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ABSTRACT

In this thesis, parameter-uniform numerical methods are constructed and analysed for non-
linear singularly perturbed ordinary differential equations. In the case of first order prob-
lems, several classes of nonlinear problems are examined and various types of initial layers
are identified. In the case of second order boundary value problems, singularly perturbed
quasilinear problems of convection-diffusion type are studied. Problems with boundary turn-
ing points and problems with internal layers are examined. For all problems, the numerical
methods consist of monotone nonlinear finite difference operators and appropriate piecewise-
uniform Shishkin meshes. The transition points in the Shishkin meshes are constructed based
on sharp parameter-explicit bounds on the singular components of the continuous solution.
Existence and uniqueness of both the continuous and discrete solutions are established using
the method of upper and lower solutions. Numerical results are presented to both illustrate the

theoretical error bounds and to display the performance of the numerical methods in practice.

vii



2.1

2.2

2.3

2.4

2.5

2.6

2.7

2.8

2.9

5.1

LIST OF FIGURES

Plot of the layer structures in the numerical solutions of (2.5.2), computed using
Newton’s Method (pg. 38) on the mesh (2.2.13), over x; € [0,0.006] for 1 < n <4
where e =10"2and N =1024. . ... ..ttt
Plot of the numerical solution of (2.5.2), computed using the MATLAB solver
ode23s,withm=1and € = 1077, . . . .\t e e e e e e
Plots of the numerical solution of (2.5.2), computed using the MATLAB solvers
odel5s, ode23t and ode23th, withn=2ande=10"8. . ... ... ... ... ... ...
Plot of the layer structures in the numerical solution of (2.5.4), solved exactly
using the numerical method ((93?’), (2.3.19)), over x; €[0,3¢] for u.(0)=1.5 and
U (0)=1+ewheree=10"%and N=1024.. ... .. ..o,
Plot of the numerical solution of (2.5.4), solved exactly using the numerical
method ((Y), (2.3.19)) with N = 1024, and also computed using various MAT-
LAB inbuilt functions, allwith e =1075. .. .. ... ... . i,
Plots of the numerical solution of (2.5.6), solved exactly using the

numerical method ((‘ggN), (2.4.5)), over x; €[0,1] and over x; €[0.49,0.51],
around d = 0.5 (switch in stability), for u.(0) =6.25 where £ = 107> and N = 1024.
Plots of the numerical solution of (2.5.6), solved exactly using the

numerical method ((‘@N ), (2.4.5)) for N = 1024, and also computed using various
MATLAB inbuilt functions, allwith e =10"7. ............ ... ccvuuen...
Plots of the numerical solutions of (2.6.3), computed using Newton’s Method (pg.
38) on the mesh (2.6.6b), over x; €[0,0.02] for N =32,64,...and e=2"12, ... ...
Plots of the numerical solutions of (2.6.9), computed using Newton’s Method (pg.

38) on a fine uniform mesh with N =16384 for e =276,2-8 210 2-12 apnd 2-14_ |

Plot of the numerical solutions of (.%;) with the problem data (5.4.1), solved ex-
actly using the numerical method ((ﬂEN), (5.3.1), (5.4.2)), over x; € [0.588,0.626]
fordN=d,dN ~d—0.50 and dN ~ d — o where ¢ =103 and N =64 including

superimpositions of fine mesh locations. ... ...........................

viii

39

43

47

50

56

57



5.2

5.3

5.4

5.5

6.1

6.2

6.3

6.4

6.5

Contour plot of the computed error E€1024(x,-, tj) (as defined in (5.4.12))

over (x;, ;) € [0,1] x [0, 1], computed using the numerical method 5.2, with the
problem data, including ¢, as in (5.4.11), withd =0.6and e =2"15. . . . ... ... .. 116
Contour plot of the computed error E€1°24(x,-, tj) (as defined in (5.4.12))

over (x;, tj) € [d —9¢,d +9¢] x [0, 1], computed using the numerical method 5.2,

with the problem data, including g, as in (5.4.11), withd =0.6 and e =2715. . ... 116
Contour plot of the computed error E€1024(x,-, tj) (as defined in (5.4.12))

over (x;, ;) € [0,1] x [0, 1], computed using the numerical method 5.2, with the
problem data (5.4.11), except with g as in (5.4.13), withd =0.6 and e =2715. . . .. 117
Contour plot of the computed error E}%%4(x;, t;) (as defined in (5.4.12))

over (x;, tj) € [d —9¢,d +9¢] x [0, 1], computed using the numerical method 5.2,

with the problem data (5.4.11), except with g as in (5.4.13), with d = 0.6 and

Plot of the numerical solution of ((_#), (6.2.1)), with the problem data as in

(6.3.1), computed using the numerical method (( j’gN), (6.2.2)), under the reverse

of transform & (defined in (6.2.9)), fore=2"and N=M=64. ............. 125
Plot of ¢ versus S™/2 where SM/2 is the solution of the Runge-Kutta scheme

(6.2.6) with the problem data (6.3.1) and a plot of ¢ versus s*(¢) (where s*(¢) is

the associated “smoothed” continuous function defined in (6.2.8)) for M = 1024

OVET L E [0, T vttt e e e e e e e e e 125
Black-dot plots of the numerical approximations generated by the Numerical
Scheme 4.1 and coloured plots of the numerical approximations generated by
((jfEN), (6.2.3), (6.2.10), (6.2.2)) at the final time values T = 1,2,3,...,20 using

M = NT time mesh intervals, where all approximations are computed using the
problem data (6.3.3) and (a) N =32 and (b) N =64 space mesh intervals. ...... 128
Black-dot plots of the numerical approximations generated by the Numerical
Scheme 4.1 and coloured plots of the numerical approximations generated by
((jEN), (6.2.3), (6.2.10), (6.2.2)) at the final time values T = 1,2,3,...,20 using

M = NT time mesh intervals, where all approximations are computed using the
problem data (6.3.3) and (c) N =128 and (d) N =256 space mesh intervals.. . . .. 129
Black-dot plots of the numerical approximations generated by the Numerical
Scheme 4.1 and coloured plots of the numerical approximations generated by
((jgN), (6.2.3), (6.2.10), (6.2.2)) at the final time values T = 1,2,3,...,20 using

M = NT time mesh intervals, where all approximations are computed using the

problem data (6.3.3) and (c) N =512 and (d) N = 1024 space mesh intervals. . . . . 130



2.1

2.2

2.3

2.4

2.5

2.6

2.7

2.8

2.9

2.10

LIST OF TABLES

Computed rates of convergence RY and RN (as defined in (2.5.1)), measured
from the numerical solutions of (2.5.2), calculated using Newton’s Method (pg.
38)onthemesh (2.2.13),forn=1and n=2. . ... ... 40
Computed rates of convergence RY and RN (as defined in (2.5.1)), measured
from the numerical solutions of (2.5.2), calculated using Newton’s Method (pg.

38) onthemesh (2.2.13),forn=3andn=4. .. ... ... ... 41
Number of mesh intervals on [0, 1] used by MATLAB solvers to approximate the
SOIUtION 0 (2.5.2). . . o o o e 42
Computed rates of convergence Ré\’ and RY (as defined in (2.5.1)), measured
from the numerical solutions of (2.5.3), calculated using Newton’s Method (pg.

38) on the mesh (2.3.20), for ©4,(0)=2.05. . . . . . .o ittt e e 44
Computed differences DY and computed rates of convergence RY (as defined in
(2.5.1)), measured from the numerical solutions of (2.5.4), solved exactly using

the numerical method ((93;\’), (2.3.19)), foru.(0)=14+¢€. . ... ... 45
Number of mesh intervals on [0, 1] used by MATLAB solvers to approximate the
SOIULION 10 (2.5.4). . . o o i e 46
Computed rates of convergence RN and RY (as defined in (2.5.1)), measured
from the numerical solutions of (2.5.5), calculated using Newton’s Method (pg.

38) onthe mesh (2.3.20), for u.(0)=3.1.. . . . .. vt i 48
Computed rates of convergence RN and RY (as defined in (2.5.1)), measured
from the numerical solutions of (2.5.6), solved exactly using

the numerical method ((<€EN), (2.4.5)), for z(0) > g(0)and z(0)=g(0). ......... 49
Computed differences DY and DV (as defined in (2.6.8)), measured from the nu-
merical solutions of the combustion problem (2.6.3), calculated using Newton’s
method (pg. 38) onthemesh (2.6.6b). ....... ... . ... .. ... ... .. . ... 54
Computed rates RY and R (as defined in (2.6.8)), measured from the numerical
solutions of the combustion problem (2.6.3), calculated using Newton’s method

(pg. 38) onthemesh (2.6.6b). . ....... ... .. 55



2.11 Computed rates Ré\l and RY (as defined in (2.6.8)), measured from the numerical

3.1

3.2

4.1

5.1

5.2

5.3

5.4

6.1

solutions of the (2.6.10), calculated using Newton’s method (pg. 38) on the mesh

(2.6.6b) with the transition point  =ve* In(N). . . .. ..o iii i

Computed rates of convergence RY and RN (as defined in (3.4.4)), measured
from the numerical solutions of (%,) with the problem data (3.4.6), solved ex-
actly using the numerical method ((@é\’ ), (3.2.8)). oo
Computed rates of convergence RY and RN (as defined in (3.4.4)), measured
from the numerical solutions of (%,) with the problem data (3.4.7), approxi-

mated using the Numerical Scheme 3.1 (with Algorithm 3.1 and (3.4.5)). . ... ...

Computed rates of convergence RY and RY (as defined in (3.4.4)), measured
from the numerical solutions of the Numerical Scheme 4.1 using Algorithm 3.1

and (4.4.2) with the problem data (4.4.1). . .. .. ..ttt et

Approximate errors E éV (as defined in (5.4.3)) and computed rates of convergence
RY and RV (as defined in ((3.4.4), pg. 82)), measured from the numerical solu-
tions of (%) with the problem data (5.4.1), solved exactly using the numerical
method ((#N), (5.3.1), (5.4.2)) fordN =d,dN~d —-050 andd¥~d—o. .. ...
Maximum pointwise differences £V (as defined in (5.4.10)), between the Numer-
ical Solutions of ((.%), with convection coefficient a,), approximated by solv-
ing the Numerical Scheme ((JEN ), (6.3.1)) exactly and the Numerical Solutions of
((5.4.4), with convection coefficient @), approximated by solving the Numerical
Scheme 5.1 exactly, all with the problem data (5.4.9), where lim,jpa.=da. ... ...
Computed rates of convergence RéV and RY (as defined in (5.4.12)), measured
from the numerical solutions of the numerical method 5.2, with the problem
data, including g, asin (5.4.11). . . .. ittt e
Computed rates of convergence RéV and RY (as defined in (5.4.12)), measured
from the numerical solutions of the numerical method 5.2, with the problem

data (5.4.11) exceptwithgasin (5.4.13). ... ... .ttt

Computed rates of convergence RY and RN (as defined in (6.3.2)), measured
from the numerical solutions of ((_%),(6.2.1)) and (( jg),(G.Z.l)), with the prob-
lem data as in (6.3.1), approximated using the numerical methods

(ZM), (6.2.3), (6.2.2)) and ((jgN), (6.2.3), (6.2.10), (6.2.2)) respectively, for sam-

plevaluesof Nand e. ... ... i e

111

115

126



6.2 Computed global maximum point wise errors (as defined in (6.3.4)) calculated
from the numerical approximations generated by the Numerical Schemes 4.1
and ((j’sN), (6.2.3), (6.2.10), (6.2.2)) at the final time value T =5using M = NT
time mesh intervals, where all approximations are computed using the problem

data (6.3.3) and N =32,64,...space meshintervals. ...................... 127

Xii



LIST OF NOTATIONS

The following is a table of symbols used throughout the thesis. In general, continuous func-
tions are denoted by lower case letters, sometimes with the subscript ¢, and discrete mesh
functions are denoted by capital letters with the superscript N (the discretisation parameter)

and sometimes with the subscript €.

Ite Continuous Problem Discrete Problem
(“Qie)r (LdL)» ("‘Z{R)» (szgN)» (“Qi]{\l)r (Ld[{\])’

Problem Classes:

(Be), (Ce). (BN), (€N).
Solutions: Ugy Ve) Zey 21, 22, 23 Ué\’, YeN, Zé\’, Z{Vv Zév' Zév
Domain: Q av, oN
Regular Component: Ve, UL, UR, VL, VR N VN, uN
Layer Component: We, Wi, WR, WL, WR WEN, WLN, WRN
Linear Differential /Finite

Le, Ly, L* LN, LN, L+N
Difference Operator:
Problem Data: a, b, f, g q, F
Boundary Conditions: A, B, y0, 1

_ _ _ —N =N —N
Upper and Lower Solutions ~ u, %, y, ¥, 2, W. uN,u,u ,YN, vy

If ZV is any mesh function then ZV(x;) is the value of ZV at the meshpoint x;. We sometimes
use the shorter notation Z lN for ZN(x;). The following are the finite difference operators we use
throughout the thesis.
1
D*ZN(xi)= ———(ZN(xix1) = Z"(x)), D™ZN(x))=D*ZN(x;-1),
Xi+1 — X

2
627N (x;))= ——— (DT —D)ZN(x;).
Xi+1 — Xi-1

If f is a sufficiently smooth function then we use the following notation for the k-th derivative

and the maximum norm:

f(k) — d_kf
dxk

.+ 1flle = max| ()

Xiii



Sometimes we write || f|| when the domain (2 is obvious.

Generic or arbitrary positive constants independent of ¢ or N will be denoted by
c, C, C, C.

Throughout the thesis, we frequently assume that ¢ is sufficiently small and N is sufficiently
large. When we say this, we mean that if C; and C; are two positive constants, independent of

¢ and N, then we are assuming that
C1—Cy(e +N71) > 0.

We preserve the symbol x* as notation indicating Howes’ point as defined in (4.2.5) which is an

approximation to the location of an interior layer for convection diffusion problems.
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CHAPTER: 1

INTRODUCTION

1.1: BACKGROUND

Singularly perturbed differential equations are typically characterised by the presence of a

small parameter, denoted throughout the thesis by ¢, multiplying the highest derivative term
in the differential equation. This small parameter is referred to as the singular perturbation
parameter. The solution of any differential equation, if it exists, depends on the problem data.
Specifically, the magnitude of the derivatives of the solution of a singularly perturbed problem,
are inversely proportional to the singular perturbation parameter. As the perturbation param-
eter € becomes arbitrary small, the derivatives of the solution become arbitrary large. For this
reason, singularly perturbed differential equations are problematic to solve numerically. Sin-
gularly perturbed problems arise in numerous areas of engineering and science. For example,
they appear in such diverse areas as Mathematical Biology ([14]), Financial Mathematics ([3]
and references therein), Combustion Modelling and Control Theory ([13]) and Fluid Dynamics

([21]).

1.2: KEYISSUE IN NUMERICALLY SOLVING SINGULARLY PERTURBED

PROBLEMS

Let us consider a very simple linear singularly perturbed initial value problem. Find a function
Ve satisfying
(ey!+ay:)x)=0, x€(0,1], y:(0)=1, a>0, 0<e<l, (1.2.1)

where a is a constant. This problem is easily solved and it is unnecessary to approximate the
solution numerically. However it is a convenient problem for us to demonstrate the issues
raised by the presence of the singular perturbation parameter. The solution has the following
properties

k
elx) = e~/ yEE = (D e k=12, (1.2.2)
£



Observe the fact that
. e 1
¥:(0)=1 and ye(x)<e if x> aln (E) . (1.2.3)

From (1.2.3), we see that near the initial point, the solution is O(1) and outside a neighbourhood
of x = 0, the solution is O(g). Also, the derivatives are bounded outside a neighbourhood of
x =0. Thatis

1
yH@I<C if x>koIn-.
a £

Finally, we observe that

e SCN-U if x> gln(N), (1.2.4)

where N is a discretisation parameter. We say that there is an initial layer of width O(¢) in the

solution yg(x).

To numerically approximate the solution of (1.2.1), we use the following backward Eular finite

difference operator on a uniform mesh Q:

(D YN +a¥M)(x)=0, x€Q \{0}, YN(xo)=1, (1.2.5a)
—N . 1 .
Q ::{lh,h:— oszsN}, (1.2.5b)
N
D YN(xi)=(YN(x)) - YN (xi-))/hi,  hi=xi—xi-1=h. (1.2.5¢)

To find the difference between the numerical solution YsN and the solution y, at each mesh

point x; € 2V, (i.e. the pointwise error), we use the fact that at each mesh point x; > 0 we have
_ —N
eD"YN(x)+aYN(xi)=eyl(xi)+ aye(xi), x;€Q \{0}.
Hence, the error EY := YN — y, satisfies the discrete initial value problem:
_ _ —N
eD™E} (xi)+aEy (x))=e(y, —D7ye)x:), x; €2 \{0}, E}(0)=0. (1.2.6)

We refer to 7V := £(y/ — D~ y,) as the truncation error which is given by the explicit expression

1 Xi Xi
™N(x)=e(y,— D ye)(xi) = FJ f y/(s)dsdr.
t Xi—1 Yt

Using (1.2.2), we can bound the truncation error as follows

2 X 2 .
a—e“”i/sﬁ <tV(x) <€ %e‘“xi*/sﬁ. (1.2.7)
e &

To bound the error E é\’ , we can solve the discrete problem (1.2.6) exactly to find

i . i -1
Ef(xﬁ:Z%TN(xi)n(l—i-a%) . (1.2.8)



Using the bounds in (1.2.7) and the inequality 1 + ¢ < e, ¢ > 0 with the expression (1.2.8) we

have

a2 < hi? a? hi?
?Ze—(mxi/s) (?f) gEéV(xi)<?i1})%x(?j) . (1.2.9)
=1 <

In fact, it suffices to examine the error at the first internal mesh point x; to demonstrate a key
issue in numerically solving singularly perturbed problems. The error at the first mesh point x;

is bounded above and below by

a? h

—e L= < EN(x)) < ——. (1.2.10)
£ 2 ¢

Ideally, we would like these upper and lower bounds to tend to zero for increasing N (de-
creasing h). In particular, a necessary condition for convergence is that the lower bound in
(1.2.10) tends to zero as h — 0. At this stage, we have reached a key issue that manifests itself
throughout the error analysis associated with singularly perturbed problems - controlling the
magnitude of the quantity % i.e. the mesh spacing divided by the singular perturbation pa-
rameter. The only way the bounds in (1.2.10) will shrink for increasing N (decreasing h) is if
h/e = e~ N~! tends to zero. Hence, for the pointwise error to decrease (with increasing N) at
the first mesh point, we would need the magnitude of N~! to be smaller than ¢~!. For example,
suppose ¢ = 1076 and we required an error of magnitude 10~2. To guarantee this, we would
require N to have a magnitude of at least 108. That is, split [0, 1] into 10 subintervals. This
would be a highly impractical numerical method. Ideally the only factor in choosing the value
of the mesh parameter N should be the desired bound on the error and not the value of the

perturbation parameter.

There are two potential remedies to this issue:
1. Select a different finite difference operator; or

2. Select an alternative mesh to the uniform mesh.

1.3: LINEAR VERSUS NONLINEAR PROBLEMS

The simple problem (1.2.1) considered in §1.2 was of course linear. There is an extensive body
of literature existing for linear singularly perturbed problems [7],[29]. In general, nonlinear
problems are considerably more difficult to analyse than linear problems. We outline some

differences involved in analysing linear and nonlinear problems below.

To bound the solution of a linear problem, we typically use a maximum principle, which is rela-

tively easy to establish (e.g. see Th=3.2.1, pg. 62). The technique of using a maximum principle



is highly convenient, since finding a barrier function that satisfies the maximum principle gen-
erates an upper and lower bound on the solution (e.g. see (3.2.4), pg. 63). This is in stark con-
trast to bounding the solution of a nonlinear problem. To establish a maximum principle for a
nonlinear problem, we would require a bound on the solution to the problem itself. Hence the
technique of a maximum principle is not directly applicable to nonlinear problems. Instead,
we use the technique of upper and lower solutions ([16]), as demonstrated in Chapters 2 and 3.
We bound the solution of a nonlinear problem from above and below separately by construct-
ing an upper and lower solution respectively. Immediately, we have an extra step in bounding
solutions of nonlinear problems. Moreover, for a nonlinear problem, due to the nature of the
nonlinearity, it may be easy to construct an upper solution. However, this has no bearing on

the difficulty in constructing a lower solution or vice versa.

Establishing upper and lower bounds on a solution implies that a solution to the problem exists
but does not imply that the solution is unique. In the case of linear problems, as soon as a so-
lution is shown to exist, a relatively simple argument can be applied to prove uniqueness. That
is, suppose a solution to the differential equation L,y = g, y = g(x) on a boundary (2, exists,
where £, is any linear differential operator of any order. If v; and v, are two particular solutions
then Av = v; — v, satisfies L,(Av) =0, Av =0 on €. Hence Av = 0 and thus the solution is
unique. This simple argument cannot be directly applied in the case of nonlinear problems. In

general, proving uniqueness of a solution to a nonlinear problem is not a straightforward task.

Another difference in the numerical analysis between linear and nonlinear problems is the ef-
fect of the initial\boundary conditions. In general, the boundary conditions of a linear problem
have no effect or influence on the existence of a solution. This can be demonstrated easily us-
ing a maximum principle. However, that is not the case with nonlinear problems. The nature
of the nonlinearity may mean we can only establish existence of a solution for a restricted set
of boundary conditions. Additional restrictions can also arise in the analysis, due to the need

for sharp upper and lower solutions, as we will see in Chapter 3.

In general, once a maximum principle and a sufficiently sharp barrier function has been estab-
lished to bound the solution of a linear problem, they can be ultimately used to bound the error
between the numerical solution and the continuous solution. In a sense, a sharp barrier func-
tion can be recycled throughout the analysis. Later in §1.5, we discuss boundary and interior
layers. However, to obtain information about the character of the solution within the layers,
we split the solution into the sum of two components - a regular component and a layer com-

ponent. Thus for a linear problem, the two components satisfy an analogous linear problem,



for which a suitably sharp barrier function established to bound the solution of the problem,
can be re-used to bound the regular and layer components. This is not the case with nonlinear
problems where novel upper and lower solutions must be constructed to bound the regular
and layer components. Each of these components may satisfy a nonlinear equation not en-

countered previously in the analysis of their sum.

A further difference between using a maximum principle for a linear problem and using upper
and lower solutions for a nonlinear problem is that a barrier function is explicitly constructed
to bound the solution of the linear problem. This is in contrast to a nonlinear problem where
an upper or lower solution may be difficult or impossible to construct. Instead a solution to an
alternative problem is proven to be an upper or lower solution. The solution to this alterna-
tive problem is then bounded using upper and lower solutions. This then provides an upper or
lower bound for the solution of the main problem under consideration. An example of this will

be seen in Chapter 3.

These examples are differences that arise in the analysis of the continuous problem. When
we begin to analyse the discrete problem, all these differences manifest themselves again in a
discrete manner, i.e., discrete maximum principle versus discrete upper and lower solutions,

uniqueness of a solution to a discrete linear scheme versus a discrete nonlinear scheme etc.

In conclusion, wide classes of linear problems can be studied using the same analytical tech-
niques. However, for nonlinear problems, due to the particular nonlinearity and due to the
boundary conditions and\or problem data, a generalised approach is not available and classes

of nonlinear problems are studied on a case-by-case basis.

Note that we are mainly concerned with nonlinear problems in this thesis.

Further note that when we present and analyse a finite difference scheme for a nonlinear prob-
lem, the finite difference scheme itself is nonlinear and thus cannot be explicitly solved. This
is in contrast to a linear finite difference scheme. To solve a nonlinear finite difference scheme,
we may use a variety of methods. In this thesis we use Newton’s Method, solving the scheme
exactly where possible (e.g. a quadratic nonlinearity) and the Continuation Method. We will

describe these methods in more detail as they appear in the thesis.



1.4: PARAMETER UNIFORM CONVERGENCE AND FITTED METHODS

To formalise the idea in §1.2 of choosing the mesh parameter N solely for the desired error

bound and not based on the singular perturbation parameter, we cite the following definition.

Definition 1.4.1. (/20, pg. 12]) Consider a family of mathematical problems family parametrised
by a singular perturbation parameter ¢, where ¢ lies in the semi-open interval 0 < ¢ < 1. Assume
that each problem in the family has a unique solution denoted by u., defined on the interval Q,
and that each u, is approximated by a sequence of numerical solutions {(UN, ﬁN)}?vozl where
UN is defined on the mesh Q" and N is a discretisation parameter. Let U, denote the piecewise
linear interpolant overl" of the discrete solution UN . Then, the numerical solutions UN are said
to converge € -uniformly to the exact solution u., if there exist a positive integer Ny, and positive

numbers C and p, where Ny, C and p are all independent of N and ¢, such that for all N = Ny

sup Ill_fiV —UellgSCN™P (1.4.1)

0<e<l
Here p is called € -uniform rate of convergence and C is called the € -uniform error constant.
Note that Def = 1.4.1 is a slightly modified version of the orginal ([20, pg. 12]) whereby we
require a bound on the globally defined quantity IIﬁiv — Ug|l of the form (1.4.1) as opposed
to on the pointwise defined quantity IIUéV — ugllﬁzv of the same form required in the original

definition.

Remark: The ¢ -uniform error constant referred to in Def * 1.4.1, in general, depends on the prob-
lem data in the problem class. Through careful analysis, this constant could be determined ex-
plicitly for any of the problems looked at in this thesis. However, we do not examine this issue in

this thesis.

We always aim to establish parameter-uniform convergence for any proposed numerical
method. However, this may not be possible for certain classes of singularly perturbed prob-

lems, as we will see in Chapter 2.

Returning to the Temedies’ mentioned in §1.2, we mentioned altering the finite difference op-
erator. Fitted operator methods (where a mesh function, referred to as a ‘fitting factor’, is in-
cluded into the finite difference operator) have been used with success for some linear prob-
lems [29]. However, this method is not appropriate for nonlinear problems. In [9], the authors
show that it is impossible to find a frozen (constant) fitting factor to generate a parameter-

uniform numerical method for the following class of nonlinear problems:

eu”(x)=b(u(x)u(x)=0, x<€(0,1), u(0)=1, u(0)=0, (1.4.2a)

b(u(x))=p>0, x<l0,1], (1.4.2b)



if one uses a uniform mesh. For these reasons, we choose the other remedy mentioned earlier
- altering the mesh. We refer to such methods as fitted mesh or layer-adapted mesh meth-
ods. A popular option is the relatively recent Shishkin mesh method [30]. A Shishkin mesh
consists of fine and coarse uniform meshes. The fine meshes are located in the layer regions
and the coarse meshes outside. The fine and coarse meshes are joined at appropriately chosen
transition points. These transition points are chosen analytically before the mesh is explicitly

defined.

We quickly illustrate how a Shishkin mesh is a convenient remedy to the issue raised in §1.2. We
choose the transition point o = ¢ In(N) based on the inequality (1.2.4). In essence, this means
the boundary layer function is negligible beyond the transition point o for sufficiently large N.

The Shishkin mesh is then defined as

_2(1-0) N

— 20 1l ¢
QN= x,~|x,~=—,0$i<ﬁ,xi , > <i<N}, o=min{—-,—In(N)¢,
N 2 N 2 2 o

whereby we place half of the N mesh intervals within the boundary layer at x = 0 and the
transition point o (the fine mesh). The remaining mesh intervals are located outside the layer
in the interval [0, 1] (the coarse mesh). The error (1.2.9) is then bounded on the fine mesh
x; €[0,0]N Qé\’ , for sufficiently small ¢, as
BN < Y (131n(N))2 — NUIn(V)P, x; € lxo,xyl
2 2\aN 2
To bound the error on the coarse mesh x; € [0,1]N QJEV , we can solve and bound the discrete

solution of (1.2.5) on the fine mesh exactly as

(Z]’li

—1 N
0<YN(x;)<1, 0<i<N, IQN(xi)=(1+T) <27l 0<i<T,

and hence from (1.2.5) we have YsN (xi41) < YsN (x;). Thus for all x; on the coarse mesh area
(o,1], we have

I = ye)x)l S I (0)l +1ye(0) <3NTY, xi€ [, 1].

We can continue the argument to finally establish the corresponding parameter-uniform global
error bound

N _
1Y, = Yellio,) < CN™'(In(N)Y,

SN, . .
where Y is the linear interpolant of YV.

Again, this was a very basic linear example just to illustrate difficulties appearing due to the
presence of the singular perturbation parameter. An alternative fitted mesh method was orig-

inally proposed by Bakhvalov in [2]. Like Shishkin’s mesh, it is comprised of fine and coarse



parts. The suitable transition point is not as easily determined though as it may be described
as the solution of a nonlinear equation (see [7, §3.1], [29, §2.4.1] for more details). In general,
the construction and the discrete analysis pertaining to a Shishkin mesh is simpler than that

for a Bakhvalov-type mesh.

Our modus operandi when analysing the various classes of problems considered in this the-
sis will be establishing parameter-uniform convergence of numerical methods using Shishkin

meshes as a layer-adaptive mesh method.

1.5: BOUNDARY AND INTERIOR LAYERS

For a singularly perturbed problem, if a layer appears at an end-point of the domain, then it
is called a boundary layer. As mentioned in §1.3, to perform the numerical analysis, we split
the solution of a problem into two components - a regular component and a layer component
- for which their sum satisfies the problem under consideration. The location of the layer and
the layer width is determined from tight bounds on the layer component of the solution. This
information can suggest a suitable choice for the transition point(s) for the Shishkin mesh. For
a boundary layer problem, since the layer location is known, there is no ambiguity as to where
to locate the fine mesh. However, for an interior layer problem, the solution exhibits a layer not
at the boundary, but somewhere in the interior of the problem interval, at a location that may
be unknown. In the linear case e.g. a linear turning point problem, it is a known co-efficient in
the problem that generates the interior layer and thus the location can be deduced from this
co-efficient. However, in the nonlinear case, estimating the location of the interior layer is a
difficult task. The interior layer location is crucial as this is where we would centre a fine mesh

in the numerical method.

1.6: NONLINEAR SINGULARLY PERTURBED CONVECTION-DIFFUSION
INTERIOR LAYER PROBLEM
A particular problem class of interest in this thesis is a class of nonlinear singularly perturbed
interior layer problems of convection-diffusion type (second order problem with a first deriva-

tive term present). Namely, problems with the fundamental form of a Burgers’ type equation

with an interior layer;
ey’ —yy' =by=q, bx)20, x€(0,1), y(0)>0>y(1). (1.6.1)

In general, the exact location of the interior layer is unknown. In [12], Howes establishes an

explicit point in the domain [0, 1] where an interior layer of width O(¢) occurs. We aim in this



thesis to examine parameter uniform convergence of numerical approximations generated on
a Shishkin mesh centred at this Howes point. A further issue in the numerical approximation
of (1.6.1) is the choice of finite difference operator. In [27], Osher presents a finite difference
operator to numerically solve (1.6.1) and establishes the stability of the scheme but no error
estimate is given. In [19], Lorenz shows that the Osher scheme for ¢ = 0 generates first order
approximations to the discontinuous limiting solution consisting of the left and right reduced
solutions joined at the Howes point. Note the first order approximations hold true except for
at most two mesh points around the Howes point. Collectively, this is ample motivation to ap-
proximate the solution of (1.6.1) using an Osher’s type finite difference operator on a Shishkin
mesh centred at the Howes point. An obstacle is that it has not been established if the Howes
point is a root of the solution y of (1.6.1). We believe that this unknown root is the optimal

location to centre a Shishkin mesh.

In [31], Shishkin considers (1.6.1) and presents an approximation to the interior layer location
that equates to Howes’ point. He presents a numerical method based on approximating the
solution to (1.6.1) with boundary turning point problems defined to the left and right of his
approximation. Furthermore, in [32], Shishkin presents a technical algorithm to numerically
solve a class of time dependent interior layer problems that includes a time dependent version
of problem (1.6.1). The algorithm outlined in [32] is cumbersome to implement. We describe
in detail and implement this algorithm in Chapter 6. Both algorithms ([31] and [32]) are not
immediately parameter uniform in areas around the approximations of the interior layer. We

will describe this in more detail in Chapter 6.

We note in passing that Kopteva has examined nonlinear singularly perturbed problems with
interior layers (e.g. [15]). However, the interior layer problems in [15] are of reaction-diffusion

type. This thesis will not examine nonlinear reaction-diffusion problems.



1.7: OUTLINE OF THESIS

This thesis examines a set of problem classes related to the problem class (1.6.1). For all
problem classes analysed, we conduct numerical experiments to demonstrate the convergence

rates established theoretically.

Chapter 2

We examine a set of nonlinear initial value problems which include;
ey’ +y"=f(x), y(0)=4, x€(0,1]. (1.7.1)

We show that the layer widths depend on the value of n, widening for larger n. This influences
the choice of transition point for the Shishkin mesh. We then examine the following class of

nonlinear initial value problems

ey’ =k(x,y)=ax)y — gy — g% y0)=4, x€(0,1],

a(x)<-a<0, g #g.

We consider either g; or g» as stable reduced solutions. Their respective multiplicities of 1 and

a"k

2 correspond to the values n =1, n =2 in (1.7.1). We consider ay

> 0 in regions around the
stable reduced solution. We see that in this case, the layer widths again widen with increasing
n. To bound the solution in this case, sharp upper and lower solutions are required and restric-

tions are placed on the behaviour of the surrounding unstable reduced solutions.

Moreover we examine the case where the initial condition is within & of an unstable reduced
solution. In this case, the solution exhibits a ‘delayed layer’. In [13, pg. 69], O’'Malley examines
a similar problem with the same type of initial condition. However, due to the nonlinearity, the

‘delayed layer’ effect is exacerbated in [13] and the solution exhibits an interior layer.

Finally, we examine the classical Dahlquist knee problem [13, pg. 46]. This is a classical prob-
lem that highlights some of the failings of standard mathematical software packages in solving
singularly perturbed problems. There are intersecting reduced solutions which cause a switch
in stability between these reduced solutions. We will show there exists a weak layer in the solu-

tion at the point of intersection of the reduced solutions that requires the use of a fine mesh.

The main results in this chapter appear in [25].
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Chapter 3

We examine a linear boundary turning-point problem of the form

(ey"+aey' ~by)x)=q(x), x<€(0,1), y(0)=0, y(1)>0, (1.7.22)

b(x)=0, a.(x)~C(l—e @), (1.7.2b)

Note that the convection co-efficient exponentially approaches zero at the boundary x = 0.
This problem acts as a model for the corresponding nonlinear boundary turning-point prob-

lem:
(eu”+uu' —bu)x)=q(x), bx)>0, x€(0,1), u(0)=0, u(1)>0.

The convection co-efficient is the solution u itself, which is zero at the boundary point x = 0.

The solution u is shown to have the same character as the co-efficient a. in (1.7.2).
Note, the main contents of this chapter have appeared in [24].
Chapter 4

We utilise the results from Chapter 3 to investigate if nonlinear interior layer problems, having
the fundamental structure (1.6.1) and with certain restrictions placed on the boundary con-
ditions, can be suitably approximated with a left and right boundary turning point problem
joined’ together at some point. It transpires that this interface point is required to be within a
fine mesh point of the unknown root of the solution. Since our only approximation to the layer
location, as far as this author knows, is the Howes point [12], this numerical method may not
be valuable. The results from this chapter indicate that an interior layer problem is not akin to

solving two boundary turning point problems.
Note, the main contents of this chapter have been published in [23].
Chapter 5

As in Chapter 3, we consider a linear interior layer problem to act as a model for the corre-
sponding nonlinear interior layer problem. The problem we consider is;
(eu”+au’—bu)x)=q(x), x<(0,1), u(0)>0>u(1),

b(x) >0, |a(x)|2Ctanh(%|x—d|), de(o,1).
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The convection co-efficient has an interior turning point of exponential form and the solution
exhibits an interior layer at x = d. A similar problem, in which the convection co-efficient
is discontinuous and changing sign in the interior was examined in [8]. However, we study
the above problem as it is a more suitable model for the corresponding nonlinear problem in
which the convection co-efficient is continuous. Furthermore, the ‘optimal’ point to centre a
fine Shishkin mesh is the point where the linear convection co-efficient vanishes. We investi-
gate how far away from this point we can centre the fine mesh and maintain parameter uniform
convergence. The results are encouraging. It transpires that a practical and reasonable distance
of O(¢) suffices. This does not mean that that the same result will apply to the corresponding
nonlinear problem. However it is further motivation in centring a fine mesh at the Howes point

when seeking an approximation to (1.6.1).

Note, the main contents of this chapter have appeared in [26].

Chapter 6

We experiment with the Shishkin algorithm outlined in [32]. The algorithm, as written, is some-
what vague and ambiguous in places. The user is left to decide on how to implement the
required theoretical steps. We propose certain choices in these cases and slight alternatives

purely so that the algorithm is implementable.

This chapter is purely computational. However, as far as the author knows, there is no equiva-
lent Howes’ point type approximation for a time-dependent interior layer problem. This chap-
ter demonstrates that such an approximation is computable. Furthermore, analysis in [32] may

assist in any of our future analysis of Burgers’-type problems.
The contents of this chapter have been submitted to the proceedings of the Fifth Conference

on Numerical Analysis and Applications, June 15-20, 2012, Lozenetz, Bulgaria, (to appear in

Lecture Notes in Computer Science, Springer).
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CHAPTER: 2

NONLINEAR INITIAL VALUE PROBLEMS

2.1: INTRODUCTION

In this chapter we study several classes of singularly perturbed nonlinear initial value problems.

We start in §2.2, by considering the singularly perturbed initial value problem

Ey/ = f(x»_)/), y(o) given,

with a restriction placed on the y-derivatives of f and on the initial condition. We will see that
under this restriction on the nonlinearity, the character of the problem is close in nature to the
singularly perturbed nonlinear problem ¢y’ +y" =0, n € N, y(0) > 0. We perform a careful
analysis of the truncation error to establish an error bound on numerical approximations of

the form (1.4.1) with p =1/n.

In §2.3, we consider an extension of the problem class studied in [22], the Riccati problem:

eu'+a(u®—-g¥H=0, x>0, u(0)+y>0,

a,geC0,1], a(x)>a>0, gx)>y>0, x>0.

In this chapter, the constraint ©(0)+y > 0 from [22], which limits how close the initial condition
can be to the unstable root — g(x), is relaxed to ©(0)+g(0) > 0. This allows initial conditions u(0)
to be close to —g(0) and allows —g’(x) > 0. Furthermore, we study the cases where the stable
root has multiplicity two and the initial condition is arbitrary close to an unstable reduced
solution. The following problem class is examined:

p
su’(x)—i—a(x)n(u(x)—gj(x))=0, gilx)<gjlx) if i<j,
j=1

p
eu’(x)-i—a(x)l_[(u(x)—gj(x))z:0, gilx)<gjlx) if i<j.
j=1

The conditions on the initial condition u#(0) for a stable initial layer to form are identified. We

construct upper and lower solutions which indicate that the character of a stable initial layer
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function in the vicinity of a double root of the reduced problem is different to the standard
layer structures appearing in the neighbourhood of a single root. Note that our main aim in
this chapter is to establish parameter uniform convergence for any stated initial value prob-
lem class; however, such a bound is not established in the case where the initial condition is
arbitrary close (within ¢) to an unstable reduced solution. In this case, we present a parameter
explicit error bound and present results of numerical experiments which confirm the parame-

ter explicit bound.

In §2.4, we present results for the problem

ez'(x)+a(x)(z(x)— B)(z(x)— g(x))=0, B constant,

g'(x)<0, xe€[0,1], gld)=pB, de(0,1),
where a layer arises in the vicinity of the point where the two reduced solutions , g(x) inter-

sect.

In §2.5, we present results of numerical experiments to test the adequacy of the parameter
uniform bounds established in earlier sections. We also present results from using some in-
built MATLAB functions to solve initial value problems when applied to our sample problems.
These results display the inadequacy of employing standard packages to solve singularly per-

turbed problems.

In §2.6, we casually discuss two nonlinear problems that are similar to, but not contained

within the classes of problems studied in the previous sections of this chapter.

2.2: A GENERAL NONLINEAR INITIAL VALUE PROBLEM

2.2.1 The Continuous Problem
Consider the nonlinear singularly perturbed initial value problem: find y, € C'(£2) such that
3y;(x):f(xy,)/e(x)), er:: (071]; yé‘(o):Ar (Vds)

where the data f and A satisfy Assumption 2.2.1 set out below.

2.2.1.1 Reduced Solutions
For the problem (.</;), a reduced solution is a solution 7 of the zero order equation
flx,7(x))=0, xeQ.
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A reduced solution 7, is stable on the interval (a1, b1) C 2 if it satisfies fy(x,71(x)) <0,V x €
(a1,b1). If on the interval (b1, c1) C €, another reduced solution 7, is stable where 71(b1) =
72(b1), then we may refer to the changeover of 7, to 7 satisfying f), < 0 as a switch in stability
from 7, to 7> at x = b. Moreover a reduced solution 73 is stable from above if f,(x,3(x)) =0,
fyy(x,73(x)) < 0 and fé(x) <0, x € Q. Furthermore a reduced solution 7, is stable from below
if f(x,74(x)) =0, fyy(x,F4(x)) = 0 and F:l(x) =0, x € Q. A similar definition of stability can be

constructed for a reduced solution 75 satisfying 8/ f /0 yJ(x, 75(x))=0,V j < n for n > 2.

Assumption 2.2.1. Assume f € C"[S5(r),R] for n > 1 and that there exists r € C'[Q, R] such that

af .
—(x,r(x))=0 V 0<j<n, xeq, (2.2.1a)
oyl

onf

ayn(x,y)g—m<0, m>0, (x,y)eSs(r), (2.2.1b)
forn=2: A>r(0) and r'(x)<0, (2.2.1¢c)

where

Ss(r):={x,y)|x€Q, (r—o))x)<y<(r+0o62)x)}

ifn=1,61(x)>min{0,(A — r(0))e~"*/¢} and 6,(x) > max{0,(A — r(0))e~m*/};
ifn=2,61(x)>0and&s(x)>(A—r(0)1+0,x/e)"/=D 0, <(A-r0)*1m(n-1)/n!
forallx €Q.

We will see below that (2.2.1¢) is merely convenient when 7 is odd and is necessary when n
is even so that r acts as a lower solution. Furthermore, for n > 2, if A < r(0) and ' = 0 then
analogous results hold throughout when the inequalities in (2.2.1b) are reversed.

2.2.1.2 Existence and Uniqueness

For the problem (.¢/;), a function ye Cl[Q,R] is a lower solution of (.<7,) if
EJ_// <flx,y) for x€Q and y(0)<A.

An upper solution is defined analogously. We use the concept of lower and upper solutions to

prove existence of a solution to (.<7,) in the closed set S={(x, )| x €, Z(x) <t <yl

Theorem 2.2.1. ([16]) Let)_/,)_/ € C1[S5(r)] be lower and upper solutions of (.</:) such that)_/ <y
onQ and f € CO[S,R]. Then there exists a solution y, of (.</) such thatx(x) <y:(x)<y(x) on Q.

Theorem 2.2.2. Under Assumption 2.2.1 and for € sufficiently small, there exists a unique solu-

tiony, to (.</,) satisfying

(e = )X <IA=r(0)|+Ce"",  xeq.
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Proof. Using
1
f(x,a)—f(x,ﬁ)Z(a—/J’)j fy(x,B+tla—=p))dt, (2.2.2)
=0
we can show inductively V n €N that

oif
ayt

n—1
f(x,a)—f(x,/a’)—Z%(a—ﬁ)i (x,f)=(a-pB)"T(f;a B,n), where (2.2.3a)
i=1""

1 1 1 n n
an
‘I(f;a,/},n)::f tl”—lf ;2’1—2_,.f ay{:(x,/3+(oz—/5)| Itfl)l Idtn+1_j2. (2.2.3b)
0 f=0 I

= 2= n=0 J1=1 Jj2=1
If we define ¢ := y, —r then using (.</,), Assumption 2.2.1 and (2.2.3) we can show that ¢ satisfies

the problem
el!(x)—T(f;(L+7r)x), r(x),n)l(x)"=—er'(x), x€, £0)=A-r(0). (2.2.4)
Consider the solution to the problem
el (x)+ %(Z(x))” —el|, xeQ €0)=A—r(0). (2.2.5)

Using an expansion of (¢ — )+ )" and with R, := (%’Ilr’”s)%, we can express the equation in
(2.2.5) as

n-1
- _ 1 . .
el () + (T —R)'+ =Y ~("P)R" ([ - R} =0. (2.2.6)
n! n! 4 - it
i=
Consider the solution to the problem g’ +(m /n!)(y) — R:)" =0, y(0) = A — r(0) which is

Y(x)=(A—r(0)—R)e ™/ +R,, if n=1,

_ -1/(n-1)
I/J(x):(A—r(O)—RS)(l—i-(A—r(O)—Rg)”_lwg) YR, if n>2.

Since A—r(0) > 0 for n > 2 and supposing A—r(0)>0if n =1 (thecaseof n=1and A—r(0) <0
is proved analogously) then using (2.2.6) we can show, assuming ¢ is sufficiently small, that y
is an upper solution of (2.2.5). Then using Assumption 2.2.1 and (2.2.5) we can show that {isan
upper solution of (2.2.4). Also note that 0 (when n = 2) or —R, (when n = 1) is a lower solution
for (2.2.4). Hence the existence of ¢ is established, which in turn establishes the existence of

Ye=0+T.

Now suppose y; and y» are two solutions to (.</;). Noting that f € C![S5(r),R], then Ay :=y1—y»

is the solution of the problem

1
e(AyY = (Ay) J file,ya+tAy)dL, x€Q (Ay)0)=0.
t=0

Hence
X 1

(Ay)(x)=(Ay)(0)exp (f fy(s,uz+ t(Ay))dtds) =0.

=0J1=0
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Remark: Note that for all odd n, if we did not assume that r’ < 0 then —R, would be a lower
solution for (2.2.4).
2.2.1.3 Regular and Layer Components

Express the solution y, as the sum of two components v, and w,, where the regular component

v, is defined as the solution to the problem

evl = f(x,ve), XEQ, v:(0)=r(0). (2.2.7)
From Theorem 2.2.2, this problem has a unique solution v, satisfying

min {r(x)} < ve(x) < max{r(x)}, xe.

The unique layer component w, = y, — v, satisfies the problem

sz, _ (f(x’ys)_f(x; Ve)
Ve — Ve

) We, x €, we(0) = (¥ — v£)(0). (2.2.8)

Theorem 2.2.3. Under Assumption 2.2.1, if v. is the solution of (2.2.7) and w is the solution of

(2.2.8) then for sufficiently small ¢ we have

n' ., 1/n , C.,
lve —rll< | —IlIr'lle and  |lv ll<—IIr'll; (2.2.92)
m m
|we(x)| < |we(0)e™™/¢,  n=1; (2.2.9b)
m(n—1)x\ YD _
|we(x)| < |we(0)| (1+|w£(0)|"—1(T);) , n=2, xeq. (2.2.9¢)

Proof. If we define y := v, —r, then from the proof in Theorem 2.2.2 we have
n! 1/1’1 _
(ve —1)(x)| <R, = (Ellr’lls) , n=1, 0<(ve—1r)x)<R,, n=2, x€. (2.2.10)
Furthermore, using Assumption 2.2.1 and (2.2.3) we can show that

C
<7l
m

1 1 1
G0l = Z1f G, (4 200NN < e =il —

Using (2.2.3) we can expand the equation (2.2.8) for the layer component in the following way

ew! = f(x,ye) = f(xX,0e)=T(f3 Ve, Ve, W)W +Z (x vew!. 2.2.11)

i a i
Note that when n = 1 the summation term in (2.2.11) is zero. For n > 2 and i < n we can use

Assumption 2.2.1, (2.2.3) and (2.2.10) to show that

al l l a
af,s)— 9L (00 f, Z =92 e
y j= z+1 y
1 1 a f
=(U£_r)(n—i)f tln—i—l__f 3 - (x, r+(vg—r)l_[t]1 l_[dtn i1, 0. (22.12)
11=0 tp-i=0 Jj1=1 J2=1
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Hence if A — r(0) > 0 in the case of n =1, then for all n € N we can show that the solution w to
p— m —n __ J— _
ew +mw =0, w(0) = w,(0), x €N,

is an upper solution and that w =0 is a lower solution of (2.2.11). If n =1 with A—r(0) < 0 then
the layer component is bounded in the same manner. By explicitly solving for w, the bounds

in (2.2.9) follow. O

2.2.2 The Discrete Problem

Consider the discrete nonlinear problem: find a mesh function YV such that
eD YN(xi)=flxi, YN(xi),  x€Q,  YN0)=4, ()

where D~YN(x;) := hii(YeN(xi) —YN(xi-1)), hi = x; — x;_1. As illustrated in [7], when the layer
component is bounded by an £-dependent decaying exponential of the form e~9%/¢ then we
have e=0%/¢ < # if x = £ In N. This motivates the choice of g In N as a transition point between
a fine initial mesh and a coarse outer mesh. For n = 2, similarly we solve for w,(x) < 1/®(N), for

some positive function ® decreasing in N which we choose momentarily, and take a transition

point of the form m(”n'g_ 52NV )"~1. Define the mesh Q4 as follows

N 20 . . N 2(1-0)(. N N
QY =<xilxji=—1, 0<i<—, xj=0+——|i—— |, —<i<Ny, (2.2.13a)
n N 2 N 2 2
. [1 upnle 1
o ‘=min X L,(N){, wuri=1, ,un>m Vn=2, (2.2.13b)
where Lij(N):=InN and L,(N)=®&WN)"! =NV n=2. (2.2.13c)

We explain the motivation for this choice of ®(/N) in the following. Suppose o < %, when i < %
we require ke = O(N—'®(N)"1)— 0 as N — oo and when i > % we require 1/®(N) — 0 as
N — oo. If ®(N) is of the form &(N)= NP, p >0,thenp(n —1)—1<0 < p< ﬁ Thus a

choice of p = % suffices to guarantee convergence as N increases when ®(N) = NP.

The next theorem provides for the existence of a discrete solution via the existence of discrete
lower and upper solutions. The proof of this theorem is an obvious extension of the proof in

(22, pg. 377] to the problem (.</").

Theorem 2.2.4. Suppose there exists two mesh functions Y" and YN such that?N(O) = y:(0) =
YN©0), Y 2 YN andeD Y — f(x:,Y" )2 0= eD~ YN — f(x:, YN) on QN then there is a solution
YN to (/M) satisfying YN < YN <Y, xi eqQh.

For (./V), we establish the existence of a solution by bounding the discrete regular and layer

components in the decomposition YN = VN + WN. The discrete regular component V" is
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defined as the solution of
eD VN(x)=flx;, VN(xy),  x;€QY,  VN0)=wv.(0) (2.2.14)

The discrete layer component W is defined as the solution of

FCei, YN(xi)) = fxi, VN (x1))
YN (x;:)— VN(x;)

sD_I/VgN(x,-)z( )WeN(xi), xi €, WN0)=w,(0). (2.2.15)

We show the existence of a solution to (.</") in the following theorem.

Theorem 2.2.5. If VN and WN are the discrete solutions of (2.2.14) and (2.2.15) respectively
then the solution to (/") is unique and satisfies YN = VN + WXN. For sufficiently small ¢ and
sufficiently large N and u > 1 we have the following bounds

[l

(VN = r)(x:)l <
m

_ N nlllrl " N
e, n=1, OS(V; —r)(x;) < £ , =2, x€Q,. (2.2.16a)
m

IWN (x| < plwe(0)le™™ ¢+ CN7!, x;€QN, n=1, (2.2.16b)

we(O)"~ m(n—1) x;

un! €

—-1/(n-1)
|M/£~N(xi)|$|w.€(0)|(l+| ) +CNV" x;eQN, n>2. (2.2.160)

Proof. Define I'V := VN —r. As in the proof of Theorem 2.2.2 we can use discrete upper and
lower solutions to show that I'V exists and satisfies 0 <T'N(x;) < R, for n = 2 and |[IT'N(x;)| < R,

forn=1forall x; € QQ’, where R, = (n!||r’||e/m)V/".

As in the proof of Theorem 2.2.3, we expand the equation for the discrete layer component as

follows

n—1 :
B 10/f i
eD”WN () = T(f5 (VN + W), VNG, W ()" + ) Ty VW)
=17
(2.2.17)
Note that when n = 1 the summation term in (2.2.17) is zero. For n > 2 and i < n we can use

Assumption 2.2.1, (2.2.3) and (2.2.16a) to show that %(xi, VN)<o.

We first consider o < 1/2. If n =1, suppose that A — r(0) > 0 and consider the discrete function
—N i hi\™! ._N —N
W (x;):= wE(O)l—[ (1 + m?) 0<i<o, W (x0)=we0) (2.2.18)
j=1

We state a few useful inequalities that we use occasionally throughout the thesis:

£€[0,0.5]
—_——
-1/t <1 4 p <ol <1421 (2.2.19)
t>0
e Il <1 —r<e'<1—1/2, t€][0,0.5], (2.2.19b)

19



Using (2.2.19) for sufficiently small ¢ and sufficiently large N, we can show that WN(xi) <
pwe(0)e~™xi/¢ for i < N/2 for some y > 1. Then using Assumption 2.2.1 and (2.2.16a) we can
show, using upper and lower solutions, that 0 < WSN (x) < WN(xi) fori<N/2. Ati=N/2, us-
ing (2.2.13) with (2.2.18), we have WN((T) < CN~L. Thus we can show through upper and lower
solutions that 0 < WN(x,) CN-! for i > N/2. The proof of the case n =1 and A—r(0) <0

follows the same argument.

For n > 2, where we have w,(0) > 0, consider the function w such that
n—1 n—1 X - 1 n—1 e}
w(x)" =w.(0) 1+0; , 0= Wwe(o) (n—1m, u>1, xeq. (2.2.20)

Note that

0> w(x;)" ' —w(xi—1)" ' = —Chie ' w(xi-1)"",  x; €N\ {xo}.

Using (2.2.13) we have pw(x;)" ! — w(x;_1)" "' = 0 for i < N/2 for u > 1 and for sufficiently
large N. Clearly, we also have w(x;_1) > w(x;). Under Assumption 2.2.1, we have —’Z‘(f;(V;N +
w)(x;), ‘{gN(x,-), n) = m/n!. Using a factorisation of &” — " and using the notation w! = w(x;)"
we can show that

n—la)n—l

— 1-n O')i i—1
eD”w;+0w.(0) ok ok =0.
Zk Oa) l 1

Using (2.2.17) with the notation 7+ = —7(f;(V.N 4+ w)(x;), VN(x;), n) and using the inequalities

in the previous paragraph, we can show that
18/ wn—l a)n—l

f N 1- i i—1
eD wi+T w;" — E ——(xl,V (x))wil =T w;" — 0w, (0)' "
jroy! pI o“’n o,

o Qw0 m - _
Wi (T”wa 1—#60?_11 >le (Ha)in 1_wi—1n 1)20-

Thus w is an upper solution and since 0 is a lower solution we have 0 < WSN (x1) < w(x;) for

i < N/2. Ati = N/2, using (2.2.13) with (2.2.20), we have w(o) < CN~n. Thus we can show

through upper and lower solutions that 0 < WN(x;)< C “wfori>N /2.

The proof of the case o = 1/2 is analogous to the case 0 < 1/2 and i < N/2, where we use

(2.2.13) to show that h;e ! <CN-'L,(N),VO<i<Nforaln>1.

Therefore YV = VN 4+ WX exists and satisfies e D~ YN (x;) = f(x;, YN(x:)), x; € O, YN(0)=A
To prove uniqueness, suppose ;¥ and YV are two solutions of (/M) then (AY)N := vN-yN
satisfies e D~ (AY)N(x;) = fxi, Y,V (x:))— f(xi, ;¥ (7)), (AY)N(x0) = 0. Hence using Assumption

2.2.1 we have

0.

h (" !
(AN (x;)=(AY)N(xi-1) (1 - ?J fy(xi,(yzN + ;(AY)N)(xl-))
t=0
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We establish a bound on the error (YEN —¥¢)(x;) in the following theorem.

Theorem 2.2.6. Under Assumption 2.2.1, if y. is the solution to (.</.) and Y, is the piecewise
linear interpolation of Y, the solution to (.</), then for sufficiently small ¢ and sufficiently
large N we have

CN-llnN, n=1,

—N
1Y, —yelloa) <
CN-1/n, n=2.

Proof. Consider o < 1/2. We first bound the truncation error for i < N/2. That is,
Xi
™N(x) =Dy, —y))(xi) = h_lf eyl(t)—eyl(x)dt, h:=x;—xi_1, i<NJ/2.
Xi-1

Using (2.2.3), forany 0 < t < x we have

F(x,ye(8)) = f(x, ye(x)) (2.2.21a)

-1
=Zl, S (0, Ve (e () = ()Y + T(f5 e (1), ye(x), m)(ve(1) = ye(x))". (2.2.21b)

Note that when n = 1 the summation termin (2.2.21) is zero. For n > 2, we can show in the same
manner as (2.2.12) that (x Ve(x)) <0, j < n. Using Assumption 2.2.1, (2.2.3) and Theorem

2.2.3 we have
ey (x)= f(x,y(x)) = (y(x) = r(x)" T (f;ye, 1, n) <O0.

That is y/ < 0 and ||y/|| < Ce~!. Using Assumption 2.2.1 we have T (f;y(t),ye(x),n) < —m/n!.

Using these inequalities we can bound the truncation error for all n €N as follows

n—1 i
1|0/ .
—C| h+ E ﬁ‘a—y];(xi,ys(xi)) hie 7 +n"e " | <tV(x;)<Ch. (2.2.22)

j=1

Forallm eN, x; € QN and for any o < 1/2 we can bound the truncation error for the regular

component using &|(D~ v, — v/)(x;)| < Cmaxh; < CN—1L,

Now we bound the error EN := YN — y, for i < N/2. At all mesh points x; € 2, from (.</;) and

(.«/N), we have
eD™YN(xy)—eyl(xi)= flxi, YN (x0)) — fxi, yelxi)).
Using expansions as before, we see that the error EV satisfies

o1f

(eD™EN +1N)(x)=T(f; YN (x1), ye(x:), n)EN (x;)" +Z 1oy

T (xn,ye () EN (Y, EN(0)=0.

(2.2.23)
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For n = 2, recalling that %’;(xi,yg(xi)) < 0 and using (2.2.22) we can show that FN(xi) =

Che~1(1+ x;) is an upper solution of (2.2.23).

Writing
eD”YN(xi) = eyl(x:) = —(f(xi, ye(x:)) — f(xi, YN (x:))),

expanding (f(x;,ye(x;)) — f(x;, YV(x;))) and using Theorem 2.2.5 to show that

ar
dy/

n =1 we can similarly show that | EN(x;)| < Che~! for i < N/2. Therefore, V n€Nand i < N/2,

(x4, Y;N (xi)) <0, j < n, we can rewrite (2.2.23) and show that —FN is a lower solution. For
we have [(YY — y.)(x;)| < Che ! <CN1L,(N).

We now bound the error E for i > N/2. First we bound the error EYY := VN — v, for all x; € QlY
and for all o < 1/2. As with the error EV, and using the notation Tfl}’(xi) =e(D™ve — v])(x;), we

can show that EXY satisfies

n—1 ;
(eD™EN +tN)(x) = T(f; VN (x:), ve(xi), n)EN (x)" +Z %Z;yj;(xi, ve(x)EN(x;), EN(0)=0.
= (2.2.24)

As before, for all n > 2 we can show that %J;(x, ve(x;))<0and %}J;(x, VEN(xi)) <0, j < n. Hence,
for all n € N we can establish that EVN f = +(n!/m||7,||)/" are upper and lower solutions re-
spectfully. Thus V n € N we have [(VN — v,)(x;)| < CN~#, x; €N, 0 <1/2. Thus using (2.2.13)

and Theorems 2.2.3 and 2.2.5, for i = N/2 we have that
(VY =y ) ) S IV = ve) )l HIWN = we)(x)l < CN™Y™ + WV (x)| + [we (i) < CN Y™

The proof of the case o = 1/2 is analogous to the case o < 1/2 and i < N/2, where we note
that he=! < CN~'L,(N), for all n > 1. The global error bound can be established in the same

manner as in [22, pg. 381]. O

2.3: A PARTICULAR CLASS OF NONLINEAR PROBLEMS

2.3.1 The Continuous Problem

Consider the following nonlinear singularly perturbed initial value problem: find u, € C'(2)

such that
p
eul =k(x,us(x)):= —a(x)]_[(ue(x)—gj(x))”f, x€N:=(0,1], u,(0)=A4,
j=1
nieN, acCQR], g e<€C'QR], 7 :=ming;(x) 7;:=maxg;(x), 1<i<p, (B
—1 xeN xeN

gilx)<gix), 1<i<j<p, alx)za>0, xef
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Note that the inequality g;(x) < g;(x) above is strict, implying that the reduced solutions are

all distinct.

2.3.1.1 Stability of the Reduced Solutions

From §2.2.1.1, each function g; in (93,) is a reduced solution. Suppose the given initial condi-

tion satisfies g4(0) < u.(0) < g4+1(0) for some g €1{1,2,..., p — 1}, then note the following:

() If Z?: g+1 1 is even then we only examine the cases of either (a) ny; =1 or (b) n; =2 and

g; <0on|[0,1].

)1 Zf: g1 is odd then we only examine the cases of either (a) n44+1 =1 or (b) n44+1 =2 and

g;H >0on|[0,1].

(3) Furthermore, if ©,.(0) < g1(0) then we only consider Z?Zl n; odd and the cases (a) n; =1 or
(b) ny =2 and gi = 0. On the other hand, if u.(0) > g,(0) then we only consider the cases (a)

np=1or(b)n,=2and g}, <0.

These restrictions are used to show that g, in case (1), g4+1 in case (2) or g or g, in case (3)
are stable, all according to the discussion in §2.2.1.1. Hence, for any u.(0), there is a reduced
solution gs, 1 < s < p, that satisfies one of the stability definitions. To ease notation, we refer
to this g as the stable reduced solution of (2,) associated with u.(0) but we explicitly state the

value of ns and the sign of g/ when required. It follows that:

p
If ng =1 then Z n; is even. (2.3.1a)
j=s+1
p
If ng =2 and g; is stable from above then Z nj is even. (2.3.1b)
Jj=s+1
p
If ns =2 and g; is stable from below then Z njis odd. (2.3.1¢)
Jj=s+1

In the case of n; = 1, we consider both the initial condition bounded away from an unstable
reduced solution and the initial condition arbitrary close to an unstable reduced solution i.e.
(@) u.(0)= gs-1(0)+ Ae or (b) u.(0) = gs+1(0)— Ae, A > 0. In such cases, we pose the following

restrictions

If u.(0)= gs—1(0)+ Ae then g; is a constant function, g;—1(0)=7,_; and ns_1 =1. (2.3.2a)

If uc(0)= gs+1(0) — Ae then g, is a constant function, gs;(0) =Y and ngy1=1. (2.3.2b)
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2.3.1.2 Existence and Uniqueness

Since k € C1(2), uniqueness is established by Theorem 2.2.2. Referring to §2.2.1.2, we establish
the existence of a solution to (23;) by the construction of lower and upper solutions. In Theo-
rem 2.3.1, we establish the existence of a solution when the initial condition is sufficiently close
to the stable reduced solution. In Theorem 2.3.2, existence is established for initial conditions

which are not sufficiently close to the stable reduced solution.

We introduce two parameters u and , independent of ¢, with 0 < u, i < 1. Define the constants

A=Y +ply —Teo), s>1 0 A =y, B, —Td s<p (2.3.3)

where particular choices for u and y are taken in the proof of Theorem 2.3.4 below. Since
gi<gj,1<i<j<pin(%)andfromtheboundson yuand y, the strictinequality for1 <s <p
follows

gs-1(x) <A, < gs(x) <Zs <gs+1(x), x€l0,1]. (2.3.4)
The following theorem considers A, < u.(0) < A, 1 <s < p or the equivalent for s =1, p.

Theorem 2.3.1. Let g; be the stable reduced solution of (%) associated with u.(0). Let A, and
As be any constants satisfying (2.3.4) for 1 < s < p or the equivalent for s =1,p. If A, < u.(0) <
Ag,1<s<p (or—o0 < u(0)<Ag ifs=1 or A, < u.(0) < oo if s = p) then there exists a unique

solution u, to (%;) satisf_‘yingmin{uf(o),zs} < ue(x) <max{u.(0),7,} x eq.

Proof. Using (2.3.1) and the restrictions on the sign of g in the respective cases, we can easily

show that the stated bounds on u, are lower and upper solutions of (23,). O

The above constant lower and upper solutions suffice for our analysis when the initial con-
dition is sufficiently close to the stable reduced solution associated with u.(0). In the next
theorem, we present more informative lower and upper solutions in the case where g;_;(0) <
ugs(0) < A  fors > 1 or As < ug(0) < gs+1(0) for s < p. Note that for ny = 1, the sub cases
g5-1(0) < u.(0) <7,_; and g511(0) > u.(0) = Yo of the latter two cases respectively, were not
considered in [22]. The theorem presents a restriction, ((2.3.6) below), on g§71 which can be

interpreted as a condition to prevent u.(t) = gs—1(t) at some ¢ > 0.

Theorem 2.3.2. Let g be the stable reduced solution associated with u.(0), where

gs-1(0)<u.(0)<A,, A  asin (2.3.3).

(@) Ifns =1 orifns =2 and g is stable from below with g > 0 thenu =, or u = gs are upper
solutions of (A.) respectively. Moreover, assuming (2.3.2), ifns =1 and u.(0) = gs—1(0)+Ae then

u = gs—1(0) is a lower solution of (A.).
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) If ng =1 or if ng = 2 and g, is stable from below and u.(0) — gs—1(0) = C > 0, then let
u(x):=A,—(A,— u:(0))e=0*/¢ and assume that the parameter 0 satisfies

s—2 p

0<0< | a] [0 7" we@ ~gm )] [tr, = 40" | / (4~ ue(0).  @235)

j=1 j=s

if

u'(x)>gl_(x) on [0, gln (AS_TMS(O))] , (2.3.6)

then for sufficiently small €, u is a lower solution of (2.).

(¢) Furthermore, the solution u. to (2.) is unique and for sufficiently small &

min {(u, — gs-1)(x)} = min {u.(0) — g5-1(0), ¢} (2.3.7)

xeN

foranyg <A;—7,_,.
Proof. a) Noting (2.3.1)-(2.3.2), the proof is analogous to the proof of Theorem 2.3.1.

b)Note that u = A, — ¢ when x = { = %ln ((AS — uE(O))/s). Consider x € [0, {], where from

(2.3.6) we have (1 — gs—1)(x) = (ue — g5-1)(0). From (2.3.1) it can be checked that k(x, u) > 0 for

x € Q2 and we bound k(x, ©) from below on [0, {] as follows.

s—2 p
kw2 ] J (a7 (e - g (r - A" [T (r, -4
j=1 j=s+1

Using (2.3.1) it can be checked that this lower bound is positive. Similarly bounding £u’ from

above by 0(A; — u¢(0)) shows that the inequality eu’ < k(x, u) follows from (2.3.5).

Consider x € [{,1]. On this interval eu’ < £0 and u — A, = O(¢). Thus by (2.3.1) and (2.3.3) we
have eu’ — k(x,u) = O(¢) — k(x,A,) < 0 for sufficiently small ¢. Hence u is a lower solution for

(ABe).
c)The proof of uniqueness is analogous to Theorem 2.3.1. Consider the solution u, on [0, ].
We have u, — gs—1 =2 u — gs—1 = (1 — g5s—1)(0). Next consider u, on (£, 1]. We have
Ug — 8s—1 Zés _3_75_1 :E(Zs _?5_1)_8 >,
for sufficiently small ¢ and for any ¢ < E(Zs — Yo 1) O

A corresponding Theorem and proof to the above can be presented for the case where A; <

u:(0) < gs+1(0) for s < p, for A as in (2.3.3).

Remark: The inequality in (2.3.6) is satisfied when g;_,(x)<0 on0<x < gln ((és - uE(O))/s).
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2.3.1.3 Regular and Layer Components

Express the solution u, as the sum of two components v, and w,, where the regular component

v, is defined as the solution of the initial value problem
evl(x) = k(x, ve(x)), XEQ, v:(0)= g5(0). (2.3.8)
Since this problem corresponds to the general problem in §2.2, the next theorem is implied.

Theorem 2.3.3. Let g be the stable reduced solution of (%.) associated with u.(0). There exists

a unique solution v, to (2.3.8) satisfying
7 SUX)ST,  llve—gslISClellgd™, i< Cliglll,  xe9.

The unique layer component w, is defined as the solution of

o [(KCre) = k(x, ve)
€ ug_ Ug

) Wwe, x€9, we(0)=u.0)— gs0). (2.3.9)
In the next theorem, we establish bounds on the layer component and its first derivative.

Theorem 2.3.4. Let g be the stable reduced solution of (%) associated with u.(0) and w. be
the layer component satisfying (2.3.9). Leti =0,1 thenV¥ 1 < j < p, j # s we have;
(@) Ifng=1 andmin{|u.(0)— g;(0)}} = C >0 then
w0 < Ce'|ue(0)— gs(0))e™ /%, xeq.
(b) If ny =1 and min {|u.(0) — g;(0)[} = Ae, then, assuming (2.3.2),
wP(x)| < Ce™ (1+CeeC/e) ™, xeq.

(¢)Ifns=2 andmin{|u.(0)— g;(0)}} = C >0, then

W01 < Clue(0) - 850V~ (14 Clue0) - g,0)% ), xeo

Proof. Define the function K as follows

p
Ky, )=—-g) [ [o-gr",  nizjzo. (2.3.10)
i=1
i’;és
Note that
I, (ue— g =TT, (ve — gi)
uE_VE
K ’ »1 - K ’ 11
=K(u£;s,1)+(v5—g5)( (seis, 1) Kves s )) (2.3.11a)
ug_vg
K H ’2 —-K ’ y2
=K(us;S,1)+(Us—gs)(K(ug;S,Z)—i—(vE—gS)( (”“’Su) U(Uss ))) (2.3.11b)
e~ Vg
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where (2.3.11a) is valid when n; > 1 and (2.3.11b) is valid when ng > 2.

(@) Consider n; = 1. By using (2.3.1) and Theorems 2.3.1 and 2.3.2, a positive lower bound b
for aK(u,;s,1)is as presented in (2.3.20) below. Note that lower bounds in the three cases are
used as mesh constants and thus we avoid repetition by stating these in (2.3.19)-(2.3.20) below.

Using (2.3.11a), (2.3.20) and Theorem 2.3.3 we have

3 (k(x, ue:)—k(x,ve)

) >b—Ce>xk, (2.3.12)
ug - Ug

for sufficiently small £. Consider w := |u.(0)— gs(0)|e~**/¢. Using (2.3.12) it can be easily shown
that w is an upper solution and similarly that w = —w is a lower solution for (2.3.9). It follows
from (2.3.9) that

lwP)(x) < [we(0)(Cp +1)ePe™ ¢, p=0,1. (2.3.13)

(b) Next suppose u.(0) = gs+1(0) — A&, A > 0 and assume (2.3.2) (which means n; = ns4; =1

and v, = g;). Express (2.3.11a) as

p p
K(ue;s,)+0=] J(ue— gy =(we+ve—ge) [ -0

j=1 j=1

Jj#s J#s, s+1

Using this expression we can write (2.3.9) as

Ew; — Bi(x, ue)(we — Ba(x, ve))w, =0, we(0)= gs4+1(0)— Ae — g4(0), (2.3.14)

p
where  Bj(x,u.):=—a l_[ (ue—gj)"(x) and  Bo(x,ve) :=(gs+1— Ve)(X).
J'#J;SIH
Using Theorems 2.3.2 and 2.3.3 we can establish that B; > x; and B, > k» where x; and «; are
presented in (2.3.19). Using these bounds and (2.3.2), it can easily be checked that the solution
to the problem ew — k(W — k2)w = 0,w(0) = w,(0), is an upper solution to (2.3.9). We can

then bound w/ as required. The proof of the case where u.(0) = gs—1(0) + Ae with ny_; =1 is

analogous to the above. Hence, in both cases, we have the bounds

-1
lwP ()< (Cp+1)e Pk (1+ e””/s) » p=0,L 2.3.15)

Ko — re
(c) Finally, consider n; =2 and g stable from above. From (2.3.11b) it follows that

T, (ue— g —T10., (ve — gi)

Ug - vg
= we [ [ (e — &))" +(ve — 85) (2K (ue3 5,2)+ (ve — 85K, (£55,2)) (2.3.16)
j=1
j#s
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for some well defined min {u,, v.} < & < max{u,, v.}. It can easily be established that the
bounds b as defined in (2.3.20), applicable to the value of u.(0), are a lower bound for
aK(ug;s,2). Using (2.3.9) and (2.3.16) we write an equation for w, as follows

Ky (&;s,2)

ew, +aK(ug;s,2)(we +(ve — g5)2 4+ (ve — gs)m

Nwe =0, we(0)=(u,— gs)(o)- (2.3.17)

Consider the problem ew’ + bw? = 0, w(0) = w,(0). Using Theorem 2.3.3 it can easily be
checked that for sufficiently small ¢, w is an upper solution to (2.3.17) and w = 0 is a lower
solution. We can solve for w explicitly and it follows from (2.3.9) that
W) < (Cp+1)e (b—x TRNI S )_1, p=0,1. (23.18)
¢ |ue(0)—gs(0)

The proof of the case where n; =2 and g; is stable from below is analogous to the above. [
Remark: Depending on whether ng = 1 or ng = 2, or whether the distance between the initial
condition and an unstable reduced solution is ¢-dependent or not, the layer component has
a different character, which influences our choice of mesh in the following section. A graph is
shown in Figure 2.4 displaying the difference in the layer structure for the two cases considered

when ng = 1. Note that a graph for the case n =2 of the general problem (.</;) is shown in Figure

2.1. We also note from the proof of Theorem 2.3.4 that for case (b) above, we have
Iw;(O)I < 37131(0» ue)|we(0)— B2(0, us)|lwe(0) < CA(gSJrI(O) - gs)-

Hence |w(0)| is bounded independently of €, implying the layer may be somewhat delayed away

from x =0. An example of this delay is seen in Figure 2.4.

2.3.2 The Discrete Problem
The Discrete Problem is described as follows: find a mesh function USN such that
eD UN(x)=k(x;, UN(x),  x;€QN,  UN0)=u,(0). (BN

The piecewise uniform mesh QV is as described in (2.2.13), but with a different choice for the
transition point o. As in subsection 2.2.2, we choose our transition point motivated by Theo-

rem 2.3.4 as follows;

. 1 ¢ N .
0 :=min{ —, In|{ — in case B, (2.3.19a)
2 Ki1K2 €
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where x; and x5 are defined as

al_[;;} (8s—7)" Hj'?=s+2 (Zj —&s+1(0)" if  u,(0)= gs11(0)— Ae,

al [ (8@ =7 Ty (7= 89" i ue0)=gea(0)42¢,

gs-i—l(o) —8s if us(o) = gs+1(0) — Mg,

gs—&s-1(0) if u.(0)=gs-1(0)+ Ae.
In the other cases,
1
o= min{i, EL(N)}», Kk<b, L(N):=In(N)incaseAor L(N):= N in case C
K
where in both cases the parameter b is defined as

b, if Zs<us(0)<gs+1(0)r 1<s<p,

b by if gi0)<u.(0)<A;, 1<s<p, orif g,0)<u.(0), s=n,
| by if A <u0)<gi0), 1<s<p, orif us(0)<g0)s=1,

bs if g 1(0)<us(0)<A, 1<s<p,

s—1 p
bi=a[ [, -7 min{gea©0 - ue0,3" [T @, -~ uel0);
j=1 Jj=s+2

s—1 p
bo=a] [or, -7 [ ;- maxtus().7,0";
j=1

Jj=s+1

s—1 p
by=a[ Jminfu.0)y 3 -7 [T @, -7

j=1 j=s+1
$—=2 p

bi=a] (@) ~7, min{uc0) - gea0). 3" [ ] tr, =70
j=1 j=s+1

(2.3.19b)

(2.3.19¢)

(2.3.20a)

(2.3.20b)

(2.3.20¢)

(2.3.20d)

(2.3.20e)

(2.3.200)

where Ay, A; as in (2.3.3) where we choose A, =7,_, + %(ZS —7,_;) and A; =Y %(LH -7)

and for any ¢ < %(ys —7,_p)and ¢ < %(strl —7;)- Note that we can choose specific values of ¢,

¢ and « in section 5.

The discrete equivalent of the lower and upper solutions constructed in Theorems 2.3.1 and

2.3.2 can be shown to hold for (232). As before, since k € C!, uniqueness can also be estab-

lished.

2.3.2.1 Error Analysis

Throughout this section, we refer to the case where n; =1 and u,(0) is not within O(¢) of an

unstable reduced solution as case A otherwise as case B and the case where n; =2 as case C. In
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all the cases, the transition point o of the mesh Q¥ is of the form

1
o =min{§,M£L(N)}, where (2.3.21a)
1
M= - and L(N)=InN incaseA; (2.3.21b)
1 N |
M= and L(N)=In— incaseB; (2.3.21¢)
K1K2 €
1
M= - and L(N)=+v N incaseC. (2.3.21d)

We express the discrete solution UV as the sum of V¥ and WN, where V is a solution of the
problem

eD"VN(x)=k(x;, VN(x;)),  x;€QV,  vN0)=g(0). (2.3.22)
From §2.2, the following can be established.

Theorem 2.3.5. If VN is the solution of (2.3.22) then

SVN) ST (VN =gl < CleliggD/™  and (VN —ve)x)l SCNTY™, x; eV,

—S

The discrete layer component satisfies

k(xi, UN(xi)) = k(xi, VN(x:))
UN(x;)— VN(x;)

sD—w;N(x,-)z( )V\/EN(x,-), xi €V, WN0)=w,(0). (2.3.23)

We bound the discrete layer component in the following.
Theorem 2.3.6. Let g be the stable reduced solution of (2.) associated with u.(0) and WN
be the discrete layer component satisfying (2.3.23). Then on the meshes (2.3.19)-(2.3.20) and V
1<j<p,j#s wehave;
(@) Ifng=1 and min{|u.(0)— g;(0)|} = C > 0 then
W ()l < 2lwe(0)] e 7, i<y (fo<y), i<N(fo=3), (2.3.24a)
IWN(x)|SCN, S<i<N (ifo<y). (2.3.24b)

(b) If ns =1 and min {|u.(0) — g;(0)[} = Ae, then, assuming (2.3.2),

-1
W (x)l < 2Kz (1+ e’fl’“zxt'/f) . i<¥ (fo<}), i<N(fo=3), (23.253)

K2 — A&
IWN(x)|<CN, L<i<N(fo<3). (2.3.25b)

@©) Ifns =2 and min{|u,(0)— g;(0)}} = C >0, then

1 bx)7! . . , .
|W€N(xi)|s2(|w€(0)|+ gl) ) i<f (fo<3), i<N(fo=3), (2.3.26a)
W (x;)| SCNT'2, L<i<N(ifo<3i). (2.3.26b)
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Proof. Considering case A, analogously to case (a) in Theorem 2.3.4 we can establish through

discrete upper and lower solutions that

N AN N
W% ()] < |we(0)] 1+K; , for l$3, (2.3.27a)
h\ "2 )02 N
|W£N(x,-)|<|w£(0)|(1+;<;) (1+x?) , for i>? (2.3.27b)

Fori < Kwhere K=N/2ifoc <1/2and K=Nifoc=1/2wehave h; =hand h/e < CN-1In(N).

Thus using (2.2.19) with (2.3.27) for sufficiently large NV, we have

W ()] < |we(0)] (1 + K‘g)_l < |w.(0) exp (_ (1 _ Eﬁ) Kﬂ)

2¢€ &
<|w,(0)|exp(C(h/e)*i))exp(—Kx;/€)
<|w.(0)|exp(CN " In*(N)) exp(—xx;/€) < 2|w(0)] e /%

If o <1/2, then for i > N/2, using (2.3.20) and (2.3.27b), we have [WN(x;)| < CN 1.

Considering case B, analogously to case (b) in Theorem 2.3.4, we can establish through upper

and lower solutions that

N e 7 N
0 Wi (x;) <Ko |1+ 1+x1Kko— , for i<—, (2.3.28a)
Ko — A& £ 2

wolz

N Ae h H\"2 __N
0SS W (x;)<K2| 1+ 1+ K Ko — 1+K1Kko— , for i>—, (2.3.28b)
€ Ko — A€ £ £ 2

where h :=2N~lo, H :=2N"(1 - 0). Again, for i < K where K = N/2 if 0 <1/2 and K =
N if 0 = 1/2 we have h; = h and h/e < CN~'In(N/¢). Thus using (2.2.19) with (2.3.28) for

sufficiently large IV, we have

Ae ( h)i
14+K1K2—
Ko — A& £

A 1 A .
£ exp(—0.5(k1x2)?(h/€)?i)exp(ki1Kox;/€) = = | 1+ £ ekixexi/e |
Ko — A€ 2 Ko — A€

The bound in (2.3.25) follows after using (2.3.19) with (2.3.28b).

Considering case C, analogously to case (c) in Theorem 2.3.4 we can rewrite problem (2.3.23)

in the form

B Ky(&;s,2)
eD"WN +aK(UY;s,2) (mN+U4N—gs) (z+(nN—gs)m))mN=0- (2:3.29)

&

Since w,(0) > 0, a lower solution to the problem is W =0. For i < K where K =N/2ifo < 1/2

and K = N if 0 =1/2, consider the problem

eD "W (x1)+pb W (x) W (xi21)=0, 0<u<1, 0<i<K, W (0)=we0),
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for which the solution can be solved exactly as WN(x,-) = w,(0)(1+ w(0)ubx;/e)~!. For suffi-
ciently large N, we can easily show that ,uWN(xi) < WN(xi_l) and we can use this to show that
WN is an upper solution of (2.3.29) for i < K. If 0 < 1/2, then at i = N/2, using (2.3.20), we
have WN(xN/z) <CN -3 and this is easily shown to be a constant upper solution of (2.3.29) for

N/2<i<N. Take u=1/2, to obtain the bound in (2.3.26) O
The following theorem establishes global uniform convergence.

Theorem 2.3.7. Assuming (2.3.2), if u. is the solution to (A;) and L_Iiv is the piecewise linear
interpolation of UYN, a solution to ((:3Y), (2.3.19)-(2.3.20)), then for 1 < j < p, j # s and for

sufficiently small ¢ we have

IIﬁiV —Uellpyy<SCN'InN, if ng=1 and min{|(u, — g;)0)|} = C >0,

— N1 N
1T~ el < Cmin{l,g—pln (;)} p>1, if n=1, minfl(u. - g OB =2e, o<1,

[T, — uell SCN?, if ny=1, min{l(u, — g O} =2e, o =1,

ITY —u|SCN"2, if ny=2, and min{|(u, — g;)O)} = C>0.

Proof.

We first identify a range of values around g;(0) where, if the initial value u.(0) lies within, the re-
sults of Theorem 2.2.6 apply. Considering n; =1, from §2.3.1.1, for 1 <s < p, ky(x, gs-1(x)) = 0
and ky(x, gs(x)) <0. Thus 3 él(x) satisfying gs—1 < él < gsand ky(xél(x)) =0on [0,1]. Sim-
ilarlyfor 1 <s < p 3 El(x) satisfying gs < 51 < gs41 and ky(xfl(x)) =0 on [0,1]. In an anal-
ogy with Assumption 2.2.1, we can choose 6,06~ > 0 such that ky(x,7) < —m; <0, V 7 s.t.
max{ +67 <y < min&, — 6, where 72; > 0 is independent of ¢. Similarly, if ny =2, s < p
and g; is stable from above then 3 £3(x), gs+1 > &2(x) > gs such that ky, (x, 7)< —m2 <0V y <
miné,—0~. Hence ifmax§1+5+ Lur(0)< mingl—5— forns=1or gs(0)<u (0)<miné,—6~
for n; =2 then the conditions required to apply Theorem 2.2.6 hold. By constructing a similar
statement when s =1 or s = p for ny; = 1,2 or ny = 2 and g; is stable from below, we have

lUN — u.|| < CN~1L(N). Note this argument applies only to the subcases of case A and case C.

We now examine the situation where the argument in the previous paragraph cannot be di-
rectly applied; that is where n; = 1 and u(0) ¢ [max& s 6+, min&; — 6] (applicable to case
B and to a sub case of case A) or n; =2 and g; is stable from above with #,(0) > min&, — o0~
or g is stable from below with u.(0) satisfying an analgous inequality (a subcase of case C).
We first consider ny; = 1 and u.(0) > mingl — 0~ or ng = 2, g is stable from above and

U (0)>miné&, — 6.
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First, suppose o < 1/2. Considering outside the layer region (o < x; < 1) and using (2.3.19)-
(2.3.20) with (2.3.13), (2.3.15) and (2.3.18) and Theorems 2.3.5 and 2.3.6, we have in all three

cases
(UN = ue)(x)| < [WN(xny2)l + [we(0) + CN™Vs <CN Vs,

Now considering inside the layer region (0 < x; < o) for which in all three cases we have &; /¢ <
CN-!L(N). To bound the error EVN := U€N —u. on 0 < i < N/2 we follow the method of proof
used in [22, pg. 379]. By using (%3,) and (237), the error EV satisfies

k(xi, UN(x:)) = k(x;, ue(x;))
UN(xi)— ue(x;)

eD EN(x;)= ( ) EN(x)+7N(x;), EN(x0)=0, (2.3.30)

where 7V is the truncation error vV := e(u/ — D~ u,). We can show that this expressions equates
to ) ]
i h i h -1
Eév(xi):Z;TN(x,-)n (l—ky(x,-,g'(xi));) . (2.3.31)
s=j

j=1
for some well defined { s.t. min{UéV(x,-), Ueg(x:)} < Z(x;) < max{UéV(xi), ue(x;)}. In all three
cases, as in Theorem 2.2.6, we can show that the truncation error satisfies |7V(x;)| < Ch/e <
CN~'L(N). Below, we will show that their exists an integer J < N/2 such that ky(x;,{(x;)) <
—m < 0fori=> J. Hence, once established, the problem (2.3.30) with the new initial condition

E éV (x7), can be examined in the same manner as in Theorem 2.2.6, to find that
|EN(x)| S CNT'L(N)+|EN(x))l, V J<i<Nj/2. (2.3.32)

We now establish the existence of such an integer /] < N/2. In all three cases, from Theorems

2.3.3-2.3.4 and Theorems 2.3.5-2.3.6 and (2.3.21), we can solve

maxfUN (x;), us(x;)} <min&, =6~ & x;>Meq:=Meqapc, where (2.3.33a)
2w (0
ga=1In ( _2wel0) ) in case A; (2.3.33b)
ming, — 67 -7,
Ky — Ae 2K2 .
gp=In = ——11]|, incaseB; (2.3.33¢)
Ae min§1_51__7/s
= 2 ! in case C (2.3.33d)
1=\ ming,—6- -7, w:l0))’ ' .

This means, we have g4 = In(C), gp = In(C/¢) and g¢ = C. For sufficiently large N, we have
q =4qap\c < L(N) (recall L(N) =1In(N/¢) in case B). Hence max{UXN (x;), u¢(x;)} < min&, — 6~

for x; = x for some mesh point x; within the fine mesh satisfying
Meq<x;=Jh<Meg+h<xx. (2.3.34)
2

33



This means we have

Meq/h<J<Meq/h+1. (2.3.35)
Hence, using (2.3.31) for all i < J we have
h -7
|EN(x:)| < C(h/e)*(J) (1 - ||ky||;) ) (2.3.36)

Note the following inequalities, which can be established using (2.2.19); for any ¢ < 1/2 and
g >0 we have

(141)"1 < e /2, (1—1)"9" < ele, (2.3.37)

Thus using (2.3.21), (2.3.33), (2.3.35), (2.3.36) and (2.3.37), for each case A, B, C, we have
N h —qap\ceEM/h
|E,Y (x:)| <Cqap\c N~ L(N) (1_”ky||;)

r\ " qgas\cllky||M
=C NT'LIN)[1-llkyll=| , P=—r—"—
qAa\B\C ( )( | y||8) Ik, I1/e

<Cqap\c N L(N)exp(qga\p\cllky M) exp(ga p\cllky > Mh/¢)
<Cqap\c N L(N)exp(ga\p\cllky M) exp(Cga pc N L(N)).

Hence, in cases A and C, since ga\¢ < C, for sufficiently large N, we have |(U€N —u)(x;)| <
CN~'In(N)in case A and [(UN — u,)(x;)| < CN~: in case C for all 0 < i < J. However, in case B,

where gg =In(C/¢), we have
|EN(x:)| < Cln(1/e)N ! In(N/e)e/eRNE < Cemlikyl/kik2)1n(1/e)N~ In(N/e).  (2.3.38)

We then obtain the required bounds over [x;, x %) in all cases by using (2.3.32).

The case where o = 1/2 is dealt in the same way as i < N/2 when o < 1/2 and we obtain
identical error bounds. Note that when o = 1/2, we have 1/¢ < CL(N). Furthermore, we can

easily establish the inequality
xP
In(x) < ?, x=1, p>o0. (2.3.39)

Applying (2.3.39) to (2.3.38) when o = 1/2 (whereby we choose suitably small p’s that are inde-

pendent of ¢ in (2.3.39)), we can obtain the £-uniform bound
IEN(x;)|[SCN™®, ie[o,N].

in case C.

The proof of the case where u.(0) < max§1 + 07 in case A, u.(0) = gs—1(0) + Ae in case B or
where g is stable from below in case C is analogous to the above. The global bound follows as

in [22, pg. 381]. O
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2.4: STABILITY SWITCH IN A CLASS OF NONLINEAR PROBLEMS

In problem (43,), the reduced solutions are bounded away from each other. In this section we

consider a problem where the reduced solutions intersect at one point.

Consider the following problem: find z. € C'(2) satisfying
ez, (x)=q(x,z.)'=—a(x)(z. - f)ze — g)(x),  x€:=(0,1],  z,(0)=A4,
P constant, g€ Cl(Q), acCQ), a(x)=a, g'(x)<0 x<[0,1], (6e)
g(x)=p atonly one point x = d €2, where d is independent of €.

For convenience we consider z.(0) = g(0) and through lower and upper solutions it follows
that max {g(x), B} < z.(x) < z.(0) for x € Q. Uniqueness of a solution is established as in the
previous sections. Referring to §2.2.1.1, g is stable on [0,d) and g is stable on (d, 1] and there

is a switch in stability from g to f at x =d.

We consider the problem (%;) on three separate subintervals as follows:

sz;.(x):q(x,zj), x€Xj, zj(inf{X;})=4;, j=1,2,3 (2.4.1a)
Xl = (O,d*], X2 = (d*,d], X3 = (d,l], (241b)
A1=2z.0), Ay=2zi(d"), Az=2za(d), (2.4.1¢)

where d* < d but neither d* nor d — d* is of order O(¢). As before, we decompose each z; into

the sum z; = v; + w; where v; is the solution to
Ev]’.(x)=q(x,vj), x€Xj, vj(inf{X;})= g(inf{X;}), j=1,2,3, (2.4.2)

and wj, j =1,2,3, is the solution to

Q(Xyzj)—CI(x, V])

1 )wj(x), x €Xj, wj(inf{Xj}):Aj—g(inf{Xj}). (2.4.3)
J Y

sw}(x):(

The discrete solutions Z ]N and the discrete regular and layer components \GN and V\G.N are de-

fined in the same manner.

For ((2.4.1), j = 1), through lower and upper solutions we have g(x) < z1(x) < z.(0) for x €
[0, d*] which can be used to show that gy (x,z1(x)) < —m; := —a(g(d*) — ) < 0 and thus the
results of section 1 hold, giving g(d*) < z,(d*) < g(d*)+ Ce and ||ZfV —z1||ISCN-1lInN.

For ((2.4.1), j = 2), through lower and upper solutions we have g(x) < z»2(x) < z1(d*). Since
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0 < wo(d*) < Ce it can easily be shown that 0 < ws(x) < w,(d*) and ||w,|| < C. Thus in ef-
fect there is no layer in this region. However we show below that the regular component, v,,

displays an e-dependent layer for which we should adopt a mesh.

Theorem 2.4.1. If v, is the solution to((2.4.2), j =2) then for x € [d*, d] we have

1 C
— N _ — A2 / / . *
0< (2= QW < (8@ =)+ V(g0 = pR+allglle/a), lwl< =, xeldd)
Proof. If y =v,— g then using ((2.4.1), j =2), y satisfies
ey’ +ay*+a(g—PB)y+eg' =0, xe(d*d], y(d")=o.

Clearly 0 is a lower solution and it can be easily checked the solution  of the following differ-

ential equation is an upper solution:
e7 +ay’+alg—-Pir-lg'lle=0, xe(d,dl, 7(d")=0.
By factoring the last three terms we have the equation

ey +a(y —R )7 —-RNH=0, xe(d*d], 7(d*)=0, (2.4.4a)

R =1 (~(g-B)F Vig—pr+4llg’le/a). (2.4.4D)

Since RF’ > 0 we have

R (@) <R x)<—/llgle/a and 0<R (d)<R x)</lglle/a.

Thus we have R~ < R* implying the problem (2.4.4) is in a subclass of the problem (,) with
s = p =2 and since R*’ > 0, R is an upper solution and 0 is a lower solution. From ((2.4.1),

j=2)wehave |1,’(x)| < CR*(x)e~! < Ce~1/2, x € [d*,d]. O

Remark: The quantity Rt can be written as

R — 2llg’lle/a .
(g—B)++/(g—BrR+4lglle/a

We can see that ifg— 3 = C > 0 then R" is of order O(¢), but when g —f3 is of order O(+/¢), R" is of

order O(\/€). Thus for small e, R* switches in magnitude from O(¢) to O(v/€) in an & -dependent

neighbourhood of x = d. Hence R*, in a sense, displays a ‘weak-layer’

Choosing ®,(N) later, we note that

Rt > ve = x;d—gdh(N).

~ ®,(N)

Thus choosing a transition point of the form o, = min{#, %Eq)g(N )} we construct a mesh,

consisting of a fine mesh and coarse mesh, in the usual manner which we specify later. Since
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llw;|l < C, we have || D~w, — w,|| < CN~! and from Theorem 2.4.1 we have ||z,’|| < Ce~/2. From
((2.4.1), j = 2), since z1(d*) = z2(x) = g(x), we have z,’ < 0. Note that g, (x,z2) = —a(2z, — g —
B)(x)<0onx €[d* d]. Similarly, we can show that g, (x,Z>) < 0. Expanding ¢(x, z) in the same

way as Theorem 2.2.6, we can show that at any mesh point x;, with h; :=x; — x;_;, we have
—~C(N' 4+ hi?e + hie™V/?) < e(D" 22— 25")(x;) < CN7L.

We choose ®,(N) such that h;e~1/2 = O(N~1®,(N)) — 0 in the fine mesh and ®»;(N)~! — 0 in
the coarse mesh as N — 0o0. As in §2.2.2, we choose ®,(N)= N~1/2, Using the same methods as

in Theorem 2.2.6, we can show that ||Z)Y — z,|| < CN~z.

For ((2.4.1), j = 3), through lower and upper solutions we have 8 < z3 < z2(d) where z2(d) <
B+ Cy/e. We can then easily show that z= 8 + (a(x — d)/e +1/(z3(d) — B))~! is a tighter upper

solution. Using the same analysis as with ((2.4.1), j =2), we can derive that ||ZéV —z3||<CN *%.

In conclusion we describe the discrete problem corresponding to () as: find ZV satisfying
eD ZN(xi)=q(x;,ZN(x:1)),  x €9,  ZN(0)=z,(0), (€M)

where the mesh Qg is defined as

=401 i< N
HEWD S in{<, £ InN}
o1 =min{%, n
Hd-0o2=01)(: _ N N_:-N 27 a(g(d)-p) ’
xi=01+%(z—z), L <I<73,

1
o =min{L, LNz,

oV = . _ 802(: N
d=1%|  xi=d-ox+ %=1, B led VBl
o3 =min{ , LNz},

2 a

803,: 5N
xp=d -+ —7)

xi:d+03+—4(l_g_03)(z’—%), T<i$N,

d*=pdforany0<p <1.

(2.4.5)

Note, in the next section, we choose d* = d /2. We summarise the bound on [|ZY — z.|| estab-

lished above in the following.

Theorem 2.4.2. Ifz, is the solution of (¢.) andZ ]EV is the linear interpolation of ZN, the solution

of (‘¢ M), then for sufficiently small ¢ and for sufficiently large N we have

" CN-'InN i<¥, v
I(Z, —ze)(xi)| < : X €9, (2.4.6a)
—2 i> %,
=N _1
||Z€ _ZE‘”[OJ] <CN 2. (2.4.6b)
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2.5: NUMERICAL EXAMPLES

In the following examples we solve the problems from each of the classes (.</;), (%;) and (6;).
Unless otherwise stated, we use Newton’s method to solve the nonlinear finite difference

schemes (.7V), () and (‘¢") as outlined in the following:

Newton’s Method:
For each t, solve for UN(t) where D-UN(t) = g(t,UN(r)), UN(0) = ug by linearising as follows:

evaluate the sequence {UN* (1)} where
D™UNK(t)= g(t, UN TN (0)+ gu(t, UNETH @)U = UNE)(0), UNE(0)=uo

using an initial condition UN'1(t) until max, |(UNJ — UNJ=1)(¢)| is less than a prescribed toler-

ance for some j > 1. Take UNJ(t) as the approximation for UN(t).

We use a tolerance of 10~9 and we use the appropriate stable reduced solution of the problem as

the initial guess unless otherwise stated. In the following examples we present the differences

and rates defined by
N._ N 2N N._ N
D, := oglii)](\flus"ﬂv(xi)_ Ue,aN(xZi)l, D" = mgaxDS , (2.5.1a)
DN DN
RN :=log, D2€N and RM:=log, IR (2.5.1b)

€
Here, UéVU ~ is the numerical solution obtained using N mesh points and U 52](\7’ ~ is the numerical
solution obtained using 2N mesh intervals, but both using the transition point, oV, defined for

N mesh points.

Also in the following examples, we present the results from using the built-in MATLAB o.d.e.
functions. We will observe an exacerbation of ‘technical problems’ relating to the built-in func-
tions as the singular perturbation becomes smaller. Admittedly, we are using the MATLAB
functions employing all the default options or settings. The MATLAB documentation details
a number of extra options or settings. However, it is felt that these details are advanced for
the non-expert. It could be argued that one needs to manually change and customize the de-
fault settings for smaller values of the perturbation parameter. However, in our opinion, that is
an unsatisfactory argument in itself since we would prefer numerical methods that work for a

range of small values of the perturbation parameter.
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Example 2.1

In this example from the class (.</;), examined in §2.2, we consider 1 < n <4 in the problem

ey!(X) = (X, 7)) i= —(e — (35 cos (10x) = )(ye — (1 = 20", ye(0)=A. (252)

If A=2>r(x)=1-x2/2, then r is stable for all » € N. We can show that Z;’:(x,yg) <-m:=

—1.4n!. In (2.2.13), we choose the practical value of u,, =1/(n —1) for n = 2. Figure 2.1 shows

the numerical solutions for this example for 1 < n <4 in the layer region.

2
( n=1
#* —#-nN=2
:lr —+—nN=3
n=4
§
T
L
1— ‘ -
0 0.003 0.006

Figure 2.1: Plot of the layer structures in the numerical solutions of (2.5.2), computed
using Newton’s Method (pg. 38) on the mesh (2.2.13), over x; € [0,0.006]
for1 <n<4wheree=10"%and N =1024.

Tables 2.1 and 2.2 show the computed rates RY for some sample values of £ > 2720, The rates
are in line with the theoretical rates of N~!In N for n =1 (see [7, Table 8.4] which illustrates the

In N effect on the rates as N increases) and 1/n for n > 2 established in Theorem 2.2.6.
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N 25 26 27 28 29 210 9211 92I2 9I3 217 218
€
n=1
20 095 0.98 0.99 0.99 1 1 1 1 1 1 1
2-1 091 0.95 098 0.99 0.99 1 1 1 1 1 1
272 0.84 091 095 098 099 0.99 1 1 1 1 1
273 0.57 0.68 0.74 094 098 0.99 0.99 1 1 1 1
24 0.57 0.68 0.74 0.79 082 0.85 0.87 0.88 0.89 1 1
25 0.58 0.68 0.74 0.79 082 0.85 0.87 0.88 0.89 0.92 0.92
2-6 0.58 0.68 0.74 0.79 0.82 0.85 0.87 0.88 0.89 0.92 0.92
2720 1 058 0.68 0.74 079 0.82 0.85 0.87 0.88 0.89 0.92 0.92
RN 0.58 0.68 0.74 0.79 082 085 0.87 0.88 0.89 0.92 0.92
n=2
20 0.92 0.96 098 0.99 0.99 1 1 1 1 1 1
2-1 0.87 0.93 096 098 0.99 0.99 1 1 1 1 1
272 0.78 0.87 093 096 0.98 0.99 1 1 1 1 1
23 0.64 0.79 0.88 093 096 0.98 0.99 1 1 1 1
24 0.28 0.37 0.79 0.88 093 0.96 0.98 0.99 1 1 1
2-5 0.28 0.35 0.38 0.42 0.88 093 0.96 0.98 0.99 1 1
2-6 0.28 0.36 0.38 0.41 043 046 0.93 0.96 0.98 1 1
277 0.28 0.36 0.38 0.41 043 045 0.46 0.48 0.96 1 1
2-8 0.28 0.36 0.38 0.41 043 045 0.46 0.47 0.48 1 1
279 0.28 0.36 0.38 0.41 043 045 0.46 0.47 0.48 0.99 1
2710 1 028 036 0.38 0.41 043 045 046 0.47 0.48 049 0.1
2-11 1028 036 038 041 043 045 046 0.47 0.48 0.49 0.50
2720 | 028 0.36 0.38 0.41 043 045 046 0.47 0.48 0.49 0.50
RN 0.28 0.36 0.38 041 043 045 0.46 0.47 0.48 0.49 0.50

Table 2.1: Computed rates of convergence Ré\’ and RY (as defined in (2.5.1)), mea-

sured from the numerical solutions of (2.5.2), calculated using Newton’s

Method (pg. 38) on the mesh (2.2.13), forn=1and n=2.
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RN

£

N 25 26 27 28 29 210 211 212 213 217 218
&
n=3
20 09 094 097 099 0.99 1 1 1 1 1 1
2-1 084 09 095 097 099 099 1 1 1 1 1
272 0.74 084 091 095 097 099 0.99 1 1 1 1
273 052 075 0.84 091 095 097 0.99 0.99 1 1 1
24 02 031 075 084 091 095 097 0.99 099 1 1
25 0.2 019 023 064 084 091 095 097 0.99 1 1
26 0.2 019 023 026 039 084 091 095 097 1 1
277 0.2 019 023 026 024 027 071 091 0.95 1 1
2-8 0.2 019 023 026 024 027 0.27 045 091 0.99 1
279 0.2 019 023 026 0.24 027 027 0.28 0.29 0.99 0.99
2-10 0.2 019 023 026 0.24 027 027 0.28 0.29 0.97 0.99
2-u 0.2 019 023 026 0.24 027 027 028 0.29 0.81 0.97
2-12 0.2 019 023 026 0.24 027 027 028 0.29 0.31 0.49
2-13 0.2 019 023 026 0.24 027 027 028 0.29 0.31 0.32
2720 0.2 019 023 026 024 027 027 028 0.29 0.31 0.32
RN 0.2 019 023 026 0.24 027 027 028 0.29 0.31 0.32
n=4
20 0.88 093 096 098 0.99 1 1 1 1 1 1
2-1 0.8 088 094 0.97 098 0.99 1 1 1 1 1
272 07 081 089 094 097 0.98 0.99 1 1 1 1
273 0.41 071 0.81 089 094 097 098 0.99 1 1 1
24 0.17 024 071 081 0.89 094 097 098 0.99 1 1
2-5 0.17 0.13 0.15 067 0.81 089 094 097 0.98 1 1
2-6 0.17 0.13 0.15 0.16 05 081 0.89 094 0.97 1 1
277 0.17 0.13 0.15 0.16 0.18 032 0.81 0.89 0.94 1 1
2-8 0.17 0.13 0.15 0.16 0.18 0.19 0.18 0.76 0.89 0.99 1
279 0.17 0.13 0.15 0.16 0.18 0.19 0.18 0.2 0.56 0.98 0.99
2-10 1017 0.13 0.15 0.16 0.18 0.19 018 0.2 02 0.97 0.98
2-11 1017 013 0.15 0.16 0.18 0.19 018 0.2 02 0.94 097
2712 1017 0.13 0.15 0.16 0.18 0.19 018 0.2 02 0.61 0.94
2-13 1017 0.13 0.15 0.16 0.18 0.19 018 0.2 02 0.22 0.39
2-14 1017 013 0.15 0.16 0.18 0.19 018 02 0.2 0.22 0.22
2720 1017 013 0.15 0.16 0.18 0.19 018 02 0.2 0.22 0.22
RN 0.17 0.13 0.15 0.16 0.18 019 0.18 02 0.2 0.22 0.22

Table 2.2: Computed rates of convergence Ré\’ and RY (as defined in (2.5.1)), mea-

sured from the numerical solutions of (2.5.2), calculated using Newton’s

Method (pg. 38) on the mesh (2.2.13), for n =3 and n =4.
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We present some results from using the built-in o.d.e. solvers in MATLAB. In the MATLAB doc-
umentation, the following solvers are prescribed for non-stiff systems of first order equations:
ode45, ode23 and odel 13. In Table 2.3, we present the number of mesh intervals on [0, 1] each
solver uses to numerically solve (2.5.2). We see that the number of mesh intervals used, in-

creases proportionally to the inverse power of the perturbation parameter.

ode45 ode23 odell3
£ n=1 n=2 | n=1 n=2 n=1 n=2
1071 56 52 19 18 30 30
10-2 236 72 82 25 158 44
1073 | 2236 132 741 41 1176 69
1074 | 22156 324 | 7327 87 11451 15841
1075 | 221344 780 | 73187 133860 | 114229 188881

Table 2.3: Number of mesh intervals on [0, 1] used by MATLAB solvers to approximate

the solution to (2.5.2).

In the MATLAB documentation, the following solvers are prescribed for stiff systems of first or-
der equations: odel5s, ode23s, ode23t and ode23tb. In Figures 2.2 and 2.3, graphs of numerical
approximations of the solution of (2.5.2) are displayed. Note that in (2.5.2), the stable reduced
solutionis 1 — x?z and the unstable reduced solution is 1—10 cos(10x) — 1. Furthermore, from §2.2,
the solution to (2.5.2) is bounded below by 1 — x2—2 We see in Figure 2.2, the solution breaks this
bound ‘mildly’. We say ‘mildly’ here as it could be argued that we know from the theory that
the solution is within O(¢) of the reduced solution outside the layer region. Thus we are mainly
concerned with approximating the solution in the layer region. However, as shown in Figure
2.2, the ode23s algorithm breaks a theoretical bound on the solution, albeit close to the end
of the layer region, but nevertheless, within the layer region. In Figure 2.3 we see the graphs

of nonsensical numerical solutions, returned by the odel5s, ode23t and ode23tb solvers, which

approach the unstable reduced solution.
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1-e-6 :

Numerical Solution using ode23s
—Stable Reduced Solution

0 1 0 e-5 265 3e-5

Figure 2.2: Plot of the numerical solution of (2.5.2), computed using the MATLAB

solver ode23s, with n=1and e =107,

e e e

odelbs

ode23t
—+0de23tb
‘‘‘‘‘ Unstable Reduced Solutip
— Stable Reduced Solution

0.01 0.0z

Figure 2.3: Plots of the numerical solution of (2.5.2), computed using the MATLAB

solvers odel5s, ode23t and ode23th, with n =2 and € =1078.
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Example 2.2

From the problem class (%3;), we consider ng; =1 and gs+1 — u:(0) = C > 0 in the problem
su; +2e*(ue — (% cos10x))u, —(24+2(x — %)2))(us —(4+ 1—10 sinx))=0, u.(0)=A. (2.5.3)

If A=2.05then g; = % cos 10x is the stable reduced solution. Furthermore k, (0, u#.(0)) > 0
and g5+1(0) > u.(0) > J which is a case not examined in [22]. For the mesh (2.2.13, 2.3.20),
we choose the practical values of xk = b = 1.52, ¢= %(ZS —-7,_p)and¢= %(LH —7,). Table 2.4
shows the computed rates RY which are in agreement with the rate associated with the bound

N-1InN established in Theorem 2.3.7.

RY
N
32 64 128 256 512 1024 2048 4096 8192
&
20 0.96 1 0.99 1 1 1 1 1 1
2-1 0.74 08 0.96 1 1 1 1 1 1

22 0.7 083 084 0.86 087 0.88 0.89 0.9 0.91
273 033 062 0.78 082 0.84 0.98 1 1 1

24 032 06 078 082 084 086 087 0.88 0.89
2-5 031 059 078 082 084 086 087 0.88 0.89

2720 |1 031 0.58 0.78 0.82 084 0.86 0.87 0.88 0.89

RN 033 062 078 082 084 086 087 0.88 0.89

Table 2.4: Computed rates of convergence RY and RV (as defined in (2.5.1)), mea-
sured from the numerical solutions of (2.5.3), calculated using Newton’s

Method (pg. 38) on the mesh (2.3.20), for u,(0) = 2.05.

Example 2.3 (Arbitrarily close to an unstable root)

In this example from the class (23.) we consider n; =1 and u,(0) — gs—1(0) = € in the problem
eu, +(5+1/(x+0.5))(tt, —cos10x)(ue —2)=0, u(0)=A. (2.5.4)

If A =1+ ¢ then g» = 2 is the stable reduced solution. We can solve the difference scheme
exactly, and for the mesh (2.2.13, 2.3.19), we calculate k; = ¢ = 17/3 and x, = 1. Table 2.5
shows the differences DY and rates RN for sample values of £ > 27%0. We can see that although
the rates behave well, as ¢ — 0, the computed differences, Dé\’ , steadily increase. This is in
agreement with the e-dependent rate associated with the bound of max{C,e=?N-1In(N/¢)},
p > 1, established in Theorem 2.3.7. Note that as ¢ — 0 the initial condition tends to an unstable

value.
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64 128 256 512 1024 2048 4096 8192 16384

24 0.024 0.013 0.007 0.004 0.002 0.001 0.001 O 0

2-8 0.104 0.054 0.028 0.015 0.008 0.004 0.002 0.001 0.001
2-12 0.230 0.116 0.059 0.031 0.016 0.008 0.004 0.002 0.001
2-16 0.392 0.198 0.101 0.052 0.027 0.014 0.007 0.004 0.002
2720 0.579 0.299 0.151 0.077 0.040 0.020 0.010 0.005 0.003
2724 0.770 0.413 0.211 0.107 0.055 0.028 0.014 0.007 0.004
2728 0.908 0.535 0.280 0.142 0.073 0.037 0.019 0.010 0.005
2732 0.995 0.654 0.354 0.182 0.093 0.047 0.024 0.012 0.006
2736 0.998 0.757 0435 0.226 0.115 0.058 0.030 0.015 0.008
2740 0.999 0.847 0.516 0.273 0.140 0.071 0.036 0.018 0.010

RN

€

64 128 256 512 1024 2048 4096 8192

24 086 088 088 089 0.9 091 091 092
2-8 095 093 092 092 093 093 093 093
2-12 099 096 095 094 094 094 094 094
2-16 098 098 09 095 095 095 095 095
2720 095 098 097 096 096 096 096 0.96
2724 090 097 097 097 097 096 096 0.96
2728 076 094 097 097 097 097 097 097
2732 061 089 096 098 097 097 097 097
2-36 0.40 080 09 097 098 097 098 097
2740 024 o071 092 097 098 097 1.01 0.3

Table 2.5: Computed differences DY and computed rates of convergence RY (as de-
fined in (2.5.1)), measured from the numerical solutions of (2.5.4), solved

exactly using the numerical method (( jV ), (2.3.19)), for u.(0)=1+e¢.

The delayed structure of the layer is shown in Figure 2.4 which shows the numerical solution
of the problem in this example compared with the numerical solution of the same problem

except with the initial condition sufficiently close to the stable reduced solution.
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us(0)=14¢

us(0) = 1.5
‘‘‘‘‘ Unstable Reduced Solution
—Stable Reduced Solution

1.5 B

Figure 2.4: Plot of the layer structures in the numerical solution of (2.5.4), solved ex-
actly using the numerical method ((:3)), (2.3.19)), over x; € [0,3¢] for

us(0)=1.5and u.(0)=1+ ¢ where £ =104 and N = 1024.

Even though the difference scheme can be solved exactly, we still present some results when
the built-in MATLAB ode functions are used to approximate the solution of (2.5.4). In Table 2.6,
we present the number of mesh intervals on [0, 1] the solvers ode45, ode23 and odel 13 use to
numerically solve (2.5.4). As in Example 2.1, we observe that the solvers use a number of mesh

intervals that is inversely proportional to the perturbation parameter.

£ ode45 | ode23 | odell3

101 168 53 76
102 1516 504 77
1073 | 15032 | 4969 7827
104 | 150192 | 49622 | 77136

Table 2.6: Number of mesh intervals on [0, 1] used by MATLAB solvers to approximate

the solution to (2.5.4).

In Figure 2.5, graphs of numerical approximations of the solution of (2.5.4) are displayed. Note
that in (2.5.4), the stable reduced solution is 2 and the unstable reduced solution is

cos(10x) — 1. Furthermore, from §2.2, the solution to (2.5.4) is bounded below by A =1+ ¢.
In Figure 2.5, we see nonsensical numerical solutions that break this bound and approach the

unstable reduced solution.
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—+0de23t
—+—-0de23tb

ode23s
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Numerical Solution
v, i \

Unstable Reduced Soluti

(
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/ A 1+e¢
Or i P

8e
Figure 2.5: Plot of the numerical solution of (2.5.4), solved exactly using the numerical

method ((28)), (2.3.19)) with N = 1024, and also computed using various
MATLAB inbuilt functions, all with £ =10-5.

Example 2.4 (Double root example)

In this example from the class (23,) we consider n; =2 in the problem

eul +a(x)(ue— (% cos8x)(u, —(2—In(x+ 1)) (u — (4 + % cos12x))?> =0, u,(0)=A4, (2.5.5)

where a(x) = 1.5+ tanh(x —0.5). If A = 3.1 then gy(x) = 2 —In(x +1) is the stable reduced
solution and k; (0, u.(0)) > 0. For (2.2.13, 2.3.20), we choose the practical values of k = b,

= %(L —Y,)and ¢ = %(y " —7,) and b is calculated as b = 1.13. We use g(x)+ (A —
g2(0))(14+ (A — g2(0))px/e)~! for the initial condition. Table 2.7 shows the computed rates RéV

which are in agreement with the asymptotic rate of % established in Theorem 2.3.7.
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N
32 64 128 256 512 1024 2048 4096 8192
£
20 0.96 098 0.99 1 1 1 1 1 1
2-1 094 096 0.98 0.99 1 1 1 1 1
272 0.87 093 096 098 099 0.99 1 1 1
23 0.74 086 093 096 098 099 0.99 1 1

24 037 058 086 093 096 098 099 0.99 1

275 037 034 042 069 093 096 098 0.99 099
2-6 037 034 042 041 045 076 096 098 0.99
277 037 034 042 041 045 046 047 079 0.98
2-8 037 033 042 041 045 046 047 048 049

2720 1 037 033 042 041 045 046 047 048 0.49

RN 037 033 042 041 045 046 047 048 049

Table 2.7: Computed rates of convergence Rf?V and RY (as defined in (2.5.1)), mea-
sured from the numerical solutions of (2.5.5), calculated using Newton’s

Method (pg. 38) on the mesh (2.3.20), for u.(0)=3.1.

Example 2.5

In this example from the class (¢;) examined in section 4, we consider the problem
ez (x)+B+In(x+1)z—B)z—g)x)=0, z(0)=A, (2.5.6)

where g(x)=>5+tanh(5(0.5—x)), 8 =5and g(d)= 8 atd =0.5. For the mesh (2.4.5), we choose
a*= % =0.25. We can solve the difference scheme exactly. Table 2.8 shows the computed rates
RY and RY for some sample values of £ > 2720, We consider A = 6.25 > g(0) for which the error
in the initial layer is dominant and A = g(0) for which there is no initial layer and the error in
the layer near the point d dominates. Note that the calculation of DY in (2.5.1) is done as in the
previous examples where for each NV we solve the problem numerically using N mesh points
and the layer widths (O'JIV , O'év , Uév ) defined in (2.4.5). We compare the resulting numerical
solution to that obtained using 2N mesh intervals, but using the same layer widths defined for

using N mesh points i.e. the aév ’s. The computed rates are in agreement with the asymptotic

rates established in Theorem 2.4.6.
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RN

£

32 64 128 256 512 1024 2048 4096 8192

z(0)=6.25> g(0)

20 094 096 098 099 1.00 1.00 1.00 1.00 1.00
2-1 0.88 094 097 098 099 1.00 1.00 1.00 1.00
272 085 092 09 098 099 099 1.00 1.00 1.00
273 0.81 089 094 097 099 099 1.00 1.00 1.00
24 056 065 084 094 097 099 099 1.00 1.00
25 056 065 072 078 082 0.85 086 0.88 0.89
26 056 065 072 078 082 085 086 0.88 0.89

RN 0.56 0.65 0.72 0.78 0.82 085 0.86 0.88 0.89

z(0) =g(0)

20 094 096 098 099 099 1.00 1.00 1.00 1.00

273 0.81 089 094 097 099 099 1.00 1.00 1.00
2-6 0.70 0.68 088 092 097 098 099 1.00 1.00
279 0.23 053 036 078 091 095 098 099 0.99
2712 1023 044 035 044 048 049 0.86 097 0.98
2715 1023 044 035 044 044 046 047 051 051
2718 1023 044 035 044 0.44 046 047 0.48 0.49

RN 081 0.89 0.92 095 097 098 0.99 099 1.00

Table 2.8: Computed rates of convergence RY and RV (as defined in (2.5.1)), mea-
sured from the numerical solutions of (2.5.6), solved exactly using

the numerical method ((‘HFN), (2.4.5)), for z(0) > g(0) and z(0) = g(0).

Figure 2.6 displays a numerical solution to this problem for ¢ = 10~°. Figure 2.6 also includes
a plot of the numerical solution around the point at which there is a switch in stability, which

evidences the change in magnitude of the bound established in Theorem 2.4.1.
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1z — gl < Ce

Numerical Solution
—Reduced Solution: g

—Reduced Solution: S ||

0.5+ 6/

0.5+ 4/

0.5+ 2zt

/8 I

1 05—2yz 05—z 0.5 05+ 0.5+2e

o

Figure 2.6: Plots of the numerical solution of (2.5.6), solved exactly using the
numerical method ((‘ﬁe’\’), (2.4.5)), over x; €[0,1] and over x; €[0.49,0.51],
around d = 0.5 (switch in stability), for u.(0) = 6.25 where £ = 10~° and

N =1024.

Again, even though the difference scheme can be solved exactly, we present some results when
the built-in MATLAB ode functions are used to approximate the solution of (2.5.4). The built-in
solvers ode45, ode23 and odel 13 display the same behaviour as in Examples 2.1 and 2.3 whereby
the number of mesh intervals used to approximate the solution is inversely proportional to the
perturbation parameter. In Figure 2.7, graphs of numerical approximations of the solution of
(2.5.6) are displayed. We see that the solvers return oscillatory approximations and in the case
of ode23tb, do not capture the switch in stability between the two reduced solutions. We also
see that in the case of ode23s, the approximation to the solution captures the switch in stabil-
ity but only ‘switches’ at a considerable distance past the point of intersection of the reduced

solutions.
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ode23t
—+—00de23tb
ode23s
Numerical Solution
— Reduced Solutions
4 : 4.99 :

0 05 1 05 0.51 052 053

Figure 2.7: Plots of the numerical solution of (2.5.6), solved exactly using the
numerical method ((%’FN ), (2.4.5)) for N = 1024, and also computed using

various MATLAB inbuilt functions, all with € =10-7.
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2.6: FURTHER PROBLEMS AND FUTURE WORK

In this section, we casually discuss two problems that may be worthy of consideration in the
future. Note that this discussion did not appear in [25].
2.6.1 A Combustion Problem

In [13, pg. 69], O'Malley analyses the following problem, originally presented in [28], as a model

of a class of trimolecular reactions: find Z such that
Z()=2%(1-2)(r), t>0, Z(0)=§, (2.6.1)

where £ is a small parameter representing a disturbance of the pre-ignition state. The reduced
solutions are 0 (unstable) and 1 (stable). If we consider the transform % = £t, then we obtain

the singularly perturbed problem
g2/ (%) =z*(1—-z)(%), x>0, z(0)=¢. (2.6.2)

This is a problem from the class (23,), however we only considered the unstable root to have
multiplicity 1 asin (2.3.2a), in such a case. For (2.6.1), O’Malley establishes that a layer occurs at
a O(1/¢) location in the problem domain. This motivates us to consider the transform x = #2¢,

€ =22 on (2.6.1) to obtain
ey’ =y*(1-y), x>0, y(0)=ve, (2.6.3)

where we expect a layer in a O(y/¢) neighbourhood of x = 0. Using upper and lower solutions,

we can establish that a solution to (2.6.3), y, exists satisfying

-1
N
0<1—y(x)< [ 1+ ——=eV¢| | x>o0. 2.6.4
y(x) ( — 7z (2.6.4)
Hence from (2.6.3), we have
-1
1 JE 1
0<y(0)<1—-ve<1, and |y/(x)|<-|1+———e"Ve| <=, 2.6.5
y'(0) Ve [y’ (x)l E( — . (2.6.5)

Thus the solution exhibits a ‘delayed-layer’ effect at x = 0. We choose an appropriate transition

point for a numerical scheme by solving the inequality

1-y(x)<N! = x?ﬁln(%).

In an attempt to solve the problem numerically on [0, 1], we consider the scheme

eD YN =YVl - YV (x;), xieQV\{0}, YN0)=Ve, (2.6.6a)
N._ ‘ ._2_0'. . _ N ._2(1_0'). . N . 1 ﬁ
QN = {x,lxl— N b <5, xi= N b i>%t, o:=min > veln =)0 (2.6.6b)
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Using upper and lower solutions, and (2.2.19) for sufficiently large IV, we can establish that

A1 .
(1+1_@E(1+%)1) : i<N/2

N N et
(4 )z(a+ Ly z) L i>N/2

0<1-YNx)<

(1+

—1
(1+1fﬁ‘uex/ﬁ) , i<N2(0<), i<N, (0=1)
2N, iZN/2(0c<3),

where h =20 /N and H=2(1—-o0)/N and u € (0.5,1) is arbitrary. In an attempt to bound the

error, we have foro <1/2
(YN —y) i) =11 —y(xi)+ YN (x;)— 1| <3N (2.6.7)
We can use (2.6.3)-(2.6.5) to bound the truncation error

< 5hi€_1.

f e(y'(x)—y'(t) dt

i-1

1
el = Dy el = ——

i i—-1

However, note that, in the fine mesn, h;/¢ = h/e < (C/v/€)N~'In(N//€) and thus, we cannot
attempt to repeat the same error analysis as in Theorem 2.3.7. Thus we are left to ask - is our
analysis tight enough or is it possible to establish uniform convergence for the cases when the

initial condition is arbitrary close an unstable reduced solution?

We will solve (2.6.6) using Newtons’ Method (pg. 38) to generate numerical approximations
UN. We will use the constant 1 at all the mesh points for an initial condition, except at the first
mesh point, where we use the value y(0) = /. Table 2.9 presents the computed differences DY

and DV and Table 2.10 presents the computed rates of convergence RY and RY defined by

DY := max [(UY ~TM)x), DV:=maxDV, (2.6.8a)
x,'EQe €
DN DN
RN :=log, D—Z‘?N and R :=log, EE (2.6.8b)

€

2N , . . . . . .
where U, " is the interpolation of U2V, the numerical solution using 2N mesh intervals.
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25 26 27 28 29 210 211 212 213 214 215

272 0.001 0.001 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
273 0.006 0.003 0.001 0.001 0.000 0.000 0.000 0.000 0.000 0.000 0.000
24 0.021 0.011 0.005 0.003 0.001 0.001 0.000 0.000 0.000 0.000 0.000
275 0.066 0.033 0.016 0.008 0.004 0.002 0.001 0.001 0.000 0.000 0.000
276 0.192 0.093 0.045 0.022 0.011 0.006 0.003 0.001 0.001 0.000 0.000
277 0.534 0.250 0.116 0.058 0.028 0.014 0.007 0.004 0.002 0.001 0.000
278 0.346  0.650 0.246 0.143 0.070 0.035 0.017 0.009 0.004 0.002 0.001
279 0.035 0.864 0.423 0.241 0.128 0.068 0.037 0.020 0.010 0.005 0.003
2-10 0.034 0.024 0931 0.405 0215 0.116 0.061 0.033 0.017 0.009 0.005
2-u 0.027 0.039 0956 0.698 0.328 0.192 0.102 0.054 0.029 0.015 0.008
2712 0.020 0.033 0.040 0.976 0.543 0.299 0.164 0.089 0.047 0.025 0.013
2713 0.014 0.025 0.040 0.983 0.946 0.448 0.261 0.142 0.075 0.040 0.021
2714 0.010 0.018 0.032 0.044 0990 0.664 0.397 0.224 0.119 0.063 0.033
2715 0.007  0.013 0.023 0.039 0.033 0993 0.575 0329 0.185 0.099 0.052
2716 0.005 0.009 0.017 0.030 0.045 0995 0.741 0.472 0.282 0.154 0.081
217 0.003  0.006 0.012 0.022 0.037 0.045 0.997 0.665 0.406 0.234 0.126

DN 0.534 0.864 0.956 0.983 0.990 0.995 0.997 0.665 0.406 0.234 0.126

Table 2.9: Computed differences DY and DY (as defined in (2.6.8)), measured from
the numerical solutions of the combustion problem (2.6.3), calculated us-

ing Newton’s method (pg. 38) on the mesh (2.6.6b).
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25 26 27 28 29 210 211 212 213 214

272 098 099 100 100 1.00 1.00 1.00 1.00 1.00 1.00
273 099 099 100 100 1.00 1.00 1.00 1.00 1.00 1.00
24 1.01 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
25 1.00 1.02 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
2-6 1.05 1.04 1.02 1.01 1.00 1.00 1.00 1.00 1.00 1.00
277 1.09 1.10 1.02 1.02 1.01 1.00 1.00 1.00 1.00 1.00
2-8 -091 140 078 1.03 1.02 1.01 1.00 1.00 1.00 1.00
279 -461 103 081 091 091 0.89 0.85 1.00 1.00 1.00
2-10 049 -527 120 091 089 092 091 092 092 0.92
2-u -0.56 -460 045 1.09 077 090 092 092 092 0.93
2712 | 074 -0.26 -462 085 0.86 087 0.89 0.92 092 093
2-13 | 081 -067 -462 006 1.08 078 0.88 0.92 093 0.93
2-14 | 085 -0.78 -050 -4.48 0.58 0.74 0.83 091 092 093
2-15 | 088 -0.84 -0.73 024 -492 079 081 0.83 091 0.93
2716 | 090 -0.87 -0.81 -0.61 -446 043 0.65 0.74 0.87 0.92
2717 | 091 -0.89 -0.86 -0.77 -0.28 -4.48 0.59 0.71 0.80 0.89

RN -0.70 -0.15 -0.04 -0.01 -0.01 -0.00 0.59 0.71 0.80 0.89

Table 2.10: Computed rates Ré\’ and RN (as defined in (2.6.8)), measured from the
numerical solutions of the combustion problem (2.6.3), calculated using

Newton’s method (pg. 38) on the mesh (2.6.6b).
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We see from the table that it appears, for any small ¢, we must have sufficiently large N to ob-
serve convergence. The pattern of increasing computed differences in Table 2.9 and negative
rates in Table 2.10 is easily explained with a graph. Figure 2.8 displays the numerical approxi-

mations for e =2712 and N = 32,64, ... as used to compute the Tables.

1F _— e —— e T

T |+ N=32
—+N=64
—+N=128
—+N=256
—+N=512
N=1024
—N=2048
-+ N=4096
—+N=8192

|
0 0.01 0.02

Figure 2.8: Plots of the numerical solutions of (2.6.3), computed using Newton’s
Method (pg. 38) on the mesh (2.6.6b), over x; € [0,0.02] for N = 32,64,...

and ¢ =212,

We can see from the graph, that for this given value of ¢, the numerical approximations are
sequentially poor for lower values of N and improve for increasing N. Note the diagram may
appear to suggest that the initial condition we use is unsuitable. In experiments, when we used
the lower bound for y in (2.6.4) as the initial condition, we found that the approximations for

lower values of N where equally as poor.

2.6.2 Switch in stability between distinct reduced solutions.

Recall that the problem in (%,) involved two intersecting reduced solutions where, one lost,
and the other gained, stability at the point of intersection. We did not examine the case where
the reduced solutions are distinct. For (23,), when the multiplicity n; of the stable reduced
solution g; is 2 and the initial condition A is such that A < g, we restrict our analysis to the
case of g7 > 0. We set this restriction because if g;(x) = 0 on [0,1], then g; is globally stable
from below. However, if g/(x) > 0on0<x < d <1but g/ <0for x > d, then g; is not a stable
reduced solution beyond d and there is a possibility that the actual solution exhibits an interior

layer as it ‘tends to the next stable reduced solution above g;’. As an example, let us consider

56



the problem
ey =y —rx)*1-y), x€(0,1], r(x)=05-(x—05)% y0)=A<r0)=05 (2.6.9)

For (2.6.9), we have that r is stable from below on [0, 0.5] and the constant reduced solution 1 is
globally stable. Using upper and lower solutions, we can show A <y < 1and so y’ > 0. In Figure
2.9, graphs of numerical approximations of (2.6.9) using Newton’s method on a fine uniform
mesh with N = 16384 and with the initial condition r, for sample values of ¢ are displayed

along with the reduced solutions.

1

‘‘‘‘‘ reduced solution 1: stable from below on [0, 0.5]
——reduced solution 2: globally stable

=276

—d—g =278

g =2710

—H— = 2712

—H— = 2—14

05 1

Figure 2.9: Plots of the numerical solutions of (2.6.9), computed using Newton’s
Method (pg. 38) on a fine uniform mesh with N = 16384 for ¢ =

276,278 2710 2~12 gnd 2-14,

Using (2.6.9), we can loosely detail the magnitudes of y’ as follows:

If Then
r—y=C>0 y'=0(3)
r—y=0(\e) y'=0()
r—y=0(e) y'=0(e)

y=r y'=0

y—r=0(¢) y'=0() ()
y—-r=0(¢) y'=0Q1) (b
y-rzC>0 y'=0(;)

Notice the similarities between the cases (1) and (») and the problems (2.6.1) and (2.6.2) where
the initial condition is £ and /¢ above a reduced solution with multiplicity 2, all respectively.

This would motivate us to analyse (2.6.9) under the transform X = ¢x in anticipation that the
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actual solution of the transformed problem is negligibly close to the reduced solution 1 outside
an O(¢) neighbourhood of ¥ =0 (i.e. that there is/are O(¢) layer(s) of some character in an O(¢)
neighbourhood of x = 0). In such a case we would aim to establish a numerical method using

a Shishkin mesh at X = 0 only. Using such a transform, we obtain

ey = —r(x/Ve)Pa-y), xe@1  yO)=4, (26,10

where £* = £2. We will solve (2.6.10) using Newtons’ Method (pg. 38) on the mesh (2.6.6b), but
using the transition point v£* In(N), to generate numerical approximations UV . We will use the
constant 1 at all the mesh points for an initial condition, except at the first mesh point, where
we use the value y(0) = A. Table 2.11 presents the computed rates of convergence defined in

(2.6.8).
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RY
N 25 26 27 28 29 210 211 212 9213
&

270 09 098 099 100 1.00 1.00 1.00 1.00 1.00
2-1 1.13 1.0 1.03 1.02 101 1.00 1.00 1.00 1.00
272 093 097 099 099 1.00 1.00 1.00 1.00 1.00
273 090 097 098 099 1.00 1.00 1.00 1.00 1.00
24 086 097 097 099 099 1.00 1.00 1.00 1.00
2-5 074 098 095 098 099 1.00 1.00 1.00 1.00
2-6 075 069 090 097 099 099 1.00 1.00 1.00
277 -0.31 045 054 090 098 099 1.00 1.00 1.00
2-8 077 065 081 073 081 0.77 085 1.00 1.00
2-9 1.32 029 072 082 079 083 0.85 087 0.88
2-10 -0.64 096 071 068 081 0.84 085 0.87 0.88
2-1 -0.82 008 049 077 080 0.84 085 0.87 0.88
2-12 -0.39 147 054 088 076 0.83 086 0.87 0.88
2-13 -359 090 098 084 076 0.84 086 0.87 0.88
2-14 078 032 127 083 071 082 087 087 0.88
2-15 -4.16  0.81 1.05 097 0.75 087 0.86 0.88 0.89
2-16 -0.24  -441 124 1.08 090 0.86 088 0.88 0.89
217 -0.42 -0.14 -463 193 091 0.81 088 0.89 0.89
2-18 -0.48 -049 -3.12 -1.58 226 094 079 090 0.89
2-19 -0.50 -0.57 -0.50 -466 1.84 0.83 087 0.88 0.89
2720 -0.52 -0.60 -0.63 -0.29 -470 221 084 0.83 0.90
RN -0.15 -0.13 -0.08 -0.06 -0.02 2.21 0.84 0.83 0.9

Table 2.11: Computed rates Rﬁ and RV (as defined in (2.6.8)), measured from the nu-
merical solutions of the (2.6.10), calculated using Newton’s method (pg.

38) on the mesh (2.6.6b) with the transition point o = v'e*In(N).

Again, the pattern in the Table can be explained by poor numerical approximations for lower

values of N.
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CHAPTER: 3

LINEAR AND NONLINEAR BOUNDARY

TURNING POINT PROBLEMS

3.1: INTRODUCTION

In this chapter, we consider linear and nonlinear boundary turning point problems. We are

mainly concerned with nonlinear convection-diffusion problems of the form
(eu”+uu'—bu)x)=q(x), b(x)>0, x€(0,1), u(0)=0, u(l)>0, (3.1.1)

where the coefficient of the first derivative, the solution u, is zero at the boundary. We will see
that the solution has a boundary layer in the vicinity of x = 0. Problems of the above form have
been analysed by Vulanovi¢ in [34] and more recently in [35]. In [34] the numerical approxi-
mations UV, of the proposed numerical method, satisfy an ¢-dependent error bound on the

constructed mesh QF, of the form
lu—UN||<Cle + N"'InN).

Thus this method is suitable for sufficiently small values of £ such that ¢ < N~1. Analysis in [34]
involves integrating the above equation, and establishing that the solution of the resulting first

order problem is within O(¢) of the singularly perturbed Riccati problem studied in [22].

In this chapter, we present a direct numerical method (3.1.1), whose numerical approximations

satisfy the parameter-uniform error bound
|UN —u]|<CN“!'InN.

In Vulanovi¢’s more recent paper [35], a generalised form of the homogeneous problem corre-

sponding to (3.1.1) is examined and a parameter-uniform error bound of the form

NUN —u||<CN~'(InN)®

60



is established. The analysis and numerical method presented in [35] are different to what is
given in this chapter. In passing, we note that the same problem class as in [35] was examined
in earlier papers ([33],[36]), where parameter-uniform convergence in the L; norm was estab-

lished for schemes involving a uniform mesh.

Nonlinear boundary value problems of the above form, with the boundary conditions
u(0), u(1) > 0, have been studied in [10] and [18] using monotone finite difference operators
on piecewise-uniform Shishkin meshes. If the boundary conditions ©(0) and u(1) are strictly

positive, the nature of the solution of (3.1.1) is strongly related to the linear problem
(eu”+au'—bu)x)=q(x), x€(0,1), a(x)>a>0, xe[0,1].

The reciprocal of @, which is the strictly positive lower bound on the coefficient of the first
derivative, appears throughout the analysis of these numerical methods. Thus if ¢ =0, as is in
the problems examined in this chapter, then the analysis in [10] and [18] is not directly appli-

cable. Linear boundary turning point problems of the form

eu”(x)+xP(bu’ —cu)x)=xPq(x), x€(0,1), u(0)=0, u(1)>0, (3.1.2a)

b(x), c(x)>0, p=0. (3.1.2b)

have been studied in [17]. The coefficient of the first derivative is zero valued at the boundary
point x =0. In [17], it is shown that the width of the boundary layer depends on p. The nature
of the layers in the nonlinear problem (3.1.1) is different to the layers in the linear boundary
turning-point problem (3.1.2). In the first part of this chapter, we examine a linear boundary

turning-point problem of the form

(eu”+au'—bu)x)=q(x), x<€(0,1), u(0)=0, u(1)>0, (3.1.3)

b(x)=0, a(x)=CQ1—e %), (3.1.3b)

It transpires that the width of the layer in the linear problem (3.1.3) is the same as the nonlinear
problem (3.1.1). The analysis of the linear problem is useful when we come to construct and
analyse a parameter-uniform numerical method for the nonlinear problem (3.1.1). The second
part of this chapter, presents a numerical method and the associated numerical analysis for a

nonlinear class of problems containing (3.1.1).
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3.2: LINEAR PROBLEM

3.2.1 Continuous Problem
Consider the following problem class on the unit interval Q2 := (0, 1). Find y, such that
(o d? d _ — —
Leye(x):= (EW‘l_asﬂ_b) Ye(x)=¢qg(x), x€9Q, y:(00=A4, y.(1)=B,
a.(0)=0, a.x)>0 x€(0,1], (Ze)

a. €C?0,1)nC°[0,1], b,geC?[0,1], b(x)=0, xe€Q.

Our primary interest is in the nonlinear problem (3.1.1). To this end, we place some restrictions
on the function a. so that this linear problem, (2.), has some features of the nonlinear problem

(3.1.1).
Assumptions on the coefficient a, in (7,)

For all x € Q, define the limiting function a as
ao(x):= lin(l) as(x), x>0 and ao(0):= ling ao(x). (3.2.1a)
£— X—

Assume the following conditions on a. for x € [0, 1];

ae(x)> ap(x):=0(1—e %), r=20>0, (3.2.1b)
X

f |a.(n)]dr<c, (3.2.1¢)
t=0

pe(x):=(ao—a.)(x) satisfies |p(x)| < |pe(0)]e /", (3.2.1d)

ao € C?[0,1]. (3.2.1e)

Note that (3.2.1b) implies ao(x) = 0,V x € Q. The differential operator £, defined in problem

(Z,) satisfies the following minimum principle.

Theorem 3.2.1. Let L, be the differential operator defined in (7.) and z € C2(Q)N C°(Q). If

min {z(0),z(1)} > 0 and L,z(x) <0 for x €Q, then z(x) > 0 for all x € Q.

Proof. The proof is by contradiction. Assume that there exists a point p € Q such that z(p) < 0.

It follows from the hypotheses that p ¢ {0, 1}. Define the auxiliary function

X

u==z exp(% ft:O a.(t)dt) and note that u(p) < 0. Choose s € Q2 such that u(s) =min u(x) <0.

Therefore, from the definition of s, we have u/(s) =0 and u”(s) = 0. But then
7 A (X; 1 ’
Lez(s)=|eu"+| —(as—a:/2)+ —=+Db |(—u)|(s)exp | —— a(t)dt | >0
2¢e 2 2¢ =0
which is a contradiction. O
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We decompose the solution y, into the sum of a regular component, v,, and a layer component,
w,. If a, satisfied the bound a, = C > 0 for all x € [0,1], then we would simply define the
regular component as the solution of £, v, = g with suitable boundary conditions and the layer
component as the solution of L, w, =0, w,(0) = (y. — v)(0), we(1) = 0. Since a. does not satisfy

such a bound, we study the problem
Love(x):= (S;—; + a()% - b) ve(x)=q(x), x€Q, v(0)=(vo+¢€11)0), v:(1)=B, (3.2.2a)

where v, = vy + ev; + £%v, and vy, vy, v, satisfy

(aovy—buo)(x)=q(x), x€[0,1), wo(1)=B, (3.2.2b)

(aov] —bv)(x)=—vy(x), x€(0,1), »i(D)=0; 1©(0):= hH)l vi(1), (3.2.2¢)
t

Livo(x)=—v](x), x€Q, v2(0)=v,(1)=0. (3.2.2d)

Note that in problem (3.2.2), the coefficient a., of the first derivative term, has been replaced
by ao (defined in (3.2.1a)). We incorporate the error (£, — L)V, into the layer component we,

which is, noting (3.2.1d), defined as the solution of
Lewe(x)=(pe V;)(x)» x€Q, we(0)=(ye —ve)0), we(1)=0. (3.2.3)

Lemma 3.2.1. Ifv, is the solution of (3.2.2) and w, is the solution of (3.2.3) then for k =0,1,2,

we have the following bounds on the derivatives of v, and w,:
Ivgk)(X)l <C+e*%) and Iwgk)(x)l <Ceg ke 072x/e Q.

Proof. The solution of (3.2.2b) can be solved exactly. Also (3.2.2b) is independent of ¢ and
since ay, b, g € C?[0,1] we can easily show that IIU(()k)II < Cfor k=0,1,2,3. For (3.2.2¢c), under
the same argument, we can show || vik)ll < Cfor k=0,1,2. For (3.2.2d), consider the functions

o7l

7 (1-x)+£w(x), x€9Q, (3.2.4)

YPE(x)=

where 6 is defined in (3.2.1b). From (3.2.2d), we have min{y)*(0),y*(1)} =0 and

_aolvrll vyl

La)p*(x)= 5 5

A-x)F v/ @) <-llv]llFv{(x)<0, xe.

Hence, using Theorem 3.2.1, we have ||v,|| < @. Note that Theorem 3.2.1 holds for the oper-
ator L, the proof of this can be easily repeated by replacing a, in the proof by 6. Integrating

(3.2.2d) over [0,n] forany n e Q, we have

X

X X
evé(r))—své(o):f (bvo)(t)dt — (aovglg —J (agua2)(1) dt) —J v/ (t)dt.
0 0 0
Thus we can bound the left hand side as
elvy () — vy (O < (1Bl + llaoll + llag DNl v2ll + vy | =: Crllvall+ 101 II. (3.2.5)
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From the mean value theorem, 3 & €(0, &) s.t. v2(¢)—v2(0) = ev5(&) hence |v, (&) < |Jv2(e)|| < Co.
Thus letting n = & in (3.2.5), we have &|v;(0)| < Ci||v2|| + ||v)’|| + C» and hence for any x € ©,
we have &|v;(x)| < 2(Cyllv2l + ||v]]l) 4+ Co. From (3.2.2d), we have ||v)|| < Ce2. Hence using
Ve = Vg + €11 + €212, we can retrieve the required bounds on vgk) for k =0,1,2. To bound wy,

consider the functions

£(x)= _L
¥ (x)—|w€(0)|exp( > f

which are nonnegative at x =0, 1. Using (3.2.1), we can easily check that

X

a.(t)d t) +w.(x), xe€Q,
=0

1 2 / 2
—de(x) +ea (x)= —.
S e(xf +eay(x)> S

Thus for ¢ sufficiently small, we have

1 ((1 )
L) < ((Eaﬁﬂa;) (x)—zsm(onnv;n) e~ 0/2x7e < o,

Use (3.2.1) and the minimum principle in Theorem 3.2.1 to obtain

P

1
|we(x)] < |we(0)| exp (_EJ ae(t)dt) < Ce0/2x/e, (3.2.6)
I3

=0
We now bound the derivatives of w,. Integrating (3.2.3) over [n, 1] for any n > 0 and recalling

we(1)=0, from (3.2.1) we have
C
el(w, () — wy ) < Uaell +IbIDIwe ()l + 1 pe(Oee™ 21/ - cem@/2nle 3.2.7)

Using the mean value theorem and (3.2.6), there exists a point z € (1 —¢, 1) such that | wg(z)l <
lwe(1—¢)| < Ce~(0/2)/e Letting n) = z we have ¢|w/(1)] < Ce~(0/2n/¢_ Letting n = x € Q2 then

similarly we have |w/(x)| < Ce~(9/2x/¢. Complete the proof by using (3.2.3) to bound w?”. [

Remark: We will see below that a bound on the third derivative of v, and w; is not required in

the truncation error analysis in Lemmas 3.2.2 and 3.2.4.

3.2.2 The Discrete Problem and Error Analysis
Consider the following finite difference method. Find Y such that

LNYN ()= (e6°+a. DT b)Y (xi)=q(x), xi€Q), YNO)=4, Y (1)=B, @M

where
Z(xi+1) = Z(x;) D*(Z(xi) — Z(xi-1))
DY Z(x;)i=———"—, 6°Z(x;):= , hi=X— Xy,
(xi) i (xi) (M + h))2 i=Xi—Xi+1
and QY is the piecewise-uniform fitted mesh described by
N 200 21-0)i-%) .
Q, ::{x,- xi=—, 0Si<y, xi=0+————=, §<i<N, (3.2.8)
. 1 2¢ N =N
O :=min E’?IH(N) Q) =9, \{xo, xn}. (3.2.8b)

The finite difference operator £, satisfies the following discrete minimum principle.
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Theorem 3.2.2. Let L.~ be the difference operator defined in (7 N) and ZN be a mesh function
on ﬁ]gv. If min {ZN(xo),ZN(xn)} = 0 and L,NZN(x;) < 0 for x; € QY, then ZN(x;) = 0 for all
X; € ﬁiv.

Proof. Suppose that ZN(x;) = min; ZN(x;). If follows from the hypotheses that k ¢ {0, N} and
xr € QY. Since ZN(x;) is the minimum value we have D*ZN(xt) > 0 and 622V (xi) = 0. To
avoid a contradiction we must have £,V ZN(xt) < 0 but if b(xt) > 0 then £,V ZN(xx) > 0 or if
b(xr)=0then ZN(xy_1)=ZN(xx)=ZN(xr+1) < 0. Repeating this argument will eventually lead

us to conclude that either £,VZN(x;)> 0 or ZN¥(xy) < 0 which is a contradiction. O

As in the continuous case, we decompose the solution Y into the sum of a discrete regular
component, V¥, and a discrete layer component, W~. We define the regular component as

the solution of the following problem

LNVN ()= (6% + aoDT = b)VN(xi)) = q(x;), x; €Y, VN0)=(¥ +eV)0), VN(1)=B,
(3.2.9a)

where VN = VN +e VN + 2N and VY, UV, Y satisfy
(@D =DM (x)=q(x), xe€@ \xn, VN(xn)=B, (3.2.9b)
(@Dt —b)VN(x))=—-6*VN(x), xi€Y, VN@n)=0; VN(xo):=VV(x1)  (3.2.90)
LNVNx)=-62VN(x;), x€9, VN(x;)=0, j=0,N. (3.2.9d)
We present bounds on VN, D*VN and on the error VN — v, in the following lemma.

Lemma 3.2.2. If v, is the solution of (3.2.2) and VN is the solution of (3.2.9) then we have the

following bounds
VNEISC, (VY —v)x) SCNTY, xieqy, ID*VN(x)ISC, xi € \xu.

Proof. 1If ZN is a mesh function on ﬁiv then we can easily prove the following by contradiction

in the same manner as Theorem 3.2.2:

it ZN )XN >0 and (agD"—b)ZN |ﬁf\xw <0 then 2zN

av = 0. (3.2.10)

Using the mesh functions lIJNi(xi) =B+ HZT”(I —x;)% I{)N(x,-) with (3.2.9b) and (3.2.10) we can
show |V (x;)| < C, x; eﬁ]gv. Thus, clearly from (3.2.9b), we have |[D* VN (x;)| < C, x; € ﬁiv\xN.

Using (3.2.9b), we have

DV (xi) = D* ¥ (xi-1)

~(at ) R+ (0 +)r) = (0 VY +)lxi-)

ao(xi)  aolxi-1) ao(xi-1)
(bW +q)(xi) 1

ao(xi)ao(xi-1) ao(xi-1)

=h; [—(D_ao(xi)) ((bD™ VM) (xi)+ VY (xi-1)D™ b(x:)+ D™ q(x:)) | -
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Note that for any z € C'[0, 1] we have

1
|D™z(xi)| = T

Xi
f Z'(t)dt
Xi—1

i—

< max |zZ/(1)l.
re(xi—1,%;)

Hence, for x; € 2V, we have

20t =DM | . 2hi

82VN(x)) = <
107 V5 () Ty i

C max{|ag|l, 115, IILI/II,miaXID_ )< C. 3.2.11)

Note, we can bound V" in the same manner as V;".

For (3.2.9d), using the functions
1
W () = - max {162 VN ()1 - x0) £ BV (xo), (3.2.12)
0 x,-GQ’E\' 1 2
which are nonnegative at x; = 0,1, with Theorem 3.2.2, we can show |V2N (x;)]<Cforx; e ﬁlgv.
We can repeat [7, §3.5, Lemma 3.14] and obtain ¢|D* VZN | < C and thus it follows that
[VN(x)I<SC on x; eﬁiv and [DTVN(x;)|<C for x; eﬁlsv \xn. (3.2.13)

We now bound the error EN := VN — v,. The errors EY := VN — vy, EY := V¥ — v}, where the

v;’s satisfy (3.2.2), are defined as the solutions of
—N
(aoD* —b)EY (xi)=ao(v)— D vo)(x:), xi€Q, \xn, Ep(xn)=0, (3.2.14a)

(aoD™ = D)EN(x;)=(ao(v] —D*tv))+ 1)) xi), x€QN, EN(xn)=0,

o' (xi) = (vy = 82V )(x:);  EN(0):= V;N(x0) — v1(0),

(3.2.14b)

LNEN(x)= (L= LMve(xs), xi€Q), EN0)=(E) +€EY)0), EN(xn)=0. (3.2.14c)

Note the following truncation error bound

(62— < — S L
€ £ 1)l < hi+1+hi pr h]

Xj t
J J v/(s)—v/(x;)ds dt|. (3.2.15)
[=Xj-1 Y $=X;

Using standard local truncation error estimates and using (3.2.2), (3.2.9), (3.2.11), (3.2.13),

(3.2.15) and Lemma 3.2.1 and recalling that ag, b, g € C?[0, 1], we can show that
max {|(vg— D vo)(xi)l, 1(v] = DY o)), 1(Le— LMwe(x)l} SCNT!, x;€Q),  (3.2.16a)

CN-1, i#X,
ENERRS # (3.2.16b)

. N
C, ZZE.

Thus for (3.2.14a), it is easily shown using (3.2.10) that |E(1)V(x,-)| <CNY(1-xp),x; € ﬁiv. Rewrite

(3.2.14b) as

EN(x;)= [E{V(xm)— ((v{ ~Dtu)+ aiorf,v) (xi)hm] (1+ L@hin)
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Since (1+ a%(xi)h,url) > 1 and using (3.2.16a) it can be shown that

j
|EN (xn—j)SCN "'+ CZ T8 (eN—i ) AN— 41
k=1

Thus using (3.2.16b) we can show that if j < N/2—1 then |E{V(XN—]')| <CN-'landif N/2<j<N
then

|EY (xn— )| SCN 7' + |7 (xn )l Anjo41 + CNTT S CN T

At the meshpoint xy, we have
|EN (x0)l = VN (x1) — va(x1) + vi(x1) — v1(0)| S CN P+ (Jxa v | SCN L

Complete the proof by using Theorem 3.2.2 with (3.2.14c) and (3.2.16a) and the barrier func-
tions
1
IV (x) = GONT (1 —x) £ EN(xy)

O

We incorporate the error (LY — £,V) VN into the discrete layer component, WX, defined as the

solution of the following finite difference method

LNWN ) = (LN - LNV @) =0 DY), xi€QY, WYk =wek), k=0,1.
(3.2.17)

Abound on W} is now given in the following lemma.

Lemma 3.2.3. If WX is the solution of (3.2.17) then WN satisfies

— . —_ . . 1 . N . 1
Ce™l0/2xi/e . CN™Y, 0<i<N (ffo=3), 0<i<3, (ifo<3)

o
IWN el < 1 v o
Proof. Using (3.2.1), we first establish a few inequalities. Using ((2.2.19), pg. 19), define and

bound the mesh function WV as follows

R . L as(xj)hi\ !

WHN(xo):=1, WN(x;):= l_[ (1 + %?’) >exp(—(0/2)x;/e), 1<i<N. (3.2.18)
j=1
When h; is such that h;1; = h; =hand h/e < CN~'InN then for sufficiently large N we have

1 1 62
S @e(x)ae(xiv1) + D" ae(xi) 2 Saelxi) + e (xir)) = = (3.2.19)
When o < 1/2, for i = N/2 we have
—(0/2 —260
oGl <lpe(0lle P <o (OINT and ae(x)= 00— ¥ )2 0/2.  (3.2.20)

Consider the mesh functions

W) = [ (0) W () + §|‘Pe(0)| mﬂgx{ID+ VNN — xi) £ WN(x;)
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which are nonnegative at x; = 0,1. Using (3.2.18)-(3.2.20) and Lemma 3.2.2, for meshpoints
X; € [x1,Xk-1], where K =N ifc =1/2and K = N/2 if 0 < 1/2, we have h;y; = h; = h and
h/e < CN~!'InN. Thus for sufficiently large N we have

LNV ()
s_l 258 |( ¢ 25 +1)+3D+ag(x1')) WN(xi+1)+|¢€(0)|%%X{|D+%N(xi)|}e (0/2)x: /e
|w (0)|
S7E ( C |%(0)Irgax{ID+VN(x )|}) ~(0/2mi/e <,

For all other meshpointsi.e. x; € [xk, xn—1], when K = N/2, we have

+
LEN‘I’N (xi)

2 _ ~(0/2)xy /e
$—5|<Ps(0)|r1;11%X{|D+VEN(xi)|}N 1Ots(xg)+Isas(O)Irggx{ID*VEN(xz')I}e 2" 0.

Using Theorem 3.2.2 we have |[WN (x;)| < CWN(x;)+CN-L.

We finish the proof by establishing an upper bound on W. Note the Rectangle Rule for Numer-
ical Integration: Partition the interval [a, b] into N* subintervals with width h* = 1/N*, where

tj=a+ jh*. Then
J f(s)ds= h*Zf(l‘])-i'O((b )R f71). (3.2.21)
Using this rectangle rule with W (x;) for x; < o when o < 3 or for x; < xy when o = ; we have

0 < h?
o —rxj/€h<—f —rs/Eds+C—2<c+CN “(In(N))*.
&

j=1

Hence using ((2.2.19), pg. 19) and (3.2.1b), for the same values of x;, we have

i A2 2 .
WHN(x;) < l_lexp (—% (Z) ) exp (—@g) (3.2.22a)
=1

i

0
<exp(C(N"'In(N))?N)exp(—(0/2)x;/€)exp gZe—”‘f‘/fh < Ce 072xi/e,
j=1

(3.2.22b)

Finally, since W¥ is monotone decreasing, then using (3.2.8) with (3.2.22), we have W¥(x;) <

CN-'fori>% wheno <. O
Abound on the error YN — y, is given in the following lemma.

Lemma 3.2.4. Ify, is the solution of (¥.) and l_QN is the linear interpolation of YN, the solution

of (@é\’), then

_N _
Ve —elloy SCN 'InN.
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Proof. First, if o0 <1/2 then for i > N/2, using Lemmas 3.2.1-3.2.3 and (3.2.8), we have
(YN =y )xi)l S TWN (o)l + [we ()] + (VY = ve)(xi)| S CN L

We now need to examine the error over all meshpoints x; € [0, xx] where K = N if o =1/2 and

K=N/2ifo <1/2. The error EN(x;):= (YEN —¥¢)(x;) is defined as a solution of the following
LNEN(x) = (Le — LM)ye, xi€(0,xk), EN(0)=0, |EN(xx)|<SCNL. (3.2.23)

For x; € (0,xx) we have hij;; = h; = h and h/e < CN~'InN. Using (3.2.1), (3.2.3) and Lemma
3.2.1, observe that for any s € [x;-1,X;+1] C [0,xx) we have a bound on |sw](s) — ew(x;)| as

follows

Xi+1
1D M well iz 2 + (IIbII+J |a, (&) di) Nl x +l@elllw] i) (3.2.24a)
E=0

Xi+1
+||sog||||v:||+(||ag||+f |a;(5)|d5)||v;n] |s = x;| < Ch(1+¢ 2~ (0/2%1/8) (3.2.24b)
3

=0
Thus using Lemma 3.2.1 with standard local truncation error estimates and using (3.2.24) with

(3.2.1¢) and (3.2.15) we have
(Le = LN)ye(xi)| < Ch(1+ 27 0/Drim/e), (3.2.25)
Using (3.2.18) and (3.2.19), consider the mesh functions
UV (%)= Che Y WN(x;)+ Ch(l — x;) £ EN(x;)
which are nonnegative at x; = xo, xx. Using the bound in (3.2.25) we have
LNUNF(x,) < —C he 2e~ 0D/ _ Cha,(x;)+ Ch+ Che2e~0/2xile
Note that for k* =(4¢/60)In(1/¢) we have the inequalities

14+ & 27 0/2x/e < p=2p=(0/2)x]e o < J* (3.2.26a)

1+e2e 0/2%e <o x> k*  au(x)=0/2, x;i=k*—h. (3.2.26b)

Either there exists an integer T < K — 1 that is the largest integer s.t. x7 < k* (ff) or k* > xx—1 (b).
Using (3.2.26), on meshpoints x; € [x;,Xx_;] in case (b) or on meshpoints x; € [x;,x7] in case

(#), we have the bound
LNUNH(x;) < —(C' = C)he2e™0/20i/e <,
In case (ff), if T < K — 1 then on meshpoints x; € [x7+41,Xx-1] we have
L£NUNH(x;) < —Cohae(K* — h)+ Ch <0,
Complete the proof using Theorem 3.2.2. The global bound follows as in [22, pg. 381]. O
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3.3: NONLINEAR PROBLEM

3.3.1 Continuous Problem

Consider the following problem class on the unit interval Q2 =(0, 1). Find y, such that

ey +(F(ye)) =bye)x)=¢q(x),  x€Q,  y(0)=0, ye(1)=B>0,

(Ze)
b,geC2[0,1], b(x)=0, x€Q,  FeC3[0,2(B++/lql).
We consider this problem for F and B satisfying
32—2(B||b||+m%x{0,q(x)})>y2, y>0. (3.3.1a)
X€!
F'(s)=:f(s)=s, s€[0,2(B++/llqlD]- (3.3.1b)

Note that a Burger’s type equation of the form (£y” + ayy’ — by)(x) = §(x), for any a > 0, is

contained in the problem class (7,)-(3.3.1), which can be seen be dividing all terms by «.

Consider the class of general quasilinear problems of the form

ez (t)=H(t,z.,2,)=c(t,2:)z,(t)+d(t,z¢), t€]=(j1j2) (3.3.2a)

z(j1)=b1, z(jo)=Dby, (3.3.2b)

where ¢,d € C[J x R,R]. For this problem, we define lower and upper solutions and the

Nagumo condition as follows.

Definition 3.3.1. A functionz € C'(J) is a lower solution of (3.3.2) ifez”(t) > H(t,z,z’) on(j1, j2)
andz(j;)< b;,i=1,2. Anupper solutionz € C(]) is defined analogously, with both inequalities
reversed. Let p,q € C[],R] with p(t) < q(t) on J. Suppose that for s satisfying p(t) < s(t) < q(t),

t € J and s’ € R we have

|H(t,s,s") < h(]s"]) (3.3.3)
where h € C[[0,00],(0,00)]. If
g .
L Tg)dg > Ipegxq(t)—r}lel}lp(t), (3.3.4)

where A(j2 — j1) = max {|p(j1) = q(j2)l, |p(j2) = q(j1)I}, then we say that H satisfies Nagumo's con-

dition on ] relative to p, q.
Note from (3.3.2), for any bounded s, p and g s.t p(t) < s(t) < q(t) on J, we have

|H(t,s,s) < max e(f,s)lIs'(O)+  max |d(t,s).
p1)<s(1)<q(1) p)<s(t)<q(1)

Thus if z and z are any bounded lower and upper solutions of (3.3.2) with z(¢) <z(¢) on J then
by taking h(&) := C(1+ &) in (3.3.3) where C depends on ¢, d, z and z, we can easily show that

F satisfies Nagumo’s condition on J relative to z,z.
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Lemma 3.3.1. [5, §1.5, Th= 1.5.1] Let z,z € C'[],R] be, respectively, lower and upper solutions
of (3.3.2) on J such that z(t) < z(t) on J. Suppose further that H(t,zg,z’g) satisfies Nagumo’s
condition on ] relative to the pair z, z. Then, for any z(j1) < b1 <z(j1), 2(j2) < by < z(j2), the

problem (3.3.2) has a solution z, € C?[J,R] with z(t) < z.(t) < z(t).
Remark: For any problem from the class (3.3.2), it suffices to construct a lower and upper solution
of the problem to show existence of a bounded solution.

Lemma 3.3.2. Assuming (3.3.1), there exists a unique solution y, € C?[0,1] of the problem (7)
satisfying
() =7(1=e TP <y (x) < B+ /llgll2 - %), xeQ. (3.3.5)

Proof. Consider the function y(x)= B+ 4/1|q||(2 — x). Using (3.3.1b), we have
ey + f@Y —by —q=—1lqllf7)— by +q <—llqll +lqll =0.

Thus, y is an upper solution of (%,). Consider the singularly perturbed Riccati problem: Find

g [0,1] — R such that

ey’ + %(ZZ -gH=o0, y(0)=0, (3.3.6a)
glx):= \/ B2 —2(BI|b]| +max {0, g(x)})(1 - x). (3.3.6b)

Note that g’(x) = 0 and using (3.3.1a) we have g(x) = g(0) > y > 0. This is the problem studied
in [22], with the result that B > J_/(x) = a¢(x) where a, is as defined in (3.3.5). Using (3.3.6a) we
have 3}_/” +y_y’ = g g’ = B||b||+ max,ecq {0, g(x)}. Thus we can show that yisa lower solution of

(Z.) and the bound in (3.3.5) follows. Hence from Lemma 3.3.1, (Z,) has a solution y, € C?[0,1]

satisfying y <y. <.

Suppose y; and y; are two solutions of (7). Then y <y, y2 <y and Ay := y, — y» satisfies

e(AYY + FONAYY + (¥ [y Pz +tAy) d=b)(Ay)=0, (AYXO)=(Ay)1)=0. B3.7)

Clearly 0 is both a lower and an upper solution of (3.3.7). Thus using Lemma 3.3.1, the solution

of (7,) is unique. O

Comparing the bound in (3.3.5) with the condition (3.2.1b) in the linear problem, motivates us

to follow the analysis used in the linear problem for this nonlinear problem.

We decompose the solution y, into the sum of a regular component and a layer component.

The regular component is defined as the solution of
(ev)+(F(ve)) —bue)x)=q(x), x€9Q, ve(0)=(vo+ev1)0), ve(1)=B, (3.3.8a)
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where v, = vg+ €v1 + €21, and vy, 11, v, satisfy the nonlinear problems

(F(v)Y —bvo)x)=q(x), x€[0,1), wvp(1)=B, (3.3.8b)

(f(wo)vy +(vyTi — b)v)(x)=—vy(x), x€(0,1), v1(1)=0; vi(0):=limu(n),  (3.3.80)

(ev) + f(ve)vy + (v + eV (T + Tvy + £ T v2)v2 — bvo)(x) = —(Tyvi vy + v7)(X), (3.3.84)
x€(0,1), v2(0)=wvy(1)=0.

1 1,1
q‘l;:f f(vo+evit)dt, ‘Zﬁ::J tf f(vo+evit+e*vys)ds dt. (3.3.8e)
0 o Jo

Note that the equations in (3.3.8) were derived using ((2.2.2), pg 16). The layer component is

defined as the solution of the problem

(ewf/+ flywl+ (v] ) £/we+1we) di —b) we)x) =0,
x€Q, w.(0)=-v.0), we(1)=0.

(3.3.9)

Bounds on both components and their derivatives are given in the following lemma.

Lemma 3.3.3. Assuming (3.3.1) and the conditions on the problem data in (7.), fork =0,1,2,3,

the solutions v, and w, of (3.3.8) and (3.3.9) respectively, uniquely exist and satisfy the bounds
Il CO+e>%) and JwP(x)| < CeFe 12, xeq.

Proof. Using a suitable transform, we can easily extend the definition of upper and lower so-
lutions of initial value problems (see §2.2.1.2, pg. 15) to the case of terminal value problems.
Using (3.3.1b) and (3.3.6b), we can show that v(x) = B+ 4/||gl|(2 — x) and v(x) = g(x) are upper

and lower solutions of (3.3.8b). Thus (3.3.8b) has a solution vy with
r<g0)<v<C. (3.3.10)

Since b,q € C2[0,1] and f € C2[0,2(B + /l|qI)], the bounds ||v\"]| < C, k = 1,2,3, follow from
(3.3.8b).

For (3.3.8¢), in the same manner as (3.3.8b), we can show using the upper and lower solutions,

v and -v respectively, that || vik)H <(C, k=0,1,2, where

S
AT

(eXp G(Ilv(’)llllf’ll +11bll+1)(1 —x)) - 1) .

Before examining (3.3.8d), we can bound v,. Note that using (3.3.1a) and (3.3.10), for suffi-
ciently small £, we have

V:(0)=(vo+¢€v1)(0)= g(0)—Ce =. (3.3.11)

Again, consider the problem (3.3.6), but with y(0) =y. Since g(x) > 7, it is easily checked that

y is a lower solution of (3.3.6). Thus, in the same manner as in Lemma 3.3.2, we can show that
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there is a unique solution of (3.3.8a) satisfying
<Y <SUve<B+24/[qll. (3.3.12)
For (3.3.8d), using f(v,) = ve = 7, we can show for sufficiently small ¢ that v s.t.

7:=C3 (exp G (Ulwgli+ellwg DAL T+ ol I+ 1Bl +1) (1 "”) - 1)

_ 3wy I+ llwallleg D
3=
(lwoll+lleg DAL+ el ID+11B1+ 1

and —v are upper and lower solutions respectivley. Hence ||v;|| < C. We bound the derivatives
of v, in the same manner as in Lemma 3.2.1. Using the mean value theorem and (3.3.8d), there
exists a point z € (0, ) such that | vé(z)l < ||vz|]. Integrating (3.3.8d) over [0,17] forany0 <n <1,

we have

elvy(m) — vy )l < Canax{|| F1L LI L1 wgll ol ey L oy 1L ezl D113

Thus letting n = z, we find the bound |¢ vé(O)I < C, then letting n = x € (0,1) we obtain the
bound |ev;(x)| < C. Retrieve the bound ¢||v)|| < C/¢ using (3.3.8d). Use v, = vg+ £v1 + €21,

to bound v; and v/ and complete the proof for the regular component by establishing the

7

required bound on v;

using (3.3.8a).

To prove the bound on the layer component, consider the function

w(x)=w(0)exp (—%J a.(t) dt) ,

=0
where «, is as defined in (3.3.5). Note that w,(0) = —v,(0) < —7y thus w(x) < 0. We can show
that

1 3y2
eal(x)+ Eai(x) > %

Moreover, we have

1
ol [ f/(ve+ tw) dr—b[ <l +1ipll < C.

Thus using f(y¢) = y. = a. and (3.3.9), for sufficiently small ¢, we have

ew” + [y w’ + (vl [} f/ve+tw) de —b) w> L ((@2/2+ea,)— Ce)-w) > 0.

Hence w is a lower solution of (3.3.9) and since 0 is an upper solution, using (3.3.5), we have

X

1 _
|we(x)| < |we(0)|exp [ —— a.(t)dt | < Clwe(0)|e 1P xeq. (3.3.13)
P 2¢
t

=0
Bounds on the derivatives of w, may be established in the same manner as with the layer com-

ponent in Lemma 3.2.1. 0
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3.3.2 The Discrete Problem and Error Analysis
We consider the following nonlinear finite difference scheme. Find YN such that
(eD*D7YN+ DYF(Y) - bYM)xi)=q(x), xie, YYO=0, YYW)=B, (FM)

where, assuming (3.3.1a), Q2 is the piecewise-uniform fitted mesh described in the same man-

ner as (3.2.8) but with the transition point
. 1 2¢
a::mln{—,—lnN}. (3.3.14)
2y

Note that in the discrete nonlinear problem (7 FN ), we use a different approximation to the
second derivative term to what we used in the discrete linear problem (%[). This is related to

the fact that the continuous problem (%,) may be written in the form (¢y’+ F(y))Y — by =gq.

Note also, that using (2.2.2), we can express D' F( YfN (x;)) as
D FON @)= ([ YN G+ - OYN(x) de ) DYV (xy). (3.3.15)

We will suggest a method for solving the nonlinear scheme ((7/), (3.3.14)) in §3.4 later, how-

ever we mention that the expression above suggests a choice for linearising the scheme.

Consider a discrete nonlinear problem of the form

NNZN() =eDT[D™ZN + J(Ai, ZN(A))(Ai) = K(A;,ZM), (3.3.16a)

ey, ZN0)=by, ZN1)=b,, (3.3.16Db)

where J € CO[S,R], J,(x,y) = 0 for (x,y) € S x R; K € CO°[R,R]; AV is an arbitrary mesh and

S, R CR. For this problem, we define discrete lower and upper solutions as follows.

Definition 3.3.2. A mesh function Z" on AN is a discrete lower solution of (3.3.16) if
NNZN(A) = KA, ZN (X)) on AN and ZN(i)< b;, i =0, 1. Adiscrete uppersolutionZN on AN is

defined analogously, with both inequalities reversed.

We now show that existence of upper and lower solutions implies existence of a solution to

(3.3.16). The proof of [11, Th=5.2] is easily tailored to prove the next lemma.

Lemma3.3.4. LetZN andZ" on AN be discrete lower and upper solutions of (3.3.16) respectively
such that ZN(2;) < ZN(M) for A; € AN and ZV, ZN € R. Then (3.3.16) has a solution Z with

ZN <zN <Z" on AN,
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Proof. Let Ly, LIZV € R be two discrete lower solutions of (3.3.16). Define the mesh function LéV
onall A; € AN by Lév(l,-) = max{L]lV(/l,-), LIZV(A,-)}. At any mesh point A; where L13V(7L,-) = LJIV(/M),

we have

1
D*[J(Ai, L3(A1)] = D [J(Ai, Li(A:)] = DY [(L3 — L1)(Xi)f Jy(Ai, (L +t(Ls — L1))(A:)) d ]
0

1
=275 (Ls— Ll)(liﬂ)f Jy(Ais1, (L1 +¢(Ls — L1))(Ai+1)) dt—0] =0
0

Likewise for any mesh point A; where LéV (A) = LIZV (A;). Thus it is easily shown that Lév is a

discrete lower solution on AV and the remainder of the proof follows thatin [11, Th=5.2]. [

Remark: The discrete nonlinear problems we will see below are contained within the problem
class (3.3.16) with S = Q and R = [0,2(B + +/l|ql|)]. Hence, to bound a solution to a discrete

. . . =N
problem below, it suffices to construct discrete lower and upper solutions ZN(x;) and Z " (x;) that

satisfy0< ZN(x1), Z' (x1) <2(B + /4l

Lemma 3.3.5. Assuming (3.3.1), if YN is the solution to (7 ) then

i h: -1 -N
AN(x) =y 1—]—[(1%?’) <YVx)<B+/lglle—x), xiel. (3317
j=1

Proof. Consider the mesh function YN(xi) = B+ +/llqll(2 —x;), x; € ﬁiv. Using (3.3.1b) and
(3.3.15), we have

D*D Y + D F(Y" )~ bY —g)x:)
S— (folf(t?N(le)"'(l_t)?N(xi))dl') Jlall+liqll

1 /— —
<=3 (P )+ Y x0) Vilgli+ligl < —ligll+llgll =o.

Thus l_/N is a discrete upper solution of (7 FN ).

Consider the discrete Riccati problem
eD™ YN (x)+ 5 (YN - g(xi))=0, x;€Q),  Y(0)=0, (3.3.18)

where g is as defined in (3.3.6b). From the results in [22], we have Aév < XN < B, where A1€V is
as defined in (3.3.5). Note that we use the fact that the mesh (3.3.14) is identical to that used
in [22]. Thus we can use the results in [22] directly. If the meshes were not identical, we would
possibly have to perform a more fuller discrete analysis on (3.3.18) to establish bounds on the

solution. Using (3.3.18) we have
eDYD™YN(x;)+ 3 DT YN(x;)* = 3DV g(x;)* = BIb|| +max{0,q(x)}. (3.3.19)
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Since g’ > 0, we can easily check that g is a discrete upper solution (see Th® 2.2.4, pg. 18) for

(3.3.18). Thus D*YN(x;) > 0. Hence, using (3.3.1b) and (3.3.15), we have
D*F(Y"N(x;))= Uol feY(xin)+1 = 1)YN(x:) dl‘) D*Y(x;)
>3 (YVei)+ YV () DYV () = 3 DY YN (x0)]
We can then use this to show that Y is a discrete lower solution for (7 M. O

As in the continuous case, we decompose the discrete solution into the sum of a discrete reg-
ular component, VN, and a discrete layer component, W.V. The discrete regular component is

defined as the solution of the problem
(eD™DVN+DYF(VN) - bVN)(x))=¢q(x:), xi€Y, VN0)=wv,(0), VN(1)=B. (3.3.20)
The discrete layer component is defined as the solution of
(8D+D—WN+D+ [Ulf(t YN +(1—£)VN) dt) WN] _ wa) (x1)=0 (3.3.21a)
€ 0 £ £ £ £ i ’ -
xi €Y, WN0)=we(0)=-1v:00), WN(1)=w,(1)=0. (3.3.21b)

Lemma 3.3.6. Assuming (3.3.1), if VgN is the solution of (3.3.20) and WSN is the solution of

(3.3.21) then for sufficiently small ¢, we have
r<VNx)<B+4/lgll2—x;), x;€QV. (3.3.22a)

Ce r/2xi/e £ CN-!, 0<i<N(o=3), 0<i<%, (fo<j)

W ()l < 2 (3.3.22b)

CN-1, S<i<N, (fo<3).

Proof. The bound in (3.3.22a) can be proved by repeating the proof of Lemma 3.3.5 with Y(0) =
y < v(0), in (3.3.18), for sufficiently small £ and using (3.3.11).

Clearly 0 is a discrete upper solution of (3.3.21). Consider the mesh function W satisfying
(eprD-wN 4Dt [(f) vy +0-0yMy ae) wh] ) x)=0, WNO)=w.(0), WN(1)=0.
This means W satisfies
eD~(WN(x) = WN)+ ([ YN+ =0VN) dt) WN(x) =0, WN(0)=w.(0). (3.3.23)
Using (3.3.1b) with the bounds in Lemma 3.3.5 and (3.3.22a) we have
Jo FaYN +(Q -0V de > [ YN+ (1 - 0)VN de= LN+ V) > /2.

Hence, we can show that

i -1
W) =we(0)] | (1 + g;’) , WN(xo) = we(0),
=1
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and 0 are respectively, discrete lower and upper solutions of (3.3.23), which can then be shown
to be, in turn, a discrete lower solution of (3.3.21). The bounds in (3.3.22b) can be established

in the same manner as in Lemma 3.2.3. O

We present bounds on the error VN — v, in the following lemma.

Lemma 3.3.7. Assuming (3.3.1a), if v, is the solution of (3.3.8) and VEN is the solution of (3.3.20)

then
(VN = ve)x)| SCNY, x; €0
Proof. The error EN(x;):= VN — v, is defined as the solution of
1
(£D+D—EN +D+ [(fo FEVN +(1=1)v,) dt) EN] - bEN) (x)=7N(x;), ,  (3.3.24a)
N .= g(j_; — DD )+ (j—x —DNF(ve), x;€QV, EN0)=EN(1)=0, (3.3.24b)

Using the notation h; = x; — x;_1, and recalling F € C3[0,2(B + 4/||g||)] by standard local trun-

cation error estimates and Lemma 3.3.3 we have

V(i) = (e(2; — DY D7)ve + (= — DF)F(e))(x:)
= (e(4- = DM+ D (S — D )ve + (£ — DY)F(v,))(x:)
< Cehip|lv) |+ eD*(v. — D™ v, )(x;)+ Chjpy max{||F”||, [|[F'll, lv.]l, v}
<CN'+eD*(v) — D v,)(x;):=CN '+ eD"tV(x;).

. . —N . . —N —N
Consider the mesh function E * satisfying E° (0)=E (1)=0and
—N 1 —N
(e D E"+ D% [( [y faVN+(0-1)we) dt) E" | ) (x)=—CN- +eD¥e)(x))

This means B satisfies B (0)= 0 and

eD~(E" (x)— B () + ([, F VN + (1= )ve) dt ) B (x) = CN=' (1= x) + £ () — T (1),
(3.3.25)

Using Lemma 3.3.3 and (3.3.22a) we have (VN +v,)/2 > v and |t)| < CN~!. Then it is eas-
ily checked that the quantities —E%CN I and %CN —1 are respectively, discrete lower and up-
per solutions of (3.3.25), which can then be shown to be, in turn, a discrete upper solution
of (3.3.24). We construct a discrete lower solution in an analogous manner to complete the

proof. O

Lemma 3.3.8. Assuming (3.3.1), if y. is the solution of (Z.) and X_QN is the linear interpolation

of YN, the solution of (7)), then

—N _
1Y, —yelloy<CN 'InN.
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Proof. First, if 0 <1/2 then for i > N/2, using Lemmas 3.3.3, 3.3.6 and 3.3.7, we have
(YN = ye)x)l S IWN (o)l + [we ()] + (VY = ve)(xi)| S CN L

We now need to examine the error over all meshpoints x; € [0, xx], where K = N if 0 =1/2 and

K=N/2if o <1/2. The error EN(x;):= YN — y, is defined as a solution of
(sD+D—EN + Dt [( Jo FEYN (1= 1)) dt) EN] —bEN) (x)=7N(x;), x; €0l (3.3.262)
™V = (L — DY D)y + (L~ DNE(), EN0)=0, |EN(xi)<CNTL (3.3.26b)

For x; €(0,xx) we have h;1; =h;=hand h/e < CN~'InN. Using Lemma 3.3.3 we have

(4= — DYF(ye(x) = f F(ye(x)) = Fye(t) dt

i

hiv1
<Clifllh _max |y/(t)] < Ch(14¢ " e 0/2ile)
LE€[x;,Xi41]
For any s € [x;-1,x;+41], using (Z,) and Lemma 3.3.3, we have
" 7 / / / " / / 2
elye () =y (DI < g Il +11D°Myell + bl max]y, ()l + [ Fll max |y, ()] + [l maxy,(s)}]ls — x|
<Ch(1 + e le~(r/2xin/e | g=2 p=(r/2)xi/e _}_87267(7/2)3@;1/5) <Ch(1 +€*Ze*(?’/2)xi—1/€).

Hence using ((2.2.19), pg. 19), (3.2.15) and e~(r/2h/¢ < C we have

h —i
|TN(xi)|$Ch(l+€_26_(7/2)x"/€)sCh(1+g—2(1_,_%;) )

2
:Ch—Ch;e"lDJ“

y h —(i-1)
(1+5;) ]::Ch—Che_1D+TN(xi).
. . =N ... =N —N _
Consider the mesh function E  satisfying E (0)=0, E (1)=CN~! and
(£D+D—FN+D+ [(jol FEYN (1= 1)ye) dt) EN] ) (xi)=—Ch+ Che" 1D+ TN(x;).
. —N . —N
This means E  satisfies E (0)=0and
eD~(E" (x)— B (e))+ [y YN+ =)y d ) B (x)) (3.3.27a)
= Ch(xg —x;)+Che }(TN(x;)— TN(xx))+ (fol faYN+(1-1)y.) dt) FN(xK). (3.3.27b)

We now construct a discrete upper solution of (3.3.27), but establish a few inequalities before

doing so. Since h/e < CN~'In N, we have, for sufficiently large N,
L N N — AN L N 32 — AN r?
EAE (x1)A; (xi-1)+eD™ A (x;) = ZAS (xi) +eD" A (x;) = T (3.3.28a)

Using ((2.2.19), pg. 19), define and bound the mesh function YN as follows

) i AN(xi) R\ !
YN(xi)::n(l+%;) > e~ (r/2)xile (3.3.28b)

j=1
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For sufficiently small € and sufficiently large N, the integer k in the interval

(2gln(;ih),2gln(;ih)+ 1) satisfies k < K. Using (3.3.28b) and ((2.2.19), pg. 19), it follows

YN (xp) = e /20K > ie*(” 2)h/e > %, (3.3.28¢)
h —2¢/(yh)In4
AVx)zy (1— (1+£;) > g (3.3.28d)

Using (3.3.1b) with Lemmas 3.3.5 and 3.3.5 and ((2.2.19), pg. 19), we have

S YN (= o)y) de > [ txN +(1 - 0)ye di

=2 (YN +ye) = 3(AY + ) = (AN + ANy =AY,

Consider the mesh function £V := Che (k1 AN YN + k) where we choose the «/s later. Using

((2.2.19), pg. 19) and (3.3.28), we have
eD EN(x;))+ ANEN(x;)— Che™ —eD™ EN(xk)— CEN(x)
2
> (m%e—W)W +12AN (x;) - 1) Che™' >0,
if k1 > 64/y? and k, > 4/y. Using (3.3.5) and (3.3.5) with ((2.2.19), pg. 19), we have %(YEN+
¥e) = AN. Thus we can show that 0 and E are respectively, discrete lower and upper solutions
of (3.3.27), which can then be shown to be, in turn, a discrete upper solution of (3.3.26). We

construct a discrete lower solution in an analogous manner to complete the proof. The global

bound follows as in [22, pg. 381]. O

Remark: The analysis throughout §3.3 can be easily extended to the following problem class on

the unit interval 2 =(0,1). Find y. such that

(ey, +(F(ye))x)=G(x,ye(x)),  x€Q,  y(0)=0, y:(1)=B>0,

where G satisfies |G(x,y)|<C,0<x <1,y €R;and

oitiG
oxioyl

(,)|<C, 1<i+j<2; Gyx,y)=0, F()=fy)zay, a>0

forall 0<x<1,|y|<2(B+ é\/@).
Define the parameter { as
Gy(x,y)<¢, (x,y)€[0,1]x [0,B+2M].
The condition (3.3.1a) can now be replaced by
B?— %(B{ + r)?eaé({O, G(x,00}) =72 >0. (3.3.29)

Under these assumptions, Lemmas 3.3.1 - 3.3.8 all hold with the updated y . defined in (3.3.29).
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3.4: NUMERICAL EXAMPLES

We can solve for the numerical scheme ((%{V ), (3.2.8)) exactly. For the nonlinear problem (%),
in [1], Osher presents a difference scheme with which to approximate the solution of the non-

linear problem

ey”" —(G(y)) —b(x,y)=0, x€(0,1), y(©0)=yo, y(1)=y1,

by(x,y)=B >0, GeC'R), beC'(R?.
The scheme can be written as follows; find a mesh function Y that satisfies

N(YN(x;)) = ﬁﬁ[sﬁ YN(x:)— g(YN(xi41), YV (x:))] — b(xi, YN(x;)) =0, (3.4.1a)
i+ 1

eV, YN0)=4, YN(1)=B, onthegrid QV={x;}"., h;=x;—x;_1, (3.4.1b)

i=1’

where g(u,v) € C1(R?) satisfies certain monotonicity conditions. The operator D~ applied to

g is defined as

D™ g(YN(xi41), YN(x:)) = (3.4.1¢)

D™ ([ B(G(s) 2 006 (5) ds] +(hisa /R)DT ([T B(Gr5) < 0)G(s) ds),  (B.41d)

where B is a Boolean function such that B(7) =1 or 0 if the Boolean I is true or false respec-
tively. Osher establishes stablility for implicit and explicit schemes associated with (3.4.1) of

the form

Implicit:  A(Y™(x;,2;))=D; YN (x;, 1)),
Explicit: N(YN(X,', [j)) = D—;— YN(.X?,', [j),
j:1,2,3,... k:[j_tj—l) YN(xi’O):UN(xi)) xiGQ’

where UV is the initial condition and where the CFL condition (Courant-Friedrichs-Lewy con-
dition) is assumed for the explicit scheme, which can be summarised by the following bound

ek
—— <C.
2min h;?
Note that the CFL condition is a condition required for the convergence of explicit difference
schemes. On the Shishkin mesh (3.3.14), the required CFL condition is overly restrictive be-

cause we would require
k

————<C
CeN~21n?(N)

To solve the implicit scheme we are required to linearise the nonlinear difference operator A/.
Osher suggests Newton’s method, but owing to the requirement of a sufficiently close initial
condition, we linearise the scheme ((.% &{V ), (3.3.14)) based on the expression (3.3.15). To ap-

proximate the solution of (Z,), we use the following Numerical Scheme
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Numerical Scheme 3.1. Find YEN (xi, tj) such that
(eDID_ YN+ ED}YN —bYN)(xi, tj)=(q + D, Y)(xi, 1),
Flxiyt)i= ( [y FEYN G, 1)+ (0= YN (i, 1) dt )
xi€Q, =0, kj:=tj—tj-1, j=12,3,...
YgN (x;,0) = some positive initial condition, x; € ngv ,
YNo,t;)=0, YN(1,t;)=B, t;>0,

where b(x;, t;) = b(x;) and q(x;,t;) = q(x;) where b and q are as in (7.) and QJEV is the mesh

described in (3.3.14).
The number of iterations that we compute could be decided by the traditional method where

by we compute YN(x;, 1), YN(x;, £2), YN(x;, £3), ... until the first time an integer J is observed

satisfying
max | Y,V (x;, t7) = YN (xi, ;-1 < tol, (3.4.2)

xi€Q,
where t0l is some prescribed tolerance. We would then take YV (x;, ;) as the approximation to
the solution of (7,). However, we will choose to implement a time step manipulation routine
as outlined in [7, pg. 196] which is inspired by the wish for the Numerical Scheme 3.1 to reach

a steady state. The routine is outlined as follows.
Algorithm 3.1.

#1: Suppose the initial time step is k1 = k*. At time tj,, compute YEN(xi, 1) YEN(xi, Lji+2),

YN(x;,tj,43), ... using the time step k;j = kj,. At each iteration, calculate

1
N\ —vN _ N N
d(])—;r;%%IDt Y, (xi,tj)l——j ;rgﬁlYg (xi,£) = YW (x4, 1)l

#2: Continue computing the iterates until one of the following occurs:
a) Thereis a first instance where an integer J < 90 is observed such that

d(J)<trol. (3.4.3)

In this case, take YN(x;, ;) as the approximation to the solution of (7).

b) Thereis a first instance where an integer Jemp < 90 is observed such that
d(]temp) > d(]temp - 1)-
In such a case, we recompute YN(x;,t;) for j = Jiemp repeatedly, using the time step

le

5. =27"kj,,, onthen-th re-computation, until the first re-computation such that
temp emp

d(]temp) < d(]temp - 1);
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say after the r-th re-computation. Record YN(x;,t;) = YN(x;,ty,,,) for j = Jiemp and

i _ L q.T
return to step #1 with tj, = ! romp andkj, = k]temp-

¢) You have computed YEN (xi,290). In such a case, discard all the computed iterates and

return to step #1 with t;, = t, and redefine ki = %k*.

In the next two examples, we compute numerical approximations USN of (7,) and (Z;) using
the Numerical Scheme ((#)), (3.2.8)) and the Numerical Scheme 3.1 with Algorithm 3.1 respec-

tively. We will present tables displaying the computed rates of convergence RY and R" defined

by
—2N
DY = max (UN =T, )x;)l, DN:= msaxDév , (3.4.4a)
x; €0,
N DN
RN :=log, D—ZEN and RV =log, T (3.4.4b)
£

—2N , . . . . . .
where U, " is the interpolation of U2V, the numerical solution using 2N mesh intervals.

Experimentally, we found that Algorithm 3.1’s success and execution time is sensitive to the
given initial guess, much more so than when using the traditional method (3.4.2). To construct

Table 3.2, we use the following initial conditions to compute the numerical approximation UM:

if =1, thenuse g asdefined in (3.3.6b) as the initial condition; (3.4.5a)
if e< %, then use Ué\g as the initial condition. (3.4.5b)
We use a tolerance of 10~19,

Example 3.1 (Linear Case)

In this example we consider a linear problem from the class (%.) with
ac(x)=2tanh(4x/e), b(x)=1-cos(3x), q(x)= % —x and A=B=1. (3.4.6)

It can be easily shown that 2tanh(%x) > 2(1— e~%¥/¢). Thus, in (3.2.8), we take
o= min{%, £InN}. Table 3.1 displays the computed rates of convergence RY and the uniform
rates of convergence RY. The computed rates are in line with the theoretical rates of conver-

gence established in Lemma 3.2.4.
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RY
£ N=32 N=64 N=128 N=256 N=512 N=1024
20 0.97 0.98 0.99 1.00 1.00 1.00
2-1 0.94 0.97 0.98 0.99 1.00 1.00
272 | 0.89 0.94 0.97 0.99 0.99 1.00
273 0.50 0.89 0.94 0.97 0.98 0.99
274 | 0.69 0.70 0.77 0.80 0.84 0.80
25 0.68 0.71 0.77 0.80 0.84 0.86
276 | 0.68 0.71 0.77 0.80 0.84 0.86
27 0.68 0.72 0.77 0.80 0.84 0.85
2-8 | 0.68 0.72 0.77 0.80 0.84 0.85
2720 | 0.68 0.72 0.77 0.80 0.84 0.85
RN 0.68 0.72 0.77 0.80 0.84 0.85

Table 3.1: Computed rates of convergence RY and RV (as defined in (3.4.4)), mea-
sured from the numerical solutions of (¥,) with the problem data (3.4.6),

solved exactly using the numerical method ((7 ﬁV ), (3.2.8)).

Example 3.2 (Nonlinear Case)
In this example we consider a nonlinear problem from the class (7). We consider this problem

with
F(y)= y2 — % cos(5y2), b(x)= i(l +sin(x)), g(x)= % cos(3x), A=0, B=2.1, y=1. (34.7)

For such an F, we have

F(y)=f(y)=2y+ysin(5y*) >y,

and we can easily compute the term F in the Numerical Scheme 3.1. We generate numerical
approximations using the Numerical Scheme 3.1 with the time step Algorithm 3.1 using a toler-
ance of 1078. Table 3.2 displays the computed rates of convergence RY and the uniform rates of
convergence RN. The computed rates are again in line with the theoretical rates of convergence

given in Lemma 3.3.8.
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64 128 256 512 1024 2048

270 098 099 099 1.00 1.00 1.00
271 097 099 099 1.00 1.00 1.00
272 096 098 099 0.99 1.00 1.00
273 095 096 098 0.99 099 1.00
24 1.02 094 096 098 099 1.00
25 079 073 074 0.80 0.77 0.84
2-6 078 079 070 0.79 0.83 0.85
277 077 072 075 0.80 0.83 194
2-8 0.77 072 075 0.80 0.83 0.85
279 0.77 072 075 0.80 0.83 0.85
2710 1076 072 075 080 083 0.85

2720 |1 0.76 0.72 075 0.80 0.83 0.85

RN 1.01 0.72 0.75 0.80 0.79 0.84

Table 3.2: Computed rates of convergence Ré\’ and RN (as defined in (3.4.4)), mea-
sured from the numerical solutions of (%,) with the problem data (3.4.7),
approximated using the Numerical Scheme 3.1 (with Algorithm 3.1 and

(3.4.5)).
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CuaprtTER: 4

NONLINEAR INTERIOR LAYER PROBLEM

4.1: INTRODUCTION
In this chapter, we examine nonlinear singularly perturbed problems of the form
(eu”—uu'—bu)x)=0, b(x)=0, x<(0,1), u(0)>0>u(l). (4.1.1)

We will show that solutions to (4.1.1) can exhibit an interior layer centred around a unique
point d, € (0,1). However, the exact location of this point d, is not explicitly determined and
we construct a finite difference scheme based on an approximate location of the point given in

[12].

In [31], Shishkin examines a problem class containing (4.1.1). A numerical scheme is con-
structed that uses a classical approach when ¢ > CN—2/5, When ¢ < CN~2/5, Shishkin derives
an approximation d* to d, and considers left and right boundary turning point problems on
(0,d*) and (d*, 1) respectively to approximate the global solution u of (4.1.1). Numerical ap-
proximations to the solutions of these left and right problems are generated and used to con-
struct a global approximation UN for (4.1.1). The error bounds presented in the paper can be

described as follows:

|UN —u||<CN~'®, in aneighbourhood outside d*, (4.1.2a)

|UN — || < CN~'®,  in a neighbourhood around d*, (4.1.2b)

where 7i(t) = u(t +(d, — d*)) is a transformation of u. However, since d, remains unknown,
this is a theoretical transformation. In [32], Shishkin uses the same basis to examine the time
dependent problem corresponding to (4.1.1). However, the algorithm is considerably more
intricate mainly due to the fact that the location of the internal layer needs to be accurately
determined at all time levels. In Chapter 6, we experiment with this algorithm and describe the

algorithm in [31] for the steady state problem (4.1.1). Below we confine our discussion to the
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steady-state problem (4.1.1).

In §4.4, we present numerical results for a monotone scheme on a piecewise-uniform Shishkin
mesh which suggest that this method is essentially first order convergent when applied to

(4.1.1). However we do not provide any numerical analysis for this scheme in this chapter.

4.2: CONTINUOUS PROBLEM

Consider the following problem class: Find y, such that

(ey) = (F(ye)) =bye)x)=q(x), x€Q2:=(0,1), y:(0)=A>0, y(1)=B<0,

9,
b,geC?[0,1], b(x)=0, x€9, FeC3[-2(Bl+/lqll), 2(A+/lql). 0
We consider this problem for the boundary conditions A, B and the function F satisfying
AZ—Z(AHbII+xrél[g?1(}{0,q(x)})>y%, vr >0, (4.2.1a)
|BI> —2(|B||b|| + xrgti{h{Oﬂ(X)}l) >1%  TR>0, (4.2.1b)
F'(s)=:f(s), f(s)>0,5s>0, f(0)=0, f(s)<0,s<0, (4.2.1c)
IFI=1sl, ¥ sel=20Bl+/liql), 2(4+/llglD]- (4.2.1d)

We place an additional restriction on f below in (4.2.6) so that the solution to (%) exhibits an
interior layer. Since the problem (%,) is contained within the problem class ((3.3.2), pg. 70),
the definition’s of upper and lower solutions and Nagumo’s condition hold as in (Def= 3.3.1,
pg. 70). Hence it suffices to construct upper and lower solutions to establish the existence of a

solution to (¥;) (see Lemma 3.3.1, pg. 71).

Lemma 4.2.1. Assuming (4.2.1), there exists a unique solution y, € C?[0,1] of the problem (%)
satisfying
B-2y/llqll<ye(x)<A+24/ligll, xe€Q. 4.2.2)

Proof. Consider the function 3_/(x) = B—+/llgll(2—x). Clearly)_/ <0and )_/’ > 0. Using (4.2.1), we

have
ey” — f0)y' ~by —qa= -y y'~llqll = (Bl+/lla)V/ gl - ]l > .

Thus, y is a lower solution of (¢.). We can similarly establish that the function y(x) = A+
v/ llgll(14x) is an upper solution of (¥;). Establish uniqueness in the same manner as in Lemma

3.3.2 to complete the proof. O
From (%;), the left and right reduced solutions, r; and rr respectively, satisfy

(F(rpg))(x)+brpg(x)=—q(x), r(0)=A, rr(1)=B. (4.2.3)
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The following Lemma establishes that both reduced solutions are bounded away from zero.

Lemma 4.2.2. Assuming (4.2.1), the reduced solutions of (9.) defined by (4.2.3) uniquely exist

and satisfy

0<yr<ri(x)<A+24/llgll,  0>—-yr>rr(x)=B-2/llqll, xe€Q. (4.2.4)

Proof. Recall the definition of upper and lower solutions for initial value problems in (§2.2.1.2,
pg. 15). Note, that using a suitable transform, we can easily extend the definition to the case
of terminal value problems. We can easily establish that 7(x) = A+ 4/||g[l(1 + x) is an upper

solution for ((4.2.3); rr). Consider the function

r(x) = /A2 — 2(A||bl| + max{0, g (x )})x,
which, by noting (4.2.1), is strictly positive. We find that
r ' =—(A|lb] +max{0, g(x)}) < 0.
Thus we can show that
f@r'+br+q<rr +|bllA+max{0,q(x)} <O0.

Hence, from (4.2.1), we have ry >y > 0. In the same manner, we can show that the functions

r(x)=B—+/lgllc—x) and 7(x)=+/|BP—2(BIlIbll+|min{0, g(x)})(1 - x)

are lower and upper solutions of ((4.2.3); rg) respectively. We can establish uniqueness in the

usual manner. O

From the analysis in [12], Howes presents sufficient conditions for the occurrence of an interior

layer in the solution of (¥;) are: if

ri(x)>0, for xe€[0,x;], O0<xp<]1, (4.2.5a)
rr(x)<0, for xelxg,1], 0<xp<l, (4.2.5b)
r(x)
xp<xr, and J(x) :=J f(s) ds has a zero at x* € [xg, xL], (4.2.5¢)
rr(x)

then an e-width interior layer occurs around the point x*. In our case, from (4.2.4), we have
x1, =1and xg = 0. At this point, we place an additional restriction on f as follows; for f in ((%.),
(4.2.1)), assume there exists x* satisfying

ro(x*)
3 x*<€(0,1) such that f f(s)ds=0. (4.2.6)
T

R(x*)

Note that we refer to x* as Howes’ point.
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4.2.1 Split the problem into left and right problems

From Lemma 4.2.1, we have y, € C2[0, 1], hence there is a smallest point d. €(0, 1) s.t.
ye(de)=0. 4.2.7)

We split the problem (%) into left and right problems defined either side of d, as follows

Ye(x)=yr(x), x <d,; Ve(x)=yr(x), x=dg;

ey, = fy)y; —by)x)=q(x), x€(0,d), yr(0)=A, yi(de)=0, (%)
(eyg — fR)yr —byr)x)=q(x), xe€(d.1), yr(d:)=0, yr(1)=B. (%r)

These are boundary value problems from the problem class (7;) examined in §3.3.1, Chapter
3, pg. 70. Using those results under the assumptions (4.2.1), we can find that the solutions to

(¢1) and (¥%r), yr and yg respectively, uniquely exist and satisfy
0<yr(1—e 2@ey <y (x)<A+2V/llgll, x€[0,d], (4.2.82)
B-2y/llgll < yr(x) < —yr(1 — e~ rr/20=ded/ey <o, x eld,, 1]. (4.2.8b)
Hence
Ye(x)=yr(x), x€[0,d;,] and ye(x)=yr(x), x€ldg]1].

Note the implication that d, is the only zero of y, in [0,1]. We decompose each y;\r into a

regular component v\g and a layer component wy\r. The regular components satisfy
(ev)\g = fnRvy g = bung)(x)=q(x), x€(0,d:)\(de, 1), (4.2.9)
vi(0)=A4A, wvi(d.)=v], vr(d:)=vy vr(1)=B, (4.2.9b)

where v] and v} are chose appropriately so that we may bound the derivatives of vy\z uni-

formly. The layer components are defined as the solutions of the problems

(ewf\ g = FOLRW g+ (Vg [y FOne+twing) At =b) wip)x) =0 , (4.2.10a)
x€(0,d:)\(de, 1), (4.2.10b)
wr(0)=0, wi(d;)=-vi(de), wr(d;)=-vr(d:), ,wg(l)=0. (4.2.10c)

Lemma 4.2.3. Assuming (4.2.1), for k = 0,1,2,3 the solutions vi, wi, vg and wg of (4.2.9)-

(4.2.10), uniquely exist and satisfy the bounds
Iwfl<ca+e25),  wPe) < ceretr/Ad=ale e (0,d,),

Il < ca+e2%), (wP)| < ce ke rm/2a—ddle  xe(d,,1).

Proof. Using (4.2.1), we can proof this Lemma in the same manner as Lemma 3.3.3 in Chapter

3,pg. 72. O
Note that the location of the point d, has not been determined.
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4.2.2 Alternative Problem

We now consider an alternative problem to simulate an interior layer at a known point p*, close

to d.; Find z, such that

ze(x)=zr(x), x<p% ze(x):=zg(x), x=p%
(2] — f(z1)z), —bz)(x)=0, x€(0,p"), z1(0)=A4, z(p*)=0, ()
(ez}y— f(zr)z, —bzr)x)=0, x€(p*1), zr(p*)=0, zr(1)=B. (AR)

The problems (%7) and (/%) are analogues of (¢;) and (¢¥r). We decompose z into a regu-
lar component v; and a layer component w; and similarly zg = vg + wg. Bounds on these

components and their derivatives are given in the following lemma.

Lemma 4.2.4. Assuming (4.2.1), fork =1,2,3, ifz; =vi 4+ w| and zgr = vg+ wp are the decom-
positions into a regular and layer component of z;, and z g respectively then for sufficiently small

g, we have
0<ys(1— e 2=y <z (x) < A+2/llgll,  x<€[0,p),
B—24/llqll < zr(x) S —yr(1— e /AP <0, xe[p*1].
vi(x)ZyL>0 x€[0,p*] and vr(x)<-yr<0 xe&l[p*1],
IWEII<Cc+e2%) and |P(x)| < Ce ke /AW ¢ e(0,p"),
IVl <C+e* %) and |0 (x)|< Ce*e tm/D=pe e (p* 1),

Proof. The first two bounds can be established in the same manner as in Lemma 3.3.2 and the

remaining bounds in the same manner as in Lemma 3.3.3. O
We now present a bound on the difference between y, and z, under the assumption
|d: — p*| < Ce. (4.2.11)

Lemma 4.2.5. Assuming (4.2.11), ify, is the solution of (9.) and z. is the solution of (1) -(/R)

then
C N —
|(y6_ze)(x)|<;|d£_p l, xeq.

Proof. Without loss of generality, assume that d. < p*. We will examine the difference y, :=
z¢ — Ye over the intervals [0, d,], [d¢, p*] and [p*, 1] separately. On each interval, using (¢,) and

(#1)- (%), we can show that y. satisfies
1
(e, — (J ftze+(1—1)ye) dt) 2e)(X)—bye(x)=0. 4.2.12)
0
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Considering y, over [0,d.] we have y.(0) = 0 and using Lemma 4.2.4 and (4.2.11), we have

Zs(ds)IZL(dg)—O >0 and

de
Yelde)=z1(de)=2z1(de)— zL(p") :f zi(t)dt <(p* - dS)erEla);*] |27.(2)]
p* &
<C(1+e7)(p* —de) max, e~/ =0/e| < C(p* — dp)e .

x€lde,p

Clearly xX= 0 is a lower solution for (4.2.12) over (0, d.). Consider the function  that satisfies

1
(e7' - U f(tzg+(1—t)ye)dt) 7V(x)=0, 7(0)=0, F(d.)=Ce Y p*—d.). (4.2.13)
0
That means  satisfies
1
(' (x)=7'(0) - U ftze+(1—1)ye) dt) 7(x)=0, 7(d.)=Ce Y(p*—d,). (4.2.14)
0

Using upper and lower solutions with (4.2.14), we can show that 0 < ¥ < Ce~(p* —d,) and
hence we can use (4.2.13) to show that  is an upper solution of (4.2.12). Hence 0 < y.(x) <
Ce=Y(p*—d.)for x €[0,d.]. We can bound y.(p*), and hence y,, equivalently on [d,, p*] and

[p*, d¢] to complete the proof. Note that the case where d, > p* mirrors the above. O
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4.3: THE DISCRETE PROBLEM AND ERROR ANALYSIS

To numerically approximate the solution of (¢,;) we consider the following discretisation of

(A7), (#3): Find ZN such that

ZNxi)=2) () i< 5 ZN () =20 (), 0> 5
DY (eD Z) = FZ))—-bZ)(x;))=0, 0<x;<xy, Z)(0)=A4, Z)(p")=0, )
2
D™ [eD*ZY — F(ZY¥) - bZY (x;)=0, Xy <x;<l, zZ¥(p")=0, zZ¥(1)=B. M)

on a piecewise-uniform mesh QY. Motivated by Lemma 4.2.4, the mesh Y is defined as

Ap*—0oo) ; . N
- b 0<i< T,
F—oo+ 22— 1), T<i<h,
xitegV:x,-={ p N 4 4 2 t (4.3.1a)
et Yeisd,
p*+01+—4(1_'j;_01)(i—%), %<i$N,
*+(1-2p*)j 2¢
O‘] ':min{p(z—p)])’r_lnN}) YOZTL) 7’1:)’}?) j:0,1 (431b)
J

Again, the problems (1), (%) and ("), (#}) are from the class of problems studied in

§3.3.2 of Chapter 3 and the next Lemma follows.

Lemma 4.3.1. Assuming (4.2.4), if z. is the solution of (#1), (#r) and Zé\’ is the solution of
M), (A7) then
I(ZN - z,)(x;)| SCN'InN, x;€Q.

Finally, we can establish a bound on y, — Z¥ in the following Lemma.

Lemma 4.3.2. Assuming (4.2.4), if y. is the solution of (¢.) and Z¥ is the solution of ),
() then
C
(ye = ZM)(x:)l < Slde=p'l+ CN~'InN, x;eql.

Proof. Combine lemmas 4.2.5 and 4.3.1. O

Observe that if the point p* was within O(¢) of the point d, then Lemma 4.3.2 would not suffice

to guarantee convergence.
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4.4: NUMERICAL EXAMPLE

The numerical algorithm described in §4.3 solves two boundary turning point problems joined
together at p*. The algorithm involves a nonlinear finite difference operator and a Shishkin
mesh centred about an unspecified point p*. In this final section, we present an algorithm
which linearises this discrete problem using a continuation method and g := x* with x* as in
(4.2.6). At each new time level in the continuation method, we do not determine where the
discrete approximation Y(x;, fx) = 0. Hence, we employ a scheme, motivated by the discussion

in §3.4, pg. 80.

In this example we consider a problem from the class (¥;) as follows
(eu” —uu'—bu)x)=0, x€(0,1), u(0)=A=2.1, u(l)=B=-2.15, b(x)=1/4. (4.4.1a)
We choose y\r in (4.2.1) with the values
=18, yr=1.75. (4.4.1b)
In such a case, we find that the reduced solutions defined in (4.2.3) can be solved exactly as
ri(x)=A—bx>0, rr(x)=B+b(1—x)<0. (4.4.1¢)
Hence, we can solve the integral in (4.2.6) exactly as

rr(x*)
J f(s)ds= %(rL—l- rR)r.—rr)(x") =0 ri(x")=rr(x") = x* = %(A—F B+b)=0.4.

Rr(x*)
(4.4.1d)
We numerical approximate the solution of (4.4.1) with the following numerical scheme.
Numerical Scheme 4.1. Find YgN (xi,tj) such that
_ a S _ .
(eDy DYV, =S¥ DLV =Y, 1)) = Dr Vi ), i ¥ (xi, 1) 20
_ a _ ,
(eDy DY, = SV DY =Y Vxi, 1) = Dy Vi, 1), i ¥ (xi,15-1) 20
YN (x, 5) = (YN (G, £-1) + YN (o1, 121)), YO (g, 1) = (YN (g, t—1) + Y (x4, 2-1)),
xiEinv YEN(O» t]):A) YSN(Lt]):By
where Qé\’ is the mesh described in (4.3.1) with p*=x* (asin 4.4.1d) and a = 1.

Note that QQ’ remains fixed with p* := x, at all time levels.

As per the discussion in §3.4, we wish to use the time step manipulation routine described in Al-
gorithm 3.1 with the Numerical Scheme 4.1. However, experimentally, we found that this Algo-

rithm’s success and execution time is somewhat more sensitive to the given initial guess in the
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Numerical Scheme 4.1 that to the initial guess in the Numerical Scheme 3.1. So much so that
we found that the routine of generating initial conditions described in (3.4.5) was unsuccessful
(that is, we observed Algorithm 3.1 performing an inordinate number of re-computations). To

construct Table 4.1, we generate initial conditions as follows:

To generate st‘;ww, the final time iterate of using the Numerical Scheme 4.1 with the Algorithm

3.1 with a prescribed tolerance tol =107P°%, pow = 1, we follow the steps

Compute l;%owj, for pow; =0,1,... pow, where; (4.4.2a)
if pow;=1, thenuse (4.4.2b)
g(xl-)::{ ro(x;) if x; <x*, 0if x;=x*  rg(x;) if x; > x* } (4.4.2¢)

as the initial condition where r; and rg are as defined in (4.2.4); (4.4.2d)

if 2<pow;<pow, thenuse Y;mej_l as the initial condition. (4.4.2e)

We compute numerical approximations U using the Numerical Scheme 4.1 using Algorithm
3.1 and (4.4.2) with a tolerance of 10~5. Table 4.1 displays the computed rates of convergence
RY and the uniform rates of convergence R" defined in 3.4.4. The computed rates are tending

to first order for sufficiently small €.
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RY
N
N=32 N=64 N=128 N=256 N=512 N=1024 N=2048
&

20 0.43 1.12 1.11 0.91 1.07 0.99 0.99
2-1 -0.79 1.49 0.76 0.78 1.16 0.97 0.98
22 2.20 0.34 1.52 1.45 1.28 0.95 0.94
273 1.29 1.12 -0.59 0.04 1.06 -0.92 0.18
24 0.34 0.95 1.07 1.46 0.97 0.96 0.62
2-5 0.58 0.70 0.76 0.81 1.00 1.29 0.15
26 0.58 0.70 0.77 0.80 0.51 1.85 0.71
27 0.58 0.70 0.76 0.60 0.92 1.80 0.26
2-8 0.58 0.70 0.76 0.60 0.86 1.62 0.94
279 0.58 0.70 0.76 0.60 0.82 1.65 0.94
2-10 0.58 0.70 0.76 0.59 0.82 1.66 0.94
2-u 0.58 0.70 0.76 0.59 0.80 1.67 0.94
2720 0.58 0.70 0.76 0.59 0.80 1.67 0.94
RN 0.34 0.95 0.77 0.21 1.06 -0.92 0.18

Table 4.1: Computed rates of convergence RY and RY (as defined in (3.4.4)), mea-
sured from the numerical solutions of the Numerical Scheme 4.1 using Al-

gorithm 3.1 and (4.4.2) with the problem data (4.4.1).
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CHAPTER: D

LINEAR INTERIOR LAYER PROBLEM

5.1: INTRODUCTION

Interior layers exhibiting a hyperbolic tangent profile can arise in solutions of singularly per-

turbed quasilinear problems of the form
(eu”—uu’—bu)x)=q(x), x<(0,1), b(x)>0, u(0)>0, u(1)<O. (5.1.1)

Asymptotic expansions can be used to locate the interior point d., where u(d.) =0, to within
an O(¢) neighbourhood of some known point x*. Thatis, d, € (x*—Ce,x*+C¢) (see Howes [12]).
Note that Howes deals with nonlinear problems like (5.1.1) in non-conservative form. Any fu-
ture extension of our analysis for the linear problem studied here to the quasilinear problem
(5.1.1) could rely on [12, Th= 5.5] to locate the O(¢) layer region. This is the motivation for

studying the problem class (.7;) where the differential equation is in non-conservative form.

In this chapter, we examine numerical methods for a class of linear problems associated with

the above nonlinear problem. For example, problems of the form
d—
£y”(x)—2tanh (2_x) y'(x)—y(x)=qkx), x€(0,1), y0)>0>y(), de(0,1), (5.1.2)
€

will be studied. For such a problem, an interior layer forms around the interior point d. A
parameter-uniform numerical method, based on an upwind finite difference operator and a
piecewise-uniform Shishkin mesh, will be constructed and analysed for these type of problems.
We will also consider the effect of centring the piecewise-uniform mesh at some point dV €
(d —CelnN,d + CelnN). The resulting numerical analysis may prove useful in any future
examination of the nonlinear problem (5.1.1), where the point p is only known to lie within

some interval (d* — Ce,d* + Ce).

Singularly perturbed turning point problems of the form
—ey"(x)—a(x)y’(x)+b(x)y(x)=q(x), x€(0,1), a(d)=0, de(0,1), b>0,
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have been studied by several authors (Farrell [6], Berger et al.[4]). In this case, where the con-
vective coefficient a is independent of ¢, the nature of any interior layer is different to the prob-
lem being considered here. The quantity b(d)/a’(d) determines the existence and character of
an interior layer in the vicinity of the point d. Also, the restriction |a’(x)| = %la’ (d), x(0,1)
is placed on this problem, whereas in (5.1.2), the convective coefficient @ := 2tanh(%) only

satisfies |@’(x)| = %Id’(d )| on an O(¢)-neighbourhood around x =d.

Exponential interior layers can be generated by considering linear problems with discontinu-

ous coefficients of the form

ey”(x)—a(x)y’(x) = b(x)y(x)=q(x), x€(0,d)u(d,1)

ax)>a>0,x<d, ax)<-a<0,x>d, aldY)#a(d).

Interior layers of exponential type form in the vicinity of the point of discontinuity in the coef-
ficient a (Farrell et al. [8]). The numerical analysis associated with such problems relies heavily
on the fact that the coefficient a is strictly bounded away from zero in the interval (0, d)u(d, 1).
In §5.4, the interior layer in the solution of a problem with a discontinuous convection co-
efficient is shown to be different to the interior layer generated from the problem class (.%;)

examined below.

In §5.2 we state the class of problems examined in this chapter and derive a priori bounds on
the derivatives of the solutions. In §5.3, we construct and analyse a set of numerical methods
for this class of problems. The numerical methods consist of an upwind finite difference op-
erator on piecewise uniform meshes, which are fine in the vicinity of the interior layer. In the

final section, some numerical results are presented to illustrate the theoretical error bounds.

5.2: CONTINUOUS PROBLEM
Consider the following problem class on 2=(0, 1). Find y, € C%(Q2) such that

Leye(x):=(ey! —acy; —by:)(x)=q(x), x€8, y:(0)=y0>0, y:(1)=p <0,
ae,b,q € C*(0,1)\{d})nC0,1], b(x)=>0, x€Q, ()
a.(x)>0forxe(0,d), a.d)=0, a.x)<0forxe(d,1].

We will show that the solution to (.%;) exhibits an interior layer in a neighbourhood of the point

d. Additional restrictions on the function a. are listed in (5.2.1) below.
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Assumptions on the coefficient a, in (.7;)

Denote O~ :=(0,d), Ot :=(d,1) and Q" as the closures of 2=, Define the limiting functions a

and a{ as
ag(x)= EL% a.(x), x€[0,d), a0+(x) = llil% a.(x), xe(d, 1], aé‘(d) = xlilgi agt(x). (5.2.1a)
Assume the following conditions on a.;
las(x)|>|ae(x), x#d, a(x):=0tanh(r(d—x)/e), 0>2r>0, x€Q, (5.2.1b)
fx|a’g(t)|dt$C, xeq, (5.2.1¢)
0
@F(x):=(a; —a.)(x) satisfies |pF(x) < Igosi(d)lei%(d_x), xe. (5.2.1d)

Note that (5.2.1b) implies a; (x)> 6, x€Q and aj(x)< -0, x en’.

The differential operator L, defined in problem (.#,) satisfies the following minimum principle.

Theorem 5.2.1. Let L, be the differential operator defined in (.%,) and z € C2(Q) N CO(Q). If

min {z(0),2(1)} = 0 and L,z(x) < 0 for x €9, then z(x) > 0 for all x €.

Proof. The proof is by contradiction. Assume that there exist a point p € Q such that z(p) < 0.
It follows from the hypotheses that p ¢ {0, 1}. Define the auxiliary function

u==z exp(i fxd a.(t)dt) and note that u(p) < 0. Choose s € Q such that u(s) =minu(x) <0.
Therefore, from the definition of s, we have u/(s) =0 and u”(s) > 0. But then, using a2 > 2¢a,,

and noting a/(d) = —r6 <0, we have the following contradiction:

d
Lez(s)=[eu”+ l(a£(2a£ —a,)—2ed. +4eb)(—u)(s)exp (—if ag(t)d t) > 0.
4e £ 2¢ |,

O
Theorem 5.2.2. Assuming (5.2.1), there exists a unique solution, y., of (.%:) such that
yP)<ce™, k=012 xeq.
Proof. Define the two barrier functions
v~ lqll
Yr(x) = w—r[(x —d)ae(x)+ 0]+ max{[yol, [y1]} £ ye(x),
which are nonnegative at x =0, 1. From (5.2.1) we have
7 / Z /7 / 2r , =0, x<d,
Ed, —aca, eag—a£a€=(——1)a£a , (5.2.2a)
9 &
< <0, x=d,
/ < / 2 __ 2r 2 e < 0 ﬁ b
2eQ, —ac0e <28Q, —Q; = (? — l)ag —20r<-20r, xeq. (5.2.2b)
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Using the definition of the problem (.;) and the inequalities (5.2.2), we can deduce that

o < I (e aea, — aval) + (26, — avar)) + ] <O.

Thus a solution to (.%;) exists and is unique.

Using (5.2.1c), the derivatives of y, can be bounded in the same manner as in [7, Lemma 3.2].

O

We split the problem (.%;) into left and right problems around x = d as follows. Define the left

and right problems by
Ye(x)=yrlx), x<d;  ye(x)=yr(x), x=d;
Leyi(x)=q(x), x€Q, y(0)=yo, yrld)=y(d) (1)

Leyr(x)=q(x), x€Q" yr(d)=y(d), yr()=y. (IR

From §3.2.1 in Chapter 3, we have the existence of a unique y; and yp s.t. ||y£’\cg?|| < Cek,
k =0,1,2. We decompose each yj\r into the sum of a regular component, vy\r, and a layer
component, w\g. If a, satisfied the bound a, = C > 0 for all x €(0, d), then, as in [8], we would
simply define the left regular component as the solution of £,v; = g with suitable boundary

conditions and the left layer component as the solution of L, w; =0, w(0) =0, wr(l) = (¥ —

vr)(d). Since a. does not satisfy such a lower bound, we study the problem
L7vi(x):=(ev] +ayv; —bv)(x)=q(x), x€Q, vr(0)=yo, vi(d)=(vo+ev1)(d), (5.2.3a)

where v = vy + v + €21, and the subcomponents vy, vy, v, satisfy

(agvy+bvo)x)=—q(x), x€(0,d], vo(0)=yo, (5.2.3b)

(agvi+bv)x)=v)(x), x€(0,d), ©(0)=0; vi(d):= liTlg v1(2), (5.2.3¢)
t

L7 v(x)=—v/(x), x€Q7, v2(0)=v,(d)=0. (5.2.3d)

Note that in problem (5.2.3a), the coefficient a., of the first derivative term, has been replaced
by the strictly positive a,, defined in (5.2.1). We incorporate the error (L, — L~ )v; into the layer

component wy, which is, noting (5.2.1d), defined as the solution of
Lewr(x)=¢,vi(x), x€Q, wi(0)=0, wr(d)=(y.—vi)d). (5.2.3e)
Similarly vg and wp satisfy
LYvp(x):=(evy+aivy—bvp)x)=q(x), x€Qf, wvp(d)=v", vr(1)=y, (5.2.4a)

Lewg(x)= @ vp(x), x€QF, wg(d)=(y. —vr)d), wg(1)=0, (5.2.4b)
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where v* is chosen in an analogous fashion to v;(d) so that we may bound the derivatives of

vr uniformly. The following Lemma establishes bounds on the regular and layer components.

Lemma5.2.1. Ifv; and wy are the solutions of (5.2.3) and vg and wg are the solutions of (5.2.4)

and 0 is given in (5.2.1b) then for k = 0,1, 2, we have the following bounds:

|u§’”(x)| <C(1+¢e*%) and Iw(Lk)(x)I < Ce ke 072Md=x)e v,

|v§?k)(x)| <C(1+¢&*%) and |w§?k)(x)| < Ce ke 020x=d)/e et

Proof. The proof is analogous to the proof of Lemma 3.2.1. For this proof, we establish a re-

quired inequality in the following. Note that

Jd 0 ,
a(t)dt = Tln(cosh(;(d —-x))),

thus we can use (5.2.1) and the inequality cosh ¢ > %et, t >0, to show that

d
e (0/2d=0)e < exp (_ZLJ ag(t)d t) < 20/2r g~(0/20d=x)/e (5.2.5)
£
X

5.3: THE DISCRETE PROBLEM AND ERROR ANALYSIS

Given the bounds in Lemma 5.2.1 on the solution y, of ((.%;), (5.2.1)), it is natural to refine the
mesh in the vicinity of the point d. We examine such a mesh below. In addition, we consider

the effect of centring the mesh at some other point dV near the point d.

Consider the following finite difference method. Find Y such that
LNYN(x):=(e62—a.D—b)YN(x)=q(x;), x €Y, YNO0)=y, YN1)=y,

N
D~ ifa.,(x;)=0 , 4 (2
Do e\ A , 52ZN(xi) — D+(ZN(x,)—ZN(x,_1))’ hi=2x;—Xi_1,

h; hi)/2
D+ ifa.(x;)<0 (st hf

where D* are the standard forward and backward finite difference operators. We define the

piecewise uniform mesh, 2, with a refined mesh centred at d by

IdN—d|<p0', ps%, ,u::%min{dN,l—dN}, U::min{‘u,flnN}, (5.3.1a)
Hy:=+(d" -0), h:=+o0, Hy:=+(1-d"-o0), (5.3.1b)
x; = Hol, o<i<?f,
ﬁN — i . N N _:_3N QN ._ﬁN 1
e =\ Xi xizx%—i—h(l—z), T<i<T, [ e =2, \{xo, xn}. (5.3.1¢)

xi=xw+H1(i—%, %<iSN.
4



Note, if dN =d then set p =0. If dV # d, then the mesh is not aligned to the point d.

To ease notation, we may write any mesh function ZN(x;) as Z lN .

To prove the existence of a discrete solution to (ﬂFN ), we construct discrete analogues of the
barrier functions used in Theorem 5.2.2. However, in place of o, in these barrier functions, we

will construct and use a discrete analogue AY .

We identify the nearest mesh point to the left of d in this non-aligned mesh as x¢. That is
X :=max{x;| x; <d}. (5.3.2)

Note from (5.3.1), that x¢ is a mesh point within in the refined mesh. Define the following mesh

functions
SNx)=1+p)¥ =1 -p), CNx)=0+p) 4+(1-p)T, (5.3.3a)
SN (x;)
N . ! _ -1 .
T (xi)= ey PT rhe™',  0<i<N. (5.3.3b)

The mesh functions SV, CN and TV can be thought of as discrete analogues of the continuous
functions 2sinh, 2cosh and tanh centred at xq respectfully. Note that from (5.3.1), we have
p <CN-'InN —0as N — oo, VY &. Some properties of these mesh functions are given in the

following Lemma.
Lemma 5.3.1. For sufficiently large N, the mesh functions SN and CN defined in (5.3.3) satisfy:
SN(xi—1)>SN(x;), Vi; SV(x;)>0, i <Q; SN(xQ) =0; SV(x;)<0,i>Q; (5.3.4a)

CN(xi—1)> CN(xy), i<Q; CN(xi-)) < CN(xy), i>Q; CN(xi)= CN(xg)=2, Vi; (5.3.4b)

i<Q-2, S CN(x;), i<

¢ I*+p <CN(xip) < . ' ¢ ; (5.3.4¢)

Q-1<i, CN(x;) Qs

i<Q, CN(x;) (14+p)CN(x;), i<Q
: <CN(xi1)< P l ; (5.3.4d)

Q<i, (1-p)CN(x;) CN(x;), Q<i
TV(x;)>0,i<Q; TV (xq)=0; TV(x;)<0, i>0Q; (5.3.4e)
ITN(x;)| <1, |TN(x;)— tanh (g(Q—i)h)ISCNpZ, Vi; (5.3.41)
min{TN(xg), |TN(xw)|} >1-Cp>1. (5.3.4g)

4 4
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Proof. Clearly ClN =2,V iand Si.v =20,i<Q, Sﬁ.v <0,i>=0Q. Use Si.V—Si.V_l = —pClN and
ClI.V — Cﬁl = —pSi.V to establish the bounds in (5.3.4a) and (5.3.4b). For (5.3.4c), we can show
CN,=CN+pSN. We can use

cN<sy<cy (5.3.5)

to show that (1 — p)ClN < Cil\il <(1 +p)ClN. Combine these with (5.3.4b) to establish (5.3.4c¢).

For (5.3.4d), we can show that C | = I_IPZ(CfV — pSY). Thus from (5.3.5), we have CY, <

11:;522 CIN = ﬁClN . Similarly Cﬁl > ﬁCIN . Combine these with (5.3.4b) to establish (5.3.4d).
The expressions in (5.3.4¢) follow from (5.3.4a) and (5.3.4b). The bound in (5.3.4f) follows from
(5.3.5). Using ((2.2.19), pg. 19) we can show that for any sufficiently small p >0and 0 < j < N,

we have

(1-CNp*)sinhpj — CNp* < 1[(1+p) —(1—-pY]<(1+CNp*)sinhpj+ CNp®, (5.3.6a)

(1—-CNp*)coshpj < 3[(1+p) +(1—p) ] <coshpj. (5.3.6b)

With a change of variables, we can prove the bound in (5.3.4g) using (2.2.19), (5.3.6) with (5.3.3)

for sufficiently large N. Note that using (5.3.1) and (5.3.2), for sufficiently large N we have

xQ—xn=2(1—-plo = Q—%Z(l_‘fw, (5.3.7a)
4

xsn—x9=2(1-plo = %—QZ w. (5.3.7b)
4

Fori= % and for sufficiently large N, using (5.3.7), we can write ClN <(1+Cp) +p)Q_% and
sNz@1-cp)1 +p)Q_% Hence SY/CN > 1-Cp > % We can write a similar statement for

i — 3N
== ]

Define the difference operators
D, Z(x;):= 4(Z(xi) = Z(xi-1)), D} =D, Z(xin1), 65 :=4[(Df —=D)Z(x:)].  (53.8)

Observe that in the fine mesh; D, = D~ and in the coarse mesh; D, # D~. The purpose of
defining such operators is for convenience. We present identities and inequalities that result

when these operators are applied to the mesh function T% in the following Lemma.
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Lemma 5.3.2. Assuming (5.2.1), then for sufficiently large N, the operators in (5.3.8) and the

mesh function TN defined in (5.3.3) satisfy:

D, TV(x;)<0, 0<i<N, D/TN(x;)<0, 0<i<N, (5.3.9a)
1+p N +rN — N :
EDhT (x)) <D} T"(x;)) <D, T"(x;), 0<i<Q, (5.3.9b)
D} TN (xq)=D;, T"(xq), (5.3.9¢)
Y10 v N < D TN () < DF TV i <N d
E h (xi)\ h (xi)\ h (xi)’ Q<l< ’ (5-3-9)
ITN(xi) - TN(xn) < Cp, i<, 1TV(x)-TN(xaw)<Cp, i>3, (5.3.9€)
4 4
max{e|D} TV (xv)|, e|D;, TN (xav)} <5rON"2"P), when o=~£InN, (5.3.90
4 4
€65T—0TD, T>0, 0<i<Q, ¢65T—0TD;T<0, Q<i<N, (5.3.98)
TN(x) TV (xio1)— 5(D;, + DTN (x))=2r,  0<i<Q, (5.3.9h)
TN(xip))TN(x)) - §(D, + DTV (x))=2r,  Q<i<N. (5.3.9i)
Proof. Using (5.3.3) with (5.3.8), we can show that
B r —4r/e(1—p?)R-i r B
DhTN(x,-):;(TiNT;XI—l): /chNp) ) 5%TN(xi):ETiN(D++D )TN. (5.3.10)
i i—1

Use Lemma 5.3.1 and (5.3.10) to establish (5.3.9a), (5.3.9c) and (5.3.9¢). For (5.3.9b), using

Lemma 5.3.1 we have

1
N N N N
CiaCl'> g Ol
Thus
—4 1—p2 Q—(i+1) 1 2 _4 1— p2)Q—i 1
CL.C 1-p C,'CL, 1-p

D, TV(x;).

Also, from Lemma 5.3.1 and (5.3.10) we have 62 TN(x;)<0, i Q. Thus using (5.3.8), we have

Dy TV(x;)<D; TN(x;), i<Q.

Verify (5.3.9d) in the same manner. For (5.3.9f), when i = % then using Lemma 5.3.1 and (5.3.3)

we have

cN

2 (3 (3 (4
MGl 2 Ol =4 p) T+ (1= p) IR = (14 p)HO7 D,

i+1

Using (5.3.7), (5.3.11), ((2.2.19), pg. 19) and assuming o = flnN, we have

_ —-1(1 — H2)Q—(i+1) Q—(i+1)(1 — H\Q—(i+1)
4re~'(1-p°) >4 L 1+p) (1-p)

D} TN(xi) = = ;
h Clg\ilclgv (14 p)2Q-(i+1))

N
=—1+—p4r£_1 (l_p) ) > _5rele 2@ = _5pg-1Ny-20-p),

1-p 1+p
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Use (5.3.9a) to bound DZ TN(x;) from above. Bound D~ TN(x3v ) in the same manner. For the
4
first inequality in (5.3.9g), using (5.2.1), (5.3.10) and (5.3.9b) with Lemma 5.3.1 and (5.3.9a) for

i <Q, we have

2
e6; TN —0TVD, TN =TN(r(D*+D7)AY - 6D, TV) > TN ((1 rp) - 9) D, TN >0.

The second inequality in (5.3.9g) is established in the same manner. For (5.3.9h) on 0 < i <Q,

using (5.2.1), Lemma 5.3.1, (5.3.9a) and (5.3.10) we have

NN €N NN 28 N 2T 2r\ NN 2T
LT =Dy + DT 2 T, - D T =g+ (1= | T, = 5

The bound (5.3.9i) is established in the same manner. O

We now define the discrete function AIEV which will replace a, in discrete analogues of the bar-
rier functions in Theorem 5.2.2. We distinguish between the cases 0 < u (0 = CelnN) and

o =y (0 =C). When o < u, we define Aé\’ as follows
AN(xn)+(xn —xi)g—’N—(l—ZP), 0<i<
4 1 u
AN(x) = 0 TN(x;), NgigW (5.3.12a)

AN(xsv)—(x; —xm)g—;N—“—ZP), SN i < N.
4 4

When o = u, we consider the case u= %(1 —dN) (where Hy = h = H;) and define AJEV as follows

AN(xx)+ Hog(T(xi)— T(xx)),

AN(xi)= (5.3.12b)

0<i<
0 TN(x;), T<i<N.
When y = % (where Hy = h < H;) we can define AY in the same manner. We prove conver-

gence of AY to a, in the following Lemma.

Lemma 5.3.3. For sufficiently large N, the value p defined in (5.3.1), the function a. defined in
(5.2.1) and the mesh function AJEV defined in (5.3.12) satisfy:

(@ — AN)(x/)| < CN~}(InN)* + CN~(172P),

Proof. First, using (5.3.1), (5.3.2) and the identity

tanh(X)+ tanh(Y)
1+ tanh(X)tanh(Y)

tanh(X+Y)=
we have

tanh(r(xq — x;)/e)=tanh[r(d — x;)/e + r(xq — d)/ €]

_ tanh(r(d — x;)/€e)+ tanh(r(xq — d)/¢)
~ 14tanh(r(d — x;)/e)tanh(r(xq — d)/¢)

<tanh(r(d —Xx;)/€)+p

<tanh(r(d —x;)/e)+ Cp.
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Construct a corresponding lower bound to give
|tanh(r(d — x;)/€) — tanh(r(xq — x;)/€)| < Cp <CN'InN, Vi. (5.3.13)

Consider values for i € S where

5] i o<
=1 [LN], if o=31-a), nZ
0. 4], it o=

Using (5.3.1), we have
xq—x;i=xy+h(Q- %)—x% —h(i —23)=(Q—i)h.

Now using Lemma 5.3.2 we have |AY (x;) — 0 tanh(;(xq — d))| < CNp?. For all other i ¢ S, using

Lemma 5.3.2 and (5.3.12) we have

|A§.V — @ tanh(r(xg —x;)/€)| < 0|T§’ﬂ +CcN-(1=2) 4 ClTiN - Tgﬂl— 0 tanh(r(xq — x;)/¢)|
4’ 4 4’ 4
<C|TY ;5 — 11+ CN~U72P) 4 Cp + C|1 — @ tanh(r(xq — x;)/¢)|
44
<Cp+CN172P) 4 Cp+C|1— 6 tanh(r(xg — xn sn)/¢)|
4’ 4

<Cp+CN~U072P 1 C|1 - 0 tanh(r(Q — (X, 2¥)h/e)|

47 4

SCp+CN 2P 4 Cl1 = TY 35|+ CITY 4 — 0 tanh(r(Q — (5, 2)h/e)|
4’ 4 4’ 4

<Cp+CN =294 Cp +CNp?.
Thus, V i, we have
|AN(x;)— 0 tanh (g(xQ - x,-)) |SCp+CN U729 L CNp? <CN~U72P) L CN"H(InN)?. (5.3.14)
Combine (5.3.13) and (5.3.14) to complete the proof. O
By the assumption (5.2.1b), and assuming N is sufficiently large, we have
jac(x)l = 14N (), xi €.

The finite difference operator £, satisfies the following discrete minimum principle, the proof

of which is standard.

Theorem 5.3.1. Let L. be the difference operator defined in (.4N) and Z be a mesh function on

ﬁiv. Ifmin{Z(xo), Z(xn)} = 0 and L,V Z(x;) < 0 for x; €QY, then Z(x;) = 0 for all x; eﬁ]sv.
Theorem 5.3.2. There exists a unique solution, YEN , of (ﬂFN ) such that
YNx)I<C, xied.
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Proof. We first establish the following list of inequalities;

£62AY (x;)— AN(x;)) D" AN (x;) = 0, 0<i<Q, (5.3.15a)
£62AY (x;)— AN (x;) DAY (x;) <0, Q<i<N, (5.3.15b)
AN(x)AN (xi-1) - m(h D™+ hiDNAN(x))>0r, 0<i<Q, (5.3.15¢)
AN(xip)AN (xi) - ﬁ(h D™ +hinnDNAN(x))=0r, Q<i<N, (5.3.15d)

which are discrete counterparts to the inequalities (5.2.2). Recall from the assumption (5.2.1)

that 8 > 2r. We first consider the case where o < u. Using (5.3.12a) we can show that

5r
D—AgV(x,-)z—ZHN =2 0<i<i, W<i<N; D"AN(x;))=0D, TV, ¥ <i<3¥; (5.3.16a)

0, max{i, N—i} <&,
D=\ AN
62Aév(xi) — 2(D+h+[;{0)l(Ai )’ i= %’ %’ (5.3.16b)
2 7N 3N _
95}11; , = <i<N.

For (5.3.15a), the result is trivial for 0 < i < %. Fori=2%

T using Lemma 5.3.2 and (5.3.16), for

sufficiently large N, we have

N
(e6*—AND™ )AN—( +AN)( D~ AN)—I— eDTAY

2dN

> 370 N-0-2p) —(5r0N‘2“_”)) > 0.
4y 24N

For % <i<Q,use (5.3.9g). Bound (5.3.15b) in the same manner. For (5.3.15c), for 0 < i < %

)

using (5.3.9), for sufficiently large N, we have

N 4N £ AN 5 AN AN N2 2p2 < 1p2
Ai Ai—l_m(hD +hl+1D )A = A Al 1>A >(1—Cp) 0 250 >0r.

For % <i<Q,use (5.3.9g). The bound (5.3.15d) is established in the same manner.

Next, consider the case where 0 =y = %(1 —dN). Using (5.3.12b) we can show that

D AN(x;)=0D, T(x;), 0<i<N,
2h
+h

52A£V(xi)zﬁoa5i1}1v, i<%; 52A§(xl-):H 0651V, i=5; 6°AN(x))=065TN, i> 1.

Using Lemma 5.3.2 and Hy = h = H;, we can prove (5.3.15a)-(5.3.15d), in the same manner as

the case o < u. Thecase o =pu= 7 follows suit.

Define the discrete barrier functions

B0 e~ Y () + mat (e~ 2N (e + maxlAL Bl £ ¥ (k) (5.3.18)

x,eﬂ

PE(x) =
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which are nonnegative at x =0, 1. Using (5.3.12a) and Lemma 5.3.2 we have

+ N £ 4N N 20, i<Q
D™ [(x; — xQ)A, (xi)] = (x; — xQ) D™ A, (x:) + A, (xXix1)

g 0) l 2 Q‘
Using this and the bounds in (5.3.15), we can show that £,V y*(x;) <0 for x; € ON. Thus using

Theorem 5.3.1, we have |[YN| < C on ﬁiv. Existence and uniqueness follow from (5.3.18). O

Akin to the continuous problem (.%;), we split the discrete problem (.ﬁgN ) into left and right

discrete problems centred around x = x¢ (5.3.2) as follows. Define the discrete left and right

problems by
YN ={YN ), xi<xg, YY), xi>xg}
LVYNx)=q(x), xi€2)n0,x0), Y (0)=y, Y(xo)=Y"(x), )
LYY (x)=q(xi), xi€Qn(xg, 1), Yy(xo)=Y"(xo) YyM)=n. €29

We decompose each Y}V

\r into the sum of a regular component, VLQ’R, and a layer component,

WN

I\R" We define VLN as the solution of

L-NVN(x)=(e6%+a,; D™= b)VN(xi)=q(x;), xi €Q¥N(0,x0),

(5.3.19a)
VN =y, VN(x@) =Y +eVV)(xg),
where VN = VN +eVN + 2N and VY, VN, VN satisfy
(a, D™ + b)V(')N(xl-) =—q(xi), x;€ QQ’ N (0, xq], %N(O) =%, (5.3.19b)

(ag D™ +b)V(xi) =62V (x:), x: €2 N(0,x0), VN (0)=0; VM(xg):= Y (xg-1), (5.3.19¢)

L7VYN(x)==62VN(x), x€QVn(0,x0), VV(0)= V"V (xg)=0. (5.3.19d)

We incorporate the error (LY — L-N)V¥ into the discrete layer component, W;", which is,

noting (5.2.1d), defined as the solution of the following discrete problem
LNWN(x) =, D7 VN(x;), x; €N, WN0)=0, WN(xg) =V - VV)(xg). (5.3.19%)

Similarly V;¥ and W} satisfy

LENYN(x;):=(e6*+a Dt —b)V (xi)=q(x;), x; €Y N(xq,1), (5.3.20a)
VY (xQ)=V* VD)=, (5.3.20b)

LNWN@x) =DV (x), xi €Y n(xg, 1), (5.3.20c)

W (xq) = (Y = Vi )(xq), W (1)=0. (5.3.20d)

where V* is defined analogously to VLN (x@) in (5.3.19). We now determine bounds on VLIQ’R,

wN  DEVN

\R’ I\R vr\r|. But first we present a mesh function that we will

N
and on the error IVL\ R
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use in the barrier functions for the layer component, along with some of its properties, in the

following Lemma.

Lemma 5.3.4. For sufficiently large N, the mesh function WV defined below satisfies
Q -1
R ag(x;) hi . .
WV (x;):= ]_[ (1 + %?f) . 0<i<Q, WNxg)=1,
j=i+l
WN(x))=(1—Cp)e O/2Nd—x/e o< i<Q,
WN(xi)SCe_(B/Z)(d_xi)/e, %$1<Q(0<‘u)’ 0<i<Q(o=p),

WV <CNUP), i< (o<p).

Proof. We can easily bound W from below using (5.2.1), (5.3.1), ((2.2.19), pg. 19) and (5.3.7)

as follows

. < ae(x)) 1 < 0 &
W (x;) = 1_[ exp | — e hj|=exp ~5s Z ag(xj)hj | Zexp ~5s Z hj
J=itl j=i+l j=itl

0 0 0
=exp (_E(xQ —xi)) =exp (_E(XQ — d)) exp (—g(d —x,-))

0
>(1-Cp)exp (_ﬂ(d —xi)) .

Using (5.3.7) with the rectangle rule (3.2.21) on %

<i<Qwhen (o <u)oron0<i<Qwhen
(o =u), we have

1 S 1 (™ 2o 1 e -2 2
” > ae(x,-)hjagﬁ ae(t) dt — C(h/e) >§f a:(t)dt —CN2(InNR.  (5.3.22)

Jj=i+1 Xi

Using ((2.2.19), pg. 19) with (5.2.1), (5.2.5), (5.3.1), (5.3.7) and (5.3.22), for sufficiently large N,

we have
- < ae(x)) 1 (ae(x;), )
W (x;) < l_[ exp (— 2% hj) exp 5( e hj)

Q
1
<exp (CN(N‘llnN)Z) exp | —— Z ae(xj)h;
j=it1

1 (e 1 (¢ 0
<Cexp (_EJ ag(t)dt) <Cexp (—5J ag(t)dt) <Cexp (—g(d—xi)).
Xi Xi

i i

Finally, we have

FeXhi N s 0,
2¢€

WN(x)— WN(xi-) =
Thus for i < % when (o < u), using (5.2.1) and (5.3.7) we have

WN(xl.) < WN(xﬂ) < Ce—(9/2)(d—x1v/4)/€ < cN-(1-p).
4
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Lemma 5.3.5. Ifv;, wy are the solutions of (5.2.3), vr, wg are the solutions of (5.2.4), VLN, WLN

are the solutions of (5.3.19) and VRN, WRN are the solutions of (5.3.20) then we have the bounds

|D~ VLN(xi)I <C, x; eQZEVﬂ(O,xQ]; |(VLN— v)(xi)| <CN 'xi, xi eﬁivﬂ [0, x0],

_ —N
IDYVY(x)I<C, xi €Y nlxg,1); (V)Y —vp)x)lSCNT'(1—x;), x; €9, N[xg,1],
Ce~0/2d=xle  cN-0-P), E<i<Q (ifo<p) 0<i<Q (ifo=p),

W (x;)] <
—(1-p) 0i< N ( < )
CN , i< if o<u),

Wy <] GO CNTOT, QRISEE (o<, Q<ISN (fo=p),
R ~ ‘ .
CN-(-p), %SI$N (if o < ).

Proof. The bounds on the components vr\g and Vi\r can be proved analogously to Lemma

3.2.2.

To bound the layer component W, we first establish a few inequalities. Using %et <cosht <

e!, t >0and using (5.2.1), (5.3.7) and Lemma 5.3.2, bound Ty and a. for sufficiently large N as

follows
N 0 1 —0/2)a-xiye
WY (xi—1)zexp| ——(d—x;+h)|=-e el
2¢e 2
T<i<Q(if o<p), 0<i<Q (if c=p),
>9 <<N f — <N_(1_p) <.<N .f
ag(xi)/z, 0<i<7, (if o< lp, (xi)l < , O\Z\Z(l o <u).

By constructing suitable barrier functions, we complete the proof in an analogous manner as

Lemma 3.2.3. u

Abound on the error YV — y, is given in the following lemma.

Theorem 5.3.3. Ify; is the solution of (%, (5.2.1)) and YN is the solution of (4N, (5.3.1)), then
¥, = yellon < CN~'(InNY*+ CN~0-7),

where|dN —d|< po andp < % is defined in (5.3.1) andl_/]gv is the linear interpolation of YN .

Proof. First, if o < u then for i < %, using Lemma 5.2.1, Lemma 5.3.5 and (5.3.1), (5.3.7) we
have

O =y )Gl S IWX Gl + lwn (el + 1Y = ) < CN-07),

Similarly, for i > %, we have |(Y;N —¥e)(x)| < CN-(-p),

We now need to examine the error over all mesh points x; € [x,xg] where x; = 0ifoc =u
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orx; =xn ifoc <pand xp =1if 0 = u or xg = xav if 0 < u. Note the implication that for
4 4
any x; € (xr,xg), we have h;/e < CN~'InN. The error EN(x;) := (YEN — ¥e)(x;) is defined as a

solution of the following
LNEN(x) =(Le — LN)ye, xi€ in N(xz,xgr), |E(xpnr)I< CcN~1-P),

For any s € [xi—1,%i+1] C [xL,XRg] ﬂﬁiv, using (%), (5.2.1) and Theorem 5.2.2, we can bound
ely//(s)— y//(x;)| as follows

Xi+1

h;
@@ @Iy I+ 1B Myl +1£IDls = x:l < C .
(5.3.24)

ely, () =y el < (aellly, I+ bl +f
0

Thus using (5.3.24) with (3.2.15) we have
I(Le — LM)ye(x)| SChje < Ce'N'InN, x; €QYn(xp,xp).
Hence, using the barrier functions in (5.3.18) we can show that

|E(x:)| < Ce "N In N[(x; — xQ)AN (x:)+ max {(x; — x0)AN (x)}] + CN~1-P)

xieﬁs ﬂ[xL,xR]

LIN-1InN+CN-0-P SCN-Y(InNP+CN-U-P), o<y,

<
EN-'InN+CN-0-P <CN-(InNP?+CN-0-P),  o=p.
The global bound follows as in [22, pg. 381]. O
5.4: NUMERICAL EXAMPLES
Example 5.1

In this example, we consider the problem class (.7;) with

aq(x)=(2.25+x*)tanh(1(0.6 —x)), b(x)=e"*, (5.4.1a)

q(x)=cos(3x), A=2, B=-3, d=0.6. (5.4.1b)
We choose r =1 and 0 =2.1. We consider various values for the parameter p in (5.3.1a).

To generate a value of dV associated with some p, we start with
a scale factor of k = 0.99 and reduce by 0.01 until (5.4.2)

aN = d:l:Kpmin{%min(d,l —d), 2 In N} satisfies |d — dN| < po.

We solve the scheme ((.#), (5.3.1)) exactly to generate numerical approximations UN. We
consider p =0, p =0.5and p = 1 and using (5.4.2) we centre the mesh at d¥ =d, dN ~ d—0.50
and dN ~ d — o (test case). Figure 5.1 contains plots of Numerical Solutions, for these three

cases, of (#]V) for this example. Note, the fine mesh locations are superimposed onto the graph.
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Figure 5.1: Plot of the numerical solutions of (.%;) with the problem data (5.4.1),
solved exactly using the numerical method ((.#)Y), (5.3.1), (5.4.2)), over
x; €[0.588,0.626] fordN =d, dN ~ d—0.50 and dN ~ d—o where e = 1073

and N =64 including superimpositions of fine mesh locations.

We compute the approximate errors

- —8192

EN= max [U, -U, | (5.4.3)

£ N| (8192
QN3

where I_Iiv is the interpolation of UY, the numerical solution of (.#/¥) using N mesh intervals,
onto the mesh QY UQ8192, Table 5.1 displays the approximate errors £V and the uniform errors
EN = max, EN, using (5.4.3) . Shifting the mesh off-centre within the limit of p < % has little
to no effect on the differences. We further test for an effect of the value of p by producing the
computed rates of convergence RY and the uniform rates of convergence RV (as defined in
((3.4.4), pg. 82)), presented in Table 5.1. The N —(1-p) factor established in Theorem 5.3.3 is not

evident for p < % However, for p =1 we see a collapse in the computed rates of convergence.
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d¥=d | d¥ ~d+0.50 | dN~dto

N 32 64 128 256 512 32 64 128 256 512 32 64 128 256 512

£
EY
29 0004 0002 0001 ©0 0 || 0005 0002 0001 ©O 0 ||0.006 0003 0001 0001 0
22 | 0085 0044 0022 0011 0005 015 0076 0038 0019 0009 || 0.181 0092 0046 0023 0011
2-4 0.218 0.116 0.059 0.03 0.014 || 0.245 0.133 0.07 0.036 0.018 095 0421 0.21 0.104 0.051
2-6 0.241 0.147 0.087 0.05 0.027 0.29 0.157 0.086 0.049 0.027 || 2.603 1.805 0.992 0.441 0.211
2-8 0.243 0.147 0.087 0.05 0.027 || 0.311 0.167 0.09 0.049 0.027 ([ 3.711 3.274 2.628 1.808 0.983
2-10 0.244 0.147 0.087 0.05 0.027 || 0.317 0.171 0.092 0.049 0.027 || 4.136 3.953 3.648 3.172 2.492
2-12 0.244 0.147 0.087 0.05 0.027 || 0.318 0.172 0.092 0.05 0.027 || 4.269 4.176 4.029 3.765 3.407
2-14 | 0244 0147 0087 005 0027|0319 0172 0093 005 0027 || 4306 4.252 4.154 3.981 3.686
2-16 0.244 0.147 0.087 0.05 0.027 || 0.319 0.172 0.093 0.05 0.027 || 4.326 4.275 4.181 4.073 3.904
2-18 0.244 0.147 0.087 0.05 0.027 || 0.319 0.172 0.093 0.05 0.027 || 4.328 4.292 4.232 4.135 3.969
2-20 0.244 0.147 0.087 0.05 0.027 || 0.319 0.172 0.093 0.05 0.027 434 4307 4.248 4.151 3.986
EN 0.244 0.147 0.088 0.05 0.028 || 0.319 0.172 0.093 0.05 0.027 4.34 4.307 4.248 4.151 3.986
®

2-0 0.99 0.99 0.99 1 1 1.06 1.01 1 1 1 1.11 1.01 1 1 1
272 0.84 0.92 0.96 0.98 0.99 0.84 0.91 0.96 0.98 0.99 0.84 0.91 0.95 0.98 0.99
24 0.72 0.85 0.92 0.96 0.98 0.71 0.82 0.89 0.94 0.97 0.85 0.85 0.89 0.94 0.97
2-6 0.36 0.57 0.61 0.75 0.8 0.84 0.85 0.69 0.73 0.79 -0.24 0.36 0.94 0.89 0.91
2% | 04 058 061 075 08 || 0.85 088 078 077 078 || -074 -054 -022 035 0.9
210 | 041 058 061 075 08 || 085 088 079 081 078 || -085 -0.74 -0.66 -0.52 -0.21
2-12 0.41 0.58 0.61 0.75 0.8 0.85 0.88 0.79 0.82 0.78 -0.8 -0.64 -0.65 -0.67 -0.64
2-14 0.41 0.58 0.61 0.75 0.8 0.84 0.88 0.79 0.82 0.78 -0.46 -043 -0.42 -0.49 -0.59
2-16 0.41 0.58 0.61 0.75 0.8 0.84 0.88 0.79 0.82 0.78 -0.17 -0.32 -0.23 -0.24 -0.33
2-18 0.41 0.58 0.61 0.75 0.8 0.84 0.88 0.79 0.82 0.78 -0.09 -0.28 -0.16 -0.12 -0.13
2-20 0.41 0.58 0.61 0.75 0.8 0.84 0.88 0.79 0.82 0.78 -0.07 -0.27 -0.14 -0.08 -0.06
RN 0.72 0.62 0.61 0.63 0.87 0.84 0.88 0.76 0.82 0.79 -0.11 -0.05 -0.02 0 0

Table 5.1: Approximate errors Eé\’ (as defined in (5.4.3)) and computed rates of con-

Example 5.2

vergence RY and RY (as defined in ((3.4.4), pg. 82)), measured from the

numerical solutions of (.%;) with the problem data (5.4.1), solved exactly us-

ing the numerical method ((.#)), (5.3.1), (5.4.2)) fordN =d, dN ~d —0.50

and d¥~d—-o.

In [8], the following problem class was studied: Find z € C1(0, 1) such that

(ez” —az')(x)=q(x),

ax)>a>0,x<d,

x€(0,1)\d,

z(0) =z, z(1)=z(1),

ax)<—-a, x>d.

(5.4.4a)

(5.4.4b)

The convection coefficient @ has a discontinuity at x = d. Note that we have transformed the

problem in [8] with x = 1 — X%. The Scheme analysed in [8] with which to numerically solve

(5.4.4) can be written as follows
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Numerical Scheme 5.1 ([8]). Find a mesh function ZN such that

(€6°ZN +aDzZM(x)=q(x;), xi€Q¥\{xy}, ZV(0)=z0, Z¥(D)=2), (5.4.5)
D—zN (xy)= Dt zN (xy), (5.4.6)

- D- ifi<X
D= 1<% (5.4.7)

D+ ifi>%

where QN is described as

A(d—oy) - . N
Tol, 0s1§z;
d—oo+22 (i -1 Noigh,
x,-eQi,V:xl-:{ A N 4 4 27 (5.4.8a)
d+2 (-1, D<igi,
d+oy+20=4-0) 3Ny 3N <N,
d+(1-2d)j e

We compare numerical solutions (Z é\’ ), generated from the Numerical Scheme 5.1, with numer-
ical solutions (UX), generated from the Numerical Scheme ((.#2"), (5.3.1)) when we choose a,

s.t. a, — a as € — 0. We consider (.¢;) and (5.4.4) with

d=d=0.6, a.(x)=2.25tanh((0.6—x)/¢), (5.4.9a)
a(x)=2.25 x<d, dx)=-2.25  x>d, (5.4.9b)
b(x)=0, q(x)=g(x)=cos(3x), A=zp=2, B=z;=-3. (5.4.9¢)

We choose r=1and 0 =2.1.

We solve both problems numerically for various values of ¢ and N. In Table 5.2, we present the

maximum pointwise differences defined by

AN . —N N
E =max|Z —U,|, (5.4.10)

xieﬂé"

=N, .
where Z, is the interpolant of ZV.
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E7
N
N=32 N=64 N=128 N=256 N=512 N=1024 N=2048
&

107! | 0.3573 0.3894 0.4259 0.4457 0.4534  0.4557 0.456
102 | 0.3518 0.4 0.4288 0.4389 0.4423  0.4442 0.445
1073 0.338 0.3881 0.4212 0.4342 0.4395 0.4424 0.4437
107% | 0.3364 0.3866 0.4199 0.4332 0.4387  0.4418 0.4433
107° | 0.3363 0.3864 0.4198 0.4331 0.4386  0.4417 0.4432
107 | 0.3363 0.3864 0.4198 0.4331 0.4386  0.4417 0.4432

Table 5.2: Maximum pointwise differences EN (as defined in (5.4.10)), between the
Numerical Solutions of ((.#;), with convection coefficient a.), approxi-
mated by solving the Numerical Scheme ((.# FN ), (5.3.1)) exactly and the Nu-
merical Solutions of ((5.4.4), with convection coefficient @), approximated

by solving the Numerical Scheme 5.1 exactly, all with the problem data

(5.4.9), where lim; jpa, =a.

Remark: In the nonlinear problem (1) the convection coefficient u of u’ is C'. In an attempt to
mimic the analysis of the linear problem in studying the nonlinear problem (1), it is felt that
analysing the linear problem with a continuous convection coefficient rather than the discontin-
uous coefficient is more appropriate. Table 5.2 indicates that even though a.(x) — d(x) for small

g, the solutions to (.9;) and (5.4.4) are distinct and the character of the interior layer is different

in both solutions.

Example 5.3 (Equivalent time-dependent problem associated with (.7;))

In this example, we consider the following finite difference scheme:

Numerical Scheme 5.2. Find YEN such that

LYMYN(xi, t7):= (6% — agDx — b — D, )YN(x;, £j) = q(x;, 1),

x,-eQN,

tieTM={1r;=Tj/M, 0<j <M},

=N
YgN(O)tj):A’ YEN(Lt]):By t]>0» Y;N(xiro):g(xi)» x; €Q

Dy

={D_,

ae(xi, tj) =0,

where QN is as defined in (5.3.1) and a,, b and q as in (.%;).

This scheme is the scheme (ﬂgN , (5.3.1)) with the addition of time dependence. We consider
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the Numerical Scheme 5.2 with

aq(x,1)=(2.25+x*)tanh(£1(0.6 —x)), b(x,t)=e"", (5.4.11a)

q(x,t)=cos(3x), A=2, B=-3, d=06, g(x)=Bx+A1—-x). (5.4.11b)

We choose 2 < § <2.25and r =1. We let p =0 and center the mesh at d and we also consider
p = 0.5 and centre the mesh at dN ~ d +0.50 (|dN — d| < 0.50). Note that, apart from zero
order, we do not set any compatibility conditions here. Table 5.3 shows the computed rates of

convergence RY and RN defined by

—2N 2N
Eév(xi) t]):|(Y€N'N_ Yg )(Xi, t])l» Dév = m% EN(xir t])! (5.4.12a)
(x,-,tj)eQ xI'N
N N N Dév N DN
DV = msaxDs , R :=log, DN and R" :=log, DN (5.4.12b)
€
where l_éN'ZN is the bilinear interpolation of YszN 2N , a numerical solution of the Numerical

Scheme 5.2 using 2N mesh intervals in both space and time.

| RY
| p=0 p=05
N N=8 N=16 N=32 N=64 N=128 N=256 | N=8 N=16 N=32 N=64 N=128 N=256
£

270 048 0.71 0.71 0.82 0.90 0.95 0.68 0.72 0.72 0.82 0.90 0.95
2-1 049  0.75 0.85 0.91 0.95 0.97 0.88 0.74 0.85 0.92 0.96 0.98
272 053  0.72 0.83 0.92 0.96 0.98 0.36 0.67 0.82 0.91 0.95 0.98
273 0.41 0.64 0.79 0.88 0.93 0.97 0.07 0.45 0.65 0.84 0.90 0.95
24 048  0.32 0.68 0.81 0.89 0.94 0.09 0.44 0.64 0.77 0.86 0.92
275 045  0.42 0.56 0.65 0.72 0.74 -0.06  0.52 0.70 0.69 0.76 0.89
2-6 0.42  0.40 0.53 0.60 0.68 0.78 -0.14  0.47 0.67 0.72 0.74 0.80
277 0.41 0.39 0.50 0.56 0.64 0.72 -0.19  0.44 0.66 0.69 0.71 0.75
278 0.41 0.39 0.49 0.54 0.60 0.63 -0.21  0.42 0.65 0.67 0.69 0.71
279 0.41 0.38 0.49 0.52 0.56 0.59 -0.22  0.42 0.64 0.66 0.67 0.67
2-10 042  0.38 0.48 0.52 0.54 0.56 -0.22 041 0.64 0.65 0.65 0.63
2-11 042 0.38 0.48 0.51 0.53 0.55 -0.22 041 0.64 0.65 0.65 0.61
2-12 042 0.38 0.48 0.51 0.52 0.54 -0.22 041 0.63 0.65 0.64 0.60
2720 042  0.38 0.48 0.51 0.52 0.53 -0.23 041 0.63 0.65 0.64 0.59
RN 0.42 0.38 0.48 0.51 0.52 0.53 -0.23 041 0.63 0.65 0.64 0.59

Table 5.3: Computed rates of convergence RY and R (as defined in (5.4.12)), mea-
sured from the numerical solutions of the numerical method 5.2, with the

problem data, including g, as in (5.4.11).

We repeat this example except we chose g so that compatibility conditions at the corners are
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satisfied i.e. (egxx —a.gx—bg —g:)(c,0)=¢q(c), for c=0,1. An example of such a g is

q(x)=(5a.(0)—2b(0))cos 5 x +(5a.(1)+3b(1))sin 5 x.

(5.4.13)

RY
p=0 p=05
N=8 N=16 N=32 N=64 N=128 N=256 | N=8 N=16 N=32 N=64 N=128 N=256
€

270 057 074 085 092 0.96 098 | 053 073 084 092 0.96 0.98
2-1 053 073 0.88 094 0.97 098 | 043 071 086 093 0.97 0.98
2-2 039 066 083 091 0.95 098 | 047 055 078  0.89 0.94 0.97
273 1.06 057 077 087 0.93 096 | 1.06 036 063 0.78 0.89 0.94
24 1.06 058  0.66  0.82 0.90 095 | 1.03 049 061 076 0.87 0.93
275 073 092 077  0.66 0.71 074 | 063 078 0.63  0.66 0.77 0.91
276 065 085 094  0.65 0.71 082 | 048 082 063 075 0.78 0.84
27 061 082 095 071 0.70 081 | 046 083 064 076 0.78 0.84
2-8 059 081 094 075 0.69 0.80 | 045 0.82 067 076 0.78 0.84
2-9 058 0.80 093 077 0.69 079 | 044 081 068 076 0.78 0.83
2-10 057 080 093 0.78 0.69 079 | 044 080 069 075 0.78 0.83
2-20 057 080 092 079 0.68 078 | 043 080 069 075 0.78 0.83
RN 057 080 092 079  0.68 0.78 | 043 080 069 075 0.78 0.83

Table 5.4: Computed rates of convergence RY and R (as defined in (5.4.12)), mea-

sured from the numerical solutions of the numerical method 5.2, with the

problem data (5.4.11) except with g as in (5.4.13).

Furthermore, Figures 5.2-5.5 display contour plots of the computed error,

|( Y1024,1024 _
€

—2048,2048
£

)(xi, t;)|, for £ = 2715, but with computing the scheme 5.2 with either g

defined in (.%;) or in (5.4.13). Note that the graphs in Figures 5.3 and 5.5 are the same graphs

that are shown in Figures 5.2 and 5.4 only on a finer interval on the x-axis.

Observe the significant influence of the compatability condition (5.4.13) on the distribution

of the error. When there is only minimal compatibility imposed, the errors are largest along

the characteristics emanating from the corners. When additional compatibility is imposed, the

largest error is at the interior layer.
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Figure 5.2: Contour plot of the computed error E1%2%(x;, ¢;) (as defined in (5.4.12))
over (x;, tj) € [0,1] x [0, 1], computed using the numerical method 5.2, with

the problem data, including g, as in (5.4.11), with d =0.6 and £ =215,
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Figure 5.3: Contour plot of the computed error E 31024(’”' tj) (as defined in (5.4.12))
over (x;, tj) € [d—9¢,d +9¢]x [0, 1], computed using the numerical method
5.2, with the problem data, including g, as in (5.4.11), with d = 0.6 and

g=2"15
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Figure 5.4: Contour plot of the computed error E1%2%(x;, ¢;) (as defined in (5.4.12))
over (x;, ;) €[0,1] x [0, 1], computed using the numerical method 5.2, with
the problem data (5.4.11), except with g as in (5.4.13), with d = 0.6 and

e=2"15,

' 2
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Figure 5.5: Contour plot of the computed error E1%2%(x;, ¢;) (as defined in (5.4.12))
over (x;, tj) € [d—9¢,d +9¢]x [0, 1], computed using the numerical method
5.2, with the problem data (5.4.11), except with g as in (5.4.13), with d = 0.6

and e =215,

117



CuaptEer: O

SHISHKIN ALGORITHM

6.1: INTRODUCTION

In [32] Shishkin presented a computational algorithm that is parameter-uniform for a class of
time-dependent quasilinear singularly perturbed differential equations, whose solutions con-
tain an internal shock layer. The algorithm is intricate, mainly due to the fact that the location
of the internal layer is tracked at all time levels and the path of the inflexion point is approxi-
mated by a sufficiently smooth curve in time. No numerical experiments were presented in [1]

to illustrate the details of the algorithm in practice.

The established error bounds in [32] cannot immediately be described as parameter-uniform.
The error bounds can be described in the same manner as (4.1.2, §4.1) whereby a uniform con-
vergence rate is established in an area away from the smooth curve and a uniform convergence
rate is also established in an area around the smooth curve, but which is reliant on an insuf-
ficiently known transformation. We describe this error bound below before presenting some

numerical experiments.

6.2: QOUTLINE OF THE SHISHKIN ALGORITHM

We describe the algorithm applied to a sub-class of the problem class considered in [32]. We
make minor modifications below for practical purposes to ease implementation. In the case
of a notable modification, a remark is included to inform the reader. Consider the following

problem class on the domain G =Q x (0, T], Q=(0,1), I'=(0, T); Find y, such that

(e -2pe & -b-%)yx,)=q(x,1), (x,0)€G,
y:(0,£)=A>0, y.(1,t)=B<0, te€l0,T], (Ze)
Ve(x,0)=ue(x;d), x€9Q, b(x,1)=0, (x,1)€G,
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where u.(0;d) = A, u.(d;d) =0 and u.(1;d) = B for some d €(0,1). On either side of d, the
initial condition can be decomposed into a regular component v and a layer component w.
On the interval [0,d], u, = vy + w; and on [d, 1], u, = vg + wg where v;, vg and a sufficient
number of their derivatives are bounded independently of ¢. Also it is assumed

|d—x]|

wih@l<cere e, 1<k<5, xel0,d]((d, 1),

For a sample initial condition, we take u, = uy, x <d and u, = ug, x > d where uy and up are

the solutions of the linear singularly perturbed b.v.p.’s:

d? d
e———ar———br|ur(x)=qrlx), x€(0,d), ur(0)=A, wur(d)=0, (6.2.1a)
dx? dx
d? d
e¢——+tar———br|ur(x)=qr(x), x€(d,1), ur(d)=0, ugr(l)=B5, (6.2.1b)
dx? dx
ai(x)=za; >0, x€[0,d], ar(x)<—-ar<0, x€ld,1]. (6.2.1c)

Note that we consider left and right problems to ensure u#.(d) = 0. Denote N and M as the
space and time discretisation parameters respectively. For convenience, we define the follow-

ing Shishkin meshes

2Ad—c4) : . _ N
_ Xi=—"%I, 0<i<s,
N =3 v o S (6.2.2a)
xi=d—o4+54i-5), 3 <i<N,
201_4 . N
_ x;=d+ =i, o<i<®,
Qg,d,a =1 5 ! N yia e 2 ) (6.2.2b)
—aA—071_ . .
Xi:d+0'1_d+Tld(l—?), E<Z$N,
.U ,d,0 _ AN,d,0
aM:mln{E,leogN}, QILV\R :QILV\R \ §x0,xN}. (6.2.2¢)

We define the numerical approximation UN(x; d), of the initial condition u,, as the solution of

the following discretisation of (6.2.1):

N N —%ydﬂL N N —%yd'aR
U (xi;d)=U; (xi), x; €Q} "7, U (x;;d)=Ug (xi), x;€QfF ", (6.2.3a)
N} L
(62 —a D™ —b))UN(x)=qr(xi), x;€Q; ', UNO0)=A, UN)=0, (6.2.3b)
L L L L
ﬂ,d,i
(€62 +arD" —br)UN(xi)=gr(x;), x;€Q’ ", UN)=0, UN(1)=B. (6.2.3c)
R R R R

If ¢ > (N~2/5+ M~2/5) then we discretise the parabolic problem (_#,) on a uniform grid as fol-

lows: Find YV such that

(eD;D}IYN —D_ (YN —bYN —D; YN)(xi, tj))=q(xi, t;), (xi,t;)€GNM, v
—M _ £
YN(0,t;))=A, YN(L,tj))=B, t;el’ , YN(x;,0)=Ue(x;;d), x; €QV,

where @ = Qnixix; = £, i =0,..,N}, ¥ =anq", T =Tnigly = L, j=0,...,M},
M —N,M

™=rnT",G =0V x I:M, G¥M =cnG M and U, is the linear interpolant of {UY, U}]?V}
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(6.2.3) onto (.

If £ < (N~2/5 + M~2/5) then we follow the algorithm outlined below. There exists a function s(t)
for which y.(s(¢),t) =0, (s(¢),t) € G. A transition layer appears in the vicinity of s(¢) for all

t €[0, T]. Consider the following reduced left and right boundary initial value problems:

(—ZyLi —b— i) yi(x,t)=q(x,t), (x,t)€((0,d]x(0,T)NG, (6.2.4a)
Jx at
yr(0,8)=A, t<€[0,T], yi(x,0)=vr(x), x€(0,d]NQ, (6.2.4b)
0 0
(—ZyR— —-b— —) yr(x, t)=q(x,t), (x,t)e([d,1)x(0,T))NG, (6.2.4¢)
Jx ot
yr(x,0)=vp(x), xe€[d,1)NQ, yr(1,£)=B, te]0,T]. (6.2.4d)

Define
yi(x,t) n<d,

ym, )=\ (+yr)d,t) n=d,
yr(x,t) n>d.
The leading term of the asymptotic expansion of s(¢) in ¢ is the solution, sg, of the nonlinear
initial value problem

so(t)=y(so(t), 1), t€(0,T], s0(0)=d. (6.2.5)

We wish to discretise (6.2.4)-(6.2.5), but first we construct a global approximation V}¥ to vy, by

interpolation and extrapolation as follows:

UN(n), 0<n<xn, 3
V()= L TR xyea

prm=an*+pn+y, xv<n<d,

where U; is the linear interpolant of Uf’ and ¢, B and y are chosen so that p(xn) = Uiv (xn),
4 4
D pr(xn) = D—Ui\’(xﬁ) and 6%pr(xn_)) = 52U£V(xg_1). We construct VRN in an analogous
4 4 4 4

manner.

Discretising (6.2.4), we solve the following reduced left and right discrete boundary initial value
problems:
(_ZY[{VD; - D[_ - b)Y[{V(xir t]) = q(xir t])) (xi) t]) € ((0) d] X (0» T])OGN'Mr

YN0, 1) =A, tjEI:M, YN (xi,0)=VN(x;), x;€(0,d]nQY,

(—2YNDF =Dy = b)Yy (xi,t))=q(xi, 1)), (xi,t;)€(ld,1)x (0, TNNG™M,

YN(x;,00=VV(x), xield,1)nQ, vN(,)=B, el .
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Define
N —N —M
YL (x,',tj) ne[xi,xiH)CQ , 77<d, tjel“
Y¥n,t)=1 (YN+Y¥)(d,tj)) n=d,onlyifdeq", T,
YRN(xl',l'j) T]G[xi,le)CQN, n>d, tjEFM
and discretise (6.2.5) and solve for SM/2, the discrete approximation to sg, using M/2 uniform

mesh intervals with the following Runge Kutta scheme

h= 2%, SMP2(rg)=d, SM/(1;)=8M(ty; 1))+ Z(k1 + 2k +2k3 + ka), (6.2.6)
ke = YN(SM by, tan), k2= YN (t-1) + &, 12j0), (6.2.6b)

ks = YN(SM2(ty1)) + %, taji—1),  ka=YN(SM(ty_1)) + ks, t2)). (6.2.6¢)
j=1,...,M/2, r,-ef%, el , 1=0,....M. (6.2.6d)

Note The algorithm in [32] states that a backward Eular scheme can be used to discretise (6.2.5),
however for higher accuracy, we choose to use a Runge Kutta (RK) scheme. Note also, that we
approximate SM/2 on M /2 + 1 mesh points since the RK scheme requires evaluation of YN on
the mid-points of the uniform mesh used in the RK scheme, which is possible because YN is
evaluated on a uniform mesh in time with M +1 mesh-points, all either overlapping of lying half
way between the RK mesh-points. An alternative method is to use M +1 mesh points with the RK
scheme to solve for SM and use interpolation to approximate YN at the midpoints, however we

did not desire any extra error, however small.
Note Later, for practical purposes, we need to define SM/2 beyond T. We extend YN to YN s.t
N, )=Y 1), 4 <T, ;€T and YV,0)=Y(n,T), t>T,

which is suitable assuming Y}¥ and Y} have reached steady-state by time T. We can then con-

tinue to solve iteratively for SM/2 beyond T as far as required on the extended mesh
_ M
["=r?ufr,,u=nili=1,2,3,...}.
2

The algorithm now performs a “smoothing” routine on S$/2 to retrieve a continuous function

s*(t). Construct the piecewise constant function § as follows

) d, n<o0
s(n)= i (6.2.7)
SM2(t;), ne(rja,tjlclt.

The algorithm requires the construction of a “piecewise-quadratic, nonnegative, compactly

supported function”, w, with support on the set [-L,L], L = \/LM’ with w € Cl(—L, L) and
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L
f _,@(x)dy =1 where M is the time discretisation parameter. An example of such a func-
tion is

2 2 L

F(X +L) ’ X € [_L’_E)y

o=y —-&xr*+1, xe€l-%5,

Z(x—-L?%  xel% L.
The function s* is then constructed as follows
r+L
s* ()= f s(Mw(n—1t)dn. (6.2.8)
—L
Note that s*(0) # d. The integral in s*(¢) and in it’s derivative s*'(#) can be solved exactly by

integrating over seperate intervals according to (6.2.7).
Note The reason why we extend the definition of SM/2 is so that s*(T) and s*'(T) are well defined.

Applying the transform

1
0L for x <s*(¢),

E(x, 1) =31+ plx, 1)(x —s*(2)),  plx,1):= (6.2.9)

1
=)’ for X>S*(t),

to the domains G and Q, the problem ( ¢;) is transformed to the following problem ( #.):
(& [edm +mbes ) -270% | -b- & ) 7HE D=5 1),

. 22, &<4,
(€, 1)eG*,  ki=k(s*(t)), K2=xk(&), Kk(A)= ) _
20-2), &>3, (Je)
GH=(0,)x[0,T)nG, G-=(,1)x[0, TG,
7o0,0=A4, §-(3,0)=0, §f(3,0)=0, §S(L,t)=B, t€0,T],
where G is the transformed domain &(G) and &(&,t) = g(x~'(&, 1), t) where g is any of the

functions b, g or u,.

Note The transformation proposed in [32] is E(x,t) = %(1 +x — s*(t)) i.e. with u(x,t)=1 which
maps s*(t) — % for all t. However, this transformation does not result in a rectangular domain
when applied to G which would be ideal to solve the corresponding discrete problem, hence we

modify the original prescribed transformation.
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We discretise (_ }7,?) as follows:

(3 [eD2 D2 BN (s ()DE LN = DE(TVP) | =B - Dy 1) (Eivty)

— 1
), GGt poi={ D5 SISe pe pisio)
Dj’ gi > %’ ’
GEM+— Gtz 20 xTY), GYM-=G-n@2 2 «TY) (7™
L ) = R ) €

0> LyL—yrl, x1=x(s*(t;), K2=x(E),

LNO=4 NG =0, TV G)=B, e,

ng

NEL0)=UNE)=ONE;sM0),  EieQiR

In [32], U*N is not necessarily the discrete initial condition UN under the transform & but is
prescribed as any function “somehow constructed” such that |(U* — it.)(&;)| < C(N~1 + M~1).
We propose to take

U*N(E)=UN(&4;570)) (6.2.10)
where UN(&;;5%(0)) is the interpolant of UN(&;; s*(0)) onto [0, 1] where UN(&;;5%(0)) is the so-
lIution of (6.2.3) centred at s*(0). Note that £(s*(0),1) = % and so Yf’N %, tj)=0forall t; € l_"M.
From the definition of s* in (6.2.8), s*(0) — d as M — oo since L — 0 and hence w tends to the
o-function as M — oo. In this experiment, we do not establish the rate, in terms of N and M, at

which UEN(&; 5*(0)) converges to u.(x; d).

Note If X; €2 is such that %; = E~Y(&;) and ZN is the inverse transform off/f’N, that is
ZN(%, t)= vENE-1(ED, tj), then the error bounds presented in [32] for & <(N~%/5+M~2/5) can
be described as follows. For all X; € Q such that |X; — s*(t)| = C > 0, the following pointwise error
bound holds:

(v — ZN)(&i, )| < C(N~Y5(In N)Y2 + M~Y5(In M)Y/2). (6.2.11)

For all X; € Q such that|x; — s*(t)| < C, the following error bound holds:
lye(&i +(s(£) = s*(2)), ) — ZN (%1, ;)] < C(N"V3(In N)Y2 + M~5(In M)/2). (6.2.12)

The error bound in (6.2.12) can be interpreted as meaning that if the solution y, is transformed
using the map ye(x) — ye((x + (s — s*)(t)) then ZN is a uniform approximation for the solution
Ve under this transform. However, since s and hence s — s* is not sufficiently approximated,
we would view this numerical method as theoretical rather than practical for sufficiently small

values of €.
Note In [31], Shishkin examines a class of problems containing the steady state problem corre-
sponding to ( ¢.): Find u, such that

(eu” —2u,ul —b)x)=q(x), x<(0,1), o
U(0)=A>0, u(1)=B<0, b(x)>p>0. ’
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The algorithm details mirror those outlined above for ( 7.) and we will only briefly explain the
algorithm in [31] below. If ¢ > N~2/5 then discretise (%) on a uniform mesh. If ¢ < N=2/5 then
approximate s € (0, 1) such that u.(s) =0 as follows. Consider the following reduced initial and

terminal value problems:

(—2uj gunr —bunr)(x)=q(x), x<€(0,11\[0,1), (6.2.13a)

ur(0)=A, ug(l)=B. (6.2.13b)

An approximation for s is taken as sy, the solution of (ur + ug)(so) = 0. Note that this means
So is identical to Howes’ point in this case. Continue and complete the algorithm using sy in the
same manner as s*(t) is used to complete the algorithm outlined in the above section. Analogous
bounds as (6.2.11) (for mesh points away from sy) and (6.2.12) (for mesh points near sy) are

presented. Hence, we would view the algorithm as more theoretical rather than practical.

6.3: NUMERICAL EXAMPLE

Example 6.1
In this example we solve ((.#Y), (6.2.3)) and ((ﬁvN), (6.2.3)) with

ar,ar=2, br(x)=bp(x)=1+cos(3x), qr(x)=qr(x)=sin(3x), b=1, (6.3.1a)

f(x,t)=cos(4x), A=2, B=3, d=04and T=1. (6.3.1b)

We choose 0 = %IA — BJin ( ﬁFN). A graph of a numerical solution of ( j/gN) with the transform &
reversed is displayed in Figure 6.1. In Figure 6.2, we see a plot of $*/2 and s*. We solve for yNM

where
YN(x), xi€Q, e>(N-2/5+M-2/5),
YMM) =4 NG, xi<d e (NS4 M),
TN, x> 3 eS(N7254 M2,
where YV is the solution of (,#/V) and 75N (x;) are the numerical solutions of ( ﬂN), all using

N and M mesh intervals in space and time respectively. Note, we linearise the nonlinear term

Dg(Y;’N)Z(ii, tj)in (jZ,N) by replacing it with
(FNE5 1)+ TPN(E i, 1-0)D; TEN(E 1),

We linearise D;I(Y/E_'N (i, tj) analogously. We compute differences Dév and rates Ré\’ for vari-

ous values of N and ¢ presented in Table 6.1 where

DY := omax (YNN - 2NN (x;), DN = m;axDéV , (6.3.2a)
(xi,tj)EGzy UGZY
N
RN:=log, 7% and RN :=log, 2y, (6.3.2b)
= Y N- =Y N+
where Y2V is the interpolation of Y2V onto the gridG*" UG®
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Plot of ¢ versus SM/2 where SM/2 is the solution of the Runge-Kutta scheme
(6.2.6) with the problem data (6.3

s*(t) is the associated
for M =1024 over t € [0, T]

Figure 6.2



| R

€ | N=32 N=64 N=128 N=256 N=512 N=1024 N=2048

270 1.03 1.01 1.01 1.00 1.00 1.00 1.00
2-1 1.01 1.01 1.01 1.01 1.00 1.00 1.00
272 1.01 1.02 1.03 1.02 1.01 1.01 1.00
2-5 0.31 0.90 0.74 0.91 0.97 0.33 1.10
276 | 0.32 0.45 0.38 0.37 0.77 0.56 1.00
277 | 035 0.46 0.38 0.58 0.64 0.41 0.85
278 | 037 0.47 0.38 0.58 0.64 0.41 0.85
279 0.38 0.47 0.38 0.58 0.64 0.40 0.84
27101 039 0.47 0.38 0.57 0.64 0.40 0.84
27111 039 0.47 0.38 0.57 0.64 0.40 0.84
27121 0.39 0.47 0.38 0.57 0.64 0.40 0.84
2-13 1 039 0.47 0.38 0.57 0.64 0.40 0.84
27141 040 0.47 0.38 0.57 0.64 0.40 0.84
2151 0.40 0.47 0.38 0.57 0.64 0.40 0.84
2716 | 041 0.47 0.38 0.57 0.64 0.40 0.84
27171 0.43 0.47 0.38 0.57 0.64 0.40 0.84
27181 119 0.47 0.38 0.57 0.64 0.40 0.84
2719 | 343 0.47 0.38 0.57 0.64 0.40 0.84
2720 | 343 0.47 0.38 0.57 0.64 0.40 0.84
RN 2.88 0.90 0.50 0.39 0.77 0.45 0.84

Table 6.1: Computed rates of convergence RY and RV (as defined in (6.3.2)), mea-
sured from the numerical solutions of (( #),(6.2.1)) and (( %),(6.2.1)), with
the problem data as in (6.3.1), approximated using the numerical methods
((fSN), (6.2.3), (6.2.2)) and ((j‘pN), (6.2.3), (6.2.10), (6.2.2)) respectively, for

sample values of N and &.

Note that in Table 6.1, the rows for £ = 273,274 have been excluded, because over this param-
eter range of (¢, N), two separate numerical algorithms are implemented either side of the
constraint ¢ = N~-04, It is difficult to interpret the significance of the two mesh differences D{a\’ ,

when two distinct algorithms are being utilized in the computation of DV

The computed rates of uniform convergence RY oscillate in Table 6.1, but overall they indicate

a uniform rate of convergence of 0.4 or greater for this particular test example.

Example 6.2
In this example, we compare numerical approximations generated from the Numerical
Methods 4.1 and ((jgN), (6.2.3), (6.2.10), (6.2.2)). We consider the two schemes for the problem
data

e=2"10" g=2 a,=ar=1, b=b.=br=1, (6.3.3a)

g=qr=qr=0, A=15, B=-14, x*=06. (6.3.3b)

Note, from (3.3.29), we choose y; and yr in (4.3.1) as

rL=7;=085(<,/A?—2A||b||=0.866), 7r=7}=0.74(< /A% —2A||b||=0.748). (6.3.3c)
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For this value of ¢, we consider the approximations YV generated from the Numerical Method
4.1 for N = 32,64,128,256,512,1024. For each of these values of N, we generate approxima-
tions UN using the method ((]gN), (6.2.3), (6.2.10), (6.2.2)) for times T =1,2,3,...,20 using N
space mesh intervals and M = NT time mesh intervals. For the latter approximations, we only
consider the value of the approximations at the final time 7. Figures 6.3-6.5 display all these
approximations for each value of N. Note that all approximations, for all N and T, are plotted
over the interval [0.585,0.64]. From the graphs, we can see that the approximations obtained
from the Shishkin algorithm (outlined in this chapter above) do not reach a steady state, at least
for T =20. Ideally, to compare the algorithms, we would choose a final time and take the value
of the approximation using the Shishkin algorithm at that time and compare to an approxima-
tion generated using the Numerical Method 4.1, over a range of ¢ and N. However, the final
time value we choose remains an open question. Table 6.2 displays the maximum pointwise
differences defined as

max |V —Ty)(7:)| (6.3.4)

T;€05UQ0
where Qg is the mesh used in the scheme ((ﬁ.N), (6.2.3), (6.2.10), (6.2.2)), Qo is the mesh used
in the numerical scheme 4.1, Y" is the linear interpolant of YV and l_II}[ is the linear interpolant

of UN at the final time T =5.

N
N=32 N=64 N=128 N=256 N=512 N=1024

2-8 0.6573 0.4758 0.2858 0.1640 0.0907  0.0482
2710 10,7208 0.4610 0.2702 0.1499 0.0762  0.0342
2712 1 0.7121 0.4508 0.2591 0.1400 0.0670  0.0265

2714 10.6758 0.4081 0.2211 0.1034 0.0378  0.0295

Table 6.2: Computed global maximum point wise errors (as defined in (6.3.4)) cal-
culated from the numerical approximations generated by the Numerical
Schemes 4.1 and ((]EN), (6.2.3), (6.2.10), (6.2.2)) at the final time value T =5
using M = NT time mesh intervals, where all approximations are computed

using the problem data (6.3.3) and N =32,64,... space mesh intervals.

In conclusion, it remains unknown as to when the Shishkin algorithm reaches a steady state.
However, in these numerical experiments, approximations obtained from the Numerical

Scheme 4.1 based on centring a Shishkin mesh at Howes’ point 4.2.6 appear to converge to
approximations obtained from the algorithm outlined in this chapter. Hence, before we can

make a more solid claim, more experimentation is needed.
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Figure 6.3: Black-dot plots of the numerical approximations generated by the Nu-
merical Scheme 4.1 and coloured plots of the numerical approximations
generated by ((jng), (6.2.3), (6.2.10), (6.2.2)) at the final time values T =
1,2,3,...,20 using M = NT time mesh intervals, where all approximations
are computed using the problem data (6.3.3) and (a) N =32 and (b) N =64

space mesh intervals.
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(b) N=256

Figure 6.4: Black-dot plots of the numerical approximations generated by the Nu-
merical Scheme 4.1 and coloured plots of the numerical approximations
generated by ((jFN), (6.2.3), (6.2.10), (6.2.2)) at the final time values T =
1,2,3,...,20 using M = NT time mesh intervals, where all approxima-
tions are computed using the problem data (6.3.3) and (c) N = 128 and

(d) N =256 space mesh intervals.
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(b) N=1024

Black-dot plots of the numerical approximations generated by the Nu-
merical Scheme 4.1 and coloured plots of the numerical approximations
generated by ((ﬁFN), (6.2.3), (6.2.10), (6.2.2)) at the final time values T =
1,2,3,...,20 using M = NT time mesh intervals, where all approxima-
tions are computed using the problem data (6.3.3) and (c) N = 512 and

(d) N =1024 space mesh intervals.
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CONCLUSIONS

In Chapter 2, we examined nonlinear initial value problems. Under certain restrictions on the
nonlinearity, a wide range of nonlinear problem classes can be examined. These restrictions
assist in the analysis where by the problems can, in a sense, be linearised. When these restric-
tions are removed, then it appears that such wide classes of problems cannot be analysed as

easily and we consider these problem classes on a case-by-case basis.

The issue of whether it is possible to establish parameter uniform convergence for initial value
problems where the initial condition is arbitrary close to an unstable reduced solution remains

unresolved.

Furthermore, our approximations to functions y that satisfy a fundamental character such that
€y’+y™* =0, y(0) > 0, produce convergence rates that deteriorate with n, as confirmed exper-
imentally. Clearly, increasing n does ‘increase’ the non-linearity of the problem. However, it
hardly adds to any exoticism of the problem that it should cause such a considerable slump in

convergence rates. We are left to ask if there is a remedy to this undesirable anomaly?

In Chapter 3, we examine linear and nonlinear boundary turning point problems. Analysis of
the linear problem aides in the analysis of the nonlinear problem more subtly than transpar-
ently whereby it acquaints us with using a bound of the convection co-efficient of the form

C(1 — e=Cx/e),

The original analysis for the nonlinear problem, as published in [24], was for the Burgers’ prob-
lem ey” +yy’ — by = q. The analysis was subsequently updated, to examine the more general
problem ey” + f(y)y’ — by = q, f(s) = s, using the same routine as for the Burgers’ problem.
This inspires the idea, that even though our mantra regarding nonlinear problems is to study
them case-by-case, it may help to ‘strip’ a nonlinear problem down to its related fundamental

problem to assist in the analysis.

Furthermore in Chapter 3, we see another difficulty when analysing linear over nonlinear prob-
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lems as alluded to in the introduction - the effect of the boundary conditions. The analysis in
Chapter 3 immediately covers a problem such as ey” + ,/yy'—y =0, y(0) =0, y(1) = B; =
0.5 because /s = s on [0,2B;1](= [0,1]). However, the analysis does not cover the problem
ey”+ /vy’ —y =0,y(0)=0, y(1) = B, = 0.51 since /s # s for all s € [0,2B,] where the only

difference is that the boundary condition has been slightly changed.

In Chapter 4, we consider approximating the solution to a Burgers’-type problem using two
boundary turning point problems. It appears that we would need to be 'super-close’ (within
O(£?)) to the unknown root for such a method to be effective. Until such an approximation
is found, this method is viewed as highly impractical. We are convinced that successfully
analysing and constructing a parameter-uniform numerical method for Burgers equation with

an interior layer, crucially depends on knowledge of the location of the zero of the solution.

In chapter 5, we consider a linear interior layer problem. A finite difference scheme is applied
to the problem on the global domain. We consider ‘off-centring’ the Shishkin mesh from its
ideal location. A limit on the distance of the new centring point from the ideal centring point is
Ce. Supposing this method could be replicated for a nonlinear difference scheme considered
on its global domain, then it would be a considerably more practical method than that exam-
ined in Chapter 4 as we would only need to be within O(¢) of the unknown root for the method

to be effective.

Hence, the next step in this research is to mimic the numerical analysis performed in Chapter
5 for the nonlinear Burgers’ equation problem. That is, consider centring the mesh at some
other point p, and identify in the analysis how close p needs to be to the root in order to pre-
serve parameter-uniform convergence. The construction of a parameter-uniform numerical
method to solve the steady-state Burgers’ problem with an interior layer remains an open ques-

tion.
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