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ABSTRACT The nonlinear frequency division multiplexing (NFDM) transmission scheme continues to
attract high interests in optical communications due to its robustness against nonlinearity and dispersion.
The use of Hermite Gaussian (HG) wave-carriers has been proposed and has been shown to out-perform
conventional methods used by state-of-the-art single polarization NFDM systems due to their excellent
time-bandwidth-product (TBP) efficiency. In this work, employing the Manakov model, we investigate and
demonstrate, for the first time, a high-capacity dual polarization NFDM (DP-NFDM) transmission system
based on HG wave-carriers, enhanced by a single parameter equalizer. We report here, a record high spectral
efficiency of 12 bits/s/Hz for dual-polarization HG-based DP-NFDM systems.

INDEX TERMS Optical communications, nonlinear frequency division multiplexing, NFDM, Hermite-
Gaussian, NFT, dual polarization.

I. INTRODUCTION
Currently, optical fiber communication systems are fast
approaching their capacity threshold [1], [2], [3]. The recently
proposed nonlinear frequency division multiplexing (NFDM)
scheme is seen as a very potent solution to the problem
imposed by Kerr nonlinearity, that has limited the capacity
of existing optical communications systems [4], [5]. The
key idea of the NFDM scheme is that after performing a
special nonlinear Fourier transform (NFT) on the signal,
the evolution of the resulting nonlinear spectrum during
signal propagation is trivial and can be easily compensated.
Therefore, it is possible to encode the data directly on the
nonlinear spectrum, obtain a waveform at the transmitter
by means of the inverse nonlinear Fourier transform (INFT)
operation, launch the signal into the optical channel and
ultimately, recover the sent data by means of forward NFT
and propagation compensation [6]. The NFDM scheme,
which has been shown to be capable of eliminating issues
such as the nonlinear cross-talk, however, has its own
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drawbacks [7], [8]. One of the main drawbacks is the fact
that NFDM systems by design are limited to the burst
mode, which leads to poor time-bandwidth-product (TBP)
[9], thereby limiting the achievable information rate (AIR)
of the system [5].

Recently, some of us proposed the use of Hermite-
Gaussian (HG) wave-carriers [10], [11], as alternatives to the
commonly used sinc-based carriers. The HG wave-carriers
are known to possess low TBP and excellent localization
properties, both in the time and frequency domains [12].
These properties are also carried forward to the nonlinear
domain, which enabled us to achieve up to 4.45 bits/s/Hz
spectral efficiency (SE) for a single polarization 32-QAM
system at baud rates above 20 Gbaud [11]. However, since
previous works on HG-based NFDM have focused only on
the implementation of single polarization systems, it stands to
reason to investigate the possibility of doubling the capacity
by implementing a dual polarization (DP) NFDM system
based on HG wave-carriers.

Therefore, this work seeks to investigate and demonstrate
the possibility of achieving dual polarization for HG-based
NFDM systems, employing the Manakov model, while
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exploring high modulation formats. The main performance
degrading factors in the NFDM transmission are not chro-
matic dispersion and Kerr nonlinearity but rather inline
amplifier spontaneous emission (ASE) and the so-called pro-
cessing noise. The latter is a deterministic spectral distortion
stemming from insufficient sampling, burst clipping and
other deterministic model imperfections [13].

To mitigate it, we implement a practical mean square
error (MSE) equalization technique, based on a single
complex parameter equalizing the constellation distortion
and rotations. This has allowed us to achieve a high SE
of 12 bits/s/Hz for both polarizations, which constitutes
a record, to the best of our knowledge, for DP-NFDM-
based schemes. When normalized per polarization, these
results exceed previous NFDM SE record of 5.5 bits/s/Hz
for single polarization reported recently in [14] for traditional
sinc-based b-modulation, where the authors employed an off-
line pre-training of a linear minimum mean-squared error
estimator at the receiver.

The current submission is the extension of the work
presented in [15]. We have added the comparison with a
conventional system operating at similar baudrate. Also,
we have included the study of the bandwidth dependence
on the linear power, as well as the influence of neighboring
bursts and constellation cardinality on the overall system
performance.

II. THE HG-BASED DP-NFDM TRANSMISSION
In this work, we consider a dual-polarization optical fiber
channel, which is described by the path-averaged Manakov
equation [16]
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−→
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[Q1(t, z), Q2(t, z)]T , which is a function of time t and
distance z along the optical fiber link. Also, γ , α, and β2
denote the Kerr nonlinearity, fiber loss coefficient, and
chromatic dispersion respectively, with span of length La.
In NFT-based transmission schemes, the model is usually
presented in the normalized soliton units, when the time
is normalized to a characteristic pulse duration Tn, T =

t/Tn, and z is normalized by a dispersion length, LD =

T 2
n /|β2|, while the envelope also is normalized to a nonlinear

power q = Q (8γ ′LD/9)1/2. The effects of the amplifier
spontaneous emission noise, are given by the −→n (z, t) term,
which we assume as a complex white Gaussian process.
This distributed noise model is exact in the case of ideal
distributed Raman amplification [1] (where one must put
γ ′

= γ ) but also applies to the path-averaged description
of a lumped erbium-doped fiber amplification scheme, after
the appropriate re-normalization of the nonlinear coefficient
[17]. In conventional NFDM, the data are encoded in the
nonlinear frequency spectrum and modulated directly on the
so-called b-coefficient at the transmitter as in [18] and [19],

where sinc-based carriers were used. This is the b-modulation
version of the NFDM, which has by now replaced the original
suggestion in [4] and [5].
The general scheme of the NFDM transmission that

follows is given in Fig.1. Here, we use the same scheme but
for dual polarization scenario, using the (I)NFT algorithm
described in [20]. The algorithm relies on Ablowitz-Ladik
and discrete layer peeling (DLP) methods and represents
a generalization of the similar approach for the scalar
case. Additionally, we apply the HG wave-carriers as was
previously done in [11] for a single polarization. We use an
exponential squeezing mapping as in [18] to ensure that the
vector b-coefficient obeys the necessary constraint ∥b⃗∥ ≤ 1
(see e.g. [20], [21]). Thus, for the initial b-coefficient at the
transmitter, we obtain the following expression:
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where i = 1, 2 labels polarization components, ξ denotes
the ‘‘nonlinear frequency’’, cn,i are a set of N transmitted
symbols in each polarization, S > 0 is the power scaling
factor and fn(ξ ) is the Hermite-Gaussian function of order n,
with

Hn(ξ ) = (−1)neξ
2 dn

dξn
e−ξ2 . (3)

As mentioned earlier, the main benefit of using the HG
subcarriers is that they offer low TBP as well as higher
spectral efficiency as they possess excellent localization
properties both in the linear and nonlinear Fourier domain
[10], [12].

The initial spectrum as described in (2) is then pre-
compensated, transformed in the time domain and propagated
through the fiber channel - see Fig. 1. At the receiver,
the orthogonality of the HG carriers, like the commonly
used sinc-based carriers, allows for a simple demodulation
process, where the coherently detected received signal
is forward NFT-transformed, and projected on different
sub-carriers for symbol recovery.

In this work, we use the Q-factor (defined via bit error rate
as Q = 20log(

√
2erfc−1(2BER))), as well as the spectral

efficiency as the figures of merit. The spectral efficiency (SE)
is obtained via the achievable information rate (AIR) [22].
The latter represents the lower bound for the channel mutual
information (and hence channel capacity) when the receiver
is assumed to be optimized not for the unknown channel law
but for an auxiliary (mismatched) channel, which we have
assumed here as a complex Gaussian. Assuming symbol-wise
detection and that the symbols are sampled uniformly from a
constellation χM of cardinality M , the AIR per polarization
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FIGURE 1. A simple NFDM schematic diagram.

is obtained as
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where CN
{
Y |X , σ 2, σ̃ 2

}
represents a uni-variate complex

Gaussian distribution function with mean X , covariance
σ 2 and pseudo-covariance σ̃ 2, while the averaging is carried
out over multiple generated input-output symbol pairs
denoted as {Xk ,Yk} [18], [19]. After obtaining the AIR, the
SE can be calculated as

SE =
2N AIR
TbWd

[bits/s/Hz]. (5)

where the factor 2 accounts for 2 polarizations, Tb represents
the NFDMburst width andWd is the linear bandwidth, which
in this case is defined as the spectral window containing
99% of the burst energy (other threshold values are discussed
in Section IV). Generally, NFDM systems are implemented
using burst mode transmission as most NFT-based schemes
rely on time localized pulse decaying to zero [5] (as in
fact many other analog and digital communication systems).
Hence, information is transmitted in a burst of width Tb,
which includes, apart from the information sequence, a guard
band usually determined by the dispersion-induced spreading
of the pulse. If we denote by Td the 99% energy window of
the burst, which is the INFT of the initial spectrum (2), then it
is common to express the SE penalty as η = Tb/Td [11], [18],
[19]. The spectral efficiency as described in (5) can then be
rewritten as SE = 2N AIR/(TBP×η), where TBP = Wd×Td
represents the time bandwidth product.

III. THE SINGLE PARAMETER EQUALIZER
The ultimate goal of NFDM is to seek ways by which the
spectral efficiency of the optical transmission system can be
optimized. One way to achieve this is by ensuring shorter
burst duration by using the SE penalty η < 1 [11]. Achieving
this, however, leads to pulse clipping and signal degradation
[18], [19]. The resulting nonlinear spectral distortion is a
significant part of the processing noise [13], which at high
launch powers dominates over the ASE noise contribution
[11], [19].

In order to address the degradation in signal quality
and the overall performance, we implement a simple MSE
equalization based on a single complex parameter K . This

TABLE 1. The parameters of the fiber link.

is achieved in a practical way by selecting a small amount
of pilot symbols for training. In this work, we used the first
10 bursts such that if each contains N subcarriers in each
polarization, then Np = 2 × 10 × N pairs of input-output
constellation points are used. The simple equalizer, which
tries to minimize the mean square error of the received
symbols can be described as

K∗
= arg min

1
Np

Np−1∑
n=0

|Kcoutn − cinn |
2, (6)

where [cinn ]
Np−1
n=0 and [coutn ]

Np−1
n=0 are the sequences of sent

pilots and the corresponding received symbols in two
polarizations respectively. The loss function can be easily
minimized analytically to obtain

K∗
=

∑Np−1
n=0 c̄outn cinn∑Np−1
n=0 |coutn |2

, (7)

where the over-bar stands for the complex conjugate. The
obtained correction factor is then multiplied by the received
sample for the remaining runs and the Q-factor and SE are
calculated for those corrected values.

IV. SIMULATION RESULTS
In this section, we discuss the overall performance of the
implemented HG-based DP-NFDM transmission system,
employing b-modulation with the simple equalization dis-
cussed above. We considered high order QAM formats using
32-QAM, 64-QAM, 128-QAM and 256-QAM. The system
parameters of the optical fiber link used are given in Table 1.
In Fig. 2, the graph shows a plot of the Q-factor (obtained

by direct error counting) against the launch power for various
values of the burst width (controlled by the parameter η), with
and without equalization, for a 32-QAM system with N = 32
HG subcarriers in each polarization. The corresponding
typical baudrate was N/Tb = 22 Gbaud per polarization
corresponding to the burst width Tb = 7.4 ns. The plot
shows the advantage of the equalizer, offering a gain of up to
1dB for various values of η. The gain from the implemented
equalizer enabled us to achieve a more aggressive burst
clipping, while ensuring an improved signal quality, such
that even at η = 0.92, we are able to obtain a performance
close to the 7% HD-FEC threshold set as the benchmark
for tolerable quality of transmission. The implication of the
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FIGURE 2. The Q-factor of the HG-based DP-NFDM transmission for a
32-QAM system.

FIGURE 3. Q-factor graph with different number of bursts.

aggressive burst clipping, which the equalizer has afforded
us, is that we are able to obtain improved performance for
reduced values of η for the implemented dual polarization
transmission. Achieving this is very important, since being
able to keep the burst duration smaller than the width of the
pulse, as much as possible is key to achieving high SE.

For the channel simulation in the above results, we used a
standard split-step Fourier method. While in Fig.2, we imple-
mented a single burst during our simulations, we have also
put into consideration the effects of inter-burst interaction
by fixing the computational window equal to the (clipped)
burst width Tb and refraining from using absorbing boundary
condition. Therefore, the tails of the burst appearing during
the dispersion broadening are effectively back-reflected to
the computational window, thus, leading to the burst self-
interaction. To check that this scheme is accurate, we have
also performed simulations with different number of bursts.
The results are shown in Fig. 3, where we have shown the plot
of the Q-factor for different number of bursts and SE penalty

FIGURE 4. Defined linear bandwidth (GHz) versus Launch power graph
for a 32-QAM system.

FIGURE 5. The spectral efficiency of the HG-based DP-NFDM and a linear
benchmark system for different orders of modulation format.

parameter. One can see that the influence of the neighbouring
bursts on the central burst of interest is accurately modeled by
a single burst model with periodic BC.

In our publication we use 99% energy threshold for
defining a linear bandwidth Wd following our previous
publications [10], [11]. This may seem like an arbitrary
value and other researchers may consider different criteria.
Therefore, in order to elucidate the matter, in Fig. 4,
we provide the power dependence of the linear bandwidth
for a 32-QAM system for different values of the energy
threshold. One can see that raising the threshold from 99%
to 99.99% (as used for example in [9]), results in the
increase of the linear bandwidth Wd from 4.75 GHz to
5.3 GHz (i.e. SE degradation of only 12%). Also note that
the power dependence in the interval shown is negligible
(although the bandwidth does go up at higher values of input
power >−5 dBm when the performance is degraded by the
processing noise [13], [19]). This graph can also be used by
adjusting the SE results for different bandwidth definitions.
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FIGURE 6. The spectral efficiency of the HG-based DP-NFDM versus the
reach distance.

Next we study the effect of the modulation constellation
cardinality on the SE. The results are shown in Fig. 5.
In order to give a better perspective to this work, we added
the performance of a 32/256-QAM conventional linear trans-
mission systems as a benchmark. For the linear benchmark
systems, we used a single channel root raised cosine, with
a roll-off factor of 0.1. The parameters of the linear system
were chosen to match exactly the baudrates of its NFDM
HG counterpart (22 Gbaud for 32 QAM and 82 Gbaud
for 256 QAM respectively). Linear dispersion compensation
was also performed at the receiver for the benchmark
system. We did not use full digital back-propagation as its
performance depends on the number of steps per span as
an additional parameter and it was not our goal to provide
an extensive comparison with the conventional systems (see
early publication on NFDM [6], [17] for such a comparison).
From the results of Fig. 5, one can see the advantage of the

implemented equalizer in combination with dual polarization
Hermite-Gauss NFDM scheme. For example we were able
to achieve SE ranging from 9 bits/s/Hz for two polarizations
for the 32-QAM system, to a record high 12 bits/s/Hz for the
256-QAM system considered. Of course, one must keep in
mind that our definition of SE (5) depends explicitly on the
spectral energy threshold used in the definition of the linear
bandwidth (see Fig.4 ) and here we use the 99% value. One
can also see that the NFDM outperforms the conventional
benchmark counterpart at higher constellation cardinalities.

Finally, the plot of the spectral efficiency versus the reach
distance is shown in Fig. 6. The performance is expectedly
degraded with the distance owing to the accumulating ASE
noise - signal interaction in the nonlinear domain [19], [23].
However, in this work, the implemented HG-based DP-
NFDM, aided by the equalizer, shows good performance
and efficiency over long distance. In [18], where sinc-based
carriers were used, a maximum spectral efficiency of
7.2 bits/s/Hz was reported for a 960 km long-haul dual
polarization NFDM system. Here, this spectral efficiency
value was achieved around 1500 km, which is significantly

higher than the reach distance reported previously in [18].
This shows the viability of the implemented system as it
offers a desirable signal quality and spectral efficiency over
long reach distance.

V. CONCLUSION
In this paper, for the first time, we have implemented a
high modulation format dual polarization NFDM based on
HG wave-carriers. We demonstrated that the implemented
transmission system can be further enhanced by a practical
and simple equalizer, based on a single value parameter.
Aside the signal degradation due to residual phase rotation,
pulse clipping, undersampling (i.e. the processing noise),
the system experiences traditional random distortion due
to ASE noise accumulation. However, by using the low
time-bandwidth product of the HG wave-carriers, together
with a simple low-complexity equalizer, we were able
to achieve a record high SE value (for NFDM) of up
to 12 bits/s/Hz total for two polarizations. Furthermore,
we demonstrated that the reach distance can be significantly
improved, while maintaining good signal quality and achiev-
ing acceptable SE values. This work further consolidates
the high potential of HG wave-carriers as very viable
enhancement of the currently used NFT-based schemes.
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