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Abstract

Combined Time and Frequency Domain Approaches to the Operational
Identification of Vehicle Suspension Systems

Damien Maher

This research is an investigation into the identification of vehicle suspension systems
from measured operational data. Methods of identifying unknown parameter values
in dynamic models, from experimental data, are of considerable interest in practice.
Much of the focus has been on the identification of mechanical systems when both
force and response data are obtainable. In recent years a number of researchers have
turned their focus to the identification of mechanical systems in the absence of a

measured input force.

This work presents a combined time and frequency domain approach to the identi-
fication of vehicle suspension parameters using operational measurements. An end-—
to—end approach is taken to the problem which involves a combination of focused
experimental design, well established force-response testing methods and vehicle
suspension experimental testing and simulation. A quarter car suspension test rig
is designed and built to facilitate experimental suspension system testing. A novel
shock absorber force measurement set—up is developed allowing the measurement of
shock absorber force under both isolated and operational testing conditions. The
quarter car rig is first disassembled and its major components identified in isola-
tion using traditional force—response testing methods. This forms the basis for the
development of an accurate nonlinear simulation of the quarter car test rig. A
comprehensive understanding of the quarter car experimental test rig dynamics is
obtained before operational identification is implemented. This provides a means of

validating the suspension parameters obtained using operational testing methods.

A new approach to the operational identification of suspension system parameters
is developed. The approach is first developed under controlled simulated conditions
before being applied to the operational identification of the quarter car experimen-
tal test rig. A combination of time and frequency domain methods are used to
extract sprung mass, linear stiffness and nonlinear damping model parameters from
the quarter car experimental test rig. Component parameters identified under op-
erational conditions show excellent agreement with those identified under isolated

laboratory conditions.

xx1



Chapter 1
Introduction

his research is an investigation into the development of vehicle suspension
T simulations from measured operational data. Methods of identifying un-
known parameter values in dynamic models from experimental test data are of
considerable interest in practice. In design studies system identification methods
can be applied to experimental test data gathered from isolated testing of a specific
component of interest. Alternatively, they can be applied to operational data to

facilitate on-line monitoring and reliability studies.

System identification is a well established area of research. Much of the focus has
been on the identification of mechanical systems when force and response data are
obtainable. In many applications it can be impractical or impossible to measure
excitation forces. For example, during vehicle suspension operation, the input force
from the road surface to the tyre or the shock absorber force are difficult to identify
experimentally. In recent years a number of researchers have turned their focus to the
identification of mechanical systems in the absence of a measured input force. One
particular example is the rise of Operational Modal Analysis (OMA) techniques for
the identification of mechanical systems. The advantage of using operational testing
is that the system can be tested in its operating environment under actual loading

conditions and often without interfering with the system operation.

Design engineers have always had to come to a compromise between development
time and product quality and performance. This is especially true for the automotive
industry. There is a constant demand for improved vehicle quality, safety, efficiency

and performance. From the point of view of suspension systems, each new car strives
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to have better handling and also greater passenger comfort. This drive for greater
performance and shorter development times has created a demand for dedicated test
and simulation equipment. In the development of vehicle suspension systems much
development is exhaustively done by ride work [Il [2]. During ride work a vehicle
is driven over a number of test tracks. The suspension performance is evaluated
and the shock absorber tuned to improve the performance. With the increased
availability of powerful computers, many organisations are increasingly relying on

numerical simulations in place of expensive ride work for product evaluation [3] [4].

Numerical simulation is considerably less expensive in terms of cost and time. The
parameters for these simulations would classically be obtained using isolated com-
ponent testing. This requires disassembly of the suspension system and isolated
testing of the individual suspension components. The identification of simulation
parameters from operational testing would provide a convenient method of develop-
ing suspension simulations. It would also provide a cost effective and simple method
of continuous system monitoring as the instrumentation is non intrusive and does

not require the vehicle to be taken out of service.

With the increasing use of powerful computer systems in motor vehicles coupled
with the falling cost of robust and accurate accelerometers [5], the collection of
suspension vibration data during vehicle operation could easily be implemented.
Continuous monitoring of suspension operation would provide large amounts of data
for analysis both at regular service intervals and also by the on-board computer.
These data could be analysed to determine suspension system parameters and allow
for accurate assessment of suspension system performance. Vehicle manufacturers
could track changes in suspension performance over the lifetime of the vehicle and

use the acquired design knowledge in future system developments.

1.1 Background

A vehicle suspension system is the term given to the system of springs, shock ab-
sorbers and linkages connecting a vehicle chassis to its wheels. Suspension systems
dynamics are often viewed from two perspectives, ride and handling. A vehicle’s
ride quality is a measure of how well it evens out the irregularities of a bumpy road.
Vehicle handling is a measure of how well the car corners, brakes and accelerates

safely. The suspension is designed to maximise the friction between the tyres and
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Tyre

Suspension arm

Suspension hub

Figure 1.1: Automotive suspension system major components

the road surface to ensure good handling. It is also designed to maximise the com-
fort of passengers by reducing the acceleration of the car body and, hence, forces
on passengers. Suspension design is a compromise brought about by the demands
of these conflicting goals. Suspension experimental testing and simulation play a

major role in this design process.

Vehicle suspension systems can be classified into two main categories, independent
and dependent. The terms refer to the ability of opposite wheels to move relative
to each other. Dependent suspension systems have some form of rigid connection
between opposite wheels such as a beam axle or live axle which holds the wheels in
place. Independent systems allow opposite wheels to react independently to road
conditions. They provide superior ride and handling characteristics but are more
expensive to manufacture. This work will focus on independent suspension systems

and in particular the MacPherson Strut system.

The MacPherson Strut system is a widely used system in cars because of its light
weight and compact size [0 [7, §]. The major components of the system are shown
in Figure [[LTl The shock absorber consisting of spring and damper elements serves
to protect the vehicle from impact forces and high acceleration resulting from road
irregularities [0]. The spring force generated depends on wheel travel. The spring
temporarily stores energy imparted to the system by the road surface. The purpose

of the damper is to control the rate of energy release from the spring. It improves
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road holding by preventing the wheels from bouncing off the road. The dampers
resistance to sudden movements results in impact forces. The selection of springs
and dampers properties represent a compromise between the demands of ride and
handling [9]. It is common to design nonlinearity into the system to achieve the

desired ride and handling properties.

The tyre transfers forces and moments from the road surface to the suspension
system. Tyre stiffness is typically ten to twenty times that of the suspension spring.
The suspension arm and shock absorber are connected to the vehicle chassis using
rubber joints or rubber bushings. Road obstacles such as pot holes or transverse
joints in the road surface, excite the suspension system in a wide frequency range
which can come into the audible region [9]. Rubber bushings provide noise and
vibration insulation by reducing the transmission of high frequency vibrations to

the chassis.

1.2 Research objectives

This work will develop techniques for the identification of vehicle suspension sys-
tem parameters in the absence of a priori knowledge of the system or the input
force at the tyre patch. A focused and comprehensive approach to the problem will
be implemented, beginning with the development of an experimental testing setup.
This will take the form of a vehicle suspension experimental test rig, designed to
simulate on-road vehicle conditions in the laboratory. Traditional force-response
identification techniques will first be implemented on the major suspension rig com-
ponents. This will involve the disassembly of the rig to allow individual components
to be tested in isolation. Component models developed under isolated conditions

will provide the parameters for the development of a suspension system simulation.

The background knowledge gained during force-response testing of the quarter car
rig will provide the basis to pursue and develop the operational suspension system
identification techniques. Operational techniques will first be developed under con-
trolled simulation conditions. They will then be applied to the experimental iden-
tification of the suspension experimental test rig. Only acceleration measurement
of the unsprung and sprung masses will provide the measured data for operational
testing. It is believed that in the presence of unmeasured excitation force, a bound-

ary perturbation technique can be used to identify the component parameters in
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the system. This involves conducting two experimental tests, one a known added
mass attached to the vehicle sprung mass. The operational testing methods will be
developed to allow an instrumented vehicle to be tested in service without interfer-
ing with vehicle operation. The identified suspension parameters from operational
testing will be compared with those obtained using isolated testing to assess the

validity of the proposed approach.



Chapter 2
Literature review

his review provides an overview of the published work critical to the under-
T standing of this research in the context of mechanical engineering research
today. To begin, a review of mechanical system identification is presented. System
identification is the process of estimating input—output dynamic systems models,
and their parameters using measured data. The subject of system identification is
extremely broad and much research has been published in the literature on this topic.
Therefore, the topic has been broken down. Linear system identification procedures
are first examined followed by a review of popular nonlinear system identification
techniques. Examples from the literature on the application of linear and nonlin-
ear system identification methods to both experimental and simulated data are also

presented.

Focus then turns to the identification of vehicle suspension systems. The existing
literature is viewed from two angles, force-response identification and response only
identification, or operational identification. A critical review of research focusing on
the characterisation, mathematical modelling, parameter estimation and simulation
of suspension systems is documented. Experimental testing setups used by other
authors in the characterisation and identification of vehicle suspension systems are
examined along with simulation approaches. Finally the conclusions of this literature

review are summarised and the objectives of this investigation outlined.
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) —> h(t) ——> y

Figure 2.1: Single input/output system

2.1 System identification

A system can be defined as any collection of interacting elements for which there
are cause and effect relationships among the variables [I0]. This study is devoted
to dynamic systems, meaning the variables are time dependent. Consider the stan-
dard diagrammatic form of a Single Input/Single Output (SISO) system shown in
Figure 2] where z(¢) is the input function of time, y(¢) is the response function
of time and h(t) is a function which maps x(t) to y(t). Given any two of these
quantities it is possible, in principle, to determine the third. Simulation refers to
the process of determining y(¢) given z(¢) and an appropriate description of h(t),
deconvolution is the process of determining z(t) given y(¢) and h(t), and, finally,
system identification involves the construction of an appropriate representation of
h(t), given z(t) and y(¢). In essence, it is the process of developing a mathematical

model of a dynamic system based on measured data from the system.

The majority of mechanical system analysis procedures are based on linearity (e.g
modal analysis) [IT]. It is, therefore, essential that some form of test for the presence
of nonlinearities be carried out in the early stages of the identification process. The
identification and quantification of nonlinearities in mechanical systems is important
when models are being developed for the prediction of system performance [12].
System identification methods can be classified into two types, parametric and non—
parametric. Parametric methods aim to determine the parameters of an assumed
model of the system under investigation. Non—parametric methods aim to produce
the best functional representation of the system without a priori assumptions of
the system model. Regardless of system type, the steps in the identification process
are generally the same. System identification is a complex process as shown in
Figure [13]. The identification process can be broken down into the following
broad categories, characterisation, model selection, parameter estimation and model

validation. Each of this categories will now be discussed in more detail.
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2.1.1 Characterisation

The first step in the identification procedure is the detection of nonlinearity. Non-
linearity is present when there is no simple proportional relation between cause and
effect. Once it has been established that a nonlinearity exists, further investigation
is required to establish the location and type of nonlinearity present. A nonlinear
system is said to be characterised when the location, type and functional form of all
damping, stiffness and kinematic nonlinearities in the system are known. Character-
isation is the first step in the identification procedure as it provides prior informa-
tion about the system’s nonlinear structure which is needed to select an appropriate
input—output model form [I4]. Once a system has been characterised, various iden-

tification and parameter estimation algorithms can be applied to estimate the model

parameters with varying degrees of accuracy.
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2.1.2 Model selection

The second step in the identification procedure is model selection. Model selection
involves the identification of a set of candidate models which may be suitable for
modelling the system (e.g time domain models, frequency domain models, paramet-
ric, non—parametric, graphical). A combination of a priori system knowledge and
engineering intuition and insight are required for the selection process [15]. After a
set of models has been determined, a specific model or models in the set are selected.
The selection of a model is usually based on the results of some preliminary experi-
mental measurements of the system. Specially designed experiments are often used
to record the input—output data required for system identification. The experimen-
tal design aims to ensure that the measured data from such tests provide maximum
information about the system. In some cases the user may have no influence on the
setup of the system to be identified and the measured data may have to be recorded
from the system in its normal operating environment, as commonly observed in the

vibration analysis of civil engineering structures.

2.1.3 Parameter estimation

Once the model form is selected, the parameters of the model are estimated. Data
from experimental tests conducted on the system are used for the parameter estima-
tion process. Assessment of the model quality is typically based on how the model
performs when it attempts to reproduce the measured data [I5]. To be genuinely
useful a parameter estimation procedure should provide (i) parameters, (ii) error
estimates on the parameters, and (iii) a statistical measure of the goodness of fit
[T6]. Results from the parameter estimation step may need to be fed back into the

system identification process and the model order or type revised.

2.1.4 Model validation

Once the results from the parameter estimation step are satisfactory, the proposed
model must be validated. New measurement sets may be used to test the model for
a wider range of input signals. The inputs signals must be within the limits of the
model specified during the model selection process. Uncertainty on the estimates

increases with the number of estimated parameters for a given amount of measured
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data [I7], therefore, simpler models are preferred to complex models if they provide
an acceptable level of accuracy. The acceptable level of accuracy is specific to
the application and to the intended model use. For example the level of accuracy
required for flight flutter test on commercial aircraft is much greater than that

required for machine tool anti—vibration mounts.

It is quite likely, in some cases, that the initial model may not pass the validation

test. The model may be deficient for a number of reasons [15],

e the experimental data are not informative enough to aid the selection of an

appropriate model;
e the parameter estimation algorithm failed to find the best model;

e the selected model is not appropriate to describe the system.

A major part of the system identification process is addressing these issues in an it-
erative manner, guided by prior information and the outcomes of previous attempts.
In this research the identification process will be applied to the analysis of vehicle
suspension systems. Addressing this process in an iterative manner will involve the
use of aspects of both linear and nonlinear system identification techniques presented

in the following sections.

2.2 Linear system identification

In practice, almost every system is nonlinear. As the theory of nonlinear systems
can be very involved, they are often approximated by linear models, assuming that
in the operating region, the system can be linearised. This approximation allows
the use of simple models without jeopardising properties which are important to the
modeller. It has been noted that the majority of system identification methods are
based on linearity [11]. At this point a brief review of the strict definition of linear
and nonlinear systems is warranted. This is followed by a look at popular linear

system identification techniques in the literature.

10
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Input —» H —> Output

Figure 2.3: Representation of a system H

2.2.1 Linear and nonlinear systems

Consider the system shown in Figure 2.3l The input is changed in some way by the
system H to produce the output. The system is linear if, for any inputs z; = x,(¢)

and z9 = 5(t) and any constants ¢; and cs,
H [c1m1 + coxa] = 1 H [x1] + o H [x9] . (2.1)

This equation has two properties which are required for linear systems, the additive
property and the homogeneous property. Should the system not satisfy either of
these properties, the system is considered nonlinear and is defined as follows; A
system, H, is nonlinear if, for any inputs x; = z1(t) and xs = z5(t) and any

constant ¢, the system input/output relations are not additive,
H [z + x5] # H [21] + H [24] (2.2)
and/or are not homogeneous,
H [cxy] # cH [xq]. (2.3)

These nonlinear operations in equations and produce non—Gaussian output
data when the input data are Gaussian. In the case of a linear system, Gaussian
input data produces Gaussian output data. In reality all systems exhibit some degree
of nonlinearity. It has been shown in [I8] (in a case study to identify a nonlinear
vehicle shock absorber) that errors resulting from the analysis of nonlinear systems

using linear system analysis techniques, can be significant.

2.2.2 Time domain methods

Direct Parameter Estimation (DPE) is a method developed by Mohammad et al. [19)]

for directly estimating the physical parameters, i.e., mass, stiffness and damping, of

11
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F(t)

N

x(1)

k C

/777777
Figure 2.4: Linear SDOF system

linear and nonlinear structures using measured time data. The structure is modelled
using a lumped parameter system. A least squares estimation procedure is used to
allow the estimation of the system parameters given only the excitation at a single
point. The implementation of the DPE technique is described here for a linear
Single Degree—Of-Freedom (SDOF) system, and is extended to nonlinear system
identification in § 232 Consider the linear SDOF oscillator shown in Figure 2.4

The differential equation of motion of the system is given by,
mi(t) + ci(t) + kx(t) = F(t). (2.4)

If N samples of acceleration Z(t), velocity @(t), and displacement z(t), are recorded

the problem can be formulated as follows,

fl}l I'l T Fl

. . m

Lo T2 T2 Fy
c ¢ = (2.5)
k

IN TN IN Fy

This equation has the general form,

(Al {z} = [B]. (2.6)
Coefficients of x are estimated by minimising the length of residual vector (e),

le|]| = ||[Ax — BJ| = ele. (2.7)

12
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A least squares solution to this problem can be found using singular value decom-

position(SVD) of A (discussed in detail in § 234,
A=UxVT (2.8)

r=V(1/%)(U'B) (2.9)

leading to optimal least squares estimates of the model coefficients m, ¢ and k in
equation 2.4]

Estimation of a continuous time system, as described by equation [24] requires that
measured time data be available for each term in the model equation. Records are
required for acceleration #(t), velocity #(t), displacement x(¢) and force F'(t). An
alternative approach is to adopt a discrete time representation of equation 2.4 If
the input force and output displacement signals are sampled at regular intervals of
time At, records of data f; = f(¢;) and z; = x(t;) are obtained for {i =1,2,..., N}.
The derivatives #(t;) and &(t;) can be approximated by the discrete forms [11],
x(t;) —x(t; — At)  m — x4

Tip1 — 22 + T

i(t)) ~ = . (2.11)

Substitution into equation 4] yields,

Ti = 1T + s + b1 fiy (2.12)

where a1, as and by are constant coefficients and functions of the original parameters
m, ¢ and k and the sampling interval At = t;,1 — t;. In time series literature, this
model is termed an Auto-Regressive with eXogenous inputs (ARX) model. The
advantage of this model lies in the fact that only the states x and f need be measured

to estimate the model parameters, a;, as and by, and, hence, identify the system.

2.2.3 Frequency domain methods

The term ‘spectral analysis’ is used to describe the analysis of data in the frequency
domain. The use of the frequency domain to describe the characteristics of vibration
systems finds favour in many engineering applications, where the response of the

system to an input is a function of frequency as well as the magnitude of the input.

13
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The Fourier Transform is a particular case of the transform relating the time and

frequency domains.

Fourier Transform

For the case where x(t) is a continuous function and,

/Oo |2 (t)] dt < oo (2.13)

oo

the Fourier Transform exists such that,

X(f) = /_OO z(t)e 7 dt —oco < f < o0, (2.14)

[e.9]

In a similar mapping the Inverse Fourier Transform is,
x(t) = / X(f)ed*Itqf —00<t<oo (2.15)

while in the case of a vibration system x(¢) is a real valued function and the resultant
transform is a complex valued function. The Finite Fourier Transform assumes that
the input function is periodic with the time for one period being T, the sample

length. The transform is defined over this period as,

Xr(f) = X(£,T) = ~ /0 (t)e 92t (2.16)

T
In the case of data acquired through sampling, {z¢,x1,...,xxy_1}, rather than a
continuous record the Discrete Fourier Transform, which exists only at discrete

frequencies f, is,

27kn

N-1
1 )
Xp = X(EAS) :NE e W k=0,1,2,..,N -1 (2.17)
n=0

where the fundamental frequency is fo = 1/7T and the discrete frequencies are k f;

and fr — fro1 = fo=Af.
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2.2. Linear system identification

Spectra

The autospectrum of a time record is a measure of its power content as a function

of frequency as defined by,

Suulf) = Jim (X7 (£,7) X (1,T)]. (2.18)

T—o00

The cross—spectrum between two signals is,

Sull) = Jim 2B XE(F,T) Vi (1) (219)

T—o0

where E is an averaging operation over the number of records available, with each
individual record having its own index k. S is valid for all f, both positive and
negative, and in the case where time records are real then S(—f) = S(f) leading to

the definition of the single sided estimate,

Goy(f) = Jim ZE[X (£,7) Vi (£,T)]. (2.20)

T—o00

In reality T" — oo may only be approximated. The expected operator, E| is replaced
by averaging a number of records, increasing 7" without increasing the transform
length. This lengthening of the sampling time helps to ensure that the sampled data
are representative of the original sample. The statistical accuracy of the estimate is

also improved by increasing the number of averages [20].

Frequency Response Function

Frequency Response Functions (FRF) are one of the most widely used methods of
visualising the input—output properties of a system. FRF’s can be used to rapidly
detect the presence of nonlinearities in a system. FRF distortions can be used
to provide information about system nonlinearity [I1]. Symptoms of nonlinearity
include changes in FRF structure for different levels of excitation and response at

multiples of the forcing frequency in the presence of a pure sinusoidal excitation [21].

Consider an ideal linear SISO system without noise, as show in Figure 25 The FRF,
H(f), between the Fourier Transform of the input X (f) and the Fourier Transform
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2.2. Linear system identification

X —| Hp > Y(f)

Figure 2.5: Single input/output linear system

of the output Y (f) is given by,

Y(f)
H(f)= —=+. (2.21)

X(f)
In the presence of noise the FRF is commonly estimated using spectral relations.
The calculation of autospectra and cross—spectra, as an intermediate step, allows
averaging operations to be carried out to minimise random errors. The most com-

monly used estimator is known as the H; estimator. It minimises the effect of noise

on the response and is given by,

Hi(f) = (2.22)

where S,, is the cross—spectra between the input and output and S,, is the au-

tospectra of the input.

The FRF is a complex valued function of frequency. Figure 2.6]shows the magnitude
and phase representation of the FRF for the linear system shown in Figure 2.4l The
natural frequencies, damping ratios and mode shapes of a system can be determined
from the system FRF, and are discussed in more detail in § 224

Coherence function

The coherence function describes the extent of the linear relationship between the

input and the output signals and is defined as,

s SN

" = S (S () 0<7z, <1 (2.23)

If a perfect linear relationship exists between x(t) and y(t), at some frequency fg,
then the coherence function, ’yiy, will be equal to unity at that frequency. If z(t)
and y(t) are such that S,,(fx) = 0 at frequency f;, then the coherence function

will be zero at that frequency. Coherence is widely recognised and accepted as a
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2.2. Linear system identification

Log Magnitude

Frequency

Phase
-

Frequency

Figure 2.6: SDOF system frequency response function

measure of the ‘goodness of fit’ of a proposed linear model to measured data. It is
also arguably the most widely used test of nonlinearity [I1]. When the coherence
function falls substantially from unity, the use of a linear model to describe the
system becomes questionable [22]. In practice four main reasons exist as to why a

computed coherence function may not equal unity at all frequencies [I8]. They are,

1. Extraneous noise in the input and output measurements;

2. Bias and random errors in spectral density function estimates;

3. The output y(¢) is due in part to an input other than the measured x(¢);

4. Nonlinear system operations between xz(t) and y(t).

Good data acquisition practice, signal processing and physical understanding of the
system under test can eliminate the coherence drops due to the first three rea-
sons. In the presence of nonlinear operations the linear theory breaks down as the
difference between signal noise and nonlinearities cannot be shown [22]. Modified
spectral techniques have been developed which allow nonlinear relationships to be
investigated, these will be discussed in § 2Z.3.3]
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2.2. Linear system identification

n(t)

X1 (t) ——>] Hly(f)

y(t)

XZ(t) —> HZy(f)

Figure 2.7: Two input/single output system

n(t)

Xl(t) —> Lly(f)

y(t)

X2.1(t) — > Lay(f)

Figure 2.8: Two input/single output system with uncorrelated inputs

Multiple input single output systems

The analysis of Multiple Input/Single Output (MISO) systems is well documented
in the works of Bendat and Piersol [23] 24]. MISO system analysis will be described
here for the special case of a two input single output system, shown diagrammatically
in Figure 27 In the special case of uncorrelated inputs (S;; = 0 and 7%, = 0),
spectral techniques can be applied to each leg independently to give an indication of
the linear relationship between each input and the output. If the two inputs z;(t)
and x5(t) are partially correlated (0 < 7%, < 1), some of the contents of the output,
which will appear to be due to the first input, will in fact be due to the second input.
A similar effect will occur in the analysis of the second path. In this case, these
influences must be removed before the analysis can be completed. This is achieved
using conditioned spectral analysis. The system in Figure 2.7 can be remodelled as
shown in Figure In this case, the inputs are uncorrelated conditioned records,
developed from the original input records, i.e., x51(t) is a conditioned input and
represents the input z5(t) with the linear effects of x1(t) removed from z5(¢). The
frequency response function Ly, (f) is the optimal linear system to predict y(¢) from

x1(t). Likewise Ly, (f) is the optimal linear system to predict y(t) from xq4(t). Ly,
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2.2. Linear system identification

Yy.12(t)

X21(t) ——> Lay(H) Yya(®)

Yy1(0)

xi(t) ——> Liy( y(®

Figure 2.9: Conditioned input/conditioned output model

and Ly, are defined as,

_ Sly
Li,(f) = 5, (2.24)
S
Lay(f) = G2 (2.25)

where Sy, 1 is the conditioned cross—spectrum between z1(¢) and y(¢) and Sao; is

the autospectrum of x5 1(t), defined as follows, for finite T,

1

SQy.1(f) - TE [(X2. (N Y ()] (2.26)
Spaalf) = B X3 () Xaa (7). 2.27)

The H coefficients in Figure 2.7 can be related to the L coefficients in Figure
using the following equations [23],

Hyy(f) = Liy(f) = Lio(f) Hay (f) (2.28)
Hay(f) = Lay(f) (2.29)

where Li(f) is the FRF between X (f) and Xs(f). The two input/single output
model of Figure 2.8 with mutually uncorrelated inputs z;(¢) and 5 () is equivalent
to the two separate SISO models in Figure The ordinary coherence between
x1(t) and y(t) is defined as,

,ISu(P
W S ()Sn ) (2:50)
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2.2. Linear system identification

while for the second record, the coherence is defined as,

72 _ ‘S2y.1(f)‘2
2 891(f)Syya(f)

(2.31)

and is referred to as the partial coherence between the conditioned records, x5 (%)

and y,1(¢). The multiple coherence function can now be defined as,

Too(f)=1=[1=17%,] [1=13,.]- (2.32)

The multiple coherence function is a measure of the linear dependence between a

collection of inputs and an output, independent of the correlation between the inputs

[24].

2.2.4 Modal analysis

Modal analysis is a well established and powerful technique for the analysis of linear
systems. It is the most popular method of performing linear system identification in
structural dynamics [25]. Classic vibration theory explains the existence of natural
frequencies, damping factors, and mode shapes for linear systems. Consider the
general mathematical representation of a SDOF system defined in equation 2.4}

taking the Fourier Transform and rearranging gives,

X (w) =H (w) F (w) (2.33)
where
Hw) = —mw? —I—ljcw +k (2:34)

Equation 233]shows that the system response, X (w) is directly related to the forcing
function, F (w), through the quantity H (w). H (w) is the system FRF and the
denominator of equation .34] when equated to zero, is known as the characteristic
equation. The characteristic values of this equation are known as the complex roots
of the equation or the complex poles or modal frequencies of the system. The FRF

can be written as a function of the complex poles of the system as follows,

1/m
(Jw = A) (jw = X)

H(w) = (2.35)
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2.2. Linear system identification

where,

A =0+ jwg

AN'=0— jwy

and wy is the damped natural frequency. This analysis can be extended to Multiple
Degree-Of-Freedom (MDOF) systems. MDOF linear systems can always be repre-
sented as a superposition of a number of SDOF linear systems. Consider the MDOF

form of equation ,
Mz(t)+ Cx(t)+ Kx(t) = F(t) (2.36)

in the case of a two Degree-Of-Freedom (DOF) system,

M — [m1 0 ],C: 1+ —02]71{: ky + ko —k2]
0 mo —C3 Co _kQ k2
e[ 50 [0
f2(t) (1)
in the MDOF case,
H ()= [-Muw’ + jwuC + K| = N(w) (2.37)

where the numerator polynomial matrix, N (w), and the characteristic polynomial

d (w) are given by,

adj (—Mw2+ij+K)
d(w) = det (—Mw’ + jwC + K) .

Equation 237 can be written in the modal model form,

R R
H = r L 2.
(w) ;jw—AT+jw—A: (2.38)

ITo aid clarity and simplify notation, matrices and vectors in the remainder of this section and
in section 227 are identified using bold face type, i.e. [M]= M, {z} =«
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2.2. Linear system identification

where

r = mode number
R, = residue matrix of mode r = QT\IIT\I!,T
¥, = mode shape vector of mode r
(), = modal scaling factor
A, = system pole

n = number of modes.

The modal model (equation 23]) expresses the structure’s dynamic behaviour as
a linear combination of n resonant modes. The n modes are defined by a resonant
frequency w,, a damping ratio ¢, = 0,./ |\.| and a mode shape vector ¥,.. The modal
properties of the structure depend on the material properties, boundary conditions
and geometry of the structure. Experimental Modal Analysis (EMA) is the process
of determining the modal parameters (w,, ¥, A,) from measured experimental data.

The process has three stages [26],

Modal data acquisition involves the measurement of the data required for the
modal parameter estimation phase. The frequency response function is the

most common and important measurement to be made.

Modal parameter estimation is a special case of system identification where the

a priori model of the system is known to be in the form of modal parameters.

Modal data presentation/validation is the process of providing a physical view

or interpretation of the modal parameters.

Traditionally EMA methods applied to nonlinear structures require the assumption
of ‘weak nonlinearities’ or a nonlinear model structure which is similar, for small
perturbations, to the underlying linear system. Rice and Fitzpatrick noted that
it known to be limited in the case of non lightly damped structures [27]. In the
presence of nonlinearity, the curve fitting algorithms of modal analysis will result
in the identification of a linear system which best describes the nonlinear system.
Nonlinear system FRF’s will change with a change in excitation amplitude and as a
result, the linearisation carried out by the curve fitting algorithm will only be valid

for a given excitation level.
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2.2. Linear system identification

Combined System

"/

Excitation Filter
(linear,
time-invariant)

Measured
Responses

Gaussian
White Noise

Stationary
Zero Mean

Unknown Excitation Forces

Figure 2.10: Operational modal analysis
2.2.5 Operational modal analysis

Operational Modal Analysis (OMA) is a relatively new concept in the field of me-
chanical testing. OMA involves conducting modal analysis without knowing the
input forces acting on the structure. The input force is assumed to be normally
distributed Gaussian white noise. Originally developed for extracting the modal pa-
rameters of civil engineering structures, it is now becoming popular for mechanical
structures [28]. The advantage of using OMA is that structures can be tested in
their operating environment under actual loading conditions. This allows for the
identification of more realistic modal models for in—operation structures [29]. It also
has the advantage of using ambient excitation. This is useful for large structures

which are difficult to excite or require expensive specialist equipment to excite them.

The principle behind OMA is shown schematically in Figure The measured
responses are the responses of the combined system. The modal model of the system
is extracted from the estimated model of the combined system. In other words, the
response which comes from the system must be separated from the response due
to the excitation. If the system is excited using white noise, the output spectrum
contains full information of the structure as all modes are excited equally. However,
this is generally not the case. In general, the excitation has a spectral distribution
which results in modes being weighted by the spectral distribution of the input
force. Computational noise and measurement noise also contribute to the response.
In addition, rotating parts create harmonic vibrations which show themselves as

sharp peaks in the measured response.

The Frequency Domain Decomposition (FDD) technique used for OMA is an exten-

sion of the classical frequency domain method often referred to as the peak picking
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2.2. Linear system identification

technique. Unlike classical methods, it can identify closely spaced modes with high
accuracy even in the presence of strong noise contamination. It can also identify har-
monic components in the response signal [30]. The FDD method, however, cannot
be used to make damping estimates. The Enhanced Frequency Domain Decompo-
sition (EFDD) technique is an extension of the FDD technique. It allows for the
estimation of both natural frequency and damping for a particular mode. Once
a peak has been identified, the SDOF Power Spectral Density (PSD) function in
the area of the identified peak is taken back to the time domain using the Inverse
Discrete Fourier Transform. The resonant frequency is obtained by counting the
zero crossings, and the damping by the logarithmic decrement of the corresponding

SDOF normalised auto correlation function [31].

The FDD methods are based on the formula for input/output PSD relationships for
stochastic process. Starting with equation and multiplying by its Hermitian
transpose leads to,

G,y(w) = H(w) Goaw) H ()" (2:39)

where G, (w) is the input PSD matrix. G,,(w) is the output PSD matrix, and
H (w) is the FRF matrix. From classical modal analysis theory, the FRF can be
written in partial fraction form, in terms of poles, A and residues R as shown in
equation 238 Using equation and the Heaviside partial fraction theorem for
polynomial expansions, the following expression can be obtained for the output PSD
matrix G, (w), assuming the input is a zero mean white noise distribution, i.e., its
PSD is a constant matrix (G,.(w) = C),

A, A’ B, B’
> r r (2.40)

G —
() jw—)\k+jw—)\j+—jw—)\r+—jw—)\j

r=1

where A, and B, are the r*" mathematical residues. Considering a lightly damped
model and that the contribution of the modes at a particular frequency is limited
to a finite number (usually 1 or 2), then the response spectral density matrix can

be written as the following final form [31],

4,0, U7 g7
2 +

Gy(w) = Jw—A Jw — AX

(2.41)

resub(w)

where r € sub(w) is the set of modes that contribute at the particular frequency
and where W, is the mode shape and d, is a scaling factor for the r; mode. This

form of the output PSD matrix can be decomposed using the SVD technique into a
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2.2. Linear system identification

set of singular values and corresponding singular vectors,
G, (w) = 22" (2.42)

where X is the singular value matrix and ® the singular vectors unitary matrix,

given by,
(s, 0 0 . . 0]
0 So 0
... . .0
.. .8,
I O . . 0 0 O |

e=| (o} {0} {os} . . {0} (2.44)

where ¢; are approximations of the individual mode shapes, while the resonant
frequencies can be obtained form the singular values. r singular values and r singular
vectors are obtained at each frequency. Plotting these values versus frequency allows
a peak picking method to be used to determine resonant frequencies. At a particular
frequency if only one mode is dominant then only one singular value will be dominant
at this frequency. This allows for the identification of coupled modes. Figure 2.1T]
shows the singular values of the output PSD matrix for a simulated building [30].
The simulation was designed to have two sets of closely spaced modes. The FDD
technique allowed the identification of all modes (18.7, 20.9, 38.2, 55.05 and 55.12

Hz), including closely spaced modes, in the frequency range of the test.

Devriendt and Guillaume introduced an approach to identify modal parameters
from output only transmissibility measurements [29] 32]. The approach makes no
assumption regarding the spectral nature of the excitation forces. Transmissibilities
are obtained by taking the ratio of two response spectra, i.e. T;; = X;(w)/X;(w).
Assuming a single force at an input DOF, k, it can be shown that,

Xi(w) Hg(w)Frlw) Nig(w)

T = X @) = Hp@Fi@ ~ Np@) (2.45)

with IV ;;(w) and N j,(w) the numerator polynomials occurring in the transfer func-
tion models H;(w) = Nij(w)/d(w) and H ji(w) = N jp(w)/d(w). The common
denominator polynomial, d(w), whose roots are the system poles disappear by tak-

ing the ratio of the two response spectra. Note that the transmissibilities defined in
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Figure 2.11: Singular values of the PSD matrix of the response (reproduced from

[301)

equation .45 depend on the location of the input DOF k of the unknown force. This

fact was used by the authors to identify the modal parameters as outlined below.

Consider the modal model between input DOF &, and output DOF i (equation 2.38))

)

& \I’irLkr ‘II’T’I’L]:T
Hz‘k(W):ij_A +jw—)\*' (2.46)
=1 r r

It can be shown, using equation 2.46] that the limiting value of the transmissibility

function in equation .45l for w going to the system’s poles, \,, converges to,

‘I’irL r ‘Ilir
lim Tk( ) = o=

= 2.4
w—Ar \Ilerk'r ‘Iljr ( 7)

and becomes independent of the location of the input DOF k of the unknown force.
Subtraction of two transmissibility functions with the same output DOF’s (3, j) but
different input DOF’s (k,[) yields,

\Ilir \I’ir
)\

lim (Tfj(w) — Téj(w)) =

WA

=0. (2.48)

gr

This means that the system poles, A, are zeros of the function A Tf;(w) = Tfj(w) —

2The residue matrix here is expressed in terms of a modal participation factor. At response
DOF p and force DOF ¢ the residue of mode r is given by R,qr = Q7 Wy, Wyr = Lgr W
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Tﬁj (w) and consequently, poles of its inverse,

1 1
ATf;(w) Tfj(w) — Tij(w)

(2.49)

The above theoretical results show that it is possible, by using transmissibilities, to
obtain a rational function 1/A Tf} (w), with zeros equal to the system poles. This
function can be obtained by combining two transmissibility functions with the same
output DOF’s but different locations of the input DOF’s. This is directly the result
of the fact that transmissibilities vary with the location of the applied forces, but
become independent of them at the system poles (equation 2.47). The approach

was extended to deal with the presence of harmonic excitations in [33].

2.3 Nonlinear system identification

Unlike linear systems, no general analysis method exists for nonlinear systems which
can be applied to all systems in all cases [I1, B4]. This is due to the highly indi-
vidualistic nature of nonlinear systems and the fact that the basic principles which
form the basis of modal analysis are no longer valid in the presence of nonlinearity
[35]. In the presence of ‘strong’ nonlinearities, the only approach is to address the
nonlinearities directly and develop a mathematical description of their behaviour
[36]. As a result, an increasing number of nonlinear system identification methods
have been developed over the last three decades. These identification methods will
be divided into a number of broad categories, namely linearisation, time domain

methods and frequency domain methods.

2.3.1 Linearisation

In the field of mechanics, investigators have represented physical laws using rather
simple equations. For many physical systems the governing equations are not so sim-
ple, therefore, certain assumptions are employed to represent the governing equations
in a form which is more easily understood. Thus the process of linearisation has be-
come an intrinsic part of the rational analysis of physical systems [37]. Historically,
linearisation methods were the first methods used for the purposes of nonlinear sys-

tem identification. Equivalent linearisation is a technique first proposed by Caughey
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2.3. Nonlinear system identification

[38]. This technique involved the minimisation of the mean squared error between
the measured response of a nonlinear oscillator subject to Gaussian excitation and

a linearised system.

Omne of the most widely used methods of visualising the input/output properties
of a linear system is to construct the system FRF. Harmonic balance provides one
of the neatest methods of deriving a nonlinear system FRF [II]. It is a means of
finding the optimal quasi-linearisation of a nonlinear system. Consider the equation

of motion,
mi + ci + fo (z) = F(t) (2.50)

where f,(x) represents a nonlinear restoring force. Harmonic balance provides a

means of obtaining k., for a given operating condition, such that,
I () = keg. (2.51)

Consider a phase shifted sinusoidal excitation of the form, F'sin(wt— ¢), and assum-
ing a trial solution of the form, X sin(wt—¢), yields the nonlinear form f,, (X sin(wt)).

Expanding this function as a Fourier series yields,

fo (Xsin(wt)) = ap + Z ancos(nwt) + Z bnsin(nwt). (2.52)
n=1 n=1

The Fourier expansion is a finite sum if f,, is a polynomial. The fundamental terms

are the only parts of interest for the purpose of harmonic balance. Elementary

Fourier analysis applies and

1 27

ag = —/ Jn (Xsin (wt)) d(wt) (2.53)
2 Jo
1 2

ap = — fo (Xsin (wt)) cos (wt) d(wt) (2.54)
T
1 O27r

by = —/ fr (X sin (wt)) sin (wt) d(wt). (2.55)
T Jo

If the stiffness function is purely odd, i.e. f,(—x) = —fuz, then a9 = a3 = 0.

Considering terms up to the fundamental in this case gives,

fn (Xsin(wt)) = bysin(wt) = ke, X sin(wt) (2.56)
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leading to the following expression for k.q,

_h 1 ' fn(Xsin(wt))sin(wt)d(wt). (2.57)

ke = —
T X 71X ),

The FRF takes the form,

1

A(w) =
() —mw? + jew + kg

(2.58)

where A (w) is often referred to as a composite FRF due to the nature of its deriva-
tion. k., represents the mean value of the stiffness experienced by the system over
one cycle. For this reason harmonic balance is sometimes referred to as an averaging
method [11]. The formulae presented here show the implementation of the harmonic
balance method for nonlinear stiffness, however, the method has no restrictions on

the form of the nonlinearity.

Rice presented a linearisation technique for weakly nonlinear components [39]. The
underlying differential equation governing a vibrating system was identified by chang-
ing equivalent linear stiffness and damping coefficients measured over a range of
response levels. The method was verified using experimental testing of an aircraft
panel connector. The identified model showed excellent results when subject to a

range of excitation which were different to those used for the identification process.

2.3.2 Time domain methods

Masri and Caughey laid the foundations of a nonlinear system identification tech-
nique known as Restoring Force Surface (RFS) method [40]. Given the equation of

motion of a SDOF system as described using Newton’s second law,
mi(t) + f(x(t), #(t) = F(t) (2.59)

where m is the mass and f(x,2) is the internal restoring force which returns the
system to its equilibrium position when disturbed. The function, f(z, ), is seen to
only depend on z and & and, therefore, can be represented by a surface over the

phase plane, i.e., (x, ©) plane. Rearranging equation .59 gives,

Fla(), #(t)) = F(t) — mi(t). (2.60)
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If the mass m, input force F'(t) and output acceleration Z(t) are measured, all the
terms on the right hand side of the equation are known and hence so is f. For

discrete sampled data, the ¢ sample instant of equation 2260l is given by,
fi = filwi, <) = F; — md. (2.61)

If the velocities &; and displacements z; are know at each instant, 1 = 1,2,..., N, a
triplet (x;, #;, f;) is specified. This triplet of values gives a point on the phase plane
and also the height of the restoring force above the phase plane. The scattering
of points above the phase plane can be interpolated to form a continuous surface.
Masri and Caughey fitted a parametric model to the restoring force in the form of a
double Chebyshev series, although superior techniques in terms of ease of use, speed

and accuracy have been developed since the original work [I1].

RFS’s provide a relatively simple method of visualising the nonlinearity in a system.
A similar method, termed ‘force-state mapping’ was developed by Crawley and
O’Donnell [1]. The RFS method has received much attention in research and
significant improvements have been brought about since the original paper [42] [43],
[44], [45, [46]. It is argued in [47] that none of the other nonlinear system identification

methods provide a model as recognisable and usable by the engineer.

DPE introduced in § 222 can be extended to the identification of nonlinear systems.
The implementation of the DPE technique is described here for a nonlinear SDOF
system. Its application to a more complex MDOF nonlinear system can be found in
reference [19], where it is applied to two and three DOF simulated and experimental

data. Consider the differential equation of motion of a SDOF Duffing oscillator,
mi(t) + ci(t) + kx(t) + ksa®(t) = F(t). (2.62)

If N samples of acceleration Z(t), velocity #(t) and displacement z(t) are recorded,

the problem can be formulated as follows,

.. . 3
1 1 1 @ m F
.. . 3
Ty T2 T2 Xy c F
= (2.63)
k :
flfN iiZ‘N N l’?\; k?) FN

The inclusion of the nonlinear form 22 in this formulation allows the coefficient
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of the nonlinearity to be estimated along with the linear coefficients m, ¢ and k.
Masri et al. used a variation of the DPE technique to identify the state equation in
complex nonlinear systems [48]. The method determines the analytical solution g,
that approximates the unknown system state equation, g. The form of g includes a
suitable set of basis functions that are relevant to the problem at hand. Consider
the Duffing oscillator defined in equation A suitable choice of basis functions
in this case might be,

basis = (F, Fx, Fi, PS) (2.64)

where PS represents the list of basis terms in the power series expansion of,

imaz Jmax

PS=>Y Y a'il. (2.65)

i=0 j=0

Least squares techniques were used to estimate the coefficients of g (x, 4, F'). Co-
efficients in ¢ exceeding a predefined value, for example 107, are retained. The
identification scheme finds the correct model form and unneeded terms in the basis
function are found to be extraneous. The method was also applied to the identifi-

cation of a hysteretic system, simulated using a Bouc—Wen model.

The linear variant of the time series approach, Auto-Regressive Moving Average
(ARMA) models, have long been used for modelling and prediction purposes, the
classic reference for this material being the work by Box and Jenkins [49]. The
ARX model introduced in § can be extended to nonlinear systems, such as the
Duffing oscillator represented by equation to yield,

Ti; = A1T;—1 + A2;_9 + blfi—l -+ Cl’?_l. (266)

This model is termed a Nonlinear Auto-Regressive with eXogenous inputs (NARX)
model. The regressive function, x;, contains a cubic term and is, therefore, nonlinear.

This model can be generalised to include all terms of order n, or less to yield,
z; = F") (Zim1s oo Timnys fim1soos fimmy) - (2.67)

This model form can represent a wide class of nonlinear systems when the nonlin-
earities are polynomial in nature [35]. The model can be extended to account for the
more realistic case of noise on the measured data, where the measured signal consists
of the true signal and a noise signal, x,,(t) = z(t) + €(t). This yields an extension

of the general model in equation [ZG7] referred to as a Nonlinear Auto-Regressive
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Moving-Average with eXogenous inputs (NARMAX),
x; = F) (Zim1s oo Timngs fimts oo fimng3 Ticts ooy Tieny ) (2.68)

where the system noise is assumed to be the result of passing a zero mean white

noise sequence, {r;}, through a digital filter with coefficients ¢, g2, etc,
€& =T+ qiri—1 + @aTi—a + ... (2.69)

The NARMAX modelling technique is very versatile and the use of a noise model
makes it a powerful system identification tool. In most cases, it can exploit well
established linear least squares parameter estimation techniques [50]. The non—
parametric nature of the method, however, does not provide direct physical insight
into the system under investigation and in the case of multi input/multi output use,

the number of model terms can quickly become enormous [47].

The time domain version of the Hilbert Transform has been applied to the problem
of nonlinear system identification. The method is presented in the work of Feld-
man [51) 52]. The proposed methods, FREEVIB and FORCEVIB, aim to identify
instantaneous modal parameters (natural frequencies and damping characteristics,
and their dependencies on vibration amplitude and frequency). The methods how-
ever are only truly suited to signals with a single dominant frequency. Extending

the method to two component signals is discussed in [53].

2.3.3 Frequency domain methods

Nonlinear spectral methods have been developed for the identification of nonlinear
systems. Algorithms were first introduced by Bendat and Piersol for SDOF square
law and quadratic systems [54, [55]. Rice and Fitzpatrick extended the approach
to deal with SDOF systems with arbitrary nonlinearities [22]. The authors also
introduced the concept of constructing an inverse model of the nonlinear system.
This procedure (commonly referred to as the ‘reverse path’ or ‘Reverse Multiple In-
put/Single Output (R-MISO)’ method) reverses the role of the input and outputs of
the system, and allows nonlinear SISO models to be converted into equivalent MISO
linear models. Consider the case of the duffing oscillator described in equation 2.62]
This system can be represented by the block diagram shown in Figure Note
that the nonlinear term is contained in the feedback loop. By using the R-MISO
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n(t)

F(t h(t) x(t)

k, — Cuber

Figure 2.12: Block diagram model of the duffing oscillator

n(t)

x(t) h'(t) F(t)

Cuber — k,

Figure 2.13: Inverse block diagram model of the duffing oscillator

approach, the system can be setup in the form shown in Figure .13l This is now
a two input/single output problem with inputs z(¢) and z3(¢) and output F(t) and
can be solved using the linear MISO techniques outlined in § 2.2.3]

An extension of this method for the case of MDOF systems was proposed in [27].
Richards and Singh presented a similar spectral method termed the Conditioned
Reverse Path (CRP) method [56]. Only slight differences exist in the formulation
of the R-MISO and CRP are not elaborated on here, in-depth discussion on the

similarities and differences between the methods can be found in [57] and [5§].

Nonlinear Identification through Feedback of the Outputs (NIFO) is a spectral
method for the identification of nonlinear systems proposed in [59]. For a general
lumped parameter nonlinear vibrating system with different type of nonlinearities

at different degrees of freedom, the impedance model is given by,

[BL<W)]NO><N0 {X(W)}Noxl + Zn :ui(w) {Bni}Noxl Xm(w) = {F(W)}Noxl : (270)

The linear impedance matrix, B (w)], represents the contribution of the underlying
linear lumped spring—mass—damper elements. The summation terms account for the
contribution of the lumped nonlinearities. The term p;(w) determines the strength

of the associated nonlinearity, {B,;} determines the nonlinearity location and the
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scalar spectrum X,,;(w) is the Fourier spectrum of the nonlinear function of the

output time histories, and determines the types of nonlinearity in the system.

The nonlinearities create unmeasured, internal feedback forces in the underlying

linear model of the system. Rearranging equation .70] gives,

[Br(){X(w)} = {Fw)}- Zn pi (@) { Bri} Xni(w) (2.71)
= {FW)} = {Fuw)} (2.72)

where {F'(w)} represent the external forces on the system while, {F},(w)}, represents

the internal forces in the system due to the nonlinearities.

Pre—multiplying equation 2.71] by the FRF of the underlying linear system, and

separating measured and unmeasured quantities gives,

{X(w)} = [[Hw)] [He(w)]mw){Bu} ..
{F}
=X (w)
[Hr(w)] pwv, (w) {Bnn,, }] : : (2.73)
—XNH(W)

This formulation allows internal nonlinear feedback forces to act together with mea-
sured external inputs to produce the measured outputs. The system inputs and
outputs can be measured and the nonlinear functions can be calculated from the
measured input and outputs. Equation Z73] forms the basis for the NIFO parameter

estimation method.

2.3.4 Parameter estimation: least squares estimators

A large portion of the nonlinear analysis techniques outlined above use parameter
estimation methods based on the least squares technique. The least squares esti-
mators are among those with the best developed theoretical foundations; they are
very popular and intensively used [I7]. This section gives a brief overview of least

squares estimation techniques.
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Linear least squares

Linear least square techniques can be applied to models which are linear in the pa-
rameters. Linear in the parameters implies that there is a linear relationship between
the parameters of the model and its output. The complexity of the optimisation
problem is significantly reduced when linear least squares techniques can be applied.
Consider a variable p forms a linear relationship with N independent variables g;,
(1=1,2,...,N) such that,

p={a}" {a} (2.74)

where

{a} ={ay,as, ..., aN}T

{Q} = {QI; q2, ..., qN}T .

{a} is a constant vector while {¢} is a time dependent variable vector. Given
M different observations, equation 274 can be used M times to form the matrix
equation,

{r} = [Ql{a} (2.75)

where the design matrix [@] is given by,

Q) = Ha(D} {a2)} ... faDY"

When the number of samples, M, exceeds the number of variables in {a}, the equa-
tions are said to be overdetermined and a least squares solution can be found such
that the sum of the squared errors between the predicted values and observations is
minimised. The error vector between the predicted and the observed can be defined

{e} = {p} - [QI{a}. (2.76)

The cost function is given by,

K ({a}) = {e}" {e}
=} {0} —{a}" [QI" {p} — {p}" [Q]" {a} +{a}" [Q)" [Q] {a}. (2.77)
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Minimising the cost function is achieved by taking its derivative with respect to

vector {a} and assigning it to zero, such that,

e = 21 )+ 210" Q) (e} =0 (2.78)

leading to the well known normal equations for the best parameter estimates {a},

Q" [Q1{a} = [Q]" {p} (2.79)

which can be trivially solved,

@ =(Q"'1Q) @ . (280)

When it is known that errors from different locations are of different extents, it is
possible to weight the errors in the least squares analysis to optimise the outcome.
Given a known weighting matrix [IV] the cost function for the linear least squares

problem (equation 2.77) becomes,

K ({a}) = {e}" W{e} = ({p} ~ [Q1{a})" W] ({p} — [Q] {a}). (2.81)

Minimisation of the cost function as before yields the weighed least squares estimate,

@y = (1 W@l Q" W) (- (2:82)

Robust estimation

In practice, direct solution of the normal equations in not recommended as problems
can arise when the matrix, [Q]" [Q], is close to singular. This can result when
correlation exists between the matrix columns, due to correlations between model
terms (a matrix is singular if two columns are equal). The solution using normal
equations is also susceptible to round off error [16]. Robust estimators have been
developed which transform the design matrix into a form in which its columns are
uncorrelated. One such method is based on the use of Singular Value Decomposition
(SVD) and is the method of choice for solving most linear least squares problems
[16]. For any matrix [@] of dimensions (M, N), where M > N, it is possible to
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factorise it using SVD to obtain,
Q= [U][=] V] (2.83)

where U, V' are orthogonal matrices of dimensions (M, N) and (N, N) respectively,
and [Y] is a diagonal matrix of dimensions (N, N). The diagonal elements of [X],
(pjj > 0 for j < N), are called singular values, and are arranged in descending
order of significance. The number of non-zero singular values in [X] is the rank of
the matrix [Q]. If [@] has only » < N linearly independent columns, then the rank

is » and N — r singular values are zero. The use of SVD allows the calculation of,

Q) = [V][diag (1/0;5)] [U]" (2.84)

where [Q]T is referred to as the pseudo—inverse of [@Q)] such that,

Q@] = 1], but, [Q[Q] # 1] (2.85)

This can be used with equation 74 to obtain,

{a} = [Q" {p} = [V][diag (1/¢;)] [U]" {p}- (2.86)

If any singular value, ¢;;, in [X] is zero (in practice, due to measurement error, less
than a tolerance limit, &, close to zero), its reciprocal in equation [2.86] should be set
to zero, instead of infinity. This effectively removes any linear dependence between
the vectors in [@]. The value of ¢ is chosen such that, any singular values whose
ratio to the largest singular value is less than N times the machine precision, should
be modified in this fashion [16].

Parameter uncertainty

In practice different samples of data will contain different noise components and as
a result will give different parameter estimates. The parameter estimates, therefore,
represent a random sample from a population of possible estimates, characterised by
a probability distribution. If the expected value of the parameter estimates coincide

with the true parameter values, the estimates are said to be unbiased.

Consider the system shown in Figure 2.14] where the measured output is corrupted
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Mp

q—» system D p » Pm

Figure 2.14: System with output noise

by noise. In this case equation .75 becomes,

{pm} = [Q{a} + {np} (2.87)

where p,,, the measured signal, equals the true signal p plus the noise signal 7,. As-
suming the measurement noise is uncorrelated white noise with zero mean, E [n,] =
0, the estimated parameters, a, will be unbiased. In the case of unbiased estimates

the variance of the parameter distribution is provided by the covariance matrix [11],

0=a2 (1Q Q) =V V" (289)

where ag is the variance of the noise on the measurements. If the noise on the
measured signals is coloured, the estimates will be biased regardless of the amount
of data measured. In this case the bias can be eliminated by including a noise model

in the parameter estimation process.

Nonlinear least squares

Nonlinear least squares techniques are employed when the model depends nonlin-
early on the set of M unknown parameters, {a} = {ay, as, ...,aM}T. Problems of

this form require iterative solution. The iterative search routines have three basic
steps [17],

e selection of a set of starting values;

e generation of an improved set of parameters;

e selection of a stop criterion.

One popular method of solving nonlinear least squares methods is the Levenberg—

Marquardt method. The method works well in practice and has become the standard
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of nonlinear least squares routines [16]. Consider the cost function,
K (a) = e"e = (p—q(a)" (p — q(a))

new estimates of the model parameters are generated using,
Sarpr = (JE T+ M) I (p — qla))

where the Jacobian matrix J is given by,

Jq

(2.89)

(2.90)

(2.91)

The method uses the A parameter to vary between the Gauss—Newton method and

the gradient method. The latter is used far from the minimum, switching contin-

uously to the former as the minimum is approached. The basic structure of the

algorithm can be broken down as follows [17]:

1. Select a set of starting parameters and a large starting value of A;

2. Calculate the Jacobian J;
3. Calculate dag, 1 using equation 290
4. TIs the step successful: K(ags1) < K(ag)?

e if yes: decrease A and proceed to 5

e if no: increase \ and restart at 3

5. If the stop criterion is not met, go to 2, otherwise stop.

2.4 Force-response system identification

EMA identification methods are the most widely used linear system identification

techniques in the literature. Application of EMA techniques to system identification

problems have been wide and varied; and the applications, trends and challenges

are extensively documented [60], [61].

One particular work of interest to this investigation was conducted by Zegelaar [62].

It presented the EMA of a tyre under two boundary conditions, a free tyre and a
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Amplitude [ m/s? /N |

8 I
Free tire 2 3 4 5 6
6 Standing tire
4
‘ 22‘/2331/2441/2551/26‘
| |
0 50 100 150 200 250

frequency [Hz]

Figure 2.15: Tyre driving point FRF’s in radial direction (reproduced form [62])

tyre standing on a road. Although the frequencies of the predicted higher order
modes were less than the measured modes, in general the EMA results compared
well with those from a flexible ring tyre model under both boundary conditions.
In the free tyre state, smooth symmetric mode shapes of the tyre were identified.
The second boundary condition applied a 4000 N preload to the tyre to represent
its actual operating conditions. It was observed that the mode shapes and fre-
quencies were different, and also, a number of modes were identified at frequencies
half way between the successive free tyre modes. Figure shows the results of
the EMA for both boundary conditions. Although the free tyre test provided an
accurate representation of the tyre behaviour, these results suggest that identifica-
tion of components in their operating environment may provide a more applicable

representation.

The reverse path or R-MISO spectral method has been applied to a broad range
of nonlinear systems. Fitzpatrick and Rice implemented the method on SDOF and
MDOF numerically simulated vibrating system [12] 27], Meskell and Fitzpatrick
experimentally identified the parameters of a SDOF system with both coulomb
and viscous damping [63] and its application to the modelling and identification
of nonlinear squeeze film dynamics was presented in [64, [65] [66]. In an extensive
revision of his previous book on ‘Nonlinear System Analysis and Identification from
Random Data’, Bendat presented complex MDOF applications of the method for
oceanographic, automotive and biomedical systems [I8]. The methods have be-
come very popular for ocean engineering applications, due to the nonlinear nature

of the excitation mechanisms. Liagre and Niedzwecki used R-MISO techniques to
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experimentally identify the dynamic parameters of an deep water compliant offshore
structure [67]. A mathematical model of the structure was developed. The ordinary
coherence inputs between each potential inputs and the output were computed and
the most relevant inputs retained for the identification of related parameters. The
method identified linear stiffness and damping parameters as well as trilinear stiffness
and quadratic damping type nonlinearities. Parker applied R-MISO techniques to
the identification of cushioning materials for protective packaging applications [68].
The R-MISO approach to the problem provided a more accurate description of the
protective material cushioning characteristics used by packaging designers in their
calculations for the protection of a product. Garibaldi used CRP methods to quan-
tify the nonlinear behaviour of a clamped beam with a local nonlinearity at one end
[34]. A two input/single output model was used. The inputs were the displacement
at the end of the beam and a nonlinear term of the form (sign (z(t) |x(¢)|™)). The
exponent, m, was found by graphing the multiple coherence levels for a range of
trial analyses and determining the exponent level which maximised the coherence.
The linear frequency response function developed using theCRP method provided
a more accurate description of the system behaviour than linear H; and Hy FRF

estimators.

Meskell et al. used force—state mapping to develop a nonlinear lumped parameter
model of a coupled fluid structure system [69]. The experimental setup consisted
of a tube array in a wind tunnel. One of the tubes was connected to a flexible
aluminium support structure outside the wind tunnel. The identification of the
support structure using R-MISO spectral analysis can be found in [63]. The tube
was displaced and the free decay recorded for a flow velocity in the range of 0-8.5
m/s. The equation of motion of the tube after averaging out turbulent excitation
effects is,

mi(t) + csi(t) + ksx(t) = E (z,3,Uy) . (2.92)

Rearranging the equation of motion yields,

#(t) = — (B (, &, Us) — csi(t) — ksz(t)) = F (2,4, Us) (2.93)

1
m
therefore, the total force due to the support structure (cs&(t) — ksx(t)) and fluid—
elastic force (F (x,%,Us)) can be plotted above the phase plane (x, ). Assessment
of the force—state maps for varying fluid velocities allowed an assumption to be
made that the fluid—elastic force could be represented as the sum of linear and

cubic stiffness and damping terms. The main features of the identified model were a
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destabilising linear damping term and stabilising cubic damping term. The identified

model showed good correlation with measured results.

Kerschen et al. examined the identification of a nonlinear beam with piecewise linear
stiffness and bilinear stiffness using RF'S methods. The restoring force was modelled

using a mathematical representation of the form,

fla,e) =) aya'i. (2.94)

i=0 j=0

The values of a;; were obtained using least squares parameter estimation. A signif-

icance factor given by,
2

59 = 100% (2.95)

T

was introduced to determine which terms in equation 2.94] were significant and which

2

= corresponds to the variance of the sum of all the

could be safely discarded. o
terms in the model and o} is the variance of the considered term. The piecewise
linear and bilinear systems under test consisted of a clamped beam, which when its
transverse motion exceeded a certain limit, made contact with a steel bush. The
study looked at theoretical and experimental identification of the beam. Third order
polynomial and piecewise linear models were applied and both gave good results.
As acceleration, velocity and displacement signals were required for the analysis,
careful signal processing was required to obtain the three signals from measurement

acceleration.

2.4.1 Vehicle suspension system identification

The identification of vehicle suspension systems poses a significant challenge. Vehicle
suspension systems are known to be highly nonlinear systems, and it is untenable
to model them as linear systems [70]. The combination of high damping, hysteresis,
friction among others, results in a system which can be difficult to identify. Many
analytical techniques currently available are limited to the steady state response of
weakly nonlinear oscillators [35], while many frequency domain methods are quite

limited when applied to highly damped systems [71].

RFS methods have been widely applied in research, most noticeably in the area
of nonlinear automotive components [Il, 211, [70), [72] [73, [74, [75]. Its application in

42



2.4. Force-response system identification

the absence of measured input excitations has also been reported [76]. One of the
reasons for its popularity is the ability to quickly provide a visual representation of
the restoring force in the system. Cafferty et al. presented the characterisation of
an automotive shock absorber, subject to random excitation, using the RFS method

[21]. The use of random excitation is noted as having a number of benefits including,

e No control over the input is required beyond setting the excitation amplitude

and frequency limits;

e Data can be acquired in a short space of time, eliminating the possibility of

non-stationary data through warming of the shock absorber;

e The significant dynamical behaviour of the system will be described by the
‘backbone’ of the restoring force surface as frequency dependent behaviour
and memory effects will be averaged (only a single force value exists for every

point on the phase plane);

e A more uniform covering of the phase-plane can be achieved (compared to
harmonic excitation methods) allowing the use of simpler surface interpolation

algorithms.

The ability of random excitation to estimate the ‘backbone’ of the shock absorber,
by averaging memory effects, allowed the use of a tenth order polynomial model
form and linear least square parameter estimation. The shock absorber was also

modelled using a hyperbolic tangent model of the form,
Fy = k{tanh (£& 4+ 9) — tanh (9)} (2.96)

parameter estimation of s, £ and ¥ required the use of nonlinear least squares.
Although, the polynomial model gave more accurate results, the hyperbolic tangent
model has the advantage of giving linear damping at high piston velocities and is,

therefore, unconditionally stable.

Duym proposed that velocity and acceleration (f(Z,#)) be used in place of velocity
and displacement (f(Z,z)) when applied to force-state mapping of shock absorbers
subject to broadband excitation signals [72]. A visual comparison of the two force—
state map approaches is shown in Figure 2160 Two experiments were carried out
on a shock absorber, the first with multisine excitation containing 16 sines with

frequencies from 1.25-16.25 Hz and the second for a beating signal (5.0-5.2 Hz).
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Force [N]
Force [N]

Figure 2.16: First—order force state map for a 16 by 8 grid for (a) displacement—
velocity and (b) velocity—acceleration (reproduced from [72])

Zeroth order and first order Taylor series expansions were fitted to the f(z,#) and
f(2,z) phase planes. The Root Mean Square (RMS) error between the measured
results and the fitted models was significantly lower for the f(z,#) map for multisine
excitation (broadband). However, the traditional f(&,z) force-state map showed

slightly lower RMS errors for the beating case (narrowband).

Identification of vehicle shock absorbers are almost always carried out under isolated
testing conditions. Numerous examples exist in the literature of shock absorber iden-
tification using force—response methods. Most use harmonic excitation [77], but ar-
guments have been made for the use of random [211, [78] [79], sine-on—sine [80], swept
sine[2], B1], constant velocity [82] and actual recorded road data [83]. Ko et al. ex-
amined shock absorber characteristic variation with wear. This involved the removal
of used shock absorbers from vehicle suspensions to facilitate isolated testing [84].
The identification of Magnetorheological (MR) dampers for vehicle suspension ap-
plications has also proved popular[85], 86l 87, [88]. All applications involved isolated
testing of the dampers on mechanical test stands under different applied magnetic
fields. Yao et al. used the identified MR damper model in a quarter car suspension
simulation [87]. The semi-active MR damper outperformed the passive component
in terms of controlling sprung mass acceleration, suspension deflection and tyre de-
flection. Sung et al. conducted extensive experimental testing and identification
of Electrorheological (ER) shock absorbers [89]. The work involved dynamometer

characterisation of the shock absorber, control system development in a quarter car
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test rig, before on the road full vehicle testing. Hardware in the loop simulation for
the identification of a vehicle shock absorber was presented in [78]. In the simula-
tion the actual shock absorber is used and was excited by a hydraulic actuator. Its
damping and force response were measured directly and fed back to the simulation
in real time. This approach allowed accurate simulation without the need for the

identification of complex nonlinear components.

Gobbi et al. investigated suspension vibration and harshness by measuring forces
and moments at the chassis suspension joints [90]. The ruotavia test rig (Figure 2.23))
was used in this study. Special six axis load cells, presented in detail in reference
[91]], were used to measure the forces and moments at the joints. The suspension
was excited by passing over a cleat on the rotating drum surface. Constant speed
and varying speed analysis was carried out. For the constant speed analysis, av-
eraging of the measured signals was carried out using auto and cross—correlation
functions to synchronise the individual cleat passages in the recorded time histories.
This approach allowed calculation of an accurate spectrum of the bushing force
at the suspension joints. The varying speed analysis, conducted between 8 km/hr
and 48 km/hr, revealed that the plots of maximum force are not monotonically in-
creasing functions. The maximum RMS peaks in the vertical and horizontal forces
occur approximately at 20-25 km/hr and 30-35 km/hr, respectively. The authors
included suspension system support structure interaction in their dynamic model, a
technique not previously reported in literature. The support structure was excited
using hammer excitation at the suspension connection joints and the one degree
of freedom models were developed from the accelerances measured. In a related
study [92], Gobbi et al. further analysed the results to obtain modal damping via
the Hilbert Transform. A time history of joint force in the longitudinal direction
was band pass filtered around the frequency of interest. The Hilbert Transform of
the filtered signal was computed and the damping of the system in the longitudinal

direction was calculated from the slope of the decay envelope.

Nozaki and Inagaki presented a method of analysing coil springs and shock absorbers
independently without removing them from the vehicle [03]. The vehicle body was
excited using a vertical up and down motion at speeds in the 0-0.3 m/s range. At
the point where the body displacement of zero was crossed, the spring reaction was
zero. By measuring the tyre vertical load at this point, it was possible to obtain the
damping force value of the shock absorber itself, excluding the effect of the spring.

By varying the body excitation speed, a shock absorber force characteristic diagram
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was generated. The spring constant was found from the vehicle body displacement
and the tyre vertical load when a static force was applied to the vehicle body.
The method was verified theoretically and experimentally, but requires dedicated

hardware and software developed specifically for the application.

Kim and Ro proposed a method of developing accurate simple models of complex
mechanical systems [94]. The authors constructed an accurate complex model of a
double wishbone suspension system in ADAMS® and used it to produced a two DOF
reduced order model. The reduced order model was produced from the linearised
ADAMS® model. It was found to be very accurate when compared with the complex
ADAMS® model. The authors compared the two DOF reduced order model to a two
DOF quarter car model (see § 2.6.2), with component data (sprung mass, unsprung
mass, spring stiffness, shock absorber damping, tyre stiffness) measured from the
actual suspension system, and found significant differences in the output of both
models. A set of revised component parameters were developed from the reduced
order model for use in the two DOF quarter car model. The goal was to develop
a set of parameters such that the response of the quarter car model was as close
as possible to the reduced order model. This revised quarter car model produced
results which showed only slight difference from the reduced order model and hence
the complex ADAMS® model.

Kim et al. investigated the relationship between quarter car model component pa-
rameters and the suspension kinematic structure [7]. A complex ADAMS® model
of the suspension system was used in place of an experimental setup. A double
wishbone suspension was first examined. A parameter identification technique was
used to build a more efficient mathematical model, called the identified model, than
the nominal model (a model based on measured component data). The parameters
identified using this technique replaced the sprung mass, unsprung mass, spring stiff-
ness, shock absorber damping and tyre stiffness parameters of the nominal model in
a two DOF quarter car model. The identified model better represented the response
of the complex ADAMS® model than the nominal model. A complex ADAMS®
model of a MacPherson strut was then built. The model parameters were the same
as those used for the double wishbone ADAMS® model. The parameter identifica-
tion technique was again applied and a new identified model was produced. Results
showed that the identified model of the MacPherson strut differed significantly from
the identified model of the double wishbone. This showed that although the suspen-

sion parameters remained the same, a change in the kinematic structure resulted in
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a significant change in the parameters of the identified model. The authors termed
parameters owing to the suspension structure as ‘invisible’ uncertainties (i.e. not

shown in the component data).

Langdon developed an adaptive control method for the identification of a quarter
car test rig [95]. The quarter car system (or plant) was treated as an unknown.
The input to the unknown plant was also applied to an ‘Adaptive Linear Combiner’
which is an adaptive finite impulse response filter. The adaptive part of the filter
is the time varying weight vector, which can be continuously changed to meet some
performance criteria. The output of the plant is called the desired signal. The
output of the adaptive filter is subtracted from the desired signal to form an error. A
least mean squares algorithm uses the approximated error gradient to incrementally
adjust the values of the adaptive filter weights. The model, created by this method,
is purely empirical and is a finite impulse response filter that replicates the input
to output relationship of the physical system. The model error was 16.9 % for the
unsprung mass response and 9.9 % for the sprung mass response when the method
was applied to the quarter car rig. This system identification algorthim was used as
part of an adaptive control algorithm to assist in the control of the quarter car rig

excitation to replicate a desired response.

Allison and Sharpe investigated the longitudinal vibrations of vehicle suspension
systems [96]. A quarter car suspension system was run on a smooth rolling road at
constant velocity while being subject to a sequence of longitudinal forcing frequencies
in the 10-100 Hz range. A model of the tyre and suspension system was developed.
The tyre model used the rigid ring model with a bristle model to represent tyre
road interaction. The planer motion of the tyre hub is resisted by a spring and
viscous damper in both the longitudinal and vertical directions. Measured and
simulated FRF’s in the longitudinal direction, after model optimisation, showed
good correlation in the lower frequency ranges (<40 Hz) but it was believed that
high frequency behaviour of the rig, unaccounted for in the model, served to produce

discrepancies at higher frequencies.

2.5 Response only system identification

Kerschen et al., in their comprehensive review of nonlinear system identification

[35], discussed some key aspects which will drive the development of nonlinear sys-

47



2.5. Response only system identification

tem identification in years to come. One point made by the authors is the need to
move towards in—situ testing of structures in place of laboratory testing of repre-
sentative structures. They also stated that the use of operating loads and ambient
excitation is an area which merits further investigation, with the goal of reducing
the dependence on measured excitation forces. This view is shared by a number
of other authors including Schiehlen and Hu, who highlighted the need to identify
shock absorbers under real operating conditions [7§]. While Adams and Allemang
stressed that system characterisation is best achieved using in—situ experimental
characterisation procedures [59], a view shared by Bendat and Piersol when non-
linear components exist in the system [24]. Basseville argued that there is a strong
industrial need for techniques extracting system models under real operating con-
ditions [97], due to the fact that modal models obtained in a laboratory may fail
to predict the correct operational system behaviour. One of the key arguments
for the use of OMA in place of EMA is that when a structure is removed from
its operating environment and tested under laboratory conditions, the laboratory
experimental conditions can differ significantly from the real life operating condi-
tions [29]. This allows for the identification of more realistic modal models for
in—operation structures. Although the modal analysis approach remains inherently
linear, in—operation techniques would allow linearisation to be carried out around

the actual loading conditions and external restraints [97].

The application of OMA techniques to mechanical systems has received much at-
tention in the past number of years. Application areas of OMA have been wide and
varied, from identification of a wind turbine wing using acoustic excitation [31], to
the vibro—acoustical analysis of a helicopter cabin [08], to operational identification
of a machine tool dynamic parameters [99], while numerous applications have been
reported for civil engineering applications; one recent and interesting analysis was
presented in [T00]. Méller et al. compared EMA and OMA of a plate structure with
an electric motor attached [28]. The results showed that it was possible to extract
all modes in the frequency range of interest using OMA. Peeters et al. presented
the dynamic characterisation of a complete truck by OMA [I0I]. During truck de-
velopment, it is common to subject the vehicle to vibration testing, in the form of
either four post shaker tests or test track measurements. The authors conducted a
study on the feasibility of exploiting operational data from these tests to enhance
the vehicle development process. The paper compared finite element modes of a full
truck with modes identified by OMA. The truck was excited using a 4 post shaker

system. Only acceleration responses at 78 degrees 