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Evolution of radial and energy distributions in two-photon double ionization
of He in near-femtosecond fields
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In this paper we study the emergence of two-electron wave packets following the two-photon ionization of
helium with intense near-femtosecond pulses. Monitoring the dynamics of the doubly ionized portion of the
joint radial and energy distributions during the pulse’s lifetime, we observe and examine the effects of strong
Coulombic interactions which take place between electrons with partial waves other than the dominant pp
channels. The generated doubly ionized wave packets correspond to configurations where the two electrons
remain close to the core and roughly equidistant until the pulse’s peak; it is at later times that the sequential or
nonsequential nature of the double-ionization process leads to distinctly different patterns. Moreover, we also
show the difference in the evolution into the corresponding final-state distributions as the pulse’s central photon
energy varies between 42 and 70 eV and, thus, as the ionization mechanism transforms from the so-called
nonsequential to the sequential ionization regime, respectively.
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I. INTRODUCTION

Double photoionization (DI) is of special importance in
atomic and molecular physics, as it provides insights into
the dynamics of strongly correlated quantum systems and
may provide the means to clarify the often competitive role
between the external electromagnetic field and the interelec-
tronic interactions, taking place during the ionization process.
For example, interelectronic interactions may radically affect
the observed radial, kinetic-energy, and angular patterns of
the ejected electrons. Given the complexity of such ionization
processes, their theoretical description is invaluable to under-
standing and interpreting experimental reports, especially in
view of the current status in the generation of intense subfem-
tosecond soft-x-ray sources provided by free-electron lasers
(FELs) and high-harmonic radiation [1–6].

DI may proceed either via a single-photon absorption,
linear to the field’s intensity interaction process, observed
even in the weak-field regime (e.g., synchrotron radiation) [7],
or as a highly nonlinear process by multiphoton absorption
using intense long wavelength radiation [8,9]. Both single
and multiphoton DI have been investigated extensively in
the past decades, each one contributing its merit to the un-
derstanding of the role of the electronic correlations in the
double-photoionization process. In the case of single-photon
DI the theoretical treatments, often ignoring the temporal
nature of the field, employ either traditional perturbation
theory [7,10,11] or methods which reformulate the relevant
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time-dependent Schrödinger equation (TDSE) into a set of
coupled states as for example is done in the converged close-
coupling method in [12] and in [13] where the nonperturbative
Floquet method was applied. On the other hand, since in mul-
tiphoton DI the interaction with the field is highly nonlinear
the direct solution of TDSE is vital in order to develop a
realistic theory [14,15]. In between these two cases the two-
photon double ionization (TPDI) of rare gases presents some
interesting properties which facilitate its experimental and
theoretical study; TPDI requires sufficiently intense pulses
with photon energies in the UV or soft-x-ray regime. Such
pulses have recently become available not only with FELs
but also with Ti:sapphire high-harmonic generation sources
[16]. In response to the availability of these radiation sources,
within the past 30 years a vast number of theoretical works
have studied the TPDI of noble gases with pulses of few
femtoseconds in duration [17–33], relying on nonperturbative
approaches, like the resolution of the TDSE or time-dependent
perturbation theory. As a result, to date, a quite sufficient
understanding of the TPDI mechanisms (discussed in more
detail in the next paragraph) has been achieved and experi-
mental data are currently interpreted on this basis [34–39].
Very briefly, for the case of DI with few femtosecond pulses a
clear distinction between sequential double-ionization (SDI)
and nonsequential double-ionization (NSDI) mechanisms is
possible and the theoretical calculations from the various
groups are convergent in their predictions for the ionization
yields, final energies, angular distributions, and cross sec-
tions [24,25,28,29,31–33,40].

The TPDI of atomic helium represents a special case
as it is free from complications originating from the pres-
ence of further electrons in the core region; it requires laser
fields with central photon energies of at least 39.5 eV, since
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helium’s double-ionization threshold is ≈79 eV. Therefore,
in principle, the absorption of two photons with ω > 39.5 eV
may lead to He2+ and two liberated electrons; for such fields
the ejection times of the electrons will be relatively close and
for this reason this ionization mechanism is known as nonse-
quential (or direct) double ionization. However, an essential
qualitative and quantitative change occurs when the photon
energy becomes higher than the ionization threshold of singly
ionized helium (He+), which is ≈54.4 eV. In this case, double
ionization proceeds initially by the absorption of one photon
from the neutral helium, which may lead to the formation of
He+ followed by the absorption of one further photon by the
He+ ion which also results in doubly ionized helium, He2+,
and two free electrons; as this double-ionization process first
requires relaxation to any of the He+ bound states, and as
this takes some time, it is generally known as sequential DI.
Due to this timewise sequential nature of photon absorptions,
SDI requires minimal electron-electron (e-e) interactions. It
goes without saying that this assumption gains in validity for
longer pulses rather than shorter pulses (in the limit of pulses
with duration shorter than the relaxation time to He+ the
condition of sequential ionization becomes pointless). There-
fore, we may assume two photon energy regions—the first
one between 39.5 and 54.4 eV, where NSDI is the exclusive
mechanism for double photoionization, and the second energy
regime with ω > 54.4 eV, where, in principle, both NSDI and
SDI are responsible for double photoionization.

Following the conclusions of many theoretical and ex-
perimental studies for pulses with durations of a few
femtoseconds (and more), the ionization mechanisms and
the final kinetic and angular distribution are very distinctive
between these two ionization mechanisms [17,18,31,32,40].
For example, if energetically available, SDI is much more
probable than NSDI for the same photon energy regardless
of the field’s intensity. Furthermore, the singly differential
kinetic-energy distribution for SDI is dominated by two peaks
separated by the difference of the ionization potentials of neu-
tral and singly ionized helium, �I = 54.4 − 24.6 = 29.8 eV.
In contrast, in the case of NSDI, the same distribution lacks
such peaks [41]. These observations are quite well docu-
mented for few femtosecond pulses and one can easily infer
some conclusions about the ionization dynamics from the
available spectra.

In contrast to this wealth of works in the regime for
multifemtosecond pulses, the TPDI with pulses of duration
shorter than or on the order of femtoseconds has not yet
been studied in the same detail, possibly due to the lack
of sufficiently intense subfemtosecond duration pulses. For
TPDI with such pulses the fact that the characteristic in-
terelectronic correlation time is of similar order (>140 as)
[40] makes the distinction between SDI and NSDI mecha-
nisms less clear and the correspondence between experimental
spectra and dynamics begins to fade. The same complication
in the distinction between SDI and NSDI occurs when the
pulse’s central photon energy is close to the He+ ionization
threshold (54.4 eV), as, due to the pulse’s frequency band-
width, both ionization mechanisms contribute to the overall
double ionization. Another aspect of the TPDI which is also
not well explored is its dynamics during the pulse as most
of the studies were focused on postpulse DI results. From an

experimental viewpoint the situation now has changed in view
of recent technological advances which allow for soft-x-ray
pulses of near-femtosecond or subfemtosecond (1 fs) duration
with intensities sufficiently high to induce two-photon ion-
ization of most rare gases, including helium [16,42–44]. The
availability of short duration pulses allows for the possibility
of pump-probe ionization schemes which can be utilized to
trace the ionization dynamics temporally; in other words,
not only are the final ionization products routinely experi-
mentally available, but nowadays there is the possibility to
investigate in detail how the ionized system progresses in
time towards its final states. As such, the temporal evolu-
tion of doubly excited states represents an interesting case
of study, being a typical case of a strongly correlated dy-
namical system [45–48]; therefore, along similar thinking
the temporal evolution of the TPDI represents another such
possibility.

With these observations in mind, in the present paper
we study the dynamics of TPDI for subfemtosecond pulses
with central photon energies spanning the regime of SDI and
NSDI. In particular, we study the two-electron joint radial
and kinetic-energy distributions following two-photon double
ionization for a number of photon energies, from the view-
point of a partial-wave analyzed two-electron wave packet.
As it is not straightforward to identify the individual roles
played by the laser field and the interelectronic interactions
in the overall double-ionization process, we attempt to do this
based on the calculated time evolution of radial and energy
distributions when the pulse is still active. The rapid evolu-
tion of these distributions over the pulse cycles brings new
physical insight into the dynamics of double ionization from
the transient regime to the identified mechanisms of direct and
sequential double ionization at the end of the pulse. Moreover,
and in contrast to most published results, we have calculated
and plotted only the portion of the double-ionization patterns
which consist purely of unbound orbitals (both orbitals of
positive energy); this is possible due to the particular spectral
basis approach used which allows us to isolate the part of
the wave function corresponding to two-electron excitations,
even for photon energies where the SDI channels dominate.
It is worth pointing out here that such disentanglement be-
tween singly and doubly excited configurations is not trivial,
if not impossible at all, using either a grid [15,26,31] or a
nonspectral basis [30,40] representation of the two-electron
wave function.

In Sec. II we present the main equations leading to the cal-
culation of the two-electron radial and energy spectra. Since
the formulation has been developed and discussed elsewhere
as well, we present only the formulas for the quantities of
special interest to the present paper.

In Sec. III we discuss the contribution of the individual
partial-wave channels to the double-ionization process, the
dynamics of the generated two-electron wave packets, and
their energy patterns in the presence of the pulse; in the same
section, we also present the final radial and energy distri-
butions as the pulse’s photon energy varies between 42 and
70 eV, an energy range marking the transition from the direct
to the sequential regime.

In Sec. IV we present the conclusions of our paper. For the
equations presented in this paper, Hartree units are used.
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II. THEORETICAL FORMULATION

In the following, the formulation for the ab initio calcu-
lation of the two-electron joint radial probability distribution
is presented. Briefly, we calculate the two-electron wave func-
tion, evaluated until the end of the laser pulse, and then extract
the desired information either by evaluating the squared mod-
ulus of the two-electron wave function or by projecting the
wave function onto zeroth-order functions.

The method of calculating the electronic structure of he-
lium (CI two-electron states expanded on a B-splines basis),
and its dynamics under the interaction with a laser field, is dis-
cussed in detail in [49,50] and in a different context in [51,52];
here we discuss the details of the theoretical formulation that
are necessary for our particular purposes. We should also note
that the calculation of the present method was compared with
calculations originating from a similar method developed and
tested over the years for helium. More specifically we have
compared the helium energies, dipole matrix elements, and
continuum spectrum density with those obtained from a non-
spectral basis method where the two-electron wave function
is expanded directly on a B-spline basis as developed in [27].
Reviews on the use of the B-spline basis in theoretical atomic
and molecular physics can be found in [53,54].

A. Ab initio calculation of helium atomic structure

We initially construct the two-electron singlet antisymmet-
ric uncorrelated basis with well-defined angular momentum
values, L, as the solutions to the eigenvalue problem of
the zeroth-order Hamiltonian, Ĥ0 = ĥ1 + ĥ2, where the one-
electron He+ Hamiltonian is given by

ĥi(ri ) = −1

2
∇2

i − 2

ri
, (1)

where i indexes the two electrons. Following a rather stan-
dard angular momentum coupling algebra, these solutions, in
a spherical coordinate system, with its origin placed at the
helium nucleus, may be expressed as

φL
ab(r1, r2) = Aab

Pa(r1)

r1

Pb(r2)

r2
YL0

l1l2 (�1,�2), (2)

where a ≡ (n1l1), b ≡ (n2l2), and YL0
l1l2

(�1,�2) are the ML =
0 bipolar spherical harmonics, containing the angular mo-
mentum coupling coefficients (Clebsch-Gordon coefficients).
To ensure that the states are of singlet symmetry the angular
quantum numbers are subject to l1 + l2 + L = 0, 2, 4, . . . and
Aab = (1 + a ↔ b)/

√
2(1 + δab), with the a ↔ b interpreted

as an exchange of the state indices a and b.
The radial orbitals Pnl (r) are determined as the solutions

of the radial eigenvalue equation for the He+ Hamiltonian,
namely, [

−1

2

d2

dr2
+ l (l + 1)

2r2
− 2

r

]
Pnl = εnlPnl (r). (3)

The purely radial functions, Pnl (r), are numerically solved
by expanding the radial functions on a piecewise polynomial
basis (B-spline basis). The choice of this particular basis is
dictated by its numerical ability for representing continuum
states, a property which is of importance in the particular

case where ionized atomic states are involved [49,54,55].
The He+ system is assumed to be confined in a sphere of
radius R, much larger than typical atomic sizes (R � 1 a.u.).
Within our particular approach we implement the so-called
fixed boundary conditions, which require the wave functions
to strictly vanish at the origin and the boundaries, Pnl (R) = 0.
As a result of this requirement the He+ eigenstates of Eq. (1)
are discretized, allowing the bound and continuum spectrum
to be represented by negative- and positive-energy orbitals,
respectively, subject to the unity normalization. Therefore,
the index n of Pnl (r) takes integer values, n = 1, 2, . . ., and
the sign of εnl determines the nature of the radial orbital:
exponentially decaying (negative) or oscillatory (positive).

Having completed the numerical calculation of the partial-
wave radial orbitals of He+, the helium Hamiltonian is
modeled by

Ĥ = Ĥ0 + 1

|r1 − r2| , (4)

with the second term on the right-hand-side representing the
interelectronic interaction potential. The eigenvalue problem
to be solved is the time-independent Schrödinger equation:

Ĥ�EL(r1, r2) = EL�EL(r1, r2), (5)

where �EL(r1, r2) represents the two-electron eigenstates of
Ĥ . Following the interaction of helium with a linearly polar-
ized laser, only the ML = 0, singlet symmetry states (S, MS)
= (0,0) are excited since the total magnetic quantum number
and the initial spin state do not change.

For the solution of Eq. (5), a configuration-interaction (CI)
method is employed where the helium eigenstates, �EL, are
expanded on the zeroth-order two-electron basis φL

ab(r1, r2):

�NL(r1, r2) =
∑

ab

cNL
ab φL

ab(r1, r2). (6)

Since the expansion is on discretized orbitals, the resulting
two-electron CI states are also discretized, along with their
associated energy, E . For this reason it is more consistent to
use a discretized notation for the states and the energy, thus
using EL → ENL and �EL → �NL, N = 1, 2, . . . .

Substituting Eq. (6) into Eq. (5), followed by projection
over φL

ab(r1, r2), converts it to a matrix equation which, upon
diagonalization, retrieves the eigenenergies, ENL, and the CI
amplitude coefficients, cNL

ab . In the helium case, there are two
characteristic energies, related with the ground-state energy of
neutral (E0) and singly ionized (E1) helium, measured relative
to the DI threshold energy, which here is, conventionally, set
to zero (and E2 = 0 eV); the experimental values of these are
E0 ≈ −79.03 eV and E1 ≈ −54.42 eV (for comparison our
calculated values were −78.88 and −54.42 eV). Within the
approximations introduced in the numerical computation of
the discretized states, it turns out that a two-electron eigen-
state with ENL < E1 is of bound character and thus represents
helium bound states, while states with energies E1 < ENL < 0
represent singly ionized helium states with an ejected electron.
Finally, the numerical states with ENL > 0 may represent both
singly and doubly ionized helium with one electron ejected or
two electrons ejected, respectively.
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B. TDSE of helium in a laser field

Once the electronic structure of the helium atom has been
solved for, its dynamics is calculated via the TDSE for the
helium-laser system:

ı
∂

∂t

(r1, r2, t ) = [Ĥ + D̂(t )]
(r1, r2, t ), (7)

where 
 is the time-dependent wave function and D̂(t ) de-
scribes the external laser interaction dipole potential in the
Coulomb gauge:

D(t ) = 1

c
A(t )ẑ · ( p̂1 + p̂2), (8)

where ẑ is the unit vector along the z axis and p1 and p2 are
the electron momenta. A(t ) is the amplitude of the electromag-
netic potential field related to the electric field of the pulse by
E (t ) = −Ȧ(t )/c. Note that the long-wavelength approxima-
tion has been taken into account in the expressions above.

In this paper we choose for the amplitude

A(t ) = A0 sin2

(
πt

τp

)
sin ωt, 0 � t � τp, (9)

where ω is the carrier frequency. The use of a squared sinu-
soidal envelope satisfies the requirements that the envelope
varies slowly with respect to the carrier period, and rises and
falls to zero; τp is the laser pulse duration, related to the field
period (T0 = 2π/ω) by τp = ncT0, where nc is the number of
field cycles in the pulse. The associated frequency full width
at half maximum (FWHM) bandwidth of this pulse is given
by �ω = 1.44 ω/nc [40].

A spectral expansion of the solution of Eq. (7) in terms of
the two-electron CI eigenstates with time-dependent ampli-
tude as


(r1, r2, t ) =
∑
NL

CNL(t )�NL(r1, r2) (10)

allows the interpretation of |CNL(t )|2 as the population of the
state �NL since it represents the probability of observing the
system in state �NL(r1, r2) at time t .

Formally, upon substitution of this latter expansion into
Eq. (7) and multiplying from the left by �∗

N ′L′ (r1, r2), fol-
lowed by spatial integration over the entire coordinate space,
the TDSE transforms into a set of coupled ordinary differen-
tial equations:

ıĊNL(t ) = ENLCNL(t ) +
∑
N ′L′

DNL;N ′L′ (t )CN ′L′ (t ), (11)

where DNL;N ′L′ are the dipole matrix elements between the
CI states �NL and �N ′L′ . Standard angular momentum al-
gebra allows for the expression of the two-electron dipole
matrix elements in terms of the cNL

n1l1n2l2
CI coefficients and the

one-electron dipole matrix elements; the latter are calculated
numerically given the Pnl (r) radial functions [49]. Thus solv-
ing the TDSE amounts to calculating only the two-electron
dipole matrix elements and integrating Eq. (11) to find the
time-dependent coefficients, CNL(t ).

C. Radial and kinetic-energy distributions

At this point we are in the position to proceed with the
main subject of the present paper, the electron’s radial and
kinetic-energy distributions, to express the two-electron dis-
tributions in terms of the CI coefficients cNL

ab of Eq. (6) and
time-dependent coefficients CNL(t ) Eq. (10).

Projection of the zeroth-order two-electron wave func-
tion, (2), on the time-dependent wave function, 
(r1, r2, t ),
followed by the full spatial integration, results in the joint
photoelectron energy distribution (J-PED):

P(e1, e2, t ) =
∑
Ll1l2

Pl1l2 (e1, e2) (12)

where Pl1l2 (e1, e2) = ∑
L | ∑N cNL

n1l1;n2l2
CNL(t )|2 is the partial

J-PED and (e1, e2) = (εn1l1 , εn2l2 ) are the kinetic energies
associated with the Pn1l1 (r) and Pn2l2 (r) radial orbitals, re-
spectively. The calculation of the J-PED for energy points
other than the (e1, e2) points is based on standard interpolation
methods.

The two-electron joint photoelectron radial distribution
(J-PRD) results in the angular integration of the square of
the time-dependent wave functions,

∫
d�1d�2|
(r1, r2, t )|2,

leading to

Pr (r1, r2, t ) =
∑
l1l2

Pl1,l2 (r1, r2, t ), (13)

where Pl1,l2 (r1, r2, t ) = ∑
L |χ (L)

l1l2
(r1, r2, t )|2 is the partial J-

PRD and

χ
(L)
l1l2

(r1, r2, t ) =
∑

Nn1n2

CNL(t )c(NL)
n1l1;n2l2

ρn1l1;n2l2 (r1, r2), (14)

with

ρn1l1;n2l2 (r1, r2) ≡ Pn1l1 (r1)Pn2l2 (r2) + Pn2l2 (r1)Pn1l1 (r2)√
2
(
1 + δn1l1;n2l2

) .

This distribution represents the probability distribution of
finding the two electrons with angular momenta (l1, l2) at ra-
dial distances r1 and r2 from the helium’s center of mass. Note
that, under the given conditions, the radial distribution is sym-
metrical to the exchange r1 ↔ r2, meaning that Pr (r1, r2, t ) =
Pr (r2, r1, t ) for orbitals (n1l1) ↔ (n2l2). Accordingly, the J-
PRD and J-PED are diagonally symmetric.

III. RESULTS AND DISCUSSION

For the calculations we have used laser pulses with cen-
tral carrier frequency ω = 42–70 eV, at an intensity I0 =
1014 W/cm2. As the number of cycles is kept constant (nc =
12), the pulse durations range between 0.71 and 1.17 fs, with
bandwidths from 5 to 8.5 eV, dependent on the carrier fre-
quency (see Table I). The bandwidths, �ω, in this table are
calculated as the FWHM of |Ã(ω)|2 where Ã(ω) is defined
as the Fourier transform of the field Ã(ω) = ∫ τp

0 dtA(t )e−ıωt ;
we find for these that �ω � 1.44 × 2π/τp (in a.u.). An an-
alytical expression for the Ã(ω) can be found in [56].The
helium electronic structure is calculated by using the singlet-
symmetry two-electron wave-function expansion in Eq. (6)
with L, l1, l2 � 3. We have checked that, for the 12 cycles
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TABLE I. The pulse duration for the used pulses. In all cases the number of field cycles nc is 12.

ω (eV) 42 45 48 50 52 54 56 58 63 70

τp (fs) 1.17 1.10 1.03 0.99 0.95 0.92 0.89 0.86 0.78 0.71
�ω (eV) 5.05 5.4 5.76 6.0 6.24 6.48 6.72 6.96 7.56 8.4

used for pulses, our results do not change in any significant
way by increasing L, l1, l2, or the box radius R = 60 a.u.
(≈3.2 nm).

In all plots the most significant contribution comes from
the (l1, l2) = (1, 1) = pp wave, then the (0, 2) = sd one, fol-
lowed by the (0, 0) = ss and (2, 2) = dd partial waves. The
doubly ionized channels may have either L = 0 or 2 total
angular momentum as a result of the two-photon absorptions
from the L = 0 helium ground state.

A. NSDI and SDI final-state distributions

For the discussion of the NSDI and SDI mechanisms we
first take specific photon energies; first, in Fig. 1 we show the
calculated two-electron J-PED (upper plot) following TPDI
by a ω = 42 eV pulse. The extended spread of the J-PED
around the line e1 + e2 ∼ E0 + 2ω = 0.184 a.u. (5 eV) is
characteristic, a feature which is common for pulses with
central photons well below the DI threshold of 54.4 eV. In
the same figure, the two-electron J-PRD final pattern (bottom
plot) is concentrated along the diagonal r1 = r2 as the result of
this evenly shared energy among the two electrons; therefore,
the distances of the ejected electrons from the He2+ residual
ion are relatively the same, even if they are ejected along
different directions. It is worth noticing that these results are
in agreement with previous works [27,40,57] where it was
shown that, for photon energies well below 50 eV, the elec-
trons tend to share the same energy, while close to threshold
the electron energy distribution is more U shaped (also in
agreement with the results presented below). In these works it
was also demonstrated that, well below the SDI threshold, the
electrons are preferentially ejected with back-to-back configu-
ration with r1 = r2, resulting from strong angular correlations.
More specifically, at ultrashort time scale, the absorption of
one photon by each of the electrons produces the dominant
pair of angular momenta (1,1), while at longer times it is
entangled with the (0,2) channel (other angular pairs are also
entangled but to a lesser extent), producing the configuration
of back-to-back electron ejections [27]. Under these condi-
tions the radial correlations play an essential role since shortly
after their ejection the electrons experience different effective
charges (i.e., dynamical screening) and it is only at later
times they acquire roughly the same energy and are located at
similar distance from the nuclei. At these times the effective
charge of the nucleus is the same for both electrons and the
screening becomes static [27]. We are turning now to the case
of TPDI in the presence of a 70-eV photon energy pulse. In
Fig. 2 we show the two-electron J-PED (top plot) and J-PRD
(bottom plot) for the pp partial-wave channel (which in our
calculation shows up as the dominant one). In sharp contrast
to the 42-pulse case, the majority of the electrons are ejected
with kinetic energies peaked at e1 = E0 + ω1 − E1 ≈ 1.67
a.u. (45.4 eV) and e2 = E1 + ω2 − E2 ≈ 0.57 a.u. (15.6 eV)

and with unequal radial distances as the joint distributions
generally peak at r1 = r2.

A qualitative discussion based on these results can follow
at this point. The value of the He+ ionization potential (I1 =
E2 − E1 = 54.4 eV) determines the photon energy regimes
for two distinct TPDI mechanisms to occur. A pulse with av-
erage photon energy above 39.5 eV, following the absorption
of two photons of energy ω1 and ω2 with E0 + ω1 + ω2 > 0,
suffices to create doubly ionized helium ions (ω1 and ω2 may
differ but are restricted to lie within the bandwidth of any

FIG. 1. The J-PED (top plot) and J-PRD (bottom plot) expan-
sions are plotted for a pulse with 1.17-fs ω = 42 eV average photon
energy of 1014 W/cm2 intensity at the end of the pulse (cycle 12).
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FIG. 2. Plots of the partial J-PED (top) and J-PRD (bottom)
(l1, l2) = (1, 1) channel, following interaction with a 0.71-fs ω =
70 eV pulse of 1014 W/cm2 intensity. The projection time is the end
of the pulse (cycle 12).

given pulse). Therefore, energywise, and within the frame-
work of a CI representation, the absorption of two photons
generates a two-electron wave packet which may include
channels with two positive-energy one-electron He+ orbitals
e1 > 0, e2 > 0, and thus both of unbound nature; however,
timewise, depending on the time elapsed between the two-
photon absorptions the generated two-electron wave packets
may be associated with radically different final kinetic-energy
and radial patterns. A portion of the wave packet, corre-
sponding to photon absorption events close in time, consists
of orbitals which all have quite equal probability to excite,
provided they satisfy the energy requirement e1 + e2 = E0 +
ω1 + ω2. The spatiotemporal probability for this portion of the
wave packet to show up depends mostly on the corresponding
angular momentum values (l1, l2; L), via the amplitude χ

(L)
l1l2

given in Eq. (14).

The same energy condition may be satisfied by ioniza-
tion channels with one of the orbitals being of bound nature
(e1 < 0, e2 > 0 and vice versa); this part of the two-electron
wave packet represents singly ionized helium final states and
is not of our concern in the current investigation.

An alternative ionization mechanism results when the
two-photon absorptions occur at times which differ by an
amount which is larger than the relaxation time τr of He+

which is of the order of τr ≈ 2π/|Vc| ≈ 140 as, where Vc =
E0 − (2E1 − E2) = I1 − I0 = 1.095 a.u. (see [40] and other
references therein). In this case, the primary wave packet,
generated by the first-photon absorption, evolves to a state
ψ+

t ∼ φnlφe1 , resembling a He+(nl ) bound orbital and an
outgoing wave packet with central energy peaked at e1 =
E0 + ω1 − Enl where Enl is the energy of He+(nl ). The subse-
quent time evolution of this two-electron wave packet depends
on whether the absorption of the second photon (with energy
ω2) suffices to promote the bound electron to a continuum
state. For example, ignoring for clarity indistinguishability
issues and suppressing the time variable, if the residual ion
has relaxed to the He+(1s) state, so that ψ+

t ∼ φ1s(r2)φe1 (r1),
then if ω2 < 54.4 eV the absorption of one more photon
cannot lead to a transition of He+(1s) → He+(εp) (it may
proceed though via above threshold ionization by further
exciting the continuum wave packet φe1 (r1) and leading to
ψ+

t ∼ φ1s(r2)φe1+ω2 (r1), eventually corresponding to singly
ionized helium and therefore not of our interest here). On
the other hand, if ω2 > 54.4 eV, it is much more probable
for the transition He+(1s) → He+(εp) to occur [rather than
φe1 (r2) → φe1+ω2 (r2)], leading to a wave packet of the type
ψ2+

t ∼ φe2 p(r2)φe1 p(r1) with e2 ∼ E1 + ω2 − E2; this latter
mechanism represents the so-called sequential DI as opposed
to nonsequential (or direct) DI, described earlier.

Therefore, the sequential mechanism is rather energy and
timewise constrained as it necessitates pulses with photon
energies ω > 54.4 eV and durations longer than the relaxation
time of the residual He ion to He+ (140 as). It leads to a
kinetic-energy spectrum peaked at e1 and e2 which for moder-
ate intensities have a width mainly determined by the pulse’s
bandwidth. From the dipole selection rules, in the final state,
the wave packets have l = 1 angular momenta and therefore
are (p, p) channels, characterized by the radial probability
distribution |χ11;L|2, L = 0, 2. It is important to bear in mind
that, in the SDI regime, we also may have “simultaneous”
photon absorptions but it is expected that their contribu-
tion to the two-electron wave packet is not the dominant
one.

In Fig. 2 the uneven kinetic-energy sharing, also lead-
ing to an uneven radial distance, is indeed reproduced by
the calculations. We may make some rough estimates about
the expected radial peak positions. Since the kinetic-energy
peaks are located around the 1.67- and 0.57-a.u. energies,
we take as average speeds for the outgoing wave packets
v1 = √

2 × 1.67 = 1.83 a.u. and v2 = √
2 × 0.57 = 1.07 a.u.

(group velocities in a more technical parlance), correspond-
ingly. It is most probable that the wave packets will be born
at times just before the peak of the pulse, so we take this
“birth” time to be the peak of the fifth cycle (out of 12
cycles). It is also well established that the first ejected elec-
tron acquires most of the correlation energy and as such it
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corresponds to the peak with the largest kinetic energy. There-
fore, since the pulse’s total duration is 0.71 fs, the journey
time may be estimated to be about t1 ≈ (7/12)τp = 0.414
fs (17.13 a.u.), thus giving a radial distance of about R1 ∼
v1t1 = 1.83 × 17.13 = 31.33 a.u. (1.66 nm). Following the
same reasoning we also find R2 ∼ v2t2 = 1.07 × 11.4 = 12.5
a.u. (0.66 nm); since the second photon absorption occurs
after the residual ion has relaxed to He+ the traveling time
for the second electron is at least 140 as (5.8 a.u.) shorter
than t1, thus we take t2 ∼ t1 − 5.8 = 11.4 a.u. Comparing this
with the pp radial distribution, we can see that the peaks are
indeed approximately these distances. Continuining with the
70-eV pulse, in Fig. 3, we show the radial distributions for the
next three strongest doubly ionized partial channels included
in the two-electron wave packet; generally they consist of or-
bitals with kinetic energies satisfying e1 + e2 = E0 + 2ω > 0,
which means e1 and e2 may take values of [0, 61] eV and
resemble NSDI processes as the electrons emerge closer in
radial distance; this is especially true for the sd channel
(middle plot in Fig. 3). These channels are weaker though
(relative to the dominant pp channel) as their angular mo-
menta require electron-electron interactions to take place in
addition to the interaction with the external laser field. The
laser is the primary excitation agent during double ioniza-
tion, but the wave packets also evolve in the presence of
the residual ion (−2/r) and the interelectronic ≈1/|r1 − r2|
static potentials. Since these terms are taken into account in
the field-free Hamiltonian, they do not contribute to changes
of the total energy and angular momentum of the combined
system He2+ + e− + e−, but affect the two-electron wave-
packet composition among the various partial channels; in
other words, in addition to the electric dipole transitions which
may change the total energy E = e1 + e2 and L = l1 + l2,
transitions between (e1l1; e2l2) → (e′

1l ′
1; e′

2l ′
2) are allowed as

long as e1 + e2 = e′
1 + e′

2 for a given L. The strength of these
static potentials drops with the distance from the core region
and the interelectronic distance, so it is reasonable to expect
that the partial waves resulting from such interactions repre-
sent parts of the doubly ionized wave packet with the two
electrons on average spatially close to each other. It should
also be pointed out that some of these channels will also be
pp partial waves but their contribution will be overwhelmed
by the sequentially generated pp wave packets.

Based on this discussion, the plots in Fig. 3 show weaker
partial channels compared to the pp channel associated with
the SDI mechanism; also, their radial distributions are gener-
ally broader around the r1 = r2 diagonal. The fact that they
are generally closer radially (r1 ∼ r2) indicates that they are
generated within a shorter time interval because their primary
excitation is energetically relatively evenly distributed, thus
acquiring comparable energies; this shorter time interval leads
to energetically (and spatially) broader distributions than the
sequential pp channel. Therefore, features characteristic of
interelectronic interactions are still present though not domi-
nating. So, these contributions to the wave packets are mainly
produced by absorption of two photons relatively close in
time, near the peak of the pulse. For such wave packets, the
traveling time is between t1 and t2 and this explains why the
center of the radial wave packet is located between the R1 and
the R2 estimated earlier.

FIG. 3. Plots of the partial J-PRD, for the next three stronger
channels, following the pp channel shown in the bottom plot of
Fig. 2. These are the ss, sd, and dd channels. Projection time is the
end of the pulse (cycle 12).

We now turn our attention to the case of the NSDI process
and in Fig. 4 we present the first four dominant partial J-PRDs
for the case of the 45-eV pulse. First, in all cases, we notice
that the doubly ionized wave packets are well concentrated
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FIG. 4. The first four dominant channels of the partial J-PRD are plotted in the NSDI regime for a 12-cycle (1.1-fs) 45-eV average photon
energy pulse of 1014 W/cm2 peak intensity. Projection time is the end of the pulse (cycle 12).

around the r1 = r2 diagonal. Again, the pp channel gives the
larger contribution to the total wave packet, similar to what
is observed in the SDI regime. The ss, sd, and dd channels,
which require e-e interactions, have a very different radial
pattern than the corresponding ss, sd, and dd channels for the
70-eV pulse in Fig. 3; clearly in the latter case the patterns
are a mixture of sequentially and nonsequentially ejected elec-
tronic wave packets.

So, for ω < 54.4 eV pulses, the dominant ionization mech-
anism is the NSDI channel while, for the ω > 54.4 eV pulses,
SDI is dominant. The main difference is that for the for-
mer, while the primary interaction is the radiation field, the
electron-electron interaction may contribute significantly in
the overall double-ionization process, whereas for the SDI
case the contributions of the electron-electron interaction are

greatly diminished in the pp channel; this reduction is not
as severe in the other channels, though. In the SDI, and for
the dominant pp channel, interelectronic interactions are not a
prerequisite to fulfill angular momentum rules and they do not
affect those portions of the two-electron wave packet which
correspond to energetically and spatially distinct configura-
tions for the two emerged electrons; nevertheless a minimal
contribution of the latter is always present. In other words,
in the case of the pp channel the angular momentum and en-
ergy conservation rules are automatically fulfilled by the rules
obeyed from the electric dipole transitions alone. Following
this thinking the order of significance of the sd, ss, and dd
channels may be attributed to the particulars of the electron-
electron correlation interactions for transitions other than
those leading to a pp channel.

043110-8



EVOLUTION OF RADIAL AND ENERGY DISTRIBUTIONS … PHYSICAL REVIEW A 108, 043110 (2023)

FIG. 5. Time evolution of the (1,1) partial-wave 2-e J-PRD
(E , e1, e2 > 0) in the NSDI (left column, ω = 45 eV) and the SDI
(right column, ω = 70 eV) regimes. Remaining pulse parameters as
in Figs. 2 and 4. r1 and r2 are given in nm = 10−9 m.

B. Variation with time

We now examine the quantitative differences of the tempo-
ral radial probability patterns during the NSDI and the SDI
processes. In the plots of Fig. 5 we provide snapshots of
the radial distribution of the wave packets for a 45-eV (left
plot) and 70-eV (right plot) pulse. For these plots we have
used Eq. (13) with the summations in Eq. (14) restricted to
N, n1, and n2 such that E > 0, e1, e2 > 0. These plots show
the different time evolutions of the NSDI and SDI double-
ejection processes.

Since the calculations were performed in the velocity
gauge, we have chosen the snapshots corresponding to times
where the field vanishes and the interpretation of the time-
dependent coefficients as field-free probability amplitudes for
the He eigenstates is temporarily restored; this way we have
the means to calculate the time evolution of the radial distribu-
tions during the pulse’s lifetime. In both cases, the generated
two-electron wave packets build up initially in the proximity

of the core at distances of no more than 0.5 nm and around the
r1 = r2 diagonal for up to the pulse’s maximum (sixth cycle).
The J-PRDs reveal a nonuniform production of the contin-
uum wave packets with a bunched sequence following the
oscillating field. The SDI and NSDI J-PRDs start to develop
differently around the fourth cycle where it becomes evident
that the NSDI distribution remains concentrated around the
r1 = r2 diagonal. We should bear in mind the time taken
for the residual ion (following one-photon absorption) to re-
lax to He+, which is about 140 as, corresponding to about
140/59.2 ≈ 2.4 cycles for the 70-eV pulse (the pulse period
is 59.2 as).

Concentrating for the moment on the SDI J-PRD in Fig. 5,
the formation of the asymmetric radial distribution is due to
the enhancement of double-ejection channels originating from
a further photon absorption later in time; the latter seems to
dominate the pattern after the eighth cycle and leads to a
peaked oval shape. In other words, two excitation mechanisms
are observed in these plots; first a small portion of the wave
packet gets excited, consisting of channels with both electrons
in the continuum, traveling along the r1 = r2 diagonal; the
remaining (larger) portion corresponds to channels with only
one electron ejected (not shown in the plots) but soon after
(past the pulse’s peak) its presence overwhelms the distri-
bution since the bound electron in the He+ is also ejected,
following the absorption of the second photon.

On the other hand, in the NSDI J-PRD for the 45-eV pulse,
as seen in the left plot of Fig. 5, the sequential ionization
mechanism is absent at later times, thus the electronic wave
packet continues to remain concentrated along the r1 = r2

diagonal, throughout the field’s lifetime. In this case the distri-
bution’s final formation takes place after the field has passed
its peak and stopped generating new DI wave packets. During
and after the eighth cycle the wave packets appear to depart
from the core region and merge with each other, eventually
leading to a smoother wave packet traveling along the diago-
nal line. At these later times, apart from the natural broadening
of free-moving wave packets, electron-electron interactions
are taking place which cause the redistribution of population
between the partial waves χl1,l2 (r1, r2).

These observations are also present in the corresponding
J-PED patterns, shown in Figs. 6 and 7 for the 70- and 45-
eV pulses, respectively. We can see that the J-PED patterns
initially are evenly distributed among the partial waves of
the DI wave packets for both the 45- and 70-eV cases; in
the SDI case though (the 70-eV pulse), considering that the
vast amount of ionization will occur around the fourth or
fifth peak of the pulse and that it takes 2.5 cycles for the
He to relax to He+, one reasonably expects any appreciable
asymmetric energy distribution to show up after the sixth or
seventh oscillation peak of the field, which is what we see
in the plots for the 70-eV pulse. Eventually, inspection of the
final plot (cycle 12) of Fig. 6, again for the 70-eV pulse, shows
consistency with the observation that the SDI is overwhelmed
by channels where one of the electrons is ejected from He,
with energy e1 = E0 + ω − E1 ≈ 45 eV (1.67 a.u.), and the
other from He+ with energy e2 = E1 + ω − E2 ≈ 15.6 eV
(0.57 a.u.). In contrast, for NSDI, for the 45-eV pulse, an
evenly distributed final pattern is observed, due to the absence
of further ionization of He+ ions. It is worth noting though
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FIG. 6. The time evolution of the (1,1) partial-wave J-PED for
the 70-eV pulse with parameters as in Fig. 2. e1 and e2 are given in
atomic units (a.u.).

FIG. 7. The time evolution of the (1,1) partial-wave J-PED for
the 45-eV pulse with parameters as in Fig. 4. e1 and e2 are given in
atomic units (a.u.).

that for the dominant pp channel, in the NSDI regime, the
two electrons may get ejected with comparable energies but
with their momenta pointing in the same or opposite directions
(back-to-back ejection); in the latter case the two electrons
evolve practically independently of each other as their inter-
electronic interactions are minimized, while in the former case
dynamical screening effects take over between the various
partial-wave channels [40].

In Figs. 2 and 4 we observe the characteristic features of the
70- and 45-eV pulse to be a double-peak versus single-peak
radial pattern, respectively. It is interesting to examine how
these patterns vary with the pulse’s photon energy as the latter
crosses the DI 54.4-eV threshold.

C. Variation with the photon energy

We have calculated the final distributions for a number
of such cases and the results are plotted in Fig. 8. At first
glance we notice that the final distributions do not clearly
belong to the NSDI case (represented from the 42- and 45-eV
pulses) and the SDI case (represented by the 70-eV pulse).
The J-PRDs for the 45- and 70-eV pulses are shown in the
top left and bottom right plots, respectively; the other seven
plots correspond to interaction with 48-, 50-, 52-, 54-, 56-,
58-, and 63-eV 12-cycle pulses at I0 = 1014 W/cm2. In these
plots we observe the gradual deformation of a single-peak
pattern along the diagonal line to a multipeak asymmetric
pattern as the photon energy crosses the 54.4-eV DI threshold,
finally leading to the twin-peak structure for the highest pho-
ton 70 eV. It is also worth noting that the multipeak structures
are aligned with the r1 and r2 axes, which suggests that the
double ejection occurs with one of the electrons moving out-
wards while the other moves very slowly. This is possibly not
surprising as the second electron is excited from broadband
pulses with photon energies around 54.4 eV. For example the
12-cycle 56-eV pulse has a bandwidth of ≈7 eV as seen from
Table I, so the final distribution pattern has contributions from
ionization paths via both the direct (ω < 54.4 eV) and the
sequential (ω > 54.4 eV) DI mechanism. For photon energies
close to the threshold (ω ≈ 54.4 eV) we notice a sliced struc-
ture, very different from the ones obtained in the regime of
NSDI (ω = 45 eV) or SDI (ω = 70 eV). We recall that, due to
the laser bandwidth, the nonsequential or sequential character
of double ejection is not clearly defined in this region. We con-
sider the case of ω = 54 eV; focusing on the left part of the
graph, we observe vertical slides ranging from r2 ≈ 1.0 nm to
r2 ≈ 2.5 nm and from r1 ≈ 0 nm to r1 ≈ 1.2 nm, suggesting
the ejection of a rapid electron (e2) and a slower one (e1). The
sliced structure of the J-PRD implies that this pattern may
be attributed to the field’s variation, with bursts of ejected
electrons at the field maxima. Indeed, once the first electron
is ejected the second one can be ejected at the same time
or during the following maxima of the field, resulting in the
sliced structure observed. In order to strengthen this assertion
we calculate the single-electron radial distribution, obtained
by integration along one of the radial coordinates:

P(r1, τp) =
∫ R

0
dr2 Pr (r1, r2, τp). (15)
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FIG. 8. Clearly visible in the (1,1) partial-wave J-PRD patterns is the transition from the direct to the sequential double-ionization regime
as the photon energy varies from 45 to 70 eV for a 12-cycle pulse. Projection time is the end of the pulse (cycle 12). The pattern transitions
from a singly peaked distribution where the electrons are likely to be the same distance from the core, to a doubly peaked distribution where
one of the electrons is likely to be further from the core than the other as a consequence of the sequential nature of the ionization process.
r1 and r2 are given in nm = 10−9 m.

Of course, due to the symmetry of the distribution, integration
over the other radial coordinate results in identical values,
so that P(r1, τp) = P(r2, τp). The results of the calculations
are shown in Fig. 9. As suggested above, the various peaks
in this spectrum may be attributed to the field’s variation,
which peaks twice within an oscillation period, representing
bursts of ejected electrons; in this intermediate DI regime it
is not straightforward to make quantitative estimations which
would attribute this sliced pattern to a field-cycle induced
ejection assertion just based on the pulse’s properties (photon
energy, duration) and the helium’s electronic structure. This
plot can be understood as follows: at the initial stages of
ionization the distribution over kinetic energies is very broad
(see cycles 2–6 of Fig. 7), corresponding to the farthest parts
of the 1-e radial distribution P(r1, τp), which also shows a
large broad structure for all photon energies. At the later
stages of the ionization, the energy distribution develops an
asymmetry which resembles a SDI process (see cycles 8–12
of Fig. 7), where one of the electrons takes most of the kinetic

energy while the other is left behind with a much smaller
kinetic energy. For these later ionization times (after the
pulse’s peak) we observe a striking similarity with the corre-
sponding plots of radial distributions observed from ionization
of single-electron systems (i.e., hydrogen); the wave packet
shows well-separated peaks in accordance with the field’s
oscillation period [58]. It is not straightforward to estimate the
distance traveled from an outgoing two-electron wave packet
with nonzero angular momenta and in close proximity with
a dynamically screened core and in the presence of a laser
field [59]; such an investigation requires a more elaborate and
quantitative examination, including consideration of the joint
angular distribution, which will provide us information about
the wave packet’s ejection direction. Nevertheless, we may
make a rough estimation by taking the case of ω = 56 eV;
in this case the wave number for this “fast” electron is k56 =√

2 × 1.15 � 1.52 a.u. In one period of the field T56 � 3.07
a.u. each “burst” of the wave packet travels a distance r �
k56 × T56 = 4.6 a.u. = 0.243 nm, which is approximately the
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FIG. 9. The results of integration of the (1,1) partial J-PRD over
one radial coordinate are shown for pulses of ω = 42–70 eV. Pro-
jection time is the end of the pulse (cycle 12). The peaks in the
radial distributions are associated with the laser cycle period. The
units in the vertical axis are arbitrary for each of the photon energies
for visibility reasons.

distance between the two highest peaks in Fig. 9 for the ω =
56 eV. The fact that the peak’s radial separation matches the
field’s period indicates a back-to-back ejection of the two elec-
trons in accordance with theoretical predictions [24,31,32].
Possibly, the safest estimation to associate the peaks in the
radial distribution with the field’s oscillation is to use the
field’s bandwidth as a measure of the wave-number spread in
the wave packet; for example, in the case of the 56-eV pulse
we have a bandwidth of �ω = 0.23 a.u.; we associate this
with the bandwidth of the kinetic energies in the ejected wave
packet and set �ε56 = 0.247. But since �ε56 = k56�k56 we
then have �k56 = �ε56/k56 = 0.247/1.52 � 0.163 a.u. Now,
if we repeat the same calculation for, say, ω = 52 eV, we find
�k52 = �ε52/k52 = 0.23/1.342 � 0.171 a.u.; this shows that
the first peak in the P(r1, τp) radial distribution for 52 eV
(yellow line) should be broader than the one corresponding
for 56 eV (red line), and this is what we see in the plot.

Next, in Fig. 10 we show the variation of the energy dis-
tributions with the energy; the first observation is the gradual
transition of the J-PEDs from a relatively flat and symmetric
pattern to a peaked asymmetrical pattern. Clearly the peaks in
the spectra eventually tend to satisfy

e1 � E0 + ω − E1, e2 � E1 + ω − E2, (16)

where one of the electrons is likely to obtain more energy
than the other as a consequence of the sequential nature of
the ionization process. In the same figure one may observe
the similarity between the patterns in the SDI regime (e.g.,
63 eV) with those in the NSDI regime (e.g., 52 eV). The
difference is that in the SDI case e1 and e2 have positive
values (corresponding to continuum orbitals) while in the
NSDI regime only a portion of the peaks is realized with both
orbitals of positive energy and in accordance with Eq. (16);
the remaining portion looks like that it has leaked outside
the (e1 > 0, e2 > 0) plane, towards energetically high Ryd-
berg states. Note that a special feature of our plots is that
only orbitals where both e1 � 0 and e2 � 0 are included. The

plots corresponding to the NSDI regime suggest that, had we
included orbitals with either e1 < 0 or e2 < 0, the energy dis-
tributions would also tend to peak to orbitals with (negative)
energies according to Eq. (16), corresponding to high-energy
Rydberg states, but this is exactly what we call SDI and
conceptually would not differ from the NSDI apart from the
fact that it proceeds via the Rydberg states (quasicontinuum).
Unfortunately, due to the small box size, the discrete basis
states with negative energy near the zero-energy threshold do
not correspond to physical high-energy Rydberg states and we
had to restrict the configuration space of the plotted distribu-
tions. A related work, using a semiquantitative approach, can
be found in [60].

IV. CONCLUSIONS

By directly solving the time-dependent full-dimensional
two-electron Schrödinger equation for helium in the field of
a laser pulse, we investigate the time evolution of the emerged
radial wave packets during the two-photon double ionization
via both the nonsequential and the sequential mechanisms.

We have carried out a systematic analysis of the joint radial
and energy distributions of the two-electron wave packet and
elucidated some aspects of the role of electron correlations in
the presence of the pulse. In all cases the dominant ionization
channel is the pp partial wave, conforming to one-photon ab-
sorption from each electron as the primary ionization channel.
We also see a similarity between the SDI and NSDI radial and
energy distributions at the initial stages of the interaction of
the field and observe that it is at later stages of the interaction
with the field that these asymmetrical radial and energy distri-
butions take their final shape; in practice the SDI mechanism
features are mostly developing after the pulse’s peak and after
the resulting He+ has had the time to relax to its ground state.

In the NSDI, an oval emission pattern is formed along the
equidistant r1 = r2 diagonal, maximizing the contribution of
the electron correlations on their way out (i.e., during the in-
teraction with the laser pulse). This type of radial distribution
pattern is found to be generally the case for photon energies
less than 54.4 eV.

For the SDI process, the dominant correlation mechanism
initially shares some similarity to that of the NSDI regime but
soon after the initial interaction with the pulse the absorption
of the second photon by the relaxed He+ introduces an un-
equal energy sharing; the latter leads to a differentiation of the
two-electron radial and energy patterns between the SDI and
the NSDI, especially in the pp channels. Nevertheless, elec-
tron correlation effects continue to be significant for ejection
patterns other than the pp channel, albeit weaker.

Finally we have calculated the radial ejection patterns as
the pulse’s central photon energies cross the threshold of
54.4 eV and have observed features that are due to either the
sequential or direct DI mechanisms.

In view of the present capabilities of pump-probe experi-
mental schemes in the soft-x-ray wavelength regime it is clear
that the present space-time description provides an enhanced
view of the process of two-photon DI complementary to the
corresponding studies focusing mostly on the final-state en-
ergy and momentum joint distributions. It is our intention
to work further in this direction by studying more complex
atomic systems of experimental interest like neon and argon.
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FIG. 10. The (1,1) partial-wave J-PED patterns from the direct to the SDI regime as the average photon energy increases from 45 to
70 eV. Projection time is the end of the pulse (cycle 12). The patterns transition from a mostly shared energy distribution to a doubly peaked
distribution. e1 and e2 are given in atomic units (a.u.).
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