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Abstract

This thesis deals with the asymptotic behaviour of various classes of stochastic differen-
tial equations (SDEs) and their discretisations. More specifically, it concerns the largest
fluctuations of such equations by considering the rate of growth of the almost sure running
maxima of the solutions.

The first chapter gives a brief overview of the main ideas and motivations for this the-
sis. Chapter 2 examines a class of nonlinear finite-dimensional SDEs which have mean—
reverting drift terms and bounded noise intensity or, by extension, unbounded noise in-
tensity. Equations subject to Markovian switching are also studied, allowing the drift and
diffusion coefficients to switch randomly according to a Markov jump process. The as-
sumptions are motivated by the large fluctuations experienced by financial markets which
are subjected to random regime shifts. We determine sharp upper and lower bounds on the
rate of growth of the large fluctuations of the process by means of stochastic comparison
methods and time change techniques.

Chapter 3 applies similar techniques to a variant of the classical Geometric Brownian
Motion (GBM) market model which is subject to random regime shifts. We prove that
the model exhibits the same long—run growth properties and deviations from the trend
rate of growth as conventional GBM.

The fourth chapter examines the consistency of the asymptotic behaviour of a discreti-
sation of the model detailed in Chapter 3. More specifically, it is shown that the discrete
approximation to the stock price grows exponentially and that the large fluctuations from
this exponential growth trend are governed by a Law of the Iterated Logarithm.

The results about the asymptotic behaviour of discretised SDEs found in Chapter 4,
rely on the use of an exponential martingale inequality (EMI). Chapter 5 considers a
discrete version of the EMI driven by independent Gaussian sequences. Some extensions,
applications and ramifications of the results are detailed.

The final chapter uses the EMI developed in Chapter 5 to analyse the asymptotic be-
haviour of discretised SDEs. Two different methods of discretisation are considered: a

standard Euler—-Maruyama method and an implicit split—step variant of Euler-Maruyama.



Chapter 1

Introduction

This thesis examines the almost sure asymptotic growth rate of the large fluctuations of
various classes of stochastic differential equations (SDEs) including equations with Marko-
vian switching and discrete—time approximations of such equations. While Mao and Yuan,
[62], have studied the asymptotic behaviour of SDEs with Markovian switching using an
exponential martingale and Gronwall inequality approach, this thesis adds to the exist-
ing literature by (a) considering a stochastic comparison approach along with a powerful
theorem of Motoo, [65], and (b) considering non-linear equations in finite dimensions.
Moreover, this thesis examines the large fluctuations of discretised SDEs using the expo-
nential martingale and Gronwall inequality techniques commonly used in continuous—time.

Typically, we characterise the size of these fluctuations by finding upper and lower esti-
mates on the rate of growth of the running mazima t — supg<,<; | X (s)[, where { X (t)}+>0

is the solution of the SDE
dX(t) = f(X(t))dt + g(X(t))dB(t), t>0.

Here f is known as the drift coefficient and g is known as the diffusion or noise coefficient.
Our aim is to find constants C and C3 and an increasing function p : (0, 00) — (0, 00) for
which p(t) — oo as t — oo such that

X
0 < Cy < limsup SuPo<s<t [X ()]

< (Cq, as. 1.0.1
P SO (1.01)

We will refer to such a function p as the essential growth rate of the largest deviations
of the process, with the constants C', Cs being the upper and lower orders of magnitude.

Since it can be shown (see, for example, [53]) that

X ()|

lim sup ——> = lim sup supg<s<; [ X ()]
t—oo P(t) t—o0 p(t)

: (1.0.2)

for convenience we will in fact state our results in the manner of the former. In applications,

the size of the large fluctuations may represent the largest bubble or crash in a financial
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market, the largest epidemic in a disease model or a population explosion in an ecological
model.

The second chapter considers the size of the large fluctuations of a general class of
finite—dimensional SDEs which have stationary solutions. Our focus centres on equations
in which the drift term tends to stabilise the solution (we refer to this as mean—reversion)
and in which the intensity of the stochastic perturbation is bounded (which we refer to
as bounded noise). These assumptions are suitable for modelling volatilities in a self-
regulating economic system which is subjected to persistent stochastic shocks.

We emphasise the importance of the degree of nonlinearity in f in producing the essential
growth rate p in (1.0.1). To be precise, the largest fluctuations are determined via a scalar
function ®(z) := [, ¢(u)du, where ¢ determines the degree of nonlinearity and mean—
reversion in f.

Our results are then extended to equations which contain Markovian switching features,
meaning that the drift and diffusion coefficients can change randomly according to a

Markov jump process. In particular, we study an SDE of the form
4X(1) = F(X(8),Y (1) di + g(X(0), Y (£)) dB(t), 10,

where Y is an irreducible Markov chain with finite state space S. The rationale for this in
finance is that market sentiment occasionally changes (and often quite rapidly), leading to
differing volatility or growth rates. Similarly, observations in financial market econometrics
suggest that security prices often move from bearish to bullish (or other) regimes. These
regime switches are modelled by the presence of the Markov process Y.

The addition of Markovian switching to the SDE does not play a significant role in
determining p, the essential rate of growth of the fluctuations of the SDE. It will however
have an impact on the constants C7 and Cs in (1.0.1), thereby changing the size of the
largest fluctuations.

Recently, there has been increasing attention devoted to hybrid systems, in which con-
tinuous dynamics are intertwined with discrete events. One of the distinct features of such
systems is that the underlying dynamics are subject to changes with respect to certain

configurations. A convenient way of modelling these dynamics is to use continuous—time
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Markov chains to delineate many practical systems where they may experience abrupt
changes in their structure and parameters. Such hybrid systems have been considered for
the modelling of electric power systems by Willsky and Levy [81] as well as for the control
of a solar thermal central receiver by Sworder and Rogers [78]. Athans [12] suggested to
use hybrid systems control-related issues in Battle Management Command, Control and
Communications (BM/C3) systems. Sethi and Zhang used Markovian structure to de-
scribe hierarchical control of manufacturing systems [74]. Yin and Zhang examined prob-
abilistic structure and developed a two-time-scale approach for control of hybrid dynamic
systems [83]. Optimal control of switching diffusions and applications to manufacturing
systems were studied in Ghosh, Arapostathis, and Marcus [28] and [29]. In addition,
Markovian hybrid systems have also been used in emerging applications in financial engi-
neering [82, 84, 86] and gene regulation [35]. For a detailed treatment of hybrid stochastic
differential equations we refer the reader to [62].

After having considered equations with bounded noise, it is a natural question to ask
whether or not we can allow the noise to be unbounded while still maintaining similar
results. To that end, Chapter 2 also considers equations in which the intensity of the
noise term is unbounded in the sense that lim|,| .« [|g(z)|| = +0o. We emphasise the
importance of the degree of nonlinearity in both f and g in producing the essential growth
rate p in (1.0.1). To be precise, the large fluctuations are determined by the scalar function
U := [ ¢(u)/v*(u)du, where ¢ determines the degree of nonlinearity and mean-reversion
in f while v characterises the degree of nonlinearity in the diffusion g.

Although this research into equations with unbounded noise is substantial, due to the
similarities with the equations with bounded noise, we include it only as a subsection and
we state without proof some of the main results and methods.

Having considered equations with Markovian switching (which can be used to model
rapid financial market changes) in Chapter 2, we then turn our attention to applying
these ideas and techniques to a financial market model. This leads us to Chapter 3 where
we consider a special class of one-dimensional SDEs which contain Markovian switching
and we explore its financial market applications. For this class of SDE, both g and zf are

uniformly bounded above and below. We show that the largest deviations of the solution
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obeys a Law of the Iterated Logarithm, i.e. that the growth function p in (1.0.1) takes
the form +/2tloglogt. Moreover, in the case when the diffusion coefficient depends only

on the switching parameter, say g(z,y) = v(y), it is shown that

lim sup ﬂ =0
t—oo /2tloglogt *’

where 02 = > jes 72(j)m; and m = (m})jes is the stationary distribution of the Markov

a.s.,

chain Y. These large deviation results are then applied to a security price model, where

the security price S obeys
dS(t) = pS(t)dt + S(t)dX (t), >0,

where p is the instantaneous mean rate of growth of the price. This is a variant of the
classical Geometric Brownian Motion (GBM) model in which the stock price is the solution
of an SDE where the driving Brownian motion is replaced by a semi—martingale which
depends on a continuous—time Markov chain. Despite the presence of the Markov process
(which introduces regime shifts) and an X—dependent drift term (which introduces market
inefficiency) we can still deduce that the new market model enjoys some of the properties
of standard GBM models. In this chapter we also investigate a simple two—state volatility
model and show how our results can be implemented in this case.

The introduction of a market model in Chapter 3 raises the question of how this model
could be implemented in practice. Chapter 4 facilitates this by considering a discretisation
of the model found in Chapter 3. It is shown that one can discretise the model in such a
way that the asymptotic behaviour of the discretised model is consistent with that of the
continuous—time model of Chapter 3.

Unlike in Chapters 2 and 3, where the proofs rely on stochastic comparison techniques
and Motoo’s theorem, the proofs for the discrete equations in Chapter 4 use exponential
martingale inequality (EMI) and Gronwall inequality techniques, similar to those used
n [54]. We must use these alternative techniques because the proof of Motoo’s theorem
(a key element of our continuous—time proofs) hinges on an analysis of the excursions of
solutions of SDEs which cannot easily be applied in discrete time.

Although there are many discrete versions of the Gronwall inequality, the same is not

true of a discrete-time EMI. Nevertheless, a general discrete-time EMI was published
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by Bercu and Touati, [13], which depends on both the total and predictable quadratic
variations of the martingale (in contrast to the continuous—time EMI which depends only
on the predictable quadratic variation). This discrete-time EMI is used to obtain the
results in Chapter 4. However, a comparison of the results found in Chapter 3 with their
discrete—time analogues in Chapter 4 reveals that the discrete-time results are inferior,
due to the use of the general EMI of Bercu and Touati. In Chapter 5 we develop a special
class of discrete—time EMI for martingales driven by Gaussian sequences (which naturally
arise from an Euler-Maruyama discretisation method). This EMI depends only on the
predictable quadratic variation (just as in the continuous—time EMI) and using this EMI
instead of the more general EMI of Bercu and Touati yields results which are directly
comparable to their continuous—time counterparts.

Having developed a suitable discrete-time EMI, which is very effective in determining
the asymptotic behaviour of discretised SDEs, we then return to the asymptotic analysis
of discretised SDEs which was started in Chapter 4. In Chapter 6 we consider a dif-
ferent class of SDEs than those considered in Chapter 4, and moreover we consider two
different methods of discretisation. While Chapter 4 considers only an Euler-Maruyama
discretisation of the SDE, Chapter 6 also considers a split-step implicit variant of Euler—
Maruyama. On implementing each method, we generally obtain results which are natural

discrete analogues of (1.0.1) and are of the form

. | Xn(n)|
< — < .S.
0 < Cy(h) _llisolip o(nh) < Ci(h), as.,

where h represents the fixed step—size used to produce the discretised process X, (n). While
both discretisation methods obtain similar results, in terms of the asymptotic behaviour of
the discretised SDE, they both have benefits and drawbacks which are detailed throughout

the chapter.



Mathematical Preliminaries

In this section we define the standard notation used in this thesis as well as useful results

used throughout.

1.0.1 Deterministic Preliminaries

Real spaces & vector notation. Let R denote the set of real numbers and RT the
set of non-negative real numbers. We denote by Z the set of all integers, by N the set of
natural numbers (excluding zero) and by Ny = NU {0}. For two numbers z,y € R, 2V y
denotes the maximum of x and y while x A y denotes the minimum of  and y. For any
number z € R, |z| denotes the absolute value of x while [z ]| denotes the integer part of .
Moreover, for any = € R we denote ()1 = max{a,0}.

Let R? denote the set of d-dimensional vectors with entries in R. Vectors A € R¢ are
thought of as column ones. The transpose of a vector A € R? is denoted by AT and can
be thought of as a row vector. Denote by e; the i*" standard basis vector in R¢ with unity
in the " component and zeros elsewhere. Denote by (A, B) the standard inner product of
vectors A, B € R? and the standard Euclidean norm, || - ||, for a vector A = (ay,...,an)"
is given by ||A||?2 = 31", a?. Moreover we define other norms in R? such as the 1-norm,

| Al = Z;l:l laj|, and the infinity norm (or max norm), ||A|lsc = max;<j<q|a;|. By norm

equivalence, there exist numbers 0 < K;(d) < K3(d) < 400 such that
Ki(d)|A] < [|Alh < K2(d)||Al,  AeR,
and the same applies to the infinity norm. We also use the Cauchy—-Schwarz inequality

(A, B)| < |AlIBl, A BeR’

Matrix notation. Let RY*" be the space of d x r matrices with real entries where I

is the identity matriz . Let diag(aq, s, ...,aq) denote the d x d matrix with entries
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ai,as, ..., a, along the main diagonal and 0 elsewhere. The transpose of a matrix A is
denoted by AT. The Frobenius norm of a matrix A = (a;;) € R¥" is denoted ||A[/% and

is defined by [|A]|% = 3%, > i a%j.

Functional notation. We record here some notation for real-valued functions which
prove useful throughout the thesis. The deterministic indicator function 1y : Ng — {0, 1}

is defined by

1, ifzeN,
In(z) =
0, ifx=0.
If two functions f, g are asymptotic to each other in the sense that lim, oo % =1, then
we use the notation f ~ g. We use sgn to denote the signum function, so that sgn(z) =1
if x >0, sgn(z) = —1 for x < 0 and sgn(x) = 0 if z = 0. The family of Borel measurable

functions h : [a,b] — R? with f: |h(z)|P dz < oo are denoted LP([a,b]; RY). Finally, C'(R)

is the subspace of R consisting of continuous functions.

1.0.2 Stochastic Preliminaries

A brief overview of the basic theory concerning stochastic processes is given in this sub-

section. For a more detailed review see texts such as Mao [54] or Karatzas & Shreve [46].

Probability spaces. We consider the probability triple (2, F,P). Here Q denotes the
sample space where each outcome in €2 is denoted by w. The family F is a o—algebra
and any set which belongs to F is said to be F—measurable . A probability measure P on
the space (2, F) is a function P : F — [0,1]. If an event has probability 1 then we say
that it is an almost sure event and we use the shorthand a.s. A filtration {F(t)}+>0 is an
increasing set of o—algebras in F. The filtration at time t represents all of the information

available up to time t. The filtered probability space is denoted by (2, F, {F(t)}+>0,P).
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Standard Brownian Motion. If (Q,F,{F(t)}+>0,P) is a filtered probability space
then a 1-dimensional standard Brownian motion {B(t)}+>0 is a process which has the
following properties: B(0) = 0; the increment B(t) — B(s) is normally distributed with
mean 0 and variance t — s where 0 < s < t < oo; the increment B(t) — B(s) is independent
of Fs where 0 < s <t < oo.

The Brownian motion has many important properties, such as:
e {—B(t)} is a Brownian motion with respect to the same filtration {F(¢)},

e {B(t)} is a continuous square-integrable martingale with quadratic variation given

by (B)(t) =t for all t > 0,

e for almost every w € 2, the Brownian sample path ¢ — B(¢,w) is nowhere differen-

tiable.

Extensions of probability spaces. Let X = {X(t),F(¢);0 <t < oo} be an adapted
process on some (2, F,P). We may need a d-dimensional Brownian motion independent
of X, but because (€2, F,P) may not be rich enough to support this Brownian motion, we
must extend the probability space to construct this.

Let (Q, F , I@’) be another probability space, on which we consider a d—dimensional Brow-
nian motion B = {B(t), F(t);0 < t < oo}, set Q := Q x Q (where x signifies the Cartesian
product), P:=PxP (where X in this case is a product measure), G:=F® .7:", and define a
new filtration by G(t) := F(t) ® F(t). Here F ®G defines the product o—field formed from
the o—fields F and G, i.e. F®G:=0(A x B;A € F,B € G). The new filtration may not
satisfy the usual conditions, so we augment it and make it right—continuous by defining

F(t) := Ng>10(G(s) UN) where N is the collection of P-null sets in G. We also complete

G by defining F = (G UN). We may extend X and B to {F(t)}-adapted processes on
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(Q, F,P) by defining for (w,) € Q,

X(t, (w,0) = X(t,w), B(t, (w,)) = B(t, o).

Then B = {B(t), F(t);0 <t < oo} is a d-dimensional Brownian motion independent of

X = {X(t), F(t);0 < t < c0}.

Stochastic indicator function. If (Q,F,P) is a probability triple and A is an event
in the o—algebra F, we denote by I4 : Q — {0,1} the indicator random variable of A, so

that

1, fweA,
Iy(w) =
0, ifwé¢gA.

Borel-Cantelli Lemma. Let (2, F,P) be a probability triple. The first Borel-Cantelli
lemma states that if (A, : n > 1) is a sequence of events such that each A, € F and
e P[A,] < 00, then

P[A,,i.0.] =0,

where {A,,,i.0.} is the event that the events A,, are realised infinitely often. The second
Borel-Cantelli lemma states that if (A, : n > 1) is a sequence of independent events such

that each A, € F and ) 7, P[A,] = oo, then

P[A,,,i.0.] = 1.

Sequences of normal random variables Here we state some useful properties of
normal random variables.
Let ® be the distribution of a standard normal (i.e., N'(0,1)) random variable N, so

that ®(z) :=P[N < z] = 127r I . e™*/2du, z € R. Mill’s estimate gives us that

= 7=
]_ X z2 ]. ]. z2

————€ 2 <1-0%(z) < ——€e" 2z, x>0 (1.0.3)

Vorz?+1 - T V2w
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The following can be obtained from the textbook [75].

Lemma 1.0.1. If Z ={Z(n) : n > 0} is a sequence of standard normal random variables
then

Z
lim sup |Z(n) <1, a.s.,

n—oo 210gn -

and if, moreover, the random variables are independent then

: |Z(n))
1 — =1 .S. 1.04
TP V2logn s ( )

Proof. For every € > 0, Mill’s estimate gives

P[|Z(n)| > /2(1 +¢)logn] < 2 ! !

V21 \/2(1 4 ) logn nite’
Since the right-hand side is a summable sequence, by the first Borel-Cantelli lemma and
by letting € | 0 through the rational numbers, we have limsup,,_, . |Z(n)|/v2logn < 1,

a.s. Moreover, if the sequence Z(n) is independent then both sides of Mill’s estimate gives

F[|z(n)] > 2Togn)
1 1

lim T
n—oo —_ =
Vm y/logn n

=1

Since the denominator is not a summable sequence, by the second Borel-Cantelli lemma
it follows that limsup,,_,., |Z(n)|/v/21logn > 1. Combining both, in the case of indepen-

dence, we have the equality (1.0.4). O

Law of the Iterated Logarithm (LIL). The following result is one of the most im-

portant results on the asymptotic behaviour of standard Brownian motions,

lim sup 7‘3(”‘ =
t—oo /2tloglogt

This theorem shows that for any € > 0 there exists a positive random variable ¢. such

that for almost every w € €, the Brownian sample path ¢ — B(t,w) is within the interval

+(1 + e)y/2tloglogt whenever t > t.(w).

10
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Markov Chains. Let Y be a continuous—time Markov chain with state space S. We
assume that the state space of the Markov chain is finite, say S = {1,2,--- , N}. Let the

Markov chain have generator I' = (7;5) nx N Where

Yii A +o(A) ifi#j,
PIY(t+4) = jIY(t) = i] =

1+ v A+o0(A) ifi=j,
and A > 0. Here ;; > 0 is the transition rate from i to j if i« # j while ;; = — Zj# Vij-
It is known (see e.g. [4]) that almost every sample path of Y'(¢) is a right-continuous step
function with a finite number of jumps in any finite subinterval of [0, 00). As a standing
hypothesis we assume in this paper that the Markov chain is irreducible. This is equivalent
to the condition that for any 4, j € S, one can find finite numbers i1, iz, - - , i € S such that
Vijir Yinsio " Vig,j > 0. Note that I' always has an eigenvalue 0. The algebraic interpretation
of irreducibility is rank(I') = N — 1. Under this condition, the Markov chain has a

unique stationary (probability) distribution 7 = (7,7, --- ,7y) € RN which can be

determined by solving the following linear equation
N
7T =0 subjectto » mj=landm >0 Vj€S. (1.0.5)
j=1
Moreover, the Markov chain has the very nice ergodic property which states that for any

mapping ¢ : S — R,

lim 1/0 $(Y(s))ds =Y _¢(i)m; a.s. (1.0.6)

t—o00

Jj=1

In our analysis in this thesis, we will generally have a continuous—time process driven by a
Brownian motion and for analytical purposes it is convenient to assume that the Markov
process Y is independent of the Brownian motion B. In such a situation, the filtration
{Fi}+>0 we will work on is the augmentation under P of the natural filtration generated

by the Brownian motion and the Markov chain.
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Martingales. The stochastic process M = {M (t) }+>0 defined on the filtered probability
space (Q, F,{F(t) }+>0,P) is said to be a martingale with respect to the filtration {F(t) }+>0

if M(t) is F(t)-measurable for all ¢ > 0, E[|M(¢)|] < oo for all t > 0 and

E[M(t)|F(s)] = M(s), as., forall0<s<t.

Doob’s continuous martingale representation theorem. Suppose M is a continu-
ous local martingale defined on a probability space (£2, F,P), and the quadratic variation
(M) is an absolutely continuous function of ¢ for P-almost every w. Then there is an
extended space (Q,]:“ , I@’) of (2, F,P) on which is defined a one-dimensional Brownian

motion W = {W(t), F;0 <t < oo} and an F;-adapted process X with P-a.s.
¢
/ X?%(s)ds < 00, 0<t<oo,
0
such that we have the representations P-a.s.

M(t) = /OtX(s) AW (s),  (M)(t) = /OtXQ(s) ds, 0<t<oc.
In the proof of the above martingale representation theorem (which can be found in [46],
Theorem 3.4.2 ), the new Brownian motion W is constructed by a continuous local martin-
gale with respect to the original probability space (€2, F,P) and another Brownian motion,
say B, which is defined on the extended part of (Q,F,P)in (Q, F, ]f”) Moreover, B is inde-
pendent of M. Therefore in this thesis, any conclusion made with respect to the extended
measure P about the underlying process with diffusion M defined on (Q, F,P) coincides
with that with measure P. Therefore we do not make explicit reference to the probability

spaces when stating results.

Stationarity. The following definitions are taken from [31]. The process U = {U(¢) :
t > 0}, taking values in R, is called strongly stationary if the families
{U(t1),U(t2),...,U(ty)} and {U(t1 +h),U(ta+h),...,U(tn +h)}

12
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have the same joint distribution for all t1,¢s,...,%, and h > 0. Note that if U is strongly
stationary then U(t) has the same distribution for all ¢.

The process U = {U(t) : t > 0} is called weakly stationary if, for all t1,%2 and h > 0,

E[U(t1)] = E[U(t2)] and Cov[U(t1), U(ts)] = Cov[U(ty + h), U(ts + h)]-

Moreover the autocovariance function, Cov[U(t),U(t + h)], of a weakly stationary process

is a function of h only.

1.0.3 Large fluctuations and recurrence of scalar diffusion processes

Here we list some results that are useful in determining the large fluctuations of scalar
SDEs using a stochastic comparison approach. Moreover, we can apply these techniques
to multi—dimensional equations by first applying a transformation to reduce the equation
to a scalar one. Let {X(t)};>0 be the scalar solution to the one-dimensional stochastic

differential equation

dX(t) =b(X(t))dt +o(X(t))dB(t), (1.0.7)
where b is the drift coefficient and o # 0 is the diffusion coefficient.

Definition 1.0.1. A weak solution in the interval (0,00) of equation (1.0.7) is a triple

(X,B), (Q,F,P), {F(t) }+>0, with (Q,F,P) and {F(t)}+>0 as defined earlier, where:

1. X = {X(#),F(t);0 < t < oo} is a continuous, adapted Rt-valued process with
X(0) € (0,00) and B = {B(t),F(t);0 < t < oo} is a standard one-dimensional

Brownian motion,

2. with {[,,}5°; and {r,}>2, strictly monotone sequences satisfying 0 < I, < r,, < 00,
limy, o0 by, = 0, limy, 00 7, = 00 and S, := inf{t > 0: X (¢) & (I,,7)} for n > 1, the

following equations hold:

13
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P[ [ {1b(X (5))] + 02(X(s))} ds < o00] = 1; V0 <t < oo,

(ii) P[ (t/\S +f0 I{s<S }ds

—i—fo $)js<s,3 dB(s); V 0 < t < 00| =1 valid for every n > 1.

For more details on the properties of weak solutions see [46].

Scale function and speed measure. Let [ := (I,7) with —oo <1 < r < oo and let
b:I — Rand o : I — R. Moreover, let b and o satisfy the non—degeneracy and local

integrability conditions:

o%(z) >0, Vzel; (1.0.8)

L+ [b(y)l

oy dy < oo. (1.0.9)

Veel, de>0 suchthat/

Under these conditions the scale function and speed measure of X are defined by

T 5 ry b(uw)
p(:E) = / e 2fa o2 (u) du dy’ a & R, (1010)
a

m(dx) = dz, x el (1.0.11)

These functions help us to establish the recurrence and stationarity of X in I by Feller’s

test for explosions (cf. [46]).

Recurrence. A process {X(t)}+>0 is a.s. recurrent on, for example (0, 00), when there
exists an a.s. event Q* such that for every ¢t > 0, w € Q* and z* € (0, 00), there exists a
t*(w) > t such that X (t"(w),w) = z*. Thus, any level in (0, co) will be attained infinitely
many times and there is no “last time” at which a level is attained. The requirements for

recurrence are detailed in the following theorem.

Theorem 1.0.1. Suppose b,o € C([0,00),R), and that X is the weak solution of (1.0.7)

n (0,00) with a deterministic initial condition X (0) € (0,00). Assume that o satisfies

14
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(1.0.8) and that both b and o satisfy (1.0.9). Suppose further that X has scale function p

and speed measure m defined by (1.0.10) and (1.0.11) respectively. Then:

1. if p(04) = —o0, p(co—) = +o0 and m(0,00) < +0o0,

then X is recurrent on (0, 00).

2. if p(0+) > —o0, p(oco—) = +o0, m({0}) =0 and m[0,c0) < +o0,

then X is recurrent on [0,00) with a reflecting boundary at 0.

A proof of the recurrence theorem can be found in Chapter 4.12 of [45]. For a more

in-depth study of reflecting boundaries we refer the reader to Chapter 7.3 in [70].

Motoo’s Theorem This is an important tool for determining the largest deviations for
stationary solutions of scalar autonomous stochastic differential equations. We state it

here for future use:

Theorem 1.0.2. Suppose b,o € C([0,00),R), 0%(x) > 0 for all z > 0 and that X is the
weak solution of (1.0.7) in (0,00) with a deterministic initial condition X (0) € (0,00).
Suppose further that X has scale function p defined by (1.0.10).

Then if X is recurrent we get

: X(t) }
P (limsup—=>1| =1 or 0,

depending on whether

o0 1 o0 1
/c o) T / o) 4=

for some ¢ € R, where h : (0,00) — (0,00) is an increasing function with h(t) — oo as

t — 00.

A proof of Motoo’s theorem can be found in, for example, [45]. In fact, Motoo’s theorem

can be used to prove the Law of the Iterated Logarith, see [65].
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Chapter 2
On the Growth of the Extreme Fluctuations of

SDEs with Markovian Switching

2.1 Introduction

In this chapter, we study the almost sure asymptotic growth rate of the running mazima
t + supg<s<; | X (s)]|, where {X(t)}+>0 is the solution of a finite-dimensional stochastic
differential equation (SDE). We study two classes of SDEs: autonomous SDEs and SDEs
with Markovian switching.

Since our interest is focussed on unbounded solutions, we consider cases where X obeys

lim sup [|X(s)|]| =00, as.
t—00 <5<t

This stipulation covers both recurrent and growing processes, but we make assump-
tions which ensure that the processes are mean-reverting (in a sense to be later de-
scribed). In fact, we impose conditions which guarantee that liminf, .. || X (¢)]| = 0,
and limsup,_, . || X(t)|| = +o0, thus ensuring that || X| is fluctuating. We characterise
the size of these fluctuations by finding upper and lower estimates on the rate of growth
of the running maxima. Thus, we find constants C'y and C5 and an increasing function

p:(0,00) — (0,00) for which p(t) — oo as t — oo such that

X
0<Cy < hmsupw <(Cq, as. (2.1.1)
t—oo  P(t)

The proofs rely on time change and comparison arguments, constructing upper and lower

bounds on || X|| which are recurrent and stationary processes. The large deviations of
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these processes are determined by means of a classical theorem of Motoo [65]. In the case
when Markovian switching is also present, we ensure that these comparison processes have
dynamics which are independent of the switching process.

The first type of equation studied is
dX(t) = f(X(¢t))dt + g(X(t)) dB(t), (2.1.2)

where f:R? - R? g: R4 — R4 and B is an r—dimensional standard Brownian motion.

We also study the stochastic differential equation with Markovian switching
AX (1) = FOX(), Y ()t + g(X (1), Y (1)) dB(D), (2.1.3)

where Y is a Markov chain with finite state space S, and f : R¥xS — R%, g : R¥xS — R4*"
and B is again an r—dimensional Brownian motion.

Our main results in this chapter focus on equations in which the drift term tends to
stabilise the solutions (we refer to this phenomenon as mean-reversion) and in which
the stochastic perturbation has bounded intensity (which we refer to as bounded noise).
However, our results extend to the case where the stochastic perturbation has unbounded
intensity.

These assumptions are suitable for modelling a self-regulating economic system which
is subjected to persistent stochastic shocks which (roughly speaking) are stationary pro-
cesses. By studying finite—dimensional equations, we are able to see how the size of the
large fluctuations propagate through the system, and how the interactions between various
components of the system influence the dynamics. In fact, we pay particular attention
to equations in which the most influential factor driving each component of the process
is the degree of mean-reversion of that component on itself. These results therefore find
application to models of the spot interest rates of many currency areas which have strong

economic (particularly trading) links; the volatilities of many stocks trading on the same
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exchange, or in the same economic sector; or the prices of a basket of complementary or
substitute goods which are subject to stationary shocks on either the supply or demand
side. Deterministic nonlinear models of this type in the theory of general equilibrium
which exhibit global stability include [63]. Examples of scalar interest rate models can be
found in [76] and stochastic volatility models in, for example, [26, 42, 69].

Stochastic differential equations with stationary solutions have found favour in modelling
the evolution of the volatility of risky assets. This is in part because they can produce
“heavy tails” in the distribution of the returns of risky assets present in real markets,
see e.g. [32, 66]. In fact, the rate of decay of the tails in the stationary distribution
of the volatility can be related directly to the rate of decay of the tails of the asset
returns’ distribution. Moreover, it is well-known from the one—dimensional theory of
SDEs that there is a direct relationship between the rate of decay of the tails of the
distributions of a stationary solution of an autonomous SDE and the rate of growth of the
a.s. running maxima of the solution, see for example [15]. Thus, our analysis facilitates
in the investigation of heavy tailed returns’ distributions in stochastic volatility market
models in which many assets are traded. Furthermore, one can still analyse the large
fluctuations (and thereby the tails of the distributions) in the case when the market can
switch between various regimes, [21].

By keeping the intensity of the stochastic term bounded, we are able to study more
directly the impact of different restoring forces of the system towards its equilibrium
value. The strength of the restoring force is characterised here by a scalar function ¢ :

[0,00) — [0,00) with z¢(z) — oo as x — oo, where

(z, f(z))

lim sup —————— < —¢y € (—00,0). (2.1.4)
ol —oo lZll¢Clz]])

Therefore, the strength of the mean-reversion is greater the more rapidly that z — z¢(x)
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increases. We ensure that the degree of nonlinearity in f is characterised by ¢ also by

means of the assumption

(=, f(2))|

lim sup —————— < ¢; € (0,00). (2.1.5)
lzl—oo lZll@(]])

In our main result, we show how the function p in (2.1.1) depends directly on ¢. Therefore,
up to the constants C; and Cs in (2.1.1), we are able to characterise the rate of growth
of the largest fluctuations of the solutions. Moreover, we can show that these recover the
best possible results that are available in the one—dimensional case. As might be expected,
the weaker the strength of the mean-reversion, the more slowly that x — x¢(x) increases,
which leads to a more rapid rate of growth of p(t) — oo as t — oo; consequently, as
we might expect, weak mean-reversion results in large fluctuations in the solution. The
contribution here, of course, is our ability to quantify the relation between the degree of
mean-reversion and the size of the fluctuations.

We also study the large fluctuations of the equation (2.1.3) with Markovian switching in
this chapter. There has been a lot of work done on the stability and stabilisation of such
equations, as seen in [1, 2, 3, 30, 49, 55, 59, 72, 73, 85]. However, to the authors’ knowledge
less is known about the asymptotic behaviour (and in particular the large deviations) of
unstable equations. Despite this, an interesting contribution to the theory of SDEs with
Markovian switching in which solutions are not converging to a point equilibrium is given
in [51].

In [51], it is shown that highly nonlinear equations suitable for modelling population
dynamics exhibit stationary—like behaviour, possessing bounded time average second mo-
ments and being stochastically ultimately bounded. Indeed such results should enable
upper bounds on the pathwise growth of the running maxima to be established by means

of standard Borel-Cantelli and interpolation arguments.
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In [60] for example, conditions are given under which an SDE with Markovian switching
of the form (2.1.3) admits an asymptotically stationary solution. The analysis in this
chapter relates closely to [60] and [51]: we determine the size of large fluctuations but for
a more general class of problems.

In this chapter, we emphasise the importance of the degree of nonlinearity in f in
producing the essential growth rate p in (2.1.1), as the presence of Markovian switching
does not seem to play a significant role in determining p. However, this does not mean
that the switching process does not play a significant role in influencing the size of the
largest fluctuation up to a given time. We conjecture that the switching process may have
a significant impact on the constants C1 and Cs in (2.1.1), thereby changing significantly
the size of the largest fluctuations compared to equations which have the same degree of
nonlinearity, but are not subject to switching. Some evidence of this conjecture appears in
Chapter 3, in which the essential rate of growth of the running maxima of a non—stationary
process is governed by the Law of the Iterated Logarithm, but the constants C1 and Cs
(which are equal) depend on the stationary distribution of the switching process.

In our analysis in this chapter, we focus on equations possessing stationary solutions, or
which are in some sense close to equations possessing a stationary solution. Some analysis
on the large fluctuations of a particular class of scalar SDEs which have dynamics close
to a mon-stationary process is presented in Chapter 3. For the proofs in this chapter
we reduce the SDE to a scalar equation by means of time and coordinate changes and
use a combination of stochastic comparison techniques and Motoo’s theorem (cf. [65]) to
determine the asymptotic behaviour. On the other hand, while Chapter 3 deals with a
very special class of nonlinear functions f and g, in this chapter we consider much more
general equations.

The chapter is organised as follows. Section 2.2 details the method of proof used in
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this chapter which is an alternative to the deterministic methods used by Mao in [54] for
example. We give a brief overview of a useful class of functions in Section 2.3. A synopsis
and discussion of the main results for equations without switching is given in Section
2.4 while the extensions to equations with switching and to equations with unbounded
noise are given in Sections 2.5 and 2.6 respectively. Proofs can be found from Section 2.7

onwards.

2.2 Stochastic comparison technique

To prove the results in this chapter we use techniques which rely on stochastic comparison
principles and Motoo’s theorem. The first step of this technique is to reduce the d—
dimensional equation (2.1.2) to a scalar equation, using It6’s formula, to which we can
apply the stochastic comparison theorem detailed below. The idea is to manufacture a
scalar comparison process which has the same diffusion coefficient as the equation we wish
to compare it to, while uniform bounds (in the space variable) on the drift coefficient
allows us to create an upper comparison process or a lower comparison process. This then
allows us to analyse the asymptotic behaviour of the comparison processes (using Motoo’s
theorem) rather than analysing the original process. By construction the comparison
processes will have recurrent and stationary solutions, a requirement of Motoo’s theorem.

The stochastic comparison theorem is stated here and its proof can be found in Section

2.9.

Theorem 2.2.1. Let B be a one—dimensional F(t)—adapted Brownian motion and suppose

that X1 and Xo are F(t)-adapted processes restricted to [0, 00) which obey

Xi(t) = XZ(O) —|—/(; ,81(8) ds +/0 U(Xi(s))dB(S), t>0, =12,
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where the (; are also F(t)-adapted. Suppose also that there exists b: RT — R with
Bi(t) > b(X1(t)), b(Xa(t)) > Ba(t), t>0. (2.2.1)

Suppose further that X1(0) > X5(0), a.s. and that for every n € N there exists K, > 0

such that

lo(z) —o(y)| < Kn\/|z —yl|, for all x,y € [0,n], (2.2.2)
|b(z) — b(y)| < Kyl —y|, forall x,y € [0,n]. (2.2.3)

Define T»r(Ll) =inf{t > 0: X1(t) = n} and quQ) = inf{t > 0: Xa(t) = n} and assume that

etther Ty(Ll) < 400 or 7’7(L2) < 400 a.s. Then X1(t) > Xa(t) for allt >0 a.s.

2.3 Regular Variation

In this chapter, some of our analysis is facilitated by the use of reqularly varying functions,
see [14]. We give some of their properties in this section. In its basic form, regular variation

may be viewed as the study of relations such as

lim F(Ax)
5 7 (@)

=\ e (0,00) ¥V A>0,

where f is a positive measurable function and we say that f is regularly varying at infinity
with index (, i.e. f € RV.((¢). By the representation theorem (Thm 1.3.1 in [14]), if
f € RV () then there exists a measurable function ¢ and a continuous function b such
that f(z) = c(x) exp{ [ b(u)/udu} for x > 1, where c¢(z) — ¢ € (0,00) and b(z) — ( as
x — oo. Taking logs and using L’Hopital’s rule, we get the following useful result

1 1 > bu) g
ogf(z) _loge(w) | Jroidw . oo (2.3.1)
log x log x logz

A positive function f defined on some neighbourhood of infinity varies smoothly with

index a € R, denoted f € SV (), if h(x) :=log f(e*) is C*°, and

lim 7'(z) =a, lim h™(z)=0 n=23,...

r—00 T—00
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From the definition of A, it can easily be shown that h'(log(z)) = xf/(x)/f(z). Therefore,

for a smoothly varying continuous function f € SV («),

_zf'(x)
lim =« and moreover, SV, (a) C RV(a). (2.3.2)

z—oo f(x)
The above limit also allows us to determine whether the function f is increasing or decreas-
ing. More precisely, if f(x) > 0 for z > 0 and « > 0, then we must also have f'(z) > 0,
and so f is increasing. In fact, by Theorem 1.5.3 in [14], any function f varying regularly

with non—zero exponent is asymptotic to a monotone function.

Also of great importance is the fact that
FERVA(C) = Flz) = / Flu)du € RVio(C +1). (2.3.3)
1

To show this result, note that if it were true we should have zF'(z)/F(z) = zf(x)/F(z) —
¢+ 1 as x — oo. Applying Karamata’s theorem (Thm 1.5.11 in [14]) with o = 0 gives us
precisely this result, i.e. zf(z)/ [" f(u)du — { +1 as  — oo, where f € RV (¢) and is
locally bounded on [1,00) and ¢ > —1.

One theorem which is of particular use is the smooth variation theorem, (see Thm 1.8.2,

[14] for proof).

Theorem 2.3.1. If f € RV («), then there exists fi1, fo € SVoo(a) with fi ~ fo and
f1 < f < fa on some neighbourhood of infinity. In particular, if f € RV () there exists

g € SVio(a) with g ~ f.

Also, the following theorem gives a very useful property of the inverse, (see Thm 1.8.5,

[14] for proof)

Theorem 2.3.2. If f € SV (a) with a > 0 then, on some neighbourhood of infinity, f

possesses an inverse function g € SV (1/a) with f(g(x)) = g(f(x)) = x.

Combining both of these theorems we get the following lemma:
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Lemma 2.3.1. If there exists a continuous and positive function f € RV (C) with ¢ > —1,

then F(x fl u)du possesses an inverse function F~1 € RV, (%)

Proof of Lemma 2.3.1. We have f € RV (() and, by (2.3.3), F € RV, (¢ +1). More-
over, by Theorem 2.3.1 there exists F; € SV (¢+1) such that F'(z)/Fi(z) — 1 as z — oo.

So V € € (0,1) there exists z(¢) > 0 such that
(1—-¢)Fi(x) < F(x) < (14+¢)Fi(x), forz> x(e). (2.3.4)

Note that F~! exists and is increasing since f is positive and, by Theorem 2.3.2, there

exists F; ' € SVio(77). Applying F~! to (2.3.4) we have

1

¢+
F_l((l —e)Fi(z)) <z < F_l((l +e)Fi(z)), forz > z(e).

Taking the left hand side of the inequality, let y = (1 —¢)Fy(z). Then F~1(y) < Ffl(l—gs)

for y > (1 — e)Fi(xz(e)). Similarly, taking the right hand side of the inequality, let z =

(14 ¢e)Fi(z). Then F~1(2) > F, ( -) for z > (1 +¢)Fi(z(g)). Combine both of these

by letting u := max(y, z) > (1 + &) Fy(x(e)) and divide across by F; *(u) to get

NS Flw)  FUU(e%)
i (u) <Ff1(U)< Flw)

Since F{ () /Ft (u) — ATH as u — 0o we can let & — 0 to get F~Y(u)/F (u) — 1

as u — oo. Therefore, as Ffl € SV L

1) = e RV, (CH) it follows that F~1 ¢

RVOO(G%) also. ]

2.4 Main Results: Equations without Switching

Let f : R* — R% and ¢g : R — R¥" be continuous functions obeying local Lipschitz
continuity conditions. Let X (0) = 2y and consider the SDE given by
dX(t) = f(X(t))dt + g(X(t))dB(t), t > 0. (2.4.1)
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We make the standing assumption throughout the chapter that f and g obey this continu-
ity restriction. For economy of exposition these assumptions are not explicitly repeated in
the statement of theorems in this chapter. Under these conditions, there exists a unique
local solution of (2.4.1).

We write fi(x) = (f(x),e;), i=1,...,d and g;j(x) to be the (i,7)-th entry of the d x r

matrix g with real-valued entries. Then the i*" component of (2.4.1) is
Xi(t) = fi(X(0)dt + > gi(X(£))dB;(t). (2.4.2)
j=1

2.4.1 Statement of main results
In what follows, it is convenient to introduce a function ¢ with the following properties:

¢ :[0,00) — (0,00) and z¢(z) — o0 as & — o0, (2.4.3a)

¢ is locally Lipschitz continuous on [0, 00). (2.4.3b)

We often request that ¢ and f possess the following properties also:

there exists ¢; > 0 such that limsup M <ecy, (2.4.4)
2] —oo l1Z/lA(]|])
there exists co > 0 such that lim sup @, f@) < —co. (2.4.5)

lzl—oo llZll@(][2]])

We define the function ® according to

O(x) = /j o(u)du, = >1. (2.4.6)

Since x¢(x) — oo as x — oo it follows that ®(x) — oo as x — oo. Therefore, since @ is
increasing, ® ! exists and ®~!(x) — oo as z — oo also.

We suppose that the noise is bounded by imposing the following hypotheses:

there exists Ko > 0 such that ||g(x)||r < K2, where |[|g(0)|r >0, (2.4.7)

r d 2
- D0 (o
there exists K1 > 0 such that inf 2=t (21_12 1935 (2)) > K?. (2.4.8)
lalleR/{0) [l
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Observe that by Cauchy—Schwarz, condition (2.4.8) implies | g(z)||% > K7.

As mentioned before, under the local Lipschitz continuity conditions on f and g, there
exists a unique local solution of (2.4.1). However we can now show, using the additional
hypotheses above, that in fact there exists a unique global solution to (2.4.1).

Note that by (2.4.5) there exists x1 such that (z, f(x)) < 0 for all ||z|| > z1 and by
(2.4.7), llg(z)||F < K2 for all z € R%. Thus, sup|,s., {(z, f(z)) + 5]lg(z)|3} < K3 and,

by continuity, supj,| <., {{z, f(2)) + 3llg(z)[|%} =: C(21). Combining both,

sug{<w,f<) fllg IIF}< K2+Ca:1)<+oo
rER

As a result of this global one-sided bound, Theorem 3.6 in [54] states that there exists a
unique global solution to equation (2.4.1).

We are now in a position to state our main results. Our first result shows that when
the noise is bounded, and f obeys the upper bound (2.4.4), a lower bound on the rate of

growth of the running maxima of || X|| can be obtained.

Theorem 2.4.1. Suppose there exists a function ¢ satisfying (2.4.3), and that ¢ and f
satisfy (2.4.4), and that g obeys (2.4.7) and (2.4.8). Then X, the unique adapted contin-

uous solution satisfying (2.4.1), satisfies for any e € (0,1)

X(t
hsup X

>1 a.s. on ., (2.4.9)

where @ is defined by (2.4.6) and Q. is an almost sure event.

The next result shows that when the noise is bounded, and f obeys the mean-reversion
property (2.4.5), an upper bound on the rate of growth of the running maxima of || X]||

can be obtained.

Theorem 2.4.2. Suppose there exists a function ¢ satisfying (2.4.3), and that ¢ and f

satisfy (2.4.5), and that g obeys (2.4.7) and (2.4.8). Then X, the unique adapted contin-
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uous solution satisfying (2.4.1), satisfies for any e € (0,1)

X(t

lim sup [ Xl <1 a.s. onf, (2.4.10)
K2(1+¢)

t=oo §=1(=25 7= log t)

where @ is defined by (2.4.6) and Q. is an almost sure event.

Observe that results (2.4.9) and (2.4.10) do not preclude the case where || X(¢)]| is
growing (i.e. || X (¢)|| — oo ast — oo) at a rate characterised by ®~!(clogt). However, the
next theorem shows that the behaviour of (2.4.9) and (2.4.10) arises from the fluctuations
of || X|| rather than the growth of || X||. Indeed, it is Theorem 2.4.3 which allows us to

claim that these are results about the growth of large fluctuations.

Theorem 2.4.3. If X, the unique adapted continuous solution satisfying (2.4.1), satisfies

Theorems 2.4.1 and 2.4.2, then || X|| is recurrent on (0,00). Furthermore, X obeys
liminf | X (¢)|| =0, a.s. and limsup || X (t)|| = +o0, a.s.
t—o0 t—o00

Taking Theorems 2.4.1 and 2.4.2 together, in the special case where ¢ is a regularly
varying function, we obtain the following result which characterises the essential almost

sure rate of growth of the running maxima of || X]|.

Theorem 2.4.4. Suppose there exists a function ¢ € RV (C) satisfying (2.4.3), and that

¢ and f satisfy (2.4.4) and (2.4.5), and that g obeys (2.4.7) and (2.4.8). Then X, the

unique adapted continuous solution satisfying (2.4.1), satisfies

1 1
R\TT o IX@ (K3
A1 <1 AN (R s, 2.4.11
(201> =P B T(ogt) = \ 2¢ @-5:s ( )

where @ is defined by (2.4.6) and ¢ > —1.

Remark 2.4.1. It is interesting to ask whether the asymptotic estimate in (2.4.11) is sharp.
Although this is a difficult question to address in general, we supply now a scalar exam-
ple which demonstrates that, in some cases at least, the asymptotic estimate (2.4.11) is

unimprovable.
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Let ¢ > 0 and K > 0 and consider a simple one-dimensional Ornstein—Uhlenbeck process
dX(t) = —cX(t)dt + K dB(t), t>0.

In the notation of this section, and Theorem 2.4.4 in particular, we have that d = r = 1,
f(z) = —cx, and g(z) = K. This implies that ¢; = ¢co = ¢, K1 = Ky = K, and that
¢(z) = x 50 ¢ € RV (1). This means that ¢ = 1. Thus ®(z) = 2?/2 and ®~!(z) = v/2x.

Then applying Theorem 2.4.4 we recover the well-known result

1
. (X ()] K2\®
limsup —=—=(—] , a.s.
t—00 2logt 2c

Remark 2.4.2. Tt is worth mentioning that we prefer hypotheses of the type (2.4.4) and
(2.4.5) on f, as opposed to global estimates, because we only require control on the drift for
large values of ||z|| in order to obtain asymptotic results. Intuitively, we would not expect
the behaviour of the drift for small and moderate values of ||z|| to have an impact on the
large deviations, so it is natural not to require hypotheses which explicitly deal with these
moderate values of ||z||. As a result of this we can obtain sharper asymptotic estimates, in
particular we can obtain better estimates on the constants ¢; and ¢ on the right hand side
of (2.4.4) and (2.4.5). The downside is that the proofs become slightly more cumbersome

as we have to ensure that the drift is well behaved for small and moderate values of ||x||.

Remark 2.4.3. We remark that hypotheses (2.4.7) and (2.4.8) on g are satisfied for certain
equations with additive or bounded noise. For instance, consider the case g(z) = ¥ 0(x)
where 6 : R? — R is a locally Lipschitz continuous function such that there exists 6y, 60 €
(0,00) with 6 < |8(x)| < s for all 2 = (x1,29,...,24)" € R% Also, ¥ is a d x r matrix
(d < r) such that ¥ # 0 and the nullspace of 7, denoted null(X7), contains only the
zero vector, where the nullspace is the solution set of 72 = 0. Under these conditions,
(2.4.7) and (2.4.8) hold. Also, if 6 is constant then we have additive noise, otherwise we

have bounded noise.
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To demonstrate that (2.4.7) and (2.4.8) do in fact hold, note that on the one hand
lg(x)||lF = |0(x)|.||Z||F but since ||X|F is constant and |0| is bounded above, it follows

that ||g(x)||F is bounded above as required in (2.4.7). On the other hand,

S (T wigi ()

(e

d
Y (X wi%iy)® 17 ||

= 2.’13 = in‘
== ST

As mentioned before, |0] is bounded below so we just require infj, o |7z /||z]| > 0 in
order for (2.4.8) to hold. However, the only way that we would not have a positive lower
bound here is if there exists y € R4/{0} such that Ty = 0. In other words, we require
»Ty # 0 for all y € RY/{0}. This means that the unique solution of Ty = 0 must be
y = 0 and this is equivalent to null(X7) = {0}.

Note that in the d = r case, where ¥ is a square matrix, null(X7) = {0} is true if and
only if X7 is invertible, which is true if and only if ¥ is invertible.

If d < r then X7 is an r x d matrix giving rise to the system X7z = b, for some b € R%,
which has more equations than unknowns. Let ¥ be a d x d matrix formed by taking any
d rows of X7 in such a way that ¥ is invertible. Then, after row reduction, the first d
rows of X7 will be the d x d identity matrix and the remaining (r — d) rows will have all
zero entries. Thus, by well-known matrix properties, the system 72 = 0 has the unique
solution x = 0, which guarantees null(X7) = {0}.

If d > r, then £7 is an r x d matrix giving rise to the system Y7z = b with fewer
equations than unknowns. Thus, by well-known matrix properties, the system X7z =
0 has a nontrivial solution: that is, a solution other than the zero vector. Therefore,

null(X7) # {0} and so (2.4.8) does not hold in the case when d > 7.

Remark 2.4.4. In Theorem 2.4.4 we have proved a result of the form

X(t
0 < C7 <limsup IX @

< (O3 < +o0, a.s. (2.4.12)
t—o0 P( )
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where p(t) — 0o as t — oo. In an application to a system in economics or population biol-
ogy, where each component of the process represents a quantity of interest, it is reasonable
to ask what the size of the largest component of the system is, rather than focussing on
the Euclidean norm, which may not be as scientifically relevant. Indeed, focussing on the
size of the large deviations of the biggest component gives an idea of the most extreme
behaviour of the system as a whole, and thereby helps in understanding ‘worst case scenar-
ios’ for the system. Equation (2.4.12) enables us to prove that the largest component also
has an essential growth rate p. This is a simple consequence of the fact that the max norm
and Euclidean norm in R? are equivalent, and related by %Hx” < maxg<i<q |zi| < |z

Thus, combining this with (2.4.12), we can get a result of the form

1 a | X5 (t
0< L < limsup maxi<;j<a | X;(t)]

< Oy < 400, a.s.

Vd t—00 p(t)
Remark 2.4.5. Returning to (2.4.11), note that ® € RV, (¢ + 1) by (2.3.3) and ! €
RVOO((—}—%) by Lemma 2.3.1. Now, using the fact that log ®!(logt)/loglogt — CJ%I as

t — oo by (2.3.1), we take logs in (2.4.11) to get the following ezact rate of growth for

C > _17
L leglX()] 1
im sup = ,  a.s.
t—oo loglogt (+1
In the case where ( = —1, although Theorem 2.4.4 does not apply, in many cases we can

still get bounds on the asymptotic behaviour by making an appropriate transformation.
Consider, for example, ¢(z) = logx/x. Then ¢ € RV, (—1) and satisfies x¢p(x) — oo. It
can easily be shown that ®(z) = £(logz)? and ®~!(z) = V2 Then, following from the

results of Theorems 2.4.1 and 2.4.2, we take logs and let € — 0 to get

K log || X (t K
K | X0 K

\/a t—o00 vV 10gt - \/57

a.s.
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2.4.2 Remarks on restrictions on the hypotheses

The results of Theorems 2.4.1, 2.4.2 and in turn Theorem 2.4.4, can be established under
the hypotheses (2.4.3) through to (2.4.8). However, it is reasonable to ask whether these
hypotheses can be relaxed while still proving a result on large deviations. By considering
some examples we demonstrate that, without further analysis, certain hypotheses cannot
be easily relaxed while maintaining an asymptotic relation such as (2.4.11). In each of the
following examples we assume that one of the key hypotheses is false, and from that one
can show that the solution will not obey Theorem 2.4.1.

Take the simple one-dimensional analogue of (2.4.1),

dX(t) = f(X(t))dt + g(X (£))dB(¢), (2.4.13)

where f : R — R and g : R — R. In Example 2.4.1 below we consider a situation where
conditions (2.4.7) and (2.4.8) do not hold, and in Examples 2.4.2 and 2.4.3 we consider
a situation where z¢(r) — L < 4+00. Although we can provide rigorous justifications for

the following examples, we choose to omit the details.

Example 2.4.1. Let X be the unique adapted continuous solution satisfying (2.4.13).
Let f(z) = —¢(z) where ¢ satisfies (2.4.3) and let g be a continuous positive function
such that g(z) — 0 as x — oo.

Then g does not satisfy the inequality (2.4.8) and moreover X does not satisfy (2.4.11)

for ¢ € RV (¢), ¢ > —1.

Example 2.4.2. Let X be the unique adapted continuous solution satisfying (2.4.13) and
assume that the conditions of Theorem 2.4.1 hold, except that g(x) = 1 and f(x) = —¢(x)
where ¢ satisfies

zp(x) > Lasx — oo, for = <L <4o0.
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Then Theorem 2.4.1 does not hold, and moreover there exists a sufficiently small ¢ € (0, 1)

such that
Xt
]P’[limsup I‘(Q(l(—)zs’) > 1] =0.
t—oo Pl (712(:1 log t)

Example 2.4.3. Let X be the unique adapted continuous solution satisfying (2.4.13) and
assume that the conditions of Theorem 2.4.1 hold, except that g(x) = 1 and f(x) = —¢(x)
where ¢ satisfies

L 1
:E for 0< L < —.

) =1 2

Then Theorem 2.4.1 does not hold, and moreover there exists a sufficiently small € € (0, 1)

such that
X
P[limsup I|(2(1(2|) > 1] =0.
o et (K g

2.4.3 Asymptotically diagonal systems

We next consider a typical situation in which conditions of the form (2.4.4) and (2.4.5)
hold. Let f : R? — R? be given by f(z) = —¢(z) +(x) for x € R, where ¢, : RY — RY.
The function ¢ has the form ¢(x,z2,...,24) = Z?Zl @j(z;)e;, where each ¢; : R — R.

Suppose that ¢ : [0,00) — (0,00) is such that

¢ € RV (() is locally Lipschitz continuous and lim z¢(x) = co. (2.4.14)

Tr—00

Moreover, the scalar function ¢ determines the asymptotics of f as follows:

for every j =1,...,d, there is oj € (0,00) s.t. llirlninfw = ay; (2.4.15)
T|—00 T
for each j = 1,...,d there exists 3; > 0 s.t. limsup Sgllg(g)ﬁj)(x) = Bj; (2.4.16)
|z|—o0 x
()]
lim =0. 2.4.17
lel—o0 @(ll][) ( )

These conditions on ¢, ¢ and ¥ enable us to verify the conditions on f required to

determine good upper and lower estimates on the rate of growth of the almost sure running
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maxima of the SDE.

Lemma 2.4.1. Let f = —p + 1, and let ¢ and ¥ obey (2.4.15) and (2.4.17). If ¢ obeys

(2.4.14), then there exists o > 0 such that

limsupM < —a’. (2.4.18)

lel—oo 12/l ClIz]])

Lemma 2.4.2. Let f = —p + 1, and let p and ¢ obey (2.4.16) and (2.4.17). If ¢ obeys

(2.4.14), then there exists 3* > 0 such that

(i) If ¢ € RV (C), ¢ > —1, then

limsupM < 5. (2.4.19)

lzl—oo @)
(ii) If ¢ € RV(—1), and there exists ¢1 with ¢1(x)/p(x) — 1 as x — oo such that

x +— x¢1(x) is non—decreasing, then (2.4.19) holds.

The conditions (2.4.15) and (2.4.16) ensure that the mean-reverting part of f has
strength of mean-reversion ¢(|z|) in each component, while condition (2.4.17) means that
the other terms are of a smaller order of magnitude for large ||z||. In some sense, it means
that the system is asymptotically diagonal for large ||z||.

The condition (2.4.14) essentially restricts our attention to problems where the strength
of mean-reversion ¢(x) is no greater than |z|” for any v > —1. Condition (2.4.14) holds
for many ¢: ¢1(z) = (1+ 2)710g” (2 + 2); ¢a(z) = (1 + 2)7; ¢3(x) = [loglog(e? + x)]°
satisfy (2.4.14) for instance, for any 8 > 0, v > —1. If ¢(x) = eIl for v > 0, then (2.4.14)

does not hold.

2.5 Extensions to equations with Markovian switching

In this section, we consider the asymptotic behaviour of a finite—dimensional autonomous

SDE with Markovian switching. Let Y be a continuous—time Markov chain with state
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space S, and let B be a standard r—dimensional Brownian motion independent of Y. We
assume that the state space of the Markov chain is finite, say S = {1,2,--- , N} and the
Markov chain has generator I' = (’yij) NxN- As a standing hypothesis we assume in this
chapter that the Markov chain is #rreducible. Under this condition, the Markov chain has
a unique stationary (probability) distribution 7 = (71,72, - ,7n) € RN which can be

determined by solving the following linear equation

N
' =0 subject to Z?Tj =landm >0 VjeS. (2.5.1)
j=1

Let f: R¥xS — R% and ¢ : R?xS — R%*" be continuous functions obeying local Lipschitz

continuity conditions. Then for all ||z|| V ||u|| < n and for all y € S,

1f(z,y) = fu, )V [lg(z,y) — g(u, y)|| < Kpllz — ul, (2.5.2)

for every n € N. Let X (0) = zp and consider the SDE with Markovian switching
dX(t) = f(X(t),Y(t)dt + g(X(t),Y(t))dB(t). (2.5.3)

We make the standing assumption that f and g obey this continuity restriction, and that
Y is an irreducible continuous—time Markov chain with finite state space S. Under these
conditions there exists a unique local solution of (2.5.3).

We write f;(z,y) = (f(z,y),e:),i=1,...,d and g;;(x,y) to be the (4, j)-th entry of the

d x r matrix g with real-valued entries. The i*" component of (2.5.3) is

dX;(t) = fi(X(8),Y (t))dt + Z 9ij (X (), Y (t)) dB;(t). (2.5.4)

Our hypotheses here are direct analogues of the non-switching hypotheses, (2.4.4)
through to (2.4.8), with the inclusion of an extra switching parameter y, over which we

take the supremum or infimum.
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Once again we characterise the nonlinearity of the drift coefficient f via a scalar function

¢ which satisfies (2.4.3) and we suppose that ¢ and f possess the following properties also:

there exists ¢; > 0 such that limsup < sup [, flay)] <, (2.5.5)
lzl—oo | ves llzlle(lz])

there exists ca > 0 such that limsup < sup (&, f(z,9)) < —ca. (2.5.6)
lel—oo | ves [[zllo(llz])

As before we define the function ® according to (2.4.6).

We suppose that the noise is bounded by imposing the following hypotheses:

there exists Ko > 0 and Ky > 0 such that ||g(z,y)|[|[r < K2 Vy €S (2.5.7)

where Ko < [|g(0,y)[[r Vy€S,

Z§:1 ( Z?:l igij (@, y))2

there exists K; > 0 such that  inf 5 > K?. (2.5.8)
uxueRédS/{O} ]
y

Under the local Lipschitz continuity conditions on f and g, there exists a unique local
solution of (2.5.3). However we can again show that in fact there exists a unique global
solution to (2.5.3). Using (2.5.6), (2.5.7) and the fact that the state space of the Markov

chain in finite, it can be shown analogously to the non—switching case that

sup { sup {(z, 7, 9) + 3 lo(,w) [} } < +ov.
yES  zeRd

As a result of this global one—sided bound, by Theorem 3.18 in [62] there exists a unique
global solution to equation (2.5.3).

We could now state eract analogues of Theorems 2.4.1, 2.4.2 and 2.4.3 in the case where
the equation contains Markovian switching. However, to avoid repetition we choose not
to state them. Nonetheless, in order to give the reader an idea of how such results would
be proven we give the statement of the analogy to Theorem 2.4.4 and an extract of its
proof.

In the special case where ¢ is a regularly varying function, we obtain the following result
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which characterises the essential almost sure rate of growth of the running maxima of || X||

in the case when the process experiences Markovian switching.

Theorem 2.5.1. Suppose there exists a function ¢ € RV (C) satisfying (2.4.3), and that
¢ and f satisfy (2.5.5) and (2.5.6), and that g obeys (2.5.7) and (2.5.8). Then X, the

unique adapted continuous solution satisfying (2.5.3), satisfies

1 1
KOFT Xl (K3
= <1 — <[ == .S. 2.5.9
<2cl> - lﬂfﬁp Od—1(logt) = \ 2¢o @5y ( )

where @ is defined by (2.4.6) and ¢ > —1.

2.6 Extensions to equations with unbounded noise

We can extend (2.4.1) and (2.5.3) to the case of unbounded noise by also characterising
the degree of nonlinearity in g via a scalar function + which obeys similar properties to
those which ¢ obeys in (2.4.3). We would allow ¢ to be unbounded by replacing conditions

(2.4.7) and (2.4.8) with:

there exists K2 > 0 such that limsup \g((‘x)”;w < Ky, where [|g(0)||F > 0, (2.6.1)
llz]| =00 VUL

r d 2
. d g (2
there exists K7 > 0 such that liminf Z]_l (21_1 i9i( ))

> K2, 2.6.2
YA T( P R (2.6.2)

Since we are still interested in recurrent processes, we would need the strength of the
mean—reversion to be in some sense stronger than the noise intensity. For this purpose we

would impose a condition of the form

z¢()
72 (x)

— 00 as T — o0. (2.6.3)

In this case, we find that if the function V¥ is defined by

U(z) = du, (2.6.4)
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then, roughly speaking, all of the main results in the bounded case can be generalised to
cover the case of unbounded noise by using the auxiliary function ¥ in place of ®. In
particular, in the special case where the ratio ¢/+? is a regularly varying function, we
would get the following analogue of Theorem 2.4.4 which characterises the essential rate

of growth of the largest fluctuations of an SDE with unbounded diffusion coefficient.

Theorem 2.6.1. Suppose there exists functions ¢ and vy obeying (2.6.3) and that the ratio
#/7? € RVao(C). Suppose further that ¢ and f satisfy (2.4.4) and (2.4.5) and that v and
g satisfy (2.6.1) and (2.6.2). Then X, the unique adapted continuous solution satisfying

(2.4.1), satisfies

1 1
ROTT L IX@L (K3
S < AW (22 s
<2c1> - lﬂilip U—l(logt) = \ 2¢o -5

where U obeys (2.6.4) and ¢ > —1.
The proof of this theorem is similar in spirit to the proof of Theorem 2.4.4 and for that

reason is not stated.

2.7 Proofs of Results from Section 2.4

Proof of Theorem 2.4.1. Before we begin, note that we often use similar notation from
proof to proof for the purpose of clarity and consistency. In some cases, notation actually
carries over from one proof to another and this will be specified.

The first step of this proof is to apply a time-change and a transformation to (2.4.1)
in order to obtain a 1-dimensional equation with a square root diffusion term. This will
allow us to apply the stochastic comparison theorem (Theorem 2.2.1) and will ensure that
the diffusion coefficient satisfies (2.2.2). Define

Vi (D wigis (2)?

El z#0
Glz) = (2.7.1)

KQZCZKl z = 0.
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Note that by (2.4.7),(2.4.8) and the Cauchy—Schwarz inequality,

Ky < Gl - Vi (SL, wigis(a @Z Y YL g ()

] ]

_ l=ll-lg@@)le
(el

= [lg(z)|r < Kz for z # 0. (2.7.2)

Also define 6 by

_ /t G2(X(s))ds, t>0.
0

Then lim;_,o 0(t) = co. Since t — 6(t) is increasing, we may define the stopping time 7
by 7(t) = inf{s > 0: 6(s) > t} so that 7(t) = 6~ (t). Define X (t) = X (7(t)) for t > 0 and
define G(t) = F(r(t)) for all t > 0 (where (F(t));>0 is the original filtration). Then X is

G(t)-adapted. Furthermore, applying this time change to (2.4.2) we have
Xi(t) = X;(7(t)) / fi(X () ds + M;(t) (2.7.3)

where

(1) I
= [ S wx ) By (27.4)
o 4
Note that M = (My, My, ..., My)T is a d-dimensional G(t)-local martingale.
Now, to deal with the Riemann integral term in (2.7.3), we use Problem 3.4.5 from

[46], which states that if N; is a bounded measurable function and [a,b] C [0,00) then

f; N;i(s)do(s) = 9(’7((;)) N;(7(s)) ds. In this case we set

Ni(t) = fi(X(t))/G*(X(t))
and as df(t) = G*(X (t)) dt, we obtain

/OT(t)fi( ds—/ Ni(s) (s

(r( ))
:/ t ds-/ fi(X(s))/G*(X(s)) ds. (2.7.5)
6(0)
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To deal with the martingale term in (2.7.3), we note that the cross variation of M is

given by
(t) r
(M;, My, / Z 9i(X(5))gm; (X (s)) ds

/ ngff )gms (X (s))/GA(X (s)) ds,

where we employ the method used to deduce (2.7.5) to obtain the last equality. Thus by
Theorem 3.4.2 in [46], there is an extension (Q, F,P) of (Q, F,P) on which is defined a
d-dimensional Brownian motion B = {(Bj(t), Ba(t), ..., Ba(t))7;G(t);0 < t < 400} such
that

— [ 37 9(X()/G(X(5)) dBy(s), Pras. (2.7.6)
0
j=1

The filtration G(t) in the extended space is such that X is G(t)-adapted.

For reasons of clarity and economy, from this point onward we do not specify the proba-
bility measure with respect to which such events are almost sure. Later in the proof we will
reverse the time change in order to deal with the original process X. Although the time
change is random, the fact that K7t < A(t) < K3t, t > 0 ensures that X (t) = X (07(t))
captures the most important aspects of the growth of the running maxima of || X (¢)]].
Moreover, almost sure results about the growth rate of the fluctuations of ¢ — || X (¢)]| still
correspond to almost sure results about the growth rate of the fluctuations of t — || X (¢)]|
because (€, F(t),P), (G(t))i>o is an extension of (€, F(t),P), (F(t))i>0.

Thus by (2.7.5), (2.7.6) and (2.7.3) we get
) 1 r - N
= or At G(X(t));gij(X(t))dBj(t).

Next, to simplify notation, define a : R — Rt by

r d 2
=> <Z l‘iﬁh’j@)) : (2.7.7)
j=1 \i=1
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By (2.4.8), a(x) > 0V x # 0. Define for j = 1,...,7 the functions 4; : R? — R by

d

1
Aj(x) = m ;xigij(:c), x#0
and Aj(xz) =1//r for x = 0. Then
1 d
@) > wigi(@) = ||zl 4;(x), @ €RY (2.7.8)
i=1
iA?({L‘) =1, zeR% (2.7.9)
j=1

Now applying It6’s rule to Z(t) := || X (¢)||? we get

dt

a5 2(X (1), f(X (1)) + lg(X ()17
G2(X (1))

so by (2.7.8) and | X ()| = 1/ Z(t) we have

a2 (1) = 20X (1), (X (1)) + lg(X(0)) I3
GH(X (1)

dt +2\/Z(t) > A;(X(t))dB;(t). (2.7.10)
j=1

Finally define

By (2.7.9) and e.g. [46, Theorem 3.3.16], W is a standard 1-dimensional Brownian motion

adapted to G(t) such that

25t [2<5f(t),f(5f(t))> A IE0)]Y DR P )

N G2(X (1))

The time—change and transformation is now complete. The next step is to derive a lower
bound on the drift coefficient of (2.7.11) in order to create a lower comparison process.
We can then apply the comparison principle.

For y € R%, define the functions D : R - R and A_ : RT — R by

2
D(y):2(y,f(yc)¥>2zz-/)|!g(y)llp and A(a) = min Dly).
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Then for y € RY, D(y) > minjy—jy D(w) = A_(||lyl]). Thus, a lower bound on A_
represents a lower bound on the drift coefficient of (2.7.11). Note that A_ is continuous
on (0, 00) and is potentially discontinuous at zero. However, it can be defined at zero. We

construct a locally Lipschitz continuous function gb(f) : RT — R such that
A_(z)+ ¢ (z) >0, x> 0. (2.7.12)

Then for = € RY,

D(@) + ¢ (|z[l) = A—(Jz]) + ¢©(Jl])) > 0 (2.7.13)

and so from (2.7.11) we will have

dz(t) = [—aﬁ@(HX(t)H) +{D(X(1) + ¢>(f)(||5((t)ll)}} dt + 21/ Z(t) W (t)
= {—qb(f)( Z(t))+D175(t)} dt+2\/%dV~V(t) (2.7.14)

where Dy o(t) := D(X(t)) +¢(_€)(||)~((t) ||) is an adapted process such that Dy .(t) >0V ¢ >

0 a.s. by (2.7.13). We construct, as our comparison process,

AZ.(t) = = (VZ.(1)) dt + 2/Z.() dW (L), >0 (2.7.15)

where 0 < Z_(0) < || X(0)||> = Z(0). We will later show, using stochastic comparison
techniques, that Z(t) > Z_(t) for all t > 0 almost surely.

Now we return to the construction of the function gb(_s), the mean-reverting drift coeffi-
cient of the lower comparison process (2.7.15). This will effectively act as a lower bound
on the drift coefficient of (2.7.11). However, this construction is made more delicate by
the fact that our hypothesis (2.4.4) is an asymptotic hypothesis rather than a global one.
This means that although we have estimates on f for large values of ||z||, we require extra
estimates for small and moderate values of ||z||.

First note that for ||y|| # 0 we have |g(y)||%/G?*(y) > 1 by (2.7.2). Define the constant

K3 = min{1,||g(0)||%/G?(0)}. Then |lg(y)|%/G*(y) > K3 for all y € R? and moreover K3
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is strictly positive since G(0) > 0 by definition and |[|g(0)||r > 0 by (2.4.7).

For an estimate on f observe that since f is continuous, by the Cauchy—Schwarz in-
equality, lim,—o [(z, f(7))| = 0. Therefore, for every ¢ € (0,1 A %K%K{g) there exists
0 < Xa(e) < 1 such that [(z, f(z))| < e for all ||z]| < Xa(¢). Let y € R? such that

lly|| < Xa(e). Then 2(y, f(y)) > —2¢. Thus, using (2.7.2),

20y fW)) |, NoWlE  —2
G2(y) G2(y)

1
+ K3 > - K3 =:2¢, > 0.

D =

Hence for 2 < Xs(e),

—(x) = min D(y) > min 2¢, = 2¢, > 0.
lyll== lyll==

So this gives us an estimate for A_ on an interval close to zero. We now look for an
estimate on an interval away from zero. From condition (2.4.4) it follows that for every
e > 0 there exists X;(g) > 1 such that [(z, f(2))| < c1(1 + &)||z||o(||z]]) for ||z] > Xi(e).
Therefore,

(z, f(2)) =2 —a(1 +e)llzllo(llz]) for [z > X1(e).

Let y € R? such that ||y|| > X1(¢). Then using (2.7.2),

2 —2c
D) = 2 Agle > 2208 Do+ 1.
Hence for z > X (e),
A-(e) = min D(y) > wm(@ +1. (2.7.16)
Yyll=z 1

And so we have an estimate for A_ on an interval away from zero. We are now in a
position to construct the drift function qﬁ(_a) for the comparison process (2.7.15). However,
because Xz(e) < Xi(g), we must carefully bridge the gap between the estimate close to
zero (x < Xs(e)) and the estimate away from zero (z > X;(¢g)) while ensuring that 6 is

continuous and that it is a uniform bound for —A_.
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If there exists X}(e) € (Xa(e), X1(e)) such that —A_(X%(¢)) = — ¢ then define X3(e) =

X}(g). Otherwise, define X3(e) = 3(X2(g) + X1(¢)). Define

. 261(1 + 6)

P2(e) = Xi(e)p(Xa(e)) —1— [ max ]{—A—(ﬂf)} V =]

K12 mE[Xg,Xl

and let a=|d2(e)[+1, cc= a: +d2(e), and Ac= ¢ + [max e[y, x,]{—A_(2)}V—¢.] . Note

that a > 1, ¢ > 1 and A. > 0. Finally, define

— s 0 <z < Xs(e)
— ¢ + gt (2 — Xa(e)) Xa(e) < 2 < X3(e)
69 (z) = X3(6)-Xa(e) (2.7.17)
A X3(e) <z < Xi(e)
aa—l—l—%l;a)xd)(:z) z > Xi1(e).

A visualisation of this drift function is given in Figure 2.1 below.

Figure 2.1: Bounding drift coefficient

{-A_(2))

max
e[ X3(=),X (=)

— 26,

Note that qﬁ(f) is locally Lipschitz continuous on [0, co) since it is locally Lipschitz contin-

uous on each sub-interval. Now, it remains to check that gb(f) (x)+A_(x) > 0 as required
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by condition (2.7.12). For z € [0, X2(¢)], since A_(z) > 2¢,
09 @)+ A_(2) = —ps + A_(z) > ¢, + 20, = &, > 0.
For z € (Xa(g), X3(e)], since (ﬁ(_a) is increasing on this interval and A_(x) > ¢,
9 (@) + A_(z) > 09 (Xa(e)) + b = — + . = 0.
For x € (X3(¢), X1(¢)], since A, > —A_(z) by construction,
6 (2) + A_(x) = A + A_(z) > 0.

By (2.7.16), on the interval (X;(e),00) we have

2¢c1(1+¢)

@) +A (2) =a.— 1+ e

xp(x) + A_(z) > a: > 0.

Hence, gb(f) () +A_(z) > 0V z > 0. Therefore, in summary, for every e € (0,1 A K K3)
there exist 0 < Xs(e) < Xi(e),ac > 1,A. > 0 and X3(e) € (X2(e), X1(g)) such that
the function qﬁ(f) defined by (2.7.17) is locally Lipschitz continuous on Rt and obeys
qb(_s)(x) + A_(z) > 0 for x > 0.

We construct the process Z. with Z_(0) < Z(0) and

AZ.(t) = | =0 (VIZ.0)) | dt + 2/ 1Z.(01dW (2). (2.7.18)

However, we must first show the non—negativity of this process so that we can drop the

absolute values. Let 7p = inf{t > 0 : Z_ = 0}. Since Z_(0) > 0, we have Z_(t) > 0 for

Le

t € [0, 70]. Define now 7(1) = inf{t > 7y : |Z.(t)| = (X2(£))?} and let Zy be defined by

tarD) 5
Zo(t Ay = / o0/ [Zo)dW (s), &> 7. (2.7.19)

70
Then Zj has the unique solution Zy(t) =0V ¢t > 7y a.s. Notice also that
tArD)

tarD)
Z.(t A7) :Ze(TO)+/ —¢(€)(\/\Z5(8)\)d8+/ 2v/|Z.(5)|dW (s).

70 70
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However, by construction, on the interval 7o < t < 7(1) we have 1/ |Z.(t)| < Xs(e). Thus,
—qﬁ(f)( |Z_(t)]) = ¢« > 0 on the interval 79 < t < 7(1) and moreover Z_(7y) = 0 by the

Le

definition of 79. Therefore

tar(D tar(D _
Z_(tAnTh) :/ s ds+/ 2V/1Z(s)|dW (s). (2.7.20)

70 0
By applying a stochastic comparison principle to (2.7.19) and (2.7.20) we can conclude
that Z_(t A7) > Zg(t A7) = 0 for t > 79 a.s. Hence Z_(t) > 0 a.s. for t € [rp, 7(D).
By iteration, define 71 = inf{t > 7 : Z_(t) = 0}. Then Z_(t) > 0 for t € [t(1), 7{]. Define

72 = inf{t > :[Z.(t)| = (X2(¢))?} and let Z; be defined by

tar(2)
2ent®) = [ 2IAEW ), =,

T1
Then Z; has the unique solution Z;(t) = 0V t > 71 a.s. Continue as above to prove that
Z_(t) >0 a.s. for t € [, 7?). By induction we can show that Z_(t) > 0 for all t > 0, a.s.
This proves the non—negativity of the lower bound and allows us to drop the absolute
value signs in (2.7.18), so that Z_ actually obeys (2.7.15).

We now apply Theorem 2.2.1 to (2.7.14) and (2.7.15). First note that the Brownian
motion W is G(t)-adapted. If we set b(x) = —gzﬁ(_g)(\/i) then condition (2.2.3) is satisfied
since gﬁ(_g) is locally Lipschitz continuous and is constant on [0, X2(g)]. Also, set 31(t) equal
to the drift coefficient of (2.7.14) and then f31(t) > b(Z(t)) since D1 .(t) > 0 by (2.7.13),
and moreover, (1(t) is G(t)-adapted. Set B2(t) equal to the drift coefficient of (2.7.15) so
that b(Z_(t)) = Ba(t), and again B(t) is G(t)-adapted. Next, condition (2.2.2) is trivially
satisfied with o(z) = 2y/x. Finally, since we can (and will) prove independently that Z,
is recurrent on [0, 00), it follows that 2 = inf{t > 0: Z_(t) = n} < 400 a.s. Therefore

we can apply Theorem 2.2.1 to conclude that for all t >0, Z(t) > Z_(t) a.s.

Now we can approximate a lower bound on the asymptotic behaviour of Z by getting a

45



Chapter 2, Section 7 On the Growth of the Extreme Fluctuations of SDEs with Markovian Switching

lower bound on the asymptotic behaviour of Z_, satisfying

AZ.(t) = [~ (VZ.(0) | dt + 2/ Z(0)aw ().

However, in order to apply Theorem 1.0.2 to determine the asymptotic behaviour, we must
first show that the conditions of Theorem 1.0.1 are satisfied.

The scale function, defined by (1.0.10), is given by

_o®
¢ (Vz) ds

x _9 (Y
mwﬁ/ e C (2.7.21)
X3(e)

and observe that this can also be written

X2(e) 1 $Dm e 1w, e
- 2z T E Yy 2z TE T I T Yy,
pz. (v)= L€ Y+ L€ el X1 y
Xz(e) Xl(s)
©
eooap, 09,
= Ai(e) + As(e) e’ X1 dy (2.7.22)
Xt (e)

where Aj(e) and As(e) are positive bounded measurable functions.

Then on the interval 0 < x < X3(e) where d)(_s)(\/:?) = —¢. <0, (2.7.21) gives

—69 (v

/ 20330 e _ L [X3O b gy ( ) El
Py (x)=e 2( =e2Ja u M= . 2.7.23)

2! X306 (

Let 0 < &' <y < X2(¢). Then the speed measure is given by
@) = [ 2 (rm) b= 0B [y - 0)¥]
’ & 4z X22(E) (]3* 2
So now, for y < X2(e),
m(0,y) = lim m(d,y) = i(XQ(E))_g* y%* < 400
’ §’'—0t ’ ¢* 2

and m({0}) = lim, g+ m(0,y) = 0. On the interval (X3(e), X{(¢)], the speed measure is

finite due to the continuity of p’Zs. On the interval z > X%(¢), (2.7.22) gives

Lz ©(/a).L du
Pl () = Ag(e)e? ¥ = Vi
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which by substitution becomes

[V Lo
Pz (x) = Ag(e)e’*a v (2.7.24)

Since ¢ (z)/zp(x) — 2c1(1 +¢)/K? as © — 0o and z¢(x) — 00 as & — o0,

vz (8 vz ()
9= (v) dU:logA2(5)+/X ( )w.w(v).idv

logp (x) = log Aa(e) + /
Xl(E) v

and thus log p, () tends to infinity as  — co. Moreover, by L’Hopital’s rule,

x ¢(_E) v
Clogry () N SERd 199 (ym)
hm - == = hm _— = hm —_—
T—00 log € T—00 log xT T—00 z1
]. e 1
= lim alte) ;Lg) Vzo(vz) + < = o0.
T—00 Kl 2

Therefore there exists 2. > X7 (¢) such that for z > x, we have logpy, (z)/logz > 1.

Then for x > x, we have p’Z (x) > x. Finally, looking at the speed measure we have

1 />~ 1 1 1 /M 1 1 1 [ 1
m(X%(s),oo):/ .,dx</ .,dm+/ — dx < +o0.
2 Jxze) @ Py (x) 2 Jx2e) © Py (x) 2)e

Since the speed measure is finite on each interval it follows that m/[0, c0) < 400. Moreover,
as pyy (z) > x for all z > z,, it follows that pz_(co—) = +oo. By (2.7.21), (2.7.23) and

the fundamental theorem of calculus, for z < X2(¢),

T XQQ(E) s X2 e)) 2 o X2 c
pz. (%) :/x2( )plgg(y) dy = —/ (L)% ay= %ka N 2(¢>)
2(& x —

and so pz_(0+) > —oo since 1 — ¢,/2 > 0. It can also easily be shown that the local
integrability and non—degeneracy conditions of Theorem 1.0.1 are satisfied. Therefore,
since m({0}) = 0,pz_(0+) > —oo, m[0,00) < +00 and pz_(co—) = +o0, the process Z,
is recurrent on [0, 00) with a reflecting boundary at zero. Thus, Motoo’s theorem can be
applied and for that we need to find a function h) such that I pZ(h(_e) (t))dt = oo.

First we simplify our estimate on the scale function pyz_. Define ®(x) = [{" ¢(v) dv and
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note that @ is increasing. Then by (2.7.22), for z > X?(e),

T VY ae—1, 2ci(1te)
efX1(a> =4 2 $(v) dv

Pz (x) = AL(e) + Aa(e) / Z dy
X2(e)
x e 2cq (14¢) »
— M@+ [y S,
X2(0)

~ 2 (X1 (e) . - .
where K4(g) := As(e)(Xq(e)) 7 %e K7 > 0. Then since @ is increasing

M‘I’(\f) x .
pr(@) < M)+ Ka@e T [yt
Xt ()
2K e 201(1+s)<1> e 201(1+5)q>
< Aq(e) + 4(€)$T+1€ GRS < K5(5)$T+1e i (ﬁ), (2.7.25)
a: +1
— 2K4(e) ae+l
where Ks(e) := Ai(e) + 757 > 0 and we have used the fact that 1 < 2z 2~ and

1< exp[%@(\/@] in the last step. Since the exponential term is dominant in (2.7.25),
1
we find it convenient to absorb the K5(€)xa€2+1 term into the exponent for x large enough.

Since ®(y/x) — oo as x — oo we have, by L’Hépital’s rule:

. log Ks(e) + %L logz actl . (e +1)K? 1
lim 5o = lim —(—=—— = lim =0.
o o 2(Vr) 200 e g(Va)  eme 20 Vad(Vir)
Therefore, for any £ > 0 there exists X4() > 0 such that for all 2 > X,(e)
1 2 o e
log K5(6) + “%loga < SR 0(/E) and thus Ka(e)a™F < e FF v
1
Set X5(g) = max(X?(g), X4(¢)). Then for z > X;(e),
o 201(1+5)q) 24:1(1-‘,-25)(1>
s (2) < Ks(e)a™5te 8 TV <otV (2.7.26)

Le —

(VX ()

Let Ti(e) = e > 1. Then we can define

2
) (t) = |®~! L logt for t > Ti(e).
- 2c1 (1 + 2¢) ’ =

Moreover, since ®~! is increasing
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and so h(_a)(t) > X;5(e) and we can make use of (2.7.26). Hence, for t > T} (¢),

201 (1420) o /7 ()
pz. (BO) <e = Wf(t)):t.

Thus for all ¢t > Ty (e),

[ as [ ta-
Ti(e) pz_ (R (1)) Ti(e)

Therefore, by Theorem 1.0.2, there exists an a.s. event (). such that

lim sup Z:(t)

>1, a.s. on (..
So, by the comparison principle

lim sup (th) > lim sup %)() >
t—o0 h_5 (t) t—oo  h- ()

By taking square roots we get

IX ()] (1)

lim sup =limsup ——=>1, a.s. on (1.
t—o0 @—1 (m log t) t—o0 h(E) (t)

Recalling that 7(¢) = 6~'(¢) and that 0(t) — oo as t — oo, we let T = 7(t) to get

lim sup | X = lim sup X ()] > 1, a.s. on £2..
T—oo P-1 <m IOg 9( )) t—oo p—1 (m 10gt>
Since 6(T fo G%*(X(s))ds and K? < G*(x) < K2 we have §(T) > K?T. Thus, for
T > max(0~(Ti(e)), 1/ K7),
lim sup IX (D] > lim sup [ XDl >1, a.s. on (..
T—o0 @_1 (m lOgK T) T—oo Q)—l (m logﬁ( ))

Note that for every € € (0,1) there exists Ta(¢) > 0 such that
(1—¢)logT <log KiT < (1+¢)logT for T > Th(e).

Hence, for T > max(6~1(T}(¢)), Ta(c), 1/ K?),

X(T
lim sup ‘IL?(l(s))H >1, a.son ..
T—oo §—1 <2611(1+25) log T)
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Since the above holds for all € sufficiently small, it also holds with e replaced by /(3 —2¢).

This proves the result. O

Proof of Theorem 2.4.2. As mentioned in the proof of Theorem 2.4.1, certain notation
is common to both proofs while other notation is re—used for clarity and consistency.
Assume the latter unless otherwise stated.

Now, following the same method as in the proof of the lower bound, we arrive at

a7 = | 2E@ FX @) + lg(XWIE
(X (1))

dt + 21/ Z(t)dW (t) (2.7.27)

where G is defined by (2.7.1) and satisfies (2.7.2). The next step is to derive an upper
bound on the drift coefficient of (2.7.27) in order to create an upper comparison process.

We can then apply the comparison principle.

For y € R?, define the functions D : R — R and A, : RT — R by

D) = 2SO HWWIE 4 A, (2) = max D).

G2(y) lyll=2

Then for y € RY, D(y) < max||y ||y P(v) = A([Jyl). Thus, an upper bound on A
represents an upper bound on the drift coefficient of (2.7.27). Note that A is continuous
on (0,00) and is potentially discontinuous at zero. However, it can be defined at zero. We

construct a locally Lipschitz continuous function qﬁSf) : RT — R such that

Ay(x) + 0P (x) <0, z >0 (2.7.28)
Then for z € RY,
D(z) + 69 () < Ay () + 6 (lz]) < 0 (2.7.29)

and so from (2.7.27) we will have

az(t)y = |- XD+ {DEW®) + 6L UX O] at + 20/ Z(B)aW (1)
= {gz)(f’ (VZ@) + D2,s(t)] dt + 21/ Z(t) dW (¢) (2.7.30)
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where Do (t) := D(X(t)) —i—gﬁgf)(HX(t) ||) is an adapted process such that Dy (t) <0V ¢ >

0 a.s. by (2.7.29) We construct, as our comparison process,

dZ.(t) = =9 (\/ Z:(t)) dt + 21/ Z.(t) AW (t), t > 0 (2.7.31)

where Z.(0) > || X(0)]> = Z(0). We will later show, using stochastic comparison tech-
niques, that Z.(t) > Z(t) for all t > 0 almost surely.

Now we return to the construction of the function qb(f), the mean-reverting drift co-
efficient of the upper comparison process (2.7.31). The construction will be similar to
that of Figure 2.1 and again it is made more delicate by the fact that our hypothe-
sis (2.4.5) is an asymptotic hypothesis rather than a global one. Define the constant
K, = max{||g(0)]|%/G*(0), K3/K%}. Since K2 > K by (2.7.2) it follows that K4 > 1 and
moreover [|g(y)|%/G%(y) < K4 for all y € R%.

Since f is continuous, by the Cauchy-Schwarz inequality we have lim,_¢ |(z, f(2))| =
0. Therefore, for every ¢ € (0,1 A $K7Ky), there exists 0 < Xy(¢) < 1 such that

|(x, f(z))| < e for all ||z|| < Xa(¢). Let y € RY such that |y|| < Xa(e). Then 2(y, f(y)) <

2e. Thus, using the above and the fact that G?(y) > K? by (2.4.8), we have

2(y, 2 9
D(y) = <22J(0;@)/)>+Hg(2y()y\)p SK?

1
+ Ky <2K4 =: 5@ > 0.
Hence, for < Xs(e),

1 1
Ai(z) = max D(y) < max —¢. = — ..
llyll== lyll=2 2 2

So this gives us an estimate for A4 on an interval close to zero. We now look for an
estimate on an interval away from zero. From condition (2.4.5) it follows that for every
€ > 0, there exists X(g) > 1 such that (z, f(z)) < —ca2(1 —¢)||z||¢(]|z|]) for ||| > Xi(e).

Let y € R? such that ||y|| > X1(g). Then using (2.7.2),

2 —2c(l—c¢ 2
Dy = 2 IO JONE =20l =9y + 2

o1
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Hence for z > X (e),

K;

At (z) = max D(y) < 20 =¢) K

2.7.32
lyll== - K3 ( )

zd(x) +

And so we have an estimate for A, on an interval away from zero. We are now in a
position to construct the drift function qS(f) for the comparison process (2.7.31). Once
again, because Xo(¢) < Xj(¢) we must carefully bridge the gap between the estimate
close to zero and the estimate away from zero while ensuring that gb(f) is continuous and
that it is a uniform bound for —A .

If there exists X5(e) € (Xa(e), X1(¢)) such that —A (X35(e)) = — ¢ then define X3(e) =

X/(¢). Otherwise, define X3(c) = 2(X2(e) + Xi(¢)). Define

B 262(1 — 5)

2
) = 2 2 min (A4} A-6.]

X1©)P(X1(e) ~ 2 — | puin

and let c. =|¢3(e)] + 1, ae = cc + ¢3(€), and A; = —c + [mingepy, x, {24 () }A—.].

Note that ¢. > 1, . > 1 and A, < —¢,. Finally, define

(

— o, 0<x< Xs(e)
by + 2 (2 — Xo(e)) Xa(e) <z < Xs(e)
69 (z) = Xa(2)=Xz(e) (2.7.33)
A; X3(e) <z < Xi(e)
_ 2
\ 202}({122 6)33(25(1') _ % — o x > X1<€).

Note that (be) is locally Lipschitz continuous on [0, c0) since it is locally Lipschitz contin-
uous on each subinterval. Now it remains to check that qb(f) () + Ay(z) < 0 as required

by condition (2.7.28). For z € [0, Xa(¢)], since A4 (z) < ¢./2,
(€) 1 1
o () + Ap(z) = —¢u + Ay (2) < —¢u + §¢* = _§¢* <0.
For x € (Xa(g), X3(¢)], since ¢$) is decreasing on this interval and A (z) < ¢,

¢ (@) + At (2) < ¢ (Xa(e)) + b = = + b = 0.
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For z € (X3(g), X1(¢)], since A < —A,(z) by construction,
0% (2) + A (z) = Ac + Ay () <0,

By (2.7.32), on the interval (X;(¢),00) we have

- 2c9(1 — K2
8w+ A = 220 ) - K2 o A < e <0,
2 1

Hence, quf) () + Ay(x) < 0 for all # > 0. Therefore, in summary, for every € € (0,1 A
$K7Ky) there exist 0 < Xa(e) < X1(¢), ae > 1, A: < —¢, and X3(e) € (Xa(e), X1(¢))
such that the function gZ)Sf) defined by (2.7.33) is locally Lipschitz continuous on R™ and
obeys ¢$) () + Ay(x) <0 for x > 0.

We construct the process Z. with Z.(0) > Z(0) > 0 and

dZ.(t) = [_ G ]ZE(t)])} dt + 20/ Z-(t)|dW (¢). (2.7.34)

By analogy to the proof of the lower bound, we can prove the non—negativity of this
process allowing us to drop the absolute value signs in (2.7.34), so that Z. actually obeys
(2.7.31). The only difference here is that the process Z. will never hit zero since, as will
soon be shown, it is recurrent on (0, co).

We now apply Theorem 2.2.1 to (2.7.30) and (2.7.31). First note that the Brownian
motion W is G(t)-adapted. If we set b(x) = —quf)(\/:?) then condition (2.2.3) is satisfied
since gZ)Sf) is locally Lipschitz continuous and is constant on [0, X2(e)]. Also, set (1(t)
equal to the drift coefficient of (2.7.31) and then 3;(t) = b(Z.(t)), and moreover, £ (t) is
G(t)-adapted. Set Ba(t) equal to the drift coefficient of (2.7.30) and so b(Z(t)) > Ba(t)
since Do (t) < 0 by (2.7.29), and again Bo(t) is G(t)-adapted. Next, condition (2.2.2) is
trivially satisfied with o(z) = 2/x. Finally, since we can (and will) prove independently

that Z. is recurrent on (0, 00), it follows that M = inf{t > 0: Z.(t) = n} < +o00 as.

Therefore we can apply Theorem 2.2.1 to conclude that for all t > 0, Z(t) < Z.(t) a.s.
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Now we can approximate an upper bound on the asymptotic behavior of Z by getting

an upper bound on the asymptotic behaviour of Z,, satisfying

dZ.(t) = [—gb(f)(\/ZE(t))} dt + 21/ Z.(t)dW (t).

However, in order to apply Theorem 1.0.2 to determine the asymptotic behaviour, we must
first show that the conditions of Theorem 1.0.1 are satisfied.

The scale function, defined by (1.0.10), is given by

ROUCER

x _9[Y P
pz.(x) = /X " e X B Ty (2.7.35)
2 g

and observe that this can also be written

() 2 () (e)
2 ¢y (V=) XZ(e) ¢y (VZ) ¢y (V7)
) B X7 (e) %f;Z(E) %dzd T %-[X%(:) + _ dz %f;2(6) + - dzd
pz.(x)= L€ 3 Y+ L€ 3 e” X1 vy
X3(e) Xi(e)
v 1 ¢(f)(ﬁ)dz
= Au(e) + As(e) / x0T %y (2.7.36)

X{(e)

where A;(e) and As(e) are positive bounded measurable functions.

Then on the interval 0 < x < X3(e) where qﬁgf)(\/:?) = —¢. <0, (2.7.35) gives

e 0O o
/ _2];2( ) +4u du 1 fXg(E) x gy, x 2
p_ (1.) —e 2 le = ¢e2Jz u = ( ) . (2737)
& X3(e)
Let 0 < &' <y < X3(g). Then the speed measure is given by
@)= [ () b= 0BEF 15 - 9)%]
’ 5 4z X22(€) ¢* 2 ’
So now, for y < X3(e),
m(0,y) = lim m(d,y) = L(XZ(E))_ZN y%* < +oo
’ §'—0+t ’ d)* 2

On the interval (X3(e), X7 (e)], the speed measure is finite due to the continuity of p/,

and on the interval x > X%(e), (2.7.36) gives

1 (e (e) 14
Pl (z) = Ag(e)e? Xt o (V- de

I
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which by substitution becomes

I oo
p/ZE (1) = Ag(e)e’Xa1® @ , (2.7.38)

Since ngf) (z)/zp(x) — 2co(1 — )/ K32 as © — 0o and zé(x) — 00 as ¥ — o0,

NZEO) NG
log 1, () = log Aa(e) + ()qﬂ(”)dv:lom(m / ()(f};(g))).vdv).idv

and thus log p’Z (z) tends to infinity as  — oco. Moreover by L’Hopital’s rule,

6% )

_ logpl, (2) e R v L Sl V)
lim —==— = lim ————— = lim =¥——"F—-=
z—oo  logx T—00 log x T—00 z~1

- c2(l—¢) K2 e
= VeV — g g =

Therefore there exists z,. > X?(¢) such that for z > =z, we have logp; (x)/logz > 1.
Then for > x. we have p’, () > z. Finally, looking at the speed measure we have
1 [ 1 1 1 (™ 1 1 1 [>1
m(X%(s),oo):/ .,dac</ .,dx—i—/ — dr < +00.
2 Jx2e) © Py (2) 2 Jx2e) @ Py (2) 2 e, @
Since the speed measure is finite on each interval it follows that m(0, 00) < +o00. Moreover,

as py (v) >z for all z > z,, it follows that pz_(co—) = +oco. By (2.7.35), (2.7.37) and

the fundamental theorem of calculus, for z < X2 (¢),

@ X3(e) ¢ G 2
yo\-% (X3(e) 2 1-se  X5(e)
p‘s(ﬂﬂ):/ Py (y)dy=—/ P dy = 2 -
5 X3 2 (X%(E)) 1o ¢ 1- 2%
and so pz_(04) = —oo since 1 — ¢,/2 < 0. It can also easily be shown that the local

integrability and non—degeneracy conditions of Theorem 1.0.1 are satisfied. Therefore,
since m(0,00) < +00, pz_(0+) = —o0 and pz_(co—) = +00, the process Z_ is recurrent on
(¢)

(0,00). Thus Motoo’s theorem can be applied and for that we need to find a function h}

such that [ p _1 h(g)( t)) dt < oo. First we simplify our estimate on the scale function p_.

Define ®(z) = [ ¢(v) dv and note that ® is increasing. Then by (2.7.36), for z > X7 (e),
K2
v f“i 225 6(0)~ (5 +ae) § do

> Ks(e)

x + 2c2(175)(I>
/ Y (2K2 )e K3 (\/g)dy, (2.7.39)

Xt (e)
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(G rae) -220790(x1(6)
where K5(e) := Aa(e)X1(e) "1 e

> 0 and we have used the fact that
Aq(e) > 0 in the last step. Since the exponential term is dominant in (2.7.39), we once

again find it convenient to absorb the other terms into the exponent for y large enough.

As ®(,/y) — oo as y — oo we have, by L’'Hopital’s rule:

1 K3 | ac 1K | a 2 K3
i 20 oy + 7108y lim o ) lim Rald o) _ 0.
M Ty P B T e 2 5H(D)
Therefore, for any £ > 0 there exists X4(¢) > X?(¢) such that for y > Xy(e)
K3 | ac 2coe —(%Jr%f) -2 9(vy)
log Ko + (ﬁ + 7) logy < K—QQCD(\/@) and thus Kj(e)y > >e %2
Then by (2.7.39) for x > X4(e) + 1 > X2(¢),
Xa(e) _ L%+£ 2e9(1=¢) g z 2c9(1=22) o
pz.(x) > K5(€)/ y T T Ty, +/ e 1 Vg,
Xi(e) Xa(e)
T 2c2(1—25)¢’ 262(1—25)q> \/Tl
> / e 2 Vo) dy>e *2 e ). (2.7.40)
z—1

2e9(1-2¢) g /57
Let Ty(c) = e 3V7%2 (VD > 1. Then we can define

RO = [¢_1< KiVite

2
1 t> 1, fort>T(e).
2ea(1 — 2¢) og ] + ort >Ti(e)

Moreover, since @1 is increasing

K31 +e¢ logt> S @*1< K31 +e¢

)y 1 — -1
i) —1=2 (2(;2(1—25) 2¢o(1 — 2¢)

log T4 (£) ) = v/Xa(e)

and so hgf)(t) > X4(e) + 1 and we can make use of (2.7.40). Hence, for ¢ > Ti(¢e),

oy (@) 2 e R PO _ e

Thus for all ¢ > Ty (¢),

/ h L < / A
——adt < 0.
(o) py (W (1)) (e tVIFE
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Therefore, by Theorem 1.0.2, there exists an a.s. event €}, such that

Z.(t
lim sup *)

<1 a.s.on ..
t—o00 h(a)() ‘

So, by the comparison principle

lim sup 2() < lim sup Ze(t)
oo BE(1) T tmee (1)

<1 a.s. on €.

By taking square roots, and noting that h(f) (t) — 1 behaves asymptotically like hgf) (1),

X(r(t Z(t)
lim sup HKQ(;ET)E)H =limsup ———= <1 a.s. on (..
t—oo Pl (2022(1725) log t) t—00 th) (t)

Recalling that 7(¢) = 6~'(¢) and that 0(t) — oo as t — oo, we let T = 7(t) to get

: I X (D]l . [ X (@)l
lim sup = lim sup <1, a.s. on ..
oo 1 ( E3VIF oo a1 ( K3VI+ ’
T O (g2 = E) log (T)) ¢ ot (2@2(1—25) logt)
Since 0(T fo G%*(X(s))ds and K? < G%(z) < K3 we have K?T < 0(T) < K2T. Thus,

for T > max(6=1(T}(¢)),1/K?), since ®~! is increasing

lim sup KHj(m)H < lim sup K"fmw <1, a.s. on (..
—00 2 —00
T—oo o7l (5 255 log K3T)  T—oo 71 (52755 log0(T))

Note that for every € > 0 there exists T»(¢) > 0 such that

VvV1—celogT < logKQQT <V1l4elogT forT > Ts(e).

Hence, for T > max(6~1(T}(¢)), Ta(c), 1/ K3),

X
v sup 1@

oo @1 ( K3(4e) -
r ® 1(20 (2o L0 ogT)

a.s. on {..

Since the above holds for all € sufficiently small, it also holds with ¢ replaced by €/(34 2¢).

This proves the result. O

Proof of Theorem 2.4.3. We prove by contradiction. Let y > 0 and recall from Theo-

rems 2.4.1 and 2.4.2 that | X (t)||> > Z_(t) for all t > 0 a.s. and || X(t)||> < Z.(t) for all
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t >0 a.s. We aim to prove that there exists a time T}, such that | X(T)| = y for any y.
There are three cases to consider:

Case 1: Let || X(0)|?> > y? and assume that there does not exists a t, > 0 such that
| X (t,)||> = y*. Then we must have | X (t)[|? > y? for all ¢ > 0. However, it was shown in
the proof of Theorem 2.4.2 that Z. is recurrent on (0, 00) and so there exists ¢, > 0 such
that Z.(f,) = y?. Then we have y> = Z.(t,) > || X(£,)||> > %>, a contradiction. Hence,
there must exist a t, < #, such that | X (t,)||? = y>.

Case 2: Let || X(0)||*> < y? and assume that there does not exist a t, > 0 such that
| X (t,)]|? = y?. Then we must have || X (t,)||> < y? for all t > 0. However, it was shown in
the proof of Theorem 2.4.1 that Z_ is recurrent on [0, 00) and so there exists ¢, > 0 such
that Z_(t,) = y*. Then we have y* = Z_(t,) < HX’(%)]P < y2, a contradiction. Hence,
there must exist a ¢, <t, such that X (t,)]1> = v

Case 3: Let || X(0)||> = y? and assume that there does not exist a t, > 0 such that
| X (t,)||> = ¥?. Then we must have either: a) || X (¢)[|> < ¢? for all t > 0, or b) | X(t)]? >
y? for all t > 0.

Proceeding as in case 1 or 2 above, we can show that this is impossible and that there
must exist a t, > 0 such that || X (t,)|? = y>.

So in each case above we have shown that there exists a t, > 0 such that || X (t,)||> = y>.
Reversing the time change, we have that for all y > 0 there exists ¢, > 0 such that
| X (7(ty)||> = v*. Now let T}, = 7(t,) and take square roots, so that for all y > 0 there
exists T), > 0 such that || X (T,)| = y.

Moreover, since Z_(t) < || X(¢)||?> and limsup, .. Z.(t) = 400 a.s., it follows that

e

lim sup,_,, | X (t)]|> = +oo a.s. and thus limsup,_, . | X (t)|| = +oc a.s. Similarly, since
| X(1)]|? < Z(t) and liminf;_o Z-(t) = 0 a.s., it follows that liminf; .. [| X (¢)[|* = 0 a.s.

and thus liminfy_, o || X (¢)]| = 0 a.s. This proves the recurrence of || X|| on (0, 00). O
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Proof of Theorem 2.4.4. From Theorem 2.4.1 we have

X(t
sup X

K2(1-
t—oo P—1 (%15) log t)

>1 a.s. on {2

and since ¢ € RV (() it follows by (2.3.3) that ® € RV, (¢ + 1) and, by Lemma 2.3.1,

7! € RVio(gg)- Thus,

1/ K2(1— 1 K2(1— 1
lim © (g logt) o 2 ) _(Ei(1—¢)\ T
t—00 d—1(logt) z—oo O~ 1(x) 2¢ '

Therefore,

1
: | X (@)l Kf(1—g)\ o
1 AW (Rt Ze) 5. on Q..
TSP S Tlogt) =\ 261 a-5. on e

Using the fact that the intersection of almost sure events is itself almost sure, we can let

€ — 0 through the rational numbers to get

1
: X @)l K\ ot
1 > . 2.7.41
P 31(logt) = \ 2¢; as (2.741)

Similarly from Theorem 2.4.2 we get

1
. X @) K3\
1 ——— < (= 8. 2.7.42
ey O—1(logt) = \2¢2 s (2.742)

Finally, combining (2.7.41) and (2.7.42) we get the desired result. O

2.7.1 Proofs of Results from Subsection 2.4.3

Before we prove Lemma 2.4.1 we first state and prove a useful auxiliary result.

Lemma 2.7.1. Let ¢ € RV ((). Then there exists C+ > 0 such that

o 16 (2o0)

=Cy.
e U
Proof of Lemma 2.7.1. There are two cases to consider: 1) ¢ € RV ((), ¢ # 0 and
2) ¢ € RV (0).

Case 1: By norm equivalence in RY, there exists constants c; and cp such that ¢ ||z <
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2]/ < col|z|| for x € RY. Since ¢ € RVao(() there exists, by Theorem 2.3.1, ¢1 € SV (C)
such that ¢1(z)/¢p(z) — 1 as  — o0, ¢1 € C1(0,00) and lim, .o 29} (2)/01(x) = ¢, by

(2.3.2). Since ¢ # 0, it follows that there exists z; such that for x > x;, either
¢ (z) >0 ¢ () <0
(i) if ¢ >0, or (i) if ¢ < 0.
¢1(:L’) >0 d)l(:L‘) >0

We consider each of these cases in turn.

Case 1(i): Let ||z|| > x1/c1. Then 21 < ci|z|| < ||z]|loo < e2f|z]| and so, since ¢; is

increasing, ¢1(cilz]]) < d1(l|lzflooc) < Pr(eallll) for [lz] = z1/er. Thus,

fon g Jeloedialioe) _ o Nloe @(12lo) d1(1loc) (el
faf=oeJell@(lzl) ~ tiel—se Tl d1(lzlle) or(llell) o(l])

> ¢1 liminf 7¢1(C1Hx|]) = cgﬂ

lz—oo @1 ([l]l)

since ¢(z)/¢1(x) — 1 as x — oo and ¢1 € RV (().

Case 1(ii): Again we have that z; < ¢|z| < ||z]|e < c2||z| for ||z|| > x1/c1. Then,

since ¢; is decreasing, ¢1(c1]|z]]) > d1(||x||l0c) = é1(c2||z||) for ||z|| > x1/c1. Thus,

[ ]loo ([ ]loc) [2lloo @(lzlloo) ¢1(ll2llo) d1(llz]])

— T
lalose Jzlle(lz])  leloee 2] é1(lzlloo) er(zl) ¢(lz])
ezl ¢
= erfimint =8 Qe —

since ¢(z)/p1(x) — 1 as x — oo and ¢1 € RV (().

Case 2: Since ¢ € RV, (0) it follows that x¢(x) € RV (1). Therefore, there exists
$2 € SVio(1) such that z¢(x)/d2(x) — 1asz — oo, ¢z € C1(0,00) and x¢h(z)/da(x) — 1
as © — o0o. Therefore ¢4(z) > 0 for all z > x; since ¢a(x) > 0. Hence, ¢o is increasing
on [z1,00). Let ||z|| > z1/c1. Then z1 < cifjz|| < ||z|lec < c2flz|| and so, since ¢ is

increasing, da(c1]l]) < ga(ll2lloo) < @a(collzl]) for [z > 21/er. Thus,

e lleetUelon) o eIz ]loo) G2(lllloe)  d2(l2]])
1 f— = =] f
lal—oo  [lzl6([2l) Jelmse  da(lzlee) G2zl zlo(l])

P2 (ca]lx))

> liminf ———- =

lel—oc @2(ll])
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since z¢(z)/Pa(x) — 1 as x — 0o and ¢2 € RV (1).

Therefore, in each case one can find a Cy such that Lemma 2.7.1 holds. O

Proof of Lemma 2.4.1. Observe first that by the definition of ¢ and ¥ we have that
(x, f(2)) = = S0 @j0(x;) + S0, j45(x). Due to (2.4.15), for every £ € (0,1) there

exists 27 (¢) > 0 such that

sgn(z)p;(x)
o(l)

>aj(l—¢), |z|> x;(e)
Since = = |z|sgn(z), we get
zpj(x) = aj(1 —e)lz|g(|z]) for all [z] > 27(e).
Moreover, if we define Dj(e) := MAX|3| < () (1 = €)|x|¢(|x]) — zp;(x)| then
zpj(x) > —Dj(e) + o(1 —e)|z|p(|z]) V z eR. (2.7.43)

Next, by virtue of (2.4.17), for every ¢ € (0,1) there is an xj(¢) > 0 such that for
all [|z|| > x;(e) we have |¢;(x)| < eo(]|z]|). Let X(e) = maxj—i, . qx;(¢). Then for
|z|| > X (e) we have

¥(@)| < eg(|lz) for j=1,....d. (2.7.44)

Define D(¢e) = Z?Zl Dj(e) and o = minj—y,__ga; > 0. Thus by (2.7.43) and (2.7.44) we

have, for ||z| > X(¢),
d d
=Y i)+ ) wity(@)
Jj=1 Jj=1

d d
<D Di(e) = a1 — )|yl 6(|ay)) +Zrazmwg

j=1 j=1 j=1

d
< D(e)—a'(1-2) ZIW )+ 3 s Heolel)}

7j=1

d
=D(e) —d/(1—¢) Z\xj\qb (|5]) +ed(llz|) |1
=1
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Note that Z?Zl lzjlp(|z;]) > [|7]lcod(||2]lco) for & = (21,22, ...,24)T and, by norm equiv-

alence, ||z||1 < ¢||z|. Therefore, for ||z|| > X (¢),

(z, f(2)) < D(e) — /(1 — &) ||z]lscd(l|2ll0) + cellz]|¢([l]])-
Finally, by Lemma 2.7.1 and the fact that D(e) is constant,

: (z, f(z)) _ .. D(e) : —o'(1 — &) [[#]l oo P (|| o0)
lim sup < limsup ——————— + limsup + ce
lzl—oo ZNEUZ) ™ jaj—oo IzlleUizl) ~ japj—oo ]l o(l]=]])
= —d/(1 — &) liminf —HZEHOOQZ)(HQ]HOO) + ce
lel—co  [lzllo(ll)
< —ad'(1-¢)Cy +ce
Since this estimate holds for every € € (0, 1), by letting ¢ — 0, we get
IimsupM < -d'Cy = —a*,
Iz—oo llZll&([2]])
as required in (2.4.18). O

Proof of Lemma 2.4.2. First of all, if ( > —1 then it is trivial to find a function ¢;
with ¢1(x)/¢(x) — 1 as x — oo such that x — x¢;(z) is non—decreasing, and this will be
shown at the end of the proof. If ¢ € RV, (—1) then this may not always hold but can
be verified directly in some cases. We begin by proving that (2.4.19) can be established
assuming the existence of a ¢ as specified above.

If p(x)/d1(x) — 1 as x — oo, we have, by (2.4.16),

i sup SR (2)

Therefore for every ¢ € (0,1) there exists 7(g) > 0 such that zp;(x) < 8;(1 +¢)[x|1(|z])

for all z > 27 (). Also there is 277(¢) > 0 such that

|zl pj(2) = xsgu(a)p;(x) > B;(1 + e)agi(|z]) = =F;(1 +e)lzlpr(lz]), = < —z7"(e).
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Hence, z < —7"(¢) implies |zp;(2)| < Bj(1 +¢)|z|d1(|z]). Let z;(e) = (z]j(e) V 27" (e)).
Then

[zpj(x)] < Bi(L+e)lxlgr(lz]), || > z;(e).

Since ¢ is continuous, there exist ®;() such that

Therefore for every € € (0,1) we have
e ()] < @;(e) + Bi(1 +e)lzlor(fz]), = eR.

Moreover because ¢(x)/¢1(x) — 1 as z — oo, by (2.4.17) we have ||¢(x)||1/¢o1(]|z]]) — O
as ||z|| — oco. Therefore, for every € € (0,1), there exists z(¢) > 0 such that ||¢(x)]; <

ep1(||z]|) for all ||z|| > x(¢). Now, as we had in the previous proof,

d d
(@, f(@)) = = wji(ms) + > wii(x).
=1 =1

Therefore for all z := (21,29, ...,24)7 € R such that ||z| > z(¢), and 8’ = max;_1__45;,

by using the monotonicity of z — z¢1(x) on RT, we get

d d
[, F@)] <D e + Yl ()]
Jj=1 j=1

d d
®j(e) + Y Bi(L+e)lzjln(lay]) + D layllvj(@)]

1 j=1 j=1

B

<.
Il

d
®j(e) + 0'(1+e) ) lajlon(lz]) + llz (@)

M=

i=1 j=1
d d
<3 8(0) + A1 +2) Y lleléi(llel) + ellzlér (2]
j=1 j=1

Therefore, as x¢1(x) — oo as x — oo, and ¢1(x)/P(x) — 1 as © — oo we have

lim sup I, Fl) <B(l+e)d+e.

Jz]—oo l1ZllO(Z]) —
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Letting e — 07, we get

@)
lim — -~ L dB = .
S () = 9P =P

So we have shown that we get the correct result provided ¢ exists.

Now we return to show the existence of a ¢; with the appropriate properties. As
mentioned earlier, to the authors’ knowledge, there is no simple and direct way of choosing
¢1 if ¢ = —1. In the case when ¢ € RV (¢) for ( > —1, let ¢g(z) := z¢(x). Then
®0 € RVoo(C +1). Since ¢ + 1 > 0, there exists a differentiable ¢ € RV (¢ + 1) and
x1 > 0 such that ¢o(x)/do(z) — 1 as © — oo, and ¢h(z) > 0, ¢2(z) > 1 for & > z1. Now

define ¢ by

¢a(x) /2, T > 1

$1(x) =

p2(z1) /1, 0<zx <

Hence z¢;(x) is asymptotic to ¢o(x) and = — x¢1(z) is non—decreasing. Moreover,

$r(z) _ . owdi(@) _ . 92(2)

2.8 Proofs of Results from Section 2.5

Proof of Theorem 2.5.1. In order to prove Theorem 2.5.1 we would first need to prove
analogies to Theorems 2.4.1 and 2.4.2 which apply to equations containing Markovian
switching, specifically (2.5.3). Here we give an idea of how one would adapt the proof of
Theorem 2.4.1 to incorporate the switching parameter.

Using similar methods to the non—switching case, we arrive at

dZ(t) = t b, 2\ dt+ 220w () (2.8.1)
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where \/
Y (T igij(z,y))?
B &l z#0
G(SU, y) -
K2 >c> K1 z = 0.

Let v € R and w € S and define the continuous function D* : R% x S — R by

u, £, w)) + lg, w) [}

2
D (u, w) = : G?(u,w)

By (2.5.7),(2.5.8) and Cauchy—Schwarz, for all w € S and for u # 0,

d 2
2521 (Zizl Uigij(uaw))
[Jul?
d d
D=1 uy 22:1 Dzt ggj(u’ w)

- ]

K} < GP(u,w) =

= llg(u, w)ll7 < K3

and so [|g(u, w)||%/G?(u,w) > 1, for all u € RY/{0}, w € S. If u = 0, then, by (2.5.7)

and the fact that G is defined to be constant at zero,

lg©, w)l[E _ g0, w)lE _ KG

G?(0,w) c? =2

Define K3=min{1, K2/c?}>0. Then ||g(u,w)||%/G?(u,w) > K3, Vu € R, w € S.
By Cauchy-Schwarz, |(u, f(u,w))| < |lull.||f(u,w)||. Define Fj(u) = ||f(u,w;)||. Then

by (2.5.2), for any u,v with [jul], ||v|| < n we have

|Fj(u) = Fj ()] = [1f (w, w) | = [1£ @ wp) ] < 1 (ws ;) = Fo,w)[| < Knllu = o]

Thus, the function Fj : R? — R is locally Lipschitz continuous for each j = 1,..., N. Let
F(u) := max; || f(u,w;)||. Then v — F(u) is continuous since S is finite. Therefore for
every € € (0,1 A 1K{K3) sufficiently small there is an Xa(e) < 1 such that ||Jul|F(u) < e
for all |ju|| < Xa(e). Then |(u, f(u,w))| < ||wl].||f(u,w)|| < ||u]|F(u) < e for all w € S and

for [Jul] < X3(eg). Thus, V w € S and for ||ul| < Xa(e),

D* (u, w) = 2(u, f(u,w)) N Hg(u,w)”% . 9

K3
K3 > — =: 20, > 0.
G?(u,w) Ths = G >

G?*(u,w) — K? 2
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Define the function D : R? — R by D(u) = minyes D*(u,w). Then D is continuous since
D* is continuous. Moreover, D*(u,w) > D(u) for all w € S. Also, define the function
A_:RT" = R by A_(z) = minj,—, D(u). Then A_ is continuous since D is continuous.

Moreover, D(u) > minjj—|j P (j) = A—(|Jul]). Then, for x < Xs(¢),

A_(xz) = min D(u) > min 2¢, = 2¢, > 0.

l[ul|=2  lull==
This gives us an estimate for A_ on an interval close to zero. We now look for an
estimate on an interval away from zero. From condition (2.5.5), it follows that V ¢ € (0,1)
there exists Xj(g) > 1 such that V ||z|]| > Xi(¢) and Vy € S, |{z, f(z,y))| < c1(1 +
e)||z||o(||z]|). Since z # 0 we can use the fact that ||g(x,y)||%/G?(z,y) > 1. Let u € R?

such that ||ul| > X1(e) and let w € S. Then,

2(u, f(u,w)) | Nlgluww)lf  —2e1(1+¢)
G?(u, w) G?(u,w) — K?

D*(u,w) = [ullo(flull) + 1.

Recall that D(u) = minges D*(u, w). Then for ||u]| > Xi(¢) and V w € S,

—201 (1 + E)

D*(u,w) > D(u) > K12

[ull¢(flull) + 1.
Also, recall A_(x) = min,|—, D(u). Then for z > X (¢),

A_(x) = min D(u) > “2allte)

2 xo(x) + 1.
Jul| = K? (@)

And this gives us our estimate for A_ on an interval away from zero. Note that the
estimates for A_(z) are the same as in the proof of the non—switching case so we can
continue as per that proof to construct the function gb(f) such that A_(x) + d)(f) (x) >0

for © > 0. Then rewrite (2.8.1) as

aZ(t) = [~6D (X O) + Dr()] dt + 20/ Z(W)aw (1
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where, by definition,
Di(t) = D*(X (), V(1)) + 6O (IX (1)) = DX (#)) + ¢ (IX (0)])
A_(IX@®I) + 6L (1 X @) > 0

Finally, construct the comparison process

dz.(t) = = (VIZ-@)])dt +2/[Z.OldW (¢), ¢ > 0.

The proof now follows that of the non—switching case, since the switching dependency has

been removed. We would then arrive at

X(t
lim sup | l()H >1, a.s. on §,
= @ (K o)

where (). is an almost sure event. Using similar methods to remove the switching depen-

dency from an analogue of the proof of Theorem 2.4.2 we would get

X
lim sup H @l <1

, a.s. on {)

We could then combine these two results in exactly the same way as was done in the proof

of Theorem 2.4.4 to obtain the desired result (2.5.9). O

2.9 Proof of Stochastic Comparison Theorem

Proof of Theorem 2.2.1. Define 7, := inf{t > 0 : X1(t) = n or Xa(t) = n} and let
Ay (t) = Xo(t A1) — Xy (t A Ty) for t > 0. Thus 7, = 7D A7 where 7V and 7\? are
defined in the statement of Theorem 2.2.1. Also define A () = (A, (t))4 for all ¢ > 0.

By defining M by

we have
An(t) = Xa(0) — X, (0) + /0 " {Bals) — Bu(s)) ds + M (1)
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and therefore by the Tanaka—Meyer formula (see [46], Chapter 3, Section 7) we obtain

AF(t) = (X2(0) — X1 (0))4 + /0 " 1000y (Bn(8)) {2ls) — Bu(s)) ds

n /0 Loy (An()) {0(Xa(s)) — 0(X1(s))} dB(s) + AYA,), (2.9.1)

where AY(A,,) is the local time of A,, at zero. Next, following Exercise 3.7.12 in [46], we
show that AY(A,) = 0 for all ¢ > 0 a.s. Towards this end, we note that M (t) = M(7,) for
all t > 7, and also that (M)(t) = (M)(7,) for all t > 7, a.s. Define po(x) = x for z > 0.

Then for t > 7, we have

o Bl [ LBl
J) sty dante = [ SR dan )

so therefore for any ¢ > 0 we have
t100.00) (An

. ™ 10,00) (An(8))
) d<M>()§/ 10.009)(Bnt5))

o po(An(s))

For s < 7, we have that (M)(s) = [; {o(Xa(u)) — o(X1(u)}¥? du, so by (2.2.2) we get

Tn Ans Tn 00 ATLS
f e = [ ) - ooy a
™ Looo)(Bnls)) Lo o0 Vs
< |y ) — X
_ g2 [T o (Bals) oy g
_Kn/o po(An(s)) (Bnls)lds = Ko

By hypothesis either TT(LI) < 400 a.s. or TT(LQ) < 400 a.s., S0 T, < 400 a.s., and

/t L(0,00) (An(s))
0

2
po(An(s)) d(M)(s) < K;mn < +00, a.s.

By the occupation density formula (Theorem 3.7.1 (iii) in [46]) we have

d(M)(s) = 2 /0 T L pea,) da (2.9.2)

/t 1(0,00) (ATL(S))
0 po(a)

po(An(s))
By the right continuity in a of A¢(A,), if AY(A,) > 0, the right-hand side of (2.9.2) is
infinite, because f(o 0 1/po(a)da = oo and pg(a) > 0 for @ > 0. But this introduces a
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contradiction because the left-hand side of (2.9.2) is finite. Therefore A?(A,,) = 0 for all

t > 0 a.s., and so, returning to (2.9.1), by using the fact that X;(0) > X5(0) we get

Am:/o " 1000 (Bn(5)) {Ba(s) — Ba(s)} ds
n /0 " 1000 (Bn(9)) {0(Xals)) — 0(X1())} dB(s). (2.9.3)

Now using (2.2.1), we have Ba(s) — B1(s) < b(Xa(s)) — b(X1(s)) < [b(Xa(s)) — b(X1(s))].

We consider two cases: if A,(s) > 0 then by (2.2.3) we have, for s <t A1, <7,

Pa(s) = Bi(s) < Kn|Xa(s) — Xu1(s)| = Kn|X2(s A 7n) = X1(s ATn)| = Kn|An(s)]

— KA (s).
Therefore if A,(s) >0 and s < ¢ A7, we have
L(0,00) (An(8)) {B2(s) — B1(s)} = Ba(s) — Bu(s) < KnlAy (s).
On the other hand, if A,(s) <0 then for s <t A7, < 7,
1(0,00) (An(5)) {Ba(s) — Bi(s)} = 0 = KnAj (s).

So in both cases we have 1(g)(An(s)){B2(s) — fi(s)} < KnA;(s). Applying this in

(2.9.3) we arrive at

y< i [ Ak [ Lo (Bl {00Xa(s) — o (X))} dB)
<K, /0 A (s)ds+ /0 T L e (Bu(9)) {0(Xals)) — o (X1(5))} dB(s).
Applying the optional sampling theorem we arrive at
E[AF(H)] < K, /OtE[Ag(s)] ds, t>0.

The function ¢ — E[A(t)] is continuous so by Gronwall’s inequality, E[A}(¢)] = 0 for

each t > 0 and A} (¢) = 0 for each fixed ¢ > 0. However, as t — Al (t) is continuous we
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have A (t) = 0 for all ¢ > 0 a.s. This implies that Xo(t A 7,) — X1(¢ A7) = Ap(t) <0
for all t > 0 a.s. Hence the event Q, := {w : Xo(t A T, w) < X1(t A Tp,w) for all t > 0}
is almost sure. Let Q% = Npen2,. Then QF is almost sure and if 7, — 0o as n — oo a.s.
we have Q" = {w : Xo(t,w) < X;(t,w) for all t > 0}, proving the result. To justify that

limy, 00 T = 00 a.s. we simply note that neither X7 nor X5 explode in finite time. O
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Chapter 3
The Size of the Largest Fluctuations in a Market

Model with Markovian Switching

3.1 Introduction

In Chapter 2 we examined the large fluctuations of a general class of stationary SDEs;
this chapter applies similar techniques (the stochastic comparison principle and Motoo’s
Theorem) to a class of non-stationary SDEs which can be used to build a financial market
model. These notions of stationarity and non-stationarity are defined in the preliminaries.
The motivation for studying equations with switching in a financial setting comes from
observations in financial market econometrics which suggest that security prices often move
from bearish to bullish (or other) regimes. These regimes are modelled by the presence of
the Markov process Y. One of the seminal contributions on the econometric analysis of
financial time series subject to these regime shifts is [33], and a recent monograph covering
this topic, amongst others, is [27]. Moreover, examples of stochastic volatility (SV) models
with switching can be found in [22], [23] and [79]. Numerical methods for such SV models
with Markovian switching are examined in [57]. Interest rate models with switching arise
in [76].

In contrast to Chapter 2, this chapter deals with scalar non—autonomous SDEs with

Markovian switching of the form
dX (1) = FOX(0), Y (£), ) dt + g(X (1), Y (£), 1) dB(), (3.1.1)

where g(z,y,t) and xf(z,y,t) are uniformly bounded above and below in (z,y,t), and Y
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is an irreducible continuous—time Markov chain with finite state space S independent of
the Brownian motion B. If the lower bound on xf(x,y,t) is sufficiently large, we show

that X obeys upper and lower laws of the iterated logarithm, in the sense that

. |X(?)]
v Ko <1 — < VK .S.
2= lﬁsololp 2tloglogt — Looas

where g%(z,y,t) € [K2, K1]. In the case when g additionally obeys g(z,y,t) = v(y), it can

be shown that

lim sup 7|X(t)| =0
t—oo V/2tloglogt *’

where o2 = > jes v%(j)m; and m = (7j)jes is the stationary distribution of Y. The proofs

a.s. (3.1.2)

rely on time change and comparison arguments to construct upper and lower bounds
on |X|. However, in contrast to the proofs in Chapter 2, the equations must undergo
changes of time and scale in order to transform them into stationary processes. The large
deviations of the stationary processes are then determined by Motoo’s Theorem. These
large deviation results are then applied to a security price model, where the security price
S obeys

dS(t) = pS(t) dt + S(t) dX (), t>0, (3.1.3)

and X obeys (3.1.1). We assume that the movement between regimes is not influenced by
the stock price or returns by presuming that Y and the driving Brownian motion B are
independent.

The classical Geometric Brownian Motion model of stock evolution assumes that the
market is informationally efficient, following forms of the Efficient Market Hypothesis
(EMH). A classical statement and discussion about the EMH and its ramifications may
be found in e.g., Fama [24] or the volume edited by Cootner [17]. However, in recent
times, econometric evidence suggesting that financial markets might be inefficient has

accumulated (see e.g., [50]). The equation (3.1.3) models an inefficient market, since the
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increments of the cumulative returns process ut+ X (t) are not independent. However, the
fact that xf(x,y,t) is uniformly bounded means that the process X does not depart too
much (in some sense) from Brownian motion, thereby placing limits on the inefficiency
of the market, particularly when the price departs too far from its trend rate of growth.
Therefore, the assumption that xf(z,y,t) be bounded can be seen as hypothesising that
the market is not “too inefficient”. Although the informational inefficiency of a market
can be proven directly for certain models (see [7]), the same argument does not hold for
the model described by (3.1.3) due to the unobservable switching parameter.

Despite the presence of regime shifts and inefficiency, we can still deduce that the new
market model enjoys some of the properties of standard GBM models. Having established
the existence of a trend rate of growth in the price, we use results about the solution of
(3.1.1) to show that the large deviations of the price from this trend rate of growth obey
a law of the iterated logarithm, just as in standard models. Finally, although the returns
are non—Gaussian, we can nevertheless show that the running maxima of the returns have
the same almost sure rate of growth as those of a stationary Gaussian process.

This chapter also considers the size of the largest fluctuations of the returns process
Rs(t) = log (S(t)/S(t — b)), t > 6, over § > 0 time units. It is shown that when the
diffusion coefficient is of the form g(x,y,t) = v(y), then under certain conditions on the

drift coefficient we have

t
lim sup m = ouVe, as., (3.1.4)
t—o00 210gt

where oy = maxjes |[7(j)| > 0.

When compared to (3.1.2) this result (3.1.4) reveals an interesting phenomenon, unique
to equations with switching. The magnitiude of the fluctuations in (3.1.2) is determined
by an “average” of the different volatility levels that the process can switch between,

weighted by the stationary probability distribution of the Markov chain. On the other
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hand, the magnitude of the fluctuations of the returns over a short time period, (3.1.4), is
determined only by the largest value of the diffusion coefficient, namely oz;. This indicates
that the returns fluctuate most during the periods of highest volatility, something that
one would intuitively expect. This effect cannot be found in equations without switching,
as in the constant diffusion case we would have o, = ocg = o and there would be no
distinction. Both results, (3.1.2) and (3.1.4), highlight the benefits of considering the
special case where the diffusion coefficient depends only on the switching parameter, i.e.
that g(z,y,t) = v(y). In this case the switching process has a direct influence on the
magnitude of the large fluctuations, while in Chapter 2 for example it was not clear that
the switching would have such an effect on the magnitude of the fluctuations.

The chapter is organised as follows. Useful mathematical preliminaries for this chapter
are detailed in Section 3.2 while the main results on iterated logarithm growth rates for
the solution of (3.1.1) are given in Section 3.3. In Section 3.4, these results are applied to

a stock price model. The proofs of all results are postponed to the final two sections.

3.2 Mathematical Preliminaries

3.2.1 Markov Chains and Jump Processes

Let Y be a continuous—time Markov chain with state space S. To make our theory
more understandable, we assume the state space of the Markov chain is finite, say S =
{1,2,--- N}. As a standing hypothesis we assume in this chapter that the Markov chain
is srreducible.

For n = 0,1,2,..., denote by M;(n) the length of the n'® visit to state i, by Tj(n)
the time of the n'® return to 4 and by L;(n) the length of the n'" excursion to i. For

a visualisation of these quantities see Figure 3.1. By the strong Markov property (of a
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continuous jump chain) at the stopping times T;(n), we find that
L;(1),L;(2),... are independent and identically distributed with mean m;,  (3.2.1)
and that
M;(1), M;(2),... are independent and identically distributed with mean 1/¢;, (3.2.2)

where ¢; = > i Vig is the off-diagonal row sum of the transition matrix. Moreover, since
the M;’s (the holding times, or waiting times) are exponentially and identically distributed

in a Markov jump process, we know that
the sequence of random variables M;(1), M;(2),... has finite variance a%/[i. (3.2.3)

An important technical requirement in our analysis is that the second moments of the
excursion lengths L;(n) are finite for all ¢ € S and n € N. Since the process Y is time—
homogeneous, the lengths of the excursions L;(n) are identically distributed for all n.
Moreover, since the excursion time L;(1) is simply the first passage time to state i from
state 4, it suffices to show that the second moment of the first passage time from i to i is
finite for all ¢ € S. What follows is doubtless well-known to researchers in Markov jump
processes and Markov chains, but may be less well-known to those whose backgrounds
are in stochastic differential equations, such as the author, and is therefore included for
readers with similar backgrounds.

The connection between the distributions of first passage times and waiting (or holding)
times for semi—-Markov processes was established by Pyke [68]. He established that the
first passage distribution function G;; from state i to state j could be written in terms of
the waiting time distributions Fj; (where 7 is the state currently occupied, and j the state

to be visited next) according to

N
Gij(t) =Fy(t)+ Y / Fip(t — 8) dGyi(s), t>0. (3.2.4)
k=1,kj (0,¢]
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See [68, Lemma 3.2] or [43, Lemma 1.1]. The jump process Y is a special type of semi—
Markov process with exponentially distributed holding times, so in our case the Fj;’s are
exponential distributions. Therefore the second moments of the distributions F;; are finite.
A consequence of this and the renewal equation (3.2.4) is that the second moments of the
Gij;’s are finite for all i,j € S. See e.g., [43, Lemma 2.1], where a formula relating the

moments of the F’s and G’s is deduced. Therefore, by invoking this theory, we have that

the sequence of random variables L;(1), L;(2), ... has finite variance O‘%i. (3.2.5)

3.2.2 Stochastic comparison for equations with non-stationary solutions

The method of proof employed in Chapter 2 relies on creating comparison processes (which
have stationary solutions) to which we can apply Motoo’s Theorem. This theorem allows
us to determine the exact asymptotic growth rate of the running maxima of a stationary
(or asymptotically stationary) process governed by an autonomous SDE.

However, the use of stochastic comparison principles does not guarantee that the com-
parison processes will have stationary solutions: in fact in this chapter we deal with
equations with non—stationary solutions. Nonetheless it is possible in some cases to apply
a change in both time and scale to an equation with non—stationary solutions to trans-
form it into an equation with stationary solutions. The asymptotic behaviour of a process
transformed in such a way can then be determined by Motoo’s theorem.

Take, for example, a simple 1-dimensional Ornstein—Uhlenbeck process governed by
dX(t)=—-X(t)dt+dB(t), t>0, where X(0)=0.

It can be shown that this process has stationary solutions and that Motoo’s theorem can

be applied. On the other hand, we can solve this equation explicitly to get
t
X(t) = e_t/ e*dB(s) = e 'M(t), (3.2.6)
0

76



Chapter 3, Section 3 The Size of the Largest Fluctuations in a Market Model with Markovian Switching

where we define the martingale M (t) := 5 e® dB(s) with quadratic variation given by
¢ 1
(M)(1) :/ & ds = £(e ~ 1)
0

Then by the martingale time-change theorem (cf., e.g., Theorem 3.4.6 in [46]), we may
define a new Brownian motion B* by B*((M)(t)) = M(t). Therefore, (3.2.6) becomes

X(t) = e "B (M) (1)) = e’tB*(%(th “1)).

The significance of this relation is that the Brownian motion itself, B*(t), is non—stationary
but by applying the change of time, (€2 —1)/2, and change of scale, e, it is transformed
into the process X (¢) which has stationary solutions.

For some of the proofs in this chapter, we employ a similar change of time and scale

before applying Motoo’s theorem.

3.3 Statement and Discussion of Main Results

In this section we give sufficient conditions ensuring law of the iterated logarithm—type
behaviour for the solution of (3.3.1).

Let f,g: R xS x[0,00) — R be continuous functions obeying local Lipschitz continuity
and linear growth conditions. Let X(0) = x( and consider the stochastic differential

equation with Markovian switching given by
dX(t) = f(X(t),Y(t),t)dt + g(X(t),Y (t),t) dB(t). (3.3.1)
We assume, unless otherwise stated, that there exists p > 0 such that
zf(z,y,t) <p forall (z,y,t) € R xS x [0,00), (3.3.2)
and that f is globally bounded in the sense that

|f(x,y,t)| < F < 400, forall (z,y,t) € R xS x [0,00). (3.3.3)
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Under the above conditions, there is a unique continuous and adapted process which
satisfies (3.3.1) (see e.g. [62]). We make the standing assumption throughout the chapter
that f and g obey these continuity and growth restrictions, and that Y is an irreducible
continuous—time Markov chain with finite state space S. For economy of exposition these
assumptions are not explicitly repeated in the statement of theorems in this chapter.
The first two theorems deal with upper and lower estimates on the asymptotic growth

rate of the running maxima.

Theorem 3.3.1. Let X be the unique adapted continuous solution satisfying (3.3.1) and

let f obey (3.3.2). If there exist positive real numbers Ky and Ky such that

Ko < ¢*(z,y,t) < Ky, for all (z,y,t) € R x S x [0, 00) (3.3.4)
then X satisfies
X(t
limsupA <+VKi, as. (3.3.5)

t—oo +/2tloglogt ~

The result and hypotheses of this theorem are similar to those of a theorem in Mao [52],
in which no switching process is present. Here in Theorem 3.3.1, a sharper upper bound on
the solution is obtained in that if one were to apply Mao’s theorem in this case we would
get /K1+/e on the right-hand side of (3.3.5). The sharper bound comes at the expense
of a two—sided bound on the diffusion coefficient g. The proof in [52] employs martingale
and integral inequalities, while Theorem 3.3.1 is proven by means of a comparison result.
An advantage of this comparison approach is that a similar argument also yields a lower
estimate on the large fluctuations of the solution, which we have been unable to obtain

using the methods in [52].

Theorem 3.3.2. Let X be the unique adapted continuous solution satisfying (3.3.1). If

there exist real numbers K1 and Ko such that (3.3.4) holds, and there is an L € R such
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that
(x,y,t)G]%gng[O,oo) m = L> _%v (3.3.6)
then X satisfies
limsupﬂ > \/E, 05 (3.3.7)

t—oo +/2tloglogt —

We can combine the arguments used to prove these results to obtain a general result on
the exact size of the large fluctuations, under the assumption that the diffusion coefficient
depends only on the process Y. The result plays a role later in the chapter when we

consider applications of these pathwise large deviation results to finance.
Corollary 3.3.1. Let X be the unique continuous adapted process satisfying the equation
AX (1) = F(X(0), Y (), ) dt + (Y (£)) dB(D), (3.3.8)

where v : S — R\ {0} and X (0) = xg. If there ezists a real number p > 0 such that

t t 1
sup M < and inf M > —-, (3.3.9)
(@y,)eRxSx[0,00) V2 (Y) (@) ERXSx[0,00)  V2(Y) 2
then
. [ X(1)]
1 2N s, as 3.3.10
lﬁsololp 2tloglogt 7 @3 ( )
where

ol => V), (3.3.11)

JES
and 7 is the stationary probability distribution of Y defined by (1.0.5).

The first condition in (3.3.9) is equivalent to (3.3.2). The second condition is more
subtle. Although it is sufficient to establish an iterated logarithm—type result, it is not
a necessary condition to do so: Theorem 3.3.3 which follows justifies the second part of
this remark. However, examples of equations (3.3.1) exist in which the second condition
in (3.3.9) is false, and the solutions do not obey iterated logarithm type growth bounds.

We supply such an example now.
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Example 3.3.1. Suppose in (3.3.1) that f(z,y,t) = f(z) and that g(z,y,t) = o # 0,
and let f obey lim, .o zf(x) = limy, oo zf(z) = L < —0?/2. Then, provided f is
continuous, the first condition in (3.3.9) is true, but inf,cgr zf(2) < —02/2, and so the
second condition in (3.3.9) is false. Routine calculations show that the conditions of
Motoo’s theorem hold. Moreover, by determining the asymptotic behaviour of the scale

function, we can use Motoo’s theorem to show that

log | X (t
limsup70g| (®)l

m su o exists a.s.

is deterministic and is strictly less than 1/2. Therefore a solution of (3.3.1) under these
conditions cannot obey the law of the iterated logarithm. It can be seen that the second
part of condition (3.3.9) is quite a sharp hypothesis, since in the case that L > —0?/2 we

can find functions f such that the second part of (3.3.9) holds, and hence the law of the

iterated logarithm holds also.

Remark 3.3.1. We observe that (3.3.10) provides an ezact rate of growth of the running
maxima of | X|. This is in contrast with the results of Theorems 3.3.1 and 3.3.2, in which
only bounds on the growth rate are determined. We also notice that the presence of
the switching process Y influences the rate of growth, because the value of o, in (3.3.11)
depends on the stationary distribution of Y. On the other hand, it is not immediately clear
from Theorems 3.3.1 and 3.3.2 that the switching process can influence the asymptotic
behaviour so directly, because the bounds on the diffusion coefficients K; and Ky are
independent of the switching state Y. Finally, not only is the a.s. rate of growth of the
running maxima deterministic, but it also can be computed explicitly once the generator
of Y and the diffusion coefficient v are known. The stronger conclusion of Corollary 3.3.1
relies upon the stronger assumption that the diffusion coefficient depends only on the

Markov process Y.
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In Theorems 3.3.1, 3.3.2 and in Corollary 3.3.1, we assume that f obeys a pointwise
bound that depends on . We can allow f to violate such a bound, provided any “spikes”
that may be present in f are sufficiently narrow. This is achieved by the choice of hypoth-

esis (3.3.12) in the statement of Theorem 3.3.3 below.

Theorem 3.3.3. Let X be the unique continuous adapted process satisfying (3.3.1), with
X(0) = zg. If there exist positive real numbers K1, Ko such that (3.3.4) holds, and there

is a locally Lipschitz continuous function f such that

|f(z,y,1)]

9% (z,y,t) < f(@), feLl(RRY), (3.3.12)

then X almost surely obeys

Ve 25Waer Jo (—f(y)dy ST e—2infucr [ F(y)dy
Kpe eer o <limsup D) Ve T (3.3.13a)
e=2 /o (= f(y))dy t—oo  V/2tloglogt e=2y fy)dy
SR e—2infucr [§(—f(v))dy X JEKye25wWaer [o fy)dy
L — <liminf — < CAR— . (3.3.13b)
2/ (= ())dy t—oo 4/2tloglogt o2 oo T(W)dy

We notice in this result that both positive and negative large fluctuations obey an
iterated logarithm growth bound: this contrasts with the results of Theorem 3.3.1, 3.3.2
and Corollary 3.3.1, in which the growth bounds are for the absolute value of the process.
While the estimates on the normalising constants /K7 and v/K» in Theorems 3.3.1 and
3.3.2 are sharper than those obtained in Theorem 3.3.3, we are able to dispense with the

pointwise bounds required in (3.3.9).

3.4 Application to Financial Market Models

In this section, we consider the application of the results from the previous section to a
variant of Geometric Brownian Motion (GBM) which includes Markovian switching. In
the first subsection, we state and discuss some properties of standard models, and then

do likewise for analogous results for the switching model. These results concentrate on
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the long run growth rate, the size of the largest departures from the trend, and the large
fluctuations of the incremental returns. In the second subsection, we specialise our results

to a market in which there are only two regimes of “high” and “low” volatility.

3.4.1 Discussion of main results

We begin by reviewing briefly some mathematical and economic properties of GBM. GBM
is one of the canonical models used to describe the stochastic evolution of asset prices (see
e.g., Karatzas and Shreve [47]), and is behind the classical Black—Scholes—Merton option
pricing formula (see e.g., Merton [64]). This work has given rise to a great variety of alter-
native market models and has led to an explosion in the variety of financial instruments
that can be priced; a flavour of this activity can be gleaned from the popular textbook [41].

As is well-known, GBM can be characterised as the unique solution of the linear stochas-

tic differential equation
dS*(t) = uS*(t)dt + oS*(t) dB(t), t >0, (3.4.1)

where S*(0) > 0. In the context of financial economics, p is the instantaneous mean
rate of growth of the price, and o its instantaneous volatility. The importance of the
GBM model is embodied by the following fact: if security returns are stationary and
independent (so that the market is informationally efficient) and the stock price process
S* varies continuously in continuous time, then S* must obey (3.4.1). It is well-known
that the logarithm of S* is a Brownian motion with drift, having mean and variance at

time t of (u — U—;)t and ot respectively, and that S* grows exponentially according to
=p=30°, as. (3.4.2)

Furthermore the maximum size of the large deviations from this growth trend obey the
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law of the iterated logarithm:

. |log S*(t) — (n — 30°)1]
im sup

S oflosloat =|o|, as. (3.4.3)
Before discussing other properties of S*, we explore the significance and implications of
the result (3.4.3) in terms of finance. Since S* represents the price of a risky asset, we
cannot expect that S* grows at ezactly the rate exp[(u—o02/2)t] as t — oo. Indeed, as real
stock prices experience departures from such steady growth rates (for example in market
crashes or bubbles), it is advantageous for any model of these prices to also have this
property and to be able to determine how large these bubbles or crashes are likely to be
from the perspective of both long—term investment and portfolio management.

This leads us to consider the size of the largest fluctuations from the trend rate of growth.
We can study these large fluctuations by first removing the exponential trend from the
stock price, leaving us with the process log S*(t) — (1 — 02 /2)t, which gives the logarithm
of the departure from the trend. The largest deviations of this departure obey a law of
the iterated logarithm, according to (3.4.3). In terms of the stock price itself, roughly
speaking, this means that the stock can be bigger than the smooth exponential trend by
a factor of exp|oy/2tloglogt], or can be smaller by a factor of exp[—o+\/2tloglogt] as
t — 00, a.s.

Moreover the d—increments of log S* are stationary and Gaussian, with the mean and

variance of the increments depending linearly on 6. These d—increments, defined by

R;(t) =log(S*(t)/S*(t — 6)), therefore obey

R5(t
lim sup 1B = |0V, as. (3.4.4)
t—oo V2logt

In the following section, we propose a variant of (3.4.1) in which the stock price S is the
solution of
dS(t) = pS(t)dt + S(t)dX(t) t=>0. (3.4.5)
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Here the driving Brownian motion in (3.4.1) has been replaced by a semi—martingale X
which partly depends on a continuous—time Markov chain. The model departs from (3.4.1)
in that the returns are no longer stationary nor independent. Note that if the cumulative
returns on the security with price S = {S(¢) : t > 0} up to time ¢ are defined by R(t),
then

R(t) =1log (S(t)/S(0)), t=>0, (3.4.6)

and the (log) returns of the security over the time interval [t — 0, t] are defined by
Rs(t) = R(t) — R(t — 0) = log(S(t)/S(t —0)), t>4. (3.4.7)

With these definitions we show that the processes S and Rs obey analogous properties
to (3.4.2), (3.4.3) and (3.4.4). Therefore, the stock price process grows exponentially,
experiences large deviations from the trend growth rate of iterated logarithm type, and
incremental returns have the same rate of growth as those of stationary Gaussian processes,
despite Rs being non—Gaussian. The above claims are made precise in the following

Theorems in this section, whose proofs are supplied in Section 6.

Theorem 3.4.1. Let Y be a continuous—time Markov process with state space S. Let X

be the unique continuous adapted process governed by
dX(t) = f(X(¢),Y(t),t)dt + odB(t), t>0, (3.4.8)

with X(0) = 0. Let p € R, o0 € R\ {0}, and S be the unique continuous adapted process
defined by (3.4.5), with S(0) = so > 0. Suppose that f obeys (3.3.3) and that (3.3.9) holds

in this special case where ¥(y) = o for all y. Then:

(1)
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(i)

Hnsus 110850 — (= )]
1m sup

=lo|, .S. 3.4.9
t—00 v2tloglogt lol, a5 ( )

(11i) If Rs is given by (3.4.7), then for each 0 < § < 0o

Rs(t
limsupM = |o|V3s, a.s.
t—00 2logt

Despite the presence of the Markov process Y (which introduces regime shifts) and the
X—dependent drift term f in (3.4.8) (which introduces inefficiency), we see that S obeys
the same asymptotic properties as S*, namely (3.4.2), (3.4.3) and (3.4.4). These properties
of S* are shared by S because condition (3.3.9) guarantees that f becomes small for large
values of X, thereby forcing S and S* to remain close, in some sense. Indeed, if f is
identically zero, we see that S and S* actually coincide.

On the other hand, the analysis is now more complicated because the increments are (in
general) neither independent nor Gaussian, and it is not possible to write down an explicit
formula for S in terms of B and Y. This complication is worthwhile, however, because it

stems from the addition of inefficiency and regime shifts into the market model.

3.4.2 State—independent diffusion coefficient

We now return to the special case where the diffusion coefficient depends only on the
switching process Y. Let f: R x S x [0,00) — R and 7 : S — R be continuous functions
obeying local Lipschitz continuity and linear growth conditions. Let X(0) = z( and

consider the stochastic differential equation with Markovian switching given by
dX(t) = f(X(t),Y(t),t)dt +~v(Y (t)) dB(t). (3.4.10)

Under the above conditions, there is a unique continuous and adapted process which

satisfies (3.4.10) (see e.g. [62])
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This is an important special case for two related economic reasons. The first is the prin-
cipal economic rationale for switching models in finance: namely that market sentiment
occasionally changes, leading to differing volatility or growth rates. The incorporation
of sentiment in this manner is one of the important motivations behind the discipline of
behavioural finance (see e.g., the survey paper [25]). Secondly, it makes the volatility
a stochastic process which cannot be explained purely in terms of the current market
returns. This places the model within the framework of stochastic volatility (SV) mod-
els, particularly as the volatility process is stationary and ergodic. One of the first such
SV models was presented in [42], and a recent textbook devoted to stochastic volatility
models is [26]. A common feature of SV models is that the volatility is described by
the stationary solution of a stochastic differential equation driven by a Brownian motion
which is correlated with, but not equal to, the Brownian motion that drives the stock
price. In our case, although we only have one Brownian motion, we have two sources
of randomness in the security (the other being the switching process). This renders the
market incomplete, as there are more sources of randomness than tradable securities. In
the model proposed here the volatility is also a stationary stochastic process, but unlike
processes in SV models, it can assume only finitely many values, does not change from
instant to instant, and is also uncorrelated with the Brownian motion which drives the
stock price. However, if employed to price options, the model analysed here should lead
to both incomplete markets and the presence of volatility smiles. Volatility smiles have
been shown to exist for other stochastic volatility models in which the volatility assumes
a finite number of values (see e.g., Renault and Touzi [69]).

The first result shows that when the volatility depends on the switching process alone,
there is a well-defined growth rate, and the fluctuations around this growth rate still obey

a law of the iterated logarithm.
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Theorem 3.4.2. Let S be the unique continuous adapted process governed by (3.4.5) with
S(0) = sop > 0, where X is defined by (3.4.10), with X(0) = 0 and v : S — R\ {0}.

Suppose that f obeys (3.3.9). Then

(i)

log S(t) o?
lim 282 %
U S
(i)
log S(t) — (ut — & [172(Y(s))d
limsup| 08 (1) = (ut — 3 Jo *(Y(5)) ds)| =0, Q.S (3.4.11)

t—00 V2tloglogt

where o, > 0 is defined by (3.3.11).

Before proceeding further, we pause to examine the relevance of (3.4.11) and its con-
nection with (3.4.9). The limit in (3.4.11) gives, at least superficially, a weaker result
than the limit in (3.4.9). As explained earlier, (3.4.9) can be interpreted in terms of the
size of the fluctuations of the price around its deterministic exponential rate of growth
G(t) := exp[(p — 02/2)t]. Hence the log trend is log G(t) = (1 — 02 /2)t, so (3.4.9) can be

written

L (log (1) — log (1)
t—»oop v/ 2tloglogt

Similarly, (3.4.11) can be written in this form with o, being the limit on the right—hand

=lo|, as.

side and the log trend, log G (t), in this case is stochastic and given by

log Gy (£) = pt — % /0 V(Y (s))ds. (3.4.12)

The fact that G, is stochastic does not by itself create a difficulty in (3.4.11) but rather
the fact that it depends on the switching process Y which cannot be observed directly
from market data. Therefore it is certainly more cumbersome, and perhaps infeasable, to

remove this stochastic growth trend as easily as in (3.4.9).

87



Chapter 3, Section 4 The Size of the Largest Fluctuations in a Market Model with Markovian Switching

However, we now show that it is possible to recover the full strength of (3.4.9) by

introducing a deterministic log trend log G1(t) := (u — 02 /2)t.

Theorem 3.4.3. Let S be the unique continuous adapted process governed by (3.4.5) with
S(0) = sp > 0, where X satisfies (3.4.10), v : S — R and f obeys (3.3.9). Let Y be
a stationary jump process with finite, irreducible state space S. Then, using the ergodic

theorem for Markov jump processes,

1 2

|log S(t) — (1 — 505)t|
E ;< i Ox E i .8., (3.4.13
2687 (©)8: < l?iigp 2t loglogt - *3 ZGSV (2)6s a5 )

where B; = (op; + mior,)//mi > 0 is deterministic and 0. obeys (3.3.11).

With this result we can interpret a large value of o, as giving rise to larger fluctuations
from the deterministic exponential growth trend exp[(u — o2 /2)t].

Theorem 3.4.3 above relies on the rate of convergence of the ergodic theorem for Markov
jump processes. We now state this ergodic theorem and its associated rate of convergence

in the following result.

Proposition 3.4.1. Let S be a finite, irreducible state space, let v: S — R and let Y be

a stationary jump process. Then by the ergodic theorem for Markov jump processes

t

.1
tliglo; ; YA(Y(s)) ds = o2 —Z*y 775,
JES

where m is the stationary probability distribution of Y defined by (1.0.5). Moreover,

Y (s))ds — o2 Z’y a.s., (3.4.14)

lim sup

t 1/t
t—oo /2tloglogt ‘t/o ’y

where (; = (op, + mior,)//mi is deterministic.

3.4.3 Large fluctuations of §—returns

In this subsection, we explore further the case when X is given by (3.4.10), in which

the diffusion coefficient depends only on the switching process Y. We associate the state
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H € S with the largest value of the diffusion coefficient, so that
og =max |[y(j)| > 0. (3.4.15)
JES

The state H corresponds to the highest volatility state of the market.
We are interested in the large fluctuations of the returns over § > 0 time units in
continuous time

Rs(t) == log(S(t)/S(t — §)), > . (3.4.16)

The increments Rj closely relate to the increments of Brownian motion because
t
1
R(t) = log(S(1)/S(t —3)) = X (1) = X(t =8) = | {u=57"(V(s))}ds, (3417
tf

and due to the fact that the integrand above is bounded, the big fluctuations in the
increments Rs will come from the big fluctuations in the increments of X which in turn
are caused by the big fluctuations of Brownian increments. Thus we would expect to see
fluctuations in Rs similar to those of Browian motion, i.e. of the order \/2logt. This is

confirmed in the following theorem.

Theorem 3.4.4. Let § > 0. Let f satisfy (3.3.9) and (3.3.3) and let Y be an irreducible
continuous—time Markov jump process with finite state space S. Let X be the unique
adapted continuous solution to (3.4.10) and let S satisfy (3.4.5). Then Rs, defined by
(3.4.16), obeys

ligrisogp l/}% —opVi, as. (3.4.18)

This suggests that the “high” volatility periods are entirely responsible for the largest
fluctuations in the absolute é-returns. This phenomenon cannot be observed from (3.3.10)
and (3.4.13) which deal with the cumulative returns, which include accumulated contri-

butions from high, moderate and low volatility periods.
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3.4.4 Results for a two—state volatility model

We continue our analysis of the case when X is given by (3.4.10), in which the diffusion
coefficient depends only on the switching process Y. In this example, Y is a two-state
Markov jump process. To capture this in the notation of the previous subsection we let
the state space S = {H, L} so the diffusion coefficient can take the values v(H) = o or
~v(L) = or. This represents a market model where the volatility can be either “high” or

“low”, with values o > o > 0 respectively. The generator of Y, denoted I, is given by

-7
I =

Y2 T2
where 1 is the rate of transition from the high state to the low state, and -5 is the
transition rate from the low state to the high state. In a typical situation one would have
~v2 < 71 so that the process spends more time in the low volatility state in the long run.
We give calculations and interpretations in this case and we note that this can easily be
generalised to a finite number of volatility levels. However, econometric evidence indicates

that a two—state model is very often sufficient.

Recalling Corollary 3.3.1 we have that

. [ X ()] 2 2(;
h?iigpm =04 a.s., where o] = Z’y (4)7;

Jjes

(3.4.19)

and m = (wg, ) can be found by solving 7' = 0 (or equivalently —mgvy; + mry2 = 0)

subject to the constraint 7wz + w7, = 1. Solving these equations we arrive at

= 72 — il
A+ M+

Thus, o2 is now simply the weighted average of the different volatility levels

0320%1 72 —i—a% m .
Y1+ 72 Y1+ 72
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As mentioned earlier, if 79 < 71 then more weight will be placed on the lower volatility
regime as more time will be spent in the low volatility state. This means that o, will be
small and thus the fluctuations of | X|, given by (3.4.19), will be relatively small. On the
other hand, if 7wy is relatively close to unity then o, can be quite large, and thus periods
in the high volatility regime can have a big impact on the fluctuations. Moreover, if o, is
large then the growth rate, given by p — 02/2, is reduced. These important features are

somewhat concealed in the statement of (3.4.19).

3.5 Proofs of Results from Section 3.3

Proof of Theorem 3.3.1. Applying Itd’s formula to (3.3.1) we get

dX2(t) = 2X () F(X (1), Y (£),t) + ¢*(X (), Y (¢),¢)] dt
+2X(t)g(X(t),Y(t),t)dB(t), t>0. (3.5.1)
Let N be the local martingale defined by N (¢ fo 2X(s)g(X(s),Y(s),s)dB(s). It has
quadratic variation given by (N)(t) = f(f 4X?(s)g*(X(s),Y(s),s)ds. Then by Doob’s

martingale representation theorem (see Chapter 1 or Theorem 3.4.2 in [46]), there exists

another Brownian motion § in an extended probability space with measure P such that

N(t) = /0 2|g(X $)|\V/X2(s)dB(s) P-as.

Now let Z(t) = X2(t) and let ¢(t) = 2X(¢)f(X(t),Y (t),t) + g*(X(t),Y (¢),t) so that we

can write equation (3.5.1) as

dZ(t) = o(t) dt + 2|g(X HVZ () dB(¢) (3.5.2)

Let M(t) = [ 19(X(s),Y(s),)|dB(s), so (M)(t) = [ g%(X(s),Y(s),s)ds. Then by

the martingale time—change theorem (cf. e.g., Theorem 3.4.6 in [46]), we may define
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a new Brownian motion 3 by B((M)(t)) = M(t) and the stopping time 7 by 7(t) =
inf{s > 0 : (M)(s) > t}. Since g*(z,y,t) > K2 > 0 it follows that (M) is increasing
and limy_,o(M)(t) = oo. Thus (M)~! exists and in fact 7(¢t) = (M)~1(¢). Moreover,

M(7(t)) = B(t) and we introduce the processes X(t) = X((t)), Y ()

Y (7(t)) and

Z(t) = Z(7(t)). So now, applying this time-change to (3.5.2) we get:

- (1) (t)
Z(t) = Z(7(t)) = Z(T(O))+/O ¢(s) d5+/ 2lg(X s)|V/Z(s)dB(s). (3.5.3)

To deal with the stochastic integral above, we use Proposition 3.4.8 from [46], which states
that if 7(t) = n(7(t)) and n is F”-adapted, then fOT(S) n(u) dM(u) = [3 i(u) dB(u). In this

case, we set n(t) = 2,/Z(t) and set M equal to the martingale defined above. Therefore

[ vz vt = [ 2vzmane = [ 270 i0)

To deal with the Riemann integral term in (3.5.3), we use Problem 3.4.5 from [46], which

states that if G is a bounded measurable function, and [a,b] C [0,00) then we have
b (M) .

[ G(s)d{M)(s) = f<M>(a) G(7(s))ds. In this case, we set

G(t) = o(t)/g*(X (1), Y (), 1)

and as d(M)(t) = g>(X(t),Y (t),t) dt, we obtain

/ Sy ds = / Gls) (M) (s) = /<;f(>::(t))a<7<s>>ds

:/ = q;(f;) ds
0 P*(X(s),Y(s),7(s))

where ¢(t) = ¢(7(t)). So we can now write (3.5.3) as

Z(t)—2(0)+/0 92()2(8)(55(;()8)’ ds+/ 2/ Z(s)dp(s (3.5.4)

Now, using conditions (3.3.2) and (3.3.4), it is easy to see that the drift coefficient of (3.5.4)

is bounded above by (K2 + 2p)/Kj. Define the process which is uniquely determined by
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the stochastic differential equation

dU(t) = Cydt + 23/|U(t)] dB(t), a.s. (3.5.5)

with U(0) > Z(0) > 0, where C,, = (K2 + 2p)/K3. We will now show, using a stochastic
comparison technique, that for all ¢ > 0, Z(t) < U(t) a.s.

First, we must show that U(t) is positive so that we can drop the absolute value in
(3.5.5). We apply the stochastic comparison theorem (Theorem 2.2.1) to (3.5.5) and to
the equation dU;(t) = 21/|U(t)|dB(t) with Uy (0) = 0; this shows that U(t) > Uy (t) a.s.,
and since the process U; has the unique solution U;(t) = 0, it follows that U(t) > 0 a.s.

Therefore U(t) in fact obeys

dU(t) = Cydt +27/U(t) dB(t), a.s. (3.5.6)

Finally, we can apply the comparison theorem to (3.5.4) and (3.5.6) to conclude that for
all t > 0, Z(t) < U(t) a.s. Now we can approximate an upper bound for Z by getting
an upper bound for U. However, before we do that we will apply a time-change and
a change of scale to U to get a process with finite speed measure, using the techniques
mentioned in Subsection 3.2.2. Consider V (t) = e 'U(e! — 1). By using the product rule

and introducing a new Brownian motion 5 on an extended space, we can show that

dV (t) = [V (t) + Cy] dt + 2:/V (t) dB(t). (3.5.7)

A scale function of V' is given by py(z) = ,uff eV/2y=Cu/2qy for a > C, and p =

e~2q%/2 One can check that V satisfies Theorem 1.0.1. Hence Theorem 1.0.2 can be

applied to V. Notice that for all y > a, y — e¥/2y~»/2 ig increasing. By L’Hopital’s rule
: pv(z) o (@ })‘1 _
11520 Nex/2$—0u/2 B :rlgglo 2x + 2 =2

and so there exists an xy such that for z > xy we have py(z) > ,uex/Qx*C”ﬂ. Let B >1
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and define h(t) = 26 logt. Hence for t > e%0/20

1 1 C
< L Plest(98]0g 1) S
@) S pt (20lest)

and for any € € (0,3 — 1) there exists t. such that for all t > ¢, V e%0/28 = 2

log (py" (h(t)))

< — .
logt S —bte

Thus, we can apply Motoo’s theorem since

o 1 * 1
—  _ds< / ——ds < +o0.
/t;ﬂ pv(h(s)) te, 877

Therefore limsup,_, . V(t)/2logt < § a.s. and letting # | 1 through the rational numbers,

lim sup V) <

t—o00 210gt - &S

Using the fact that V(t) = e 'U(e! — 1), we find that

t
limsupL <1, as.
i—oo 2tloglogt

So

lim sup 2(r(t)  _ lim su Z(t)

NN ———— <1, as.
t—oo 2tloglogt t—oo 2tloglogt

By definition, 7(t) = (M)~!(t) and 7(-) is monotone, so it follows that

Z(t)

lim su <1, a.s. 3.5.8
el 2(M) (£) log log (M) (£) — (3:58)
Since Kot < (M)(t) < Kit, t > 0, we can show that
. loglog (M)(t) t t 1
lim —————= =1 d > — =—, as. forallt .
20 loglogt wd o S R Ky M orallt=0

Therefore (3.5.8) implies limsup,_, . Z(t)/(2tloglogt) < K; a.s. By taking square roots

on both sides we get the assertion. O
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Proof of Theorem 3.3.2. Following the same argument as the previous proof, we arrive

at (3.5.4). Therefore

S o(7(1)) “YNT:
dZ(t) = A0 60 dt + 21/ Z(t) dB(1).

By (3.3.6), it is easy to see that the drift coefficient of the above equation can be bounded

below by C; := L + % Consider the process governed by the following equation

dU(t) = Cydt + 21/|U(t)| dB(t)

with U(0) < Z(0). Then it can be shown, using the same method as used in the previous
proof, that for all t > 0, Z(t) > U(t) > 0. Applying changes in both time and scale again,

let V(t) = e tU(et — 1) to get
AV (t) = (=V(t) + C) dt +23/V () d3(t) t>0.

We proceed as before; the process V' obeys Theorem 1.0.1, and so we may apply Theo-
rem 1.0.2 to it. Since a scale function of V' is given by py (x) = p faw e%yy_cl/2 dy for a > C
and p = e=%2q%/2 then by L’Hépital’s Rule lim,_ o, py (x)/e*/? = 0. This implies that
there exists , > 0 such that for all z > ., py(z) < ¢*/2. Hence if we let h(t) = 2logt
and t, = ¢®/2, then for all t > t, we have py(h(t)) < t and thus ft(:o 1/pv(h(s))ds >
ftoo 1/sds = co. Therefore, by Motoo’s theorem, limsup,_,., V(t)/2logt > 1 a.s. Since
V(t) = e tU(e! — 1), we get limsup, . U(t)/(2tloglogt) > 1 a.s. Since Z(t) > U(t), we
get limsup,_, Z(t)/(?t loglogt) > 1 a.s. Hence, as in the previous proof, we have

Z(t)

lim su >1, a.s. 3.5.9
5 S0 (@) og loB (M (D) - 554
Proceeding as in the end of the last proof, we get the desired result (3.3.7). O

Proof of Corollary 3.3.1. By (3.5.8) and (3.5.9), as Z(t) = X?(t), we have

X2(t
lim sup ®)

S S (D loglog My (1) 0 *F (3.5.10)
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By analogy to the proof of Theorem 3.3.1, we have (M)(t) = fg v2(Y (s)) ds and since ~y

is bounded it follows that

loglogt

lim ———————— =1.
o loglog (M)(t)

By Proposition 3.4.1 it follows that lim;_o, (M) (t) /t = 02 a.s., which together with (3.5.10)

gives
| — lims X2(t) t loglogt s X3t 1 .
P 2tloglogt (M)(t) loglog (M)t i 2tloglogt o2’
Taking square roots yields the desired result. O
Proof of Theorem 3.3.3. For all t > 0
¢
~ a0+ / FX(3), Y (s), 8)ds + / 9(X(5), Y (s),5) dB(s).
0
Let Mi(t) = [ g( Y (s),8) dB(s), so (Mi)(t) = [; g° ), Y (s),s)ds. Hence for all

t >0, Kot < (M;)(t) < Kit and lim;_,oo (M) (t) = oo almost surely. Moreover (M) is
increasing on (0,00) and admits an inverse. Again we use the time-change theorem for
martingales: for each 0 <t < oo, define the stopping time A\(¢) := inf{s > 0: (M;)(s) > t}.
Thus (M;)(A(t)) = tand A(t) = (M7) () . A process defined by W (¢) := M (A(t)),¥t >0
is a standard Brownian motion with respect to the filtration G(t) := F(A(t)). Therefore,

as in the proof of Theorem 3.3.1, we get

- A(t)
X(t) := X(\(t)) = o +/ f(X(s),Y(s), )ds—i—/o 9(X(s),Y(s),s)dB(s)

IEKORORIE) .

=x0+ = =
0 g%(X(5),Y(s); Als))

where Y (¢) := Y/(A(t)). Due to (3.3.12), we have

V(z,y,t) ERXS x [0,00), —f(z)< f@yt) f(2).

T g (z,y,)
Consider two processes Z; and Zs governed by the following two equations, for ¢ > 0
dZi(t) = f(Z1(8)) dt + AW (t), dZa(t) = = f(Za(t)) dt + AW (t)
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with Z2(0) < 29 < Z1(0). Then again by the stochastic comparison theorem, we can show
that for all ¢ > 0, Zs(t) < )Z'(t) < Zi(t) a.s. Consider the scale function of Z; defined as

the following

pata) = [ Oy, e,
0
Then pz, € C%(R;R) and for all z € R, we have

1

Pz, (2)f (@) + 507, () = 0. (3.5.11)

This second order differential equation has solution p, (x) = exp[—2 [ f(s)ds]. Since f €

L', there exist real numbers ki, ko such that fooo f(z)dz = k1 and fi)oo f(z)dz = ko, which

2ko

implies limg oo ply, (7) = e 2 and limg_,_ oo Py (x) = e Moreover, by L’Hopital’s

Rule,

P2() _ ok (3.5.12)

lim ZM = e 2 lim =e

T—00 T r——00 T

So pz,(00) = 0o and pgz, (—o0) = —oo and by Proposition 5.5.22 in [46], the process Z;
is recurrent in the sense that limsup,_,., Z1(t) = oo and liminf; . Z;(t) = —oc a.s. Let

H(t) = pz,(Z1(t)). Then by Itd’s Rule and (3.5.11)
dH(t) = pz,(Z1(£)dW (1), ¢ =0,

with H(0) = pz,(Z1(0)). This technique is known as the method of removal of drift and
can be found in Chapter 5 of [46]. Now since pgz, is strictly increasing, the above equation

can be written as

dH(t) = l(H(t))dW (t), t >0,
where [(z) = py, (pgl1 (z)), for all x € R. H is also a recurrent process on R. Moreover,
(3.5.12) gives

i Sosst B8 oy gy oot HGS) oy o (3.5.13)
t—00 SUPg< <y Z1(5) t—oo info<s<t Z1(8) ’

97



Chapter 3, Section 5 The Size of the Largest Fluctuations in a Market Model with Markovian Switching

For each t > 0, define the continuous local martingale @) given by

Q) = /0 I(H (s)) dW (s),

which has quadratic variation ( = f() I2(H(s))ds. Thus (Q)'(t) > 0 for t > 0 and

(Q) is an increasing function. Now

4pr ‘e ) (2)dz _ —4sup,er I35 f(z)dz

inf %(2) = inf ply(p;' (¢))* = inf e~ > 0.
Similarly, sup,cg?(z) = e~dinfock 5 f()dz < oo Let 3 = infierl?(x) and let 3 =
sup, e 1?(), so for all ¢ > 0,

12t < (Q)(t) < I3t (3.5.14)

which implies lim; o (Q)(t) = oo. Now define, for each 0 < s < oo, the stopping time
k(s) = inf{t > 0;(Q)(t) > s}. It is obvious that s is continuous and tends to infinity
almost surely. Furthermore (Q)(k(t)) = t, and s~ 1(¢t) = (Q)(t) for t > 0. Then the

time-changed process W (t) := Q(x(t)) is a standard one-dimensional Brownian motion

with respect to the filtration J(t) := G(k(t)). Hence we have

K(t)
H(t) := H(H(t))=H(ff(0))+/O [(H (s)dW (s) = H(0) + W (1)
where H is J(t)-adapted. So the law of the iterated logarithm holds for H, that is

H{(x(1)) H{t)

1 = limsup ———=— = limsup a.s.

oo V/2tloglogt  tset \/2(0) (1) log log (Q) (7).

Note by (3.5.14) for all ¢t > 0, that logl? + logt < log (Q)(t) < log I3 + logt, so we have

log1
oglog (Q)() _; ¢
t—oo  loglogt
which implies
Hi(t
lim sup ®) =1, as.

t—oo /2(Q)(t) loglog t
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Similarly, by the law of the iterated logarithm,

L H{(t)
lim inf =— a.s.
t=oo \/2(Q)(t) loglog t
Now as (Q)(t) < I3t, we have
: H{(t) : (@) H{(t)
lim sup ——=——= = limsu : <ly, as.,
fﬁoop V2tloglogt tﬂoop t V2(Q)(t)loglogt — ?
and similarly
o H®
1 f—rnt— < I 8.
s V2tloglogt — boas
Combining the above results with (3.5.13), we get
. Zy(t) 2% — Z1 (1) _9k
1 — < "My, d 1 f——— < - 211,  a.s.
el Vatloglogt — ¢ MY RS \Btloglogt 0 P
which implies
lim sup M = lim sup ﬂ < limsup 217(75)
t—oo  V2tloglogt t—oo V2tloglogt = oo /2tloglogt

and

o—2infrer [§ f(y) dy

X(A(®))

- , a.s.,
e_zfooo fly)dy

e~ 2super [y f(Y)dy

lim inf

<
t—oo 4/2tloglogt —

By an analogous argument to that

= a.s.
o2 I Fy)dy

given in the proof of Theorem 3.3.1, we get

X(t) K e 2inteer [§ f(y) dy
lim sup < — ,  a.s.,
t—oo 2t 10g log t 6_2 fo f(y)dy
X() =Kot Ji Fwdy
lim inf a.s.

<
t—oo 4/2tloglogt —

)

o2/ Fw)dy

By considering Z3 in a similar manner, we deduce the lower estimates on limsup and

liminf of X in (3.3.13).

O]
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3.6 Proofs of Results from Section 3.4

Proof of Theorem 3.4.1. Combining (3.4.8) and (3.4.5), we have
dS(t) = [uS(t) + f(X(¢),Y(t),t)S(t)] dt + oS(t)dB(t) t>0.

Thus S(t) = soe(“_é)tJ’X(t), t > 0, which implies log S(t)/t = log so/t+u—ac?/2+X (t)/t.
Now by Corollary 3.3.1, we have lim; . X (¢)/t = 0, a.s. Therefore by letting ¢ — oo,
the first part of the conclusion is obtained. Since X(t) = log S(t) — logso — (1 — %),
t > 0, by applying Corollary 3.3.1 in the simple case in which vy(y) = o for all y € S, we
get the second part of the conclusion. For the third part, we observe that the assertion is

equivalent to

, | X5(1)]
1 = |o|V3, a.s.
lﬁ?ﬁp v2logt d o

where X;(t) = f:_a f(X(s),Y(s),s)ds + o(B(t) — B(t — ¢)). Now since for all (z,y,t) €
R x S x RT we have —po?/|z| < f(x,y,t) < pa?/|z| by (3.3.9), then for any y € S we have

limpy oo f(2,9,t) = 0. Also, because f is globally bounded by (3.3.3), we have

lmrﬁﬁﬂxwxygygw
t—00 v2logt

=0, a.s.

Hence it remains to show that

. |B(t) — B(t — 9)|
1 =V .
msup = = V4, s

Consider Zs(n) := (B(nd) — B((n — 1)8))/V§, n € N. Then {Zs(n)}nen is a sequence of

independent standard normal random variables. Thus, by Lemma 1.0.1

Z
lim sup 125l = a.s. (3.6.1)
n— oo 2 log n
It immediately follows that
B(t) — B(t — B —B((n—-1
limsup| ®) (t=9)l > limsup| (nd) ({n = 1)9)] =0, as. (3.6.2)

t—00 Vv2logt n—00 Vv2logn
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For the upper estimate, by the triangle inequality

|[B(t)=B(t=0)| < [B(t)=B(n'~*)|+|B(t—0)~ B(n'~* =) +|B(n' %)~ B(n'~* -4)|
(3.6.3)
where € € (0,1). We now consider the first term on the right-hand side of the above

inequality. By properties of Brownian motions,

P sup |B(t) — B(n'™%)| > 1] =2P[  sup B(t) > 1]
nt=e<t<(n+1)1-¢ 0<t<(1—e)n—e
. B 1
= AP[B((1 — &)%) > 1] = 4(1 - @(W)),

where 1 € [n,n + 1]. Again by Mill’s estimate and the Borel-Cantelli lemma, we have

lim sup max |B(t) - B(n'™®)| <1 as., and (3.6.4)
n—oo tE[nle,(n—f—l)l*E]
lim sup |B(t—0) — B(n'™ —4§)| <1, as. (3.6.5)

max
n—oo tE[nl_E,(n+l)1_E]

Again it can be shown using Lemma 1.0.1 that

B l—e\ _ B l—e _
liqurlsotép |B(n )\/% ) <V, as. (3.6.6)
Therefore, combining the results from (3.6.3) to (3.6.6), for almost all w € Q, if n!=¢ <

t < (n+1)'7¢, then for n sufficiently large

B(t) ~ B(t—9)] _ 1
V2logt T V/2(1—¢)logn

+|B(t = 8) = B(n'= = 6)| + [B(n' =) = B(n'~* - 0)]|

1B(t) - B(n' )|

which implies limsup, . |B(t) — B(t — 0)|/(v/21ogt) < V/§/v/1 —¢ a.s. Finally, letting

€ — 0 through the rational numbers, we obtain

: |B(t) — B(t — )|

1 Vo, as. 3.6.7

lﬁilolp v2logt - o ( )
Combining this with (3.6.2) completes the proof. O
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Proof of Theorem 3.4.2. To show the statements in part (i), we observe that

log S(t) =log S(0) + put — /0 %VQ(Y(S))CZS + X (t).

which implies
log S(t)  logS(0) I X(t)

2
+ U — Y d

Now by Corollary 3.3.1, we have lim;_,o, X (t)/t = 0, a.s. while by the ergodic property of

the Markov chain,

* N

g

N Y L
tlglolo%/o Y4(Y(s))ds = o as

Therefore by letting t — oo, the first assertion in part (i) is obtained. Since

tog (1) — (ut - ;/0 (Y (3))ds ) = log S(0) + X (1),

also by Corollary 3.3.1, we get the second assertion in part (ii). ]

Proof of Theorem 3.4.3. This proof follows from Proposition 3.4.1 and (3.4.11). We

have

t
0+ = lim sup |log S(t) — pt + %Uzt + % 0 V(Y (s))ds — %Uzﬂ
’ t—00 2tloglogt
t
< limsup NBS® — (= 50D 5t fy (Y (s)ds — o]
T t—oo 2tloglogt P, St loglog [

o [logS(t) — (u— oDt 1 .
<1 — '8
- I?igp V2tloglogt * 2 %7 (0)5

Therefore we get one part of the assertion,

 logS(H) = (u—o?)] L o
1 >0y — = i, a.s. .6.
lﬂsololp 2tloglogt =79 % V(D)8 as (3:68)

Similarly, for the second part of the assertion we have

1

t t
log S(¢) — (1 — %af)t — log S(t) — (ut — 2/0 (Y (s))ds) + %(aft —/0 (Y (s))ds).
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Thus, by (3.4.11) and (3.4.14) we get

 logS(t) — (u—1a?)t I o,

1 <ot - ., as. 3.6.9

I?lsololp 2tloglogt =0t 2 %7 QL ( )
Combining (3.6.8) and (3.6.9) gives the desired conclusion (3.4.13). O

Before we prove Proposition 3.4.1, we state and prove the following lemma.

Lemma 3.6.1. If a(t),V(t) and U(t), t > 0, are three continuous processes such that

V(t) <a(t) <U(t) where

limsup [V (t)| <v and limsup|U(t)| < u,

t—o00 t—o00

then

limsup |a(t)| < max (v, u).
t—o00

Proof. If we have V(t) < a(t) < U(t), then a?(t) < max(U%(t),V2(t)) and |a(t)| <

max(|U(t)|, |V (t)]). Thus

lim sup |a(t)| < limsup [max(|U(t)|, [V (¢)])]

t—o00 t—o00

< max (limsup |U(t)], limsup |V (¢)|) < max(v,u),
t—o00 t—o00
as required. ]

Proof of Proposition 3.4.1. The first part of this proof is modelled on a similar proof

in [67]. Suppose that Y is recurrent and fix a state i. Then (Y'(¢)),. , hits ¢ with probability

t>0
1 and the long—run proportion of time in ¢ equals the long—run proportion of time in ¢
after first hitting ¢. In other words, without loss of generality, we start in state .

Denote by M;(n) the length of the n'" visit to 4, by Tj(n) the time of the n'" return

to i and by L;(n) the length of the n'® excursion to i. Thus for n = 0,1,2,..., setting
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T;(0) = 0, we have

Mi(n+1) =inf{t > T;(n) : Y(t) # i} — T;(n),
Ti(n+1) =inf{t > T;(n) + M;(n+1) : Y (¢) = i},

Li(n+1) =Ti(n+1) — Ti(n).

Figure 3.1: Excursions of a Markov jump process

L) L(2) L{n+1)

e > > <«
o
c
[a'R . —
[w'R
5 —> «—>
L M(2) M (ne1)
=< statei — .
0 .
=
2
= I i
2
E
3]

0 . | : f

infft= T (0] Y1) = 1) Ti1) Ti2) Tilm

Time, t

In summary, the length of the (n + 1)*® visit is the difference between the time of the
n return and the time of next exit from i. Then the time of the (n + 1) return to 7 is
the next time that Y'(¢) = ¢ which must at least be greater than the time of the previous
return and its holding time. Finally, the length of the excursions from i is the distance
between two consecutive hitting times of i. Moreover, the time of the n'' return to i is
equal to the sum of the n excursions to i since L;(1)+ -+ L;(n) = T;(n) — T;(0) = T;(n).
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By the strong Markov property (of the jump process) at the stopping times T;(n) for
n > 0 we find that L;(1), L;(2), ... are independent and identically distributed with mean
m;, and that M;(1), M;(2),... are independent and identically distributed with mean 1/¢;.
Here ¢; = Zj 2 Vij 18 the off-diagonal row sum of the transition matrix. Hence, by the

strong law of large numbers

Li(1)+..'+Li(n)—>m' and ]Ml(l)—i__'_]V[l(n)—>l as n — 00
7 .

n n ai

Therefore, with probability 1,

MZ(1)++MZ(TZ) - 1

as 1 — OQ.

Moreover, we note that T;(n)/T;(n + 1) — 1 a.s. as n — oo. Now consider fg Ly (s)=i}ds

for Tj(n) <t < T;(n+1). Since T;(n) > inf{t > T;(n — 1) : Y(t) # i} we have

t inf{t>T;(0):Y (s)#i} inf{t>T;(n—1):Y (s)#i}
/ 1{Y(s):i}d«9 > / lds+---+ / 1ds
0 T:(0) Ty(n—1)

= Mi(1) + Mi(2) + -+ Min).
Similarly we can show that
t
/ Ly (s)=ipds < Mi(1) + M;(2) + - -+ + M;(n + 1).
0

Combining these estimates along with the fact that 1/7;(n + 1) < 1/t < 1/T;(n), gives

M;i(1) + -+ Mi(n) 1 [* M;(1)+ -+ Mi(n+1)
< - _; < . .0.
SOty SUCSCE 0 (3010

Now we multiply above and below by T;(n) on the left-hand side and T;(n + 1) on the

right—hand side and use the fact that T;(n) = L;(1) + - -- + L;(n) to get

Ti(n) M;(1)+---+ M;(n) - 1/t1 o
Tin+1) Li(1)+ -+ Li(n) ~ ¢ )y Y&=4

< Liln4+1) Mi(1) +--- + Mi(n+1)
- Ti(n)  Li(1)+---+ Li(n+1)
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so on letting t — oo (and thus n — 00) we have, with probability 1

1

t 1
n / Ly (s)=iyds —
0

m;g;

(3.6.11)

Since Y is irreducible and the state space S is finite, we are in the positive recurrent case

and we can write

‘1/0t’y2(Y( ds — o2

1{y —iyds — Z 7y (

€S

_’ZW < /1{Y<>i}d8—7fi)

< 1 —
)7 [ 10w

(3.6.12)

where m; = 1/(mjq;). By (3.6.11), for all ¢ > 0 there exists T" = T'(w) sufficiently large

such that for ¢t > T'(w)

Z‘t/ Liy(s)=iyds — T

<e/m 24
/anSX’Y (.7)
€S

and thus we have, for ¢t > T'(w),

<e,

t Y ()ds — o

which establishes the desired convergence. To prove the second assertion we must deter-
mine the rate of this convergence, which is ultimately determined by the rate of conver-
gence of t~! fg Liy (s)=iyds to 1/(m;q;). For each t > 0 there exists n = n(t) € N such that

T;(n) <t <Tj(n+1) and n(t) — oo as t — oo a.s. So by (3.6.10),

1t 1 UM(k) 1
~ | Lyy(s—nnds — < &k=l TR
75/0 I T;(n) m;g;

T;(n) i

M (Mi(k) = 1/qi) 1 | 1 L“} (3.6.13)

Also, using the fact that T;(n) = >_;_; Li(k) we have

1 n+l Ti)—(n+Dmi 35 (Li(k) —mi) 1
m;  Ti(n) m;T;(n) m;T;(n) Ti(n)
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Combining this with (3.6.13) we see that

t <1/t1 e L )< R (Mi(k) — 1/q;) ¢
V2tloglogt ()=} miq;/ V2tloglogt T;(n)

1 ZZ:l(Li(k) — mz) t T 1 t 1 -
qgm;  2tloglogt Ti(n) ¢ Ti(n)\/2tloglogt

Ui(t).

By (3.2.3) and (3.2.5), the random variables M;(k) — 1/¢; and L;(k) — m; are both in-

dependent and identically distributed with zero means and finite variances 0]2%_ and O‘%L_

respectively. Since n : [0,00) — N is surjective we have by the law of the iterated loga-

rithm,
1 n
T (k) — 1/g)] IR (L) —my)|
lim sup <owm,;, limsup <opr,;, a.s.
t—00 V/2n(t) loglogn(t) t—oo  1/2n(t)loglogn(t)

Thus, since n(t) — oo and n(t)/t — 1/m; as t — oo, these sequences obey

n(t)+1 n(t)
i(k) —1/q . , Y(Li(k) —my ,
oy | R ) el ows S (L)~ mo)l s,
t—00 V2tloglogt vm; t—00 v 2tloglogt vm;
(3.6.14)

with probability one. So, using T;(n) <t < T;(n+1) and T;(n +1)/T;(n) — 1 as t — oo,

we get

1 .
limsup |U; (t)] < 24 L

. 1
7 _"_ —
t—00 VI @M /T /Ty

Similarly, by (3.6.10) we get the lower bound

t n :
L[ yiggds - oz DM
0

m;q; Ti(n+1) m;q;

(UMi + Wing')'

Ti(n+1) qi

_ 2k (Mi(k) = 1/gi) 1 [ 1 Ll)] (3.6.15)

Also, using the fact that Tj(n + 1) = 3.7F] Li(k) we have

1 no Tn+1)—nmg  SFE(Li(K) —my) 1

m; Ti(n+1)  miTi(n+1) mTi(n+1) T;(n+1)
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Combining this with (3.6.15) we see that

t {1/t1 P }>ZZ1(Mi(k)1/Qi) t
V2tloglogt (o=} migi ) V2tloglogt Ti(n+1)

LS —m)  t 1 L
gm;  +/2tloglogt Ti(n+1) ¢ T;(n+1)/2tloglogt

Vi(t)-

Again the random variables M;(k) — 1/q; and L;(k) —m; are both independent and iden-
tically distributed with zero means and finite variances J?Mi and O'%Z_ respectively and they
obey the law of the iterated logarithm as per (3.6.14). So, using Tj(n) < t < T;(n + 1)

and T;(n+1)/T;(n) — 1 as t — oo, we get

, 1 .
limsup |V;(t)] < oM OLi

1
< + =
t—o0 T qimg /1 My

Thus, by Lemma 3.6.1,

(UMi + WiULi)-

1
NG

<

lim sup —— (aMl. + mJLi) =:0;, as. (3.6.16)

1
t—oo  V 2t log log ‘ / {Y

Returning to (3.6.12) we have

1 [t Nie
3 [ s -2 < S0 [ s -
i€S

and hence, since the sum has finitely many terms,

Z}ds — T

t
lim sup 2(Y(s))ds — o2

t 1
t—00 \/2tloglogt‘t/0 7

< i) lim su ) / ds —
%S: 7 taoop V2t log logt =i
Finally, by (3.6.16) we get the desired conclusion. O

Before we prove Theorem 3.4.4 we state a useful lemma.

Lemma 3.6.2. Suppose Y is an irreducible Markov jump process with generator I' and
finite state space S, and moreover that'Y is stationary. Let H € S and § > 0. Define for
n>0

A, ={Y(s) = H for all s € [nd, (n+ 1)d]}.
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Then

lim Cov(Ia

m—00

In,,.)=0. (3.6.17)

n? n+m)

Proof of Lemma 3.6.2. Since Y is stationary, it has a stationary distribution 7 such
that 7[' = 0 and ;g7 = 1 with each m; > 0. We note that P[A,] = E[l4,] and that

P[A, N Apsm] =E[l4,14,,,,] Therefore

n—+m

Cov(Ia,, Ia.. ) =P[Ar N Apsm] — PlARP[Anim]. (3.6.18)

n+m

We compute P[A,] and P[A, N Api+m]. First, as Y is stationary and has exponential

holding times, we have

P[A,] =P[{Y(s) = H for all s € (nd, (n+1)8]} N{Y (nd) = H}]
=P[Y(s) = H for all s € (nd, (n+1)d]|Y (nd) = H|P[Y (nd) = H]
=P[Y(s) = H for all s € (nd, (n+1)8]|Y (nd) = H|ry = YHHO Ty =2 7(0).
Similarly, due to the stationarity of Y, we find P[A,,4,,,] = 7(J) also. Thus by the Markov
property we have for m > 1,
PlAn N Angm] = PlAnim|An]P[Ar]

- P[Y(s) — H for all 5 € [(n+m)6, (n+m +1)d]|

Y (s) = H for all s € [nd, (n + 1)5]}77(5)

P[Y(s) — H for all s € [(n+m)3, (n+m+ 1)3||Y((n+1)8) = H]w(é)
- P[{Y(s) = H for all s € ((n+m)s, (n+m +1)8]}

N {Y ((n+m)8) = HY|Y((n+1)6) = H]w(é).

109



Chapter 3, Section 6 The Size of the Largest Fluctuations in a Market Model with Markovian Switching

Finally, using properties of conditional probability and the Markov property we get

P[Ay N Apim] = P [Y(s) — H for all 5 € ((n +m)3, (n +m +1)3)|
(V((n+m)d) = H,Y((n+1)d) = H}]
X ]P’[Y((n +m)d) = H|Y ((n +1)d) = H} 7(6)
- P[Y(s) — H for all 5 € ((n +m)3, (n +m +1)3)|

Y ((n+m)8) = H| Pg((m = 1)8)(8) = €10 Py (m — 1)8)7(6),

where Pj;(t) = P[Y (t 4+ s) = j|Y (s) = i]. Since Y is irreducible and finite, it follows from

Theorem 3.6.2 in [67] that

m—00

This implies

lim P[A, N Apym] = HH0mgm(6).

m—0o0

Therefore, returning to (3.6.18) we have

lim Cov(Ig

m—00

Ia, ) =00 um(8) — n(6)? =0,

n? n+m

where we used the definition of 7(d) at the last step. This completes the proof. O

Proof of Theorem 3.4.4. Applying Theorem 4.3 in [9] in the simple case where the

diffusion coefficient is t— and X—independent, gives the upper bound

t
li?lsogp % <ouVs, as. (3.6.20)

We are lead to prove (3.4.18) by the following argument. First Rs(t) is given by (3.4.17),

so because the limits are finite we have

s Ol X (= 8) - X (1)
t—oco +/2logt t—00 Vv2logt ’

a.s.
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and since

X(t)—X(t—-96)= - F(X(s),Y(s))ds+ /t_éfy(Y(s))dB(s), t>9

we have, using the fact that f is globally bounded by (3.3.3),

fnsy B0 _ 57 (Y (5)) dBs)|
PO logt e T Blogt

In particular, with U,, = fn((?ﬂ)éfy(Y(s)) dB(s) we have

Rs(t R 1)d U
lim sup M > limsup | Bs((n + 1)9) = lim sup M (3.6.21)
t—o0 2logt n—00 2 log((n + 1)(5) n—oo v2logn
Since Y is stationary, the probability that Y (nd) = H is mg. Define the event A, :=

{Y(s) = H, for all s € [nd, (n+ 1)d]}. Then

P[A,,] = P[Y (nd) = H]P[no jump from state H for at least ¢ time units]

= rpeHHd = 1(5).

Note also that the process {I4, : n > 1} is stationary and that by Lemma 3.6.2 we have
Cov(la,;14,,,,) — 0 asm — oco. Define T), = 3°7_, I4,. By Theorem 9.5.2 in [31] there
exists a random variable W such that lim, .., 7},/n = W where E[WW] = =(d) and by
Theorem 9.5.3 in [31], E[(T,/n — W)?] — 0 as n — co. Therefore, using Problem 9.7.9
in [31] along with the fact that Cov(l4,,l4,., ) — 0 as m — oo it can be shown that
T,/n — w(d) asn — oo a.s. Let L, = min{l > n: Zé‘:l L4, = n}. By definition 14, = 1.

Then if we consider the collection of {U; : j = 1,...,n} for which 4, = 1 we have

max |U;| > max |Upr,]|.
1<j<n 1<k<Tp

Next, if I4, = 1 then Y(s) = H for all s € [nd,(n + 1)d] and thus we have U, =
f752+1)6’y(H) dB(s) =~v(H)(B((n+1)d) — B(nd)). Without loss of generality we consider

the case when v(H) > 0. If v(H) < 0 then we can redefine the Brownian motion as
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B_ = —B and proceed as in the case where y(H) > 0. Hence, since v(H) = oy, we get

> — _ .
ax |Uj| > max |[Ur|= max |og{B((Lk+1)d) — B(Lxd)}

Therefore with £(k) := B((Lg + 1)0) — B(Lyd) we have

i sup PEin (U] S o skt o€ ()] [log T
n—o0 v2logn T on—oo v2logT, logn
e Inax<g<T, |UH§(/€)‘ . . maxj<g<n |£(k)|
= lim sup = oy limsup

n—oo vV 2 ].Og Tn n—o0 vV 2 ].Og n ’

where we used the fact that T, — 0o as n — oo a.s. at the last step. Since B and Y are
independent, it follows that L = {L, : n > 1} and B are independent. Let m € N and

k1 < kg < ...km. Then, because L1 — L > 1, we have

PlE(k1) < 21,&(k2) < 22, .., E(Bm—1) < Tim—1,&(km) < Ty

= Z P[g(kl) S xlag(kg) S .%'2, e 7£(km—1) S xm—hg(km) S xm|

n1<ng:-<nm

Lk1 =ni, Lk2 =nNng,..., Lk‘m—l - nm—laLkm = nm]
X P[Lk1 - nl; Lkz - 77/27 ey Lkm,1 = nm—17 Lkm = nm]

= S P[B((Liy +1)8)=B(Li,d) < 71, ., B(Liy, +1)0)—B(Li,,0) < 7l

m m

nyp<ng--<nm
Lk1 =ni, Lk‘z =na,..., Lk‘m_1 = nmflyLkm = nm]
X P[Lkl =Ny, Lk2 =MN9,y..., Lkm,1 = Nm-1, Lkm = nm]

= Z P[B(n1 + 1)6)—B(n16) < z1,..., B((nm + 1)8) = B(nnd) < |

ni<ng--<nNm
Lkl =ni, Lk.2 = ’]’LQ7 ey Lkm71 = nm717 Lkm = nm]
X P[Lk‘l =ni, LkQ =Mn2,... 7Lkm—1 = Nm-1, Lk’m = nm]

= Y P[B(m+1)8)—B(ni6) < z1,..., B(nm + 1)8)— B(nmd) < 2]

ni<ng---<nMm

X P[Ly, =mn1, Ly, =n2,..., Ly, | =nm—1, Lk, = nnl,
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where we have used the independence of the B’s and L’s at the last step. Since § > 0 and
we have 1+ n; < njtq, it follows that (n; + 1)d < n;410. Therefore, because there is no
overlap of the Brownian increments, each of the random variables B((n;+1)d) — B(n;6) for
i =1,...,m are independently and identically normally distributed with zero mean and
variance ¢. Therefore if ®5 is the distribution function of a standardised normal random

variable, we have

PE(k1) < w1, 8(Rke) <oy, E(km—1) < Tm-1,&(km) < Ty

= Y P[B(m+1)6)—B(md) < z1]...P[B((nm + 1)8) — B(nmd) < 2]

ni<ng---<nMm

X P[Lkl =ni, Lk2 =MN92,..., Lkm,1 = Nm—1, Lkm = nm]

= Y ®s(x1)-- Ps (wm) X P[Li, =n1, Liy =g, ..., Ly, = nip)

n1<ng-<Tum

m
:H(I’(; (:1:,) Z P[Lkl :nl,LkQ :TLQ,...,Lkm :nm] :H‘I)g (.’L’Z)
=1

n1<nz:-<nm i=1
Thus {{(k) : £ > 1} is a sequence of independent and identically distributed normal

random variables with mean zero and variance . Therefore, by Lemma 1.0.1 and Lemma

3.1 in [6],
. maxi<k<n [{(K)] _ . [§(n)]
1 L =1 =0, as.
lrILILSoIip v2logn 17111:8;p Vv2logn s
Hence
A= limsupw >ogVe, as
’ n—oo \/210gn - ’ e
This implies, again by Lemma 3.1 in [6], that
lim sup L =A>oyVe, as. (3.6.22)
n—oo V2logn -
Combining (3.6.20), (3.6.21) and (3.6.22) gives (3.4.18). O
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Chapter J
Asymptotic Consistency in the Large

Fluctuations of Discretised Market Models with

Markovian Switching

4.1 Introduction

Chapter 3 examined the application of large deviation results to a variant of the Geometric
Brownian Motion market model containing Markovian switching. This naturally leads to
the question of whether or not these results can be recovered in a discrete—time setting or
whether such results can be reliably captured by simulation. The first paper to appear in
the literature in relation to the numerical simulation of SDEs with Markovian switching
is [61]. The emphasis of this paper lies in error analysis, and in it they show the strong
convergence of the numerical method (in this case Euler-Maruyama) to the exact solution.
In recent years there has also been attention devoted to the question of whether or not
properties of the solution of an SDE are preserved under a discretisation, for example in
[39] and [58]. While the emphasis in these papers is on preserving mean—square stability
and preserving stationarity, we devote our attention to preserving asymptotic behaviour.

In this chapter we study the discretisations of the type of SDEs with Markovian switch-
ing found in Chapter 3, although for simplicity we restrict our attention to autonomous
equations. Moreover, we concentrate on the special case where the diffusion coefficient

depends only on the switching parameter. More specifically, we study the discretisation
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of an SDE of the form
dX(t) = f(X(t),Y(t)dt +~(Y(t)dB(t), t>0, (4.1.1)

where ~(y) and z f(z,y) are uniformly bounded above and below, and Y is an irreducible
continuous—time Markov chain with finite state space S independent of the Brownian
motion B. We then examine the influence that X has on the discretisation of the process

S which is governed by
dS(t) = pS(t)dt + S(t)dX(t), t=>0, (4.1.2)

and X obeys (4.1.1). Again, S may be thought of as a security price. (4.1.1) and (4.1.2)
are motivated by observations from financial market econometrics that security prices
often move from bearish to bullish (or other) regimes. These regimes are modelled by the
presence of the Markov process Y. Asymptotic properties of the continuous—time model
described by (4.1.1) and (4.1.2) are examined in Chapter 3.

This chapter shows that it is possible to discretise (4.1.1) and (4.1.2), by explicit Euler—
Maruyama methods, in such a way that the almost sure asymptotic behaviour of the
discretisation mimics that of the continuous—time equation, at least for all sufficiently

small uniform step sizes h. To make our discussion more precise, recall that
ol => Y)m, (4.1.3)
Jes
where m = () cs is the stationary distribution of Y. We know from Chapter 3 that the

continuous—time stock price obeys

1 1
lim n log S(t) = p— =02, as., (4.1.4)

t—o0 2

and that there exist constants C7,Co > 0 such that

. |log S(t) — (1 — 309)1
Cy <1 <(Ci, as. 4.1.5
2= 1§ri)s0101p V2tloglogt = as ( )
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We have also shown that if Rs, the returns process, is defined for 6 > 0 by
Rs(t) :=log(S(t)/S(t —96)), t=>29, (4.1.6)

then

. |IE5(t)|
lim up —(7H\/5 a.s. 4.1.7
lt_io V2logt ’ > ( )

where oy = max;cs |7(j)|. It is shown in this chapter that each of these results is recovered

appropriately for the discretisations of (4.1.1) and (4.1.2). More precisely we prove that

if we take a h—uniform time discretisation, then the discretised stock price S}, obeys

1
lim —hlog Sp(n) =pu— -0y, as. (4.1.8)

n—oo n, 2
Moreover, we show that there exists a constant C’(h) > 0 such that

log Sh(n) = (n— yo?)nh
|log Sp(n) — (u— go5)n |§C/(h), a.s., (4.1.9)

lim sup

n—00 2nh loglog nh

and that the discrete returns Rs, defined by

Rsn(n) = log(Sp(n)/Sn(n — A(h,d)))

where A(h, ) is the smallest integer greater than or equal to d/h, obey

R
lim sup ’ S’h(n)’ =

— = hA(h,d .S. 4.1.10
n—oo \/QIOgnh oH ( ’ )’ -5 ( )

where o is as defined earlier. Moreover the constant on the right-hand side of (4.1.10)
converges to the constant on the right—hand side of (4.1.7) as h — 0. The asymptotic
results (4.1.8)—(4.1.10) are clearly discrete analogues of (4.1.4)—(4.1.7).

In this chapter, the methods of discretisation and discussion of the main results are

given in Section 4.2, with proofs being postponed to Section 4.3.
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4.2 Discrete—Time Processes

4.2.1 Discretisation of the continuous—time Markov chain

We seek to approximate Y (t), as defined in Chapter 1, at the set of uniformly spaced time

points t = nh for n > 0 and some fixed h > 0. We suppose that

1
0<h<h) :=mn=—7m-: (4.2.1)
€S Z]#Z Yij
A consequence of irreducibility is that the denominator in each fraction is positive, so h;

is finite. Thus ~;; < 0. Now, as h < hq, for each ¢ € S we have

b < mi 1 < 1 1
min = )
€8 Y Vig T 2ajpiVig Vi

Hence 1+ v;;h > 0, and clearly we also have 1+ v;;h < 1. For 7 # j we have ~;;h > 0 and
as Yij < D g Yik we have 1/v;; > 1/ 3% i vik = 1/ — vii > h, so hyi; < 1. Therefore the
N x N matrix P(h) defined by

P(h) = Iy + hT (4.2.2)

has Pj;j(h) = hvy;; € (0,1) for i # j and Pj;(h) =1+ hv;; € (0,1). Moreover for each i € S

we have
N

Zpij(h) = Zh%'j +14+hyi=1+ h(Z%‘j +’m> =L
=1 i i
Therefore for h € (0, h;) we have that P(h) is an N x N stochastic matrix. We now define

the discrete-time and time-homogeneous Markov chain Y}, = {Y,(n) : n > 0} so that

Y%(0) =Y (0), where P(h) is the one—step transition matrix of Y}, namely
Pij(h) = PYi(n+1) = j|Yi(n) = .

Note also that if 7 is the vector representing the stationary distribution of Y then 7(h) = 7
obeys
w(h) —w(h)P(h) =7 —n(In + hI') = —hnT = 0, (4.2.3)
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by (1.0.5). Since Zjvzl mj = 1, it follows that 7 is also a stationary distribution of Y}.
We now show that irreducibility of Y implies that of Y. The irreducibility of Y im-
plies that for every i,j € S, one can find finite numbers iq,42,--- ,i € S such that
VisirVirsio * " Vig,j > 0. In this product, we can choose without loss of generality to
have ¢ # 41, 4 # 441 for I = 1,...,k — 1, @ # j. Therefore we have 7;;, > 0,
Virio > 0,0 % > 0 with ¢ # 4y, ¢ # 441 for I = 1,...,k — 1, and 7, # j. Thus
we have P, ; (k) = iy h > 0, P, iy(h) = visish > 0,..., P, j(h) =7, ;h > 0 with ¢ # i1,
ip # i1 for 1 = 1,...,k — 1, and i # j and therefore, by Theorem 1.2.1 in [67], Y}, is
irreducible. Since the state space is finite, it follows that the chain is non—null persistent
(cf. e.g., [31, Lemma 6.3.5]) and since it is irreducible, by e.g., [31, Theorem 6.4.3] there
is a unique stationary distribution of Y. By e.g., [16, Theorem 5.7], the finiteness of the

state space S and irreducibility of Y} we have that

lim [P(h)");; = 7 (h),

o j
where the limit is independent of 4, 77 (h) > 0 for each j € Sand ) ;¢ 7} (h) = 1. Moreover
by e.g., [16, Proposition 5.8] we have that 7n*(h) = 7*(h)P(h). Therefore 7*(h) is a
stationary distribution of Y3. However, as the stationary distribution must be unique, and
we already know from (4.2.3) that 7 is a stationary distribution, we have that 7*(h) = ,
and so

lim [P(h)"];; = mj, with the limit being independent of 1.

n—oo

We summarise the above discussion by stating a Theorem.

Theorem 4.2.1. Let Y be a continuous time Markov chain with finite state space S =
{1,...,N}. Suppose that'Y has generator I and is irreducible. Let h < hy where hy > 0

is defined by (4.2.1). Then

(i) Y has a unique stationary distribution m € RN given by (1.0.5).
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(i) The N x N matriz P(h) defined by (4.2.2) is stochastic.

(113) If Y, = {Yn(n) : n > 0} is a discrete-time and time homogeneous Markov chain with
state space S and with one—step transition matriz P(h), then Y}, is irreducible and

has unique stationary distribution .
(iv) If w is given by (1.0.5), and P(h) by (4.2.2) then for every i,j € S we have

lim [P(h)"];; = m;, with the limit being independent of i. (4.2.4)

n—oo

(v) If P[Y(0) =i]| = m; for all i € S, and we define Y, (0) = Y (0), then both Y and Yy,

are strictly stationary.

A proof of this theorem is omitted as the details were presented above.

Remark 4.2.1. It is worth noting that this method of discretising the Markov chain, namely
(4.2.2), is different to that used by Higham, Mao and Yuan in [39] for example, where the
discretisation takes the form

Py (h) = €. (4.2.5)

Although this discretisation method (4.2.5) does not require an initial step—size restriction
on h, it does however require more computational effort compared to the method described
in (4.2.2). In fact, (4.2.2) represents the first two terms in the Taylor expansion of (4.2.5),
while treating the remaining terms as negligible for small enough step—size. Nonetheless,
the actual simulation of the discrete Markov chain follows the same procedure as outlined
in [39]. Throughout the chapter we use (4.2.2) as an alternative to (4.2.5), although we

are free to use (4.2.5) if we wish to remove the initial step—size restriction.

Remark 4.2.2. 1t is clear then that the discrete chain Y}, with transition matrix (4.2.2) rep-
resents an approrimation to the original chain Y, it is not an exact discrete representation.

However, as shown above, P(h) defined in (4.2.2) is a stochastic matrix and it preserves
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the correct stationary distribution of the original chain. Moreover, the approximation is

good for sufficiently small h > 0 since

| Py (k) — P(h)| = |[e"™ — (In + hD)| < Z hn'g”n = O(h?). (4.2.6)

n=2
In fact, we can approximate (4.2.5) by taking the first m+1 terms in the Taylor expansion
and such a matrix will still preserve the stationary distribution of the original chain. So,
provided such a matrix is a stochastic matrix (which may be arranged for sufficiently small

h) this will approximate the original chain where the error is of order O(R™1).

In a similar fashion to the continuous-time case in Chapter 3, we denote by T;(r) the
time of the r* return to state i, by S;(r) the length of the r*" excursion to i and by V;(r)
the number of visits to i before time r. One can visualise these quantities in a similar way

to Figure 3.1. By Lemma 1.5.1 in [67],
the non-negative random variables S;(1),S;(2),... are i.i.d with mean mg,. (4.2.7)

Since the chain is time-homogenous, for each ¢ € S the lengths of the excursions S;(r)
are identically distributed for all . The finiteness of the first and second moments of the
length of the excursions is a consequence of analysis of e.g., Hunter [44] and Kemeny and
Snell [48]. Alongside the fact that the second moments are finite, formulae for these finite
moments of passage times between any two states are deduced in [44, Theorem 7.3.10]
and in [48, Theorem 4.5.1], under the assumptions that the Markov chain is irreducible
and has a finite state space. Both of these stipulations are satisfied by our discretised
chain. Since the excursion time S5; is simply the passage time to state ¢ from state ¢, we

can therefore assume that

the sequence of random variables 9;(1), 5;(2),... has finite variance o . (4.2.8)
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4.2.2 Main Results

We are now in a position to state our main results. We consider the typical Euler—

Maruyama discretisation of the SDE (4.1.1), which takes the form
Xn(n+1) = Xn(n) + hf(Xa(n), Yu(n)) + VEY(Ya(m)e(n+1), n =0, (4.2.9)

where h is the step size and £ is a sequence of independent standard normal random

variables. We assume that there exists p > 0 such that
xf(z,y) <p forall (z,y) € R xS, (4.2.10)

and that f is globally bounded in the sense that

|f(z,y)| < f < 400, forall (z,y) € R xS. (4.2.11)
To motivate the discretisation of the stock price (4.1.2), note that Itd’s rule gives

dlog S(t) = [+ f(X (1), Y (1)) — %VQ(Y(t))] dt + (Y (£))dB(t).
We define the gains process G by
L o

Glt) = log g = [+ S Y () = 7V @ s+ [ (Y (9)dB(o)

Then, a discretisation of this gains process is given by

Gl +1) = Gan) + Rl + F(Xu(n), Yi(n) — 372 (Vi(m)]

+Vhy(Ya(n)é(n+1), n>0 (4.2.12)
where the discretised stock price process obeys
Sp(n) = SK(0) exp[Gr(n)], n>0; Sk(0)>0. (4.2.13)

We note that one nice by—product of this discretisation is that the discretised stock prices

are automatically positive, almost surely.
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Theorem 4.2.2. Let h < hy where hy is defined by (4.2.1). Let f satisfy (4.2.10) and
(4.2.11) and let v : S — R. Then X}, the unique adapted solution satisfying (4.2.9),

satisfies

- | Xn(n)]|
1 <o, as
lglsogp V2nhloglognh — A

where o, is defined by (4.1.3).

Notice that this result gives the same rate of growth but not the same constant as the
equivalent continuous—time result (3.3.10) in Chapter 3, as this result contains an extra
V/2e term. However, this difference between discrete-time and continuous-time results is
not a consequence of the discretisation process. Rather it is a consequence of the fact that
we use a different method of proof based on the exponential martingale inequality and
Gronwall’s Lemma (as opposed to the stochastic comparison methods used in Chapter
3). A continuous—time version of Theorem 4.2.2 was first established by an exponential
martingale and Gronwall lemma proof in [52]: the proof of Theorem 4.2.2 is modelled on
the argument in that work.

Moreover, the reason we have the factor of two (in contrast to the /e term that one would
normally expect when using this method of proof) is that the discrete-time analogue of
the exponential martingale inequality (see Lemma 4.3.1) contains two quadratic variation
terms instead of the usual one.

In light of Theorem 4.2.2 we get the following result for the trend rate of growth of the

stock price process (4.2.13).

Theorem 4.2.3. Let h < hy where hy is defined by (4.2.1). Let Sy, be the discrete—time
stock price process given by (4.2.13) where Xy, is given by (4.2.9). Let f obey (4.2.10) and

(4.2.11) and let v : S — R. Then Sy, obeys

1 1
lim - log Sp(n) = p — 503,

n—oo N
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where o, is defined by (4.1.3).
We also get a result concerning the deviations around this trend rate of growth.

Theorem 4.2.4. Let h < hy where hy is defined by (4.2.1). Let f obey (4.2.10) and
(4.2.11) and let Sy, be the security price model given by (4.2.13) where X}, satisfies (4.2.9).

Then, using the ergodic theorem for Markov chains,

ey OB SR = 2~ o] _
1 oV 2 i @S,
lgisogp 2nhloglognh €ty %S: 7 \Fa a.5

where o, is defined by (4.1.3) and o; = og,/(ms,\/ms;) is deterministic.

Remark 4.2.3. On first impressions it appears as though the v/A term on the right-hand
side above will cause the summation to go to zero, which would be inconsistent with the
continuous—time counterpart (3.4.13). However, a simulation of the problem (see Appendix
A) reveals evidence which suggests that in fact vha; — af as h — 0 where o is finite.

Also, we are unable to obtain a lower bound on the fluctuations (in contrast to the
continuous—time equivalent (3.4.13) in Chapter 3) because we do not have an exact fluc-
tuations result corresponding to Corollary 3.3.1 in the continuous case.

We now state the ergodic theorem and its associated rate of convergence, as used in the

previous theorem, in the following discrete—time analogue of Proposition 3.4.1.

Proposition 4.2.1. Let h < hy where hy is defined by (4.2.1). Let S be a finite, irreducible
state space, let v: S — R and let Yy, be a stationary discrete—time Markov chain. Then by

the ergodic theorem

Moreover, the rate of this convergence is given by

lim sup

(Yn(J
n—00 \/2nhloglogn nhzfy nJ

where o; = 0g,/(ms,\/Mms,) is deterministic.
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4.2.3 Large fluctuations of the discretised )—returns

In this subsection, we examine the large fluctuations of the é—returns associated with the
discretised stock price process. We let X be given by (4.1.1) and X}, be given by (4.2.9).
Again the diffusion coefficient in (4.1.1) depends only on the N—state Markov jump process
Y. As before we let Y}, be the discrete—time Markov chain which is a discretisation of Y.

We have shown in Chapter 3 that when Y is a stationary irreducible Markov jump
process independent of B, and X is the unique adapted continuous solution to (4.1.1) and

S satisfies (4.1.2), then Ry, defined by (4.1.6), satisfies

lilt’IiSOlolp l/lz(sl(Tg” —oxVe, as., (4.2.14)

where oy = maxjes [y(j)] > 0. We now wish to show that when the J-returns are
appropriately discretised, the asymptotic behaviour of Rs captured by (4.2.14) is recovered

in discrete-time. Let A = A(h,d) € Ny be such that A(h,d) = [%1 S0
d/h < A(h,d) <d/h+ 1. (4.2.15)
Now we define the discrete—time approximation to the ¢ return by
Ran(n) = 108(Sh(n)/Su(n — A(h,6))), 0> Ah, o) (42.16)
so that Rsp(n) approximates Rs(nh). We see from (4.2.12) and (4.2.13) that for n > A

R57h(n) = Gh( ) Gh n — Z Gh 7’L +1 —j) Gh(n —])]

Wi+ F(X0(n = ), Yiln = ) = 572 (Valn = )}

HM1>

+ Zx/ﬁm(n — )& +1- ).

=1

It proves convenient to introduce the process Va(n) by
Van) = D Av)El+1), n>A, (4.2.17)
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so that Rjsp, is given by

n—1
Rsa(m) = 3 hlu+ F(Xu(D), Yall)) - %72(Yh(l))] FVAVA(), n>A. (4.2.18)
l=n—A

We have the following result concerning the large fluctuations of Rs; which corresponds

to (4.2.14) in the continuous—time case.

Theorem 4.2.5. Let f obey (4.2.10) and (4.2.11) and let Y be an irreducible N —state
Markov jump process. Let h < hy and let Yy, be the discrete Markov chain defined in
Theorem 4.2.1. Suppose that Sy, is given by (4.2.13). Let 6 > 0, and suppose that A(h,d) €

N is defined by (4.2.15). Then Rs), defined by (4.2.16) obeys

R
lim sup | 5’h(n)’

st W = 0H hA(h,(S), a.s., (4219)

where oy = max;cs Iyl

Note that (4.2.19) shows that the discretised returns R, defined by (4.2.16) have the
same exact a.s. power logarithmic growth in time of its large fluctuations as described
by (4.2.14) which is experienced by the continuous-time process Rjs defined by (4.1.6).
Moreover, as the time step h tends to zero, the growth rates of the discrete process
converges to that of the continuous process since the coefficient c(h) := o51/hA(h,5) on
the righthand side of (4.2.19) converges to the coefficient ¢ = o0 on the righthand side

of (4.2.14), because by (4.2.15) we have § < hA(h,d) < + h.

4.3 Proofs of Results from Section 4.2

4.3.1 Preliminaries

We first state discrete-time analogues of the well-known Exponential Martingale Inequal-

ity and Gronwall Inequality. These will be useful in proving the subsequent results.

125



Chapter 4, Section 3Asymptotic Consistency in the Large Fluctuations of Discretised Market Models with Markovian Switching

Lemma 4.3.1. Let M be a locally square—integrable martingale with predictable quadratic
variation (M), = > p_1 E[(AMy)?|Frx—1] and total quadratic variation given by [M], =

Zzzl(AMk)Q. Then, for any o, 3 > 0 and N € N we have

P[lgang{Mn - %([M]n F(MY)) > 5} < e,

Proof. By Lemma B.1 in [13] it follows that for all & > 0 and n > 0,

2

Va(n) == exp [aM,, — %([M]n + (M),)]

is a positive supermartingale with E[V,,(n)] < 1. Then by the supermartingale inequality

(see for example [62]) we have, for any ¢ > 0,

> < =
CPLg}%XN Va(n) > c} <E[W] =1

and hence
] (@M, — (M1, + (1)) = ] < 2
m - — n)] >cl < —.
1§na§XN explaMn — - n c .
Now, taking logs and dividing by o we obtain
]P’[ max_{M, — = ([M], + (M),)} > l1ogc} <1
1<n<N U2 " = ~c
Finally, letting ¢ > 0 be such that (logc)/a = 3 we obtain the desired result. O

A more detailed discussion of this discrete—time EMI is postponed to the next chapter.

Lemma 4.3.2. Let a > 0 and ¢ > 0. Let y(-) and b(-) be nonnegative sequences. If

n—1
y(n) <a+e Y b(EyG), n>1,
j=0

then

[y

y(n) <a ] (I+¢b(j)), n>1.
j=0
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Proof. Let Y(n) :=a+c¢ Z?:_& b(7)y(j) for n > 1 where, by the summation convention,
Y(0) = a and Y(n) > a. Then y(n) < Y(n) for n > 1. Now since Y(n + 1) — Y (n) =
cb(n)y(n) < eb(n)Y (n) we have Y(n+1) < (1+¢b(n))Y (n) and by iteration Y(n+1) <

Y(0) [Tj—o(1 + cb(4)), from which the result follows. O

4.3.2 Ergodic theorem for a product of white noise and a Markov chain

In the proof of Theorem 4.2.2 we encounter a term which involves the product of a white
noise term and a Markov chain. Here we introduce some auxiliary results which will help

us to deal with such terms as they arise. We assume that

¢ ={¢(n):n e N} and n = {n(n) : n € N} are independent processes

i.e., ((n) and n(m) are independent for each n,m € N (4.3.1)
as well as
¢ is a sequence of i.i.d. non-negative random variables with finite mean ¢ (4.3.2)

and

7 is an irreducible, stationary Markov chain with transition probability

matrix P, on a finite state space S C (0,00). (4.3.3)

If we denote the stationary distribution of n by m, then

pn = E[p(1)] =Y jm;. (4.3.4)
jJES

Lemma 4.3.3. Suppose that the processes ¢ and n obey (4.3.1), (4.3.2) and (4.3.3). Then

the process U := (n is both strictly and weakly stationary.

Lemma 4.3.4. If n is a sequence which obeys (4.3.3) and lim,, o [P”(h)]ij = mj, then

Cov(n(0),n(n)) — 0 as n — oo.
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Proposition 4.3.1. Suppose that the processes ¢ and n obey conditions (4.3.1), (4.3.2)

and (4.3.3) and that n satisfies Lemma 4.3.4. Then the process U = (n obeys

B N .
Jim — z; U(j) = e %m = gty a-s. (4.3.5)
J= J

Proof of Lemma 4.3.3. Suppose momentarily that U is strictly stationary. Since ¢ and

7 are independent and non—negative, we have

E[U(n)] = E[n(n)¢(n)] = En(n)]EC(n)] = pype = po-
Next, we consider Cov(U(n),U(n + k)) for k > 0 and n € N. By definition
Cov(U(n),U(n+ k) = E[(U(n) — po)(U(n + k) — pv)],
if it exists. We will show that E[U(n)U(n + k)] exists and then use this to compute
Cov(U(n),U(n +k)) = E[U(n)U(n + k)] — uZ,. Since U(n) is non-negative for each n,

E[U(n)U(n + k)] exists, though may possibly be infinite. Now by the independence of n

and ¢ and the non—negativity of n and ¢ we have
E[U(n)U(n + k)] = E[n(n)¢(n)n(n + k)C(n + k)] = E[n(n)n(n + k)JE[C(n)¢(n + k)].

Finally, using the fact that ¢ is a sequence of independent random variables with finite
mean, we get E[U(n)U(n + k)| = E[n(n)n(n + k‘)],ug This quantity is finite because 7

assumes only a finite number of values. Therefore

Cov(U(n),U(n + k) = En(n)n(n + k)lu¢ — piy = Eln(n)n(n + k)l ug — pus,.

Hence we have Cov(U(n),U(n+k)) = ,ugCov(n(n), n(n+k)). Since 7 is strictly stationary
and assumes only finitely many values, it has finite variance and is therefore weakly sta-
tionary. Therefore Cov(n(n),n(n + k)) = Cov(n(0),n(k)), and so Cov(U(n),U(n+ k)) =
ugCov(n(O), n(k)) =: pu (k). Therefore U is weakly stationary since the covariance depends

only on k.
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We now turn to the proof that U is strictly stationary. We wish to prove for any n € N,

any collection of non—negative integers ji,...,Jj, and j > 0 and any x1,...,2, € R that

PUG) < a1, U(j2) < 22,U(J3) < @3-, U(jn) < ]
=PUG1+J) <21, U(ja+J) <22, U(Js+j) < x3,...,U(Jn +7) <] (4.3.6)
Let each ¢ have distribution function F. We evaluate the lefthand side of (4.3.6) and

deduce by analogy a formula for the righthand side; it will transpire that these formulae

will be equal by virtue of the stationarity of 1. By definition

P[U(jl) < 1, U(]Q) < x2, U(]3) < L3, .., U(]n) < l'n]

=Pn(i1)¢01) < 21,n(52)C(2) < 22,1(53)C(J3) < 3, -+, 1(Jn)C(Jn) < @n).

The Law of Total probability gives

]P)[U(jl) < zy, U(]Q) < x2, U(]3) < 3, ..., U(]n) < l’n]

=D > > Pi)CG) < w1,m(i2)C(2) < @y (in)C(n) < Tl

11€S €S In€S

n(i1) = li,n(j2) = la, -, n(n) = ] X Pln(1) = li,n(G2) = l2, ... ,n(n) = In].

Therefore as each [; € S is positive, we have

PlU(j1) < 21,U(j2) < 22,U(j3) < 23,...,U(jin) < )]

=YD D PG < @1/l C) < wafla, -, Clin) < @/l

11ESl2€S In €S

n(i1) = l,n(2) = la, - ,n(n) = ] X Pln(1) = li,n(j2) = l2, ..., n(Gn) = ln].
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By (4.3.1) we get

PU(1) < 21,U(j2) < 22,U(j3) < @35, U(jin) < 2]

=YD D PG < @1/l C) < w2 /la, -, Clin) < @/l

11€S12€S €S

X P[n(jl) = llan(j2) =la,.. 'an(jn) = ln]>

and the fact that ( is a sequence of i.i.d. random variables with distribution function F'

implies

PU>j1) < 21,U(j2) < 22,U(j3) < @3y, U(jin) < ap)

=5 Fai /L) F(x2/l) ... F(aa/L)BlGh) = Lo n(in) = ). (4.3.7)

11€S InE€S

In the same manner we have

PUG1+7) <21, U(J2 + ) <22, U3 +J) < @3,...,U(jin +J) < 20

l1€S ln€S

which by the stationarity of n gives

PUG1+7) <21, U(Ja+J) < a2, UGz + ) < x3,...,U(jn +J) < a0

=Y > Flay/h)F(2/ly) ... F(an/ln)Ph(i) =, ... .n(jn) = In].
l1€S lnE€S

Comparing this with (4.3.7) gives (4.3.6). O

Proof of Lemma 4.3.4. We note that as 7 is stationary, we have P[n(0) = i] = m; and

P[n(n) = i] = m;. Therefore

E[n(n)] = E[n(0)] = Zm (4.3.8)
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Also we have

E[n(0)n(n)] => > ijPn(0) =i,n(n) =51 =Y Y _ijP[n(n) = jn(0) = i[Pn(0) = il

i€S jES 1€S jES

=Y _im Y jPln(n) = jln(0) = .

icS j€s

Let P be the transition matrix associated with the Markov chain n. Then Pn(n) =
J|n(0) = i] = [P"];;. Now, by assumption we have lim,,_,o[P"];; = 7;. Therefore P[n(n) =

J|n(0) = i] — m; as n — oo. Since the state space S is finite, we have

lim E[p(0)n(n)] = lim » im; Y jP[n(n) = jn(0) = i

n—~oo

€S jes
2
— ZiniZjJL%P[n(n) =jIn(0) =i =) im > jm; = (Zw) .
€S JjES €S j€es €S
Combining this with (4.3.8) we have
lim Cov(n(0),n(n)) = lim E[n(0)n(n)] - E[n(0)]* =0,
whence the result. O

Proof of Proposition 4.3.1. By Lemma 4.3.3 we have that U is strictly stationary.
Thus it follows from the ergodic theorem for strictly stationary sequences (see e.g., Theo-

rem 9.5.2 in [31]) that there exists a random variable U* with E[U*] = E[U] and
1
lim H;U(]‘) =U*, as.,
and in mean. Since E[U(j)] = pcpy = pu we have
L ;
Jim ; {UG) = pepn} = U = pepy = Ve, s,
and the random variables V (j) := U(j) — pr in the summand have zero mean. Next notice

that V is also weakly stationary with autocovariance function py, where py (k) = py (k) =

,ugCov(n(O),n(k:)) and so py (k) — 0 as k — oo. Therefore

1 n
A= lim — i) = 0.
ng}@ﬂéﬂv(]) 0
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Thus by Lemma 9.5.12 in [31] we have that E[V,] = 0 and E[V;?)] = A =0, and so V, = 0

a.s., from which we can deduce (4.3.5). O

4.3.3 Proofs of main results

Proof of Theorem 4.2.2. Fix h € (0,hy), where h; is defined by (4.2.1). By squaring

(4.2.9) and by adding and subtracting hy2(Y;(n)) we have, for n > 0,

Xi(n+1) = X(n) = M(Xp(n), Ya(n)) + 20V B f (Xp(n), Y (0) )y (Y (n))E(n + 1)

+2Vh X (n)y(Ya(n)E(n + 1) + hy? (YVa(n))[E(n + 1) = 1], (4.3.9)
where A\, (z,y) := 2ha f(z,y) + hy*(y) + h2f?(z,y). Then define

AMD (n+ 1) = 20V/hf (X (1), Yi(n)y (Vi (n)E(n + 1), >0,
AMP (n 4+ 1) = 2 (Vi) [ (n+1) — 1], n >0,
Afy(n+1) = 2Vh Xy (n)y(Ya(n))é(n+1), n>0.

Thus M (n+1) := 30 AMD (j+1), My (n41) := 37 AMP) (j+1) and 6, (n+1) :=
Z?:o A0n(j + 1) are martingales with respect to the natural filtration generated by the

&’s. Returning to (4.3.9) and summing on both sides then gives, for n > 0,
X?(n+1)— Z)\h Xn(n), Yi(n)+ M (n4+1)+ M (n41) 46, (n+1). (4.3.10)
Note that the martingales M }(L ) and M ]’(L ) have predictable quadratic variation

(M) (n+ 1) = Z4h3f2 Xu(G), Ya()V2 (Ya(5)) < (n+ 1)4n? 272,
7=0

n

(M) +1) = 3" W (Ya())er < (n+ Dhte,
=0

where f is defined by (4.2.11), ¥ := maxjes (Y5 (j)) and ¢, := Var[€2(j + 1) — 1] < +oo.
By Section 12.14 in [80] it follows that

k
. MP(n 4 1)

T 0, a.s. fork=1,2.
e (M, ) (n+1)
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Therefore we have

i 1 Wik 1 (m® 1
i Mu (1) fék)(”+ ) MY o s for k= 1,2, (43.11)
n—o0 n+1 Nn—00 <Mh >(n+1) n-+1

We now apply the exponential martingale inequality to the martingale 65,(n + 1) which
has predictable quadratic variation given by

(On)(n+1) = ZE (A0, (j + 1)) Z4fw (Ya (1)) X7 ()E[E*(F + 1)|F5]
7=0

= > Ay’ (Va(5) XR (E[EP( + 1)) = Z4h72(Yh<j>>X2<j),
j=0 Jj=0

and has total quadratic variation given by
[Br](n+1) = (A6L(j + 1 Zzﬂw Ya())X;()EG +1), n=>0.

J=0

Hence the sum of the quadratic variations is given by
Oy (n+1)+[0p)(n+1 Z‘lfw YaO)XZ(G)[1+&(+1)], forn>0. (4.3.12)

Applying Lemma 4.3.1 where § > 0 and 7 > 1 are arbitrary constants we have that for

all n € N;
— n+1
P[lgglgﬁnj{ m) 25; (')[1+§2(j+1)]}27-5 logn]gni

where |-| signifies the integer part. The Borel-Cantelli lemma then yields that for almost
all w € Q, where P[Q2] = 1, there is a random integer ng = ng(w, h) sufficiently large such
that LT”O_IJ > el and for n > ny we have

n+1

g

i 1ogn+12hw VXD +EG+D) 1<m< ). (43.19)

7=0

Gh(m) S

Recall from (4.3.10) that

m—1
XE(m) = X2(0)+ Y Ml Xn(3), Ya(h)) + My (m) + M (m) + 04(m), m > 1. (4.3.14)
j=0
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Then define
m—1 . )
Tii(m) := XR(0) + 3 Mu(Xn(0). Ya(0)) + My (m) + M7 (m),
=0
and note that by (4.2.10) and (4.2.11) we get
Mi(x,y) = 2ha f(z,y) + B2 f2(z,y) + hy*(y) < 2hp + B % + hy* = A
Therefore, as a result of (4.3.11) it follows that

Th(m) < Xh a.s.

lim sup
m—oo m

Thus, for each fixed h € (0,h;) there is an mq(h,w) € N such that Tj(m) < 2\,m for
m > mq(h,w). Moreover, on the finite set m € {1,...,mi(h,w)—1} there exists a constant
T*(h,w) < 400 such that Tj,(m) < T*(h,w). Combining both of these estimates we have
Th(m) < T*(h,w) + 2\pm for m > 1. Using this bound, along with (4.3.13), (4.3.14) and

the definition of T}, we have, for n > ng and 1 <m < |77] <77,

n+1

X2(m) < T*(h,w) + 227" + logn+ Z X272 (Ya())[L + €2(5 + 1))
=0

Following the notation of Lemma 4.3.2, set y(m) := XZ(m), ap(n) := T*(h,w) + 2\, 7" +

B logn, e(n) := 267" and by, (5) := hy? (Y (5))[1+£2(5+1)]. Therefore, for n > ny,

,_.

m—
y( )<ah bh '7 1§m§LTnJ7
]:O

and so we can then apply Lemma 4.3.2 to conclude that for n > ng,
m—
X2(m) < ap(n H (L+c(n)b(j)), 1<m<|"].
Then using the fact that 1 + 2 < e” for any x > 0 we get, for n > ng and 1 <m < |[77],

X?(m) < ap(n)exp [2]157‘ Z YY) (1+ & + 1))]

LT J-1

> PV 1+ + 1))
7=0

< ap(n) exp [
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Now let 1 < LT”AJ <m < |7"]. Then for n > ny,

X2(m) < ap(n) I logn
2mhloglogm — [~1r"tllogn 283h {T”_lj log log LT”_lj

xexp[

Z VLG (1 + €6 + ))]. (4.3.15)
7=0

Notice that limy, .o ap(n)/(87 17" logn) = 1 and since 7"~ 1 — 1 < [ < 771 we

have limy, .o, 7"/ [7"7!| = 72. Moreover,
log [(n — 1) log 7 + log (1 — 1/7"_1)} < loglog LT”_IJ <log(n — 1)+ loglog T

and thus dividing by logn and taking the limit as n — oo we find that

logl n—1
fi 281087
n—00 logn

Moreover, by Propositions 4.2.1 and 4.3.1 we have

L)1 7)1
1 1
lim —— > PO [+EGHD] = lim — > PA(Ya())
n—00 LT J = n—00 LT J =
7" ] -1
+ lim > PG)EG+1) =02+ 01 =20 (4.3.16)

n—o00 LT”J =

Finally, returning to (4.3.15) and using the fact that n — oo as m — oo we obtain

Xa(m) ™ apneod)

hnrln_?;lop 2mhloglogm ~— 28h A
Letting 7 — 1 and choosing 3 = (4ho?)~! we get
2 2
llgjip QWI)I(()’%(I(M)?OYWL = hnrlnjglop 27712(10(gl(3gm < 2036, a.s.
Taking square roots on both sides gives the desired result. O
Proof of Theorem 4.2.3. By (4.2.13) we have
log Sp(n) — (1 — %a Jnh = log Sy(0) + Gp(n) — (1 — %Uf)nh (4.3.17)
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and using (4.2.9) and (4.2.12) we have
Ga(n+1) = Xa(n +1) = Caln) — Xo(n) + hlp — 5 (Vi(m)].

Define the process Hp(n) := Gp(n) — Xp(n), then we have Gp(n) = Hp(n) + Xp(n) where

Hp(n+ 1) = Hp(n) + h[p — 37*(Ya(n))]. Summing on both sides we find that
p N1
Hy(N) = Hy(0) = Nhji — 2_; 7 (Y (n))

where Hp(0) = Gp(0) — X3(0) = log (Sn(0)/SK(0)) — X,(0) = —X,(0). Returning to

(4.3.17),

n—1
log 51(n) — (1 — 50%)nh = 108 3,(0) + Hi(0) + b — & 3 1 (¥i(7)

=0
+ Xp(n) — (p— éaf)nh
n—1
= 10851(0) ~ Xa(0) ~ o' [ S PG~ o2] + Xuln). (4318)
=0

Finally, dividing by nh and using Proposition 4.2.1 and Theorem 4.2.2, we have

lim log Sp(n) (1 — 1 2)

n—oo  nh 50* =0,
which gives the desired result. O
Proof of Theorem 4.2.4. Recalling (4.3.18) we have
log Si(n) — (1 — 25 )nh = log ,(0) — X, (0) — ™ F Tfﬂmmh — 2] + Xu(n)
2 2 Lnh = * ’

Thus, by Theorem 4.2.2 and Proposition 4.2.1 we get

log S, — h
limsup| 0g Sn(n) (,u 20 n | Z”y \Fozz+a*\r a.s.,

n—00 v2nhloglognh zGS
which gives the desired result. O

Before we prove Proposition 4.2.1, we state without proof the following discrete—time

analogue of Lemma 3.6.1 of Chapter 3.
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Lemma 4.3.5. If a(n),R(n) and L(n), n >0, are three sequences such that

R(n) < a(n) < L(n) where

limsup |R(n)| <r and limsup|L(n)| <I,

n—od n—oo

then

limsup |a(n)| < max(r,1).

Proof of Proposition 4.2.1. The first part of this proof is modelled on a similar proof
in [67]. Define by T;(r) the time of the r*" return to state i, by S;(r) the length of the rt!
excursion to ¢ and by V;(r) the number of visits to i before time r. Thus for r =0,1,2,...,

setting 7;(0) = 0 we have
Ti(r+1)=inf{n > T;(r) + 1 : Yy(n) =i},

Si(r) = Ti(r) = Ti(r — 1),

r—1
Vi(r) = D Ivuw=iy-
k=0
In other words, the time of the (r + 1)™ return to 7 is the next time that Y, (n) = i which
must be at least one time step after the previous return to ¢. Then the length of each
excursion is the distance between consecutive return times. Note that V;(n)/n gives the
proportion of time before n spent in state i.

Without loss of generality, suppose that Y, (n) is recurrent and fix a state i. For T' = T;
we have P[T' < oo] = 1 since the process must return to ¢ in finite time. By the strong
Markov property Y3, (T +n), n > 0, is independent of Y3,(0), Y5, (1), ..., Y,(T) and the long—-
run proportion of time spent in ¢ is the same for Y3 (7' +n) and for Y3, (n). In other words,
we can assume that we start in state ¢. By Lemma 1.5.1 in [67], the non—negative random
variables S;(1), S;(2), ..., are independent and identically distributed with E[S;(r)] = mg,.
Now

Si(1)+S:i(2)+---+5;(Vi(n) —1) <n—1,
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the left-hand side being the time of the last visit to ¢ before n. Also

Si(1) + 5i(2) + -+ Si(Vi(n)) = n,

the left-hand side being the time of the first visit to ¢ after n — 1. Hence

S+ 4 SVl —1)  n_ Si(1) 4+ S(Vi(n)
Vi(n) < Vi) = Vi) ' (4.3.19)

By the strong law of large numbers

—mg, asn—oo|l =1

EURHIERI0

and since the Markov process is recurrent, P[V;(n) — oo asn — oo] = 1. So letting

n — oo (and thus V;(n) — oo) we get, for each fixed state 1,

—— asn— oo} ~ 1. (4.3.20)
n mg

i

Assume now that Y}, (n) has stationary probability distribution m; = 1/mg,. Then

1 n—1
1 1 _ .
% Z Y (Yu(k))h — 02| = ‘E 2’72(1) Z Ly, (k)=iy — Z’YQ(Z)M (4.3.21)
k=0 icS k=0 =
- n A= - n !
i€S €S
By (4.3.20) there exists N = N(w) sufficiently large such that for n > N(w)
Vi :
> [ | < o/ max?G)
P n jES
and thus we have, for n > N(w),
1 n—1
2 2
= kzoy (Yi(k)h — 02| <e,

which establishes the desired convergence. To prove the second assertion we must deter-
mine the rate of this convergence, which is ultimately determined by the rate of conver-
gence of n/V;(n) to mg,. By (4.3.19) we have

n SO (S:(7) — ms,)
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and so we get the upper bound

n

Viln) (6. (5Y _ e
Si} < 23:1 (Si(4) s) n

n
— . = Ll .
V2nloglogn { Vi(n) V2nloglogn Vi(n) (n)
Similarly, by (4.3.19)
Vi(n)—1 .
no XTSI —ms)  ms,
Vi) %7 Vi(n) Vi(n)
and so we get the lower bound
Vi(n)—1 .
LN SR ST SG) = ms)  n
V2nloglogn L V;(n) Sif = V2nloglogn Vi(n)
_oms L ).
Vi(n)/n v/2nloglogn

By (4.2.7) and (4.2.8), the random variables S;(j) — mg, are independent and identically
distributed with zero mean and finite variance J?gi, so they obey the law of the iterated

logarithm as follows

| 2251 (8i(5) — ms,)|
p

lim su =o0g,, a.s. (4.3.22)
n—oo v2nloglogn
Since V;(n) — 0o as n — oo we have
Vi(n) S (i m
lim sup |Z]71 (5il4) ) <og, as., (4.3.23)

n—oo  +/2Vi(n)loglog V;(n)
and since V;(n)/n — 1/mg, as n — oo we get

Vi(n) S;(7) —mg,
limsup|2]:1 (5il5) s.) < 5 ,  a.s.

n—oo v2nloglogn ms,

The same result also holds with V;(n) replaced with Vj(n) — 1. Therefore we have

os,

limsup |L;(n)] < ms,, a.s.,
n—0o00 ms;
and since mg, is finite,
ggs.
limsup |R;(n)| < ‘—mg,, a.s.
e [Ri(m)] < —ms,
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Thus, by Lemma 4.3.5

lims " n < 75 a.s (4.3.24)
im su —meg, S. 3.
n—»oop V2nloglogn|V;i(n) Sif = /M,

However, from this we must now determine the rate of convergence of V;(n)/n to 1/mg,.

Notice that

n ’Vi(n) 1 ‘ _ n [ms;, —n/Vi(n)|
V2nloglogn! n mg, | 2nloglogn mg,n/Vi(n)
and so
i 1V
lim sup n ‘V(n) ‘ = lim sup n i V(n)

n—oo v2nloglognl n a n—oo v2nloglogn mSi_Vi(n) ms, n

Therefore, by (4.3.24) and (4.3.20)

lim sup 75—, Qj,  a.s. (4.3.25)

n—oo v/2nloglogn

Returning to (4.3.21) we have

T mg,

7

n mg.

k3

n—1

IR AC) B ED BEROIE

k=0 1€S

and hence, since the sum has finitely many terms,

lim sup —————=

(Yn(
n—o0 \/2nhloglogn nh27 n(k

n
< \fhm su
ZEZS 7 n_mp v2nloglogn

Finally, using (4.3.25) we get the desired result. O

Vi(n)

(4.3.26)

— T

Before we can prove Theorem 4.2.5 we need to state and prove two useful results in the

form of Lemma 4.3.6 and Lemma 4.3.7.

Lemma 4.3.6. Suppose W is an irreducible Markov chain with finite state space S and

matriz of one-step transition probabilities P, and moreover that W is stationary. Let

H €S and A € N. Define forn > 1

A, ={W()=H forallje{(n—1)A,...,nA —1}}.
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Then

lim Cov(Ia,,Ia

m—00

) =0. (4.3.27)

The proof is almost identical to the analogous result, Lemma 3.6.2, in the continuous—

time case and hence is omitted.

Lemma 4.3.7. Suppose that A > 1 and that
£= (5([))l>0 is a sequence of independent standard normal random variables (4.3.28)

and that Yy, is a discrete Markov chain with state space S = {1,..., N} such that H € S

obeys o = maxjes |v(j)|. Let Va(n) be defined by (4.2.17). Then

limsupM <ouVA, as. (4.3.29)

n—oo 2 log n -

Proof. By (4.2.17) and the fact that oy = maxjes |7(j)| > 0 we have, for n > A
n—1
Va()l < > oulé(+1)].
l=n—A
Let A > 0. Then as £(I) are independent and identically distributed we have
n—1
E[MNVam] < [eAaHZ?;:_A\s(m)q - I E {gomsaﬂ)q _ (E [examaDA’
l=n—A

where £ is normally distributed with zero mean and unit variance. Note that since x —

2279 -
e®lle=7%/2 ig even for any a > 0, we have

1 & 2 1 & 2
E[e®l] = — elole="/2 qp = 2/ /2 g
21 J o V2m Jo
— 2¢2%/2 - e /2 qy, < 2¢2°/2,

1
V2 J_q
Thus E[eMVa(MI] < 28¢A%0%/2 for n, > A, Let ,, > 0; then by Markov’s inequality we
have

P[|[Va(n)] > 2] < e ME[eMNVAMI] < emAmngh o AN0R /2
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Set A = z,,/(Ac%), so that
PHVA(n)| > ':Un] < 2A6—A$7L6A,\20?_I/2 _ 2Ae_x%/(2Ao.?{).
Let € > 0, and set 2, = \/2(1 + &)V Aog+/log(n + 1) for n > A. Then

IE”[|VA(n)| > /2(1+ e)VAcy/log(n + 1)] <28+ 1)"0+) 5> A

Therefore by the Borel-Cantelli lemma we have for every € > 0 that there is an almost

sure event (2. such that

lim sup Va(n)

<
n—0o0 aH\/QAlog(n—i- 1) o

Let Q" = N.g(0,1)nqf2:; then Q* is an almost sure event and we have

: [Va(n)|
| —— <ogVA 8. QF
17rln_)solip Togn = oy , a.s. on 7

as required in (4.3.29). O
We are now in a position to prove Theorem 4.2.5.

Proof of Theorem 4.2.5. Note that the upper bound obtained in Lemma 4.3.7, to-

gether with (4.2.18) and the fact that f and v are globally bounded, gives the inequality

R
lim sup [Esn(m)] <opVhVA, as. (4.3.30)

n—oo v2logn

It remains to prove that

R
lim sup l/%g;’ > opgVhVA,  as. (4.3.31)

By (4.2.18) we have

lim sup ‘Ré’h(n)‘ = vVhlim sup L/A(nﬂ

n—oo V2logn n—oo /2logn’
In particular, with U,, := Va(nA) = ?:A(;ilm Y(Yn(1)&(L + 1), we have

R A n
lim sup M > Vhlimsup M = Vhlimsup ﬁ (4.3.32)
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Since Y}, is stationary, the probability that Y, ((n — 1)A) = H is mgy. Define the event
Ay = {Yu(j) = H, forall j € {(n —1)A,...,nA — 1}}. The process {l4, : n > 1}
is stationary so it can be shown in a similar manner to the proof of Lemma 3.6.2 that
P[A,] = E[14,] =: 7(A) and Cov(14,,14,,,,) — 0 as m — oo. Define T;, = Z;L:1 Ly, .
Then using the same argument as used in the proof of Theorem 3.4.4 we have T),/n —
m(A) as n — oo a.s. Let L, = min{l > n : 22:1 I4, = n}. By definition 14, = 1.
Then if we consider the collection of {U; : j = 1,...,n} for which 14, = 1 we have
maxi<j<n [Uj| 2 maxi<p<r, [UL|-

Next, if T4, = 1 then Yj,(j) = H for all j € {(n — 1)A,...,nA — 1} and we have
Uy = Z?:A(;L)A YH)EA+1) =~(H) ;f(;ilm ¢(l 4+ 1). Without loss of generality we

consider the case where y(H) > 0. If v(H) < 0 then we can redefine the standard normal

random variables as - = —¢ and proceed as in the case v(H) > 0. Hence we get
LpA—1
ax |Us] = max |Up|= max log Y &0+1)
I=(Ly—1)A
LiA—1
=0on Max Z El+1).
I=(Lp—1)A

Define ((k) := lL:ké;il)A €(1+1). Then we have

i sup 22¥=i<n U5l S o Pasket [C(R)| - [log T

n—oo v2logn T L 2log T, logn
Y maxi<p<r, [C(K)] . maxi<k<n |¢(F)|
= oy limsup = oy limsup

n—o00 v2logT, N—00 v2logn ’

(4.3.33)

where we used the fact that T;, — co as n — oo a.s. Since £ and Y} are independent, it

follows that L = {L,, : n > 1} and £ are independent. Let m € N and k; < ka < ...kp,.
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Then, because Ly41 — Ly > 1, we have

P[C(k1) < x1,((k2) < @2, ..., ((km) < )

= > P[Clk) < a1,C(k) S 2y, (k) < T

nyp<ng--<nm

L, =n1, Ly =mna, ..., Ly, = nm] X P[Ly, = n1, Ly, = na, ..., Ly, = np,]
LklAfl LkmA—l
= IP’[ Yool <an.., Y &0+ <ap
n1<nz--<nNm l:(Lkl—l)A l:(Lkm—l)A
Lk1 = nl,Lk2 =nN9,... ,Lkm = TLm:| X ]P)[Lkl = nl,Lk2 =Nn9,... ,Lkzm = nm]
niA—1 nmA—1
S I I DR EE EF R SR PR
n1<N2  Nm—1<Nm l:(nlfl)A l:(nmfl)A
Lk1 = nl,Lk2 =Nng,... 7Lkm = nm:| X ]P)[Lkl = nl,Lk2 =nNng,... 7Lkm = nm]
niA—1 N A—1
D I MR EEFNS SRR Er
n1<nz--<nm l:(nl—l)A l:(nm—l)A
X P[Lkl = nl,Lkz =ng,.. .,Lkm = nm].

where we have used the independence of the £’s and L’s at the last step. Since A > 1 and
in the sum we have 1+n; < n;41, it follows that (n;+1 —1)A > n;A—1. Therefore, because
there is no overlap from one sum to the next, each of the random variables Z?;(Anjin A S+
1) for i = 1,...,m are independent and identically normally distributed with zero mean
and variance A. Therefore if ®A is the distribution function of a standardised normal

random variable, we have

P[C(k1) < @1, C(k2) < 22,...,C(kin) < @]

niA—1 nmA—1
= > Pl > 4y <m|-P| Y LI+ <y
n1<ng--<nm I=(n1—1)A I=(nm—1)A
X ]P)[Lkl = nl,Lk2 =MNng,... 7Lkm = nm]
m
= Y ®a(x1)Pa(zm) X P[Lg, =n1, Ly, =na,..., Ly, =nm] = [[ ®a (z:).
n1<ng--<nm i=1
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Thus {¢(k) : kK > 1} is a sequence of independent and identically distributed normal
random variables with mean zero and variance A. Therefore, by Lemma 1.0.1 and Lemma
3.1 in [6],

. maxi<i<n \C(k)\ . ]C(n)\
1 SRS :1 _ = A WS,
msup —— 2 = lmsup 7o = VA, as

Hence, combining this with (4.3.33) gives

A :=limsup w > oV,  as.

n—00 v2logn

This implies that

Uy
1i£n_>sgp \/% =A>oxVA, as. (4.3.34)
Combining (4.3.30), (4.3.32) and (4.3.34) gives (4.3.31) and hence (4.2.19). O
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Chapter 5
A Discrete Exponential Martingale Inequality for

Martingales driven by (Gaussian Sequences

5.1 Introduction

The aim of this chapter is to develop a discrete version of the exponential martingale
inequality (EMI) which can be applied specifically to martingales driven by Gaussian
sequences. A comparison of Theorem 4.2.2 in Chapter 4 and Corollary 3.3.1 in Chapter 3
reveals that the discrete version of the result is inferior due to an extra factor of two (the
extra /e naturally arises from the alternative method of proof). Upon analysing the proof
of Theorem 4.2.2, it becomes clear that the extra factor of 2 arises from the duplication of
the o2 term in (4.3.16). This duplication is directly linked to the sum of the two quadratic
variations in the discrete EMI that was used in Chapter 4. It seems reasonable then to
believe that if the discrete EMI depended only on the predictable quadratic variation then
the duplication in (4.3.16) would not appear and we would not get the extra factor of 2
in the final estimate.

This motivates the need for a discrete EMI, containing only one quadratic variation
term, which can be used to estimate more accurately the size of the large fluctuations
of the solutions of discretisations of stochastic differential equations (SDEs). The EMI,
together with a Gronwall inequality argument, was first successfully applied to estimate
these large fluctuations in Mao [52]. More recently, extensions of Mao’s result to a wider

class of SDEs appear in [5], and to stochastic delay differential equations in [56]. Mao’s
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results are collected in [54, Chapter 2, Section 5].

This EMI-Gronwall technique can be readily applied (even to non—autonomous SDEs)
and gives excellent upper bounds on the size of fluctuations of SDEs, as evidenced by
results obtained in [5] by both comparison principle and EMI arguments. The comparison
results rely on the powerful theorem of Motoo [65] which we used in Chapters 2 and 3 to
give very precise upper and lower bounds on the size of the pathwise large fluctuations of
scalar autonomous SDEs which possess recurrent or asymptotically stationary solutions.
However, the proof of Motoo’s theorem hinges on an analysis of the excursions of solutions
of SDEs which cannot easily be applied in discrete time, and therefore to discretisations
of the SDE.

However, based on the evidence of Chapter 4 and by scrutinising the proofs in [54,
Chapter 2, Section 5], it is apparent that asymptotic estimates for the large fluctuations
of an Euler—-Maruyama scheme would yield results consistent with those obtained in the
continuous—time case, provided an appropriate version of the EMI is employed. In this
case, we would deem an EMI to be appropriate if the estimate on the martingale de-
pended solely on its predictable quadratic variation, and allowed us to recover an estimate
consistent with that obtained in continuous time. We are however unaware of a result
in the literature that fulfills these two requirements. A significant literature on expo-
nential inequalities already exists, and we refer the reader to work of De La Pena and
co-authors [18, 19, 20].

In our main result (Theorem 5.2.4) we establish such an appropriate EMI for discrete—
time martingales which are driven by Gaussian sequences. We specialise to this class of
martingales because they can be used to approximate Ito integrals in stochastic Euler
methods. We propose, in Chapter 6, to apply Theorem 5.2.4 systematically to study

the large fluctuations of stochastic Fuler schemes. Results which apply existing EMIs
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to stochastic Euler schemes, and which highlight current limitations, were presented in
Chapter 4.

As we believe that Theorem 5.2.4 may be of independent interest and utility in stochastic
numerical analysis in particular, we state and prove it in a more general context here. In
particular, it might be of interest to extend our result to martingales driven by e.g.,
heavy tailed sequences of independent and identically distributed random variables with
a known moment generating function. In this way, one might develop a useful tool to
estimate the large fluctuations of discretisations of stochastic differential equations driven
by Lévy processes, by once again imitating the Gronwall-EMI programme outlined in the
works cited above.

The chapter is organised as follows. A synopsis and discussion of existing EMIs as well
as a special case of the EMI for martingales driven by Gaussian sequences is given in
Section 5.2. The proof of the main theorem is given in Section 5.3 while an alternative

proof is given in Section 5.4.

5.2 Statement and discussion of main results

5.2.1 Existing Exponential Martingale Inequalities

In this section we state some existing and well-known exponential martingale inequalities
which we will compare and contrast with our main result.

In the first instance, we consider a result for continuous—time. Let d € N. Denote
the complete filtered probability space by (£, F, (.7:' (t))e>0. P). Here the filtration F (t) is
such that B = (B, ..., By) is a d-dimensional Brownian motion adapted to (F(t));>o. We

denote by £2(R*; RY) the space of R?valued measurable and (F(t));>o-adapted processes

V' obeying fOT [V (s)|?ds < +oo P-as. for every T > 0. If M is a local martingale in
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L2(RT;R) given by
d ¢
M(t) = Z/ Ui(s) dBi(s), t>0, (5.2.1)
=170

where each U; is in £2(R;R), then the quadratic variation of M is the process denoted

by (M) where
d - pt
(M)(1) = Z/ Ui(s)2ds, t>0.
i=1 70
We are now in a position to state the well-known continuous—time exponential martingale

inequality, found for example in [54].

Theorem 5.2.1. Let U = (Uy,...,Uy) € L2(RT;RY) and let B = (By,...,By) be a d-
dimensional F(t)-Brownian motion. Let M be the local martingale in L*(RT;R) given by

(5.2.1) with quadratic variation (M). Then for any T, o, 3 > 0 we have

fP’{ sup {M(t) — —(M)(t)} > ﬁ} < e b,
0<t<T 2

On the other hand, exponential martingale inequalities also exist for discrete—time mar-
tingales. The following example can be developed from work of Bercu and Touati [13].
In this case we work on the complete filtered probability space (Q,F, (F(n))nen,,P).
We denote by ¢2(Np;RY) the space of R%-valued measurable (F(n)),en,adapted pro-
cesses V. = {V(n) : n € No} obeying Zi\;o V(n)]? < 400 P-as. for every N € N.
If M € *(Np;R) is an F(n)-martingale, which is null at zero, we define its predictable
quadratic variation (M) = {(M)(n) : n € N} by

n
(M)(n) =Y E[(M(k) = M(k —1))*|F(k - 1)],
k=1
and its total quadratic variation [M] = {[M](n) : n € N} by

[M](n) = (M(k) = M(k —1))*

k=1
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Theorem 5.2.2. Let M € (*(Ny;R) be an F(n)-martingale, null at zero, which has
predictable quadratic variation (M) and total quadratic variation [M]. Then, for any

a,0>0 and N € N we have

An outline proof of this theorem was given in Chapter 4. We note that in Theorem 5.2.2
the estimate on M depends on both the predictable and the total quadratic variations; by

contrast, in Theorem 5.2.1 the estimate on M depends only on one quadratic variation.

5.2.2 Statement of Main Result

We now develop a discrete exponential martingale inequality which depends only on the
predictable quadratic variation. Let (2, F, (F(n))n>0,P) be a complete filtered probability
space and suppose that U = {U(n) : n > 0} is an R%valued and F(n)-adapted process
given by U(n) = Z?Zl Ui(n)e;, where e; is the unit vector with i*® entry one and zeros

elsewhere.

Assumption 5.2.3. We suppose that £ = {&(n) : n > 1} is an R%—valued and F(n)-
adapted process denoted by &(n) = Zle &i(n)e; where the vectors (&(n)) ., are inde-

pendent and (ﬁz(n)) are independent and identically distributed standard mormal

i=1,...d

random variables for each fixed n > 1.

This assumption on the independent Gaussian sequences mimics the presence of a d-
dimensional Brownian motion in Theorem 5.2.1. In this sense, if h > 0, VA& (n + 1)
can be seen as the increment of Brownian motion over the period [nh,(n + 1)h], i.e.,
§i(n+1) = (Bi((n+ 1)h) = Bi(nh)) /Vh.

In many situations, it is convenient to let the filtration (F(n)),>o be that which is
naturally generated by ¢ i.e., F(n) = o({£(j) : 1 < j < n}) so that (F(n))n>o is the
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natural filtration of . Certainly, if we choose the initial value U(0) to be deterministic,
then we will use such a filtration (F(n))p>0. However, to maintain generality we may
allow the initial value U(0) to be random and independent of (F(n)),>¢ in which case
we define the filtration to be the combination of the natural filtration of ¢ along with the

o—algebra generated by the initial value U(0).

Theorem 5.2.4. Suppose ¢ satisfies Assumption 5.2.3 and let U € £?(No;R?). Define the

local martingale M € ¢?(Ng;R), which is null at zero, by

n—1 d
Mn) =YY Ui(&(+1), n=>1.

j=0 i=1

Then for any a, 3 > 0 and N € N, we have

P| max (M(n) - Z{M)(n)} > 5] <.

Remark 5.2.1. We prove Theorem 5.2.4 by showing directly that the discrete—time mar-
tingale M has all of the necessary properties in order for the above conclusion to hold.
Alternatively, Theorem 5.2.4 can be proven using a shorter, less direct approach which
involves sampling a continuous—time martingale driven by a Brownian motion to which

the continuous—time EMI can be applied. For completeness we give both proofs.

Remark 5.2.2. By mimicing the direct proof of Theorem 5.2.4 it is possible to formulate
EMIs when the white noise sequence £ is a sequence of independent and identically dis-
tributed zero mean random variables, each of which has a common moment generating
function ¢ defined on an interval I C R. We state a representative result here in the
scalar case. Let (U(j));>0 be adapted to the filtration generated by & and define the local

martingale M € £2(Ng;R), which is null at zero, by
n—1

Mn)=> U({G+1), n>1.

J=0
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Let @« > 0, N € N and suppose that a|U(n)| € I for n = 0,...,N a.s. Then one could

prove in a similar manner to the proof of Theorem 5.2.4 that

P {M(n)— =) 1 > 3| < e P,
1inna<xN Zoggp (@U())} =B <e

In fact, we recover Theorem 5.2.4 in the scalar case by noticing that ¢ : R — R given by

ola) = ¢’/2 is the moment generating function of a standard normal random variable.

5.3 Proof of Theorem 5.2.4

For 6 € N, define the stopping time
=inf{n>0:A(n)>0 or Z]U )| > 6} (5.3.1)

where A(n) ‘ ZZ W Ui(7)&(j+1)] for n > 1 and A(0) = 0. Note that since A(n) is
F(n)-measurable and Ele |Ui(n)| is F(n)-measurable, it follows that {7y < n} € F(n),
so 7y is indeed a stopping time. Let S1(j) := Zle Ui(j)&(j+1) and Sa2(j) = Zle UZ(H)

and define for n > 0,

nATyg—1 nATg—1
1 .
Xo(n) = exp I{T9>0}1N(n)(a > Si) - 507 52(;))}, (5.3.2)
j:O j:O

where « is a positive constant. To show that Xj is a martingale we show that E[Xy(n)] <
+o00 and that E[Xy(n+1)|F(n)] = Xg(n). In the trivial cases where either 7p = 0 or n =0

we have that Xy(n) = 1 and so clearly E[Xy(n)] < +o0. Otherwise we have 7p >0, n > 1

and
nATp—1 1 nATp—1 nATpg—1
Xo(m)=expla Y SiG) - 507 Y )| <epla 3o 1S1G)]):
=0 =0 =0

nATg—1 n—1 n—1 d
SIS = D151 =D D Ui()&G + 1)] = A(n) <9,
§=0 j=0 j=0 i=1
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by the definition of the stopping time 7. Thus Xg(n) < e®® when 79 > n. If 79 < n then

nATg—1 To—1 d
> IS Z\ZUZ )& +1)| = Al — 1) +\ZU — 1)&(ro)|
=0
d
<O+ |Ui(rg — D)[&i(m)] < 9+92 1&i(0)]
i=1 1=1

where in the last step we have used the fact that |U;(r9 — 1)| < 0, since the definition of

Ty gives Z?Zl |Ui(19 — 1)| < 6. Therefore, for 7y < mn,

d d
Xg(n) < exp [af + ab ; €i(T0)|] < exp [af + b Jpax, ; &) (5.3.3)

Since Xg(n) < e*” when 79 > n and af maxj<j<p Zle |€:(4)] is positive, it follows
that the estimate in (5.3.3) holds for all values of m. Thus it remains to show that
Elexp{af maxi<j<n iy [6:(7)[}] is finite. Define ¢(j) := Y-, |&(5)]- Then ¢(j);0 are
independent random variables since §;(n),&;(m) are independent for m # n and for all

i,i’. Note that since each &;(j) is independent and normally distributed we have

E[ O¢9|f(])|:| /+OO 1 af|z| —x2/2 d 2 01292/2 /+OO —u2/2 d
(& t = — € (& r = —F——2=8 (& U
o V2T s —ab

2 a?62/2 e —u?/2 a?62/2
< Wor e e du = 2e < +00,
V &0 —00

and as a result,

d
E[exp{ad((j)}] = H [exp{ad|&(5) H 26402 < 400,
i=1
Therefore,
E[exp{ad max ¢(7)}] <E[exp{ady ¢(7)}] = [] E[exp{ad¢()}]
== j=1 j=1

n d
< H 1_[26(“9)2/2 = (2ded(a9)2/2)n < +00.

j=1i=1
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Thus, we have shown that E[Xy(n)] < +0c0. Now we aim to show that E[Xy(n+1)|F(n)] =

Xp(n). From (5.3.2) we have

(n+1)AT9—1 1 (n+1)ATg—1
Xo(n+1) = exp I nin+ (0 Y SiG)-502 Y $:0))]
=0 =0
(n+1)ATg—1 nATpg—1
= Xon{ e [Tmoa (it 1) 3 $16) - 15) Y $10)
=0 =0
a2 (n+1)At9—1 nATg—1
e (x0t) Y S6) 15 > S0} 634
=0 =0

For n > 0 there are three cases to consider. If 1 < 7y < n it follows that Xy(n+1) = Xp(n).
Moreover, if 79 = 0 then Xyp(n +1) = 1 = Xy(n) also. If 79 > n+ 1 then Xy(n +1) =
Xo(n) exp[aSi(n) — 3a255(n)]. Therefore, for n > 0 we can write (5.3.4) more concisely
as

Xo(n+1) = Xp(n) exp [I{r,ony (@S1(n) — %asz(n))].

Moreover, if we define V;(n) := U;(n)I{;,~ny for n > 0 and observe that I%T0>n} = I{ry>n)

we have
d T
Xo(n+1) = Xp(n) exp [aZVi(n)&(n +1) - =a? ZVZQ(n)], n>1.

; 2 “
=1 =1

Note that V;(n) is JF(n)-measurable because U;(n) is F(n)-measurable and Iy, -} is
F(n)-measurable due to the fact that 7y is a stopping time. Moreover, if 79 > n then
by the definition of 79 we have 2?21 |Ui(n)| < 0 and thus |Vj(n)| = |U;(n)| < 0 for each
i=1,...,d. If 9 <n then Vi(n) =0 <6 for each i = 1,...,d. Hence, |Vj(n)| < 6 for all
n > 0 and for each ¢ = 1,...,d. Now, since Vj(n) is bounded and F(n)-measurable and

E[Xp(n)] < 400, we have for n > 1,
9 d d
E[Xo(n + 1)|F(n)] = Xo(n) exp (= = > Vi (n))E[exp (a ) Vi(n)&i(n + 1)) | F(n)].

i=1 i=1

By Assumption 5.2.3, (&(n + 1))?11 are mutually independent N (0,1) random variables,

so each &(n + 1) is independent of F(n). If we define the moment generating function
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¢i(A) == E[exp(A&(n + 1))] = exp(2A?), then since V;(n) is bounded we have
d d TR
Elexp (0 Y Vin)&(n -+ 1)|F(m)] = [[ilavi(n) = exp (1a> 3 V2 (m).
i=1 i=1

=1

Thus, E[Xy(n + 1)|F(n)] = Xg(n) for n > 1. To deal with the case when n = 0, we note

that
1IAT—1 1 1IAT9—1
Xg(l) = exp [I{Tg>0} (a Z Sl(]) - 5052 Z ‘92(.7))1| :
j=0 J=0

Here, there are two cases to consider. If 79 = 0 then Xy(1) = 1. If 79 > 1 then Xy(1) =

exp[aS1(0) — $a295(0)]. This can be written more concisely, for any 7y, as

d d

Xo(1) = exp [0y () Ui(0)&:(1) - Lo’ > U0)]
] i=1 1 ] =1
=expla) Vi(0)&(1) — 5o Y V0,
=1 =1

where V;(0) is as defined earlier. So again, since V;(0) is bounded,

d d
E[Xy(1)|F(0)] = E[exp (a ) Vi(0)&(1) — %aQ > _VE(0)1F(0)]
i=1 1=1
o2 d d
=exp (— > D VE0) [[ wi(aVi(0)) = 1 = X4(0)
=1 i=1

Therefore, (Xg(n))n> is a positive F(n)-martingale. Thus it follows by Theorem 1.3.8

0

in [54] that

where E[Xy(N)] = E[Xy(0)] = 1. Hence, taking logs and dividing by « we have

nATyg—1 nATp—1
e . o
P[OglaSXNI{Tpo}lN(n)( z(:) 510) = 5 z; Sa(j)) = 8] < e . (5.3.5)
j= j=
Define for n > 0,
~ nATp—1 nATyg—1
Xo(n) = Itry=0p1In(n) ( Z S1(7) — 3 Z S2(5)),
j=0 §=0
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and define its limit
o n—1 _
hm Xy(n 251 —22;)52(j)) =: X(n).
J:
Define Xp(N) = maxo<n<n Xp(n) so that (5.3.5) gives P[Xy(N) > ] < e~ and
= X =: X(N).
i, Xo(N) = fim, mosx, Xo(r) = o, X(m) = X(N)

Therefore, for any € > 0,

Pl

>
3
AV
=
AN
=
=)
3
|
&
3
V
O,
+
=
<
3
V
@
|
O,

However, since limg_.o, Xo(N) = X(N), we have that for all € > 0

lim P[|X(N) — Xp(N)| >¢/2] =0

0—o00

and hence P[X (N) > ] = limg_..o P[X(N) > 3] < e=*0=9)_ Letting ¢ — 0 yields

X (n) > B8] < e 8,
P[Og%XNX(n) _ﬁ] <e

Finally, since X(0) = 0 and 3 > 0 we have
e P > P[ max X(n) > 3] = P[ max X(n) > ]

0<n<N 1<n<N

which completes the proof.

5.4 Alternative proof of Theorem 5.2.4

For simplicity we consider the scalar case. Let & = {£(n) : n > 1} be a sequence of
independent and identically distributed standard normal random variables and let U =

{U(n) : n > 0} be a stochastic process which is adapted to the natural filtration of
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the Gaussian sequence on the filtered probability space (2, F,P, (F(n)),>0). Here the
filtration is F(n) := o{&(j) : 1 < j < n} and we make the simplifying assumption that
U(0) is deterministic. Since U(n) is F(n)-measurable for each n > 1, by the classical
Doob-Dynkin lemma (see [54] page 4), for each n > 1 there exists a deterministic and
measurable function f, : R" — R such that U(n) = f,(£(1),£(2),...,&(n)).

Let B(t), t > 0, be a standard Brownian motion (with B(0) = 0) on a probability
space (€, F,P) with the natural filtration (F(t));>o. Hence {B(n) — B(n —1) : n > 1}
and {£(n) : n > 1} have the same probability distributions (although they are defined on

different probability spaces). That is, for any N > 1 and any real numbers ¢y, --- , cn,
I@’[B(n) —~B(n—1)<c¢, 1<n<N|=P[¢(n) <cp, 1<n< N

Define U(n) = fn(B(1) — B(0), B(2) — B(1),...,B(n) — B(n — 1)) for n > 1 and U(0) =

U(0). Then {£(n),U(n) : n > 1} and {B(n) — B(n — 1),U(n) : n > 1} have the same

probability distributions. Now extend U to continuous—time according to

Ut)=U([t]), t>0

where [t| € Ny denotes the integer part (or floor) of t > 0. This process is F(t)-adapted.

Define the stopping time 7(6) by
t ~
T(G):inf{tZO: +/ U2(s)d829}
0

Moreover, let a > 0, N € N and consider the F(t)-adapted process Xy = {Xy(t) : 0 <t <

/0 t U(s) dB(s)

N} given by

tAT(0) 1 tAT(0)
Xy(t) = exp a/ U(s)dB(s)—Qon/ U%(s)ds |, 0<t<N.
0 0
By Theorem 1.7.4 in [54], we find that Xy(t) is a F(t) martingale. Therefore Doob’s

martingale inequality applies and we have

P[ max Xy(n) > e*’] < eF.
0<t<N
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Proceeding as in the proof of Theorem 1.7.4 in [54], by taking § — oo and using the fact

that 7(0) T 0o as § — oo we obtain

P { max {/Ot(}(s) dB(s) — ;a/ot 02(s) ds} > ﬂ] <eob, (5.4.1)

0<t<N
Define
t t
F(t) ::/0 U(s)dB(s)—;a/O U?(s)ds, te€][0,N].

Since U(t) = U(|t]) we have for all t > 0 and for each n € {0,..., N},

Now, because maxec(o n) F'(t) > max,eqq,.. Ny F(n) it follows for any 3 > 0 that

{ max F(n)Zﬁ}Q{ max F(t)ZB}

ne{l,..,N} te[0,N]

and so, using (5.4.1) we get
n—1 n—1
Bl xS 0GBG+1) - BU) - o> 00) | 2 5] < e
i =0

But, recalling that {£(n),U(n) : n > 1} and {B(n) — B(n — 1),U(n) : n > 1} have the

same probability distributions, we have

ne{l,...,N} = par
Hence
n—1 1 n—1
)EU+1) -5 2() v > < g—oB
P[ne?ll?%N}{ng(j)g(]—k ) 2OéjgoU (])} _ﬁ] <e

as required.
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Chapter 6
On the Pathwise Large Fluctuations of

Discretised SDEs

6.1 Introduction

Use of more general exponential martingale inequalities (EMIs) tends, as shown in Chapter
4, to make it more difficult to obtain asymptotic estimates for the discretisations of SDEs
which correspond to those of the underlying continuous—time equation. Moreover, these
estimates can be inferior to their continuous counterparts. For these reasons, in Chapter
5 we developed a discrete EMI for martingales driven by Gaussian sequences as this is the
type of martingale which occurs as a result of a typical Euler—-Maruyama discretisation
method applied to an SDE driven by standard Brownian motion. This EMI is more suit-
able for estimating the fluctuations of martingales which may be viewed as discretisations
of It6 integrals.

In this chapter we once again consider the asymptotic behaviour of discretisations of
SDEs but, in contrast to Chapter 4, we now utilise the discrete EMI of Chapter 5. More
specifically, we study the asymptotic behaviour of the numerical solution of the non—

autonomous SDE given by
dX(t) = f(X(t),t)dt + g(X(t),t)dB(t), (6.1.1)

with drift coefficient f : R x [0,00) — R and diffusion coefficient g : R x [0,00) — R. Note
that one could also consider the discretisation of an SDE with Markovian switching but

since our attention in this chapter is on numerical analysis, we consider only non-switching
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SDEs. In particular we attempt to find deterministic upper and lower estimates on the
rate of growth of the running mawima t — supy<s<;|X(s)| by finding constants C, and

Cy and a function ¢ : (0,00) — (0, 00) such that

. | X (1)]
0<C; <lims
BT

< C,, as. (6.1.2)

As before, we refer to such a function ¢ as the essential rate of growth of the largest
deviations.

Asymptotic properties of the continuous—time model described by (6.1.1) are examined
in [54] while some new continuous—time results are developed in Section 6.2 of this chap-
ter. The results in [54] are achieved mainly through the combination of the exponential
martingale inequality and Gronwall’s inequality. The main aim of this chapter is to ex-
tend these methods to discrete-time and to obtain results which are consistent with the
continuous—time counterparts.

Before stating comparable results for discrete problems, we give a rough indication of
the main technical challenges that our proofs entail. We establish counterparts to the
continuous—time results by mimicking each of the techniques used in their proofs.

Firstly, we obviate any difficulties relating to discrete It6 formulae by confining attention
to equations where, in continuous time, the square of the process is considered. Secondly,
good discrete analogues of Gronwall’s inequality already exist enabling us, as in continuous
time, to deal easily with the final estimation of the almost sure growth bound. The other
key element of the proofs is the use of an exponential martingale inequality. In the discrete
proofs in this chapter, we now use the more refined version of the discrete EMI developed
in Chapter 5. Consideration of the inequality shows that it retains all of the features of the
continuous EMI, and in particular, depends only on the predictable quadratic variation.

On implementing this programme, we generally obtain results which are natural discrete
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analogues of (6.1.2) and are of the form

- [ Xn(n)]
By < limsup Y < o0 h), as 1.
0<Ci(h) < im sup () < Cy(h), as (6.1.3)

where h represents the fixed step—size used to produce the discretised process Xp,(n). Here,
the limiting constants C,, and C; may be h—dependent but will be arbitrarily close to their
continuous—time counterparts provided h is small enough.

Over the last ten years a literature on the dynamic asymptotic consistency of SDEs
has developed, among others [8, 10, 11, 34, 37, 38, 71]. The results (6.1.2) and (6.1.3)
can be thought of in that context, as they show that the asymptotic behaviour of the
SDE and its discretisation are consistent with each other (particularly as the step size
h — 0). However, most of this literature deals with SDEs and their discretisations which
have asymptotically stable solutions (in either a p—th mean or a pathwise sense), as in [40]
and [58]. Moreover, in [40] it is shown that certain properties can be lost under an Euler—
Maruyama discretisation. To the best of the author’s knowledge, less is known about
the dynamic asymptotic consistency of discretisations of SDEs which have fluctuating
solutions. This chapter attempts, at least in part, to fill this gap.

We consider two alternative methods of discretising (6.1.1). The first is the standard
Fuler-Maruyama method, while the second is an implicit variant of Euler-Maruyama
introduced in [36] as the split-step backward Euler method. For the standard explicit
Euler-Maruyama method, we obtain asymptotic behaviour of the form (6.1.3). However
in general this holds provided that the step size h > 0 is chosen sufficiently small and that
some assumptions are imposed on the drift coefficient f which are not required in order to
prove (6.1.2). On the other hand the method is easy to implement and the discretisation
has, in common with the underlying SDE, a unique solution.

In contrast, the implicit split—step variant of the Euler—-Maruyama method does not
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necessarily require a restriction on the step size h, nor does it require such additional
assumptions on the drift. However, the method is more difficult to implement than the
explicit scheme and without an extra assumption on f (such as a one-sided Lipschitz
condition), a unique solution of the split-step scheme cannot be guaranteed. Nevertheless
we are able to show, as in deterministic work by Stuart and Humphries [77], that all
solutions have the appropriate long—run behaviour.

Throughout the chapter our results are divided into two categories. In one case we
impose conditions on f so that the drift is mean—reverting and close to being linear. This
makes our solutions asymptotically similar to an Ornstein—Uhlenbeck process. Here our
results, which we call O-U type results, are consistent with the asymptotic behaviour of
the well-known Ornstein—Uhlenbeck process in the sense that the essential rate of growth
is of the order ¢(t) = /logt. Moreover we are able to obtain lower bounds on the large
deviations of the running maxima which were not found in [54].

Our other class of results we call Iterated Logarithm type results since our solutions obey
the Law of the Iterated Logarithm. That is, the essential growth rate is of the order
o(t) = /2tloglogt. Here we impose conditions on f which ensure that (6.1.1) is close to
Brownian motion in the sense that the drift coefficient is small, especially for large values
of X. It is interesting to remark that discrete results in this case can be proven without
any restrictions on h.

To begin with we state results for the simplified constant diffusion case, i.e., where
g(x,t) = o for all (x,t) € R x [0,00). We then extend the results to the more general case
(6.1.1) where the diffusion coefficient is globally bounded, and has identifiable asymptotic
behaviour as || — oco. A new feature of the proofs in continuous time, as well as the
corresponding discrete results, is that the asymptotic estimates on the large fluctuations

depend only on the behaviour of f and g as |x| — oo. This leads to sharper results
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than those obtained in Mao [52], in which related global bounds on the coefficients lead to
asymptotic estimates which depend on these global bounds.

The chapter is organised as follows. In Section 6.2 we establish results for continuous—
time equations obeying either Ornstein—Uhlenbeck type growth bounds, or iterated loga-
rithm type growth bounds. In Section 6.3 we consider an Kuler—-Maruyama discretisation
of such equations while in Section 6.4 we consider a split—step discretisation method.
Proofs are postponed to the final three sections: proofs of the continuous—time results can
be found in Section 6.5, proofs of exponential martingale estimates are in Section 6.6 and

proofs in the discrete cases can be found in Section 6.7.

6.2 Continuous—Time Processes
Let X (0) = z¢ and consider the stochastic differential equation given by
dX(t) = f(X(t),t)dt +0dB(t), t>0, (6.2.1)

where o € R/{0} and f : R x [0,00) — R. We assume throughout the chapter, without
further repetition, that f is locally Lipschitz continuous in the sense that there exists a

constant M,, > 0 such that
|f(z,t) — f(y,t)| < Mplz —y|, forall|z|,|y| <n andt>0. (6.2.2)

For economy of exposition this assumption is not explicitly repeated in the statement of
theorems in this chapter. We sometimes ask that f obeys the following linear growth

condition.

Assumption 6.2.1. There exists a positive constant I' such that

t
lim sup M <T, wuniformly for all t > 0. (6.2.3)
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Moreover for every A > 0, there exists c1(A) < oo such that

sup |f(z,t)| < c1(A), wniformly for all t > 0.
lz|<A

Remark 6.2.1. Note that (6.2.3) implies that for all v € (0,1) there exists X(v) > 0,
independent of ¢, such that | f(x,t)| < T'(14wv)|z| for |z| > X (v). Moreover, for |z| < X (v)
we have |f(z,t)] < c1(X(v)). Define I'y := ¢;(X(v)) and I'; := I'(1 + v). Then combining

both estimates, for all x € R, we have

|f(z,t)] <To+Ti|z| uniformly for all ¢ > 0. (6.2.4)

By Assumption 6.2.1 and the fact that f is locally Lipschitz continuous, there is a unique

continuous and adapted process which satisfies (6.2.1) (see e.g. [54]).

6.2.1 O-U type results

In order to introduce the main ideas in this section we first set out the conditions on the

drift which produce Ornstein—Uhlenbeck type behaviour in the solution.

Assumption 6.2.2. There exists a positive constant v such that

xf(x,t)

lim sup 5
x

|z|—o0

< —v, uniformly for all t > 0. (6.2.5)
Moreover for every A > 0, there exists ca(A) < oo such that

sup xf(x,t) < co(A), wuniformly for all t > 0.
|z|<A

Remark 6.2.2. Note that (6.2.5) implies that for all n € (0,1) there exists X(n) > 0,

independent of ¢, such that xf(z,t) < —y(1 — n)2? for |z| > X (n). Moreover, for |z| <

X(n),

zf(z,t) < e2(X (1) = c2(X (1) +v(1 = m)z® — y(1 - n)a’

< ea(X(n) + (1= n)X*(n) — y(1—n)a’.
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Define p1 := co(X (1)) +7(1—n)X?(n) and 71 := 7(1—n). Then combining both estimates,

for all z € R, we have

zf(x,t) < p1 — vz uniformly for all £ > 0. (6.2.6)

In our proofs throughout this chapter we will be using (6.2.4) and (6.2.6) for notational
convenience and for the fact that assumptions of that form are consistent with those used
by Mao in [54]. However, at the final stage of our proofs we will re-introduce the fact
that 74 = v(1 —n) and T'; = I'(1 4+ v) for n,v arbitrarily small and we can then allow
n,v — 0 to obtain results which depend on the asymptotic estimates (6.2.3) and (6.2.5).
The reason for this is subtle yet worthwhile. Although we could simply make global
assumptions on f of the form (6.2.4) and (6.2.6), these might not accurately reflect the
asymptotic behaviour of f, since the conditions must hold for all values of x. By instead
using asymptotic conditions of the form (6.2.3) and (6.2.5), we are isolating the asymptotic
behaviour of f as |x| — oo since it should only be these values which contribute to the

asymptotic behaviour of the process.

To that end, we now demonstrate that an asymptotic condition of the form (6.2.5) can
give a sharper result than if one were to use a global condition of the form (6.2.6). This

result mirrors a similar theorem in Mao, [54].

Theorem 6.2.3. Let X be the unique continuous adapted solution to (6.2.1) and let f

obey Assumption 6.2.2. Then,

lim sup <|o] E, a.s. (6.2.7)

t—oo ].Ogt - vy

It is important to note that if one were to use the global condition (6.2.6) then we would
get the same result, but with ~; instead of v. However, since v > ~; it follows that (6.2.7)

is slightly sharper than that which is obtained under (6.2.6).
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Under Assumption 6.2.1 we can also get a complementary lower bound on the large

fluctuations of | X|, a result which has not appeared in the literature to date.

Theorem 6.2.4. Let X be the unique continuous adapted solution to (6.2.1) and let f

obey Assumption 6.2.1. Then,

Jim sup X o o]
t—o00 logt - 2v/ 2]_—‘7

(6.2.8)

Theorems 6.2.3 and 6.2.4 are reasonably sharp in the sense that in the simple linear case
where f(z,t) = —yz, it is well-known that limsup, . |X(t)|/VIogt = |o|/\/7 a.s., (see
[54] for example) and the hypotheses (6.2.4) and (6.2.6) effectively represent a perturbation
from the linear case. In fact, the essential growth rate is of the right order (¢(t) = v/logt)
and the constants on the right—hand sides of (6.2.7) and (6.2.8) are of the right “dimension”

in that they are determined by the diffusion coefficient divided by the square root of the

linearity coefficient, roughly speaking.

6.2.2 Iterated Logarithm type results

One can also derive iterated logarithm type growth bounds on (6.2.1) under the following

condition.

Assumption 6.2.5. There exists a positive constant p such that for all x € R,
xf(x,t) < p uniformly for all t > 0. (6.2.9)

Under Assumption 6.2.5, (6.2.1) has a unique continuous adapted solution X. Again,

in [54] it was shown that under condition (6.2.9) on f we have

. (X ()]
1 ———< ,  a.s. 6.2.10
Tlsogp 2tloglogt — olve, s ( )

A discrete analogue of this result was first attempted in Chapter 4. However, the use

of a general discrete-time exponential martingale inequality gave us a result which was
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less sharp than (6.2.10). In the next section we use the specialised discrete exponential

martingale inequality from Chapter 5 to obtain a sharper discrete analogue of (6.2.10).

6.2.3 General Diffusion Coefficient
We can also generalise the noise term to study an equation of the form

dX(t) = f(X(t),t)dt + g(X(t),t)dB(t), t=>0, (6.2.11)
where g : R x [0,00) — R obeys the following hypothesis.

Assumption 6.2.6. There exists a positive constant K such that

limsup |g(z,t)| < K, uniformly for all t > 0. (6.2.12)

|z|—o0

Moreover, we assume that there exists k > 0 such that for all x,y € R
(g(z,t) — g(y,t))2 < k(z —y)? uniformly for all t > 0. (6.2.13)

Under Assumption 6.2.6 on ¢ and Assumption 6.2.5 on f, there is a unique continuous

and adapted process which satisfies (6.2.11).

Remark 6.2.3. Note that (6.2.12) implies that for all ¢ € (0,1) there exists X(g) > 0,
independent of ¢, such that |g(z,t)| < K(1+¢) for |x| > X (). Moreover, by the continuity
of g, for |x| < X(g) there exists c3 such that |g(z,t)| < c3(X(e)) < oo. Define K; :=

c3(X(e)) + K(1 + ¢). Then combining both estimates, for all z € R, we have
lg(z,t)] < K7 uniformly for all £ > 0. (6.2.14)

In some instances in our proofs it may be more convenient to use the global bound (6.2.14)
when dealing with terms which are not asymptotically dominant. It turns out that such

terms do not affect the final asymptotic result. However, when dealing with terms which
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will contribute to the final asymptotic result we will instead use the more accurate asymp-
totic bound on g given by (6.2.12).

In [54], Mao makes the point that under condition (6.2.14) it is clear that the upper
bound results (6.2.7) and (6.2.10) still hold for the solution of equation (6.2.11) with the
corresponding |o| replaced by K;p. In fact, it could easily be shown using (6.2.12) that
the upper bound results (6.2.7) and (6.2.10) still hold for the solution of equation (6.2.11)
with the corresponding |o| replaced by K, though the details are omitted. We now show
that the lower bound result (6.2.8) also holds for the solution of (6.2.11) provided g is

uniformly bounded below.

Theorem 6.2.7. Let X be the unique continuous adapted solution to (6.2.11). Let f obey

Assumption 6.2.1 and let g be Lipschitz continuous and obey

lg(z,t)| > Ko for all (z,t) € R x [0, 00).

Then,

X(t K
limsup| @)l > 2

,  Q.S. 6.2.15
t—00 logt o 2v2I ( )

6.3 Euler—-Maruyama Discretisation Scheme

Having stated results for continuous—time processes in the previous section, we now con-
sider discrete—time analogues of such results. This is achieved through discretisation of
the process X (t). We first consider an Euler-Maruyama discretisation of the SDE (6.2.1),

which takes the form
Xn(n+1) = Xp(n) + hf(Xn(n),nh) + Vhot(n+1), n >0, (6.3.1)

where h > 0 is the fixed step size and & is a sequence of independent standard normal

random variables. To avoid repetition, we assume throughout the rest of the chapter that
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(¢ (n))n>1 is a sequence of i.i.d. N(0, 1) random variables. This is a commonly used explicit
discretisation method and under our assumptions on f there exists a unique solution to

(6.3.1).

6.3.1 O-U type results

We are now in a position to state our main results in discrete-time. The following is an

analogue of Theorem 6.2.3.

Theorem 6.3.1. Let f obey Assumptions 6.2.1 and 6.2.2 and let h < min(y/T%,1/(27)).

If X}, is the unique adapted solution to (6.3.1), then

X
limsupM <|o| € C(h), a.s., (6.3.2)
n—00 log nh Y

where C'(h) > 1 and C(h) — 1 as h — 0. Moreover, we can write C(h) explicitly as

2
Clh) = [1 — 2hy + 2R2T2 1] (7 —Whl“?)'
Remark 6.3.1. Notice that in contrast to Theorem 6.2.3, we must assume both Assumptions
6.2.1 and 6.2.2 in order to prove Theorem 6.3.1. Later in the chapter we will show that a
different discretisation method allows us to drop Assumption 6.2.1.

It is important to note also that the constant on the right-hand side of (6.3.2) is arbi-
trarily close to the analogous constant in the continuous-time result (6.2.7), for h small
enough. The continuous time version of Theorem 6.3.1 was first established by an expo-
nential martingale and Gronwall inequality proof in [52]: the proof of Theorem 6.3.1 is
modelled on the argument in that work except that in the discrete case an extra martin-
gale term arises which must be estimated. This extra ingredient is a result of the inability
to accurately replicate 1td’s rule in discrete time. Therefore, to prove Theorem 6.3.1 we
require new technical results which hinge on a further specialised version of the EMI.

These new technical results can be found in Section 6.6.

169



Chapter 6, Section 3 On the Pathwise Large Fluctuations of Discretised SDEs

We now state a discrete—time analogue of Theorem 6.2.4.

Theorem 6.3.2. Let f satisfy Assumption 6.2.1 and let h < 2/T. If X}, is the unique

adapted solution to (6.3.1), then

: RAWINN
lim su > C(h), a.s., 6.3.3
n—>oop lognh — 2v/20 () ( )

where C(h) :=v/2/\/2 —hT'/2 > 1 and C(h) — 1 as h — 0.

Again, the constant on the right-hand side of (6.3.3) is arbitrarily close to the analogous

constant in Theorem 6.2.4, for h small enough.

6.3.2 TIterated Logarithm type results

We now look at a discrete-time analogue of (6.2.10). Once again we use Assumption 6.2.5
on f. We do not require that f be linearly bounded as in Assumption 6.2.1, instead we
request that f be bounded in the sense that there exists a constant f > 0 such that for
all z € R

|f(z,t)| < f uniformly for all ¢ > 0. (6.3.4)
We then get the following result.

Theorem 6.3.3. Let f obey (6.3.4) and Assumption 6.2.5 and let X} be the unique

adapted solution to (6.3.1). Then

lim sup |Xh(n)‘

< , .8. 6.3.5
n—oo V2nhloglognh — lolve, as ( )

In this case we are able to recover exactly Mao’s result (6.2.10) in discrete-time, con-
tingent on the additional assumption (6.3.4). In particular, we have eliminated the extra
factor of 2 which was first established in similar results in Chapter 4. Later in this chapter,
we show that an alternative discretisation enables us to prove (6.3.5) without assuming

(6.3.4).
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6.3.3 General Diffusion Coefficient

We can again generalise the noise term in (6.3.1) to study an equation of the form
Xp(n+1) = Xp(n) + hf(Xp(n),nh) + Vhg(Xn(n),nh)é(n+1), n >0, (6.3.6)

where g : R x [0,00) — R obeys Assumption 6.2.6. Since f is continuous there is a unique
continuous and adapted process which satisfies (6.3.6).

Our next results (of O-U type and Iterated Logarithm type respectively) show that
Theorems 6.3.1 and 6.3.3 still hold for the solution of (6.3.6) under Assumption 6.2.6 on
g. To date, we have not been able to recover an analogue of the lower bound estimate

from Theorem 6.3.2 in the case when we have a non—constant diffusion coefficient.

Theorem 6.3.4. Let f satisfy Assumptions 6.2.1 and 6.2.2 and let g satisfy Assumption

6.2.6. Let h < min(y/T%,1/(27)) and let X}, be the unique adapted solution to (6.3.6).

X
1imsupM <K,|< C(h), a.s.

where C'(h) > 1 and C(h) — 1 as h — 0. Moreover, we can write C(h) explicitly as

Then

Ch) = [1 - 2h72+ 2h2T2 1] <’y jhf?)'

Theorem 6.3.5. Let f obey (6.3.4) and Assumption 6.2.5 and let g satisfy Assumption

6.2.6. If X}, is the unique adapted solution to (6.3.6), then

X
lim sup [Xn ()]

< K+e, a.s.
n—oo 2nhloglognh — Ve, as

6.4 Split—Step discretisation scheme

In our efforts to replicate the effect of [t0’s rule in discrete—time, we very often encounter

additional terms which are estimated with the help of conditions such as (6.2.4) in the
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O-U case and (6.3.4) in the Iterated Logarithm case. In particular, when using an Euler—
Maruyama scheme such as (6.3.1), our proofs seem to require these estimates on f. We
now show that the use of a split—step implicit variant of Euler—-Maruyama negates the
need for conditions (6.2.4) and (6.3.4). The discretisation is as follows. Set X (0) = X(0)

and define

Xp(n) = Xn(n) + hf (X5 (n),nh),

Xp(n+1) = X;(n) +oVhé(n + 1), (6.4.1)

where, as before, h > 0 is the fixed step size and £ is a sequence of independent standard
normal random variables. The first step of the method is an implicit equation that must be
solved in order to obtain the intermediate approximation X; (n). Having obtained X} (n),
adding the appropriate stochastic increment ov/hé (n+1) produces the next approximation
Xn(n+1). We say that (6.4.1) has a solution if there is a pair of processes (Xj, X;) which
obey (6.4.1). Such a solution will automatically be global, (i.e., defined for all n > 0) and
will be adapted to the natural filtration generated by the £’s.

We now consider the existence of solutions to the discretisation method given by (6.4.1).
In [36] it is shown that under a global one—sided Lipschitz condition on the drift function f
there exists a unique solution to (6.4.1) provided the step size h is chosen to be sufficiently

small.

Assumption 6.4.1. Assume that f € CY(R) and that for all x,3y € R there evists a

constant ¢ € R such that
(x —y)(f(x,t) — f(y, 1) < c(z —y)?,  uniformly for all t > 0. (6.4.2)

We refer to this condition as a global one—sided Lipschitz condition because the constant

¢ is independent of x and y in (6.4.2). Although this is weaker than requesting that f
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satisfy a global Lipschitz condition, it places a restriction on f on all R, and still excludes
some functions f which grow faster than polynomially as |z| — oo.

Moreover, we do not necessarily require this global one-sided Lipschitz condition if
we are willing to sacrifice uniqueness in the solution of (6.4.1). This is in the spirit of
generalised dynamical systems considered by Stuart and Humphries [77]. In Section 6.8,
we will show that either condition (6.2.6) or condition (6.2.9) is enough to guarantee that
(6.4.1) has a (not necessarily unique) solution. However, if uniqueness of the solution of
(6.4.1) is required then we are still free to impose condition (6.4.2) on f, at the expense
of an a—priori size restriction on h.

We are now in a position to state an analogue of Theorem 6.3.1 under the split—step

discretisation scheme. Here, we no longer require Assumption 6.2.1 on f.

Theorem 6.4.2. Let f satisfy Assumption 6.2.2 and let Xy be any adapted solution to

X
limsupM <|o] € C(h), a.s., (6.4.3)
n—oo V9ognh Y

where C(h) := 1+ 6hy + 8h*y* > 1 and C(h) — 1 as h — 0.

(6.4.1). Then

Similarly we have an analogue of Theorem 6.3.3 under the split—step discretisation

scheme and here we no longer require condition (6.3.4) on f.

Theorem 6.4.3. Let f satisfy Assumption 6.2.5 and let Xy be any adapted solution to

(6.4.1). Then

X
lim sup [Xn(n)]

< ,  a.s. 6.4.4
n—oo V/2nhloglognh — olve, as ( )

As mentioned earlier, we may also restate Theorems 6.4.2 and 6.4.3 where X, is the
unique adapted solution to (6.4.1) if we also stipulate that f obeys Assumption 6.4.1 and

that h < (2c+ 1)~! where c arises from (6.4.2).
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6.4.1 General Diffusion Coefficient

We can again generalise the noise term in (6.4.1) to study a system of the form

Xp(n) = Xp(n) + hf(Xj(n), nh),

Xp(n+1) = X;(n) + g(X;(n), nh)Vheé(n + 1), (6.4.5)

where g : R x [0,00) — R obeys Assumption 6.2.6. The addition of the non-constant
diffusion coefficient will not affect the existence of a solution of (6.4.5) since g is bounded.
We now show that Theorems 6.4.2 and 6.4.3 still hold for the solution of (6.4.5) under

Assumption 6.2.6 on g.

Theorem 6.4.4. Let f satisfy Assumption 6.2.2 and let g satisfy Assumption 6.2.6. If

X}, is any adapted solution to (6.4.5), then
h?lsiip \/W \/
where C(h) := 1+ 6hy +8h?y% > 1 and C(h) — 1 as h — 0.

Theorem 6.4.5. Let f satisfy Assumption 6.2.5 and let g satisfy Assumption 6.2.6. If

X}, is any adapted solution to (6.4.5), then

lim sup [Xn ()] < Kye, a.s.
n—oo v/2nhloglognh —

Again, we may restate Theorems 6.4.4 and 6.4.5 where X}, is the unique adapted solution
o (6.4.5) if we also stipulate that f obeys Assumption 6.4.1 and that h < ((2¢+1)V4k)~!

where ¢ and & arise from (6.4.2) and (6.2.13) respectively.
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6.5 Proofs of Results from Section 6.2

Proof of Theorem 6.2.3. In [54] it was shown that if X is the unique continuous

adapted solution to (6.2.1) then under condition (6.2.6) on f we have

Now recalling that v; = v(1 — n) where € (0,1) we get

lim sup X ()] <|o| L, a.s.
t—oo  V1ogt ~(1 —n)

This estimate holds for all outcomes in an event of probability one, say €2,,. By considering

O := Npenfl1, i.e. by letting n — 0, we get the desired result. O
P
Proof of Theorem 6.2.4. Let u > 0. From (6.2.1) we have
dX(t) = [— pX(t)+ F(X(t))] dt + 0 dB(t),
where F'(x) := px + f(x,t). We can then show that
t
X (1) = X(0) + / P P(X(s)) ds + M(t), (6.5.1)
0

where M(t) := f(f et dB(s) is a martingale with quadratic variation given by (M)(t) =

fg o2e?s ds = o?(e?* — 1)/2p. Moreover, notice that

M 2 2 log log (M
(M)(®) = lim 2 (1 —e 21t = ;— and tlim loglog (M) (t) =1

t—o00 te‘t t—o00 ﬂ 7! —00 logt

Therefore, using the law of the iterated logarithm for martingales (Exercise 5.1.15, [70])

M 2|M M log log (M
s MO 0 vAM@L [0 lglos (M)0)
t—oo  ely/logt t—oo  /2(M)(t)loglog (M)(t) et logt

o2

=4/—, a.s. 6.5.2

. (6.5.2)
Let ¢ > 0 and define the event

D SO | X ()]
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and assume that P[4.] > 0. We will demonstrate that this is impossible for the appropriate

choice of ¢. By (6.5.1) and the triangle inequality it follows that
t
. (M@ _ . XOI . (X0 Jo e°|F(X(s))| ds
1 —— <1 — 1 —+1
P e logt = 1 Vot il ey Togt |l erty/log
: Jo @ |F (X (s))| ds
<c+l1 0 ,
¢ lfgriigp etty/logt

a.s. on Ae. (6.5.4)

Using (6.2.4) we have |F(x)| < plz|+ |f(z,t)| < (u+T1)|x| + T for all z, and so

/ e F(X(s))|ds < (n+ Fl)/ "1 X (s)| ds + E(e“t —1). (6.5.5)
0 0 1%

By (6.5.3) it follows that for every e > 0 there exists T} (e,w) > 0 such that for t > Tj(e,w)

we have | X (t,w)| < c¢(1+¢)y/logt, for all w € A.. Therefore,

t T (e,w) t
/ et | X (s,w)|ds < / e“S\X(S,w)|d8+c(1+5)/ e*+/log s ds
0 0

T1(e,w)
T1(e,w) t
< X*(s,w)/o e’ ds+c(1+¢) /T o e**y/logsds,  (6.5.6)
Y (ew

where X*(g,w) 1= maxg< <7 (cw) | X (8, w)| < +00. By L'Hopital’s rule

t
lim le(a,w) el?y/log s ds _ 1 m 2tlogt _ 1
t—00 etty/logt pt—oo =t +2tlogt p’

and so using this along with equations (6.5.5) and (6.5.6) we get

Lels|F(X d
i sup PG ds _ (e Tr)el1 +6)
t—00 etty/logt 1

for all w € A..

Moreover, since € > 0 can be chosen arbitrarily we can allow € — 0 through the rationals

to get

Lens|F(X
o 0P X )l s (- T)e
t—o00 eut\/logt 1%

Therefore by (6.5.2) and (6.5.4),
2 Mt T
7 limsup& <c+ w, a.s. on A..
1 t—oo €eMty/logt 1
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However, we get a contradiction above if we make the choice ¢ = y/o2u/(2p + ') which

means that our assumption that P[A.] > 0 is incorrect. Thus, P[A.] = 1 and

X, _ lolya

lim su , a.s
t—>oop vV lOgt 2,u + F]_
Then choosing = I'1/2 we get
: | X ()] o]
lim su > , .S.
tﬁoop logt = 221"y
Now recalling that T'y = T'(1 4+ v) where v € (0,1) we get
X(t
lim sup X () > 7| a.s.

t—oo VIogt ~ 2,/2T(1 +v)’
This estimate holds for all outcomes in an event of probability one, say €2,,. By considering

0 := Npenfl1, i.e. by letting v — 0, we get the desired result. O
P
Proof of Theorem 6.2.7. Let p > 0. From (6.2.11) we have
AX(t) = [ — pX () + F(X(6)] dt + g(X (), 1) dB(2),
where F'(x) := px + f(x,t). Then by Itd’s rule we can show that
t
e X (t) = X(0) + / e F(X(s))ds+ M(t),

0

where M (t) := fot 9(X(s),s)e* dB(s) is a martingale with quadratic variation given by

(M)(t) = OtQQ(X(s), s)e?s ds > K2(e?* —1)/2u. Moreover, notice that

M K2 K2 log log (M
lim (M)(#) > lim —2(1—e ) =—2 and tlim 08 OBAMY) og (M) (?)

> 1.
20 —00 logt

t—oo et T tooo
Therefore, using the law of the iterated logarithm for martingales we get

tmsup 2O gy VHM) \/ (M)(t) log log (M) 1)
toe et logt e /2(M)(0) loglog (M)(5) || e logt

> K—QZ a.s.
B w

The proof now follows exactly the same steps as in the proof of Theorem 6.2.4, where o

is replaced by Ko. O
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6.6 Proofs of Exponential Martingale Estimates

The following is the (easily derived) moment generating function of a form of Chi-Squared

distribution.

Lemma 6.6.1. Suppose that £ is a standard normal random variable and that ¢ = €2 —1.

Then for A € (0,1/2)

1/2
o(2) = E[eX] = ¢ <1 _12A> . (6.6.1)

We will need the following specific form of the exponential martingale inequality.

Lemma 6.6.2. Let N € N. Let (£(j))j>1 be a sequence of independent standard normal
random variables and define ((j) = €2(j) —1 for j > 1. Let (¢j)o<j<n-1 be a deterministic

positive sequence. Define M(0) =0 and
n—1
M(n)=> ¢¢(i+1), 1<n<N.
j=0

Suppose that Ay > 0 is such that cjAny < 1/2 for all 0 < j < N — 1. Then for every

Oy > 0 we have

n—1 n—1
1 1
P[ {M TR <7)}> }< ~ANBN 6.2
1EneN (nszoCJ 2w AT =2 2 fn|se (6:6.2)

Careful perusal of the argument of Lemma 6.6.2 reveals that much of the argument
holds for white noise sequences with general moment generating functions, but to sim-
plify the proof (particularly regarding the domain of definition of the moment generating
function in (6.6.1)) we specialise our calculations during the proof to cover merely the
moment generating function given in (6.6.1). In the forthcoming Lemma 6.6.3, we apply
Lemma 6.6.2 to a particular martingale by choosing carefully the sequences Ay and By in

the statement of Lemma 6.6.2.
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Proof of Lemma 6.6.2. Let ¢ be given by (6.6.1). Since ¢jAy < 1/2forj=1,...,N—
1, it follows that p(Anc;) > 0 is well-defined and finite for each j = 1,..., N — 1. Define

X(0) =1 and

”H 1
J

We prove that X is a positive martingale (with respect to the appropriate filtration).
Clearly X (n) is positive a.s. for each n € {1,..., N} because M (n) is almost surely finite
for each n € {1,...,N}. Now for n € {1,..., N} by the independence of {(j + 1) for

j=0,...,N —1 and the finiteness of ¢(Anc;) we have

n—1 n—1 n—1
E [eANMW} —E |exp ; AneiCG+1) || = E)E [exp (AneiC(j +1))] = ]1;[0 p(Ane)),

which means that E[|X (n)|] = E[X (n)] is finite for n € {1,..., N} and moreover E[X (n)] =
1 for all n € {0,...,N}. We now show that E[X(n + 1)|F(n)] = X(n) where we define
F(n) = oc{C(j) : 1 < j < n}forn e {l,...,N}, so that each F(n) is a (naturally
generated) sigma-algebra, and that (F(n))i<p<n is the natural filtration generated by
the sequence (((n))i<n<n. We may denote by F(0) the trivial sigma—algebra. With this

definition, (1) is clearly independent of F(0) and we therefore get

1 1
E[X(1)|F(0)] = —~———E[e*VW|F(0)] = ———E[e*veoc)
XIFO)] = S B IF(0)] = B
1
= ——w(Aneg) =1 = X(0).
For 1 <n < N —1 we have
- 1
X n 4+ 1 /\NM n+1) | | N(M(n+1)—M(n)) = X(n ’
( )= o )\Nc] o(Anen) (n)

S0 as ¢, is deterministic, E[X (n)] and E[X (n)e*Ner¢(+1D] are the finite expectations of

non-negative random variables, ((n + 1) is independent of F(n), and ¢(Ancy) is finite,
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we get
BLX (n-+ 1) (n)] = Bl (/00100 . s X () ()
= e Bl X () F(0)] = s X (R ()
_ MX(n)E[e)‘NC"C(nH)] = X(n).

Therefore we have that X = {X(n) : 0 < n < N} is a positive martingale relative
to (F(n))o<n<n with E[X(N)] = 1. Therefore, for any Sy > 0, by Doob’s martingale

inequality we have

]P’[ max_X(n) > ANﬁN} < BEXWN] . —awsw

1<n<N eANBN

By the definition and positivity of X, and by using the fact that Ay > 0 we get

> < e ANON
L [ 2 e ()} o]
Since ¢ is given by (6.6.1), we have that

1
— log

1 1 12
) =i+ —log (1 — 2y
AN (w(/\NCj)> ERIDYe o8 Nej) s

and inserting this into the last estimate gives (6.6.2), as required. O

Lemma 6.6.2 is now used to establish the following estimate. It concerns a martingale

which appears in the proof of Theorem 6.3.1.

Lemma 6.6.3. Suppose 0> > 0, h > 0 and oy, > 1. Let (£(5));>1 be a sequence of

independent standard normal random variables. Define Mp(0) =0 and
Zha2 THEG+ —1), n>1 (6.6.3)

Then

< 2ho?,  a.s. (6.6.4)

lim sup
n—oo Oéh ogn
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Note that the normalising constant on the right hand side of (6.6.4) can be made as
small as desired if h > 0 is chosen sufficiently small. This is precisely the kind of estimate
we require to make the analysis of Mao’s continuous time result sharp in the context of
Theorem 6.3.1. Lemma 6.6.3 yields a sharper (and crucially, h-dependent) estimate than,
for example, a simple term—by—term majorisation of the martingale M}, defined by (6.6.3).
Such a majorisation leads to the normalising constant tending to a non—trivial limit as

h — 0.

Proof of Lemma 6.6.3. Let N > 2. Define ((j) = €2(j) — 1 for 7 > 1 and notice
that M), defined by (6.6.3) is a martingale relative to the natural filtration generated by
(€(4))j>1- Set ¢; = h02afl+1 for 0 < j < N — 1. Then (¢j)o<j<n-1 is a positive sequence

and Mj, can be written as

n—1
Mu(n) =) ¢¢(j+1), n=>1.
j=0
Define, for any fixed € > 0,
1 + € 7N

AN = By = (2 + 4e)ha’ad log N.

(2 + 4€)ho? “n

Then Ay > 0 and By > 0. Also for j =0,...,N —1 as ap > 1 we have

)
+
W
>
[N}
+
W
&Y
N =

and AyOn = (1 + €)log N. Hence we may apply Lemma 6.6.2 (specifically (6.6.2)) to Mj,

to obtain

n—1
1
P max ) Maln)+ e =gy ZOg( — 2\ c]> 2P| < Fiwe

J=0

By the Borel-Cantelli lemma, there exists Q* with P[Q2*] = 1 such that for each w € Q*

there is an Nop = No(w) € N such that
> .
M +ZCJ 2w Zl°g<1—2A cj) <P, N=No
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Therefore for N > Ny we have

N-1

N—-1 1 1
N S 1 - -
)+ ;Cﬂ 2y Z:; 0g<1—2)\ch>
< <
+z% i ZOg( o) A

Since ¢; > 0 for 1 < 7 < N — 1, and by using the definitions of Ay and By, for N > Ny

we get the estimate

1 N-1 1 N-1
< gt S (k) - e

1—-2A\nc;j =
N-1 ~1
14 2¢ 14+€e _niit1
< (2 +4€)ho’ay log N hoaf Y " log (1- A
< (2 +4e)ho”ay log N + T o 2. og T2
N-1
1+2€ 1+€ -1
= (2 + 4€)ho?al log N + Tre ho?aly 2 —log (1 — 7 +2€ah ) .

Let x = (1 + e)a;l/(l + 2¢) and note that x < (1 + €)/(1 + 2¢) since ay, > 1. Now by
Taylor’s theorem, for every = € (0, (1 + €)/(1 + 2¢)] there is ¢, € (0, ] such that

1 2 (1+26)? ,
_log(l—:z:):a:—i—mx S:c—i-Tx,

where we have used the fact that ¢, € (0, (1 + €)/(1 + 2¢)] at the last step. Therefore for

N > Ny, we have

N

1+e _ 14+e€)? _
My(N) < (2 + 4e) Z{1+2e L 262) ahzz}
(1+26)(1
< (24 4e)ho*a} log N + ho? ath +26)§+€)h 26l S ap?

=0
ho a{j (14 2€¢)(1+¢)

ho?al.
l—a;t 2e2(1—aq;?) 4

= (24 4e)ho?al) log N +

Recalling that this estimate holds for all N sufficiently large on every sample path of an

a.s. event, we see that

My (N
lim sup M < (24 4€)ho?,  as.,
N—oo ah logN —

and finally upon letting ¢ — 0 the result (6.6.4) follows. This completes the proof. O
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6.7 Proofs of Discrete Results from Section 6.3

In order to make our exposition self-contained, we first state the version of discrete Gron-
wall inequality that we use in this chapter. Since many forms of the Gronwall inequality

can be formulated, we omit its proof.

Lemma 6.7.1. Let a > 0 and ¢ > 0. Let y(-) and b(-) be nonnegative sequences. If

n—1
y(n) <a+cd b(@y(), n>1,
j=0
then
n—1
yn) <a | |(1+cb(f), n=>1
=0

We are now in a position to prove Theorem 6.3.1.

Proof of Theorem 6.3.1. First fix the step size h < min(y/T'2, (2y)~!) where the con-
stants I" and y are defined in Assumption 6.2.1 and Assumption 6.2.2 respectively. Recall
that I'y = I'(1 +v) and 71 = (1 —n) where v,n € (0,1) are arbitrary. For simplicity,
choose v = 7 so that 'y = I'(1 + 7). Note that if h < v/I'? then hI'?/y < 1. Since this
inequality is strict it means that for all n € (0,1) sufficiently small we can ensure that
hT'%/y < (1 —1n)/(1+n)? < 1 which implies that hT'?/y; < 1. Moreover, if h < 1/(27)
then it is immediately true that h < 1/(2v1) for any value of 7. Therefore the step size
restriction h < min(y/T?, (2y)~!) implies also that h < min(~y;/T%, (2y1)"!). This allows
us to define ay, := (1 — 2hvy + 2h2F%)71 where aj, > 1. Squaring (6.3.1) and multiplying

across by aZH gives

T X7 (n+ 1) = o T XE (n) + 2ha T X0 (n) f(Xp(n), nh)
+ B2t f2(Xn(n), nh) + 20V hay T Xy (n)E(n + 1)

+ 20hVha ™ f( Xy (n), nh)E(n + 1) + o2ha T2 (n + 1).
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Note that by (6.2.4) and the fact that 22y < 2 + y? for any x,y € R we have
fA(x,nh) < (Do + Iy|z])? = T2 + 20 || + 222 < 212 4 21222,
Using this and (6.2.6) we get

ap T XG (n +1) < ap PXG (n) +a X (n) — o Xj(n) + 2hap ! [pr— 11.XG (n)]
+ 207 TG + 212l I T X (n) + 20V ha T X ()6 (n + 1)

+ 20hVha T f(Xp(n), nh)é(n+1) + o2ha T e3 (n+1).
By the definition of «y we have
ozZHX,Zl(n) —al X% (n) — QhQZH’le,ZL(n) + 2h2a2+1F%X2(n) =0,
so that our equation above becomes

T X7 (n 4+ 1) < aif X (n) + 2hal ™ py + 202} TTE + ot o?h

+ 20Vha T L (Xn(n)€(n + 1) 4+ 02ha THEX (0 + 1) — 1] (6.7.1)
where Fj,(z) := x 4+ hf(z,nh). Define the martingale differences

AMp(n+1) = c?haf T [E(n +1) — 1], n>0,

Aby(n +1) = 20Vha P L (X (n)E(n 4+ 1), n >0,

so that Mpy(n+1) := 370 AM(j+1) and 0 (n+1) := 3775 A0y (j + 1) are martingales.

We also define \j, := 2p1 + 02 + 2I'3h so that (6.7.1) reduces to
AT XE(n+1) — apf X2 (n) < ko™ + AMy(n + 1) + Aby(n + 1).
Summing on both sides yields for n > 0,

a1 XE(n+1) - ) < h\p Z o)) Yy Mu(n+1) + 6,(n+1). (6.7.2)
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We now apply the exponential martingale inequality to the martingale 6,(n 4+ 1) which

has quadratic variation given by

(01 (n Z4a2h TRE2(XL(5), n> 1.
7=0

Applying Theorem 5.2.4, where 8 > 0, § > 0 and 7 > 1 are arbitrary constants, we have

for all n € N,
m—1 1
—nd 2y 2542 12 . 1 n5
]P’[lgggi(m” {Hh(m) —2fBay Z o“hoy’ " Fy, (Xh(]))} > 3~ Tlogn] < e

5=0
The Borel-Cantelli lemma then yields that for all w € Qy, where P[] = 1, there is a
random integer ng = ng(w, h) sufficiently large such that for n > n; := ng(w, h)V[1/§] V2,

m—1
Ou(m) < 7 aj Tlogn + 200" Y ohai PEH (XA (), 1< m < [nd].
7=0

For the next segment of the proof, we view the path w as fixed and suppress it in our
notation. The following argument is, for the most part, deterministic in spirit. Using

(6.2.4) and (6.2.6) it can be shown that
F7(x) < 2hpy + 20°T3 + 2% (1 — 2hyy + 2h°T3) = (2hpy + 20°TY) + 22a, !

so that for n > nq,

m—1
On(m) < B~ ap'7logn + 2805, " 0 h(2hpy + 20°TF) > ai? T (6.7.3)
7=0
m—
+ 280, 0% hay ! Z 23+2Xh 1 <m< |nd].
=0
Define
m—1 )
Th(m) := ) + hAn Z o)™ 260,02 h(2hpy + 202T2) YT T 4 My (m)

j=0

so that (6.7.2) along with (6.7.3) gives, for 1 <m < [nd] and n > ny,

A X2 (m) < Ti(m) + 8~ et logn + 2Ba; ™ Z o?ha} T X2 (5). (6.7.4)
7=0
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Notice that since m < [né| < nd and 2hay,/(ap, — 1) = 1/(71 — hI'?) we have

An Bo?(2hp1 + 2R*T3)
alt + o + My (m
21— 113 T () —arg) O M)

Th(m) < X7(0) +

and so by Lemma 6.6.3,

T; M
lim sup w < limsup #
m—oo Q) logm m—oo Q) logm

< 2h02, a.s. on €.

Now consider outcomes in Qo := Q¢ N Q; where P[Q23] = 1. For every € € (0,1) there
exists a number mg(g) € N such that for mg(e) < m < |nd] we have Ty(m) < 2ha?(1 +
)i logm < 2ho?(1 + £)a}® lognd. Moreover, on the finite set m € {1,...,mo()} there
exists a number T7(e, h) > 0 such that T},(m) < Ti(e, h). Altogether, for 1 < m < |né],

we have

Ty(m) < Ti(e, h) 4+ 2ho?(1 4 €)a}? log nd =: T, -(n).

So now, returning to (6.7.4), for n > ny and 1 < m < |nd| we have

m—1
ap' X3 (m) < Tj . (n) + B g0t logn + 280, Y~ ohai? TLXR ().
=0
Following the notation of Lemma 6.7.1 we set y(m) := o' X?(m), ap(n) = T} (n) +

ﬁ_laZ(STlog n, c(n) := 2/Ba;"5 and by(j) := 02hafl+1. Therefore, for n > nq,

—_

m—

y(m) < an(n) +e(n) Y ba(iy(i), 1<m< |nd],

Jj=0

and so we can apply Lemma 6.7.1 to conclude that for n > n;
m—1
y(m) <an(n) [ A +c(m)bu(i), 1<m<|nd).
§=0
Then using the fact that 1 +z < e” for x > 0 we get

m—1
o™ X7 (m) < ap(n) exp [Qﬁa};"‘;azh Z affl], 1<m< |nd], n>ni.

§=0
Notice that
N —ns = j+1 _ 2hop 1
2hay, jz_:oah < 2hay, jZZ:O ag, §ah_1:%_hr%.
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Now let ny be such that [(ne — 1)d] > 1 and let n3 := n; Vng. Then for 1 < |(n —1)d] <

m < |nd] and n > ns,

2

n— m BO-
O‘}Lz( Dol Xjr(m) < aft Xji(m) < ap(n) exp [’Yl—m]’

and moreover, since |(n —1)6] > (n—1)d — 1,

X2(m) < _(n) 10gn5an5—L(n—1)5J exp[ Bo? }

logm — a¥lognd logm h 1 — hI'?
ap(n) log nd 1 exp [ Bo? }
= alognd log [(n—1)8§] " 1 — hI'?
Now notice that
log nd

lim sup _an(n) =2ho*(1+¢)+ 77 and lim =1.

9 log nd n—oc log [ (n —1)d]

n—oo Oéh

Therefore, since n — oo as m — oo we have

Bo? }

X2
lim sup (M) < (2ha®(1+¢) + 7 )l exp [72

m— o0 log m

Since this analysis holds on the same event for arbitrary ¢ > 0, we have

Bo? }

: Xﬁ(m) 2 —1_y, 6+1
lim sup Tog 1 < (2ho*+p T)ah+ exp [W

m—0o0
This estimate holds for all outcomes in an event of probability one, say {1, 5. By considering

i.e. by letting 7 — 1 and § — 0, we get

QF := Nyen ,
pEN 1+%,%
X2 2
lim sup alm) < (2ho® + 7 Hay, exp [LJ, a.s. on QF,
m—o0 m "= hrl

where * is an almost sure event. Choose 3 = (71 — hI'?)/0? to get

X} X2 2
lim sup wm) = lim sup M < ap (2h02 + 072) el
m—oo 10gmh m—oo logm 7 — hl'y

02(1 + 2hy; — 2h2F%>( " ) e .

1 —2hyy + 20203/ \yy — kI3 1
Finally, recall that v; = y(1 —n) and I';y = I'(1 + n) where n € (0,1) is sufficiently small.

Letting n — 0 and taking square roots on both sides gives the desired result. O
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Proof of Theorem 6.3.2. First fix the step size h < 2/T" where I" arises from Assump-
tion 6.2.1. Recall that I'y = I'(14v) where v € (0, 1) is arbitrary and note that if h < 2/T
then hI'/2 < 1. Since this inequality is strict it means that for all v € (0,1) sufficiently

small we can ensure that

Al 1 Al
<1 which implies that Tl < 1.

Therefore the step size restriction h < 2/T" implies also that h < 2/T';. This allows us to

define oy, :=1/(1 — hu) where p:=1T'1/2 and oy, > 1. Multiplying (6.3.1) by 04”+1 gives
" Xy (n+ 1) = T X (n) + o T R (X (n), nh) + o TrlovVRE(n + 1), n > 0.
Therefore by adding and subtracting terms we can write this as
A X (n 4+ 1) — af Xp(n) = ha T E, (Xp(n) + o rovVRE(n +1), n >0,

where F(z) := pz+ f(z,nh) and af Xp,(n)[a, — 1] = hua} ™ X (n) = 0 by the construction

of ap. Summing on both sides then yields
a1 X (n +1) - hz al T E (X0 (5)) + Za”lmfg (G +1). (6.7.5)

Define Y3, (n+1) := (n+1) >0 a{tﬂo\/ﬁ&(j +1) for n > 0, and notice that Y,(n+1) ~

N(0,V(n+ 1)) where

o2h e o?hrai(aim —1 o?hai (1 —a; "
V(n) = Var[Ya(n)] = =5 Y ap? ™ = W[ Al o 1 )} = h( 3 n )
R — Yh o o,

Since V' (n) is increasing it follows that for any £ > 1 and m > 0 we have V (k) < V(k+m)
which in turn means that V (k) < \/V(k)V (k +m). Now consider Zj, (k) := Y, (k)//V (k)
for k > 1. Then for every k, Z; (k) is a standard normal random variable. Moreover, for
k>1and m >0,

COV(Yh(k), Yi(k + m)) < Cov(Yy(k), Yi(k +m))
VWV (Ek+m) V (k) ’

0 < Cov(Zn(k), Zn(k +m)) =
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where
k+m—1
Cov(Yy(k), Ya(k +m)) = cov(zo/“ G+1, Y l+1g(z+1))
=0

Zaﬁ—l g+ o’h O‘h( azk —1) _ V (k)
ahal;fm a%kah 04,2Z 1 gt

Thus for £ > 1 and m > 0,

Cov(Zn(k), Zn(k +m)) < COV(Yh(k‘)/’(Z’;(k ) _ o

Therefore by Lemma 2 and Lemma 3 in [6], it follows that

lim sup M = a.s
n—oo 210gn U

and using the fact that ha? /(ai — 1) = 1/u(2 — hp) we have

: [Ya(n)| . | Zn(n) 202
1 —L = —2\/2V(n) = 4| —— .S. 6.7.6
ITILILSSP lognh lyrflsip V2logn (n) w(2 —hp)’ a-s ( )
Now let ¢ > 0 and define the event
X
A= {w : 1iTan_>s;p ‘\/lgé% < c} (6.7.7)

and assume that P[4.] > 0. We will demonstrate that this is impossible for the appropriate

choice of ¢. By (6.7.5) and the triangle inequality it follows that

Y; 1 X 1 X
n—oo y/log(n+1)h = n—co y/log(n+1)h  n—cc afty/log(n+1)h

. h Yo o T EL (XA (5)))]

+ lim sup T
n—o0 aptty/log (n + 1)h
h T FL(X
< ¢+ limsup ZJ ? h ‘ WX Gl
n—oo n+ log (n -+ 1)h

, as.onA..  (6.7.8)
Using (6.2.4) we have |Fy(z)| < plz| + [f(xz,nh)| < (u+T1)|z] + T for all z, and so

hza YE.(XR())| < h(u+T1) Zo/“p(h |+hrozoﬂ“. (6.7.9)
7=0
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By (6.7.7) it follows that for all € > 0 there exists Ni(g,w) > 0 such that for n > Nj(e,w)

we have |Xp(n,w)| < c¢(1+ ¢€)y/lognh, for all w € A.. Therefore,

Ni(e,w)
hZa]+1|Xh (J,w)| <h Z |Xh Jyw)|+e(l+e)h Z o/“\/logjh
Nl(ew)
Nl(e,w)—l
<Xiewh > o +e(l+e)h Z ol /log jh, (6.7.10)
7=0 Ni(ew)

where X} (e,w) := maxo<j<n, (e,w) | Xn(j,w)| < +o0o. Notice that

h Z ‘7+1 Vog jh = h{Othl(a’w)Jrl log N1(g,w)h + -+ af 'y /lognh}
j=Ni(g,w)
< hy/log nh{Ozflzh(‘E’w)Jrl -+ ah'H}
_ \/lognh(azﬂ B ath(E’w)) < \/lognhO[ZJrl
M 1
where we have used the fact that hay/(ap, — 1) = 1/pu. Therefore,
P miew) @ VIOBTE 1

lim su
Hno a1y /log(n+1)h K

and so using this along with equations (6.7.9) and (6.7.10) we get

h oL (X G w
Jim sup Z] —0 h | h(Xn(d,w)) <(,u—|—F1)c(1+5)

1 < , forallwe A..
n—00 ap ™ y/log (n + 1)h K

Moreover, since € > 0 can be chosen arbitrarily we can allow € — 0 through the rationals

to get

limSupth ARG ATAR)] _ (u+T)e
n—o0 n+1 log (n+ 1)h = [

, forallwe A..
Therefore by (6.7.6) and (6.7.8),

202 Y; 1 T
L | 1L 3 Y 2 wY

_ , a.s.on A
(2 — hpy) n—oo y/log(n+1)h e

However, we get a contradiction above if we make the choice

37— )
2p+14
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which means that our assumption that P[A.] > 0 is incorrect. Thus, P[A.] = 1 and

Then recalling that u =T'1/2 we get

X 1
hmsup’ n(n)| > o]

n—oo Vlognh = 2,/2—hl'1/2 VI1’

Finally, we reintroduce the fact that I'jy = I'(1 4+ v) where v € (0, 1) is sufficiently small.

a.s.

Letting v — 0 proves the desired result. O

Proof of Theorem 6.3.3. By squaring (6.3.1) we can show that for n > 0,

Xp(n+1) — X2(n) = M(Xn(n)) + 20VhE (Xp(n))E(n + 1)

+ %[ (n +1) — 1], (6.7.11)

where A\, () := 2hax f(z,nh) + h2f?(x,nh) + 0*h and Fy(z) := hf(z,nh) + z. Define the

martingale differences

AMy(n+1):=o*h[(n+1)—-1], n>0,

Aby(n+1) :=20VhE(Xp(n)E(n+1), n >0,

so that Mpy(n+1) := 37 AM(j+1) and 0 (n+1) := 3775 A0y (j + 1) are martingales.
Thus, returning to (6.7.11) and summing on both sides yields
Xi(n+1) = X3(0) = > M(Xn(4)) + Mu(n+1) + 6p(n+1), n>0. (6.7.12)

J=0

It is clear, by the strong law of large numbers, that there is an almost sure event {2; such

that on 4,
n—1
. Myp(n) 2, 1. 1 2/, 2 2/
1 ——==0"h 1 — 1) — 1] = o“hE 1H)—-1]=0 6.7.13
Jim == =0 nggon;[ﬁ (F+1) -1 =c®hE[E(j +1) - 1] =0,  (6.7.13)
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where we are using the fact that £ has a standard normal distribution. We now apply
the exponential martingale inequality to the martingale 6;(n 4+ 1) which has quadratic
variation given by

Br)(n+1) =Y _40*hFZ(X4(j)), n>0.
j=0

Applying Theorem 5.2.4, where § > 0 and 7 > 1 are arbitrary constants, we have for all

n €N,

—p m—1
]P’[ max {Hh(m) - ﬁTT Z 402hF,%(Xh(j))} > gt logn] < L

1<m<|r"] nt’
The Borel-Cantelli lemma then yields that for all w € Qg, where P[Qy] = 1, there is a
random integer ng = ng(w, h) sufficiently large such that LT"O_lJ > el and for n > ng we
have

m—1
On(m) < B 7" logn + 287" Y~ o?hFR(X(f), 1<m< |77,
j=0

For the next part of the proof we view the path w as fixed and suppress it in our notation.
The following argument is, for the most part, deterministic in spirit. Using (6.2.9) and

(6.3.4) it is clear that
F2(x) = W2 f*(x,nh) + 2ha f(z,nh) + 22 < B2 f% 4 2hp + 22,

so that for n > ng and 1 < m < [7"] we have

m—1 m—1
- 20 20 :
9 1, _n+1 4P 2 2 72 4P 25, X2(7). 7
w(m) < 57" Hlogn + =7 Za h(h*f —|—2hp)—|—7_n Zo hX2(j) (6.7.14)
7=0 7=0
Define
m—1 m—1
Th(m) = Xp(0) + > A(Xn(§)) + 287" > o®h(h*f2 + 2hp) + My (m),
j=0 j=0

so that (6.7.12) gives, for 1 <m < [7"] and n > ny,
m—1
Xj(m) < Ty(m) + 877" logn + 28" Y " o®hX7(j). (6.7.15)
j=0
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Note that by (6.2.9) and (6.3.4) and the fact that m < [7"] < 7" we have
Th(m) < X7(0) + (2hp + h* f? + o®h)m + 2B02h(h? f* + 2hp) + M,(m),

and so by (6.7.13),

T _
lim sup n(m) < 2hp+ h2f2 +0%h =X, as. on QN O,
m

m—00

where P[QoN€4] = 1. Thus, for every € € (0, 1) there exists a number mg(¢) € N such that

for mo(e) < m < |7"] we have Tj,(m) < A\ (1+¢)m < A\y(14¢)7". Moreover, on the finite

set m € {1,...,mg(e) — 1} there exists a number 71 (e, h) > 0 such that Tj,(m) < Ti(e, h).

Combining both of these estimates gives,

Th(m) < Ti(e,h) + A1 +e)m" =Ty (n), 1<m<|[7"].

So now, returning to (6.7.15), for n > ng and 1 < m < [7"] we have
m
Xi(m) < Tji (n) + B~ 17" logn + 287" > 0”h X (j)

Following the notation of Lemma 6.7.1 we set y(m) := X?(m), ap(n) := Tj _(n) +

Bl logn, ¢(n) := 287" and by, := oh. Therefore, for n > ny,

,_.

m—

y(m) < ap(n bry(j), 1<m <[],
jZO

and so we can apply Lemma 6.7.1 to conclude that for n > ny,
m—1
n) [T (0 +e(n)bn), 1<m< "],
=0
Then using the fact that 1 +x < e for > 0 we have for 1 <m < [7"] < 77,

m—1
X?(m) < ap(n)exp 26777 Z o’h] < ap(n)exp [2602h], n > ng.
7=0

Now let 1 < [~ <m < [7"] where n > ng. Then

X?(m) < ap(n) 1 7 logn
2mhloglogm — pf~lrntllogn 28h m loglogm
ap(n) 1 logn
— g~ lrntllogn 26k |71 loglog [ 771 |

exp [Zﬁazh]

exp [2502 h] .
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Notice that

ntl log log |77~ 1
lim ah—(n) =1, BN 72, and lim w =1.
n—oo f-1rntllogn n—oo |T1] n—00 logn
Therefore, since n — oo as m — oo we have
X}ZL (m) 7—2 2602h

)
P omhloglogm = 25k ’

where this estimate holds for all outcomes in an event of probability one, say 2.

considering 2" := Npen§2; 1, L.e. by letting 7 — 1, we get
P

X3 1
lim sup A7) < 62;302}1’ a.s. on QF,
m—oo 2mhloglogm — 20h
where Q* is an almost sure event. Finally, choose 3 = 1/(2ho?) to get

X} X}
lim sup & = limsup & <ol as.
m—oo 2mhloglogmh m—oo 2mhloglogm

Taking square roots on both sides gives the desired result.

By

O]

Proof of Theorem 6.3.4. First fix the step size h < min(y/I'%, (2y)~!) where the con-

stants I and ~ are defined in Assumption 6.2.1 and Assumption 6.2.2 respectively. By the

same argument as that used in the proof of Theorem 6.3.1, this step size restriction also

implies that A < min(vy; /T, (2y1) ') which allows us to define ay, := (1—2hvy; +2h?T}) -

where o, > 1. Squaring (6.3.6) and multiplying across by aZH gives

T X7 (n+1) = oM XE (n) + 2ha) T X (n) £(Xk(n), nh)
+ W2t f2(Xn(n), nh) + 2Vhaj ' X5, (n)g(Xn(n), nh)é(n + 1)
+ 20V ha T f(Xp(n), nh)g(Xp(n), nh)E(n + 1).
+ 9% (Xn(n),nh)hay e (n + 1)
Note that by (6.2.4) and the fact that 2zy < x? 4 y? for any z,y € R we have
f2(x,nh) < (T +Ty|z|)? = T2 + 20y x| + T32? < 2T2 + 2T'%22
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Using this and conditions (6.2.6) and (6.2.14) we get

ap T XG (n+1) < ap TIXG (n) — ah X3 (n) + af X5 (n) + 2hay ™ [pr — 1 X (n)]
+ 202012 4 202 ITIXE (n) + 2Vha X, (n) g (X (n), nh)€(n+1)

+ 20V ha P F (X (n), nh)g(Xn(n), nh)E(n+1) + Kiha e (n+1).
By the definition of «j we have
QX2 () — af XE(n) — 2hall Iy X (n) + 2h2a) I TEXE (n) = 0,
so that our equation above becomes

T X7 (n+ 1) < aif Xj(n) + 2hal ™ py + 207} TITE + o T KT

+ 2Vha T L (X (n)E(n + 1) + K2ha! [ (n+1) — 1] (6.7.16)
where Fy(z) := zg(z,nh) + hf(z,nh)g(xz,nh). Define the martingale differences

AMy(n+1) = Kthay ™ [E(n+1) - 1], n >0,

Aby(n+1) = 2Vha T E (X (n)E(n + 1), n >0,

so that My(n+1) := 30 AM(j+1) and 0, (n+1) := 377, A0y (j +1) are martingales.

We also define \j, := 2p; + K7 + 2I'3h so that (6.7.16) reduces to
T XE(n 4+ 1) — af XE(n) < hApal ™ + AMy,(n+ 1) + Ay (n + 1).
Summing on both sides yields for n > 0,
X7 (n+1) — <h)\hZa + Mp(n+1) 4+ 0p(n+1).

We now apply the exponential martingale inequality to the martingale 6,(n + 1) which

has quadratic variation given by

(61)(n Z4h TRE2(X(5), n> 1.
7=0
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Applying Theorem 5.2.4, where 8 > 0, § > 0 and 7 > 1 are arbitrary constants, we have

for all n € N,
Pl max {0,(m) - 200;" Z ha2 2R (X (1) } = 4 e T logn] <
1<m<|nd] h - n"

The Borel-Cantelli lemma then yields that for all w € Qg, where P[Q)y] = 1, there is a

random integer ng = ng(w, h) sufficiently large such that for n > n; := ng(w, h)V[1/5] V2,

m—1
On(m) < B 'aprlogn + 280, ™ Y hai? TPFE(Xu(5)), 1< m < |nd).
7=0

Using (6.2.4) and (6.2.6) it can be shown that
FX(x) = g*(z,nh) (z + hf(z, nh))2 < g*(z,nh) [(2hp1 + 2h°T2) + mQOz}:l]

Recall from Remark 6.2.3 that for all € € (0,1) there exists X (g) > 0, independent of ¢,
such that |g(z,t)| < K(1 4 ¢) for |z| > X (&) uniformly in ¢. Moreover, by the continuity

of g, for |x| < X (e) we have |g(z,t)| < c3(X(€)) < co. Thus,

m—1 m—1
hoi P FR(Xn(5)) = Y ha P FA(XL0)) 11, ()15 X ()
7=0 Jj=0
m—1
+ > hay P FH (X)) L, )1< X (0))
7=0

3

< ha?PPRA(1+ €)?[(2hpr + 2h°T3) + X2(5)ey, ]

T.
o

+ Z ha? P2 c3(X (€)) [(2hp1 + 2h°T3) + X2(e)a; ]

By splitting the sum in this way, we can isolate the terms where we can bound g using
the asymptotic bound given in Assumption 6.2.6, which only comes into effect for large
enough values of X, (7). This results in an addition term which we can define as M (m) :=

Py 01 hoz2]Jr2 A(X(e))[(2hp1 + 2h°T3) + X2(z—:)a;1]. For n > nj and 1 < m < |[nd] this
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gives

m—1
On(m) < B~ gt logn + 280y, " K*(1+ €)*h(2hpy + 20°T5) Y o/
=0

J
+ 200, Mji (m) + 20y, " K3 (1 - Z a2 XE(

Note that the only major difference between this estimate and the equivalent estimate
(6.7.3) in the proof of Theorem 6.3.1 is the extra term QBa,;”‘SM,’: (m). However, it can
be shown that this term is of order 0/,25 and so it will be donimated by the term of order
aﬁ‘s logn as n — oo and it will not contribute to the final asymptotic estimate.

The proof now follows similar steps to the proof of Theorem 6.3.1 where o is replaced

by K(1+ ¢) and we will ultimately let € — 0 to get the desired result. O

Proof of Theorem 6.3.5. By squaring (6.3.6) we can show that for n > 0,
Xij(n +1) < Xji(n) + h* (X (n),nh) + 2hf (Xp(n), nh)g(Xp(n), nh)VhE(n + 1)
+ 20 Xp(n) f(Xn(n), nh) + 2X3,(n)g(Xp(n), nh)VhE(n+1) + KThE? (n+1),

where we have used (6.2.14). To simplify the notation, define A\y(x) := 2hxf(x,nh) +
h2f2(x,nh) + K2h and Fy(z) := hf(z,nh)g(x,nh) + zg(xr,nh) so that we can write our

equation as
X} (n+41) = X2(n) < M(Xp(n)) + AMy(n+ 1) + Aby(n+1), n>0, (6.7.17)
where
AMpu(n+1):= K?h[?(n+1) 1], n>0,
Aby(n+1) := 2VAEF,(Xp(n)E(n+1), n>0.

Therefore Mp,(n+1) == 377 AM(j+1) and 0y (n+1) := 315 A0y (j+1) are martingales.

Thus, returning to (6.7.17) and summing on both sides yields

Xi(n+1) - <ZAhXh )+ My(n+1)+6y(n+1), n>0.
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It is clear, by the strong law of large numbers, that

n—1
1
= Kih lim —3 [62(j+1) = 1] = KThE[€*(j +1) = 1] =0,
j=0

M
lim h(n)

n—oo

where we are using the fact that & has a standard normal distribution. We now apply
the exponential martingale inequality to the martingale 65(n 4+ 1) which has quadratic
variation given by

() (n+ 1) = S 4RFR(X0(), n > 0.
7=0

Applying Theorem 5.2.4, where § > 0 and 7 > 1 are arbitrary constants, we have for all

n €N,

IP’[ max {Gh(m) _g ni_:léth,%(Xh(j))} > [ intt logn} < — 1

1<m<|7"]
The Borel-Cantelli lemma then yields that for all w € Qg, where P[Qy] = 1, there is a
random integer ng = ng(w, h) sufficiently large such that LT"O_lJ > el and for n > ng we
have

On(m) < 817" logn + 287 Y " hFZ(Xu(j), 1<m<|7"].
Using (6.2.9) and (6.3.4) it is clear that
F2(x) = g*(z,nh) (hf(z,nh) + :1:)2 < g*(x,nh) [h2f2 + 2hp + x2].

Recall from Remark 6.2.3 that for all € € (0,1) there exists X (&) > 0, independent of ¢,
such that |g(z,t)| < K(1 +¢) for |z| > X (&) uniformly in ¢. Moreover, by the continuity

of g, for |x| < X () we have |g(z,t)| < c3(X(€)) < co. Thus,

3

267" > " hEF(Xa(j))

7=0
Qﬁ m—1
= 0 2 MR,y =0 Z PER (X)L 1x00) <X @)
=0
m—1 m
g@ hK?(1+¢)?[R*f* + 2hp + X7(j) Z )[R F? + 2hp + X2(e)].
-
3=0 3=0
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Define M} (m) := 267" Z;":_Ol he3(X (e)) [h2f*42hp+ X?(g)]. Therefore, for n > ng and

1 <m < |7"] we have

m—1
Op(m) < 71" logn + 287" Z hK?(1 +€)*(h*f? + 2hp)
j=0
m—1
+ My (m) + 287" > hK* (142’ X7(5).
j=0

Note that the only major difference between this estimate and the equivalent estimate
(6.7.14) in the proof of Theorem 6.3.3 is the extra term M} (m). However, it can be shown
that this term will be donimated by the term of order 77! logn as n — oo and it will not
contribute to the final asymptotic estimate.

The proof now follows similar steps to the proof of Theorem 6.3.3 where ¢ is replaced

by K(1+ ¢) and we will ultimately let € — 0 to get the desired result. O

6.8 Proofs of Results from Section 6.4

Before proving our main results we first show that even without the one-sided Lipschitz
condition (6.4.2) on f, we can prove that there exists a (not necessarily unique) solution
to (6.4.1) in both the O-U case and the Iterated Logarithm case. Notice that there will
be a solution of (6.4.1) provided that, for every x € R and ¢ > 0, there is a solution y € R
of

y=x+hf(y,t). (6.8.1)
First we consider the O-U case where our condition on f is given by (6.2.6).

Lemma 6.8.1. Let h > 0 and suppose that f obeys (6.2.6). Then for every x € R and

t > 0 there is at least one solution y of (6.8.1).
Proof. Fix t > 0 and define for each = € R the function G5 : R x [0,00) — R

Geo(y,t) =y—x—hf(yt), yeR, t>0.
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Note that the continuity of f ensures that G, is continuous for each fixed ¢. Therefore, if
we can find values y,,y_ such that G,(y4) > 0 and G,(y—) < 0 then there must exist a

solution y € (y_,y+). Define y, := (2% + 2hp1)/(1 + 2h7y1). Then for |y| > \/y=

1 1
YGo(y.t) = y* —zy — hyf(y,t) > 92(5 + hyp) — 5962 —hp1 >0

where we have used (6.2.6) and the fact that xy < %xQ + %yZ. This means that y and

G:(y,t) have the same sign when y > \/yx and y < —,/y,. Thus, setting yy = /yx > 0

and y_ = —/y» < 0 means that G;(y,t) > 0 and G,(y—,t) < 0 for every fixed ¢ and so
there exists a solution y € (y—,y). O

We now consider the Iterated Logarithm case where our condition on f is (6.2.9).

Lemma 6.8.2. Let h > 0 and suppose that f obeys (6.2.9). Then for every x € R and

t > 0 there is at least one solution y of (6.8.1).

Proof. Following on from the proof of Lemma 6.8.1, define 1, := 2> + 2hp. Then for

lyl > VY«

1 1
YGu(y,t) = y* —zy = hyf(y,t) 2 gy* = 52* —hp >0
where we have used (6.2.9) and the fact that xy < %332 + %yQ. This means that y and

G (y,t) have the same sign when y > /y, and y < —,/y.. Thus, setting y+ = \/y > 0

and y_ = —,/y» < 0 means that G;(y,t) > 0 and G,(y—,t) < 0 for every fixed ¢ and so
there exists a solution y € (y_,y4). O

Proof of Theorem 6.4.2. Consider the first step of the discretisation given by (6.4.1).
Multiplying across by X;/(n) on both sides gives

(X5:(n))? = Xn(n)Xf(n) + hX}(n) f(X}(n),nh), n>0.

Then using (6.2.6) and the fact that zy < %mQ + %yz for z,y € R, we can show that

X < > 0. 8.2
(Kam) < T Y 1o, 20 (6.8.2)
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Now consider the second step of the discretisation given by (6.4.1). Squaring it gives

Xi(n+1) = (X;(n))" + 20VhX; (0)E(n + 1) + 0*he* (n + 1)

< X2(n) + 2hpy

oy H2oVRXG 6+ 1) + oI 1)~ 1] 4 0%

Define oy, := 1 + 2h~y1, where 7, arises from condition (6.2.6). Note that ap > 1 for any

h > 0 since 7 > 0. Multiplying both sides of the above equation by aZH gives

n+1 y2 n+1
1y2 a, " X (n) 2 2 ay " 2hpy on 1,2
Oé;LH- Xp(n+1) < m—i—aZXh(n)—aZXh(n)-FW—l- )
+ap20VhXG()E(n + 1) + af T o?hlE3 (n + 1) - 1]. (6.8.3)

However, by the construction of aj; we have o)™ X2(n)/(1 + 2hy1) — a?X?(n) = 0.

Defining A, := 02 + 2p1/(1 + 2h7;) and summing on both sides of (6.8.3) then yields
X3P (n+1) — <h)\h2a +0r(n+1)+ Mp(n+1), n>0,
where we define the martingales
Op(n+1) Z%Iaﬂ“ S EG+1), n>0,

7=0

My(n+1):=> ohaf (i +1)—1], n>0.
j=0

We now apply the exponential martingale inequality to the martingale 6;,(n + 1) which
has quadratic variation given by
- 2
2542 *(
On)(n+1) = 40”ha? (X5 (5)) "
§=0
Applying Theorem 5.2.4, where > 0,5 > 0 and 7 > 1 are arbitrary constants, we have

for all n € N,

IN

é
9 2+2 9 ap’tlogn
204”‘55 4ahaj ())}27

IP’[ max {Qh
h =0

1<m<|nd]
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The Borel-Cantelli lemma then yields that for all w € Qg, where P[Qy] = 1, there is a
random integer ng = no(w, h) sufficiently large such that for n > n; :=ng Vv [1/d] V2, and

for 1 <m < [nd],

a’rlogn B &=, 2542 [y ) 2
O(m) < S s D Aotha (X (7))
ap’ 5
aMrlogn  4B02h%p; e 20 2ﬁa h'e= 941 2
STyt ay Z X (6.8.4)
h j=0 j=

where we have used (6.8.2) in the last step. One can now immediately see the similarites
between this estimate and the analogous estimate (6.7.3) arising in the Euler-Maruyama
case. Here, our estimate does not depend on the constants I'g,I'; of the linear growth
bound (6.2.4). Our proof now follows exactly the same steps as in the proof of Theorem

6.3.1 up until

X2
lim sup =2 (m)
m—o0 ogm

< (2ho® + 711 hlevs 0+1 exp (280, " 52h Z o/Jrl 1, (6.8.5)
7=0

where, by the definition of oy, and the fact that m < [nd| < nd,

2 —-m 2
n5 o2h Z Oﬂ“ 2B0hag, " apagt _ Bo“ay,
- ap —1 7

The estimate (6.8.5) holds for all outcomes in an event of probability one, say Q5. By
considering 2* := Mpen{2; 1 1, i.e. by letting 7 — 1 and 6 — 0, we get
p’p

X2 2
lim sup h(m) fo”an

m—oo ogm

< (2he® + 7 Hay, exp [ ], a.s. on QF

4!

where Q* is an almost sure event. Finally, choose 3 = v1 /0%y, to get

X2 X2 2
lim sup A(m) = lim sup h(m) 7

h h*3 5.

Once again, we recall from Remark 6.2.2 that 1 := (1 —n) where n € (0, 1) is arbitrary.

Letting n — 0 and taking square roots on both sides gives the desired result. O
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Proof of Theorem 6.4.3. Consider the first step of the discretisation given by (6.4.1).

Multiplying across by X;(n) on both sides gives
(Xi(n))" = Xp(n) X} (n) + hXj(n) f(Xj(n),nh), n > 0.
Then using (6.2.9) and the fact that zy < %mZ + %yz for xz,y € R, we can show that
(X5 (n))? < X2(n) +2hp, n>0. (6.8.6)
Now consider the second step of the discretisation given by (6.4.1). Squaring it gives
X2(n+1) = (Xi(n)* + 20VEX;(n)E(n + 1) + 02he2(n + 1)
< XP(n) + 2hp + 0*h + 20V X} (n) E(n + 1) + 0?h[2(n + 1) — 1]
Defining Aj, := 02h 4 2hp and summing on both sides then yields

Xi(n+1) = XZ(0) <> A +0u(n+ 1)+ My(n+1), n>0,
=0

where we define the martingales
Op(n+1) Zzath (HNEG+1), n>0,
Mp(n+1): 202h§2 G+1)—1], n>0.
7=0
We now apply the exponential martingale inequality to the martingale 6;,(n + 1) which

has quadratic variation given by
(Op)(n+1) Z 40’2h X7y

Applying Theorem 5.2.4, where § > 0 and 7 > 1 are arbitrary constants, we have for all

n €N,

nml

1
Z 402h Xh } > B_IT”Hlogn < —

nT

IP’[ max {9

1<m< ||
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The Borel-Cantelli lemma then yields that for all w € Qg, where P[Qy] = 1, there is a

random integer ny = ng(w, h) sufficiently large such that for n > ng, and for 1 <m < [7"],

—p m—1
0y (m) < " logn + &'2 Z 4o2h(X;:(j))2
j=0

m—1 m—1
< B ogn 42817 Y 207 WP p + 267" Y o?h X (), (6.8.7)
j=0 J=0

where we have used (6.8.6) in the last step. One can now immediately see the similarites
between this estimate and the analogous estimate (6.7.14) arising in the Euler-Maruyama
case. Here, our estimate does not depend on the constant f of condition (6.3.4). Our

proof now follows exactly the same steps as in the proof of Theorem 6.3.3 to get

X2(m)
li —Thv T <2 S.
ﬁnffop 2mhloglogmh — o6 as

Taking square roots on both sides gives the desired result. O

Before we begin the proofs of Theorems 6.4.4 and 6.4.5 we must first prove auxiliary

results.

Lemma 6.8.3. If f is locally Lipschitz continuous as per (6.2.2) and obeys either As-

sumption 6.2.2 or 6.2.5, then there exists cs > 0 such that |f(0,t)| < c5 for allt > 0.

Proof. Assumption 6.2.2 implies that f(1,t) < ca(1) and —f(—1,%) < ¢2(1) for all t > 0.
On the other hand Assumption 6.2.5 implies that f(1,t) < p and that —f(—1,t) < p
for all ¢ > 0. Therefore, in either case, there exists ¢4 > 0 such that f(1,f) < ¢4 and

f(=1,t) > —¢4 for all t > 0. By (6.2.2) there exists M; > 0 such that
|f(1,t) — f(0,t)] < My and |f(—1,t) — f(0,t)] < M; forallt>0.

Therefore f(0,t) < f(1,t) + My < Mj + ¢4 for all ¢ > 0. Similarly, we have f(0,¢) >

f(=1,t) — My > —cq4 — My for t > 0. The result follows with c5 := M; + ¢4 + 1. O
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In Lemmas 6.8.1 and 6.8.2 it was shown that if f obeys either Assumption 6.2.2 or 6.2.5,

then for any = € R there exists * = z*(z,t) € R such that
¥ =z + hf(z",t). (6.8.8)

In the proof of Theorem 6.4.4 we need to know that in an equation of the form (6.8.8), if
|z| is of a certain size then we can also bound |z*|. This connection between = and z* is

detailed in the following lemma.

Lemma 6.8.4. Let f be locally Lipschitz continuous as per (6.2.2) and let f obey either
Assumption 6.2.2 or 6.2.5. Suppose that c5 is defined by Lemma 6.8.3 and that ¢ > c5. If
|z| > ¢ then for any x* which obeys (6.8.8) we have |x*| > Hy(c) where Hy is an increasing

function which obeys Hy(c) — oo as ¢ — 0.

Proof. First define the function

Fei(y) ==y + hmax|f(u,t)| — ¢, for everyt >0,
<y

Jul
and notice that y — F,;(y) is continuous and increasing for every ¢ > 0. Then Fi(c) =
hmaxi, <. |f(u,t)] > 0 for every ¢ > 0. Moreover, by Lemma 6.8.3 we have |f(0,t)| < c5
for all t > 0 and so F.4(0) = |f(0,t)] —c < c5s —c < 0 for every t > 0. Since the function
changes sign it follows that for every ¢ > ¢5 there must exist a Hy(c) € (0,c| such that
F.i+(H¢(c)) = 0. Now let |z| > ¢ and suppose that |2*| < Hy(c). Then using the fact that

F.+(H¢(c)) = 0 we have

|z = |2* = hf (2", )] < [a"[ + hlf (27, 1)]

< Hi(c)+h max u,t)| —c+c=c,
() +h max|f(w.0)

which forces a contradiction. Therefore, the assumption that |z*| < H(c) is incorrect.
Thus, |x| > ¢ implies that |z*| > Hy(c).
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We now show that ¢ — H(c) is increasing and that Hy(c) — oo as ¢ — oo. Let

as > a1 > c5. Then for every t > 0 we have

Fo,t(y) =y + hmax|f(u,t)] — a2 < y+ hmax|f(u,t)| — a1 = Fo, +(y).
<y [ul<y

|ul

Using this fact we have
Foyi(Hy(a1)) = 0 = Fop i (Hy(a2)) < Fay ¢ (Hi(az)),

which means that

Foy t(Hi(ar)) < Foy 1(He(az)).

However, since y — F,;(y) is increasing we must have Hy(a;) < Hi(az), which in turn
means that H; is increasing. Now suppose that lim._,. Hi(c) = Ly < 4o00. Since

F.1(H¢(c)) = 0 we have

Hi(c)+h max u,t)| =¢, foreveryt>0.
(e) b mase | f(u.) y

However, taking the limit as ¢ — oo on both sides yields a contradiction since the limit
on the left-hand side is L; + h max, <y, |f(u,?)| which is finite for every ¢ > 0 since f is
continuous. Thus, our assumption that lim._,o, Hy(c) = L; < 400 was incorrect and so

we must have lim._,o, Hi(c) = 0. O
We need one final estimate on H, ! to hold independently of .

Lemma 6.8.5. Suppose that f is locally Lipschitz continuous as per (6.2.2) and obeys
either Assumption 6.2.2 or 6.2.5, and let c5 be the number defined in Lemma 6.8.53. Let
t > 0. If H; is the invertible function defined in Lemma 6.8.4, then for all d > c5, there

exists a finite Fp(d) > 0 such that

H;'(d) < Fp(d), t>0.
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Proof. For any t > 0 and ¢ > ¢5 we have by definition that H;(c) is the unique solution of

= Hy(c)+h )|, where Hy(c) € (0,d.
e=Hy(e) +h mox |f(u.t)]. where H(c) € (0.d

Let d > ¢5. Then d > ¢5 > Hy(cs). Thus Ht_l(d) > c¢5. Therefore, for each d > c5, there

exists a ¢ > c5 such that ¢ = H; ' (d). Therefore for each d > ¢5 we have that
H;'(d) = d + hmax |f(u,t)|.
lul<d

By Assumption 6.2.2 or 6.2.5 it follows, in the same way as was shown in the proof of
Lemma 6.8.3, that there exists a finite ¢ = cg(d) > 0 such that df(d,t) < c¢(d) and

—df (—d,t) < cg(d). Therefore
fldt) < c(d)/d,  f(—=d,t) = —ce(d)/d.
By condition (6.2.2), for all |u| < d there exists My > 0 such that
|f (u, ) = f(d,t)] < Malu —d| < 2dMy, [f(u,t) — f(—=d,t)] < Mg|u+d| < 2dMj.
Therefore for all |u| < d we have
Flu,t) < F(d,t) + 2dMy < co(d)/d + 2dMy,

and
Flust) > f(—d,t) — 2dMy > —co(d)/d — 2dMy.

Hence |f(u,t)| < cg(d)/d + 2dMy for all t > 0 and |u| < d. Therefore we have that

H;Y(d) = d + hmax | f(u,t)| < d+ hlcs(d)/d + 2dM,].

ul<d

Defining Fy(d) = d + hlce(d)/d + 2dMy] yields the desired result. O

Proof of Theorem 6.4.4. Consider the first step of the discretisation given by (6.4.5).
Multiplying across by X;(n) on both sides gives
* 2 * * *
(Xh(n)" = Xn(n)Xj(n) + hXp;(n) f(X5(n),nh), n>0.
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Then using (6.2.6) and the fact that zy < %:):2 + %yQ for xz,y € R, we can show that

% 2 X,%(n) 2hp1
X < > 0. 8.
(Xi(m)” < 1420y 14 2hm nz0 (6.8.9)

Now consider the second step of the discretisation given by (6.4.5). Squaring it gives

Xfl(n +1)= (X}*L(n))2+ QﬁXﬁ(n)g(X;(n), nh)é(n+1)+ gQ(X}*L(n), nh)h&Q(n—l—l)

_ XE(n) +2hp1
1+ 2h’yl

+ 2Vh X} (n)g(Xj(n), nh)E(n+1) + KTh€*(n + 1),
where we have used (6.2.14). Define ay, := 1+2h~;, where 7, arises from condition (6.2.6).
Note that o, > 1 for any h > 0 since y; > 0. Multiplying both sides of the above equation

by a"+1 gives

an+1X}21 (n)

1+ Qh’yl

ozZHthl

n+1X2 1
o Xp(n+1) < 1+ 2kt

+ o XE(n) — al X2 (n) + + M Kih
+ a2V R X} (n)g(X (n), nh)E(n + 1) + o P KZR[E2 (0 + 1) — 1]
However, by the construction of aj; we have o)™ X2Z(n)/(1 + 2hy1) — a?X?(n) = 0.
Defining \;, := K7 + 2p1/(1 + 2h7;) and summing on both sides then yields
a1 XE(n+1) - <h)\hZo< +0r(n+1)+ Mp(n+1), n>0,
where we define the martingales

Z2f e P X ()g(X7 () R G +1), n >0,

My (n+1) Zthai“[f%H) 1], n>0.
7=0

We now apply the exponential martingale inequality to the martingale 6;,(n + 1) which

has quadratic variation given by

(On)(n +1) Z4h X)) P (XG ), gh).
7=0
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Applying Theorem 5.2.4, where § > 0,6 > 0 and 7 > 1 are arbitrary constants, we have

for all n € N,
2hﬂ 2]+2 2 9 Tlogn 1
> < —.
P{lggg}fndj{ E 97 (X5 (9), h)} Bay, 7n5i| =7

The Borel-Cantelli lemma then yields that for all w € Qg, where P[Qy] = 1, there is a
random integer ng = no(w, h) sufficiently large such that for n > n; :==ng Vv [1/d] V2, and

for 1 <m < [nd],

7'10%” 2h3 — 2 +2 2 2 .
Op(m) < —— - Y 97 (Xp(75),3h)
Ba 5T ah5 z(:)
-1
TlOgTL 4Bh K p1 2741 Qﬂh 2
< st ——5 e ,f“g%x (7),3m) X2 (),
Bag, ay s il

where we have used (6.8.9) and the fact that ¢g2(x*, jh) < K?.

Recall from Assumption 6.2.6 that for every ¢ € (0,1) there is an X(¢) > 0 such
that ¢g?(x*,t) < K2(1 +¢)? for all |2*| > X(¢) and for all ¢ > 0. Now let Xi(¢) :=
max (X (g),c5)+e¢ for every t > 0, where c5 is derived in Lemma 6.8.3. Then X () > X(¢)

and X;(e) > ¢5 for every t > 0. Now consider

m—1 m—1
o T (X5, M XR () = D o) TP (X5 () I XR D, () 1 (ra o)
j=0 J=0
m—1
27+1
+ ) o G (X7 (), i) XE ()1 (X0 ) <H;H (X1 ()
=0

where Hjj, is defined in Lemma 6.8.4 and is shown to be increasing, resulting in H ﬁll being
well-defined. By splitting the sum in this way, we aim to isolate the terms where we can
bound g using the asymptotic bound given in Assumption 6.2.6, which only comes into
effect for large enough values of X; (7). Doing so is more complicated in the split-step case
because the terms in the summations above involve a combination of X} (j) and Xj(j)
terms. Lemmas 6.8.3, 6.8.4 and 6.8.5 effectively allow us to estimate both simultaneously.

Recall that Hj,(X1(e)) < Xi(e) since X;(g) > ¢5. Therefore by Lemma 6.8.4, in the case
when | X3 (5)] > Hj_hl(Xl(e)) > Xi(e) > ¢5, we must have | X (j)] > Hjh(Hj_hl(Xl(g))) =
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Xi(e) > X(e) and so we can bound g using Assumption 6.2.6. In the case when | X} (j)| <
Hj_hl(Xl(s)), we can simply bound g using the global bound (6.2.14) and we can bound
X?(j) using the fact that H L(X1(e)) < Fr(Xi(e)) < 400 by Lemma 6.8.5. Therefore we

have that

,_.
,_.

m— m—

0423“ 2(X5(5),ih) X7 (5) < K*(1 +¢)? 042]+1Xh ) + M, (m),
7=0 7=0

where we define M} (m) := K} F? (X1 (¢)) ET:_OI aiﬁl. Thus, for n > ny and for 1 <m <

[nd],

m—1

0y (m) < B 1ral logn + 46h Klplah”5 Z oz2j+1 + 2ﬁhoz,:”5M;‘;(m)
7=0

,_.

m—
+2/6hahn§K2 1+€2 042'7+1Xh
7=0

Note that the only major difference between this estimate and the equivalent estimate
(6.8.4) in the proof of Theorem 6.4.2 is the extra term Zﬁhozg"‘sM;;(m). However, it can
be shown that this term is of order aﬁ‘s and so it will be dominated by the term of order
aZ‘S logn as n — oo and it will not contribute to the final asymptotic estimate. The proof

now follows similar steps to the proof of Theorem 6.4.2 to obtain the desired result. [

Proof of Theorem 6.4.5. Consider the first step of the discretisation given by (6.4.5).

Multiplying across by X (n) on both sides gives
(X3 (n)* = Xn(n) X (n) + hXG () F(XG(n). D), 0> 0.
Then using (6.2.9) and the fact that zy < %xQ + %yQ for z,y € R, we can show that
(X:(n))? < X2(n) +2hp, n>0. (6.8.10)
Now consider the second step of the discretisation given by (6.4.5). Squaring it gives
X2(n+1) = (Xi(n)*+ 2VhX; (n)g(X} (n), nh)&(n+1)+ g*( X} (n), nh)he? (n+1)

< X?(n) + 2hp + 2VEh X (n)g(X;(n), nh) E(n + 1) + K2he2(n + 1),
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where we have used the fact that g?(x,nh) < K2. Defining \j, := K?h+2hp and summing

on both sides then yields

3

X n+1) = X20) <) M+ 0(n+1)+My(n+1), n>0,
j=0

where we define the martingales
On(n +1) Z2th 9(Xi(),dnEG+1), n=0,
n(n+1) ZKl 2j+1)—1], n>0.

We now apply the exponential martingale inequality to the martingale 65 (n + 1) which

has quadratic variation given by
- 2
On)(n+1) =D 4h(X} (1)) g* (X5 (4), jh)-
§=0
Applying Theorem 5.2.4, where § > 0 and 7 > 1 are arbitrary constants, we have for all
n €N,
m

2 "1 logn 1
P[lgggfrnj{ ; g*(X5(3), h>}ZT S

The Borel-Cantelli lemma then yields that for all w € Qp, where P[Qy] = 1, there is a

random integer ng = ng(w, h) sufficiently large such that for n > ng, and for 1 < m < [77"],

m—1
On(m) < B~ ogn + = > 7 (XG()) 9" (X4 (4), jh)
J=0
2 — m
< gt ”+1logn+—Z2K1h2 Z ), i) X?(5),

7=0 =0

where we have used (6.8.10) and the fact that g?(z,jh) < K?. Using the same method as

used in the proof of Theorem 6.4.4 we can show that

,_n

m—1 m—
9 (X5 (4), jh) X5 (j) < K*(1+¢)? Xi(j) + My (m),
7=0 7=0
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where we define M (m) := K?F?(X1(¢))m. Thus for n > no,

m—1
2
0y (m) < " logn + —f E 2K3h?p + 28hr " M (m)
T
=0

m

=

+268hT K (1+e)* Y Xp(j), 1<m<|7"].

j=0
Again, the only major difference between this estimate and the equivalent estimate (6.8.7)
in the proof of Theorem 6.4.3 is the extra term 28h7~"M;(m). However, it can be shown
that this term will be dominated by the term of order 7" logn as n — oo and it will not
contribute to the final asymptotic estimate. The proof now follows similar steps to the

proof of Theorem 6.4.3 to obtain the desired result. O
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Appendix A

Simulation of a Simple Two—State Markov Jump Process

The need for the simulation of a Markov jump process became evident in light of the
analysis in Chapter 4 and in particular, the comments made in Remark 4.2.3. The issue is
that the rate of convergence of the ergodic theorem for Markov chains (Proposition 4.2.1)
appears to depend upon the step size h of the discretisation process. As a result, the log of
the discretised stock price Sj, (minus its trend) obeys an iterated logarithm growth bound

of the form

log Sp(n) — (1 — Sa2)nh 1
lim sup | og Sh(n) — (1 — 304)nh <o.V2e+ - ZVQ(i)\/Eai, a.s.,
n—00 2nhloglognh 2 pe

as seen in Theorem 4.2.4. On the other hand, the underlying continuous—time stock price

S (minus its trend) obeys an iterated logarithm growth bound of the form

[log S(t) — (u — 502)t] 1 2.
li <ood - . as.,
Haer V2tloglogt =0ty %’Y (1)Bi, as

as seen in Theorem 3.4.3. Therefore, if it was true that vha; — 0 as h — 0, then the result
for the discretised stock price would not be consistent with the result for the continuous—
time stock price. This prompted further analysis and led us to attempt to simulate the
problem numerically and to give evidence which suggests that in fact vho; — o ash — 0
for some finite value ;. The Matlab code used to produce these simulations was adapted

from code originally developed by Craig L. Zirbel and can be found here:
http://www-math.bgsu.edu/z/ap/

Due to computational and time constraints, we simplify the problem to study a two—state

Markov jump process with generator matrix

-7 M
T =

Y2 T2
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Then our discretised Markov chain has a matrix of transition probabilities of the form

IL—hy1  hm 1 1
P(h)=1+hT = where h < max (—, —).

hya 1 — g Y1 V2
As mentioned in Remark 4.2.2, this is an approximation of the chain. To begin with, we
choose 71 = 1,79 = 3 and h = .05 so that 1 — hy; = 0.95 meaning that the probability
of staying in state 1 is 0.95 and similarly, 1 — hs = 0.85 meaning that the probability of
staying in state 2 is 0.85. Moreover, the stationary distribution m = (71, m2) can be found

by solving 7" = 0 subject to m; + mo = 1. This gives

3 1
22 and w9 = mo_:z

S mtye 4 Mty 4

1

which means that in the long run the process will spend 75% of the time in state 1 and
25% of the time in state 2. The simulation of such a chain over 100 time steps is given

below using the notation p;; as the i — j* entry of the transiton matrix P(h).

Figure A.1: Two-state Markov chain

Py =095 p12:0.05 , :p21f(p21_p11+1)20.75
Py =015 p22:0.85 n2:p12;’(p21-p11+1):0.25
State 2 HebRE ek e el
State 1 E 3
1 1 1 1 1 1 1 1 1

10 20 an 40 50 60 70 20 a0 100
Time

Using this code we can also count the number of times that the chain has been in a
particular state up to a given number of time steps and in this two—state example we can
restrict our attention to state 1 only. The number of times that the chain has been in a

state is crucial to the estimation of the rate of convergence of the ergodic theorem as it
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corresponds to the quantity Vj(n) in the proof of Proposition 4.2.1. Indeed we see from
(4.3.26) that the rate of convergence we require is determined by the rate of convergence
of Vi(n) to nm. With this information we can plot |V;(n) — nm| alongside v/2nloglogn
to see that it does indeed obey an iterated logarithm growth bound as seen in the figure

below.

Figure A.2: Fluctuations from trend of V;(n) vs. v/2nloglogn

Fluctuation from trend number of visits to state 1

x10°

This simulation is very much consistent with (4.3.25), which states that

lim sup Vi(n) — min|

n—oo v2nloglogn —

We then want to approximate the magnitude, a1, of the iterated logarithm growth rate.

a1, a.s. (A.0.1)

That is, by considering the running maximum of Vi (n) — nm divided by v/2nloglogn at

the final time step we get an estimate on a value A; where

lim sup Vi(n) — mn| =

n—oo +/2nloglogn
Averaging a number of such calculations gives a value of approximately A; =~ 0.96. There-

fore, in the case when h = 0.05 we have vhA;(h) ~ 0.215.
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We then repeat such calculations where the step size is smaller by a factor of 100, i.e.
h = 0.0005. Averaging a number of these calculations gives a value of approximately
A1(h) = 10.5 which (significantly) is bigger than the previous A;(h) by a factor of 4/100.
Therefore, in this case when h = 0.0005 we have vhA;(h) ~ 0.235.

One can continue like this to obtain approximations of similar orders of magnitude. We
conclude from this that there exists a finite number A% such that vhA; — A% as h — 0.

Unfortunately, due to the fact that we have to sum along the sequence V;(n) in (4.3.23)
instead of summing along the integers as in (4.3.22), we lose equality in (4.3.23) and
consequently in (A.0.1) and thus we cannot be certain that A; is actually equal to «;.
Although we are unable to prove it, we conjecture that the sequence V;(n) is such that
equality is in fact preserved in (4.3.23) which would result in equality in (A.0.1). This
would mean that the estimate A; of the numerical simulation coincides with the bound
aq. Clearly it is far from a solid argument, but we believe that due to the Markov property
and the resulting loss of memory, the sequence V;(n) has sufficient independence and near—
linear growth that the equality in (4.3.23) is preserved and that there is a correspondence
between the A; and o;.

Naturally, if this is true it would also extend to a Markov process with finite state space
S and to any i € S. This leads us to believe that for each i € S there exists a; such that

\/Eozi—u)zfash—%).
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