂2r̂2þ þ L̂4 þ 9r̂4þÞ log
�
3 −

3L̂2

4L̂2 þ 3r̂2þ

�

þ 15795L̂2r̂11þ þ 11988L̂4r̂9þ − 5202L̂6r̂7þ − 8607L̂8r̂5þ − 2417L̂10r̂3þ − 324L̂12r̂þ þ 5103r̂13þ

�!
: ð104Þ

In this case r̂u > 3M̂ for small values of r̂þ; however, as
r̂þ increases, holding L̂ fixed, the correction decreases to
zero before becoming increasingly negative. The value of
r̂þ for which the correction goes to zero increases with
L̂ and in the limit L̂ → ∞ we recover York’s result that
r̂u > 3M̂ for all r̂þ.
While the location of the photon sphere in the background

geometry depends only on the black hole mass, in the
corrected metric we see that this orbit also depends on the
AdS length scale L̂, as well as the scalar hair in the case of a
massive field. As was observed for the surface gravity in the
corrected geometry, for small varying r̂þ and all other para-
meters held fixed, the corrections scale very differently for
massive and conformally invariant fields. However, the
behavior of these corrections also differs for large r̂þ, all
other parameters held fixed, with δru scaling as r̂3þ and
logðr̂þÞ for the massive and conformally invariant fields,
respectively.
The location of the unstable photon orbit has implications

for the quasinormal modes (QNMs) of the semiclassical
black hole since this is associated with the peak of the
potential in the radial perturbation equation. Computing the
QNM spectrum could ostensibly distinguish between a
classical and a semiclassical black hole by, for example,
matching the ringdown from the gravitational waveform to
the ringdown predicted by the QNM spectrum of both the
classical and the semiclassical black hole. For astrophysical
black holes, the difference is presumably too small to
measure. In fact, using the most straightforward technique
for computing the QNMs in asymptotically AdS spacetimes,
we found the difference even numerically indistinguishable.
In particular, if one adapts the Frobenius method of
Refs. [65,66] to compute the QNMs in our semiclassical
spacetime, then this method amounts to solving the equation

X∞
k¼0

akð−1=r̂þÞk ¼ 0; ð105Þ

where the ak are frequency dependent coefficients from a
Frobenius expansion about the horizon. The point is that

there are only a discrete set of complex frequencies that
satisfy this equation and these are precisely the QNMs we
are trying to compute. Obviously this infinite series must be
truncated to solve in practice but the problem is that, while
for larger black holes the series converges sufficiently fast
that only a modest number of terms are needed, the modes
are indistinguishable from the classical modes up to 4–5
decimal places. One would expect a deviation from the
classical QNM spectrum for smaller black holes, but this is
the regime where the convergence of the series above
becomes very slow and it becomes impractical to adopt
this method. It has been shown [67] that the theory of
Breit-Wigner resonances is an efficient numerical tool for
computing the QNMs for small Schwarzschild-AdS black
holes, thus circumventing the problems of slow convergence
suffered by the Frobenius method. This resonance method
ought to be adaptable to compute the QNM spectrum for the
semiclassical black hole spacetimes described in this paper
too. We hope to return to this in future work.

G. Correction to the curvature invariants

In this section we calculate the backreaction correction to
select curvature invariants of dimension ½length−4�. Such
quantities play an important role in quantum field theory in
curved spacetimes; for instance, the trace anomaly for a
conformal scalar field is given by [39]

hT̂a
ai ¼

1

2880π2
ðRabcdRabcd − RabRab þ□RÞ; ð106Þ

where Rabcd denotes the Riemann tensor. Using a symbolic
computational package such as Mathematica it is straight-
forward to calculate the invariants contained in the above
expression for the corrected geometry, although the result-
ing expressions can be quite lengthy. Therefore for the
sake of brevity we evaluate each of the curvature invariants
on the event horizon of the corrected geometry r̂þ.
Adopting this procedure for the case of a massive field
with a RSET given by the DeWitt-Schwinger approxima-
tion yields to OðℏÞ:
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R̂abcdR̂
abcd½r̂þ� ¼ RabcdRabcd½r̂þ� þ ℏ

2ðL̂2 þ 3r̂2þÞðL̂2 þ r̂2þÞ2ðL̂2 þ 56ð2 − 9ξÞr̂2þÞ
315πL̂8m2r̂8þ

;

R̂abR̂
ab½r̂þ� ¼ RabRab½r̂þ� − ℏ

ðL̂2 þ r̂2þÞ2ðL̂2ð378ξ − 83Þ þ ð1386ξ − 305Þr̂2þÞ
105πL̂8m2r̂6þ

;

□̂ R̂½r̂þ� ¼ −ℏ
ðL̂2 þ r̂2þÞ2ðL̂2 þ 3r̂2þÞðL̂2ð2352ξ − 517Þ þ 3ð2240ξ − 493Þr̂2þÞ

280πL̂8m2r̂8þ
; ð107Þ

where RabcdRabcd½r̂þ� and RabRab½r̂þ� denote the square of
the Riemann and Ricci tensors for the background geom-
etry evaluated at r ¼ r̂þ.
For a conformal field with Page’s approximation to the

RSET we obtain

R̂abcdR̂
abcd½r̂þ�¼RabcdRabcd½r̂þ�þℏ

ðL̂2þ r̂2þÞ2ðL̂2þ3r̂2þÞ
6πL̂6r̂6þ

;

R̂abR̂
ab½r̂þ�¼RabRab½r̂þ�þℏ

ðL̂2þ r̂2þÞ2
5πL̂6r̂4þ

;

□̂R̂½r̂þ�¼ℏ
ðL̂2þ r̂2þÞ2ðL̂2þ3r̂2þÞ

5πL̂6r̂6þ
: ð108Þ

Taking the Schwarzschild limit of the above invariants for a
conformal field gives agreement with Page’s results.
For large r̂þ and all other parameters fixed, the correc-

tions to the curvature invariants considered here scale the
same for both the conformal and the massive cases;
however, the behavior of these corrections for small r̂þ,
holding other parameters fixed, differs between the con-
formal and the massive cases.
Finally for the case of a conformal field, by evaluating

Eq. (106) in the corrected geometry we find that the trace
anomaly evaluated at r̂þ is given by

hT̂a
ai¼

L̂2þ2r̂2þ
240π2L̂2r̂4þ

þℏ
ð11L̂2þ27r̂2þÞðL̂2þ r̂2þÞ2

86400π3L̂6r̂6þ
; ð109Þ

where it is understood that this is now the trace of hT̂a
bi for

a conformal scalar thermal field propagating on the
corrected geometry with metric Eq. (78). Given that the
corrected geometry possesses the same symmetries as
the background geometry, then once armed with the
above expression for the trace all that one would require
in order to determine hT̂a

bi on the horizon of this corrected
geometry is one of the diagonal components, hT̂θ

θi say,
evaluated there.

V. SUMMARY AND OUTLOOK

In this paper we studied the backreaction of a quantum
scalar field on the geometry of an asymptotically AdS black

hole. Rather than attempt to compute the expectation value
of the quantum stress-energy tensor exactly and then try
to numerically integrate, we employ analytical approxima-
tions for the stress-energy of the scalar field which acts
as the source term in the semiclassical field equations.
We explore the phenomenology of the backreaction for
both massive and massless scalar fields. For massless
scalar fields, the only known approximations typically rely
on setting the coupling to ξ ¼ 1=6 and exploiting the
conformal invariance of the theory. To this end, we
employ Page’s approximation for the stress-energy tensor.
For black hole spacetimes, Page’s prescription naturally
approximates a conformal field in the Hartle-Hawking
state. For massive fields, we adopt the local DeWitt-
Schwinger approximation to the stress-energy tensor.
Since this is a local approximation, it is agnostic to the
quantum state. However, this approximation is regular on
the event horizon in a freely falling frame and satisfies the
same symmetry properties as the spacetime. Since these are
criteria satisfied only by the Hartle-Hawking state, there is
still a sense in which we associate this approximation
with an approximation to the exact RSET in the Hartle-
Hawking state.
In order to assess the validity of the approximations

employed in this study, a comparison with the exact
numerical results was undertaken. The exact numerical
results were generated using the extended Green-
Liouville method of Breen and Ottewill [18], but computed
only with sufficient accuracy to faithfully generate a plot
of the components of the RSET, not with the refinement
needed to be employed in the exact numerical integration of
the semiclassical equations. We found that for conformal
scalar fields, the Page approximation for the stress-energy
tensor on Schwarzschild-AdS spacetimes fares worse than
the same approximation applied to the asymptotically
flat Schwarzschild spacetime. We suggest that the compar-
ative difference is due to the timelike infinity in the
Schwarzschild-AdS spacetime which endows the geometry
with a richer geodesic structure. This matters in the
approximation since the underlying approximate propagator
out of which the stress-energy tensor is constructed assumes
contributions only from the shortest geodesic between two
points. It is likely that this approximation ignores more
geodesics in the asymptotically AdS case, hence the greater
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error in the overall approximation. Nevertheless, the
approximation is a reasonable one and in the absence of a
better analytical approximation, we adopt the Page stress-
energy tensor. Assessing the approximation for massive
fields is also not without issue. In this case, the problem is
somewhat more subtle in that it is not clear what two objects
one ought to compare in the first place. The choice is
tantamount to the renormalization ambiguity again.We have
a one-parameter family of numerical RSETs, parametrized
by some length scale lnumeric say, and a one-parameter
family of approximate stress-energy tensors parametrized
by l. Which particular members of these one-parameter
families should be compared? This raises a question about
the very meaning of the accuracy of an approximation in the
context of the renormalization ambiguity. While the impli-
cations of the renormalization freedom have been discussed
in detail in the literature, we are not aware of any authors
that discuss the implications in the context of assessing an
approximation. On the contrary, it is often claimed that the
DeWitt-Schwinger approximation is a good approximation
for sufficiently large field mass, but this begs the question:
“Accurate compared to the exact numerical RSET for
what choice of length scale?” Notwithstanding this ped-
antry, we show that there exists a choice of renormaliza-
tion length scales for which themodified DeWitt-Schwinger
is a reasonable approximation to the exact RSET. The
particular choices were made by insisting that both the
approximation and the exact RSET had the same asymptotic
form near spatial infinity. While it seems a moot point in
this context since the renormalization ambiguity gets
absorbed into a renormalization of the cosmological con-
stant and hence plays no role in sourcing the semiclassical
equations, we stress that when talking about approximations
of RSETs, one is comparing one-parameter families of
tensors.
Furnished with these analytical approximations, we

showed that the reduced-order semiclassical field equations
reduced to two simple ODEs for two unknown functions,
provided the perturbed spacetime is static and spherically
symmetric. These functions could in turn be expanded in ℏ
and solved to first order in a straightforward way. The
method here generalizes York’s calculation [30] for the
backreaction on Schwarzschild spacetime. It turns out there
is a distinct advantage to working in the asymptotically
AdS spacetime since the confining AdS potential provides
a barrier which prevents radiation from reaching infinity
and effectively amounts to ensuring the perturbed space-
time preserves the asymptotic structure of the background.
The equivalent calculation in Schwarzschild necessitates
that the perturbation be matched to an asymptotically flat
metric at finite radius, a complication which is naturally
avoided here. Having obtained the first-order correction to
the metric components, we were then able to calculate the
corrections to the event horizon, the surface gravity, and the
minimum temperature in the space of solutions. We further

calculate corrections to the photon sphere and to quadratic
curvature invariants.
The result of solving the backreaction is a multidimen-

sional space of black hole solutions, parametrized by quan-
tum dressed black hole parameters r̂þ and L̂ as well as the
quantum field parameters such as the mass and coupling.
It was shown that the two integration constants that arise
from solving the ODEs for the static perturbation could be
absorbed into a dressedblackholemass anda renormalization
of the time in static coordinates. Similarly, we found that the
renormalization ambiguity could be absorbed into a quantum
dressed cosmological length scale. For the case of a pertur-
bation inducedbya conformal field, our solutionbreaks down
in the limit where the cosmological length scale becomes
unbounded. This is because in this limit, our background is
Schwarzschild, and in this asymptotically flat spacetime,
the semiclassical perturbation induced by a conformal field
grows without bound as r increases and must be matched to
an asymptotically flat spacetime, as shown byYork [30]. This
issue does not arise for the case of perturbations induced by a
massive quantum field, where our solution remains bounded
in the Schwarzschild limit.
Having obtained the first-order corrections to the back-

ground geometry, it was then of interest to plot these
corrections in order to discern the qualitative effects of the
backreaction for the various parameters. We chose to focus
on the correction to the black hole temperature profile, that
is, in the space of solutions parametrized by the horizon
radius (for fixed L̂), how does the temperature depend on
the horizon radius? To see how the backreaction affects
these temperature profiles, we plotted both the classical and
the semiclassical temperatures as a function of the corrected
black hole radius. We focused solely on the case of a
massive field, as effects were negligible for the conformal
case. By increasing ξ with all other parameters held fixed,
we saw that for a fixed temperature above the classical
minimum temperature and considering black hole radii
near the Planck length, the quantum-corrected black holes
will have a smaller horizon radius at that temperature and
then their classical counterparts, and there is a non-
negligible temperature range at which classical black holes
exist but semiclassical black holes do not. Considering
values of ξ near the maximum allowable value as set by the
Breitenlohner-Freedman bound, we find the temperature
profiles become very different from their classical counter-
parts for smaller black holes, and the curves develop a local
maximum near the Planck length. This presumably is
pointing to the breakdown of the semiclassical approxi-
mation. Allowing ξ to take on increasingly negative values
and again considering black hole radii near the Planck
length we saw that the semiclassical black holes will now
have a larger horizon radius at a fixed temperature than
their classical counterpart, and there exist semiclassical
black holes at certain temperatures with no classical
counterpart of similar size.
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A further numerical investigation would reveal how
robust these features are as a prediction of the semiclassical
equations. It is likely they are a result of pushing the
semiclassical approximation beyond its domain of validity.
While effective field theory may be employed to give an
order-of-magnitude estimate for when the semiclassical
approximation breaks down in terms of natural length
scales in the problem, perhaps a more pragmatic perspec-
tive here is that the semiclassical approximation breaks
down when the solutions deviate strongly from the classical
background, notwithstanding the possibility of large sec-
ular effects such as the Hawking process when we relax the
static assumption.
Finally, we note that the work herein may be extended in

many directions. First and most obvious is an exact
computation of the backreaction with the exact numerical
RSET sourcing the semiclassical equations. This requires
very efficient and accurate mode-sum prescriptions for the
RSET for a range of field parameters. Since the calculation
is on a static background, the extended-coordinate method
of Refs. [19,20,68] ought to provide such a prescription. In
this work, our approximations pertained to a scalar field
satisfying Dirichlet boundary conditions at the timelike
boundary of spatial infinity, but other boundary conditions
are, of course, possible. In fact, the asymptotic values of the
expectation values are generically not those produced by
the Dirichlet boundary conditions [69,70], but instead all
other Robin boundary conditions except the Dirichlet case

asymptote to the same value. It would be interesting
therefore to examine how strongly dependent is the back-
reaction on the choice of boundary condition. A some-
what different direction is to address how one might
distinguish observationally between the classical and the
semiclassical black holes. As mentioned above, the QNMs
for astrophysical black holes are indistinguishable for
Schwarzschild-AdS and the semiclassical counterpart;
however, the difference ought to become significant for
smaller black holes. Computing the QNMs in this regime is
technically challenging, but the theory of Breit-Wigner
resonances applied to Schwarzschild-AdS black holes
provides a promising template for asymptotically AdS
semiclassical black holes. The last direction these results
might be extended is for topological black holes. For
Λ < 0, black holes with other horizon topologies are
permissible solutions to the vacuum field equations. In
fact, recently, techniques have been developed [71] for
numerically computing expectation values for the square of
a quantum scalar field in these topological black hole
spacetimes, and these techniques could be extended to
the calculation of the RSET and used to compute the
backreaction.
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