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Abstract

Non-affine groups acting doubly transitively on a Hadamard matrix
have been classified by Ito. Implicit in this work is a list of Hadamard
matrices with non-affine doubly transitive automorphism group. We give
this list explicitly, in the process settling an old research problem of Ito
and Leon.

‘We then use our classification to show that the only cocyclic Hadamard
matrices developed from a difference set with non-affine automorphism
group are those that arise from the Paley Hadamard matrices.

If H is a cocyclic Hadamard matrix developed from a difference set
then the automorphism group of H is doubly transitive. We classify all
difference sets which give rise to Hadamard matrices with non-affine dou-
bly transitive automorphism group. A key component of this is a complete
list of difference sets corresponding to the Paley Hadamard matrices. As
part of our classification we uncover a new triply infinite family of skew-
Hadamard difference sets. To our knowledge, these are the first skew-
Hadamard difference sets to be discovered in non-abelian p-groups with
no exponent restriction.

As one more application of our main classification, we show that Hall’s
sextic residue difference sets give rise to precisely one cocyclic Hadamard
matrix.

* E-mail: p.ocathainl@nuigalway.ie



1 Introduction

In [27], we showed that Hadamard matrices developed from twin prime power
difference sets are not cocyclic. In this paper we generalise that result to all
‘non-affine’ (4n—1,2n —1,n—1)-difference sets. We call a (dn—1,2n—1,n—1)-
difference set affine if the automorphism group of the corresponding Hadamard
matrix has a normal elementary abelian subgroup acting regularly on the rows
of the matrix. All necessary concepts will be introduced in Sections 2 and 3. In
this paper, we address the following problems:

e We extend work of Ito to give a classification of Hadamard matrices with
non-affine doubly transitive automorphism groups.

e We observe that the classification solves an old problem of Ito and Leon
from [18].

e For each matrix in the classification we determine all associated difference
sets. In the process we uncover a previously unknown triply infinite family
of skew difference sets. This is a step towards the solution of a research
problem of Jungnickel posed in [19].

In order to discuss this paper’s concerns in more detail, we recall some
elementary definitions and concepts.

Definition 1. We say that Hadamard matrices H and H are (Hadamard)
equivalent if there exist {#1}-monomial matrices P and @ such that PHQT =
H. The automorphism group of H, Aut(H), consists of all pairs (P, Q) of {£1}-
monomial matrices satisfying PHQ" = H. An important subgroup of Aut(H)
is PermAut(H ), which consists of the (P, Q) such that P and @ are permutation
matrices.

We deal with Hadamard matrices up to equivalence. That is, any claims of
uniqueness, classification etc. are made only up to equivalence.

The following will allow us to apply deep results from the theory of permu-
tation groups to the study of Aut(H).

Definition 2. Let X be a {£1}-monomial matrix of order n. Then X has
a unique factorization Dx Ex where Dx is a diagonal matrix and Fx is a
permutation matrix. For a Hadamard matrix H, and (P, Q) € Aut(H), define
I/(P, Q) = Ep.

So each automorphism (P, Q) of a Hadamard matrix H induces a permuta-
tion of the rows of H. That is, v is a homomorphism and gives a permutation
representation of Aut(H) in the symmetric group on the rows of H. For ease
of notation, we will refer to A(H) = v(Aut(H)) as a permutation group on
{1,2,...,n} where i represents the i*" row of H. We use standard permutation
group terminology for A(H). Henceforth, when A(H) has a permutation group
property, we will say that Aut(H) has this property.



The literature on Hadamard matrices bears witness to extensive interest in
the study of various group actions on Hadamard matrices. Among these results
is the correspondence between (4n — 1,2n — 1, n — 1)-difference sets and regular
actions on the rows and columns of the cores of Hadamard matrices (as in
Section 2). Another correspondence associates (4n, 2, 4n, 2n)-relative difference
sets to certain induced regular actions of subgroups of Aut(H) on the rows
and columns of H. Hadamard matrices supporting this latter type of action
are called cocyclic. In this paper we deal almost entirely with the permutation
action of A(H) on the rows of H, which is not the standard action considered
in the study of cocyclic Hadamard matrices.

Definition 3. Let G be a finite group. A binary (2-)cocycle is a map ¥ :
G x G — (—1) which obeys the following identity for all g, h,k € G.

¥ (g,h) ¢ (gh, k) = ¢ (g, hk) ¢ (h, k)

An n x n Hadamard matrix H is cocyclic if there exists a group G of order n
and a cocycle ¢ : G x G — (—1) such that

H = W (ga h)]g7h€G )

where rows and columns of H are indexed by the elements of G. We say that
¥ s a cocycle of H, that H is cocyclic over G, and that the extension of (—1)
by G determined by v is an extension group of H.

Cocyclic Hadamard matrices possess a rich algebraic theory. For basic re-
sults, we refer the reader to [14, 25, 6]. The only result on cocyclic Hadamard
matrices which will be used in later sections is that A(H) is transitive if H is
cocyclic (see Lemma 6 of [27]). A study of Hadamard matrices supporting the
structure of both a (4n, 2, 4n, 2n)-relative difference set and a (dn—1,2n—1,n—
1)-difference set was the original motivation of this work.

An outline of the rest of the paper follows. We begin Section 2 by recall-
ing some further necessary definitions and results from the study of Hadamard
matrices and symmetric 2-designs. In Section 3 we classify the Hadamard ma-
trices H with A(H) non-affine doubly transitive. Then in the following sections
we will consider in turn cocyclic development for the matrices in our classifica-
tion, and difference sets associated with the matrices in the classification. We
conclude the paper with two applications of the classification result of Section
3: we show that the Hadamard matrices developed from Hall’s sextic residue
difference sets are cocyclic in only one case, and we describe a new family of
skew-Hadamard difference sets. These are the only skew difference sets giving
rise to cocyclic Hadamard matrices.

2 Hadamard matrices and related combinatorial
structures

We recall now the relationships between Hadamard matrices, symmetric designs
and difference sets. Some of the material in this section is standard.



Definition 4. Let V = {p1,p2,..., s} be aset of points and let B = {b1,ba, ..., by}
be a set of subsets of V' (blocks) such that the following hold:

o b=k, 1<i<w
o [biNbjl=\ 1<i<j<w.

Then § = (V, B) is a symmetric 2-(v, k, \) design. Define x : V. x B — {0,1}
by x(pi,b;) =1 if and only if p;, € b;. An incidence matrizc M of S has entry
x(pi, bj) in its i'" row and j** column. That is,

M= [x(Pi, bj)]1<; j<o -

Definition 5. Let S = (V, B) be a symmetric 2-(v, k, A\) design, and let G be
the symmetric group on V. Then G has an induced action on the k-subsets of
V. The setwise stabiliser of B is the automorphism group of S, Aut(S). Any
symmetric 2-design of the form S = (V, BY) for some g € G is equivalent to S.

Let M be an incidence matrix of S. Define Aut(M) to be the set of all pairs
(P, Q) of permutation matrices such that PMQ"T = M. It is easily seen that
Aut(M) and Aut(S) are isomorphic.

We will rely on the following result, which relates the action of Aut(S) on
points to its action on blocks.

Theorem 6 (Theorem I11.4.1, [2]). Let S be a non-trivial symmetric design,
and let G < Aut(S). Then the number of orbits of G on points is equal to the
number of orbits of G on blocks.

The following lemma is standard; see e.g. Lemma 1.9.3 of [2].

Lemma 7. Let S be a symmetric 2-(4n — 1,2n — 1,n — 1) design. Define J to
be the (4n — 1) x (4n — 1) all 1s matriz, and T to be 2M — J. Let 1 be the all
1s vector of length 4n — 1. Then

g (L1
1" 7

Proof. First, we observe that MM " =nI + (n —1)J. It follows that

is a Hadamard matriz.

TT" = 2M — J)2M" —J)
=4AMMT —2MJ -2 M + J?
=4(nl+ (n—1)J)— (4n—2)J — (4n —2)J + (4n — 1)J
=4nl — J.

Thus, adding an initial row and column of +1s to T" gives a Hadamard matrix.
O



Remark 8. So a Hadamard matrix of order 4n exists if a symmetric 2-(4n —
1,2n — 1,n — 1) design exists. The converse is also true: one obtains an inci-
dence matrix for a symmetric 2-(4n — 1,2n — 1,n — 1) design from the core of a
normalised Hadamard matrix by replacing every occurrence of —1 by 0. Notice
that the equivalence class of a symmetric 2-(4n — 1,2n — 1,n — 1) design corre-
sponds to a unique equivalence class of Hadamard matrices via the construction
of Lemma 7. But the equivalence operations for 2-designs are finer than those
for Hadamard matrices. So a single equivalence class of Hadamard matrices can
give rise to many inequivalent 2-designs.

In the next few results we work towards a description of Aut(S) as a subgroup

of A(H).
Lemma 9. Let H be a Hadamard matriz. Then v(PermAut(H)) = PermAut(H).

Proof. Note that Ker(v) consists of automorphisms of H which are diagonal
in the first component. But a diagonal permutation matrix is trivial; hence
Ker(v) N PermAut(H) = 1. The lemma follows. O

Doubly transitive actions on Hadamard matrices are a central concern of
this paper. We recall Burnside’s Theorem (see e.g. Theorem XI.7.12 of [15]):
a doubly transitive permutation group is either of affine type and contains an
elementary abelian normal subgroup acting regularly, or it is almost simple.
We restrict our classification results to the non-affine case. The affine case
requires methods different to those developed here and falls outside the scope
of this paper. The non-affine doubly transitive groups which act on Hadamard
matrices have been completely classified by Ito up to permutation isomorphism.

Theorem 10 (Ito, [16]). Let H be a Hadamard matriz such that A(H) is non-
affine and doubly transitive. Then the action of A(H) is one of the following.

o A(H) 2 M;s in its natural action on 12 points.

e PSLy(p*) < A(H) acting naturally on p* + 1 points, for p* =3 mod 4,
pF #£3,11.

o A(H) = Sp4(2) acting on 36 points.

Now we can state our main result about the relationship between actions on
designs and actions on corresponding Hadamard matrices.

Theorem 11. Let S be a symmetric 2-(4n—1,2n—1,n —1) design, and let H
be the Hadamard matriz constructed from S as in Lemma 7. Then Aut(S) =
PermAut(H).

Suppose that Aut(S) is transitive on the points of S, and denote by G the
subgroup v(PermAut(H)) of A(H). Then G is transitive on {2,...,4n} and

ezxactly one of the following holds.
o G is the full stabiliser of a point in A(H).

o H is Sylvester.



e H is of order 12.
Proof. We extend (P, Q) € Aut(S) to an automorphism

(7 )5 2))

of H, which fixes the first row and column and acts as (P, Q) on the submatrix
T. Thus Aut(S) embeds in PermAut(H). In the other direction: (P,Q) €
PermAut(H) must fix the unique first row and first column of 1s, and hence
restricts to an automorphism of S. So PermAut(H) = Aut(S).

It is clear that every element of G < A(H) fixes the first row of H. Now
suppose that Aut(S) is transitive on the points of S. Then by Lemma 9 and
the above, G is transitive on the remaining rows of H. We show that either G
is the full stabiliser A(H); of 1, or H is Sylvester or of order 12.

First, we define the group

K = (Eq | (P,Q) € Aut(H) and v(P,Q) € A(H)y).

Clearly K contains a subgroup isomorphic to PermAut(H) which fixes the first
column. By Theorem 6, this group is transitive on the remaining columns. So
K is either intransitive, or doubly transitive on columns. From the definition
we see that K is a covering group of A(H);.

If K is intransitive, then for every automorphism (P,Q) of H such that
v(P,Q) is in A(H)1, Eg fixes the first column of H. Thus either (P,Q) or
(=P,—Q) € PermAut(H). This implies that G = A(H);.

Now let K be doubly transitive. Suppose that K is almost simple. But
then K < A(H") is doubly transitive on the rows of a Hadamard matrix and
Theorem 10 applies. We consider each case in turn. The point stabiliser of
PXLy(q) is a subgroup of AT'L;(q), which cannot have a transitive action on
q + 1 points. So this case does not yield an example. The point stabiliser
of Spg(2) is Sg, but Sg has no doubly transitive permutation representation
on 36 points. Finally, the stabiliser of a point in My is My, which has an
induced 3-transitive action on 12 points. It can be verified that this is indeed
the action of K on the columns of the Hadamard matrix of order 12. Hence
Aut(S) =2 PSLy(11) in this case, which is of index 144 in Mjs.

Now suppose that K is an affine group acting doubly transitively on the rows
of H', and the kernel of v contains soc(K ), which is regular on columns. Then
soc(K) is a transitive translation group (in the sense of [21]) on the 3-design
of H", and hence H' ~ H is a Sylvester Hadamard matrix by Theorem 8 of
[21]. O

Difference sets are also naturally related to symmetric 2-designs.

Definition 12. Let G be a group of order v, and let D be a k-subset of G.
Suppose that every non-trivial element of G may be represented in the form
didj_1 in exactly A different ways, for d;,d; € D. Then D is a (v, k, A)-difference

set in G. Two difference sets D and D in G are equivalent if D = gD’ for some
g € G and o € Aut(G).



Theorem 13. Suppose G contains a (v, k, A)-difference set D. Then there
exists a symmetric 2-(v, k,A) design on which G acts regularly. Conversely, a
symmetric 2-(v, k, \) design on which G acts reqularly corresponds to a (v, k, A)-
difference set in G.

Proof. Set V.={g| g€ G} and B={Dg|g € G}. Then S = (V, B) is a sym-
metric 2-(v, k, \) design. The right regular action of G on V gives an embedding
of G into Aut(S) as a regular subgroup.

In the other direction, suppose that S is a symmetric 2-(v, k, A) design with
G < Aut(S) acting regularly. Identify the points of S with the elements of G.
Blocks of & become subsets of G. By Theorem 6, G acts regularly on blocks.
Then one finds that all blocks are of the form byg~' for some fixed block by. But
|bog™! Mboh™| = X for arbitrary g,h € G, g # h™' implies that xi:z:j_l =h"lg
has precisely A solutions with x;,z; € by. So by is a (v, k, A)-difference set in G
as required. O

Remark 14. If &1 and S are equivalent designs and G acts regularly on &7,
then G acts regularly on S;. Furthermore, any difference set in G obtained
from &7 via the construction of Theorem 13 is equivalent to a difference set
obtained in the same way from Ss. Conversely, equivalent difference sets give
rise to equivalent symmetric designs via the construction of Theorem 13.

Note that Aut(S) can contain many conjugacy classes of regular subgroups
which are isomorphic as abstract groups. Let R; (i = 1,2) be regular subgroups
of Aut(S), and let D; be the difference set in R; constructed as in the proof of
Theorem 13. If Ry and Rs are Aut(S)-conjugate, then there is an isomorphism
a : Ry — Ry such that a(D;) is equivalent to Dy. Conversely, if Ry and
Ry are isomorphic but not Aut(S)-conjugate, then there need not be such an
isomorphism a.

Definition 15. Let H be a Hadamard matrix, D a difference set and S a
symmetric design. If D and S are related as in Theorem 13, then we say that
S underlies D, or that D is over S. If H is a Hadamard matrix related to S as
in Lemma 7, then we say that H is developed from S, or that S corresponds to

H. We use the same terminology for the relationship between D and H as for
S and H.

So by Lemma 9, (the first part of) Theorem 11, and Theorem 13, we see that
a (4n—1,2n—1,n —1)-difference set in a group G corresponds in a natural way
to a Hadamard matrix H such that G is isomorphic to a subgroup of A(H )y
acting regularly on {2,...,4n}. For this reason, a difference set with parameters
(4n —1,2n — 1,n — 1) is called Hadamard.

3 Hadamard matrices with doubly transitive au-
tomorphism groups

The relevance of doubly transitive permutation groups to the subject matter of
this paper is further exemplified by the following lemma.



Theorem 16 (Cf. [27], Lemma 11). Let H be a Hadamard matriz developed
from a (4n — 1,2n — 1,n — 1)-difference set as in Lemma 7 and Theorem 13.
Then A(H) is transitive if and only if A(H) is doubly transitive.

Proof. By Lemma 7 and Theorem 13, PermAut(H) fixes the first row and col-
umn of H, and acts transitively on the remaining rows. So by Lemma 9, A(H ),
is transitive on {2, ...,4n}. Thusif A(H) is transitive, then it is 2-transitive. O

In light of Theorem 10, it is not difficult to list all Hadamard matrices H
with A(H) non-affine doubly transitive. We do so in the remainder of this
section.

Lemma 17 (M. Hall, [10]). All Hadamard matrices of order 12 are (Hadamard)
equivalent, and for any such matriz H, A(H) = My acting sharply 5-transitively.

The action of Spg(2) in Theorem 10 is not its natural action on a 6-dimensional
Fy-vector space; rather the stabiliser of a point is a maximal subgroup isomor-
phic to Sg. This is the only action of Spg(2) that we will consider. In this action,
Ss acts primitively on the 35 remaining points. In [18], Ito and Leon construct
a Hadamard matrix H of order 36 with A(H) = Spg(2), and conjecture that it
is the unique such Hadamard matrix. We now observe that this is the case.

Theorem 18. Suppose that H is a Hadamard matriz with A(H) = Spg(2) in
its doubly transitive action on 36 points. Then H is unique (up to Hadamard
equivalence).

Proof. By Lemma 1 of [17], Ker(v) has order 2. Thus |[Aut(H)| = 2-|Spg(2)| =
2,903, 040. Now see Tables 8 and 9 of [4], where an exhaustive computer search
shows that there is a unique Hadamard matrix of order 36 with automorphism
group of order 2,903, 040. O

Remark 19. Alternatively, we may argue as follows. It may be verified, for a
Hadamard matrix H of order n, that |A(H); : v(PermAut(H))| divides n. So
the automorphism group of a symmetric 2-(35, 17, 8) design corresponding to H
will have index dividing 36 in Sg. Theorem 2 of [5] states that there are four
symmetric 2-(35, 17, 8) designs with automorphisms of order 7. One of these has
Sg as its automorphism group; the others have automorphism groups of order
at most 420. By Remark 8, this gives another proof of the uniqueness of H.

This resolves the two sporadic cases of Ito. We consider now the case that
PSLy(p*) acts on the rows of H.

Definition 20. Let ¢ = 3 mod 4 be a prime power. Then the quadratic
residues of IF; form a difference set in the additive group of F,. Such a differ-
ence set is known as a Paley difference set. A Paley design is the underlying
symmetric 2-design of a Paley difference set, and a Paley Hadamard matriz is
a Hadamard matrix developed from a Paley difference set (these are generally
known as Type I Paley matrices.)



The Paley matrices are well studied. In particular, their automorphism
groups were determined by Kantor.

Theorem 21 ([20], [7]). Let H be a Paley Hadamard matriz of order p™ +1 >
12. Then Aut(H) is an extension of Cy by PXLao(p") (that is, PSLa(p™) extended
by field automorphisms).

Definition 22. Let ¢ = p" for a prime p. Then AT'L;(q) is the group of
semilinear transformations of Fy; that is, transformations of the type x — ax?+b
for a € F;, b € Fy and o € Aut(F,), where we consider F, as a field extension
of Fp,. The group AGL;(q) is a normal subgroup of AT'L;(g), consisting of the
transformations of the form x — ax + b.

Theorem 23. Let H be a normalised Hadamard matriz of order q + 1, for
a prime power ¢ = 3 mod 4, g > 11. Then PSLy(q) in its natural doubly
transitive action is a normal subgroup of A(H) if and only if H is equivalent to
a Paley Hadamard matriz.

Proof. Suppose that PSLy(g) is a normal subgroup of A(H). Then the stabiliser
of a point in A(H) contains a subgroup of index 2 in AGL;(g). This contains
a normal elementary abelian subgroup R of order ¢ acting regularly on the
remaining points. It is clear that R fixes a point in its action on columns. Hence,
R is a regular subgroup of Aut(S), where S is a symmetric design corresponding
to H. Thus by Theorem 13, H is developed from a difference set D in R. We
show that D is necessarily of Paley type: this guarantees that H is equivalent
to a Paley Hadamard matrix by Remarks 8 and 14.

Consider A(H )1 2, the stabiliser of a point in A(H);. This has two orbits on
the remaining rows, one labelled by quadratic residues and one by non-residues.
By Bruck’s characterisation of the multipliers of a difference set ([2], Definition
VI.2.1), we have that the quadratic residues are multipliers of D. Now, by
Lemma VI.2.5 of [2], there exists a translate of D fixed by every multiplier.
This translate either consists entirely of quadratic residues or of quadratic non-
residues. In either case D is equivalent to a Paley difference set.

Conversely, by Theorem 21, if H is of order ¢g+1 > 12, and H is equivalent to
a Paley Hadamard matrix, it is clear by Theorem 21 that PSLy(¢) < A(H). O

The previous results yield the following classification.

Corollary 24. H is a Hadamard matriz such that A(H) is non-affine doubly
transitive if and only if one of the following holds.

e H is of order 12.

o H is in the unique equivalence class of Hadamard matrices of order 36 on
which Spg(2) acts.

e H has order greater than 12 and is equivalent to a Paley Hadamard matrix.



Remark 25. The (Paley) Hadamard matrices of order less than 12 are excluded
from the list of Corollary 24 because their automorphism groups are affine dou-
bly transitive rather than non-affine. Indeed, these matrices are equivalent to
Sylvester matrices.

We note that an unpublished paper [22] of Moorhouse classifies all complex
Hadamard matrices with doubly transitive automorphism groups. Our classifi-
cation agrees with his in the special case considered here.

4 Cocyclic development

Theorem 16 implies that if H is a cocyclic Hadamard matrix developed from a
difference set, then A(H) is doubly transitive. In this short section, we describe
all the groups over which the Hadamard matrices of Corollary 24 are cocyclic.
This can be achieved for any Hadamard matrix H by classifying subgroups
of the permutation automorphism group which act regularly on the rows and
columns of the expanded matrix

1 -1
(1 71)en

and contain the central involution (—I,—I). This turns out to be equivalent to
classifying regular subgroups of A(H) which possess some additional properties
(specifically, the preimage in Aut(H) of such a regular subgroup must project
onto a regular permutation group on the columns of H).

We consider the sporadic cases first. The next two results were obtained us-
ing the computational techniques developed in [25] from ideas due to de Launey.

Lemma 26 ([25], Section 5.3). A Hadamard matriz of order 12 is cocyclic
over the alternating group A4, the dihedral group of order 12 and Cy x Cg, with
extension groups SLo(3), C3 x Qg and C3 x Qg respectively.

The cocyclic Hadamard matrices of order 36 are classified in [26]. The
Hadamard matrix of Ito and Leon is not contained in the classification. In
fact the Paley Type II matrix is the only cocyclic Hadamard matrix at this
order with a non-solvable automorphism group.

Lemma 27. Let H be in the unique equivalence class of Hadamard matrices of
order 36 with A(H) = Sps(2). Then H is not cocyclic over any group.

This leaves only the Paley Hadamard matrices to consider. The groups over
which a Paley Hadamard matrix is cocyclic have been described by de Launey
and Stafford. This result is deep, and relies on detailed knowledge about the
finite near-fields, amongst other things.

Theorem 28 ([7], Section 5). Let H be a Paley Hadamard matriz of order ¢+ 1.
Then H s cocyclic over the dihedral group of order q+ 1, with dicyclic extension
group. There are additional extension groups only for ¢ € {3,7,11,23,59}.

10



The additional extensions in Theorem 28 are described in Section 5 of [7].
The matrices of orders 4,8,12 and 24 are also discussed in Chapter 5 of [25].
There is just one additional extension group for the Paley Hadamard matrix of
order 60, namely SLo(5).

Corollary 29. Let H be a Hadamard matriz with A(H) non-affine doubly tran-
sitive. Then H is cocyclic if and only if either H is of order 12, or H is equiv-
alent to a Paley Hadamard matriz. In both cases all groups over which H 1s
cocyclic and all extension groups for H are known.

5 A classification of (4n—1,2n—1,n—1)-difference
sets with ‘transitive extensions’

In this section, we classify up to equivalence (in the sense of Definition 12) the
(4n—1,2n—1,n—1)-difference sets which correspond to the Hadamard matrices
of Corollary 24.

Suppose that H is a Hadamard matrix such that A(H) is non-affine doubly
transitive. Let S be a symmetric 2— (4n—1,2n—1,n—1) design underlying H.
We may assume (by Theorem 12) that Aut(S) is transitive, so that Aut(S) =
A(H)1 by Theorem 10, or H is of order 12. Then by Theorem 13, the difference
sets corresponding to H are in bijection with the regular subgroups of A(H);.
Note that we do not describe all difference sets in these groups (a listing of all
difference sets in elementary abelian groups is well beyond the bounds of existing
techniques!), but only those for which the corresponding Hadamard matrix H
has A(H) non-affine doubly transitive.

To summarise: for each of the doubly transitive groups identified by Ito,
we classify the regular subgroups of a point stabiliser on the remaining points.
We choose a representative from each conjugacy class of regular subgroups and
describe the difference sets in these groups which correspond to the Hadamard
matrices of Corollary 24.

Lemma 30. Suppose that H is a Hadamard matriz of order 12. Let S be a
symmetric design corresponding to H. Then Aut(S) has precisely one conjugacy
class of regular subgroups, each of which contains the Paley difference set of that
order.

Proof. The stabiliser of a point in Mio is the simple group M;i;, but the au-
tomorphism group of § is PSLy(11). This group has a unique conjugacy class
of regular subgroups. The First Multiplier Theorem (see Theorems VI.2.6 and
VI.2.11 of [2]) allows us to settle this case by hand. We are searching for an
(11,5, 2)-difference set in Z;1, so 3 is a multiplier. That is, any difference set in
711 has a translate which is fixed by the automorphism = — 3z. The orbits of
this automorphism are {1,3,4,5,9}, {2,6,7,8,10} and {0}. But the first orbit
consists precisely of the quadratic residues of Fy1, so is a Paley difference set.
The second orbit also forms a difference set, which is equivalent to the first
under the inversion automorphism. O

11



It is easy to show that Sg does not contain a subgroup of order 35 (no element
of order 5 commutes with an element of order 7 in Sg). Hence in its action on
35 points, Sg does not contain a regular subgroup.

Lemma 31. Suppose that H is a Hadamard matriz of order 36, and A(H) =
Spe(2) acting doubly transitively. Then H is not developed from any difference
set.

Remark 32. Lemmas 27 and 31 may be compared to [27, Theorem 10].

By Corollary 24, all that remains to be considered are the Paley Hadamard
matrices. Let H be the Paley Hadamard matrix of order ¢ + 1. Then A(H) =
PXLs(q), by Theorem 21. Then by Theorem 11, we see that a symmetric 2-
design corresponding to the Paley Hadamard matrix of order g+1 has a subgroup
of index 2 in ATL;(q) as its automorphism group. Thus, our first task is to
classify the regular subgroups of this automorphism group. For convenience, we
now state the main results of our investigations.

Theorem 33. Let H be the Paley Hadamard matrix of order g+1. Express q as
P for a prime p, and n coprime to p. Then A(H)1 has e+1 conjugacy classes
of reqular subgroups. One is normal and elementary abelian, the remainder are
non-normal, non-abelian of exponents p2pt for0<t<e-—1.

The difference sets in the abelian regular subgroups are equivalent to the
Paley difference sets. A description of the non-abelian difference sets corre-
sponding to the Paley Hadamard matrices is given in the proof of Lemma 46.
This will complete the description of all difference sets for which the correspond-
ing Hadamard matrix H has A(H) non-affine doubly transitive.

Corollary 34. There exists a difference set corresponding to a Hadamard ma-
tric H with A(H) non-affine doubly transitive if and only if H is a Paley
Hadamard matriz. All such difference sets are known.

The rest of this section is devoted to a proof of Theorem 33.

5.1 The regular subgroups of AI'L,(q)

Let K/L be a Galois field extension of degree n, with Galois group G. Then
the Normal Basis Theorem states that there exists an element of w of K such
that w® is a basis for K as an L-vector space. Recall that extensions of finite
fields are always Galois, with cyclic Galois group.

We will consider F, as a field extension of F,, for the moment. Extensions of
intermediate fields are obtained by replacing the Frobenius automorphism o by
a suitable power, and will be considered later. We now determine the regular
subgroups of AT'L;(¢) in its natural action.

Lemma 35. Suppose that ¢ = p™ and p does not divide n. Then the only reqular
subgroup of AT'L1(q) is elementary abelian and normal.

12



Proof. The subgroup T consisting of the maps = +— = +a for a € F, is a regular
normal subgroup of AT'L;(¢) and is easily seen to be elementary abelian. But a
Sylow p-subgroup of AT'L;(q) is of order ¢; hence T is the unique subgroup of
order ¢ in AT'Lq(q). O

We consider now the case that ¢ = pP. (The argument for the general case is
almost identical, and is given later.) In this case, a Sylow p-subgroup of AT'L;(q)
has order p?*!, and a regular subgroup has order pP. By the Normal Basis The-
orem, we may consider F, as an F,-vector space V' of dimension p, on which the
Frobenius automorphism ¢ acts by cyclic permutation of co-ordinates. We fix
some notation: {vy,vs,...,v,} is a basis for V, AT'L(q) = (a1, as, ..., ap, 5,0)
where the action of each of the generators is given by

¥ =+ v, VP =bo, V] = Vit1,

with subscripts interpreted modulo p, b is a primitive element of F} and the ac-
tion of ¢ is extended linearly to all of V' = F,. The subgroup G = (a1,...,ap,0)
is a Sylow p-subgroup of AI'L;(g). We can determine a presentation of G with
relative ease:

G = <a17"'aapva‘ai‘?:o’p:la[a%a_j] :laa?:ai+lalgiajgp>'

Remark 36. We observe that the prime subfield of F, is fixed by o; it is the
subspace spanned by vq 4+ va + -+ 4+ V.

Lemma 37. A non-trivial element of G is either fixed-point-free, or is conjugate
to an element of (o) and fizes p points.

Proof. The element o centralises p? elements of G (namely those of the form
af ---ajo'), so |[Ng({0))| = p* and the number of distinct conjugates of (¢) in
G is pPTt/p? = pP~L. Now o fixes the prime subfield, so a non-trivial element
in the union U of these conjugates fixes at least p points in V. Note that
|U| = pP~1(p — 1) + 1. Since G is transitive on V, it then follows from the
Cauchy-Frobenius formula that each non-trivial element of U fixes precisely p

points, and that G\ U is the set of fixed-point-free elements of G. O

Definition 38. Let E be a multiplicatively written elementary abelian group
of order p*, with fixed minimal generating set {ei,...,ex}. Then the weight of
an element of FE is given by

k
w(el* - -exr) :in modp (0<ax; <p-—1).
i=1

Definition 39. Each element g of G may be expressed uniquely in the form
ac® for some a € {(ay,...,a,) and 0 <t < p— 1. Define the weight w(g) of g to
be w(a). Also define the class of g to be t.

Lemma 40. The weight and class of an element of G are invariant under
conjugation by G.
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Proof. Each quantity is preserved under conjugation by the generators of G. [

Lemma 41. All conjugates of o have weight 0. Furthermore, an element of G
of weight zero is conjugate to ot if and only if it has class t.

Proof. The first part is immediate from Lemma 40. For the second, it suffices
to show that an element of weight zero and class t is conjugate to o*.

By Lemma 37, ¢! has pP~! conjugates. Each of these is an element of weight
zero and class t. But there are precisely p?~! elements in G with this property.
The result follows. O

By definition (a1,...,a,) acts transitively on V; hence it is a regular sub-
group of G. As the next theorem shows, this is the only abelian regular sub-
group.

Theorem 42. Let ¢ = pP. Then AT'L1(q) has two conjugacy classes of reg-
ular subgroups. In particular, all non-abelian regular subgroups are ATLy(q)-
conjugate.

Proof. Consider the subgroup
Ty = (a0", 1 <i <p)

of G. Note that T}, is abelian if and only if £ = 0. We claim that T}, = {ac®®(®) |
a € Ty}. To see this, let g = ac** and h = bo** for a,b € Ty have weights ¢, s
respectively; then

gh — ao_ktbo_k,s — abrr’kto_k(t-&-s)

has weight w(a) + w(b"_kt) =t + s and class k(t + s). Since T} is generated
by elements of weight 1 and class k, this implies by induction that the class of
g €Ty is k- w(g), as required.

We show that each T} is a regular subgroup of G. Let g € Ty, g # 1.
If w(g) # 0 then g is fixed-point-free by Lemmas 31 and 34. Suppose that
w(g) = 0. Then the class of g is zero by the previous paragraph. By Lemmas
31 and 35, we see once again that g is fixed-point-free. But T} has order p? and
acts on a set of this size: it is regular.

In the next part of the proof we establish that the T} are the only regular
subgroups of GG. Since a regular subgroup R has index p in G, R must contain
the normal subgroup

K= <a1a2_1, agagl, . ,ap_la;1>
of G that lies in every T}. Note that |K| = pP~!, K consists of all elements of
weight 0 in Ty, and Ty = UP_ ai K. If R # Ty then R = (ajot, K) for some
1<s,t<p—1. But afot =ajo"® where r = ts~! mod p, so that R =T,.

Now choose any r, 1 <7 < p—1. Let ¢ = r~! mod p. Then there exists
~ € (B) such that v7 = cv for all v € V. The equalities

yo o) oy

07 = (cv;)? = vy = c(v]) = v;

14



and )
- - c
v 4T = (o4 v)Y = v ey = v

imply that 07 = o and a] = af. Therefore T} = (a§o, 1 <i <p) =T,.
Finally, since a regular subgroup of AT'L;(q) is contained in some Sylow
p-subgroup, and (as we just showed) all non-abelian regular subgroups of the
Sylow p-subgroup G are conjugate, all non-abelian regular subgroups of AT'L; (¢)
are conjugate. O

Corollary 43. Suppose that F is a field of characteristic p and that K is an
extension of F. Then AULp(K), the group of semilinear transformations of K
fixing F, contains one conjugacy class of reqular subgroups for each power of p
dividing the degree of the extension (including p°).

Proof. In the case that K is an extension of degree mp where p t m, it suffices
to consider K as an extension of degree p over a suitable intermediate field. The
argument of the previous theorem holds with minor modifications.

Now we consider field extensions of degree p®. Here we construct a tower of
extensions, each of degree p. It is then seen that one additional conjugacy class
of regular subgroups is obtained at each level of the tower. O

We recall that the automorphism group of a symmetric Paley 2-design S is of
index 2 in AT'Ly(q). So its Sylow p-subgroups are the same as those of AT'L;(q).
Thus the conjugacy classes of regular subgroups of Aut(S) are in bijection with
those of AT'L;(g). This completes the proof of Theorem 33.

6 Application: Skew-Hadamard difference sets

Definition 44. Let D be a (v, k, A)-difference set in G. Then D! = {d~! | d €
D} is also a (v, k, A)-difference set in G. We say that D is skew if [DND~!| =0
and G=DUD ' U{1}.

It is easily seen that all skew difference sets have parameters of the form (4n—
1,2n—1,n—1). Thus the terms ‘skew’ and ‘skew-Hadamard’ are interchangeable
when referring to difference sets. Skewness is a strong condition to impose on a
difference set and it implies several non-existence results.

Theorem 45 ([1], Theorem 4.15). The only skew difference sets in cyclic groups
are the Paley difference sets in groups of prime order.

For many years the Paley difference sets were the only known examples of
skew difference sets, and it was conjectured that they were the only examples.
Recently Ding and Yuan [8] used Dickson polynomials to construct new skew
difference sets in the additive groups of F3s and F37. They show that these dif-
ference sets are inequivalent to the Paley ones. They conjecture that their con-
struction produces inequivalent difference sets for all elementary abelian groups
of order 3?"+!. This paper revitalised the study of skew-Hadamard difference
sets: recent results of Feng [9] give a construction for such difference sets in
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non-abelian groups of order p?. Muzychuk [24] goes even further: he shows that
there are exponentially many equivalence classes of skew-Hadamard difference
sets in elementary abelian groups of order ¢3. In this section we construct the
first triply infinite family of skew difference sets inequivalent to the Paley family.
These appear to be the first known skew difference sets in non-abelian p-groups
of unbounded exponent.

Lemma 46. The group Ty as defined in the proof of Theorem 42 contains a
Hadamard difference set.

Proof. Since Ty acts regularly on the Paley design, Theorem 13 guarantees the
existence of a Hadamard difference set in T7.

We describe the difference set explicitly. Let D be a difference set in Ty (we
can take D to be the set of quadratic residues of Fp» ). Recall that Ty = {oc%(®)q |
a € Tp}. Define D; = {6“@a | a € D}. Now, o normalises 7). Hence, o is
a multiplier of D; (see Lemma V1.2.4 of [2]). So there exists a translate of D
which consists of a union of orbits of o on T7.

Express this translate of D; as D'y = Uf;ol 0'X;. Then since ¢ is weight
preserving, each X is a union of orbits of ¢. This implies that

-1 _ ok —1\oF o v—1 ok

XiX; =X7 (X;7)7 =(X:X;)

for any power k of 0. Then the multiset of quotients
{oifj(abfl)gfj | c'a,09b € D'y}
represents each element of 77 equally often, because D is a difference set. Thus
D, is a difference set in 7. O
Remark 47. Any group T}k, as a conjugate of T3, also contains a Hadamard
difference set.
One direction of the following lemma is stated in Remark V1.8.24 of [2].

Lemma 48. Let G be a group containing a difference set D, and let M be the
associated {£1}-matriz of D. That is,

M = [x(9i9; g..gycc

where the ordering of the elements of G used to index rows and columns is the
same, and where x(g) = 1 if and only if g € D. Then M + I is skew-symmetric
if and only if D is skew-Hadamard.

Proof. Suppose that (M +1)T = —M —I. Then the elements of D are precisely
those for which x(g;17!) = 1 (i.e. they correspond to positive entries in the
first row of M). But by skew-symmetry of M + I we obtain that X(lgi_l) =
—x(gi171), so that g; € D if and only if g; ' ¢ D. Hence D is skew as required.
In the other direction, observe that
T
MT = [x(9i9; ], 4 co = X059, g6 = Dlaig;i D™, o

So if D is skew-Hadamard then (M +I)T = —M — 1. O
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Theorem 49. The group T1 contains a skew-Hadamard difference set.

Proof. Since the Paley Hadamard matrices are skew, this follows from Lemmas
46 and 48. ]

Thus Theorem 49 furnishes a family of skew non-abelian difference sets in
groups of order p™" for any prime p =3 mod 4, n odd and coprime to p, and
e > 1. These difference sets have not previously appeared in the literature.

To conclude this section, we observe that there are no other skew-Hadamard
difference sets for which the corresponding Hadamard matrix has a doubly tran-
sitive automorphism group.

Theorem 50. Let H be a Hadamard matrixz of order greater than 8 with affine
doubly transitive automorphism group. Then H is not developed from a skew-
Hadamard difference set.

Proof. First, suppose that H is developed from a skew-Hadamard difference
set. Then by Lemma 48, the incidence matrix for the underlying 2-design is
skew; hence any difference set corresponding to H will be equivalent to a skew
difference set.

H has order 2™ for some n, and by a result of Moorhouse [22] is equivalent to
the Sylvester matrix of that order. It is well known that the underlying 2-design
S of a Sylvester Hadamard matrix is isomorphic to the point-hyperplane design
of projective n-space over Fo. Thus the automorphism group of S contains a
regular cyclic subgroup (a Singer cycle).

But if H is developed from a cyclic skew difference set then H is equivalent
to a Paley matrix, by Theorem 45. It is well known that the Paley and Sylvester
series of matrices coincide only at orders 4 and 8. O

Corollary 51. Let D be a skew difference set, and H the Hadamard matriz
developed from D. Then A(H) is doubly transitive if and only if H is equivalent
to a Paley Hadamard matrix.

7 Application: Hall’s sextic residues

We use our classification of Hadamard matrices with non-affine doubly transitive
automorphism group to establish necessary and sufficient conditions for a Hall
difference set to correspond to a cocyclic Hadamard matrix.

Definition 52. Let p be a prime of the form 4n — 1 = 22 + 27 for some positive
integer x (there are no non-trivial prime powers of this form). Let F be a field
of size p, and denote by C the multiplicative group of F. Let U be the unique
subgroup of index 6 in C' and denote by p a preimage in [F), of a generator of
C/U. Then U U pU U 13U is a (p, %, %) difference set in F, which we call
a Hall difference set. The elements of this difference set are generally known as
Hall’s sextic residues.
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Theorem 11.6.7 of [11] proves the existence of these difference sets, and
characterises them, together with the Paley difference sets, as the only ones
having the sextic residues as multipliers.

We will require the following result, claimed by Ramanujan, and later proved
by (among others) Mordell.

Theorem 53 ([23]). The only solutions of the Diophantine equation 2" = x> +7
aren=3,4,5,7,15.

A Hall matriz is a Hadamard matrix developed from a Hall difference set.

Theorem 54. Suppose that H is a Hall matriz of order t. Then H is cocyclic
if t = 32, and possibly if t = 131072, but not otherwise.

Proof. Suppose that H is cocyclic. By Theorem 16, A(H) is doubly transitive.

We begin with the affine case. By Theorem 53, the only solutions to the
equation 2" = 422 + 28 occur when n € {5,6,7,9,17}. But of these values of
n, the only ones such that 2” — 1 is prime are n € {5,7,17}. A computation in
MAGMA [3] reveals that the Hall matrix of order 32 is equivalent to the Sylvester
matrix of that order, and so is cocyclic (see Section 6.4.1 of [14]). Again, by
direct computation, the Hall matrix of order 128 does not have a transitive
automorphism group, and so is not cocyclic.

In the non-affine case, Theorem 33 and Corollary 34 imply that H is cocyclic
only if a Hall difference set corresponding to H is equivalent to a Paley difference
set. This does not occur (see Remark VI.8.4 of [2]). O

We conclude with an application of the classification of doubly transitive
permutation groups to settle the remaining order 2!7 in Theorem 54.

Lemma 55. The Hall matriz H of order 131072 is not cocyclic.

Proof. First, we prove that A(H) is non-solvable. By Theorem 11.6.7 of [11],
the 6" powers in Fy17_; are multipliers of the difference set. Thus PermAut(H)
contains a subgroup of order 27-2 Temma 9 then implies that A(H) contains a
subgroup of this order. By Theorem XII.7.3 of [15], a solvable doubly transitive

group of degree 217 is a subgroup of AT'L(2!7). But this has order 17(217)(2!7 —
2172

1), and so cannot contain a subgroup of order

So the automorphism group of H is non-solvable. Hering has classified the
non-solvable affine doubly transitive groups (a list is given in Section 5 of [12] and
proved to be exhaustive in [13]). There are only three infinite families of doubly
transitive affine groups, and two of these are easily dispatched: both Ga(q)
and Sp,,(¢) act on even dimensional vector spaces. Thus if A(H) is doubly
transitive then A(H); contains SLj7(2) as a normal subgroup. Recall that
SL.(2) & PGL,(2) is itself doubly transitive. Hence as a transitive extension
of A(H)1, A(H) is triply transitive. But by Proposition 2 of [17], a Hadamard
matrix with triply transitive automorphism group is equivalent to a Sylvester
Hadamard matrix. All Singer subgroups of PSLi7(2) are conjugate, but this
yields a contradiction of Remark VI.8.4 of [2]. O
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