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Naked singularities in cylindrical collapse of counterrotating dust shells
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Solutions describing the gravitational collapse of asymptotically flat cylindrical and prolate shétislipf
dust are shown to admit globally naked singularities.
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We consider two models of cylindrical collapse, both 7=(vy—up)/u;>0. So these geodesics are past complete

based on the cylindrically symmetric line element and terminate in the future at the singularity 0 in finite
5 5 parameter time.
ds’=—exd —a(v)]dudy +dZ*+r?(u,v)dé® (1) If u;=0, thenk?>0. We calculate

u,v are null coordinates and we take- (v —u)/2=0. Then

u,v label outgoing and ingoing null hypersurfaces, respec-
tively; we take bothu andv to increase into the future. The so r—uv(7) is increasing and concayaccording to the en-
energy-momentum tensor is in the form of null dust with theergy condition(2)]. Hencev cannot reacht in finite pa-

v=a'(v)v?

Ricci tensor given by rameter time. Eithev —o ast—o0, orv is bounded above.
) In the latter case, monotonicity implies thathas a limitv
_ (v) _ as 7 increases. Then either—vg as r—®, or v=v at
ab=— 5 KaKp, Ka=Vav. L .. .
ar somer=r¢ With v(7£)=0. This impliesa(vg)=—, and

y monotonicity,a’ (vg) = — . In this case, there is a sin-

ularity alongv =v¢. In the other cases, the geodesics are
future complete. Future null infinity " is atv=vg orv=

@) +, depending on whether or notis bounded above as
—o0, In the former caser, has a finite limit at7™", which

which we assume henceforth. The matter content of th&Vill be different along different geodesics.

space-time may be described as infalling null dust. There is a v decreases asdecreases. Eitherdecreases to 0, or the
curvature singularity along=0. Since the solution is Petrov geodesic meets a singularity @t=vp whereaty — . This
type N with a pure radiation energy-momentum tensor, alloccurs if and only ifa(vp) = +. Again, monotonicity im-
curvature invariants vanish. It has been showfiiithat this  plies thata'(vp) = — .

is a parallel propagated curvature singularity. Additionally, ~So there are four different possible global structures, de-
scalars such aB,,w?wP diverge atr =0 for any unit time-  pending on whether or not there exist values,vg for

. " b
Then the strong, weak and dominant energy conditions arg
all equivalent to

a' <0,

like vectorw?. At fixed z on the singularity, we have which a(vpg)=+%°,—x. The conformal diagrams are
given in Figs. 1-4. Note that whef7~ exists and corre-
ds?=—e *0)dy?, sponds ta — =, the space-time is asymptotically flat at that
. o ] surface in the following sense: all superenergy tef@such
so the singularity is time-like. as RyWaWP, Cpogv®WPwowd (w2 null or unit time-like

The causal nature of the singularity is further elucidated,anish in the limit as the surface is approacted fixed
by studying the null geodesics in the 2-spaseconst, ¢  yalues of z Along any time-like geodesic, parallel propa-

=C%”St_- ;he geodesic equations yiefdr future-pointing  gated components of the Riemann tensor will also vanish in
geodesic

v=k%exd a(v)], (3)
J+
U=ugp+uyT, (4)
where the overdot represents differentiation with respect to r=0

the affine parameter, u;=0 andk are constants. The null

condition isu;k?=0; both constants cannot vanish simulta-

neously. T~
If k=0, thenu;>0. We see thati— —o,r—+ox asr

— —oo, As 7 increasesy decreases to 0 at parameter time

FIG. 1. Conformal diagram for the case wheris bounded on
R. v lies in the range { =, +). Singularities are indicated with a
*Electronic address: brien.nolan@dcu.ie double line.
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7-

v=1>

FIG. 2. Conformal diagram for the case whenis bounded
below onR, but there existspe R such thata— +x asv|vp. v

lies in the rangep, +). FIG. 4. Conformal diagram for the case when there exists

N . ) . . vp,vpe R suchthata— +> asv |vp anda— —x asvvg . v lies
this limit [1]. Since the space-times represent infinite cylin-j, the range ¢p,vr).

ders, they cannot be asymptotically flat in directions along

which z becomes infinite. This feature can be removed; see I

below. ds’=—dudv+dz*+ Z(v—u)2d¢>2,
We note that to obtain space-times filled wiblhitgoing

null dust, we defindd=—v,V=-u,B(U)=a(v) and re-

designate the future direction as the reverse of that used® obtain a smogth matching ?CFOSS an ingoing null hyper-
above. The line element is surface by taking<®=x?, matching across =0 (a transla-

tion may be required to guarantee that O lies in the domain of

ds?’=—exd — B(U)]dUdV+dZ2+ R?d¢?, (5) a and thatv p,<O<w if such exis} and using the boundary
condition «(0)=0 [3]. We paste the portiorv<0 of

whereR=(V—U)/2. The Ricci tensor is given by Minkowski space-time to the portiamn=0 of the space-time
with line element(1).
B'(U) Two possibilities arise and are shown in Figs. 5 and 6,
ab="zr YaU WU, respectively. Both contain locally naked singularities. Figure
5 corresponds to space-times modeling the gravitational col-
and the energy condition now reads lapse of cylindrical null dust which are asymptotically flat at
fixed z and which arise from regular initial data. The singu-
B'(U)=0. (6) larity in this case is globally naked.

A slightly different model has been studied [i4,5] and

The relevant conformal diagrams are obtained by inverting6): Here, the exterior region is taken to be filled wiht-
those of Figs. 1-4. going null dust, and is matched across a time-like shell of
In order to make the connection with cosmic censorship(Ordinary dust to a flat interior. One can interpret this as a
i.e. to study collapse for an initially regular configuration, we €0llapsing cylindrical shell emitting both gravitational radia-
replace the interior of a past light cone of a point a0 tion (the soll_mon is Petrov typ?l) and massless patrtilces. _It
with a portion of Minkowski space. The resulting space-Was shown irf5] and[ 6] that this shell can be cqnstructed in
times are asymptotically flat and evolve from regular initial SUCh @ manner that the collapse proceeds=0 without any
data. They may be considered the cylindrical version offapped or marginally trapped surfaces appearing either on

Vaidya space-time. Writing the line element of Minkowski the shell or in the _exteri_or geometry. This leads one to sus-
space-time in the cylindrical form pect that the resulting singularity may be naked; the present

r=20
FIG. 3. Conformal diagram for the case whenis bounded FIG. 5. Conformal diagram in the-v plane for the case whemn
above onR, but there exist® - e R such thate— —~ asvivg. v is bounded below oiR. The dashed line is=0; the portion to the
lies in the range { ©,v¢). past ofv =0 is flat.
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FIG. 6. Conformal diagram for the case when—+« as
vTve>0. The dashed line is=0; the portion to the past aof
=0 is flat. FIG. 7. Conformal diagram in the-V plane for the collapse of
a shell of counter-rotating dust particles. The dashed curve repre-
results confirm this. The shell is constructed as follows. Thesents the shell; space-time is flat in the interior of the shell. The
metric inside the shell is taken to be flat: exterior corresponds to the time reversal of Fig. 1 or 3.

ds?= —dt?+ dr2+d 22+ r2d¢2. The right-hand side here is@! function ofy, and so this
_ o _ equation admits a unique solution through any poigt ¥o) -
The exterior geometry is given by E¢p). DefineT by U |f we choose data witly<0, we see thay increases towards
=T-R, V=T+R, and take the shell to be &=Ry(T)  y=0 asymptotically as— . Such a solution cannot reach
=ry(t). Demanding continuity of the metric yields a relation y=0 in a finite time sincey=0 is the unique solution
for t in terms of T. The surface energy-momentum tensor Ofthrough any point £,y) = (70,0). In other words, there exist
the shell generally takes the form of an imperfect fluid; fol- gg|utions of Eq.(7) for which R, decreases to zero in finite
lowing [4], we impose the condition that there are stressegme T=alb, with B satisfying Bo<8<0 on Te[0a/b].

only in the azimuthal direction. This choice of matter admitSthe shell has density and azimuthal stregs, satisfying
the interpretation of a thin shell of dust particles in which

counter-rotation of one-half of the particles results in zero p=pd,zeﬂ’z(l—Réz)*l’zRgl(Al’z—l),

net angular momentum, and is referred to as a “shell of

counter-rotating dust4,6,7. The field equations for the which is clearly positive for the solution constructed, and the

shell yield the following differential equation foRgy(T) other conditions mentioned above are clearly satisfied. We
which includes the terms3(Uy),B8'(Uy), where Uy=T  note that Gleiser’s general analysis shows that there are nu-

—Ro(T): merous possibilities which lead to the outcome exemplified
by this casq6].
12 R(’)—Al’z B’ To see that the resulting singularity is globally naked, we
Ro=(1-Rgp?) R_o+ N - (1= Ry)(, (7  note that since8(U,)<0 during the collapsed cannot di-

verge to+o before the shell undergoes complete collapse
and hence the conformal diagram for the matched space-time
must be of the form shown in either Fig. 7 or Fig. 8. When
there is no future singularity g, i.e. when Fig. 7 applies,
the space-times give more examples of cylindrical collapse
resulting in a globally naked singularity. The space-time is
asymptotically flat at7* (r—< at fixedU) for fixed z

where
A=Rj?>+e A(1-R(?).

(An erroneous version of this equation was giverj4hand

was corrected if6].) .
i L I The problem of the lack of asymptotic flatness at lazge
Th? SOIL.‘t'OnS studied ip4,5] and[6] are similar to the can be dealt with as follows. The space-time with line ele-
following simple example. For our present purposes, it suf-

fices to show that there exists a functi@(U) and a solution Zigtn(s?w(i:ﬁ]nthb: smr?gr:irc]:ztljl S?(r)nortnh;}[lric?csm;cs:ejat?rzes\ljvgﬁctie
Ro(T) of Eq. (7) with the following propertiesRy(T) de- P y sy P

creases monotonically from a finite positive valueRg=0 line element

in finite proper time;|Ry|<1; B'(U)=0; A>0 along the ds?=—exf — a(v)]dudy

solution; a suitable energy condition is satisfied by the shell.

In order to do this, we make the choid®(T)=a—bT +r%(u,v)(d6*+sir’odp?), 9

wherea, b>0 andb<1. Then Eq(7) may be written as the
following equation for y(7):=B8(T—Ry(T)) where 7=
—Inja—bT]|:

provided the matching is done across the equéterr/2 of
the spherically symmetric space-time. Doing this at two dif-
ferent values ofz and choosing normals in the appropriate
dy 2 A—Al2 directions corresponds to replacing the infinite cylinder with
Z_-- = (8) a finite cylinder bounded by hemispherical cdj@g. The
dr b pal? Ricci tensor of Eq(9) has nonvanishing components
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tions in the spherical regiopslt is straightforward to show
that the surface energy-momentum tensor of the shell in the
cylindrical region is given by4—6]

Sab=P 305+ P, 0555+ I’S( P+ P)ég)ég) :

Then it transpires that the surface energy-momentum tensor
in the spherical region is

Sab=2p 8585+ P 58060+ prsirf 052 5¢ .

Imposing the “counterrotating dust” conditiop,=0 shows
T=0 that the collapsing shell is composed of dust with no tangen-
tial stresses in the hemispheres. In particular, the energy con-

FIG. 8. Conformal diagram in thel-V plane for collapse of a itions in the hemispheres are inherited from the energy con-
shell of counter-rotating dust particles. The dashed curve represegt P gy

the shell; space-time is flat in the interior of the shell. The exterior |t|or_15 in t_he cyllr_1dr|cz_il region. Asymptotic flatn_ess in the
corresponds to the time reversal of Fig. 2 or 4 with= —vp. The hemispherical regions is guaranteed by asymptotic flatness at

possible past singularity is ignored. fixed z in the cylindrical region. The properties of the singu-
larities which we have examined depends only on the geom-
o etry of the Lorentzian 2-spa@e= const, ¢ = const of Eq(1).
Ryp="— r Ryo= csc?0R¢¢=1—e“. Since this 2-space is identical to the 2-spateconst, ¢

=const of Eq.(9), the singularity structure in the cylindrical

The models of Figs. 5 and 6 used the boundary conditioi®9'°N applies throughout the entire space-time.

«(0)=0, and the energy conditions for the cylinder gave Flnally, we note th'e unswtgbﬂﬂy of thege models for
o' (v)=0. Using these, it is straightforward to show that all StUdying the hoop conjecture. Since the hemispheres may be
energy conditiongweak, strong, dominantare satisfied in attached at any pair of values nfthe resulting object_ may
the hemispheres. A similar conclusion holds for the off—shellha\./e."jl.n ar_blt_ra_ry degree of prolateness, from Zepberical
regions of the models of Figs. 7 and 8 using the conditiort® infinity (|nf|n|t9 cyllndet). Thus the lack of occurrence of
B=0 found above. The collapsing shell of matter now has &n a?ppafe”t hpnzoh.e. tr_apped §urfac¢$elates only to the .
finite cylindrical body and hemispherical caps. We take its.‘:)"’lrt'cm"’Ir ch0|ce'of meF”C functions and not to the aspheric-
equation of motion to be given by the same equation fty of the collapsing object.

=ro[ T(7)] in both the cylindrical and spherical regioftkis | am grateful to S. Goralves and S. Jhingan for allowing
is in line with our “recycling” of the cylindrical metric func- me to read their work5] prior to publication.
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