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ABSTRACT

Servo control of motors has important applications m  

such areas as robotics, numerically controlled machines 
and 'fly by wire* aircraft systems. The development of 
high power high coercivity magnetic alloys, such as 
samarium cobalt, has led to the advent of the brushless 
dc machine, which offers a more advantageous 
alternative to the brush machine. The brushless DC 
machine eliminates the need for brush contacts, through 
the use of electronic commutation. It has better 
thermal characteristics, as the rotor does not carry 
any current, and the rotor moment of inertia tends to 
be smaller than an equivalent brush machine. To 
achieve servo performance with a brushless dc machine 
requires the control of the motors torque angle. This 
thesis proposes digital control schemes for torque 
angle control, presents a simulation of the motor 
system with the schemes implemented, and concludes that 
digital schemes are more advantageous than analog 
control schemes, m  the context of torque angle control 
of a brushless DC system.
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Summary

The objective of the research undertaken was to develop 
a digital current control system for a brushless dc 
motor. The project was sponsored by Moog Ireland, and 
the test motor and controller used was the Moog 304-8 
brushless dc motor and control system.

The introductory chapter to this thesis provides some 
general background information to motors. The 
information is presented in the form of a historical 
perspective, which traces motor development to the 
present age, and a theoretical overview which presents 
a summary of the basics of machine theory.

In chapter two, machine theory is developed along 2 
parallel paths, resulting m  2 separate models, le the 
3 phase model and the DQ model representing the same 
system. The superior model is indicated and its 
advantages highlighted. Both models, however are used 
in subsequent chapters.

Power conversion methods used in machine propulsion are 
discussed m  chapter 3. The advantages of PWM over the 
six step sine wave approximation are indicated. The 
harmonic spectrum of a PWM wave is developed 
mathematically and the results compared to the 
experimentally obtained spectrum. A substantial 
harmonic distortion effect discovered in the course of 
experimental work is quantified using a defined ratio 
called the "harmonic distortion ratio". Possible 
causes of the harmonic distortion are proposed and the 
actual effects of the distortion are highlighted. 
Although an apparently major effect no documentation m  
the form of papers or text books has been found it.
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The parameters for the equations presented m  chapter 
two are experimentally derived in chapter four, for the 
test motor. The parameters are derived for the cases 
of both model representations. The condition of a 
90° torque angle is chosen as a special case and the 
simplification of the DQ model resulting from such a 
condition is stressed. The transfer function 
pertaining to this model is evaluated and presented.

Chapter five uses the models developed in chapter four 
to enable the design of suitable current control 
schemes. The design of a 3 phase controller uses a 
bode plot based procedure while a DQ controller is 
designed using the method of root locus. More than one 
control structure is proposed m  both the case of 3 
phase control and DQ control and the associated merits 
and demerits of each scheme are discussed.

A simulation of both motor and controller is performed 
m  chapter six. This enables the controllers proposed 
in chapter five be tested and fully evaluated without 
the necessity of physical implementation.

In chapter seven a digital control system is designed 
using a selected microprocessor. The basis for 
choosing the microprocessor type is outlined and the 
effect of the sampling rate on the choice of PWM 
generation method is stressed.
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1. Introduction

1.1 Historical Perspective

1.1.1 The principle of electromechanical power 
conversion was first demonstrated by Michael Faraday in 
1821. Using a simple rig comprising a current carrying 
conductor and magnet he demonstrated that interaction 
between the magnetic fluxes of the magnet and conductor 
produced a torque, which resulted m  rotation. [E1,E2]

1.1.2 The first simple DC machine was demonstrated by 
the American, Joseph Henry, using a battery, an 
electromagnet and a simple commutation device. This 
was not a commercially viable machine and it was not 
until the 1870s with the invention of the DC generator 
that the first practical DC motors appeared. In the 
1880s work done by the English inventors Crompton and 
Hopkmson produced the first commercial DC motors. 
[E1,E2]

1.1.3 Pioneering work carried out by the Italian 
Ferrans produced the first induction machine.
Ferraris produced a rotating flux wave using a split 
single phase. He did not realise the commercial 
viability of the motor, and the invention of the 
induction motor is generally accredited to Nikola 
Tesla. Tesla independently discovered the principle of 
the rotating flux wave, but with foresight he patented 
the idea, along with the induction motor, and sold the 
rights to the Westmghouse Corporation. [E1,E2]
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1.1.4 The invention of the Synchronous machine was a 
logical progression from the induction machine using, 
as it does, the principle of the rotating flux wave.
The motor was developed by Westmghouse based on 
Tesla's ideas and it was seen as an improvement on the 
induction motor.

1.1.5 The second member is that part of the motor that 
interacts with the rotating flux wave to produce 
motion. This member has to have a flux associated with 
it. In the induction machine this flux is produced by 
the rotating flux wave itself. In the DC machine and 
synchronous machine it is produced independently.
There are 2 methods to generate this flux. The use of 
an electromagnet, or the use of permanent magnets. In 
the case of the synchronous machine, using permanent 
magnets eliminates the need for brush contacts.

In a servo context such a machine is commonly referred 
to as a brushless DC machine, by analogy with a 
permanent magnet DC machine with inverted (or inside 
out) topology, le magnets on the rotor. Position 
sensing and current switching are then done 
electronically, rather than by brush/commutator 
arrangement.
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1 . 2 .  T h e o r e t i c a l  o v e r v i e w  o f  s y n c h r o n o u s  m o to r s  and 
c o n t r o l l e r s

1 . 2 . 1  The s y n c h r o n o u s  m ac h in e

The o p e r a t i o n  o f  t h e  s y n c h r o n o u s  m ach in e  d e p e n d s  on t h e  
p r i n c i p l e  o f  a  r o t a t i n g  m a g n e to m o t iv e  f o r c e  (mmf) wave.  
S y n c h ro n o u s  m a c h in e s  a r e  p o l y p h a s e  m  o p e r a t i o n ,  and 
t h e  c o r r e c t  g e n e r a t i o n  o f  t h e  mmf d e p e n d s  on two 
f a c t o r s :

1. The s t a t o r  c o i l s  a r e  d i s t r i b u t e d  m  s p a c e  w i t h  t h e  
c o r r e c t  s p a c i a l  p h a s e  a n g l e  s e p a r a t i n g  a d j a c e n t  c o i l s .  
The e x p r e s s i o n  g o v e r n i n g  t h e  s p a c i a l  d i s t r i b u t i o n  i s :

0 « 27r/n m e c h a n i c a l  r a d i a n s

w h ere  n  i s  t h e  number o f  p h a s e s ,  and  0 i s  t h e  p h a s e
a n g l e  [ B 1 ,B 2 ,B 3 ] .

2 .  The v o l t a g e s  d r i v i n g  t h e  c o i l s  a r e  b a l a n c e d ,  m  
t h a t  t h e i r  m a g n i t u d e s  a r e  e q u a l  and  t h e  p h a s e  
d i f f e r e n c e  i n  t i m e  b e tw e e n  a d j a c e n t  c o i l s  i s  
r e p r e s e n t e d  by :

0 ' = 2n/n  e l e c t r i c a l  r a d i a n s

w here  n i s  a s  d e f i n e d  a b o v e .  The r e l a t i o n s h i p  b e tw e e n  
s p a c i a l  a n g l e  and e l e c t r i c a l  a n g l e  i s

0* = P0 r a d i a n s

w here  P i s  t h e  number o f  m a g n e t i c  p o l e  p a i r s  on t h e  
r o t o r  [B 1 ,B2 ,B3]



The p r o d u c t i o n  o f  a  r o t a t i n g  mmf a l o n e  i s  n o t  
s u f f i c i e n t  t o  p r o d u c e  r o t a t i o n .  T h i s  mmf i n t e r a c t s  
w i t h  t h e  f l u x  on  t h e  r o t o r  t o  p r o d u c e  t o r q u e  and h e n c e  
m o t i o n .  In  t h e  c a s e  o f  a  p e rm a n e n t  m ag ne t  m a c h in e ,  t h e  
r o t o r  f l u x  i s  g e n e r a t e d  by  d i s t r i b u t e d  m a g n e t s ,  ev en  i n  
number ,  w i t h  a l t e r n a t e  n o r t h  and  s o u t h  p o l e s  p o i n t i n g  
r a d i a l l y  o u t w a r d s .  The mmf waves  o f  t h e  s t a t o r  and 
r o t o r  m us t  be  c o m p le m e n ta ry  m  sh a p e  m  o r d e r  t o  
p r o d u c e  a  sm ooth  i n t e r a c t i n g  t o r q u e  d u r i n g  r o t a t i o n .  
Some m a c h in e s  a r e  d e s i g n e d  f o r  t r a p e z o i d a l  mmf p r o f i l e s  
a l t h o u g h  much more commonly s i n u s o i d a l  p r o f i l e s  a r e  
u s e d .  The s p a c i a l  f l u x  (mmf) waves p r o d u c e d  by  t h e  
w i n d i n g s  and  m ag n e ts  i n  t h i s  c a s e  may n o t  be  e x a c t l y  
s i n u s o i d a l ?  h o w e v e r ,  t o  a  good a p p r o x i m a t i o n ,  t h e  f i r s t  
f o u n e r  h a rm o n ic  c a n  be  u s e d  t o  r e p r e s e n t  them .  D u r in g  
m ach in e  o p e r a t i o n  a  p h a s e  a n g l e  e x i s t s  b e tw e e n  t h e  
r o t a t i n g  mmf and  t h e  f i r s t  h a rm o n ic  o f  t h e  r o t o r  f l u x  
d i s t r i b u t i o n .  T h i s  a n g l e  i s  known a s  t h e  t o r q u e  a n g l e ,  
and  i t  d e t e r m i n e s  t h e  amount  o f  t o r q u e  t h e  m ach in e  c a n  
g e n e r a t e .  T o rq u e  i s  a l s o  d e p e n d a n t  on t h e  m a g n i t u d e s  
o f  b o t h  t h e  s t a t o r  ( r o t a t i n g )  mmf and  t h e  m a g n i tu d e  of  
t h e  r o t o r  mmf f i r s t  h a r m o n i c .  The e x a c t  e x p r e s s i o n  f o r  
t o r q u e  i s ,

T -  k . F s . F r . S m e  Nm

w here  F r e p r e s e n t s  mmf, and  € i s  t h e  t o r q u e  a n g l e  
[B 1 , B 2 , B3_l _ _

The s p e e d  o f  a  s y n c h r o n o u s  m ach in e  i s  d e t e r m i n e d  s o l e l y  
by  t h e  f r e q u e n c y  o f  t h e  r o t a t i n g  mmf wave.  In  
p a r t i c u l a r

- wE/p

w here  i s  t h e  e l e c t r i c a l  f r e q u e n c y  and Wm i s  t h e  
m e c h a n i c a l  f r e q u e n c y .  [B 1 ,B 2 ,B 3 ,B 4]



1 . 2 . 2  V a r ia b le  sp eed  p r o d u c t io n

V a r i a b l e  s p e e d  c a n  be  a c h i e v e d  on a  s y n c h r o n o u s  m ac h in e  
by  v a r y i n g  t h e  e x c i t a t i o n  f r e q u e n c y  on t h e  s t a t o r  
w i n d i n g s .  To a c h i e v e  s e r v o  p e r f o r m a n c e  in  a  
s y n c h r o n o u s  m a c h in e ,  o r  m  o t h e r  w ords  t o  p r o d u c e  a  
b r u s h l e s s  DC m a c h in e ,  a  c o n t r o l  s t r u c t u r e  l i k e  t h a t  o f  
F i g u r e  ( 1 - 1 )  i s  u s e d .  In  g e n e r a l ,  t h e  v o l t a g e  a p p l i e d  
t o  t h e  m ach in e  w i n d i n g s  i s  n o t  s i n u s o i d a l ,  b u t  c o n t a i n s  
a  f i r s t  h a rm o n ic  o f  t h e  d e s i r e d  f r e q u e n c y  and m a g n i tu d e  
o f  e x c i t a t i o n .  T h e r e  a r e  two m a m  m ethods  o f  
g e n e r a t i n g  s u c h  a  h a rm o n ic :

1. S i x  s t e p  s i n e  wave a p p r o x i m a t i o n
2 .  P u l s e  w i d t h  m o d u l a t i o n

The two m e tho d s  a r e  d e s c r i b e d  b e lo w .

1.  S i x  s t e p  s i n e  wave a p p r o x i m a t i o n

T h i s  can  be  im p lem en ted  u s i n g  a  power c o n v e r t e r  
[ P 1 ,B 4 ,B 5 ,B 6 ] m  c o n j u n c t i o n  w i t h  d i g i t a l  h a rd w a r e  
[B6 ] . The power c o n v e r t e r  g e n e r a l l y  c o n s i s t s  o f  an  n 
p h a s e  i n v e r t e r - b r l d g e  f e e d i n g  t h e  n  p h a s e s  o f  t h e  
m o to r .  In  t h e  c a s e  o f  a  3 p h a s e  m o to r  t h e  s w i t c h i n g  
s e q u e n c e  g e n e r a t e s ,  i n  a  s i n g l e  p h a s e ,  a  s i n e  wave 
a p p r o x i m a t e d  i n  s i x  s t e p s .  The h i g h e r  h a r m o n ic s  o f  
t h i s  wave t e n d  t o  be  l a r g e  m  m a g n i tu d e  and a t  lower  
m ac h in e  s p e e d s  when t h e  m ach in e  im pedance  i s  s m a l l  
t h e s e  s e r v e  o n l y  t o  g e n e r a t e  l o s s e s  in  t h e  m o to r .

2 .  P u l s e  w i d t h  m o d u l a t i o n

T h i s  t e c h n i q u e  u s e s  a  h i g h  f r e q u e n c y  c a r r i e r ,  m o d u la t e d  
by  a  s i n e  wave o f  d e s i r e d  f r e q u e n c y  and m a g n i t u d e ,  m
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c o n j u n c t i o n  w i t h  a  power c o n v e r t e r  b r i d g e  
[ P i , P 2 , P 4 , P 5 , P 7 , B 4 , B 5 , B 6 ] . U n l i k e  t h e  s i x  s t e p  
a p p r o x i m a t i o n  t h i s  t e c h n i q u e  d o e s  n o t  p r o d u c e  any  
s i g n i f i c a n t  h a r m o n i c s ,  e x c e p t  a t  m u l t i p l e s  o f  t h e  
c a r r i e r  f r e q u e n c y .  B e c a u se  o f  t h i s ,  p u l s e  w i d t h  
m o d u l a t i o n  i s  g e n e r a l l y  t h e  p r e f e r r e d  method of  
v a r i a b l e  s p e e d  p r o d u c t i o n ,  w h e re  t e c h n i c a l l y  f e a s i b l e .

1 . 2 . 3  Power C o n v e r s i o n

T h e r e  a r e  2 m ain  t y p e s  o f  power c o n v e r t e r  u se d  in  
v a r i a b l e  s p e e d  p r o d u c t i o n .  T h ese  a r e :

1. The c u r r e n t  s o u r c e  I n v e r t e r  (CSI)
2 .  The v o l t a g e  s o u r c e  I n v e r t e r  (VSI)

T h e i r  p r i n c i p l e s  o f  o p e r a t i o n  a r e  d e s c r i b e d  be lo w .

1.  The C u r r e n t  S o u r c e  I n v e r t e r

The CSI p r o v i d e s  a  c o n s t a n t  s o u r c e  o f  c u r r e n t  m  t h e  
m otor  p h a s e s .  I t  i s  g e n e r a l l y  u s e d  c o n j o i n t l y  w i t h  t h e  
s i x  s t e p  s i n e  wave a p p r o x i m a t i o n  t o  p r o v i d e  a  m ea su re  
o f  open  lo o p  c u r r e n t  c o n t r o l  [B6 ] .  The CSI 
dyn am ics  d o m in a t e  t h e  m o to r  w i n d i n g  e l e c t r i c a l  
dy n am ics  by  c i r c u m v e n t i n g  t h e  v o l t a g e  t o  c u r r e n t  s t a g e .  
B e c a u se  o f  t h i s  t h e  CSI d yn a m ics  d i c t a t e  t h e  s y s t e m  
d y n a m ic s ,  w h ic h  i s  d i s a d v a n t a g e o u s , a s  t h e  CSI t e n d s  t o  
be  s l u g g i s h  d y n a m i c a l l y .  The a d v a n t a g e s  o f  t h e  CSI a r e  
t h a t  i t  i s  s i m p l e  i n  s t r u c t u r e f e a s y  t o  c o n t r o l  i n  t h a t  
i t  c a n  e a s i l y  be  o p e r a t e d  in  t h e  open  lo o p  c u r r e n t  
mode.
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2 .  The V o lta g e  Source  In v e r te r

The VS I c o m p r i s e s  a  v o l t a g e  s o u r c e  a p p l i e d  t o  t h e  
t e r m i n a l s  o f  t h e  i n v e r t e r  b r i d g e  [B6 ] .  The method o f  
v a r i a b l e  f r e q u e n c y  and m a g n i tu d e  s i g n a l  g e n e r a t i o n  w i t h  
VSI c a n  be  t h e  s i x  s t e p  a p p r o x i m a t i o n  o r  PWM.
D i f f e r e n t  h a r d w a r e  c o n f i g u r a t i o n s  a r e  n e c e s s a r y  f o r  
e a c h  m ethod ,  however  [B 4 ,B 6 ] .  The s i x  s t e p  
a p p r o x i m a t i o n  r e q u i r e s  a  v a r i a b l e  v o l t a g e  s o u r c e ,  
w h e r e a s  PWM r e q u i r e s  a  f i x e d  v o l t a g e  s o u r c e .  B e c a u se  
o f  t h i s ,  PWM i s  t h e  p r e f e r r e d  v a r i a b l e  f r e q u e n c y  
g e n e r a t i o n  m ethod  w i t h  v o l t a g e  s o u r c e  i n v e r t e r s .

1 . 2 . 4  C u r r e n t  C o n t r o l

Power c o n v e r t e r s  p r o v i d e  a  means o f  v a r y i n g  v o l t a g e  and 
h e n c e  c u r r e n t  i n  a  s y n c h r o n o u s  m o t o r ' s  w i n d i n g s .  A lone  
t h e y  do n o t  p r o v i d e  c o n t r o l ,  so  i t  i s  n e c e s s a r y  t o  
i n c o r p o r a t e  w i t h i n  t h e  s y s t e m ,  s e p a r a t e  c o n t r o l  
h a r d w a r e .  The CSI i n h e r e n t l y  p r o v i d e s  c u r r e n t  c o n t r o l  
b u t  t h e  VSI d o e s  n o t .  To a c h i e v e  good dynamic  
p e r f o r m a n c e  m  t h e  m o to r  t h e  c u r r e n t  l o o p  n e e d s  t o  be  
c l o s e d  a r o u n d  t h e  s y n c h r o n o u s  m o to r s  w i n d i n g s .  T h i s  
l e a v e s  two p a r a m e t e r s  t o  c o n t r o l .  The p h a s e  a n g l e  o f  
t h e  c u r r e n t  ( w i t h  r e s p e c t  t o  t h e  b a c k  e m f ) ,  and t h e  
m a g n i tu d e  o f  t h e  c u r r e n t  [B 1 ,B 2 ,B 3 ] .

The c u r r e n t  m  t h e  s t a t o r  w i n d i n g s  o f  a  s y n c h r o n o u s  
m ac h in e  i s  p r o p o r t i o n a l  t o  t h e  m a g n i tu d e  o f  t h e  
r o t a t i n g  s t a t o r  mmf wave.  T h i s  makes i t  p r o p o r t i o n a l  
t o  t h e  t o r q u e  g e n e r a t e d ,  f o r  a  p e rm a n e n t  m agne t  m ach ine  
Under f i x e d  t o r q u e  a n g l e  c o n d i t i o n s ,  t o r q u e  c o n t r o l  i s  
a c h i e v e d  w i t h  c u r r e n t  m a g n i tu d e  c o n t r o l .  Good w id e b an d  
c u r r e n t  c o n t r o l  i s  n e c e s s a r y  f o r  h i g h  s p e e d  s e r v o  m oto r  
p e r f o r m a n c e .
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C o n t r o l l i n g  t h e  p h a s e  a n g l e  o f  t h e  c u r r e n t  a l l o w s  t h e  
e x t e n s i o n  o f  t h e  m o to r s  s p e e d  r a n g e .  When c u r r e n t  and 
b a c k  emf a r e  m  p h a s e  t h i s  means a  t o r q u e  a n g l e  o f  
90° e x i s t s  b e tw e e n  t h e  2 m m f ' s .  The b a c k  emf i s  
p r o p o r t i o n a l  t o  s p e e d ,  b u t  by  d e c r e a s i n g  t h e  t o r q u e  
a n g l e  b e lo w  90° ( o r  i n c r e a s i n g  t h e  a n g l e  b e tw e e n  t h e  
c u r r e n t  and  b a c k  emf) t h e  c o n s t a n t  o f  p r o p o r t i o n a l i t y  
d e c r e a s e s .  T h i s  means t h a t  f o r  a  c e r t a i n  s p e e d , l e s s  
d r i v i n g  v o l t a g e  i s  r e q u i r e d  w i t h  i n c r e a s e d  a n g l e  t h a n  
w i t h  90° t o r q u e  a n g l e .  So t h e  maximum m a g n i tu d e  o f  
e x c i t a t i o n  v o l t a g e  a v a i l a b l e  i s  c a p a b l e  o f  d r i v i n g  t h e  
m ac h in e  a t  h i g h e r  s p e e d .  The t e c h n i q u e  o f  t o r q u e  a n g l e  
d e c r e a s e  i s  known a s  f i e l d  w e a k e n in g .

A t o r q u e  a n g l e  o f  90° i s  o f  s p e c i a l  s i g n i f i c a n c e  m  
c u r r e n t  c o n t r o l .  Under t h i s  c o n d i t i o n  m o to r  dynamic  
a n a l y s i s  c a n  be  g r e a t l y  s i m p l i f i e d ,  u s i n g  an  a x i s  
t r a n s f o r m a t i o n  [ B 2 , B 3 , P 8 , P 9 , P 1 0 ] , and  t h e  r e s u l t a n t  
e q u a t i o n s  t u r n  o u t  l i n e a r  in  fo rm .  T h ese  e q u a t i o n s  
d i r e c t l y  p a r a l l e l  t h e  e q u a t i o n s  o f  t h e  DC b r u s h  m o to r .  
T h i s  c i r c u m s t a n c e  j u s t i f i e s  t h e  p e rm a n e n t  m agne t  
s y n c h r o n o u s  m ac h in e  t o  be  c a l l e d  a ^ b r u s h l e s s  DC m o to r .

1 . 2 . 5  A p p ro a ch e s  t o  C u r r e n t  C o n t r o l  Hardware

C u r r e n t  c o n t r o l  can  be  im p lem en ted  i n  e i t h e r  a n a l o g  or  
d i g i t a l  fo rm .  The t e s t  m o to r  and  c o n t r o l l e r  u s e s  
a n a l o g  c u r r e n t  c o n t r o l  m  i t s  p r e s e n t  fo rm .  I t  was 
d e c i d e d  t o  r e p l a c e  t h i s  w i t h  d i g i t a l  c o n t r o l  u s i n g  an 
80186 m i c r o p r o c e s s o r  s y s t e m ,  t o  b e n e f i t  f rom  a l l  t h e  
f l e x i b i l i t y  a d v a n t a g e s  t h a t  e n s u e  The 80186 p r o c e s s o r  
i t s e l f  i s  16 b i t  and  r u n s  a t  a  c l o c k  f r e q u e n c y  o f  8 

MHz. I t  a l s o  c o n t a i n s  some i n b u i l t  p e r i p h e r a l  d e v i c e s ,  
u s e f u l  m  a  s y s t e m  i m p l e m e n t a t i o n .  D i g i t a l  c o n t r o l  
a l l o w s  t h e  e a s y  t u n i n g  and c h a n g i n g  o f  c o n t r o l
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a l g o r i t h m s ,  and  a l s o  t h e  i m p l e m e n t a t i o n  o f  a d v a n c e d  
c o n t r o l  s t r u c t u r e s  s u c h  a s  a d a p t i v e  c o n t r o l .  In t h e  
c o n t e x t  o f  t h i s  t h e s i s  t h e  m o s t  a p p l i c a b l e  a d v a n t a g e  
was t h e  e a s e  o f  t u n i n g  and c h a n g i n g ,  a s  i t  was 
e n v i s a g e d  t o  im p lem en t  and  t e s t  a  v a r i e t y  o f  
c o n t r o l l e r s  i n  t h e  c u r r e n t  l o o p .

1 . 2 . 6  The t e s t  m o to r ,  d e s c r i b e d  m  a p p e n d i x  ( 6 ) ,  i s  a  
c u r r e n t  d r i v e n  b r u s h l e s s  DC m ach ine  u s e d  i n  s e r v o  
a p p l i c a t i o n s .  T h i s  b e i n g  t h e  c a s e  t h e  w e i g h t  o f  t h e  
t h e o r y  p r e s e n t e d  i n  t h i s  t h e s i s  i s  p a r t i c u l a r  t o  t h e  
b r u s h l e s s  DC m a c h in e .
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2 .  The g e n e r a l  t h e o r y  o f  AC syn ch ron ous m achines

2 . 1  The AC s y n c h r o n o u s  m a c h in e :  a  p h y s i c a l  
d e s c r i p t i o n

2 . 1 . 1  The AC s y c h r o n o u s  m ac h in e  c a n  g e n e r a l l y  be 
s u b d i v i d e d  i n t o  two m a jo r  e l e m e n t s ,  t h e  r o t a t i n g  member 
o r  r o t o r ,  and  t h e  s t a t i o n a r y  member o r  s t a t o r .  In  
s e r v o  a p p l i c a t i o n s  f o r  t h e  p u r p o s e  o f  low i n e r t i a ,  and  
h e n c e  low m e c h a n i c a l  t i m e  c o n s t a n t ,  t h e  p h a s e  c o i l s  a r e  
u s u a l l y  s i t u a t e d  on  t h e  s t a t o r .  T h i s  a l s o  a l l o w s  t h e  
e l i m i n a t i o n  o f  b r u s h  c o n t a c t s ,  and  p r o d u c e s  a  m ach ine  
w i t h  b e t t e r  t h e r m a l  c o n d u c t i v i t y .  The r o t o r ,  w h ic h  i s  
s i t u a t e d  i n s i d e  t h e  s t a t o r  c o n t a i n s  t h e  o t h e r  f l u x  
p r o d u c i n g  e l e m e n t ,  e i t h e r  p e rm a n e n t  m ag n e ts  o r  a  
d i s t r i b u t e d  f i e l d  c o i l .  S i n c e  i n  t h e  c o u r s e  o f  
e x p e r i m e n t a l  work ,  t h e  m o to r  u s e d  was a  MOOG 304-8  
p e rm a n e n t  m ag n e t  s y n c h r o n o u s  m a c h in e ,  a l l  t h e o r y  
p r e s e n t e d  w i l l  be  f o r  a  p e rm a n e n t  m agne t  m ach ine  [ B l ] .

2 . 1 . 2  F i g u r e  (2 1) shows a  c r o s s  s e c t i o n  o f  t h e  
m a c h in e ,  w i t h  t h e  s t a t o r  and  r o t o r  s e c t i o n s  c l e a r l y  
i n d i c a t e d .  The s t a t o r ,  m arked  S, c o m p r i s e s  t h e  
c o n d u c t o r s  f o r  t h e  3 p h a s e s ,  s p a c i a l l y  d i s t r i b u t e d  
a ro u n d  t h e  p e r i p h e r y .  The r o t o r ,  marked  R, c o n s i s t s  o f  
a  s h a f t  on w h ic h  a r e  m ounted  t h e  m agne t  p o l e  p a i r s .  
F i g u r e  ( 2 . 2 )  shows t h e  d i a g r a m m a t i c a l  r e p r e s e n t a t i o n  of  
t h e  s t a t o r ,  e a c h  c o i l  shown a s  i t s  e q u i v a l e n t  
i n d u c t a n c e  and t h e  s p a c i a l  d i s p l a c e m e n t  b e tw e e n  
a d j a c e n t  c o i l s  shown a s  an  a n g l e  m  r a d i a n s .  The c o i l  
d i r e c t i o n  i n d i c a t e d  i s  c a l l e d  t h e  c o i l  a x i s .  F i g u r e
( 2 . 3 )  shows a  m o to r  w i t h  two m agne t  a r r a n g e m e n t  
p o s s i b i l i t i e s .  A r r a n g e m e n t  A i s  g e n e r a l l y  u s e d  w i t h  
w eaker  m ag n e ts  su c h  a s  a l n i c o .  B e ca u se  t h e  m ag n e ts  a r e  
embedded i n t o  i r o n ,  and  a s  i r o n  h a s  a  h i g h e r
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p e r m e a b i l i t y  t h a n  a i r ,  a r r a n g e m e n t  A h a s  h i g h  s a l i e n c y .  
A r ra n g e m e n t  B w h ic h  i s  u s e d  w i t h  more p o w e r f u l  m ag n e ts  
s u c h  a s  sam ar ium  c o b a l t  e x h i b i t s  a l m o s t  z e r o  s a l i e n c y .  
T h i s  i s  t h e  a r r a n g e m e n t  u s e d  m  t h e  t e s t  m o to r .

2 . 1 . 3  The c u r r e n t s  i m p r e s s e d  i n  t h e  p h a s e  c o i l s  a r e  
s i n u s o i d a l  m  n a t u r e ,  and  t h e s e  p r o d u c e  m  t u r n  
s i n u s o i d a l  f l u x e s . In  p a r t l c u l a r

I A = 111 Cos (W e . t )  ................................................( 2 . 1 )
IB = 111 Cos (We.t-27773) . (2 2)
I c  = j 11 . Cos ( W e . t - 477/ 3 ) . (2 3)

and

Ba = IBI Cos ( W e . t )  ................................................( 2 . 4 )
Bb = | b | .  C o s  (We. t - 2 7 r / 3 ) (2 5)
Bc  -  | b | .  C o s  ( W e . t - 47r / 3 ) (2 6 )

w here  B^, Bg, Bq a r e  t h e  a i r  gap  f l u x  d e n s i t i e s
g e n e r a t e d  by  t h e  A, B and C p h a s e s  r e s p e c t i v e l y .

2 . 1 . 4  R e f e r r i n g  t o  f i g u r e  ( 2 . 2 ) ,  t h e  f l u x e s  p r o d u c e d  
r a d i a t e  o u t w a r d s  a c r o s s  t h e  a i r g a p  m  t h e  d i r e c t i o n  
i n d i c a t e d .  S i n c e  t h e  s t a t o r  i s  f i x e d  in  r e l a t i o n  t o  
t h e  a i r g a p ,  an y  p o i n t  on t h e  a i r g a p  w i l l  e x p e r i e n c e  a  
t i m e  v a r y i n g  f l u x  whose m a g n i tu d e  i s  t h e  sum m at ion  o f  
t h e  f l u x  c o n t r i b u t i o n s  o f  e a c h  c o i l  a t  t h a t  p o i n t .  
C o n s i d e r  p o i n t  P m  t h e  a i r g a p ,  d i s p l a c e d  an  a n g l e  a 
f rom  t h e  A p h a s e .  The t o t a l  f l u x  a t  p o i n t  P i s :

Bp = |B |  .CosW etCosa+ |B |Cos(e-277-/3)Cos(27T/3-a)
+ 1B | C o s(0 —47T/3 ) Cos ( 477/ 3—a) ........................ ( 2 . 7 )
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Using the laws of trigonometry, equation (2.7) can be 
reduced to

Bp = 3 IB 1 Co3(Wet-a)
2

which is a time varying function.

As the flux magnitude at point P is time variant, and 
in particular sinusoidal it can be concluded that 
sinusoidal currents of the nature of (2.1, 2.2, 2.3) 
produce a rotating flux wave in the air-gap.

2.1.5 Figure (2.4) illustrates the flux distribution 
produced by the magnets on the rotor. Only one pole 
pair is shown, and it will be assumed that the period 
is 2t t . Fringing between the magnets is neglected.
Using Fourier series theory the magnitude of the first 
harmonic is:

Ib r i I = 2Bm/77’ (Cos R - Cos (tf-R) ] ............(2.8)

Neglecting upper harmonics, the fundamental is used to 
represent the flux produced by the rotor magnets. With 
the rotor stationary, reference to figure (2.3) shows 
that the magnets in effect produce a standing wave of 
flux, whose period in space is 27t mechanical radians.

2.2 The AC synchronous machine: a mathematical
descr iption

2.2.1 To derive the electrical equations of the 
synchronous machine it is necessary, only, to derive 
the equations for a single phase coil, and using the 
assumption that the phase coils are balanced in their 
distribution around the stator, the equations for the
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r e m a i n i n g  c o i l s  c a n  be  o b t a i n e d  [ B 2 ] . The e l e c t r i c a l  
c h a r a c t e r i s t i c s  o f  a  c o i l  c a n  be  s u b d i v i d e d  i n t o  3 
a r e a s :

1 ) s e l f  e f f e c t s
2 ) m u t u a l  e f f e c t s  b e tw e e n  p h a s e  c o i l s
3 ) m u t u a l  e f f e c t s  b e tw e e n  p h a s e  c o i l s  and  r o t o r  

m a g n e t s .

To s i m p l i f y  a n a l y s i s  i t  i s  a ssumed t h a t  t h e  r o t o r  
m agne t  d i s t r i b u t i o n  c a n  be r e p r e s e n t e d  by  an  e q u i v a l e n t  
two p o l e  d i s t r i b u t i o n .  T h i s  a s s u m p t i o n  i s  v a l i d a t e d  
s i n c e  t h e  number o f  m ag ne t  p o l e  p a i r s  a f f e c t s  o n l y  t h e  
r e l a t i o n s h i p  b e tw e e n  e l e c t r i c a l  and  m e c h a n i c a l  s p e e d ,  
and  t h e  m ac h in e  t o r q u e  e q u a t i o n  [B 3 ] .

2 . 2 . 2  The s e l f  i n d u c t a n c e  o f  a  p h a s e  c o i l  d e p e n d s  on 
t h e  d i s t a n c e  a c r o s s  t h e  a i r  g a p .  I f  t h i s  d i s t a n c e  i s  
c o n s t a n t  a r o u n d  t h e  s t a t o r  p e r i p h e r y ,  t h e n  t h e  c o i l  
s e l f  i n d u c t a n c e  r e m a i n s  c o n s t a n t  i r r e s p e c t i v e  o f  c o i l  
p o s i t i o n .  I f  h o w e v e r ,  t h e  m ac h in e  i s  s a l i e n t  p o l e ,  
t h e n  t h e  s e l f  i n d u c t a n c e  v a r i e s .  F i g u r e  ( 2 . 5 )  shows 
t h e  s i t u a t i o n  m  a  two p o l e  s a l i e n t  m a c h in e .  The g a p s  
b e tw e e n  t h e  m agn e t  p o l e s  v a r y  t h e  a i r  gap  d i s t a n c e ,  

w h ic h  a f f e c t s  t h e  s e l f  i n d u c t a n c e .  I t  i s  a ssumed t h a t  
t h e  i n d u c t a n c e  i s  a  p e r i o d i c  f u n c t i o n  o f  0 , t h e  a n g l e  
b e tw e e n  t h e  a x i s  o f  c o i l  A and a  s e l e c t e d  r e f e r e n c e  
a x i s .  T h i s  b e i n g  t h e  c a s e ,  t h e  s e l f  i n d u c t a n c e  o f  c o i l  
A c a n  be  w r i t t e n  a s  a  f o u n e r  s e r i e s .  I n  p a r t i c u l a r

LA “ Ao + A 2 - Cos 2©+A4 . C o s 4 © + ..................(2 9)

The t o t a l  d i s t a n c e  o f  r o t a t i o n  i s  I tt, and  t h e  p e r i o d  
o f  i s  7t. U s in g  t h e  same r e a s o n i n g  f o r  B and C 
c o i l s ,  and  s u b s t i t u t i n g  6-277/3 and ©—477/3 f o r  © 
m  e q u a t i o n  ( 2 . 9 ) ,  e x p r e s s i o n s  f o r  Lg and a r e  
o b t a i n e d .  [ B 2 ] .



FIGURE(2 5)
THE TWO POLE SALIENT MACHINE

FIGURE(2 6)
THE EQUIVALENT MAGNET ELECTRICAL CIRCUIT



2 . 2 . 3  The m u t u a l  i n d u c t a n c e  b e tw e e n  p h a s e  c o i l s  v a r i e s  
p e r i o d i c a l l y  w i t h  © a l s o .  The m u t u a l  i n d u c t a n c e  
b e tw e e n  c o i l s  A and B, L ^ ,  c a n  a l s o  be  w r i t t e n  a s  a  
f o u r i e r  s e r i e s .

L a b  * ’‘ B 0+ b 2 • COS2 0 + B 4COS4 0  ( 2 . 1 0 )

S u b s t i t u t i o n  o f  0—277/3 and  0—477/3 f o r  © m  ( 2 .1 0 )  
y i e l d s  e x p r e s s i o n s  f o r  L^c and  Lqq.

2 . 2 . 4  The p o l e  p a i r  o f  f i g u r e  ( 2 . 5 )  c a n  be  r e p r e s e n t e d  
a s  an  e q u i v a l e n t  c o i l  w i t h  a  c o n s t a n t  c u r r e n t  s o u r c e .  
C o i l  and  c u r r e n t  s o u r c e  s h o u l d  y i e l d  t h e  same f l u x  m  
t h e  a i r  gap  a s  t h e  p o l e  p a i r .  T h i s  e n a b l e s  an  a n a l y s i s  
t o  be  made on t h e  e f f e c t s  b e tw e e n  m ag ne t  p o l e s  and 
s t a t o r  c o i l s  m  t e r m s  o f  m u t u a l  i n d u c t a n c e s .  F i g u r e  
( 2 . 6 )  i l l u s t r a t e s  t h i s  s i t u a t i o n .  The p h a s e  c o i l  d o e s  
n o t  a f f e c t  t h e  m agn e t  c o i l ,  a s  t h e  m agn e t  e q u i v a l e n t  
c o i l  i s  c u r r e n t  d r i v e n .  The m agne t  c o i l  however  d o e s  
i n d u c e  v o l t a g e  i n  t h e  p h a s e  c o i l .  rn  p a r t i c u l a r

l PA = Cx *CosG+C3 . Cos39+ .................................. ( 2 . 1 1 )

w h ere  Lp^ i s  t h e  i n d u c t a n c e  b e tw e e n  t h e  m ag n e t  c o i l  
and  t h e  A p h a s e .  U s in g  t h e  a n g l e  s u b s t i t u t i o n  o f  
s e c t i o n s  2 . 2 . 3  and 2 . 2 . 4  e x p r e s s i o n s  f o r  Lpg and 
Lpc a r e  o b t a i n e d .

2 . 2 . 5  I f  t e r m s  o f  o r d e r  3 and  h i g h e r  a r e  n e g l e c t e d  i n  
t h e  i n d u c t a n c e s ,  an  im pedance  e q u a t i o n  f o r  t h e  m ac h in e  
c a n  be  w r i t t e n  in  m a t r i x  fo rm :  U = ZI [B2,B3]
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w here
Z -  r (RA+d  L f t ) d  L a b  d  L AC d  L p a  

d t  d t  d t  d t

d Lba (Rfì+d Lp) d Lgc d Lp b 
d t  d t  d t  d t

d Lçft d Lqb Rc+d Lc d Lpc 
. d t  d t  d t  d t

(2.12)

■lAl

!C
I f J

u  = 

and Lft

l b

FLuUb

L c  *

A0 + A2Cos26
A0 + A2 Cos ( 29-477/3 )
A 0 + A 2Co s ( 2 9 —47T/3)

l ab «* - B 0 + B2Cos( 20-277/3)

l ac = - B 0 + B 2 Cos ( 20- 477/ 3 )

l p a = CjCos©

l ba SK l AB
l bc = - B 0 + B2Cos20

Lpb « C i C o s i e - Z w / s )

l CA » l ac

l cb S l bc

L p c = C1 C o s ( e - 4 j r / 3 )

( 2 . 1 3 )

( 2 . 1 4 )

19



2 .3  The machine e q u a t io n s  : a s i m p l i f i c a t i o n

2 . 3 . 1  The n a t u r e  o f  t h e  e q u a t i o n s  p r e s e n t e d  above  i s  
t h a t  o f  a  n o n l i n e a r  s y s t e m  whose p a r a m e t e r s  v a r y  w i t h  
a n g l e  0 .  T h i s  makes a n a l y s i s ,  w h e t h e r  dynamic  o r  
s t e a d y  s t a t e  v e r y  com plex -  I t  i s  n e c e s s a r y ,  t h e r e f o r e ,  
t o  s i m p l i f y  t h e  e q u a t i o n s  t o  p r o d u c e  a  w o r k a b le  s e t .

2 . 3 . 1  To s i m p l i f y  t h e  e q u a t i o n s ,  two a s s u m p t i o n s  a r e  
made.

1. The d e g r e e  o f  m ac h in e  s a l i e n c y  i s  low o r  
n e g l i g i b l e .

2 .  A l l  m u t u a l  e f f e c t s  b e tw e e n  c o i l s  can  be  lumped 
t o g e t h e r  t o  fo rm  a  s i n g l e  p h a s e  i n d u c t a n c e  
t e r m .

The f i r s t  a s s u m p t i o n  c a n  r e a s o n a b l y  be  made i n  t h e  c a s e  
o f  t h e  T e s t  m o to r ,  a s  t h e  m ag ne t  m o u n t in g  a r r a n g e m e n t  
i s  t h a t  o f  F i g u r e  ( 2 . 3 )  B. The s e c o n d  a s s u m p t i o n  
f o l l o w s  i n d i r e c t l y  f rom  t h e  f i r s t ,  a s  z e r o  s a l i e n c y  
means non v a r y i n g  i n d u c t a n c e s .  T h i s  e n s u r e s  t h a t  a l l  
m u t u a l  v o l t a g e s  a r e  o f  t h e  same f r e q u e n c y ,  and h e n c e  
c a n  be  combined  a s  p h a s o r s .  [B 2 ] .

2 . 3 . 2  The e l e c t r i c a l  e q u a t i o n  f o r  a  s i n g l e  p h a s e  c o i l  
c a n  now be  w r i t t e n

VA * LAdr A + r Ai a  + e A
  (2 15)
d t

w h ere  = KEWmCos(WE . t + £ )

K e  i s  a  c o n s t a n t  o f  p r o p o r t i o n a l i t y  c a l l e d  t h e  b a c k  
emf c o n s t a n t ,  and  $ i s  a  p h a s e  a n g l e  w i t h  r e s p e c t  t o  
a n  a r b i t r a r y  r e f e r e n c e .  The e q u a t i o n  m  s t e a d y  s t a t e  
i s  p h a s o r  in  fo rm .
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VA = RAr A + 3wELArA + e A

F i g u r e  ( 2 . 7 )  shows t h e  m ac h in e  r e p r e s e n t e d  m  i t s  
s i m p l i f i e d  fo rm .  F i g u r e  ( 2 . 8 )  i l l u s t r a t e s  e q u a t i o n  
( 2 . 1 8 )  i n  p h a s o r  d i a g r a m  fo rm  [B 7 ] .

2 . 3 . 3  The amount o f  t o r q u e  p r o d u c e d  by  t h e  m ach ine  
d e p e n d s  on t h e  amount o f  power c r o s s i n g  t h e  a i r  gap  
The power p e r  p h a s e  i s  t h e  d o t  p r o d u c t  o f  t h e  c u r r e n t  
and v o l t a g e .  Fo r  t h e  A p h a s e

P ^  - . X ̂ * . . . . . . 2 . 1 7 )

A s i m i l a r  e q u a t i o n  h o l d s  f o r  t h e  B and  C p h a s e s .  
S u b s t i t u t i n g  ( 2 . 1 6 )  f o r  VA m  ( 2 . 1 5 )  r e s u l t s  i n :

P A ”  ^ A *  + L Ad I A- I A+ I AS A
  (2  18)

d t

The f i r s t  2 t e r m s  o f  t h i s  e q u a t i o n  r e f e r  t o  t h e  power 
d i s s i p a t e d  m  t h e  c o i l  r e s i s t a n c e ,  and  s t o r e d  i n d u c t i v e  
e n e r g y  r e s p e c t i v e l y .  The l a s t  t e r m  r e p r e s e n t s  
e l e c t r o m e c h a n i c a l  power c o n v e r s i o n  and p r o d u c e s  t o r q u e .  
T o rq ue  i s  d e f i n e d  a s  t h e  r a t i o  o f  t h e  t o t a l  m e c h a n i c a l  
power t o  t h e  m e c h a n i c a l  s p e e d ,  Wm.

->  T « 3 I AEA
  (2 19)

Wm

From e q u a t i o n  ( 2 . 1 7 )  EA = KgWm exp(jyG)
0"

I f  (  i s  d e f i n e d  a s  t h e  a n g l e  b e tw e e n  I A and EA, 
t o r q u e  can  be  w r i t t e n  a s

T = KT I A S i n ( 7r / 2- a )  .............................................. ( 2 . 2 0 )

where the angle 77/2— a is defined as the torque angle. 
[Bl, B2, B4] .

 ( 2 . 1 6 )
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FIGURE(2 7)

THE ELECTRICAL CIRCUIT OF AN AC MACHINE

FIGUREC 2 8 )
THE PHASOR DIAGRAM OF AN AC MACHINE



2 . 4  The 3 phase  t o  2 a x i s  t r a n s fo r m a t io n

2 . 4 . 1  E q u a t i o n s  ( 2 . 1 5  . .  2 . 2 0 )  a r e  s u i t a b l e  f o r  s teady-  
s t a t e  a n a l y s i s ,  a s  a l l  v a r i a b l e s  c a n  be  r e p r e s e n t e d  a s  
p h a s o r s .  U n f o r t u n a t e l y  t h e y  a r e  n o t  r e a d i l y  a p p l i c a b l e  
t o  dynam ic  a n a l y s i s .  I f  t h e  v a r i a b l e s  c o u l d  be  
t r a n s f o r m e d  t o  a  r e f e r e n c e  f r a m e ,  w h e re  t h e y  w e re  
r e p r e s e n t e d  by  e q u i v a l e n t  DC v a l u e s ,  t h i s  would  
c o n s t i t u t e  a  m a jo r  a d v a n t a g e  t o  a n a l y s i s .

2 . 4 . 2  The t r a n s f o r m a t i o n  due  t o  R.H. P a r k  [B2, B3] 
p e r f o r m s  s u c h  a  t a s k .  P a r k  u s e d  a  r e f e r e n c e  f ram e  
t r a n s f o r m a t i o n ,  w here  t h e  new r e f e r e n c e  f r a m e  was 
r o t a t i n g  a t  m ach in e  s y n c h r o n o u s  s p e e d ,  o r  i n  o t h e r  
w ords  i t  was s i t u a t e d  on  t h e  r o t o r  r a t h e r  t h a n  t h e  
s t a t o r .  I f  r e f e r e n c e  i s  made b a c k  t o  p a r a g r a p h s  2 . 1 . 4 ,  
2 . 1 . 5 ,  2 . 1 . 6 , i t  was p r o v e n  t h a t  a  p o i n t  p moving 
t h r o u g h  t h e  a i r g a p  a t  m ac h in e  e l e c t r i c a l  s p e e d ,  W^/ 
w i t n e s s e s  no v a r i a t i o n  in  f l u x .  So a  r e f e r e n c e  f r am e  
moving a t  m ach ine  e l e c t r i c a l  s p e e d  n e e d s  o n l y  c o i l s  
c a r r y i n g  DC v a l u e s  t o  r e p r e s e n t  t h e  f l u x  m  t h e  a i r  
g a p .

2 . 4 . 3  P a r k  c a l l e d  t h e  new a x e s  p r o d u c e d  by  
t r a n s f o r m a t i o n  t h e  D and Q a x e s .  The D o r  d i r e c t  a x i s  
i s  d e f i n e d  t o  be  a l o n g  t h e  a x i s  o f  t h e  r o t o r  n o r t h  
p o l e .  (The r o t o r  h e r e  i s  c o n s i d e r e d  t o  be  t h e  two p o l e  
e q u i v a l e n t ) .  The Q o r  q u a d r a t u r e  a x i s  i s  s i t u a t e d  m  
m t e r p o l a r  s p a c e  b e tw e e n  t h e  n o r t h  and s o u t h  p o l e s .  I f  
t h e  s ingle 6  i s  d e f  m e d  a s  t h e  a n g l e  b e tw e e n  t h e  A 
p h a s e  c o i l  and  t h e  d i r e c t  a x i s ,  r e f e r e n c e  t o  f i g u r e  
( 2 . 9 )  and  s i m p l e  p h a s o r  a r i t h m e t i c  p r o d u c e s  t h e  
f o l l o w i n g  m a t r i x  e q u a t i o n s  [B2, B3, B 4 ] .
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t i g .  > r
3 LSin

2 [C o s (6 ) Cos(e-27T/3) C os(© -47r/ 3

i n ( 0 )  S m ( © —27r/3) S m ( 0- 47r / 3 )
(2 21)

C o s (9 —27T/3) S i n ( 0 —27T/3)

Sin©

(2 22)
-Cos(©—47T/ 3 ) S m ( 0 —47T/3)-

S i m i l a r  e q u a t i o n s  h o l d  f o r  t h e  v o l t a g e s  The 
t r a n s f o r m a t i o n  i s  made w i t h  t h e  a s s u m p t i o n  t h a t  t h e  D 
and Q c o i l s  h a v e  t h e  same number o f  t u r n s  a s  t h e  p h a s e  
c o i l s .

2 . 4 . 4  The D and Q c o i l  dynam ic  e q u a t i o n s  can  be 
d e r i v e d  f ro m  f i r s t  p r i n c i p l e s  by  a  c o n s i d e r a t i o n  o f  t h e  
v o l t a g e s  a c r o s s  e a c h  c o i l ,  w h e t h e r  in d u c e d  o r  a p p l i e d .  
The f o l l o w i n g  r u l e s  a r e  u s e d  m  t h e  d e r i v a t i o n .

1. C o i l s  on t h e  same a x i s  a r e  t r a n s f o r m e r  c o u p l e d .

2 .  C o i l s  90 d e g r e e s  a p a r t  w h e re  one  c o i l  i s  on t h e  
s t a t o r  and  t h e  o t h e r  i s  on t h e  r o t o r  a r e  p seu d o  
s t a t i o n a r y .  T h i s  means t h a t  t h e  c o i l  i t s e l f  
d o e s  n o t  move, b u t  v o l t a g e s  c a n  be  in d u c e d  in  t h e  
c o i l  by  v i r t u e  o f  t h e  r o t a t i o n  o f  t h e  e l e m e n t  i t  i s  
u s e d  t o  r e p r e s e n t .

F i g u r e  ( 2 . 1 0 )  shows t h e  t r a n s f o r m e d  s y s t e m  f o r  t h e  t e s t  
m o to r .  The p s e u d o - s t a t i o n a r y  c o i l s  a r e  d e f i n e d  t o  be  
t h e  s t a t o r  c o i l s ,  a l t h o u g h  t h e  s t a t o r  d o e s  n o t  move. 
T h i s  c o n v e n t i o n  c a n  be  a p p l i e d  a s  t h e  s t a t o r  moves 
r e l a t i v e  t o  t h e  r o t o r .  U s ing  e q u a t i o n s  ( 2 . 2 3 ,  2 . 2 4 )  
and  b a s i c  f l u x  t h e o r y  t h e  f o l l o w i n g  c o i l  e q u a t i o n s  c a n  
be  d e r i v e d .
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Ud «* dXd + RdI d~wEX‘q 

d t

Uq = dXq + RqIq+WEXd 

d t

( 2 . 2 3 )

( 2 . 2 4 )

w h e re  Xd and Xq a r e  t h e  D and  Q a x i s  f l u x  l i n k a g e s  
r e s p e c t i v e l y .  A l s o :

w h e re  Xm i s  t h e  e q u i v a l e n t  f l u x  l i n k a g e  o f  t h e  
m agn e t  p o l e ,  L3  and  Lq a r e  t h e  t o t a l  s e l f  
i n d u c t a n c e s  o f  t h e  D and Q a x i s  c o i l s  r e s p e c t i v e l y .

2 . 4 . 5  The t o r q u e  e q u a t i o n  c a n  be  d e t e r m i n e d  by  a  
c o n s i d e r a t i o n  o f  t h e  power c r o s s i n g  t h e  a i r  g a p .

d t

Uglg  -  Lg d l q . I q +Rq I q a+WiELd I d I q +WBXm I q . . ( 2 . 2 9 )  

d t

The f i r s t  2 t e r m s  o f  e a c h  o f  t h e  above  e q u a t i o n s  r e l a t e  
t o  s t o r e d  i n d u c t i v e  e n e r g y  and power d i s s i p a t e d  a s  
h e a t i n g  l o s s .  The c o m b i n a t i o n  o f  t h e  o t h e r  t e r m s  
c o m p r i s e s  t h e  power c r o s s i n g  t h e  a i r  g a p .  T o rq ue  i s  t h e  
r a t i o  o f  t h i s  power t o  t h e  m e c h a n i c a l  s p e e d .

T = k(WELd Id Iq+WE x Iq-WELq Id )/Wm

T = K p / 2  (Xd Iq-XqId ) ................................................. ( 2 . 3 0 )

M  * l jd l d  + xm 
Xq ® L q i q  

Rd * Rq

( 2 . 2 5 )
( 2 . 2 6 )  
( 2 . 2 7 )

u d l d  -  Ld d l ( j .  I(j+Rd I<32 - WgLq I q I (j ( 2 . 2 8 )
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w here  p i s  t h e  number o f  p o l e  p a i r s  on t h e  r o t o r .
The f a c t o r  k  i s  a  c o n s t a n t  o f  p r o p o r t i o n a l i t y  u se d  t o  
c o m p e n sa te  f o r  a  s c a l i n g  f a c t o r  i n t r o d u c e d  in  t h e  3 
p h a s e  t o  2 a x i s  t r a n s f o r m a t i o n .

2 . 4 . 6  The e q u a t i o n s  p r e s e n t e d  in  t h i s  c h a p t e r  
c o n s t i t u t e  a  f u l l  s e t  o f  r e p r e s e n t a t i v e  e q u a t i o n s  f o r  
t h e  3 p h a s e  PM s y n c h r o n o u s  m a c h in e .  They t h e r e f o r e  a r e  
t h e  b a s i s  o f  w ork  p r e s e n t e d  m  t h e  f o l l o w i n g  c h a p t e r s .
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3 . 1  The v o l t a g e  s o u r c e  i n v e r t e r  and  t h e  s i x  s t e p  
a p p r o x i m a t i o n

3 . 1 . 1  For  v a r i a b l e  s p e e d  AC m oto r  c o n t r o l ,  i t  i s  
n e c e s s a r y  t o  c o n t r o l  t h e  p h a s e  e x c i t a t i o n  
f r e q u e n c y .  The v o l t a g e  s o u r c e  i n v e r t e r  a l l o w s  n o t  o n l y  
v a r i a b l e  f r e q u e n c y  c o n t r o l  b u t  a l s o  v a r i a b l e  v o l t a g e  
m a g n i tu d e  c o n t r o l ,  o v e r  t h e  m o to r  p h a s e  v o l t a g e .

3 . 1 . 2  F i g u r e  ( 3 . 1 )  i l l u s t r a t e s  t h e  s t r u c t u r e  o f  t h e  
v o l t a g e  s o u r c e  i n v e r t e r .  I t  c o m p r i s e s  t h r e e  d i s t i n c t  
l e g s ,  one  f o r  e a c h  p h a s e ,  e a c h  l e g  i t s e l f  c o n s i s t i n g
o f  two power t r a n s i s t o r s .  A f l y w h e e l  d i o d e  i s  p r o v i d e d  
m  a n t i p a r a l l e l  w i t h  e a c h  t r a n s i s t o r  t o  a l l o w  i n d u c t i v e  
r e g e n e r a t i o n  c u r r e n t  f l o w  d u r i n g  t r a n s i s t o r  o f f  t i m e s .  
The DC bu s  h a s  low r e g u l a t i o n ,  l e  t h e  v o l t a g e  l e v e l  
d o e s  n o t  v a r y  w i t h  l o a d  c u r r e n t .  T h i s  low dynamic  
r e g u l a t i o n  i s  p r o v i d e d  by  t h e  c a p a c i t o r ,  C.

3 . 1 . 3  The f u n c t i o n  o f  t h e  VSI i s  t o  p r o v i d e  s i n u s o i d a l  
c u r r e n t s  i n  t h e  m oto r  w i n d i n g s .  One method  o f  
p r o d u c i n g  t h i s  c u r r e n t  i s  t h e  s i x  s t e p  a p p r o x i m a t i o n  
[B5, P6 , P 7 ] .  F i g u r e  ( 3 . 2 )  i l l u s t r a t e s  t h e  t r a n s i s t o r  
t u r n  on s e q u e n c e  n e c e s s a r y  t o  p r o v i d e  t h e  s i x  s t e p  
a p p r o x i m a t i o n  t o  c u r r e n t .  The f r e q u e n c y  o f  t h e  
a p p r o x i m a t i o n  i s  WE , w h ic h  i s  v a r i a b l e .

3,  P u ls e  w id th  m o d u la tio n  m  AC motor p r o p u ls io n
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FIGURE(3 1)
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FIGURE(3 2)
THE SIX STEP SWITCHING SEQUENCE



3 . 1 . 4  F i g u r e  ( 3 . 3 )  shows a  p o s s i b l e  h a r d w a r e  
c o n f i g u r a t i o n .  The DC v o l t a g e  f e e d i n g  t h e  VSI i s  
v a r i a b l e ,  d e p e n d e n t  on t h e  m a g n i tu d e  o f  c u r r e n t  
demanded.  The c u r r e n t  demanded i s  i t s e l f  d e p e n d e n t  on 
t h e  m a g n i t u d e  o f  t h e  v e l o c i t y  e r r o r .  The t h y r i s t o r  
b r i d g e  r e c t i f i e r  i s  f e d  f ro m  a  3 p h a s e  v o l t a g e  s u p p l y .  
T h i s ,  com bined  w i t h  t h e  f i l t e r i n g  a c t i o n  o f  c a p a c i t o r  
C, e n s u r e s  a  low r i p p l e  DC s u p p l y  t o  t h e  i n v e r t e r .

3 . 1 . 5  The t r a n s i s t o r  t u r n  on s e q u e n c e  o f  f i g u r e  ( 3 . 2 )  
g e n e r a t e s  a  p e r  p h a s e  v o l t a g e  l i k e  t h a t  o f  f i g u r e
( 3 . 4 ) .  The h a rm o n ic  c o n t e n t  o f  t h i s  wave can  be 
d e s c r i b e d  by :

2v bus 
bn  = -------

n7r 2n7rl
[ l - ( - l ) n ] + Cos Cos—

3 3 J  (3 1)3n v

T h i s  e q u a t i o n  i s  d e v e l o p e d  i n  a p p e n d i x  ( 1 ) .

The h a rm o n ic  s p e c t r u m ,  v i s u a l l y  r e p r e s e n t e d  m  p l o t
( 3 . 1 )  c o m p r i s e s  t h e  f u n d a m e n t a l  o r  d r i v i n g  v o l t a g e  f o r  
t h e  p h a s e  w h ic h  p r o d u c e s  t h e  d e s i r e d  p h a s e  c u r r e n t  and 
u p p e r  h a r m o n i c s .  The u p p e r  h a r m o n i c s  s e r v e  no u s e f u l  
p u r p o s e  and  c a u s e  h e a t i n g  l o s s e s  and  t o r q u e  p u l s a t i o n s  
[ P 1 2 ] .  T h i s  p r o b l e m  c a n  be  compounded a t  low s p e e d s ,  
when t h e  o n l y  e f f e c t i v e  im pedance  t o  t h e  u p p e r  v o l t a g e  
h a r m o n i c s  i s  t h e  p h a s e  r e s i s t a n c e .  The f u n d a m e n t a l  
v o l t a g e ,  o n l y ,  i s  o p p o se d  by  t h e  b a c k  e m f , ( i n  
t r a p e z o i d a l  b a c k  emf m o t o r s ,  a l l  h a r m o n ic s  would  i n  
some way be  o p p o se d  [B5, P 1 2 ] )  so  t h e  a c t u a l  f i r s t  
h a rm o n ic  p h a s e  c u r r e n t  i s  g e n e r a t e d  by  t h e  v o l t a g e  
p h a s o r  sum o f  t h e s e  two q u a n t i t i e s .
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3 . 2  The v o l t a g e  s o u r c e  i n v e r t e r  and  p u l s e  w i d t h  
m o d u l a t i o n

3 . 2 . 1  A more e f f i c i e n t  d r i v e  m ethod  f o r  a  3 p h a s e  
s y n c h r o n o u s  m ach in e  w ould  h a v e  t o  r e d u c e  o r  e l i m i n a t e  
t h e  h a rm o n ic  p r o b le m s  o f  t h e  s i x  s t e p  a p p r o x i m a t i o n .  
P u l s e  w i d t h  m o d u l a t i o n  a c h i e v e s  t h i s  a im .  By u s i n g  a  
c a r r i e r  wave t o  c a r r y  t h e  d e s i r e d  f r e q u e n c y  and 
m a g n i tu d e  o f  s i n e  wave,  t h e  h a rm o n ic  s p e c t r u m  o f  t h e  
r e s u l t a n t  s i g n a l  c a n  be  made t o  e m u l a t e  t h e  m o d u l a t i o n  
s p e c t r u m  o f  a  t y p i c a l  c o m m u n ic a t io n s  s y s t e m .  T h i s  i s  
w h e re  t h e  i n f o r m a t i o n  s i g n a l  i s  o f  a  s i g n i f i c a n t l y  
lower  f r e q u e n c y  t h a n  t h e  c a r r i e r  s i g n a l .  T h i s  makes 
f i l t e r i n g  o u t  o f  t h e  u nw an ted  c a r r i e r  much e a s i e r .
[B9 ] .

3 . 2 . 2  F i g u r e  ( 3 . 5 )  shows how a  PWM wave i s  g e n e r a t e d  
f ro m  a  m o d u l a t i n g  wave and c a r r i e r .  Where t h e  
m o d u l a t i n g  wave i s  l a r g e r  t h a n  t h e  c a r r i e r  t h e  PWM
s i g n a l  i s  h i g h ,  and  t h e  s i g n a l  i s  low when t h e
m a g n i tu d e  o f  t h e  c a r r i e r  e x c e e d s  t h e  m o d u l a t i n g  s i g n a l .  
Thus a  PWM wave c o u l d  be  d e f i n e d  a s  a  d i g i t a l  s i g n a l .  
F i g u r e  ( 3 . 6 )  i l l u s t r a t e s  i n  b l o c k  d i a g r a m  fo rm ,  a  PWM 
g e n e r a t o r .

3 . 2 . 3  The s t r u c t u r e  o f  t h e  v o l t a g e  s o u r c e  i n v e r t e r  
d o e s  n o t  ch an g e  w h e th e r  t h e  s i x  s t e p  a p p r o x i m a t i o n ,  o r  
PWM i s  u s e d  a s  t h e  d r i v i n g  s i g n a l .  The i n v e r t e r  o f  
f i g u r e  ( 3 . 1 )  i s  t h a t  u s e d  i n  a  PWM d r i v e n  m a c h in e .
F i g u r e  ( 3 . 7 )  i s  a  b l o c k  d i a g r a m  r e p r e s e n t a t i o n  o f  a
c o m p l e t e  3 p h a s e  s y n c h r o n o u s  m otor  c o n t r o l  s y s t e m ,  
u s i n g  PWM. The power s t a g e s  i n d i c a t e d  on t h e  d i a g r a m  
c o m p r i s e  t h e  s e p a r a t e  l e g s  o f  t h e  i n v e r t e r .  The
p o s i t i o n / s p e e d  s e n s o r ,  m  c o n j u n c t i o n  w i t h  t h e  r e s o l v e r  
t o  d i g i t a l ,  o r  R/D c o n v e r t e r  p r o d u c e s  a  v e l o c i t y  s i g n a l
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and 3 a n g l e  s i g n a l s .  The C o s in e  o f  e a c h  a n g l e  s i g n a l  
i s  o b t a i n e d  and t h e s e  i n  t u r n  a r e  s c a l e d  by  t h e  
v e l o c i t y  c o n t r o l l e r  o u t p u t  t o  g e n e r a t e  3 c u r r e n t  
dem ands ,  I d a f I d b ,  I d c .  R e f e r e n c e  b a c k  t o  e q u a t i o n s  
( 2 . 1 f 2 . 2 f 2 . 3 )  shows t h a t  t h e s e  c u r r e n t  demands a r e  in  
t h e  fo rm  r e q u i r e d  t o  p r o d u c e  m ac h in e  r o t a t i o n .  The 
c u r r e n t  c o n t r o l  c o m p e n s a to r s  Ca, Cb, Cc g e n e r a t e  a s  
t h e i r  o u t p u t  s i g n a l s  t h e  i n p u t s  t o  t h e  3 PWM s t a g e s .

3 . 2 . 4  The m ain  f u n c t i o n  o f  t h e  VSI i s  t o  a c t  a s  a  
v o l t a g e  a m p l i f i e r .  The s i g n a l s  p r o d u c e d  by  t h e  PWM 
s t a g e s  would  g e n e r a l l y  be  o f  a  l e v e l  c o n s t r a i n e d  by 
a n a l o g  o r  d i g i t a l  h a r d w a r e ,  so  a m p l i f i c a t i o n  i s  
n e c e s s a r y .  The s i n g l e  s i g n a l  g e n e r a t e d  by  t h e  c i r c u i t  
o f  f i g u r e  ( 3 . 6 )  i s  n o t  s u f f i c i e n t  t o  d r i v e  a  l e g  o f  t h e  
VSI.  I t  i s  n e c e s s a r y  m  o r d e r  t o  e m u l a t e  t h e  s i g n a l  
e m a n tm g  f ro m  t h e  PWM s t a g e  a t  t h e  m o to r  p h a s e ,  t o  a l s o  
p r o d u c e  t h e  i n v e r s e  o f  t h e  s i g n a l .  The s i g n a l  i s  u s e d  
t o  d r i v e  t h e  t o p  t r a n s i s t o r  o f  t h e  i n v e r t e r  and  i t s  
i n v e r s e  d r i v e s  t h e  b o t to m  ( r e f e r  t o  f i g u r e  ( 3 . 1 ) ) .
Thus when t h e  s i g n a l  i s  h i g h ,  t h e  t o p  t r a n s i s t o r  i s  
t u r n e d  on ,  and  t h e  b o t to m  i s  t u r n e d  o f f  and  t h e  bu s  
v o l t a g e  i s  a p p l i e d  t o  t h e  m oto r  p h a s e .  When t h e  s i g n a l  
i s  low t h e  p h a s e  h a s  OV a p p l i e d  t o  i t .

3 . 2 . 5  The s i g n a l s  t o  d r i v e  e a c h  l e g  o f  t h e  VSI a r e  
m u t u a l l y  e x c l u s i v e  o f  e a c h  o t h e r  m  t h a t  when t h e  u p p e r  
t r a n s i s t o r  o f  t h e  l e g  i s  t u r n e d  on ,  t h e  lower  i s  t u r n e d  
o f f ,  and  v i c e  v e r s a .  The moment o f  t r a n s i t i o n  i s  a  
c r u c i a l  t i m e ,  l e  when T1 s w i t c h e s  f ro m  on t o  o f f  and 
when T2 s w i t c h e s  f ro m  o f f  t o  o n .  At t h i s  i n s t a n t  i t  i s  
p o s s i b l e ,  due  t o  a  v a r i a t i o n  m  on and o f f  s w i t c h i n g  
t i m e s  o f  t h e  power t r a n s i s t o r s  t h a t  b o t h  t r a n s i s t o r s  
c o u l d  be  on a t  t h e  same t i m e .  T h i s  would  mean V ^ g  
s h o r t e d  t o  OV and s u b s e q u e n t  b reakdow n  o f  b o t h  
t r a n s i s t o r s .  To g u a r d  a g a i n s t  t h i s  a  h y s t e r e s i s

29



c i r c u i t  i s  i n t r o d u c e d  i n t o  t h e  s y s t e m .  F i g u r e  ( 3 . 8 )  
i l l u s t r a t e s  s u c h  a  c i r c u i t  a l o n g  w i t h  t h e  o u t p u t s  t o  
d r i v e  b o t h  t r a n s i s t o r s  t h a t  r e s u l t .  F i g u r e  ( 3 . 9 )  shows 
t h e  v o l t a g e  a p p e a r i n g  a t  t h e  m oto r  p h a s e .  The sh a d e d  
a r e a s  i n d i c a t e  t h e  t i m e  when b o t h  t r a n s i s t o r s  a r e  o f f .  
D u r i n g  t h e s e  i n t e r v a l s  t h e  v o l t a g e  a p p e a r i n g  a t  t h e  
p h a s e  i s  n o t  d i r e c t l y  c o n t r o l l e d  and i s  d e p e n d e n t  on 
t h e  s t a t e  o f  c o n d u c t i o n  o f  e i t h e r  f l y w h e e l  d i o d e  in  
t h a t  p h a s e .

3 .3  S p e c t r a l  a n a l y s i s  o f  PWM

3 . 3 . 1  To c o m p l e t e l y  d e f i n e  a  PWM wave,  two r a t i o s  a r e  
n e e d e d

1. m o d u l a t i o n  i n d e x .  T h i s  d e s c r i b e s  t h e  m o d u l a t i o n  
d e p t h  o f  t h e  s i g n a l .  I t  i s  d e f i n e d  a s ,

P e a k  m a g n i tu d e  o f  m odula t i n g  s i g n a l  
P e a k  m a g n i tu d e  o f  c a r r i e r

2 .  C a r r i e r  r a t i o .  T h i s  d e s c r i b e s  t h e  r a t i o  o f  t h e  
c a r r i e r  f r e q u e n c y  t o  t h e  m o d u l a t i n g  wave f r e q u e n c y .  I t  
i s  d e f i n e d  a s :

Carrier frequency 
m o d u l a t i n g  f r e q u e n c y

Knowledge o f  b o t h  r a t i o s  and  one  f r e q u e n c y  and 
m a g n i tu d e  w i l l  y i e l d  a  c o m p l e t e  d e s c r i p t i o n  o f  t h e  
m o d u l a t i o n  s y s t e m .

3 3 . 2  A l th o u g h  t h e  PWM s i g n a l  i s  r e l a t i v e l y  s i m p l e  t o  
g e n e r a t e ,  i t s  s p e c t r u m  i s  v e r y  complex  in  s t r u c t u r e .  A 
method  o f  a n a l y s i s  c a l l e d  t h e  "W al l  m ethod"  a s  p r o p o s e d  
by  W R B e n n e t t  c an  be  u s e d  t o  s u c c e s s f u l l y  a n a l y s e  t h e

3 0
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s i g n a l  [B9, P4,  P 5 ] . N orm al  f o u n e r  a n a l y s i s  a ssum es  
t h a t  t h e  s p e c t r u m  o f  t h e  a n a l y s e d  s i g n a l  c o m p r i s e s  o n l y  
h a r m o n i c s  f a l l i n g  on  i n t e g e r  num bers  o f  t h e  
f u n d a m e n t a l .  The f u n d a m e n t a l  i s  assum ed t o  be  a t  t h e  
m o d u l a t i n g  f r e q u e n c y .  I f  t h e  c a r r i e r  r a t i o  i s  an  
i n t e g e r ,  t h e n  n o r m a l  f o u r i e r  s e r i e s  a n a l y s i s  w i l l  y i e l d  
t h e  c o r r e c t  s i g n a l  s p e c t r u m .  I f  however  t h e  r a t i o  i s  
non  i n t e g e r  t h e n  e v a l u a t i o n  w i l l  n o t  i n d i c a t e  h a r m o n i c s  
o f  m u l t i p l e s  o f  t h e  c a r r i e r  o r  t h e  s i d e b a n d s  c e n t r e d  
a r o u n d  t h e  c a r r i e r  and  i t s  m u l t i p l e s ,  a s  t h e  a c t u a l  
p e r i o d  o f  t h e  PWM wave w i l l  n o t  m a tc h  t h e  p e r i o d  o f  
t h e  m o d u l a t i n g  wave.  The w a l l  m ethod  ov e rco m es  t h e s e  
p r o b le m s  by  u s i n g  a  two d i m e n s i o n a l  f o u r i e r  s e r i e s .  So 
a  PWM wave c a n  be  r e p r e s e n t e d  b y ,  [B9]

OP
F ( x , y )  = 1 /2  Aoo+ £  (Aon Cosny+BonS in n y )

n = l

+  E  ( A m o C o s m x + B m o S i n r a x )  
m = l

ao ao

+ E  Z  [AmnC o s ( rax+ny ) +Bnm Sin (m x+ ny)]
n = l  m=±l

( 3 . 1 )

w here

277 2tt
Amn+DBmn = 1 / 2 jt2 J J F ( x , y )  exp[; j  (mx+ny) ]d x dy

o o
. ( 3 . 2 )

and

x = Wc t

y -  wRt
( 3 . 3 )
( 3 . 4 )

w h e re  Wc i s  t h e  c a r r i e r  f r e q u e n c y
Wr  i s  t h e  m o d u l a t i n g  f r e q u e n c y
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3 . 3 . 3  R e f e r r i n g  t o  e q u a t i o n  ( 3 . 1 )  t h e  f i r s t  t e r m  i s  
t h e  DC component  o f  t h e  s i g n a l .  The s e c o n d  t e r m  
c o n s i s t s  o f  t h e  f r e q u e n c y  com ponen ts  o f  t h e  m o d u la t o r  
and  i t s  h a r m o n i c s .  The t h i r d  t e r m s  c o r r e s p o n d s  t o  t h e  
c a r r i e r  wave and  i t s  h a r m o n i c s , w h i l e  t h e  f o u r t h  t e r m s  
f r e q u e n c y  s p e c t r u m  i s  g i v e n  by  t h e  e n se m b le  o f  a l l  
p o s s i b l e  p a i r s  fo rm ed  by  t a k i n g  t h e  sum and d i f f e r e n c e  
o f  i n t e g r a l  m u l t i p l e s  o f  e a c h  f u n d a m e n t a l .

3 . 3 . 4  The " w a l l  m ethod"  y i e l d s  t h e  e x a c t  s p e c t r u m  o f  a  
PWM wave.  However,  e v a l u a t i o n  o f  e q u a t i o n s  o f  t h e  fo rm  
( 3 . 1  . . . 3 . 4 )  c a n  be  d i f f i c u l t  and  t i m e  co n su m in g .  The 
n o r m a l  f o u n e r  s e r i e s  a l l o w s  t h e  e v a l u a t i o n  o f  t h e  
lower  h a r m o n ic s  a l m o s t  e x a c t l y .  S i n c e  t h e  low er  
h a r m o n i c s  a r e  o f  p r i m a r y  i n t e r e s t  t h i s  i s  a  w o r k a b le  
a l t e r n a t i v e .  The f o u n e r  c o e f f i c i e n t s  o f  t h e  s i g n a l  o f  
f i g u r e  ( 3 . 5 )  c a n  be  com puted  a s ,  [P 2 ]

k
a n = ( 1 + £  2 ( - 1 ) 1 C o s ( n o i ) )  VBUS

............................................................   ( 3 . 5 )
nn

k
bn = (Y  2 .  ( - 1 ) 1 . S in ( n < * i ) ) .V BUS

-------------------------------------------------    ( 3 . 6 )
nn

w h ere  t h e  <x̂ a a r e  t h e  s w i t c h i n g  a n g l e s  o f  t h e  PWM 
wave o v e r  one  p e r i o d  and k  i s  t h e  number o f  s w i t c h i n g  
a n g l e s  o v e r  one  p e r i o d .

The m a g n i t u d e  o f  t h e  n ^  h a rm o n ic  can  be  e x p r e s s e d  a s :

An -  4 a n 2 + bn 2   ( 3 . 7 )

and i t s  p h a s e  a n g l e  i s  d e f i n e d  t o  be
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T h e s e  e q u a t i o n s  a r e  d e v e l o p e d  m  a p p e n d i x  ( 2 ) .

3 . 3 . 5  The a c c u r a c y  o f  e q u a t i o n s  ( 3 . 5  . . .  3 . 7 )  c a n  be 
e v a l u a t e d  by  c o m p a r in g  a  s i m u l a t e d  s p e c t r u m  t o  an  
a c t u a l  s p e c t r u m .  The t e s t  m o to r  and  c o n t r o l l e r  was 
u s e d  i n  s u c h  an e v a l u a t i o n .  T e s t s  w e re  c a r r i e d  o u t  f o r  
m o d u l a t i o n  i n d i c e s  o f  30%, 45% and 55%. The 
f u n d a m e n t a l  f r e q u e n c i e s  o f  t h e  m o d u l a t i n g  s i g n a l s  w ere  
20 Hz, 80 Hz and 120 Hz, t h e  20 Hz m o d u l a t i n g  s i g n a l  
r e f e r r i n g  t o  a  m o d u l a t i n g  in d e x  o f  30% and t h e  80 Hz, 
120 Hz s i g n a l s  r e f e r r i n g  t o  i n d i c e s  o f  45%, 55% 
r e s p e c t i v e l y .  In  t h e  f o l l o w i n g  p l o t s ,  t h e  
v o l t a g e  h a r m o n i c s  p e a k  t o  p e a k  v a l u e  a r e  r a t i o e d  
w i t h  l i n e  bu s  v o l t a g e -  P l o t s  ( 3 . 2  . .  3 . 4 )  i l l u s t r a t e  
t h e  t h e o r e t i c a l  r e s u l t s  com pared  t o  t h e  e x p e r i m e n t a l  
r e s u l t s .  The e x p e r i m e n t a l l y  d e r i v e d  s p e c t r a  w ere  
m e a su re d  a t  t h e  PWM s t a g e  o u t p u t  b e f o r e  t h e  h y s t e r e s i s  
c i r c u i t ,  and  s c a l e d  t o  t h e  l e v e l  o f  t h e  bu s  v o l t a g e .
The t h e o r e t i c a l  s p e c t r a  compare  f a v o u r a b l y  w i t h  t h e  
e x p e r i m e n t a l .  The low er  h a r m o n i c s ,  l o c a t e d  a t  
m u l t i p l e s  o f  t h e  m o d u l a t i n g  s i g n a l ,  a r e  v e r y  s m a l l  m  
m a g n i t u d e ,  and  a s  s u c h  m os t  a r e  n o t  i n d i c a t e d  m  t h e  
p l o t s .  The u p p e r  h a r m o n i c s ,  l o c a t e d  a t  m u l t i p l e s  o f  
t h e  c a r r i e r ,  a r e  a l s o  n o t  i n c l u d e d .  The r e a s o n  f o r  
t h i s  i s  t h a t  t h e  c u r r e n t s  t h e y  p r o d u c e  a r e  n o t  s i z e a b l e  
m  m a g n i t u d e ,  and  w i l l  n o t  be  c o n s i d e r e d  in  s u b s e q u e n t  
a n a l y s i s .  The f i r s t  h a rm o n ic  o f  t h e  s p e c t r u m  cam be 
r e l a t e d  t o  t h e  m o d u l a t i o n  i n d e x  by

v l  “ Vb u s .(M0D INDEX)   ( 3 . 9 )

2
T h i s  r e l a t i o n  h o l d s  m  t h e  r e g i o n  o f  u n d e r  m o d u l a t i o n .  
Thus i t  c an  be  c o n c l u d e d  t h a t  t h e  f i r s t  h a rm o n ic  o f  a  
PWM s i g n a l  i s  d i r e c t l y  p r o p o r t i o n a l  t o  t h e  m o d u l a t i o n  
i n d e x .

$  -  TAN'1 | — j ( 3 . 8 )
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3 ,3 * 6  The p r o c e d u r e  o f  h a rm o n ic  e v a l u a t i o n  c a n  be 
e x t e n d e d  t o  t h e  e v a l u a t i o n  o f  t h e  p h a s e  c u r r e n t  
h a r m o n i c s .  In  a p p e n d i x  (2)  t h e  t h e o r y  i s  d e v e l o p e d  
t h a t  a l l o w s  t h e  t h e o r e t i c a l  e v a l u a t i o n .  The f i r s t  
c u r r e n t  h a rm o n ic  i s  a  s p e c i a l  c a s e  a s  i t  a l o n e  i s  
a f f e c t e d  by  t h e  b a c k  emf.  The s p e c t r a  b o t h  t h e o r e t i c a l  
and  e x p e r i m e n t a l  a r e  e v a l u a t e d  f o r  t h e  same m o d u l a t i o n  
c o n d i t i o n s ,  a s  s e c t i o n  3 . 3 . 5 .  P l o t s  ( 3 . 5  . . .  3 . 7 )  show 
t h e  s p e c t r a .  T h e r e  i s  a  s u b s t a n t i a l  d i f f e r e n c e  in  
m a g n i tu d e  b e tw e e n  t h e  f i r s t  h a r m o n i c s ,  t o  s u c h  an 
e x t e n t  t h a t  t h e  t h e o r e t i c a l  h a rm o n ic  i s  c o n s i s t e n t l y  o f  
an  o r d e r  t e n  i n  m a g n i tu d e  g r e a t e r  t h a n  t h e  e x p e r i m e n t a l  
h a r m o n i c .  T h i s  would  seem t o  make no s e n s e .  When t h e  
PWM s i g n a l  was m e a s u r e d ,  i t  was t a k e n  a f t e r  t h e  PWM 
s t a g e ,  b u t  b e f o r e  t h e  h y s t e r e s i s  c i r c u i t .  T h i s  i s  
s i g n i f i c a n t  m  l i g h t  o f  t h e  f a c t  t h a t  t h e  e f f e c t  o f  t h e  
h y s t e r e s i s  c i r c u i t  h a s  n o t  b e e n  c o n s i d e r e d .  The 
v o l t a g e  a p p e a r i n g  a t  t h e  m oto r  p n a s e  s h o u l d  i d e a l l y  
h a v e  t h e  same p a t t e r n  a s  t h a t  s i g n a l  f rom  t h e  PWM 
g e n e r a t o r .  P l o t s  ( 3 . 8  . . .  3 . 1 0 ) ,  show ing  t h e  a c t u a l  
s p e c t r u m  a p p e a r i n g  a t  t h e  m o to r  p h a s e  a s  compared  t o  
t h e  s p e c t r u m  o f  t h e  PWM s t a g e ,  i n d i c a t e  t h a t  t h i s  i s  
n o t  t h e  c a s e .  T h e r e  i s  a  s u b s t a n t i a l  amount  o f  
h a rm o n ic  d i s t o r t i o n ,  w h ic h  h a s  b e e n  i n t r o d u c e d  b e tw e e n  
t h e  PWM b l o c k  and t h e  i n v e r t e r .  An a t t e m p t  w i l l  be  
made t o  q u a n t i f y  t h i s  d i s t o r t i o n .

3 . 4  The Harmonic  D i s t o r t i o n  R a t i o

3 . 4 . 1  To a t t e m p t  t o  q u a n t i f y  t h e  l e v e l  o f  d i s t o r t i o n  
o f  t h e  h a rm o n ic  s p e c t r a ,  v a r i o u s  t e s t s  w e re  p e r f o r m e d .  
The t e s t s  can  be  s e p a r a t e d  i n t o  two c a t e g o r i e s :

1.  F i x e d  m oto r  s p e e d  ( f i x e d  m o d u l a t i n g  f r e q u e n c y )  
w i t h  a  v a r i a b l e  t o r q u e  l o a d .

T/.
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2 . F i x e d  l o a d  t o r q u e ,  v a r i a b l e  m o to r  s p e e d .

As i s  e v i d e n t  f ro m  p l o t s  ( 3 . 8 ,  3 . 1 0 )  t h e  v o l t a g e  
a p p e a r i n g  a t  t h e  m oto r  p h a s e  ( l e  t h e  v o l t a g e  a t  t h e  
o u t p u t  o f  t h e  power s t a g e s  o f  f i g u r e  ( 3 . 7 ) )  h a s  a  lower  
f i r s t  h a rm o n ic  t h a n  t h e  o u t p u t  o f  t h e  PWM s e c t i o n  would  
i n d i c a t e .  The h a rm o n ic  d i s t o r t i o n  r a t i o  i s  d e f i n e d  t o  
b e :

HDR * m a g n i tu d e  o f  1 s t  h a rm o n ic  a t  m o to r  p h a s e  
m a g n i tu d e  o f  1 s t  h a rm o n ic  a t  PWM s t a g e

The u p p e r  h a r m o n i c s  a r e  a l s o  d i s t o r t e d ,  b u t  a s  t h e  
f i r s t  h a rm o n ic  p r o d u c e s  m ach in e  r o t a t i o n  t h e  l e v e l  o f  
i t s  d i s t o r t i o n  i s  o f  p r i m a r y  i m p o r t a n c e .

3 . 4 . 2  P l o t s  ( 3 . 1 1  . . .  3 . 1 3 )  i n d i c a t e  t h e  v a r i a t i o n  o f  
HDR w i t h  m o to r  s p e e d .  The l o a d  was k e p t  c o n s t a n t  f o r  
e a c h  p l o t ,  b e i n g  100 mA, 300 mA, 500 mA f o r  P l o t s  
( 3 . 1 1  . . .  3 .1 3 )  r e s p e c t i v e l y .  T h i s  l o a d  r e f e r s  t o  t h e  
c u r r e n t  f l o w i n g  i n  t h e  w i n d i n g s  o f  an  e d d y c u r r e n t  
dynom ometer ,  w h ic h  a c t e d  a s  a  c o n s t a n t  t o r q u e  s o u r c e .  
P l o t s  ( 3 .1 4  —  3 .1 5 )  a r e  dynomometer  c a l i b r a t i o n  
c u r v e s  f o r  s p e e d s  o f  200 RPM, 600 RPM, 1000 RPM (20 Hz, 
60 Hz, 100 H z ) .  P l o t s  ( 3 . 1 7  . . .  3 . 1 9 )  i l l u s t r a t e  how 
t h e  r a t i o  c h a n g e s  w i t h  t o r q u e  f o r  s p e e d s  o f  200 RPM,
600 RPM, 1000 RPM r e s p e c t i v e l y .

3 . 4 . 3  P l o t s  ( 3 . 1 1  __  3 .1 3 )  c l e a r l y  show a  t r e n d  of
h a rm o n ic  d i s t o r t i o n  r a t i o  i n c r e a s e  w i t h  s p e e d  i n c r e a s e .  
P l o t s  ( 3 .1 7  . . .  3 .1 9 )  show an  i n c r e a s e  i n  t h e  r a t i o  
w i t h  l o a d  i n c r e a s e s .  T h e r e  i s  a  common d e n o m i n a t o r  
b e tw e e n  t h e  two s e t s  o f  p l o t s .  A s p e e d  i n c r e a s e  means 
an  i n c r e a s e  m  t h e  b a c k  emf o f  t h e  m o to r .  In  t h i s  
s i t u a t i o n  a  l a r g e r  l e v e l  o f  v o l t a g e  i s  n e e d e d  t o  d r i v e  
t h e  same l e v e l  o f  c u r r e n t  m  t h e  w i n d i n g s .  T h i s
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n e c e s s i t a t e s  a  l a r g e r  m o d u l a t i o n  i n d e x .  An i n c r e a s e  m  
m o to r  l o a d  r e q u i r e s  a  l a r g e r  l e v e l  o f  c u r r e n t  m  t h e  
w i n d i n g s  t o  p r o d u c e  t h e  e x t r a  t o r q u e .  A l a r g e r  
m o d u l a t i o n  in d e x  i s  a l s o  n e e d e d  u n d e r  t h e s e  
c i r c u m s t a n c e s .  Thus i t  wou ld  seem t h a t  t h e  h a rm o n ic  
d i s t o r t i o n  i s  a  f u n c t i o n  o f  t h e  m o d u l a t i o n  i n d e x .  T h i s  
i s  c o n c l u s i v e l y  p r o v e n  i n  p l o t  ( 3 . 2 0 ) .  H e re ,  t h e  s p e e d  
i s  k e p t  c o n s t a n t  a t  800 RPM, and t h e  l o a d  r e m a in s  f i x e d  
a t  200 mA (dynamometer  c u r r e n t ) .  The m o d u l a t i o n  in d e x  
i s  v a r i e d  by  v a r i a t i o n s  m  t h e  bu s  v o l t a g e .  Fo r  a  
f i x e d  s e t  o f  o p e r a t i n g  c o n d i t i o n s ,  î e  f i x e d  s p e e d  and 
lo a d  t h e  b u s  v o l t a g e  i s  i n v e r s e l y  p r o p o r t i o n a l  t o  t h e  
m o d u l a t i o n  i n d e x .  The t r e n d  d i s p l a y e d  by  t h e  g r a p h  i s  
o b v i o u s .  The h a rm o n ic  d i s t o r t i o n  r a t i o  i n c r e a s e s  w i t h  
i n c r e a s i n g  m o d u l a t i o n  i n d e x .  The i n c r e a s e  i s  s h a r p ,  
i n i t i a l l y ,  t h e n  a t  1 0 0 % m o d u l a t i o n  and  b e y o n d ,  i t  
s e t t l e s  o u t  a t  a  v a l u e  o f  o n e ,  w h ic h  e f f e c t i v e l y  means 
no d i s t o r t i o n  i s  e x p e r i e n c e d  by  t h e  f i r s t  h a r m o n i c .
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3 . 5 . 1  The r e s u l t s  o f  3 . 4 . 3  w ould  seem t o  i n d i c a t e  t h a t  
t h e  d i s t o r t i o n  i s  i n t r o d u c e d  b e tw e e n  t h e  PWM and power 
s t a g e s .  The o n l y  c i r c u i t r y  b e tw e e n  t h e s e  s t a g e s  i s  t h e  
h y s t e r e s i s  g e n e r a t o r  o f  f i g u r e  ( 3 . 8 ) ,  w h ic h  h a s  a  
h y s t e r e s i s  v a l u e ,  A t ,  o f  0 . 0 2  mS.

3 . 5 . 2  The v o l t a g e  a p p e a r i n g  a t  t h e  m o to r  p h a s e ,  a s  
i l l u s t r a t e d  i n  f i g u r e  ( 3 . 9 ) ,  h a s  a r e a s  ( s h a d e d  i n  
f i g u r e )  w h e re  t h e  s i g n a l  i s  n o t  d i r e c t l y  c o n t r o l l e d .  
T h i s  o c c u r s  b e c a u s e  t h e  h y s t e r e s i s  g e n e r a t o r  e n s u r e s  
t h a t  a t  e a c h  t r a n s i t i o n  o f  v o l t a g e ,  l e  when t h e  pwm 
s i g n a l  g o e s  f ro m  h i g h  t o  low o r  f ro m  low t o  h i g h ,  b o t h  
t r a n s i s t o r s  i n  t h e  i n v e r t e r  l e g  a r e  t u r n e d  o f f .  
R e f e r r i n g  t o  f i g u r e  ( 3 . 1 ) ,  i f  d u r i n g  t h i s  i n t e r v a l  t h e  
c u r r e n t  f l o w i n g  i n  t h e  m oto r  p h a s e  i s  s u f f i c i e n t  t o  
b i a s  e i t h e r  d i o d e  m  t h e  i n v e r t e r  l e g ,  t h e n  t h e  v o l t a g e  
a t  t h e  p h a s e  a ssu m es  a  l e v e l  o f  e i t h e r  Vqus o r  
S p e c i f i c a l l y ,  i f  t h e  v o l t a g e  i s  i n i t i a l l y  h i g h ,  t h e n  
when b o t h  t r a m s i s t o r s  a r e  t u r n e d  o f f  p o s i t i v e  c u r r e n t  
f l o w s  upw ards  t h r o u g h  t h e  lo w er  d i o d e  o f  t h e  l e g  and 
t h e  v o l t a g e  a ssu m es  a  l e v e l  o f  0V. I f  t h e  v o l t a g e  i s  
i n i t i a l l y  low t h e n  c o n d u c t i o n  o c c u r s  t h r o u g h  t h e  u p p e r  
d i o d e  and t h e  v o l t a g e  f o r  t h e  d u r a t i o n  o f  t h e  sh a d e d  
i n t e r v a l  a ssu m es  a  l e v e l  o f  VBy s

3 . 5 . 3  Assuming t h a t  t h i s  i s  t h e  s i t u a t i o n  a t  a l l  s u c h  
i n t e r v a l s ,  a  s i m u l a t i o n  o f  t h e  s i g n a l  s p e c t r u m  w i t h  t h e  
a p p r o p r i a t e  v o l t a g e  l e v e l s  assumed m  t h e  t r a in s  i t  io n  
i n t e r v a l s ,  l e  VguS o r  0V, s h o u l d  i n d i c a t e  i f  any  
d i s t o r t i o n  i s  p r e s e n t  u n d e r  s u c h  c i r c u m s t a n c e s .  A 
s i m u l a t i o n  was p e r f o r m e d  and t h e  r e s u l t a n t  s p e c t r u m  d i d  
n o t  d i f f e r  f rom  t h e  m e a su re d  s p e c t r u m  by  any  
c o n s i d e r a b l e  am ount .  The f i r s t  h a rm o n ic  m  p a r t i c u l a r

3 . 5  The c a u s e s  o f  harm onic d i s t o r t i o n
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seemed n o t  t o  be  a f f e c t e d  a t  a l l -  P l o t  ( 3 . 2 1 )  shows 
t h e  s p e c t r u m  o f  a  50% m o d u la t e d  wave w i t h  a  m o d u l a t i o n  
f r e q u e n c y  o f  500 Hz a s s u m in g  no h y s t e r e s i s ,  w h i l e  P l o t  
( 3 . 2 2 )  d e s c r i b e s  t h e  s p e c t r u m  w i t h  t h e  h y s t e r e s i s  
i n c l u d e d .

3 . 5 . 4  Under m o s t  o p e r a t i n g  c o n d i t i o n s ,  t h e  l e v e l  o f  
c u r r e n t  w ould  n o t  a lw a y s  be  s u f f i c i e n t  t o  b i a s  t h e  
d i o d e s  o f  t h e  i n v e r t e r  l e g .  I f  t h e  o t h e r  e x t r e m e  t o  
t h e  s i t u a t i o n  o f  s e c t i o n  3 . 5 . 3  i s  c o n s i d e r e d ,  l e  i f  a t  
e a c h  t r a n s i t i o n  i n t e r v a l  t h e  v o l t a g e  a t  t h e  p h a s e  g o e s  
t o  V g u g /2 , and  t h e  s p e c t r u m  e v a l u a t e d ,  t h e  amount o f  
d i s t o r t i o n  u n d e r  s u c h  c i r c u m s t a n c e s  c a n  be  a s s e s s e d .
The s p e c t r u m  o f  f i g u r e  ( 3 . 1 0 )  i s  p l o t t e d  m  p l o t  ( 3 . 2 3 )  
a s s u m in g  50% m o d u l a t i o n  and  m o d u l a t i n g  f r e q u e n c y  o f  500 
Hz. The f i r s t  h a rm o n ic  d o e s  n o t  d i f f e r  f ro m  t h a t  o f  
p l o t  ( 3 . 2 1 ) .

3 . 5 . 5  The a c t u a l  v o l t a g e  a t  t h e  p h a s e  a ssum es  a  l e v e l  
d u r i n g  t r a n s i t i o n  m  b e tw e e n  t h e  two e x t r e m e s  d e s c r i b e d  
in  t h e  p r e v i o u s  s e c t i o n s .  F i g u r e  ( 3 . 1 1 )  i l l u s t r a t e s  
t h e  t y p e  o f  s i g n a l  e n c o u n t e r e d  b a s e d  on t e s t s .  The 
v o l t a g e  a t  t r a n s i t i o n  i n t e r v a l  a l  c o r r e s p o n d s  a l m o s t
t o  VgQg/ 2  w h i l e  t h e  v o l t a g e  a t  i n t e r v a l  a l  i s  
c l o s e  t o  t h a t  o f  0V. O th e r  t r a n s i t i o n  i n t e r v a l s  would  
h a v e  v o l t a g e  l e v e l  o f  d i f f e r i n g  d e g r e e s  b e tw e e n  Vgyg 
and 0V. I f  t h e s e  v o l t a g e  l e v e l s  a t  t h e  i n t e r v a l s  a r e  
assum ed t o  be in  p r o p o r t i o n  t o  t h e  c u r r e n t  m a g n i tu d e  a t  
t h a t  i n s t a n t ,  l e  w h e re  t h e  c u r r e n t  c r o s s e s  t h e  z e r o  
a x i s  t h e  v o l t a g e  l e v e l  a ssu m es  V'quq/ I  and  when t h e  
c u r r e n t  i s  a t  i t s  p o s i t i v e  o r  n e g a t i v e  maximum, t h e  
v o l t a g e  t a k e s  t h e  l e v e l  o f  o r  0V, t h e n  f i g u r e
( 3 . 1 2 )  d e s c r i b e s  t h e  r e s u l t a n t  PWM wave.  Harmonic  
e v a l u a t i o n  o f  t h i s  s i g n a l  r e s u l t s  in  p l o t  ( 3 . 2 4 ) .  The 
f i r s t  h a rm o n ic  h a s  b e e n  r e d u c e d  by  a b o u t  20%. T h i s
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d o e s  n o t  c o r r e s p o n d  t o  e x p e r i m e n t a l  r e s u l t s ,  a l t h o u g h  
t h e  f i r s t  h a rm o n ic  i s  r e d u c e d  m  m a g n i t u d e .  F u r t h e r  
s i m u l a t i o n s  i n d i c a t e d  t h a t  t h e  r e d u c t i o n  in  f i r s t  
h a rm o n ic  i s  a  n e a r l y  c o n s t a n t  2 0 % i r r e s p e c t i v e  o f  
m o d u l a t i n g  i n d e x  o r  c a r r i e r  r a t i o .

3 . 5 . 6  I t  i s  c l e a r  t h a t  t h e  c o u r s e  o f  h a rm o n ic  
d i s t o r t i o n  c a n  be  a t t r i b u t e d  t o  t h e  h y s t e r e s i s  c i r c u i t  
o f  f i g u r e  ( 3 . 8 ) .  The o v e r a l l  e f f e c t  o f  h a rm o n ic  
d i s t o r t i o n  c a n  b e  q u a n t i f i e d  m  t e r m s  o f  t h e  h a rm o n ic  
d i s t o r t i o n  r a t i o ,  w h ic h  i s  d e f i n e d  i n  s e c t i o n  3 . 4 . 1 .  
What h a s  n o t  b e e n  f u l l y  e x p l a i n e d  i s  t h e  a c t u a l  
p h y s i c a l  m echanism  t h a t  g e n e r a t e s  t h e  d i s t o r t i o n .  
S e c t i o n  3 . 5  a t t e m p t s  t o  e x p l a i n ,  i n  t e r m s  o f  e n v i s a g e d  
w aveform s a p p e a r i n g  a t  t h e  m o to r  p h a s e ,  t h e  d i s t o r t i o n  
e f f e c t .  O n ly  t h e  s p e c t r u m  o f  t h e  PWM waveform  o f  
f i g u r e  ( 3 . 1 2 )  comes any  way n e a r  t o  t h e  m ea su re d  
s p e c t r u m .  F i g u r e  ( 3 . 1 2 )  i t s e l f  i s  an  a p p r o x i m a t i o n  t o  
f i g u r e  ( 3 . 1 1 ) ,  t h e  a c t u a l  v o l t a g e  a p p e a r i n g  a t  t h e  
m o to r  p h a s e .  I t  i s  n e c e s s a r y ,  m  o r d e r  t o  f u l l y  
q u a n t i f y  t h e  e f f e c t  f o r  a l l  c o n c e i v a b l e  m ac h in e  d r i v i n g  
c o n d i t i o n s ,  t o  q u a n t i f y ,  in  t e r m s  o f  a  m a t h e m a t i c a l  o r  
s t a t i s t i c a l  m o d e l ,  t h e  v o l t a g e  s i g n a l s  a p p e a r i n g  d u r i n g  
t h e  h y s t e r e s i s  i n t e r v a l .  I f  s u c h  a  m odel  were  
p r o d u c e d ,  t h e n  b e t t e r  u n d e r s t a n d i n g  o f  t h e  e f f e c t  o f  
d i s t o r t i o n  on s y s t e m  d y n a m ics  c o u l d  be  o b t a i n e d .
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3 .6  The e f f e c t s  o f  harm onic d i s t o r t i o n

3 . 6 . 1  A l th o u g h  t h e  i d e a s  p r e s e n t e d  i n  t h e  p r e c e d i n g  
s e c t i o n s  do n o t  f u l l y  e x p l a i n  t h e  c a u s e s  o f  t h e  
d i s t o r t i o n ,  t h e  h a rm o n ic  d i s t o r t i o n  r a t i o  c a n  be  u s e d  
t o  q u a n t i f y  i t  f u l l y .  The r a t i o  i t s e l f ,  f o r  any  s e t  o f  
s t e a d y  s t a t e  o p e r a t i n g  c o n d i t i o n s ,  i n d i c a t e s ' t h e  l e v e l  
o f  v a r i a t i o n  o f  f o r w a r d  p a t h  g a i n  m  t h e  c l o s e d  lo o p  
c o n t r o l  s y s t e m  o f  f i g u r e  ( 3 . 7 ) .  T h i s  f o r w a r d  p a t h  g a m  
v a r i a t i o n  i s  dy n a m ic ,  v a r y i n g  w i t h  c h a n g e s  i n  
m o d u l a t i o n  i n d e x .  The f u l l  e x t e n t  o f  i t s  e f f e c t  on 
s y s t e m  s t a b i l i t y  c a n  n o t  be  g a u g ed  w i t h o u t  a  f u l l e r  
u n d e r s t a n d i n g  o f  h a rm o n ic  d i s t o r t i o n  in  t e r m s  o f  a  
m a t h e m a t i c a l  m o d e l .  However t h e  e x i s t e n c e  o f  h a rm o n ic  
d i s t o r t i o n  n e c e s s i t a t e s  i t s  f u l l  c o n s i d e r a t i o n  i n  
b r u s h l e s s  dc  m o to r  c o n t r o l .

3 . 6 . 2  B e s i d e s  t h e  dynam ic  e f f e c t s  o f  h a rm o n ic  
d i s t o r t i o n ,  s t a t i c  e f f e c t s  a l s o  e x i s t . .  D u r in g  t h e  
c o u r s e  o f  e x p e r i m e n t a l  m e a su re m e n t  i t  was d i s c o v e r e d  
t h a t  t h e  u p p e r  h a r m o n i c s  w e re  a l s o  d i s t o r t e d .  P l o t  
( 3 . 2 5 )  shows t h e  s i t u a t i o n  w i t h  a  60 Hz m o d u l a t o r ,  and 
an  e d d y c u r r e n t  dynamometer  c o i l  c u r r e n t  o f  400 mA. The 
t h i r d  h a rm o n ic  o f  t h e  l i n e  v o l t a g e  i s  o v e r  40% o f  t h e  
f u n d a m e n t a l .  In  t h i s  p a r t i c u l a r  s i t u a t i o n  no v o l t a g e  
a p p e a r s  a c r o s s  t h e  m oto r  w i n d i n g s  due  t o  t h e  3 p h a s e  
c a n c e l l a t i o n  e f f e c t -  The s e c o n d  h a r m o n i c ,  w h ich  h a s  a  
m a g n i tu d e  o f  1 0 % o f  t h e  f u n d a m e n t a l ,  however  d o e s  
p r o d u c e  c u r r e n t  and  t h i s  c u r r e n t  in  t u r n  g e n e r a t e s  
h e a t i n g  l o s s e s  in  t h e  w i n d i n g .  A l t h o u g h  10% o f  t h e  
f u n d a m e n t a l  d o e s  n o t  seem t o  be  s u b s t a n t i a l  i t  m us t  be  
n o t e d  t h a t  t h e  s e c o n d  h a rm o n ic  e n c o u n t e r s  an  impedance  
o f  l e s s  t h a n  t w i c e  t h a t  e n c o u n t e r e d  by  t h e  f u n d a m e n t a l ,  
and  i t  d o e s  n o t  h a v e  an y  b a c k  emf t o  o ve rcom e.

4 0



3 . 6 . 3  One m ethod  t o  overcom e t h e  e f f e c t s  o f  t h e  
h a rm o n ic  d i s t o r t i o n  r a t i o  w ould  be  t o  f i x  t h e  
m o d u l a t i o n  l e v e l  a t  a r o u n d  1 0 0 % and v a r y  t h e  bu s  
v o l t a g e  m  a c c o r d a n c e  w i t h  t h e  amount o f  v o l t a g e  
r e q u i r e d  p e r  p h a s e .  T h i s  w ou ld  r e q u i r e  a n  a d a p t a t i o n  
o f  t h e  c o n t r o l  s y s t e m  o f  f i g u r e  ( 3 . 7 )  t o  i n c l u d e  a  
c o n t r o l l e d  3 p h a s e  t h y r i s t o r  r e c t i f i e r .  F i g u r e  ( 3 . 1 3 )  
i l l u s t r a t e s  t h e  a d a p t e d  s y s t e m .



FIGURE(3 13)
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4 . 1  The 3 Phase Model

4 . 1 . 1  The t h e o r y  p r e s e n te d  m  Chapter 2 c o n s t i t u t e s  
t h e  f u l l  d e s c r i p t i v e  s e t  o f  e l e c t r i c a l  e q u a t io n s  fo r  
t h e  m ach ine. In p a r t i c u la r  e q u a t io n s  ( 2 .1 5  . . 2 .2 0 )  
com p rise  th e  e l e c t r i c a l  c h a r a c t e r i s t i c  o f  th e  
synch ron ous m achines 3 phase  r e p r e s e n t a t i o n .  The 
p aram eters  o f  t h e  e q u a t io n s  can e a s i l y  be d e r iv e d  from  
t e s t .  The m ec h a n ica l  c h a r a c t e r i s t i c s  o f  t h e  machine  
can be d e s c r ib e d  by:

T = TL + J dWm + DWm ................... ( 4 .1 )
d t

where T i s  th e  d e v e lo p e d  motor to rq u e
Tl  i s  th e  sy s tem  lo a d  to rq u e
J i s  t h e  sy s te m  moment o f  i n e r t i a
D i s  th e  sy s tem  damping.

4 . 1 . 2  The p aram eters t h a t  r e q u ir e  e v a lu a t io n  a re :

Modelling of a 3 Phase Synchronous Machine

1) Phase R e s i s t a n c e

2) Phase in d u eta n c e
3) Back emf c o n s t a n t
4) Torque c o n s t a n t
5) Rotor moment o f  i n e r t i a
6) Rotor damping f a c t o r

T e s t  p r o c ed u r es  were d e v e lo p e d  m  order t o  d e term in e  
th e  p a r a m ete rs ,  and t h e s e  p r o c ed u r es  w i l l  be d e s c r ib e d  
m  d e t a i l  m  th e  su b seq u e n t  p ara g ra p h s .
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4 . 1 . 3  The s t a t o r  r e s i s t a n c e  can be d e term in ed  by use  
o f  a r e s i s t a n c e  m ete r .  The sy s tem  i s  b a la n ce d  so  t h a t  

RA' rB' r C sh o u ld  be e q u a l  m  m agn itu d e . Phase  
r e s i s t a n c e s  were measured a s :

Ra -  0 .9 5  O
Rb = 0 .9 4  n
Rc  » 0 .9 5  n

4 . 1 . 4  The phase  in d u c ta n c e  i s  more d i f f i c u l t  t o  
m easure. The s t a t o r  i s  s t a r  c o n n e c te d  and i t  i s  
im p o s s ib le  t o  m easure a s i n g l e  phase  in d u c ta n c e ,  so  i t  
i s  n e c e s s a r y  t o  d e ter m in e  t h i s  from t h e  l i n e  t o  l i n e  
m easurem ent. U n fo r tu n a t e ly  b e c a u se  o f  c o u p l in g  betw een  
phase  c o i l s  i t  i s  im p o s s ib le  t o  s e p a r a t e  s e l f  
in d u c ta n c e ,  le a k a g e  in d u c ta n c e  and m utual in d u c ta n ce  
betw een  c o i l s .  The phase  in d u c ta n c e  has t o  be 
e s t im a t e d  as  h a l f  t h e  l i n e  t o  l i n e  m easurem ent. T h is  
i s  in  k e e p in g  w i t h  s e c t i o n  2 . 3 . 1 .  P l o t  ( 4 .1 )  shows t h e  
l i n e  t o  l i n e  in d u c ta n c e  p l o t t e d  a g a i n s t  0 .  T h is  
v a r i a t i o n  can be a t t r i b u t e d  t o  changes m  t h e  a i r
gap l e n g t h ,  due t o  s a l i e n c y .  The o f f s e t  l e v e l  o f  t h e  
p e r io d ic  wave i s  used  as  t h e  ap p ro x im a tio n  t o  th e  l i n e  
t o  l i n e  in d u c ta n c e .  T h e r e fo r e  t h e  phase  in d u c ta n c e s  
can be d e term in ed .

La  -  2mH
Lb = 2mH
Lc = 2mH

4 . 1 . 5  The back emf c o n s t a n t  can be d e term in ed  s im p ly  
by d r i v in g  th e  motor as an u n loaded  g e n e r a t o r ,  and 
p l o t t i n g  t h e  l i n e  t o  l i n e  v o l t a g e  a g a i n s t  s p e e d .  The 
s l o p e  o f  P lo t  ( 4 .2 )  y i e l d s  t h e  back emf c o n s t a n t  in  
v o l t s  per RPM S c a l in g  th e  s lo p e  by C where C i s  
d e f in e d  a s :



ROTOR ANGIE IH CltCTRICAL RADIANS

PLOT(4 1)

PLOT(4 2)



2 z _  .....................................  ( 4 .2 )
604 3

g i v e s  t h e  back emf c o n s t a n t  per phase  a s ,
Ke = .3 175  V o I ts /R a d /S

4 . 1 . 6  The to r q u e  c o n s ta n t  fo r  t h e  t e s t  motor i s  
d e f in e d  as  t h e  r a t i o  o f  t h e  to r q u e  o u tp u t  t o  t h e  peak  
phase  c u r r e n t ,  assum ing a to r q u e  a n g le  o f  9 0 ° .  T e s t s  
u s in g  an ed d y cu rren t  dynamometer r e s u l t  m  P l o t  ( 4 . 3 ) .  
The s l o p e  o f  t h e  graph i s  0 .4 7  Nm/A . T h is  q u a n t i t y
i s  t h e  to r q u e  c o n s t a n t .  I t  can a l s o  be d e r iv e d  from  
e q u a t io n  ( 2 . 2 1 ) .  Power i s  d e f in e d  m  term s o f  rms 
c u r r e n t  and v o l t a g e .  The back emf c o n s t a n t  d e f in e d  m  
s e c t i o n  4 . 1 . 5  i s  in  term  o f  peak v o l t s ,  so  d i v i s i o n  by  
t h e  sq u are  r o o t  o f  2 r e s c a l e s  i t  m  term s o f  rms. The 
c u r r e n t ,  IA can be r e p la c e d  m  e q u a t io n  ( 2 .1 9 )  by th e  
e q u iv a le n t  peak c u r r e n t  d iv id e d  by r o o t  2 .  E q uation
( 2 .1 9 )  b ecom es.

T .  Wm. 3 ( 0 . 3 1 7 5 ) IA(Peak) ............................ (4 3)
Wm<l2 42

or
T -  0 .4 7 6 I A(Peak) ..............................  ( 4 .4 )

4 . 1 . 7  The r o to r  moment o f  i n e r t i a  can e i t h e r  be  
c a l c u l a t e d  or d e r iv e d  from t e s t .  The e q u a t io n  fo r  th e  
moment o f  i n e r t i a  o f  any body i s :

J = £  r 2dm ..............................  ( 4 .5 )

where dm i s  t h e  d i f f e r e n t i a l  mass e le m e n t ,  and r i s  t h e  
d i s t a n c e  from t h e  a x i s  o f  r o t a t i o n  t o  dm. The 
i n t e g r a t i o n  i s  perform ed over  t h e  e n t i r e  volum e.
The v a lu e  o f  i n e r t i a  o f  th e  t e s t  motor i s

J = 2.8x10"4Nm S2
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4 . 1 . 8  The r o to r  damping f a c t o r  in c lu d in g  a w indage  
e le m e n t ,  can be d e term in ed  from motor no lo ad  t e s t s  a t  
v a r io u s  s p e e d s .  P l o t  ( 4 .4 )  shows to rq u e  a g a i n s t  r o to r  
sp eed  in  r a d / s .  The s lo p e  o f  t h e  graph y i e l d s  th e  
damping f a c t o r .

D = 0 .0 0 1 8  Nms



4.2 The DQ model

4 . 2 . 1  The m ec h a n ica l  e q u a t io n  o f  s e c t i o n  4 . 1 . 1  can  
e q u a l l y  be a p p l ie d  t o  t h e  DQ e l e c t r i c a l  r e p r e s e n t a t io n  
o f  t h e  m ach in e , so  t h e  p aram eters  J and D d e r iv e d  m  
s e c t i o n s  4 . 1 . 7  and 4 . 1 . 8  r e s p e c t i v e l y  can be used m  
t h e  DQ m odel. R e fe r r in g  t o  e q u a t io n s  (2 .2 3  . . .  2 .3 2 )  
t h e  p aram eters t o  be e v a lu a te d  a r e :

1) Rd' *q
2) Ld, Lg

3) ^m
4) K

F ig u r e  ( 4 .1 )  shows t h e  motor m  b lo c k  diagram  form.

4 . 2 . 2  One o f  t h e  b a s e s  fo r  t h e  DQ tr a n s fo r m a t io n  i s  
t h a t  t h e  r e s u l t a n t  DQ c o i l s  have t h e  same number o f
t u r n s  as  t h e  3 phase  c o i l s  t h e y  r e p r e s e n t .  T h is
e n su r e s  t h a t  t h e  c o i l  r e s i s t a n c e  rem ains t h e  same a f t e r  
t h e  t r a n s fo r m a t io n  [B 2 ] .

Rd = 0 . 9 5 0  

Rq = 0 . 9 5 0

4 . 2 . 3  The D i r e c t  and Quadrature a x e s  in d u c ta n c e s  can  
v a r y  c o n s id e r a b ly  w ith  lo a d  d epend ing  on d r iv in g
c o n d i t i o n s  [P 1 6 ] .  A c lo s e d  c u r r e n t  lo o p  can m in im ise
t h e s e  v a r i a t i o n s .  The a x e s  in d u c ta n c e s  are
e x p e r im e n t a l ly  d e r iv e d  w ith  t h e  c u r r e n t  lo op  c lo s e d  and
a l s o  w ith  t h e  assu m p tio n  t h a t  t h e  to r q u e  a n g le  i s%
9 0 ° .  C onsider  e q u a t io n  ( 2 . 2 5 ) .  Under s t e a d y  s t a t e  
c o n d i t i o n s  t h e  d e r i v a t i v e  g o e s  t o  z e r o .  I f  t h e  to rq u e  
a n g le  i s  90° th e n  th e  d i r e c t  a x i s  c u r r e n t  i s  a l s o  
z e r o .  E q u ation  ( 2 .2 5 )  becomes
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F IGURE(4 1) 

MOTOR DQ MODEL



Lq “ ~Ud
  (4 6)
Wfilq

Assuming low s a l i e n c y ,  and n e g l e c t i n g  s a t u r a t i o n  
e f f e c t s , t h e  v a lu e  o f  Lq can be used  as  t h e  v a lu e  o f  

Ld
==> La -  -Ud

  (4  7)
WEIq

4 . 2 . 4  In order t o  e v a lu a t e  and Lq know ledge i s
needed  o f  t h e  d r iv in g  3 phase  c u r r e n t s  and v o l t a g e s .
I f  t h e  d r iv in g  3 phase  c u r r e n t s  a re  assumed t o  be

r i Ai  r - l i l - s m ( w Et )  i
I Ib I -  | - | l | . S i n ( W Et - 2 7 T / 3 ) | .........................  ( 4 .8 )
LlcJ L-| 11 .Sin(W Et-47T/3)J

A p p ly in g  t h e  t r a n s fo r m a t io n  o f  e q u a t io n  ( 2 .2 3 )  th e  D 
and Q c u r r e n t s  a re  e v a lu a te d  a s :

H d i = r o i

LlqJ L~| I |J .........................  (4 9)

So t h e  s e t  o f  d r i v in g  c u r r e n t s  o f  e q u a t io n  ( 4 .8 )  r e s u l t  
in  a to rq u e  a n g le  o f  9 0 ° .  The 3 phase  d r iv in g  
v o l t a g e s  sh o u ld  le a d  t h e  c u r r e n t s  by some phase  a n g le  
F ig u re  ( 4 .2 )  i l l u s t r a t e s  t h e  p o s i t i o n  o f  th e  3 phase  
v o l t a g e  v e c t o r  w ith  r e f e r e n c e  t o  t h e  3 phase  c u r r e n t  
v e c t o r .  The v o l t a g e  v e c t o r  can be s p l i t  in to  D and Q 
com ponents. CJ le a d s  lq  by t h e  a n g le  k f so  th e  
d r iv in g  v o l t a g e s  needed t o  g e n e r a t e  t h e  c u r r e n ts  o f  
e q u a t io n  ( 4 .8 )  a r e ,

rUAl r - | u | - S i n ( W Et+k)  1

|u B | =  | - | u |  .Sm (W Et-277/3+k |
LucJ L— |U | .Sin(W Et-47T/3+ld ................. ( 4 .1 0 )
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4 . 2 . 5  T e s t s  were c a r r ie d  o u t  a t  600 RPM and 1200 RPM 
w ith  t h e  lo a d  v a r y in g ,  t o  q u a n t i f y  t h e  v a r i a t i o n  in  
in d u c ta n c e  w ith  lo a d .  The r e s u l t s  a re  p l o t t e d  m  P l o t s  
( 4 . 5 ,  4 . 6 ) .  The v o l t a g e  and c u r r e n t  v a lu e s  measured a t  
lower lo a d s  ten d e d  t o  be s m a l l ,  and t h e  measurement 
equipm ent u se d ,  m  t h i s  c a s e  a spectrum  a n a ly s e r ,  
ten d e d  t o  g i v e  in a c c u r a te  r e s u l t s  a t  t h e s e  lower  
v a l u e s .  In t h e  c a s e  o f  P l o t s  ( 4 . 5 ,  4 . 6 )  th e  v a lu e  o f  
in d u c ta n c e  te n d s  tow ards 2 mH as th e  lo a d  i n c r e a s e s .  
T h is  c o rresp o n d s  t o  t h e  t h e o r e t i c a l  v a lu e  o f  
in d u c ta n c e ,  so  a v a lu e  o f  2 mH w i l l  be ta k e n  t o  
r e p r e s e n t  and Lq.

4 . 2 . 6  The magnet e q u iv a le n t  f l u x  l in k a g e  can be 
d eterm in ed  from e q u a t io n  ( 2 . 2 9 ) .  Assuming s t e a d y  s t a t e  
c o n d i t i o n s ,  and a 90° to rq u e  a n g le ,  e q u a t io n  ( 2 . 2 9 )  
becomes :

v  ’ u q  ~  , ,  i nXm = ———— —  ( 4 . 1 1 )
WE

T e s t s  c a r r ie d  o u t  a t  sp e e d s  o f  600 RPM and 1200 RPM, 
w ith  loa d  v a r y in g  y i e l d  p l o t s  ( 4 . 7 ,  4 . 8 )  r e s p e c t i v e l y .  
The f l u x  l in k a g e  i s  m  mWb-turns. An a v e ra g e  fo r  
Xm was o b ta in e d  from t h e  m easurem ents ta k e n .

Xm » - 0 . 0 5 3  W b-turns

4 2 .7  The v a lu e  o f  th e  c o n s ta n t  K, o f  e q u a t io n  ( 2 . 3 0 )  
can be de term in ed  u s in g  t h e  c r i t e r i o n  t h a t  to rq u e  
e q u a t io n s  ( 2 . 1 9 ,  2 . 3 0 )  must y i e l d  i d e n t i c a l  to rq u e  
v a l u e s ,  under i d e n t i c a l  m achine d r i v in g  c o n d i t i o n s .  
E q u a tio n  ( 2 . 1 9 )  can be w r i t t e n  a s :

T = 3/2 KEIA(Peak)   (4.12)
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assum ing 90° to r q u e  a n g le .  E q u a tio n  ( 2 . 3 2 )  can be 
w r i t t e n  a s :

T = KXm p / 2  Iq ( 4 . 1 3 )

u s in g  t h e  same assu m p tio n  as  a b ove . The Q a x i s  c o i l  i s  
p s e u d o s t a t io n a r y  m  n a tu r e  [B2] so  t h e  back emf 
induced  m  i t ,  on t h e  b a s i s  o f  t h e  t r a n s fo r m a t io n  of  
s e c t i o n  2 . 4 . 3 ,  i s  t h e  same as  t h a t  induced m  an 
i n d iv i d u a l  phase  c o i l .  E q u ation  ( 4 . 1 3 )  becom es, 
com bining t h e  p ro d u ct  o f  Xm and p /2  t o  become a 
s i n g l e  back  emf c o n s t a n t :

s i n c e  Iq e q u a ls  IA( p e a k ) , i t  can be con c lu d ed  t h a t  
t h e  v a lu e  K must assume t o  b a la n c e  t h e  e q u a t io n  i s :

T -  KKE Iq ( 4 . 1 4 )

K -  3 / 2
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4.3 The basis for the DC motor representation

4 . 3 . 1  The 90° to r q u e  a n g le  c o n d i t i o n  has been  
r e f e r r e d  t o  on q u i t e  a number o f  o c c a s io n s  m  th e  
c o u r se  o f  t h i s  C hapter- I t  c o n s t i t u t e s  an im portant  
c o n d i t i o n  in  synch ron ous motor c o n t r o l ,  a s  i t  means th e  
m achine can be r e p r e s e n t e d  by a l i n e a r  DC e q u iv a le n t  
m otor. T h is  e n su r e s  t h a t  c l a s s i c a l  l in e a r  a n a l y s i s  and 
c o n t r o l  can be a p p l ie d  d i r e c t l y  t o  t h e  r e s u l t a n t  l in e a r  
sy s tem  t o  e f f e c t  v e l o c i t y  c o n t r o l .

4 . 3 . 2  To d e r iv e  t h e  Iq(S)/Uq(S) t r a n s f e r  
f u n c t i o n  fo r  t h e  l i n e a r i z e d  sy s te m , e q u a t io n s  ( 2 . 2 3 ,  
2 . 2 4 ,  2 . 3 0 ,  4 . 1 )  a re  u se d .  If 1$  i s  e q u a l  t o  z er o
t h e  e q u a t io n s  (2.23, 2.24, 2.30) red u ce  t o :

Ud - -wE^qlq  ...............  (4.15)
Uq = Lqdlg+Rqlq - WE\m .......... (4.16)

d t

T - 3 • £ Xm Iq ........... (4.17)
2 2

s u b s t i t u t i n g  e q u a t io n  (4.17) in t o  (4.1) r e s u l t s  m :

3 P
 xmJq = + DW + Tl  ............................( 4 . 1 8 )
2 2 d t

t a k in g  t h e  l a p l a c e  tr a n s fo r m s  o f  e q u a t io n s  (4.16, 4.18) 
y i e l d ,

Uq (S) = SLqIq(S)+Rq Iq(S) + WE (S)Xm .....  (4.19)
and,

3 p
-  -  Xm Iq(S) = SJ Wm (S)+DWra(S)+TL (S) . .  . ( 4 . 2 0 )
2 2
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3 P
Wm(S) = -  -  XmIq (S )  -  TL

2_2......................      ( 4 . 2 1 )

(JS+D) (JS+D)

s u b s t i t u t i n g  i n t o  e q u a t io n  ( 4 . 1 9 )  and n o t in g  t h a t  
6 Wm(S) = WE ( S ) ,

From equation (4.20),

Uq ( S ) = I q ( S )
a 3 P '

SLq+Rq+X m 6
2 2

+ XmTL ............. ( 4 . 2 2 )

(JS+D) (JS+D)

Assuming a lo a d  to rq u e  o f  z e r o ,

Iq(S) Js+D

Uq (S) S ^ J + iD L g + R iJ jS + iR q D + g -p .X 2^

S u b s t i t u t i o n  o f  t h e  v a lu e s  d e r iv e d  m  t h e  p r e v io u s  
s e c t i o n s  in t o  t h i s  e q u a t io n  y i e l d s  t h e  t r a n s f e r  
f u n c t io n :

Ia (S) 500S + 4 6 5 2 . 9
(4 24)

Ug(S) S 2+ 48 4 . 28S+316608

Thus th e  motor m odel o f  f i g u r e  ( 4 . 1 )  can be r e p la c e d  by 
t h e  l in e a r  b lo c k  o f  f i g u r e  ( 4 . 3 ) .  So t h e  ma3 or 
c r i t e r i o n  fo r  c u r r e n t  c o n t r o l  m  term s o f  t h e  b e s t  
s e r v o  perform ance can be d e f in e d  t o  be a m ain tenance  o f  
t h e  to r q u e  a n g le  a t  90° over t h e  e n t i r e  motor sp eed  
ra n g e , and fo r  a l l  c o n c e iv a b le  load  c o n d i t i o n s .
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5. Design of a Current Control System

5 . 1  3 Phase C o n t r o l le r  D e s ig n

5 . 1 . 1  The e s s e n c e  o f  c u r r e n t  c o n t r o l  i s  t o  a c h ie v e  as  
h ig h  a torque/am p r a t i o  as  p o s s i b l e .  T h is  r e q u ir e s  
m a in ta in in g  th e  to r q u e  a n g le  a t  9 0 ° .  The problem  
w ith  c u r r e n t  c o n t r o l  i s  t h e  in h e r e n t  n o n l i n e a r i t y  o f  
t h e  3 phase  sy s tem  [B14, P 1 6 ] .  N o n lin e a r  sy s tem s  
g e n e r a l l y  r e q u ir e  some s o r t  o f  a d a p t iv e  c o n t r o l  
te c h n iq u e  t o  a c h ie v e  r e a s o n a b le  perform ance [P17, P18] .  
But t h e  n a tu re  o f  a d a p t iv e  c o n t r o l  r e q u ir e s  a la r g e  
amount o f  computer t im e  t o  g e n e r a te  o u tp u t  s i g n a l s .
Thus a compromise i s  n eed ed .

5 . 1 . 2  To perform  a fr e q u e n c y  r e sp o n s e  e v a lu a t io n
on t h e  m otor, m  order  t o  o b t a in  t h e  g a in  and phase  
c n a r a c t e r i s t i c s ,  i t  i s  n e c e s s a r y  t o  u se  an i t e r a t i v e  
p r o c ed u r e .  T h is  i s  b e c a u se  o f  t h e  n o n l i n e a r l t y  o f  th e  
sy s te m . U sing  fr e q u e n c y  r e sp o n s e  p l o t s ,  i t  sh o u ld  be  
p o s s i b l e  t o  d e s ig n  a s u i t a b l e  c o n t r o l l e r .  The 
c r i t e r i o n  fo r  c o n t r o l l e r  d e s ig n  i s  t h a t  a t  to p  sp eed  a  
to rq u e  r e d u c t io n  o f  no l e s s  th an  5%. T h is  co rresp o n d s  
t o  a phase  la g  o f  l e s s  th a n  15° .  F ig u r e  ( 5 . 1 )  
i l l u s t r a t e s  a s i n g l e  motor phase  w ith  i t s  a s s o c i a t e d  
c o n t r o l  hardw are. The harmonic d i s t o r t i o n  r a d io  (HDR) 
i s  in c lu d e d  m  th e  forw ard p a th .  The e l e c t r i c a l  
e q u a t io n  o f  th e  motor p h a se , w r i t t e n  m  phasor form at  
i s :

V = j We L I a + R Ia + E ......................... ( 5 . 1 )

I f  t h e  back emf i s  assumed t o  have a phase  a n g le  o f  
0 ° ,  IE , & i s  s e t  t o  0° and th e  a n g le  betw een  
back emf and phase  c u r r e n t  i s  d e f in e d  as a ,  th en
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V = E + Ia [R Cosa-WEL Sina] + 
jIa [R Sina + WEL Cosa] ( 5 . 2 )

The transfer function of the motor winding, Ia/V, can 
be determined from equation (5.2) and expressed in 
magnitude and angle form. In particular,

U  =  1_____________________________________

V J(E/Ia+R Cosa-WEL Sina)2+(R.Sina+WEL Cosa)2
...........  (5.3)

¿Ia — ¿V = <D-TAN"1r(R Sino+WEL Cosa)Ia 1
Le+(R Cosa-WEL.Sina)IaJ

...........  (5.4)
Because of the balanced nature of the motor windings, 
the equations above relate to any Phase.

5.1.3 Assuming an under modulated signal the PWM stage 
of the system acts, in steady state velocity 
conditions, as a linear amplifier. The gain of the 
amplifier is expressed in equation (3.9). The 
modulation index, as defined in section 3.3.1, depends 
on the magnitude of both carrier and modulator. The 
carrier signal on the test motor controller has a peak 
to peak magnitude of 4 volts, while the phase voltage, 
at 100% modulation, assumes a peak to peak level of 320 
volts. This means the gain of the PWM stage is 80 in 
the linear operating region. Although the gain falls 
off somewhat when over modulation occurs, the figure 80 
will be used as an approximation in subsequent theory.

5.1.4 The harmonic distortion ratio affects the forward 
path gain as a function of modulation index. Plot
(3.20), the plot of modulation index against harmonic 
distortion ratio, can be described by a set of 
piecewise linearised functions.
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’ 0 . 7mx 
HDRiir^) = 2 .3 3 1 ^ - 0 .6 5

- 1 . 643m-.-0.315
0 . 7 5 6 m j + 0 . 2 4 3

1

l

0  ̂ m 1 *  0 . 4 1  
0 . 4 1  < iUi  ̂ 0 . 4 9  
0 . 4 9  < mL  ̂ 0 . 6 3
0 . 6 3  <  ̂ 1

> 1
(5.5)

Where mx i s  t h e  m o d u la tio n  in d e x . The harmonic  
d i s t o r t i o n  r a t i o  a t  z e r o  m o d u la tio n  i s  n o t  a m easurab le  
q u a n t i t y ,  b u t  i t  i s  assumed t o  be 0 in  th e  above  
e q u a t io n ,  b e c a u se  o f  t h e  downward tr e n d  o f  p l o t  ( 3 . 2 0 )  
tow ards z e r o  m o d u la tio n .

5 . 1 . 5  The c o n t r o l l e r  s t a g e  o f  f i g u r e  ( 5 . 1 )  can be 
r e p r e s e n t e d  by i t s  t r a n s f e r  f u n c t i o n .  T h is  i s  
d e s c r ib e d  a s .

e q u a t io n  ( 5 . 2 )  r e p r e s e n t e d  m  m agnitude and phase  form  
b ecom es:

IC(S) | = KJd+iWETi^Ml+iWE t 2)2).....(l+(WErn )2)
4 ( 1 + (WErn + 1 ) 2 ) ( 1 + (uWErn+2) 2 ------- ( 1 + (We t n ) 2 )

............................ ( 5 . 7 )

¿C(S) - TAN'1(We t1)+TAN"1 (We t2)+ TAN*1 (WErm )
-  T A N - 1 (WE r n + 1 ) - T A N ‘ : l (WE T n + 2 ) . . - T A N ' 1 (WE r n )

C(S) -  K(1+St x) ( 1+Sr2 ) . . .  (1+Srn )

( l+ S r n+ 1) ( l + S r n+ 2) . . .  (1+Srm)
( 5 . 6 )

( 5 . 8 )

R e fe r r in g  t o  f i g u r e  ( 5 . 1 )  

C(S) = R( S ) / E( S )

■==> | e ( S )  | = | r ( s )  | /|c(s
==> | e ( S )  = |R(s)|/|c (S)

( 5 . 9 )

( 5 . 1 0 )

( 5 . 1 1 )

and ¿E(S) = ¿R(S) - ¿C(S) (5.12)
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5,1.6 The system error, E(S), is defined as:

E(S)  -  Id (S) -  I a (S)
-=> l d (S) = E ( S ) + I a ( S )

(5.13)

i f  $  i s  d e f in e d  as t h e  a n g le  o f  E ( S ) ,  th e n  I<j(S) 
can be e v a lu a te d  a s :

| Id( S)  1=4 ( | E ( S )  | cos>8+1 I a (S) | Cosa) 2 +
( | E( S)  Jsm^+| Ia (S)  |sm o) 2 ( 5 . 1 4 )

¿ I d (S)  -  TAN” ---------------------------------------
l | E ( S )  |Cos/M-| I a (S) |co sa .

j | E ( S ) l S i n ^ + l l a ( S ) |  Sm o'
( 5 . 1 5 )

5 . 1 . 7  The e q u a t io n s  d e v e lo p e d  th u s  fa r  d e s c r ib e  th e  
c lo s e d  lo o p  sy s tem  f u l l y .  They e n a b le  a s im u la t io n  o f  
b o th  open and c l o s e d  lo op  fr e q u e n c y  r e s p o n s e s  t o  be 
perform ed , fo r  any s e l e c t e d  c o n t r o l l e r ,  C( S) .  The o n ly  
p r e r e q u i s i t e s  o f  s im u la t io n  a re :

1. The a c t u a l  w in d in g  c u r r e n t ,  Ia , i s  s e t  over  th e  
w hole fr e q u e n c y  r a n g e . In o th e r  words a v a lu e  o f  
Ia i s  ch osen  and a l l  o th e r  v a lu e s  a re  worked o u t  
based  on i t .  T h is  a l lo w s  t h e  v a r i a t i o n  m  
fre q u en cy  r e sp o n s e  w ith  lo ad  be d e ter m in e d .

2 .  The demand c u r r e n t ,  Id , i s  a lw ays in  phase  w ith  
t h e  back  emf.  T h is  p r e r e q u i s i t e  i s  fu l f - i l - l e d  m  
t h e  c o n t r o l  s t r u c t u r e  o f  f i g u r e  ( 3 . 7 ) .

3 .  F r i c t i o n  and windage l o s s e s  a r e  ig n o r ed .

5 . 1 . 8  P l o t  (5 1) shows motor g a m  r e sp o n s e  Ia / v ,  w ith  
t h e  w in d in g  c u r r e n t ,  Ia , assum ing v a lu e s  d e s c r ib e d  m  
t h e  p l o t .  The r e a so n  fo r  su ch  a sharp  f a l l  o f f  in  g a in
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i s  th e  p r e se n c e  o f  t h e  back emf. For a s e t  v a lu e  o f  
Ia , sp eed  in c r e a s e s  r e q u ir e  g r e a t e r  phase  v o l t a g e s  t o  
overcome t h e  back emf. P l o t  ( 5 . 2 )  i l l u s t r a t e s  th e  
c u r v e s  o f  t h e  v a r i a t i o n  m  phase  a n g le  betw een  I a and 
V w ith  t h e  in d ic a t e d  v a lu e s  o f  I a . As i s  e v id e n t ,  
t h e  phase  c u r r e n t  a f f e c t s  t h e  phase  and g a m  r e s p o n s e s  
t o  a  c o n s id e r a b le  e x t e n t .  U sin g  t h e  p r i n c i p l e s  o f  g a in  
m argin and phase  margin [BIO ,B11,B12] as i n d i c a t i o n s  o f  
s t a b i l i t y ,  th e  motor i s  s t a b l e .  I t  i s  o n ly  n e c e s s a r y  
t o  a p p ly  t h e  c r i t e r i o n  s e t  down in  s e c t i o n  5 . 1 2  as  th e  
b a s i s  fo r  c h o o s in g  C( S) .

5 . 1 . 9  The p r e s e n c e  o f  t h e  harmonic d i s t o r t i o n  r a t i o  
d i c t a t e s  t h e  ty p e  o f  c o n t r o l l e r  used  m  t h e  c u r r e n t  
lo o p .  The r a t i o  e f f e c t i v e l y  r e d u c e s  t h e  g a in  a t  t h e  
lower fr e q u e n c y  ra n g e , so  i t  i s  n e c e s s a r y  t o  c o u n t e r a c t  
t h i s  r e d u c t io n .  A phase  la g  c o n t r o l l e r  perform s su ch  a 
f u n c t i o n  [BIO, B l l ,  B 1 2 ] . With c o r r e c t  d e s ig n  a phase  
la g  c o n t r o l l e r  in c r e a s e s  t h e  lower fr e q u e n c y  g a in  
w ith o u t  a f f e c t i n g  t h e  g a in  m argin by a c o n s id e r a b le  
amount, t h e  t r a n s f e r  f u n c t io n  o f  a la g  c o n t r o l l e r  can  
be d e s c r ib e d  a s :

k ( l + S r x)
C(S) ~   (5 16)

( 1+Sr 2 )

where t 2 > . The b r e a k p o in ts  o f  t h e  g a in
r e sp o n s e  are  1/ r 2 and 1/ r x r e s p e c t i v e l y .  The 
fr e q u e n c y  a t  which t h e  phase  r e sp o n s e  r e a c h e s  a minimum 
i s :

f mm (5 17)

U sing  e q u a t io n  ( 5 . 1 7 )  and t h e  t h e o r y  o f  app en dix  (3) i t  
i s  p o s s i b l e  t o  d e s ig n  a c o n t r o l l e r  t o  y i e l d  a d e s i r e d  
open loo p  fr e q u e n c y  r e s p o n s e .



5 . 1 . 1 0  P l o t s  ( 5 . 3 ,  5 . 4 )  show t h e  m agnitude and phase  
r e s p o n s e s  o f  th e  open lo op  sy s tem  fo r  a c o n t r o l l e r  w ith  
t h e  f o l lo w in g  s p e c i f i c a t i o n s :

{K -  1 6 . 6
r x = 0 .0 0 1 3 s

r 2 * 0 .0 0 4 6 2 s

The harm onic d i s t o r t i o n  r a t i o  i s  n o t  in c lu d e d .  The 
g a in  r e sp o n s e  has a f l a t  s e c t i o n  up t o  around 10 Hz and 
th e n  i t  s l o p e s  o f f .  The h ig h e r  t h e  phase  c u r r e n t  th e  
h ig h e r  th e  g a in  seems t o  b e , and t h i s  t r e n d  i s  
m a in ta in e d  over  t h e  w hole  fr e q u e n c y  r a n g e . The open  
lo o p  phase  m argin v a r i e s  betw een  162° and 164° fo r  
c u r r e n t s  o f  1A and 5A r e s p e c t i v e l y .  The g a in  m argin i s  
v e r y  la r g e ,  a s  i s  t h e  phase  c r o s s o v e r  fr e q u e n c y .  P lo t s  
( 5 . 5 ,  5 . 6 )  i l l u s t r a t e  th e  c lo s e d  lo o p  c h a r a c t e r i s t i c s .  
The bandw idth d e f in e d  in  r e l a t i o n  t o  t h e  -3dB p o in t  
v a r i e s  b etw een  600 Hz and 1 KHz depend ing  on t h e  phase
c u r r e n t .  The lower t h e  c u r r e n t  t h e  lower t h e
bandw idth . C losed  lo o p  phase  e x h i b i t s  a v e r y  s lo w  f a l l  
o f f  m  th e  0 Hz -  1 KHz r a n g e . T h is  e n su r e s  t h a t  th e
to r q u e  a n g le  i s  near t o  90° over t h e  w hole  sp eed
r a n g e . The phase  a n g le  a t  50 OHZ v a r i e s  betw een  -1 °  
and -5 °  c u r r e n t  depen d en t so  t h e  phase  
c h a r a c t e r i s t i c s  fo r  I a e q u a l  t o  1A a re  in  accord an ce  
w ith  th e  d e s ig n  c r i t e r i o n  o f  s e c t i o n  5 1 . 2 .

5 . 1 . 1 1  With th e  harm onic d i s t o r t i o n  r a t i o  ta k e n  in to  
c o n s i d e r a t io n  a d i f f e r e n t  s e t  o f  p l o t s  r e s u l t .  P lo t s  
( 5 . 7 ,  5 . 8 )  are  p l o t s  o f  th e  open loop  r e s p o n s e s  and 
p l o t s  ( 5 . 9 ,  5 . 1 0 )  show t h e  c lo s e d  loop  c h a r a c t e r i s t i c s . 

The lower end o f  t h e  open lo o p  g a m  has been  reduced by  
a c o n s id e r a b le  amount, up t o  45 dB m  t h e  c a s e  o f  a 1A
phase  c u r r e n t .  The phase  r e sp o n se  o f  th e  open loop
sy s tem  i s  v e r y  much t h e  same as p l o t  ( 5 . 3 ) .  The
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i n t e r e s t i n g  r e s u l t  i s  t h a t  th e  g a m  and phase  m argins  
a re  p r a c t i c a l l y  t h e  same as  in  t h e  c a s e  where t h e  
harm onic d i s t o r t i o n  r a t i o  i s  n o t  c o n s id e r e d .  T h is  i s  
b e c a u se  t h e  r a t i o  assum es a v a lu e  o f  1 a t  h ig h  sp eed s  
due t o  t h e  p r e se n c e  o f  t h e  back emf. The c lo s e d  loo p  
bandw idth a l s o  rem ains s t a t i c  a s  i l l u s t r a t e d  in  P lo t
( 5 . 9 ) .  P l o t  ( 5 . 1 0 )  shows t h e  c lo s e d  loop  phase  
w hich  seems t o  tro u g h  a t  100 Hz, down t o  -1 2 °  in  th e  
c a s e  o f  a c u r r e n t  o f  1A, bu t o n ly  down t o  - 3 . 5 °  in  
t h e  h ig h  c u r r e n t  c a s e s .

5 . 1 . 1 2  The c o n t r o l l e r  d e s c r ib e d  m  s e c t i o n  5 . 1 . 1 0  would  
seem t o  f u l f i l  t h e  n e c e s s a r y  req u ire m en ts  o f  c o n t r o l .
I t  e x h i b i t s  s t a b i l i t y  and e x h i b i t s  c h a r a c t e r i s t i c s  in  
accord an ce  w ith  s e c t i o n  5 . 1 . 2 .  The o n ly  u n d e s ir a b le  
f e a t u r e  i s  th e  c l o s e d  lo o p  phase  c h a r a c t e r i s t i c s  o f  
p l o t  ( 5 . 1 0 ) .  C onsider  a c o n t r o l l e r  d e s c r ib e d  by:

fk = 1 6 . 6
C2  > \ t 1 -  0 00026S

I r 2 = 0 . 00097S

P l o t s  ( 5 . 1 1  . . .  5 . 1 4 )  show t h e  open and c lo s e d  loop  
c h a r a c t e r i s t i c s  fo r  g a in  and phase  w ith o u t  th e  
i n c l u s i o n  o f  harm onic d i s t o r t i o n  r a t i o .  There has been  
a r e d u c t io n  in  t h e  phase  m argin . I t  now v a r i e s  betw een  
130° and 140° ( I a d e p e n d e n t ) .  The g a in  margin  
s t i l l  rem ains l a r g e ,  as d o es  t h e  phase  c r o s s o v e r  
fr e q u e n c y .  The c lo s e d  loop  bandw idth i s  t h e  same, but  
t h e  c lo s e d  loo p  p h a se ,  fo r  I a o f  IA i s  around - 1 5 ° ,  
w hich  i s  o f  a m agnitude la r g e r  th an  t h a t  w ith  Cx as  
th e  c o n t r o l l e r .  T h is  s t i l l  e n su r e s  a v e r y  s m a l l  
r e d u c t io n  m  to rq u e  a t  500 Hz, m  t h e  order o f  5%.
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5 . 1 . 1 3  P l o t s  ( 5 . 1 5  . . .  5 . 1 8 )  i l l u s t r a t e  t h e  fre q u en cy  
r e sp o n s e  w ith  t h e  harm onic d i s t o r t i o n  r a t i o  in c lu d e d .  
The g a m  m argin , phase  c r o s s o v e r  fr e q u e n c y  and c lo s e d  
lo o p  bandw idth have n o t  v a r ie d  by any s i g n i f i c a n t  
amount from p l o t s  ( 5 . 7  . . .  5 . 1 0 ) .  The phase  m argin has  
been  red u ced , b u t  i s  s t i l l  la r g e  enough t o  en su re  
s t a b i l i t y .  The tro u g h  n a tu r e  o f  t h e  c lo s e d  lo o p  phase  
has a lm o st  been  e l im in a t e d ,  a l th o u g h  a t  th e  exp en se  o f  
a sh arp er  phase f a l l o f f .  T h i s ,  how ever, o n ly  red u c es  
t h e  motor to r q u e  by 4% from i t s  maximum v a lu e .

5 . 1 . 1 4  The r e a so n  fo r  u s in g  phase  la g  c o n t r o l ,  l e  
b e c a u se  t h e  harmonic d i s t o r t i o n  r a t i o  ten d ed  t o  red uce  
t h e  g a m  a t  t h e  lower fr e q u e n c y  ra n g e , i s  v a l i d ,  e x c e p t  
(a s  i s  e v id e n c e d  from p l o t s  ( 5 . 3  . . .  5 . 1 8 ) )  t h e  r a t i o  
d oes  n o t  o v e r l y  a f f e c t  th e  im portant open and c lo s e d  
lo o p  c h a r a c t e r i s t i c s .  So i s  phase  la g  c o n t r o l  r e a l l y  
n e c e s s a r y ?  I f  a c o n t r o l l e r  d e s c r ib e d  by:

i s  im plem ented, p l o t s  ( 5 . 1 9  . . .  5 . 2 6 )  show open and 
c lo s e d  loop  r e s p o n s e s  w ith o u t  and w ith  th e  harmonic  
d i s t o r t i o n  r a t i o  in c lu d e d .  The phase  margin v a r i e s  
betw een  168° and 178° over t h e  range  o f  phase  
c u r r e n t s ,  bu t t h e  sy s tem  i s  s t i l l  s t a b l e .  At th e  
m o to r 's  maximum sp e e d ,  500 Hz, t h e  phase  r e sp o n se  seems 
t o  be o n ly  - 0 . 5 ° .  T h is  i s  c e r t a i n l y  a c c e p t a b le  m  
l i g h t  o f  t h e  c o n t r o l l e r  s e l e c t i o n  c r i t e r i o n  o u t l i n e d  in  
s e c t i o n  5 . 1 . 2 .  -

5 . 1 . 1 5  The motor i s  i n h e r e n t ly  a non l in e a r  sy s tem , so  
i t  may be argued t h a t  th e  laws o f  l in e a r  sy s tem s th e o r y  
can n ot be a p p l ie d  t o  i t  m  th e  c a s e  o f  c o n t r o l l e r
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d e s ig n .  What can be s a i d  i s  t h a t  t h e  fr e q u e n c y  
r e s p o n s e  p l o t s  p r e s e n te d  a re  v a l i d ,  and t h e y  e x h i b i t  
t h e  c h a r a c t e r i s t i c s  o f  s t a b i l i t y ,  m  t h a t  th e r e  i s  no 
p o s s i b i l i t y  o f  s u s t a in e d  o s c i l l a t i o n  m  t h e  c lo s e d  loo p  
[ B 1 5 ] . So t h e  b a s i s  fo r  c o n t r o l l e r  d e s ig n  would seem  
t o  be sound , a t  l e a s t  in  t h e o r y .  I t  would seem , a l s o ,  
t h a t  b e c a u se  o f  t h e  l e v e l  o f  s t a b i l i t y  e x h i b i t e d  by th e  
w in d in g  i t  i s  n o t  n e c e s s a r y  t o  u se  la g  c o n t r o l  a t  a l l .  
In f a c t ,  b ased  on t h e  fr e q u e n c y  r e sp o n s e  p l o t s  i t  would  
seem t h a t  p u r e ly  p r o p o r t io n a l  c o n t r o l ,  w ith  a h ig h  g a m  
t o  l i m i t  s t e a d y  s t a t e  e r r o r ,  i s  on a par w i t h ,  i f  n o t  
e x c e l s  o v e r ,  la g  c o n t r o l .
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5.2 DQ Controller design

5 . 2 . 1  The o b j e c t i v e  o f  DQ c o n t r o l ,  in  t h e  c o n t e x t  o f  
p r e v i o u s l y  s t a t e d  c o n t r o l  o b j e c t i v e s ,  i s  t o  r e g u la t e  
t h e  d i r e c t  a x i s  c u r r e n t ,  Id , around z e r o ,  and t o  
s e r v o  c o n t r o l  t h e  q u ad ratu re  a x i s  c u r r e n t  Iq . T h is  
e n s u r e s  maximum to r q u e  o u tp u t  over  t h e  m otors sp eed  
r a n g e .  [ P 1 9 ] . T h is  s e c t i o n  p r e s e n t s  a d e s ig n  
p roced u re  fo r  a Q a x i s  c o n t r o l l e r .

5 . 2 . 2  A b lo c k  diagram  r e p r e s e n t a t io n  o f  an e n t i r e  DQ 
c o n t r o l  sy s tem  i s  shown m  f i g u r e  ( 5 . 2 ) .  The f l u x  
c o n t r o l l e r  has t h e  f u n c t i o n  o f  d e te r m in in g  th e  motor 
to r q u e  a n g le .  I f  90° i s  d e s i r e d  th e n  t h e  o u tp u t  
s i g n a l s  from t h e  f l u x  c o n t r o l l e r  assume t h e  v a lu e s :

Where I i s  t h e  o u tp u t  from t h e  v e l o c i t y  c o n t r o l l e r .  At 
a l l  t im e s  t h e  f o l l o w in g  r e l a t i o n s h i p  must h o ld  [ P13] .

T h is  r e l a t i o n s h i p  can be proven  by r e f e r e n c e  t o  f i g u r e  
( 5 . 3 )  and a s im p le  a p p l i c a t i o n  o f  th e  theorem  o f  
P y th a g o r u s .  The c o n t r o l l e r s  Cd (S), Cq(S) have th e  
f u n c t io n  o f  c o n t r o l l i n g  th e  D and Q a x i s  c u r r e n ts  
r e s p e c t i v e l y ,  and t o  en su re  t h a t  t h i s  t a s k  i s  perform ed  
e f f e c t i v e l y ,  s u i t a b l e  c o n t r o l  schem es have t o  be 
p ro p o sed .

5 . 2 . 3  The d e s ig n  method o f  r o o t  lo c u s  [ B9, B10, B11]  can  
be a p p l ie d  t o  e q u a t io n  ( 4 . 2 4 )  t o  produce a s u i t a b l e  
c o n t r o l  scheme fo r  th e  Q a x i s .  F i g u r e  ( 5 . 4 )  shows th e

Iqd = 1 
Idd = 0

( 5 . 1 8 )
( 5 . 1 9 )

I = <llgd 2 + Idd2 ( 5 . 2 0 )
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motor Q a x i s  in  i t s  l i n e a r i s e d  form, w ith  th e  lo op  
c l o s e d .  The t r a n s f e r  f u n c t io n  o f  t h e  sy s tem  is*

Iqa( S)  Cq(S) G( S)
------  = — ---------  (5 21)
Iqd(S)  l+Cq (S)G(S)

where G(S)  i s  t h e  Q a x i s  t r a n s f e r  f u n c t i o n  ( e q u a t io n  
4 . 2 9 ) ) .  I f  Cq(S) i s  i n i t i a l l y  assumed t o  be  
p r o p o r t io n a l  in  n a tu r e ,  th e n  e q u a t io n  ( 5 . 2 1 )  becom es:

W S )  KpG(S)
— -------  -  — -----------  (5 22)
Iqd(S) l+KpG(S)

w ith

P(S)  = l+ k pG(S)    ( 5 . 2 3 )

as  t h e  sy s tem s  c h a r a c t e r i s t i c  e q u a t io n .  Root lo c u s  
maps t h e  v a r i a t i o n  o f  t h e  z e r o ' s  o f  t h e  c h a r a c t e r i s t i c  
e q u a t io n  ( t h e  p o l e s  o f  th e  sy stem ) w ith  g a in .

5 . 2 . 4  P l o t  ( 5 . 2 7 )  i l l u s t r a t e s  t h e  r o o t  lo c u s  w ith  kp 
v a r y in g  betw een  0 and 10. P l o t  ( 5 . 2 8 )  shows th e  same
r o o t  l o c u s ,  b u t  w ith  t h e  g a m  assum ing v a lu e s  betw een  0
and 3 . A g r e a t e r  amount o f  in fo r m a tio n  can be gleam ed  
from th e  p l o t s  o f  th e  v a r i a t i o n  m  t h e  sy s tem  p o le s  
w it h  Kp. P l o t s  ( 5 . 2 9 ,  5 . 3 0 )  i n d ic a t e  t h i s  v a r i a t i o n .  
The r e a l  p a r t  o f  th e  p o l e ,  o n ly ,  i s  p l o t t e d  a g a i n s t  
kp, b u t  a f t e r  c r i t i c a l  damping has o ccu rr ed  (after~  
kp = 1 . 5 )  th e  p o le  i s  p u r e ly  r e a l .  P lo t  2 becomes 
dom inant w ith  la r g e  kp and as  such  d i c t a t e s  sy s tem  
r e s p o n s e .  Kp has t o  be la r g e r  th an  1 . 5 ,  t o  a v o id  
underdam pm g, and l e s s  th an  6 t o  m a in ta in  t h e  dominant  
t im e  c o n s ta n t  ( t h a t  o f  p o le  2) lower th an  10 mS. In 
f a c t  th e  lower th e  t im e  c o n s t a n t  t h e  b e t t e r  th e  sy s tem  
r e sp o n s e  t i m e .
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5 . 2 . 5  The major problem  w ith  p r o p o r t io n a l  c o n t r o l  i s  
t h e  p r e se n c e  o f  a s t e a d y  s t a t e  e r r o r .  The a d d i t io n  o f  
an in t e g r a t o r  t o  t h e  c o n t r o l l e r  i s  n e c e s s a r y  t o  
e l i m in a t e  t h e  s t e a d y  s t a t e  e r r o r .  A P+I c o n t r o l l e r  
assum es t h e  form:

Cq(S) = Kp(l+l/(TlS)) ............ (5.24)

S in c e  t h e  r o o t  lo c u s  method a l lo w s  o n ly  one param eter  
v a r y  i t  i s  n e c e s s a r y  t o  c h o o se  a v a lu e  o f  T  ̂ b e f o r e  
a p p ly in g  th e  m ethod. The sy s tem  c h a r a c t e r i s t i c  
e q u a t io n  now lo o k s  l i k e :

l+K AS2+ (A /T i +B)S+B
P(S)  =  -------------------- (5 25)

S ( S 2+CS+D)

where A ® 500
B = 4 6 4 2 . 8 5  
C = 4 8 4 . 2  
D = 3 1 0 7 1 4 .7

5 . 2 . 6  A v a lu e  o f  50 mS was ch o sen  fo r  T^ and th e  
r o o t  lo c u s  method a p p l ie d  t o  t h e  sy s te m . P lo t  ( 5 . 3 1 )  
i l l u s t r a t e s  t h e  o b ta in e d  l o c u s .  P o le s  1 and 2 have n o t  
v a r ie d  by any c o n s id e r a b le  amount. T h is  f a c t  i s  shown 
in  p l o t s  ( 5 . 3 2 ,  5 . 3 3 ) .  The p r e s e n c e  o f  an in t e g r a to r  
in  t h e  c o n t r o l l e r  in tr o d u c e s  an e x t r a  p o le  t o  th e  
sy s te m . The v a r i a t i o n  o f  t h i s  p o le  w ith  kp i s  
c l c a r l y  soon  m  pioL i^b.34) T h is  new p o le  assum es th e  
r o l e  o f  dominance and i t  makes t h e  o v e r a l l  sy s tem  
r e sp o n s e  v e r y  s l u g g i s h .
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5 . 2 . 7  The p r e s e n c e  o f  t h i s  new p o le  m  t h e  sy s tem  can  
be e x p la in e d  by a c o n s i d e r a t io n  o f  t h e  b a s i c s  o f  r o o t  
lo c u s  th e o r y  [B 1 0 ,B 1 1 ,B 1 2 ] . The c h a r a c t e r i s t i c  
e q u a t io n  o f  e q u a t io n  ( 5 . 2 5 )  can be r e w r i t t e n  a s :

S ( S 2+CS+D) P(S)  -  S ( S 2+CS+D)+kp(AS2+ [A /T 1+B]S+B)
........................................  ( 5 . 2 6 )

In s o l v i n g  th e  c h a r a c t e r i s t i c  e q u a t io n  as  r o o t  lo c u s  
e s s e n t i a l l y  d o e s ,  t h e  r i g h t  hand s i d e  o f  5 . 2 6  i s  
eq u ated  w ith  z e r o .  E q u a tio n  ( 5 . 2 6 )  can be r e w r i t t e n  
a s-

0 -  M(S) + kpN(S)   ( 5 . 2 7 )
where

M(S) = S ( S 2+CS+D)   ( 5 . 2 8 )
N(S)  = AS2+ (A /T 1+B)S+B   ( 5 . 2 9 )

5 . 2 . 8  The r o o t s  o f  M( S ) , by c o n v e n t io n ,  a re  c a l l e d  
p o l e s ,  and t h e  r o o t s  o f  N(S)  a re  c a l l e d  z e r o e s .  The 
p ath  a c lo s e d  loo p  sy s tem  p o le  t r a c e s  o u t  on t h e  lo c u s  
p l o t  i s  c a l l e d  a b ran ch . One o f  t h e  fun dam enta l r u l e s  
o f  r o o t  lo c u s  i s  t h a t  a branch o r i g i n a t e s  a t  a p o le ,  
and t e r m in a te s  a t  a z e r o  (when kp « « ) .  So a  
branch o r i g i n a t e s  a t  S=0,  and t e r m in a te s  a t  a r o o t  o f  
N ( S ) . The r o o t s  o f  N(S)  a re  d i c t a t e d  by t h e  v a lu e  o f  
T^. For T 1 assum ing a v a lu e  o f  50 mS, as  e a r l i e r  
ch o sen  th e  r o o t s  o f  N(S)  a re :

Zx -  - 0 . 3 2 0 5  
Z2 = - 2 8 . 9

Thus t h e  t e r m in a t io n  p o in t  o f  th e  branch o r i g i n a t i n g  
from S - 0 ,  and as  such  t h e  minimum v a lu e  t h a t  sy s tem  
p o le  3 can assum e, i s  - 0 . 3 2 0 5 .  P lo t  ( 5 . 3 5 )  i l l u s t r a t e s
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II

how Zx changes w ith  Tx . The lower t h e  v a lu e  o f  
Tx , t h e  lower t h e  m agnitude o f  Zx . I t  i s  n o t  
f e a s i b l e  t o  in c r e a s e  T x m  order  t o  in c r e a s e  Z X ' S  

m agn itu d e . The o th e r  z e r o ,  Z2 , i s  a l s o  a f f e c t e d  by- 
ch an ges  in  T^. I f  T i i s  in c r e a s e d  tow ards i n f i n i t y  
t h e  c o n t r o l l e r  becomes more and more p r o p o r t io n a l  in  
n a tu r e  so  t h e  purpose  o f  t h e  i n c l u s i o n  o f  an 
i n t e g r a t i n g  e le m en t  i s  d e f e a t e d .  I t  would seem t h a t  
some o th e r  c o n t r o l  scheme i s  n eed ed .

5 . 2 . 9  I f  t h e  z e r o ,  Zx , co u ld  someway be in c r e a s e d  m  
m agnitude th e n  t h i s  would p r o v id e  a s o l u t i o n  t o  t h e  
problem . P o le / z e r o  c a n c e l l a t i o n  p r o v id e s  a means o f  
a c h ie v in g  t h i s  aim [ B11 , B12 ] .  I f  Tx i s  ch osen  t o  be  
5 mS th e n  t h e  v a lu e s  assumed by Zx and Z2 a re :

Zx = -0 .0 0 4 4 3
Z2 = -2 0 9

I f  Cg(S)  i s  amended t o

Cq(S) = Kp ( l + l / S T i ) ( [ S + 5 0 0 ] / [ S + 0 . 004 43 ] )
..............................  ( 5 . 3 0 )

z e r o  Z x i s  c a n c e l l e d  and r e p la c e d  by a z e r o  a t  
S=~500.  P l o t  ( 5 . 3 5 )  shows t h e  r o o t  lo c u s  fo r  t h i s  
s i t u a t i o n .  P l o t s  ( 5 . 3 7  . . .  5 . 3 9 )  i l l u s t r a t e  th e  r e a l
p a r t  o f  t h e  p o le s  p l o t t e d  a g a i n s t  kp. The dominance
o f  p o le  3 has been red u ced , and i t s  m agnitude a t  a g a m  
o f  10 i s  o f  t h e  order t h a t  would e n a b le  a dom inant p o le  
t im e  c o n s ta n t  o f  about 6 mS. In f a c t  a b e t t e r  r e sp o n se  
c o u ld  be a c h ie v e d  w ith  an even  lower v a lu e  o f  TL, as  
t h i s  would in c r e a s e  t h e  m agnitude o f  Z2 . However t h e  
m agnitude o f  Zx would be d e c r e a se d  and th e  
c a n c e l l a t i o n  o f  a z e r o  o f  such  a m inute  m agnitude would

6 6
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p ose  p ro b lem s. I f  t h e  r e a so n  fo r  an i n t e g r a l  e lem en t  
m  t h e  c o n t r o l  s t r u c t u r e  i s  c o n s id e r e d ,  t h i s  problem  
can be overcom e. The i n t e g r a t o r  e l i m i n a t e s  t h e  s t e a d y  
s t a t e  e r r o r ,  b u t  i t  i s  n o t  n e c e s s a r y ,  in  order t o  
a c h ie v e  t h i s  o b j e c t i v e ,  t o  have a c o n t r o l  s t r u c t u r e  
l i k e  t h a t  m  e q u a t io n  ( 5 . 2 4 ) .  C onsider  a c o n t r o l l e r  
d e s c r ib e d  by:

Cq (S) = kp T(S)    ( 5 . 3 1 )

S

The r o o t  o f  t h e  numerator o f  e q u a t io n  ( 4 . 2 4 )  i s  l o c a t e d
a t  S = - 9 . 3 .  I f  T(S)  had t h e  format*

T(S)  = ( S+£) ( S+a)  ( 5 . 3 2 )

( S+9 . 3 )

s u i t a b l e  c h o ic e  o f  0  and a c o u ld  shape t h e  r o o t  
lo c u s  o f  P l o t  ( 5 . 3 5 )  as  d e s i r e d ,  and p la c e  t h e  c lo s e d  
lo op  sy s tem  p o l e s  where r e q u ir e d .  The n e c e s s i t y  o f  
h av in g  t o  c a n c e l  a z e r o  o f  t h e  ord er  o f  - 0 .0 0 4 4 3  would  
be e l im in a t e d .

5 2 . 1 0  The g a in ,  kp, used  m  t h e  c o n s t r u c t io n  o f  t h e  
r o o t  l o c i  co rr esp o n d s  t o  t h e  t o t a l  forw ard path  g a i n .
As such  i t  in c lu d e s  th e  PWM amp g a i n .  S in c e  th e  
dynam ics o f  t h e  harm onic d i s t o r t i o n  r a t i o  are  n o t  f u l l y  
u n d ers to o d  y e t  i t  i s  hard t o  guage how i t  a f f e c t s  t h e  
l o c i .  But s i n c e  t h e  sy s tem  i s  s t a b l e  as kp te n d s
toward i n f i n i t y ,  f l u c t u a t i o n s  m  g a in  g e n e r a te d  by th e
l o s s  r a t i o  sh o u ld  n o t  a f f e c t  s t a b i l i t y .  The g a m  
v a lu e s  o b ta in e d  from t h e  l o c i ,  a l th o u g h  t h e y  in c lu d e  
t h e  PWM g a m ,  w i l l  be th o s e  a c t u a l l y  im plem ented. In 
e f f e c t  a g a m  v a lu e  err  m g on t h e  s i d e  o f  c a u t io n .



6 .  Dynamic s im u la t io n  o f  an AC m ach ine.
t

6 . 1  The 3 Phase r e p r e s e n t a t io n

6 . 1 . 1  System  s im u la t io n  i s  a u s e f u l  e x e r c i s e  in  t h a t  
i t  a l lo w s  dynamic r e sp o n s e  t e s t s  be perform ed w ith o u t  
t h e  n e c e s s i t y  o f  t e s t  r i g s ,  once  t h e  s im u la t io n  has  
been v e r i f i e d .  I t  a l s o  a l lo w s  a c c e s s  t o  sy stem  
v a r i a b l e s  t h a t  may n o t  be p h y s i c a l l y  a c c e s s i b l e  m  t h e  
a c t u a l  sy s te m . The m ost u s e f u l  f a c e t  o f  s im u la t io n  in  
t h e  c o n t e x t  o f  c o n t r o l  i s  t h e  a b i l i t y  t o  t e s t  c o n t r o l  
a lg o r i th m s  w ith o u t  t h e  r i s k  o f  o v e r d r iv in g  t h e  sy s tem  
or damaging com ponents. An e v a lu a t io n  o f  t h e  a c t u a l  
c o n t r o l l e r s  can a l s o  be perform ed , u s in g  t h e  
s im u la t io n .  To t h i s  end th e  s im u la t io n  p r e s e n te d  h ere  
was i n i t i a l l y  d e s ig n e d .

6 . 1 . 2  S im u la t io n  n e c e s s i t a t e s  t h e  d i s c r e t i z a t i o n  o f  
t h e  sy s tem  e q u a t io n s .  There a re  v a r io u s  methods o f  
d i s c r e t i z a t i o n  r a n g in g  from forw ard s r e c ta n g u la r  t o  
p o le  mapping [B12,B 13] each  d i s p l a y i n g  i t s  m e r i t s  and 
d e m e r i t s .  The method e v e n t u a l ly  ch o sen  was backwards  
r e c ta n g u la r  w ith  a c o n t in u o u s  t o  d i s c r e t e  
t r a n s fo r m a t io n  o f :

S  » ( l - Z - ^ / T g  ........................................  ( 6 . 1 )

where S i s  th e  l a p l a c e  tr a n sfo r m  o p e r a to r ,  Z i s  t h e  z 
tr a n s fo r m  o p e r a to r  and Tg i s  th e  sam p lin g  t im e .  
Backwards r e c ta n g u la r  was ch o sen  due t o  t h e  r e l a t i v e l y  
s im p le  d i s c r e t e  e q u a t io n s  t h a t  r e s u l t  from such  an 
a p p ro x im a tio n . T h is  i s  h e l p f u l  m  t h e  c o n t e x t  o f  
d i g i t a l  c o n t r o l l e r  d e s ig n  as  th e  c o m p a r a t iv e ly  s m a l l  
com p u ta tion  t im e  needed a l lo w s  a sm a l le r  sam p lin g  t im e  
be a c h ie v e d .  The a c t u a l  d i s c r e t e  e q u a t io n  o f  t h e  
backwards r e c ta n g u la r  a p p ro x im ation  ta k e s  th e  form:

6 8



  * [F(k)  -  F ( k - 1 )  ] /  Ts ............................ ( 6 . 2 )
d t

where Tg i s  s m a l l .  The l i m i t  o f  t h e  r i g h t  hand s i d e  
g o e s  t o  t h e  d e r i v a t i v e ,  a s  Tg g o e s  t o  z e r o .  So i f  
backwards r e c ta n g u la r  i s  u sed  t o  approx im ate  t h e  w hole  
o f  t h e  c lo s e d  loo p  sy s te m , t h e  sam p lin g  t im e  o f  t h a t  
p a r t  co m p ris in g  t h e  motor and a l l  p h y s i c a l l y  c o n t in u o u s  
sy s tem  components can be ch o sen  t o  be as s m a l l  as i s  
n e c e s s a r y  t o  e n su re  an a c c u r a te  r e p r e s e n t a t io n .  The 
c o n t r o l l e r ,  w hich  w i l l  be d i s c r e t e  in  n a tu r e  can have  
as i t s  sam p lin g  r a t e ,  a  t im e  t h a t  can be r e a s o n a b ly  
a c h ie v e d  by a m ic r o p r o c e sso r  b ased  sy s te m . The o n ly  
c r i t e r i o n  i s  t h a t  t h e  s lo w e r  sam p lin g  r a t e  in  t h i s  c a s e  
t h e  m ic r o p r o c e s s o r ,  i s  an i n t e g r a l  number o f  th e  f a s t e r  
r a t e .  [B14]

6 . 1 . 3  Appendix (4 )  d e s c r i b e s  t h e  f u l l  s e t  o f  e q u a t io n s  
o f  t h e  3 ph ase  motor and c o n t r o l  sy s tem  i s  d i s c r e t e  
form . A lthough  t h e  motor i s  n o t  r e p r e s e n te d  m  t h e  
form at o f  e q u a t io n s  ( 2 . 1 7  . . .  2 . 2 2 )  t h e  DQ 
r e p r e s e n t a t io n  i s  d y n a m ic a l ly  e q u iv a le n t  and i s  
s im p l i e r  t o  s im u la t e .

6 . 1 . 4  To d e ter m in e  t h e  e f f e c t i v e n e s s  o f  t h e  s im u la t io n  
a com parison was made in  term s o f  dynamic v e l o c i t y  
r e sp o n s e  and s t e a d y  s t a t e  c u r r e n t  phase a n g le .  The

c u r r e n t  c o n t r o l l e r  used  was Clf  w hich i s  a c t u a l l y  
im plem ented m  t h e  t e s t  motor sy s te m . The v e l o c i t y  
lo op  was c lo s e d  w ith  a g a m  o f  1. P lo t  (6 1) shows th e  
a c t u a l  sy s tem  r e sp o n s e  t o  a v e l o c i t y  s t e p  o f  1000 RPM. 
The i n i t i a l  v e l o c i t y  was 0 RPM. P lo t  ( 6 . 2 )  i l l u s t r a t e s  
t h e  s im u la te d  r e sp o n s e  under th e  same c o n d i t i o n s .  The 
s t e a d y  s t a t e  e r r o r  i s  due t o  t h e  low v e l o c i t y  loop  
g a i n ,  so  th e  a c t u a l  v e l o c i t y  i s  o n ly  660 RPM. A lthough  
t h e  p l o t s  are  n o t  i d e n t i c a l ,  t h e  d i f f e r e n c e  i s  s m a l l .

df (t)
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The t im e  c o n s t a n t  o f  P l o t  ( 6 . 1 )  i s  29 mS, w h i le  t h e  
s im u la t io n  has a t im e  c o n s t a n t  o f  25 mS, a d i f f e r e n c e  
o f  14%. P l o t  ( 6 . 3 )  i l l u s t r a t e s  t h e  a c t u a l  and 
s im u la te d  g a m  r e s p o n s e s  fo r  t h e  c u r r e n t  lo o p ,  w h i le  
p l o t  ( 6 . 4 )  shows t h e  phase  r e s p o n s e s  fo r  th e  a c t u a l  and 
s im u la te d .  At 100 Hz, a s  in d ic a t e d  m  t h e  p l o t ,  th e  
phase  o f  t h e  s im u la te d  d i f f e r s  by 23% from t h e  a c t u a l .  
T h is  p e r c e n ta g e  d i f f e r e n c e  d e c r e a s e s  as  th e  fre q u e n c y  
g o e s  up, b e in g  o n ly  9% a t  300 Hz. The co rresp o n d en ce  
betw een  t h e  s im u la te d  and a c t u a l  g a m  r e s p o n s e s  i s  a l s o  
q u i t e  c l o s e .  Thus i t  can be co n c lu d ed  t h a t  th e  
s im u la t io n  i s  a r e s o n a b le  r e p r e s e n t a t io n  o f  t h e  m otor.

6 . 1 . 5  The con firm ed  a c cu ra c y  o f  t h e  fr e q u e n c y  r e sp o n se  
p l o t s  e n su r e s  t h a t  t h e  c u r r e n t  c o n t r o l  sy s tem ,  
in c o r p o r a t in g  e i t h e r  Cx , C2 , C3 w i l l  d i s p l a y  th e  
s im u la te d  s t e a d y  s t a t e  a t t r i b u t e s .  So t h e  p r e d ic t e d  
s t a b i l i t y  i s  w e l l  foun ded . The v a l i d a t i o n  o f  t h e  
dynamic s im u la t io n  a l lo w s  a  dynamic perform ance  
a ss e s sm e n t  o f  t h e  sy s tem  w ith  e i t h e r  C1# C2 , C3
m  p l a c e .  T h is  e n a b le s  t h e  b e s t  c o n t r o l l e r  in  term s o f  
dynamic perform ance and s t a b i l i t y  be c h o se n . A 
c o n t r o l l e r  sam p lin g  t im e  o f  0 . 4  ms was c h o se n , and t h i s  
v a lu e  i s  used  m  a l l  su b seq u e n t  s i m u l a t i o n s .  The 
c h o ic e  o f  0 .4  ms i s  j u s t i f i e d  m  Chapter 7 .

6 . 1 . 6  P lo t  ( 6 . 5 )  shows t h e  3 phase  c u r r e n t s  a g a in s t  
t im e  w ith  a v e l o c i t y  s t e p  o f  0 -  1000 RPM. The 
c o n t r o l l e r  m  p la c e  i s  Cx . The m agnitude o f  th e  
phase  c u r r e n t s  i n i t i a l l y  r i s e s  t o  p r o v id e  t h e  to rq u e  
n e c e s s a r y  fo r  a c c e l e r a t i o n .  The fr e q u e n c y  a l s o  r i s e s  
w ith  sp eed  a t  t h e  extrem e r i g h t  o f  t h e  p l o t  th e  
c u r r e n t s  s e t t l e  t o  a l e v e l  s u f f i c i e n t  t o  overcome  
f r i c t i o n  and w indage l o s s e s  T h is  i s  t h e  s i t u a t i o n  
when th e  m achine has rea ch ed  t h e  s t e a d y  s t a t e  v e l o c i t y
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l e v e l .  P lo t  ( 6 . 6 )  i l l u s t r a t e s  t h e  to r q u e  r e sp o n s e  over  
t h e  r a n g e . P l o t  ( 6 . 7 ) ,  shows t h e  d i r e c t  and 
q u ad ratu re  a x i s  c u r r e n t s ,  1^ and Iq .

6 . 1 . 7  The same s im u la t io n s  were perform ed w ith  
com pensator C2 in  p l a c e .  P l o t s  ( 6 . 8  . . .  6 . 1 1 )  show 
v e l o c i t y ,  3 phase  c u r r e n t ,  to rq u e  and d i r e c t  and 
q u a d ra tu re  c u r r e n t s  r e s p e c t i v e l y .  From p l o t  ( 6 . 8 )  t h e  
v e l o c i t y  t im e  c o n s t a n t  i s  found t o  be 2 6 . 5  ms, and th e  
to rq u e  a n g le  i s  found t o  be 8 7 ° .

6 . 1 . 8  C o n t r o l le r  C3 p rodu ces t h e  p l o t s  ( 6 . 1 2  . . .
6 . 1 5 )  o f  v e l o c i t y ,  3 phase  c u r r e n t ,  to r q u e  and
Iq. The v e l o c i t y  t im e  c o n s t a n t  i s  foun d , from p l o t  
( 6 . 1 2 ) ,  t o  be 7 ms.  P l o t  ( 6 . 1 5 )  y i e l d s  a s t e a d y  s t a t e  
to r q u e  a n g le  o f  9 3 ° .

6 . 1 . 9  The d i f f e r e n c e  in  v e l o c i t y  t im e  c o n s t a n t s  
betw een  c o n t in u o u s  Cx and C2 i s  n o t  much b e in g  o n ly
6%. The t im e  c o n s ta n t  o f  t h e  r e sp o n s e  w ith  com pensator  
C3 im plem ented i s  however s u b s t a n t i a l l y  sm a l le r  th an  
t h e  t im e  c o n s t a n t s  o f  Cx and C2 , b e in g  o n ly  28% o f  
e i t h e r .  A ls o ,  t h e  phase  a n g le  a t  660 RPM w ith  C3 
implemented i s  p o s i t i v e ,  due t o  t h e  n e g a t i v e  v a lu e  o f  
1^, i n d ic a t in g  t h a t  t h e  a c t u a l  c u r r e n t  l e a d s  th e  
demand. There w i l l  be a c e r t a i n  amount o f  e rr o r  in th e  
s im u la t io n  by v i r t u e  o f  t h e  f a c t  t h a t  i t  i s  a d i s c r e t e  
t im e  sy s tem  r e p r e s e n t in g  a c o n t in u o u s  t im e  sy s te m . So 
t h e  p o s i t i v e  n a tu r e  o f  th e  phase  a n g le  c o u ld  be due t o  
th e  l e v e l  o f  e r r o r .  But t h e  e x t r a  to rq u e  produced in  
t h e  s im u la t io n ,  by t h e  in c o r r e c t  s i g n  o f  1  ̂ may have  
a f f e c t e d  th e  v e l o c i t y  t im e  c o n s t a n t  by an u n a c c e p ta b le  
amount.
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6.2 The Q Axis Representation

6.2.1 The mechanism for simulation of the Q axis system 
remains the same as that used for the 3 phase system, 
in that the backwards rectangular approximation to S is 
used. The reasons for choosing backwards rectangular 
over other forms of discretization are those outlined 
in section 6.1.3. The simulation equations are 
presented m  appendix (5). Figure (6.1) shows the Q 
axis representation in block diagram form. The 
simulation assumes the D axis current is regulated 
about zero.

6.2.2 In plot (6.16) the motor speed response is shown 
to a step m  speed of 0 - 1000 RPM. The simulation 
time was 0.1 mS. The controller implemented m  the 
current loop was proportional m  nature. The gain of 
the controller was not, as indicated m  section 5.2.3, 
between 1.5 and 6. The reason for not choosing a value 
between 1.5 and 6 is because of the existence of the 
PWM amplifier. The analysis performed m  section 5.2 
assumed that kp represented the total forward path 
gam, including the PWM amp. The amp itself has a g a m  
in the linear region of 80, so to have a total forward 
path g a m  of 6 would mean a controller g a m  of 0.075. 
This is unrealistic m  an actual system. The stability 
indicated by the locus plots of section 5.2 at high 
g a m  allows a realistic choice of controller gam. The 
value chosen for the simulation was unity, and a total 
forward path g a m  of 80. The time constant of the 
motor velocity response is 16 mS. Plot (6.17) 
illustrates the response of the Q axis current with 
time. The level of~steady state error is quite large 
as evidenced by plot (6 18), settling at 0 53.
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F IGURE(6 1)
BLOCK DIAGRAM OF Q AMS CONTROLLER SIMULATION
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6.2.3 When the P+I controller designed in section 5.2 
is implemented in simulation, plots (6.19 ... 6.21) 
result. The controller g a m  was 1 and the integral 
time was 30 mS. The step in velocity was 0 - 1000 RPM 
and the sampling time was 0.1 mS. The response is 
certainly more sluggish, as was suggested in section 
5.2, the velocity time constant being 25 mS. Plot 
(6.20) illustrates the response of the motor current 
with time. Plot (6.21) indicates that the steady state 
error of the current controller is approaching zero 
with time. However even after 100 mS it still has not 
settled at zero.

6.2.4 To eliminate the sluggishness evidenced m  the 
response plots of the previous section, a pole/zero 
compensation method was proposed (m  section 5.2). But 
when implemented, with a  = 500 0  « 209, and a g a m
of 1, the simulation exhibited stability problems, at a 
sampling time of 0.1 mS. Even when the sampling time 
was reduced, the stability problems still existed. 
Pole/zero compensation requires almost perfect 
cancellation of the pole or zero, to work effectively. 
This is possible mathematically and the root locus 
plots of section 5.2 assume perfect cancellation. But 
when a continuous time compensator is discretised its 
nature changes. This would seem to be the basis for 
the instability of the simulation. A proper pole/zero 
compensator for a digital application should cancel the 
appropriate discrete pole or zero This should be the 
basis for design.

6.2.5 The response plots of the Q axis controller with 
both P and P+I compensation implemented indicate that Q 
axis control does provide velocity response on a par 
with 3 phase control, m  the case of a P+I

73



000

800 
zoo

j> GOO  
¡1 Í.00

I_) 4 0 0

R 3 0 0  
PII ;'00

too 
00 to ;'0 30 40 hO 60 ;0 80 W  100

IJFlKms)

PLOT(6 19)

n o i  OK S P U D

I l l ’ ll ( i n s )

PLOT(6 20)



C I M N Í  í H R O K

! IRK im )

PLOT(6 21)



implementation, and better than 3 phase control in the 
case of P control. If the initial criterion of control 
is considered, this being a maintenance of the phase 
lag in the current loop at greater than -15°, then Q 
axis control is superior. This is because, with the D 
axis current regulated about zero, the overall phase 
lag in the current loop is 0°. But Q axis control 
assumes the D axis current is zero, so for it to work 
efficiently this must be the case.
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7. Hardware design and controller realisation

In the preceding chapters 3 phase and DQ motor theory 
have been developed m  parallel. Both structures have 
been modelled, simulated and suitable control schemes 
have been proposed for each. This chapter includes a 
proposed implementation of only one control system, 
this being the 3 phase scheme.

7.1 Microprocessor Selection

7.1.1 The selection of the microprocessor is an 
important part of system design given that the 
microprocessor is the heart of the system. It was 
decided to concentrate on 16 bit processors as it was 
envisaged that sufficient processing power for the 
particular application could be supplied by them. The 
wide availability of development systems for 16 bit 
processors and the comparatively low cost of 16 bit 
processors in relation to 32 bit systems were also of 
primary consideration m  this decision. It was further 
decided to opt for a minimum system configuration, in 
other words to use the processing power of the 
processor alone, and not to include floating point 
accelerators and other associated peripherals.

7.1.2 The two leading 16 bit processors were thus 
chosen for evaluation, those being the Motorola 
M68000, and the Intel 80186. Both run at a clock speed 
of 8 MHz and both have 16 bit external data buses
(The 68000 differs from the 80186 in that its internal 
data bus is 32 bits wide).

7 1.3 Figure (7.1) illustrates, m  flow diagram form, 
the processing requirements m  one sample period- The 
motor is a 3 phase system, so 3 separate currents loops
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  - 1
TAKE IN A AND B PHASE ERROR VALUES 

ea(k) AND eb(k)

DETERMINE C PHASE ERROR VALUE 
ec(k)=-(ea(k)+eb(k))

UPDATE CONTROLLER OUTPUT VALUES 
ca(k) =occa(k-l) +&ea(k) +/jea(k-l) 
cb(k)Äacb(k-1)+öeb(k)+ueb(k-l) 
cc(k)=acc(k-1)+6ec(k)+ u e c(k-1)

UPDATE ALL VARIABLES 
ca(k-1)=ca(k) 
ea(k-l)-ea(k) 
cb(k-l)«cb(k) 
eb(k-l)-eb(k) 
cc(k-1)=cc(k) 
ec(k-1)-ec(k)

OUTPUT ALL CONTROLLER VALUES

F IGURE(7 1)
FLOWCHART SHOWING SEQUENCE OF CONTROLLER INSTRUCTIONS



need to be controlled* The controller structure was 
taken to be a first order approximation to a lag 
compensator. The basis for comparison rested on which 
processor could execute the instructions m  the 
quickest time. The instructions of figure (7.1) were 
written in the assembly language of each processor, and 
using the execution time tables of each processor 
the sample period for each was obtained. [B17,B18]

M68000 - 0.45 mS
80186 - 0.4 mS

7.1.4 Although the 80186 proved to be the faster 
processor m  executing the instructions of one sample 
period, this is not basis enough for its selection. 
Other factors have to be considered. The M68000 comes 
m  a dil package which is 8 cm long and 2.2 cm wide.
The surface area of the 80186, which comes m  a pin 
grid array package is much smaller, its dimensions 
being 2.9 cm long by 2.9 cm wide. Also the 80186 
contains on board peripheral devices, such as a direct 
memory access controller, an interrupt controller and a 
waveform generation unit, while to provide the same 
facilities on an M68000 system, peripheral devices 
would have to be externally interfaced to the system. 
This is cost prohibitive, and also takes up printed 
circuit board area.

7.1.5 All arguments tend to indicate that the 80186 is 
the most suitable processor for the application. The 
most important factor m  terms of performance would 
have to be the size of sample time. However the 
factors of cost and board area also deserve full 
consideration. These factors are industrial m  nature, 
m  that they are usually considered m  volume
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production. However to make a system design worthwhile 
it has not only to be technically feasible, but also 
cost effective m  an industrial sense. This is why 
cost and printed circuit board area were considered m  
the processor choice. In the light of these 
considerations the 80186 was chosen for the 
implementation.

7.2 Approaches to PWM Generation

7.2.1 The theoretical PWM spectrum evaluated and 
presented m  Chapter 3 constitutes the ideal situation, 
one that is impossible to emulate in practice. Firstly 
the modulating wave is assumed to have a perfectly 
sinusoidal structure, and the carrier wave is assumed 
to be perfectly triangular. This is never the case. 
Secondly the two signals are assumed to be 
synchronised. The practical PWM generator of figure 
(3.6) involves no synchronisation, so the carrier and 
modulating waves drift in time. This causes 
subharmonics to be generated, which can cause problems 
at low speeds. It is therefore desirable to use a PWM 
generator scheme that minimises or eliminates both 
problems and generates a PWM signal that most closely 
resembles the theoretical.

7.2.2 There are two major methods of generating a PWM 
signal, these being analog or a microprocessor based 
digital method. The analog method uses an analog 
carrier and modulator and tends to exhibit the problem 
of drift, due to lack of synchronisation. The digital 
method simply involves the evaluation of the signal by 
computer, whatever the actual computation method. It 
tends to exhibit the problem of imperfect wave 
structure, due to the digital nature of the signals.
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But as PWM is a digital signal it would seem to lend 
itself to a digital generation method.

7.2.3 Two different methods of digital generation will 
be considered here. These are

1. numerical comparison
2. Look of table

These methods will be explained and compared to each 
other in the following paragraphs.

7.2.4 The numerical comparison method of PWM 
generation is perhaps the simplest to implement. Its 
concept comes directly from the explanation given m  
section 3.2.2 as to how a PWM signal is generated from 
a modulating wave and carrier m  that if the value of 
the modulating wave register exceeds the value of the 
carrier register then PWM is high. PWM is low if the 
reverse occurs. The carrier signal is obtained by 
allowing a register to ramp up to a maximum and then 
ramp down to a minimum, at the carrier frequency.
Figure (7.2) illustrates the digital carrier assuming n 
discrete values. The size of increment, inc and the 
periodic time, T, are related, due to the finite 
computation time of microprocessors. If $ is the 
computation time required by a microprocessor to 
increment the carrier register by one step then:

£(max-mm) /7
T

where max is the maximum magnitude of the carrier, m m  
is the minimum magnitude, and T is the carrier period.
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FIGURE(7 2)
A DISCRETISED CARRIER WAVE

FIGURE(7 3)
PWM GENERATION USING THE LOOK UP TABLE METHOD



For set values of max, min and $ the higher the 
carrier frequency desired the lower the resolution 
obtainable. Lowering the values of max and m m  will 
not provide a solution due to the limited resolution 
obtainable from microprocessor registers themselves.

7.2.5 The problem is compounded when the relationship
between the carrier and the modulating signal is
considered. In the process of PWM the modulator
intersects the carrier twice every carrier period.
Consider the mechanism of numerical comparison PWM.
The modulating signal is updated once every Ts 
seconds where Ts is the sampling rate of the
microprocessor system. At this instant it is compared
to the value of the carrier register and the PWM signal
is switched high or low as appropriate and remains at
this level for Ts seconds. If the condition of

Ts > T/2

is fulfilled then the resulting PWM will not have the 
desired 2 intersection points per cycle. If for 
example the condition

Ts = T

were fulfilled then the PWM signal would switch only 
half the number of times required. Thus it can be 
concluded that numerical comparison PWM has the 
prerequisite that the condition of

Tg £ 2T

is met before proper implementation can take place. 
Based on the sampling time obtained m  section 7.1.3,
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the maximum carrier frequency obtainable is 1.25 kHz, 
which is much lower than the 5 kHz currently 
implemented in the analog test controller. It is 
desirable to have as high a carrier frequency as 
technically possible (this is constrained by the 
switching times of the VS I power transistors) m  order 
to reduce the effects of the harmonics located at the 
carrier frequency and multiples thereof. This being 
the case, the 1.25 kHz realisable with the sample and 
compare method of PWM generation would seem to be 
inadequate m  comparison to the 5 kHz implemented in 
the analog test controller.

7.2.6 The 'Look up table1 method of PWM generation uses 
a look up table to produce the PWM signal. The look up 
table is referenced, simply, by the value of the 
modulating signal at each sampling instant. Figure 
(7.3) illustrates an implementation of this method of 
generation. Consider the equation of the carrier wave 
over one period.

If the sampling rate Tc is equal to T, and if the 
carrier and modulator are synchronised as indicated in 
the figure, then the_sw_itchmg points tx and t 2 can 
be related to alf the level of the modulating signal

’2At Q*t<tc (7.2)
T

Fc(t)

by:

^l = aiT (7.3)
2A

t 2 = T ( l - a 1/2 A ) ( 7 . 4 )
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Since the carrier is periodic, the equations (7.3, 7.4) 
hold at every sample instant. A look up table can be 
constructed based on all possible values of The
values tx and t2 simply refer to time durations 
from the moment of modulating signal update. The look 
up table method is not constrained to one carrier 
period per sample interval. It is possible to have n 
carrier periods per sample. The look up table would 
then include the 2n switching points necessary.

7.2.7 The look up table method is better than numerical 
comparison m  that the carrier frequency, 1/T, can be 
multiples of the sampling frequency, 1/Tg. In 
effect, the achievable frequency based on the results 
of section 7.1.3 is at least double that of numerical 
comparison, being 2.5 kHz, and certainly a carrier 
frequency of 5 kHz and higher is achievable. So it 
would seem that the look up table of PWM generation is 
viable.
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7.3 Hardware design

7.3.1 To make the hardware as flexible as possible a 
structure like that of figure (7.£|) was chosen. The 
analog to digital converters or A/D’s m  the figure 
convert the current error signals for the A and B
phases to a digital format. The current error for the
C phase is not required. The reason for this is that 
m  a balanced 3 phase system, which the test motor is, 
the C phase current error can be constructed from the A
and B phase signals. The resolution of the A/D
converters is 8 bit.

7.3.2 The structure of figure (7. if) is flexible in 
that the output signals are generated by digital to 
analog converters, in this case 8 bit, so the output 
signal can assume 256 discrete levels. Although for 
the look up table method of PWM generation the output 
stages only need to assume 2 discrete levels, the D/A 
structure allows the modulating wave in its analog form 
be output to an analog PWM generator as well. So this 
allows 2 possible alternatives of PWM generation.
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FIGURED 4)
DIGITAL COMPENSATOR SYSTEM STRUCTURE
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7.4 Algorithm and software structure

7.4.1 The implemented software structure is that 
outlined m  figure (7.1). The control algorithms are 
flexible in nature in that they represent first order 
discrete approximations to either lag, lead, P or P+I 
compensation schemes. The actual compensation scheme 
only depends on the values selected for coefficients 
a,0 and ¿u The actual order of approximation could be 
extended to second order, or even higher orders. The 
disadvantage is that at higher order approximations the 
discrete equations tend to have a large number of 
elements. This would require more computation time and 
hence would reduce the sampling time.

7.4.2 The most important part of the software is the 
method of number representation. The input to the 
system is sin 8 bit sign and magnitude number, as is the 
output. However to adequately represent the 
compensator algorithms of figure (7.1) sign and 
magnitude form is not suitable. A more accurate number 
system is required. A floating point system can 
provide the desired accuracy, and in particular a 
system with one bit sign, eight bit mantissa and eight 
bit exponent is deemed adequate. This representation 
has a resolution of 0.004. The mechanism of conversion 
from 8 bit sign and magnitude to floating point format, 
and vice versa, is through the use of a look up table,
which is quick and efficient. The only disadvantage of
the 8 bit mantissa is that it does have limited
resolution, and therefore quantisation error can occur. 
However an increase in resolution would necessitate an 
increase in processing time. This would reduce the
sampling frequency. The question can be posed as to 
how much resolution is necessary? Since the output
is only 8 bit it would be reasonable to assume that the 
8 bit mantissa is adequate.
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7.5 Further experiment

7*5.1 Both the hardware and software designed in this 
chapter are very flexible m  structure. The hardware 
is flexible m  that it allows different PWM generation 
methods be implemented. The software exhibits 
flexibility in that the compensator algorithms can be 
changed very easily to implement a wide range of 
compensation schemes. The assumption that the schemes 
designed in chapter 5 would work seems to be well 
founded in the light of the simulated results of 
chapter 6. The structure for designing other 
compensators has been fully developed, based on the 
frequency response method outlined m  chapter 5. The 
structure for evaluation of the compensators also 
exists in the simulation developed m  chapter 6. So 
implementation is the next logical step, and this forms 
the basis for further experiment.
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8. Discussion and Conclusions

8.1 Discussion

8.1.1 The effect of harmonic distortion is fully 
quantified in chapter 3f by the harmonic distortion 
ratio. This ratio refers only to a steady state 
situation, when the motor is turning at constant speed, 
and the torque load is fixed. The frequency response 
plots of chapter 5, showing the closed current loop 
gain and phase characteristics seem to indicate that 
the harmonic distortion does not affect the steady 
state attributes by a considerable amount. In 
particular the phase and gain characteristics with the 
phase current assuming higher values (4A, 5A) are 
almost identical, with and without the distortion ratio 
included in the simulation. The problem with harmonic 
distortion arises when dynamic characteristics are 
considered. It is necessary in order to fully consider 
the effect, that harmonic distortion be fully 
quantified in mathematical terms,* and not just by 
empirical means, although this has been useful in 
unearthing the issue. This would allow proper 
controller design to take place based on a fully 
quantified dynamic system.

8.1.2 The linearised motor model developed in chapter 
4 allows linear systems theory be applied in the design 
of a Q axis control system. The model, however, 
assumes that the D axis current is regulated about 
zero. The basis for the design of a Q axis controller 
is well founded, assuming that Id is effectively 
regulated. There is however no equivalent linear 
method of design when it comes to producing a D axis
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regulator. Thus to effectively implement the control 
structure of figure (5.2) it may be the case that the D 
axis regulator would have to be tuned on a trial and 
error basis There is one criterion that the regulator 
would need to fulfil. This is that it must produce no 
steady state error. This would suggest a P+I 
compensator format.

8.1.3 The simulations implemented m  chapter 6 do not 
include the effects of harmonic distortion, so as such 
there is a certain amount of error m  the dynamic 
characteristics produced by them. This cannot be 
avoided without a fuller understanding of the 
distortion.

8.1.4 The hardware designed m  chapter 7 has the 
processing capabilities to implement the DQ control 
structure of figure (5.2). The actual algorithms could 
be programmed, le the 3 phase to DQ transformation, 
compensator algorithms, and DQ to 3 phase 
transformation, but the sampling time may not be of a 
level sufficient to provide adequate control over the 
entire motor speed range. However the hardware 
flexibility allows a solution to this problem. The 
80186 can be implemented m  a multiprocessing 
environment. This means that another processor working 
in conjunction with the 80186 (maybe another 80186) 
could perform the axes transformations, and using the 
DMA channel (direct memory access) could communicate 
the results of the transformation to the 80186, leaving 
it with only compensator algorithms to process.
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8.2 Conclusions

8.2.1 There is a need to mathematically quantify the 
harmonic distortion effect and to assess its effect on 
the dynamic characteristics of the closed current 
loop. This would require analysis of both phase 
current and voltage at the instances when both 
transistors m  the VSI inverter leg are turned off.
The distortion effect should be less evident in faster 
switching transistors, as the hysteresis delay time,
At, could be reduced. So with improved power 
transistor technology, resulting m  faster switching 
times, the effect of harmonic distortion in VSI fed 
machines should be reduced.

8.2.2 The linear representation of the brushless dc 
machines requires that the D axis current be zero.
This necessitates the design of an effective D axis 
regulator with zero steady state error. Since there is 
no equivalent linear basis for such a design 
(equivalent to the Q axis controller design), it would 
have to be designed using a nonlinear design method.

8.2.3 The simulations implemented m  chapter 6 appear 
to yield satisfactory results. However, as they do not 
take harmonic distortion into consideration they do not 
truly represent the entire system. An improvement on 
the simulations would include the dynamic effects of 
the distortion.

8.2.4 Digital compensation would seem to be a viable 
alternative to analog compensation, in the current 
loop, m  that it offers the same level of control 
performance. It proves superior, however, when



flexibility and adaptability are considered, as it 
allows easy implementation of a wide range of 
compensation schemes, precise representation of 
compensation coefficients, and zero drift of these 
coefficients. In this light digital compensation would 
seem to be more desirable than analog compensation.
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APPENDIX (1 )

The six step approximation is an odd function so 
An is zero. W(x) is the six step function.
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APPENDIX ( 2 )

A consideration of the PWM wave of figure (3.5) allows 
an evaluation of the founer coefficients. The voltage 
level of the wave swings from V£ug to OV or from OV 
to Vjjus* To ma3ce evaluation of the fourier 
coefficients easier it will be assumed that the two 
voltage levels are Vqus/2 "VBUS/2- This in 
effect means that the DC level of the wave will be 
assumed to be zero. This can be considered as DC 
voltages of the same level applied to a 3 phase 
balanced system have no effect. It will also be 
assumed that there are k switching instances over one 
cycle, and one cycle corresponds to a cycle of the 
modulating wave. %  corresponds to VBus* ai
is the ith angle m  radians.

1 7T
an =* — J PWM(x)Cos(nx)dx

7T -7T
2 T al a l
—  IJ ubCosnxdx - J ubCosnxdx 
27r Lo al

a3 277- 1
+ J ubCosnxdx + .... ± J ubCosnxdxI

“2 «1 a l k  J
—  [Zkn L

ub r
2k?t L

Sinnx - Sinnx
27T

+ . .. ± Sinnx 
al 1 ak

2 Smnal - 2 Smna2 + . - . ± 2Sinnak

Ub k l-l
==> an = —  V  (-1) Sinnar

k7T 1-1
(A2.1)
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bn can be evaluated similarly
Ob 1 k  1

bn = —  (l+C-l) + T  (-1) Cosnai)
jm i=l   (A2.2)

The magnitude of the harmonic is therefore:

Mn = 4an2+bn2   (A2.3)
and the phase angle is

4>n = TAN"11— J  (A2.4)

assuming line voltages to a 3 phase system of:
Ua = |v| Cos(WEt)   (A2.5)
ÜB * M *  Cos(WEt-27T/3) (A2.6)
Uc - |V|. Cos(Wg;t-47r/3)   (A2.7)

The resultant phase voltages for a 3 phase system are:

ÜAO * V 3 (2UA-UB-UC)   (A2.8)
UB0 = 1/3 (2UB-UC-UA )   (A2.9)
UC0 - 1/3 (2UC-UB-UA )   (A2 • 10)

The first current harmonic per phase is generated as a 
result of the applied first voltage harmonic and the 
back emf.

If it is assumed that the phase of the back emf is 0 
then the current per phase due to the back emf alone is
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KEWm
ïb = — ---—  exp(-j9)   (A2.ll)

4 r 2+we 2l 2

f v lwhere 6 = TAN *   (A2.12)

The current due to the first voltage harmonic is 
| M j

!h = T“T TT~ e x P ( 3 [ « ”e J)   (A2.13)
< I r 2 +we zl  2

where a is defined as the angle between the first 
voltage harmonic and the back emf.

If the assumption is made that the current controller 
maintains the angle between the resultant current and 
back emf at 180° (this depends on the back emf 
convention used) then the sum of lb and 1̂  should 
be real and negative.

Ib - 11b| Cos(-©)+]| Ib| Sm(-e) .... (A2.14)
Jh = 11hI Cos(a-©)+]|Ih| Sm(at-e) .... (A2.15)

Ib + Ih = |Ib| Cos(-0)+|lh| Sin(a-e)
+3 [ 1 Ih|Sin(a-©)+| IbjSm(-©) ] ... (A2.16)

==> |lh| Sin(a-e) - Sin(©) ■ 0 (A2.17)
|lb|

solve for a and substitute into (A2.16) to solve for 
Ib+Ih.

The kth current harmonic

|MklIk = -------------
à r 2+ (kWg) 2l 2

(A 2 .1 8 )

92



APPENDIX ( 3 )

The controller described by: 
kCl+STj

C(S) =     (A3.1)
(1+St2)

has a phase function
P(f) = TAN"1(2fffrl) - TAN_1(2jrfr2) --- (A3.2)
The function reaches a minimum at the point when the 
derivative is zero

d P ( f ) a 0
   .................................................... ..............................  ( A 3 . 3 )

d f  a 2+ f 2 j82+ f 2

w i t h  d p ( f ) = 0
d f

=»> a 0
-----  = .....  .....  (A3.4)
a2+f2 02+f2

where
a - 1

27rrx .......... (A3.5)
0 - J - ___

27t t 2 .......... (A3.6)
Solving for F yields

fm m  = .......... (A3.7)



If equation (A3.2) is equated with the desired minimum 
angle, R, then

R - TAN”1 (f/a) - TAN”1 (f//8) ......  (A3.8)

= >  TAN(R) = TAN(TAN-1(f/cr) - TAN'1(f/$)).. (A3.9)

s=> TAN(R) - f / a ~ f / 0  .(A3.10)
1+f2/ a $

Choosing a minimum frequency and phase angle and 
solving between (A3.7) and (A3.10) yields values for 
a and $ and hence for rr and r2-



APPENDIX ( 4 )

The equations listed m  this appendix are derived from 
figures (3.7, 4.1), where figure (3.7) shows the 3 
phase control structure, and figure (4.1) the DQ motor 
r epr es entation.

1. Velocity control

evW  - Wd(k) - Wa(k)   (A4.1)

using P+I control

V(k)-V(k-l)+Kpvev(k)-Kpv(1-Ts/Tiv)ev(k-l)
........  (A4.2)

where T^v is the compensator integral time.

2. Current control 

Current error A phase 

eIA(k)=V(k)Sm(6©(k))-IAa(k))
........  (A4.3)

Current error B phase

eIB(k)-V(k)Sin(6©(k)-27T/3)-IBa(k))
........  (A4.4)

Current error C phase

eIC(k)=V(k)Sin(6e(k)-477/3)-Ica(k)) .... (A4.5)
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Current control for either A, B or C phases, using a 
lag compensator.

C (k) ~Tip C(k-l) +Kpi(Tg+TIZ)e x (k)-(kplT12)ei (k-1)
(Ts+Tip) (Tg+Tl p ) (Tg+Tl p )

.........  (A4.6)

Where Tg is the sample time, T^z is the zero time,
Tip is the pole time, and kpi is the compensator 
gain.

3. Pulse width modulation and line voltages

The linear amplifier approximation is made to the 
modulated wave. The loss ratio is not considered.

Ua xW  = CA(k)PWM ........  (A4.7)
UBX(k) = CB(k)PWM ........  (A4.8)
uCX(k> = Cc(k)PWM ........  (A4.9)

PWM - 80

4. Line to neutral voltages

UA0(k) = 1/3 (2ÜAx(k) - UBX(k) - Ucx(k))  (A4.10)
UB0(k) « 1/3 (2UBX(k) - ÜAx(k) - Ucx(k))  (A4.11)
UCo W  = 1/3 (2ücx(k) - UAx(k) - UBX(k))  (A4.12)

5. The DQ voltages

Ud(k) - 2/3 tCos(66(k) )UAO(k)+Cos(6e(k)-277-/3)UBO(k) +
Cos(66(k)-477/3)Uc0(k) ] --- (A4.13)

Uq(k) = 2/3 [Sin(6e(k))UAO(k)+Sin(66(k)-277-/3)UBO(k) +
Sin(6e(k)-4w/3)Uco(k)] ... (A4.14)
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APPENDIX 5

1. Velocity control
as equations (A4.1, A4.2)

2. Current Control

eI q W  - IqdW - iqaik)   (A5.1)

P Control

Crq(k) - KpeIq(k) .......  (A5 2)

P+I Control

CIq(k) « C Iq(k-l)+kpeIq(k)-kp(l-Tg/To)eaq(k-l)
.......  (A5.3)

Pole/zero cancellation 

From equation (5.31)

CIq(k)=ACIq(k-l)+BCIq(k-2)+CeIq(k)+DeIq(k-l)+EeIq(k-2)
..... (AS.4)

kp(l+(a+0)T3) 
1+9.3Tg
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2+9.3Ts -1
where A = ------  B = ------

1+9.3TS 1+9.3Tg
-kp(2+(a+0)Ts kp

D = -------------- E - --------
1+9.3Tg 1+9.3Tg



6. The DQ currents

id(k) = Ld IdC^-D - 6Wa (k)LqT3Ig(k) + T3Ud (k)
(La+TgRd) (Ld+TgRd) (Ld+TgRd)

..........  (A4.15)

Iq(k) = Lg Iq (k-1) - 6Wa (k)LdT3Id (k) + T3Uq (k)
(Lq+TgRq) (Lq+TgRq) (Lq+TgRq)

+ 6Wa(k)T3\m
(Lq+TgRq) ..........  (A4.16)

7. The machine torque

T(k) = 3/2. p/2 [-LqlqikJ.IdW+Ldldik) Iq (k) +Xm Iq (k) ]
........... (A4.17)

8. The mechanical speed

Wa (k) = J .Wa (k-1) + Tg T(k)
(J+TgD) (J+TgD)   (A4.18)

9. The rotor angle

6(k) = 6(k-l) + TsWa (k)   (A4.19)

10. The 3 Phase Currents

IftaW = Id(k )Cos(60(k)) + Iq (k) Sm(66(k)) .. (A4.20)

l B a W  = Id(3O Cos(56(k )"277/3) + Iq(k )Sln(50(k >--277y'3)
.......... (A4.21)

Ica(k ) = Id(Ji>Co9(6e(k )_47T/3) + 1q(k )Sln(66(k )_4,T/3)
........  (A4.22)

qs



3. Pulse width modulation and DQ voltages 

Uq(k) = CIq(k) PWM ......

4. The machine torque 

as equation (A4.17)

5. The mechanical speed 

as equation (A4.18)

( A 5 . 5 )
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Definition of symbols

Wd(k) - Demand velocity at sample k
Wa(k) - Actual velocity at sample k
ev(k) - Velocity error at sample k
6y(k—1) - Velocity error at sample k-1
V(k) - Velocity controller o/p at sample k
V(k-l) - Velocity controller o/p at sample k-1
eiA(k> - Current error A Phase at sample k
e IA(k-l) - Current error A Phase at sample k--1
eiB(k) - Current error B Phase at sample k
eiß(k-l) - Current error B Phase at sample k--1
e ic(k) - Current error C Phase at sample k
e IC(k-D - Current error C Phase at sample k-1
CA(k) - Current controller o/p A Phase at sample k
CA(k-l) - Current controller o/p A Phase at sample k-:
CBW - Current controller o/p B Phase at sample k
cB(k-l) - Current controller o/p B Phase at sample k-:
Cc (lc) - Current controller o/p C Phase at sample k
cc (k-i) - Current controller o/p C Phase at sample k-:
PWM - Linear gam of PWM amplifier
UAXW - Line voltage A Phase at sample k
öbx<*) - Line voltage B Phase at sample k
ücx(fc) - Line voltage C Phase at sample k
UA0(k) - Line to neutral voltage A Phase at sample k
uB0(*) - Line to neutral voltage B Phase at sample k
UC0(k) - Line to neutral voltage C Phase at sample k
CJd(k) - Direct axis voltage at sample k
Oq(fe) - Quadrature axis voltage at sample k
Id(k) - Direct axis current at sample k
Id(k-l) - Direct axis current at sample k-1
lq(k) - Quadrature axis current at sample k
Iq(k-l) - Quadrature axis current at sample k-1
T(k) - Machine torque at sample k
e(k) - Rotor angle at sample k

1 0 0



e(k-l) - Rotor angle at sample k-1
W * > - A Phase Current at sample k
iBa(k) - B Phase Current at sample k
ica(k) C Phase Current at sample k
kpv - Velocity controller proportional gam
Tiv - Velocity controller integral time
T ip Current controller pole time
Tiz - Current Controller zero time
^pi Current Controller proportional gam
TS sample time.

1 0 1



APPENDIX (6)

LINE-LINE INDUCTANCE 
LINE-LINE RESISTANCE 
BACK EMF CONSTANT 
TORQUE CONSTANT 
PHASE CURRENT CONTINUOUS 
PHASE CURRENT MAX 
RATED TORQUE CONTINUOUS 
RATED SPEED 
BUS VOLTAGE V

MOOG 304-8 MOTOR

4 mH
1 8  0
.3175 V/RAD/S 
0.476 A/Nm 
9 9A PEAK 
30A PEAK
4.7 Nm 
5000 RPM 
320V
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