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Adaptive Space-Meshing Strategies for the Numerical
Solution of Parabolic Partial Differential Equations in
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Abstract

The effectiveness of adaptive space-meshing in the solution of
one-dimensional parabolic partial differential equations (PDEs)
is assessed.

Present day PDE software typically involves discretisation in
space (using Finite Differences or Finite Elements) to produce a
system of ordinary differential equations (ODEs) which is then
solved routinely using currently available high quality ODE in-
tegrators. Such approaches do not attempt to control the errors
in the spatial discretisation and the task of ensuring an effec-
tive spatial approximation and numerical grid are left entirely to
the user. Numerical experiments with Burgers’ equation demon-
strate the inadequacies of this approach and suggest the need for
adaptive spatial meshing as the problem evolves. The currently
used adaptive meshing techniques for parabolic problems are re-
viewed and two effective strategies are selected for study. Nu-
merical experiments demonstrate their effectiveness in terms of
reduced computational overhead and increased accuracy. From

these experiences possible future trends in adaptive meshing can
be identified.

Keywords: Partial Differential Equations, Parabolic prob-
lems, Method of Lines, Adaptive meshing, Finite Difference Meth-
ods, Finite Element Methods, Moving Finite Elements, Lagrangian
schemes, Linearly implicit ODE systems.



Chapter 1

Introduction

Partial differential equations (PDEs) occur widely in Science and Engineer-
ing in the modelling of continuum problems. This thesis is concerned with
the automatic solution of parabolic PDEs in one space dimension and the
effectiveness of incorporating adaptive space-meshing algorithms into exist-
ing software.

Chapter 2 introduces scalar and vector systems of parabolic PDEs and out-
lines the general nature of parabolic problems. With reference to suitable
examples the need for adaptive space-meshing is established.

Historically the development of PDE software has been slow owing to the
great diversity of such problems. This is in sharp contrast to the now
highly developed software for ordinary differential equations (ODEs). Con-
sequently the most successful PDE software, for example PDEONE [46]
and PDECOL [33), have involved the discretisation of the problem in the
space dimension (semidiscretisation) and its reduction to a system of ODEs
which can be routinely solved using available high quality ODE integrators.
When semidiscretisation is performed using Finite Differences the procedure
is known as the “method of lines”. Alternatively Finite Element methods
(Galerkin [18] and Collocation [38]) may also be used to perform the semidis-
cretisation.

Chapter 3 begins by outlining the presently used methods of semidiscreti-
sation. The nature of the resulting ODE system is discussed and this leads
to the notion of stiffness. The semidiscretisation of parabolic problems gen-



erally results in systems of ODEs which are at least “mildly” stiff. The
presently used methods of integration for stiff systems of ODEs are outlined
and the standard packages reviewed.

Current ODE software performs the temporal integration more or less auto-
matically and the techniques for controlling the integration (some of which
are heuristic) are outlined. The combination of semidiscretisation followed
by ODE integration are the hallmarks of present day PDE solvers. Two
standard PDE packages are reviewed. In these packages no error control
for the spatial discretisation is attempted and spatial errors are presumed
to be negligible. Some numerical results for Burgers’ equation demonstrate
the inadequacies of this approach for problems involving propagating shocks
and/or boundary layers. In such cases the solutions are computationally ex-
pensive to obtain and are often inaccurate. The need to adapt the mesh as
the problem evolves becomes clear.

The inadequacy of uniform spatial grids in the solution of parabolic equa-
tions may be explained by analysing the typical methods of semidiscretisa-
tion used for such problems. The use of non-uniform spatial meshes, how-
ever, offers the possibility of much improved results over the uniform mesh
approach. This is analogous to the existing use of non-uniform grids in the
time discretisation of such equations, and in the solution of general ODEs.
The ultimate aim in both situations is to evenly distribute the numeri-
cal errors over the problem domain. The methods of determining suitable
non-uniform grids for particular problems (numerical grid generation) are
considered. Fixed non-uniform grids are, however, of limited use when solv-
ing parabolic type problems because the spatial structure of the solution
typically alters with time. In order to ensure adequate spatial resolution
throughout the problem evolution, regeneration of the non-uniform grid is
necessary. This is the principle underlying the adaptive mesh approach.
Adaptive mesh strategies involve a particular grid generation method and
a dynamic coupling between the grid and the evolving solution. Current
trends in adaptive meshing are discussed and the philosophies behind the
various approaches are contrasted. Efficiency, robustness and versatility are
the characteristic features of superior adaptive mesh strategies.

In Chapter 6 the algorithms selected in the previous chapter are imple-
mented in conjunction with a standard ODE solver. Comparisons are made
between uniform and adaptive mesh implementations for several example



problems.

Chapter 7 concludes with a summary of findings regarding the automatic so-
lution of Parabolic PDEs. The relative merits of adaptive and non-adaptive
strategies are discussed particularly in relation to computational expense
and efficiency. Finally areas for future research are identified.



Chapter 2

Parabolic Partial
Differential Equations

2.1 Classification of partial differential equations

We are interested in the solution of linear and nonlinear parabolic equations
and systems of equations. Firstly by considering the linear case of the second
order partial differential equation and establishing what form of auxiliary
conditions serve to determine a unique solution a three-way classification of
such equations is possible.

The general form of a linear 2"¢ order PDE in two independent variables
x,t is

A(m,t)Uzz +2.B(I,t)Uzt+C(I,t)Utt —+

D(z,t)U; + E(z,t)U; + F(z,t)U + G(z,t) =0 (2.1)

Subscripts imply partial derivatives and the coefficient 2B is chosen for later
convenience.

A solution of (2.1) in a region R of the (x,t) plane is a function U(x,t) for
which U and the partial derivatives U, and U, are defined at each point (x,t)
in R and for which the equation reduces to an identity at each such point.



To determine the form of auxiliary data required to guarantee a unique
solution to (2.1) consider the specification of U along some interval of the
y axis, U(0,t)=f(t). This allows calculation of all partial derivatives of U
w.r.t. t along the interval (0,t) presuming that f(t) is sufficiently differen-
tiable. No information about the partial derivatives w.r.t. x is known except
that (2.1) relates Uzz to U. Therefore prescribing U,(0,t) = g(t) (the nor-
mal derivative) along the chosen interval allows the calculation of Uz and
further derivatives w.r.t. Uz, can now be determined from (2.1).

It is now possible to construct a Taylor series representation of U in the
neighbourhood of (0,t). This suggests that a unique solution to (2.1) is pos-
sible given the function U and its normal derivative along one axis where
both the functions and coefficients appearing in (2.1) are sufficiently differ-
entiable.

The formal statement of the above procedure is the Cauchy-Kowalewski
Theorem which states that if f(t), g(t) and the set of coefficients

B(z,t) C(z,t) G(z,t)
A(z,1) A(z,t) Az, t)

are analytic in the neighbourhood of some point (0, o) then the above pro-
cedure will generate a unique solution to (2.1) which is also analytic in the
neighbourhood of (0,t). We call the data f(t) and g(t) the Cauchy data for
the problem (2.1) and such a problem is called a Cauchy problem.

By a further generalisation one may seek the solution of (2.1) given Cauchy
data specified along an arbitrary curve I' in R. Some equations of the form
(2.1) possess solutions for all choices of ' whereas others require a restriction
on the choice of I'. The various cases allow the characterisation of partial
differential equations into three distinct classes. Each type of equation has
particular properties concerning the dependency of solutions upon the aux-
iliary data.

Consider again the Cauchy problem where the Cauchy data is specified along
an arbitrary curve I'. The 1% order partial derivatives are known.
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The 2"¢ order derivatives are also required. They are denoted by

otU g U
and u=

"= °T o 9201

Three relationships between r,s and t are known. These are given by equa-
tion (2.1) and the total derivatives of p and q as follows.

Ar+2Bs+Cu = ¢($,t,U,p,Q)

_ dp ap
dp = - d:l:-["-a‘?di

dzx
= r.dz+ s.dy
_ 9q 9q
dg = amdm+ Btdt

= s.dr+udt

or
A 2B C r ¢
dz dt O s|=1|dp (2.2)
0 dz dt u dq

A unique solution to this system of equations is possible if its determinant
is non-zero. Conversely if the determinant is zero then the second order
derivatives are indeterminate and the original partial differential equation
(2.1) has no solution. The case of zero determinant yields the following
equation.



A.dt® +2B.dr.dt+ C.dzt =0 (2.3)

The solutions of this quadratic equation determine two families of curves
along which the specification of Cauchy data is insufficient to guarantee a
unique solution to (2.1). These curves are called characteristics. The so-
lutions are

dy (2.4)

_ —-B++BT-AC
- A

Equations of the form (2.1) are characterised as being hyperbolic, parabolic
or elliptic depending on the sign of the discriminant B? — AC.1

Hyperbolic case B2 — AC > 0 : Here there exists two real families of char-
acteristics. The prototype hyperbolic equation is the wave equation.

3T 8

dx2  Ot? £

Hyperbolic problems represent the propagation of signals with finite
speed. The trajectories of these signal fronts correspond to the char-
acteristic curves.

Parabolic case B? — AC =0 : Here the twin families of characteristics
have degenerated into one family. The prototype parabolic equation
is the heat equation.

'y o _ .
8z Ay

Parabolic problems represent the propagation of signals with infinite
speed.

!These names arise due to the similarity of equation (2.1) with the quadratic form
az?®+ 20zt +t2 + 62 + et = const. which gives rise to the hyperbola, parabola and ellipse
under the same conditions.



Elliptic case B?Z — AC < 0 : Here there are no real characteristics since
the solutions of the quadratic are imaginary. Thus there is no re-
striction on the choice of curve I' along which Cauchy data may be
specified. The prototype elliptic equation is the Laplace equation.

o U _
0z? at:

Although the preceding classification would appear to assign a set type to
every partial differential equation it does however depend on the region of
the (x,t) plane under consideration. For example the equation

U oW

3 @

is elliptic in the region z > 0, hyperbolic in the region z < 0 and parabolic
for £ = 0. Subsequently, in section 2.2, it will be seen that solutions exhibit
interesting features in regions where a transition between different types of
equations occur.

2.2 The nature of parabolic problems

Although the Cauchy-Kowalewski Theorem provides a convenient method
of characterising partial differential equations it does not however guarantee
physically meaningful solutions. In order to guarantee meaningful solutions
a problem must be well-posed. A problem is well-posed if

e The solution exists.
e The solution is unique.
e The solution depends continuously on the auxiliary data.

The last requirement is reasonable since without it the comparison of the-
ory and experiment would be impossible. Only the Cauchy problem for the



hyperbolic equation is well-posed. For elliptic and parabolic equations al-
ternative auxiliary conditions lead to well posed problems.

Let us now focus attention on parabolic problems which are well-posed and
examine their properties. Let us consider a general system of N parabolic
equations of the form

du; 8 aU; = AU;
a9t - ax{gi(x7t’Ui)_a?} + fl{xataUaE-}
U = [U,0s,..]T i=1,2...N. (2.5)

This includes a wide variety of both linear and nonlinear equations.

The most commonly posed problem involving one-dimensional parabolic
partial differential equations is the solution of (2.5) in the semi-infinite strip
a <z<b, t2>0subject to the initial and boundary conditions

U,' = f,-(m) =0
oU;
pi(t)Ui + qg(t)a- = r(l;t) z=ab >0
1=1,2...N. (2.6)

The stated boundary conditions are general but may degenerate to Dirichlet
and Neumann conditions. The independent variables t and x typically rep-
resent time and space-like quantities. In most practical examples the order
N of the system of equations does not exceed 3 or 4.

Below are some exarnples of both linear and nonlinear parabolic equations
and systems of equations. These examples were chosen to demonstrate the
diversity of parabolic problems and serve as a suite of test problems for the
numerical methods to be discussed in subsequent chapters.

2.2.1 Linear problems

Consider the simple heat equations of problems 1 and 2. These equations



Problem 1
ou _ 18w
at
v(,t) = U(1,t)=0
U(z,0) = sin(nz)
U(z,t) = e "sin(rz)

Source: Davis and Flaherty. [14]

Problem 2
oU 8%

Bt~ 92 0s=sl

ou _ 27 OU — 2,7
P (0,t) = =% e (1,t) = —n’e
U(z,0) = sin(7rz)

Ulzt) = e~ ™"t sin(rz)

Source: Mitchell and Griffiths. [37]
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constitute the simplest parabolic problems. Physically they often repre-
sent the diffusion of heat within a rod of constant cross-section which is
insulated along its length. The coefficient multiplying %[é is called the dif-
fusivity. Both equations are easily solved using the method of separation of
variables.

Numerically the solution of these equations is fairly routine except in the
case of Problem 2 where the presence of Neumann boundary conditions com-
plicates the solution procedure somewhat. The accurate representation of
boundary conditions is one of the main problems encountered in the numer-
ical solution of partial differential equations. In Chapter 3 it will be seen
how the use of higher accuracy spatial discretisations is restricted by such
difficulties.

Problems 3 and 4 are slightly more complex in that non-derivative terms
appear. Such terms are called sources or sinks depending on whether their
signs are positive or negative. In heat conduction problems they represent
internal sources or losses of heat. Unlike the previous problems the steady
state solution (U(z,t — o0)) is not zero but some function of x. Problem
3 has a small parameter ¢ multiplying the time derivative. The magnitude
of this parameter determines how quickly the problem reaches steady state.
For very small values of ¢ the steady state is achieved quickly following an
initial period of rapid transition. Problem 4 has a parameter o multiplying
the diffusive term %’é. Davis and Flaherty used this problem to test the
performance of an adaptive grid. The solution comprises a travelling wave
whose speed depends on the values r; and r3. For small ¢ one would expect
the term ﬁ% to have little effect on the solution and for the wave to main-

oz
tain its amplitude during its propagation.

The third and perhaps the most common type of parabolic equation is
the convection-diffusion equation. Problems 5 and 6 are examples of
convection-diffusion equations. These equations represent the interplay be-
tween convection and diffusion. Of importance here is the relative magnitude
of the convection and diffusion coefficients. For instance consider the steady
state of problem 5. The time dependent term vanishes leaving the equation

02U oU
et Rg =0

11



Problem 3

aUu 8*U
—_— = — o <z<
eat aa.-%“ 3z 02l

U(0,t) = U(1,t)=0

U(z,0) = sin(7rz)+ %2(93 -1)

2 2
Ufz,t) = e " sin(rz) + %—(a: - 1)

Source: Philips and Rose. [44](¢ = 1072).

Problem 4
ou U
P — —_— fz<
= 06z2+f(x) 0<z<1
U(0,t) = tanh(rgt—ry) U(1,t) = tanh(rst)
U(z,0) = tanh(ri(z—1))
U(z,t) = tanh(ri(z — 1)+ rat)

f(x) is chosen so that the auxiliary data satisfy the equation.
Source: Davis and Flaherty. [14] (¢ = 1072,r; = rp = 5).

12









































































































































































































































































































































































































































































































