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Abstract

This thesis investigates the asymptotic behaviour of a scalar, nonlinear differential equa-
tion with a fixed delay, and examines whether the properties of this equation can be
replicated by an appropriate discretisation. We begin by considering equations for which
the solution explodes in finite—time. Existing work on such explosive equations has dealt
with devising numerical schemes for equations with polynomially growing instantaneous
feedback, and methods to deal with delayed feedback have not been fully explored. We
therefore set out a discretised scheme which replicates all the qualitative features of the
continuous—time solution for a more general class of equations. Next, for non-explosive
equations which exhibit extremely rapid growth, the rate of growth of the solution depends
on the comparative asymptotic nonlinearities of the coefficients of the equation and the
magnitude of the delay. Thus we set out conditions on these parameters which charac-
terise the growth rate of the solution, and investigate numerical methods for recovering
this rate. Using constructive comparison principles and nonlinear asymptotic analysis, we

extend the numerical methods devised for explosive equations for this purpose.
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Introduction and Preliminaries

0.1 Overview

This thesis considers the asymptotic behaviour of nonlinear differential equations, as well
as the asymptotic behaviour of corresponding numerical approximations. A perusal of the
literature on the former topic reveals it to be extensive, even though the topic has only been
studied in depth since the 1950s. One of the earliest papers is due to Myskhis [42], which
develops characteristic equations. In the last thirty years, the field has been particularly
active; much progress has been made in particular on the asymptotic behaviour of linear
equations, especially on the asymptotic stability of their equilibria. Important monographs
written which are devoted to this topic include [29, 33]. Furthermore, linearisation results
comparable to those available for ordinary differential equations are also available [20, 29].

Suppose that it is known that the solution of the equation converges to an equilibrium
or grows without bound, but the functional on the right-hand side does not have leading
order linear behaviour in the region in which the solution ultimately lies. In the case of
stability, some results are known; precise information on asymptotic behaviour, including
rates of convergence, have been obtained by Haddock and Krisztin [26, 27]. For such
problems, the intrinsically nonlinear character of the leading order terms makes exponen-
tial convergence of solutions to equilibrium impossible. Therefore, the delicate and precise
theory associated with the linear case cannot characterise the asymptotic behaviour. Inter-
esting surveys of this work, and techniques to understand such highly nonlinear systems,
is provided in the monograph of Lakshmikantham, Wen and Zhang [34].

It would appear that the case when solutions grow unboundedly is less well studied, and
one aim of this thesis is to develop techniques to tackle such highly nonlinear equations.
Unbounded growth in this case can take two forms, and this is best seen by considering

the simple family of scalar ordinary differential equations
2(t) = f(z(t)), t>0; x(0)=1 >0, (0.1.1)

where f(x) = 28 for x > 0. If 0 < 8 < 1, there is a unique continuous solution of (0.1.1)
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defined on [0, 00) which obeys

lim z(t) = +o0, (0.1.2)

t—o00

and moreover grows at a well-defined rate according to

zt)  _ 1/(1-6)
Jn g = (1= 6) : (0.1.3)

The case when § = 1 corresponds to the linear differential equation. However, if § > 1,
the unique continuous solution of (0.1.1) is defined on a finite interval of the form [0,7),
where

lim z(t) = +o0, (0.1.4)

t—T—
and T, often called the explosion time or blow-up time, depends on the initial data (in
fact T = Ty = 17 /(8 — 1)). The asymptotic behaviour of the solution as it approaches

the explosion time is also readily determined, and given by

| (0 )
S (B (T — ) & (0-1:5

These two distinct types of behaviour are in this thesis termed unbounded growth and
explosion. 1t is our goal to investigate the asymptotic behaviour of the simplest possible

scalar delay differential equation extension to (0.1.1); one suitable candidate is

2'(t) = flz@t) + gzt —71)), t>0; x(t)=1(), te|-7,0]. (0.1.6)

The fixed delay here is 7 > 0. Since our interest is in the unbounded growth or explosion
of solutions, it is natural to request that f and g be positive, so that for any initial function
¥ which is positive on [—7, 0], solutions will tend to infinity as they approach the upper
endpoint of their interval of existence. We also wish in general to avoid any complications
that might ensue owing to the existence of multiple solution of (0.1.6). So for this reason,
we assume f to be locally Lipschitz continuous, and g and 1 for be continuous, though
for the purpose of our numerical analysis we often request that g be locally Lipschitz
continuous. Since these conditions on f, g and v are referred to throughout our work, we

list them now:

f € C((0,00);(0,00)) is locally Lipschitz continuous, (0.1.7)
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g € C((0,00); (0,00)) is locally Lipschitz continuous, (0.1.8)
Y € C(]—T,0]; (0,00)). (0.1.9)

Our task can be summarised as follows: to find conditions on f, g and 7 under which
the solutions of (0.1.6) obey (0.1.4) or (0.1.2). In the case that the solution obeys (0.1.2),
we attempt to determine the rate at which x(¢) — oo by finding a deterministic function

J and a positive A (both of which depend explicitly on f, g and 7) such that

tim Z@O)

t—o00 t

(0.1.10)

which is the natural analogue of the asymptotic result (0.1.3) for the ordinary equation.
If, on the other hand (0.1.4) occurs, we attempt to determine the rate at which = explodes

by finding a deterministic function M (which again can depend on f, g and 7) such that

M
im M@ (0.1.11)
1, Ty =1

which is the natural analogue of the asymptotic result (0.1.5) for the ordinary equation.
It transpires, in the case when x obeys (0.1.4), that the function M is given by F,
defined by

_ © 1
F(x):/x mdu, x> 0. (0.1.12)

However, in contrast to the ordinary differential equation (0.1.1) we cannot obtain an
explicit formula for the explosion time Ty, in terms of f, g, ¥ and 7. Furthermore, there
may be circumstances in which we cannot compute a closed form formula for F. For
these reasons, it is desirable to develop reliable, versatile and tractable numerical methods
which will reproduce the qualitative asymptotic features of the explosion, approximate
the solution adequately on compact intervals, and approximate the explosion time with
arbitrary accuracy.

Equally, one may wish to obtain information about the rate of growth of solutions in
the non-exploding case characterised by (0.1.3), because the function J and normalising
constant A in (0.1.10) may not be known, or computable in closed form. In contrast to the
explosive case, in which the function M = F characterises the asymptotic behaviour, it

happens that the function J in (0.1.10) which characterises the rate of growth of solutions
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of (0.1.6) differs according to the relative sizes of f(x) and g(z) as x — oo, and the mag-
nitude of 7. Therefore it is desirable, amongst other things, that our numerical methods
detect the switch between various types of growth function J, provide a computable con-
dition for detecting the switch, and estimate the rate of growth. Naturally, the method
should approximate the solution satisfactorily on compact time and space domains.

We have confined our attention to scalar autonomous equations with fixed delay; ap-
plications of delay differential equations often require systems of equations or contain
non-autonomous features. Our restriction, however, can be justified in a number of ways.
First, a complete picture of the asymptotic behaviour of equations of the form (0.1.6) is
unavailable, even in the scalar autonomous case, and in fact the rate of growth of solutions
in the case when solutions obey (0.1.2) is unexplored and complicated. Second, it is diffi-
cult to assess the quality of a general numerical method for a class of differential equations
without first identifying some sufficiently rich subclass of problems whose properties are
comprehensively understood by purely analytical means. We believe that the analytical
work in this thesis generates such a subclass of equations which exemplify the properties
of explosion, growth, and dependence on delay, and that the numerical methods presented
demonstrate successful strategies as well as potential difficulties for the numerical analysis

of more complicated, but related, real-world equations.

0.2 Relevant Literature and Inspiration for the Work

As the outline above indicates, the analysis in this thesis is concerned with the asymptotic
behaviour of delay differential equations and reproducing this behaviour for appropriate
numerical methods. For a linear equation of the form (0.1.6) (i.e., where f and g are
linear functions), a very complete understanding of the asymptotic behaviour exists, with
every solution having asymptotic behaviour described by the complex—valued solutions of
a characteristic equation [21]. One interesting feature that can be observed is that the fixed
delay 7 can change the asymptotic behaviour. Even for more general linear differential
equations with delay, the picture is very complete: for instance, for most initial functions,
the asymptotic behaviour is dominated by the solution of the characteristic equation with

largest real part (cf. e.g., [20, 29]). These results cover convergence of solutions to steady
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states and unbounded growth as well as oscillation of solutions (something we do not
investigate here). Of course, linear autonomous equations cannot experience finite time
explosions. There is also an extensive theory concerned with perturbations from the linear
case; this can include forcing terms independent of the state, or nonlinearities. In the
latter case, for autonomous equations, one can show that the exponential rate of growth
or convergence is preserved from the underlying linear equation. Recent very sharp results
in this direction include [25].

However, when one moves to equations for which the leading order behaviour is not
described by linear functions or functionals, the literature is sparse. Indeed, results on
finite—time explosion of equations with a fixed delay seem quite limited, and include Ezzinbi
and Jazar [22], and Jordan [31]. Other results in which delays can prevent explosions in
highly nonlinear equations include Nie and Mei [43], and Redheffer and Redlinger [44].

There is however a nice literature of finite-time explosions in solutions of Volterra inte-
gral equations; the point in common with our work is the presence of a superlinear space—
dependent term, which in both cases causes the explosion. Some recent and classical works
on this topic include Malolepszy and Okrasinski [35], and Bushell and Okrasiriski [18]; a
work which includes sharp asymptotic estimates on the explosion rate, in a manner related
to (0.1.11) is Roberts and Olmstead [45]. Numerical treatment of explosions is given in
Kirk [32], with foundational work on techniques appearing in Brunner [16]. A common
feature between our work and that for Volterra equations is that the presence of weakly
singular convolution kernels, acting on a nonlinear function, in these Volterra equations
has an effect comparable to the point concentration of the instantaneous nonlinear term
on the right-hand side of (0.1.6). However, in our case, the past and present on the right-
hand side may be considered separately owing to the presence of a fixed delay; there is no
analogous separation in the Volterra case.

The analysis of finite—time explosions in partial differential equations is another growing
field of research which relates to our work. It encompasses both numerical and asymptotic
analysis of explosions. Some recent papers include Acosta, Durdan and Rossi [1], Brandle,
Groisman and Rossi [13], Bréndle, Quirds, and Rossi [14]. We also note that spurious

blow—up of solutions can arise from misspecifying the discretisation, and this is reported
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n [24]. The notion of state-dependent discretisation, which we utilise extensively in this
thesis to capture rapidly growing solutions, is of major importance in the numerical PDE
theory.

Finally, there is a wealth of research on the numerical analysis of functional Volterra
and delay differential equations. Important summaries of the state—of-the—art include
those of Bellen and Zennaro [10], Brunner and van der Houwen [15], and Hairer and Wan-
ner [28]. An interesting monograph which considers, amongst other things, the asymptotic
behaviour of discretisations of differential equations is Stuart and Humphries [47]. We note
however, that much of the work concerning the preservation of asymptotic behaviour of
the underlying continuous time equation relates to asymptotic stability, and concerns very
wide classes of equations in which the coefficients do not depart significantly from linear-
ity. Moreover, the emphasis on preserving the exact asymptotic growth or decay rates of
solutions is often of secondary importance to these authors.

Preserving asymptotic features in the discretisation of differential equations which in-
clude, but is not limited to boundedness, stability or asymptotic stability, is work on
“dynamic consistency”, developed by Mickens (see e.g., [37, 38, 39, 40, 41]).

Our work, on the other hand, deals with a narrow class of scalar equations which exhibit
a wide variety of nonlinear behaviour, in which solutions grow unboundedly or explode.
Indeed, our analysis focuses on recovering exactly the rates at which growth or explosion
occur. It can therefore be seen that our work is motivated by the same concerns of dynamic
consistency and the properties of A—stability and AN-stability in numerical analysis (cf.
e.g., [10, 47]).

Some works which have the same philosophy as this thesis are Appleby, Rodkina and
Schurz [5] and Appleby, Berkolaiko, and Rodkina [6], which are concerned with highly non-
linear stochastic differential equations and their continuous and discrete—time analogues.
However, these papers are devoted to the study of asymptotic stability, rather than growth
or explosion rates.

For this thesis, we have drawn especially on three existing techniques from continuous
dynamical systems and their numerical treatment. These are (a) constructive comparison

principles; (b) state-dependent meshes for ordinary (stochastic) differential equations; and
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(¢) continuous extensions of discrete schemes for delay—differential equations to continuous
time. The properties of regularly, slowly, and rapidly varying functions are used frequently
throughout.

The relevant papers for state dependent meshes for stochastic differential equations in-
clude Davila et al. [19] in which solutions explode in finite-time; analytical results about
the explosion time occur in Bonder, Groisman, and Rossi [12]. Our simplest state depen-
dent mesh and explosion proofs are inspired by [19]. The importance of such meshes in
preventing overshooting of equilibria in stochastic equations is demonstrated in Appleby,
Kelly, and Rodkina [8].

For nonlinear delay differential equations which are not linear to a first approximation,
results on asymptotic behaviour are sparse. However, a general method which seems suc-
cessful for determining asymptotic behaviour is a “constructive” comparison principle.
The idea here is to construct functions which are upper and lower solutions of the dy-
namical system. This has been applied to determine exact rates of growth in linear and
max—type deterministic equations with unbounded delay (see Appleby and Buckwar [7])
and to polynomial stochastic delay differential equations (see Appleby and Rodkina [2]).
In our justification on the assumption of the positivity of the coefficients in our equation,
we make use of a result from Burton [17] regarding the existence of a unique, fixed point
in delay differential equations with asymptotically constant solutions.

Our proofs of convergence draw heavily on the continuous interpolation methods for
stochastic differential equations presented in Mao, Stuart and Higham [30]. Moreover,
these continuous—time extensions enable us to recover in a continuous—time (and not only a
discrete—time) approximation the growth rates in the underlying delay differential equation
(0.1.6).

As indicated above, the properties of regular variation enable us to ascertain very precise
asymptotic information about both continuous and discrete-time equations. Standard
references to the topic of regular variation include Feller [23] and Bingham et al. [11].
Of course, regular variation has proved to be a useful tool for the asymptotic analysis of
differential equations (cf. e.g., [36]) and linear non-autonomous differential equations with

delay [48] in many other situations.
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Some of the work in this thesis has already appeared in abridged form in the scientific
literature. [4] forms the basis of Chapter 7 while [3] comprises a significant proportion of
Chapter 1.

We make a brief remark that, in addition to the combustion problems alluded to in the
PDE and Volterra theory, applications of exploding solutions of differential equations can

be found in the study of (random) metal fatigue (see e.g., Sobczyk and Spencer [46]).

0.3 Synopsis of the Thesis

This thesis begins by discussing the limitations of a uniform Euler method. It is shown
that when f and g are sublinear, the solution to the delay differential equation does not
explode in finite—time, and moreover the rate of unbounded growth is determined by the
asymptotics of g/ f and can be replicated in discrete-time with a uniform discretisation.
However when f is superlinear (but not sufficiently nonlinear to cause an explosion) and is
determining the rate of growth, a uniform method is unsuitable in that it underestimates
the growth rate of the differential equation. This motivates the use of more complex
methods.

Finite-time explosions of (0.1.6) are introduced in Chapter 2. We begin by stating a
necessary and sufficient condition for the presence of explosion, and comment on the in-
ability of explicit and implicit uniform methods to replicate this asymptotic behaviour in
discrete—time. We then construct an explicit, state—dependent method, which is essen-
tially the simplest discretisation which allows us to detect the explosion. This enables
us to approximate the solution on any compact interval, and thus provides a method for
approximating the explosion time with arbitrary accuracy. Under conditions on f being a
regularly varying function, we can obtain very precise information on the continuous—time
rate of explosion, which is always dependent solely on f. However for equations with
coefficients that grow faster than regularly varying, our information on the explosion rate
is no longer as precise, and this motivates the use of the more computational intensive
method introduced in Chapter 3 which correctly determines the exact rate of explosion of
the differential equation.

In Chapter 4, we apply the numerical method introduced in Chapter 2 for the purpose of
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replicating the growth rate of the superlinear, non-explosive equations for which Chapter 1
demonstrated that a uniform method will not suffice. We see that if g/f tends to a finite
limit, this extension is relatively straightforward. The solution to the differential equation
grows at a rate dependent solely on f, the numerical solution will indeed pick up this
exact asymptotic behaviour, and moreover the approximation error can be controlled on
any compact interval. If g/ f is no longer tending to a finite limit however, things become
a bit more complicated. In Chapter 5, we determine conditions on f, g and 7 for the
solution to grow at a rate which is identical to that of the ordinary differential equation
given by (0.1.1). Examples of such equations are provided along with commentary on
their construction.

However when we try to use the method introduced in Chapter 2 to replicate this growth
rate in discrete—time, we encounter a problem. Estimating the growth rates in the case
where g/f tends to a finite limit made use of a constructive comparison principle (cf.
e.g., [2, 7]), but this strategy is no longer effective since g is growing at a more rapid
rate. In Chapter 6 we “pretransform” the differential equation to an equation which
we know is growing linearly and discretise this equation. However the formula for the
transformed equation requires explicit forms for certain functions which are in practice
very problematic to compute. It is our strategy to replace them with auxiliary functions
which are obtained by applying a state—dependent discretisation to the ordinary differential
equation equivalent of (0.1.6). We can then apply the inverse transform to verify that the
resulting discrete—time approximation grows a rate identical to that (0.1.6).

In Chapter 7, we look at conditions for which the asymptotic behaviour of the differen-
tial is no longer determined solely by f, in that it is now the delayed component of the
equation that is responsible for the rate of growth. These conditions rely on the existence
of a function that obeys certain asymptotic properties relative to f and g, and while we do
not attempt to prove that the existence of such a function is guaranteed, we demonstrate
that for a wide range of representative examples, this function can be determined. In Sec-
tion 8, we consider appropriate numerical methods for replicating these “delay-dominant”
rates of growth, and see that a uniform step-size Euler method will in fact recover the

essential asymptotic behaviour of the solution to (0.1.6). To this end we are able to con-



Chapter 0, Section 3 Introduction

sider examples of equations which have identical rates of growth, but for which different
components of the equation are responsible for this rate; indicating that the appropriate
discretisation method for replicating asymptotic behaviour is in fact independent of the

rate of growth of the solution.

10
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0.4 Preliminaries

Notations The following notations are used in this thesis:

R: set of real numbers.

R*: set of non-negative real numbers.

C((a,b); (¢,d)): set of continuous functions mapping from (a,b) onto (c,d)

C*((a,b); (c,d)): set of continuously differentiable functions mapping from (a,b) onto (c,d)
x V y : the maximum value between x and y.

x Ay : the minimum value between x and y.

g = O(f): limsup, . g(x)/f(z) < 0.

g =o(f): limyo0 g(x)/f(x) = 0.

Definitions and Technical Issues The major relevant definitions and theorems on
technical issues are given here:
Regularly varying functions (cf. e.g., [11]): A function m : (0,00) — (0,00) is regularly

varying at infinity with index o € R if

lim m(Az)/m(x) = A* for each A > 0.

T—00

We write m € RV ().

Some properties of functions which are regularly varying at infinity include:

o If m € RVyo(a), 1/m € RVy(—a) and if M(z) := ["m(u)du, z > 0, then M €
RVoo(a+1) for @ > —1, and M € RV(0) for a« = —1 if M(z) — 0o as x — oo.

e If m € RV (), Ju such that u(z)/m(x) — 1, then zp/(z)/pu(z) - o as © — oo.

e If m € RVy(a), and x and y are continuous with z(t)/y(t) — 1, z(t) — oo and

y(t) — oo as t — oo, then limy_,oo m(z(t))/m(y(t)) = 1.
Similarly, a function n : (0, 00) — (0, 00) is regularly varying at zero with index 8 € R if
hII(l) n(Az)/n(z) = NP for each A > 0.
Tr—r

We write n € RVy(3).

Some properties of functions which are regularly varying at zero include:

11
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o If n € RVy(8), 1/n € RVo(—p) and if N(z) := [ n(u)du, z > 0, then N €
RVo(B+1) for B > —1, and N € RV((0) for § = —1if N(x) — oo as z — 0.

e If n € RV((3), Jv such that v(z)/n(z) — 1, then xv/(x)/v(z) — B as z — 0.

e If n € RV((S), and x and y are continuous with x(¢)/y(t) — 1, z(t) — 0O and y(¢t) — 0

as t — oo, then lim;_,o n(z(t))/n(y(t)) = 1.

Banach Fized Point Theorem (cf. e.g.,[17]): Let (X, d) be a complete metric space and
a function f : X — X be a contracting operation, i.e. there exists a A € (0,1) such that

d(f(x), fy)) < Md(z,y) for any x,y € X. Then there exists a unique p € X such that
fp)=p.

12



Chapter 1

The Limitations of a Uniform Euler Discretisation

1.1 Introduction

In the study of numerical analysis, one of the simplest methods of constructing an ap-
proximation for a solution of a differential equation is the uniform Euler method. This
method is very well understood, and a wealth of literature exists on the performance of
uniform Euler methods in analysing a broad spectrum of classes of differential equation.
It is both easy to construct and straightforward to implement, and moreover in the pres-
ence of fixed—time delay it greatly simplifies the analysis of the delayed component of the
equation, in that the discretisation parameter can be chosen to avoid any issues arising
out of referencing the past values of the numerical method at inputs in between those for
which it is defined.

A well-known necessary and sufficient condition for the solution to (0.1.1) to grow un-
boundedly on the interval [0, 00) is given by floo ﬁ du = co. We now demonstrate that

the condition for the delay differntial equation (0.1.6) to grow unboundedly is given by

* 1 .
: mdu:oo, hxrggéff(:r)>0. (1.1.1)

Theorem 1.1.1. Let f obey (0.1.7) and (1.1.1), g obey (0.1.8), and ¢ obey (0.1.9) where
7 > 0. Then there is x € C(|—7,00)) which is the unique continuous solution of (0.1.6)

and which moreover obeys (0.1.2).

Proof. Tt is evident that there is a unique continuous solution of (0.1.6) on [—7,7") where
T € (0,00] is such that

li t) = oo.
L () = oo

This limit is co as the positivity of the initial condition together with the positivity of
f and g ensure that 2/(t) > 0 for ¢t € (0,7). We wish to rule out the possibility that

T < +oo. Suppose that T' € (0,7]. Clearly, if g1 = max,c|_;q g(z(s)) > 0, we have

o'(t) < f(z(t) + g1, te0,T).

13



Chapter 1, Section 1 The Limitations of a Uniform Euler Discretisation

Define f1(z) := f(z) + g1 for > 0. Then, as z(t) — oo as t — T, we have

dm = lim ds <T < oo.
/ f1 i1 Jo fi(z(s)

Now (1.1.1) implies fx(()) 1/f(u) du = oo and therefore

o (05~ ) 2=
Thus

= 1 o [ChW - fw) L N
/gc(O)f(U)(f(U)er)d /50(0) f(u) fi(u) I /:c(O) (f(u) fl(u))d '

But liminf,_,~ f(z) > 0. Since f(x) > 0 for x > 0 there exists z* > 0 such that f(z) > ¢;

for all z > z*. Now since f is continuous there exists z; € [0, 2*] such that

sl T = Jin, F@) = fla) = o

Therefore f(x) > c3 > 0 for all x > 0. Thus f(u) (f(u) +g1) > 3 (f(u) + g1) = e3fi(u).
So

o0 1 1 1
/x@ OIOET /xw) e o) M

which gives a contradiction. Hence T' > 7
Suppose now that = does not explode in [0, n7], but does in (n7, (n + 1)7]. This is true

for n = 1. Clearly, if g, = maxc((n—1)rns) 9(z(s)) > 0, we have
2'(t) < f(x(t) + gn, te[nt,T).

Define fy(z) := f(x) 4 gn for x > 0. Then, as z(t) — oo as t — T'~, we have

o0 1 bo2(s)
dr = lim ds <T —nr < 0.
/x(nT) fn(l') =T Jnr fn(x(s)) B

oo (G5~ 7)o
Thus

/:f()(f( )+ n) “‘/ e fn{g)d“:/x:)<@‘@>d“:°°‘
)

By the same arguments as before, f(u) (f(u) + gn) > ¢3 (f(u) + gn) = c3fn(u). So

o0 1 i | 1
d — d
/1(0) F(u) (f(w) + gn) "S/xm) cs fulw) T

Now (1.1.1) implies

14
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which gives a contradiction. Hence T' > (n + 1)7. Since this is true for any n € N, it
follows that T = oo.

We have shown that (0.1.6) has interval of existence [—7,00). Since ¥(t) > 0 for ¢t €
[—7,0] and f(x) > 0, g(z) > 0 for all x > 0, we have that 2/(t) > 0 for all ¢ > 0. Therefore
limy_,oo z(t) =: L € [1(0), 00]. Suppose that L > 0 is finite. Since

t—7
/ f(z ds—i—/T g(xz(s))ds, t>r,

by the continuity of f and g we have

lim — / f(z = f(L), lim L g(z(s))ds = g(L).

t—oo t t=oo t J_.

Since z(t) tends to the finite limit L, we get

0= lim 2(t) = lim / flz(s))ds + - /_Tg(x(s))dS— f(L) +g(L).

t—oo t t—>oo _r

Since f and g are positive we have L = 0, a contradiction. Hence L = oo and z obeys

(0.1.2), as claimed. O

Throughout this thesis, we make of (1.1.1) when we wish to restrict ourselves to solutions
which exhibit unbounded growth and do not explode in finite—time.

In this chapter we investigate the effectiveness of a uniform Euler method for the purpose
of replicating the growth rate of the unique solution z of the delay differential equation
given by (0.1.6) when x obeys (0.1.2). That is, we set out conditions for which the linear

interpolant Ty of the solution x,, to the equation given by

Tni1(h) = xn(h) + hf(xn(h)) + hg(zn—n(h)), neN, h:=71/N, (1.1.2a)
zn(h) =9(nh) >0, n=-N,-N+1,...,0. (1.1.2b)

exhibits the same rate of growth as the solution to (0.1.6).
For certain classes of functions, these conditions are well understood. For example if f
is linear and “dominates” ¢ (in the sense that g/f — 0 as © — ), solutions to the delay

differential equation grow exponentially. Using a uniform Euler method to estimate this

rate of growth leads to a familiar result. Consider the equation given by

2'(t) = ax(t) + g(z(t — 7)), t>0; x(t)=v(t), te[-,0] (1.1.3)

15
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where g obeys (0.1.8), ¥ obeys (0.1.9) and lim,_ g(x)/f(z) = 0. Discretising this

equation gives for h := 7/N where N € N

ZTnt1(h) = xn(h) + hazy(h) + hg(xn—n(R)), n > 0; x,(h) =1(nh), n=—N,...,0.

(1.1.4)
Since g and 1) are positive, we have that x,(h) is increasing for n > 0 and so
. xpgr(h)
nhﬁ\rglo T(h) =1+ ha.
Therefore
1 t 1 h log(1+ h
lim log z(t) = a whereas lim 08 Zn(h) = og(1 + ha) =: ap, (1.1.5)
t—oo  t n—oo  nh h

that is the growth rate of the difference equation is dependent on the discretisation pa-
rameter h. However o, — « as h — 0, indicating that the correct growth rate of (1.1.3)
can replicated by (1.1.4) with increased computational effort.

This chapter will set out the classes of functions for which the Euler method given by
(1.1.2) will replicate the correct growth rate of the solution to (0.1.6), and introduce the
classes of functions for which it will not. Throughout this chapter we will assume that
condition (1.1.1) is satisfied, which ensures that the solution to (0.1.6) will not explode in
finite—time. We begin by setting out a discussion of the main results in Section 1.2, the
proofs are deferred to Section 1.3.

The work in this chapter appears mainly in a paper [3], joint with John Appleby and
Alexandra Rodkina.

1.2 Main Results on Uniform Euler Methods

Firstly, we show that if f and g are sublinear functions (in the sense that f(z)/x — 0,
g(x)/x — 0 as * — 00), the solution to the continuous equation z, the solution to
the Euler scheme z,, and its continuous—time interpolant z; all have the same growth
rate. Furthermore in contrast to the linear example given by (1.1.4), this growth rate is
independent of the discretisation parameter h. So for sublinear functions an Euler method
is an ideal choice to replicate the exact rate of growth of the solution to (0.1.6), as it picks

up the correct asymptotics at a very small computational cost.

16



Chapter 1, Section 2 The Limitations of a Uniform Euler Discretisation

Let 7 > 0 and let f obey (0.1.7) and (1.1.1), g obey (0.1.8) and % obey (0.1.9). Then

there is a unique continuous and strictly positive z obeying (0.1.6) defined on ¢t € [—7, 00).

Theorem 1.2.1. Suppose

ml;n;o f(z)/z =0, xlirgog(x)/x =0; and (1.2.1)
there ezists A € [0,00] such that X := li_}rn g(x)/f(x). (1.2.2)

(i) If X € [0,00) and f € RV (a) (note (1.2.1) implies o« < 1), then

im 2O gy (1.2.3)
t—00 t
where F' is defined by
F@y—/mildu 2> €50 (1.2.4)
= Je Fag ™ . 2.
If a < 1, then
lm — 2y (1.2.5)

5% F1((1+ \)E)

(11) If A =00 and g € RV () (note (1.2.1) implies o < 1), then

im GEO) (1.2.6)
t—00 t
where G is defined by
G(x) /z ! d >&E>0 (1.2.7)
x) = ——du, =x . 2.
3 g(u)
If a < 1, then
_x(t)
lim i = 1. (1.2.8)

We can see from the above result that for sublinear equations the growth rate of the
solution to (0.1.6) is dependent solely whichever of the feedback functions are asymptoti-
cally dominant. Note that when A € [0, 00), the solution grows like that of the equivalent
ordinary differential equation (ODE) y given by v/(¢) = (1 4+ A)f(y(¢)). Also for A = oo
the growth rate is that of the equivalent ODE z given by 2/(t) = g(z(t)), independent of
the magnitude of the delay 7. Theorem 1.2.1 applies when f and g are asymptotic to e.g.,

b1(x) = 2% log?(x) (for v < 1 and B € R) or to ¢o(x) = xlog? () or ¢3(z) = z(loglog x)?

17



Chapter 1, Section 2 The Limitations of a Uniform Euler Discretisation

(for p < 0) as x — oo. Neither f nor g need be monotone nor tend to infinity as = — oo.
Note that (1.2.1) implies that (1.1.1) is satisfied, namely sublinear equations cannot gen-
erate finite-time explosions of the solution to (0.1.6).

Next we show that a uniform Euler method does indeed preserve the growth rates given

by Theorem 1.2.1.

Theorem 1.2.2. Let N € N, h:=7/N and x,(h) given by (1.1.2) be the approxzimation

of the solution x of (0.1.6) at time t = nh.

(i) If A € [0,00) in (1.2.2) and f € RV (a) (note (1.2.1) implies a < 1), then

F(x,(h
lim Z@M) (1.2.9)
n—00 n
where F is defined by (1.2.4). If « < 1, then
. zn(h)
1 —— =1 . 1.2.1
S I (1210

(i1) If X =00 in (1.2.2) and g € RV () (note (1.2.1) implies a < 1), then

lim E@aM) (1.2.11)

n—00 nh

where G is defined by (1.2.7). If « < 1, then

lim zn(h)

Now consider the linear interpolant of the discrete-time equation given by (1.1.2). Define

Th € C([_Tv OO)? (07 OO)) by

Zn(t) = 2n(h) + (Tns1(h) — za(h))(E —nh)/h, t€nh,(n+1)h], n>0, (1.2.13a)

Zn(t) = (1), t € [-7,0]. (1.2.13b)

So, Zp, takes the value x,(h) at time nh for n > 0 and interpolates linearly between the
values of z,(h) at the times {0, h,2h,...}. It is well understood that the error associ-
ated with using Z; as an approximate for x is controlled on any compact interval by the

discretisation parameter h (see e.g [10]) in the sense that for any 7" > 0,

lim sup |z(t) —zn(t)] = 0. (1.2.14)
h—0 0<t<T

We now summarise that Theorems 1.2.1 and 1.2.2 do indeed show that Z; mimics the

asymptotic behaviour of x.

18
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Theorem 1.2.3. Let N € N, h:=7/N, x,(h) obey (1.1.2) and Ty, be given by (1.2.13).

(i) If X € [0,00) in (1.2.2) and f € RV (a) (note (1.2.1) implies o < 1), then

F(zp(t
im ZEO) (1.2.15)
t—o0 t
where F is defined by (1.2.4). If a < 1, then
lim 220 (1.2.16)
t—oo x(t)

(i1) If X =00 in (1.2.2) and g € RV () (note (1.2.1) implies a < 1), then

lim G@RO) (1.2.17)
t—00 t
where G is defined by (1.2.7). If a < 1, then
. Zp(t)
Jim S =1 (1.2.18)

Next for the main result of the chapter, in which we consider superlinear equations, that
is equations for which f obeys f(x)/x — 0o as & — oco. For the purpose of this chapter we
add that f dominates g, or that g/ f is bounded. For such equations, the solution to (0.1.6)

behaves asymptotically as the solution to the equivalent ODE y given by /(t) = f(y(t)).

Theorem 1.2.4. Suppose

ILm f(x)/x=00,f € RVoo(l),/ 1/f(u) du = oc0; and (1.2.19a)
T—00 1
there exists A € [0,00) such that A := limsup 9) (1.2.19b)

T—00 ($)7

then
E0)

t—oo t

=1. (1.2.20)

Functions obeying (1.2.19) include those asymptotic to ¢5(z) = xlog? z for 8 € (0,1]
(but not B > 1) or to ¢g(z) = z(loglogz)? for > 0 (but not 3 < 0).

Under the conditions of Theorem 1.2.4, the solution x,(h) of (1.1.2) and the interpolant
Zp, given by (1.2.13) have different growth rates from the solution z of (0.1.6), irrespective
of the mesh size h > 0. This is in contrast to the linear equation given by (1.1.3), in which

the exact growth rate could be obtained by letting h — 0. For superlinear equations where
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Chapter 1, Section 2 The Limitations of a Uniform Euler Discretisation

g/f tends to a finite limit, a uniform Euler method will underestimate the growth rate
of the solution to (0.1.6), suggesting that we may need special meshes to deal with such

equations. This problem is revisited in Chapter 4.

Theorem 1.2.5. Suppose the conditions of Theorem 1.2.4 hold and let N € N, h := 7/N,

xn(h) obey (1.1.2) and Tp, be given by (1.2.13). Also suppose there is a function f1 such

that
x = folz) = h@) is positive, non-decreasing on (X1,00), lim h(z) =1. (1.2.21)
: % F(a)
If H is defined by
H(:U):/x 1 {ulog(1+ fu)/u)kdu, = > w(0), (1.2.22)
¥(0)
then
lim 2@ g, HE@E) L (1.2.23)
n—co n t—00 t h

The proof of Theorem 1.2.5 is facilitated by the following Lemma

Lemma 1.2.1. Let k > 0. Suppose ¢ € C((0,00);(0,00)), ¢ € RVo(1), ¢(y)/y — o0 as
y — 00, floo 1/¢(u) du = +o0, and there is a function ¢1 with ¢1(y)/é(y) — 1 as y — o0

such that ¢g : (y1,00) = (0,00) : y — ¢o(y) := ¢1(y)/y is non-decreasing. If

Yn+1(k) = yn(k) + ko (yn(k)), n > 0;  yo(k) =€ >0, (1.2.24)
then
lim K@) (1.2.25)
n—oo n
where

y 1
K(y) = /5 wlog(1 + ¢(u) /)

Note that (1.1.1) implies H(z) — oo as ¢ — oco. To see this, put y = f(z)/x > 0 in the

du, y>¢. (1.2.26)

inequality log(1 +y) < y, y > 0. Thus 1/{zlog(1 + f(x)/z)} > 1/f(z), and integration
gives H(x) > F(x). Condition (1.1.1) implies F'(co—) = oo, proving the claim. Indeed as
H(z)/F(xz) — oo as © — oo, the Euler scheme always underestimates the growth rate of

the solution of (0.1.6). The second limit in (1.2.23) implies

lim F@O) _
t—00 t
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Chapter 1, Section 3 The Limitations of a Uniform Euler Discretisation

irrespective of the discretisation parameter h, but x obeys

fim @) _

t—o00 t

The second limit in (1.2.23) is derived using the method of proof of Theorem 1.2.3.

1.3 Proofs

Proof of Theorem 1.2.1 Since z(t) > 0 for t > —7 and f and g are positive, it
follows that 2/(t) > 0 for ¢ > 0. This implies z(¢t) — L € (0,00] as t — oo. Now if
L < oo, integrate (0.1.6) over [0,t], divide by ¢t and let ¢ — oo to get the contradiction
f(L) +9(L) =0, so

Ay, o) = o0

Now since z/(t) > 0 for ¢t > 0 we have that z(t — 7) < x(t) for t > 7. Therefore for t > 7

'(t)  flz(t) | gz(t—1))  fl=®)  gl=t-7))
0<% = 21 T 2 " a1 T at—n)

Since f and g obey (1.2.1) and z(t) — oo as t — oo this implies that 2/(¢)/x(t) — 0 as

t — oo and so
i x(t—1)
t—r00 x(t)

=1. (1.3.1)

In case (i), since f € RV (), (1.3.1) implies f(x(t—7))/f(x(t)) — 1 as t — oo. Hence

using this, (1.2.2) and diving both sides of (0.1.6) by f(z(t)) we get

()
lim o L+ A (1.3.2)

Thus for every € € (0,1) there is a T, > 0 such that for all ¢ > T, we have

B t x/<s)
WENE-T)< | o)

Using the definiton of F', dividing both sides of the equation by ¢, and then letting ¢ — oo

ds < (1+e)(1+\)(t—T).

and € — 07 yields (1.2.3). (1.2.5) follows since f € RV () implies F € RV (1 — ). As
a<1l, F71 € RV, (1/(1 — a)). By (1.2.3),
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In case (ii), since g € RV (), (1.3.1) implies g(x(t —7))/g(x(t)) — 1 as t — oo. Hence
using this, (1.2.2) and diving both sides of (0.1.6) by g(z(t)) we get

o EO
t=o0 g(x(t))

(1.3.3)

Proceeding as in (i) yields (1.2.6) and (1.2.8) follows.

Proof of Theorem 1.2.2 Firstly, define the function a € C((0,00); (0,00)) by a(x) =
f(z) + g(z). In case (i), a(z)/f(z) — 1+ X as @ — oo, and since f € RV («), this
implies a € RV (). Similarly in case (ii), a(z)/g(z) — 1 as * — oo, and since g €
RV o (), this implies a € RV (). So since a is a regularly varying function, there exists

b€ C((0,00); (0,00)) such that

. b(z) i xb' () _
mlggo @) 1; A (1.3.4)
Let B(x fw 1/b(u) du for z > 4(0), so B € C?((0,00); (0, 00)).

Now consider the uniform Euler scheme give by (1.1.2). Since ¥(nh) > 0 and f and g
are positive, we have that x,(h) > 0 for n > —N and also is also increasing for n > 0.

Therefore there exists L € (0, 00] such that

lim z,(h) = L.

n—oo

If L < oo, by taking limits across (1.1.2) we get f(L)+ g(L) = 0. But since f and g are
positive, this is a contradiction, so we must have L = oo. Since z,(h) is increasing, we

have that x,,(h) > x,—n(h) and so

o1 (h) o fn(h) | g(@n_n(h)

L<® S m T e

and since x,(h) — 00 as n — oo, using (1.2.1) we obtain

xn+1(h)

n—oo  x,(h)

=1. (1.3.5)

Next define h,, := h(f(xn(h))/a(zn(h)) + g(xn_n(h))/a(x,(h))) so that z,i1(h) =
Zn(h) + hpa(zy(h)) for n > 0. Then in case (i) we have

o f() 1
n—oo a(zp(h)) 14+ A
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since xy, (h) — 0o as n — oco. Now (1.3.5) implies x,,—n(h)/x,(h) — 1 as n — oo, and since
a € RV (a) we have a(zp,_n(h))/a(zn(h)) — 1 as n — oco. Therefore since x,(h) — oo

as n — oo

gl A

Combining these two limits we see that h,, — h as n — oc.

By Taylor’s Theorem, there is an &, (h) € [z, (h), zn+1(h)] such that
Blsr(h)) — Blza(h)) = B (ea(h)haalaa(h) + 3 B (€n()Wa* (o). (136)

Now by (1.2.1), a(z)/x — 0 as x — oo. Since

En(h) a(xn(h))
on(h) = LT

it follows that &,(h)/x,(h) — 1 as n — co. Consider the right-hand side of (1.3.6). Firstly,

1<

B'(xn(h))hpa(xn(h)) = hpa(za(h))/b(zn(h)) — h as n — co. Rewrite the second term to

get
LG L V) ban(h) () aan(h) alen(h)
2 " b2 (&n(h)) 27" b(&n(h)  b(&a(h)) &n(h)  xa(h)  b(zn(h))
Since &, (h) — 0o as n — oo, we have that
G )
n=oo  b(&n(h))
by (1.3.4). Also since &, (h)/x,(h) — 1 as n — oo, this implies that b(z,(h))/b({n(h)) — 1

as n — oo. The fourth factor tends to zero by (1.2.1), and since z,(h) — oo the fifth

factor tends to unity by (1.3.4). Since h,, — h, we have

lim B”(&,(h))h2a*(zn(h)) = 0.

n—oo

Therefore by (1.3.6), B(zp4+1(h)) — B(zn(h)) — h as n — oo and so
B(z,

i 2@ (h)

N—00 nh

=1. (1.3.7)
Now in case (i), by L’Hopital’s rule and the first part of (1.3.4)

lim F(z)/B(x) = xh_)rglo b(z)/f(x) =1+ A,

T—r00

so (1.2.9) is proved. (1.2.10) follows since f € RV.o(a) implies F' € RV (1 — ). As
a<1l, F71 € RV(1/(1 — a)). By (1.2.9),

LN E@ ) ()
n—oo  F~l(nh) n—oo F—1(nh)

In case (ii), (1.2.11) and (1.2.12) follow similarly as lim,_,~ G(z)/B(z) = 1.

=1
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Proof of Theorem 1.2.3 This follows from the proof of Theorem 1.2.2. Note that for
every t > 0 there is an n(t) € N such that t € [n(t)h, (n(t) + 1)h), s0 z,4)(h) < Th(t) <

Tpt)4+1(h). In case (i) as F is increasing,

(n(t) +1)h 1
t (n(t)+1

=
—
~
~—
>
—
SN

F(zy4)(h) < 2F(2p(t) < )hF(xn(t)—f—l(h))-

As n(t)h/t — 1 as t — oo, (1.2.9) implies

L F@n)
t—o0 t

=1+ (1.3.8)

To prove that z,(t)/x(t) — 1 as t — oo, note that f € RV (a) implies F' € RV (1 — a).

Asa <1, F71 € RV, (1/(1 — a)). By (1.3.8)

FE@W) _ g (1.3.9)

and so by (1.2.5), 7 (t)/z(t) — 1 as t — oo follows. The proof is similar in case (ii) where

A = o0.

Proof of Theorem 1.2.4 Firstly, condition (1.2.19) ensures that (0.1.6) has a unique,
continuous solution defined on all of [—7,00). Since z(t) > 0 for ¢ > —7 and f and g are
positive, it follows that z'(t) > 0 for ¢ > 0 and so z(t) — oo as t — oo using the same

reasoning as in the proof of Theorem 1.2.1. Thus

L fE)
e ey

8]

by (1.2.19). Hence for every M > 0 there is a Ty > 0 such that a/(t)/x(t) > M for

t > Tyy. Thus for t > 7+ Ty,
t
log z(?) = / (s ds > M,
2-1) " s als)

2

t—oo x(t — T) a

SO

(1.3.10)

Hence for every € > 0 there is a T} () > 0 such that z(t — 7) < ez(t) for t > T (e). Since

f € RV (1), there exists a function ¢ such that

lim o(z)

)

xd (x)

=1, (1.3.11)

200 c(q:)
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with ¢ increasing on [z2, 00) for some x3 > 1. Since z(t) — 0o as t — oo there is a To > 0
such that z(t — 7) > o for t > T». Let T3(¢) = max(T3,T1(¢)). Then for t > T3(e),
c(xe) < c(z(t — 7)) < c(ex(t)). So as c satisfies (1.3.11) and f € RV (1), this implies
clex)/c(x) — € as © — oo and so

o HEt =) L f((t=7) c@lt=7) clea(t) | c(x(t) _
WP Tr @) e - ) o) ca) ()

Thus f(z(t —7))/f(x(t)) = 0 as ¢ — oco. Using this, (1.2.19b) and dividing both sides of

(0.1.6) by f(z(t)) yields

lim (1) =
t=o0 f(z(1))

Integration gives (1.2.20).

Proof of Lemma 1.2.1 Set d(u) := log(1 + k¢(e*)/e*), u € R. Since y, (k) given by

(1.2.24) satisfies yp, (k) > 0 for n > 0, let u, (k) = log yn (k) so that

Unt1(k) = up (k) + d(up(k)), n > 0. (1.3.12)
Since ¢ € RVo(1), there is ¢o € C! such that ¢2(y)/d(y) — 1, ydh(y)/p2(y) — 1 as
y — 00 and ¢z is positive on (ya,00) for some y, := €"2. Define

da(u) :=log(1 4 ¢2(e")/e"), u > us
so dy € C is positive. Also ¢(y)/y — oo, ¢2(y)/d(y) — 1 as y — oo imply

lim 20 _ (1.3.13)

U— 00 d(u)

Since y¢h(y)/¢2(y) — 1 and ¢2(y)/y — 00 as y — o0
lim dy(u) = lim da(ch)/e” <eu¢5/2(eu) - 1> =0.

u—00 u=oo 1+ ¢o(et) /e \ ¢a(e”)
Now let dj(u) = log(1 + ¢1(e*)/e"), u > uy = log(y1). dy is positive and increasing, as
y — ¢1(y)/y is increasing on (y1,0), and as ¢(y)/y — oo and ¢1(y)/d(y) — 1 as y — oo,
we get di(u)/d(u) — 1 as u — oo.
Set Ky(u) = fuz 1/da(v) dv, u > ug, so Ky € C?(ug,00), Kh(u) = 1/ds(u) and K (u) =
—dh(u)/d3(u). Since u,(k) — oo as n — oo, there is an N; > 1 such that u,(k) >

max(ug,uz), n > Ny. By Taylor’s theorem, there is a &, (k) € [un(k), unt1(k)] such that

Ao 1y k) BlnE) BER)
R (09) = Kotonl8) = 02 55 = 300600 205 ) e )
(1.3.14)
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Consider the right-hand side of (1.3.14). As d(u)/d2(u) — 1 as u — oo, the first term tends
to unity as n — oco. For the second term, as &, (k) — oo as n — oo and dj(u)/da(u) — 1 as
u — oo we have d?(u,(k))/d3(&n(k)) — 1 as n — oco. Also as d7 is increasing on (uq, c0)
and &, (k) > un(k) > u1, d¥(un(k))/d3(&n(k)) < 1. Next d?(un(k))/d3(un(k)) — 1 as
n — oo since d(u)/di(u) = 1 as u — oco. Finally as &, (k) — oo as n — oo, dby(&n(k)) — 0

as n — 00. Thus Ko (up+1(k)) — Ko(un(k)) — 1 as n — oo and so

i Ke(un (k)

n—+00 n

=1. (1.3.15)

Now define
ka(y) = /y 1/(wdz(log w)) dw,

Y2
so Ko(un(k)) = ka2(yn(k)) and define

do(u) :=log(1 + ¢(e")/e"), u e R

so that lim, ,o0 do(u)/d(u) = 1. Note that K(y) given by (1.2.26) satisfies K(y) :=
J{1/(wdo(logw)) dw. By L’Hépital’s rule and using da(u)/d(u) — 1 as u — oo we get
ka2(y)/K(y) — 1 as y — oo, which gives (1.2.25).

Proof of Theorem 1.2.5 Using the same reasoning as in Theorem 1.2.2, we have that
Zn(h) — 0o as n — oo. Now since zp41(h) > zn(h) + hf(zn(h)) and the first part of

(1.2.19) holds,

Znt1(h) = oo and therefore lim L]V(h)
n—oo gjn(h) n—oo q:n(h)

= 0. (1.3.16)

Again since f € RV (1), there exists a function ¢ obeying (1.3.11) with ¢ increasing on
[x2,00) for some x9 > 1. So there is a Ny := Ny(h) such that x,_n(h) > x5 for n > No
and by (1.3.16) for every € > 0 an N3 := N3(e; h) such that z,,_n(h) < ex,(h) for n > Nj.
Thus for n > Ny := max(N2, N3) we have ¢(x,—n(h)) < c¢(exy(h)), and by (1.3.11) and
since f € RV (1)

]jmsupw = lim sup f(m"—N(h)) (- N(h)) (el'n(h) c(xn(h))
P ) R (1) e(ewa(h)  elan(h) Flaa(h)
1

Thus f(2a—x(h))/f(@n(h)) = 0 as n = o0, and by (1.2.19b), g(an—n(h))/f(za(h)) = 0

<e (1.3.17)

as n — oo. Set
hf (@ (h)) + hg(zn—n(h))

in = (an(h))
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Then z,4+1(h) = x,(h) + hpe(x,(h)) and h, — h as n — oo. Hence there is a N5 > 0 such

that for n > Ns, h/2 < h,, < 2h and z,(h) > 4z2. So for n > Nj,
h
Tnt1(h) > zn(h) + §c(azn(h)) and zp41(h) < zp(h) + 2he(zy(h)).

Now define two sequences y,, (h) and y," (h) by

h N5 (h)

Y1 () =y (B) + Selyn (R); > No; -y, (h) = =

Y1 (h) =yt () + 2he(yt (h); n > Ns; yi (k) = 2z, (R).

As ¢ is increasing on [z2,00), Ta < y,, (h) < z,(h) < y;7(h) for n > N5 and as K given by
(1.2.26) is increasing on (1,00), K(y,, (h)) < K(z,(h)) < K(y;"(h)) for n > Ns.

Now since f(z)/c(z) — 1 as x — oo we have by (1.2.19) and (1.2.21) that ¢ € RV (1),
c(y)/y — oo as y — o0, ¢1 := f1 is such that ¢1(y)/c(y) — 1 as y — oo and y — ¢o(y) ==
c1(y)/y is non-decreasing on (X1, 00). Hence by applying Lemma 1.2.1 to the sequences

Y (h) and y;! (h) we get

- +
n—o0 n n—oo n
and so
K(zy,
lim K@) _ (1.3.18)
n—o00 n

Finally as f(x)/c(x) — 1 and ¢(x)/x — oo as © — oo, L’Hopital’s rule gives H(x)/ K (x) —
1 as x — 00, so the first part of (1.2.23) holds.
To prove the second part of (1.2.23), note that for every ¢ > 0 there is an n(t) € N such

that t € [n(t)h, (n(t) + 1)h), s0 Ty (h) < Ta(t) < Tp)41(h). As H is increasing,

(@) +h 1
t (n(t)+ )k

S
—~
~
~—
>
[a—
| =

H(zp@) (k) < TH(Zp(1)) < H (zp(t)11(h))-

As n(t)h/t — 1 as t — oo, the first part of (1.2.23) implies

i @) _

1 (1.3.19)
t—00 t h' e
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Chapter 2

Explosions

2.1 Introduction

As we have seen in Theorem 1.2.4, nonlinear differential equations can grow at very rapid
rates. For example solutions to equations which obey the criteria of Theorem 1.2.4 include

those which grow at rates asymptotic to iterated exponentials, that is

x(t)

im =1
M2 (D)
where exp,,(z) := exp(exp(exp...exp(z))) is the n-th fold composition of exponential

functions. Moreover, it was demonstrated that under the conditions of Theorem 1.2.5, a
uniform Euler discretisation would not replicate these rapid rates of growth.

However, for certain classes of equations the solution may “explode” in finite-time, that
is the feedback is sufficiently nonlinear to guarantee that there exists some 7' > 0 such
that x is continuous on [—7,7T),

lim z(t) = oo,
t—T~

and T is referred to as the “explosion time” or “blow-up time” of the solution. Equations
which exhibit explosive rates of growth include hyperbolic equations like z(t) = 1/(1 — t)
for t € [—7,1). Such equations are frequently encountered in epidemiology, population
dynamics and in the study of fracture mechanics. The characteristics of these explosions
have been studied for equations which do not involve delay [1, 13, 14]. It is therefore
natural to examine the impact of nonlinear, fixed—time delayed feedback on the presence
of these explosions, the time at which they occur and the rate at which the solution
explodes. In this chapter, we study the limiting behaviour of explosive equations which
satisfy (0.1.6), analysing the role of the feedback functions f and g, the initial function ¢
and the delay 7 on the asymptotics of the finite-time explosion.

The uniform Euler method described by (1.1.2) will give incorrect information about the

presence of a finite-time explosion in the solution to the delay differential equation. Indeed
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Chapter 2, Section 1 Explosions

it will suggest that the solution ¢ — xz(t) is defined for all ¢ > 0, in contrast to (0.1.4)
which illustrated that the solution will have finite interval of existence. Furthermore, an

implicit method will not work for explosive equations. Consider the implicit equation
Tyl = Tn + hf(znt1) + hg(zp—n), n >0, for h :=7/N where N € N, (2.1.1)

where the underlying continuous—time equation obeys (0.1.4). If a solution exists, it must
be increasing. So it either tends to a limit or tends to infinity as n — co. Suppose it has

a limit L € (0, 00). This implies
L=L+hf(L)+hg(L)>L

since f is positive. Thus we must have x,, — oo as n — oco. Next, it follows that since f
obeys (2.2.1), f(z)/x — oo as * — o0, and there is an x* = z*(h) > 0 such that for all
x > o* we have f(x)/x > 2/h. Now since x, — 0o as n — oo there exists an Nj(h) > 0
such that x,, > x*(h) for all n > Ni(h). By hypothesis there is an ()41 > 0 which
obeys

TNy (h)+1 = TNy (h) T P (@ N (n)+1) + Rg(@ Ny () =N )-

However

TNy (W) +1 = TNy (h) + B (@ny (wy+1) + g (TN, () —N)
> o, () + A (@ N () +1)

> TNy (h) + 2T Ny (h)+1 > TNy (R)+1s

a contradiction. Thus if f obeys (2.2.1) we cannot construct a solution to (2.1.1) and an
implicit method is an unreliable guide to the presence of explosions. This suggests that
alternative numerical methods must be used. Furthermore, the unsuitability of the implicit
method described above also applies to non-explosive equations covered by Theorem 1.2.4
for which an explicit uniform Euler method underestimates the rate of growth of the
solution in accordance with Theorem 1.2.5.

Existing work has been done on devising numerical schemes for explosive equations,
specifically equations with polynomially growing instantaneous feedback (cf. e.g., [1,

13, 14]), but equations involving delay have not been fully explored. Here we describe a
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state—dependent discretisation which inherits the appropriate explosion asymptotics for
a wider range of possible feedback functions and involves the presence of delay. Much
consideration has been given to make the scheme as versatile and extendable as possible,
as we will use the techniques developed in this chapter to replicate the growth rates of the
non-explosive, superlinear delay differential equations introduced in Theorem 1.2.4.

In Section 2.2, we state the condition for a finite—time explosion of the solution. Com-
ments on hypotheses are included, namely the positivity of g and it’s contribution to
the presence of an explosion. The state-dependent numerical scheme is described in Sec-
tion 2.3 along with some remarks on its construction, and the existence of an explosion
of this approximation is demonstrated in Section 2.4. Section 2.5 shows that the error
associated with using the approximation can be controlled and that the continuous—time
explosion can be approximated with arbitrary precision by the by discrete—time explosion.
In section 2.6, we determine the rates of explosion of the solutions to both the continu-
ous and discrete-time equations, and includes some representative examples. Section 2.7
considers what happens in the absence of any monotonicity assumptions on f, where the
limitations of the numerical method described in Section 2.3 are demonstrated through
constructing pathological examples and considering alternative discretisations. We use
the arguments of Section 2.7 to justify that we must assume some sort of monotonicity

assumption on f. Finally, certain proofs are deferred to Section 2.8.

2.2 Existence of Explosion

A well-known necessary and sufficient condition for the presence of a finite—time explosion

of the solution to (0.1.1) is given by

1
/1 Wdu<oo. (2.2.1)

It is straightforward to show that this condition also holds for the delay differential equa-

tion given by (0.1.6).

Theorem 2.2.1. Let f obey (0.1.7) and (2.2.1), g obey (0.1.8) and ¢ obey (0.1.9). Then

there ezists a finite T > 0 and x € C([—7,T);(0,00)) such that x is increasing on [0,T),
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x is the unique continuous solution of (0.1.6), and

lim z(t) = oo. (2.2.2)
t—T—

Proof. Tt is evident that there is a unique continuous solution of (0.1.6) on [—7,7") where
T € (0, 00] is such that

lim x(t) = oo.
t—T— (*)

This limit is oo as the positivity of the initial condition together with the positivity of
f and g ensure that z/(t) > 0 for ¢t € (0,7). We wish to rule out the possibility that

T = +o0. Suppose that it is the case that T' = 4o00. Clearly since g is positive,
Z'(t) > f(z(t)), t>0.
Therefore as lim;_,7— z(t) = +o00,

o]
/ ——du>T =00, t>0.
w0y f(w)

But f obeys (2.2.1), which gives a contradiction. Therefore T is finite and moreover the

positivity of f and g ensure that z(t) - cc ast — T O

The number 7' is called the ezplosion time of z. If condition (2.2.1) does not hold, but
(0.1.8) and (0.1.9) hold, then = cannot explode in finite-time (cf. Theorem 1.1.1). There-
fore (2.2.1) is a necessary and sufficient condition for an explosion of (0.1.6). Throughout
this thesis, we make of (2.2.1) when we wish to restrict ourselves to solutions which explode
and therefore and do not exhibit unbounded growth.

Suppose also that

d¢p € C((0,00); (0,00)) such that ¢ is nondecreasing and lim ) =1. (2.2.3)

z—00 ¢()

This assumption, which is essential to the reliability of our numerical method, is discussed

in the following section.

2.2.1 Discussion on hypotheses

Since (2.2.1) implies limsup,_,. f(z) — oo, it is perhaps natural to assume the mono-

tonicity of f. However we need only assume the existence of a positive, monotone function
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¢ which obeys (2.2.3) (i.e. the asymptotic monotonicity of f) for our method to correctly
predict the existence or nonexistence of explosions of the unique solution of (0.1.6). In
Section 2.6, where we determine the growth rate of our state-dependent numerical scheme,
we make use of the property of regular variation of a function. Note that if f is indeed
regularly varying, such a positive, monotone, asymptotically equivalent function ¢ is guar-
anteed to exist. However in the absence of any sort of monotonicity our method will be
unreliable, as we will demonstrate in Section 2.7. Without monotonicity, we can construct
a family of pathological examples for which the method either fails to detect an explosion
of the continuous equation or incorrectly diagnoses the presence of an explosion when the
solution does not explode.

Throughout the remainder of this section, where we will justify the positivity assumption
on g, we assume f to be monotone to make the analysis more convenient. It is worth
noting that g need only be continuous, but assuming local Lipschitz continuity is useful
for control of the error estimates. The positivity of g cannot be relaxed if a finite—time
explosion of (0.1.6) is to be guaranteed. If the positivity does not hold, we can obtain
different asymptotic results for « depending on the initial condition 1. To see this, we will

first consider the equation
2'(t) = f(z(t)) — f(x(t—7)), t>0, (2.2.4a)

a(t) = ¥(t), te -0 (2.2.4b)

We show that we can have an explosion or solutions tending to a finite limit as t — oo
of (2.2.4) according as to whether the initial function v is small or large. This shows that
an explosion can be suppressed if there is a negative nonlinear delayed feedback term, the
initial condition is sufficiently small, and the nonlinear function f is superlinear local to

Zero.

Theorem 2.2.2. Suppose that ¢ in C([—,0]; (0,00)) is increasing and f is monotonically

increasing and suppose that f obeys

f e cY(]0,00),(0,)), f(0)=0, /100 1/f(u) du < +00. (2.2.5)

(i) Suppose that 6 > 0 is such that 0 < (t) < §/2 fort € [—1,—7/2]. If ¥(0) > §/2
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is sufficiently large, then there exists Ty, € (0,7/2) such that the unique solution of

(2.2.4) obeys limtﬁTJ z(t) = 0.

(i1) There exists 6 > 0 sufficiently small such that if 0 < ¢ (t) < §/2 for all t € [—T,0]
then there is a finite L € (¢(0),0) such that

0
L=v(0)~ [ f((s))ds+Tf(L), (2.2.6)

—T
and the unique solution of (2.2.4) obeys limy_, o x(t) = L.

The next result shows that we can have any negative nonlinear delayed feedback and

any delay (however short) and still consider initial functions which guarantee that the

solution of the delayed equation explodes in finite time.

Theorem 2.2.3. Suppose that 1) in C([—T,0]; (0,00)), f € C*((0,00), (0,00)) is increasing
and suppose that f obeys (2.2.1). Suppose g € C((0,00),(0,00)). Let = be the unique

solution of

2(t) = f(x(t) —g(z(t—7)), t>0, (2.2.7a)

2(t) = ¥(t), te[-T0]. (2.2.7b)

If (0) is sufficiently large, then there exists Ty, > 0 such that the unique solution of
(2.2.7) obeys

lim z(t) = o0 (2.2.8)
=T,

Next we show that the explosion can always be contained, provided the initial condition
¥ is decreasing and f(0) = 0. In this case, we choose a controlling nonlinear function g

which always exceeds f. We extend f and g to be zero on (—o0, 0].

Theorem 2.2.4. Suppose that f is increasing and is in C*((0,00),(0,00)) and suppose

that f obeys (2.2.1). Suppose that g € C((0,00), (0,00)) is increasing and
g(x) > f(x), =>0. (2.2.9)

Extend f and g to (—00,0] so that g(x) = f(x) =0 for x < 0. Let ¢p € C([—T,0]; (0,00))
be decreasing. Then there exists a finite L < 0 such that the unique solution of (2.2.7)
obeys

lim z(t) = L. (2.2.10)

t—o00
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So we can see that the presence of explosions in equations with negative delayed feedback
depends on the relative sizes of the functions f and g, the magnitude of the delay 7 and
the nature of the initial function ¥. We do not investigate these equations in this thesis
and accordingly consider equations with positive delayed feedback which guarantee the

presence of a finite-time explosion.

2.3 Construction of State—Dependent Discretisation

We now construct a parameterised sequence x,(A) and an associated continuous interpo-
lating function XA which will approximate the solution of (0.1.6) and mimic its asymptotic

behaviour. Let A € (0,7f(¢(0))), and define Na € N so that

A < (NA—i-l)A

Mgy =T H0)
Now define t_py, (A) = —7 and

> T.

n=—-Na+1,...,0.

Note that A < 7f(1(0)) ensures that Na > 1, that is we have at least one mesh point on

the initial interval [—7,0]. Then

B __(NA—l)A - (NA—l-l)A_ (NA—I)A: 2A
Fvart(B) = t-ma (8) = =50 = T TS TG0y T @0)  F@0)
and
B _ (Na-DA | (Na-1DA A A
Fvart(B) = E-ma (8) = =500 72 T @) T A Fw0) 7))
Also define
2n(A) = (tn(A)), n=—Na,...,0, (2.3.1)
Xat) = b(tn(A)), ¢ € [tn(A), tnp1(A)), n=—Na,...,—1 (2.3.2)
and
Xa(t) =), te[-7,0] (2.3.3)

Next we extend (t,(A)) for n > 0 by

tni1(A) = to(A) + (2.3.4)
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where (z,,(A))n>0 and Xa are defined by

Zny1(B) = 2n(A) + f(2n(A)) (tns1(A) = tn(A))

tn+1(A)
+/ g(Xa(s—7))ds, n=0,1,2,... (2.3.5)
tn(A)

and

Xa(t) = za(B),  t € [tn(A) try1(A)). (2.3.6)

Furthermore X, is defined for n > 0 by

Xa(t) = 2n(A) + f(@n(A))(E — ta(A)) +/t (A)Q(XA(S—T))d& t € [tn(A), tnt1(A)).
(2.3.7)

Remark 2.3.1. We note that these constructions do indeed yield a well-defined, positive
and increasing sequence (z,(A))n>0, a well-defined, nonnegative and increasing sequence
(tn(A))n>o and a well-defined continuous function Xa on the interval [—7,Ta) where

TaA > 0 could be finite or infinite. Let

(2;(A))o<j<n is well-defined, positive and increasing, (2.3.8a)
(tj(A))o<j<n is well-defined, nonnegative and increasing, (2.3.8b)
XA € O([~7,tn(A)) is well-defined and positive. (2.3.8¢)

These statements are true for n = 0. If these statements are true at level n, we see that
f(xn(A)) > 0, and so tp+1(A) > t,(A) > 0 is well-defined, nonnegative and increas-
ing. Since (2j(A))o<j<n is well-defined, Xa is well-defined on [0,¢,11(A)). It is also
positive, by hypothesis. Since tp41(A) — 7 < tp+1(A) we have g(Xa(s — 7)) > 0 for
s € [tn(A), tnt1(A)) and so zp41(A) > z,(A) > 0 is well-defined, positive and increasing.
Thus X, is well-defined and positive on [t,(A),t,41(A)). Therefore (2.3.8a) and (2.3.8b)
have been proven at level n 4+ 1, and so are true for all n > 0. Finally, we prove that
XA € C([~7,tn(A)); (0,00)) for all n € N and is increasing on [0,t,(A)) for all n € N.

First, we deal with the continuity. XA = ¢ is continuous on [~7,0) = [~7,%o(A)). For
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each n > 0, XA is continuous on [t,(A),t,+1(A)). Since

lim XA (t)
t—tnt1(A)~

= 2n(8) + f(2n(A))(tns1(A) = tn(A)) + g(Xa(tn(B) = 7)) (tns1(A) = ta(A))

= Tp+1 (A) = XA(tn-i-l(A))v

we see that X is continuous at t,,1(A) for all n > 0. Since it is also continuous at
to(A) = 0, we see that X is continuous on [—7,t,(A)) for n > 0. XA is increasing
on [tp(A),tnt1(A)) for each n > 0 since f(x,(A)) > 0 and g(Xa(s — 7)) > 0 for s €

[tn(A), th11(A)), and so increasing on [0,%,(A)) because Xa is continuous on [0, 2,(A)).

Remark 2.3.2. Note that for s € [t,(A),t,+1(A)], there can only be finitely many values
of Xa(s — 7). To see this, let m(n) € Z such that m(n) > —Na and Xa(tp(A) — 7) =
Ty (A). Clearly m(n) <n and tp,,) < tn(A) — 7.

Now tp41(A)—7 < tpt1(A), it follows that XA (tp+1(A)—7) can only assume the values
Tr(n) (D), To(n)41(A), - - -, (A), and therefore for s € [t,(A), tn41(A)] that Xa(s — 7)
can only assume the values Z,,(,)(A), Zrn)+1(A), - - ., Tn(A).

Moreover is f is non-decreasing, it can be shown that Xa(s — 7) can only assume the

values T, () (A) or Zp,n)+1(A) on s € [t (A), thr1(A)].

2.4 Explosions in the Numerical Method

We now show that the function X explodes in finite time and mimics other properties of

the solution = of (0.1.6) (cf. Theorem 2.2.1). We will make use of the following Lemma:

Lemma 2.4.1. Let f obey (0.1.7), (2.2.1) and (2.2.3). Let A € (0,7f(x(0))) and x,(A)
be defined by (2.3.5). Then

(i)

/100 f(lu) du < oo if and only if /100 gf)(lu) du < 0o (2.4.1)
(ii)

JZ:;) m < oo if and only if jz::o m < o0. (2.4.2)
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Theorem 2.4.1. Let f obey (0.1.7), (2.2.1) and (2.2.3), g obey (0.1.8), and 1) obey (0.1.9)
where 7 > 0. Let A € (0,7f(1(0))) and Xa be defined by (2.3.7). Then there exists a

finite Ta > 0 such that XA € C([—7,Ta); (0,00)), is increasing on [0,Ta),

Th = nh—>Holo tn(A) (2.4.3)
and
lim Xa(t) = oco. (2.4.4)
t—Tx
Moreover we have that
A 1 [ 1
Tha < +/ ——du (2.4.5)
Ro(¥(0)) R Jy) (u)
where R := inf,~q % € (0,00), and so there exist C > 0, A* > 0 such that
Thr < C for A < A*. (2.4.6)

However we note that if condition (2.2.1) is modified to condition (1.1.1), XA does
not explode in finite time. Therefore the numerical scheme does not produce a spurious

explosion in the case where the continuous solution does not explode.

Theorem 2.4.2. Let f obey (0.1.7), (2.2.1) and (2.2.3), g obey (0.1.8), and i) obey
(0.1.9) where 7 > 0. Then there is x € C([—7,00)) which is the unique continuous
solution of (0.1.6) and which moreover obeys lim;_,oc x(t) = oo (see Theorem 1.1.1). Let
A € (0,7f((0))), Xa be defined by (2.3.7), Then Xa € C([—7,00);(0,00)) is increasing
on [0,00) and

tli)r& XAa(t) = oc.

These results are investigated in later chapters.

2.5 Convergence of the Scheme

We now state the first main results in the chapter which deal not only with qualitative
results (i.e., the existence of an explosion in Xa given by (2.3.7)) but also establish quan-
titative properties of the approximate solution Xa. In this section, we concentrate on

two such properties, namely: (i) the supnorm error between the true solution x and the
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continuous approximation XA and (ii) the error between the true explosion time 7' and
the approximate explosion time Ta.

In Theorem 2.5.1, we show that given that the functions  and XA are compared when
they do not exceed some arbitrary ceiling M, Xa can be made arbitrarily close to by

choosing the parameter A < A(M) sufficiently small.

Theorem 2.5.1. Let f obey (0.1.7), g obey (0.1.8), and ¢ € C([—7,0];(0,00)) where
7 > 0. Then there exists a unique continuous solution x of (0.1.6) and there exists a finite
T > 0 such that x is increasing on [0,T) and x obeys (2.2.2).

Let A € (0,7f(1(0))), let XA be defined by (2.3.7) and let L(f, ) := inf, >y ) f(2) > 0.
If par and par(A) are defined by

pyv =inf{t > 0:z(t) > M}, (2.5.1)

pr(A) =inf{t > 0: Xa(t) > M}, (2.5.2)

where M € (1%, 00) with 1" 1= maxge[_r0) ¥(s), we have
lim sup |lz(t) — Xa(t)] = 0. (2.5.3)
A0 €000 Np21 (D))

Theorem 2.5.1 deals with the error between 2z and Xa on a compact interval, on which
both functions are well-defined. Therefore Theorem 2.5.1 shows that the time pj; at which
x hits the threshold M (for arbitrary M) can be approximated with arbitrary precision by
the time pys(A) at which XA hits M. In fact this theorem holds whether f obeys (2.2.1)
or (1.1.1), as both z(t) and Xa(t) are finite on ¢ € [0, pas A pars(A)] regardless of which
condition is satisfied. Furthermore, f need not assume any degree of monotonicity.

We now show that under condition (2.2.1) the explosion time 7" of  can be approximated

with arbitrary precision by pas(A).

Theorem 2.5.2. Let f obey (0.1.7), (2.2.1) and (2.2.3), g obey (0.1.8), and 1) obey (0.1.9)
where T > 0. Then there exists a unique continuous solution x of (0.1.6) and there exists
a finite T > 0 such that x is increasing on [0,T) and x obeys (2.2.2).

Let A € (0,7£(1(0))), let XA be defined by (2.3.7) and let L(f, 1) := inf,>yp(0) f(7) > 0.
If par and par(A) are defined by (2.5.1) and (2.5.2) where M € (maxge_ g ¥(t),0), we
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have

i A 1P (B) =TT =0

Note that pps(A) can be obtained explicitly from the numerical scheme for any M >
0,A € (0,7f(1(0))), in contrast to T" and even Ta, which cannot be determined in finite
time by the algorithm. Theorem 2.5.2 can be useful if it is not know in advance that con-
dition (2.2.1) is satisfied and x obeys (2.2.2). Since we can approximate pys with arbitrary
precision by pas(A), it is possible to investigate the convergence of these approximations
of ppr as M — oo. The observation that these values are approaching a finite limit, which
is very apparent given the nature of explosive equations, indicates the presence of an ex-
plosion of the solution of (0.1.6). However if f does not satisfy condition (2.2.3), such
a conclusion would be unwise as in the absence of monotonicity the numerical method
may give false information about the presence of an explosion, as we will demonstrate in

Section 2.7. To prove Theorem 2.5.2 we make use of the following Lemma.

Lemma 2.5.1. Let f obey (0.1.7), (2.2.1) and (2.2.3), g obey (0.1.8), b obey (0.1.9)
where 7 > 0, M € (maxte[,w] Y(t),00) and let prr and prr(A) be defined by (2.5.1) and
(2.5.2). Then there exists A(M) € (0,7f(1(0))) such that

pam (A) = purs pans > pu(A) for A < A(M). (2.5.4)
Proof of Theorem 2.5.2 Now, note that for A < A(M)
pm(A) =T = py(A) = parr + panr — T < pu(A) — parr <0
Note also that for A < A(M/2)
pm(A) =T = pr(A) = praja + praje =T > praje = T

Thus for all A < min(A(M), A(M/2)),

puse — T < pu(A) =T <0.
Therefore

limsup |pr(A) = T[ < T = parya-

A—0
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Hence

i A 1P (B) =TT =0

and the proof is complete.

2.6 Explosion Rate of Continuous and Discrete Equations

In this section we determine the rate of explosion of the solution of (0.1.6).

Theorem 2.6.1. Let f obey (0.1.7), (2.2.1) and (2.2.3), g obey (0.1.8), and let 1) obey
(0.1.9) where T > 0. Then there is a unique continuous solution x of (0.1.6), and there

exists T > 0 such that x obeys (2.2.2). Moreover, with F defined by (0.1.12), we have

i F0)
t—>T7- T —1

=1. (2.6.1)

Proof. We first notice that (0.1.7), (2.2.1) and (2.2.3) imply that f(z) — oo as x — oo.

Therefore by (0.1.7) and (2.2.2) we have

lim f(xz(t)) = oo.

t—T—

By (0.1.8) and the continuity of x on [—7,7 — 7 + 7/2], we have

Jim g(a(t = 7)) = g(z(T = 7)),

which is finite. By these observations and (0.1.6), we have

lim (1) =
=1 f(2(t))

Notice that z/(t) > f(x(t)), t € (0,T). Therefore, for every € > 0, there exists T. € (0,T")

such that

1<f”(”/(t) <l+e te(Tn,T).

Hence, by integrating across this inequality and using the definition of F in (0.1.12), we
have

T—t<F@®)<1+e)(T-t), te(l.,T),

from which (2.6.1) immediately follows. O
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As a result of Theorem 2.6.1, we see that regularly varying equations with weaker
nonlinear feedback produce faster explosion rates. To illustrate this, consider the following

example:

Example 2.6.1. Suppose that

i (t) = filzi () +glzi(t— 1)), t>0; x1(t) =1/(1 —t), t € [~1,0], (2.6.2a)
2h(t) = fa(za(t)) + glaa(t — 1)), t > 0;  a9(t) =1/(1 —1)% t € [-1,0], (2.6.2b)
where fi(z) = 2% — G455, fo(e) = 2277 — 5= and g(v) = 2. We can easily show
that
z(t) =1/(1—1), t € [~1,1), (2.6.3a)
zo(t) =1/(1 — )%, t € [-1,1). (2.6.3b)
Clearly lim, o 25 = 00 but lim,_,;- 24 = 0.

xz(t

~—

In general, amongst equations with regularly varying feedback, RV, (1) equations which
are just sufficient to satisfy condition (2.2.1) produce the quickest explosion rates. This
example is particularly interesting, as one might naturally expect equations with more
extreme nonlinearities as * — oo to give rise to the quickest explosion rates. However
equations with feedback that is more rapidly growing than regularly varying, for example
f(x) ~ e*, will produce even quicker explosion rates.

Our task now is to show, under appropriate hypotheses on F, that z,,(A) and XA obey
appropriate asymptotic analogues to (2.6.1). To do this, we need the following preparatory

result.

Lemma 2.6.1. Let f obey (0.1.7), (2.2.1) and (2.2.3), g obey (0.1.8), and ¢ obey (0.1.9)
where T > 0. Let A € (0,7f(1(0))) and let (x,,(A))n>0 be defined by (2.3.5). Then

n(A

lim 2 (8)

n— 00 n

=A. (2.6.4)

Proof. In Theorem 2.4.1 it was already established that Ta > 0 defined by (2.4.3) is finite.
We establish (2.6.4) in the cases when Ta < 7 or Ta > 7.

If TaA < 7, then t,(A) < 7 for all n > 0. Thus t,(A) — 7 < 0, s0 Xa(th(A) — 7) =
Y (tn(A) — 7). Therefore by (0.1.8), (0.1.9) and (2.4.3) we have

lim g(Xa(tn(A) — 7)) = g((Ta — 7)) (2.6.5)

n—oo
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Now, inserting (2.3.4) in (2.3.5) gives

A

Tri1(B) = 20(B) + A+ g

(¢ (tn(A) = 7). (2.6.6)

Since x,(A) — 0o as n — oo and since (2.2.1) and (2.2.3) imply f(z) = oo as z — oo, we

have by (2.6.5) that

A
en(A) = mg(w(tn(A) —7)) =0, asn— oo.

Using this and (2.6.6) we have (2.6.4).

If Ta > 7, the fact that 0 < ¢,(A) 1T Ta as n — oo implies that there is n’ > 0 such that
0< tn/(A) <Th—-17< tn/+1(A) < Th. (267)

To check the strictness of the inner two inequalities, consider the possibility that ¢, (A) #
Ta — 7 for all n > 0 and the possibility that there is an n > 0 such that t,(A) = Ta — 7.

We now claim that there exists na > 0 such that
ta(A) < th(A) =7 <tpy1(A), n>na. (2.6.8)
To prove (2.6.8), note that t,(A) < T for all n > 0. Thus for all n > 0, by (2.6.7)

tn(A) =7 <Ta —7 <tpi1(A),

so the second member of (2.6.8) holds. To prove the first member of (2.6.8), first note
that ¢, (A) 4+ 7 < Ta. Therefore g := 3(Ta — t,y(A) — 7) > 0. Since t,(A) 1 Ta as

n — oo, there exists n(A) > 0 such that
0<Tar —tp(A) <ego, n>n(A).
Thus Th < t,(A) + &0, and because t,/(A) + 7 < Ta, we have
Ly (A) <TaA —7 <ty(A)—T4¢e9, n>n(A).
Thus

1
tn(A)—T>TA—T—eoZTA—T—§(TA—tn’(A)—7)

>TA—T7— (TA _tn’(A) _T) = tn’(A)7
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80 tp(A) < t,(A) — 7 for all n > n(A). Choosing nan = n(A) + 1 now gives the first
member of (2.6.8).

(2.6.8) and the monotonicity of Xa on [t,/(A), ¢4 1(A)] imply that

XA(tn(A) — 7‘) S [a?n/(A),l‘n/+1(A)], n > nAa.

Therefore for n > na,

= min z) < g( XAt (A)—7)) < max T) =:gAa.
90 e B oy 9 S IKAEB) =TI S oy 98 0
Defining &, (A) = Ag(Xa(t,(A) — 7))/ f(2n(A)), we have
A A
-7 A9 SgnA §7§7 nZﬁAa
Flon(@)a = 8 = i, (&)
and so ,(A) — 0 as n — co. Moreover by (2.3.4) and (2.3.5), we have
Tnt1(A) = 2p(A) + A+ e,(A), n >0,
which therefore implies (2.6.4). O

We are now in a position to determine the asymptotic behaviour of (z,(A)),>0 and
Xa(t) asn — oo and as t — T\ respectively.

We now state two results which enable us to determine the asymptotic behaviour for
classes of f which grow at increasingly rapid rates. Commentary and examples will be

supplied after the statements.

Theorem 2.6.2. Let f obey (0.1.7), (2.2.1) and (2.2.3), g obey (0.1.8), and 1) obey (0.1.9)
where 7 > 0. Let A € (0,7£(1(0))) and let (tn(A))n>0, (2n(A))n>0 and XA be as defined
by (2.3.4), (2.3.5) and (2.3.7). Then by Theorem 2.4.1 there exists Ta € (0,00) such that
lim Xa(t) =00, Ta= lim t,(A).
t—Ty n—00

If F is defined by (0.1.12) and F € RV (B) for some B <0, then

Fzn(A))

lim ——m2)) g 2.6.
A e oAy b (2.6.9)
and
lim ZXa®) (2.6.10)

t-Ty In—1
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Theorem 2.6.2 applies to for example polynomially growing f. We now give a couple of

representative examples.

Example 2.6.2. Suppose f(x) ~ cx® as © — 0o, where ¢ > 0, « > 1. Then

_ 1 [ 1 p—(e=1)
F(x)w/ wdu=-2 [ s T 00,
= c a—

and so F' € RV (1 — ). Thus the hypotheses of Theorem 2.6.2 are satisfied with 3 =
1 —a < 0. Then

J(a=1)
lim (T — )Y@ D X (t) = (C(1)>1 Y

t—Tx a—1

By Theorem 2.6.1, the solution of (0.1.6) obeys

/(a=1)
lim (T — )Y@ Dyg(t) = (C(l))l 1 ;

t—T- a—1

and moreover lima_,o+ A =T

Among equations which satisfy the conditions of Theorem 2.6.2, those for which the
rate of growth of f is just sufficient to cause an explosion produce the strongest rates
of explosion in accordance with Example 2.6.1. This is demonstrated in the following

examples:

Example 2.6.3. Suppose f(x) ~ cz(logx)® as x — oo, where ¢ > 0 o > 1. Then

_ L[>~ 1 1 (log z)~(e=1)
F(m)w/ R 1
¢ ), u(logu)® c a-—1

and so F' € RV, (0), which satisfies the conditions of Theorem 2.6.2 with 3 = 0. So we

have

i L\ V-1
c

t—Tx a—1

By Theorem 2.6.1, the solution of (0.1.6) obeys

1 1/(a=1)
lim (T —t)"(@Yiog x(t) = <>> ,

t—T- cla—1

and moreover lima_,g+ Ta =T

Example 2.6.4. Suppose f(z) ~ czlogz(loglogx)® as  — oo, where ¢ > 0, a > 1.

Then

B oo —(a-1)
F(x) ~ 1/ ! du = 1 (oglog ) as r — 00,
¢ ), wulogu(loglogu)® c a—1
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and so ' € RV, (0), which satisfies the conditions of Theorem 2.6.2 with 3 = 0. So we

have

1/(a-1) ¢ L\
Iim (Th —t)/\* Ploglog XA(t) = | ———— .
Jm (Ta =) glog Xa(?) <c<a—1>>

By Theorem 2.6.1, the solution of (0.1.6) obeys

1/(a—1) 1 1/(a—1)
lim (T — )"/~ Dlogl = (——
Jim (T 1) oglog z(t) (C(a — 1)> ;

and moreover limpa_,g+ Th =T

Theorem 2.6.3. Let f obey (0.1.7), (2.2.1) and (2.2.3), g obey (0.1.8), and 1) obey (0.1.9)
where 7 > 0. Let A € (0,7f(1(0))) and let (xn(A))n>0, (tn(A))n>0 and X be as defined
by (2.3.7). Then by Theorem 2.4.1 there exists Ta € (0,00) such that

lim Xa(t) =00, Ta= lim t,(A).

t—Tx n—oo
If F is defined by (0.1.12) and F~' € RV(0), then

Tn(A)

lim — =1 2.6.11
we FI{Ts — ta(8)) (26.11)

and
lm —a® (2.6.12)

R e

Theorem 2.6.3 includes exponentially growing f. We notice that in Theorem 2.6.2 we
made an assumption on the asymptotic behaviour of F' at infinity, while in Theorem
2.6.3 we made an asymptotic assumption on F'~! at zero. It transpires however that the
latter hypothesis proves to be a natural way to extend the scope of problems covered by
the former. Specifically, the hypothesis ' € RV, (3) for finite B < 0 is equivalent to
F~' € RVy(1/8). Therefore we can view the hypothesis F~! € RV, (0) in Theorem 2.6.3
as the analogue of F' € RV, (B) in Theorem 2.6.2 as 3 — —oo; hence Theorem 2.6.3 is a

natural extension of Theorem 2.6.2. Here are a couple of representative examples:

Example 2.6.5. Suppose f(z) ~ ce®® as © — oo, where ¢ > 0, a > 0. Then

_ 1 [ 1
F(x) ~ / e Mdu=—e " as x — o0,
¢ Jsy ca

which implies

B 1 1/
F~Y(z) ~log () as r — 00,
x
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and so F~! € RV (0), which satisfies the conditions of Theorem 2.6.3. So we have

1 - 1
lim |log [ ——— Xa(t) = —.
HTA[ g<TA—t)} ®) a

By Theorem 2.6.1, the solution of (0.1.6) obeys
1\ 1
li 1 — t) =~
s s (75)| 0=
and moreover lima_,g+ A =T

Example 2.6.6. Suppose f(z) ~ cee" e=BT a5 3 — 00, where ¢ > 0, a > 0,8 > 0. Then

— ]_ o0 _ ~eBu 1 _ BT
F(x)~ - e e eﬁudu:—ﬁe @ as x — 00,
¢ Jy co

which implies
1 1/« 1/8
F~(z) ~log [log (ac) ] as T — 00,

and so F~! € RV (0), which satisfies the conditions of Theorem 2.6.3. So we have

1o\l 1
lim |loglo XA(t) = —=.
HTA_[ g g<TA_t> ] alt)=3

By Theorem 2.6.1, the solution of (0.1.6) obeys

1 1/a] 7t 1
lim |logl — S
- | 08708 (Z — t> z(?) B’

and moreover limpa_,g+ Th =T

Of course (2.6.12) is not the exact analogue of (2.6.1), that is when we move beyond the
scope of equations covered by Theorem 2.6.2 we lose a bit of information about the exact
rate of explosion of the approximate solution. In Chapter 3, we investigate how to extend
the numerical method described in Section 2.3 to deal with such equations. We suggest
that an extra factor must be included in the step-size to create a “finer” mesh with which
to discretise the solution. However, this extra factor depends on f itself, and so will vary
within the class of equations for which F~! € RV;(0). For instance to obtain the exact
analogue of (2.6.1) for the equation given in Example 2.6.6 we must further modify the
numerical method over what would be required to obtain the exact analogue of (2.6.1) for

the equation given in Example 2.6.5.
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2.7 Absence of Monotonicity

In this section we show that if f does not obey (2.2.3), that is we do not make any sort of
monotonicity assumption on f, examples of f exist for which the existence of explosions
in (0.1.6) is not detected by our adaptive mesh described in Section 2.3. To illustrate
this, yet simplify the analysis, we do not consider the delayed component of (0.1.6), that
is we construct examples of equations which grow at any rate described by an ordinary

differential equation given by

where 1 obeys
> 1
n € C1((0,00); (0, 00)), / ) dx < 400, 7 is increasing. (2.7.1)
1 T
At the same time, the numerical method can be interpreted as returning the same rate of

growth as the non-exploding equation

where
* 1
e Cl((oa 00); (0,00)), / m dx = +00, 0 is increasing. (2.7.2)
1 X

Therefore, the essence of these results is that differential equations exist which have ar-
bitrary explosion rates, but for which the numerical method incorrectly predicts that an
explosion is absent, and that the rate of growth of that non-exploding solution is also
arbitrary.

We make the mild additional assumption that
n(z) =z 0(z), x>0, (2.7.3)

which is clearly consistent (but not a consequence of) (2.7.1) and (2.7.2).

Let Ag > 0 and define

:1 1 92(5) n>1
In+20(E+nbo— Ao/2m(E +ndo+ Agj2) "7

€n
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Notice that €, > 0. Also, n(§ + nAg + Ao/2) > n(&) > 0(£), and n(§ + nAg — Ao/2) >
n(&) > 6(€) so €, < 1/12 for all n > 1. Since 1/n € L((0,0); (0,00)) and 7 is increasing,

we have that
oo

1
Z n(€ +nlo + Ao/2) <o

n=1

so we have that (€,),>1 is summable.
Define now f : [0,00) — R by f(z) = n(x) for x € [0,£ + A¢/2) and on the interval

[+ (n = 1/2)A0,§ + (n + 1/2)Ap) for n > 1 by

D), 1€ [E+ (n—1/2)A0,€ +nlo — 2eAAg),
I_(x), xel[+nAy—26,00,&+nlg—enlp),
fl@) =19 0(z), ze€l6+nAo—elo,&+nlo+enAo), (2.7.4)
l4(z), x€[§+nAo+ e Ao, &+ nlp+ 26,A),
n(x), x€+nlo+ 26,00, + (n+1/2)A),

where

I-(z) = n(§ +ndo — 26,A0)
+ 0(§ +nloy — €nA0) - 77(5 +nlp — QETLAO)

€n

(x — (£ +nlAo — 2€6,A0)),

and

li(z) :=0(§+nlo + €,A0)
(f +nlg + QGnAo) - 0(5 +nlg + GnAo)

€n

L

(x — (€ +nlAo + €,A)).

The condition that €, € (0,1/4) guarantees that the partition of [ + (n — 1/2)Ag, & +
(n 4+ 1/2)Ap) into subintervals in (2.7.4) is well-defined, along with the function f itself.
Also note that the linear functions [, and [_ are chosen to make f continuous on the
interval [§ + (n — 1/2)A0,& 4+ (n + 1/2)Ap) for each n > 1. Also, the fact that f is equal
to n on the first and last subinterval, as well as the continuity of 7, ensures that f is
a continuous and indeed a positive function on (0,00). Moreover, f is locally Lipschitz
continuous, because 7 and @ are in C''((0,00); (0,00)) and the linear interpolants I+ are of

course locally Lipschitz continuous.
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Using the monotonicity of  and 6 and (2.7.3), it can be seen that f is not an increasing
function. Indeed, if n(x)/0(x) — oo as © — oo, we cannot have that f is asymptotic to
an increasing function.

If we consider the initial value problem given by
Pt = f@(t), t>0; 2(0)=¢, (2.7.5)

where f is the function defined by (2.7.4), we can show that the solution of x of (2.7.5)
obeys

tlig{ x(t) = oo where T; = /5 1/f(u) du. (2.7.6)

Now, let A > 0 and consider the following numerical approximation to the solution x

of (2.7.5). Define zo(A) =&, to(A) =0 and

A
hn(A) = Ty " >0, (2.7.7a)
Zni1(A) = 2, (A) 4+ ho(A) f(za(A)), n >0, (2.7.7b)
n—1
tn(A) =) hj(A), n>1. (2.7.7¢)
j=0

Clearly, z,,(A) is the forward Euler approximation to z(¢,(A)) consistent with the method
described in Section 2.3. However, the following results shows that the numerical method

does not predict the presence of the explosion in (2.7.5).

Proposition 2.7.1. Suppose that n and 6 are functions which obey (2.7.1), (2.7.2) and
(2.7.3), and let f be the function defined by (2.7.4). Then the solution x of (2.7.5) obeys
(2.7.6), while the solution of (2.7.7) is such that t,(A) defined by (2.7.7¢c) obeys

Th, = li_)m tn(Ap) = +o0. (2.7.8)

There are two other interesting properties of this example which does not detect the
presence of an explosion. The first is that there exist arbitrarily small and at least countably
many values of the control parameter A for which the presence of the explosion is not
detected. The second is that the solution of the numerical method (2.7.7) grows at a rate
consistent with the non-exploding differential equation y'(t) = 6(y(t)) for ¢t > 0, while the

solution of the differential equation in fact grows at a rate consistent with the exploding
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differential equation z'(t) = n(z(t)) for ¢ > 0. The rate for the ODE arises because the
“troughs” in f (which represent departures from 7) while deep, are sufficiently narrow to
guarantee that the rate of growth of the explosion that would arise if the right hand side
is n is retained. Therefore, as the numerical solution will appear quite well-behaved, and
reducing the error control parameter may not assist in detecting the explosion, it can be

seen that “false negatives” may be hard to spot for more complicated problems.

Proposition 2.7.2. If f is defined by (2.7.4), and x is the solution of (2.7.5), then x

obeys (2.7.6) and
L H(®)

ts1e Te—t

_ o 1
H(ac):/x mdu, x> 0.

=1

where

Proposition 2.7.3. If f is defined by (2.7.4), and x is the solution of (2.7.5), then x
obeys (2.7.6). If Ta, is defined by (2.7.8), then Ta, = +oo0 and

Tagk = 00, for all k € N.

Proof. Let k > 2. Clearly

N Aok 3 Bo/k

n=0:n/k is an non-negative integer

so by (2.7.8) we have

I A 1
T > — —————— = 1A,
Bo/k = k;of(sﬂAo) Ca

By Proposition 2.7.1, we have T, = +00, the proof is complete. O

Proposition 2.7.4. If f is defined by (2.7.4), and x,(A) is the solution of (2.7.7), then

Thr, = 00, xn(A) is defined on (0,00) and

i ©n(A0)

=1
n—00 tn(AO)

where

@(:c):/je(lu)du, x> E.
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Proof. Note that since z,(A¢) = £ + nlg for n > 0 and f obeys (2.7.4),

f(zn(Ao)) = f(§ +nAg) = 0(§ +nAp), n>1

and so
Ao = A
n Ag) =
80 = Fo(Ba) 2 Tl (A
Ag = Ay
76 * 2 TE+ 0]
A ¢ Ao Ao
G R o)
As 1/6 is decreasing,
n—1 n—1
AO A0
DB D DY Eyrvy
O Ag AT
"2 9c a0
>n71 AO - AO
2t ing 0
Therefore
A(] Ao A0
n(Ag) — —= + —= > O(x,(A n(Ao) — ——=
B0 =5 gy = OBl > 1B =
and taking limits as n — oo obtains ©(z,(Ao))/tn(Ap) — 1, as required. O

These constructions can also be used to generate examples of equations for which the
solution to the differential equation does not explode, yet the numerical method described
by (2.7.7) spuriously detects the presence of an explosion. The analysis is very similar and
can be obtained simply by switching the roles of the functions n and € in the definition of
f.

One solution to the problem illustrated by these examples is to consider inserting mono-

tonicity into the numerical method itself. Consider the ODE given by

w'(t) = f(w(t)), t>0; w(0)=1(0), (2.7.9)

where f obeys (0.1.7) and (2.2.1). Let A > 0 and € € (0,1/2). Define the sequence
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(wn(A))nz0 by

wo(A) = (0) (2.7.10a)
Wni1(A) = wp(A) (2.7.10b)
+inf{w € [(1 —e)A,A] : f(w+ wy(A)) = ze[({riasg(A,A] flz+w,(A)}.

The continuity of f ensures that this sequence is well-defined. Moreover, it can be seen
that (wn(A))n>0 is increasing.

Next, define the sequence (1, (A))n>0 by

inf{w € [(1 —e)A, Al : f(w 4+ wn(A)) = maxzej1-g)aa] f(2 +wa(A))}
flwn(A)) '

ln =

(2.7.11)
This is well-defined because f(w,(A)) > 0 for all n > 0, due to the positivity of f and

(wn,(A))n>0; moreover l,(A) > 0 for all n > 0. Also define the sequence (sp(A))n>0 by
s0(A) =0;  sp(A) =D 1i(A), n>L (2.7.12)

The fact that [,(A) is positive for each n > 0 forces (s,(A)),>0 to be an increasing
sequence. We mention in passing that the infima in (2.7.10b) and also in (2.7.11) can
be replaced by minima, due to the continuity of f. In the case when f is increasing, we
have that wy4+1(A) = wy(A) + A for n > 0, and therefore that 1,(A) = A/ f(w,(4A)),
which shows that this method reduces to the scheme describes in Section 2.3 when f is
monotone.

Now,

Wn+1(A) — wn(A)

=inf{w € [(1 —e)A,A] : f(w+w,(A)) = ze[(ﬁgi{A,A} fz+wy(A))}

= In(A) f(wn(A)).

Since wp4+1(A) € [wp(A)+(1—¢e)A, w,(A)+A], evidently we have wy,(A) — oo asn — oo.
We now show that the approximation w,(A) does indeed detect the presence of an

explosion. This amounts to showing that the sequence 1,(A) is summable.
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Theorem 2.7.1. Suppose that f obeys (0.1.7) and (2.2.1). Suppose that (wn(A))n>0 is

defined by (2.7.10a). Then there exists a finite Ta € (0,00) such that

o0
Ta = lim s,(A) = jz_:ozj(A). (2.7.13)

While always predicting an explosion when it is present, this method suffers from the
disadvantage of needing to determine the maximum of f on an interval, a problem which
requires information about the behaviour of f at every point on the interval which therefore
makes it hard to implement precisely and somewhat impractical. Moreover, we do not
know whether it falsely predicts the presence of an explosion when one is not present
in the underlying continuous time equation (2.7.10). Therefore this method does not
satisfactorily deal with equations which do not make any sort of monotonicity assumption
on f.

As mentioned in the introduction to this chapter, by virtue of the counterexamples
described in this section we wish to inform the reader that we will be assuming that

the instantaneous coefficient of the differential equation obeys some sort of monotonicity

assumption for the remainder of the thesis.

2.8 Proofs

Proof of Theorem 2.2.2 To prove part (i), note that since f is increasing and f obeys
(2.2.5), we have that f(x) — oo as © — oo. Therefore (f(z) — f(6/2))/f(x) — 1 as
x — 0o. Also since f is monotone and we have f(x) — f(6/2) > 0 for all z > §/2 and so

by (2.2.5) for any ¢’ > §/2 we have
ot
o f(x) = f(6/2)
Therefore 1(0) > /2 can be chosen sufficiently large so that
o 1 T
. _du< I (2.8.1)
/w(()) fu) = f(6/2) 2

Since f is in C*(0,00), (2.2.4) has a solution on [—7,Ty). Let us assume that there is

dr < +o0.

no explosion so that the solution is defined on (0,7/2]. Now for ¢t € [0,7/2], z(t — 7) =

Pt —7)€(0,0/2],500 < f(x(t—7)) < f(6/2) . Hence

2(t) = f(x(t) = f(6/2), te€[0,7/2); x(0) =(0).
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We now prove that there exists T, < 7/2 such that limt_%j x(t) = oo. Since x(0) > 4/2,
2'(0) > 0 and z is increasing at 0. Moreover, if there exists a minimal ¢' € [0,7/2] such
that 2/(t') = 0, then z(¢') > z(0) > §/2 and so 0 = /(') > f(z(t')) — f(6/2) > 0, a

contradiction. Therefore z is increasing on [0, 7/2]. Therefore

(1)
) - foy = b telT/)

This implies

z(t) x
/w(o) flu)— f(5/2) 5/2 /f ) — 5/2)dszt, t € [0,7/2].

By assumption z(t) is finite for all ¢ € [0, 7/2]. Therefore there exists * € (¢(0), co) such

that z(7/2) = x*. Thus

*

T 1 . z(t) 1 .
/zp(O) F)— 772 M T A vy F) = F0/2) du> 3.

By (2.8.1) we have

*

L 1 . . ]
7 oo 7= > o 7= > 2

a contradiction. Therefore there exists T, < 7/2 such that lim, T z(t) = oo, as claimed.
To prove part (ii), note that since f € C1([0,0), (0,00)), for every § > 0 there exists

K5 > 0 given by K5 := maxo<z<s | f'(z)]. That is for y, z € [0, d],

1f(y) = F(2)| < Ksly — 2|, y,2€0,0].
Now extend f to be defined on [—§, 0] according to

f(x) =2f(0) = f(=x), = €[-6,0].

Thus f'(z) = f'(—xz) for x € [-4,0] and so for y, z € [6, J],

1f(y) = f(2)| < Ksly — 2|, y,2 €[-6,6]. (2.8.2)
Also since f/(0) =0, we have K5 — 0 as § — 07. Let § > 0 be so small that

Kyr < & (2.8.3)

2

Let

N ={y e C([-7,00);R) : yo = ¥, |y(t)] <6, ¢ = 0}.
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Define for y € N

w(t)v te [_7-7 0]7
Q) () =4 »©0)+ [ f(y ds—ft Tf@W(s))ds, te0,7],
+ft f dsff f((s))ds, t>T.

We will show that Q : N — N and that  is a contraction on (N, || - ||) where || - || is the
supnorm on [—T, 00).

For ¢t € [0, 7],

/f m—/ F(6(s)) ds

=M®lAUMW—ﬂMw¢m%

/u (5)) — Flw(s — )] ds
/u b(s — 7)) ds

/K@\(S (s —71)| ds

< (0) + Ks6t

< (0) + K507 < 6.
Also for t € [0, 7],

«wxwzwmw+l<ﬂ—®—fw@—7»ww

[f(=0) = F(¥(s =) < K5 |=6 = (s = 7)| = K5 |6 + (s = 7)| = K5 (6 + (s — 7).

So

Since ¥(t) < § for t € [—7,0], we have 6/2 < § + (s — 1) < 3§/2 for s € [0,7]. So
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— K5 (8 + (s — 7)) > —K536/2. Thus for ¢ € [0, 7]
(Q)(t) > ¥(0) + /Ot —K;30/2ds
> (0) — K5t30/2
> (0) — K5730/2

> 1(0) — 35/4

> —30/4 > —0,

where we have used (2.8.3), ¥(0) > 0 and t < 7.

Now for t > 7,
w0 =v0)+ [ sods— [ s as
<o)+ [ Kol vis)l ds
< (0) + KsoT < 0.
Also for t > 7,
)0 200+ [ (-9~ Fois) ds

>(0) + /ttT —Ks5(0+1(s)) ds
> (0) + /;T _K538/2ds
> (0) — K5738/2 > —6,

using similar arguments as before.
Therefore |(Qy)(t)| < 6 for t € [—7,00). Hence 2 : N — N and moreover (N, || - ) is a
Banach space.

Suppose that y,z € N. Then for ¢t € [—7,0] we have (Qy)(t) — (Qz)(t) = 0. For t € [0, 7]

(Qy)(t / fly

(Qu)(t) — (Q2)( \</ e |ds</ Ksly(s) — (s)] ds

we have

Therefore

< K57 sup |y(s) — z(s)],
0<s<t
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and so supp<;<, [(Qy)(t) — (22)(t)] < KsTsupg<s<, |y(s) — 2(s)|. For t > 7 we have

t

Qu)(t) = (Q2)(t) = | f(y(s)) — f(2(s)) ds,

[(Qy)(t) — (22) ()] < /t |£(y(s)) — f(z(s))]ds < . Ksly(s) — z(s)|ds
< KaTt_ilile ly(s) — z(s)|.
Thus

192y — Qz]| = sup [(Q)(#) — (Q22) ()]

t>—1

= sup |(Qy)(t) — (22) ()]

t>0

= max  sup ()0 - )0 sup (@)(0) — (22)()])

< max (Kﬂ sup y(s) — (s)], Ks7sup sup |y<s>—z<s>|)
0<s<r7 t>1 t—7<s<t

_ Kyrmax (&‘i& () — =(5)sup l(s) — z(s)\)

= Ksmsuply(s) — 2(s)| = Ko7 sup [y(s) — 2(s)| = Ks7lly — 2]
5>

§>—T

< 5lly =zl

DN |

Therefore € is a contraction.
Hence by the contraction mapping theorem, €2 has a unique fixed point in N. This fixed

point is a function z € C([—7, ), R) obeying
(i) z(t) = ¥(t) for t € [—T,0];
(i) 2(t) = (Q)(t) for t > —7;
(iii) |z(t)] < 4 for all t > 0.

Since (Qz)'(t) = f(x(t))— f(z(t—7)) for all t > 0, by (i) and (ii), « is a solution of (0.1.6).
Moreover it is the unique continuous solution of (0.1.6). As f is increasing and 1 is

increasing, = must be increasing and so z(t) — L’ as t — oo where L' € (1(0),6) C [, d].
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Now since z is continuous

0 t
L' = lim z(t) = lim (Qz)(t) = tliglo <1[)(0) -/ f((s))ds + f(z(s)) d3>

t—o0 t—o00 t—T

0
—0(0) — | S(p(s)) ds+Tf(L) = wL

where
0
Vo =9(0) = | f¥(s))ds +7f(2).

We claim that ¥ : M — M where M = ([-4,6],|-|) and | - | is the standard absolute

value function on R. Let x € [=4,6]. As f is increasing, f(—d) < f(z) < f(9). Note also

that f(0) < f(¢(t)) < £(6/2). Thus,
f(=6) = f(6/2) < f(x) = f(¥(s)) < f(8) = f(0).
Now [f(9) — f(0)] < K5[0 — 0] = K56. Also,

F(=0) = £(5/2)] < K| — 6 — §/2| = Ks| - 36/2| = K535/2.

Thus,
0
T = $(0) + / (F) — F(6(s)) ds
< ¥(0) + " Ksbds
— (0) + K576 < 6/2+6/2 = 6.
Also,

0
Uz > (0)+ | —Ks35/2ds

-7

= (0) — K5739/2

> (0) —36/4 > —356/4 > —6.
Therefore U : M — M. Now suppose that |z|, |y| < . Then
1
(Vo —Wy| = 7|f(2) = f(y)| < TEslw —y| < Slz —yl.

Thus V¥ is a contraction and therefore must have a unique fixed point in M. This is the

number L in (2.2.6). Since WL’ = L', we have that L' = L. Therefore lim;_,o, x(t) = L.
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Proof of Theorem 2.2.3 Since 1 is positive and continuous, there exists § > 0 such
that

0<e(t) <o, te[-T,—71/2].

Since g is continuous there is gs > 0 such that gs := max,¢(o,5 g(v). Since f is increasing
and f obeys (2.2.1), we have that f(x) — oo as x — oo. Therefore (f(z) — gs)/f(z) — 1
as x — 00. Also, because f is increasing, we have f(z) —gs > 0 for all z > f~!(gs), so by

(2.2.1) for any &’ > f~1(gs) we have

o0

1
———dx < +00.
5 () — g5

Therefore 1)(0) > f~!(gs) can be chosen sufficiently large so that

0 1 .
/w(o> OEY ARr) (2.8.4)

Since f is in C'(0,00), and g¢ is continuous, (2.2.7a) has a solution on [—7,T}). Let
us assume that there is no explosion on (0,7/2]. Therefore 2/(7/2) is finite. Now for

te0,7/2], z(t —7) =(t —7) €(0,0], 50 0 < g(x(t — 7)) < max,e(5 9(z) = gs- Hence
2'(t) > f(z(t) —gs, t€0,7/2]; x(0)=(0).

We now prove that there exists T, < 7/2 such that limtﬁTJ x(t) = oo. Since z(0) >
f~(gs), 2’(0) > 0 and x is increasing at 0. Moreover, if there exists a minimal ¢ € (0,7/2)
such that 2/(#) = 0, then x(¢') > z(0) > f~1(gs) and so 0 = 2/(¥') > f(z(¥')) —gs > 0, a
contradiction. Therefore x is increasing on [0, 7/2]. Therefore
a'(t)
—>1, te€][0,7/2].
f(2(t) — gs

This implies

z(t) 1 t /
/ du:/ _ ) sy te [0,7/2).
o T@ =9 " )y Ta) —w
By assumption z(t) is finite for all ¢t € [0, 7/2]. Therefore there exists z* € (¢(0), c0) such

that z(7/2) = *. Thus
z* z(t)
/ L du= lim _r du >
w(o) fu) — gs t—7/2= Jy) f(u) —gs
By (2.8.1) we have

]

*

>/OO 1du>/x Ldu>z
w(0) f(u) — gs wo) flu) —gs — — 2

a contradiction. Therefore there exists Ty, < 7/2 such that lim, T x(t) = 00, as claimed.

NS
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Proof of Theorem 2.2.4 We have 2/(0) = f(¢(0)) — g(¢)(—7)). Since ¢ is decreasing
and ¢ is increasing, —g(¢¥(—7)) < —g(¥(0)). Hence z'(0) < f(1(0)) — g(x(0)) < 0 by
(2.2.9). Suppose there exists a minimal ¢; > 0 such that z(t;) > 0 and 2/(¢t1) = 0;

therefore z is decreasing on [—7,¢1). Therefore as —g(x(t1)) > —g(x(t; — 7)) we have

0=2a'(t) = f(2(t)) — g(z(ts — 7)) < f(a(tr)) — g(x(t)) <O

a contradiction. Therefore z is decreasing on [—7,t2) where to = inf{t > 0: z(t) = 0}.

Suppose first that z(t) > 0 for all ¢ > 0. Therefore either xz(t) — L > 0 as t — oo
or x(t) — 0 as t — oo. If the former is true, then 2/(t) — f(L) — g(L) < 0 as t — oo.
Therefore x(t) - —oo as t — oo, a contradiction. Therefore either z(¢) — 0 as ¢ — 0o or
there is a minimal ¢ > 0 such that x(t2) = 0. In the former case, we have (2.2.10) with
L=0.

In the latter case, we have z'(t2) = f(z(t2)) —g(z(ta — 7)) = —g(x(ta — 7)) < 0. Suppose
now that there is a minimal t3 € [to,t2 + 7) such that 2/(t3) = 0. Then 2/(t) < 0 for

to <t < t3 and hence z(t) < 0 for t € [tg,t3]. Hence

0=2a'(t3) = f(x(ts)) — g(x(ts — 7)) = —g(x(ts — 7)),

so g(xz(ts — 7)) = 0. But t3 < to + 7 implies t3 — 7 < ta, so x(t3 — 7) > 0 and therefore
g(z(ts — 7)) > 0, a contradiction. Therefore x is decreasing on [ta,t2 + 7). Moreover
x(t) < 0 for t € (t2,t2 + 7]. We claim that z(t) = x(te + 7) for all ¢ > t9 + 7. To see this,
let y(t) = x(ta + 7) for t > ta + 7 and y(t) = x(t) for ¢t € [ta,t2 + 7]. Then for ¢t >ty + 7
we have y/(t) = 0 and y(t — 7) = z(t — 7), so g(y(t — 7)) = g(z(t — 7)) = 0, because

x(t —7) <0 for t >ty + 7. Hence for t > ty + 7 we have

y'(t) = fly®) + gyt — 7)) = = f(x(t2 + 7)) + gla(t — 7)) =0,

soy'(t) = f(y(t)) —g(y(t — 7)) for t > ta + 7 and y(t) = x(¢) for t € [ta,t2 + 7]. Therefore

x(t) = y(t) = x(ta + 1) for t > to + 7. Thus we have (2.2.10) with L = z(t2 +7) < 0.

Proof of Lemma 2.4.1 Define R(z) = % for x > 0. By (2.2.3), R(z) — 1 as z — oo.

Therefore there exist R, R € (0,00) such that for z > 0

Ré(z) < f(x) < Ro(). (2.8.5)
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Therefore for x > 0

O
¢(x) — f(x) ~ Ro(z)

and (2.2.1) holds if and only if [;° dz) < 00. Since z, > 0 for n > 0, by (2.8.5) we have

>

=] =
Ks

forn>0
1 1 1 1 1

Ro(en(D) = F@n(A) ~ R o(zn(D)

SOZ] 0m<001fandonlylf2g Oﬁ(ﬂ))< '

Proof of Theorem 2.4.1 Notice that (2.3.4) and (2.3.5) imply for n > 0 that

T (A) = 2 (A) + A + G(XA(ta(A) = 7)) > 2o (A) + A.

A
f(zn(A))
Hence

Tn(A) > (0) +nA, n >0, (2.8.6)

80 p(A) = 00 as n — o0o. Next as (t,(A))n>0 is an increasing sequence, we notice that

there exists Ta € (0, 00] such that

Ta := lim t,(A).

n—00

Since Xa(t) > x,(A) for all t € [t,(A), the1(A)), we have

lim XA(t) = 0.

t—=Tx
Moreover, by (2.3.8¢c) and (2.4.3), the domain of definition of XA is [~7,7a), Xa is
continuous on [—7,TA) and XA is increasing on [0, Th).

It remains to show that Ta < +o00. By (2.3.4), we have that

- A
Define k,(A) for n > 0 by
" A
1 (A) = — n>0. 8.
el =2 ey 12 255

Now by (2.4.2), t,(A) is summable if and only if k,,(A) is summable. Moreover

A I\ A
T = 2 @) < B 5w a))
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Since ¢ is monotone, by (2.8.6) we have that

¢(z;(A)) = 6((0) +jA), n=>0.

Hence

Ta < —
A_RZ; +JA)

_ 41 Z A
B Eé(w(o)) R = ¢(4(0) + (7 + 1)A)

Next note that since ¢ is monotone, for j > 0

A VO+GHDA ]
< _— .
3((0) + (j + 1)A) —/MW o(u)

and so summing over j > 0 obtains

Proof of Theorem 2.5.1 From (0.1.6), (2.3.7) and Remark 2.3.1 we have that

t

t
¥ (0) +/0 f(m(s))der/O g(x(s — 7))ds, (2.8.9)

8
—~
<~
~—
I

Kalt) = (0) + /0 F(Xa(s))ds + /0 g(Xa(s —7))ds. (2.8.10)

Notice moreover that
t

Ka(t) = Xalta(A)) + /

tn(A)

F(Xa(s))ds + /t o Kals =i (2.8.11)

The method of the proof is to develop a Gronwall-like inequality for

and then take the limit as A — 0.

SUPte[0,0ar AB2ns (A))] ‘J:(t) - XA(t) J

Now, subtracting (2.8.9) from (2.8.10) gives for any t € [0, par A panr(A)],

[2(t) = Xa®)] =
< /0 (If(2(s)) = f(Xa(s))] + lg(2(s — 7)) — g(Xal(s = 7))]) ds.

z(s)) + g(z(s — 7)) — f(Xals)) — g(Xa(s — 7)) ds
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This implies that

sup ‘a:(t) — )_(A(t){
t€[0,pnr Ap2ar (A)]

prr P2 (D)
< /0 (If(@(s)) = f(Xa(s))] + [g(z(s — 7)) — g(Xa(s — 7))[) ds

pMAP2n (D) ~
= /0 < |f(x(s)) = F(Xals)| + |g(a(s — 7)) — g(Xa(s — 7))
+ |/(Xa(5) = F(Xa()] + |9(Xals = 1) = 9(Xals = )] )ds.

From (0.1.7) and (0.1.8), recall that f and g are locally Lipschitz. That is for all M > *

there exists cps such that |f(x) — f(y)|, lg(z) — 9(y)| < epmVa,y € [0, M]. Therefore

pMmAP2am (D)
supfe(t) — Xa ()] < eane / | Xa(s) — Xa(s)] ds
t€[0,001 Ap2ns (A)] 0

puAP2am (D)
+/ [Xa(s =) = Xals = )| ds)
0

MAP20 (A) _
+ /OP ’ CaMm (’x(s) — Xa(s)] + |x(s —7) = Xa(s—7)|)ds. (2.8.12)

In order to apply our integral inequality, we develop an estimate for the first two integrals
on the r.h.s. of (2.8.12), which can be achieved by estimating |Xa — Xa|. Given s €
[0, par A panr(A)) let n be the integer for which s € [t,(A), tn+1(A)). Then, because Xa

is piecewise constant, by (2.8.11) we get

‘XA(S) — XA(S)}

_ ‘XA(tn(A)) T / S(A) F(Xa (u))du + / S(A) 9(Xa(u —7))du— Xa(ta(A))

s

/t (XA (ta(A))du+ / 9(Xa(u — 7))du

n(A) tn(A)

g/tnm) ’f(XA(tn(A)))‘du—i—/tn( 9(Xa(u—7))| du

A)

< (35— ta(A)) |F(Xa(ta(A)))] + / S(A) 9(Xa(u—7)du,

since g is positive. Now since x,,(A) > 1(0) for n > 0, we have that

inf fea(8) = inf () =t L(f.0) >0

by assumption and S0 tp+1(A) — t(A) = A/ f(zp(A)) < A/L(f,v). Note that if f is

monotone this implies L(f,) > 0. Using this and the fact that f is locally Lipschitz, we
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have

‘XA(S) — XA(S)}

<2 [f(Xa(tn(A))) = F((0) + [f(¥(0))] + /:(A) 9(Xa(u—7))du

= L(f.9)
A S
< Ti7 gy (v 1 Xaltn(8)) = (O] + F((0)) + /MA) o(Xa(u — 7)),

since ¥(0) < ¢* < M < 2M and as t,(A) < s < pa A panr(A), by (2.5.2) we have

0 < Xa(ta(A)) = Xa(ta(A)) < 2M.

Hence for s € [t,(A), th41(A))

| Xa(s) — Xa(s)]

(2Meanr + f(1(0))) + /tS(A) 9(Xa(u—71))du. (2.8.13)

A
<
— L)

Next we estimate the integral on the right hand side of (2.8.13). Firstly

s tnt1(A)
/ l9(Xa(u— 7)) du < / 19(Xa(u— 7)) du
tn(A) tn(A)

< (bia(A) —ta(A)) - maxlg(Ea(u =)

= (tn41(A) = ta(A)) l9(Xa(rn(A) = 7))

where 7, (A) € [th(A), tn+1(A)) and we have used the fact that by Remark (2.3.2), Xa(s—
7) can only assume finitely many distinct values for s € [t,(A),tn+1(A)]. Since g is

Lipschitz continuous and r,(A) — 7 < papr, we have

° A
| 0l S s lo(Xa(A) = 7))~ g(6(0) + w0

A
< Fr gy 2Men +0((0))). (2.8.14)

Combining (2.8.13) and (2.8.14) gives an estimate for the first integral in (2.8.12), which
is
pMAPam (D)
/ |XA(8)—XA(S)‘d8
0

< (par A p2M<A>>L(f7¢) (4Meanr + F((0)) + 9(1(0))
A

< PM L) (4Meanr + f((0)) 4+ 9(4(0))) - (2.8.15)
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For the second integral in (2.8.12), we have
puAPam (D) puApPam (D)—T
/ ‘XA(S—T)—XA(S—T)‘dSZ/ | Xa(s) — Xa(s)|ds
0 —T
To evaluate this integral, we need to consider two distinct cases. Firstly if pas A panr(A) —
7 < 0 then there exists m € {—Na, —Na+1,...,—1} such that ¢,,(A) < papr Apap (A)—7

and tp,41(A) > par A pamr(A) — 7, and so

pMAP2y (D) =T
/ ‘XA(S)—XA(S)‘OZS

-7

m—1 tiy1(D) pM AP (D) =T
— Z / {XA(S)—XA(S)‘ds—i-/ | Xa(s) — Xa(s)|ds
t

j=—Na J(A) tm(A)

m—1 ti11(4A) paApans (D)—T
-y / o(s) — (t;(A)] ds + / ’ 0(s) — (tm(A)] ds,

j=—Na 7ti(A) tm(A)
where we have used the fact that Xa(s) = 9(s) for s < py A papr(A) — 7 < 0 and
Xa(s) =9(t;(A)) where t;(A) < s < tj11(A).
Now since [tj11(A) = t;(A)] = tj41(A) = £;(A) <24/ (1(0)), for s € [t;(A), tj41(A))

we have for every j € {—Na,—Na +1,...,—1}

sup [9(s) = »(t;(A)] = sup [ (s) — o (t;(A))]

ti(A)<s<tj11(A) 0<s—t;(A)<tj11(A)—t;(A)

sup () —¥(t;(A))]

0<s—t;(A)<2A/f(4(0))

sup [9(s) — ¥ (u)]

$,u€[—7,0]:0<s—u<2A/ f(1(0))

= wy (24/f(1(0))) -

IN

IN

where wy, is a modulus of continuity of the continuous function .

Hence for pas A papr(A) — 7 <0

pMAP2r (D)—=T
/ | Xa(s) — Xa(s)|ds

—T

m—1
< Y (D) = t(A))wy (2A7F(1(0))) + (bms1(A) — tm(A))wy (28] f(1:(0)))
i~ Na

m

= > (D) = £5(A))wy (2A/f(16(0)))

Jj=—Na
2NAA
f(@(0))

< 27wy (20 F((0))) . (2.8.16)

<

wy (28/f(4(0)))
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Secondly if pas A parr(A) — 7 > 0 then

puAPan (A)—T
/ {XA(S)—XA(S)‘dS

-7

0o prAP2n (D) =T
—/ ‘XA(S)—XA(SHCZS—F/O | Xa(s) — Xa(s)|ds.

The argument used to establish (2.8.16) yields

0
/_ | Xa(s) — Xa(s)| ds < 2rwy (2A/£(5(0))),
and because (2.8.15) holds we get

pmAPam (A)—T
/ ‘XA(S)—XA(SHCZS
0

pMmAPan (D)
g/ | Xa(s) — Xa(s)] ds
0

A
< PM T (4Meanr + f((0)) + 9(4(0))) -

Together they give the estimate for pas A parr(A) —7 >0

Py AP (D)—T
/ | Xa(s) — Xa(s)|ds

—T

< 2riog (2 SN + prs g (4l + F00) +(00)) . (28.17)

Note by combining (2.8.16) and (2.8.17) we get a bound that covers both cases for

Py AN ,(_)QM(A) — T

pmAPam (D)—T
/ | Xa(s) — Xa(s)|ds

-7

< 27wy (20/ F((0))) + pas (AMeans + F(6(0) + 9 (0)) . (28.18)

A
L(f,%)
Defining

w(A,2M) := canwy (2A/f(¥(0)))

Konr = chML(flw) (4Means + F($(0)) + g((0)))

and by inserting (2.8.18), (2.8.15) into (2.8.12) we obtain

sup |2(t) — Xa(t)]
te[0,pp NP2 (A)]

< ApnKon + 21w(A, 2M)

pmApan (D) _
+/ caMm (‘a:(s)—XA(s)‘+’x(s—7')—XA(s—7')‘)ds.
0
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Now, let €*(s) := sup_, <4<, |#(t) — Xa(t)| and note that

e*(pm A pan (D)) = sup [#(t) = Xa ()
—1<t<ppAp2n(A)
= sup |z (t) — Xa(t)]-

0<t< parApanr(A)

Therefore

e*(par A pani (D))

pM NP2 (D)
< App Kopn 4 217w(A,2M) + / conr (€7(s) + e*(s)) ds
0
pM AP (A)
< ApprKonr + 217w(A,2M) + QCgM/ e*(s)ds.
0
Now, by Gronwall’s inequality

e (pamr N pamr(A)) < (ApprKopr + 217w (A, QM))G(PM/\ﬁzM(A))?CzM

< (AparKonr + 21w(A, 2M))ePr2e2

Since wy, is a modulus of continuity of 9, lims_,owy () = 0 and so

lima_ow(A,2M) = 0. Hence taking limits as A — 0 yields the desired result.

Proof of Lemma 2.5.1 First we show that there exists a A;(M) such that
ﬁgM(A) > pu for A< Al(M)
Given any A € (0,7f(¢(0))), either

Xa(pam (D)) < z(pam (D)) or  Xa(pam(A)) > z(p2m(A)).

In the former case, this implies that papr(A) > panr > par-

Now if Xa(p2r(A)) > z(pans(A)),

Xa(pam(A)) —x(pan(A)) < sup | XA(E) — (1)),
0<t<pan (D)

and using the techniques of Theorem 2.5.1, it can be readily shown that since Xa(t) <

2M on t € [0, parr(A)],

sup | Xa(t) — 2(t)] < (Aarr (A)Kans + 27w (A, 2M))er2s D) ertehan).
0<t<pan (A)
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Now since Xa is increasing, paps(A) < Ta. Hence

sup Xa(t) — :L‘(t)‘ < (ATAKon + 27w(A, 2M))eTA(C£M+CgM).

0<t<pan (D) ‘
By (2.4.6), given any A > 0 there exists C' > 0 such that Ta < C. Thus

sup ‘XA(t) — :c(t)’ < (ACKsyy + 21w(A, 2]\4))ec("’gzvﬂrch)7
0<t<pans(A)

and since w(A, M) — 0 as A = 0, SUPg<s<z,,,(A) XA(t) —x(t)| — 0 as A — 0 for any

M > o*. Therefore for any M > 1* we can choose Ay := Aj(M) such that

K, (Ponr(A1)) — 2(paar (A1) < M.

Since we have X, (p211(A1)) = 2M, we have z(pans(A1)) > M and so pan (A1) > pas-.
Now for any A < Ay, either Xa(panr) < x(p2ns), which implies pans(A) > pans > pass

or Xa(parr) > x(p2ar). In the latter case, we have

sup Xa(t) —z(t)| < (ACKoy + 27w(A, ZM))eC(C£NI+CgM)
0<t<panr(A)

< (A1C Koy + 27w (A, QM))GC(C£A1+CgM)

<M,

since wy, is a modulus of continuity of ¢ and is non-decreasing, hence w(A, M) is non-
decreasing in A. Combining both cases, we see that for any M > ¢* we can find A (M) >
0 such that

pan(A) > pay for all A < Ay (M). (2.8.19)

We can similarly show that there exists a Ay(M) such that popsr > pyr(A) for A <

Ao(M). Given any A € (0,7f(4(0))), either 2(parr) < Xa(pam) or z(pans) > Xa(p2n)-

In the former case, this imples that pars > parr(A) > par(A).

Now if z(pans) > Xa(pans)

z(pam) — Xalpam) < sup  |z(t) — Xa(t)
0<t<pam

Using Theorem 2.5.1 it can be readily shown that since z(pans) > Xa(p2as) implies
XA(parr) < 2M and hence Xa(t) < 2M on t € [0, pa],

sup |z(t) — Xa(t)| < (Apanr Konr + 217w(A, 2M))e'DQM(CgMJngI\/I)7
0<t<pam
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and since w(A, M) — 0 as A — 0, Supyci<,,,, |[Xa(t) — z(t)] = 0 as A — 0 for any

M > +*. Therefore for any M > 1)* we can choose Ay := Ay(M) such that
z(panr) — Xa,(panr) < M.

Hence panr > par(A2).
Now for any A < Ag, either 2(pans) < Xa(p2ar), which implies popr > poar(A) >

pr(A), or x(pans) > Xa(paar). In the latter case, we have

sup  |a(t) — Xa(t)| < (ApanrKons + 27w (A, 2M)) P2 (Char+edn)
0<t<pans(A)

< (Agpan Kons + 27w (Ag, 2M))eP2M(C£M+C§M)

<M,
Combining both cases, we see that for any M > ¢* we can find Ag(M) > 0 such that
pan > par(A) for all A < Ay(M). (2.8.20)
Taking A(M) = min(A; (M), Ay(M)) yields the desired result.
Proof of Theorem 2.6.2 By Lemma 2.6.1, for every € € (0, 1) there exists Li(¢) > 0

such that

(1—-e)jA <zj(A) < (1+e)jA, j> Li(e). (2.8.21)
Also by condition (2.2.3), given any ¢ € (0,1) there exists x. > 0 such that
(I =)o) < flz) < (1 +e)p(x), x>,
and therefore as x,(A) — 0o as © — oo there exists La(g) > 0 such that
(1 =e)p(xj(A)) < fz;(A)) < (L +e)p(x;(A)),  j> La(e). (2.8.22)
Combining (2.8.21) and (2.8.22) and using the monotonicity of ¢ we have
(1 =e)o((1 —e)jA) < f(z;(A) < (1 +e)o((1 +e)jA), J> La(e),

where L3(¢) := max(Li(¢), L2(¢)) and so

1 A - A S 1 A
(1—e)o((1—2)jA) = f(z;(A)) = (1+¢)o((1+¢)jA)

j > Ls(e). (2.8.23)
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Now let n > Ls(e). Since

s A n—1 A © A
TaA —th(A) = j;o f(z;(A)) B — f(z;(A)) - Z /

we have

" A
(1-¢) ;n P((1—¢)jA)

> Th —th(A)

By the monotonicity of ¢ on [(1 —€)jA, (1 —¢€)(j + 1)A], we have

YN Y bt Al SR 1
(1-¢) ¢<<1—s>jA>—/(1_6>jA P I S (RS T S VNS

Thus for n > L3(e), we get

- A > 1 = A
=92 S > fropa 3 %> 0" ED D s Yy
Define ®(z) := [ 1/¢(u) du. Now for n > Lz(¢) + 1 we have
O((1—¢e)(n—1)A)>(1-¢) Z <;3((1—A5)]A) > (1 —)*(Ta — ta(A)). (2.8.24)

In a similar manner we obtain

oo A B
(1+¢)%(Ta —tn) > (1 + 5); PEESI) > &((1 4 e)nA). (2.8.25)

Combining (2.8.24) and (2.8.25) we get

B((1—e)(n—1)A) > Ta — tp(A) > B((1+e)nA), n>Ly(e)+1.

(1—¢)2 (1+¢)?
(2.8.26)
By (2.8.21) and the monotonicity of ® we get
1 1 1
- < = < = . 2.8.27
O((1 —e)nA) = (z,(A)) — (1 +e)nd) ( )
Using the first member of (2.8.27) and the second of (2.8.26) gives
TA — tn(A) S TA — tn(A) - 1 ®((1+¢e)nA
®(z,(A) ~ ®((1—-2)nA) ~— (14+¢)2®((1 —¢e)nl)
By (2.2.3) and L’Hopital’s rule we have
oz) 4 (2.8.28)

li _
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and since F is in RV (8), we have that ® is in RV (f3), since
i 28 PO FO@) F@) s p iy s o)
P b)) e F) Fa) d()
So we obtain
Ta — tn(A 1 1 A
lim inf =2 fnl )2 . te
n—00 @(J;n(A) (1 -+ 6)2 1—¢
Letting € — 07 yields
T, n
lim inf A tn(2) >1
R 8, (A)
Thus by (2.8.28),
.. TA - tn(A)
1 f >1 2.8.29
@) 2529

Ta—ta(d) _ Ta—ta(A) _ 1 <i>((_1 —&)(n—1)A)
D(z,(A)) ~ ®((1+e)nA) ~— (1—2)2 (1 +¢e)nA)
1 ((1—e)nA—(1—e)A) P((1—e)nA)
T (1 —¢)? d((1 —e)nA) O((1+¢e)nA)’

Since @ is regularly varying, the second term on the right-hand side as limit equal to unity

as n — 0o. The third term has limit ((1 —¢)/(1 +¢))? as n — oo. Therefore

tn(A) 1 1—¢ A
hﬁii‘ip ‘(aznm)) =0-ep <1+a> '

Letting € — 07 yields

A
hmsup —t(4) <1.
n—00 ( n(A)
and so by (2.8.28),
hmsupu <1 (2.8.30)

nroo  F(zn(A)
Combining (2.8.29) and (2.8.30) gives (2.6.9), as required.

Given that (2.6.9), we prove (2.6.10). We have z,(A) < Xa(t) < zp41(A) for ¢t €

[tn(A), ths1(A)]. Since @ is decreasing, for ¢,(A) <t < t,411(A) we have

TA_— tnt1(A) _TA —t < _Té -1 < Th —t < TA —tn(A) (2831)
P (zn(A)) Q(zn(A)) T P(Xa(t) T P(zns1(A)) T (zni1(A)) -

IN

Since x,(A) — 0o as n — 00,

Tnt1(A) =z (A) + A+ e, (A)
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and £,(A) — 0 as n — oo, the fact that ® € RV, (3) implies that

o 2@ (A)
Jim Ny~ (2.8.32)

By (2.8.32), (2.6.9) and (2.8.28) we have

TA —tny1(A Thr —tn(A
lim wzland lim Ain()zl.

n=oo O(zn(A)) =00 &(zn11(A))
Using these limits in conjunction with (2.8.31) and (2.8.28) gives

O(Xa(t)

=1. 2.8.33
i1y Ta—t ( )

and using (2.8.28) in conjunction with (2.8.33) yields (2.6.10).

Proof of Theorem 2.6.3 We note that (2.8.26) in the proof of Theorem 2.6.2 can be
deduced without making any assumptions concerning the regular variation of F. Recall

that (2.8.26) reads

1 = 1 _

= 5)2<I>((1 —e)(n—1)A) > Tar — t,(A) > TESE sP((1+¢)nA), n> L) +1
The first member of this implies (1 —&)(n — 1)A < &7 L((1 — ¢)%(Ta — ta(A))) for n >
L(e) + 1. Now,

) Zn(A)

O=1(Ta —tn(A))

_ zn(A) o (1—¢)(n—1)A . @_1((_1 —&)%(Ta — tn(A))) (2.8.34)

(I—e)(n-1A &71((1—e)*(Ta — tn(A))) O=1(Ta — tn(A)) -

We now look to show F'~1(z)/® 1 (z) — 1 as z — 07 and so ®~! € RV;(0). Recall that

by (2.2.3), given any ¢ € (0,1) there exists . > 0 such that

(1—e)p(z) < f(x) < (1+e)p(x), = > ..

For ¢t > 0 define 2/(t) = f(2(t)) and 2z(0) = zp > z.. As f is positive we have z(t) > . for
all ¢ > 0 and therefore by (2.2.3)

(1 - 2)o(=(1) < J(=(1) < (1 +)o(=(1)), t>0.

Since 2/(t) = f(2(t)), by (2.2.1) it is easily shown that z(t) = F~Y(T —t),t € (0,T) where
T = F(z). Thus with ®(z) := [°1/¢(u) du we have

(1—e)(T—1t) <®(2(t) < (1+e)(T—1t), t>0,
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and since ® and therefore ®~! are decreasing,

A 4+e)(T-t) < FYT —t) <@ Y1 —e) (T —1t), t>0.

Putting z = (1 +¢)(T —t) and z = (1 — &)(T — t) for the first and second inequalities
respectively we obtain

F U1 —e)lz) < d M) < FY((1+e) a),

xz € (0,T). (2.8.35)
Thus,
FY1+e)t2) ol F~H(1 -¢) o)
= < = < = , € (0,7),
RO I I SO R
and so
5—1 -1 -1 0
lim inf (I_) (2) > liminf (Sl te) ) = L 1,
z—0t F71($ z—07t Fﬁl(l’) 14¢
H-1 —1((1 _ ~\—1 0
lim sup ( < liminf (gl &) x) = L =1
vsot F71(z) = zso0t F~1(x) 1—¢
Combining these two equations we have
> !(2)
li _ = 2.8.36
onot F(z) (2:8.36)

and since F'~1 € RV;(0) and

5—1 5—1 -1 1
i &8 ST PO @) s o,
T—r00 CI)*l(,ﬁ) T—00 *1()\,1') Fﬁl(aj‘) q)*l(l‘)

this implies that ®~! € RV;(0).

So for (2.8.34), using the facts that =1 € RV((0) and x,(A)/n — A as n — oo, we
have

: zn(A) 1 2,0 1
1 = < -1-((1— .
WP ETs @y ST T T
Letting € — 07 yields
A
lim sup = zn(2)

n—o00 (I>71(TA - tn(A))
Thus by (2.8.36),

. zn(A)
1 = <1 2.8.37
TP s 1(8)) (2850
The second member of (2.8.26) can be rewritten as @~ ((1+¢)?(Ta—t,(A))) < (14+¢)nA
for n > L(e) + 1. Since

Tn(A)
O1(Ta —t,(A))

(D) (1+&)nA (14 2)%(Ta — ta(A)))
(1t e)nA (1 +e)2(Ta — tn(A)))

O (Ta —tn(4)) 7
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®~! € RV((0), and z,(A)/n — A as n — oo, we have

. xn<A) 2\0 1
lim inf — 1-((1 = .
I T (Ts — oAy — 11 ) =
Letting € — 07 yields
liminf - “n(&) > 1,
n—o0 OL(Tx —t,(A))
and by (2.8.36),
W(A
lim inf —2n(2) > 1 (2.8.38)

2 T, ) 2
Combining (2.8.37) and (2.8.38) yields (2.6.11).
Given that (2.6.11), we prove (2.6.12). We have z,(A) < Xa(t) < zp41(A) for t €

[tn(A), thr1(A)]. Since @1 is decreasing, for t,(A) <t < t,11(A) we have

B Y Ta — ta(A) < B YT — 1) < B (Ta — tnr1(A)).

Hence
Cmen(®) X o Kal) %)
& (Ta — ta(A) = @ (Ta — ta(A)) ~ & (Ta—) ~ & HTa — tas1(A))
> Zn(8) (2.8.39)

(T — tns1(A))
Since x,(A)/n — A as n — 00, Tpt1(A)/xn(A) — 1 as n — oco. Using this fact, (2.6.11)
and (2.8.36) implies that

lim nt1(B) =1and lim ()

_ _ =1.
no0 F1(Ts — ta(A) n00 F (T — b (D))

Using these limits in conjunction with (2.8.39) yields (2.6.12).

Proof of Proposition 2.7.1 We first prove that

* 1

To see this, write

o 1 £+00/2 1 o §+(n+1/2)A0 1
——dx = / ——dx + / ——dx.
/g f(z) 3 f(z) ; E+(n—1/2)A¢ f(z)

By (2.7.4), we have

E+(n+1/2)Ap 1 §+ndo—2enlo | §+nldo—enlo |
/ ——dzr = / ——dx + / ——dzx
e+(n—1/2)a, [(T) er(n—1/2)7o () e4nlo—2enAg ()

§+nldotendo | §+ndo+2enlo E+(n+1/2)Ag 1
+/ dw+/ da:—i—/ ——dx.
etnto—ent, 0(T) ttndotendy 1+ (T) Eno+2e, 00 M(T)
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By the monotonicity of n and 6 and (2.7.3), we notice that [ (x) > 0(x) and I_(x) > 0(x)
on their domains, so

£+(n+1/2)A0 1 E-‘FTLA—2€"AO 1
/ —~dr < / ——dx
E+(n—1/2)A0 f(z) E+(n—1/2)A¢ n(z)

§+nlo+2enlo  q E+(n+1/2)A0
+ / ——dx + / ——drz,
Endo—2enng 0(T) E+nio+2en 00 M(T)

and since 7 is positive, we have

——dz < ——dx + ——dx.

/£+(n+1/2)Ao 1 /E+(n+l/2)Ao 1 /£+nAo+2enA0 1
e+(n—1/2)0, f(T) e+(n—1/2)8, 1(T) £4nlg—2en0g O(T)

Using the monotonicity of 6 and the fact that €, < 1/4, for z € [ + nAg — 2,00, & +

nAg + 2€,A¢], we have

0(z) > 0(§ + nlo — 26,A0) > 0(§ +nlo — Ag/2).

Hence
/€+(n+1/2)Ao 1 E+(n+1/2)A0 1 ( |
——dz < / ——dx + 4e,/\g . 2.8.40
e+(n-1/2)2, f() e+(n—1/2)a, N(T) 0(€ + (n—1/2)Ao)

Using the monotonicity of €, for n > 1, we also have the estimate

——dx < —— dx + 4e, A

/£+(n+1/2)Ao 1 /§+(n+1/2)A0 1 1
e+(n-1/2)2, f(T) e+(n—1/2)8, N(T) 0(&+1/200)

Since 1/n € L'(0,00) and (&,)n>0 is summable, it follows that

o

——dr < 400,

/€+(n+1/2)A0 1
e+(n-1/22, f(T)

n=1
and therefore that T is finite.

On the other hand, if we consider

lim

> e
n—yoo £ F(€+nAp)’
we see from (2.7.4) that f(£+ndo) = 0(£+nlg) for n > 1. However, since [ da/0(x) =

400 and @ is increasing, we have that

A

i tn(80) = 705+ 2 ey nag) O

as desired.

75



Chapter 2, Section 8 Explosions

Proof of Proposition 2.7.2 We will establish
lim “2 W, (2.8.41)
Since z(t) — oo as t — T¢, and
>~ 1
/ 7du:T§—t, t<T§,
x

@ f(w)

we have

using (2.8.41), and completing the proof.

We now turn to the proof of (2.8.41). Since f(z) > 6(x) we obtained (2.8.40), that is

——dz < ——dx
+(n—1/2)8, [f(T) H(n—1/2)8, N(T)

N Ao 1 0(§)
n+2n(€+nlo+ Ao/2) 0(E + (n—1/2)Ag)

/5+(n+1/2)A0 1 /§+(n+1/2)A0 1
13 13

Since 6 is increasing, for n > 1 we have 0(§ + (n — 1/2)Ag) > 6(&), so

E+(n+1/2)A0 E+(n+1/2)A0 1 Ao 1
/ ——dz < / dr + .
e+(n—1/2)A, [() e+(n—1/2)A, N(T) n+2n(€ +nlo+ Lo/2)
Now n(z) < n(§ +ndo + Ag/2) for z € [§ + (n —1/2)A¢,§ + (n + 1/2)Ag], s0
/E+(n+1/2)Ao 1 Ao
> .
e+(mn-1/28, M(x) ~ n(§+nlo + Ao/2)
Thus
£+ (n+1/2)Ao 1 E+(n+1/2)A0
/ ——dx < <1 + ) / ——dx, n>1 (2.8.42)
c+(n—1/2)a, f(T) n+2) Jermo1/20a, M)

We now obtain an estimate for

§+(n+1/2)A0  q E+(n+1/2)A0
/ —— du in terms of / ——du
. f(u) @ n(u)
for z € [+ (n—1/2)Ao, &+ (n+ 1/2)Ag].
For z € [ + nlg + 2¢,A0,§ + (n + 1/2)A]
E+(n+1/2)A0 4 E+(n+1/2)A0 4
/ ——du = / — du. (2.8.43)
" f(w) . n(u)
For x € [€ + nAg + €,A0, & + nAg + 2€,A¢], we have
§+(n+l/2)A0 1 E4+nAo+2en, Ao 1 €+(n+l/2)Ao 1
/ ——du < / ——du + / ——du
T f(u) E+nAo+eno H(U) E4+nAo+2en, Ao 77(“)
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using the fact that f(z) > 6(z). Therefore

E+(n+1/2)A0 1 §+(n+1/2)A0
——du < e, A + / —— du,
L f(u) 00(6 + nAO + GHAO) E4+nAo+2en, Ao n(u)

so as f is increasing, using the definition of ¢, we have

ot 0(¢)

1
, ) S Tar 2nE t (0= L/2)BonE T (0t 1/2)A0) "

/§+(N+1/2)Ao 1

E+(n+1/2)A0  q
+/ —— du.
E4+nAg+2enAo n(u)

For z € [€ + nlAg + 2¢,A0,& + (n+ 1/2)Ag], we have
n(x) < n(€+ (n+1/2)Ao).

Hence as €, < 1/12, we have

iz 1) T NE+ (12 A0) © E+ (n+ 1/2)A0)

Therefore as 0(§) < n(& + (n —1/2)Ag), we have

/§+(n+1/2)A0 1 AQ(1/2 — 26n) > A0/3
3

11 0(¢) A <31 Ao/3
dn+2nE+m—1/2)AnE+ (n+1/2)A0) "~ dn+2n(E+ (n+ 1/2)Ag)’
and so
1 1 0(¢) 3 1 §+(n+1/2)A0 1
- Ag <> ——du.
dn+2nE+ (n—1/2)A0)n(E + (n+1/2)8g) " =1 +2 /§+nAo+26nAo n(u) du
(2.8.44)

Thus

E+(n+1/2)A0 4 3 1 §+(n+1/2)A0
/ duS(l—i— >/ — du.
T f(u) dn+2 E+nAo+2en, Ao 77(“)

Now since x € [§ + (n + €,)A0, & + (n + 2€,)Ap] we have

——du >

1
—— du,
. n(u)

§+(n+1/2)Ao
/ +nAog+2en, Ao 77(“)

/'£+(7L+1/2)A0 1
3

SO

EH(n+1/2)A0 3 1 £+(n+1/2)A0
= du < 2 -
/m f(u)du_(1+4n+2>/x du,

S [f + (n +€,) A0, €+ (TL + 2€n)A0]. (2845)
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For x € [€ + nAy — €,A0, & + nAo + €,¢], we have
§+(n+l/2)Ao 1 E+nAo+enlo 1 §+(n+1/2)A0 1
/ dug/ du+/ — du,
x f(u) E4+nAo—enAo g(u) E+nAo+enAo f(u)
using the fact that f(z) > 6(z). By (2.8.45), we have

§+(n+1/2)A0 4 E+nlotendo
[ e [

+nAg—eno e(u‘)
3 1 E+(n+1/2)Ao 1
+ 14+ - —— du.
4 n + 2 £+TLAO+EnA0 77(“)
Next, as # is increasing, we have

§+nldotenldo  q 1
——du < 2¢, A .
/§+nA0—enA0 O(u) — — (¢ + nlo — enAo)

Since @ is increasing, by the definition of ¢, we have

§+nlo+enlo | 1 1 9(5)
/. i

oieenns 0 M ST g€ T (0 1/2)R0)E + (n - 1/2)A0)

Ap.

Therefore by (2.8.44) we have

——du < 2- ——du
T f(u) T 4dn+2 +nAog+2e, Ao 77(“)

E+(n+1/2)Ao

3 1 1

+(1+2 — du,
4 n+ 2 E4+nAo+enlo n(u)

E+(n+1/2)A0 4 9 1 §+(n+1/2)A0 |
/ ——du < (1 + - ) / — du, (2.8.46)
x f(u) 4 n+ 2 £+1’LAO+E”A0 77(“)

Now since z € [£ 4+ (n — €,)Ao, & + (n + €,)Ag] we have

E+(nt+1/2)A0 9 1 §+(n+1/2)A0 1
——du < (14 >—— ——
/ ﬂmd“—< +4n+2>/x nw

z € [§+ (n—en)Do, &+ (n+€n)Ag]. (2.847)

/£+(n+1/2)Ao 1 3 1 /£+(n+1/2)A0 1
'3

or

For x € [€ + nAg — 26,0, & + nAg — €,¢], we have

E+(nt+1/2)A0  q §+nlo—enlo | §+(n+1/2)A0 4
/ dug/ du—l—/ —— du,
x f(u) E+nAo—2en,Ao 9(u> E+nAo—enAo f(u)

using the fact that f(z) > 6(x). By (2.8.46), we have

§+(n+1/2)A0 1 §+TLA07€7LA0 1
/ ——du < / ——du
§

T f(u) - +nAo—2er Ao 9(’[1,)
1 E+(n+1/2)Ao 1
+ <1 + 9 ) / —— du.
§+nA076nA0 77(“)
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Next, as 6 is increasing, we have

/§+nAo—enAo 1 1
——du < €, )
Enio—2en0, 0(1) 0(& +nAo — 2€,A0)

Since @ is increasing, by the definition of ¢, we have

E+nAo—eno
[ Lyl 0o A
¢ 4

nBo—2e,20 O(1) n+2nE+ (n+1/2)A0)n( + (n —1/2)A0)

Therefore by (2.8.44) we have

E+(n+1/2)Ag 1 3 1 E+(n+1/2)A
[ et
x f(u) 4 n + 2 +nA0+2€nA0

L
n(u)
£+(n+1/2)A0 1
( > —— du,
4 n+ 2 E4nAop—en Ao 77(“)

§+(n+1/2)A0 1 12 1 §+(n+1/2)A0 |
/ ——du < <1 + — > / —— du,
x f(u) 4 n + 2 E—H’LA()—E”AO 77(“)

and since = € [+ (n — 2¢,) Ao, & + (n — €,)Ag] we have

E+(n+1/2)A0 12 1 §+(n+1/2)A0 1
—du< (14 ——— —d
/x F(w) “—< * 4n+2>/ n(u)

x €[+ (n—2€e,)A0, &+ (n—€,)Ap]. (2.8.48)

or

For z € [£ 4+ (n —1/2)Ag, & + (n — 2€,) o], we have

§+(n+1/2)A0 1 £+(n—2en)A0 | §+(n+1/2)A0 1
/ du-/ du+/ — du.
T f(u) T 77(“) E+(n—2¢en)Ao f(u)

Therefore by (2.8.48), we have

E+(n+1/2)Ag 1 E+(n—2en)Ag 1
/ ——du < / ——du

f(u)
1 E+(n+1/2)A0 1
+ (1 +3 > / — du.
n+2) Jern—2e)a, M(W)

Hence

/§+(N+1/2)Ao 1 < 1 §+(n+1/2)A0 1
—du<|1+3 ) / — du,
z fu) n+2/)J; n(u)

€[+ (n—1/2)A0, &+ (n—2€6,)A0]. (2.8.49)

Combining (2.8.43), (2.8.45), (2.8.47), (2.8.48) and (2.8.49), we have that

§+(n+1/2)A0 1 1 £+(n+1/2)A0 4
——du < 1+3)/ —— du,
[C fu) < +2 n(u)

2 €€+ (n—1/2)A0, &+ (n+1/2)Ag). (2.8.50)
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Thus for z € [+ (n — 1/2)A0, & + (n 4+ 1/2)A¢], by (2.8.42) and (2.8.50), we have

/oo 1 p /§+(n+1/2) 1 d o0 1
—au = u+/
« flu) z fu) £ (nt1/2)A f(U)
§+(n+1/2)A0 0 1
/ ——du —l—/ ——du
. n(w) e+(nt1/2)A0 f (1)

E+(n+1/2) 1
<(14+3 —d
—( " n+2)/x ()
1

Jriwymns 6
——du
E+(n+1/2)A¢ n(u)

Therefore we have

o0
du
lim sup m <1

On the other hand, we have that f(z) < n(zx) for all x > 0 so

/:Of(lmduZ/:o@du.

Combining these inequalities yields (2.8.41).

Proof of Theorem 2.7.1 For all z € [w,(A) + (1 —e)A,w,(A) + A] and by (2.7.10b),

we have
1 > . 1 1
—_— min = .
f(2) 7 zelwn(A)+(1-e)Awn(A)+A] f(2)  fwny1(D))
Therefore
wn (A)+A 1 eA
/ dz > .
wn(A)+(1—2)A [(2) f(wnt1(A))

Also, as € € (0,1/2), we have wp4+1(A) > wp(A) + (1 —)A > wy(A) + eA. Therefore
Wn+1(A) + (1 —e)A > w,(A) + A. Hence

W41 (A)+(1—¢)A 1 wn (A)+A 1 eA
/ ——dz > / dz >

wn(A)+(1-)a  f(2) wn(A)+-2)a F(2) T flwna(A))
Therefore we have
’U]n(A) (1 S)A 1 n—1 W41 A)+(1 E) 1 n—1 A
/ -3 [ A .
P(0)+(1—€)A =0 Jwi(B)+(1-9) f(z) = flwjy1(A))

Taking the limit as n — oo and using (2.2.1) now establishes that

(o ¢]
Z < +00.

w
j= f ]+1
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By (2.7.11), we see that l,, < A/ f(wp(A)) for n > 0. Therefore we have

—_

n—1 n— A
sn(A) = ZZJ(A) < Z M7

J=0 J=0
and so limsup,,_,. sn(A) < +oo. Since (sp(A))n>0 is an increasing sequence, we have

that lim, o s, (A) exists and is finite, as required.
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Chapter 3

Replicating Rates of Highly Explosive Equations

3.1 Introduction

In the previous chapter, we noted that the numerical method described in Section 2.3 did
not replicate the ezact rate of explosion for equations for which F~1 € RV(0) where F
is defined by (0.1.12). That is, the numerical approximation XA given by (2.3.7) obeyed
XA(t)/F~YTa —t) — 1 as t — oo whereas the unique solution z to the delay differential
equation (0.1.6) obeyed F(z(t))/(T —t) — 1. Note that if F~1 € RVg(0), then f is
growing more rapidly than regularly varying (see e.g., Beirlant and Willekens [9]). This
result indicated that an alternative discretisation is needed in order to pick up the exact
asymptotics. In this chapter, we illustrate how to refine our state-dependent method
for the purpose of precisely replicating the explosion rates of equations which grow more
rapidly than regularly varying.

Theorem 2.6.2 showed the explosion rates of regularly varying equations could be mim-
icked precisely by a mesh proportional to 1/f. It is therefore natural to assume that a
mesh which will recover the exact asymptotics of rapidly varying equations will involve an
extra factor in the denominator.

In this section, we modify the step-size of the state—-dependent method given in Sec-

tion 2.3 to
A
tnt1(A) =t (A) + T A0 (A) n>0 (3.1.1)
where A > 0, (2,(A))n>0 is defined by (2.3.5),
f e (0,00);(0,0)), f'(z)>0foralz>0 (3.1.2)

and f obeys (2.2.1) and

im FCK) =
Jim s = L (3.1.3)
and 6 is given by
/ 2
oy = LWy (3.1.4)
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3.2 Auxiliary Functions and Discussion of Hypotheses

We now provide some commentary on above assumptions.
Introduce the function

O(x) = o 0. (3.2.1)

Since f is non-zero, F(x) > 0 for all > 0, and so © is well-defined and positive. By
(0.1.12) and (3.1.2), it follows that © € C2((0,00); (0, 00)). Similarly, § is well-defined and
positive by (3.1.2).

We note, even for relatively complicated functions f, that 6 is computable in closed
form, contingent of course on f being continuously differentiable. On the other hand, an
explicit formula for ® may be complicated, or even impossible to obtain, because such a
formula is unavailable for ' even though asymptotic information about F' (and hence ©)
can often be readily ascertained. Therefore, when constructing a state—dependent mesh for
the solution of the delay differential equation, it can be appropriate to use f’ to determine

the step size, but sometimes not F.

Example 3.2.1. If f(x) = e’/ for z > 0, we have that f(x) = ze®’/2, but no closed

form formula is available for F'(x). However, by 1’'Hopital’s rule we can compute

lim F(az) = lim —1/f(z)

T—c0 m T—00 —1/1‘2 ce—x2/2 _ o—a?/2 =1

On the other hand, if f(x) = €® for > 0, we have that f/(z) = e* and F(x) = e~ %, so

both functions are computable.

3.2.1 Assumption on asymptotic behaviour of I’

In Example 3.2.1, the functions f considered grow rapidly (and in particular grow more
rapidly than any regularly varying function), we notice that F(z) ~ 1/f'(z) as * — oc.

In order to cover the case of very rapidly growing f, we assume throughout that

L F)
mh_}nolo @) 1. (3.2.2)

This condition appears restrictive, but as our discussion now shows, it covers many rapidly

growing functions like f(z) = " for n > 0, f(x) = exp,(r) where exp,, is the n-th fold
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composition of exponential functions. Note that by 'Hopital,

F@) _ o F@)2 (3:23)

BT () e Fa) (@)

which under the additional assumption that f € C?, gives a condition that in practice is
much more easily verified than (3.2.2), since the second derivative of f is generally more

straightforward to obtain than F.

Remark 3.2.1. We now show that if log f is a smoothly regularly varying function with
index 1 > 0, and f satisfies (2.2.1), then (3.2.2) holds. Notice that f(z) = " for n > 0
is an example of such a function.

This hypothesis on f implies that ¢(z) := log f(x) obeys

@) o 20

o) R )

:77_17

in contrast to standard regularly variation which only assumes the existence of a function
asymptotic to log f which obeys these limits. Since we require that f(x) — oo as x — oo,

this forces ¢(x) — oo as x — oo. Therefore

§'(@) _xd'(@) bx) 1
P2 J) i) o)

tends to 0 as z — co. Notice that f(z) = e?®. Then f'(z) = ¢'(x)e?®). Thus, if ¢ is

increasing, we have that f is increasing. By I’Hopital’s rule we have

3 0 o—d(u) g
lim F(x) = lim —fg” ¢ “
T—00 1/f/(1‘) T—00 1/@5'(1’) . e—¢(z)
- J:lggo e—9(=) + ¢”(x)/¢)’(x)2e—¢($)

w00 1+ ¢ (x) /¢! (x)?

which is (3.2.2), as required.

Remark 3.2.2. Moreover if logy f is a smoothly regularly varying function with index
n > 0 and f satisfies (2.2.1), then (3.2.2) holds. Indeed if log, f, n > 2 is a smoothly
regularly varying function with index n > 0 and f satisfies (2.2.1), then (3.2.2) holds.
This family of functions include the n-th fold composition of exponential functions such

as f(x) = exp(exp(exp...exp(z"))) for n > 0. The proofs are deferred to Appendix A.
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Remark 3.2.3. In the case when log f is smoothly regularly varying at infinity with index
n = 0, if we assume f grows faster than any regularly varying function in such a manner

that

)
xh%nolo @)~ (3.2.4)

that is f is rapidly varying, then once again f obeys (3.2.2).

The condition (3.2.4) implies that x¢'(xz) — oo as & — co. The smooth regular variation

of ¢ = log f ensures
24" (z)

R

Therefore
¢"(x) _x¢'(x) 1
¢x)? ) a¢(x)
The argument above in Remark 3.2.1 now guarantees that f obeys (3.2.2). Similarly if

—0 asxz — oo.

log,, f, n > 2 is smoothly regularly varying at infinity with index n = 0 and f obeys
(3.2.4), then (3.2.2) holds.

Remark 3.2.4. We note now that (3.2.2) does not hold if f is a smoothly regularly varying

function of index g > 1. If this is the case, then

. af'(z)
lim =4,
z—oo  f(x)
and since 1/f € RV (—p), and 8 > 1, we have
©_1_Jdu
tn IO
Therefore .
- F@) _ . 5w _ B
M) T e BT 329

so f does not obey (3.2.2). We notice however, that as § — oo (in other words, as we
consider regularly varying functions which grow more rapidly to infinity), then f comes
“closer” to satisfying the condition (3.2.2), in the sense that the right hand side of (3.2.5)
tends to unity, the right hand side of (3.2.2). This suggests that (3.2.2) is a condition

associated with very rapidly growing functions f.
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3.2.2 Asymptotic properties of ©

We now deduce some useful asymptotic properties of ©. Notice that

—_

O (r) = ——=— >0,
f(@)F(x)?
so by (3.2.2), we have
o/(2) o
lim — % = lim ———5—— = 1. 3.2.6
M) o P T (32
Analogously, we have
1 2
Y - = |_p _
= Fprr (7 7).
and so it follows from (3.2.2) that
"
lim O (3.2.7)
T F@rF@)?
One implication of this limit is that
There exists 2* > 0 such that ©”(z) > 0 for all z > z*. (3.2.8)
We now show that these hypotheses lead to
lim 6(z) = +oo. (3.2.9)

T—00

This fact leads to our new discretisation being more computationally intensive than the
method introduced in Chapter 2, and it is this, we conjecture, that more readily enables
us to demonstrate that our new method recovers the precise rate of growth of solutions of
(0.1.6).

To prove (3.2.9), first note that (3.2.8) implies ©' is increasing on (z*,00) and therefore
we have that ©'(x) tends to a limit L € (0,00] as & — oo. Therefore, by (3.2.6), we have
that 6(z) — L € (0,00]. Suppose L € (0,00). Then f’(z)?/f(z) — L € (0,00) as x — oc.
Since f’(z) > 0 by hypothesis, we have f/(x)/f(z)"/? = /L as  — co. Hence for every

e € (0,1), there exists z(¢) > 0 such that

!
VIl-e <2 o Tase), o>
fa)/?
Integrating on both sides of the inequality over [z(e), z| yields

VL1 —e)(x —a(e) < 2(f(2)'? = f(2(e))'/?) < VI(L +e)(@ —a(e)), == z(e).
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Thus
2 1/2 ) 1/2
VL1 —¢) < lirninfM < limsupf(L) <VL( +e),
Z—00 z T—00 x
and letting € — 0 yields
. fl@) L

Since f'(z)/f(x)Y/? = VL as & — oo, we have

/
Tr—00 I T—>00 x

(3.2.11)

Now by I'Hopital’s rule and (3.2.10), we have

W

_ o 1
Fa) _ e s g 4

Therefore by this limit and (3.2.11), we have

Sl
8=

im F(ac) = lim

:27

v
8=

which contradicts (3.2.2). Therefore, we must have L = 0o, and so (3.2.9) holds.

3.3 A Refined Mesh

Let A € (0,7f(¢(0))), and define Na € N so that

Na B o, MNatDA

f((0)) —

Now define t_py, (A) = —7 and

nA
f((0))’

Note that A < 7f(1(0)) ensures that Na > 1, that is we have at least one mesh point on

ta(A) =

n=—-—Na+1,...,0.

the initial interval [—7, 0]. Define (£,(A))n>0 by (3.1.1), z,(A) by (2.3.1) and (2.3.5), Xa
by (2.3.2) and (2.3.6) and XA by (2.3.3) and (2.3.7). The sequence t,(A) is well-defined
and increasing, because f and 6 are positive functions on (0,00). Thus x,, XA and X
are well-defined.

We remark that the existence of the scheme relies on f being differentiable; moreover,

in order for the scheme to be implemented in practice, it is necessary to have a formula
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for 6, and therefore for f’. However, this does not amount to a serious limitation in most
cases of interest.

If we compare this scheme with that outlined in Chapter 2, we see that the new step
size tp4+1(A) — t,(A) is modified by a factor 1/60(x,(A)). It is instructive to compare the

asymptotic relative size of the step size

A A
f@)0(z)  f(2)*

with that in the (old) scheme in Chapter 2, which is given by

puew .

A

fzx)

If the solutions for the two schemes were extended by one step when both solutions lie at

hold —

the same level x, we see that the ratio of the step lengths are:

hneW 1
W:mﬁo as r — o0

by (3.2.9). Thus, the new scheme requires (asymptotically) a much finer mesh than the
scheme in Chapter 2, because the new step size becomes asymptotically negligible in

relation to the old step size.

3.4 Explosions of Rapidly Varying Equations

We are now in a position to state our main result of this chapter. Notice that our hy-

potheses on f and g lead to the solution x of (0.1.6) obeying

lim z(t) = oo for some T" € (0, c0) (3.4.1)
=T
and
lim 2E®) (3.4.2)
t—-1- T —1

Theorem 3.4.1. Suppose that f obeys (3.1.2) and (2.2.1), g is a positive and continuous
function and let 7 > 0 and ¢ obey (0.1.9). Further suppose that f obeys (3.2.2). Let
A € (0,7f(¥(0))) and let the sequences x,(A), t,(A) be as defined by (3.1.1), (2.3.1),
(2.3.5) and the functions Xa and Xa be as defined by (2.3.2), (2.3.6) and (2.3.3), (2.3.7).

Then there exists Ta := limy, o0 t,(A) > 0 such that

Ta <00, lim x,(A) = co.
n—oo
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and if F is the function defined by (0.1.12), then

lim L @By
n—oo Th — tn(A)
Moreover,
lim XA(t) =00
t—Tx
and
F(X
lim 7( a(®) =1

t»Ty In—t
Part (a) of Theorem 3.4.1 shows that the solution of the difference equation inherits the
salient asymptotic properties (3.4.1) and (3.4.2), when suitably interpreted. Part (b) of
the Theorem shows that the continuous extension of the discrete scheme to continuous

time obeys the appropriate continuous—time analogues of (3.4.1) and (3.4.2).

3.5 Proof of Theorem 3.4.1

3.5.1 Preservation of the explosion

In this subsection, we show that there is a finite TA > 0 such that

lim ¢, = Ta.

n—oo

Since g is a positive function, it follows for n > 0

A

et &) 2 oA ¥ e R (A))

Hence (z,(A))p>0 is an increasing sequence. Therefore we have x,(A) — L € (0,00]. If

L is finite, using the continuity of f and 6, by taking limits we get

A
L>L+ )
F(L)6(L)
which implies f(L)#(L) < 0, contradicting the positivity of f and 6. Hence z,(A) — oo
as n — 00.
We define
tn+1(A)
(D) = / g(Xa(s—7))ds >0 (3.5.1)
tn(A)
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Then by (3.1.4) and (2.3.5) we have

A A
ot ) =0l G (R0) P (@), @) ")

Since z,(A) is increasing and © € C2((0,00);(0,00)), by Taylor’s theorem there exists
&n(A) € [xn(A), zp+1(A)] such that

O(n11(A)) = O(zn(A)) + O/ (za(A)) + 0/ (zn(A))

O(zn(A))
A A

1 1 2
59 (6n(A) <e<xn<A>> * f<zn<A>>e<mn<A>>””(A)> ‘

Recall that ©'(z) > 0 for all z > 0, so ©'(z,(A)) > 0 for all n > 0. Since x,(A) — o

as n — 0o, there exists N* > 0 such that x,(A) > z* for all n > N*. Therefore, as
En(A) > zp(A), we have ©”(&,(A)) > 0 for all n > N*. Since f(x,(A))0(z,(A)) > 0 and

Yn(A) > 0, for n > N*, we have

O(2n41(A)) = Oz, (A)) + Am_
Now, recalling (3.2.6), we have
liminfM > 1. (3.5.2)

n—o0 TLA

Next, we show that t,, — Ta as n — oo. Since f is monotone, ©'(x) ~ 0(x) as * — oo

and z,(A) — oo as n — o0, it follows that ¢,, tends to a finite limit whenever

n—1 A
— f(z;(A))0'(z;(A))

Th =
tends to a finite limit. By (3.5.2), it follows that for every ¢ € (0, 1), we have
O(z;(A)) > (1 —¢e)jA,  j=j"(e)
for some integer j*. Since O is increasing, we have
z;(8) > 07 (1= €)jA), j=7"(e)-

Since f and ©’ are monotone on (z*,00), z;(A) > z* for j > N*, if we take ja(e) =

max(N*, j*) 4+ 1, then

i (A))0'(z;(A)) > f(OTH(1 ~€)jA)O(O7H(1 —€)jA)), j = jale).
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Therefore, using the monotonicity of z — f(©~1(z))0’ (0~ !(x)), we arrive at

n=2 p(l-e)(+)A 1
iiae) ) (1=9)is f(©71(2)o' (0~ (2))

N ’f (1—e)A

" A FE T I-aU+ DA O (-2 +DA))
B "Zl (1-9)A

B FOTH((1 —¢)jA)O (O 1((1 —€)jA))

j_j2(5)+1

dr

(I1-¢)A
= Z P (A)0 (23 (A))

J=ja2(e)+1

Hence for n > ja(e) 4+ 1, we have

(1—€)(n—1)A 1 nd (1-¢)A
/(l—e)ng f(O Y 2)®/ (O Hz)  —

The integral on the left hand side is equal to

07 1((1—e)(n—1)A) 1
/ —dx.

0-1((1-e)joa)  [f(2)
Since f obeys (2.2.1), we have that

‘1 (1-9)A ~
fim sup Z T ane@a) -

Jj=ja(e

for every € € (0,1). Hence 7, tends to a finite limit, and so ¢, must tend to a finite limit

as n — oo.

3.5.2 Asymptotic analysis of O(x,(A))

Define

. 1 tnt+1(4)
() = s /MA) g(Xa(s — 7)) ds.

Since t,(A) — Ta as n — oo, we have that

Fn(A) < sup  g(Xa(t)) < +oo,
te[—7,Ta—T]

because X (t) is finite on Tao — 7. Hence v, (A) given by (3.5.1) is finite. Now, by (2.3.5)

we have
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Define
— _mlB) 0
An_A<1+f(xn(A))>>A, > 0.

Since v, (A) is bounded above, and f(x,(A)) — oo as x — 0o, we have that

lim A, = A. (3.5.3)

n—oo
The definition of A,, leads to

A

Tn11(A) = 2, (A) + 9an(A))’

n>0. (3.5.4)

By Taylor’s theorem, there exists &,(A) € [x,(A), Xy t1(A)] such that

A, 1 A2

mgl(xn(A)) + 59//(§n(A)) -

O(zn+1(A)) = O(z,(A)) + (D))

Since ©'(z)/0(x) — 1 as © — oo and x,(A) — oo, the second term on the righthand side

tends to A as n — oco. Define
0" (&n(A))
T R (A)

If pp, — 0 as n — oo, we have that O (z,11(A)) = O(z,(A))+ 5, where 6, — A asn — oo.

['his implies that
S T A

=1 .D.
Jim ——= (3.5.5)
It remains to show that p,, — 0 asn — co. Since &, (A) € [2,(A), Tn(A)+A,/0(zn(A))],

Tn(A) = 00 asn — oo and 0 < A, — A as n — oo, it suffices to prove that

lim sup.epo2a] ©”(z +¢/0(z)) 0
200 02 (x) o

recalling that ©”(z) > 0 for z > z*. By (3.2.7), we see that the last limit holds if

lim o PeEl0.24) o0 P reoa)

lim. ) = 0. (3.5.6)

Recalling that f is increasing and F is decreasing means that (3.5.6) is implied by

1
. f2(z)F3(z4+2A/0(x))
xlggo 62 (q:) =0
By the definition of 6 in (3.1.4), this is equivalent to

1
i P @t2A/0()

AT e
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and in turn to
) F(x)*
lim —=
z—oo F3(x 4+ 2A/0(x))
due to (3.2.2). Since F(z) — 0 as © — o0, (3.5.7) is implied by

=0, (3.5.7)

lim — =1 3.5.8
w00 Bz + 208/0(z)) (3:58)
for instance.
Since F is decreasing, we have
F
lim inf — (z) > 1. (3.5.9)

oo F(z+2A/0(x)) —
To prove (3.5.8), note by Taylor’s theorem that for every x > 0 there exists c¢(x) € [0,2A]

such that
2A 1

Fla+28/8@) = F@) - g0 v o)

Since f is increasing, we have

24 1

0(x) f(x)

By (3.1.4) and (3.2.2) and the fact that F|(x) — 0 as  — oo, we have that

lim 8(2)f(z)F(z) = lim L ()"

T—00 z—oo  f(x)

F(z +2A/0(x)) > F(z) —

F@)F(z) = lim —— F(z) = .

Therefore, for = > 0 sufficiently large, we may write

F(z) < 1
and by taking limits we deduce that
F(x) 1

lim sup = < lim su =1.
P e 1 28 /0(x) = P 1 oA

1
0(z)f(2)F(x)
Combining this with (3.5.9), we get (3.5.8), as required. Since (3.5.8) implies (3.5.6), and

therefore in turn that p, — 0 as n — oo, we have established (3.5.5).

3.5.3 Conclusion of the proof of Theorem 3.4.1

By virtue of (3.5.5), and the monotonicity of ©, for every € € (0,1) there exists an
N(e) € N such that

07 (1 —e)nA) < z,(A) < 07 (1 +e)nAd), n>N(e). (3.5.10)
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Since t,(A) — Ta as n — oo, and

we have that

Define

_ Nt A
= D ) (B)) (3:5.11)

Then by (3.2.6)
lim —2—""0 — 1, (3.5.12)

n=s00 T
We now estimate the asymptotic behaviour of 7,, as n — oo. Recall that ©”(x) > 0 for
r > z*. Since O~ 1(x) — oo as x — oo, it follows that ©71((1 — ¢)nA) > z* for all
n > Ni(e). Let Na(e) = max(Ny(g), N*). Then for j > Ns(e), by the monotonicity of f

and ©’ we have

FOTH(1+£)jA)O"(O7H (1 +£)jA)) > f(x;(A))O (2;(A))

> f(O7H((1 - 2)jA))O'(O7H((1 - €)jA)).

Hence for j > Na(e), we have

A A
FO (1 +2)jA)O (O (1 +)jA) = F(z;(A)0'(x;(A))
A

MCRIED TS CICR TS M

Let ¢ > 0 and define S by

R A
() — : 5.14
5= 2 e Ao e Tad) (3544
Then by (3.5.11), (3.5.14) and (3.5.13), we have
S+ < 7, < SU79) > No(e). (3.5.15)

S(l:l:a)

The asymptotic behaviour of will now be ascertained, and hence the asymptotic

behaviour of Ta — t,(A), by using (3.5.15) and (3.5.12).
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For every ¢ > 0, there exists N3(c¢) € N such that ©~!(cjA) > z* for j > N3(c). Let

j > N3(c). Then, for z € [cjA, c(j + 1)A], by the monotonicity of ©~!, we have
071 (cjA) <07 (2) <O (c(j +1)A),
so the monotonicity of © and f then yield

F(07H(cjA))O (07 (cjA)) < f(O7(2))0 (07 (2)))

< f(O7He(i +1)A)O' (07 (e(j +1)A)),  j > Ns(e).

Therefore integrating over x € [cjA, c(j + 1)A] we get

cA _ c(j+1)A 1 p
f(©71(cjA)O' (O~ (cjA)) — /ch [ICRIGICICRIC)
cA

= o T Ao e+ Ay =M

and so, by summing across the inequality for j > n > N3(c), and using (3.5.14), we have

eSle) — S cA * 1 N
o Z f(©7HcjA)O' (O (cjA)) = /an f(O71(2))0" (07 (x))) !

i ca =S\
T fO7 e+ DA)O (O (i +1)A)) T
Since lim, o, ©71(x) = oo, by (0.1.12), we have that

) ! U el [ () BN Y
oo FETEOTETETN Y = sy Ty = 71O )

Thus

¢S < F(O@ Y (enA)) < s

ntly 1 > N3(c).

Since ©(z) = 1/F(x), we have that F(©~!(z)) = 1/z. Hence

25 <

n

1 c
— < 89, n> Ny(o). (3.5.16)

Also observe by (3.5.5) and the definition of © that we have

.= . 1
nh—>Holo F(zp,(A)nA = nh_)n;o mnA =1 (3.5.17)

Thus by (3.5.15) and the first member of (3.5.16), we get for n > max(Na(e), N3(1 — ¢))

?n sit=e) 1 1
- — < —
F(zn(A)) ~ F(za(A)) = (1 =€) nAF(z,(A))
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and so by (3.5.17)
lims T < 1t
im sup — .
nas F(ta(A)) ~ (1 —e)?
Letting ¢ — 0, and recalling (3.5.12) yields
Th — tn(A) >

li —_
e Flaa(d)

By (3.5.15) and the second member of (3.5.16), we have for n > max(Na(e), N3(1 +¢))

Tn ST(IHE) 1 1 n
Flan(d) ~ Flan(A) = (L1 nAF(mn(A) nt 1

and so by (3.5.17)

(3.5.18)

v

5] I

1
lim inf — > .
noe F(zn(A)) — (1+e)2

Letting € — 0, and recalling (3.5.12) yields
Th — tn(A> >

lim inf —=

noo Fzn(A))
Combining this limit with (3.5.18) yields

L F()
n—oo TA — t,(A)

=1. (3.5.19)
This completes the proof of part (a) of Theorem 3.4.1.

It remains to prove part (b) of Theorem 3.4.1. Since Xa(t) € [zn(A), 7py1(A)] for
t € [tn(A), tht1(A)], th(A) 1 Ta as n — oo and x,(A) — oo as n — oo, we have that
XA —o0astTTa.

Since Xa(t) € [wn(A), 2pi1(A)] for t € [tn(A),tns1(A)] and F is decreasing, we get

TA — tns1(A) Th —t < Th —t Th —t <7:A—tn(A>

Fan(d) = Flan(d) = F(Xa®) = Flan1(d) = Flani(A)
Therefore for t € [t,(A), th+1(A)], we have

TA — tht1(A) F(xn+1(A)) Ta—t Ta —ta(A) F( n
(

A < —— < —= _w
Fta1(A) Flaa(A) ~ F(Xa() = Faa(A) Flany

Now, notice from (3.5.17) that

(A))
A (3.5.20)

L Fean(8) (i DAF@n(A)  n
nooo F(zn(A))  nooo  nAF(za(A)) n+t1

1. (3.5.21)

Taking limits as ¢ 1 Ta is equivalent to letting n — oo; taking the former limit across
(3.5.20) and employing (3.5.21) yields

. Th —t
lim ————— =1,
-1y F(Xa(?))

as required.
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Chapter J
Non-explosive Growth in Equations with Strictly

Constrained Delay Coefficients

4.1 Introduction

In Chapter 1, we showed that a uniform step-size Euler discretisation resulted in a numeri-
cal method which underestimated the growth rate of a superlinear, non-explosive differen-
tial equation. This suggested that special meshes are needed to replicate the growth rates
of such equations. In the following chapters we extend the numerical method described in
Chapter 2 (where it was utilised to replicate the behaviour of explosive equations) for the
purpose of constructing continuous—time approximations which inherit the exact growth
rates of superlinear, non-explosive equations.

In this chapter, we begin by verifying that under condition (1.1.1) the solution to the
differential equation grows unboundedly and the state-dependent method described in
Section 2.3 does indeed replicate this behaviour. During this verification, which is featured
in Section 4.2, we make no additional assumptions on f or g outside of what is necessary
and sufficient to ensure that the solutions do not explode. Then, we consider equations for
which the instantaneous feedback function f is both superlinear and dominant, in the sense
that g/f is bounded. This has the effect of ensuring that the growth rate of the solution
to the delay differential equation is determined solely by f. The exact rates of growth of
the solutions to both the continuous and discrete—time equations with constrained delay
coeflicients are determined in Section 4.3, and the convergence of the numerical method is
demonstrated in Section 4.4. In later chapters, we determine the asymptotics of equations
for which g/f tends to infinity, investigating what determines the growth rates of the

differential equation and what numerical methods are needed to replicate these rates.
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4.2 Unbounded Growth

Recall that under condition (1.1.1), the solution to the delay differential equation given
by (0.1.6) cannot explode in finite-time. Now, consider the state-dependent discretisa-
tion introduced in Section 2.3. We now show that the function X defined by (2.3.7)
cannot explode in finite-time and mimics other properties of the solution x of (0.1.6) (cf.

Theorem 1.1.1).

Theorem 4.2.1. Let f obey (0.1.7), (1.1.1) and
f is non-decreasing on [0, 00), (4.2.1)

g obey (0.1.8), and 1 obey (0.1.9) where 7 > 0. Let A € (0,7f(¢(0))) and Xa be defined
by (2.3.7). Then Xa € C([—7,00);(0,00)) is increasing on [0,00) and

lim Xa(t) = oo. (4.2.2)

t—o0
Proof. Define

t”ﬂ+1(A)
I,(A) = /t - g(Xa(s—1))ds.

where t,(A) and X are defined by (2.3.4) and (2.3.6). Notice that (2.3.4) and (2.3.5)

imply for n > 0 that
Tpt1(A) = 2 (A) + A+ 1, (A) > 2, (A) + AL

Hence

2n(A) 2 9(0) + 1A, n=>0,

80 p(A) = 00 as n — o0o. Next as (t,(A))n>0 is an increasing sequence, we notice that

there exists Ta € (0, 00] which obeys (2.4.3), that is

Th := lim tn(A).

n—o0

Since Xa(t) > x,(A) for all t € [t,(A), th11(A)), we have

lim Xa(t) = occ.
t—=Txy

Moreover, by (2.4.3), the domain of definition of XA is [~7,7Ta), and XA is continuous on
[~7,TA). We have already shown in Section 2.3 that X, is increasing on [0,¢,(A)) for all

n > 0 and therefore XA is increasing on [0, Th).
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It remains to show that when f obeys (1.1.1), Tao = +o00. Suppose the converse is true.
There exists T),(A) € [tn(A), tht1(A)] such that g(Xa(s—7)) < g(Xa(Tn(A) — 7)) for all
€ [tn(A), tnt1(A)]. Therefore

If Ta < o0, then T, (A)—7 < Ta—7. Since Xa is finite on [—7,Ta—7], and f(z,(A)) — oo
as n — oo, it follows that I,,(A) — 0 as n — oo. Therefore, z,(A)/n — A as n — oo.

Hence there exists N € N such that
zn(A) <2nA, n> N.

Therefore as f is non-decreasing

A > = n>N
flan(A)) ~ f(2nA)°
By (2.3.4), we have that
n—1 A
O =2

and so for n > N 4+ 1 we get

D=t St

j=N+1 :0 75 j=N+1 f
Therefore Th = +o0o provided
Z +00. (4.2.3)
j=N+1 f
(4.2.1) implies for = € [2jA,2(j + 1)A] that
1 > 1
f2jA) ~ f(=)
Hence
2A / 26+DA 1 p
— = —7 5 azx.
f(25A) 2jA f(z)
Therefore for n > N
J+1)A 2n+)A 4
S sz X L e [ e
_N+1f J=N+1725A av+1)a f(2)

Taking limits as n — oo and using (1.1.1) establishes (4.2.3), which proves Ta = co. [
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4.3 Determination of Growth Rates

In this section, we determine the growth rate of the solution to the state-dependent nu-
merical scheme in the case where f is superlinear and g/f is bounded. Firstly, we state
Theorem 1.2.4 from Chapter 1, where we showed that the growth rate to the delay differ-

ential equation given by (0.1.6) grows at a rate consistent with the related ODE given by

Statement of Theorem 1.2.4 Suppose that f obeys (0.1.7), (1.1.1) and let f obey

(1.2.19), that is

xll)rglo f(z)/x =00,f € RV,(1); and
g(z)

there exists A € [0,00) such that A := limsup =———.

Let g obey (0.1.8) and let 7 > 0 and 1) obey (0.1.9). Then the unique continuous solution
x of (0.1.6) satisfies (1.2.20), that is

L Fl)

t—o00 t

=1,

where F' is defined by (1.2.4).

Next, we prove the discrete—time analogue of Theorem 1.2.4 and use this to show that
the continuous—time interpolant of the numerical scheme described in Section 2.3 inherits
the same rate of growth.

Before starting, we state and prove an auxiliary lemma.

Lemma 4.3.1. Suppose f obeys (4.2.1) and (1.2.19). Then

=0. (4.3.1)

lim

T—00 f(z)
Proof. Define y by o/(t) = f(y(t)), t > 0 and y(0) = & Then y(t) = F~'(¢). Since
f(z)/x — o0 as © — oo, we have y'(t)/y(t) — oo as t — oco. Therefore, for every M > 0

there exists Ths > 0 such that y'(t)/y(t) > M for all t > Ths. Then for t > Ty + 7 =: T},

() Lz

we have
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Hence y(t)/y(t—7) > M7 soy(t—7)/y(t) < e M7 for t > T},. Therefore y(t—7)/y(t) — 0

as t — oo. Hence

lim
T—00 €T

Thus for every M > 0 there is an x; > 0 such that
F Y F(x)—71)/x <1/M, x>mx.

Hence F~Y(F(x — 7)) < /M for & > x);. Since f is non-decreasing, we have

fFNE (@ —1))) < J@/M)

, T >TNM-
flx f(x)
Thus as f € RV (1), we have
. fENF@—7) _ . fle/M) 1
lim sup < lim = —.
T—00 f() e—oo f(x) M
Letting M — oo establishes the result. O

Theorem 4.3.1. Let f obey (0.1.7), (1.1.1), (4.2.1) and (1.2.19). Let g obey (0.1.8) and
let 7> 0 and v obey (0.1.9). Let A € (0,7f(¢(0))) and suppose t,(A), zn(A), XA and
XA are given by (2.3.4), (2.3.5), (2.3.6) and (2.3.7). Then

- Fza(A))
nh_)rgo NN 1, (4.3.2)
and )
lim F(Xf(t)) =1. (4.3.3)

Proof. Note that since f and g are positive, x,4+1(A) > z,(A) + A and so z,(A) >
¥(0) + nA for n > 0. As F is increasing, using the same arguments used to prove
Theorem 4.2.1 we have

A
0)+ @G +1DA)

n—1
F(zn(A)) 2 F($(0) +nA) >
2 7

A A
- ; F@(0) +358)  f((0)
A A
o)~ B o)y

= tn—‘rl(A) -
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So
it F ()
R 6 (8) - A7) 7

and as t,(A) = 0o as n — 0
> 1. (4.3.4)

If we can prove a similar result for an upper estimate of the solution we will have (4.3.2).
Note that since f obeys (1.2.19b), there exists A > A
tn+1(A) _ tﬂ+1(A)
L(A) = / o(Xa(s—7))ds < & F(Xa(s — 7)) ds.
tn(A) tn(A)

Since Xa is non-decreasing on [0,00), there exists NX such that for n > NX and s €

[tn(A), tn41(A)) we have Xa(s — 7) < XaA(th41(A) — 7). Therefore for n > NX

10(8) < Bltnsa(B) = ta(A)F (Xa(tasa (A) = 7))
i ad Kaltan(8) = 1)
@)

Next define N(n) € N such that () (A) < th11(A) =7 < tym)4+1(A). This implies
TN (A) = Xa(tnt1(A) — 7). So for n > NX

fenm(A))
fen(A))

Clearly N(n) < n as Xa(tn+1(A) — 7) < z,(A) in accordance with Remark 2.3.2.

I.(A) < AA

Therefore as 7,(A) is increasing and f is non-decreasing, f(zn(n)(A)) < f(2n(A)) and

zn(A) < 9(0) + (1 + A)nA for n > N}, thus

Flanm(B) _ f@0) + (1 +AN@n)A)

Fland)) T(nd) |
_JWO+ 0+ HNWA) FNmA)
fF(N(n)A) f(nd) 7 &
Therefore as f € RV (1) and N(n) — oo as n — oo,
—— G DIC) O lim sup 1 (WA)
hﬁioop NICINE <(1+4+A)1 m Sup Fnd) (4.3.5)
Now for any ¢ > 0,
f(N(n)A) f(N(n)A) fE—(F(nA) —¢))
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The second factor tends to zero as n — oo by (4.3.1). For the first factor, note that

= A
tnt1(A) = tnm) (D) =
R j%m Fla;(8)
and z,(A) > nA, so
= A - A
Yo = S = a1 (D) — g (D) > 7 (4.3.6)
N TR T F@(A)

Now since f is non-decreasing,

n A (n—1)A 1
— du.
2 TGN S T “ Jun 7O

and so

A

A
j:%n) 7O = Fiveay T (n=DA) = F(N(m)A).

Now as N(n) — oo as n — oo, there exists ny > 0 such that N(n)A > (0) for n > ny.

Using this and the fact that f and F' are non-decreasing we have for n > ny,

i A A
2 G S Fugy PO N
and by (4.3.6),
& A A A
Fa) = FNmA) 2 3 505 = 5uay 27 o) =0 "

j=N(n)
So F(nA)—c > F(N(n)A) and since F~! and f are non-decreasing, f(F~1(F(nA)—c)) >
f(N(n)A) for n > ny. Therefore

: (N (n) : f(N(n)A) : fFEH(F(nA) - ) _
h}gl_igp W < hzr;s;p FF(F(nA) — o)) .1171;n_>so%p Fd) <1-0=0,
and inserting this into (4.3.5) we have

lim sup M =0.

n—oo  f(zn(A))
Therefore for any € > 0 there exists Ne € N such that f(zy(,)(A))/f(2n(A)) < €/A and
zn, (A) > * for n > N — 1. Thus

and so

Tnt1(A) <zp(A)+ (1+e)A, n>N.—1,
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yielding
F(zn(A)) < Fxn.(A)+ (n — Neo)(1 +€)A), n> N, (4.3.7)

as F'(z) is increasing for x > ¢*. Next for n > N + 1,

TNe (A)+(n_NE)A(1+E) 1 n—1
/ e ¥ AL+ ¢) |
TN (A)+A(1+€) f(u) JoNot1 f(acNe (A) + (j — NE)(l + €)A)
n—1
A
<(1+e ’
( )j=%;+1 )

= (1+€)(tn(A) — tn41(D)).

Therefore

lim sup EEN(B) & (n = NJA(L + €))
=00 tn(A) = tn+1(A)

and by (4.3.7) we obtain

<1l+e¢

 P(aa(A))
tmsup =" Ay

Letting € — 0" and combining this result with (4.3.4) yields (4.3.2).

<l+e

(4.3.3) follows from (4.3.2). Note that for every ¢ > 0 there is an n(t) € N such that

t € [n(t)h, (n(t) + 1)h), s0 ) (h) < Xa(t) < @p)41(h). As F is increasing,

s Pl (@) < pF(Ra0) < MR (),
Asn(t)A/t — 1 as t — oo, (4.3.2) implies (4.3.3). O

4.4 Controlling the Approximation Error

In Section 2.5, we showed that the numerical approximation X could be made arbitrarily
close to the true solution x on a compact interval where both XA and 2 remain finite.
It was necessary to consider such an interval in order to ensure that both functions were
well-defined, as Theorem 2.5.1 makes no assumptions on the integrability of 1/f and so
must include the possibility of a finite-time explosion. However, if f obeys (1.1.1) and
the solutions to the differential equation and the numerical scheme do not explode, both x
and Xa are well-defined for all ¢ > 0. Therefore if (1.1.1) holds the error can be controlled

on any compact interval.
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Theorem 4.4.1. Let f obey (0.1.7), (1.1.1), (4.2.1) and (1.2.19). Let g obey (0.1.8)
and let 7 > 0 and ¢ obey (0.1.9). Then there exists a unique continuous solution x €
C([=7,00)) of (0.1.6) which obeys lim;_,o x(t) = 00.

Let A € (0,7f(¥(0))) and suppose t,(A), x,(A), Xa and XA are given by (2.3.4),
(2.3.5), (2.3.6) and (2.3.7). Let T > 0. Then

lim sup |z(t) — Xa(t)| =0. (4.4.1)
A=04ei0,7)

Proof. The proof is very similar to the proof of Theorem 2.5.1. However, recall that

Theorem 2.5.1 proved that

sup [a(t) = Xa()] < (AparKays + 2r(A, 200))er Chareha)
0<t< parApanr (D)

The Lipschitz constants ch and ch were easily determined as given M > * both

x, XA € [0,2M] for t € pprApans(A). For this Theorem however, determining the Lipschitz

constants is not quite as straightforward.

For t >0, 2/(t)/f(x(t)) = 1+ g(x(t — 7))/ f(z(t)). Now if t < T,

gzt —7) =gt —7)) = max g(x)=: gy

Also since f is monotone and x is non-decreasing on [0, 00), f(z(t)) > f(x(0)) = f(x(0)).

Thus
' (1) Gy
@) = Fwo)

If t > 7, since f obeys (4.2.1) and (1.2.19) and z is non-decreasing on [0, c0), by (1.2.19b)

=1+ Ly, t<T.

there exists A > A such that

Setting L* = max(Ly, A) we have 2/(t)/f(x(t)) < 1+ L* for all ¢ > 0. Integrating over
(0,t] yields
F(a(t)) < F(¥(0)) + (1 + L)t

and so as F~! is increasing, for any 7' > 0

z(T) < FY(F((0)) + (1 + L*)T) = M(T). (4.4.2)
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Since x,(A) obeys (2.3.5), for n > 0

tn+1(A)

2aa(8) = a(8) + A + [ Xl

< 2(B) + A+ (bra(B) ~ta(A)) | max - g(Xa(u—7)

rn(A) € [tn(A), tht1(A)].

= 2,(A) +A+A-9(XAf
Ifrn(A) <,
Tnt1(A) <xp(A) + A(1 +gy), nsuch that r,(A) < 7.

If r,(A) > 7, then t > 7. Since X is non-decreasing on (0,00) and since f is non-

decreasing and obeys (1.2.19),

9(Xa(ra(A) = 7)) < Af(Xa(ra(B) = 7)) < Af (Xa(tns1(A) = 7).
Since t,41(A) > t,(A) > 7 we have f(z,(A)) > f((0)). As A < 7f(1(0)) we get
0 <tny1(B) =7 =1n(A) =7+ A/ f(2n(A)) < ta(A) =7+ A/ f(P(0)) <tn(A).

Therefore g(Xa(rn(A) — 7)) < Af(X(tn(A))) = Af(2,(A)). Hence

(Xa(rn(A) = 7))
f(zn(A))

< zp(A)+ A1+ A), nsuch that r,(A) > 7.

i1 (A) < zn(A)+ A+ A2

Therefore z,4+1(A) < z,(A) + A(1 + L*) for all n > 0, and so
zn(A) <9(0) +nA(1+L*), n>0. (4.4.3)

Now since t,(A) defined by (2.3.4) is increasing, for any 7' > 0 there exists na(T) > 0
such that

taa(m)(A) =T >t (1y=1(A).

Note that XA (T) < @, (7)(A). Thus

XA(T) <9(0) +na(T)A(1 + L*) =: MA(T).
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We wish to bound Ma(T') uniformly in A. Since na(T) is such that T' > t,,, (r)—1(4), f
is non-decreasing and z,,(A) obeys (4.4.3),

na(T)—2 A
Tt = 2 e A )

1 /w<o>+<nA<T>—1>A<1+L*> 1

ST ™
= o (F(@(0) + (na(T) = DAL+ 1)) — F((0)))
= (POIAT) — A0+ 1)~ F((0))).

Therefore as F~! is increasing,
MA(T) < A(L+ L*) + F7H((1 4+ L*)T + F(1(0)))
and so for any Ag € (0,7 f(1(0))),
MA(T) < Ag(1 +L*) + FY(1 + LT 4+ F(1(0))), A < A,.

Thus

Xa(T) < Ma,(T), A< Ay (4.4.4)

Setting M*(T) = max(¢yp*, M(T), Ma,(T)) we have that z(t), Xa (t), Xa(t) € [0, M*(T)]
for t € [-7,T] and A < Ap. Define the Lipschitz constants as CL*(T) and cﬁj*(T). The
rest of the proof is similar to that of Theorem 2.5.1, leading to an error estimate of the
form

_ N T(e! e € )
sup ‘l‘(t) —XA(t)’ < (ATK ppe(ry + 27w(A, M*(T)))e "M@ 7mM (7 A < Ag.

t€[0,T]

Taking limits as A — 0 and noting w(A, M*(T')) — 0 yields the desired result. O
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Chapter 5

Instantaneously-Dominated Growth Rates

5.1 Introduction

In the previous chapter, we investigated the growth rate of superlinear delay differential
equations when the delay term is constrained, that is limsup,_,. g(x)/f(z) < co. We
saw in Section 4.3 that the asymptotics of the solution were determined solely by the
instantaneous feedback function f. However if the delay term is no longer constrained in
this manner, things become more complex. Now the magnitude of the delayed feedback ¢
and the size of the delay 7 can be such that the growth rate of the solution is no longer
determined by f, that is the equation will no longer grow at a rate identical to that of the
equivalent ODE given by 4/(t) = f(y(¢)). In the forthcoming chapters, we will investigate
how the relationships between f, g and 7 determine the long-term behaviour of (0.1.6).
Firstly, we determine the conditions under which the equation with unconstrained delay
coefficient does indeed grow at a rate identical to that of the equivalent ODE.

The boundedness of g/ f is far from being a necessary condition for an instantaneously—
dominated growth rate of the equation. It is intuitive to conjecture that the size of the
delay term 7 is of critical importance. We may indeed have g/f — oo, but if the delay
term is large enough the contribution of the delayed feedback could be insignificant in the
determining the growth rate of the solution. In Section 5.2, we establish criteria on the
size of g and 7 relative to f under which the solution of the delay equation inherits the
rate of growth of the equivalent ODE. We show that the general sufficient conditions we
develop are quite sharp by showing that when they are relaxed, the growth rate changes.
However in the chapter we restrict ourselves to equations for which the rate of growth
is indeed determined by f, albeit perhaps not at the ezact rate exhibited by the solu-
tion to the corresponding ordinary differential equation. We refer to such equations as
being “instantaneously-dominated”. A treatment of the cases where the rate is no longer

characterised by f is given in Chapter 7.
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Examples are featured in Section 5.3, and proofs are for the most part deferred to

Section 5.4.

5.2 Criteria for Inheriting the Growth Rate of ODE

Note that the solution of the ODE given by

y'(t) = fly(t), t=0; y(0)=¢>0, (5.2.1)

is given by F(y(t)) =t for t > 0 so that

iy F(®)

t—00 t

=1. (5.2.2)
We define for 8 > 0 the function
fo(x) = fF(F7Y(F(z) +0)), z>0. (5.2.3)

In our first main result, we show that if the delayed term g is asymptotically dominated by
the instantaneous term f, in the sense that g = o(f;), then the solution of (0.1.6) inherits

the asymptotic behaviour of (5.2.1) characterised by the limit (5.2.2).

Theorem 5.2.1. Suppose that f obeys (0.1.7), (1.1.1) and (4.2.1). Let g obey (0.1.8) and
let 7 > 0 and ¥ obey (0.1.9). Suppose that fr is defined by (5.2.3), F is defined by (1.2.4),

and x is the unique continuous solution of (0.1.6).

(i) If
9(z)
im =0, 5.2.4
Z—00 f'r(x) ( )
then
im 2@ (5.2.5)
t—o0 t
(i) If
. : glx) _
there exists A > 0 such that limsup = A, (5.2.6)
00 fT(:L')
then
1 < liminf F(a(t)) < limsup F(z()) <1+4+A. (5.2.7)
t—0o0 t—o0 t
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The results of Theorem 5.2.1 hint that the rate of growth of ¢ = o(f;) in (5.2.4) is
close to being “critical”, in the sense that if g grows more rapidly than (5.2.4), the rate
of growth of solutions of (0.1.6) depart from those of (5.2.1). This is because the rate of
growth of g = O(f;) allowed for in (5.2.6) leaves open the possibility that = does not obey
(5.2.5), as suggested by the presence of a non-unit upper bound in the right-most member
of the inequality (5.2.7). As we will see in a later ezample, the growth of g given by (5.2.6)
can lead to the upper bound in (5.2.7) being sharp, so that = does not obey (5.2.5).

Roughly speaking, our next result shows in the general case that g = O(fy) for 6 > T,
then = does not obey (5.2.5), justifying the notion that the hypothesis g = O(f,) is close

to being sharp.

Theorem 5.2.2. Suppose f obeys (0.1.7), (1.1.1) and (4.2.1). Let g be non-decreasing
and obey (0.1.8). Let 7 > 0 and v obey (0.1.9). Suppose that fy is defined by (5.2.3). Let

x be the unique continuous solution of (0.1.6).
(i) If

there exists 1o > 7 and Ao € (0,70/7 — 1] such that lin_1>inf fg(g) = Ao, (5.2.8)
T—00 T

then x obeys

lim inf F(:Ct(t)) > 14 Ao. (5.2.9)

t—o0
(1) If

there exists 1o > 7 and Ao > 10/7 — 1 such that liminf 9(z) =Ny, (5.2.10)

v fry (1)

then x obeys

lim inf ZE) 5 70 (5.2.11)

t—00 t T

(iii) If

there exists 71 > T and Ay > 71 /7 — 1 such that limsup 9(z) =A;, (5.2.12)
x—+00 f‘r1 (SC)

then x obeys

lim sup F(Z(t)) <1+ A (5.2.13)
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(i) If

there exists T > 7 and Ay < 71/7 — 1 such that limsup 9(z) =Ny, (5.2.14)

z—o0 Jm (LU)

then x obeys

F

T— ) (5.2.15)
t—00 T
(v) If
there exists A > 0 such that lim _ 9@ = A, (5.2.16)
z=00 fr144)(7)
then
F

im 2EW) 4 g (5.2.17)

t—o0 t

The monotonicity assumption on g is a consequence of the method of proof of the The-
orem. We arrive at our upper and lower estimates of the growth rate using a constructive
comparison principle (see Appleby and Rodkina [2], and Appleby and Buckwar [7]). For
example in the proof of part (iii) we construct a function which grows at the rate consis-
tent with the right-hand side of the inequality (5.2.13). This function is constructed in
order to satisfy a differential inequality closely related to the differential equation, and the
monotonicity of g is sufficient to ensure that it does indeed give an upper bound on .

The last two theorems highlight the importance of the question : what are the relative
rates of growth of fp and f, for & > 77 Our next result shows that if f is (roughly
speaking) growing sublinearly, then the function fy has the same asymptotic behaviour
for every 6 > 0, growing at a rate asymptotic to f. On the other hand, if f is (roughly
speaking) growing superlinearly, the function fp (which appears as the denominator in
each of (5.2.8), (5.2.10), (5.2.12), (5.2.14), and (5.2.16)) grows more rapidly than f; (which

appears as the denominator in (5.2.4)) because in each of these hypotheses 6 > .
Lemma 5.2.1. Suppose that f obeys (0.1.7), (1.1.1) and (4.2.1) and g obeys (0.1.8).
(i) If f € RVo(1), limy—y00 f(z)/2 = 00, and 0 > T, then
T fo(@)/f-(@) = oc.

If moreover, x — g(x)/f(x) is bounded, then

lim g(x)/f, (x) = 0.

T—r00
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(ii) If f € RVoo(a) for a <1, lim,_,o0 f(z)/x =0, and 6 > 0, then

lim fo(e)/f(2) = 1.

r—r00
(117) If imgy oo f(x)/x =a >0, and 0 > 0, then lim,_,~ fo(z)/z = ae?.

One consequence of part (i) is that Theorem 5.2.2 imposes hypotheses complementary to
those of Theorem 5.2.1, and the asymptotic rates of growth of x given in (5.2.9), (5.2.11),
and (5.2.17) differ from that given in (5.2.5) when f grows superlinearly.

Under the hypotheses that f obeys (0.1.7), (1.1.1) and (4.2.1),

f€RVs(1), lim f(z)/xr =00, andxw— g(x)/f(z) is bounded,

T—r00

Theorem 1.2.4 showed that F(z(t))/t — 1 as t — oco. By part (i) of Lemma 5.2.1 and
part (i) of Theorem 5.2.1, we may draw independently the same conclusion.
We now use Lemma 5.2.1 and Theorems 5.2.1 and 5.2.2 to show that the critical rate of

growth of g(z) as © — oo is fr(z).

Theorem 5.2.3. Suppose f obeys (0.1.7), (1.1.1) and (4.2.1). Let g be non-decreasing
and obey (0.1.8). Let 7 > 0 and 1) obey (0.1.9). Suppose that fy is defined by (5.2.3). Let

x be the unique continuous solution of (0.1.6).

(1) If

there exists 6 > T such that liminf 9(x)

> 0, 5.2.18

then liminf; o F'(z(t))/t > 1.
(11) If limy o0 g(x)/ fr(z) = 0, then limy_,oo F(2(t))/t = 1.
(153) If limy_,oo F(x(t))/t =1, then iminf, o g(z)/fo(x) =0 for all 6 > T.

Proof. When the limit inferior is less than or equal to 6/7 — 1, part (i) is a direct con-
sequence of part (i) of Theorem 5.2.2. In the other case when liminf, . g(x)/fo(x) >
0/1—1, part (ii) of Theorem 5.2.2 shows that liminf, . F'(z(¢))/t > 6/7 > 1. Part (iii) is

a consequence of part (i). Part (ii) follows from Theorem 5.2.1, completing the proof. [
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We remark that g(z)/f-(x) — 0 as  — oo implies that g(x)/fg(x) — 0 as © — oo for
all @ > 7, which shows the consistency of the conclusion of part (iii) with the hypothesis
of part (ii).

There are many possible corollaries to Theorem 5.2.2. It is sometimes difficult to apply
(5.2.16) because of the presence of A > 0 on both the right and left hand sides. Here is one
example in which the existence of a limit of the form (5.2.16) is posited without asserting

the form of the dependence of the righthand side.

Theorem 5.2.4. Suppose that f obeys (0.1.7), (1.1.1) and (4.2.1). Let g be non-decreasing

and obey (0.1.8). Let 7 > 0 and ¢ obey (0.1.9). Let x be the unique continuous solution
of (0.1.6). If

there exists 1o > 7 such that lim 9(2) =A>0, (5.2.19)
e—o0 fr ()
then
Fx(t Fx(t
1 <min(1+ A, 79/7) < litn_1>inf (xt()) < limsup (i()) < max(l+ A\ 719/7).
o0 t—00

Proof. In the case when A < 79/7 — 1, by part (i) of Theorem 5.2.2 we get

lim inf L(m(f))
t

t—o00

> 1+ A=min(1l+ X\, 70/7).

When A\ > 79/7 — 1, by part (ii) of Theorem 5.2.2 we obtain
Fa(t)

lim inf T > 7—0/7- = HllIl(]. + )‘a TO/T)‘

t—o00

The upper bound is found by applying parts (iii) and (iv) of Theorem 5.2.2. O

5.3 Examples

We now consider some examples which are motivated by the theorems of the previous
section. Such examples are useful in illustrating the importance of the conditions required

to give the different types of asymptotic behaviour described in the previous section.

Example 5.3.1. We use our first example to demonstrate the sharpness of the hypoth-
esis g = O(f;). If f is regularly varying with index o < 1 with lim, ,~ f(z)/x = 0,
Lemma 5.2.1 implies for any 6 > 0 that

lim fo@)
35 F(a)

=1
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If limy o0 g(x)/ f(z) = 0, then lim,_, g(z)/ fr(x) = 0 so by Theorem 5.2.1,

fim @) _

t—o00 t

If lim; 00 g(%)/f(z) = A > 0, by Lemma 5.2.1 we have limy 00 g(2)/ fr(144)(z) = A.
Thus by Theorem 5.2.2,

t—o00
This recovers most of Theorem 1.2.1.
When lim, o g(z)/f(z) = A > 0, we actually have that lim, ,~ g(z)/f-(x) = A by

Lemma 5.2.1. This example demonstrates that given a condition of the form

there exists A > 0 such that lim 9(x) =
Z—00 f‘r (33‘)

9

we cannot in general conclude that lim; o, F'(z(t))/t = 1, more information is needed.

Notice that this condition assumes a slower growth rate of g than (5.2.16).

Example 5.3.2. Next we recover a known result from linear equations using Theo-
rem 5.2.2. Condition (5.2.16) in part (v) of Theorem 5.2.2 generalises the notion of a
characteristic equation. We see this by showing for linear equations that it generates
the classical characteristic equation associated with a linear delay differential equation.
Suppose that lim, o f(z)/z = a > 0 and lim;_o g(z)/z = b > 0. By Lemma 5.2.1
part (iii) we have for every 79 > 0 that fr (z)/x — ae®™ as z — oo. Therefore
lim, 00 g(2)/ fro () = b/ (aexp(am)).

If b = 0, by Theorem 5.2.1 we have F(x(t))/t — 1 as t — oo, or logz(t)/t — a as
t — oo.

If b > 0, in order to apply Theorem 5.2.2 part (v), we seek A > 0 and 79 > 0 such
that arp = 7(a + aA) and b = aAe®®. If this can be done, then logz(t)/t — a + aA
as t — oo. The existence of such a A > 0 is equivalent to the existence of a Ay > a
for which A\g = a + aA, which in turn is equivalent to the existence of \y > a such that
b= (Ao — a)e™ 0. In other words, if there exists A\g > a such that \g = a + be™ 72, then
log x(t)/t — Ao as t — oo. This recovers the asymptotic behaviour of the linear equation

that can be inferred by standard theory.
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5.3.1 An example generation algorithm

We now describe a method for generating test equations with explicit solutions. In practice
checking the condition g/f; — 0 is difficult, as we cannot in general determine F' and
F~1 explicitly. However in our algorithm we introduce an auxiliary function f, which
is asymptotic to f, dominates f pointwise and for which the integral of 1/f. can be
determined explicitly. It can then be shown that a positive continuous (and if needed,
non-decreasing) function g can be constructed so that there is a unique continuous solution

of

2(t) = f(@(t) + g(z(t = 7)), t>0

which is positive, obeys x(t) — 0o as t — oo, and which has the same growth rate as t — oo
as the ordinary differential equation y/(t) = f(y(t)). Moreover we can now calculate the
asymptotic behaviour of g/ f; and thus check the sharpness of our conditions. In particular,
we will generate an example which illustrates the gap between the necessary and sufficient
conditions for F'(z(t))/t — 1 (cf. Theorem 5.2.3).

The algorithm for generating test equations is now given along with some comments on

its construction.

Construction of examples Let f obey (0.1.7) and (1.1.1). Suppose that f, is a con-

tinuous function with the following properties

f« € C((0,00); (0,00)); (5.3.1)
f(x) < fu(z), 2>0; (5.3.2)
_ fal@)
zhﬁnolo o) 1. (5.3.3)
Let ¢ > 0 and define
o1
Fi(z) = /C A du, x>0. (5.3.4)

Under these assumptions, F has the following properties:

=1.

F
F, € C'((0,00); (R)) is increasing; li_>m F.(z) = +o0; li_}rn = ((:;))
T—00 z—o0 [,

Let 7 > 0. Since F is increasing, we have that Fi(x) > F(0) for all x > 0. Therefore

F.(z)+7 > F.(0) for x > 0. Since F is increasing, it is invertible and we have F, 1 (F,(z)+
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7) > 0 for all # > 0. Therefore the function u : [0,00) — R given by u(x) := F, 1 (F.(z)+7)
for > 0 is well-defined and we have u(z) > 0 for all z > 0. Also u € C(]0,00); (0, 00)).
Note that the function g : [0,00) — R given by g(x) = fi(u(z)) — f(u(z)) for z > 0 is
well-defined. Since u(x) > 0 for all z > 0 and w is continuous, by (0.1.7), (5.3.1) and

(5.3.2), we have that g € C([0,00); (0,00)), where g is given by
9(z) = fo(F- Y (Fu(z) + 7)) — f(F- (Fu(z) + 7)), «>0. (5.3.5)

Clearly, if f, — f is non-decreasing on [0,00), and since u is increasing, it follows that
g = (f« — f) ou is non-decreasing on [0, c0).
The following result shows that we can generate delay differential equations with the

appropriate properties.

Theorem 5.3.1. Suppose that f obeys (0.1.7) and (1.1.1) and that f. is a function which
obeys (5.3.1), (5.3.2) and (5.3.3), and let Fy be the function defined by (5.3.4). Suppose
that 0 < 7 < —F(€) for some € € (0,¢) where ¢ > 0 is given in (5.3.4). Let g be the
function defined in (5.3.5). Let ¢ be the function defined by

Y(t) = F7L(t), te[-1,0]. (5.3.6)

(i) g :[0,00) = (0,00) and ) : [-7,0] — (0,00) are continuous and positive functions.

If moreover, f. — f is non-decreasing, then g is non-decreasing.
(ii) The unique continuous solution of (0.1.6) is z(t) = F, 1(t) fort > —7.

(11i) The solution x of (0.1.6) obeys x(t) — oo as t — oo and moreover if F is given by

(1.2.4), then
lim M =1.

t—00 t

Proof. The properties of g were established in the paragraph preceding the statement of
this theorem. Since € € (0,c¢) we have that Fi(e) < 0. Because 0 < 7 < —F,(€), we have
0 > —7 > Fy(¢). Therefore F,1(—7) > € > 0. Since F, ! is increasing, we have that
F7Y(t) > F71(—7) > 0 for all t > —7. In particular, this means that v defined by (5.3.6)
is a positive and continuous function. Also the function y defined by y(t) := F~1(¢) for

t> —7isin C((—7,00); (0, 0)).
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Since v is continuous, g is continuous and f is locally Lipschitz continuous, it follows
that there is a unique continuous solution of (0.1.6). We note that with ¢ defined by
(5.3.6), we have y(t) = ¢(t) for all t € [-7,0]. For ¢ > 0 we have that ¢t — 7 > —7. Hence

y(t — 1) = FY(t — 1), so as g is defined by (5.3.5) we have

gly(t = 7)) = g(F7 (t = 7))

Since Fi(y(t)) =t for t > 0 we have F}(y(t))y'(t) =1 for t > 0, or

1

YO = T

= fuly(@®)) = f(y(t)) + g(y(t — 7))

Therefore y is a continuously differentiable solution of (0.1.6) on (0, c0). However, as there
is a unique continuous solution of (0.1.6), we have that z(t) = y(t) = F;1(t) for t > —7,
as claimed.

To show part (iii), we notice that Fi(z) — 0o as x — oo by (1.1.1), (5.3.3) and (5.3.4),
so F71(z) — oo as © — oo. Therefore x(t) — oo as t — oo. Moreover, as (5.3.3) implies

that F(z)/Fi(z) — 1 as ¢ — oo, and we have that z(t) — oo as t — 0o we get

L F@) . R@E®) Fa®)
t—o0 t t—o0 t F.(z(t)) ’
because Fy(z(t)) =t for all t > 0. O

We now give examples of delay differential equations which have a known solution. In
our first example, we verify that f and g obey all the properties that enabled us to use

the theorems that determine the asymptotic behaviour of the equation.

Example 5.3.3. Let 7 € (0,log(1/1og(2))). Let a € (0,1) and suppose that
fl@) = 2+2)log2+2) - (2+2)% 220

and let g be given by

g(z) = (z+2)*, z>0.
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Then the unique continuous solution of
2'(t) = f(z(t)) + g(x(t — 7)), t>0; z(t)=-exp(e’) —2forte[-1,0]

is given by

z(t) = exp(e') =2, t> —r. (5.3.7)

Furthermore, if F is given by (1.2.4), then

. g9(x)
lim =0. 5.3.8
M FFTF@) 1) (538)
Also, there exists 71 < 7 such that
lim 9() —0

T—00 f(Ffl(F(iL') + 7'1))
We will see in the next chapter that the condition g/f., — 0 for some 71 < 7 is important

for replicating the growth rate in discrete-time. Moreover, if & > ™7, then

Proof. Let f. be given by
ful@) = 2+2)log(2+2), @20.

Note for x > 0 that f(x) > 0 and f.(x) > 0. Also note that f obeys (0.1.7) and (1.1.1),
and that f, satisfies (5.3.1), (5.3.2) and (5.3.3). Let ¢:=e —2 > 0. Define for z > 0

T z 1
File) = / Folw) ™= /6_2 @+ u)log2+u) "

Then for z > 0 we have

x+2 1 p log(z+2) 1 p | | )

Therefore, for n := 2 4+ € € (2,e) we have —Fi(e) = —log(log(e + 2)) = log(1/logn).
Then 6 := 1/logn € (1,1/log2), so —Fi(e) = logh € (0,log(1/log2)). Thus if 7 €
(0,1o0g(1/1og2)) = (0,0.3665129...), there exists € € (0,e — 2) such that 7 € (0, —Fi(e€)).

Note also that = = loglog(F, !(z) + 2), so

F7l(z) = exp(e®) —2, x> log(1/log2).
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Therefore we have that
F7UF (2) +7) = exp(e™@eT) — 2 = exp(e" log(z + 2)) —2 = (z 4+ 2)* —2.

Since g(z) = (z +2)?", we have g(x) = (2 + F, }(Fu(x) + 7))% for x > 0 and so g obeys
(5.3.5). Therefore f, g and f, satisfy all the properties of Theorem 5.3.1, and therefore it
follows that x(t) = F, (t) = exp(e!) — 2 for t € [~7,0) is a solution of (0.1.6).

The proof that (5.3.8) holds involves using f. to determine very precise asymptotic
information about F' (for which a closed form formula is not known) and therefore F~!.

The analysis is deferred to Appendix B. O

In our next example, we demonstrate the gap between the necessary and sufficient
conditions for F'(x(t))/t — 1. This shows that condition (5.2.4) is not essential for this
rate of growth, inferring that a condition of the form lim,_,o g(z)/fr(x) € (0,00] does

not enable us to conclude directly whether lim;_,o F'(z(t))/t = 1 is true or false.

Example 5.3.4. Let 7 € (0, —log(log(log(1/2) + €))). Suppose that A = ¢¢/2 and
f(x) = (A+z)log(A+ x)logg(A+x) — (A+x)logg(A+x), x>0,
and let g be given by
g(z) = exp(log® (z 4+ A))log(log® (z + A)), x> 0.
Then the unique continuous solution of
() = f(z(t) +g(x(t —7)), t>0; x(t)=-explexp(e'))) — A for t € [-,0]

is given by

x(t) = exp(exp(e!))) — A4, t> —7. (5.3.9)

Furthermore, if F is given by (1.2.4), then

| @
A F TR ) (5-3.10)

Again the proof of (5.3.10) is deferred to Appendix B.
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5.4 Proofs

Proof of Theorem 5.2.1 Define z(t) = F(x(t)), t > —7. Then z € C'((0,0), (0, 0))

and we have

Z(t)=F'(z(t)2'(t) =1+

Therefore for t > 7 we have zy(t) > 2zo(t — 7), or 2(t) —t > 2(t — 7) — (t — 7). Hence

zt)>zt—T1)+7T, t>T. (5.4.2)

We also have that z/(¢) > 1 for all ¢ > 0 so therefore

lim inf F<:L;(t)) = lim inf At > 1. (5.4.3)

t—00 t—00 t

By (5.2.4), g(z)/ f-(z) = 0 as x — o0, so it follows that for every € > 0 there is z1(g) > 0
such that g(z) < ef;(z) for all z > z1(e). By Theorem 1.1.1, we have that z(¢) — oo as
t — oco. Thus there exists T'(¢) > 0 such that for ¢t > T'(¢) we have z(t) > x1(¢). Hence

for t > T'(e) + 7 we have z(t — 7) > z1(¢), so
gzt —71)) <efr(x(t —1)) =cf(F Y F(z(t— 7))+ 7)) =ef(F Lzt —7) +1)).

Since F~! is increasing, by (5.4.2) we have F~1(z(t — 7)) < F~Y(z(t) — 7) for t > 7.
Therefore for t > T'(¢) + 7 we have g(z(t — 7)) < ef(F~1(2(t))), so for t > T(g) + 7 we

use (5.4.1) to get the inequality

g(z(t — 7)) 6
FE o) ST

Hence z(t) < z(T'(e)+7)+(1+¢)(t—(T'(e)+7)) for t > T'(e)+7. Hence limsup,_, . 2(t)/t <

Z(t)=1+

1+ . Letting € — 0 we have

F(a(t))

lim sup .= limsup — < 1. (5.4.4)

t—o00 t—o00 t

Combining (5.4.3) and (5.4.4) yields (5.2.5), as required.
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To prove part (ii), note that the first part of (5.2.7) is a consequence of (5.4.3). To prove
the second part, by (5.2.6), limsup,_,. g(x)/fr(x) = A, so it follows that for every ¢ > 0
there is x2(¢) > 0 such that g(x) < (A +¢)f-(x) for all x > z5(e). By Theorem 1.1.1, we
have that x(t) — oo as t — oo. Thus there exists T5(g) > 0 such that for ¢ > Th(e) we

have x(t) > x2(¢). Hence for t > Th(e) + 7 we have z(t — 7) > x2(e), so

g(z(t = 7)) < (A+e)fr(a(t — 7)) = (A +e) f(FH(F(z(t — 7)) +7))

= (A +e)f(F (=t —7) + 7))

Since F~! is increasing, by (5.4.2) we have F~1(z(t — 7)) < F~1(2(t) — 7) for t > .
Therefore for t > T(e) +7 we have g(z(t — 7)) < (A+¢)f(F~1(z(t))), so for t > Ta(e) + 7

we use (5.4.1) to get the inequality

gla(t —T))
FE=1(2(1)))

Hence z(t) < z(Ta(e) +7) + (1 + A+ €)(t — (Ta(e) + 7)) for t > Ta(e) + 7, and so

Z(t)=1+ <1+A+e.

lim sup;_,, 2(t)/t <1+ A+ €. Letting ¢ — 0 we have

lim sup F(z(t) = lim sup @ <1+4A,

t—o00 t—o00

proving the second part of (5.2.7).

Proof of Theorem 5.2.2 Clearly part (v) is a consequence of parts (i) and (iii) with
79 =71 = (14+A)7 and Ag = A; = A. We prove part (iii). By (5.2.12) for every € > 0

there exists z1(e) > 0 such that
gz) < M1+ e f(F Y F(x)+11)), z>z1(e). (5.4.5)
Since 71 < (1 + Aq)7, we have
71 < (1+A)T < (14 A(1+¢€)T. (5.4.6)

Define T, > 7 so that

(1+ AT, — 7) = F* + 21(c)). (5.4.7)

and define the function z, so that

z(t)=F Y (1 +AMQA+e)(t+T)), t>-T. (5.4.8)
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Then for ¢ € [—7,0] by (5.4.7), we have

z(t) = FHA+MA+))t+T))>FHA+A(1+e)(T.—1))

> F’l((l + M) (Te — 7)) =™ +z1(e) > ™ > (t).
We see for ¢ > 0 that

r(t—7) = FHA+MA+e))t—T7+T))>F Y1 +MA+e))T.—7))

> F YA+ M)T. — 7)) =" +x1(e) > 21(€).
Therefore for ¢t > 0, by (5.4.5) and (5.4.8) we have

g@(t—7) < M +e)f(FH(Fa(t—7))+71))
= MA+eof(F Y A+MA+e)(t—T+T)+1)
= MA+of(FHA+MA+))t+T) -1 +A(1+e)T+7)

< MA+of(F N1+ A1+ €)(t+T0))),
where we have used (5.4.6) at the last step. Therefore for ¢ > 0
9@t —7) <M+ )f(FHA+ M1+ )t +T0))) = Ai(1+ ) f(ze(1)).

Hence

Fae() + glae(t = 7)) < (1+ AL+ ) flae(t), ¢ >0. (5.4.9)

For t > 0 we have F(z(t)) = (1+ A1(1+¢€))(t + T¢). Hence for t > 0
e (t)/ f(2e(t)) = F'(ze(t))ac(t) = L+ M1+ e).
Therefore by (5.4.9), we have
ve(t) = (L+ A(L+€))f(2c(t) > f(ze(t)) + g(ac(t — 7)), > 0.

Since we also have z.(t) > z(t) for t € [—7,0], it follows that z(¢t) > z(t) for all t > —7.

Therefore
r F(z. 1+A(1 T.
Jim sup (@(t) _ lim sup (ze(t)) _ 1imsup( +A(1+e)(t+T)
t—00 t—00 t—o0 t
=14+A1(1+¢).
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Letting € — 0, we obtain (5.2.13).

To prove part (iv), in the case when Ay < 71/7 — 1, for every € > 0 there is an in-
creasing, continuous and positive function 7. such that ~.(x) > g(x) for all z > 0 and
limg yo0 Ve(2)/ fri(x) = (1 +€)(m1/7 — 1) > (11/7 — 1). If we define by x. the solution of
xL(t) = f(xe(t)) + ve(zo(t — 7)) with z.(¢t) = ¢(t) + 1 for t € [—7,0], then x(t) < z.(t) for
t > 0. Therefore we can apply the result of part (iii) above to get

lim sup Fz(®) < lim sup F(m;(t))

t—o00 t—o00

§1+(1+s)(§—1).

Letting € — 0 we obtain lim sup,_,., F'(x(t))/t < 71 /T, as required.
To prove part (i), note that the condition (5.2.8) implies for every e > 0 that there exists

x2(€) > 0 such that
g(x) > A(1 — ) f(FYF(z) +10)), x> za2(e). (5.4.10)

Since z(t) — oo as t — oo, we have that there exists Ty(e) > 0 such that x(t) > z2(e€) for

all ¢t > Tp(e) and z(Ty(e)) = za(e). Now since  is increasing, T1(c) given by
Ty(e) = inf{t > Tp(e) : F(z(t)) = F(wa(e)) + (1 + Ao(1 — €))7} (5.4.11)
is well-defined. In particular, we have
F(z(Ty(e)) = F(za(e)) + (1 + Ag(1 — €)). (5.4.12)

Clearly as z is increasing z(t) > x(T1(e)) > x2(€) for t > T1(e). Now define z(t) by

z(t) = F71 (14 Ao(1 — ))(t — Ti(e) — 7) + F(xa(e)) + [1 4+ Ag(1 — €)]7),

t>Ti(e). (5.4.13)
Thus for t € (T1(¢), T1(€) + 7], by (5.4.12) we have

ze(t) < z(Ti(e) +7) = F7H(1 + Ag(1 — €))7 + F(z2(€)))

— P (F(@(T1(6)))) = 2(T1(6)) < a(t).

Therefore

ze(t) < z(t), te(Ti(e),Ti(e) + 7. (5.4.14)
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Also

z(T1(€)) < z(Ti(e) +7) = FH(1 4 Ag(1 — €))7 + F(z2(€)))

= FU(F(Ti())) = a(Ti(e).
Therefore z¢(T1(€)) < z(T1(€¢)). Combining this and (5.4.14) we get
z(t) < x(t), te[Ti(e),Ti(e) + 7. (5.4.15)

Now by (5.4.13), F(ze(t)) = [1 +Ao(1 —€)](t —T1(€) — 7) + F(z2(e)) + [1 + Ao(1 — €)]7
for t > Ty(e) + 7. Therefore for t > T1(e) + 7 we have xL(t)/f(zc(t)) = F'(z(t))z.(t) =
1+ Ao(1 —¢€). Hence

2L (t) = f(ze(t)) + Ao(1 — &) f(ze(t), t> Ti(e) + . (5.4.16)

Now for ¢ > Ti(€) + 7 so x(t —7) > z(T1(€)) = za(€), by (5.4.13). Thus by (5.4.10) for

t > Ti(e) + 7 we have
g(ze(t = 7)) > Ao(1 — &) f(F(F(2e(t = 7)) + 70)).

Now 79 + F(xe(t — 7)) = 10+ [1 + Ao(1 — €)](t — Ti(e)) — [1 + Ao(1 — €)]7 + F(x2(e)).
Since 19 > 7(1 + Ag), we have 70 — [1 + Ag(1 — €))7 > 7(1 + Ag) — [1 + Ao(1 — €)]7 =

T(14+ Ao —[1+ Ao(1 —¢€)]) = 7Age > 0. Therefore for ¢t > Ti(€) + 7 we have

70+ F(z(t—71)) =710+ [14+ Ao(1 —€)](t —T1(€)) — [1 + Ao(1 — €)]7 + F(z2(e))

> [1+ Ao(1 — )]t — Ta(e)) + F(a2(e)).
Hence
F Yo+ Fz(t — 7)) > FY[1 + Ag(1 — €)](t — T1(€)) + F(za(e€))), t>Ti(e) + .

Therefore by (5.4.13) we have F~1 (79 + Fy(z(t —7))) > xc(t) for t > Ty (¢) + 7. Since f is
increasing we have f(F~1(m0 + F(zc(t — 7)))) > f(z(t)) for t > Ti(€) + 7. Therefore for

t > T1(e) + 7 we have

g(@e(t = 7)) > Ao(1 = ) f(FH(F(ze(t — 7)) +70)) > No(1 — €) f(zc(t))-
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Hence by (5.4.16) for ¢t > Ti(e) + 7 we have x.(t) = f(z(t)) + Ao(1 — €) f(z(t)) <
f(ze(t)) + g(ze(t — 7)). By this and (5.4.15) we have that x(t) > z.(t) for all ¢ > Ti(e).

Therefore

litrg(iélfM
+ i ing P
= liminf [L+ Ao(1 = J(t = Ti(€) = 7) + Flaz(€)) + [1 + Ao(1 — )7

t—o00 t

= 1—|—A0(1 —6).

Letting € — 0 we obtain (5.2.9).

To prove part (ii), define ¢o(x) = f(F~Y(F(x) + 10)). Then by (5.2.10), for every
e € (0,1) there exists xa(g) > 0 such that g(z) > Ag(1 — €)¢o(x) for all z > z2(e). Define
7 (z) = (10/7 = 1)(1 — €)¢o(x) for x > x2(e). Then g(x) > 71 (x) for z > z2(¢) and 1
is increasing on [x2,00). We extend = to [0,z2) so that it is continuous, positive and
increasing on [0, z2], and obeys g(z) > y1(x) for = € [0,z2). If we define by y. the solution
of Y.(t) = F(y(t) + (ye(t — 7)) for ¢ > 0 with yo(t) = ¥(t)/2 for t € [~7,0], then

x(t) > y(t) for t > —7. By applying part (i), we see that

lim inf M > lim inf M
t—00 t—00 t

70

>14 (2 -1) (-

T

Letting € — 0 gives the desired result (5.2.11).

Proof of Lemma 5.2.1 In each case, we note that the solution of y/(t) = f(y(t)) with
y(0) = ¥* is y(t) = F~L(t). Clearly y(t) — co as t — oc.

To prove part (i), by (5.2.3), and the fact that F(z) — oo as x — oo, we have

fo@) _ o FEE@ ) | fEF) — 7 +0)

wome fol@) — aeo f(EN(F(a) +7))  vooe 1)
Next, we have lim;_o0 ¥/ (¢)/y(t) = limy—00 f(y(t))/y(t) = co. Since 7 < 6, it follows that

y(t+0 —7)/y(t) = oo as t = co. Thus we have

1 _ 1 _
limF (F(y) T+0):hmF (z+6 T):oo

Y—r00 Y Z—00 Fﬁl(Z)

Hence fp(x)/fr(x) — 0o as © — o0, as required.
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If M =limsup,_,., g(z)/f(x), then

gl @) (z)
b oy = My = MRS T (R ) + 1)

Since f is in RVoo(1) and F~Y(F(x) + 7))/ — oo, we have

lim f(F~Y(F(z) +7))/f(z) = +oc.

T—00

Hence g(x)/fr(z) — 0 as x — oo, as required.

To prove part (ii), note that limoov/(¢)/y(t) = limioo f(y(t))/y(t) = 0. Thus
limi oo y(t + 0)/y(t) = 1 for any 6 > 0. Since f € RV (), we have lim; oo f(y(t +
0))/f(y(t)) = 1 for any 6 > 0, or limy o0 f(F ' (y +0))/f(F (y)) = 1. By (0.1.7)
we have F(z) — 00 as 2 — 00, 80 limy soo f(FY(F(x) + 0))/f(x) = 1, which yields
limy, 00 fo(2)/f(2) = limy 0o f(FYHF(2) +6))/f(x) = 1 as required.

To prove part (iii), note that lim;_,o ¢/(t)/y(t) = a. Let 6 > 0. Therefore, as t — oo,

we get

o (yi(;e)) -/ h Z’fif ds = ot

Thus limy e y(t + 0)/y(t) = €. Hence lim; 500 f(y(t +60))/f(y(t)) = e*, which implies
limy o0 F(F Yy +0))/f(FY(y)) = e?. By (0.1.7) we have F(z) — 00 as ¢ — 00, 50
limg o0 f(FH(F(2) +0))/f(x) = e, which yields

lim fo(a)/az = lim F(F(F(z) +0))/f(z) =

T—00

as required.
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Chapter 6
Numerical Approximation of

Instantaneously-Dominated Equations

6.1 Introduction

In the case that g/ f tends to a finite limit, we saw in Chapter 4 that the state-dependent
discretisation introduced in Chapter 2 correctly replicated the growth rate of the solution
to the instantaneously-dominated superlinear differential equation. This condition was
critical for the proof of this result, as it was used to facilitate the use of a construction
comparison argument, as we were able to consider an upper estimate on the discrete
equation which inherited its asymptotic behaviour. For equations with unconstrained
delay coefficients however, constructing the upper estimate is more problematic and we
are unable to use a constructive comparison argument to replicate the exact growth rate.
In the chapter, we adopt a different strategy.

Since F(z(t)) — 1 as * — oo, it follows that the nonlinear transformation z given by

z(t) = F(xz(t)) for will obey the differential equation

£>0; 2(t) = F((t), tel[-70] (6.1.1)

Moreover as we have seen in the proof of Theorem 5.2.1, z will grow linearly, so we
will expect a uniform Euler discretisation to reproduce its growth rate. The problem
however, is in constructing the discrete approximation of z. The function F~! is not
known a priori, so we cannot do this directly. Instead we replace F~! by YN 1 an auxiliary
function obtained from applying a state—dependent discretisation to the ODE given by
y'(t) = f(y(t)). Once our numerical method is now behaving like that of a linear equation,
constructing the comparison estimates is straightforward.

It is worth noting that the method of “prediscretisation” applies to all instantaneously-
dominated equations. However if f is sublinear, we have seen in Theorem 1.2.1 that

a uniform method will ascertain the correct growth rate, rendering the use of a more
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computationally demanding method somewhat unnecessary. However if f is superlinear,
Theorem 1.2.4 showed that with g/ f tending to a finite limit, constant step-sizes will return
an exact rate of growth which will look entirely plausible, but will in fact underestimate the
true rate. Indeed if g/f tends to infinity, uniform discretisations will still underestimate
the growth rate (in that we can determine a lower bound which is incorrect), however in
this thesis we have not attempted to determine the precise nature of this incorrect rate.
In Section 6.2 we construct this auxiliary function F'y\ ! and investigate some of its useful
properties. The transformation is detailed in Section 6.3, and the growth rates of both
the transformed equation and the original equation are determined. Convergence of this
transformed numerical method is featured in Section 6.4 and certain proofs are deferred

to Section 6.5.

6.2 Constructing an Auxiliary Function

In this section we show that a non-uniform discretisation captures the dynamics of the
ODE (5.2.1) as well as constructing auxiliary functions which enable us to develop upper
and lower bounds for the solutions of the DDE (0.1.6).

Let F be given by (1.2.4). Then the solution y of the initial value problem (5.2.1) is

given by

Let A > 0. Define now the sequence (7,)5%, by

n—1
A
TTL — — n Z 1; T = 0_ 6.2.1

JZ:% fE+iA) ’ (o210

Clearly (r,)n>0 is an increasing sequence. Conditions (1.1.1) and (4.2.1) guarantee that

Ty — 00 as n — 00. Define the function Ha : [0,00) — R as follows:

Ha(rp) =&+ nA, n=0,1,...,

HA(t) =&+ nA+ f(E+nA)(t—1yn), tE[rn,rnt]-

It is clear that H is increasing with Ha (0) = &; therefore it has an inverse H ;1 2 [€,00) —
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[0,00). Define Fp := H&l and therefore FA_1 = HAa, so that

FX'(rn) =&+nA, n=0,1,..., (6.2.2a)

FXMt) = €+nA+ f(E+nA)(t—1n), tE [rn,Tnsl. (6.2.2b)
Notice that F s differentiable on (rn, rns1) for every n > 0 and indeed
(FAY (8) = f(E+nA), € (rn,rng). (6.2.3)
Clearly from (6.2.2a) we have
= Fa(§+nA), n>0.

We now record some properties of Fa and F ! that will be of use not only in analysing
the asymptotic behaviour of the solution y of (5.2.1) but also of the asymptotic behaviour

of the solution of (0.1.6)

Lemma 6.2.1. Suppose that Fa is defined by (6.2.2) and F' by (1.2.4). Then we have

A
Fa(z) < %—FF(@, x>¢&; (6.2.4a)
Fa(z) 2 F(z), =& (6.2.4b)
FXMt) < F7Ht), t>0; (6.2.4c)
A
-1 -1 =
Fl(t) < Fx <t+ f(£)>, t>0. (6.2.4d)

Theorem 6.2.1. Suppose that f obeys (0.1.7) and f € RV (1). Let A > 0 and let F be
defined by (1.2.4) and Fa be the function defined by (6.2.2). Let ya be given by

ya(t) = FRU(t), t>0. (6.2.5)

If y is the solution of (5.2.1) then

y(t —A/f(€) Syalt) <yt), t=A/f(&). (6.2.6)
and
lim F(y?(t)) _1 (6.2.7)
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Proof. By (6.2.4c) and the fact that y solves (5.2.1) we have for all ¢ > 0.
ya(t) = FA'(t) < F7H(t) = y(t).
Suppose that t > A/f(£). Then by (6.2.4d) we have
ya(t) = Fxt(t = A/F(€) + A/F(€) = FH(t = A/ f(8)),
completing the proof of (6.2.6). It is equivalent to
FHNE—A/f(€) <ya(t) < F7H(1), t>A/f(9).
Since F is increasing, we have
t=A/f(§) < Fyat) <t, t=A/f(8),

from which we can immediately infer (6.2.7). O

6.3 Transformed Equation

Suppose that z is the solution of (0.1.6). Let z(t) = F'(x(t)) for t > —7, where F' is given

by (1.2.4) with £ € (0,«) where

¥y = min () > 0.
te[—7,0]

Then z obeys the differential equation

£>0; 2(t) = F((t), tel-70. (6.3.1)

Our idea now is to discretise this differential equation: however, because F~! is not data,
we cannot do this directly. Instead, we replace F~' with Fi' given by (6.2.2) for some
suitably chosen A > 0. Moreover, as the instantaneous part of the equation dominates,

we have that F'(xz(t))/t — 1 as t — oo, implying that

lim @:1.

t—oo ¢

Since z does not grow rapidly, we can expect that a uniform discretisation of (6.3.1) will
recover the appropriate asymptotic behaviour. Also, we should expect that this discreti-

sation will control the error on compact intervals.
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Let
A€ (0,7f()) (6.3.2)

Suppose that Fa is given by (6.2.2). Let Na = [7/A] € N and define
ha = ——. (6.3.3)

Note ha < A. Define also

(F3' (s (8))
i oy "0 @8

z2n(A) = FA(¥(nhpa)), n=—Na,...,0. (6.3.4b)

211 (D) = 2(A) + ha + ha?

Let n(t) = [t/ha] for t > 0. Hence define the functions Za, Za by

_ Zn A) =z, (A
Za(t) = 2 (A) + t+1(4) ) (A)

(t —n(t)ha), n(t)ha <t < (n(t)+ 1)ha;

ha
(6.3.5a)
ZA(t) = 2 (D), n(t)ha <t < (n(t) + 1)ha. (6.3.5b)
Za(t) = Fa(@(1), t€[-7,0];
Za(t) = Fa((nha)), nha <t < (n+1)ha, n=—Na,...,0.
and
Za(t) = FXY(Zat),t 2 0, za(t) = ¥(t),t € [-7,0]. (6.3.6)

Theorem 6.3.1. Suppose that f obeys (0.1.7), (1.1.1) and (4.2.1) and g obeys (0.1.8)
and is non-decreasing. Let 7 > 0 and 1) obey (0.1.9). Let F be given by (1.2.4) where

€ € (0,1). Suppose also that f and g obey

There exists 71 < T such that lim 9(z) =0. (6.3.7)
z—00 fr, (1‘)

Suppose that A is so small that

A< f(&) (T — ). (6.3.8)

Let x be the unique continuous solution of (0.1.6). Let N € N and h = ha > 0 be given
by (6.3.3). Suppose that z,(A) is defined by (6.3.4), Za by (6.3.5b) and za by (6.3.6).
Then Ta obeys

=1 (6.3.9)
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(6.3.9) shows that the rate of growth of the approximation Za is the same as that of
the true solution x under a hypothesis (6.3.7) similar to that required in an earlier the-
orem (namely condition (5.2.4)) about the asymptotic behaviour of the delay differential
equation.

We notice that the condition (6.3.7) implies (5.2.4) because for 71 < 7

oo e
FFT(F@ +m) ~ fF(F@) + 1)

Therefore (6.3.7) is strictly stronger than the hypothesis needed to recover the rate of
growth of . However, the gap between these hypotheses is very slight, and the asymptotic
behaviour is recovered provided A is chosen sufficiently small. Notice that for any choice
of h > 0 we recover the correct rate of growth of Zao. However, we can control the error
on finite intervals only by adjusting h and A appropriately, i.e. by choosing h = ha. Note
that (6.3.8) implies (6.3.2).

6.4 Control of the Error Estimate

We now show that Ta does indeed approximate the true solution z on any compact
interval. It it worth noting however that the primary use of the method of discretising
the transformed differential equation is to replicate the growth rate of the true solution,
as was demonstrated in Section 6.3. However from the point of view of error analysis this
method is somewhat unnecessary, as we showed in Section 4.4 that the error associated
with the numerical method described in Section 2.3 can be controlled on any compact
interval when (1.1.1) holds. Thus, if we wanted to approximate the true solution with
an arbitrary degree of accuracy, there is no need for pretransformation of the differential
equation, we would simply use the state-dependent scheme. However for completeness

the convergence of T is now demonstrated.

Theorem 6.4.1. Suppose that f obeys (0.1.7), (1.1.1) and (4.2.1) and g obeys (0.1.8) and
is non-decreasing. Let T > 0 and ¢ obey (0.1.9). Suppose that f is defined by (5.2.3) and
(5.2.4) holds. Let F' be given by (1.2.4) where £ € (0,¢). Let x be the unique continuous

solution of (0.1.6). Let A € (0,7f(&)) and let Nan € N and ha > 0 be given by (6.3.3).
Suppose that z,(A) is defined by (6.3.4), Za by (6.3.5b) and za by (6.3.6). Then for any
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T >0,

lim sup |z(t) —Za(t)] =0. (6.4.1)
A—0 0<t<T

6.5 Proofs

Proof of Lemma 6.2.1 Since f is non-decreasing and positive, we have

A . E+(+1)A 1 . A
FE+35A) —/gm @) T fE+ G+ Ay

Therefore by (6.2.1) and the definition of F' we have

n—1 n—l et (+1)A
rn:ZA,zZ/ L g = Fetnn).
e 3

§+JA) pEr RSN f(z)

Similarly

A = A

MTRE T & fET G DA)
A ol oeerGrna g
Smﬁ-]zo cn f(x)d$:f(§)+F(§+nA)'
Hence
rn > F(+nA), n>0; 741 < f(Af) + F(&+nA), n>0. (6.5.1)

It is easy now to prove (6.2.4a). By (6.5.1) we have

FA(+(n+1)A)=rp11 < + F(£+nA).

A
f(6)
Since F' is increasing, we have F(§ + nA) < F(§ + (n + 1)A), so (6.2.4a) holds for
x=E&+4 (n+1)A and each n > 0. Now Fa(€) =tp =0, so

A A
Fa(§)=0< 7© = 7© + F(&).

Hence (6.2.4a) holds for all x = £ +nA for n > 0. Now consider z € [£+nA,{+(n+1)A).

Since Fa and F' are increasing we have

Fa(r) < FA(§+ (n+1)A) < + F(£+nA) < + F(x).

A A
f€) f€)
We now prove (6.2.4d). Let z > ¢. Then y = F~!(z) > 0. Since F\' is increasing and
(6.2.4a) holds, we have

Fl(z) =y = Fy'(Faly)) < FX'(F(y) + A/f(€) = F5'(z + A/ f(€)).
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Let y be the solution of (5.2.1). Then y is increasing, so because f is non-decreasing we

have
Tn+1
Y(rns1) = y(rn) +/ fy(s))ds = y(rn) + (rner — ) f(y(ra)).-
Note that y(tg) = &. Let y, = £ + nA. Then yp = £ and for n > 0 by (6.2.1) we have

A

Ynt1 —Yn = A= mf(yn) = (Tnt1 = 7n) f(Yn)-

We now show y(r,) > y, for n > 0. It is clearly true for n = 0. Suppose it is true for

n = k. Then as f is non-decreasing and y(ry) > yi we have
Y(ree1) = y(re) + (e — re) f(y(re)) = ye 4 (resr — 72) f(Yk) = Yt
so by induction we have y(r,) > y, for n > 0, or
FY(ry) > &+nA=Fy'(rn), n>0.

Now, let t > 0 such that ¢t # r,. Since r, — oo as n — oo there exists n; € N such that

t € (nyyTny+1). Then (FX1Y(t) = f(€ +nA). Now by (6.2.2a)
Y(rny) = F~(rn,) = Fp'(rn) = €+ e,
Since f is non-decreasing and y solves (5.2.1) we have
(FAD)' (1) = f€+mA) < fy(ra,)) < fly(0) = (F7H' (1)
Next Fx' has right derivative f(&+ntA) at r,,. Moreover
(F™N (rn) = fy(rn)) = F(E+mA).
Therefore, as Fy'(r,) < F~'(r,) we have F~1(t) > Fx*(¢t) for all t > 0, proving (6.2.4c).

Taking inverses gives (6.2.4b).

Proof of Theorem 6.3.1 We first prepare some estimates of us later in the proof. For

any 7o > 11 > 0 we have

o@) gl
FETF@) + )~ FEE) + )

By (6.3.8) we have 7 — A/ f(§) > 11, so putting 7 := 7 — A/ f(§) we have

‘ g(x) . 9(x) —
P TR + 7~ A/F©) © # N F@ )
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SO

lim 9(z)

T—00 f(Ffl(F(fL‘) yr— A/f(f))) =0. (6.5.2)

By Lemma 6.2.1 we have

A
F Yy >Fy'(y), y>0; F 'y <Fy' (y - m) , y>0.

The second member implies
A A
F1 (z - ) <F'(z), 2> . (6.5.3)

If za is given by (6.3.4), we rearrange (6.3.4a) to get

95 Gnna(A)
FFS Gald)) T

Therefore n +— 2,(A) — nh is increasing for n > 0. Let n > Na. Then by (6.3.3) we have

Znt1(A) = (n+1)h =2,(A) —nh+h

Zn—Na(A) + 7 —nh = z,_N,(A) — (n — Na)h < z,(A) — nh.

Hence

Zn-Na(A) +7 < 2p(A),  for n > Na. (6.5.4)

Another consequence of the monotonicity of n — z,(A) — nh is that
z2n(A) > zo(A) +nh, n>0. (6.5.5)
Note for n > Na that by (6.5.5), (6.2.4b), (6.3.3) and (6.3.2) we have

2n(A) > 29(A) +nh > zo(A) + Nah

A
= 20(A) +7 > Fa((0)) + 7
A
> F(¥(0)) + Gk

where we have used the fact that ¢(0) > £. Using this fact again, we have

A
zn(A) > Gk 2n(A) > F((0)) +7 > 71, for n > Na.
Hence by (6.5.3) we have
~1 A —1
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For n > Na, by (6.5.4), (6.2.4c) we have
FXl'(zn-na (A)) < FX'(zn(A) = 7) < FH(20(A) = 7), n > Na. (6.5.7)

Therefore, for n > Na by the monotonicity of f and ¢ and (6.5.6) and (6.5.7) we have

9N (zn-na (A)) _  g(F ' (zn(A) — 7))

FESM A7 g (F1 (ma(a) __f(Aé))> |

Therefore for n > Na

(F~'(za(A) = 7))
21 (A) < zn(A) + b+ h—Y .
£(F () = )
Define

zZ) = g(F_l(z—T)) , ZZ>T. 0.
v(2) f(F*l(z—%» > (6.5.8)

Then with x(2) :== F~!(z — 7), we have that z(2) — 0o as z — oo and

, Z2>T.

e gl(2)
f (F—l (F(ac(z)) 4+ 7= %))

Therefore by (6.5.2), we have p(z) — 0 as z — co. By the definition of ¢ we have

Zn+1(A) — 2 (A) < h + ho(zp,(A)), n > Na. (6.5.9)

Note that z,(A) = 0o as n — 00, so that ¢(z,(A)) — 0 as n — oco. Therefore we have

Summing both sides of (6.5.9) over {Na,...,n} and using the last limit, we obtain

lim sup zn(4) <1.

n—00 nh

By (6.5.5) we have

and therefore we have

lim LL(A)

n—oo  nh

= 1. (6.5.10)

By (6.3.4), (za(n))22, is increasing. Therefore by (6.3.5b) we get

Zn)(A) < Za(t) < zppy41(D), > 0.
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Therefore by (6.5.10) we have

lim 250 _ 1,
t—oo n(t)h

and since n(t)/t — 1/h as t — oo we have

L Za®) _ o Za) n®h_
t—oo ¢ t—oo n(t)h t
By (6.3.6) we have
lim Fa(za(?)) =1.
t—00 t

Finally by applying (6.2.4a) and (6.2.4b) we obtain (6.3.9) as required.

Proof of Theorem 6.4.1 Define for v1,v9 > 0,

L e W) )
o(vi,v2) := 1+ FF (o))" (6.5.11a)
-1
oa(v1,v9) =1+ j‘g‘liz)); (6.5.11b)
Then we can rewrite (6.3.1) and (6.3.5a)
z(t) = 2(0) —i—/o o(z(s —7),2(s))ds
Za(t) = (A +/O on(Za(s — 7), Za(s)) ds
Thus
|2(t) = Za(t)]
= [F((0)) = Fa(y(0)) +/ o(z(s —7), 2(s ))ds—/ on(Za(s —7), Za(s))|
0
< |F((0) |+\/ (s = 7)) ds = [ oalZa(s = 7). Za(s)
< A/f(€) / lo(z(s — 7),2(5)) — oa(Za(s — 7), Za(s))]| ds. (6.5.12)

since |F(1(0)) — Fa(¥(0))] < A/f(§) using (6.2.4a) and (6.2.4Db).
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Now for vy, ve,wy,ws > 0,

o(vi,v2) — oa (w1, ws)

_ g(FH(w)) g(F* (w1)
f(FE=H(v2))  f(FR (w2)
g(F (1)) f(F5 ! (ws) (FA'(w1)) f(F~(v2))

)
FFY(02)) f(F5 " (w2))
g(F (1)) [f(Fx N (w2)) — f(Fy (v2))]

)
)
g

- ! (
FIE=H0)) f(Fy (w2))

+ f(Fx (v2)) [9(F~ (01)) = g(F ™ (wn))]
+g(FHw1)) [f(F5 ' (v2) = f(F ! (v2))]

+ F(E N w2) [9(F (wn)) = g(F3* (wn)] ). (6.5.13)

We look to control each term inside the brackets in (6.5.13). To do this, we first need

to determine the Lipschitz constants. If t < T,

g(F~ (2(t = 1)) = g(FH(F((t = 7)) = gt = 7)) < Jax 9(@) =i G-

Since f is monotone and z is non-decreasing on [0,00), f(F~1(z(t))) > f(F~!(2(0))) =

FIETHF@(0)))) = £(2(0)). Thus

Z(t) <1+ f(zl(bO)) =114 Ly, t<T.

Since g(z)/ fr(z) — 0 as  — oo and is continuous and f and g obey (0.1.7) and (0.1.8),

g9(z) 9(y) _
fT(l') = zg% fr(y) B

Therefore g(x) < Sf;(z) for all x > 0. Thus

g(x(t = 7)) < Sfr(x(t = 7)) = SFFHF(x(t —7)) +7)) = SFFH(2(t = 7) + 7))
Now since z obeys (5.4.2), z(t — 7) < z(t) — 7. Therefore
glz(t = 7)) < SFETH2(t) = 7+ 7)) = SFE(2(1))).

Thus for t > 7, 2/(t) < 1+ 5. Defining S* := max(Ly, S) we have 2/(t) <1+ S5* for t > 0.

Integrating over [0, ¢] yields

2(t) < 2(0) + (1 + 8%), t>0.
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and specifically
2(T) < z(0)+T(1+4S5*) = P(T), t=>0. (6.5.14)

Since z, obeys (6.3.4), for n >0

Zn+1(A) = 2p(A) + ha (1 + g(FAl(Z”NA(A)))> '

FFR (za(A)))
If n— Na <0, g(Fx* (zn-na(A))) = g(¥((n — Na)ha)) < gy. Also since f is monotone,
F(FS () > F(F5 (20(A)) = £($(0)). Thus

Znt1(A) < zp(A) + ha(1 + L¢), n < Na.

If n — Na > 0, first note that ¢ defined by (6.5.8) obeys ¢(z) — 0 as z — oco. Therefore

since ¢ is continuous,

p(z) < sup o(y) =1¢", z2>0.
y€(0,00)

Thus ¢(z,(A)) < ¢* for n > 0 and
Zn+1(A) < zp(A) + ha(1 4+ @), n > Na.
With R* := max(Ly, ¢*) we have 2,1(A) < 2,(A) + ha(1 + R*) for n > 0 and so
zn(A) < z9(A) + nha(1+ R*), n >0. (6.5.15)

For any T > 0 let n(t) be such that n(t)ha > T > (n(t) — 1)ha. Then by (6.5.15)

ZA(T) < zp1)(A) < 20(A) + n(t)ha(l + RY)
< 20(A) + (T + ha)(1 + RY)
= Fa(9(0)) + (T + ha)(1 + R7)
S AJFE) + F((0) + (T + A)(1 + RY) =: Pa(T)

where we have used (6.2.4a) and ha < A at the last step. Thus for any Ay € (0,7f(&)),
PA(T) < PAO (T) for A < Ag. Thus

Za(T) < Pa,(T), A< Ag. (6.5.16)

Setting P*(T) = max(¢*, P(T), Pa,(T)) we have that z(t), Za(t), Za(t) € [0, P*(T)] for
t € [-7,T] and A < Ag. Next define M*(T) := F~Y(P*(T)) and define the Lipschitz

constants as cﬁ}*(T) and C?\/I*(T).
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We are now in a position to examine the terms inside the brackets in (6.5.13). For

the first term, with vy, wy < P*(T) and since Fx' is increasing, Fx'(va), Fx'(w2) <

FXN(PH(T)) < M*(T) by (6.2.4c). Thus

PR (w2)) — F(FR (02))] < el gy [ FR (w2) — F'(w2)].

Now for any 7' > 0 let n be such that Fa(§ +nA) < P*(T) < FA(§+ (n+ 1)A). Using

(6.2.3),
(Fa') () < (€ +nA), < PYT),

Therefore since f is non-decreasing,

|FA (w2) — FA N (v2)| < f(€ 4 nA)|wy — vg

< F(EAN(PH(T) w2 — e

So

(A (w2)) = FER (W)l < €y f(M*(T) w2 — vy

=: k1 (T)|wa — val.

For the second term in (6.5.13), F~(v1), F~Y(w1) < M*(T) so

lg(F ™ (v1)) = g(F~H(w)| < oy | F 7 (o1) = F~ ' (wy)].

Recall that y defined by (5.2.1) obeys y(t) = F~1(t) for t > 0. Thus

[~ (w1) = F~H(wa)] = [y (o) — y(w))]

1 [ s sl

<[ [ S(M(T))ds|

< f(MH(T))|v1 — wi]

as f is non-decreasing and so

l9(F " (01)) = g(F ™ (w)] < & gy F M (D))or — w1

=: ko(T)|vy — wr|.
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For the third term in (6.5.13), Fx'(v2), F~ (va) < M*(T) so

[F(FR (02)) = F(FH(02))] < gy [FA (v2) = F7H(wa)| = oy (F~ (02) = Fi ' (v2))

since F~! — Fx! is always positive. Now if vo < A/f(£),

P () = Py (0a) € P74 (0m) = 51 (0) = F4 () = F7(0) € 405 100°(T))
If vo > A/f(€), by (6.2.4d)
F*@ﬂﬂgwﬂSF*@ﬂF%wAU@»s;;ﬂMWﬂ>
Combining both cases we have
FES (02) = FE 02)] < e oo o FMH(T)) = o (T) (6.5.19)
° - MM () TG o
Analogously for the fourth term,
9P (w1)) — g(Fx w1))] < gy e M (T)) = ~o a(T) (6.5.20)
a W)= e g 7" >

Next noting that f(F~"(v2)), f(F ™ (v2)) = f(&), 1/[f(F~H(v2)) f(F ™ (v2))] < 1/f2(8).
Therefore using this and inserting (6.5.17), (6.5.18), (6.5.19) and (6.5.20) into (6.5.13) we

have

_ 1
ALY

o(v1,v2) — oa (w1, ws)

(st @pa(r) |z = v
A

+ f(M*(T))ka(T) [f(g)]vl _ w1|] ) (6.5.21)

Putting this into (6.5.12) yields

sup |z(t) — Za(t)] < A/F(E) 5
te[0,7 f

+fUWWTDmﬂT)[

1) (1) | 506512809 - 0]

A
f€)

Now |2(t) — ZA(t)] < |2(t) — Za(t)| + |Za(t) — ZA(t)] for all t > 7, thus

|z(s = T) — Za(s — 7')|:| )

T
sup |z(t) — Za(t)| < A/f(6) + ﬂg(T)/O (l2(s) = Za(s)| +1Za(s) = Za(s)]) ds

te(0,7

T — —
+ /{4(T)/0 (lz(s =7) = Za(s = 7)|+ |Za(s = 7) — Za(s — 7)|) ds  (6.5.22)
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with #3(T) := 75g9(M*(T))r1(T) and ka(T) = e f(M*(T))r2(T).

Now given s € [0,T7], note n(s)ha < s < (n(s) + 1)ha. Thus

Zals) - 225 = | [ ( L oa(Za(u= 7). Zalu)dn

< (s —n(s)ha)loa(zn-na (D), zn(A))]
9(Fx" (#n-n, <A>>>>

= (s —n(s)ha) (1 +

FFA" (2(A))
< (15557 )
and so
/ | Za(s s)|ds < haT ( 9%&&”) —: haws(T). (6.5.23)
Next,

T T—1
/ Za(s —7) — Za(s — )] ds < / 1Za(s) — Za(s)] ds
0 —T
For T — 7 < 0, there exists t € [-7, —ha] such that n(t)ha <T —7 < (n(t) +1)ha. Thus

T-7 nM—-1 (G4 1)ha
[ 1zs@ - zalds= > [ (Zal) - Zals)ds

j=—Na Jjha
T—7
+ / 1Za(s) — Zal(s)|ds
(t)ha
nt)=1 . (j+1)ha
S / IFA((s)) — Fa(yp(jha))| ds
j=—Na Jjha

T—1
+/ [Fa(¥(s)) = Fa(¥(n(t)ha))| ds.
n(t)ha
Now using (6.2.3), (FA)/ (t)=1/ (FA—I)’ (Fa(8)) < 1/£(€), so

[Fa(¥(5)) = Fa(y(3ha))l < 1/F(E)[¢(s) = P(jha)
<1/f(€)  sup  [ib(s) — ¥ (jha)l

0<s—jha<ha

<1/f(8) sup [¥(s) =¥ (jha)l

$,u€[—7,0]:0<s—u<hp

= 1/f(Ewy(ha)
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where wy, is a modulus of continuity of the continuous function 1. Thus

T n(t)—1 ha ha
/0 \Za(s — 1) — Zals — 1) ds < j:ZNA Freyen(ha) + giewu(ha)
N ha
=< jZNA mww(m) = NA@%(’M)
- %W(fm), (6.5.24)

and this bound also holds for T — 7 = 0 since fEhA [Fa(¥(s)) — Fa(y(n(t)ha))lds <
%ww(im). Therefore for T'— 7 > 0,

T 0 T—7
/O yzA(s—T)—ZA(s—T)\:/T\ZA(S)—ZA(SWH/O 1Za(s) — Za(s)| ds

< %ww(m) +ha(T = 7)rs(T)

where we have used (6.5.23) at the last step. Combining both cases for T'— 7 we have

%ww(h& + ha(T — 7)k5(T). (6.5.25)

Thus inserting (6.5.23) and (6.5.25) into (6.5.22) yields

T —
/0 |ZA(s —7) = Za(s —71)| <

tes[lépT] 2(t) — Za(t)] < A/F(E) + hake(T) 4+ wy(ha)kr(T)

T T
+ Hg(T)/O 12(s) — Za(s)] + /14(T)/0 2(s— 7) — Za(s — 7). (6.5.26)

with kg(T) := Tks(T)ks(T) + (T — 7)k5(T) and k7(T) := /@4(T)ﬁ. Now, let e*(s) :=

SUP_ <<, |2(t) — Za(t)| and note that

e"(T) = sup |z(t) — Za(?)]
—7r<t<T

= max ( sup |z(t) — Za(t)|, sup |z(t) — ZA@)’)

—7<t< 0 0<t< T

0<t< T

= max (0, sup |Z(t) - ZA@)‘)

= sup_|=(t) — Za(t)].
0<t< T

Therefore

T
e (T) < A F(E)hare(T) + wy(ha)sr(T) + (ss(T) + ra(T)) /0 e*(s) ds
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and so by Gronwall’s inequality

sup_[2(8) — Za(t)] < A1) (hars(T) + wy(ha)r (1)) et
0<t< T

Now since ha < A and w,, is nondecreasing.

JSup (1) = ZA()] < AJF(E) (Akg(T) + wy(A)wr(T)) e Ra(T)+ra(T),

Now note that for all ¢t > 0

|F(z(t)) = F(2at))] = F'(¢(t))]x(t) — 2a(t)],

1 T _
= Ty O Wl () € 2@,z

Thus

|(t) — za(t)] = FICE)|F(x(t) — F(za(t))]

< sup  f(o)[F(z(t) - F(za(®))]-
0<z<F(M*(T))

Now since for ¢t > 0
|[F(z(t)) — F(za(®))] < [F(z(t) — Fa@a®)| + [Fa(@a(?) — F(za(1))],
and using (6.2.4a),

sup |z(t) —Za(t)| < sup [2(t) — Za(t)| + A/F(E)
0<i< T 0<i< T

< A/F(E) (Arg(T) + wp(A)rg (T)) " s 1 A £ (€)

Since wy; is a modulus of continuity of ¢, lims_,gwy(d) = 0. Taking limits as A — 0 yields

(6.4.1).
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Chapter 7

Delay-Dominated Equations

7.1 Introduction

In Chapter 5, we explored the necessary and sufficient conditions for the unique solution x
to the delay differential equation (0.1.6) to grow at a rate characterised by the function F’
given by (1.2.4). Roughly speaking, we were able to ascertain that as g increased in relative
asymptotic terms compared to fr, the rate of growth of = departed from that of (5.2.1).
However because those results considered cases where g grew at a rate asymptotically
equivalent to some fg where § > 7, the rate of growth was still determined by F, albeit
with a non-unit normalising constant. It is therefore natural to consider the critical relative
nonlinearity in g at which the solution to (0.1.6) no longer grows at a rate characterised
by the instantaneous component of the equation. We will refer to such equations as being
“delay-dominated”.

Our results recover and extend Chapter 1 in a number of directions. In Section 7.2,
we give general theorems on the growth rate of x in which the delay term in some sense
asymptotically dominates the instantaneous term. In these general theorems the sufficient
conditions which describe this dominance, as well as the rate of growth of solutions,
depend on the existence of an auxiliary function ¢ obeying certain asymptotic properties:
we do not attempt, in our general results, to demonstrate that such a function exists,
nor do we indicate how it might be constructed. However, in Section 7.2.1, we give some
representative examples for which the auxiliary function can be found, and the exact
asymptotic behaviour determined. The general theorems are obtained by employing a
constructive comparison principle (see [2, 7], for example).

Statements and discussion of the main results, as well as examples, are given in Sec-
tion 7.2, while proofs are deferred to Section 7.3. Specific examples are featured in Sec-

tion 7.2.2.
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7.2 General Comparison Results

Before we state our main results, we first introduce some auxiliary functions. Suppose

that ¢ : (¢*, 00) — (0,00) is continuous, and define

T
INES —/ ——du, x>1". (7.2.1)
) v (w)
Suppose that
3:h_>nolo I'(z) = +o0. (7.2.2)

Define also for ¢ > 0 the function I'; given by
1 *
Ce(x) = EF(.CU), x> P*. (7.2.3)

In our first main result, we claim that if f is asymptotically dominated by the delayed

term, then the solution of (0.1.6) behaves according to the ordinary differential equation

Theorem 7.2.1. Suppose that f obeys (0.1.7) and (1.1.1). Let g be non—decreasing and
obey (0.1.8) and let 7 > 0 and ¢ obey (0.1.9). Suppose that there exists a continuous
function ¢ such that T, T'. are defined by (7.2.1) and (7.2.3) respectively, and that T' obeys

(7.2.2). Suppose also that

li =, 7.2.4
Jim n(e) =7 (7.2.4)
and suppose that
- f(=)
lim —= =0, 7.2.5
z—o0 () ( )
g(x) _
limsup ——— =17 € [0,00) for everye € (0,1), (7.2.6)
T—00 (Fn(a) (Fn(s) (x) + T))
where
sup e =:1 <. (7.2.7)
€€(0,1)

If x is the unique continuous solution of (0.1.6), then
T(x(t
lim sup L=®) <. (7.2.8)
t—o0 t

This offers an improvement on Theorem 2.2 of Appleby, McCarthy and Rodkina [4]. In

that theorem the condition

lim /() =0, foreverye € (0,1) (7.2.9)

e (T L Ty (@) — 7))
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is relaxed. In later examples we show that this enables asymptotic estimates to be extended
to a wider class of problems.

We comment briefly on Theorem 7.2.1 and its hypotheses. First, the existence of a
function ¢ obeying (7.2.6) and (7.2.9) is not assured by the theorem; the existence or
construction of such a function must be achieved independently. However, (7.2.6) describes
an asymptotic relationship between ¢ and ¢ only, and this is what identifies candidates
for ¢. In Section 7.2.1, we give examples of the function g for which a suitable ¢ can
be chosen. The condition (7.2.9) characterises the fact that the instantaneous term f is
dominated by the delayed term.

We now state a corresponding result which enables us to determine a lower bound on

the rate of growth of solutions. It appeared as Theorem 2.3 in [4].

Theorem 7.2.2. Suppose that f obeys (0.1.7) and (1.1.1). Let g be non—decreasing and
obey (0.1.8) and let 7 > 0 and ¢ obey (0.1.9). Suppose that there exists a continuous
function ¢ such that T, T'. are defined by (7.2.1) and (7.2.3) respectively, and T' obeys
(7.2.2). Suppose also that

lim p(e) = p, (7.2.10)

e—0t

and that g and ¢ obey

lim inf = jie € (0,00] for every e € (0,1), (7.2.11)

22 G0 (Tu(e (@) + 7(1 = 0)))
where

inf fi. =: g > p. 7.2.12
k| Ao = p> ( )

If © is the unique continuous solution of (0.1.6), then

liminfr(xt(t)) > p. (7.2.13)

t—00
As in Theorem 7.2.1, in which the condition (7.2.6) determines a relationship between
¢ and g, in Theorem 7.2.2 there is a corresponding and closely related condition (7.2.11)
which describes the relationship between g and ¢.
Contingent on other hypotheses being satisfied, we notice that the lower bound (7.2.13)
and the upper bound (7.2.8) incorporate the same function I'. Therefore, under certain
conditions we may combine Theorems 7.2.1 and 7.2.2 to arrive at the exact asymptotic

behaviour of z. This is the subject of the next result, which improves on a result in [4].
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Theorem 7.2.3. Suppose f obeys (0.1.7)) and (1.1.1). Let g be non—decreasing and obey
(0.1.8)) and let T > 0 and ¢ obey (0.1.9). Suppose that there exists a continuous function
¢ such that T', T. are defined by (7.2.1) and (7.2.3), and that T obeys (7.2.2). Suppose
also that there is n > 0 such that p(e) — n and n(e) — n as € — 0 and that f, g, and ¢
obey (7.2.5), (7.2.6) and (7.2.11), where

E:gﬁ)ﬁe =7 <, eeig(l]f"l)ﬂg =10 >n. (7.2.14)

If © is the unique continuous solution of (0.1.6), then

. D(x(t)
Provided that a function ¢ can be found so that all the hypotheses of Theorem 7.2.3 are
satisfied, the conclusion of Theorem 7.2.3 (viz., (7.2.15)) which describes an exact rate of

growth, is sharp.

7.2.1 Application to regularly varying equations

We consider some cases in which the unknown auxiliary function ¢ (and therefore I') in
Theorems 7.2.1-7.2.3 can be constructed explicitly in terms of g. First we consider the

case where g is in RV (8) for # <1 and g(x)/z — 0 as * — oo.

Theorem 7.2.4. Let f obey (0.1.7), (1.1.1). Let g obey (0.1.8) be non-decreasing and let
7> 0 and ¢ € C([—7,0];(0,00)). Suppose g € RVuo(B) for some B < 1, limy_,o0 g(z) /2 =

0, and lim,_,~ f(2)/g(x) = 0. If x is the unique continuous solution of (0.1.6), then

lim Gla(t) =1 (7.2.16)
t—00 t
where G is defined by (1.2.7). This result is proven using Theorems 7.2.1 and 7.2.2; it

recovers part (ii) of Theorem 1.2.1. Next we consider the case where g is in RV (1) but

in which g(z)/x — oo as  — 0o, and use Theorem 7.2.3 to determine the growth rate.

Theorem 7.2.5. Let f obey (0.1.7), (1.1.1). Let g obey (0.1.8) and be non-decreasing.
Let 7 > 0 and 1 obey (0.1.9). Suppose g € RVso(1l), © — g(z)/x is asymptotic to a

non-decreasing function, lim,_,~ g(x)/x = oo, and

lim /(@)

Jim s = (7.2.17)
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Define
1

1@ = [ wlog(l T g(w)/0)

Then the unique continuous solution x of (0.1.6) obeys

du, x> 1. (7.2.18)

lim 2 _ 1 (7.2.19)

t—00 t T
With a slightly stronger hypothesis on f we can obtain the same conclusion on the

growth rate, but by an alternative proof.

Theorem 7.2.6. Let f obey (0.1.7), (1.1.1). Let g obey (0.1.8) and be non-decreasing.
Let 7 > 0 and ¥ obey (0.1.9). Suppose g € RV (1), x — g(x)/x is asymptotic to a
non-decreasing function, limy oo g(x)/x = 00, and limy_,o f(x)/x = 0. Then the unique

continuous solution x of (0.1.6) obeys

lim 2 _ 1 (7.2.20)

t—o0 t T
The case where g grows according to g € RV () for some 8 < 1 with g(x)/x tending
to a zero limit is covered by Theorem 7.2.4. The proof of Theorem 7.2.6 is facilitated
by Lemma 1.2.1, which also motivates the choice of ¢ in Theorem 7.2.5. If g(x)/x tends
to a finite non-zero limit, we are in the standard linear case, but even this is recovered

independently of the standard linear theory by applying Theorems 7.2.1 and 7.2.2.

Theorem 7.2.7. Let C > 0, 7 > 0 and suppose that ¢ obeys (0.1.9). Let x be the unique
continuous solution of (0.1.6) with f(x)/x — 0 and g(x)/x — C as x — oco. Then there

is a unique A > 0 such that A = Ce™" and x obeys limy_, log x(t)/t = \.

In the case when g has a power-like growth faster which is faster than linear, the rate

of growth can be determined by means of Theorem 7.2.3.

Theorem 7.2.8. Suppose that f obeys (0.1.7) and (1.1.1). Let g obey (0.1.8) be non-
decreasing and let T > 0 and ¢ obey (0.1.9). Suppose also that there exists f > 1 such
that lim,_,oc log g(z)/logz = B and

lim 7f(w) =

z—oo 1 log x

Then the unique continuous solution x of (0.1.6) obeys

lim loglog z(t) _ log(ﬁ)_

t—00 t T

(7.2.21)
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7.2.2 Examples

We consider representatives example to which Theorem 7.2.3 can be applied. For simplic-

ity, we set f to be identically zero.

Example 7.2.1. Suppose g obeys (0.1.8)) and is non—decreasing, and there exists C; > 0
and « € (0,1) such that lim, o g(x)/(zexp((logz)*)) = C1, and f(x) =0 for all > 0.
Suppose 7 > 0 and ¥ obeys (0.1.9)). Then the unique continuous solution x of (0.1.6)

obeys

loga(t) _ (m(l—a)\Y0
A ey = < ; (7.2.22)

To see this, we note that g obeys all the properties of Theorem 7.2.5. For x > e let
#(z) = z(logx)®. Then I'(z) = (log(x)!"* — 1)/(1 — a). By Theorem 7.2.5 we have
limy_,oo I'(x(t))/t = 1/7, which rearranges to give (7.2.22)

We remark that the results can be applied to equations in which g grows more rapidly
than a polynomial function; here again is a representative example, which was considered

without supporting calculations in [4].

Example 7.2.2. Suppose g obeys (0.1.8)) and is non—decreasing, and there exists C; > 0
and a > 1 such that lim, .o g(z)/exp((logz)®) = Cy, and f(z) = 0 for all z > 0.
Suppose 7 > 0 and v obeys (0.1.9)). Then the unique continuous solution z of (0.1.6)

obeys lim;_, logg z(t)/t = log a /.

To justify Example 7.2.2, set ¢(z) = (1 + =) log(1 + z) logy (1 + z) for x > e® — 1. With

Y* := e® — 1, we have I';(z) = log4(1 + x)/n and with \ = ",

F;l(I‘n(aﬁ) +60) = exp((log(1 + z))*) — 1.

Therefore we have
T )
55 exp((log(1 + 2)]")(log 7)* log, @

Define n(€) = (1 + €)log /7 and ju(e) = loga/(7(1 — €)?). Then

lim 9(z)

=0
=00 ¢(F;(1€) (Fn(e) (z) + 7))

and
lim 9(2)
2% (T (Cu(e (@) + 7(1 = )))

= OQ.
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Since n(e), u(e) — loga/T as € — oo, from Theorem 7.2.3 we have lim;_,o, I'(z(t))/t =

log /7, from which the result follows.

7.3 Proofs

In this section, we give the proofs of the main results from Section 7.2, with the exception
of Theorem 7.2.6, whose proof is strongly based on that of Theorem 8.2.3. The proofs
of these two results, along with Theorem 8.2.4, are given in Section 8.3 of the following

chapter.

Proof of Theorem 7.2.1 By (7.2.6) for every € € (0, 1) there exists x2(€e) > 0 such that

for x > x2(e) we have

9(@) < (1 + DT (oo (@) + 7)) < (1 + DTy (T () + 7).

where the last inequality is a consequence of (7.2.7). Since 77 < 1 = lim,_,o+ n(€), there

exists € € (0,1) such that for € < €, we have n(e) > 77+ €. Thus for all € < ¢ < 1 we have

g(z) < 17(6)¢(F;(16)(F77(6) (x) 4+ 7)), x> xz2(e). (7.3.1)

By (7.2.5) for every € € (0,1) there exists an x1(€) > 0 such that

f(x) < en(e)p(z), x> x1(e). (7.3.2)
Define
c(e) = Ty (™ + z1(€) + 22(€)) + (1 + )7, (7.3.3)
and define also
z(t) = r;(le)(u +e)t+cle), t>-1. (7.3.4)

This function is well-defined since c(€) > T'y¢)(¢*) +(1+4¢€)7, s0 c(€) — (1 +€)7 > Ty (¥%),
or z(t) > ¢* for all t € [-7,0]. Since c(e) > I'y)(z1(€)) + (1 +¢€)7 and T is increasing,

-1
Lo
flxe(t)) < en(e)p(xc(t)). Also for t > 0, we have

(c(e) = (L + €)1) > x1(€), so z(t) > x1(e) for all ¢ > —7. Therefore by (7.3.2),

glrelt = 7)) = 9Tl (L4 )t —7) + () = 9Ty (L + )t — 7 — 7+ e(e))

< g(F;(i)((l +e)t — 7+ c(e))).
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Now, because c(€) > I'y¢)(22(€)) 4 7, we have that the argument of g on the right-hand

side exceeds z2(€) for all t > 0. Therefore by (7.3.1), we have

glaelt = 7)) < (T (14 9t = 7+ ()
< QST (T (T (14 )t = 7+ () + 7))
= n(e)gb(l“;(le)((l +e)t —7+c(e)+ 1)

= ()BT (1 + Ot + ¢(e)
= n(e)d(ze(t)).
Hence for t > 0
f(ae(t) + g(ze(t — 7)) < (1+ e)n(e)p(xc(t)). (7.3.5)
Now for t > 0, Dy (ze(t)) = (1 + )t + c(e), s0 T\ (xe(t))2(t) = (1 +¢), or al(t) =
(14 €e)n(e)d(z(t)). Hence

rh(t) = (1+ e)n(e)qﬁ(I‘;(le)((l +e)t +c(e))), t>0. (7.3.6)

Thus by (7.3.5) and (7.3.6) for t > 0 we have z.(t) > f(xc(t)) + g(zc(t — 7)).
Now as z(t) > ¢*, we have z(t) > z(t) for t € [—7,0] and xL(t) > f(ze(t))+g(xc(t—7))
for ¢ > 0. Suppose that there is a ¢y > 0 such that z.(t) > z(t) for t € [—7,tg) zc(to) =

x(to). Therefore ! (tg) < 2/(to). Then as g is non—decreasing,

,(to) < a'(to) = f(z(to)) + g(z(to — 7))
= f(ze(to)) + g(z(to — 7)) < f(ze(to)) + g(ze(to — 7))

< $2(t0),

a contradiction. Thus z¢(t) > z(t) for all ¢ > —7. Hence Iy (2(t)) < Ty (zc(t)) for all

t > —7. Hence
FT](G) (:E(t)) < F’I](E) (xe(t)) = (1 + G)t + 0(6)7 t> —T.

But I'(x(t)) = n(e)Lpe)(z(t)) < (1 + €)n(e)t + n(e)c(e). Therefore

lim sup P(xt(t)) <(1

t—o00

+ e)n(e).

Since € > 0 is arbitrary, and n(e) — 7 as € — 0, we have (7.2.8).
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Proof of Theorem 7.2.2 Suppose first that fi, is finite. Then by (7.2.11) for every

€ € (0,1) there exists x3(e) > 0 such that for > x3(e)

g@) > il = BT Cuo@) +7(1 = ) > il - DL Ty (@) + (1 — )
> (A (Mo (@) +7(1— ),

where the penultimate inequality is a consequence of (7.2.12), and the last inequality holds
for all € < €, because for such € we have pu(e) < (1 — €)iz. This holds for the following
reason.

By (7.2.10), there exists €1 € (0, 1) such that € € (0, €;) implies —e < p(e)—p < pe. Since
< i, it follows that there exists ez € (0, 1) such that € < ez implies 1 > (14+¢€)u/(1 —€).
Hence for all € < € := €1 A €2, we have pu(e) < u(l+¢€) < (1 — €)ji.

Thus for all 0 < e < ¢ < 1, and & > 23(€) we have

g(x) > u(e)qﬁ(f‘;(le) (LCue (@) +7(1 =€), x> z3(€). (7.3.7)

When fi. = +00, because pu(e€) is finite, (7.3.7) is trivial.
Define y3(e) = T'y¢)(z3(€)) + 7(1 —€). Then for y > ys3(e), if we define z = I‘;(le) (y —
7(1 —€)), for z > x3(e) we have that y > y3(e). Thus by (7.3.7)

(T —7(1= ) > n(O(T L (1), v > ys(e). (7.3.8)

Next let Tp(e) = inf{t > 0 : z(t) = z3(e)} and define 77 > Ty such that (1 — )7 +

Lo (@(To(e))) = Tpye(x(T1(e))), or (1 — )7 + T ye)(z3(€))) = Tpey (x(Ti(€))). Define
z(t) = 1";(16)((1 —€e)(t—Ti(e)) + Lo (x(To(e))), t=>—. (7.3.9)
Therefore for ¢t > T} (e) + 7 we have

(1 =e)(t =Ti(e)) + Lo (x(To(€))) = (1 =7+ Ty (2(To(e))) = Ty (2(T1(e)))

= (=7 + Ty (x3(6))) = ys(e).

Setting y = (1 — €)(t — T1(€)) + L'y (x(To(€))) in (7.3.8) yields

g(r !

w0 =)t =T = 7) + Ty (2(To(e)))))

> u(€)d(T ) (L= €)(t = T1(e)) + Ty (z(To(e)))))
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for t > Ti(e) + 7. By (7.3.9) we have
g(xe(t — 7)) > ple)p(ze(t)), t>Ti(e)+ . (7.3.10)

Therefore by (7.3.10) for t > Ti(e) + 7, I')y¢)(e(t)) = (1 — €)(t — T1(€)) + Ty ((To(€))),

we have

Now for t € [T1,T1 + 7] we have

ze(t) < we(T1 +7) = T (1= T + Ty (2(To(€))))

= T2 L (o (2(T3(0))) = 2(Ta(e)) < 2(t),

where we used at the last step the fact that z is increasing on [T} (€),T1(€) 4+ 7] C [1,00).
Finally z.(Ti(€)) < x(Ti(e) + 7) = x(T1(€)). Therefore we have z.(t) < z(t) for t €
[T1(e), T1(€) + 7], and also z.(t) < f(xc(t)) + g(ze(t — 7)) for t > Ty + 7.

Suppose that there is a t; > Ti(e) + 7 such that z.(t) < z(t) for t € [Ti(€),t1) and

xe(t1) = x(t1). Therefore 2. (t1) > 2'(t1). Then as g is non—decreasing,
re(t) = 2'(t1) = f(z(t)) + gla(ts — 7)) = flae(tr)) + g(a(tr — 7))
> f(xe(tr)) + g(ze(ts — 7)) > 2 (tr),

a contradiction. Thus z(t) < x(t) for all ¢ > T1. Hence ', (2(t)) > T'ye)(zc(t)) for all

t > Ti(c). Hence
Lo (@(t) > Ty (ze(t)) = (1 = €)(t = Ti(€)) + Lo (z(To(€)), ¢ = Ti(e).
But T'(z(t)) = ()T ey (@(t)) > (1 = e)u(e)t + p(e)T ue) (z(To(€))). Therefore
lim sup F(xt(t» > (1= e)u(e).

Since € > 0 is arbitrary, and u(e) — p as € — 0, we have (7.2.13).
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Proof of Theorem 7.2.4 Suppose that ¢(x) = g(x) for x > 0. Thus I')(z) =
n! flf* du/g(u). Let z(t) = I’;l(t) for t > 0. Then 2/'(t) = ng(z(t)) for t > 0 with
2(0) = ¥*. Thus 2/(t)/2(t) = 0 as t — oco. Therefore

log <z(:(j)9)> :/t; j((;)) ds —0 ast— o0,

s0 limy_yo0 2(t — 0)/2(t) = 1 for any 6 € R. Since g € RV (3), we have

lim g(=(t — 0))/g(=(1)) = 1.
Hence limy_, o g(F;l(t - 0))/9(F;1(t)) = 1. Since F;l(t) — 00 as t — 0o, we have

lim 9(z) = lim 9(z) = 1. (7.3.11)

=00 (I 1 (Ty(x) +0)) =200 g(Iy ' (Ty () +6))

Since this holds for every n > 0 and # € R it follows that (7.2.6) and (7.2.11) hold with
Ne = fie = 1. Let p € (0,1). Define pu(e) =1 — p and n(e) = 1+ p. Then withn =1+ p
and p=1-—p, (7.2.4), (7.2.10), (7.2.7) and (7.2.12) hold. To prove (7.2.5), we note that

@ @)
A (r) A 9(z) 0.

Since all the hypotheses of Theorems 7.2.1 and 7.2.2 hold, we have

I'(x(t I(x(t
limsupmgl—l—p, and liminf(xt())zl—

t—o0 t—o0

Letting p — 0, we have lim;_,o, I'(z(t))/t = 1, whence the result.

Proof of Theorem 7.2.5 Before starting, we obtain a preparatory result for use in the

proof.

Lemma 7.3.1. Let ¢ > 0 and suppose z € C1((0,00); (0,0)) obeys

!/
tim 2 _ g,
t—o0 z(t)
Then
max |21 4| 2o, (7.3.12)
re[0,c] Z(t)
Proof. Since 2'(t)/z(t) — 0 as t — oo, for every € > 0 there exists T'(e) > 0 such that
/
t
—€ < () <e€ t>T(e).
z(t)
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Let r € [0, ¢] and suppose ¢t > T'(€) + ¢. Then

T /
—er < / Z(s) ds < er,
t

_r 2(s)
and so
e~ " Z(t — T) < T
N
Therefore —(1 —e™ ") < z(t —r)/z(t) =1 < e — 1 for t > T(e) + ¢. Thus
max A=) 1| < max (e — 1,1 —e™ )
rel0,c] Z(t) rel0,c]
= max(e®“ — 1,1 — e ).
Letting € — 0 obtains (7.3.12). O

Now to prove (7.2.19). Since g € RV (1), it follows that there exists an increasing and
continuously differentiable function 0 : [¢)*, 00) — (0, 00) with §(10*) > eyp* such that

. 6(2) . xd(z)
w500 glz) R (x)

Define ¢(x) = zlog(d(x)/x) for z > p*. Recall I'(z) = qu* du/¢(u) for x > 1*. Since
(9(z)/z)/(0(x)/x) — 1 as * — oo, we have log(g(z)/z)/log(é(z)/z) — 1 as z — oo.
Therefore by L’Hopital’s rule, we have

G
AT b

Define T'y(z) = I'(z)/n and §1(z) = §(x)/x for x > ¢*. Since z6'(x)/d(x) — 1 as
x — 00, we have that d; is continuously differentiable and x4} (x)/d1(z) — 0 as x — oo.

Define y(t) = F;l(t) for t > 0 and u(t) = logd1(y(t)). Then

y'(t) = nd(y(t)) = ny(t)log 61 (y(t)) = ny(t)u(t).

Moreover since I'; () — oo as © — oo, we have that y(t) — oo as t — co. Thus

lim g(w) = lim 5(3:)
z=00 (T (Ty(x) +0)) =700 (T (T () +0))
B STyt —9))

= lim
=00 Ty 1(t) log(6(Ty 1(£)) /Ty 1(1))”

and therefore we have

g(x) _ iy Y= 90)0(y(t — 0))
v=o0 o0y (T () +0))  t=oo  y(t)logdi(y(t))
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Since log(y(t)/y(t — 6 ft 0V (8)/y(s)ds = ft o nu(s) ds. Hence

oe [ lim g9(z)
ngﬁwm www+mﬂ
= Jim {—log(y(t)/y(t = 0)) + u(t —0) —logu(t)}

_ im u — L ' u(s)ds u(t—H)_logu(t)
- tLoo (t){ nu(t) /t_g (s)ds + u(t) u(t) }

Since d1, y are continuously differentiable, so is u, and we have

u'(t) = 61 (y(t)y' () /81 (y(t)) = nu(t) - y(£)8) (y(t)) /51 (y(t)).

Since xd](x)/d1(x) — 0 as x — oo and y(t) — oo as t — oo, we have u/(t)/u(t) — 0 as

t — oo. Now note

t 0 0
/t_e u(s) ds fu(t) — 0 = /D w(t — ) Ju(t) dr — 0 = /0 (u(t — ) ju(t) — 1) dr.
By Lemma 7.3.1,

lim sup
t—o0

/t_eu(s) ds/u(t) — 0‘ < limsup max |u(t —r)/u(t) — 1| = 0.

t—oo T€[0,0]

Thus ft gu(s)ds/u(t) — 6 and moreover u(t — 0)/u(t) — 1 as t — oo. Also we have

u(t) — oo as t — oo and so

) 1t ut—0) logu(t) _,
?%{”wwlﬁ“ﬁ“* a® ) }‘1"a

Therefore we have

g(x) —o0 if1—mh<0
log ( lim — ) =
z—oo (I (T (z) + 0)) +oo if 1—mn6 > 0.

Therefore, with n(e) = (1 +¢€)/7 and u(e) = (1 — €)/7, we have

lim 9(x) =0 lim 9(x) = 00.

% GO L D@ + 7)) o0 (T, 5 (T (@) + 7(1— )

Since p(e),n(e) = 1/7 as € — 0, and we have 7. = 0 =: 7 < 1/7 and jic = 400 =: g > 1/7.
Next, note that (7.2.17) implies

lim £%) _ z) m 1@y

= lim _ @) = lim =
v=00 ¢(x)  wmeo xlog(d(z)/x)  wmoe wlog(g(x)/x)
Therefore by Theorem 7.2.3, we have lim; . I'(x(t))/t = 1/7, and due to the fact that

lim, 00 L(x)/T(x) = 1, we get limy_oo L(z(t))/t = 1/7, as required.
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Proof of Theorem 7.2.7 Set ¢(z) = x for x > ¢*. Then I'y(z) = n~log(z/y*),

LM (x) = ¢*e™, and ¢(I; 1 (Dy(z) +0)) = ze™ . Thus

. g9(z) — Ce
S, e

Define ¢(v) := v — Ce™"". Then c is increasing on [0, 00) and there is a unique A > 0 such
that ¢(\) = 0, or A = Ce ™. Let 0 € R and A, := A(1 + ). For ¢ > 0, ¢(\,) > 0 or
Ao > Ce™ 7. Similarly, A_, < Ce™-27. Define n(¢) = A\s(1 +¢). Then n(e) = A\, =: 7

as e — 0. Also

lim 9(z) — Qe Mo (1+aT
L300 ¢(I‘;(1€) (Fn(e)(x) + 7))

Then supe¢(g,1) e = Ce 2™ = 7. But 7 = Ce 7 < A\, = n. Finally, f(z)/¢(z) =

=M.

f(z)/z — 0 as x — oo, and so by Theorem 7.2.1,

Pe(t) _ |

limsup ————= < Ag,
t—o0 t

or

sup <A1+o0).

t—o00

1
i sup 52

Letting o | 0 yields limsup,_, . logz(t)/t < A.
Define p(€) = A_s(1 —€). Then lim._, p(€e) = A_y =: p. Also

g(.’L’) _ Ce—)x,g(l—e)T .5

lim : e

720 $(T (o (Tpo (@) + 7(1 = €)))

Then inf.¢ (g 1) fe = Ce =T =: [i. But i = Ce™*" > A_, = pu. Thus by Theorem 7.2.2,

lim inf I‘(a:t(t)) > A,

t—o00

or

liminfbgf(t) > A1 —o0).

t—o00

Letting o | 0 yields liminf;_, log z(¢)/t > A, whence the result.

Proof of Theorem 7.2.8 Define ¢(x) = (1 + x)log(1 + x) for x > 1p*. Hence for n > 0

we have

1 log(1 + x) B B o
Ly(z) = p log (W) , Fnl(:c) = exp (log(1 + ¥*)e™) — 1.
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Thus ¢(T; (T (2) +6)) = " (1+2)" log(1 +2). Also I (Ty(w) = 7) = (14+2)* " — 1,

Therefore
- g(x) _ 0 i g(x)
=00 ¢(Iy (T () + 6)) 7220 (14 2)" log(1 + x)’
lim /(@) = lim f(z) .
=00 g(Ly ! (Ty(2) — 7)) e=oo g((14 )" —1)

Next, n(e) := €+ log()/7. Then lim. g n(e) = log(B)/T =: 1, and so

lim 9(z)

— =0.
w5 G0, L (Do () + 7))

Therefore 7. = 0, so 7 = 0 < log(B8)/T = n. Next, as f(z)/(zlogz) — 0 as z — oo, we

have

Cof@) @)
z—oo p(z) (14 x)log(l + x)

By Theorem 7.2.1,

limsup I'(x(¢))/t <,

t—o00

or equivalently lim sup,_, . loglog z(¢)/t <log(B)/7. We now obtain a lower bound. Define

w(e) =log(B)/T for € > 0. Then

. g9(z) — g~(1-9 y 9()
T Cgle) + 7 =) (e log(i+ )

Therefore
lim 9(x)
5% G0 1 (Do @) + 7(1— €)))

S0 fie = 400 = i > p = log(B)/7. By Theorem 7.2.2, liminf; , I'(x(t))/t > p, or

liminf;_, loglog x(t)/t > log /7, which proves (7.2.21).
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Chapter 8
Uniform Numerics and Delay-Dominated

Equations

8.1 Introduction

In this chapter, we look to obtain discrete—time results analogous to those that were
demonstrated in Chapter 7 for the delay-dominated continuous—time equation (0.1.6). We
showed in Chapters 1, 4 and 6 that for instantaneously-dominated equations, it is the
nonlinearity of f that determines a suitable numerical method for replicating the growth
rate. If f grows sublinearly, a uniform Euler scheme will recover the correct rate, whereas
if f grows superlinearly we must apply a state-dependent discretisation to recover the
instantaneously-dominated rate of growth.

For delay-dominated equations however, a uniform method will determine the correct
rate irrespective of the degree of nonlinearity in the delay coefficient. This is very much
in contrast to the instantaneously-dominated case. As a consequence of this, two different
equations which have the same rates of growth may require different numerical methods
to replicate this rate. We illustrate this in Section 8.2.2 using a representative example.

Section 8.2 shows that the rate of growth of the delay-dominated equation (0.1.6) is
preserved under a uniform discretisation and the application of these results for regularly

varying equations are demonstrated in Section 8.2.1.

8.2 Preservation of Growth Rates under a Uniform Dis-

cretisation

Let N € N, and suppose that h = 7/N. Consider the discretisation of (0.1.6) according

to (1.1.2) and its related continuous—time extension given by (1.2.13).

Theorem 8.2.1. Suppose that f obeys (0.1.7) and (1.1.1). Let g be non-decreasing and

obey (0.1.8) and let 7 > 0 and ¢ obey (0.1.9). Suppose that there exists a continuous
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function ¢ such that T, T, are defined by (7.2.1) and (7.2.3) respectively, and that I obeys
(7.2.2). Suppose also that (7.2.4) holds and f obeys (7.2.5), and that g and ¢ obey (7.2.6)
where 7. obeys (7.2.7). Suppose finally that ¢ and f are non-decreasing. If x,(h) is the
unique solution of (1.1.2), then it obeys

lirrgsotép W <n. (8.2.1)
Theorem 8.2.2. Suppose that f obeys (0.1.7) and (1.1.1). Let g be non-decreasing and
obey (0.1.8) and let 7 > 0 and ¢ € C(]—,0]; (0,00)). Suppose that there exists a continu-
ous function ¢ such that T', T are defined by (7.2.1) and (7.2.3) respectively, and I" obeys

(7.2.2). Suppose also that (7.2.10) holds and that g and ¢ obey

lim inf 9(z)
T—00 QS(F;(lg) (F'u(g) () + (1 +h)(1—¢)))

where (7.2.12) also holds. If x,(h) is the unique solution of (1.1.2), then
L(zn(h)) >
nh

= fiz € (0,00] for everye € (0,1), (8.2.2)

lim inf
n—oo

(8.2.3)

8.2.1 Preservation of growth rate for regularly varying equations

In Chapter 1, it was shown that the uniform Euler scheme (1.1.2) and the continuous
time extension (1.2.13) preserve the rate of growth of the underlying continuous equation
(0.1.6) in the case when g is in RV (3) for § < 1, and ¢ is sublinear (cf. Theorems 1.2.2
and 1.2.3)

We now demonstrate that for superlinear equations the essential growth rate is preserved
for all h > 0, and that the exact rate of growth is recovered in the limit as A — 07, in a

sense now made precise. We first consider the discrete analogue of Theorem 7.2.6.

Theorem 8.2.3. Let f obey (0.1.7), (1.1.1). Let g obey (0.1.8). Let 7 > 0 and i obey
(0.1.9). Suppose g € RVo(1), x — g(x)/z is asymptotic to a non-decreasing function,
lim, 00 g(2) /2 = 00, and limy_,o f(2)/x = 0. If L is defined by (7.2.18), then the unique
solution zy(h) of (1.1.2) obeys

_ L(zn(h)) 1
1 = . 8.2.4
Jim SRS = (8.2.4
Moreover, if Ty, is the linear interpolant given by (1.2.13), then
lim ZE®) L (8.2.5)
t—o0 t T+ h
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By comparing (7.2.19) and (8.2.5), it can be seen that the essential growth rate is
recovered by the linear interpolant for all A > 0, and the exact rate is recovered in the
limit as h — 0.

The rate of growth is also recovered in the same manner in the case when g grows
polynomially at a superlinear rate, as confirmed by the following discrete analogue of

Theorem 7.2.8.

Theorem 8.2.4. Let f obey (0.1.7), (1.1.1). Let g obey (0.1.8). Let 7 > 0 and v obey

(0.1.9). Suppose that there exists 3 > 1 such that g obeys

1
i 1089(%) _ 8,
z—oo logx

and limy o0 f(x)/x = 0. Then the unique solution x,(h) of (1.1.2) obeys

logy z,(h) _ log 3

li . 8.2.6
nSeo  nh T+h (8:2:6)
Moreover, if Zy, is the linear interpolant given by (1.2.13), then
logy T 1
lim 282%n(t) _ log (8.2.7)
t—o0 t T+h

Once again, by comparing (7.2.21) and (8.2.7), we see that the essential growth rate is
recovered by the linear interpolant for all h > 0, and the exact rate is recovered in the

limit as h — 0%.

8.2.2 Delay-dominant numerics: a comparative example

Firstly, consider Example 5.3.3, where it was shown that if 7 € (0,log(1/1og(2))), a €
(0,1),
flz)=2+=x)log(2+x)—(24+2)% x>0,

and

gz) = (x +2)*, = >0,
then the unique continuous solution of
() = f(z@t) + gzt —7)), t>0; x(t)=exp(e’) —2fortec[-,0]

is given by

162



Chapter 8, Section 3 Uniform Numerics and Delay-Dominated Equations

This obeys
L E(() _ loga()

t—00 t t

=1,

that is, x is instantaneously-dominated. We can see that f and ¢ satisfy the conditions
of Theorem 6.3.1, which demonstrated that a state—dependent discretisation was required

to replicate this growth rate, namely

i F@a®) _
t—o00 t

where Z is given by (6.3.6). But now suppose instead that

im L 0 g = @12, e>0.
z—oo x log x

Note that f is now growing slower than before and g growing faster. Then in accordance

with Theorem 7.2.8 we have

1 loge™
i 1082 x(t) _ loge

t—00 t T

=1,

and using Theorem 8.2.4 we have

lim log, Zp(t) _ 7 7
t—o0 t T+ h

where Zj, is given by (1.2.13). Once again we see that the essential growth rate is recovered
for all A > 0, and since 7/(7 + h) — 1 as h — 0T the exact rate is recovered in the limit.

This demonstrates an interesting property of delay differential equations. We see that
the discretisation method required to recover the growth rate of the solution is independent
of the growth rate itself. Even an equation which grows at a very rapid rate, for example
x(t) ~ exp(exp(exp...exp(t))), will not require state-dependent numerics to replicate this

rate provided it is the delayed component of the equation which is generating this growth.

8.3 Proofs

In this section, we give the proofs of results from Section 8.2. We also give the proof of

Theorem 7.2.6, which is greatly facilitated by the proof of Theorem 8.2.3.
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Proof of Theorem 8.2.1 By (7.2.6) for every € € (0, 1) there exists x2(€e) > 0 such that

for z > x2(€) we have

9(2) < (e + STk Ty @) + 1)) < 1+ VST Ty (@) + 7)),

where the last inequality is a consequence of (7.2.7). Since 77 < n = lim,_,¢+ 7(€), there

exists € € (0,1) such that for € < ¢, we have n(e) > 77+ €. Thus for all € < ¢ < 1 we have

g(z) < 17(6)¢(F;(16)(F77(6) () 4+ 7)), x> xz2(e). (8.3.1)

By (7.2.5) for every € € (0,1) there exists an x1(€) > 0 such that

f(x) < en(e)p(z), x> x1(e). (8.3.2)
Define
c(e) = Ty (™ + z1(€) + 22(€)) + (1 + )T, (8.3.3)
and define also
ze(n) =T, (14 nh+e(e), n>—N. (8.3.4)

This function is well-defined since c(€) > Ty o) (¥*) + (1 +€)7, s0 c(€) — (14+€)7 > Ty ) (¥%),
or ze(n) > ¢* for all n € {—N,...,0}. Since c(e) > [y (w1(€)) + (1 + €)7 and 'y is

increasing, F;(le)(c(e) — (14 €)7) > z1(€), s0 ze(n) > x1(€) for all n > —N. Therefore by

(8.3.2), f(zc(n)) < en(e)d(zc(n)) for n > 0. Also for n > 0, we have
g(ze(n — N)) = g(T, 1 (L + €)(n — N)h + c(e)))
= g(Ty o (L+e)nh — 7 —er + c(e)))
< gL, ((L+enh — 7+ ¢(e))).
Now, because c(€) > Ty (22(€)) + 7, we have that the argument of g on the right-hand
side exceeds @s(e) for all t > 0. Therefore by (8.3.1), we have
g(ze(n — N)) < g(T, (L +e)nh — 7+ c(e)))
< ()AL 0 (i) (g (1 + )nh — 7+ c(e))) + 7))
= n(€)p(T, o (L + e)nh — 7 +c(e) +7)
= (€)p(L, oy (L + e)nh + c(e)))

= n(€)p(ze(n)).
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Hence

f(@e(n)) + g(ze(n — N)) < (1 +€e)n(e)p(ze(n)), n=0. (8.3.5)

Now for n > 0, Ty ¢)(ze(n)) = (14 €)nh + c(e), so
Pyt (e(n + 1)) = Ty we(m) = (1 -+ b

Since I', is in ! and (z(n))n>0 is an increasing sequence, there exists £(n) € [ze(n), z.(n+

1)] such that

Ty (@e(n+1)) = Ty (ze(n) + Ty (€(n)) (ze(n + 1) = 2e(n)).

Therefore we have

(14 )h = T (€(m) (weln + 1) — 2e(n)) =
Thus as ¢ is non-decreasing, as £(n) > z(n), we have
ze(n +1) = ze(n) + (1 + €)n(€)hp(£(n))
= xe(n) + (1 + €)n(€)hp(ze(n)), n=0. (8.3.6)
Thus by (8.3.5) and (8.3.6) for n > 0 we have

ze(n+1) = ze(n) + (1 + e)n(e)hd(xe(n)) > ze(n) + hf(ze(n)) + hg(ze(n — N)).

.....

Suppose that there is a ng > 1 such that z.(n) > xp(n) for t € {—=N,...,ng — 1}
ze(no) < xp(ng). Therefore zc(ng) — xe(no — 1) < zp(no) — xp(no — 1). Since f and g are

non-decreasing,

ze(ng) — ze(no — 1) < xp(ng) — zp(ng — 1)
= hf(zn(no — 1)) + hg(zp(no — 1 - N))
< hf(@e(no — 1)) + hg(zn(no — N))
< hf(ze(no — 1)) + hg(ze(no — 1 — N))

< 2u(ng) — w(ng — 1),

a contradiction.
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Thus zc(n) > xp(n) for all n > —N. Hence I'y¢)(zn(n)) < Tyye(we(n)) for all n > —N.
Hence

Lo (xp(n)) < Lo (ze(n)) = (1 + €)nh 4+ c(e), n > —N.
But I'(zx(n)) = n(e)lye (wn(n)) < (1 + €)n(e)nh + n(e)c(e). Therefore

lim sup W <

n—00 n

(1 + €)n(e).

Since € > 0 is arbitrary, and 7n(e) — 7 as € — 0, we have (8.2.1).

Proof of Theorem 8.2.2 Suppose first that fi, is finite. Then by (7.2.11) for every

€ € (0,1) there exists x3(e) > 0 such that for x > x3(e)

g(@) > el — STk (Do (@) + (7 + B)(1 — )
> (L = (T (Do) (@) + (7 + ) (1 = )

> (BT (T @) + (r 4+ B)(1 - ),

where the penultimate inequality is a consequence of (7.2.12), and the last inequality holds
for all € < €, because for such € we have p(e) < (1 — €)i. This holds for the following
reason.

By (7.2.10), there exists €; € (0, 1) such that € € (0, ¢;) implies —e < p(e)—p < pe. Since
i < i, it follows that there exists ez € (0, 1) such that e < eg implies i > (1+€)u/(1 —€).
Hence for all € < € := €1 A €2, we have pu(e) < u(l+¢€) < (1 —€)a.

Thus for all 0 < e < € < 1, and = > z3(¢) we have

9(2) > p(OSIL (T (@) + (+ (L= ). 2> a(e). (8.3.7)

When fi, = +00, because pu(e€) is finite, (8.3.7) is trivial.
Define y3(e) = Ty (w3(€)) + (7 + h)(1 —¢€). Then for y > y3(e), if we define z =

-1
Fu .

( )(y — (T4 h)(1 —¢)), for x > x3(e) we have that y > y3(e). Thus by (8.3.7)

9T — (T + 1) (1 =€) > ()T, (), y > ys(e): (8.3.8)
Next let No(e) = inf{n > 0 : zn(n) > x3(e)} and define N; > Ny such that

(1 =) (7 + M) (@n(No)) < Tpye(zn(N1)).
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Define

z(n)=T"}

uio (L= )(n = NI + Ty (2n(No))),  n > Ni. (8.3.9)

Therefore for n > N1 + N we have
(1 — 6)(72 +1-— Nl)h + F#(E)(th(No)) > (1 — 6)(7’ + h) + FH(E)(SU]Z(N()))
= (L=€e)(T+h) + Ty las(e)) = ys(e).

Setting y = (1 — €)(n + 1 — N1)h + T (zn(No)) in (8.3.8) yields

g(r !

(o (L= €)(n = Ny = N)h 4Ty (z1(No))))

> (T4 (1= e)(n+1 = N)h+ Ty (r(No), n> N+ N.
By (8.3.9) we have
g(xe(n — N)) > p(e)p(xe(n +1)), n>N;+ N. (8.3.10)
Therefore by (8.3.10) for n > N; + N, and the fact that
Lo (@e(n)) = (1 = €)(n — N1)h + T'yo (zn(No)),
we have
Lo (@e(n+1)) = Ty (ze(n)) = (1 = €)h.
Hence there is £(n) € [xc(n), z(n + 1)] such that
ze(n+1) = ze(n) = (1 = e)hp(e)p(£(n)).
Since ¢ is non-decreasing and £(n) < x.(n + 1), we have
ze(n+1) = ze(n) + (1 = e)hp(e)p(£(n))
< () + (1 — hu(€)d(ze(n +1)).
Therefore by (8.3.10), we get for n > N + N
ze(n +1) < ze(n) + (1 — )hpu(e)p(ze(n + 1))
< () + h(1 = )g(ze(n — N))
< () + hf (5()) + h(1 — )g(ze(n — N))

< ae(n) + hf(ze(n)) + hg(ze(n — N)).
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Now for n € {Ny,..., N1+ N} we have

ze(n) <z (N1 +N) = F;(le)(ﬂ — )T+ Fu(e)(mh(NO)))
<T2L (1= (7 + h) + T n(No))

< T (T (@n(N1) = 2 (N1) < an(n),

where we used at the last step the fact that xj is increasing on {Ni,...,N; + N} C
{N,N +1,...}. Therefore we have z.(n) < xp(n) for n € {Ni(e),...,Ni(e) + N}, and
also z¢(n + 1) < ze(n) + hf(xe(n)) + hg(xe(n — N)) for n > Ny + N.

Suppose there is a n; > Nj(€) + N + 1 such that z.(n) < xp(n) for n € {Ni(€),...,n1}
and z¢(ny) > zp(n1). Therefore z¢(ny) —x(n1 —1) > xp(n1) —xp(ng —1). Then as f and

g are non-decreasing,

ze(n1) — ze(n1 — 1) > zn(n1) — zp(ng — 1)
— hf(wn(n = 1)) + hg(wn(ni — 1 — N))
> hf(zd(ni — 1)) + hg(w (1 — 1 = N))
> xe(ny) — xe(ng — 1),

a contradiction. Thus x¢(n) < zp(n) for all n > Ni. Hence I (zn(n)) > Ty (we(n))

for all n > Ny (). Hence
L (@n(n) > Ty (ze(n)) = (1 = €)(n = N1) + Ly (2r(No)), 1= Ni(e).
But T(w4(n)) = () ue) (1 (1)) > (1 — )pu(e)n + p(e)T ey (5 (No)). Therefore
it 2 > (1 - 9t

Since € > 0 is arbitrary, and p(e) — p as e — 0, we have (8.2.3).

Proof of Theorem 8.2.3 Let j > N. Summing across both sides of (1.1.2a) yields

wh(f+ 1) =2n(G = N)+h > flann)+h Y glan(n—N)).
n=j—N n=j—N
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Let e(t + h) < 1/2. Since zp(n) — 0o as n — oo and f(x)/x — 0 as © — oo, there exists

Nj(e) such that f(xzp(n)) < exp(n) for all n > Nj(e). Hence for j > Nj(e) we have

J J
wh(i+1) <wn(i—N)+h Y exp(n)+h Y glan(n—N))
n=j—N n=j—N

<ap(j— N)+h(N + Dexp(j) +h Y glan(n—N))
n=j—N

<ap(j = N)+ (N + Dexp(j+1)+h Y glan(n - N)).

n=j—N
Hence for j > Nj(e) we have
GaDf— oM — Y gt
ThJ - 1—(T—|—h)exh‘7 1—(r+h)e n:j_Ng TR '

Since g is in RV (1), z — g(x)/x is asymptotic to a non-decreasing function, there exists
go such that gg is non-decreasing, go(z) — oo as * — oo and go(z)/g(z)/z — 1 as
x — 00. Therefore g; defined by gi1(z) := zgo(z) is increasing and is in RV (1). Since
xp(n) — oo as n — oo, for every € > 0 there exists Na(e) > N such that g(zp(n — N)) <

(14 €)g1(xp(n — N)). Thus for j > Na(e) we have

Hence A
h Y glan(n=N)) < (T + )1+ egi(@n(j — N)), j = Na(e).
n=j—N

Let N3 = max(Ni, N2). Then for j > N3 we have

e L) o=+ T - )

4D <o -+ (1=

Define z (n) = x(n(N + 1)) for n > 0. Therefore for n > N3 we have

4D <)+ (1= - 1) 600+ T L)
Define
ge(z) = (1_(:%)6 - 1) o+ wgl(@, 2> 0. (8.3.11)
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Then ¢ is in RV (1), z — gc(z)/x is positive and non-decreasing, and g.(z)/x — oo as

xr — 00. Moreover

Next, define

Ye(n+ 1) = ye(n) + ge(ye(n)), n > Nz(e); ye(N3) = 2z5(N3(e)).

Since g is increasing, it follows that x (n) < ye(n) for all n > N3(€). Define

r 1
Je(@) :/1 ulog(l + ge(u)/u

Then by applying Lemma 1.2.1 to (y.), we have that

i Jeve0)

n—00 n

)du, x> 0.

=1
Since J. is increasing, and z}(n) < ye(n) for all n > N3(e€), we have by the definition of
x} that

lim sup Je(@p(n(N +1))) = lim sup ==

n—00 n n—00 n n—00 n

Now by L’Hopital’s rule and (8.3.11)

Je(z) _ . log(L+g(z)/z) _ . log(1 + g(x)/x)

o500 L(z) | amoolog(l + ge(x)/z) om0 | . (17( 1y e gla(f))'

Since g(x)/g1(x) — 1 as © — oo, we have that

log(1 + g(x)/x)

=1.
3% Tog(1 + 91(2) /)
Therefore limg_,o0 Je(x)/L(xz) = 1. Hence
1
lim sup LN ED) (8.3.12)
n—o0

Suppose j > N + 1. Then there exists an integer n = n(j) > 1 such that n(N +1) < j <

(n+1)(N +1). Since L is increasing, and (xp(n)),>0 is increasing, we have

L(zn(7)) _ Lzp((n+ 1N +1)))
b= ih
L(zp((n+1)(N +1)))
n(N + 1)h
1 Lp((n+1)(N+1)) n+1
T+h n+1 n
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By (8.3.12), we have

. L(zp(5)) 1
lims < ,
e

which gives the desired upper limit in (8.2.4).

To get a lower bound, since f(x) > 0, we have x(n + 1) > x,(n) + hg(zn(n — N)) for
n > 0. Since zp(n) — 0o as n — oo, for every € € (0,1) there exists Ny(€) > N such that
g(zn(n—N)) > (1= €)gi(zn(n— N)). Let Ns(e) = max(Ny(e), N1 (€)). Let y\" be defined
by

y V1) =y () + h(1 = g1 (s (n — N)), n > Ns(e);

y,(ll)(n) =zp(n)/2, mn=Ns(e) —N,...,Ns5(e).

Then we have for n > Nj(e) the inequality xp(n + 1) > zp(n) + h(1 — €)g1(zp(n — N)).

Hence y,(Ll)(n) < zp(n) for n > Ns(e) — N. Clearly (y,&l)(n))nzm(e) is increasing and

y}(Ll)(n) — 00 as n — 00.

Let n > Ns(e) + N. Then as y}bl) is increasing, we have
v (4 1) = 47 () + b1 = 9gr(63” (0 = N)) 2 " (0 = N) + h(1 = g (5} (n — V).

Therefore for n > Ns(e) + N we have

(1)
— N
logyg)(n—i—l) > log <g1(yh (n )))> +10gy,(11)(n—N)

y;(ll)(n -N
+ log (h(l —€)+ y,gl)(n - )
g (n-N)))

and so
1 (1) +1)>1 Wip— N +log(h(1 — +1 M- N
og Yy, (n ) > og Yy (n ) + log(h( €)) Oggo(yh (n )

Define u(n) := logy,(ll)(n) for n > Ns(€). Then (u(n)),>n, is increasing and tends to

infinity as n — oo, and with yo(x) := log(h(1 — €)) + log go(e”), we have
u(n +1) =2 u(n — N) +yo(u(n — N)), n > Ns(e) + N.

Since go is non-decreasing, so is vy, and moreover vyo(x) — oo as © — 0o. Since gp is in

RV (0), there is g3 in RV (0) which is also in C! such that g(z)/g3(z) — 1 as  — oo,
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zgs(x)/g3(x) — 0 as © — oo. Clearly for «* sufficiently large we have gs(e®) > e for all

x > a*, and so we may define

v
Gsle) = /x log gs(e*) du

Then G4(x) = 1/log g3(e®) > 0 for > 2* and since g3 is in C' we have

1" __io e*) . 1 = — 1 /exex.;
Gg(a:) = dxl g93( ) (loggg(ex))z 93<€x))93( ) (]Ogg3(ex))2-

Since there u(n) — oo, there is Ng is such that u(n) > z* for n > Ng. Let Nz(e) =

max(Ns(€), Ng) + N. Then for n > N7(e) we have Gz(u(n+1)) > Ga(u(n—N)+~o(u(n—
N))) and so by Taylor’s theorem, there exists &, € [u(n — N),u(n — N) + yo(u(n — N))]

such that

Gg(u(n + 1))
> Ga(u(n — N) +70(u(n — N)))

= Gy(uln — N)) + Chlu(n — N)o(u(n — N)) + 2 G4(E) un — ),

for n > Ny(e). Next, with 1, := gh(e%)eé /gs(e$)) and using the fact that zgj(x)/g3(z) —

0 as ¢ — oo, we have that 7, — 0 as n — co. Define for n > N7(€) the sequence

_ log(h(1 =€) +loggo(e*™ V) 1 (log(h(1 ~ ) + log go(e"*~N)))"
- log g3(e"(—N)) 2" (log g3(e&))2

d(n) :
so that
Gs(u(n+1)) > Gs(u(n — N))+1+d(n), n > Nz(e).

Since &, — oo as n — oo and g3(z)/go(x) — 1 as © — oo we have that for every
¢ € (0,1) that there exists Ng(e) such that loggz(es*) > log(1 — €) 4 log go(e*") for all
n > Ng(€) and so for n > Ng(e) = max(Ng(e), N7(e)) + N and so

(log(h(1 — €)) +log £JO(€1L(7FJ\7)))2 < (log(h(1 —¢€)) + loggo(e“(”*]\f)))2
(log ga(e5"))? <™ (log(1~ 0 + log go(e®")?

Since gq is increasing and &, > u(n — N) we have log go(ef*) > log go(e*(®~N)). Hence

(log(h(1 — €)) +log go(e""))* _ (log(h(1 — )) + log go(ef))”

(log gs(et))? = (log(1 — €) + log go(ef))?
Therefore )
: (log(h(1 — €)) + log go(e“"=)))
lim sup 5 <1,
n—o0 (log gg(efn ))
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and so d(n) — 0 as n — oco. Let z(n) = G3(u(n)). Note that z is increasing and z(n) — oo
as n — oo. Then we have z(n+ 1) > z(n — N) +1+6(n). Let j € {0,...,N}. Define

zi(n) = z((N + 1)n + j). Then

zi(n) =2(Nn+n+j—-1+1)
>z(Nn+n+j—1—-N)+1+86Nn+n+j—1)

=2i(n—=1)+1+6(Nn+n+j—1).

Now for n > n' we have

Z zi(m) > Z zim—=1)+n—-n"4+1+ Z S(Nm+m+j—1),

m=n’'
SO

S0 B0 Y e

1
+1+ — N S(Nm+m+j—1).
n n n n

m=n/

Since d(n) — 0 as n — oo, we have liminf;, o 25(n)/n > 1. Therefore

lim inf AWV +Dn +5) >

for each j =0,...,N.

Hence "
Gs(logy!! 1

Since xp(n) > ygl)(n) for n > N5(e) — N, and G35 is increasing, we have

(1)
. Ga(logap(n) _ . . Gs(logy,’(n)) 1 1
1 f—— " > f > = . 3.1
i nh = e nh =Nh+h 71+h (8.3.13)
Now
Gs(l o ! d ' ! d G
0gx)) = —dv = ——du =: x). 8.3.14
o08) = | sy L g G (531
Since g3(x)/go(x) — 1 as © — oo and each belongs to RV, (0), we have that
lim 0890@) _
o0 log g3()
Similarly, as (14 g(z)/x)/go(x) — 1 as © — oo and go is in RV (0),
i o8I T g(@)/z)
a0 loggo()
Using these limits and L’Hopital’s rule, we arrive at
log(1 log(1 1
L Ga) . los(ltg(a)/r) o loa(l+g(e)/x) orgolx)
v=oo L(x)  a=oo  loggs(x) v—oo  log go(x) log gs(x)
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Since zp(n) — oo as n — oo and (8.3.13) and Gy is defined by (8.3.14), by using the last
limit, we get

liminfM = liminf L{zn(n) Ga(wn(n)) = liminf Gs(log za(n)) > L ,
n—o0 n n—oo Ga(xp(n))  nh n—+00 nh T+h

which is the lower limit in (8.2.4).
In order to prove (8.2.5), notice for any ¢ > 0 that there exists n > 0 such that nh <t <

(n + 1)h. Also as the linear interpolant Zj defined by (1.2.13), we have x,(n) < z(t) <

xp(n + 1). Therefore
L(.f'h(t)) < L(xh(n + 1)) _ L(xh(n + 1)) n +1

t nh (n+1)h n

Therefore by (8.2.4), we have

. L(Z4(1)) 1
1 < : 3.1
S Y (8:349)

To get the lower bound, we observe that for nh <t < (n+ 1)h, we have

L)) o L(zn(n)) _ Llza(n)) n
t ~ (n+1h nh n+1

Therefore by (8.2.4), we have

lim inf > .
t—o0 t T+h

Combining this limit with (8.3.15) yields (8.2.5).

Proof of Theorem 7.2.6 Let N € N and set h = 7/N. Let j > N. Integrating over

[(j — N)h, (j + 1)h] yields

(+Dh (J+1Dh

f(z(s))ds + / g(z(s — Nh)) ds.

(J—=N)h

#((G +1)h) = 2((j — N)h) + /

(j=N)h
Let (7 + h) < 1/2. Since z(t) — oo as t — oo and f(z)/z — 0 as  — oo, there exists
Ti(e) > 7 such that f(x(s)) < ex(s) for all s > Tj(€). Let Ny(e) be an integer such that

Ni(e)h > Ti(€). Then for j > Nj(e), and using the fact that x is increasing, we have

(G+Dh G+1)h
z((j+1)h) <z((j — N)h) + / ex(s)ds + / g(x(s — Nh))ds
(G—=N)h (j—N)h
(+1)h
< z((j — N)h) + h(N + Dex((j + 1)h) + / g(x(s — Nh))ds
(i—=N)h
(j+1)h
<z((j —N)h)+ (1 +h)ex((j + 1)h) + / g(x(s — Nh)) ds.
(G=N)h
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Hence for j > Njp(e) we have

o+ 1)) < (= M) + (= e 1) 2(G =

1—(t+h

L [T s o)
+ g(z(s — Nh))ds.
1-— (h + 7')6 (j—N)h

Since ¢ is in RV (1), © — g(x)/z is asymptotic to a non-decreasing function, there exists
go such that gg is non-decreasing, go(x) — 0o as  — oo and go(z)/g(x)/x — 1 as x — oo.
Therefore g; defined by ¢1(z) := zgo(z) is increasing and is in RV (1). Since z(t) — oo as
t — oo, for every € > 0 there exists Th(e) > 7 such that g(x(t—7)) < (1+€)g1(x(t—7)) for
all t > Th(e). Let Na(e) be an integer such that No(e)h > To(e). Thus for j > Na(e) + N
we have jh > Na(e€)h+ Nh > Ty + 7 > 27 = 2Nh, so as x is increasing on [0, c0) we have
(j+1)h (j+1)h
/‘ g(z(s — Nh))ds < (1—{-6)/' g1(z(s — Nh))ds
(J=N)h (J=N)h

< h(N 4 1)1+ €)g1(x((j +1 — N)h)).

Let N3(e) = max(Ni(€), Na(€) + N). Then for j > N3(e) we have

o+ 1)) < ol = M) + (= gge 1) 26 = B
et +1-Nh),
which, as z is increasing, implies
2((+1)h) < ((j+1— N)h) + <1_(h1+7)€ . 1> 2((+1 - N)h)
Dol 1= M), 5= Nale)

Define x}(n) = x(nNh) for n > —1. Therefore for n > N3, and since N > 1 we have

(h+7)(1+e€)

4D < 00)+ (=g~ 1) 500+ e )

The proof now continues as in the proof of Theorem 8.2.3, where 7 is replaced by 7+ h.

Proceeding in this manner we arrive at

L(nNh) (8.3.16)

lim sup
n—oo
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For every t > 0 there exists n € N such that nNh < ¢ < (n+ 1)Nh. Since L is increasing,

and z is increasing, we have

L(z(t)) < L(z((n+1)Nh)) _ L(z((n+1)Nh)) 1L(z((n+1)Nh)) n+ 1‘

< ==

t - t nNh T n+1 n
By (8.3.16), we have
L 1
lim sup M < -,
t—o0 t T
and therefore the desired upper limit in (7.2.20).
To get a lower bound, since f(x) > 0, we have
(n+1)h
z((n+ 1)h) > z(nh) —|—/ g(x(s—Nh))ds, n>0.
nh

Since z(t) — oo as t — oo, for every € € (0, 1) there exists Ty(e) > 7 such that g(z(t—7)) >
(1 —€)g1(z(t —7)). Let Ny(e) be an integer such that Ny(e)h > Ty(e). Let Nz(e) =
max(Ny(€), Ni(€)). Thus for n > N5(e) we have nh > N5(€))h > max(Ty(¢),7), so as x is

increasing on [0, 00) we have

(n+1)h
2((n+ D)h) > o(nh) + (1— ) /h u(x(s — Nh)) ds

> z(nh) + (1 — €)hgi(x(nh — Nh)).
Then with z;,(n) := x(nh), we have the inequality
zp(n+1) = zp(n) + (1 — e)hgi(zn(n — N)), n > Ns(e).
Let y}(Ll) be defined by
uh (n+1) = 53 (n) + h(1 = Iga (g3, (n = N)),  n = Ns(e);
vV (n) = z(nh)/2, n=Ns(c)—N,...,Ns(e).
Hence yf(ll)(n) < z(nh) for n > N5(e) — N. The proof now proceeds exactly as in Theo-
rem 8.2.3, and we arrive at the analogue of (8.3.13), namely

(1)
.. .Gs(logz(nh)) _ .. . . Gs(logy,; ' (n)) 1 1
Rt = R SO > =
lim inf nh 2 lim inf nh = Nhth T1+h

(8.3.17)

where we have used the fact that x(nh) = x5(n). By (8.3.14), we have G3(logz) = G4(x),
so once again we have that lim, o, G4(z)/L(x) = 1. Since x(nh) — oo as n — oo, (8.3.17)
holds, and G4 is defined by (8.3.14), by using the last limit, we get

.. L(x(nh)) . . . L(z(nh)) Ga(z(nh)) .. . .Gs(logz(nh)) 1
— = > .
TR & e () T
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Now, for every ¢ > 0 there exists n such that nh <t < (n+ 1)h. Since z is increasing and

L is increasing, we have

L(x(t)) S L(z(nh)) S L(z(nh)) _ L(z(nh)) n
t - t ~ (n+1)h nh  n+4+1

Therefore

lim inf Lz (1)) > lim inf L(z(nh)) > !

t—o00 ~ n—oo nh ~— T+ h
Letting h — 0 yields

lim inf

Y
t—o00

La(®) | 1

which is the lower limit in (7.2.20).

Proof of Theorem 8.2.4 Let j > N. Summing across both sides of (1.1.2a) yields

J J
i+ 1) =2 = N)+h > flann)+h Y glan(n—N)).
n=j—N n=j—N

Let €(t + h) < 1/2. Since zp(n) — 0o as n — oo and f(x)/x — 0 as © — oo, there exists

Nj(e) such that f(zp(n)) < exp(n) for all n > Nj(e). Hence for j > Nj(e) we have
wh(j+1) <an(G—N)+h Y exn(n)+h Z g(zn(n — N))

<ap(j —N)+h(N+ Dexp(j) + h Z g(xp(n — N))
n=j—N

j
<ap(j— N)+ (N + Dexp(j+1)+h Y glan(n - N)).
n=j—N
Hence for j > Njp(e) we have

xh<j+1>sl_(j+h)€xh<j—zv>+1h D> glentn =),

Since log g(z)/logz — [ as © — oo, and xp(n) — oo as n — oo, for every € > 0 there
exists Na(e) > N such that g(zp(n — N)) < zp(n — N)PT€. Thus for j > Na(e) + N we

have

h Z glan(n—N)) <h Y ap(n— N)P*e

n:]—N TL:j—N
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Hence

Let N3(e) = max(Ni(€), Na(€) + N). Then as 1 — (7 + h)e > 1/2, for 7 > N3(e) we have
zp(j + 1) < 224(j — N) +2(7 + h)zp(j — N)°Te
Define x}(n) = xp(n(N + 1)) for n > —1. Therefore for n > N3(€) we have

2+ 1) < oG+ DN +1)) < 226N + 1)) +2(r + )z (N + 1))+

= 22}, (j) + 2(7 + h)aj, ().

Thus

.- ‘s 23, (J)
log z,(j +1) <log2(T + ) + (B + €) log 2}, (j) + log (1 + rt h)xz(j)ﬁ-s—e) :
Thus we have, with u(n) = logzj(n), and all n > Ns(€), the inequality
u(n +1) < (B4 2¢)u(n).

Thus there exists K (e) > 0 such that u(n) < K(e)(5 + 2¢)™ for n > Ns(e). Thus

1 1
—logu(n) < —log K(¢€) + log(B + 2e¢).
n n

Therefore
: logy zp(n(N +1)) . logy 2, (n) _ log(B +2¢) _ log(B + 2¢)
1 —1 < -
Y T RN+ 1)k P RN+ R = (N+ 1k T1h

Letting € | 0, we arrive at

lim sup 1282 2h (N +1)) _ log(§)

. 8.3.18
n—00 n(N +1)h T T+h ( )

Suppose j > N + 1. Then there exists n = n(j) > 1 such that n(N +1) < j <

(n+1)(N +1). Since (zp(n))n>0 is increasing, we have

logy zn(j) < logy zp((n +1)(N +1))) _ logyzp((n +1)(N +1)))

jh jh - n(N + 1)h
logyay((n+ DN 1)) nt 1
N (n+1)(N+1)h n

By (8.3.18), we have

. logy 4 (j) _ log B
] < :
T =T +h
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which gives the desired upper limit.

Since f(x) > 0 we have
zp(n+1) > ap(n) + hg(zp(n — N)) > hg(zp(n — N))

and since xj(n) — oo as n — oo and logg(x)/logx — B as x — oo, it follows that for
every € < f3 there exists Ng(¢) such that hg(zy(n—N)) > z(n— N)P~¢ > e for n > Nj(e).

Hence for n > Ng(€) we have
zp(n+1) > zp(n — N))7.
Therefore with u(n) = logz(n), we have that
u(n+1) =logzp(n+1) > (8 — €)u(n — N).

Therefore, there exists k() > 0 such that u(n) > k(€)(8 — €)™ N+ for n > Ng(e).

Therefore
l10 u(n)>llo k(e) + ! log(B —€)
n & ~n S N+1 & ¢
Hence
.. dogaap(n) _ log(B—¢) log(B —e)
lim inf > _ ,
noes  nh — (N + 1)k T+h

Letting € | 0, we get

1 1
lim inf 082 71 (1) > ogﬁ‘
n—00 nh T+ h

and so combining this with the other limit we get

. logyan(n) _ logp3
1 =
ntoo Tl T4+ h’

as required.
The proof that (8.2.7) follows from (8.2.6) is identical in all regards to the proof of

Theorem 8.2.3 that (8.2.5) follows from (8.2.4), and is therefore omitted.
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Appendix A

Proof of Remark 3.2.2

We wish to show that if log, f is a smoothly regularly varying function with index
n > 0 and f satisfies (2.2.1), then (3.2.2) holds. Define (3(z) := log, f(x) for z > 0.
Note ¢¢(®) = log f(z) = ¢(z) — oo as z — oo, forcing (o(x) — oo as & — co. Now
Gox) = f'(=)/(f(x)log f(x)), thus

/(@)
f(z)

= (y(x) log f(z).

Therefore

fog (421) = tox (o) + o ).

Differentiating both sides we obtain

fl@)  fil2) _G) fi(=)
fll@)  flz) Glx)  f(x)log f(z)

Therefore since f/'(z)/f(z) = (x)p(x),

@) G@)e) 1
P/ T @it e
xQ(az) Ca(z) 1 1 1

Since (2 is smoothly regularly varying function with index n, x¢J(x)/¢2(x) — n — 1 and
Co(x)/(x¢h(x)) = 1/n as x — oco. Also ¢(z) — co. Thus

i 17 @) )
w00 (f1(x))2  aoe fl(x)/f(x)

which verifies (3.2.2).
In general if log,, f, n > 2 is a smoothly regularly varying function with index n > 0
and f satisfies (2.2.1), (3.2.2) holds. Now define (,(z) := log, f(z) for x > 0. Again

en(®) - 00 as x — oo, forcing (,(z) — oo as & — oo. Now

1 )
08,1 /(2)l0g,, 5 /(@) log f(z) ()’

Cnl@) =

Thus

"o ) n—1
g (£2)) = toe o (o) + X log 1 £ (o)

j=1
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Differentiating both sides we obtain

) i) _ Gi=)

1
d
Fl@)  f@) G Z - logj (@),

and so

P ) G G | X5 s 10g /()
f(z)/ f(2) @)/ f(@) ¢ (@) T2 log; f(x)

Now for j > 1,

LW

Hi:l logy, f(z) [f(z)

) [Tt log f(2)
[Tiz logy f(2)

C(@) TTiZ 4 logye f (@), ifj<n-1

d
Ir 10%j+1 f(z) =

Thus
fU@)/f1x) o Gi@)/Gi(x)
f'(@)/ f(z) Ch(@) [T7= log; f ()
272_12 Cn( )Hk =j+1 logkf( )_|_ C’r/z(x)
G (@) TTR= 1 logy f (@) Gh(@) Ty logy f(2)

+

which gives
@)/ (=) n(2)/ Gl . 1
T/ ) ITjZ 110ng g logkﬂ ) it oz /@)
This resolves to
@)/ f'(x) ()
f'(@)/ f(x) H (¢h ()2 [T} log; f(x) +ZHk 110gkf( x)

Since (, is smoothly regularly varying function with index 7, x¢/!(z)/{/,(x) — n— 1 and

Cn(2) /(2 (2)) = 1/n as @ — oo. Also ¢(x) — co. Thus

") L) Gl 11

RN ABIE [ log; f(x) == Gh(@)  a((x) T[77!log; f(x) Cal)

and so since

n—1

i3 s =

j=1 Hk; 110gk:f( )
we have
. @)/ f ()
lim LA
oo f(@)/f(x)
which implies (3.2.2).

A2



Appendiz B

Proof of Examples 5.3.3 and 5.3.4

Example 5.3.3 We look to prove (5.3.8) where
flz)=(242x)log(2+2) — (2+2)*, x>0,
9(@) = (@ +2)*", 2>0,
felx) =24 2)log(2 + ), x>0,

and F' is defined by
r o1
F(x) :/e_2f(u)du, x> 0.
A closed form formula is not available for F or F~!. We establish (5.3.8) by first deter-
mining very precise asymptotic information about F (and therefore about F~!). Since
F(x)/F.(x) — 1 as © — o0, it seems reasonable to write F'(x) = Fi(x) + F(x) — Fi(x),
and then to determine the asymptotic behaviour of (F' — F)(z) as x — oo.

Towards this end for x > 0, we note that we have
F(z) = F(z) — Fi(x) + log(log(x + 2))

= log(log(z + 2)) +/ {fu iu)}du
L

= log(log(z + 2)) +

1
2+ u)2 2 log?(2 2wl
+ u) 0g?(2 + u) — (2 +u)log(2 + u)

Since

(2 +u)> *log?(2 + u) — (24 u)log(2 + u)

—a 1
= (2+u)*"*log*(2 +u) (1 T 2+uwllog(2 ¥ u)) ’

for a € [0, 1], the integrand is asymptotic to

1

————5 -~ asu — o0
u?=log”(u)
and therefore the integral converges to a finite value as x — co. Define

o° 1
/ 5 du
e—2 (2+u)?~log*(2 + u) — (24 u)log(2 + u)

I, =

B1
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Then with

& 1
_L 2+ u)> *10g2(2 + u) — (2 + u)log(2 + u)

e(x) =

)

we have e(z) — 0 as ¢ — oo and
F(z) = log(log(x + 2)) + 1o + €(z).
Now

F(z) + 7 = log(log(x + 2)) + In 4+ 7 + €(z) = log(log(z + 2)) + log(elet7+<@))

= log(elot7H@) Jog(z + 2)).
Hence
eF@FT — platm4e(®@) 160 (1 4 2). (B.0.1)

Similarly we obtain

F(z) = log(e'T®) log(z + 2)).

Therefore

T — 6Ia—l—e(F’l(Jz)) 1Og(F_1(l') + 2>’

which implies

eF@HT = plate(F7HF()+7)) log(F~H(F(z) + 1) +2),
and using (B.0.1) we have
elote(FH (F(@)+7)) log(F~ Y (F(z) + 1) + 2) = elet7e @ Jog(z + 2).

Define € (z) = e(F~*(F(z) + 7)). Since F~}(F(x) + 7)) — oo as  — 0o, we have that

e1(x) — 0 as © — oo. Therefore we have
elee 1@ log(FY(F(z) + 1) + 2) = elet7e@ Jog(z + 2).

Hence

log(F~ Y (F(z) +7) +2) = e7e“@~1@) Jog(z + 2).
Since €(x) — 0 and €;(x) — 0 as x — o0, we get

-1
o log(FF@ k)
T—00 log
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Since f is regularly varying at infinity with index 1, it follows that

i LB F T (F@) +7) _ . B.02)

T—00 log

Therefore as g(z) = (2 + )", we have log g(r) = ae” log(2 + x), so by (B.0.2)

10g % -1
o os (rtitgy) | loege) | los (P (F (@) )

500 log z—o00  logx log x

=ae” —e" <0,

because v < 1. Therefore we have

lim 9(z)

e fEF) 1 7)

In the same way that we derive (B.0.2), we can show for any 71 > 0 that

. log(f(F~Y(F(z)+1))) o
T—00 loga: B '

Since @ < 1, there exists 7 < 7 (specifically 7 € (log(ce”), 7)) Therefore as above we

have
1 C) B
lim 1og(f(F,1(F($)+ﬁ))) iy lo89(@)  log f(FTN(F(x) + 7))
T—00 10g$ T—00 loggj ]ng

=ae” —e™ <0,

because 71 > log(ae™). Therefore we have

lim 9(@) =0,

v=oo f(FH(F(x) + 7))

as required.

Finally, in the case when ae”™ > 1 we have that

g, @+ ) _
B ) e Bt ) log@ ta) — @ rae

Example 5.3.4 We look to prove (5.3.10) where
f(z) = (A+z)log(A + z)logy(A + ) — (A+z)logy(A+x), >0,

g(z) = exp(log® (z + A))log(log® (z + A)), x>0,

felw) = (A +2)log(A + x)logy (A + ),
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and F' is defined by

F(:c):/;f(lwdu, x> 0.
A closed form formula is not available for F' or F~!. We establish (5.3.10) by first de-
termining very precise asymptotic information about F (and therefore about F~!). Since
F(x)/Fi(x) — 1 as © — o0, it seems reasonable to write F'(z) = Fi(x) + F(x) — Fi(x),
and then to determine the asymptotic behaviour of (F' — Fy)(z) as z — oo.

Towards this end for x > 0, we note that we have

F(z) = F(z) — Fy(x) + logg(z + A)

:10g3(x+A)+/A {f(u) - f*(u)} du
x 1
= logg(z +2) +/A (A + u)logy(A + u)log(A + u)[log(A + u) — 1] e

Therefore the integral converges to a finite value as x — oco. Define

o0 1
I= /A (A + u)logy (A + u)log(A + u)[log(A + u) — 1] du.
Then with
o0 1
e(z) = / (A T ) logy (A + ) log(A + u)[log(A + u) — 1] (B.0.3)

we have e(x) > 0 for x > 0, ¢(z) — 0 as * — oo and
F(z) =logsz(x + A) + I — ¢(x).
Now

F(z)+7=logs(x + A) + I+ 7 — e(x) = log(logy(z + A)) + log(e!T77¢®))
= log(e!* 7~ loglog(z + A)]) = log(logllog® ™ (x + A)))

= log,[log® " (z + A)].

Thus we have

@+ = Jog <logel+77€<z> (x + A)) . (B.0.4)

Similarly we obtain

F () = log(e! ™ log, (z + A)) = log,[log® " (z + A)].
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Therefore

eF@ = logllog® " (z + A)],

and so

el —e(F ™))

e” = log[log (F~Hx) + A)].

Define €1 (x) = €(F~Y(F(x) + 7)). Since F~Y(F(z) + 7)) — oo as & — 00, we have that

€1(x) — 0 as © — oco. Using this definition we also obtain

I—eq(x)
eF(m)+T 1

= log[log® (F~YF(x)+ 1)+ A)]. (B.0.5)

Combining (B.0.4) and (B.0.5) we have
log® ™ (2 + A) = log¢ " (FTY(F(x) +7) + A).
Hence

EI-H-—e(a:)

log(F~!(F(x) + 1) + A) = (log(x + A)) 7167 = (log(w + 4))" "
Define 0(z) = e1(®)=¢(*) This implies

log(F~ (F(z) + 7) + A) = (log(z + A))*"%@ (B.0.6)
Hence we also have

logy (F~H(F(z) +7) + A) = log ((log(m + A))”(I)) = e0(z)logy(x + A),  (B.0.T)

and
FUF(z)+71)+A=exp ({log(x + A)}BTG(”C)> . (B.0.8)
Next, we note that f(z) = (A + x)logy(A + z)[log(A + x) — 1], so
FENF (@) + 1)
= (A+ F Y (F(z) + 7)) logy(A+ F 1 (F(z) + 7)) (log(A+ F~1(F(z) + 7)) — 1)
— exp ({log(z + 4)}"®) logy(A + F 1 (F(x) + 7)) ((log( + 4)) 7" — 1)

= exp ({log(x + A)}em(x)> -e70(x)logy(z + A) - ((log(a: + A))e0@) 1) :
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Hence

lim (z)
a0 f(F~1(F(x) + 7))
~ lim exp(log®’ (z + A)) log(log®” (z + A))
reo exp <{10g(a} + A)}{"H(@) .eT logQ(x 4 A) . (log(x + A))@"Q(x)
exp(logeT (x+A)— logem(ﬂﬁ)(:l; + A))
(log(w + A))7" "

iy P00 (@ + A) —log”" W (@ + A))

T exp(log (10g679(”“) (z + A)))

= lim
Xr—r0Q0

_ 1 e” _ e™0(x) _ e"6(x)
= xh_{]élo exp (log (x+ A) —log (x+ A) —log (log (x + A)))

= exp <zh%1£10 {logeT (z+ A) —1log® '@ (x + A) —log (logem(x) (x+ A)) }) :
Therefore

lim 9(z)
B FE () + 7))

= exp (Ill)rgo {logeT (z+ A) —log® '@ (z + A) — log (logem(x) (x+ A)) }) . (B.0.9)

Now recall that e;(z) = e(F~1(F(z) + 7)). We obtain asymptotic estimates for e(x) and

€1(x) as © — oo. By the definition of € i.e., (B.0.3), we have

@~ [ ! au= [ L
E\T) ~ U = — dw.
e (A+u)log?(A+ u)logy(A + u) log(a+4) W2 logw

Now, we have that

0 1 1
T TR ylosy —1
y—00 o y—o0 m (logy + 1)
Therefore
lim (z) = 1. (B.0.10)
ree log(z+A) logy (z+A)
Since €1(z) = e(F~Y(F(z) + 7)), we have
lim ale) ~1.
T—r00

I
log(F~1(F(z)+7)+A) logy (F~ 1 (F(z)+7)+A)

Inserting (B.0.7) and (B.0.6) and using the fact that 6(z) — 1 as x — oo, we get

lim a(r) 1.
Tr—00

1
(log(x—l—A))e‘re(x) e7 logy (z+A)
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Since §(z) — 1 as  — oo and e” > 1, we therefore have

—

i LE) gy (st )T
z—oo €(x)  @—oo

= 0. (B.0.11)

[ay

log(z+A)
Now, let a > 0 be fixed and suppose that h(z) = a® for x > 0. Then h/(x) = a”log(a).

Then for every u,v > 0 there exists an &(a, u,v) between v and v such that
a® — a = a¥@") Jog(a) (u — v).

Applying this is the case where a = log(z + A), u = €™ and v = €70(x), we see that there

exists an {(z) between e¢” and e76(zx) such that
(log(z + A) — (log(z + A))" %@ = log(x + A)E@) logy(x + A)(e” — €70(x)).
Note that £(x) — €™ as © — o0
(log(z + A))*" — (log(z + A))*" ™)
_ Tlog(x + AY® logy (x 1 Aye(zy LT elo) —ai(@)

@) —ale) @)
By (B.0.11) and the fact that (1 —e¥)/y — —1 as y — 0, we have

(log(a + A))°" — (log(z + A))* "™ = e log(a + A)*® logy(z + A)e(z)m (2)

where n1(z) — 1 as © — co. Now we write

(log(z + A))*" — (log(z + A))*™)

1 e(z)
=€ lo w—i—Ag(I) T
( ) log(z + A) log(z+A) %ogz(HA) s

so by (B.0.10), we have that ny(z) — 1 as * — oo and
(log(a + A))" — (log(w + A4))""*) = e7log(x + A)*)~p(a).
Thus
(log(z + A))*" — (log(az + A)¢ %@ — ¢70(x) logy(x + A)
= ¢ log(z + A)¥@ Iy (2) — e70(z) logy (z + A).
Since () —1 — €™ —1> 0 as x — oo, and n2(z) — 1 as x — oo we have that
lim {(log(a: + AN — (log(z + A)) %@ — 70(z) log, (z + A)} = +00.

T—r00

Using this limit and (B.0.9), it follows that g and f obey (5.3.10) as claimed.
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