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CHAPTER ONE

1 CHEMICAL REACTORS - DESIGN AND MODELLING

1.1 Reaction Kinetics and Reactor Design '

The ultimate goal of a chemical engineer in dealing with 

chemical reactions generally includes:

1) Selection of the reactor type among many designs.

2) D e t e rmination of the required reactor size.

3) S p e c ification of operating conditions -

To achieve this goal he/she must have knowledge of 

the rate of chemical reaction, the conversions 

obtainable, the nature of physical processes interacting 

with the chemical reaction, and the p arameters which 

influence the preceding

The rates of physical processes e.g. mass transfer 

and heat transfer, can be adequately estimated in many 

cases from the properties of substances p a r t i c ipating in 

the reaction, flow patterns, the geometry of the reaction 

vessel etc. On the other hand, chemical rate data for 

most industrially important reactions rely upon 

experimental investigation of the specific chemical 

reactions involved

Kinetics - Basic Terminology

The amount of a selected component A being converted 

per unit time per unit quantity of a reference variable y 

in a chemically reacting system is defined as the rate of 

reaction r^

Molal units are generally used as the amount Nft of the 

component being followed, the reference variable y in 

homo g e n e o u s  fluid reactions is usually the volume of the 

reacting fluid V or of the reactor V r .

d W ft i l . i
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In the case of the continuous stirred tank reactor 

the volume of the reacting fluid system remains constant, 

thus for a first order reaction,

Although this equation is about 80 years old, it 

predicts the effect of temperature on the rate constant, 

for simple reactions, so accurately that it still finds 

wide application in a great number of reaction kinetic 

problems -

In this equation E is the activation energy and was 

considered by Arrhenius as the amount of energy in excess 

of the average energy level which the reactants must have 

in order for the reaction to proceed.

In practice, most reactions important in industrial 

processes are quite complex m  nature because their 

reaction m echanisms are considerably different from the 

stoichiometric equations. However, in dealing with 

react ion k m e t i c s , one process may account for the major 

factor in determining the overall rate of reaction and is 

termed the "rate controlling step" My model for the 

C.S.T.R. will be based on some of the outlined 

fundamentals.

Reactor Design

Since all chemical processes are centered around the 

chemical reactor, a most important factor in determining  

the o v e r - a l 1 process economy is the reactor design .

(moles/l.sec) 1.1.2

In this equation the p roportionality constant A  is 

termed the specific reaction rate or "the rate 

constant A  " and it is markedly dependent upon 

temperature, through the Arrhenius equation
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Uni ike equipment for mass or heat-transport 

processes, there is no straightforward method for 

designing equipment to carry out a chemical reaction.

This is because the design of a chemical reactor is 

governed primarily by the specific reaction system 

c o n c e r n e d ,

At the start of the design work, the following 

information is presumably available;

(a) The reaction type, simple or complex.

(b) The need for catalyst.

(c ) Phases 1 n v o 1v e d .

(d) The mode of temperature and pressure control - 

isothermal, adiabatic, vacuum etc.

(e ) The product 1 on c a p a c 1 t y .

In addition basic data required include"

Cl] The chemical rate e x pressions and variation of 

rate parameters with temperature, pressure, etc

CE3 The heat-and mass-transfer characteristics.

C33 Physical properties of all components taking 

part in the reaction <

When the above information and data become 

available, the preliminary selection and sizing of the 

reactor can proceed.

In general, chemical reactors have been broadly 

classified in two ways, one according to the type of 

operation and the other according to design features.

The former c l a s s i fication is mainly for homogeneous 

reactions, and divides the reactors into batch, 

continuous or semicontinuous type. A brief description 

of these three types f o 1 1ows

1. Batch Reactor This type takes in all

the reactants at the the beginning and processes them 

according to a predetermined course of react ion during 

which no material is fed into or removed from the 

reactor The tank is agitated, and is used primarily in 

a s m al1-scale product i o n . Most of the basic k i n e t i c data 

for reactor design are obtained from this t y p e .
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2. Continuous R e a c t o r . Reac tants are introduced 

and products withdrawn simultaneously in a continuous  

manner in this type of r e a c t o r . It may assume the shape 

of a tank, a tubular structure, or a tower, and finds 

e xtensive applications in large-scale plants for the 

purpose of reducing the operating cost and facilitating 

control of product q u a l i t y .

3. Sem i c o n t i n u o us  Reactor In this category belong 

reactors that do not fit either of the above two types. 

In one case some of the reactants are charged at the 

beginning whereas the remaining are fed continuously as 

the reaction progresses. Another type is similar to a 

batch reactor except that one or more of the products is 

removed continuously.

Chemical reactors have also been basically 

classified according to their design features in four 

ways as represented diagramm a t i c al l y  in Fig. 1 1.1.

Fig 4  Main types of reactor

F i g .  1 . 1 . 1
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1. Tank Reactor This is probably the most

common type of reactor in use in the chemical industry.

In most instances it is equipped with some means of 

agitation (e g. stirring, rocking or shaking) as well as 

provisions for heat transfer (e g. jacket, external and 

internal heat exchangers). This type can accomodate 

either batch or continuous operation over wide ranges of 

temperature and pressures. With the exception of very 

viscous liquids, a close approximation to perfect mixing 

(back mixing) can be achieved in a stirred-tank reactor. 

In a continuous operation, several stirred-tank reactors 

may be connected in series. Also in use m  continuous 

o p e r a t 1 on is a single reaction vessel divided into a 

number of c o m p a r t m e n t s , each of which is e q u i v a 1ent to a 

stirred-tank r e a c t o r .

2. Tubular Reactor 

constructed of either 

tubes in parallel, 

r e a c t o r , and the products 

a c ontinuous varlation in 

mixture in between. Heat 

may be accomplished by means 

tube design. The reactor tub 

catalyst pellets or inert sol 

finds application in cases wh 

reaction mixture in the flow 

Large-scale gasous reactions 

hydrocarbons, the conversion 

oxidation of NO to NOg are ex 

of tubular reactors.

This type of reactor is 

continuous tube or several 

enter at one end of the 

leave from the other end, with 

the composition of the reacting 

transfer to or from the reactor 

of a jacket or a shell-and- 

es may be packed with 

ids The tubular reactor 

ere back mixing of the 

direction is undesirable, 

such as the cracking of 

of air to NO, and the 

amples of the application

a single 

The reactants
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3. Tower Reactor A vertical cylindrical 

structure with a large height-to-diameter ratio 

characterises this type of reactor. It may have baffles 

or solid packing (reactant, catalyst, or inert) or may be 

simply an empty tower, and is employed in continuous 

processes involving heterogeneous reactions. Examples 

are the lime kiln, and gas-absorption units for 

gas-liquid reactions including packed towers, plate 

towers, and spray towers

4. Fluidized-bed Reactor. This is a vertical 

cylindrical vessel containing fine solid particles that 

are either catalysts or reactants. The fluid reactant 

stream is introduced at the bottom of the reactor at a 

rate such that solids are floated in the fluid stream 

without being carried out of the system. Under this 

condition the entire bed of particles behave like a 

boiling liquid, which tends to equalize the composition 

of the reaction mixture and temperature throughout the 

bed (i.e, some degree of back mixture is obtained). This 

is generally considered one of the distinct advantages of 

the fluid 1 zed-bed reactor The attrition of catalyst 

with e n t r a m m e n t  of the resulting fines is one of the 

disadvantages. It has been applied extensively to 

solid-fluid reactions, such as the catalytic cracking or 

petroleum hydrocarbons, the conversion of uranium oxides 

to uranium f l o u n d e s ,  the reduction of some mineral ores, 

and the gasification of coal.

— & —



l.a ABOUT THE CONTINUOUS S T I RRED-TANK REACTOR (C.S.T.R) *0

This type of reactor consists of a well-stirred tank 

into which there is a continuous flow of reacting 

material, and from which the partially reacted material 

passes continuously It is because such vessels are 

squat in shape (e.g. cylindrical vessels as wide as they 

are deep) that good stirring of their contents is 

essential; otherwise there could occur a bulk streaming 

of the fluid between inlet and out let and much of the 

volume of the vessels would be essentially dead space.

The important characteristic of the C.S.T.R. is the 

stirring. The most a p propriate first approximation to an 

estimation of its performance is based on the assumption 

that its contents are perfectly mixed. As a consequence 

the effluent stream has the same composition as the 

contents and this demonstrates the important distinction 

between the C S.T.R. and the tubular reactor.

A fair approximation to perfect mixing is not 

difficult to attain in a C.S.T.R , provided that the 

fluid phase is not too viscous. In general terms, if an 

entering element of material, for example, a shot of dye 

is distributed uniformly throughout the tank in a time 

very much shorter than the average time of residence in 

the tank, then the tank can probably be taken to be 

'w e l 1- m i x e d '. As shown overleaf in Fig. 1.2 1, several 

p ermutations are possible in the production assembly of a 

stirred tank reactor.

One great advantage of the C S . T . R . , apart from 

simplicity of construction, is the ease of temperature 

control. The reagents entering the first vessel plunge 

i m m e d l a t e 1y into a large volume of partially reacted 

fluid and, beca u s e  of the stirring, local hot spots do 

not tend to occur. Also the tanks of the C.S.T.R. offer 

the opportunity of providing a very large area of cooling 

s u r f a c e . In addition to the external surface of the 

vessels themselves, a large amount of internal surface,
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in the form of submerged cooling coils, can be provided. 

Sometimes, in place of coils, a calandria is used, as in 

the example of the Schmid nitrator for nitroglycerine 

A further advantage, as compared to the tubular r e a c t o r , 

is the openness of the construction. This makes it easy 

to clean the internal surfaces and is important in the 

case of reactions where there is a tendency for solid 

matter to be deposited, e.g. p o l y m e rization processes and 

r eactions in which tarry material is formed as a 

b y - p r o d u c t .

For these various reasons the typical fields of 

application of the C.S.T.R. are c ontinuous processes of 

s u l p h o n a t i o n , nitration, and polymerization. It is used 

very extensively in the organic chemical industry and 

particularly in the p roduction of plastics, explosives, 

and synthetic rubber. The C.S.T.R. is also used whenever 

there is a special necessity for stirring; for example, 

m  order to maintain gas bubbles or solid particles m  

s uspension in a liquid phase, or to maintain droplets of 

one liquid in suspension m  another as in the nitration 

of benzene or toluene The rate of such reactions can be 

very dependent on the degree of dispersion, and therefore 

on the vigour of agitation

Fig. 1.2.1

a Reoctonts

R eactant» 'I

products j
\ o ) Botch reactor

R eoctants “ V f  ^

Products

t b )  Continuous stirred tank reoctor

&
3 .

P roducts

( c )  Continuous stirred  tank reac to r battery

— ^¡LLight product

( d )  Continuous s tag e d  r e a c to r- h o n z o n to l  type
re a c tan t

Light
reactant

( • )  Continuous staaed m
reoctor- vertical typ# Heavy



1.3 MIXING OF FLUIDS

The problem associated with the mixing of fluids 

during reaction is important for extremely fast reactions 

in homogeneous s y s t e m s , as w e l 1 as for all heterogeneous 

systems. This problem has two overlapping aspects: 

firstly the degree of segregation of the fluid, or 

whether mixing occurs on the microscopic level (mixing of 

individual molecules) or the macroscopic level (mixing of 

clumps, groups, or a ggregates of molecules), and secondly 

the earliness of mixing, or whether fluid mixes early or 

late as it flows through the vessel.

First consider the degree of segregation of a fluid, 

and for c o nvenience let us define terms to represent the 

extremes in segregation of a fluid. For this suppose 

that liquid A is available in two forms as shown below in 

Fig. 1 3.1. In the first form the liquid is as we 

normally imagine it, with individual molecules free to 

move about and collide and intermix with all other 

molecules of the liquid. One refers to such a liquid as 

a microfluid, In the second form liquid A is available 

in a large number of s m a l 1 sealed packets, each 

containing a large number, say about 1 0 ^ 2  to lO^S of 

molecules. This type of liquid may be called a 

m a c r o f l u i d .

o o
J

d o

individual molecules lose their Each aggregate retains its identity 
^ a n d  acts as a batch reactor 

reactant concentration vanes from 
aggregate to aggregate

V, identity and reactant 
concentration in uniform 
throughout

Difference in behavior of microfluids and macrofluids

F i g . 1.3.1
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I n  t h e  f l o w  o f  a n  i d e a l i z e d  m i c r o f l u i d  a n d  

m a c r o f l u i d  t r a c e r  m e a s u r e m e n t s  c a n n o t  d i s t i n g u i s h  

b e t w e e n  t h e m ;  h o w e v e r ,  f o r  c h e m i c a l  r e a c t i o n s  t h e s e  

f l u i d s  m a y  b e h a v e  q u i t e  d i f f e r e n t .

F o r  a  m i c r o f l u i d ,  i n d i v i d u a l  m o l e c u l e s  l o s e  t h e i r  

i n d e n t i t y  a n d  r e a c t a n t  c o n c e n t r a t i o n  i s  u n i f o r m  

t h r o u g h o u t .  F o r  a  m a c r o f l u i d ,  e a c h  a g g r e g a t e  r e t a i n s  

i t s  i d e n t i t y  a n d  a c t s  a s  a  b a t c h  r e a c t o r .  R e a c t a n t  

c o n c e n t r â t  i o n  v a r i e s  f r o m  a g g r e g a t e  t o  a g g r e g a t e .

T h e  n o r m a l l y  a c c e p t e d  s t a t e  o f  a  l i q u i d  o r  g a s  i s  

t h a t  o f  a  m i c r o f l u i d ,  a n d  d i s c u s s i o n s  o n  h o m o g e n e o u s  

r e a c t  i o n s  a r e  b a s e d  o n  t h i s  a s s u m p t i o n

I t  w i l l  a l s o  b e  a s s u m e d  t h a t  m i x i n g  a n d  c h e m i c a l  

c o n v e r s i o n  i n  t h e  r e a c t i o n  v e s s e l  i s  i n s t a n t a n e o u s .
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1.4 EXAMPLES OF FIRST ORDER REACTIONS

A N D  O F  O S C I L L A T O R Y  B E H A V I O U R

T h e  m o d e l  t o  b e  s u b s e q u e n t l y  s t u d i e d  i s  a  f i r s t  

o r d e r  i r r v e r s i b l e  e x o t h e r m i c  n o n  a d l a b a t i c  r e a c t  i o n  T h e  

r a t e  e x p r e s s i o n  u n d e r  c o n s t a n t  v o l u m e  c o n d i t i o n s  i s  g i v e n  

a s

T y p i c a l  e x a m p l e s  o f  a  f i r s t  o r d e r  r e a c t i o n  a r e  

11  T h e r m a l  d e c o m p o s i t i o n  o f  H 2O 2
2 3  P y r o l y s i s  o f  e t h a n e

3 3  C y c l o t r i m e r 1 z a t i o n  o f  b u t a d i e n e  o v e r  c a t a l y s t

4 3  P y r o l y s i s  o f  C a - o x a l a t e

5 3  G a s - p h a s e  t h e r m a l  d e c o m p o s i t i o n  o f  d i t e r t i a r y  b u t y l

p e r o x i d e

A  c h e m i c a l  s y s t e m  f o l l o w i n g  d i f f e r e n t  p a t h s  

d e p e n d i n g  o n  w h e t h e r  a  p a r a m e t e r  i s  i n c r e a s i n g  o r  

d e c r e a s i n g ,  i s  c a l l e d  c h e m i c a l  h y s t e r e s i s -  T h i s  m o d e l ,  

u n d e r  c e r t a i n  c o n s t r a i n t s ,  m a y  g i v e  r i s e  t o  h y s t e r e s i s ,  

o s c i l l a t o r y  b e h a v i o u r ,  a n d  o t h e r  i n t e r e s t i n g  p h e n o m e n a  

S u c h  b e h a v i o u r  h a s  a n  e l e c t r i c a l  a n a l o g ,  a  

c u r r e n t - v o 1 t a g e  c u r v e  r e s e m b l i n g  F i g .  1 . 4 . 1  i n  s y s t e m s  

c o n t a i n i n g  a  n e g a t i v e  r e s i s t a n c e  e l e m e n t  M a g n e t i c  

h y s t e r e s i s  o c c u r s  i n  a  f e r r o m a g n e t  o n  v a r y i n g  t h e  

d i r e c t i o n  s t r e n g t h  o f  a n  a p p l i e d  m a g n e t i c  f i e l d .

Q u i t e  a  l a r g e  n u m b e r  o f  r e a c t i o n s  e x h i b i t i n g  

m u l t i p l e  s t a t 10n a r y  s t a t e s  a n d  c h e m i c a 1 h y s t e r e s i s  h a v e  

b e e n  i n v e s t i g a t e d ,  e s p e c i a l l y  b y  c h e m i c a l  e n g i n e e r s .  O n e  

f a i r l y  s i m p l e  e x a m p l e  o f  s u c h  a  s y s t e m  i s  t h e  o x i d a t i o n  

o f  t h i o s u l p h a t e  b y  p e r o x i d e .

1 . 4  1

- 11 -



F i g u r e  1 . ^ . 2  b e l o w  i l  l u s t r â t e s  s o m e  e x p e r i m e n t a l  

r e s u l t s  f o r  t h i s  r e a c t  i o n ,  s h o w i n g  t h e  s t e a d y - s t a t e  

t e m p e r a t u r e  a s  a  f u n c t i o n  o f  c o o l a n t  f l o w  r a t e .

D

W e  h a v e  s e e n  h o w  m u l t i p l e  s t a t i o n a r y  s t a t e s  c a n  

e x i s t ,  a n d  h o w  a  s y s t e m  c a n  c h a n g e  f r o m  o n e  s e t  o f  s u c h  

s t a t e s  t o  a n o t h e r  w h e n  t h e  e x t e r n a l  p a r a m e t e r s  a r e  

a l t e r e d .  B u t  t o  o b t a i n  o s c i l l a t o r y  b e h a v i o u r  l i k e  t h a t  o f  

t h e  h e a r t b e a t ,  o n e  n e e d s  a  m e c h a n i s m  t h a t  w i l l  s w i t c h  t h e  

s y s t e m  b a c k  a n d  f o r t h  w i t h o u t  e x t e r n a l  i n t e r v e n t i o n .  O n e  

m u c h - s t u d i e d  e x a m p l e  o f  a n  o s c i l l a t o r y  c h e m i c a l  r e a c t i o n  

i s  t h e  b r o m i n a t i o n  o f  m a l o n i c  a c i d  i n  t h e  p r e s e n c e  o f  a n  

o x i d a t l o n - r e d u c t i o n  c o u p l e ,  s u c h  a s  C e 1 1 1 ,  C e l v  k n o w n  

a s  t h e  B e l o u s o v - Z h a b o t i n s k i 1 r e a c t i o n .

F i g u r e  1 . ^  3  s h o w s  t h e  o s c i l l a t o r y  b e h a v i o u r  o b s e r v e d  

i n  t h i s  r e a c t i o n .  T h e  o s c i l l a t i o n s  p e r s i s t  i n  a  

w e 1 1 - s t l r r e d  b e a k e r  f o r  n e a r l y  a n  h o u r ,  a s  l o n g  a s  t h e  

c o n c e n t r a t i o n  o f  r e a c t a n t s  i s  s u c h  a s  t o  k e e p  t h e  s y s t e m  

f a r  f r o m  e q u i l i b r i u m ;  m  a n  o p e n  s y s t e m ,  f e d  w i t h  

r e a c t a n t s  a n d  d e p l e t e d  o f  p r o d u c t s ,  t h e y  c a n  p e r s i s t  

i n d e f i n i t e l y .

x

ft

zo
° c

60

- —&— a—&a—a a

2 0  **0 6 0  8 0
( ‘ " I 4')

F i g  1 .  4- .  1

ScU^fooM)^ + 3 B R 0 ^  * 3H+ •— )  36RCH(fooH)a + PHC00H +l»C0£ + SH2 O

8to o s  io is eo as 30
Fig . 1. *+. 3 flvcv
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1.5 FORM U L A T I O N  OF THE GOVERNING EQUATIONS

L e t  u s  c o n s i d e r  a  c o n t i n u o u s  p e r f e c t l y  m i x e d  s t i r r e d  

t a n k  r e a c t o r  w i t h  r e c y c l e .  I n  o r d e r  t o  d e f i n e  t h e  

p r o b l e m  m o r e  c l e a r l y  t h e  c h e m i c a l  r e a c t i o n  w i l l  b e  t a k e n  

t o  b e  f i r s t  o r d e r ,  e x o t h e r m i c  n o n  a d i a b a t i c ,  a n d  

i r r e v e r s i b l e .  T h u s

J k
R ------- » B . ah < o 1 .5. 1

F u r t h e r m o r e ,  t h e  f o 1 l o w i n g  a s s u m p t i o n s  s h a l 1 b e  m a d e

1 .  M i x i n g  i s  u n d e l a y e d .

T h e  c h e m i c a l s  b e h a v e  a s  m i c r o f l u i d s .

3 .  T h e  h e a t  c a p a c i t y  o f  t h e  v e s s e l  a n d  c o o l i n g  c o i l s

m a y  b e  i g n o r e d .

.  T h e r m a l  p r o p e r t i e s  a n d  i n l e t  c o m p o s i t i o n  o f  t h e

r e a c t a n t s  a r e  s e n s i b l y  c o n s t a n t .

5 .  T h e r e  i s  n o  f e e d b a c k  c o n t r o l .

6 .  C o o l a n t  t e m p e r a t u r e  a n d  r e c y c l e  r a t e s  r e m a i n  

c o n s t a n t .

F R E S H  T F  ®

S T R E A M  C p

R E C Y C L E

S T R E A M

F i g .  1 . 5 . 1  

A  s c h e m a t i c  p i c t u r e  o f  t h e  C . S . T . R .

I t  w i l l  b e  s h o w n  t h a t  t h e  c o n c e n t r a t i o n  a n d  

t e m p e r a t u r e  o f  A  i n  t h e  r e a c t o r  m a y  b e  m o d e l l e d  b y  a  p a i r  

o f  c o u p l e d  o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n s  u s i n g  m a t e r i a l  

a n d  e n t h a l p y  b a l a n c e s  r e s p e c t i v e l y .

- 13 -



MATERIAL BALANCE ON REACTANT A

Z I . I h  ~  2 .  O u t  =  A c c u m u l a t i on

A p p l y  t h e  b a l a n c e  o v e r  a  s h o r t  t i m e  i n t e r v a l  At .  T h e  

e n t i r e  f l o w r a t e  t o  t h e  r e a c t o r  i s  F ( m ^ / s e c )  i n c l u d i n g  

t h e  r e c y c l e  f l o w r a t e  o f  .

In  : 1 'X F.Cf At
2 ( l  F  C  A t

O u t F* C At 
X .  V At

A c c u m v . c - M C

t+ * t

T h e r e f o r e  V  F  ( C c ~ C ^  ~  V  X
c \t '

1 . 5 . 2

w h e r e  / C  =  C  . .  R a t e  o f  r e a c t i o n

and = e . A r r h e n i u s  c o n s t a n t

I n t r o d u c i n g  t w o  d l m e n s i o n l e s s  v a r î a b l e s  ( x  ,  t ) a n d  

c o n s t a n t s  a s  f o l l o w s  h e l p  d e s c r i b e  t h e  s y s t e m  i n  t h e  m o s t  

e c o n o m i c a l  w a y  p o s s i b l e .  * ^ 3

_  Cf - C
^  =  -----------------  D i m e n s i o n l e s s  c o n c e n t r â t  i o n

Cp

V- v
i  =  ---------------------  R e d u c e d  t i m e  1 . 5  3
C F A

^  —1 D i m e n s i o n l e s s  t i m e

E q u a t i o n  1 * 5 . 2  n o w  b e c o m e s ,

-  = -  X + A X. (.1-*) i.5.<+dt
-  it* -



H o w e v e r ,  - f t  i s  t e m p e r a t u r e  d e p e n d e n t  t h r o u g h  t h e  

A r r h e n i u s  f u n c t i o n  a n d  f u r t h e r  d i m e n s i o n l e s s  p a r a m e t e r s  

n e e d  b e  i n t r o d u c e d  a s  f o 1 l o w s

O  =  ■'    A r r h e n i u s  C o n s t a n t
R T >

S  = J k *  e v r D a m k o h l e r  C o n s t a n t  1 . 5 . 5

^  D i m e n s i o n l e s s  T e m p e r a t u r e

H o w e v e r

E
R T

i n  A o  R T f  ' r t )

-  j ? v. ( r / r )  +  s -  ( x ~ T f )

/ft ' C  =  1 - 5 , 6

T h u s ,  t h e  m a t e r l a l  b a l a n c e ,  a s  d e s c r i b e d  b y  1 . 5 . 4 -  n o w ,  

f i n a l l y  e v o l v e s  a s  a  n o n - l i n e a r  d i f f e r e n t i a l  e q u a t i o n  

w h i c h  i s  a  f u n c t i o n  o f  t w o  d i m e n s i o n l e s s  v a r i a b l e s  ( x ,  y )  

a s  f o l l o w s :

=  - X .  i -  O  ) 1 . 5 . 7

- 15 -



ENTHALPY BALANCE ON REACTANT A

T h e  h e a t  b a l a n c e  i s  a p p l i e d  o n  r e a c t a n t  A  o v e r  t h e  o p e n  

s y s t e m  a s  h i g h l i g h t e d  i n  F i g .  1 5 . 1 .

E n e r g y  g a i n e d  a n d  l o s t  i n  t h e  i n l e t  a n d  o u t l e t  s t r e a m s  b y  

h e a t  t r a n s f e r ,  a c c u m u l a t e d  w i t h i n  t h e  v e s s e l ,  a n d  l o s t  b y  

b o t h  r e a c t i o n  a n d  c o o l i n g ,  i s  d e s i g n a t e d ,  a n d  i n d e x e d  

b e l o w  r e l e v a n t  t o  t h e  a p p r o p r i a t e  f i g u r e .

B u i  k T r a n s f e r 1 ) I  n i *  S F Cp ÏF At
2) I n i 0-*) t F TP At

B u i  k T r a n s f e r 5 ) O u t 0 $ F CP T At
L o s s b y  R e a c t i o n O u t 0 ✓TV C-àW)
L o s s b y  C o o  1 a n g ¿*) O u t 0 ^ G (1-TcVAt
A c c u m u 1 a t  i o n A c c A n cP t \ -  n  cP t  |

t
I n  - O u t =  A c c u m u l â t i o n

T h u s Z I  - to = ER •

T h e  h e a t  b a l a n c e  e q u a t i o n  t h u s  b e c o m e s -

y .V .C P ^  +  j f e t - A a (.t - T c )  1 5 8

• &  * + ( i f )  * 1
b u t  dT = dt dT. c h a i n  r u l e

d t ' d t  dtT <T̂ "

i t t m m
- d !  = A ^ . l  ? *  Tp \ 
clt.1 d t, \  v  y  /

H e n c e  f r o m  1 . 5  8 i t  f o l l o w s  t h a t

+  ( ( ’ *») Cp y l  Jb C v  1 C . 1 . 5 . 9

<\t I  f  C p  Tp  J  F  J C F

Lf-V.Cp f a ) I  Tf J

- 16 -



a n d  

T h e r e f o r e

Let o L
f C - f r O  c P

= I f t f J
5  = f 41. ft ^ 1
r  I J  v  c P J

1 5 .  10

j W _  = -  f Cy ' I c )
c l t

H e n c e ,  t h e  t w o  d i m e n s i o n a l  s y s t e m  o f  o r d i n a r y  n o n  l i n e a r  

d i f f e r e n t ì a 1 e q u a t i o n s  e v o  I v e s  a s

/  -vj »

^  = -'}+cir(\-x)«*pCriv7) -p 6 n < )  

x  = -x v S“0-xy«*pGn^r)-

c o n s t a n t s

N o t e  1 ) T h e  r e c y c l e  r a t e  i n f l u e n c e s  t h e  r e s i d e n c e

t i m e  ^  = ^ £ - ^ a n d  o n l y  a n d  j j  d e p e n d  d i r e c t l y  

u p o n

S )  T h i s  m o d e l  i s  w i t h o u t  f e e d b a c k  c o n t r o l  w h i c h  i s  

e x t e n s i v e l y  d i s c u s s e d  i n  A p p e n d i x  D .

- 17 -



CHAPIER_TWg

2  E X I S T E N C E ,  U N I Q U E N E S S  A N D  B O U N D E D N E S S  O F  S O L U T I O N S

2 , 1  T h i s  s e c t i o n  g i v e s ,  w i t h  p r o o f ,  t h e  d o m a i n  w i t h i n  

w h i c h  t h e  e x i s t e n c e  a n d  u n i q u e n e s s  o f  s o l u t i o n s  t o  

t h e  t w o  d i m e n s i o n a l  s y s t e m  o f  o r d i n a r y  d i f f e r e n t i a l  

e q u a t i o n s  b e l o w  a r e  a s s u r e d *

G i v e n -  X  = ' X  +«3TCl-x)€Xj>(-T^7ÿ^

+<1 * ( ■ - * )

*  ■

2.1 1

R e c a i  1

a n d

Cf
~5 -  ( T : T f \  y

I f  '

2 . 1 . 2

I n t u i t i v e l y ,  t h e  p h y s i c a l  d o m a i n s  o f  C ,  T ,  x ,  a n d  y  w o u l d  

b e  a s  f o l l o w s .

2 . 1  3

T h i s  a u t o n o m o u s  s y s t e m  m a y  b e  a b b r e v i a t e d  t o

x  =

^  a . i  *
w h i c h  m a y  b e  r e p r e s e n t e d  i n  v e c t o r  n o t a t i o n

X • F (x^) a 1 =

- 18 -



L e m m a  2 . 1  1 F o r  a n y £>0  t h e  f u n c t i o n  L ( * n )  -

c o n t i n u o u s l y  d i f f e r e n t i a b l e  o n  t h e  d o m a i n

= C°.'l * . 2 . 1.6

P r o o f  2 . 1 . 1  T h e  o n l y  p o t e n t i a l l y  s i n g u l a r  p o i n t  i s  i f  

t h e  d e n o m i n a t o r  i n  t h e  f u n c t i o n  

a t t a i n s  a  z e r o  v a l u e .  T h i s  o c c u r s  o n l y  

a t  ^  - if w h i c h  i s  o u t s i d e  o f

H e n c e  F ( *  i s  c o n t i n u o u s l y

d i f f e r e n t i a b l e  o n  Q . E . D .

T h e o r e m  2 . 1 . 2  F o r  a n y  i n i t i a l  c o n d i t i o n

o n  t h e  s y s t e m  > (  a  F ( * » m )  a d m i t s  a  u n i q u e  

l o c a l  s o l u t i o n  (  * 6 0  f o r  t  i n  s o m e

t i m e  i n t e r v a l  £ , 0 ) ^ ^

P r o o f  2  1 2  I m m e d i a t e ;  f r o m  l e m m a  2 . 1 . 1  a n d  t h e

c l a s s i c a l  e x i s t e n c e  a n d  u n i q u e n e s s  t h e o r e m

o n  O . D . E . ' s  a s  s t a t e d  b e l o w  a n d  r e f e r e n c e d

i Z )
f r o m  C h a p t e r  6 ,  s e c t i o n  1 o f  S a n c h e z .  /  

Q . E . D .

E x i s t e n c e  a n d  U n i q u e n e s s  T h e o r e m .

G i v e n  t h e  e q u a t i o n  ( * ) * = ] :  K m )  d e f i n e d  a n d  c o n t i n u o u s  

i n  t h e  d o m a i n  1 ) f  c o n t a i n e d  i n  I R *  a n d  f u r  t h e r m o r e  t h e  

p a r t i a l  d e r i v a t i v e s  \ j  ^ 4 a r e  d e f i n e d  a n d  

c o n t i n u o u s  o n  ,  t h e n  f o r  e v e r y  p o i n t  ( x M ,  ^ l * ) )  

i n  0^  t h e r e  e x i s t s  a  u n i q u e  s o l u t i o n  ( x L  o f  ( . * )

s a t i s f y i n g  t h e  i n i t i a l  c o n d i t i o n  =  ( * ( « ) , V < > ) )  a n d

d e f i n e d  i n  i t s  n e i g h b o u r h o o d .

T h e  p r o o f  o f  l o c a l  e x i s t e n c e  a n d  u n i q u e n e s s  o f  s o l u t i o n  

i s  b a s e d  o n  t h e  m e t h o d  o f  s u c c e s s i v e  a p p r o x i m a t i o n s  w h i  

f o r m u l a t e s  a  c o n v e r g i n g  s e q u e n c e  t o  t h e  s o l u t i o n



U n i q u e n e s s  o f  s o l u t i o n s  i s  o f  i m p o r t a n c e ,  i f  f o r  

i n s t a n c e ,  o n e  w i s h e s  t o  a p p r o x i m a t e  a  s o l u t i o n  

n u m e r i c a l l y .  I f  t w o  s o l u t i o n s  X *  K O  a n d  o f

t h e  e q u a t i o n  -  F b o t h  s a t i s f y

t h e  i n i t i a l  c o n d i t i o n ,  t h e n  t h e s e  s o l u t i o n s  a r e  i d e n t i c a l  

i n  t h e i r  c o m m o n  i n t e r v a l  o f  d e f i n i t i o n  •  T h e  p r e v i o u s  

t h e o r e m  g i v e s  

u n i q u e n e s s  o f

L e m m a  2 . 1 . 3

P r o o f  2 . 1  3

L e t  u s  e x a m i n e  t h e  b e h a v i o u r  o f  % a n d  " ' j  o n  t h e  b o u n d s

O f  & £  .

Fo r = -  X  4  S C l - * )  « X p  ( \  4 ^ / * )  2 . 1 . 7

Then = S ' ( ’» X P C T T ^ T » ) )  2 . 1 . 8

And 2 . 1 . 9

Graphically this is represented overleaf in Fig. 2.1.2

s u f f i c i e n t  c o n d i t i o n s  f o r  t h e  e x i s t e n c e  a n d  

s o l u t i o n  o f  t h e  f i r s t  o r d e r  e q u a t i o n .

T h e  d o m a i n  i s  i n v a r i a n t  u n d e r  t h e

e v o l u t i o n  d e t e r m i n e d  b y  t h e  s y s t e m  2 . 1 . 1
n a m e l y  t h a t  f o r  a n y  i n i t i a l

c o n d i t i o n  ( * i o )  )  o n  t h e

c o r r e s p o n d i n g  l o c a l  s o l u t i o n

r e m a i n s  i n  0 ^  f o r  t *  ^  T  .

I t  s u f f i c e s  t o  c h e c k  t h a t  t h e  v e c t o r  f i e l d  

F p o i n t s  i n w a r d s  o n  t h e  b o u n d a r y  o f

t h e  d o m a i n  =  C ° . Q  x - Q - i r  +  € ,  ° o )  .

-  20 -



T h u s  X .U )  6  C o . O  V t  £  [ o . t . )
C o n t i n u i t y  o f  i m p  1 i e s  t h a t  x t t j  i s  b o u n d e d  a w a y

f r o m  t h e  b o u n d a r y  f o r  t  e C o , n .

A  s i n g u l a r i t y  o f  a n d  ^  o c c u r s  a t  5 - y  .  O n e  

t h u s  n e e d s  t o  e x a m i n e  c l o s e  t o

2 . 1 , 1 1

E v a l u a t e  f o r  ^  i n  t h e  n e i g h b o u r h o o d  o f  .

L e t  w h e r e  i >0 ,  £  s m a l l .  2 . 1 .10

±  -fit)) + /3* (l-C) ' U

W h e r e  ^ CC) =

f  ( t ) ------> 00
€ - > 0

And = i r ( « + p i  + J I '5 t  >  o

b e c a u s e  a n d  T |  a r e  a l l  p o s i t i v e .

2.1 .12

T h e r e f o r e i s  a  1 w a y s  b o u n d e d  a w a y  f r o m ^ 5 * ^  w h i c h  i n  

i t s e l f  i s  t h e  o n l y  s i n g u l a r i t y  p o i n t  f o r  t h i s  s y s t e m  o n

O  = t ° . Q  *  0 * 2 . 1 . 1 3

-  21 -



A n  a l t e r n a t i v e  a p p r o a c h  t o  t h e  i n v a r i a n c e  o f  t h e  s y s t e m  

o f  O . D . E . ’ s  m a y  b e  b r i e f l y  s u m m a r i z e d  a s  f o l l o w s :  * 0

R e w r i t i n g  t h e  s y s t e m  i n  t h e  f o l l o w i n g  m a n n e r .

el / i  \  ^  « v
T4.Ce.*) = e ••fK'O 2.1.1*e lt

e\ V t(Hfr) t , t(u#)
fit C« . ^ )  = * «t + e . p.^e z . i . i s

^  \
w h e r e  f * * » ' ' ! )  =  ^  ( • * * ) .  < X P  ( . » ■ ♦ ' i / f r )  2 . 1  1 6

S u b s t i t u t i o n  a n d  i n t e g r a t i o n  d i r e c t l y  y i e l d

^(t) -«t x ( i ) - f^ l* \ -A xfo) v »
1 + 0 \  I4(» )

* ( » * )

S i n c e  ^ C f c ) €  C o ,  t h e n  t h e  a b o v e  e q u a t i o n  i m p l i e s  

t h a t  ^ t t )  I S  a l s o  u n i f o r m l y  b o u n d e d .

-  22 -



T h e o r e m  2 , 1 . 4  i n  D£ ,3 m < o o  a n d  L  > •  ^  s u c h

t h a t  t h e  l o c a l  s o l u t i o n

o r i g i n a t i n g  a t  ( * ( * ) , v * ) )  r e m a i n s  i n s i d e  t h e

c o m p a c t  s e t B r°.»1 * ■ f o r t-tT
M o r e o v e r M = nux^io)^) 2 . 1 . 1 8

w h e r e = 0 ‘‘it + dL Z ey 
,+p

2 . 1  . 1 9

A n d L = fTMO 2. 1  20

w h e r e 2 . 1 .21
i + p

P r o o f  2  1 . 4 -  I n t u i t i v e l y ,  o n e  m a y  e x a m i n e  t h e  b e h a v i o u r  

o f  ^  ( * i ^ )  a s  a  f u n c t i o n  o f  X  a n d  ^  

w i t h  t h e  a i d  o f  F i g .  2 . 1 . 3  b e l o w

= - ' jO +p) + p v  2 - 1 -2t£

U p p e r  b o u n d  v a l u e

T h e  m a x  v a l u e  o f  e x p  ( > + M / e r )

i s  ^ 5 "  e x p  i f
«

f o r  ^  t h e n  < .  0

L o w e r  b o u n d  v a l u e  M e

f o r  ^  ^  * ^ u  t h e n  ^  ( * , v ^  >  0

H e n c e  i f  t h e  i n i t i a l  c o n d i t i o n  i s  o u t s i d e  t h e s e  b o u n d s  

t h e n  t h e  l o c a l  s o l u t i o n  i s  d r i v e n  t o w a r d s  t h i s  c l o s e d  

r e g i o n  a n d  £  X  w i l l  r e m a i n  i n s i d e  O t | H

Q . E . D

- 23 -



This conclusion may be represented graphically below:

T r a j e c t o r i e s  (  X  ( f r )  w i l l  t e n d  t o w a r d s  t h e  b o u n d e d

r e g i o n .

S t e a d y  s t a t e  s o l u t i o n s  c a n  o n l y  e x i s t  w i t h i n  t h i s  r e g i o n  

( R ) .  M o r e o v e r ,  l o c a l  s o l u t i o n s  r e m a i n  w i t h i n  t h e  c o m p a c t  

s u b s e t  •

I t  w i l l  b e  s h o w n  l a t e r  i n  s e c t i o n  4 . 1  t h a t  a i l  s t e a d y  

s o l u t i o n s  i n c l u d i n g  p e r i o d i c  s o l u t i o n s  m u s t  l i e  w i t h i n  R  

a n d  t h a t  t h i s  r e g i o n  c o u l d  b e  f u r t h e r  m o d i f i e d ,  i f  

r e q u i r e d .

T h e o r e m  2 . 1  5  F o r  a n y  i n i t i a l  c o n d i t i o n

t h e  s y s t e m  X *  F ( ' t a d m i t s  a  u n i q u e  

g l o b a l  s o l u t i o n

P r o o f  2 . 1 . 5  B y  T h e o r e m  2 . 1 . 4 ,  t h e  l o c a l  s o l u t i o n

i s  c o n f i n e d  i n  t h e  c o m p a c t  s e t

^u,n * C ° * 0  * C i ,m3.

w h e r e  L  *  H * « ( t

a n d  r l  *  • » « *

a n d  D l i r t  C  D c %

T h e  p r o o f  o f  a  u n i q u e  g l o b a l  s o l u t i o n  i s  g i v e n  m  

" D i f f e r e n t i a l  E q u a t i o n s ,  D y n a m i c a l  s y s t e m s  a n d  l i n e a r  

A l g e b r a "  b y  M o r r i s  H i r s h / S t e p h e n  S m a l l ,  C h a p t e r  8 ,

S e c t i o n  5 ,  p .  1 7 2 .  ^
- 24 -



QdBPIER_IHREE

3 . 1 . 1

3 . 1 2  t

3  L O C A L  P R O P E R T I E S

3 . 1  E X I S T E N C E  O F  E Q U I L I B R I A .

S t e a d y  s t a t e s ,  o r  c r i t i c a l  p o i n t s ,  e x i s t  w h e n

x  = ^  = o

T h i s  o c c u r s  w h e n  =

a n d  =  'k  <5 ( l -  f ’ G  +  M ' . / i r )  3 . 1 . 3

S u b s c r i p t  " s "  r e f e r s  t o  s t e a d y  s t a t e  s o l u t i o n s .

C o m b i n i n g  3  1 2  a n d  3 . 1 . 3  y i e l d s  t h e  s t e a d y  s t a t e  s y s t e m

5  = } ( * * )  wi t h  =( (  3 > 1 ^

a n d  - M -  =  ¿ Y S +  P ^ C .  3 . 1 5

I ^ , 3

e o r e m  3 . 1 . 1  F o r  a n c * 1 * 1 , > o  t h e r e  i s  a t  l e a s t  o n i

s o l u t i o n  O s  t o  t h e  s t e a d y  s t a t e

s y s t e m .

P r o o f  3 . 1 . 1  F r o m  t h e  b o u n d e d n e s s  o f  t h e  s t e a d y  

s o l u t 1 o n s

x s  e  c ° , Q

a n d  6  S e e  2 - l  **

I S \
H e n c e  e x p  ^  ^  ^  1 i s  f i n i t e .
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F o r  a n y  ^  * 3  w h i c h

s a t i s f i e s  t h e  s t e a d y  s t a t e  e q u a t i o n  b e l o w ,  a s  a  

r e s u l t  o f  t h e  " i n t e r m e d i a t e  v a l u e  t h e o r e m "

ors  = 5 - 0 - * , ) e x K - T ^ l 7 y ) .

R e c a l l  t h a t  t h e  b o u n d e d n e s s  o f  ( t ) ,  f c  D L , r i

w h e r e  O c j f l

w a s  o u t l i n e d  i n  T h e o r e m  2 . 1 . 5

F o r  c l a r i t y ,  a  p i c t o r i a l  r e p r e s e n t a t i o n  o f  t h e  s t e a d y  

s t a t e  s o l u t i o n  s e t  w i l l  b e  g i v e n .

G i v e n

f o r  a n d  -  « * * *  + W t
I* P

R e q u i r e d  t o  s h o w  t h a t  3  X j  s u c h  t h a t  f o r  a  f i n i t e  5 ^

i f  =  ^ ( * s )  h a s  a t  l e a s t  o n e  s o l u t i o n .

t h a t

N o t e  :  1 ) =  0

£ > < }( •)  = 00

a n d  3 )  i s  c o n t i n u o u s l y  d i f f e r e n t i a b l e  a t  l e a s t

o n c e  o n  t h e  d o m a i n .

I n t u i t i v e l y ,  a s  i s  r e p r e s e n t e d  g r a p h i c a l l y  b e l o w  a  

h o r i z o n t a l  l i n e  J  w i l l  i n t e r s e c t  t h e  f u n c t i o n

a t  l e a s t  o n c e .

T h e  q u e s t i o n  o f  m u l t i p l i c i t y  o f  s t e a d y  s t a t e s  n o w  

n a t u r a l l y  a r i s e s .
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F o r  f i x e d  v a l u e s  o f  c L / p ) y j a ) c , t h e  d e p e n d e n c e  o f  t h e  s t e a d y  

s t a t e  s o l u t i o n X ^ o n  t h e  D a m k o h l e r  n u m b e r , ^  w i l l  h a v e  o n e  

o f  t h e  f e w  p o s s i b l e  s h a p e s  s h o w n  b e l o w  i n  F i g .  3 . 2 . 1

3.2 M U L TIPLICITY OF STEADY STATES.

m a y  o c c u r  a s  c a n  b e  c l e a r l y  s e e n  e . g .  p o i n t s  A ,  B ,  a n d  C

, 3 )  - , ^ r  4 t  i + o  *■ 1  i
L e m m a  3  2 , 1  O l  ^   L  3 2 1

l  u p  + p <-(>£) J
i s  a  n e c e s s a r y  c o n d i t i o n  f o r  t h e  e x i s t e n c e  

o f  a  m u l t i p l i c i t y  o f  s t e a d y  s t a t e s

P r o o f  3 . 2 .1
r \  * *  / - ( * * » + P M  \

A<\ ^
E v a l u a t i n g  -  O  g i v e s  t w o  r o o t s  w h i c h  i n  o r d e r

t h a t  t h e y  b e  r e a l  r e q u i r e s  c o n d i t i o n  3  2  1 a b o v e .

S e e  A p p e n d i x  C A ]  f o r  m o r e  d e t a i l e d  c a l c u l a t i o n s .
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G i v e n  c o n d i t i o n  3 . 2 . 1  a n d  *  \  *  o <  »1 ,  t h e n  ^

w h e n  ,  T h a t  i s ,  t h r e e  d i f f e r e n t  e q u i l i b r i a

t h e o r e t i c a l l y  m a y  e x i s t  a s  s t e a d y  s t a t e  s o l u t i o n  s e t s  t o  

a  p a r t i c u l a r  p r o b l e m .

T h e  n a t u r e  o f  t h e s e  e q u i l i b r i a  h o w e v e r  d e p e n d s  u p o n  

r e l a t i o n s h i p s  b e t w e e n  t h e  p a r a m e t e r s  0
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3.3 STABILITY OF CRITICAL POINTS

T h e  l o c a l  s t a b i l i t y  c h a r a c t e r  o f  t h e  s t e a d y  s t a t e  

s o l u t i o n  c a n  b e  d e t e r m i n e d  b y  e x a m i n i n g  t h e  s i g n  o f  t h e  

r e a l  p a r t  o f  t h e  e i g e n v a l u e s  o f  t h e  J a c o b i a n  m a t r i x  ^

3" = - 1 3 3-1

. —  |  - -  s  \
J  =  \  3  3  a

T h e  e i g e n v a l u e s  ^ t a r e  g i v e n  b y  t h e  r o o t s  o f  t h e  

c h a r a c t e r i s t i c  e q u a t i o n

-  (Tr 7 ) ^  +  =  O  3 -3 -3

M a t h e m a t i c a l l y  I t  e v o l v e s  t h a t  " J f V y ^  °  3 *  <  O

H e n c e  t h e  “ s l o p e "  c o n d i t i o n  a b o v e  d e f i n e s  s t e a d y  s t a t e s  

w h i c h  a r e  a l w a y s  u n s t a b l e  " S A D D L E  P O I N T S " .

T « *  -  ( ^ W )  - ( ' * ? )  +  ( ¿ ^ 1  3 3 4

( T a 7  i  ^ T f i T )  I  z r  3 3 5

w h e r e  " J  )  ^  —  0 £ T  3  3 . 3.6

1 > 6 T  J  i s  q u a d r a t i c  i n  ^  j  R o o t s  a t  

T i f c  Y  i s  c u b i c  m  " 5 C ^

T h e  t r a c e  f u n c t i o n s  s m a l l e s t  r o o t  i s  n e g a t i v e ,  t h e  o t h e r  

t w o  r o o t s  a r e  d e n o t e d  b y  % t   ̂ .

S e e  A p p e n d i x  C B 3 ,  f o r  n u m e r i c a l  e v a l u a t i o n  o f  0 € T  

a n d  T r  T  a s  f u n c t i o n s  o f  a t  s t e a d y  s t a t e .

T h e  s t a b i l i t y  a n d  n a t u r e  o f  t h e  c r i t i c a l  p o i n t s  o f  t h e  

s y s t e m  a r e  n o w  s u m m a r i s e d  i n  t h e  T a b l e  3 . 3 . 1  o v e r l e a f .
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D c t  "5 A ¡ T * T
h a t v r s  o r  

c r i T i c a c  p t S T f l f t a i T Y

D E T  T C 0 1
1 S P O O L  E. u n s t a b l e

&  <  0 |TfcT*0
ft

—

O S T  T >  0
1

ft <  o ' T « 3 «  O C E N T c * S T P 3 1 I 5

oIf

<
3 N o o e —

i

a > o  |
i h p  * o d £ -

06T 3  «  0 i
i - *

T a b l e  3  3 - 1

N o t e s  T h e  s p i r a l ,  p r o p e r  a n d  i m p r o p e r  n o d e ,  m a y  b e
o

s t a b l e  o r  u n s t a b l e  d e p e n d i n g  u p o n  t h e  s i g n  o f  t h e  

t r a c e  o f  t h e  J a c o b i a n  m a t r i x

T h e  s e c o n d  ' d y n a m i c '  s t a b i l i t y  c o n d i t i o n  i s  v i o l a t e d  f o r  

t h o s e  v a l u e s  o f  a t  w h i c h  T  t a k e s  o n  n o n  n e g a t i v e

v a l u e s .

T h e  p o i n t s  ( ^  ^ ^i)  w h e r e  Tft T 8 0  d e f i n e s  t h e  o n s e t  o f  

i n s t a b i 1 l t y

T h e o r e m  3 . 3 . 1  T h e  c r i t i c a l  p o i n t s  o f  t h e  l i n e a r  s y s t e m  

m a y  b e  c l a s s i f i e d  a s  f o l l o w s :

i ) i f  O s t T < o ,  t h e n  t h e  c r i t i c a l  p o i n t  i s  a  s a d d l e

p o i n t .  I n  t h e  c a s e  o f  3  c r i t i c a l  p o i n t s  t h i s  

c o n d i t i o n  m a y  b e  s t r i c t l y  a p p l i e d  t o  t h e  m i d d l e  

c r i t i c a l  p o i n t .

2 > I f  D m  T> O ,  t h e  s t e a d y  s t a t e  i s  a  s p i r a l  i f  A 4 0

a n d  ,  a  c e n t e r  i f  A <0  a n d  T *  T  *  O  ,  a

p r o p e r  n o d e  o r  a n  i m p r o p e r  n o d e  i f  &  >  O  .
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T h e  t y p e  o f  c r i t i c a l  p o i n t  f o r  t h e  n o n - l i n e a r  p r o b l e m  i s  

t h e  s a m e  a s  t h a t  f o r  t h e  l i n e a r  p r o b l e m  e x c e p t  i n  t h e  

c a s e  o f  a  c e n t e r  w h i c h  i n  t h e  c a s e  o f  t h e  n o n - l i n e a r  

p r o b l e m  i t  m a y  b e  e i t h e r  a  c e n t e r  o r  a  s p i r a l .

R e c a l l  t h a t  w e  p r o v e d  i n  T h e o r e m  2 . 1 . 4  t h a t  t h e  

t r a j e c t o r y  i s  c o n f i n e d  i n  a  c o m p a c t  s e t :  t h i s  i n  t u r n  

i m p l i e s  t h a t  i f  t h e  s y s t e m  o f  O . D . E . ' s  e x h i b i t s  a  u n i q u e  

e q u i l i b r i u m  t h e n  i t  i s  g l o b a l l y  a s y m p t o t i c a l l y  s t a b l e .  

T h a t  i s ,  f o r  e v e r y  i n i t i a l  c o n d i t i o n  0 f o  i n  0 ^  ,  t h e n

Li m 

t  -> oo

3 . 3 . 7
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3 . 4 S T E A D Y  S T A T E  R E S P O N S E

O n e  m a y  n o w  c h a r a c t e r i s e  t h e  s t a b i l i t y  a n d  n u m b e r  o f  

c r i t i c a l  p o i n t s  f o r  a l l  p a r a m e t e r s  i n  t h i s  p r o b l e m .

T * 3  = +  3 -<» - 1

0 Ef T =  , , \  3 . a
i - y s U U ' i s

3 . 4 . 3  ,i + p
Si|S .̂ a r e  t h e  m i d d l e  a n d  h i g h e r  r o o t s  o f  Tr T  = O ,  t h e  

o t h e r  r o o t  b e i n g  a l w a y s  n e g a t i v e  f o r  t h i s  p a r t i c u l a r  

p r o b l e m .  S e e  A p p e n d i x  I d  f o r  d e t a i l s .

a r e  t h e  r o o t s  o f  O e r  T  =  o

B y  c o m p a r i n g  t h e  r e l a t i v e  v a l u e s  o f  t h e  f o u r  r o o t s  

I a n c * S ^ o n e  m a Y  d e t e r m i n e  f o r  a n y  g i v e n

a l l  p e r m u t a t i o n s  r e l a t e d  t o  s t a b i l i t y  a n d  m u l t i p l i c i t y  o f  

s o l u t i o n s  t o  t h i s  w e l l  p o s e d  p r o b l e m .

I n d e e d  t h i s  f u l l  c l a s s i f i c a t i o n  i s  g i v e n  o v e r l e a f  i n  

T a b l e  3 . 4 . 1
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C H e e i iR .F g y R

4 .  B I F U R C A T I O N  P H E N O M E N A

4 . 1  P E R I O D I C  B I F U R C A T I O N  T H E O R Y

H o p f  T h e o r e m  f o r  V e c t o r  F i e l d s  m  | R ^  .  

T H E O R E M  /

C o n s i d e r  t h e  2  -  D i m e n s i o n a l  d i f f e r e n t i a l  s y s t e m  

i ?  -  ( “Z )  w h e r e  ( 2 )  = 4 1 .1

L e t  b e  a  i "  d e p e n d e n t  e q u i l i b r i u m .  D e n o t e  b y  f i r  t h e  

J a c o b i a n  m a t r i x  o f  a t  2̂ " a n d  b y  _ p (0  i a v ( r )  t h e  

e i g e n v a l u e s  o f  f l r -  S u p p o s e  t h a t  f o r  s o m e  v a l u e  o f  

t h e  f o l l o w i n g  c o n d i t i o n s  h o l d .

a n d  " S T R I C T  C R O S S I N G  H Y P O T H E S I S " .  4 . 1  3

T h e n  f o r  e v e r y  c h o i c e  o f  a  v e c t o r  b  m f R ^ t h e r e  e x i s t s  t w o  

d i f f e r e n t l a b l e  f u n c t i o n s

A (-£,£) - >  R a n d  (-(,£) —> R
w i t h  tkL o) — O i  -  O  s u c h  t h a t  f o r  e v e r y  S

l  n  t - M )  t h e  d i f f e r e n t i a l  s y s t e m  ^  4  S  h a s  a

p e r i o d i c  s o l u t i o n  o f  p e r i o d »̂1 f  I +  S  T ( * \ )  o r  i g  l  n a t  i n g  a t

^  , S - b  ^  ’

M o r e o v e r ,  t h e  d i r e c t i o n  o f  b i f u r c a t i o n  a n d  t h e  a s s o c i a t e d  

s t a b i l i t y  o f  t h e  p e r i o d i c  s o l u t i o n  c a n  b e  e x p l i c i t l y

d e t e r m i n e d  f r o m  t h e  s i g n  o f  t h e  t w o  n u m b e r s^ '
a n d  j r  f f c )  •  A  n e c e s s a r y  c o n d i t i o n  f o r  b i f u r c a t i n g

o r b i t s  t o  b e  s t a b l e ,  i s  t h a t  t h e s e  n u m b e r s  h a v e  t h e  s a m Q  

s i g n .
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A  N O T E  O N  H O P F  B I F U R C A T I O N .
8)

H O P F  B I F U R C A T I O N  r e f e r s  t o  t h e  e v o l u t i o n  o f  s t a b l e  

p e r i o d i c  o r b i t s  f r o m  a  s t a b l e  f i x e d  p o i n t ,  a s  a  

p a r a m e t e r  5 " "  c r o s s e s  a  c r i t i c a l  v a l u e .  T h e  a p p e a r a n c e  

o f  c l o s e d  o r b i t s  i s  i n t e r p r e t e d  a s  a  " s h i f t  o f  s t a b i l i t y "  

f r o m  t h e  o r i g i n a l  s t a t i o n a r y  s o l u t i o n .  A n  i n i t i a l  

c o n d i t i o n  n e a r  t h e  o r i g i n a l  f i x e d  p o i n t  i s  a t t r a c t e d  t o  

a n d  b e c o m e s  i n d i s t i n g u i s h a b l e  f r o m  t h e  c l o s e d  o r b i t .  S e e  

F i g .  4 . 1 . 1  b e l o w .

P A R A M E T E R

I N C R E A S E S
*

F U R T H E R

B I F U R C A T I O N

S T A B L E

P O I N T

.  A P P E A R A N C E  O F  A  

C L O S E D  O R B I T

*

C L O S E D  O R B I T  

G R O W S  I N  

A M P L I T U D E

F i g u r e  4 . 1 . 1  

T h e  H o p f  B i f u r c a t i o n .
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A P P L I C A T I O N  O F  T H E  H O P F  T H E O R E M  T O  T H E  C . S . T . R .

C o m m e n t : -

\ )  V

G i v e n  s y s t e m  1 , X  =  •  x  +  5 ( i - * ) * * p ( i  +  ' i / y ) .  4.1
= - ' j  4 *  f  (t 5^>7*) " P f Y ' l ' ) .

l e t  t h e  b i f u r c a t i o n  p a r a m e t e r  b e y u  ;

w h e r e  f j  =  3 T  -  ¿ " s  4 . 1

5 ^ =  D a m k o h l e r  c o n s t a n t  a t  s t e a d y  s t a t e .

F o r  o n e  m u s t  l i n e a r i z e  s y s t e m  1 " a r o u n d  a

s t e a d y  s t a t e ,  i  e .  l e t ^  =  X j .  H o w e v e r ,  t h i s  i sA
e q u i v a l e n t  t o  e x a m i n i n g  t h e  J a c o b i a n  M a t r i x  a t  =  0

i . e .  e\ X y i / ^ C j O )  i s  e q u i v a l e n t  t o

/ * < y   ̂ \

”  V- *  —11' + » 7^ * * ,  1» j  ^\  > -*■ *  c tT ^T T i)1 /

w h e r e  ^ » , 1  =  T «  T +  J T , \  T  1 -  *» 0« T  T  , 4 . 1

F o r ,  c o m p l e x  e i g e n v a l u e s  t h i s  r e q u i r e s  t h a t

T<v T =  0  4 . 1

a n d  Qet T > O 4 . 1

4 . 1

w h e r e  T r  3 *  =  (C'"*' )  *  ( \ ~ 4  ' j i / * ) * )  4 . 1

1 ) 6 x 3  = ( " T ^ r  ~ r r r ^ T T * ) » )

T r  5  m a y  b e  w r i t t e n  a s  a  " c u b i c "  i n  X j  .

Oct 7  m a y  b e  w r i t t e n  a s  a  " q u a d r a t i c "  i n  -

. 4

. 5

5 )

6

. 7

. 8

. 9

. 10 

. 1 1  

I S
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N O  H O P F  B I F U R C A T I O N  W I T H O U T  C O O L I N G

^  i s  a  m e a s u r e  o f  t h e  h e a t  t r a n s f e r  c o e f f i c i e n t  b e t w e e n  

r e a c t o r  a n d  c o o l a n t  w h o s e  n o r m a l i s e d  d i m e n s i o n l e s s  

t e m p e r a t u r e  i s ^ t .

£  =  0 c o r r e s p o n d s  t o  a n  a d i a b a t i c  r e a c t o r ;  n o  c o o l i n g .

T h e o r e m  4 . 1 . 2  I n  s y s t e m  1 , t h e r e  c a n  b e  n o  p e r i o d i c  

o r b i t s  w h e n  P  = 0- 

P r o o f  4 . 1 . 2  G i v e n  X  =

^

w h e r e  =  * * p (  i 4% ) / y ) ‘

4 . 1 . 1 3  

4  1 . 1 4  

4 . 1 . 1 5

C o m b i n i n g  e q u a t i o n s  4 . 1 . 1 3  a n d  4 , 1 , 1 4  y i e l d s  

o L . X  -  VJ  = -  (<A X  - > ■ ) ) .

L e t W  (x ^ ) = «L x - V,.

4 , 1  1 6

4 , 1 , 1 7

T h e r e f o r e  W 4 . 1 , 1 8

4 . 1  1 9S o l u t i o n  V A /  =  V /0 , €

b u t  i f  X  a n d  ^  a r e  p e r i o d i c ,  w i t h  t h e  s a m e  p e r i o d ,  t h e n  V  

w i l l  b e  p e r i o d i c .  T h i s  i s  n o t  t r u e  f r o m  e q t ,  4 . 1 . 1 9 ,  a n d  

h e n c e  n o  p e r i o d i c  s o l u t i o n s  c a n  e x i s t  w i t h o u t  c o o l i n g .  

Q . E . D .

T h e  o n l y  p o s s i b l e  e x c e p t i o n  t o  "  W  ( * , * ] )  n o  t  b e i n g  p e r i o d i c

is if W0 * 0 , V t  ,
a n d  h e n c e  c L  x U )  S ' s t t )  e  D t s  M x

G r a p h i c a l l y  t h i s  i s  r e p r e s e n t e d  t h u s  b y  t h e  l i n e  

a s  s h o w n  i n  F i g .  4 , 1 . 2
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H o w e v e r ,  a  l i n e  c a n n o t , c a r r y  a  p e r i o d i c  s o l u t i o n  a s  t h i s  

v i o l a t e s  t h e  t h e o r e m  o f  t h e  e x i s t e n c e  o f  a  u n i q u e  

s o l u t i o n  ( 2 . 1 . 2 )

T h u s  r  O  i s  a l s o  n o t  a  s o l u t i o n .  Q . E . D .

N o t e s  A n  a l t e r n a t i v e  a p p r o a c h  i s  t o  i n v e s t i g a t e  t h e

e i g e n v a l u e s  o f  t h e  J a c o b i a n  M a t r i x  J ,  w h i c h  m u s t  

b e  p u r e l y  i m a g i n a r y .  F o r  t h i s  t o  o c c u r  

r e q u i r e s s  T f t  7  = 0  a n d  T  >  O

H o w e v e r ,  f  o r  f *  =  0  ,  s e t t i n g  = 0  i t  f o l l o w s

t h a t  D u  T  =  - I  ,  a n d  h e n c e  H o p f  b i f u r c a t i o n  w i l l  n o t  b e

p o s s i b l e ;  D e t a i l s  a r e  g i v e n  b e l o w .

L e t

•  \

o r

TTT^TT?) *•

0 + p )  j - *
( W a)*-

f o r  e a s e  o f  c a l c u l a t i o n

T h u s  * 3 "  £  =

T *  T *  -  $  +  c l  V T  -  I =  0 a s  r e q u i r e d

H e n c e  O C X  ^  ^  ^  =  “ I ,

* D S t Xs  = o

s r >  =  0 h e n c e  " ^ =  *  |  .  o n l y

W h e n  £  =  0  ,  t h e  r o o t s  o f  t h e  c h a r a c t e r i s t i c  e q u a t i o n  a r e

r e a l  a n d  t h e y  c a n  n e v e r  b e  p u r e l y  i m a g i n a r y .  T h e r e f o r e ,  

t h e  f o r m u l a t i o n  o f  p e r i o d i c  o r b i t s  d u e  t o  H O P F  

B I F U R C A T I O N  c a n n o t  o c c u r .

Q . E . D .
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REGIONS WHERE P E RIODIC S O L UTIONS CANNOT OCCUR

T h e o r e m  4 . 1  3  W h e n e v e r  i s  a  p e r i o d i c  o r b i t

t h e n

P r o o f  4 . 1 . 3  F r o m  s y s t e m  1 ,

W h e n

t h e n

f o r

W h e n

t h e n

f o r
• ' j

= - ' îC n -W  *  +  4 *  Î% 7 ÿ )

£  ''Ot

»^ )  *  0
*

t h e n  ^

_ d. 5 ♦ g
l+p H

S ) = « i . r ( t » - * ) w r i T r ^ ) * # « p » )  < o  v x i C 0. * ] ,

>  t h e n < 0

T h e s e  u p p e r  a n d  l o w e r  b o u n d s  m a y  b e  r e p r e s e n t e d  

g r a p h i c a l l y  a s  s h o w n  b e l o w  i n  F i g .  4  1 3

F i g .  4 . 1 . 3

N o  p e r i o d i c  s o l u t i o n s  a r e  p o s s i b l e  o u t s i d e  o f  t h e  s h a d e d  

a r e a .  I t  s h o u l d  b e  n o t e d  h o w e v e r ,  t h a t  a n d  m a y  b e

r e f i n e d  f u r t h e r  .  Q . E . D .

T h e  s i g n i f i c a n c e  o f  t h e s e  u p p e r  a n d  l o w e r  b o u n d s  w i l l  b e  

c l e a r l y  s e e n  i n  t h e  p h a s e  p o r t r a i t  s o l u t i o n s  n u m e r i c a l l y  

e v a l u a t e d  b y  a  N A G  c o m p u t e r  p r o g r a m m e ,  w h i c h  a r e  

d o c u m e n t e d  i n  C h a p t e r  5 .
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4 2 STABILITY OF THE BIFURCATING ORBIT

A  " S a m p l e "  E x p l a n a t i o n  o n  S t a b i l i t y .

T h e  c h a r a c t e r i s t i c  e q u a t i o n  o f  a  2  -  D i m e n s i o n a l  J a c o b i a n  

M a t r i x  i s

"X*- (Tft3) ^  + De*t T = o . 4.2.1

A  t y p i c a l  p l o t  o f  t h e  

T r a c e  f u n c t i o n  i s  s h o w n  

f o r  t h e  C . S . T . R .  m o d e l ,  

i n  F i g .  4 . 2 . x

N o t e

“  Jit\ I 1 *  h i  •

A  d e t a i l e d  p h a s e  p l o t  m a y  b e  o b t a i n e d  c l o s e  t o  w h e r e  t h e  

T r a c e  o f  t h e  J a c o b i a n  v a n i s h e s  b y  r e p a r a m e t e r i z i n g  5 ^  i n  

t h e  n e i g h b o u r h o o d  o f  5 * ^  a s  f o l l o w s

= 5*c +  s .  .

T h e n ,  l i n e a r i z i n g  a b o u t  S  = 0 ,  y i e l d s  f r o m  T A Y L O R S  T H E O R Y  

STs -  S*.a'(o) +  o(S>*) as S — > O

F o r  &  to) <  O a  t y p i c a l  p l o t  o f  t h e  a b o v e  e x p r e s s i o n  

w o u l d  b e  a s  f o l l o w s  i n  F i g .  4 . 2 . 2

ä !M <  0

F i g .  4 . 2 . 2

H e n c e  p e r i o d i c  s o l u t i o n s  t o  t h i s  d i f f e r e n t i a l  s y s t e m  i n  

t h e  n e i g h b o u r h o o d  o f  w o u l d  b e  p o s s i b l e  o n l y  f o r  $ $  <  ^  

a s  i s  s h o w n  d i a g r a m m a t i c a l l y  o v e r l e a f  i n  F i g .  4 . 2 . 3 .
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I n  t h i s  e x a m p l e ,  i f 0 u n s t a b l e  /

( o )  <  0 J t

Siy) < &c

h

S t  *  ------>

F i g .  4 . 2 . 3

H o w e v e r ,  b i f u r c a t i o n  i s  n o r m a l l y  d e s c r i b e d  a s  b e i n g  " t o  

t h e  l e f t ”  b y  r e f e r e n c e  t o  t h e  c o n v e n t i o n a l  b i f u r c a t i o n  

d i a g r a m  w h e r e  t h e  b i f u r c a t i o n  p a r a m e t e r  &  i s  t h e  f i r s t  

v a r i a b l e .  S e e  F i g .  4 . 2 . 4  b e l o w .  I n  a n y  e v e n t  t h e  

p e r i o d i c  o r b i t s  w i l l  n e c e s s a r i l y  b e  u n s t a b l e .

T h e  l a s t  c o n d i t i o n  o f  t h e  t h e o r e m  s h o w s  t h a t  t h e r e  i s  a  

d i r e c t  l i n k  b e t w e e n  t h e  d i r e c t i o n  o f  b i f u r c a t i o n  a n d  t h e  

s t a b i l i t y  o f  t h e  b i f u r c a t i n g  o r b i t

A  p h a s e  d i a g r a m  f o r  ( ,  w h e n  i s  ' c  l o s e  t o  1 ¿ C l

,  a b o u t  a  c r i t i c a l  p o i n t  ( s )  w o u l d  b e  a s  f o l l o w s  i n  F i g .

4 . a . 5 .

T h i s  e x a m p l e  o f  a n  u n s t a b l e  c l o s e d  o r b i t  i s  a l s o  r e f e r r e d  

t o  a s  " S U B C R I T I C A L  B I F U R C A T I O N " .

- 41 -



- D e v e l o p m e n t  o f  a  s t a b l e  c l o s e d  o r b i t ,  k n o w n  a s  

S U P E R C R I T I C A L  B I F U R C A T I O N  i s  s h o w n  b e l o w  i n  F i g .  4 . 2 . 6 .  

T h i s  e v o l u t i o n  o f  p e r i o d i c  s o l u t i o n s  i s  s t r i c t l y  H o p f  

B i f u r c a t i o n .

F i g .  4 . 2 . 6

F o r  f t  i n  t h e  n e i g h b o u r h o o d  o f  ,  t h e  r a d i u s  o f  t h e  

c l o s e d  o r b i t  i s  p r o p o r t i o n a l  t o  

a  p e r t u r b a t i o n  p a r a m e t e r .

B i f u r c a t i o n  o c c u r s  a t  =  0

A  p i c t o r i a l  s u m m a r y  o f  t h e  n a t u r e  o f  b i f u r c a t i n g  o r b i t s  

a n d  t h e i r  r e l a t i o n s h i p  t o  t h e  s a l i e n t  p a r a m e t e r s  i s  n o w  

g i v e n  o v e r l e a f  i n  T a b l e  4 . 2 . 1 .

- 42 -



A) A ' i o )  > o

f ' ( S U > o
( >

JTfc

(D!
f W ®

r <  f t

G

r >

d )u
B >  d ! ( o ) <  o

f'(r.)>o
J J t

(S)u
r>ii

0
rt

6

T a b l e  4 . 2 . 1

A s  c a n  b e  s e e n  f o r  f o u r  o u t  o f  t h e  e i g h t  c a s e s  n o  

b i f u r c a t i o n  t o  p e r i o d i c  o r b i t s  o c c u r s .

O f  t h e  r e m a i n i n g  f o u r  e x a m p l e s ,  t w o  c r i t i c a l  p o i n t s  a r e  

s u r r o u n d e d  b y  s t a b l e  o r b i t s  t h e  o t h e r  t w o  a r e  s u r r o u n d e d  

b y  u n s t a b l e  o r b i t s

I n t u i t i v e l y ,  t h e  f o l l o w i n g  c o n d i t i o n  i s  n e c e s s a r y  f o r  

s t a b i l i t y  o f  b i f u r e a t i n g  p e r i o d i c  o r b i t s  -  i . e .  

S U P E R C R I T I C A L  B I F U R C A T I O N .

&!(*>) MUST HAVE THE SAME SIGN

SEE (*)••“ FOR STABILITY CONDITION
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- 4 . 3 D E V E L O P M E N T  O F  H O P F S  B I F U R C A T I O N  T H E O R Y

a n d

F o r  t h e  2  d i m e n s i o n a l  a u t o n o m o u s  s y s t e m  i t  i s  

d e s i r e a b l e  t o  w r i t e  i t  i n  t h e  f o l l o w i n g  f o r m

-  f i ° w  +  s  4 . 3.1

w h e r e  S  i s  a  s m a l l  p a r a m e t e r  

o
a n d  w h e r e  A  h a s  p u r e l y  i m a g i n a r y  e i g e n v a l u e s .

G i v e n  S  a s  t h e  b i f u r c a t i o n  p a r a m e t e r ;  t h e n  t o  

a c h i e v e  t h e  n e c e s s a r y  f o r m u l a t i o n  a b o v e ,  o n e  

r e p a r a m e t e r i z e s  t h e  o r i g i n a l  d i f f e r e n t i a l  s y s t e m

2  = Fj- ( i ) a s  f o l l o w s

2*, ♦  5  A C S )

I

E q u i l i b r i u m  s o l u t i o n s  

c l o s e  t o  c r i t i c a l i t y ,  C .

t  - I - M a g n i f i e d  t i m e  f u n c t i o n .

T, = T (  1 + T<S) s )

w ( t )  =  - 2 ^ M a g n i f i e d  v i e w  o f  a  

s o l u t i o n  i n  t h e  

n e i g h b o u r h o o d  o f  a  

b i f u r c a t i o n  p o i n t .

A $c = 'S (ft, X j ) J a c o b i a n  f u n c t i o n  w h e n  

t h e  t r a c e  v a n i s h e s .

Cx - G f  -  Pfc
S '  -  J-«.

Q. (yi) = F s ( i  + s*)  -  S. Gj-.w 4.3.2
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I n t r o d u c i n g  t h e  n e w  v a r i a b l e s ,  t h e  o r i g i n a l  d i f f e r e n t i a l  

s y s t e m  m a y  b e  r e f o r m u l a t e d  a s  f o l l o w s

,  ^  4- s .  3 7 * )  Q ,  W  4- S2 Q ? i w

= 9 s v/ -V s(<Rs) RSw 4 (h<Rs))Qs Vv/) .

.* v^ (i)=  f?°w +* s (a (*) C W +ft-K(il)Q  w )  4.3.3

T h i s  d i f f e r e n t i a l  s y s t e m  i s  n o w  i n  t h e  d e s i r e d  f o r m a t ,  

a n d  t h e  s o l u t i o n  b y  t h e  m e t h o d  o f  v a r i a t i o n  o f  p a r a m e t e r s

1S t

y/fr;s) = 6 *b + S t  J t  . I Ais) C'H t Ttt) fl w S.̂ Tft))a.w <U,

T h i s  s o l u t i o n  i s  T  p e r i o d i c ,  a n d

A(s) ,T(s) 6 c‘6c,ei , = o = T (o).
T h u s  t h e  o r i g i n a l  s y s t e m  

S f t l -  F  f e t )  h a s  a  T s  p e r i o d i c  s o l u t i o n  ,

Z ( t }  = 2 . (S) +  4.3.4
w h i c h  i s  s t a b l e ,  i f f  f c ! ( © )  >  0 a t  S c |

i f f  6! ( o ) <  O  a t

C o n t i n u i t y  p r o p e r t i e s  o f  w(r,s) n o w  d i r e c t l y  l e a d  t o  t h e  

f o l l o w i n g  p r o p o s i t i o n .
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PR OPOSITION 4.3

sn L'C,s') = \n(t,o) f  s \N,(r) +s\w*(r,s) 4.3.5

/  V -
w h e r e  \ K / ( . ' f J o ) :=  C .  D .

f f i  r *  -w fi  o . . vw , t r ) =  e J e. a
o

w j r . s ) ----------- >  0
S - > o -

T h u s ,  i t  i s  p o s s i b l e  t o  e v a l u a t e  v*Cr,s) i n  t h e  n e i g h b o u r 

h o o d  o f  S  =  0 .

\  r B °
S i n c e  W u , S )  a n d  £  a r e  b o t h  T  p e r i o d i c ,  t h e n

e x p r e s s i o n  4 . 3 . 3  y i e l d s

T

The solution w ( V )  can be expanded in 5 as

* ] U 0  4 . 3 . 6

0  6 0

E q u a t i n g  t e r m s  o f  f i r s t  o r d e r  i n  S ,  g i v e s

A r= 4 . 3 . 7K  biLr ♦ je (js&(w&,s)))
D 0 0 s « 0

F r o m  t h e  a b o v e  e q u a t i o n  i t  w i l l  b e  p o s s i b l e  t o  d e t e r m i n e

e x p l i c i t y  t h e  A ( 0  f u n c t i o n ,  i n c l u d i n g  i t s  s i g n .  T h u s  

t h e  s t a b i l i t y  o f  p e r i o d i c  o r b i t s  i n  t h e  n e i g h b o u r h o o d  

o f  j  1# ff  l ;  2.  m a y  b e  e v a l u a t e d .

H o w e v e r ,  t h e  f i r s t  t w o  i n t e g r a l  e x p r e s s i o n s  i n  e q u a t i o n  

4 . 3 . 7  m a y  b e  s i m p l i f i e d  f u r t h e r .
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-AR° •  Q
a )  = J £  4 . 3 . 8

O

b) = ^ ^ flc° ^  b <Lf “ i ( c#" ? v , * i,*(#^ ) ^  if-3‘ 9

S i m p l i f i c a t i o n  i n  c a s e  b  i s  o b t a i n e d  a s  f o l l o w s .

S i n c e  t h e  e i g e n v a l u e s  o f  A  a r e  +  %  \*/0 ,  t h e n

f l °  = R .  D.

w i t h  D  = I  ‘', V 0 0

' 0  - f U #

a n d  R  =  S o m e  i n v e r t i b l e  m a t r i x .

, -v><vr0
w O  / e  O

H e n c e  Q  =  f .

o  e

T h u s

= CoS/Tvr0 ,X  + Vo • ^  4 . 3 . 1 0
t

^  = f fCt5W’,W0 X - S m X Vp Q  ̂C + 5m W* U^R  ̂1) <Lf
a  i  ^  J  \  TO* I

w h i c h  y i e l d s  t h e  r e s u l t  o u t  1 i n e d  i n  ( b ) a b o v e .

S i m p l i f i c a t i o n  o f  t h e s e  2  i n t e g r a l s  y i e l d s  t h e  f o l l o w i n g  

g e n e r a l  e x p r e s s i o n

dr = 0  4 . 3 . 1 1

S - o

A s  * b ’ l s  a  v e c t o r  1 1  m a y  b e  s u i t a b  1 y  c h o s e n  f o r  e a s e  o f  

c a l c u l a t i o n ,  a s  w i l l  b e  s h o w n ,  s u c h  t h a t  m a y  b e

r e a d i l y  e v a l u a t e d .
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4.4 DIRECTION OF BIFURCATION

4 . 4 . 1  T h e  p r e v i o u s  s e c t i o n  o u t l i n e d  t h e  d e r i v a t i o n  

f r o m  g e n e r a l  t h e o r y  o f  a  s p e c  i f i c  a n a l y t i c a l  

e x p r e s s i o n ,  t h e  s i g n  o f  w h i c h  a s c e r t a i n s  t h e  

d i r e c t i o n  o f  b i f u r c a t i o n  a n d  t h e  a s s o c i a t e d  

s t a b i l i t y  o f  t h e  p e r i o d i c  o r b i t s  o f  a  2 
d i m e n s i o n a l  d i f f e r e n t i a l  s y s t e m .

I n  t h e  c a s e  o f  t h i s  c o n t i n u o u s  s t i r r e d  t a n k  r e a c t o r  

m o d e l ,  i n p u t t i n g  n u m e r i c a l  d a t a  f o r  t h e  c o n s t a n t s  

e t j  fa  a n d  s t  1 11  r e s u l t s  i n  a  v e r y  d e t a i l e d

c a l c u l a t i o n  i n  o r d e r  t o  e v a l u a t e  t h e  s i g n  o f  A * ( o )  ;  t h e

d e s i r e d  r e s u l t .

T h e  e n s u e i n g  d e r i v a t i o n s  a r e  p i o n e e r e d  b y  t h e  a u t h o r  f o r  

t h e  m o r e  c o m p l e x  c a s e  o f  V  f i n i t e .

A g a i n ,  t h e  o b j e c t  o f  t h i s  a n a l y s i s  i s  t o  e v a l u a t e  t h e  

s i g n  o f  f r o m  t h e  f o l l o w i n g  e x p r e s s i o n .

T_ p

A * * ) ^ ( c6' \ £ n#c*p,6)b  *  i j e  = o 4 . 4 .  i

0

I n d e e d ,  t h e  s e c o n d  t e r m  i n v o l v i n g  ^T(o) w i l l  b e  

e l i m i n a t e d  f r o m  t h e  c a l c u l a t i o n s  a s  i t  w i l l  b e  s h o w n  

l a t e r  t h a t  t h i s  i s  p o s s i b l e  b y  a  s u i t a b l e  c h o i c e  o f  t h e  

v e c t o r  b .

T h e  c a l c u l a t i o n s  a r e  c o n s e q u e n t l y  d i v i d e d  n o w  i n t o  t w o  

p a r t s ;

E v a l u a t i n g  a ) 77»  f l ° r *  ]  4 . 4 .  2

T-,
2.



4.4.2 To evaluate Ì ( c ’ - ^ V ) f o r  f i n i t e .

T h e  v e c t o r  f i e l d  i s  r e p r e s e n t e d  b y  t h e  e x p r e s s i o n ,

 ̂P ^ t  - O + p ) ^  + A.

4 . 4 . 4

A  s t a t i o n a r y  p o i n t  ^ i s  e v a l u a t e d  f r o m ,

A  = ¿ X  +  P>U .
' + ?

*i( ï  ̂ ■ ^  - » ( ¿ x
w h e r e } ( * )  = * x + |J ,5 t

T h e  J a c o b i a n  a t  e q u i l i b r i u m  m a y  b e  c a l c u l a t e d  t o

g i v e ,

- _ L

« W *

x a
r

H o w e v e r  t h e  c r i t i c a l  v a l u e  o f  t h e  D a m k o h l e r  c o n s t a n t  © t  

i s  w h e n  t h e  T r a c e  o f  t h e  J a c o b i a n  v a n i s h e s ;

H e n c e  J C ï c) =  n = / _ - ±
1~X

-¿X

J . ( l + P  *  l - x )

»-x
_J__
l-VC

4 . 4 . 5

T h e  m a t r i x  C i s  d e f i n e d  a s

V 5 »♦' ^  Jr . V ( ït)
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-  • _ &I ,  a j - v '% \
C = /(.''*> (**^) (*+?)(.* l

Straightforward d i f f e r e ntiation yields

¿ V *  - \  Ax y* X  / q 'M
r"?VvC\ / u a \ /  v  i u \  "> / J

*  dt
0 ^ * -  r ? r ^  ( H p > u + ' iv *  /

y i .

w h e r e

....

It«?,

= PfT ft*
( h » ) . £ c

_ V o  .

(<+?} Xt
4 . 4 . 7

S i m p l i f y i n g  t h e  n o t a t i o n  ;  

a s  f o l l o w s ;

x e = A -

L e t  i - ? c -  "b .

A ; " ' '

C l e a r l y

-k1* * V  - a«<V qd*
»♦■p t e )

a n d  a  s u i t a b l e  c h o i c e  o f w i l l  e l l m i n a t e

t h e  T fi b t e r m  f r o m  t h e  g e n e r a l  e x p r e s s i o n  3 . 2

F u r t h e r  c a l c u l a t i o n s  g i v e

& ^  ‘ oc) ■ t £ $ u ) 4 . 4 . 8
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U s i n g  t h e  r e l a t i o n s h i p  : 1 ) b-H = dL Y a  c{
a>b(Ofp)*-i) = 4.4.9

a n d  e v a l u a t i n g  t h e  s c a l o r  p r o d u c t  o f  t h i s  v e c t o r  w i t h  

g i v e s ,  u p o n  s i m p l i f i c a t i o n ;

^  1 K e *

u )
T h i s  r e s u l t  i s  e x a c t l y  e q u i v a l e n t  t o  t h e  i n f  m i t e  c a s e .  '*
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r  v r f l °
3  T o  e v a l u a t e  J e  - ^ ( c4 . 4

O

dr

s *o

w h e r e  B M -  F f f i i t A ) -  f l ( i )  J L

S *

a n d  J C  =  S . ' V G * , * )

\ /•■ft» *■ g* *■ 

F5(?tfl)-fi(*)il=[ »ttAj I- ^

m a ' y  b e  e x p a n d e d  a n d  s i m p l i f i e d  t o  y i e l d

i""̂0 [̂ +■ ̂* D. + E. 4 F + oC ^ i) ^

* V ( » + ' > ) *  4  4  1 1

z h s w ) * .  4 . 4 . 1 2

( x -  ( o t V K + M ^  +  b * t> h i * ' a \ ^  4 . 4 . 1 3

X

e = S(\-9)

w h e r e 0

£

F

T h e r e f o r e ;

F* (i+A) - R (2). £ =̂ r E R J 4 - D * '**Ĵ J +|*F*'i4-e* » j "Vo(^
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C o n s e q u e n t l y

û5(-vï(-î;û)=̂ x.E vtc.rt tsx f vU,\) - i4_f + o(s)

E(v%?S.V.V,)zi_o(vV+$uv,iSvuijt$xFV>-^ e v v i j  + o(s)

a n d  d i f f e r e n t i a t i o n  g i v e s ;

-  .  i v a\
4 . 4 . 1 4^ ^ 2  x Evv, ^  w</,) 4v F V :_ L  f  «4  ctf V k a )

V*0
F r o m  t h e  p r e c e e d i n g  e q u a t i o n  o n e  n o w  n e e d s  t o  d e t e r m i n e  * 

t h e  v e c t o r s  W  =  a n d  =  (  V ,  )  a s  d e s c r i b e d  i n

p r o p o s i t i o n  4 . 3 . 1

foiV/T -  U v /  \ F u n d a m e n t a 1
/  V)\ I ' w  (<-5\ I\W =(. y) = ( I m a t r i x

-  J L X  ? < V * W X ‘  I s o l u t i o n .  4 . 4 . 1 5

i -St "w

and Vs/. = ( w  1= JeKLfc W É \i -  i  ft *j \# 1/ ■ \ 4 . 4 . 1 6

N o t i n g  t h a t  t h e n ,

xT

M  =J \j*  E -4 , 6  « (\ )  v ( <  \) + (¿‘) Ew v f c

T h u s

A

nw.(/t\= Ms |(?AxE - ?p)R*uf + ?oS»«V/i foiv/ il v  l A ï I—
¿ ' ' I  1-X V  J i v O ' i ) 1

a n d _ ^ . Q ? V v ( W , s \ \  m a y  b e  e v a l u a t e d  a s  t h e  f u n c t i o n  o v e r l e a f .

d s  ; | 
s * o
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  ll'blx E Jx 0

D( ^ i )  W ) j [ (5iv'>r) ] [ fo' wi'r'M +

+ ( 4 e ¿ | L ^  - i F ^ k ; \ 6 r  - i _ i i i ! _  5‘v V / < C o w r l

w h e r e  G f v ^ f )  =  ^ 2< i x . E  r . ^ M f  +  2 t >  J » « ,w » r  f o s w l j

R e c a l  1 m g  t h a t  e  ( i )  = ( t e v r l - ^ r . f t ) ( | )

•  & V W  ( ¿ ) -  f c . W  ( ^ l )
% r

t h e n  U  U ^ 4  b e c o m e s  a  v e r y  l e n g t h y  

0
i n t e g r a l  o f  c o m b i n a t i o n s  o f  s i n e  a n d  c o s i n e  f u n c t i o n s  

w h i c h  m a y  b e  r e d u c e d  t o  t h e  f o l l o w i n g  e x p r e s s i o n  a f t e r  i t  

h a s  b e e n  m u l t i p l i e d  b y  t h e  s c a l a r  t o  e l i m i n a t e  t h e  ? < • )

t e r m  a s  w a s  p r e v i o u s l y  e x p l a i n e d -

5-o

—  feixE U(-?A<E t & V>0  -?X  o * S ( * ? i iE  v o \
‘» ^ [V  > - i ' (  V i - i 1 i - i  ^

+ ♦ sĈ Q.x ftl*(-?*» E

X

4 ? *  * ' )
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R e s u b s t i t u t i o n  o f  t h i s  f o r m u l a  a n d  t h e  r e s u l t  o f  t h e  

e x p r e s s i o n  f o r  ~  | | ^  j j  *  ^ |  b a c k  i n t o

t h e  o r i g i n a l  b i f u r c a t i o n  e q u a t i o n  a s  d e s c r i b e d  b y  

e q u a t i o n  4 . 3 . 1 1  y i e l d s  a s  e x p r e s s i o n  f o r  t h e  

f u n c t i o n  f o r  " f i n i t e  ^ "

AW= - & V  j j k * € - ? 0 b ] \  o j&UC - ? D b } D c 4 ? o b ] j ^  • 4 • 1

I n i t i a l l y ,  o n e  c o u l d  e v a l u a t e  t h i s  f u n c t i o n  f o r  s .  O O  

( i n f i n i t e ) .

I n  t h i s  c a s e  O c  “ >  \

e c - >  ' / * .
F t  —>  4 4 . 1 9

8

4 . 4 . 3 0
a n d  b 'U )  L l ( b . , )  + U b - ^ ) - ( 2b - J l a ) a V

tft C° [ J

w h e r e  =  « L $ t - l - p  f o r  X  =  1 o r  2
a .  = y t

a n d  =  < A , a * b  - | > *

T h i s  e x p r e s s i o n  i s  i n  a g r e e a n c e  w i t h  t h e  r e s u l t  a s  

o b t a i n e d  b y  P o o r e  ' 0

C o m m e n t : “  I n  t h e  i n f i n i t e  c a s e ,  o n c e  a n d  ^  a r e

g i v e n  t h e n  t h e  s i g n  o f  i s  k n o w n .  I n

t h e  f i n i t e  c a s e ,  e v a l u a t i o n  o f x a n d * v j i s  

a c h i e v e d  t h r o u g h  n u m e r i c a l  i t e r a t i v e  

p r o c e d u r e s  l e a d i n g  t o  a  f a r  m o r e  

c o m p l i c a t e d  r o u t i n e  i n  a s c e r t a i n i n g  t h e  

s i g n  o f  L ' C o )  a t  c n t i c a l i t y .
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Ç H A P I § R _ F I V E

5 N U M E R I C A L  A N A L Y S I S

5 .  1 A B O U T  N A G

N o w  t h a t  t h e  m o d e l l i n g  a n d  t h e  a s s o c i a t e d  

a n a l y t i c a l  w o r k  h a s  b e e n  d u l y  c a r r i e d  o u t  f o r  t h i s  t w o  

d i m e n s i o n a l  n o n - l i n e a r  s y s t e m  i t  i s  w h o l l y  a p p r o p r i a t e  t o  

c o n f i r m  t h e  a n a l y s i s  b y  c a r r y i n g  o u t  f u r t h e r  d e t a i l e d  

n u m e r i c a l  w o r k .

T h e  n u m e r i c a l  a l g o r i t h m s  g r o u p  ( N . A . G . )  F o r t r a n  

l i b r a r y  i s  v e r y  e x t e n s i v e  a n d  t h e  M a r k  1 1  r e v i s e d  

r o u t i n e s  w e r e  u s e d  t o  s o l v e  t h i s  s y s t e m  o f  o r d i n a r y  - 

d i f f e r e n t i a l  e q u a t i o n s .

T h e  N A G  l i b r a r y  o f f e r s  a  r a n g e  o f  " D r i v e r "  

p r o g r a m m e s  w h i c h  m a y  b e  s u i t a b l y  a l t e r e d  f o r  t h e  

p r o g r a m m e r s  n e e d s .  I n  t h e  N A G  F o r t r a n  1 i b r a r y ,  t h e  

a u t h o r  c h o s e  r o u t i n e  D O S E B F  w h i c h  i n t e g r a t e s  a  S T I F F  

s y s t e m  o f  f i r s t  o r d e r  o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n s  

o v e r  a  r a n g e  w i t h  s u i t a b l e  i n i t i a l  c o n d i t i o n s  u s i n g  a  

v a r l a b l e - o r d e r  v a r l a b 1 e - s t e p  G E A R  m e t h o d ,  a n d  r e t u r n s  a  

s o l u t i o n  a t  p o i n t s  s p e c i f i e d  b y  t h e  u s e r .

I n d e e d  t o  g i v e  t h e  r e a d e r  a n  a p p r e c i a t i o n  o f  t h e  

e x t e n t  o f  t h e  l i b r a r y  f o r  o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n s  

a l o n e ,  a  s u m m a r y  o f  a v a i l a b l e  r o u t i n e s  a r e  c o p i e d  

o v e r  l e a f  i n  T a b l e  5 . 1  1 .

A  s p e c i a l  c l a s s  o f  m i t i a l - v a l u e  p r o b l e m s  a r e  

t h o s e  f o r  w h i c h  t h e  s o l u t i o n s  c o n t a i n  r a p i d l y  d e c a y i n g  

t r a n s i e n t  t e r m s .  S u c h  p r o b l e m s  a r e  c a l l e d  s t i f f :  a n  

a l t e r n a t i v e  w a y  o f  d e s c r i b i n g  t h e m  i s  t o  s a y  t h a t  c e r t a i n

n e g a t l v e  r e a l  p a r t s  w h e n  c o m p a r e d  t o  o t h e r s .  T h e s e  

p r o b l e m s  r e q u i r e  s p e c i a l  m e t h o d s  f o r  e f f i c i e n t  n u m e r i c a l  

s o l u t i o n :  t h e  m e t h o d s  d e s i g n e d  f o r  n o n - s t i f f  p r o b l e m s  

t e n d  t o  b e  v e r y  s l o w ,  b e c a u s e  t h e y  n e e d  s m a l l  s t e p -  

l e n g t h s  t o  a v o i d  n u m e r i c a l  i n s t a b i l i t y

e i g e n v a l u e s  o f h a v e  l a r g e



SUMMARY OF AVAILABLE ROUTINES

P r o b l e m R o u t i n e

M e r s o n ' s A d a m s G e a r s

I N I T I A L - V A L U E  P R O B L E M S

D r i v e r  R o u t i n e s  . . .  . . . . . . .

I n t e g r a t i o n  o v e r  a  r a n g e D 0 2 B A F D 0 2 C A F D 0 2 E A F

-  w i t h  i n t e r m e d i a t e  o u t p u t D 0 2 B B F D 0 2 C B F D 0 2 E B F

-  w i t h  g l o b a l  e r r o r  e s t i m a t e

a n d  s t i f f n e s s  c h e c k D 0 2 B D F - -

I n t e g r a t i o n  u n t i l  a  c o m p o n e n t *

o f  t h e  s o l u t i o n  a t t a i n s D 0 2 B G F D 0 2 C G F D 0 2 E G F

a  g r v e n  v a l u e

I n t e g r a t i o n  R o u t l n e s D 0 2 P A F D 0 2 Q A F D 0 2 Q B F

I n t e g r a t i o n  o v e r  o n e  s t e p D 0 2 Y A F - -

I n t e r p o l a t i o n  o n  t h e  s o l u t i o n

a l l  c o m p o n e n t s D 0 2 X A F D 0 2 X G F D 0 2 X G F

o n e  c o m p o n e n t D 0 2 X B F D 0 2 X H F D 0 2 X H F

B O U N D A R Y - V A L U E  P R O B L E M S

S h o o t i n g  M e t h o d  . .  . . .

s i m p l e  p a r a m e t e r s D 0 2 H A F

g e n e r a l l s e d  p a r a m e t e r s D 0 2 H B F ,  D 0 2 A G F

a d d i t i o n a l  f a c i l i t i e s D 0 2 S A F

F i n i t e  d i f f e r e n c e  m e t h o d

s i m p l e  p a r a m e t e r s D 0 2 G A F

1 i n e a r  p r o b l e m D 0 2 G B F

f u 11  n o n — 1 l n e a r  p r o b 1 e m D 0 2 R A F

C h e b y s h e v  c o l l o c a t i o n  .  . . .

s i n g l e  e q u a t i o n D 0 2 J A F

f i r s t  o r d e r  s y s t e m D 0 2 J B F

g e n e r a l  s y s t e m D 0 2 T G F

S t u r m - L i o u v l 1 1 e  E i g e n v a l u e  . . .

r e g u l a r  p r o b l e m s D 0 2 K A F

g e n e r a l  p r o b l e m s D 0 2 K D F

e i g e n f u n c t i o n  c a l c u l a t i o n D 0 2 K E F

T a b  1 e  5 . 1 . 1
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T o  s o l v e  t h e  e q u a t i o n s  a r i s i n g  i n  G e a r s  m e t h o d
5>fv

a n  a p p r o x i m a t i o n  t o  t h e  J a c o b i a n  m a t r i x  1 S

r e q u i r e d .  T h i s  a p p r o x i m a t i o n  c a n  b e  c a l c u l a t e d  

i n t e r n a l l y ,  b u t  t h e  u s e r  m a y  s u p p l y  a n  a n a l y t i c a l  

e x p r e s s i o n  f o r  t h e  J a c o b i a n  v i a  a  p a r a m e t e r  t o  t h e  

r o u t i n e s  D 0 2 E B F ,  D 0 2 E H F  a n d  D 0 2 Q B F .  I n  m o s t  c a s e s  

s u p p l y i n g  a  c o r r e c t  a n a l y t i c a l  e x p r e s s i o n  w i l l  r e d u c e  t h e  

a m o u n t  o f  c o m p u t e r  t i m e  u s e d .
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5.2 THE D 0 2 E B F - D R I VER ROUTINE

T h e  e l e m e n t a r y  d r i v e r  p r o g r a m m e ,  w h i c h  i t s e l f  

" c a l l s  u p M t h e  a p p r o p r i a t e  N A G  p r o g r a m m e ,  h a s  b e e n  

e x t e n s i v e l y  m o d i f i e d  b y  t h e  a u t h o r .

A  p r o c e s s  f l o w  c h a r t  i s  g i v e n  o v e r l e a f  f o r

c l a r 1 t y .

I n  t h i s  c a s e ,  t h e  r o u t i n e  i n t e g r a t e s  a  s y s t e m  o f  

o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n s

Y x  =  ^  ( f ,  5 . 2 . !

f r o m  T  =  X  t o  T  =  X e n d  T h e  s y s t  e m  i s  d e f i n e d  b y  

s u b r o u t l n e  F C N  w h l c h  e v a l u a t e s  F v  i n  t e r m s  o f  T *  ,  

a n d  T j  ,  .  T h e  s o l u t i o n  i s  r e t u r n e d  v i a  t h e  u s e r

s u p p l i e d  r o u t i n e  O U T P U T  a t  a  s p e c i f i e d  s e t  o f  p o i n t s .

T h e  a c c u r a c y  o f  t h e  i n t e g r a t i o n  a n d  t h e  i n t e r p o l a t i o n  i s  

c o n t r o l l e d  b y  t h e  p a r a m e t e r s  T O L  a n d  I R E L A B . T h e  

J a c o b i a n  o f  t h e  s y s t e m  Y  =  F  (T ,  Y  ,  1 S  s u p p 1 i e d  i n  

t h e  r o u t i n e  P E D E R V -

F u r t h e r  d e t a i l s  o n  t h e  p r o g r a m m e  s p e c i f i c a t i o n s ,  

e r r o r  w a r n i n g s ,  a n d  o t h e r  p a r a m e t e r s  m a y  b e  o b t a i n e d  i n  

t h e  D 0 2 E B F - N A G  F o r t r a n  l i b r a r y  r o u t i n e  d o c u m e n t

A  c o p y  o f  t h e  m o d i f i e d  p r o g r a m m e  i s  a t t a c h e d  

E a c h  s e c t i o n s  f u n c t i o n  i s  c l e a r l y  d e s c r i b e d  i n  t h e  

p r o g r a m m e  a n d  m a y  b e  f o l l o w e d  b y  u s i n g  t h e  c o m p l i m e n t a r y  

f l o w  c h a r t .
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C O N T I N U O U S  S T I R R E D  T A N K  R E A C T O R  ( C . S . T . R . )  -  M O D E L

( A )  T H E  D A M K O H L E R  F U N C T I O N

F U N C T I O N  U U  < G , S , T T )

R E A L *8 U U ,  G , S , T T

U U  =  S  -  (  G  / (  1 O D O  -  G  ) > * D E X P <  T T  )

R E T U R N

E N D

F U N C T I O N  B B ( G , P , Q , R , U , T T , V  >

R E A L *8 B B , G , P , Q , R , U , T T , V

B B  =  ( ( ( (  P / R  ) * * 2  O D O  +  P * <  1 . O D O  +  Q  ) ) * <  G * G  ) )

+  ( ( (  V * 2  O D O  ) * (  P / R  ) -  P * <  1 O D O  +  Q  ) ) * G  ) +  ( ) ) *

( -  D E X P ( T T  ) ) / ( ( (  1 O D O  -  G  > * <  V  +  ( P * G / R  > > > * * 2 . O D O )

R E T U R N  

E N D

( B )  T H E  T R A C E  O F  T H E  L I N E A R I S E D  S Y S T E M

F U N C T I O N  C C ( X , Y , P , Q , R )

R E A L *8 C C , X ,  Y  ,  P  ,  Q  ,  R  ,

C C  =  - 1 . O D O / ( 1 . O D O  -  X > -  < 1 . O D O  +  Q  ) +  ( 

P * X  ) / ( (  1 . O D O  +  ( Y / R  ) ) * * 2 . 0 D 0  )

R E T U R N

E N D ♦

F U N C T I O N  H H ( X , Y , P , Q , R )

R E A L *8 H H , X , Y , P , Q , R

H H  =  ( - 1  O D O / ( (  1 . O D O  -  X ) * * 2 . O D O  ) )  +  P / ( (

1 . O D O  +  ( Y / R  > ) * * 2  O D O  ( -  ( 2 . 0 D 0 * P * P * X  ) / ( (  l . O D O  +  Q  

) * R * ( (  1 O D O  +  ( Y / R  ) ) * * 3 . O D O  ) )

R E T U R N

E N D

I N P U T T I N G  A L P H A  C P ) ,  B E T A  < Q > ,  G A M M A  ( R ) ,  Y c  ( U )

S U B R O U T  I N E  C O N S T ( P , Q , R , U , )

R E A L *8 P , Q , R , U  

P  =  8 . O D O  

Q  =  3  O D O  

R  =  2 0 . O D O  

U  =  - 2 . O D O  

R E T U R N  

E N D

I M P L I C I T  R E A L *8 ( A - H , 0 - Z )

R E A L *8 X E N D ,  T O L

I N T E G E R  I ,  I F A I L , I R , I W , J , M P E D , N , N O U T , I T E R , I T M A X  

R E A L *8 W ( 2 , 2 0 ) , Y ( 2 )

E X T E R N A L  F C N , O U T , P E D E R V
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R E A D ( 5 , 1 0 5 0 ) N O U T  

W R I T E ( N O U T , 1 0 9 0 )

W R I T E i N O U T , 1 0 6 0 ) Z

I F  ( P  -  2  > 1 0 1 0 , 1010 , 1 0 2 0

W R I T E i N O U T , 1 0 8 0 )

G O  T O  1 0 3 0  

W R I T E ( N O U T , 1 0 7 0 )
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-  < 4 / R ) * V )

" )F O R M A T ( I N P U T  T H E  O U T P U T  C H A N N E L  

F O R M A T ( I I  )

F O R M A T ( 4 0 H 0 M U L T I P L E  S T E A D Y  S T A T E S  R E Q U I R E S  A L P H A > ,  F 1 0  4 )  
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F O R M A T ( 4 ( 1 X / ) ,  3 1 H  D 0 2 E B F  E X A M P L E  P R O G R A M  R E S U L T S / 1 X )

( 2 ) E V A L U A T I N G  T H E  C R I T I C A L  R A N G E  

F O R  T H E  D A M K O H L E R  N U M B E R

Q 1  =  ( 1 . O D O  +  Q  )

B 1 =  ( ( (  P / R  ) * * 2  O D O  ) +  < Q 1 * P ) )

D M 3  =  ( P * P  > * ( < <  2  O D O * Q * U ) / (  R * R  

1 . O D O * Q 1 * * 2  O D O  ) -  ( 4  0 D 0 * V * V * B 1 )
I F  ( D M 3  L T . O  0 )  G O  T O  2 0 3 0

D M a  =  ( (  - P * ( ( <  2  O D O / R  ) * V  ) -  Q 1  ) )  

) ) / (  2 * B 1 )

D M 1 =  ( (  - P * ( ( (  2  O D O / R  ) * V  ) -  Q 1 ) )  

) ) / (  2 * B 1  )

T M 1  =  < -  ( P * D M 1 + Q * U  ) / (

D K 1  =  ( D M  1 / <  1 . O D O  -  D M 1

T M 2  =  ( -  ( P * D M 2  + Q * U  ) / (

D K 2 =  ( D M 2 / ( l . O D O  -  D M a  

W R I  T E ( N O U T , 2 0 1 0 ) D K 2 , D M 2  

W R I T E ( N O U T , 2020) D K 1 , D M 1

) +  ( (  2  O D O / R  (

+  < (  D M 3  ) * * 0  5 0 D 0

-  ( (  D M 3  ) * * 0 . 5 0 D 0

V  +  ( (  P*DM1 ) / R  ) ) )  

))*DEXP( TM1 )
V  +  ( <  P * D M 2  ) / R  ) ) )  

) ) * D E X P ( T M 2  )

T H E  L O W E R  C R I T I C A L  

" , D1 2 . 6 , / /  )
F O R M A T  ( / , 3 X , "

D 1 2 . 6 , "  A T  X =

F O R M A T  ( / , 3 X , n T H E  U P P E R  C R I T I C A L  

D 1 2 . 6 ,  "  A T  X =  n , D 1 2 • 6 , / /  ) 

C O N T I N U E

D A M K O H L E R  V A L U E  I S
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X I  =  X -  ( F T R X / A T R X  )

D I F F  =  D A B S ( X I  -  X  )

X =  X I  

E N D  D O

C O N T I N U E

D E L  =  ( X / (  1 O D O

W R I T E ( N O U T , 3 0 3 0 ) X 1 , D E L  

F O R M A T ( / , 3 X , "  P E R I O D I C  B I F U R C A T I O N  
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C O N T I N U E
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6 1 5 0  F O R M A T ( 3 1 H 0 C A L C U L A T I N G  J A C O B I A N  B Y  P E D E R V )

S T O P

E N D

. C

C  T H E  ( 2 * 2 )  C . S  T  R .  S Y S T E M  M O D E L

C

C  S U B R O U T I N E  F C N ( T , Y , F )

R E A L *8 T  

R E A L *8 F ( 2 ) , Y  < 2 )

C O M M O N / S F A C T / S , X E N D , H , T , T O L , A , B , N O U T  

C A L L  C O N S T ( P , Q , R , U )

F (1 ) =  - Y ( 1 )  +  < S * < 1 . 0 D 0 - Y < 1 ) ) * D E X P <  < Y < 2 )  ) /

1 ( 1 , 0 D 0 + ( ( Y ( 2 ) ) / R ) ) ) >

F ( 2 )  =  —Y ( 2 )  +  ( P * S * ( 1 . 0 D 0 - Y < 1 ) ) * D E X P < ( Y ( 2 ) ) /

1 ( 1 . O D O + ( ( Y ( 2 ) ) / R ) ) ) )  -  Q * ( ( Y ( 2 ) )  - U  )

R E T U R N

E N D

C
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n 
n 

n 
n 
n 
n

1

9 0 1 0

T H E  J A C O B I A N  M A T R I X

S U B R O U T I N E  P E D E R V ( X , Y , P W )

R E A L *8 X

R E A L *8 P W ( 2 , 2 ) ,  Y ( 2 )

C O M M O N / S F A C T / S , X E N D , H , I , T O L , A , B , N O U T  

C A L L  C O N S T ( P , Q , R , U )

2  =  S * D E X P ( - Y ( 2 ) ) / ( 1  O D O  +  ( ( Y ( 2 ) ) / R ) >

P W ( 1 , 1 ) =  - 1 . O D O  -  2

P W ( 1 , 2 )  =  ( ( Y ( 1 ) -  1 O D O  ) * 2  ) / ( (  1 . O D O  +  < < Y ( 2 ) ) / R > ) * * 2 . O D O >

P W ( 2 , 1 )  =  -  P * 2

P W ( 2 , 2 )  =  -  ( 1 O D O  +  Q  ) -  ( P * ( 1 . O D O  -  Y ( l ) ) * 2  )

/ ( (  1 O D O  +  ( < Y < 2 ) ) / R ) ) * * 2  O D O )

R E T U R N

E N D

P R I N T I N G  T H E  U N I Q U E  S O L U T I O N

S U B R O U T I N E  O U T ( X , Y )

I N P L I C I T  R E A L *8 ( A - H , 0 - Z )

R E A L *8 Y ( 2 )

C O M M O N / S F A C T / S , X E N D , H , I , T O L , A , B , N O U T  

I N T E G E R  J ,  N O U T , I  

C A L L  C O N S T  ( P , Q , R , U )

W R I T E  ( N O U T , 9 0 1 0 )  X ,  < Y ( J ) , J  =  1 , 2 )

W R I T E ( 6 , 9 0 1 0 )  X ,  ( Y ( J ) , J  = 1 , 2 )

T t l  =  D A B S ( Y ( 1 ) - A )

T T 2  =  D A B S ( Y ( 2 ) - B )

T T 3  =  D M A X 1 ( T T 1 , T T 2 )

I F  ( T T 3  L T  T O L )  R E T U R N  

X =  X E N D  -  F L O A T ( I ) * H  

1 =  1 - 1  
A  =  Y  ( 1 )

B  =  Y  ( 2  )

R E T U R N

F O R M A T  ( 1 H  ,  F 7 . 2  , 2 D 1 0 . 3 )

E N D
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5.3 C L A S S I F I C A T I O N  O F  D Y N A M I C  B E H A V I O U R  

I N  P A R A M E T R I C  S P A C E

F o r  f i x e d  ot  , f i  ,  S T  ,  ,  t h e  d e p e n d e n c e  o f

t h e  s t e a d y  s t a t e  c o n v e r s i o n  X .  ,  a n d  t h e  s t e a d y  s t a t e

t e m p e r a t u r e  ,  o n  t h e  D a m k o h l e r  n u m b e r  c T  ,  15 
i n v e s t i g a t e d  f o r  t h e  s y s t e m .

3C. = - X  +• )
—  /  ^  v 5 . 3 1

^  +  *  F  ( i - r )  « x p  C v + ^ / e r )  - j t f v J t )

H o w e v e r  f o r  v a r i o u s  r e l a t i o n s h i p s  o f  t h e  

p a r a m e t e r s  cL , a n d  ,  t h e  d y n a m i c  b e h a v i o u r  m a y

b e  s p e c i f i c a l l y  c l a s s i f i e d  a s  i s  f u i l y  o u t l i n e d  i n

C h a p t e r  T h r e e ,  T a b l e  3 . 4 . 1 .

A t  t h i s  p o i n t ,  t h e  r a n g e  o f  p r o b l e m s  a v a i l a b l e  

t o  t h e  a u t h o r  i s  i n f i n i t e .

A  s i g n i f i c a n t  d e p a r t u r e  f o r m  p r e v i o u s  p a p e r s  o n  

t h e  C . S . T . R .  i s  m a d e  i n  t h e  f a c t  t h a t  w i l l  b e  t a k e n

t o  b e  f i n i t e .

I n  o r d e r  t o  a s s i s t  a n  o v e r v i e w  o f  r e s u l t s :  

t y p i c a l  f i x e d  v a l u e s  w i l l  b e  t a k e n  f o r  t h e  f o l l o w i n g  t w o  

c o n s t a n t s .

=  2 .  O  A r r h e n i u s  c o n s t a n t

\  5 " 3  2
~  C o o l i n g  c o n s t a n t

T h i s  l e a d s  t o  a  r e p r e s e n t a t  1 o n  o f  t h e  ( <k. )

p a r a m e t r i c  s p a c e  w h e r e  t h r e e  l i n e s  o f  c r i t i c a l l t y  m a y  b e  

s p e c  i f l e d .
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T h e s e  c r i t i c a l  l i n e s  a r i s e  f r o m  t h e  f o l l o w i n g  

c o n d i t i o n s

M ( 1 )

S  ( 2 )

S M  ( 3 )  S i  =  M i  Q u a l i t a t i v e  c h a n g e

V a r i o u s  r e g i o n s  m  p a r a m e t r i c  s p a c e  a r e  

d e s c r i b e d  b y  t h e s e  t h r e e  l i n e s  a s  s h o w n  b e l o w  i n  F i g .

5 , 3 . 1  T h e  i n t e r p r e t a t i o n  o f  t h e  n a t u r e  o f  t h e  e q u i l i b r i a  

w i t h i n  t h e s e  r e g i o n s  i s  s l i g h t l y  c o m p l e x  a s  t h e  r e l a t i v e  

v a l u e s  t o  o n e  a n o t h e r  o f  t h e  r o o t s  f l f h  ,  a n d  ,

n e e d s  t o  b e  k n o w n  a n d  w h e t h e r  o r  n o t  t h e s e  r o o t s  a r e  * 

c o m p l e x  T h e s e  c u r v e s  a r e  b e s t  s o l v e d  e m p i r i c a l l y   ̂ J

o+p) »
F i g .  5 . 3 . 1

j  -  "I

I 1 *f>-£('♦!>
M u l t i p l l c i t y

y (l+B+P3M J

S i ,  S 2 * r e a l  D y n a m i c  i n s t a b i l i t y
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5.4 SAMPLE PROGRAMME RESULTS

T h e  p u r p o s e  o f  t h i s  c h a p t e r  i s  n o t  t o  r i g i d l y  

d e f i n e  a i l  p o s s i b l e  s o l u t i o n  s e t s  t o  t h i s  p r o b l e m  b u t  

m o r e o v e r  t o  p r e s e n t  a  f l a v o u r  t o  t h e  r e a d e r  o f  t h e  r a n g e  

o f  s o l u t i o n s  w i t h  p a r t i c u l a r  r e f e r e n c e  t o  H o p f s  

B i f u r c a t i o n  p h e n o m e n a .

I n  t h i s  l i g h t  t h e r e f o r e ,  a  s a m p l e  o f  n u m e r i c a l  

s o l u t i o n s  w a s  o b t a i n e d  f o r  a  r a n g e  o f  p a r a m e t e r s  a s  s h o w n  

o n  F i g .  5 . 3 . 1

T h e  c o n s t a n t s  ? a n d  w e r e  f i x e d  a s

f o 1 l o w s

P = 3
¿T =  2 0  A l l  t y p i c a l  v a l u e s .

-  - 2

T h e  d i m e n s i o n l e s s  g r o u p  n u m b e r  ( o L  ) w a s  v a r i e d  

a s  s h o w n  m  T a b l e  5 . 4 . 1  b e l o w  t o  g i v e  f o u r  d i s t i n c t i v e  

p o i n t s  o n  t h e  CcL ,  p  ) p l a n e .

R e g  i o n o L R o o t  S e q u e n c e

I 8 , Wx , S  t , 5 l  - c o m p l e x

I I 12 m ,  , c o m p l e x ,  S t ,  S - ^ r e a l

111 20 0  < .  S i  ^  m ,  ¿ m t  4  5 ^  1

I V 2 6 o  <  m ,  S i  C  n i l .  t  <  1

T a b l e  5  4 . 1

T h e  p r o g r a m m e  w a s  r u n  f o r  t h e s e  f o u r  c a s e s  

c h o o s i n g  a p p r o p r i a t e  v a l u e s  f o r  3 ”  ,  t h e  D a m k o h l e r  n u m b e r ,  

a n d  s u i t a b l e  i n i t i a l  c o n d i t i o n s .  R e s u l t s  f r o m  e a c h  o f  

t h e  f o u r  c a s e s  a r e  s u m m a r i s e d  o v e r l e a f  i n  T a b l e  5 . 4 , 2 .

T h e  D a m k o h l e r  n u m b e r s  w e r e  c h o s e n ,  w h e r e  

p o s s i b l e ,  s o  t h a t  a t  l e a s t  o n e  e q u i l i b r i u m  l a y  c l o s e  t o  

t h e  c o n v e r s i o n  v a l u e s  S i  o r  S 2 - T h u s  i t  b e c a m e  

p o s s i b l e  t o  n u m e r i c a l l y  s e e  H o p f  * s  b i f u r c a t i o n  a s  i s  

s h o w n  i n  t h e  n e x t  s e c t i o n  o n  t h e  a n a l y s i s  o f  d a t a .

M u l t i p l i c i t y  r e q u i r e s  CL~ >  1 6 . 7 9 7 5 .
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R E G I O N I I I I I I I V

A L P H A  (  CL, ) 8 i a a o 8 6

- - 0 . 3 7 0 8 0 . 1 6 5 3

c f 0 - - 0 4302 0 . 3 0 7 0

J 1 . 7 0 0 . 9 9 6 0 . 4 3 0 1 6 0 . 2 6 4 8

C R I T I C A L

P O I N T S 1 1 3 3

s , - 0 . 5 0 0 0 0 . 8 6 8 9 0 . 1 9 7 4

S z . - 0  7 8 5 9 0  8 9 5 5 0 . 9 1 6 2

m , - - 0 . a 6 9 8 0 . 7 1 0 7

r r u - - 0 . 6 8 6 5 0 . 1 8 2 2

N A T U R E  O F

C R I T I C A L

P O I N T S

S P I R A L ( S ) S P I R A L ( S ) S P I R A L ( U )  

S A D D L E ( U ) 

S P I R A L ( U )

S P I R A L ( S )  

S A D D L E ( U ) 

S P I R A L ( U )  

( * )

T a b l e  5  4 a

A  s a m p l e  o f  t h e  p r o g r a m m e  r e s u l t s  f o r  c a s e  I V  i s  

a t t a c h e d  o v e r l e a f .  A l l  t h e  d a t a  u n d e r  t h e  c o l u m n  m a r k e d  

a s t e r  1 s k  < *  ) m a y  b e  f o u n d  o n  t h e  p r o g r a m m e  p a g e .

T h e  " t r a j e c t o r y "  d a t a  i s  n o t  g i v e n  a s  h u n d r e d s  

o f  d a t a  p o i n t s  a r e  e v a l u a t e d .  H o w e v e r ,  t h e  r e s u l t i n g  

g r a p h  i s  g i v e n  i n  d e t a i l .
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5 5 ANALYSIS OF DATA

As can be seen from the results, the values of 

the Damkohler number was chosen where possible to evoke 

periodic orbits as the phase trajectories.

These results may only be understood by 

examining the following two diagrams for each case.

(1) Conversion ( 3C ) versus Damkohler number <r,
(2) Phase trajectory: ( ) versus ( X- ).

For the four cases shown the following Table 

summarises the results.

Case I II III IV

1
Node | Stable 

Spiral 1 Unstable

1 1 0  1 

0 0 2 1 

0 0 1 1  

0 1 1 1  

0 1 0  0

Saddle

Limit * Stable 
1

Cycle | Unstable

Total Invariants 1 3  4 4

Table 5 4 3
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5.6 DISCUSSION OF NUMERICAL RESULTS

The purpose of this section is to give a brief 

e x planation of the nature of the graphs for the four

q u alitative regions taken as examples, and to relate

these results to the C S.T.R. itself.

CA] Region I

For any given value of the Damkohler number only one f 

steady state solution exists. This critical point, or 

equilibrium is globally asymptotically stable, as is 

depicted graphically by the phase portraits. The product 

conversion would give a 50*/. yield.

CB3 Region II

Still only one critical point may exist, however it 

may now be either stable or unstable depending on the 

sign of the trace function which produces real roots at 

Si and S 2 .

In this example ( 5* ) is chosen so that the 

e q uilibrium is stable but lies close to and below Si.

Thus the critical point is surrounded by an unstable 

periodic orbit, which in turn is surrounded by a stable 

periodic orbit.

The phase portrait is quite complex about the 

equilibrium. All initial conditions starting outside the 

unstable periodic orbit will have phase trajectories 

converging to a stable periodic orbit (marked in r e d )
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All initial c o n d itions starting inside the 

—  unstable periodic orbit will tend towards the steady 

critical point, which again yields a 50*/* conversion

It should be noted that for the majority of 

initial conditions this system would tend to drive itself 

into a periodic e q uilibrium solution, yielding an 

interesting ‘oscillating* situation for the process 

e n g i n e e r .

-CC] Region III

_ Multip 1 iclty of steady states now may occur as 

( dU ) has become large enough.

In this particular example all three of the 

steady states are unstable, due to appropriate selection 

of the Damkohler constant, and indeed these e quilibria  

are surrounded by a very large stable periodic orbit.

E x p e r i mentally this would be a very interesting 

phenomenon to observe, with significant and rapid cyclic 

temperature and c onversion variations occuring,

A further smaller decrease of the Damkohler 

constant would yield the graph of type shown in region 

IV. This would have manifested itself by a large 

reduction in the size of the periodic orbit and the 

evolution of one stable critical point.

CDU Region IV

The evolution of a stable periodic orbit 

surrounding an unstable e q uilibrium as a parameter ( J  ) 

is perturbed is recognised as Hopfs Bifurcation. The 

bi f u r cation is strictly exhibited in this Regi o n  IV.
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This phase plane is also characterised by the 

existence of a separatrix.

Clearly some initial c onditions will tend to 

result m  periodic orbit solutions whilst others will 

tend to the lower stable spiral equilibrium.

Exact d e t e rmination of the separatrix would be 

possible by carefully 'reversing time' in the evolution 

equations and starting with an initial condition on one 

of the e i g envectors associated with the saddle point, 

which is always the middle of the three equilibrium  

points.

As one transgresses from region I to IV the 

Damkohler constant < 5" ) is decreased accordingly from 

1 70 to 0 996 to 0 43106 to 0.2648 whilst the 

d imensionless group number C oL > is increased form 8 to 

12 to 20 to 26 This inverse relationship leaves 

potential for further studies.

Clearly, there is great scope for intriguing 

numerical work which is best supported by a clear 

understanding of the analytical work p r e c e e d m g  it

These results only fringe on the scope for 

further studies* However, results are explicity obtained 

and ‘T H E O R Y 1 (analytical work) and 'PRACTICE' (numerical 

w o r k ) do agree.

More significantly Hopfs Bifurcation phenomenon 

is described and evident in detail.
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CONCLUSIONS AND RECOMMENDATIONS

O s cillatory dynamical behaviour for a first order 

irreversible exothermic reaction in a continuous well 

stirred tank reactor without feedback control has been 

studied here in detail.

Materlal and enthalpy balances give rise to a two 

dimensional autonomous system of non-linear differential 

equations, which for certain parametric relationships may 

exhibit a multiplicity of steady states.

The author has concentrated on the evolution of 

bifurcating stable periodic orbits known as limit cycles 

through the application of H o p f 1s theorem for vector, 

fields in R2. Indeed, a direct link is established 

between the direction of b i furcation and the stability of 

the bifurcating orbit. Development of a stable closed 

orbit, known as supercritical bifurcation, is strictly 

referred to as Hopf Bifurcation.

The author pioneered the derivation of a detailed 

analytical expression the sign of which d etermines the 

stability of bifurcating periodic orbits for finite 

Arrhenius constant ( 2T )

This expression differs greatly from results of all 

other papers in that for finite the sign of the

appropriate number A'(o) depends only on the system 

p arameters and not as in this case on the associated 

value of the critical points. Indeed, as is done in this 

text the value of the critical points may only be 

determined through numerical 1 terat 1 ve procedures The 

programme written covers dynamic behaviour in parametric 

space for finite ( ) .
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Bifurcation to periodic orbits may only occur at 

points where the trace of the Jacobian vanishes provided 

that the strict crossing h ypothesis of Hopf applies

This paper analyses the local nature of this theory, 

e s tablishes the direction and stability of bifurcating 

orbits and then numerically analyses the branches of 

these solutions as the Damkohler parameter is perturbed 

The model with proportional feedback control may give 

rise to new and interesting p h e nomena that may not 

already exist in the original system

It is clear to the author that there is significant
(

scope for further work on the dynamic response behaviour 

of the continuous stirred tank reactor specifically for 

the finite Damkohler case Grounds for further detailed 

mathematical research would be to assume that the reactor 

is indeed not well stirred and this model would then give 

rise to a system of partial differential equations. Also 

in the light of technical developments m  the industrial 

field, this model should be studied in c o njunction with 

the proportional feedback controller case to develop a 

comprehensive understanding of the phase portraits  

possible and assist the engineer m  obtaining reactor 

control and maximising product yield.
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APPENDIX A

MULTIPLICITY CONDITION

Given <}(*>) = e * f ( n u m b e r

& from Chapter 3-

■ f e

+ ^ * i + P > ) ) a

d ( * s )  = ( £ + * M ) * i + ( 2 ( ' +^ ^ s ) i . - ,' M ) r s + ( i + p + ^

then

where

A« 1

A.E

A • 3

This quadratic function has two roots: at IH| andflj^

and Cl(v$) ̂  0  for TO, ̂  T hese  roots correspond to

maxima and minima of the Damkohler func t ion as

shown below in Fig. A.l

Thus and ffl are the limit values of 1C% » only

within which multiplicity of steady state solutions may 

o c c u r .

The solution set of *3- = O  y i elds the following

w * »ml  - ( •+ ? ) ] *  °n  a . 4

w here D n  = < L + (t-'X'+P)]^*f[,+P • A . 5

In order that fh| , have real roots, then 0 «  ̂  0  must be 

true which yields the desired result«

A  *  ¡ ¡ L

• f  - A <

*• ^  l
j
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APPENDIX B

- ( » r t l * ' * \

EVALUATION OF D E T %  AND Tr3^ FUNCTIONS.

Given 3^ = I (.**

1 ) DET "S%

Det = f-̂ I£— l v  [*** -**»  ̂ f rom the Jacoblan B.l= V ( l l L Z ± i L _ \
I» " * *  i_ l(«-yvy>*vi$/O l )

\ » - * i  ) (M

( i» p ) (u ^ V a ) *  - ( A y ^ i - r Q  
( \ I

(v-x^y i +p)(i i+p) + (*+p ) 0 + 'ii/& )*|

<k(*^ = + J-(*+p^3fj * 0 t p f  ^ l 1)2

B.S

}

Thus the c onditions Det 3*̂  = O
are synonomous

and = O

and Det 7 ^  < 0  defines steady states which are unstable 

saddle points* indeed this "slope condition" is a 

pr e requisite for multiplicity of steady state solution 

s e t s .
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2) T R T j

By inspection of the Jacobian matrix

T r l v  - ( W -<'•*>  " V .  B -‘t

(îr(,+p)+*x+p>ic^= ( ^  ♦ 2d-(>(i+p)+pit)3t + ? p ^ t>(i+p) fvVnp)1 -»-p'Jc ) 

^ ( * ) = | ^ | ^ ^  ̂ txN?*(»(W)Wt)x +îpitW»p) + i W +^l'+A< B .5

■ +  x 3 ( " ^ b ? > )

• '  * M  ■•*?)* *  > *(« W

+  x  L + ( > * f A ^  *  * £ \
'  '  V(i+p) s^ü+pl* * ^(<+p) /

-  ( î+p + l l* + à P'»«. U i + » \ (  P̂ C N»^
'  d-O+p) V ( n-p) • /

For TftTt = ------ — ------------- ,(F(x\\ B 6
s1 d+ py i-xu  >♦ *-r  v /

Then p(x) = 3f^4 «(lxJ + «,X, + «• o a cubic m X s B.7

where the constants Q i  , ®li , and Q 0 have been

calculated as functions of ot ,/» , *  , 'Ôc as given

below.

I »Vi+p^ + -ep'MtX
* * t  ■ - i  <*_ i+p s ;  ~ jc  )

a  = . f * v  w N  » -t(l»p\y - ?p^t(up)
’ '  * •  <*.V I *  /  /

c» 0 = -  (  fc+mwrt**- +  z (e^ » v  »> + ^
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APPENDIX C

ROOTS OF THE TRACE FUNCTION

Finding the roots of the trace function, Tr*j(x ^\ = 0  , is 

equivalent to examining for the roots of the following 

c u b i c  expression -

F ( i \ =

where <kx , (\0 are given in Appendix B.

F W - < o

C. 1

C.2

C• 3

Given the three roots of this expression as o(0 , , if0

that is

F I * )  3C -X  ^ W g llfo io j "^ o  h  &o

A typical plot of the trace function is as f o 1 lows in 

Fig C.l

C.4

The nature of t h is curve can be deduced from the sign of 

the constants , and , and the expression

given for Tr 3(*$) in Appendix B.

This function will have two roots Si a nd where for

some critical oL it occurs that Q  < S| = < \ .

This condition will define the onset of instability.
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APPENDIX D

CHEMICAL REACTOR - CONTROL THEORY

The potential benefits of advanced controls for 

cont i n u o u s  and batch reactors include increased 

productivity and improvements in safety, product quality, 

and batch to batch uniformity. Control loops will 

program temperature and pressure and maintain
r

conc e n t r a t i o n  and safety, while providing sequencing and 

record keeping functions.

In the case of an exothermic reaction the amount 

of heat generated increases as the reaction temperature 

rises. The addition of a feedback controller stabilizes  

an open loop unstable process only if the control loop is 

fast and does not contain too much 'deadtime'.

A real reactor has several lags and delays- The 

four interacting time-lags in a chemical reactor are 

shown below in Fig. D.l

F i g . D.l

Time constants for the system are defined as follows, 

with typical values givens 

Thermal: V*, = (w i<\

Reactor Wall: (T-T*) D.l

Coolant: = (vs^c/ci) fo-Tt)

T h e r m a l - b u l b : ^

W refers to the weight of element and C is its specific 

heat capacity.
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In a well designed reactor, deadtime, should be 

held to less than 10% of the thermal time constant

For good temperature control a recirculating 

cooling water system, where part of the coolant leaving 

the reactor jacket or cooling coils is pumped back to the 

coolant inlet, is desirable because it guarantees a 

constant high rate of water c i rculation This keeps the 

jacket deadtime constant, the heat transfer coefficient 

high, and eliminates cold and hot spots.

controllers operate in serles with the output of the 

reaction - temperature controller becoming the set point 

of the slave jacket - water temperature controller is 

very common. It is preferred that the slave controller 

maintain the jacket outlet and not the inlet temperature, 

because this way the jacket and its dynamic response is 

included in the slave loop. The period of oscillation of 

the master loop is usually cut in half as direct control 

is replaced by cascade as shown below in Figure D.2

safety constraints is coolant availability. The reaction 

rate m  a c o n t inuous reactor may be matched to the 

capacity of the cooling system. The optimizing 

controller detects the opening of the coolant v a lve and 

if it is less than 90*/. admits more feed by increasing the

However cascade control, where two temperature

PID

In exothermic reactions one of the critical
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set point of the flow recorder controller. When the 

coolant valve opens beyond 90% the p roduction rate is 

lowered so that the reactor will never be allowed to run

out of coolant. An ideal reactor temperature controller

will permit rap id automatic rise to reaction temperature, 

without overshoot and will then accordingly control.

For highly unstable, accident prone reactors an 

added p r o t e c t 1 ve device can be provided, whose action is 

based on the permissible rate of temperature rise during 

heat up. This will prevent the process from building up 

thermal inertia as the region of potential instability is 

approached

A reactor control system should:

1. Provide the ability to maximise production

2. Minimise shutdowns

3. Maximise the p ercentage of ontime.

4 Minimise the variations in utility and 

raw-materlal d e m a n d .

5. Provide smooth operation in terms of 

constant conversion, yield and product 

d istribution

6. Permit easy startup and shutdown.

However, the overriding, primary design objective is that 

the reactor must be safe for both the operating personnel 

and the environment

UNIT CONTROLLERS

A "Unit Controller" can control a plant unit operation - 

in a reactor, a d i s tillation tower, a compressor, or any 

other s u b s y s t e m . This r epresents a major step f o r w a r d , 

because we will gradually stop thinking in terms of 

controlling single loops as pressures, flows or 

temperatures and will start thinking instead in 

multivariable terms - controlling the overall unit 

o p e r a t i o n . High-level unit c o ntrollers also provide 

subroutines for scaling, automatic loop tuning, validity 

checks, and all those other features, that today involve 

substantlal development risk and e x p e n s e .
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IMPERFECT CONTROL

A s ervo-mechanism so perfect that signals of 

temperature deviat ion produce proportional changes in the 

flow rate of the coolant without either.delay or error 

does not exist. In practice thermocouple readings will 

actuate a motor which will turn a valve and at all stages 

there will be errors and delays. Following the accepted 

p ractice of ser v o - m e c h a n is m  theory, all these factors may 

be lumped into one transfer function.

It is important, though to find out whether the 

time lag of an imperfect system which is ultimately a 

proportional controller can destroy the possibility of 

control However, to relieve the burden of analytical 

complexities, it will be assumed that a control system 

receives signals of the deviation of reactor temperature 

and uses them to give perfect proportional control of the 

rate of cooling.

T herefore chemical reactor with control from 

hence refers to a stirred tank reactor with "perfect 

proportional" control only

Stabiltiy "in the large" is determined by making 

e xtensive calculations on the full non linear equations 

describing the system thus obtaining phase plane 

portraits of the trajectories. Stability "in the small" 

may be determined by the first theorem of Lyapunov. The 

former requires c o n siderable effort, and the latter gives 

no information on the size of the pertubation which is 

allowed. The second method or direct method of Lyapunov 

is a procedure which if successful would enable one to 

compute the size of the p e rtubation by defining a region 

of the phase plane inside of which, for a stable system, 

all temperatures would 'lead to a critical point*. The 

s ynthesis of these Lyapunov functions is more of an art 

than a science, as methods for the cons t r u c t i o n  of a 

Lyapunov f u nction for which the corresponding region of 

asymptotic stability is of significant size are not known 

for most non linear systems.
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Control of the reactor is accomplished by making the flow 

of the coolant through the reactor cooling coils a 

function of the reactor temperature.

The further the temperature of reactant A lies above the 

steady state temperature then the more the coolant flow 

control valve is open to enhance cooling and a more 

expedient approach to equilibrium

Formerly, heat was removed to the coolant at a rate Q, 

where :

^ G L  = J&s A  ( y - \ )  J/sec D . 2

A ...... Coil surface area m2

T c .... Coolant temperature ( K)

h ...... Heat transfer coefficient (J/m^ k/sec)

The heat transfer coefficient evaluated at steady state 

(hs ), relates to the material of c o n struction of the 

reactor and thermal p roperties of the constituents and is 

assumed constant over the temperature intervals 

concerned

Thus Q .  = D 3

In the case of p r o p o r t î o n a 1 c o n t r o 1 more heat ls removed 

to the coolant by increasing the coolant flowrate The 

degree of increase of coolant flowrate is directly 

proportional to the magnitude of the constituents 

temperature above steady state.

T hus  Q . ? = f t ( t  + V ( T - T ^ ) ( T - T c )  D .4

This simple linear interpolation will effect proportional 

control, and is the appropriate model for heat removal.

A CONTROL MODEL - FOR THE C.S.T.R
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'*)„The enthalpy balance with control now becomes

f  V/ Cf i T = "X f  F.CP(VTo) + (-6W) v l t  -VO^ D5
where U* is the heat removal rate to the coolant per 

unit volume- It is a function of T and the temperature 

and flow rate of the coolant.

Reparameter 1 zing as before, and noting that

D . 6i  ■ w ->  *
and fcp = T r ^ D.7

X = -K f f C l ' X W l T f W )  D-B

= - ^ D-9

Some points worth noting;

1) The cooling term has now became a quadratic 

f unction in y

2) At y = y Sj j : j = 1, 2, 3, whether there are

one, two or three real solutions, then this two 

dimensional non linear system has the same 

steady state solution sets as the model without 

c o n t r o 1.

3) The proportional control model is a localised 

one as Y 5> j is specific to the steady state in 

quest i o n .

The Jacobian for this system at a particular steady state

is

/C>f' *f*\
7 , (Si- ( * ;  £ L *

die ' 31( t » i f s
This new Jacobian now becomes

I - «
7 n  =  » ’ » S  1

^ f '  • ( , , w
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The Trace of the original system with cooling was 

The Determinant of the original system was

D 10

- ( w ) ) D 11

For the model w_i th c o n t r o l , these new funct ions now 

evolve as

- P tCf h s - 1!«) D-12

Of 1 (j») - Of! ( \ )  t f  Kp i r r ^ r f ) D . 13

Thus the stability of a critical point may be altered by 

proportional control.

In examining the nature of stability of the C.S.T.R. with 

control one must firstly examine the sign of the Trace 

and Determinant functions as given above.

The following two axioms are a basis for the control 

r a t l o n a l e .

i )  T *  > T c
This means that cooling is occurring: not heating. That 

is, at steady state heat is being removed from the 

reactor. This is a thermodynamic prerequisite, as the 

r eaction is exothermic, and the rate of heat generation 

will equal the rate of heat removal at steady state.

D imensionlessly this implies that;

> o
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2) o  <C*,S <C*|F
This means that at steady s t a t e , the concentrât ion of 

species A in the reactor is always less than the feed 

concentration. This is because  A is being converted to B

= >  o  < - £ * * -  < i

D i m e n s i o n l e s s l y , this implies that;

O < < \

From the above two e x pressions it follows that

D. 14( >  -  "> c )  > Û

°  D<15 

Given (|> = (f 0 1 6

and © = P y sc  ) D- 17

where ^  and ©  are strictly positive functions in the 

domain specified for this problem then the control model 

may be further abbreviated as follows.

TfcC5*)= Ta (T.) -  V̂Cf d is

bei 0 ) =  bei (To) + 1c? © d. i9

It directly follows that T n ( J ^  may always be made 

negative, and Dei (.Tn ) may always be made positive by 

choice of a suitably positive value of K p ; where Kp 

is the perfect variable proportional feedback controller 

gain.
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Proof of the following p r o p o sition now becomes immediate 

by employing the ROUTH - HURWITZ criteria.

Proposition D.l Given that the response of a perfect

controller is proportional to the deviation from "steady 

s t a t e “ then local a s y m p t o t ic control may always be 

attained by sufflcient amplification of the signal.

Corollary D.E If is stable without control,

then for K p ^ O »  it remains stable with control.

Proof D.E

Given Tft i\) < 0  

and O d  (1o\ > 0

then for TfttTw) = TftCM -Tcj, 0  

and 0 C l ( 7 * ) =  O f t ( T i l * l i p  0
where ^ , 0 ,  Kj> are all positive 

then Til(lN)< 0 

and 0eiCiwi> o

and stability with control is still attained.

Corollary D 3 For Kp^O, local control improves 

stability of the steady state solution set

Proof D 3

From D.2 it follows

Tb(X»)< TrtOoi 
and Dei(Jw)> DetiJo)

Noting (.‘»«t’J«!) "V/ +-Dir(T*) = O

then = (T*. (Tm) £■ J  } I 2.

where = ( T*  1 -*1 Oct (T n).

then the e i g e n values of the Jacobian become more negative 

and stability is strengthened-

16  ”^ n  < * ^ o  < O , D .ao
The rate of approach to e q uilibrium is accelerated.
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NUMERICAL EXAMPLE OF PROPORTIONAL CONTROL - SADDLE POINT

Assumptions Coolant and feed temperatures are equal 

throughout the reaction.

Given: <k =21 , = 3 , ^  = O , }f , 5* = M,
Comment s Multiplicity exists, by sect ion 3.2.

One solution set is

A saddle point

Tan*) = 2 n%*» > o From programme

OeitToV = - s m *  < O  numerical results

Examining the control model yields the following 

calculations
»

t ~ = o

= n a  
© 5 = m

and

TRtiwj= *  y-Mh - 'k p  1 t s z i t  
Ocr(J#) = »  5l»t«8+'lCi» m i s » )
Tft(lw) = O i f  = O *&)(>

0*-t(T*) = O Ki* = OOWJ
Conclusions Local stability requires

Thus for K p >  » . a rapid approach to a stable steady 

state, which originally was unstable without control, 

will be achieved. *0
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