Statistical Photoionization Theory of
Atoms in Soft XUV Free-Electron

Laser Fields

A thesis submitted for the degree of

Doctor of Philosophy (PhD)

Dublin City University Military University of Technology
(DCU) (MUT)
School of Physical Sciences Institute of Optoelectronics

DCU

Tejaswi Katravulapally

B.Tech, M.Sc.

Supervisors:
Dr. Lampros Nikolopoulos
Dr. hab.inz Karol Janulewicz

February 2021



Erasmus
Mundus

EXTATIC

Statistical Photoionization Theory of
Atoms in Soft XUV Free-Electron

Laser Fields

Thesis presented by

Tejaswi Katravulapally

B.Tech, M.Sc.

Dr. Lampros Nikolopoulos Dr. hab.inz Karol Janulewicz
(Promoter) (Co-Promoter)
Dublin City University Military University of Technology

Doctoral Studies Panel Membership:
Dr. Lampros Nikolopoulos
Dr. hab.inz Karol Janulewicz

Erasmus Mundus Joint Doctorate, EXTATIC

February 2021

DCU I'NiTH Southampton @ L[ |




Declaration

I hereby certify that this material, which I now submit for assessment on the programme
of study leading to the award of Doctor of Philosophy is entirely my own work, and that
I have exercised reasonable care to ensure that the work is original, and does not to the
best of my knowledge breach any law of copyright, and has not been taken from the work
of others save and to the extent that such work has been cited and acknowledged within
the text of my work.

Te
Signed: 77 A (Candidate)
ID No.: 16212552
Date- February 3, 2021




Dedication

To my father who always encourages me in the pursuit of my dreams,

To my mother who is ever caring and loving,

To my wife who is literally my better half,

To my cute little daughter Varali who brought a new dimension into my life,
And to my beloved Master E.K.

i



Acknowledgements

I would like to first thank my supervisor Dr. Lampros Nikolopoulos who not only guided
the direction of my research and encouraged me to explore new domains but also even
entertained my unplanned knocks on his office door for any conceptual discussions. With-
out his moral support and necessary guidance in the times of need, my life in Dublin
would not have been as smooth. I would like to thank Prof. John Costello, for his ever
cheerful and enriching insights during the group discussions and other times. I thank the
whole school of physics at DCU for providing with necessary means to pursue my research.

I would like to thank Dr. hab.inz Karol Janulewicz for his support and guidance during
the period of my mobility stay at MUT. I am grateful for the academic suggestions given
by Prof. Henryk Fiedorowicz which added a necessary push to the work. I also thank
the whole team of Institute of Optoelectronics at MUT for hosting my mobility there and
providing me with necessary research means.

I would like to thank William and Cathal for their help in the early stages of my work.
I would like to thank my colleagues Adam and Andrew who brought vibrance to the office
time by bringing up intriguing question-answer sessions. I would like to thank Muham-
mad, Sadaf, Hu Lu, Aris, Ismail (MUT) and other post-grads who were always ready to
help. I would like to thank Ray for his ever quick support and constant patience in regard
to any technical issues that arose.

Without the constant support from my parents and my wife, I would not have been
where I am today. I am thankful to Dr. Amit Neogi who occasionally offered useful ad-
vises. I am ever grateful for my alumnus friend Damien who made my non-academic life an
active adventure. There are many more people to whom I convey my thanks and gratitude
but might have forgotten the names at the moment. I hope they know that I am always
grateful.

This work is funded by the Education, Audiovisual and Culture Executive Agency

(EACEA) EXTATIC-Erasmus Mundus Joint Doctorate Programme and I wish to thank
the whole EXTATIC-EMJD team.

il



Contents

Declaration i
Dedication ii
Acknowledgements iii
Glossary of acronyms vii
Glossary of symbols viii
List of Figures Xi
List of Tables xvi
Abstract xvii
Streszczenie xviii
1 Introduction 1
2 Basics of statistical description of laser pulses 9
2.1 Basicconcepts . . . . . . .. 9
2.1.1 Random variable . . . . . ... .. ... ... ... ... . ..., 9

2.1.2  Probability density function (PDF) . . . . ... ... ... ... ... 9

2.1.3 Stochastic processes and ensembles . . . . . . .. ... ... L. 10

2.1.4 Time average vs ensemble average & Ergodicity . . . . . . . .. . .. 10

2.1.5 Second order probability densities. . . . . . . .. ... ... 10

2.1.6 Autocorrelation function (AC) . . . ... ... ... L. 11

2.1.7 Stationary random process . . . . . . . .. ... 11

2.2 Chaotic light - an example . . . . . . . . . ... ... .. ... . 11
2.2.1 Ensemble Average . . . . . . . ... 13

2.2.2  Autocorrelation function and coherence time . . .. ... ... ... 13

2.2.3 Degree of coherence . . . . . ... 15

2.2.4  Types of correlation shapes . . . . . . ... ... ... ... ..... 15

2.2.5 Stationarity of the field . . . . .. .. .. ... 0. 17

2.3 Conclusion. . . . . . . . .. 17

3 Numerical simulation of the temporal fluctuations of the FEL pulses 19
3.1 Gaussian pdf . . ... 19
3.2 FEL field and amplitude . . . . . . .. .. .o o 20
3.3 FEL wavepacket . . . . . . . . . ... 21
3.4  Generation of random wavepackets . . . . .. .. ... .. oL 22
3.4.1 Random numbers . . . . . . . . . ... .. 22

v



3.4.2 Random wavepackets . . . . .. ... oo 24

3.5 Field and intensity fluctuations . . . . . . . ... ... ... ... ... 24
3.6 Degree of temporal coherence: 1st and 2nd order . . . . . . .. ... .. .. 26
3.6.1 Ensemble average . . . . . . ... ..o 27
3.6.2 Degree of coherence: . . . . . ... L 27
3.6.3 Ensemble average of FEL field intensity . . . . ... ... ... ... 29
3.6.4 Non-Stationarity and non-ergodicity of the FEL field . . . . . . . .. 29
3.7 Frequency domain . . . . . . . ... Lo 30
3.7.1 Discrete Fourier Transform . . . . .. .. .. .. ... ... . .... 30
3.7.2 Imtensity profile . . . . . . . . .. 31
3.8 Conclusion . . . . . .. .. L 32
Density matrix equations of motion 33
4.1 Nature of the laser field used . . . . ... ... ... ... . 33
4.2 Two-level atom . . . . . . . ... 35
4.2.1 Operators of interest . . . . . . ... ... ..o oL 35
4.2.2  Amplitude equations formulation . . . . . . ... ... 36
4.2.3 Density-Matrix formulation . . . .. .. ... ..o 37
4.2.4 Rotating wave approximation and interaction picture . . . .. . .. 39
4.3 Strong-field DM equations of AIS ionization . . . ... .. ... ...... 39
4.4 Conclusion. . . . . . . . 49

Ab-initio calculation of helium bound and continuum states: Fano pa-

rameters and AIS 51
5.1 Atomic structure calculations . . . . . . ... ... L. 51
5.2 Calculation of the Fano Parameters of the AIS . . . . ... ... ... ... 54
5.3 Photoionization cross section, position and width of the AIS . . . . . . . .. 56
5.3.1 Calculation of g4, dgq,dge . . . . . . .o 57
5.3.2 Extrachannel . . . . .. .. ... ... 59
5.4 Conclusion . . . . . . . . . e 59
Simple theory of averaging 61
6.1 Stochastic field modelling . . . . . . ... ... o 61
6.2 Approach-1: Retaining the form of EOMs . . . . .. ... ... ... .... 62
6.2.1 Results and discussions: Neon . . . . . . .. .. ... ... ...... 66
6.3 Approach - 2: Eliminating the coherence equation . . . . . . . . ... .. .. 69
6.3.1 Approximations . . . . . .. ... L 71
6.3.2 Different Scenarios of AC function . . . . ... ... ... ...... 73
6.3.3 Results and discussions: helium . . . . . .. ... ... ... .. ... 75
6.4 Conclusions and limitations . . . . . . . . .. ... ... ... ... ..... 78
Perturbative theory of ensemble averaging 81
7.1 Extended DM-EOMs . . . . . . . . . . . . ... ... ... 82
7.2 The Formalism . . . . . . ... . .. . ... 85
7.2.1 Liouville - Equation, Matrices and Operators . . . . .. ... .. .. 85
7.2.2 Infinite expansion of Evolution operator . . . . . ... ... ... .. 87
7.2.3 Cumulant-expansion vs moment-expansion . . . . . . . . . . . .. .. 89
7.2.4 The cumulant-expansion . . . . . . . ... ... ... ... 90
7.2.5 The first two non-vanishing terms . . . . . . . . ... ... ... .. 92
7.2.6 Equations for the bound-part . . . . . ... ... ... ... ..... 93
7.2.7 Equations for the continuum populations . . . . .. ... ... ... 95
7.3 The case of a Gaussian random field . . . . . .. ... ... ... ... ... 96



7.4 Conclusion . . . . . . . s

8 Helium in 60.16 eV FEL radiation

8.1 Comparison with the Monte Carlo calculations . . . .. ... ... ... ..

8.1.1 Monte Carlo method . . . . . . .. .. .. ... .. .. ... ...

8.1.2 Comparison . . . . . . . . . . .
8.2 Comparison with the Fano-convolution method . . . . . .. ... ... ...
8.3 Validity of the approximate expressions . . . . . ... ... ... ... ...
8.4 Effects of intensity correlation . . . . . . . . . .. .. ... .. ...
8.5 Comparison with the simple averaging method . . . . . .. ... ... ...
8.6 Effects of the field AC shape: . . . . . . . . . .. ... ... ... ......
87 Effectsof 7. . . . . . . . e
8.8 Conclusion . . . . . . . . . . e

9 Lit in 150.2 eV FEL radiation
9.1 The AIS lineshape . . . . . . . . . . . ...
9.2 Effects of the coherence time . . . . . . . . ... .. ... .. ... ... ..
9.3 Effects of the pulse duration . . . . . . . . ... ... .. ... ... ...,
9.4 Conclusion. . . . . . . . . . . e

10 Summary and outlook
10.1 Overall summary . . . . . . . . . ...
10.2 Outlook - Future work . . . . . . . . . . . . ...

A Laplace transform and pole approximation
A.1 Laplace transform and its inverse . . . . . . . .. .. .. ... ... .....
A.2 Pole approximation . . . . . . . . . ... e

B Moments and cumulants
B.1 Overview . . . . . .

C Cumulant-expansion terms

D Derivation of Si;(d) and Sy(0)
D.1 Gaussian AC . . . .. ..
D.1.1 Closed form expression of S14(d) - Gaussian AC . . . . .. ... ...
D.1.2 Closed form expression of Sz;(0) - Gaussian AC . . . . .. ... ...
D.2 Lorentzian AC . . . . . . . .
D.2.1 Closed form expression of S1;(d) - Lorentzian AC . . . . . . .. . ..
D.2.2 Closed form expression of S9;(0) - Lorentzian AC . . . . . . ... ..

E Atomic units - conversion

vi

101
103
103
103
106
107
109
109
111
112
113

115
117
118
118
120

123
123
124

137
137
137

140
140
141
142

143

146
146
147
149
150
151
152

154



Glossary of acronyms

wlog
a.u.
AC
AIS
AMO
CI

DA
DFT
DM
EOMs
FEL
FERMI

FLASH
FWHM
HS

P

laser
LCLS
LHS
MC
ODE
pdf
RHS
RMSW
RV
RWA
SACLA
SASE
SDE
TDSE
TISE
XFEL

without loss of generality

atomic units

autocorrelation

autoionizing state

Atomic Molecular Optical
configuration interaction

decorrelation approximation

Discrete Fourier Transform

density matrix

equations of motion

Free-Electron Laser

Free-Electron laser Radiation for Multidisciplinary Investiga-
tions

Free-Electron Laser in Hamburg

full width at half maximum

Hilbert space

interaction picture

light amplification by stimulated emission of radiation
Linac Coherent Light Source

left hand side of an equation

Monte Carlo

ordinary differential equation
probability density function

right hand side of an equation

root mean square width

random variable

rotating wave approximation

Spring-8 Angstrom Compact Free Electron Laser
Self Amplified Spontaneous Emission
stochastic differential equation

time dependent Schréodinger equation
time independent Schrodinger equation
X-ray Free-Electron Laser

vii



Glossary of symbols

Up(t,t;)

X

O, 1(r1,72)
V2

A(Z)

CI coeflicients

n'" order cumulant

semi-classical dipole approximated electric field
energy position of AIS resonant state

real electric field envelope of E(t)

bound-part Liouville matrix

continuum-part Liouville matrix

n'" order moment

a measure of number of modes in a fluctuating pulse
radial wavefunction

finite box radius in which an atomic system is confined to
related to time dependent frequency spectrum
related to field’s average energy standard deviation
complex detuning

autoionization width

Rabi oscillations

complex conjugate of the deterministic time-evolution uni-
tary operator

deterministic time-evolution unitary operator

ensemble average of the quantity X

two electron wavefunctions

Laplacian operator

an atomic/ionic system with atomic number Z
interference matrix element

complex field envelope

slowly varying deterministic envelope of ()

peak amplitude of the complex field envelope
instantaneous intensity envelope

peak value of intensity envelope

Laplace transform

chirp factor

Dirac delta function

near resonant detuning

scattering phase shift of ejected electron

averaged dynamic detunings

Kronecker delta whose value is 1 for 4 = j and 0 for i # j
complex detuning

complex random process which models the fluctuations of
E(t)

for all

viil



VM (91, Q)

<DE Y

1)

=SS0 S
~ 3~
a3
3
I®)
o
—
S
[y
ﬁ
(M
N—

peak of photoionization width from |a) to |¢)

peak of photoionization width from |¢) to |¢”)

peak of the photoionization width from |g) to |c)
time evolution operator

total Hamiltonian

Radiation Hamiltonian

field-free Hamiltonian

clubbed field free and radiation Hamiltonian

the dipole operator

imaginary complex number /—1

belonging to

wave vector whose magnitude is related to the wavelength by
| = 2

AIS

continuum states

ground state

principal part of an integral

bipolar spherical harmonics

Fourier transform

central tunable frequency of the field

the semi-classical field matter interaction operator
electron-electron (inter electronic) interaction operator
one-electron Hamiltonian

two electron basis state

ensemble average

position vector

density matrix before RWA

density matrix element before RWA

density matrix after RWA

one-photon cross section as a function of energy E
bound-part density matrix

continuum-part density matrix

density matrix element after RWA

coherence time

pulse duration

full width at half maximum

root mean square width

fluctuating interaction matrix

evolution operator involving fluctuating interaction matrices
residual fluctuations of the quantity X

complex conjugate

dipole transition matrix element between |a) and |¢)
dipole transition matrix element between |c¢) and |¢”)
dipole transition matrix element between |g) and |a)
dipole transition matrix element between |g) and |c)
first order degree of temporal coherence

second order degree of temporal coherence

Fano asymmetry parameter

peak intensity of ac-Stark shift of AIS

peak intensity of ac-Stark shift of ground state

1X



t;

Im

initial time, often takes the value of either 0 or infty
the usual time variable

Imaginary part

Real part



List of Figures

2.1

2.2

2.3

24

3.1

3.2

3.3

Depiction of random fluctuations in an emission of chaotic light by 7 atoms.
Each of the 7 random arrows is a phasor i.e., complex exponential associated
with one of the 7 radiating atoms. The blue double-dashed arrow is the
resultant phasor having a resultant amplitude f(¢) and phase ®(¢). For each
realization of the same ensemble of 7 atoms give different field amplitudes
fi(t) and phases ®;(t) for ¢ = 1,2. (The figure is adapted from the 3rd
chapter of ref [45] and extended) . . . . ... ... ... .. L.
Physically understanding the AC of a function. The solid curve is a real
random function varying in time. The dotted curve is the same function
shifted in time. These can be assumed to be the real parts of the chaotic
field envelope and a time-shifted version of itself, respectively. The shift is
given by 7. As 7 increases, it can be understood from the figure that the
magnitude of the product of both the curves decreases. . . . . . . ... ...
Different forms of first order degree of coherence function as a function of
the time difference 7 (arb. units). ¢1(7)gquss has a Gaussian lineshape and
91(7)iorent> has a Lorentzian lineshape. Both have characteristic coherence
time of 0.2 (arb units). The width (root mean square width or full width
at half maxima) of these pulses is proportional to the coherence time 7.
Different forms of second order degrees of coherence as a function of the
time difference 7 (arb units). ¢2(7)gauss has a shifted Gaussian shape and
92(T)iorent- has a shifted Lorentzian shape as per their relation to first order
degree of coherence. . . . . . ... ..

Schematic showing the process of micro bunching and generation of coherent
radiation as the randomly arriving electrons pass through the length of the
undulator. The figure is adapted from reference [10]. . . . . . .. . ... ..
This plot shows the real part of a random FEL wavepacket. Its fast os-
cillating part due to the tunable resonance frequency w= 60.16 eV (2.211
a.u.) is shown with a black-solid curve whereas the envelope is shown with a
red-dashed curve, having a width proportional to 7,,= 0.29 fs (11.99 a.u.).
A reference Gaussian curve (green-dot-dashed) has also been fitted to show
that the envelope is indeed Gaussian. . . . . . . . . ... .. ... ......
Probability distribution for N, = 1000 random variables which are Gaus-
sian distributed with zero mean and variance 7, = 4.99 is depicted in the
black dot-dashed curve. Number of bins used is 100. An ensemble average
over 300 ensembles is depicted as the red curve whereas the ideal Gaussian
distribution is depicted as the green dashed curve. . . . . ... ... . ...

X1

16



3.4

3.5

3.6

3.7

3.8

3.9

3.10

4.1

4.2

4.3
4.4

5.1

Real part of a set of 10 random FEL wavepackets, separated temporally
according to the Gaussian distribution of the arrival times of the associated
electrons at the entrance of the undulator, is shown here. The center of
each wavepacket denotes the arrival time of j electron, denoted by tj.
The generation of the wavepackets follow chronological ordering i.e., the
values of ¢ = 1,2,--- 10 denote particular increasing times at which they
were generated. The disordered placement of the wavepackets in the figure
suggest the randomness involved in their arrival times. . . . . . . . . . . .. 25
Superposition of a thousand random wavepackets resulting in a fluctuating
profile of an FEL field whose real part is plotted here. The tunable resonance
frequency w= 60.16 eV (2.211 a.u.) and the Gaussian envelope of each
random wavepacket has a width proportional to 7,,= 0.29 fs (11.99 a.u.).
Coherence time 7. of the pulseis 0.5 fs. . . . . . ... ... ... ... ... 25
Superposition of intensities of a thousand random pulses, for five different
pulse realizations. The tunable resonance frequency w= 60.16 ¢V (2.211
a.u.) and the Gaussian envelope of each random wavepacket has a width
proportional to 7y, = 0.29 fs (11.99 a.u.). The red solid curve shows the
ensemble average over many ensembles. . . . ... ..o oL 26
Black-dashed curve: Simulated first order coherence function having param-
eters of Table 3.1. Red-solid curve: Analytical Gaussian fit having a width
of . = 0.5 fs. . . . 28
Black-dashed curve: Simulated second order coherence function, having pa-
rameters of Table 3.1. Red-solid curve: Analytical shifted-Gaussian form
obtained from Eq. (3.11b) having a width of 7. =0.51fs . . . . . .. ... .. 29
Red solid curve: Ensemble average of the instantaneous intensity {|&(t)|?)
over three hundred pulse shots, with parameters of Table 3.1. Black dot-
dashed curve: An analytical Gaussian fit of Eq. (3.12) with a width of 7, = 7
fs (289.38 a.w.). . . ... 30
Frequency spectrum of a pulse with central frequency w = 60.16 ¢V, coher-
ence time 7. = 0.5 fs and total pulse duration 7, = 7 fs. The black-solid
curve represents the averaged spectrum, blue-dashed curve is its Gaussian
fit with a width of ~ 1.31 eV while the red dot-dashed curve is the spectrum
corresponding to one of the FEL pulse’s single shot realizations. . . . . .. 31

A two level atomic system with ground state |g) with eigenenergy E, and
excited state |e) with eigenenergy E.. It interacts with a coherent laser pulse
of central frequency w ~ wey = F. — E,, where E, > E,. This introduces an
intensity dependent oscillation between the states, called Rabi oscillations,
denoted by (t). The dotted boundary around the two levels, suggest that
the two level system may also be a sub-system in focus i.e., part of a bigger

system which is studied in isolation. . . . . . ... ... ... 35
Schematic of an extended two-level system where one of the two states is

degenerate with continuum. . . . . . . . ... . oo 40
Schematic of Laplace transform and a change of s-variable to z-variable. . . 42

Schematic showing the Fano picture of an atom when it interacts with a
laser pulse of frequency w. The direct channel of photoionization ~,(t), the
indirect channel via Rabi oscillations Q(¢) and autoionization I', are shown.
The energy shifts s, and s, are included and depicted as the thick lines for

the corresponding states. . . . . . . . ... Lo 48
Schematic of a two electron system where e; and r; represent the it? electron
and its position vector with respect to the origin O. . . . . . . . . ... ... 52

xii



5.2

5.3

6.1

6.2

6.3

6.4

6.5

6.6

6.7

6.8

6.9

Photoionization cross section profile (black solid curve) calculated for helium
using the method discussed in this chapter following the methodology of [67,
68]. A Fano-formula fit (red-dashed curve) is also shown which gives the
parameters as obtained in Table 5.1. . . . . . . . ... ... ... ...... 54
Schematic showing the energy levels in Helium in Fano-representation. |g)
is considered to be at 0 eV. The energy positions shows are not to the scale. 55

Schematic of the interaction of a near resonant FEL field with neon atom.
w is the tunable resonance frequency, |c) is the continuum I, is the Auger-
decay width and €2(¢) denotes the Rabi oscillations. . . . . . . ... ... .. 63
Ground-state population of neon after interacting with an ensemble of fluc-
tuating pulses whose average form is slowly varying square shape. The
solid curves are obtained by solving the averaged DM-EOMs Eq. (6.8) -
Eq. (6.11) whereas the dashed curves mimic the data from the reference
[29]. The green and blue curves represent the ground-state population of
Neon whereas the red and the black ones represent the averaged intensity

Auger-electron yield of Neon after interacting with a coherent pulse of Gaus-
sian shaped envelope. The solid curves are obtained by solving the averaged
DM-EOMs Eq. (6.8) - Eq. (6.11) when %C — 0 whereas the double-dot-
dashed curves mimic the data from the reference [29].. . . . . . . . ... .. 67
Comparison of the Auger-yields for coherent pulse (solid curves) with that
of stochastic pulse (double-dot-dashed curves) of 7. = 0.15 fs. The Tpmsw
for the black curves is 0.5 fs, for the red curves is 2 fs and for the green
curves is 10 fs. . . . . . . L 68
Comparison of the Auger-yields for coherent pulse (solid curves) with that
of stochastic pulse (double-dot-dashed curves) of 7. = 3.3 fs. The 7,y for
the black curves is 0.5 fs, for the red curves is 2 fs and for the green curves
is 10 fs. . . o L 69
Schematic of the interaction of a near resonant FEL field with helium atom.
w is the tunable resonance frequency, |c) is the continuum, ~,(¢) is the
photoionization width, T', is the autoionization width and €2(¢) denotes the
Rabi oscillations. . . . . . . . . . . L 70
The effect of smoothing the familiar Fano-lineshape, caused by averaging
the fluctuations can be clearly seen in this figure. The red-dashed curve with
highest peak is obtained for a deterministic pulse whereas the black-solid
curve is obtained for a stochastic pulse. A Gaussian correlation is attributed
to the field having a coherence time of 7. = 0.5 fs (20.67 a.u.). For both the
coherent and chaotic pulses the peak intensity is 10'* W/cm? and the pulse
duration is 7, =7 s (289.38 a.u.). . . . .. ..o 76
Validity of population approximation relative to the raw form of the aver-
aged DM-EOMs. The black solid curve represents the yield profile obtained
from the raw form of EOMs whereas the red-dashed curve represents the
yield profile obtained after the invocation of population approximation. A
Gaussian correlation is attributed to the field having a coherence time of
7. = 0.5 fs (20.67 a.u.). and a pulse duration of 7, = 7 fs (289.38 a.u.). .. 77
Influence of different correlation types on the ionization yield lineshape.
The black solid curve utilises a Gaussian correlation whereas the red dashed
curve utilises a Lorentzian correlation. Both the correlation types have a
coherence time of 7. = 0.5 fs (20.67 a.u.) and a pulse duration of 7, = 7 fs
(289.38 a.u.). It can be seen how distinct each lineshapeis. . . .. ... .. 78

xiii



7.1

8.1

8.2

8.3

8.4

8.5

8.6

8.7

8.8

8.9

Sketch of the near-resonant excitation or ionization scheme, which includes
the depiction of further channels of ionization, with a FEL field . . . . . . . 82

Tonization scheme of He in a 60.16 eV FEL radiation. |g) 1s? is the ground
state, |a) 2s2p is the auto-ionizing state, |c) is the continuum above the
ionized state of He™ 1s and the |¢”) is the continuum above the ionized
state He?t. The energies depicted on the right are not to scale but only
give an idea of the values of the levels. . . . . . .. ... ... .. ... ... 102
Single-ionization yield for one realization of the random pulse (red-solid
curve), and its corresponding ensemble average obtained from the averaged
EOMs (black-dashed curve) and the MC method (blue-dashed curve and
is calculated over 300 pulse realizations). The yields were obtained at the
resonance frequency 60.16 eV and for 7, = 7 fs, 7. = 0.5 and peak intensity
O 104
Comparison of ionization yields obtained from the Monte Carlo method (red
solid curve) and averaged density matrix equations (black dashed curve)
for peak intensities of 10'* W/cm?2, 10* W/cm? and 10> W/cm? (top to
bottom respectively). 7. = 0 a.u. Other parameters are 7, = 7 fs, 7. = 0.5
fs (M =14). . .. 104
Comparison of ionization yields obtained from the Monte Carlo method (red
solid curve) and averaged density matrix equations (black dashed curve)
for peak intensities of 10% W/cm?, 1014 W/cm? and 10'® W /cm? (top to
bottom respectively). 7. = 0.426 a.u. Other parameters are 7, = 7 fs,
Te=05f (M =14). . . . . . 105
Comparison of He' yield when its further ionization (He™ — He?*) is taken
into account (red-dashed curves) and when it is not (black-solid curves), for
the peak intensities 10'* W /cm?-(plot (a)) and 10'® W /cm?-(plot (b)). The
yields were obtained at the resonance frequency 60.16 eV and for 7, = 7 fs,
Te=05fs (M =14). . ... ... 106
Amplitude of intensity profile in frequency domain. The black-solid curve
represents the averaged spectrum, blue-dashed curve is its Gaussian fit with
a width of ~ 1.31 eV while the red dot-dashed curve is the spectrum corre-
sponding to one of the FEL pulse’s single shot realizations. . . . . ... .. 107
He' yields using the convolution of the AIS Fano-shape with the aver-
aged pulse profile (green dashed line), Eq. (8.3), the averaged EOMs (black
line) and the MC approach (red line) The yields were obtained at the res-
onance frequency 60.16 eV and for 7, = 7 fs, 7. = 0.5 and peak intensity
10"W /cm?. The scaling factor for the convolution profile so as to match
the other profiles is 80. . . . . . . . . . . .. .. 108
Comparison of the ionization yields obtained by approximate (red dashed
curve) and non-approximate expressions (black solid curve) for the Si; and
So; terms for the peak intensities of 10 W/cm?, 10'* W/cm? and 10'°
W /cm? from top to bottom, respectively. Gaussian correlation is used and
the 7. channel is included. Other parameters are 7, = 7 fs, 7. = 0.5 fs

Comparison of the ionization yields obtained when the intensity correlation

S2¢(0) is included (black solid curve) and not included (red dashed curve)
in the averaged DM-EOMs equations, for different peak intensities. . . . . . 109

Xiv



8.10 Comparison of the ionization yield of helium obtained by perturbative aver-
aging method (black-solid curve) and simple averaging method (red-dashed
curve) for the peak intensities of 103 W/cm?, 104 W/cm? and 10*® W /cm?
from top to bottom, respectively. Gaussian correlation is used and the ~.
channel is not included. Other parameters are 7, = 7 fs, 7. = 0.5 fs (M = 14).110

8.11 Comparison of ionization yields obtained from the Gaussian correlation
(black solid curve) and Lorentzian correlation (red dashed curve) for peak
intensities of 103 W/cm?, 104 W/cm? and 10> W /cm? (top to bottom
respectively). The figures (a), (b) and (c) are obtained when the area under
the g1(7) is kept the same for both the correlations. 7,,,, = 0.5 fs and
Temrem. = 031080 0 111

8.12 Comparison of ionization yields obtained from the Gaussian correlation
(black solid curve) and Lorentzian correlation (red dashed curve) for peak
intensities of 10® W/cm?, 10* W/cm? and 10'® W /cm? (top to bottom
respectively). The figures (a), (b) and (c) are obtained when the correlation
time 7. = 0.5 fs is maintained the same. . . . . . . .. . ... ... ..... 112

8.13 Comparison of the ionisation yield obtained by using Gaussian form of the
field’s autocorrelation function at 103 W /cm? for different coherence times
Te: 2 fs (black-curve), 4 fs (red-curve), 6 fs (green-curve) and 8 fs (blue-
curve). At resonance, the yield is highest for the longest coherence time
and it gradually decreases as the 7. is decreased. The pulse duration used
IsTp,=451fs.. . . .. 113

9.1 Tonization scheme of Li* in a 150.2 eV FEL radiation. |g) 1s? is the ground
state, |a) 2s2p is the auto-ionizing state, |¢) is the continuum above the
ionized state of Li>* 1s and the |¢”) is the continuum above the ionized
state Li*t. The energies depicted on the right are not to scale but only give
an idea of the values of the levels. . . . . . . ... ... ... ... .. .... 116

9.2 The effect of smoothing the familiar Fano-profile, caused by averaging the
fluctuations can be clearly seen in this figure. The red-dashed curve with
highest peak is obtained for a deterministic pulse whereas the black-solid
curve is obtained for a stochastic pulse with coherence time of 1.3 fs (53.74
a.u.). The peak intensity is 10'® W/cm? and the pulse duration 7, = 12.7
fs (525.02 a.w.). . . . L. 117

9.3 Effect of coherence time on the ionization yield. As 7. increases, the ioniza-
tion yield also increases, near resonance. The peak intensity is 101 W /cm?
and the pulse duration 7, = 12.7 fs (525.02 a.u.). . . . . ... ... ... .. 119

9.4 Effect of pulse duration on the ionization yield. The coherence time used
is 7, = 3 fs (124.02 a.u.) and the peak intensities are: 103 W /cm? for (a),

104 W/cm? for (b) and 10®> W/em? for (¢). . . . ... ... ... .. ... 119

9.5 Effect of peak intensity on the population of Li?*. The peak intensities
used are: 10'% W/cm? for (a), 104 W/cm? for (b) and 10 W /cm? for
(c). Black-solid curve is when the further ionization channel is ignored
(7. = 0) and the red-dashed curve is when the further ionization channel is
considered. The pulse duration 7, = 20 fs (826.8 a.u.) and the coherence

time 7. = 3 fs (124.02 a.u.). . . . . ... 120
A.1 The scheme of integration of an inverse Laplace transform along the vertical

contour line L which has all its singularities strictly to the left of it. . . . . 138
A.2 Integration scheme for pole-approximation. . . . .. .. ... .. ... ... 138

XV



List of Tables

3.1
3.2

5.1

6.1
6.2

8.1

9.1

E1

FEL field parameters used in simulation as well as reference typical values. . 21
Important FEL facilities and some of the related field parameters, for rela-
tive comparison, taken from references [5, 10, 53-55|. Tfypm is the FWHM

pulse duration, w is the central operating frequency, % is the relative frac-
tional bandwidth, PPS is the number of pulses per second and PE is the
pulse energy. . . . ... 32
Atomic parameters obtained for He(2s2p) AIS resonance in a.u. . . . . . . 57
Atomic parameters in a.u. used for the neon resonant Auger decay. . . . . . 66

Atomic parameters for the He(2s2p) AIS resonance and field parameters
in a.u.; The values for the effective matrix element dy, is calculated by

Udgal> = PTaVg -« o o 75
Atomic structure parameters for the He system ina.u. . . . . ... ... .. 101
Atomic structure parameters for the Lit system inau. . . . . .. ... ... 117
Useful conversion factors relating to atomic units. . . . . . ... .. .. .. 154

xXvi



Abstract

Statistical Photoionization Theory of Atoms in Soft XUV
Free-Electron Laser Fields

Tejaswi Katravulapally

The goal is to develop a rigorous theory to study the effects of stochastic fluctuations of
self amplified spontaneous emission free-electron laser (SASE FEL) on the near-resonant
ionization of atomic/ionic systems. To this end, density matrix equations of motion are
utilised in their raw form for the sake of Monte Carlo simulations and in their particu-
lar averaged forms. First, a couple of simpler averaging methods were used to quickly
understand the general behavior of the interaction of fluctuating fields with atoms. To
this end, the particular case of neon (Ne) and helium (He) were used, where the effects of
the interplay of the pulse duration and the coherence time on the oscillations of the yield
profile, which manifest due to Rabi oscillations, were studied in comparison to a coherent
pulse. Second, a rigorous method of perturbative approach is developed, which is based
on the expansion in terms of multitime cumulants which are a particular combination of
the field’s coherence functions. The range of validity of the model is tested in terms of the
field’s coherence temporal length and peak intensity. Particularly, the photoionization of
helium (He) and lithium ion (Li* ) via their doubly-excited state 2s2p 'P has been studied
with the interacting FEL’s 1st-order coherence function modelled as square-exponentially
dependent. The traditional asymmetric resonant Fano-profile is broadened and is shown
to acquire a Voigt profile. The effects of pulse duration, coherence time and peak intensity
on the lineshape are clearly shown. The two approaches of averaging were compared and
the supremacy of the latter is shown. When compared to Monte Carlo, it is seen that the
rigorous averaging approach results in competing values up to higher peak intensities. This
suggests that in the scenarios of low coherence time and peak intensities, the averaging
method developed in this thesis is highly preferable over the traditional Monte Carlo given
its high computational demands.
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Streszczenie

Statystyczna Teoria Fotojonizacji Atoméw w Stabych Polach
Promieniowania Laseré6w na Swobodnych Elektronach w
Zakresie Ekstremalnego Ultrafioletu.

Tejaswi Katravulapally

Celem pracy jest rozwiniecie $cistej teorii do badania wptywu stochastycznych fluktu-
acji sygnatu lasera na swobodnych elektronach pracujacego w rezimie samowzmocnionej
emisji spontanicznej (SASE FEL) na quasi-rezonansowa jonizacje ukladéow atomowych
lub jonowych. W tym celu, réwnania macierzy gestosci zostaly uzyte w ich wyjsciowej
formie z korzyscig dla symulacji metoda Monte-Carlo oraz w ich szczegdlnej, usrednionej
formie. Po pierwsze, uzyto kilka prostszych metod usredniania dla szybkiego zrozumienia
ogblnego zachowania sie procesu oddziatywania fluktuujacych pél z atomami. Do tego
celu zostaly uzyte atomy neonu (Ne) i helu (He), w ktorych wplyw wzajemnej zaleznosci
pomiedzy dtugoscia impulsu i czasem koherencji na profil krzywej uzysku elektronéw, man-
ifestowany w wyniku oscylacji Rabiego, byt badany przez poréwnanie z tzw. impulsem
koherentnym. Po drugie, zostala rozwinieta $cista metoda rachunku zaburzen, oparta na
rozwinieciu w funkcji kumulantéw wieloczasowych bedacych szczegolna kombinacjg funkeji
koherencji pola. Zakres wazno$ci modelu zostal zweryfikowany dla zaleznosci od cza-
sowej koherencji pola i szczytowej gestosci mocy impulsu. W szczegdlnosci, fotojonizacja
helu (He) i jonu litu (Li*) poprzez podwéjnie wzbudzony stan 2s2p !P byty badane przy
funkcji koherencji pierwszego rzedu lasera na swobodnych elektronach modelowanej jako
kwadratowo-eksponecjalna zaleznos¢. Tradycyjnie asymetryczny rezonansowy profil Fano
poszerza sie i jak pokazano w pracy, nabywa cech profilu Voigta. Wplyw dlugosci impulsu,
czasu koherencji i szczytowej gestosci mocy na profil linii jest jasno pokazany. Poréwnane
zostaly dwie metody usredniania i wyzszo$é jednej z nich zostata udowodniona. Z obliczen
wynika wyraznie, ze $cista metoda usredniania daje rezultaty konkurencyjne w poréwnaniu
do metody Monte Carlo, az do wysokich gestosci mocy szczytowej. To sugeruje, ze w sytu-
acjach z danymi zawierajacymi niskie wartosci czasu koherencji i mocy szczytowej, metoda
usredniania rozwinieta w tej pracy ma znaczacg przewage nad tradycyjne metoda Monte
Carlo, biorac pod uwage wysokie potrzeby odnosnie mocy obliczeniowej w przypadku tej
ostatniej.
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Chapter 1

Introduction

Interaction of light and matter is what makes the visible world beautiful. Imagine the
sunrise over the coastal sea or moon light reflected on a snowy house. All such plethora
of vibrant sceneries and vivid beauties of nature are the result of light being scattered,
reflected or refracted over and through many objects. This is only a macroscopic under-
standing. How does light actually interacts with matter? What actually happens when
it interacts with matter? It is the moto of Atomic Molecular Optical (AMO) physics to
explore this question. The subject of the present thesis is one of the building blocks of the
ever expanding grand field of AMO physics.

In the pursuit of understanding the interaction dynamics of light and matter the core
element is the availability of a proper light source. When a target atom remains the
same, the dynamics depend on the type of light that shines on it. The invention of laser
has revolutionized the way of understanding the internal structure of atoms and related
dynamics phenomena. In their initial days of development, the long-wavelength lasers
suffered from statistical fluctuations which lead to the development of rigorous theories
that tackled the situation in a sophisticated manner [1-4|. As the technology evolved, the
fluctuations in the source weakened giving rise to more coherent and stable laser fields (in
terms of temporally varying amplitude and phase), such as Ti:sapphire laser. Typically at
800 nm wavelength, when the pulse duration is ~ 25 fs, the Ti:sapphire laser can operate at
the peak intensity of approximately 6 x 10®W /ecm? [5]. But these lasers are limited in many
respects, such as output power, tunable frequency, frequency range, etc. Some of these
limitations cannot be overcome due to the way the lasers are generated. For example, the
tunability is dependent on the quantum levels involved in the atomic/molecular transitions
of the active medium or the output power is limited by the heat dissipation problems, etc.
[6].

There arose a new revolution with the generation of free-electron lasers (FELs) at
various sites such as FLASH (2005), LCLS (2009), FERMI (2011), SACLA(2011), Swiss-
FEL(2016), European XFEL (2017), which has made available intense, ultrafast (femtosec-
ond scale) and coherent radiation sources in the soft and hard X-ray wavelength regime
(20 €V-10.2 KeV) [7-9]. A glance at some of the parameters of these FELs can be had
by looking at Table 3.1 on page 21 and Table 3.2 on 32 along with references therein. In

contrast to the other lasers, FELs have femtosecond pulse duration, can reach keV photon



energies, highly tunable and can operate at peak intensities as high as 10'® W /cm? [10].
A detailed history relating to the FELs can be found in the references {10, 11].

FEL light is generated from self amplified spontaneous emission (SASE) which inher-
ently has noise properties. This renders the output radiation’s amplitude and phase to
temporally fluctuate [12-14|. On the other hand FEL radiation has some of the most desir-
able properties such as good tunability, wide frequency range, ultra short pulse durations
and very high pulse peak intensities [14, 15|. They are sufficiently short (~ few femtosec-
onds) and hence compare with sub-femtosecond atomic characteristic time scales [7-9,
16, 17]. These ultrashort pulse durations combined with ultrahigh intensities help in the
time-resolved studies of atomic/molecular dynamics [18]. Another important property of
a high energy X-ray FEL radiation is that it can interact with the the inner most electrons
of an atomic system directly, a property which is in contrast with long-wavelength laser
(i.e., Tisapphire). Usually in the latter, the outermost electrons obstructs the probing of
the inner regions even in the cases where sufficient energies are available in the form of
multi-photon absorption. All these desirable properties of FELs created a sustained stir of
interest, since more than a decade, and enhanced the exploration of the topics concerning
atomic dynamics under short-wavelength fluctuating radiation field. Due to this, a simi-
lar situation as for the initial phase of the long-wavelength lasers, in terms of statistical
descriptions, has arisen now for the SASE FEL interaction studies.

Theoretically speaking, the dynamics of laser and matter interaction is studied using
the language of mathematics i.e., one has to use a mathematical interface of dynamics
equations of motion (EOMs). When the laser has statistical properties, the dynamics
involved will imbibe a similar nature and renders the EOMs stochastic. Often, these equa-
tions involve differential equations and hence this constitutes the dynamics to be studied
under the frame work of stochastic differential equations which incorporate the dynami-
cal quantities as stochastic processes [19-22]|. To describe the statistics of the dynamical
quantities such as excited populations, ionization yield, electron’s angular spectrum, etc.,
many rigorous studies were undertaken for the long wavelength sources [1-4]. In the recent
past, the same rigour and depth have been applied in the related explorations of FELs [9,
23-217].

FEL principle lies in the interaction of electromagnetic fields and accelerated electrons
which results in self amplified spontaneous emission (SASE) rather than in the stimu-
lated emission of radiation of an atom/molecular medium [14]. This SASE FEL inherits
stochastic properties from the stochastic properties of the shot noise associated with the
electron beam [28]. In the context of these fluctuating FELs, there are certain class of
experiments, called multi-shot experiments, which collect the data over a repeated sets
of different random pulses. Because FEL analyser exhibits shot-to-shot fluctuations, the
data obtained for each shot are completely random compared to the other. Therefore the
end result will be effectively an average of the data set over all the random pulse shots.
To describe this theoretically, one can resort to the Monte Carlo (MC) approach which
emulates an experimental scenario i.e., solves the set of EOMs for the random pulse shots

and then takes an average over all the shots [29-31]. But, when one needs to work in the




frequency space (e.g. spectrum - profiles), along with time evolution, as the pulse pro-
file changes randomly for each and every frequency, the computational demand increases
rapidly [32]. Also, not much insight into the dynamics is gained nor can one predict the
nature of observables when the statistical nature of an interacting laser is given, through
the MC approach. So, the MC method is only a brute-force method but not an intuitive
or an ingenious technique. It solves the bare minimum purpose but does not provide much
insight into the exploration.

There is another approach one can embark upon in order to study the aforementioned
multi-shot problems, theoretically. It is the method of Ensemble averaging. Different
random shots mentioned above form a set of mathematical objects called ensembles (see
2.1.3) and if one can devise certain procedures to incorporate these ensembles and convert
the stochastic EOMs into deterministic EOMs (via ensemble averaging), then it would help
reduce the computational complexity in greater lengths [32, 33|. This is because, once the
EOMs are deterministic, obtainment of a simple solution (averaged observables) for the
equations is a lot quicker than taking a repeated average such as in MC method.

Typical MC calculations in this work took more than 35 hours to compute. This is
because, the MC method is repetitive. For each central frequency of the field one needs
to simulate a new random field-profile and propagate the equations of motion in time.
For example, to obtain the red curve of Fig. 8.3 of Chapter 8 the number of photon
frequencies between 52-68 eV were chosen to be 600. To obtain a proper smoothness of
the observable through the Monte Carlo approach, at least 300 simulations had to be
performed. Therefore, a total of 600 x 300 = 180000 runs were required. In addition,
for each of these 180000 runs a proper random field needed to be generated which is not
modelled analytically. Each particular realization (out of 180000) required about 1000
randomly chosen time points (within the pulse duration). All these factors contribute to
the large computational times.

On the other hand, the stochastic averaging approaches took approximately 7-10 min-
utes to compute because of the deterministic nature of the equations of motion. Also, in
an averaging approach the EOMs can be represented in the form of experimentally ac-
cessible quantities such as autocorrelation spectrum, coherence time, field’s energy, etc.,
[34], which arise explicitly due to the process of ensemble averaging. This latter attribute
is insightful and helps one to predict the nature of the outcome beforechand or at least
gauge what would happen when the type of the statistics involved in the interacting laser
changes.

The above forms the motivation behind the present work. The goal in this thesis is to
develop a mathematically rigorous perturbative theory of statistically averaged atomic dy-
namics governing the non-linear photoionization processes in a fluctuating FEL field. Due
to the short-wavelength radiation typical ionization schemes include two-photon resonant
ionization, autoionization, sequential double photoionization, etc.

The model of the FEL is assumed to be the one of Krinsky and Li [35] who treat
the startup SASE, which generates the FEL light, as a shot-noise process [36-38|. It is

important to note that in the present work a square exponential form is used for the time




t1=t2)?/272  Thyis is different from

varying first order autocorrelation (AC) function ~ e~
the generally assumed exponential form ~ e~[117%21/27 of the early long-wavelength lasers’
first order AC function. Either the latter was applied when dealing with FELs [27] or the
former was applied only in a MC framework [23, 26]. To date, as per the knowledge of
the author, the square exponential form of the field’s AC function was not applied to the
FEL’s interaction in a stochastic averaging framework, other than in MC.

The three major parts of the present thesis are concerned with: a) The field, b) The
EOMs and c) The method of averaging. Depending on the type of the field used, the EOMs
give different results for the same atomic /ionic system. Therefore, the Chapters 2 and 3 are
dedicated to the study of the statistical properties of a random field and what they mean
precisely in the context of a fluctuating FEL pulse. Next, a proper mathematical interface
i.e., a set of EOMs, including the atomic parameters (and hence the atom part is also
covered here), is needed to study the laser and matter interactions. This is developed in the
Chapters 4 and 5. Finally when the laser output is stochastic, one needs certain averaging
techniques. Two methods: a quick simpler method as well as a mathematically rigorous
method (the main part of the thesis) are developed and applied to different atomic/ionic
systems in the remaining chapters (6 to 9). At the end a general conclusion and an outlook
are given after which follow necessary appendices. This is the structure and theme of the
thesis.

It may be noted that for the sake of clarity, atomic units (a.u.) are also provided
where necessary. The values for the experimental observables such as ionization yields
and population of states are obtained using double-precision floating point format of the
arithmetic numbers involved in the calculations. Runge-Kutta fourth order method (see
[39]) was used to solve the coupled partial differential equations.

A brief overview of each of the aforementioned chapters is given below.

e Chapter 2: In order to thoroughly deal with the process of statistical averaging
later on, a basic overview on different statistical terminology is given in the first part
of this chapter. The second part considers the example of chaotic light, to give a

practical meaning to these definitions.

e Chapter 3: Part of the present thesis uses a simulated FEL pulse. Hence, there is
a need to show that the simulated FEL field is in line with the theoretical statistical
characteristics, such as those given in the references [35, 40]. So, extending some of
the concepts of the previous chapter, this chapter aims to explore explicitly different

statistical properties of the simulated FELs.

e Chapter 4: To deal with real life experimental scenarios, it is often best practice
to use the density matrix (DM) approach introduced by John von Neumann [41].
This chapter aims to derive necessary DM-EOMs which form basic elements for
the core analysis of the present work. To this end, the chapter starts with a two-
level system interacting with a monochromatic coherent laser, develops amplitude
equations and transforms them into DM-EOMs. Then, a general picture of multi-

level atom is given, which includes a single autoionizing state (AIS) (for example 2s2p




in the helium atom) and corresponding DM-EOMSs are derived in the framework of
the Fano picture [42, 43|. These final DM-EOMs, with some added channels of
ionization, depending on the context, form a basic set of equations to which the later

stochastic averaging methods are applied to.

Chapter 5: The DM-EOMs contain certain parameters which need to be evaluated
before embarking upon solving them, for example, photoionization width, autoion-
ization width, resonance energy position, etc. The theoretical methodology to obtain
the values of these parameters starting from the calculation of two electron wave-

functions is presented in this chapter.

Chapter 6: The previously derived DM-EOMs equations can be solved to find
the observables such as ionization yields. Those equations assume a coherent pulse.
When the pulse fluctuates, it affects the way of obtaining the observables as it renders
the DM-EOMs stochastic. A couple of averaging methods to solve such stochastic
differential equations (SDEs) are presented in this chapter, to understand the general
behavior of the interaction of fluctuating laser fields with atoms. The particular case
of neon (Ne) and helium (He) are used, where the effects of the interplay of the
pulse duration and the coherence time of a fluctuating field on the oscillations (Rabi
oscillations) of the yield profile are studied in contrast to a coherent pulse. At the
end of the chapter, the difference between the two approaches and their intrinsic

limitations are pointed out.

Chapter 7: This chapter constitutes the core material of the thesis. The averaging
methods given in the previous chapter are basic and their limitations require one to
seek a thorough and all-encompassing (in terms of statistical properties) approach.
A perturbative method to model the resonant ionization of atomic systems in a
fluctuating laser field is developed. This method is based on an expansion in terms
of the multi-time cumulants which are used to describe the field statistical properties.
Using this method and a second order truncation of the aforementioned expansion, a
set of averaged DM-EOMs are derived and expressed using experimentally accessible
quantities such as the radiation’s power spectrum and the intensity autocorrelation

function.

Chapter 8: The DM-EOMs derived in Chapter 7 are applied in the case of the near-
resonant ionization of the helium via the 2s2p autoionizing state by a SASE FEL.
Comparisions between the averaging methods/Monte Carlo, Fano convolution and
simple methods of Chapter 6 are made. The influence of the statistical fluctuations
and their strength on the resonant yield profile is discussed. The influence of different
shapes of the field first order correlation function is also explored. By considering a
set of practically usable set of field parameters, the effects of coherence time on the

yield profile are investigated.

Chapter 9: In this chapter, the DM-EOMs derived in the Chapter 7 are restructured

to explicitly make visible the pulse parameters such as duration and coherence time.




The restructured EOMs are then applied for the case of a near-resonant ionization
of the lithium ion via the 2s2p autoionizing state by a SASE FEL. The influence
of statistical fluctuations and the FEL field parameters on the resonant profile is

investigated.
e Chapter 10: This chapter gives an overall summary of the thesis and a brief outlook.

o Appendices: Useful appendices are given at the end.
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Chapter 2

Basics of statistical description of

laser pulses

This chapter aims to give a brief description of some important concepts involving random
and stochastic processes. The first section of the chapter deals with the mathematical
definitions of some basic terms that are used throughout the thesis. The second section

illustrates the physical meaning of these definitions through the example of a chaotic light.

2.1 Basic concepts

2.1.1 Random variable

A function that can take different values in a given situation or in a given set of criteria
is called a random variable (RV). It differs from a sure variable in the sense that, when
the criteria are fixed, the sure variable has a fixed set of values whereas a RV could take
different set of values. Consider the famous coin-flip example. If a coin is flipped N times,
then the number of heads it could take in the N flips is the RV. Denote it by X. Then, X
can take all the values from 0 to N i.e, there could have been either 0 heads or 1 heads or...
N heads in the N flips. Unless a measurement is performed, none of the values between
0 to N could be surely assigned to X. Instead, one assigns a probability to the RV X.
Formally, p(z) = P(X = x) is the probability that X takes the value x, where p(x) is the
probability mass function. In the previous coin-flip example, if N = 10, p(5) = P(X = 5)
assigns the probability to the RV X that the coin takes 5 heads out of total 10 flips.

2.1.2 Probability density function (PDF)

In the previous case, the RV was discrete i.e., its values belonged to a discrete range.
Instead, if it were continuous, one assigns a probability density p(x), where p(z)dz gives
the probability of X taking the values in the range of (z,x + dz). This p(z) is often
abbreviated as pdf.



2.1.3 Stochastic processes and ensembles

If X is a RV that changes with time ‘t’, the process or the associated time evolution is
called a stochastic process. It is denoted by X(t) and the related pdf is denoted by p(z,t),
with the meaning that p(z,t)dx gives the probability of the RV which takes a value within
the range (z,z + dz) at a time ¢. For each measurement in time, the stochastic process
yields a set of realizations of X(t). A collection of such realizations is called an ensemble.
Formally, if ‘i’ denotes the i® measure in time, then the set { 1X(¢),2X(¢)..."X(¢)... }, for

all positive integer values of ‘i’ is called an ensemble of realizations of X(t).

2.1.4 Time average vs ensemble average & Ergodicity

An ensemble has different realizations of a random process evaluated at different times.
This leads to two concepts of averaging: a) an average of each realization with respect
to the duration of time and b) a weighted average of all the realizations of the set of
ensemble with respect to the probability distribution function. The former is called a time
average of the i realization, denoted by (“X(t)); whereas the latter is called an ensemble
average. An ensemble average is denoted by bold angular brackets { ) throughout this
thesis. So, the ensemble average of X (¢) is denoted by (X(¢)). The same concepts extends
to a function of RV, say G[X(¢)]. The following expressions explicitly formulate the said

averages
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If a random process is such that the time average equals the ensemble average i.e.,{*z(t)); =
(x(t)) or (G['z(t)])r = {G[x(t)]), then such a process is called ergodic. It physically suggests
that a sample function of an ergodic random process contains the whole information related

to its statistical ensemble behaviour [44].

2.1.5 Second order probability densities

The pdf p(z,t) contains information of z(t), evaluated at particular time ‘t’. There is
no more information. For example, if one needs to obtain {x(#1)x(t2)) i.e., the ensemble
average of product of RVs evaluated at two time points, the p(x,¢) can not help. One
requires additional probability density function - something that has more information.

Let p(z,t) = pi(z,t) ie., it is a first order pdf. Then what is required for the afore-
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mentioned ensemble average is a second order pdf po(x1,xe;t1,ts) with the meaning that
p2(x1, x9;t1,te)dr1dxy gives the probability that the RV x(t) takes a value belonging to
the range (1,21 + dx1) at ¢; and takes a value belonging to the range (z2, 2 + dxs) at

to. Higher order pdfs ps, p4, ... have similar extension in logic.

2.1.6 Autocorrelation function (AC)

Using the above second order pdf one can calculate the autocorrelation (AC) function of
a RV, which is of high importance in associating its relation at one point of time to that
of the other. More generally one should include complex RVs. If one such complex RV
is z(t) = z(t) + iy(t) and its pdf is given by pa(21, 22;t1,2), then pa(z1, 20;t1, t2)d?z1d% 29
gives the probability that z(t) takes a value in the elemental area d?z = dxidy; at t; and
a value in the elemental area d?zo = dxadys at ta. Autocorrelation of this complex RV,
AC(t1,t9) is given by:

AC(tl,tg) = (z(tl)z*(tQ)) = /legpz(zl,Zg;tl,tz)d221d2Z2 (2.2)
vV z

By extending the same logic, one can compute higher order pdfs and thus higher order

autocorrelation functions.

2.1.7 Stationary random process

A stochastic process is said to be stationary if none of its probability densities vary when
a time translation is performed i.e., their values are independent on where the origin of
time is. Physically it means that the statistical properties of a random process do not vary

with time. Formally, this is expressed as [44]:
Pr(X1, oy T t1,12, o ty) = po(X1, X2y ooy Tps b1 + Tyt + Ty ity +7) 3V T (2.3)

Generally, the first and second order pdfs play a major role and if one considers only
the mean & AC and if they are invariant under time translation, such processes are termed
wide sense stationary . If all of the PDFs are invariant under time translation, then such
random processes are termed strict sense stationary. If the random process does not obey

either of the aforementioned time-translation equivalence, then it is termed non-stationary.

2.2 Chaotic light - an example

Previous sections are a collection of definitions in a generalized mathematical form. The
goal of this chapter is to better the understanding of the statistical properties of free
electron laser of the next chapter. Before embarking on this goal, a simple physical example
incorporating some of the concepts of previously dealt stochastic processes needs to be
given. This helps to visualize the concepts better.

The core of this work revolves around classical electromagnetic field (EMF) interacting

with quantized atoms. This means, a classical form of EMF, which satisfies the classical

11
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Figure 2.1: Depiction of random fluctuations in an emission of chaotic light by 7 atoms. Each of
the 7 random arrows is a phasor i.e., complex exponential associated with one of the 7 radiating
atoms. The blue double-dashed arrow is the resultant phasor having a resultant amplitude f(t) and
phase ®(t). For each realization of the same ensemble of 7 atoms give different field amplitudes
fi(t) and phases ®;(t) for i = 1,2. (The figure is adapted from the 3rd chapter of ref [45] and
extended)

Maxwell’s equations, is used as the interacting light with a quantum-mechanical atom (i.e.,

the atomic states are described quantum mechanically). Let the form of such a field be
B(r,t) = Eyn(t) cos(wt + (1)) (2.4)

where E(t) is the real electric field having a central frequency of w, phase ¢(t) and real
field envelope of Eggr(t). Generally the time variable is denoted by ¢ in this work. Though
it is the real-field that actually interacts, analytically speaking it is more useful to deal
with complex envelopes for their rich mathematical “agility". Therefore, the real electric
field ! can be modeled using a complex field envelope £(t), which is dipole approximated,

as
E(t) = E(t)elwt +ecc 5 E(t) = %EOR(t)equ(t)

where cc is the complex conjugate (of the first summand). Knowing the behavior of
E(t) helps understanding the behavior of the total field and hence from here on, the
concentration will be on &(t).

Consider a gas of atoms radiating light from its excited state and that amplitude and
phase of this radiation changes as and when another atom collides with it. These collisions
can be modeled by a random-walk problem [45]. The emitted light as a whole embodies this
randomness. This randomness affects the amplitude as well as the phase of the radiation.

In such scenarios, it is better to write the radiation emitted by each of the, say N atoms,

!Note that throughout this thesis 2 is represents the imaginary complex number ¢ = v/—1
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as

1 ,
Ei(t) = 5 Eor(t)e ) (2.5)

where, the subscript 7 is to suggest that the above expression is associated with single
atom and that there is a whole ensemble of such expressions for all the atoms emitting the
light. The final field emitted by the gas of atoms is nothing but a superposition of all the
individual fields emitted by each atom. The final form of observed field is

N

1 . .
Efinal(t) = Z §EOR(t)ez¢z(t) = f(t)e*® (2.6)
i=1

where, f(t) is the resultant amplitude and ®(¢) is the resultant phase of the vector sum of
all the complex exponentials. These complex exponentials are called phasors. Phasor is a
complex quantity having an amplitude and a phase. Fig. 2.1 depicts these random phasors
for the radiations emitted by 7 atoms (just for example sake only 7 atoms are taken but
in real life the number of atoms will be very large) and their net resultant field phasor.

All the atoms under consideration form an ensemble and so also the radiation emitted
by them. By the very nature of the randomness, the resultant radiation emitted by this
ensemble varies from each batch of radiation emitted i.e., the resultant amplitude f(¢) as
well as the phase ®(t) fluctuate randomly. This gives rise to so called amplitude and phase
fluctuations in the field. This is shown by the two figures in Fig. 2.1, where, the left part
is for one realization of emission and the right part is for another. It can be clearly seen
that (in general) fi(t) # fa(t) and ®;(t) # P2(¢). This results in fluctuations of the total
field envelope E£(t).

2.2.1 Ensemble Average

It was just shown that the emitted field can be represented by an ensemble of statisti-
cally uncorrelated pulses. Therefore, one can evaluate an ensemble average which is the
first characteristic of a random process. An ensemble average was previously defined in
Eq. (2.1d). By the very nature of the random-walk problem, the probability of f(¢) having
a positive real value is equal to that of it having a negative real value. Therefore the

ensemble average gives a value of 0.
(€(t)) =0

2.2.2 Autocorrelation function and coherence time

To characterize a random process, its AC takes priority after the ensemble average function.
The AC is formally defined in Eq. (2.2). But, it should be tailored for the present situation.
AC of the emitted electric field means an ensemble average of product of the field with its
time shifted complex conjugate. A uniform distribution, over a time interval T, is assumed
for the random fluctuations. That means, the probability density to be used is

puni(t) = ; Vite [07 T]

Nl
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Figure 2.2: Physically understanding the AC of a function. The solid curve is a real random
function varying in time. The dotted curve is the same function shifted in time. These can
be assumed to be the real parts of the chaotic field envelope and a time-shifted version of itself,
respectively. The shift is given by 7. As T increases, it can be understood from the figure that the
magnitude of the product of both the curves decreases.

Therefore, the AC of the field that is given by its definition is

(E@)E*(t—T1)) = ;,/Ts(t)s*(t —7)dt

An AC function contains the information as to how well the field is correlated to itself at
two different points in time domain. For example, consider a field-envelope whose values
are real. In Fig. 2.2 are plotted the example curves denoting such random field envelope
and its time-shifted version, having a shift of 7. The value of AC function consists of a
time integral of the product of both these functions. That means, the overlap between
both the curves determines the value of the integral. Therefore, as 7 increases, there is
less overlap between the two curves and hence the absolute value of AC function decreases
in its value. It has a maximum value at 7 = 0.

The duration of 7 in which the field stays coherent or has some non-zero value of AC
function and after which becomes incoherent or has a close to zero value of AC function,
is called coherence time, denoted by 7.. This is defined formally, in terms of the first order

degree of temporal coherence function g;(7) (Eq. (2.7a)), by the relation

= [ drln@)

—00

_TyEe* Ty |2
2For non-stationary fields, the coherence time can also be defined by 7. = ffooo dr ‘W
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If this 7. is large, the field stays coherent for longer time shifts. If 7, is very small, the
field loses its coherence properties very fast. For example, filtered sunlight (7. ~ 2 fs [46]),
synchrotron radiation (7. ~ 1.6 fs [47]), FELs (7. ~ 6 fs [48]), LEDs (7. ~ 67 fs [46]), etc.,
have very low coherence time. Single mode He-Ne laser on the other hand, for example, is
coherent for longer time shifts (7. ~1us [46]). Of course the values given above are only to
give a sense of the order of magnitude. The actual values depend on the exact bandwidth

as well as the operating central frequency.

2.2.3 Degree of coherence

A degree of measure of coherence can also be characterized by a function called degree
of temporal coherence [45]. These functions are expressed in terms of normalized AC
functions. For a fully coherent light, the first order degree of coherence function take a
constant value of 1 (or a constant value for the first order AC function), whereas for a
fully incoherent light, they take the value of 0 (or a delta function for the first order AC
function). Realistic fluctuations have a value between 0 and 1 (AC function has some finite
width and line shape).

The degree of first order temporal coherence g;(7) and the degree of second order
temporal coherence go(7) are expressed in terms of normalized AC functions of the field

and its intensity as follows:

(E@)E*(t — 7))

7) = 2.7a
a0 = e PEE =P (27
EMPIEE - 1))
927 = PYIEG — )P (2.7)
go(7) =1 + g1 (7) (2.7¢)

2.2.4 Types of correlation shapes

There always exists a bandwidth and hence a line shape for spectrum of emission. This is
called broadening. Broadly speaking, there exists two types of broadening lineshapes for a
chaotic light [45].

Gaussian:
2
|gl (T)gauss| :e_;Tg (28&)
2

’92(7)gauss‘ =1 + eij—?’ (2.8b)

Lorentzian:
‘gl (T)lorentz| :ei% (2.8C>
|g2(7)iorent=| =1 + e (2.8d)

The shape of these coherence functions are shown in Figs. 2.3 and 2.4, respectively.
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Figure 2.3: Different forms of first order degree of coherence function as a function of the time
difference T (arb. units). g1(T)gauss has a Gaussian lineshape and gi(T)iorent= has a Lorentzian
lineshape. Both have characteristic coherence time of 0.2 (arb units). The width (root mean square
width or full width at half mazima) of these pulses is proportional to the coherence time 7,

o2 (T)forenrz

A J

Figure 2.4: Different forms of second order degrees of coherence as a function of the time difference

T (arb units). g2(T)gauss has a shifted Gaussian shape and go(T)iorent- has a shifted Lorentzian
shape as per their relation to first order degree of coherence.
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2.2.5 Stationarity of the field

The field is said to be stationary if its first and second order correlation functions are not
explicitly dependent on time. If the functions, whose degrees of coherence are depicted by
Fig. 2.3 and Fig. 2.4, are of the form

72

(5(t)5* (t— T))gauss = nge_g (2.9)
<g(t)g*(t - T))lorentz = fOleii (2.10)

where foq or fo; are constants of time (constant amplitudes), then the field is said to be
stationary because of its exclusive dependence on 7 alone.

But, there also exists some random processes that have time dependent correlation
functions. In those cases the fields are said to be non-stationary. FExplicit form of non-
stationary fields, having a close relation to the previously discussed correlation shapes, can

be thought of as follows

72

(EW)E*(t — T))gauss =fy(t)e > (2.11)
<5(t)g*(t - T»lorentz :fl(t)e 27e (2.12)

where, all the time dependence is now incorporated into fj(t) and f4(t) envelope functions.
Thus, such AC functions having explicit time dependence are not stationary. That means,
the statistical quantities driving the physical observation change with time and hence also
the associated observations.

An example to understand the concept of stationarity is the interference patterns ob-
tained from Mach-Zehnder interferometer [45]. The AC functions occur when one evaluates
the average intensity of the output fringes. A time dependent AC will imply that these
fringes are also time dependent and will vary in their intensity as time changes. A sta-
tionary field produces temporally constant fringe patterns. This kind of variations are to

be understood by the terms stationary or non-stationary fields.

2.3 Conclusion

A basic overview of the statistical definitions were provided. These definitions were ex-
plained in terms of chaotic light for a better picture. A chaotic light has its amplitude
and phase varying randomly. This chapter in conjunction with the Appendix B gives a
brief foundation in regard to the statistical nature of FELs and the averaging methods

involving their interactions.
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Chapter 3

Numerical simulation of the
temporal fluctuations of the FEL

pulses

The generation of a self amplified spontaneous emission free-electron laser (SASE FEL)
pulse, inherently has noise properties. Consider a close-up look at how the radiation is
emitted from a FEL generator, as described in ref [10, 14| and depicted in Fig. 3.1. Many
electrons randomly arrive at the undulator, a device that generates spatially alternating
magnetic fields (represented by the array of red and blue cuboids in Fig. 3.1). As the
electron bunches travel across the undulator, they start to oscillate due to the alternating
magnetic field and radiate electromagnetic fields. The fields emitted by each electron
interact with the other electrons to form so called micro-bunches, a crucial phenomenon
for the generation of SASE. This leads to the production of partially coherent radiation.
There is a lot of physics involved here. The most important aspect for this work is the
statistics of random arrival times of the electrons which in-turn determine the statistics of
the emitted radiation field.

A computer simulation of a random SASE FEL field is a complex task. So, a consider-
able part of this chapter concentrates on the methodology used for the related simulation.
The remaining part of the chapter aims to test the statistical nature of the simulated ran-
dom FEL field through the corresponding analytical expressions derived in refs [35, 37],
both in time and frequency domains. The theoretical formulation of the basic statistical
concepts was already described in the Chapter 2. The present chapter extends on this and

focuses down on the application under study (SASE FEL).

3.1 Gaussian pdf

Consider an electron bunch arriving at some point along its path within the undulator.
Each electron of this bunch arrives at a random time, denoted by ‘t;” which is a random
variable. This random arrival time of each electron in the bunch has an associated pdf.

It can be modelled according to the nature of the inherent randomness. As suggested in
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Figure 8.1: Schematic showing the process of micro bunching and generation of coherent radiation
as the randomly arriving electrons pass through the length of the undulator. The figure is adapted
from reference [10].

[35], a Gaussian form often fits well the said distribution in a FEL pulse. A Gaussian pdf

(Pgauss(t;)) of the random time variable ‘¢;’ is given by:

! i (3.1)
ex — —= .
V27T P 272

where, 7, is the standard deviation or temporal width of the probability distribution and

pgauss(tj) ==

Pgauss(tj)dt; gives the probability that an electron of the bunch arrives at the undulator

entrance between the times ¢; and ¢; + dt;.

3.2 FEL field and amplitude

The generated field grows along the path length z of the undulator. The point of consider-
ation here is the time evolution and hence the field at a fixed z (exit of undulator). Given
that the arrival time of the electrons is distributed via Eq. (3.1), a FEL field E(¢) and its
complex envelope £(t) (similar to the general form discussed in the section 2.2), at a fixed

point of the undulator, are modeled as [35]:

E(t) =E(t) exp(wt) + cc (3.2a)
o (t—t;)?

E(t) =& Zexp (zwtj - 47_—2jx*> (3.2b)
i=1 wp
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H Parameters ‘ Meaning ‘ Simulation ‘ Typical FEL H
I Tp ‘ pulse duration ‘ 7 fs ‘ 45 fs [49) I
I Te ‘ coherence time ‘ 0.5 fs ‘ 3.9 fs [49] |
I w | central tunable frequency | 60.16 eV | 20eV-20keV [10] ||
I Twp ‘ wavepacket width ‘ 0.29 fs ‘ 0.95 fs [49] |
I Tb ‘ electron bunch duration ‘ 4.99 fs ‘ < 20 fs [50] I
I o ‘ peak intensity | 10" - 10" W/cm® | up to 10*° W/cm? [51] ||
I N. | number of electrons in a bunch | 1000 ‘ >10° [10] I
I L \ number of ensembles \ 300 \ - |

Table 3.1: FEL field parameters used in simulation as well as reference typical values.

where & is the peak amplitude of the complex field envelope, Ne is the number of electrons
in a bunch, 7, is the characteristic wavepacket width, w is the central tunable resonance
frequency and the complex chirp factor x is given by 1 — ﬁ, where ¢ = /—1.

To understand and connect the dots between the previously defined statistical defini-
tions and FEL pulses, one needs to consider Egs. (3.2a) and (3.2b) against the background
of the role played by the random variable ;. Table 3.1 gives the parameters used in obtain-
ing all of the plots (Fig. 3.2 - Fig. 3.10) in this chapter. In the up-coming chapters detailing
the averaging methods, the most used parameters from the aforementioned table are pulse
duration (7,), coherence time (7.) and central frequency (w). The other parameters are
used only in the MC method.

3.3 FEL wavepacket

The formulation in Eq. (3.2b) suggests that the model of the field envelope includes a
superposition of the random Gaussian wavepackets emitted by each of the IV, electrons.

One such wavepacket has the form

) _ . (t — tj)Z *
Ej(t) =& exp (zwt] 2, X

where &£;(t) implies the complex envelope of the j*® wavepacket emitted by the j*" electron
in the bunch. This wavepacket has an envelope with the real part having a Gaussian form
and a fast oscillating sinusoidal part. The Gaussian envelope has a width proportional
to Twp and the central tunable resonance frequency w, characterising the fast oscillating
part. In Fig. 3.2 one can see the real part of this simulated wavepacket plotted in the
time domain. A Gaussian fit, with a width and amplitude that matches the parameters of
the real part of the envelope has also been plotted for reference. The central time of this

wavepacket is ¢; which is nothing else but the random arrival time of it electron.
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Figure 3.2: This plot shows the real part of a random FEL wavepacket. Its fast oscillating part
due to the tunable resonance frequency w= 60.16 eV (2.211 a.u.) is shown with a black-solid curve
whereas the envelope is shown with a red-dashed curve, having a width proportional to Ty,= 0.29
fs (11.99 a.u.). A reference Gaussian curve (green-dot-dashed) has also been fitted to show that
the envelope is indeed Gaussian.

3.4 Generation of random wavepackets

3.4.1 Random numbers

To generate a random field, one first needs to generate a set of random wavepackets for
which it is needed to generate a set of random time series {t;} according to the Gaussian
distribution given by Eq. (3.1). This is the essence of the procedure to generate a random
time profile for Eq. (3.2b). Eq. (3.1) suggests that when t; = 0, one obtains a maximum
probability of its occurrence and as the value of ¢; moves away from 0, the probability of
its occurrence decreases.

Speaking in terms of computation it is difficult to reproduce an experimental FEL
pulse. But, with the presently available tools, one can closely mimic the statistics involved
and try to reproduce a simulation of an FEL pulse. So, the task at hand is two-fold: first
to simulate a fluctuating FEL pulse and second to check its statistical behavior. Both
these tasks are accomplished in this work.

The thesis utilises the C++11 standard version of the C++ programming language to
model and generate the desired random FEL pulse. As pointed earlier, one needs to first
have a set of random numbers to be associated with random arrival times of electrons. For

this task, C++11 offers two tools: a random number engine and a random distribution.

e Engine: The job of the engine is to generate numbers that are very hard to predict.
As a computer is a deterministic device, the numbers it generates are pseudorandom

in nature (not completely random per se). But certain algorithms make sure that
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the randomness is of high quality. There are some good predefined random engines
available in the library of c+-+ some of which are given in reference [52|. The thesis
uses an engine called ‘default random_engine f (seed)’ which serves the purpose
fairly well as it is a balanced option among the available engines in terms of compu-
tational cost and randomization. The ‘f’ is the engine’s name (user defined) and the
seed helps increase the randomness every time the engine is activated. For example
the seed can be the clock’s time in a computer or the output of another random

number generator, etc.

e Distribution: With the engine ready, there needs to be a distribution pattern as-
signed to the engine. Uniform distribution, normal distribution, etc., are some of the
common distributions of random numbers. This brings in context to the generation
of the random numbers. As pointed earlier, one requires Gaussian distribution in
order to simulate an FEL field. This is achieved by utilising a predefined distribution
function ‘normal_ distribution<type> d (u,0)’ where ‘d’ is the user-defined name for
distribution, g is the mean and o is the variance of the Gaussian distribution. In

the view of Eq. (3.1), u =0 and 0 = 7.

The engine will then generate random numbers which are distributed with a zero mean
and 7 variance and these numbers change every time they are generated due to the ever
changing seed.

Coming back to the task of generating random FEL pulses, consider a set of N, = 1000
random numbers (t;) generated using the above generators (engine + distribution). To
check the probability distribution of the generated numbers, one can divide the total time
span into Ny = 100 bins. A bin is a time interval with a certain probability of occurrence
associated with it. Any randomly generated number has to fall in one of the Ny bins and
hence every number is associated with a certain probability p; of occurrence, which is given
by the number of random numbers in the corresponding bin (frequency) divided by total

number of random numbers generated i.e.,

_ frequency of t;

plty) = RO (33)

For a single set of random numbers ¢;, the black dash-dotted plot in Fig. 3.3 shows the
probability of occurrence of each of the ¢; in 100 bins.

When a different set of {¢;} is generated, the numbers fall into different bins and hence
the probability associated with the bins change. This is the concept of ensembles seen
in Chapter 2. Let L be the number of such ensembles. When one takes an average of
all such L probability distributions of occurrence of generated numbers, one achieves the
ideal Gaussian distribution of the numbers given by Eq. (3.1). In Fig. 3.3, the red dashed
curve is obtained when the average is taken over L = 300 different realizations of ¢;. A
zero mean Gaussian fit with the standard deviation of 7, = 4.99 is also plotted as the
green-dashed curve to suggest the trend. So, the random numbers generated are indeed of

Gaussian nature and hence can be inserted in Eq. (3.2b) to generate the random field.
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Figure 3.3: Probability distribution for N, = 1000 random variables which are Gaussian distributed
with zero mean and variance 7, = 4.99 is depicted in the black dot-dashed curve. Number of bins
used is 100. An ensemble average over 300 ensembles is depicted as the red curve whereas the ideal
Gaussian distribution is depicted as the green dashed curve.

3.4.2 Random wavepackets

Utilising a single set of {¢;} generated from the above method, ten wavepackets are sim-
ulated and plotted in Fig. 3.4. Though each ¢;, the central time of each wavepacket, is
sequentially evolved in time, as they take random values, each of the pulses can be seen to
be randomly spaced in time. This results in a temporally fluctuating profile as discussed

later on.

3.5 Field and intensity fluctuations

The previously described randomly spaced Gaussian wavepackets, centered at random
times ¢;, can be superposed with each other in time. This results in a continuously fluc-
tuating profile whose real part is plotted in Fig. 3.5 where approximately 1000 randomly
simulated Gaussian wavepackets were superposed. This profile fluctuates from shot to shot
in a FEL.

As it is intensity that is measured by photo-detectors in an experiment, it will therefore
be of interest to know how the intensity profile of a FEL pulse fluctuates. The instanta-

neous intensity of a pulse is given by
Z(t)=E(t)E*(t) (3.4)

One FEL ‘realization’ or one FEL ‘shot’ implies a superposition of the intensities of in-
dividual random wavepackets obtained from one set of arrival times of the electrons. In
Fig. 3.6, the random instantaneous intensity profile, calculated with Eq. (3.4) for five dif-

ferent realizations are simulated and plotted. Omne can see how spiky and random the
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Figure 3.4: Real part of a set of 10 random FEL wavepackets, separated temporally according to
the Gaussian distribution of the arrival times of the associated electrons at the entrance of the
undulator, is shown here. The center of each wavepacket denotes the arrival time of 7% electron,
denoted by t;. The generation of the wavepackets follow chronological ordering i.e., the values of
1 =1,2,--- 10 denote particular increasing times at which they were generated. The disordered
placement of the wavepackets in the figure suggest the randommness involved in their arrival times.
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Figure 8.5: Superposition of a thousand random wavepackets resulting in a fluctuating profile of
an FEL field whose real part is plotted here. The tunable resonance frequency w= 60.16 eV (2.211
a.u.) and the Gaussian envelope of each random wavepacket has a width proportional to T,,= 0.29
fs (11.99 a.u.). Coherence time 1. of the pulse is 0.5 fs.
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Figure 3.6: Superposition of intensities of a thousand random pulses, for five different pulse real-
izations. The tunable resonance frequency w= 60.16 eV (2.211 a.u.) and the Gaussian envelope
of each random wavepacket has a width proportional to T,, = 0.29 fs (11.99 a.u.). The red solid
curve shows the ensemble average over many ensembles.

profile is from shot to shot. This is one of the characteristics of the SASE FELs. It is to
be noted that the scaling of the corresponding field and intensity plots is chosen such a
way that the peak magnitude of the ensemble average of the intensity profile is 1.

One of the checks one can perform at this point, to see if the generated single shots
are indeed emulating single shots of SASE FELs, is to see if the average spike width and
average spike separation of a single shot FEL intensity profile give the theoretical values
in line with the analytical expressions derived in [35]. Using the parameters of Table 3.1,

one obtains
e Average spike separation: (At) ~ /27 x /37y, ~ 1.26 fs.
e Average spike width: (§t) = \/grwp ~ 0.36 fs.
e Number of random spikes: This is given by \/g% ~ 19.

Here, the non-bold angular brackets denote the average over the peaks of single profile
rather than over an ensemble. These three criteria are satisfied in the generated single

shot FEL profiles as depicted in Fig. 3.6.

3.6 Degree of temporal coherence: 1st and 2nd order

Before moving to the topic of the degree of coherence, it is better to explain how the

ensemble average is computed.
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3.6.1 Ensemble average

Consider a random time signal X(¢) where ‘t’ is the random variable. Though it is ideally
continuous, for computation sake, it is sampled into discrete set of X;(¢;) where the index

i’ is for the i*" ensemble and ‘j’ is for the discretized random variable. An ensemble average
of X(t) with a probability distribution of its random variable as p(t) is then defined in

discrete form as
1
= 23S p) ) (35)
(]
Similarly, one computes the autocorrelation function of a discretized function as

(X(t)X*(t — 7)) Z sz )Xt — 7) (3.6)

with L as the number of ensemble realizations and p;(¢;) as the frequency of occurrence
defined by Eq. (3.3). Inserting the expression of £(t) from Eq. (3.2b) into the above
equation, one can compute the autocorrelation of the FEL field amplitude which helps

with the computation of the degree of coherence.

3.6.2 Degree of coherence:

In the previous chapter a measure of coherence was defined in terms of normalised AC
functions. An autocorrelation function of a FEL field contains the information as to how
well the FEL is correlated to itself at two different points in time. This information is the
core of the coherence properties. The FEL field’s degree of first order temporal coherence
g1(7) and the degree of second order temporal coherence go(7) are expressed in terms of

normalised autocorrelation functions of field and intensity as follows:

(7) = (e (t — 7)) 3.7a

Y OB (372)
QEDPIEC - (0Tt - )

92T e OREC PP~ (@) (3.75)

ga(r) =1 4+ [ga (7)) (3.7¢)

These expressions can be computed as explored earlier. Analytically, for the present case
of random FEL field, as in Eq. (3.2b), one can utilize the simplified expression given in
reference [35] for the autocorrelation of the field amplitude of Eq. (3.2b)

—(t24@=-7)?2) —(2=(t—7)2 2
Ne’rwpgge( (2)) ( (2))7772

27'p e 2\/§Tp e 278
2 2
ATy + Teop

where, & is the peak amplitude of the FEL field, NV, is the number of electrons in a bunch,

(E@)E*(t — 7))gauss = (3.8)

Twp 18 the characteristic wavepacket width, 7, is the standard deviation of the normal
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Figure 3.7: Black-dashed curve: Simulated first order coherence function having parameters of
Table 3.1. Red-solid curve: Analytical Gaussian fit having a width of 7. = 0.5 fs.

distribution used and k = 1/4/3. They are related [35] to each other through:

V2T V3T,
=247, =R (3.9)

Tp Te
For brevity of computations, one can proceed to construct a scaled field amplitude and

then compute the coherence functions. Begin by defining a scaled field amplitude €(t), as

£(t) =&o, | %e‘ééeu) — & (b)e(t) (3.10)

With this scaled field amplitude and using the Eq. (3.8), the ¢1(7) and g2(7) turn out to

have the following stationary profile:

72

g1(1) ={e(t)e* (t — 7)) =€ 272 (3.11a)

-2

92(7) =(e@)Plet = 7)) =1 +e (3.11b)

In Fig. 3.7, the degree of first order coherence function, simulated using 1000 random
times, 1000 bins and 300 ensembles is plotted. The Gaussian form obtained through the
end-formula of Eq. (3.11a) is also plotted. In Fig. 3.8, the degree of second order coherence
function simulated using same set of parameters is plotted and compared with the shifted
Gaussian form obtained by Eq. (3.11b). For all these simulations, the parameters are taken
from Table 3.1. In both cases, one can see that the theoretical and simulated graphs for

the first and second order degree of temporal coherence match closely.
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Figure 3.8: Black-dashed curve: Simulated second order coherence function, having parameters of
Table 3.1. Red-solid curve: Analytical shifted-Gaussian form obtained from Eq. (3.11b) having a
width of 7. = 0.5 fs

3.6.3 Ensemble average of FEL field intensity

Different realizations of intensity profiles in Fig. 3.6 constitute a family of ensemble of the
random FEL field intensity. This implies that an ensemble average of intensity forms one
of the primary tools to probe the statistical nature of FEL fluctuations. One can compute
the ensemble average of intensity by making 7 = 0 in the computed AC function. One can

also obtain the analytical expression of the same, from Eq. (3.8) evaluated at 7 =0 i.e.,

(Tt = (e ey = V2N Twer " _ 7.7 (3.12)

Tp

Fig. 3.9 shows both of these simulated and analytically plotted curves for the ensemble
average of the FEL intensity. The closeness of the curves suggest the accuracy of the
simulations. In Fig. 3.6 the ideal ensemble average was shown as the red solid curve which

indeed shows the averaged nature of the intensity fluctuations.

3.6.4 Non-Stationarity and non-ergodicity of the FEL field

Finally, one can see that the mean of FEL field intensity, as given in Eq. (3.12) and the
autocorrelation of FEL field, as given in Eq. (3.8) are both time-dependent. This renders
the processes involving random FEL pulses non-stationary. That means, as time proceeds,
the statistical properties of FELs also change and vary. Also, the time average of the
field is not equal to its ensemble average. One time averaged single shot does not contain

information regarding the whole set of ensemble of shots. Therefore FELs are non-ergodic.
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Figure 3.9: Red solid curve: Ensemble average of the instantaneous intensity (|E(t)|?) over three
hundred pulse shots, with parameters of Table 3.1. Black dot-dashed curve: An analytical Gaussian
fit of Eq. (3.12) with a width of T, =7 fs (289.38 a.u.).

3.7 Frequency domain

Until now, the simulated FEL field’s characteristics were explored in the time domain. This
is because for the later input of an FEL pulse in the concerned EOMs, it is the random time
profile as well as the ensemble averaged time profile that are needed. But it is a well known
fact that the time-domain characteristics manifest into frequency domain characteristics
via the Fourier transform and the experimental observables are often measured in frequency
domain. So, this section is dedicated to see if the frequency domain characteristics of the
simulated random FEL pulse follows the theoretical implications suggested by Krinsky and

Li in reference [35].

3.7.1 Discrete Fourier Transform

When a time signal f(t) is defined over a continuous time variable ‘t’, its Fourier transform

(represented by %) is given by
Fw) = 20 = [ fwe (313)

where w represents the frequency domain variable. The implementation of the above form
in a computer is not possible due to the involvement of continuous time or continuous
frequency variables. It is the discrete Fourier transform (DFT) that is to be used in place

of the continuous Fourier transform. For a signal xz(n), its DFT X (k), is obtained as
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Figure 3.10: Frequency spectrum of a pulse with central frequency w = 60.16 eV, coherence time
T. = 0.5 fs and total pulse duration 7, = 7 fs. The black-solid curve represents the averaged
spectrum, blue-dashed curve is its Gaussian fit with a width of ~ 1.81 eV while the red dot-dashed
curve is the spectrum corresponding to one of the FEL pulse’s single shot realizations.

follows:
X(k) = x(n)e*%k" (3.14)

The w is related to k by w = 27k and ¢ is related to n by ¢ = n/N. As the sample size N
increases, the DFT profile approaches the Fourier transform profile of Eq. (3.13).

3.7.2 Intensity profile

One can first generate a random time domain FEL field £(t) as suggested in the previous
sections and then use Eq. (3.14) to generate a frequency domain FEL field £(w). But
it is the intensity that is measured and one can use the following relation to obtain the

frequency domain intensity.
IT(w) = E(w)E* (w) (3.15)

Just like the single-shot Z(¢) profile obtained in Fig. 3.6, the frequency domain FEL pulse
also should show random spikes and shot to shot variation in the profile shape. One of
the single shots frequency domain random intensity profile is plotted in Fig. 3.10 (as a red
double-dot dashed curve). Krinsky and Li suggest in [35] that the average of the intensity
spike width and their spacing in the frequency domain relates to the pulse duration. The

quantitative relations are given below,

e Average spike separation: (Aw) ~ VT~ 0.33 oV.

Tp

e Average spike width: (6w)~ L ~ 0.094 ¢V.

Tp
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H FEL Facilities ‘ Location ‘ Tfwhm ‘ w ‘ % ‘ PPS ‘ PE H

|| FLASH | Hamburg | 50-200 fs | 30-300 eV | 1% | 5000 | 10-500 pJ ||

|  FERMI | Trieste | 150 fs | 20-300eV | 1% | 10 | <30uJ ||

| LCLS \ Stanford | 2-100 fs | .25-10 keV | .2-5% | 120 | 2-6mJ ||

| SACLA | Hyogo | 20-30 fs | 4.5-15 keV | .2-.25% | 60 | 80-250 uJ ||

H SwissFEL ‘ Canton of Aargau ‘ 1-20 fs ‘ 2-12 keV ‘ .2-.5% ‘ 100 ‘ 01-1pd H
| |

| EU XFEL Hamburg <100 fs | .25-25 keV | 1% | 27000 | 0.03-8.5 puJ ||

Table 3.2: Important FEL facilities and some of the related field parameters, for relative compar-
ison, taken from references [5, 10, 53-55]. Ttwhm ts the FWHM pulse duration, w is the central
Aw

operating frequency, < is the relative fractional bandwidth, PPS is the number of pulses per second

and PE is the pulse energy.

where the non-bold angular brackets suggest an average over the number of spikes. These
are depicted in Fig. 3.10. When 300 such random pulses are chosen and averaged, the
black solid curve is obtained. It is fitted with a Gaussian curve of width 1.31 eV. Let
the spectral bandwidth of averaged FEL pulse be o,,. This relates (see [35]) to the time
domain parameters via

1 Tp

Oy = = 3.16
7_wp\/g 7—c7—b\/§ ( )

Inserting the values from Table 3.1, one should obtain the spectral bandwidth to be o, &

1.31 eV which is what the Gaussian fit suggests. Therefore, the ensemble average of
the frequency domain intensity profile not only emulates single-shot spectrum of SASE
FEL, but also gives good ensemble average profiles. This suggests with certainty that the
frequency domain characteristics in the simulation of the random FEL pulses are all in

order.

3.8 Conclusion

The goal of the thesis is to study the atomic/ionic interactions under randomly fluctuating
FELs. So it is inevitable to study the nature of FELs in the light of statistical definitions.
As the following chapters utilize a simulated FEL pulse, the accuracy of such simulated
field needs to be tested in comparison to the theoretical definitions. These aspects were
discussed in the present chapter. Starting from the modelling equation of random FEL, the
chapters went on to explain its subtleties and dived into the characterization of the FEL in
terms of ensemble average and coherence functions. It was shown that the simulated FEL
indeed shows high accuracy in terms of the statistics involved not only in the time domain,
but also in the frequency domain. With such a good simulated FEL at hand, one can insert
it into the DM-EOMs, to be developed soon, and study the affects of fluctuations of FELs
on their interactions with atomic/ionic systems. To give a practical perspective, Table 3.1

and Table 3.2 show the parameters used in some of the important FEL facilities.
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Chapter 4
Density matrix equations of motion

Chapter 3 described the statistical nature of FELs. This is the first part in the goal of
understanding the interaction dynamics of FEL fields with matter. The next part is to
formulate a mathematical interface that allows one to probe it. A proper construction of
the necessary tools involving the statistical fluctuations of FELs is considered in Chapters
6 and 7. Prior to that, a bridge needs to be constructed in order to cross the study of
interaction of coherent fields over to that of stochastic fields. The present chapter aims to
lay the foundations for this bridge.

The plan is to first start with a simple system - e.g. a two-level atom - and see how
a quasi-monochromatic field interacts with it. Understanding this is the basic brick for
all the concepts to be explored later. After having briefly touched upon the aforesaid
topic, the scenario is extended to include a set of continuum states in which is embedded
a discrete autoionizing state (AIS) (i.e., a bound state degenerate with the surrounding
continuum) in the atomic system. The latter extension is to cater for the study of reso-
nant photoionization processes. The said formulation allows one to deal with observables
like ionization yield or kinetic energies of ejected electrons, etc., of real life experiments.
Both the two-level system (TLS) and the extended systems are modeled using amplitude
equations as well as density matrix (DM) equations. But as one proceeds to the later
chapter(s) of the thesis, they inevitably stick to DM equations for the simple reason that
amplitude equations are no longer solvable for an interacting stochastic fields involving
ensembles. For this reason and for the reason of giving a clear idea as to how the involve-
ment of stochastic fields affects the mathematical interface, this chapter describes both

the amplitude equations and DM equations.

4.1 Nature of the laser field used

As far as this chapter is concerned, the goal is to understand the interaction of a coherent
laser field with an atom. The following properties are therefore assumed for the interacting

laser.

e Consider a laser beam. There exists a thickness to this beam which is characterised

by the angle of deviation of the propagating light rays with respect to the axis of
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propagation. If this angle is assumed to be very small, it is called paraxial approxi-

mation. The electric field is thus assumed to be paraxial.

The field is fully temporally coherent. This means, the degree of coherence
function g;(7), as in Eq. (3.11a), gives a constant value of 1. This suggests that, the

field is correlated in time or can be said to have a full memory of itself.

The field is quasi-monochromatic. This implies that the bandwidth of the laser
frequency, that surrounds the central frequency is very small. If A, represents the
bandwidth and w represents the central frequency, then the assumption of quasi-

monochromatic field implies the following relation: A, /w < 1

The field is assumed to be dipole approximated. In general, the field is spatially
dependent. With wave vector k (k| = %, where A is the wavelength) and position
vector r, the general field’s expression is given by E(r,t) = f(t)exp[ik - r + wt].
But often the wavelength of the field is far greater than the atomic dimensions under
consideration i.e., |k -r| = 27r% < 1. For example, consider typical wavelength of
Ti:sapphire laser, which is around 800 nm (1.55 eV), interacting with hydrogen atom.

This gives (using Bohr radius) |k - r| = 27 %95290m ~ (0004 < 1. Take another

800 nm
example of FEL operating at 20.7 nm (60 eV), interacting with same system. This
gives, |k -r| = 27r0'2005.$$ ~ 0.016 <« 1. Therefore, this approximation is widely

valid. This allows one to use the so called dipole approximation which entails to

shrink the equation

expitk -r] =1+ ~1

Physically, it just means that the spatial variation of the field is negligible. So, a
dipole approximated field implies a field that is only time dependent i.e.,
E(r,t) = E(t)

The explicit form of the dipole approximated field to be used is
E(t) = Et)e™" + cc (4.1)

where E(t) is the real electric field of the laser and £(t) is its complex envelope
(whose deterministic part can be square or Gaussian or any other shape) and w is
the central frequency. The field is assumed to be linearly polarized in the z direction

and propagating in the y direction.
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Figure 4.1: A two level atomic system with ground state |g) with eigenenergy E, and excited state
le) with eigenenergy E.. It interacts with a coherent laser pulse of central frequency w = weqg =
E. — E;, where E, > E,;. This introduces an intensity dependent oscillation between the states,
called Rabi oscillations, denoted by Q(t). The dotted boundary around the two levels, suggest that
the two level system may also be a sub-system in focus i.e., part of a bigger system which is studied
in isolation.

4.2 Two-level atom

Any system can be characterised by its state - like spin, energy, position, momentum,
etc. A two-level system then implies a totality of a system in which exists two separate
non-identical states. For example, an electron with a spin, which can be either +% or —%
can be considered as a two-level system. Mathematically, a state of a system is represented
by the elements (or vectors or state-kets/bras) of Hilbert space (HS). In the language of
matrices, they are represented by column and row matrices. Physical observables of the
system, like spin or momentum, are represented by operators or square matrices, acting
on the elements of this HS.

A Two-level system is spanned by 2-dimensional HS and hence is completely charac-
terised by two mutually orthonormal state-kets (called basis). Using Dirac’s notation, let
them be |g) and |e). As the thesis deals with laser-atom interactions, let the two-level

system be a two-level atom. In this case, |g) can be the ground state and |e) can be the

excited state. The following conditions hold for this system:
e (g|lg) =1 and (e|le) =1 == criteria for normality
o (gle) = (elg) =0 = criteria for orthogonality

e |g){(g| + |e)(e]| =1 == both the kets span all of the 2-dimensional HS

4.2.1 Operators of interest

When such a two-level atom is placed under the influence of a laser field, with the assump-

tions as in section.4.1, the following operators come into play.

e Laser-Atom interaction operator is given by D(t) = dE(t) where d is the dipole

operator. Given a charge e and the position operator r, the dipole operator is given
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by d = er. The matrix elements of d represent transitions from one state to the
other, called dipole transitions. So when this operator is sandwiched between two
states, it gives the probability of transition from one state to the other. If the states
are equal, by the assumptions of the field and the system under consideration, the
value is 0 i.e., (i|D(t)|j) = dijE(t)(1 — d;5), where d;; is the Kronecker delta symbol

whose value is 1 for i = j and 0 for i # j, Vi,j = g, e.

e Field free Hamiltonian is denoted by #%. This is the Hamiltonian of the system
when no laser field is interacting with it. When this acts on a state-ket, it results
in an eigenvalue equation, whose eigenvalue is the state’s energy (E,; or E.) i.e.,
Holi) = Eyli), Vi =g,e.

e Total Hamiltonian is denoted by H(t). It is given by H(t) = H* + D(t) i.e., it
is a superposition of the Hamiltonian when there is no field and the field-matter

interaction operator.

With this preliminary background, one can proceed to analyse the two-level system’s

interaction and develop the so-called amplitude equations.

4.2.2 Amplitude equations formulation

First, consider the state of the above system under a laser field as in Fig. 4.1. When no
measurement is performed, the state of the system is said to be a superposition of two
levels i.e., there exists a probability for its existence to be in either of its states. Let the
state ket of the system at any time ‘t’, while the laser is interacting with the atom, be

|1(t)). Tt is given by the following expression.

[9()) = ¢g()lg) + ce(t)]e) (4.2)

Here, c;(t) is called the amplitude for the state |i) and |c;(¢)|> gives the probability of
existence of the system in the state |i), V i = e,g. For a two-level system, the following
relation holds. It suggests that the total probability of finding the system in one of the

two levels is 1.
leg(0)* + Jee(t)]* =1

The next step is to consider the time-dependent Schrédinger equation (TDSE).

1= [0(t) = H(O|(t)) = [H* + DO)|v(?) (4.3)

Substituting the Eq. (4.2) into Eq. (4.3), and then taking the inner-product on both sides
of the above equality with (g| and (e|, and utilising their orthonormal