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Sensitivity Properties of SC Filters Derived from LC
Ladder Prototypes

THOMAS CURRAN ano MARTIN COLLIER

Abstract —The sensitivity properties of a class of switched-capacitor
LDI ladder filters is investigated. It is shown that, because of the
frequency variation of the terminations in the equivalent circuit of such
filters, the low passband sensitivity property of the LC prototype filter is
not retained. A modification to the input section of the filter is shown to
result in low sensitivity.

I. INTRODUCTION

Doubly-terminated passive lossless two-ports can be designed
to achieve low sensitivity of the passband loss to component
variations [1]. Hence active filter designs are often modeled on
such networks, typically on LC ladder filters, in an attempt to
obtain low sensitivity. In this letter the passband sensitivity of
one such filter, the SC LDI ladder filter [2], is investigated. Such
a filter uses integrators of the type shown in Fig. 1(a). Filters of
this type have been analyzed exactly by Scanlan, who has shown
that they can be represented (in the case of low-pass filters of
odd order) by the equivalent circuits of Fig. 2 [2]. Here, the two
frequency variables used are u = cosh(sT/2) and y =
sinh(sT /2) where f,=1/T is the filter sampling rate and s is
the Laplace transform frequency variable.

Because of the frequency variation of the terminations in the
circuit of Fig. 2(a), the inductor and capacitor values cannot be
obtained using classical methods, unless the circuit operation is
to be restricted to frequencies much less than the sampling rate,
in which case u = 1. It shall now be demonstrated, by means of a
particular example, that the frequency variation of the termina-
tions also affects the sensitivity properties of the filter.

IL

Consider a ninth-order filter, designed to have an equiripple
(1.0 dB) passband response, with a cutoff frequency of f,=
0.25f. Such a filter, designed using a computer program based
on the algorithm of [3], has an equivalent circuit with the
capacitor and inductor values listed in Table I(a), with Rg=
R, =1.0. Fig. 3 shows its passband (amplitude-squared) re-
sponse |H,,|* and the sensitivity of |H,,|* to variations in the
value of C,, where the following definition of sensitivity has
been used:

SC LDI LADDER SENSITIVITY

C, dHyl

SIH2112= 5
[Hy,l? aC,

C

1)
A doubly-terminated LC ladder filter, properly designed to the

same filter specifications, possesses zero sensitivity to variations
in capacitor and inductor values at frequencies where there is
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Fig. 1. (a) Integrator used in conventional SC LDI ladder filters. The xth

integrator is shown (1< x <n). Cyy is present only in the first and last
integrators. V, ., is zero, V, is the output voltage and V), is the input
voltage. Odd- and even-numbered integrators are on opposite phases.
(b) Modification to first integrator.
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Equivalent circuits of SC ladder of odd order. (a) Frequency-vari-
able terminations. (b) Frequency-independent terminations.

-1/2

Fig. 2.

zero insertion loss. Fig. 3 shows that this property is not shared
by the filter of Fig. 2. The relatively poor sensitivity properties
of this filter will now be explained.

Zero sensitivity to variations in element values (other than the
terminations) is expected in doubly-terminated lossless recipro-
cal two-ports at frequencies where the transducer power gain
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TABLE 1
EquivaLenT CircuIT ELEMENT VALUES

L, ¢ L, € L, € L, C, L

(a) Fig. 2: 5.09 1.51 4.48 1.69 4.33 1.77 3.96 1.87 2.08

(b) Fig. 4: 2.89 1.64 4.45 1.69 4,50 1.69 4.45 1.64 2.89
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(a) Equiripple passband response of ninth order filter. (b) Sensitivity
of response to value of C, in Fig. 2.

Fig. 3.

lSle2 is unity, since this value cannot be exceeded. Thus, a
ladder filter features low passband sensitivity if designed so that
S,,1> = 1.0 at a number of frequencies in the passband. This can
readily be achieved for classical LC ladder filters, by designing
for an equiripple passband loss, since |H2,|2 is directly propor-
tional to |S,,? for such a filter. However, for the ladder circuit
of Fig. 2, the transfer function of interest is givenby H,; = I, / V,
[2]. Because of the frequency variation of the terminations, it
follows that [2]

1S31* = 4RsR, cos? 6 H,,|? ()
where 8 = f/f, and cos@ corresponds to the frequency vari-
able u evaluated for s = jw. If the filter is designed to achieve
an equiripple |H21|2 in the passband, using the appropriate
expression presented in [2], then, because of the monotonic
decrease in the value of cos?8 as frequency is increased from dc
to the Nyquist rate, maximum transducer power gain will be
achievable only at zero frequency. This explains why the sensitiv-
ity plot in Fig. 3 does not pass through zero at frequencies
corresponding to the maxima in the transfer function.

III.

The filter of Fig. 2 features low sensitivity if designed for
equiripple transducer power gain in the passband. This can be
done, using the concept of the auxiliary network, as defined in
[2). The auxiliary network of the ladder in Fig. 2 has a transfer
function H4, of the form Hj; =(4RgR;)" /%S, and has the
same element values, and the same transducer power gain, as
the circuit of Fig. 2. It is equivalent (for a ninth-order filter) to a
cascade of eight unit elements, followed by a series short-cir-
cuited stub [2]. For such a network, an equiripple passband
response can be obtained using the expression

DEsiGNING FOR Low SENSITIVITY

[$2(8)]” = [1+€2F2(0)] 3)
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Fig. 4. Equivalent circuits of the modified filter. (a) With prefilter of trans-
fer function w. (b) As doubly-terminated two-port.

8 -2.8 5.0

c H H

0 H

%—3.6 B a) Response

@ -— b, Sensitivityl 8
o
g —4.4 25 ke
S P b
9 -5.2 Y 2
a ot =
| -6.0 . - _— koweito0 2
_g /\ ,\_/ \ %”\ &
=] L
E- Rt NG ALV

a

£

-7.6 —-2.5

< 0.00 0.05 0.10 0.15 0.20 0.25

Normalised Freq. (f/fs)

(a) Equiripple passband response of modified ninth-order filter.
(b) Sensitivity of response to value of C, in Fig. 4.

Fig. 5.

where
F,(8) =cosh(n—1)®coshn +sinh(n—1)Psinhn  (4)

with cosh ® =sin 6 /sinf,, coshn=tan6 /tanf, and 6,=
7fo/f, [4. It follows that, by synthesizing this auxiliary net-
work, and hence obtaining values for the elements in Fig. 2, a
circuit with equiripple [S,,|> can be obtained.

The frequency response of this filter must now be corrected
50 as to yield an equiripple }Hzllz. To do this, the input voltage
is multiplied by cos @ before being applied to the circuit of Fig.
2, ie., the filter is now of the form shown in Fig. 4(a). An
alternative representation of this filter is that shown in Fig. 4(b).
The transducer power gain of this filter is

S51)* = Py / Pu(max) = 4R R, | H, |* (5)

since the power delivered to the load and the maximum power
which can be supplied in the source in this circuit are, respec-
tively,

Py=11,1’R, cos; P;,(max) =\Vs|2/(4RS/cos 8).

Hence, the new filter has |H,,|* directly proportional to |S,(?,
as required to achieve low sensitivity. Synthesizing such a filter,
for the same specifications as chosen earlier, results in the
element values of Table I(b). Fig. 5 shows the passband re-
sponse of the filter, and the sensitivity of the passband response
to variations in the value of C,. It can be seen that this filter
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possesses lower passband sensitivity to the value of C, than the
earlier design, and this can be shown to be true for the remain-
ing inductors and capacitors.

To simulate the filter of Fig. 4 requires only a simple change
to the original SC filter, namely the addition of an extra switched
capacitor (and a sample /hold at the input) to the first integrator
as shown in Fig. 1(b). In fact, the filter is now of the form
considered in [5]. Since the sensitivity of the transfer function
with respect to the capacitance ratios in, for example, the
second integrator, is related to the sensitivity with respect to C,
by the equivalence C, = 2C,, / C,,, it follows that setting C;, =1
results in

AHyI 20?H21!2
ac,, T e,

(6)

so that a low-sensitivity equivalent circuit implies a low-sensitiv-
ity SC realization. An extra capacitance ratio C5/C, is intro-
duced in Fig. 1(b), since these two capacitors replace a single
capacitor of value C,; in Fig. 1(a). The term u is realized in Fig.
1(b) by the expression

T(z)=Cu/C (22 +C5/Coz™'/?)

with C,(nominal) = Cs(nominal) =1/2C,;. The transfer function
from V5 to V) in Fig. 1(b) equals T(z) times the corresponding
transfer function in Fig. 1(a). It can be shown that

|Hal? =
(Cs/Cy)

Y]
for all frequencies. Thus to a first-order approximation, a mis-
match in the values of C, and C; affects only the gain level of
the filter, and not the frequency response.

VL

This paper has shown why a class of SC LDI ladder filter does
not retain the low-sensitivity property of the prototype LC
ladder. Only the low-pass case has been considered, although,
since the sensitivity appears to deteriorate as frequency in-
creases towards the Nyquist limit, this phenomenon is expected
to be of greater significance in bandpass and highpass filter
designs. It has been demonstrated how the introduction of an
extra switched capacitor at the input can result in lower pass-
band sensitivities to the capacitance ratios, including the newly
introduced capacitance ratio.

CONCLUSIONS
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The Analytic Signal in the Hartley Transform Domain
SOO-CHANG PEI anp SY-BEEN JAW

Abstract —Recently, the Hartley transform has been considered as an
interesting alternative to the Fourier transform for spectrum analysis
and convolution of real signals. A new analytic signal in the Hartley
transform domain can be similiarly defined as the Fourier analytic
signal. This analytic signal Hartley spectrum is simpler and much more
appropriate for signal analysis than the conventional one.

I. INTRODUCTION

Fourier analytic signal is useful in many signal processing and
communication applications such as bandpass sampling,
narrow-band modulation, envelope detection, generation of
one-sided frequency spectra, etc. In this paper, a new analytic
signal is proposed in the Hartley transform domain. It’s more
closely related to the Fourier transform form, and much more
appropriate for signal analysis than the conventional Hartley
spectrum.

1L

For a real signal v(¢), the well-known Fourier transform of
v(1) is

Tue HARTLEY ANALYTIC SiGNAL-ConTINUOUS CASE

V(f)=f v(t)e 2 gt )
Recently, the Hartley transform [1]-[3] has been studied as an
another alternative for spectrum analysis, and is defined as
below:

H.(f) = H{v(1)} =f_°° v(t)[cos2m fi +sin2aft]dt (2a)

=Vee(f) = Vi (f) (2b)

where Vi (f) and V (f) are the real and imaginary parts of
the Fourier transform V(f), respectively.

Assume (¢) is the Hilbert transform of o(¢). The analytic
signal z(r) associated with the real signal v(z) is expressed as
follows:

z(1) = v(e) + jo(1). €)

It’s a well-known effect that the Fourier spectra of the analytic
signal z(¢) are zero for negative frequencies, i.c.,

Z(fy=2v(f), f>0
=V(f), f=0
=0, f<o. 4)

Also, the Fourier transform of the Hilbert transform (¢) of
u(t) is

V(f)=isen(f)-V(f)=—iV(f), >0
=0, =
=V(f), f<0 (5
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