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Abstract
Dual-frequency capacitive discharges are widespread in the semiconductor industry and are
used, for example, in etching of semiconductor materials to manufacture microchips. In
low-pressure dual radio-frequency capacitive discharges, stochastic heating is an important
phenomenon. Recent theoretical work on this problem using several different approaches has
produced results that are broadly in agreement insofar as scaling with the discharge parameters
is concerned, but there remains some disagreement in detail concerning the absolute size of the
effect for the case of dual-frequency capacitive discharges. In this work, we investigate the
dependence of stochastic heating on various discharge parameters with the help of
particle-in-cell (PIC) simulation. The dual-frequency analytical models are in fair agreement
with PIC results for values of the low-frequency current density amplitude Jlf (or
dimensionless control parameter Hlf ∼ 5) typical of many modern experiments. However, for
higher values of Jlf (or higher Hlf ), new physical phenomena (like field reversal, reflection of
ions, etc) appear and the simulation results deviate from existing dual-frequency analytical
models. On the other hand, for lower Jlf (or lower Hlf ) again the simulation results deviate
from analytical models. So this research work produce a relatively extensive set of simulation
data that may be used to validate theories over a wide range of parameters.

(Some figures may appear in colour only in the online journal)

1. Introduction

AQ1

Good plasma uniformity, fast processing rates and damage-free
characteristics are major requirements for plasma etching
in modern industry. Anisotropy is also a critical process
parameter in integrated circuit manufacturing and can
be achieved using radio-frequency (RF) plasma etching.
Single-frequency reactors have limitations, and in particular
fail to provide an independent control of ion energy and
ion flux. Hence dual-frequency capacitively coupled plasma
(DF-CCP) system operated with two distinct power sources
has been developed [1–4]. In ideal cases, the lower frequency
(ωlf ) controls the sheath voltage i.e. ion bombarding energy
while the higher frequency (ωhf ) can control the plasma
density, i.e. the ion flux. Ohmic heating and stochastic heating
are the two main electron heating mechanisms in capacitive

discharges. Ohmic heating occurs in the bulk and sheath
regions because of electron–neutral collisions, and stochastic
(or collisionless) heating takes place at sheath edge because
of the momentum transfer from high voltage moving sheath
to electrons. While Ohmic heating dominates at relatively
high pressures, stochastic heating is the dominant heating
mechanism at low pressures (in the mTorr range) and is then
expected to sustain the plasma. In low-pressure RF discharges,
stochastic heating dominates and the power absorbed by
electrons is given by

S̄stoc ∝ ω2
rfVrf . (1)

The plasma density is approximately proportional to the
stochastic heating [5], i.e.

n ∝ S̄stoc. (2)
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This is also experimentally seen by Perret et al [6] and by Jolly
and Booth [7]. Let us assume that the voltage amplitudes of
low and high driving frequencies are Vlf and Vhf , respectively.
Now if one can satisfy the following condition

ω2
hfVhf � ω2

lfVlf (3)

then the plasma density, i.e. the ion flux, is being controlled by
ωhf , the high-frequency source [8].

The mean ion bombarding energy ξi is equivalent to the
total dc bias voltage across the collisionless sheath, in the
absence of ion collisions. The sheath voltage is approximately
equal to the applied RF voltage. For the dual-frequency case

ξi ∝ |Vhf + Vlf |. (4)

For the case of
Vlf � Vhf , (5)

the dc sheath voltage (i.e. mean ion bombarding energy) can be
controlled by Vlf . From equations (3) and (5), the condition for
independent control of ion energy and ion flux is as follows [5]:

ω2
hf

ω2
lf

� Vlf

Vhf
� 1. (6)

Lieberman et al [5] showed that Jrf ∝ ωrfV
3/4

rf . So if Jrf

is the controlling parameter, equation (6) can be inverted by
substitution of Vrf . Thus, equation (6) indicates that Jhf � Jlf ,
where Jlf and Jhf are the low- and high-frequency current
density amplitudes, respectively. Again equation (6) shows
that even in the case when the first inequality is true, the
collisionless heating and in consequence of that the ion density
and ion flux are not completely independent of the applied
low frequency, ωlf . In DF-CCP, the higher frequency is
superimposed on the lower frequency. The characteristic ratio
of high frequency (fhf ) to low frequency (flf ) is greater than
10 to minimize the coupling between low and high frequency.
However, for the case of stochastic heating some form of
coupling is assumed between the low- and high-frequency
components. In the dual-frequency case, the total stochastic
heating effect is a collective effect due to the presence of high-
frequency sheath oscillating across a low-frequency sheath.
Typically, the high frequencies and low frequencies are chosen
to be fhf ∼ 27.12–160 MHz and flf ∼ 2–13.56 MHz,
respectively.

In the last few decades, the industrial application of RF
discharges at low-pressures has increased, due to this it is
important to understand the physical mechanism of stochastic
heating. Stochastic heating in the case of low-pressure dual-
frequency capacitive discharges has been studied by different
analytical models [2, 8–15]. Turner and Chabert [12, 13]
developed a fluid model for dual-frequency sheath, which is
an extension of the kinetic-fluid approach of Gozadinos et
al [16]. Kinetic treatment in which the current is conserved has
been developed by Kaganovich [17] for the single-frequency
case. He assumed an ion density with a step discontinuity
at the plasma–sheath interface. This ion density model is
a useful tool for the investigation of stochastic heating in
single-frequency RF discharges, even though it is not realistic.
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Figure 1. Schematic diagram of the dual-frequency capacitive
sheath.

Kawamura et al [10] have extended the Kaganovich [17]
model to the case of dual-frequency CCP, and have presented
comparisons with particle-in-cell (PIC) simulations. We will
further discuss this work in the next section.

In this paper, we discuss several different dual-frequency
analytical models for stochastic heating in section 2. The
dependence of stochastic heating on various discharge
parameters is studied with the help of PIC simulation in
section 3. The comparison of stochastic heating yielded
by the higher and lower frequency acting alone and by the
superposition of both frequencies is studied in section 4.
Finally we summarize our conclusions and discuss the results
in section 5.

2. Dual-frequency analytical models

There are different analytical models which predict the
stochastic heating in the case of dual-frequency CCP
discharges. Figure 1 is a schematic representation of DF-CCP,
illustrating the mechanism of low-frequency sheath motion and
high-frequency sheath motion. It is clear from this figure that
a low-frequency ‘modified Child law sheath’ is coupled with
high-frequency uniform sheath motion. Ions of mass mi enter
the ion-sheath boundary at x = 0 with a velocity of the order of
the Bohm speed uB = (kBTe/mi)

1/2 determined by the electron
temperature Te, are further accelerated within the sheath by
the sheath potential, and finally strike the electrode at x = sm

with high energies. The ion motion is considered collisionless.
Since the ion velocity increases as the electrode is approached,
due to ion flux conservation, the ion density nsh(x) decreases
continuously from its maximum value nsm (at the ion-sheath–
plasma boundary) to its minimum value nw (at the electrode)
(see figure 1). So in a self-consistent discharge, the plasma
density is not uniform. In figure 1, xsh(t) is the instantaneous
position of the oscillating electron sheath edge. The electron
sheath edge oscillates between the wall at x = sm and the
ion-sheath boundary at x = 0. An analytical model based on
kinetic treatment for the calculation of stochastic heating in
dual-frequency CCP has been developed by Kawamura et al
[10]. This model is an extension of the Kaganovich [17] model
for stochastic heating calculation for the single-frequency CCP
case. We briefly describe the dual-frequency analytical model
given by Kawamura et al [10]. The dual-frequency discharges
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were driven by current

Jrf(t) = Jhf sin ωhf t + Jlf sin ωlf t, (7)

where Jhf , Jlf are high- and low-current density amplitudes
and ωlf , ωhf are applied low and high angular frequencies,
respectively. In this dual-frequency model, a high-frequency
(fhf ) uniform sheath motion is superimposed on a low-
frequency (flf ) ‘modified Child law sheath’ motion. Here
the ion density is nearly constant for high-frequency sheath
motion, hence stochastic heating expression calculated from
uniform ion density model given by Godyak [18] can be used.
For the case of low-frequency cycle, at each phase φlf = ωlf t ,
the high-frequency electron oscillation occurs at the ion-sheath
density nsh(φlf) which is the modified Child law sheath density
(detailed derivation in Lieberman [19]). In DF-CCP, a positive
net power deposition for a collisionless RF sheath driven by a
sinusoidal current Jrf(t) (equation (7)) is given by

SstocDF = 1
2mev̄ensmu2

bhF(Hlf) (8)

where

F(Hlf) = πHlf

4
− 1 +

1

π

∫ π

0

dφ

1 − HlfN(φlf)
. (9)

Here, ubh = Jhf/(ensm) is the velocity amplitudes of
the high-frequency bulk motion. Other parameters are
as follows: v̄e is the mean electron thermal velocity, i.e.
v̄e = [8kBTe/(πme)]1/2, electron mass is me and density at
the ion-sheath edge is nsm. Here the controlling parameter Hlf

can be interpreted as a

Hlf = J 2
lf

πε0kBTensmω2
lf

(10)

and N(φlf) is defined as

N(φlf) ≡ −
(

3

8
sin 2φlf − 1

4
φlf cos 2φlf − 1

2
φlf

)
. (11)

In equation (9), the last integral can be solved numerically. A
good parametric fit is

F(Hlf) ≈ Hlf(1 + πHlf/4)

Hlf + 2.2
. (12)

So equation (8) can be re-written in terms of high-frequency
and low-frequency contributions, as follows:

SstocDF = 1

2
mev̄e

J 2
hf

e2nsm︸ ︷︷ ︸
High-frequency part

×
(

1 +
π

4
Hlf

) (
Hlf

Hlf + 2.2

)
︸ ︷︷ ︸

Low-frequency part

. (13)

The above expression makes clear that in a DF-CCP,
the stochastic heating is the product of both high- and
low-frequency processes rather than the additive effect of two
single-frequency processes individually. Again, neglecting the
bulk oscillation by setting ubh = 0, which gives the upper limit
of stochastic heating, SstocUL, is defined as

SstocUL = 1

2
mev̄ensmu2

bh

(
1 +

πHlf

4

)
. (14)

Finally, normalized stochastic heating for a dual-frequency
CCP, ζ(Hlf), can be obtained by dividing equation (8) by
equation (14) to find

ζ(Hlf) ≡ SstocDF

SstocUL
= F(Hlf)

1 + πHlf/4
≈ Hlf

Hlf + 2.2
. (15)

It is important to note that equation (15) looks like the
stochastic heating expression for single-frequency analytical
model given by Kaganovich et al [21], since dual-frequency
stochastic heating model developed by Kawamura et al [10]
is just an extension of the single-frequency stochastic heating
model developed by Kaganovich et al [21].

Another model based on fluid equations was developed
by Turner and Chabert [12] to calculate stochastic heating for
DF-CCP. Heating yielded by a kinetic-fluid model in the dual-
frequency case is given by

SstocT = π

16
mensmv̄e(u

2
bl + 1.1u2

bh)FT (Hlf), (16)

where ubl = Jlf/ensm is the velocity amplitude of
low-frequency motion of electrons in the bulk plasma.
Neglecting the contributions of ubl we obtain

SstocT ≈ 1.1π

16
mensmv̄eu

2
bhFT(Hlf), (17)

where the function FT is estimated by a parametric fit, shown
below

FT(Hlf) = 36Hlf

55 + Hlf
. (18)

Finally the normalized stochastic heating can be written by
dividing equation (17) from (14)

ζT(Hlf) ≡ SstocT

SstocUL
≈ 4.95πHlf

(55 + Hlf)(1 + πHlf/4)
. (19)

These analytical results were also checked by specialized PIC
simulation in which the ions were held fixed [12].

3. Simulation results

Kawamura et al [10] used mobile ion PIC simulation in argon
plasma to benchmark the dual-frequency analytical model
(discussed in previous section) for stochastic heating. The
dual-frequency analytical model given by Kawamura et al [10]
is an extension of the Kaganovich [17] model of the single-
frequency CCP case, and is based on hard wall approximations.
In kinetic theory and the kinetic-fluid approach [12], it is
not easy to see how to avoid the heuristic elements in a
mathematically tractable fashion. The other possibility is that
a better sheath model than that of Lieberman [19] is needed,
in particular, because the representation of the electron sheath
edge as a step function may be one of the less satisfactory
approximations that feature in all models [23, 24]. In a
further step to improve these models, the results should be
compared with simulations and experiments. Simulations are
the only choice because there are no experiments that serve
the purpose. In this regard, it is to be noted that all theoretical
models agree on the form represented by the equation (15)
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and it makes easier to compare the theoretical models and the
models with simulation results. Moreover, assuming that all
the theoretical models are accurate in agreeing on the form
represented by equation (15), allows one to ignore differences
between the theories and choose ζ(Hlf) in line with simulation
data. Kawamura et al [10] followed the same approach in their
recent work.

Here dual-frequency discharges were driven by the RF
current defined in equation (7). The controlling parameters
for stochastic heating in the dual-frequency case are Jlf , Jhf ,
ωlf , ωhf , Te and nsm. Parameters used by Kawamura et al [10]
for their PIC simulations are as follows: p = 15 mTorr,
fhf = 32 MHz and flf = 2 MHz. The high- and low-current
density amplitudes are varied from Jhf = 8 to 16 A m−2 and
Jlf = 2 to 4 A m−2, respectively, so the ratio of Jhf/Jlf = 4 in
each set of simulation. The electron temperature Te = 2 eV
here. Equation (10) indicates that Hlf depends on Jlf and nsm.
The value of Jlf increases from 2 to 4 A m−2 and nsm varied
from 5 × 1014 to 1.4 × 1015 m−3 simultaneously, Hlf is varied
from 5.0 to 8.2. Kawamura et al [10] concluded that simulation
data (PIC results) are in good agreement with analytical model
given by equation (15). On these grounds, equation (15) is the
most appropriate formula. Here it is to be noted that the number
of data points are rather small and large simulation database
needs to be generated, that might give improved formula for
stochastic heating.

As we have explained above, there are six scaling
parameters ( i.e. Jlf , Jhf , ωlf , ωhf , Te and nsm) which control
the stochastic heating. There are different ways to vary these
parameters. We will discuss two of them for the applied low
and high RF , flf = 1.695 MHz and fhf = 27.12 MHz, in
our simulations and investigate the validation of analytical
models. We used semi-infinite PIC method, in which electrons
and ions are injected at the left boundary using drifting
Maxwellian velocity distributions, and particles incident on
both boundaries from the plasma are absorbed. The ion flux is
a boundary condition in this procedure. Under most—but not
all—conditions, this has the effect of defining the ion density at
the sheath edge, nsm. We note that an additional heating effect
discussed in the literature, the so-called bounce resonance
[5, 14, 25], cannot occur in this model, which simulates a
sheath adjacent to a semi-infinite plasma. The simulation
procedure is described in detail in [20]. In this work, the PIC
simulation is conducted for current-driven argon discharges in
which both electrons and ions were moved by the usual PIC
method. Plasma is considered collisionless so there are no
electron–neutral and ion–neutral collisions, etc. The ions and
electrons are loaded initially and evolve with time until the self-
consistent steady-state configuration is achieved. However,
stochastic heating is known to occur predominantly near to
the sheath edge. Therefore, we identify the sheath edge and
calculate the stochastic heating over this region only. The
method for calculating the analytical stochastic heating is
described in Kawamura et al [10].

3.1. The first approach

In the first approach, benchmarking of the analytical model is
the same as that used by Kawamura et al [10] where Hlf is

0
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Figure 2. Averaged ion and snapshots of electron density profiles
for the collisionless case in dual-frequency PIC simulation. The
solid line represents the average ion density and the electron density
is represented by dashed lines during different times of an RF
period, i.e. Trf . Conditions: argon gas, Jlf = 4 A m−2,
Jhf = 32 A m−2, flf = 1.695 MHz, fhf = 27.12 MHz, H = 6.77,
Te = 2.5 eV, Ti = 0.03 eV at density 2 × 1015 m−3.
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Figure 3. Self-consistent mobile-ion dual-frequency PIC simulation
results for 〈Je.E〉 in the collisionless case. Conditions: argon gas,
Jlf = 1.1 A m−2, Jhf = 8.8 A m−2, flf = 1.695 MHz,
fhf = 27.12 MHz, Hlf = 4.2, Te = 2.5 eV, Ti = 0.03 eV at density
3 × 1014 m−3.

calculated by varying Jlf and nsm simultaneously. The ratio
of Jhf/Jlf = 8 for each set of simulations. The parameter
v̄e did not vary much with Jlf and stayed nearly constant, i.e.
1.058 × 106 m s−1.

Figure 2 shows the averaged ion and snapshots of electron
density profiles in the collisionless case. The ion-sheath
density nsh(x) decreases monotonically from a maximum
density at the ion-sheath boundary to a minimum of nw =
1.103×1014 m−3 at the wall (or electrode). This is for argon gas
at Jlf = 4 A m−2, Jhf = 32 A m−2, Hlf = 6.77, Te = 2.5 eV,
Ti = 0.03 eV at the density 2 × 1015 m−3.

The power deposition calculated by PIC simulation needs
to be compared with that predicted by the dual-frequency
analytical model given by Kawamura et al [10]. Figures 3
and 4 show the time-averaged local heating rate 〈Je.E〉 for
Hlf ≈ 4.2 and 6.77 for the density of 3 × 1014 m−3 and
2 × 1015 m−3, respectively. It is clear that the overall heating
increases for higher Hlf because Hlf increases by increasing
Jlf . Figures 5 and 6 show the spatiotemporal profile of full
Je.E for the same cases. The stochastic heating phenomenon
occurs near to the sheath edge. Figure 7 shows the variation
of normalized stochastic heating ζ(Hlf) ≡ SstocDF/SstocUL
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Figure 4. Self-consistent mobile-ion dual-frequency PIC simulation
results for 〈Je.E〉 in the collisionless case. Conditions: argon gas,
Jlf = 4 A m−2, Jhf = 32 A m−2, flf = 1.695 MHz,
fhf = 27.12 MHz, Hlf = 6.77, Te = 2.5 eV, Ti = 0.03 eV at density
2 × 1015 m−3.

Figure 5. Spatiotemporal profile of Je.E for the same case as shown
in figure 3 for the collisionless case. Conditions: argon gas,
Jlf = 1.1 A m−2, Jhf = 8.8 A m−2, flf = 1.695 MHz,
fhf = 27.12 MHz, Hlf = 4.2, Te = 2.5 eV, Ti = 0.03 eV at density
3 × 1014 m−3.

Figure 6. Spatiotemporal profile of full Je.E for the same case as
shown in figure 4 for the collisionless case. Conditions: argon gas,
Jlf = 4 A m−2, Jhf = 32 A m−2, flf = 1.695 MHz,
fhf = 27.12 MHz, Hlf = 6.77, Te = 2.5 eV, Ti = 0.03 eV at density
2 × 1015 m−3.

with respect to Hlf . The PIC simulation results (circles) are
compared with the dual-frequency analytical model given by
Kawamura et al [10]. Here ζ(Hlf) given by equation (15)
and the hard wall upper limit having ζ(Hlf) = 1 (dashed line)
are also indicated. Here the current drive amplitudes are varied
from Jlf = 0.5 to 11.12 A m−2 and Jhf = 4.0 to 88.96 A m−2 at
the corresponding densities of nsm ≈ 1.1×1014–4×1015 m−3.
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Figure 7. Normalized stochastic heating ζ(Hlf) ≡ SstocDF/SstocUL

from the PIC simulation (circles), and the dual-frequency analytical
model given by Kawamura et al [10] (solid line). The hard wall
upper limit is also indicated (dashed line). Conditions: argon gas,
flf = 1.695 MHz, fhf = 27.12 MHz, Te = 2.5 eV, Ti = 0.03 eV.
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Figure 8. Normalized stochastic heating ζ(Hlf) ≡ SstocDF/SstocUL

from the PIC simulation for two different densities, i.e. 5 × 1014 and
1 × 1015 m−3. The dual-frequency analytical model given by
Kawamura et al [10] is represented by the solid line. The hard wall
upper limit is also shown in the graph (dashed line). Conditions:
argon gas, flf = 1.695 MHz, fhf = 27.12 MHz, Te = 2.5 eV,
Ti = 0.03 eV.

So the ratio of Jhf/Jlf = 8. It is clear from figure 7 that the
PIC data agree fairly well with the dual-frequency analytical
model given by Kawamura et al [10] for the range of Hlf , i.e.
Hlf ≈ 1.77–29.2.

3.2. The second approach

In the second approach, the stochastic heating is investigated
by keeping the density constant and varying the ratio of Jhf/Jlf ,
by changing the lower current density amplitude Jlf . We
have investigated this point for two different densities, i.e.
5 × 1014 and 1 × 1015 m−3. The electron temperature Te is
2.5 eV and ion temperature is at nearly room temperature,
i.e. Ti = 0.03 eV. The parameter v̄e = 1.058 × 106 m s−1

stayed approximately constant. The applied lower and upper
frequencies are 1.695 MHz and 27.12 MHz, respectively.

In figure 8, the normalized stochastic heating ζ(Hlf) ≡
SstocDF/SstocUL from the mobile-ion PIC simulations for two
different densities, 5 × 1014 and 1 × 1015 m−3, is compared
with the dual-frequency analytical model given by Kawamura
et al [10]. Here ζ(Hlf) given by equation (15) and the hard wall
upper limit having ζ(Hlf) = 1 (dashed line) is also indicated.
In figure 8, circles and triangles show the normalized stochastic
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Figure 9. Self-consistent mobile-ion dual-frequency PIC simulation
results for 〈Je.E〉 in the collisionless case. Conditions: argon gas,
Jlf = 2.7–3.6 A m−2, Jhf = 26.4 A m−2, flf = 1.695 MHz,
fhf = 27.12 MHz, Hlf = 7.6–13.4, Te = 2.5 eV, Ti = 0.03 eV at
density 1 × 1015 m−3.

heating calculated at densities 5×1014 m−3 and 1×1015 m−3,
respectively. This graph indicates that the range of Hlf which
fairly agrees with the dual-frequency analytical model given
by Kawamura et al [10] is 5.8–9.0 and 9.4–12.35 for the
densities of 5 × 1014 m−3 and 1 × 1015 m−3, respectively. In
each case after the upper critical limit of Hlf (in which the
analytical model agrees with the simulation) the stochastic
heating increases rapidly. The following conclusions can be
made from the above discussion. (i) At constant density the
simulation results agree with the dual-frequency analytical
model given by Kawamura et al [10] for a certain range of
Hlf . (ii) For lower densities, the dual-frequency analytical
model given by Kawamura et al [10] agrees with the simulation
results for lower values of Hlf . Similarly, for higher densities,
the dual-frequency analytical model agrees with the simulation
results for higher values of Hlf , respectively.

Now we will study specific case of 1 × 1015 m−3 in detail.
Figure 9 shows the time-averaged local heating rate 〈Je.E〉.
Here by varying Jlf from 2.7 to 3.6 A m−2, Hlf changes from
7.6 to 13.4. The current density amplitude for higher frequency
(Jhf ) is constant here, i.e. 26.4 A m−2. This figure shows that
for the value of Hlf > 12.35, stochastic heating increases
rapidly. Here 12.35 is the upper critical limit of Hlf .

We have studied carefully the case Hlf = 13.39 and
observed the signature of ion reflection here, as we encountered
in the single-frequency case [22]. The rapid increase in
heating is related to this ion reflection phenomena. Figure 10
shows the trajectory of ions in velocity phase space for the
case of Jlf = 3.6 A m−2 and Jhf = 26.4 A m−2. Here the
positive velocity indicates the direction towards the sheath
(or electrode) and a negative velocity indicates the direction
towards the bulk plasma, i.e. opposite to the sheath. The
ion motion is collisionless within the sheath and the ions are
accelerated by the sheath electric field is a basic assumption
of the dual-frequency analytical model. In the dual-frequency
PIC simulation, the trajectory of a few thousand ions are saved,
out of which a few ion trajectories show the signature of the
reflection of ions. It is under these conditions that nsm is
determined not only by the ion flux injected from the boundary,
but also by this flux of ions returning from the sheath.

In figure 10, case (a) shows that the ions propagate towards
the sheath without any deflection in the bulk plasma, enter
inside the sheath, accelerate and finally hit the electrode. The
majority of ions in the PIC simulation shows this type of
behaviour. Cases (b), (e), (g) and (i) show that the ions travel
towards the sheath and reflect back at some point. These cases
indicate that ions slow down while approaching towards the
sheath region, stop for a while (trajectory is flat at the edge) and
finally reflect back towards the bulk plasma. However, cases
(e) and (i) indicate that the ions move outside the simulation
region and cases (b) and (g) show that the ions remain in the
simulation region after reflection. Cases (c), (d), (f ) and (h)
demonstrate that the ions move towards the sheath and reflect
back at some point. After travelling a certain distance inside
the bulk (opposite to sheath), the velocity becomes positive and
it again moves towards the sheath and finally accelerates and
hits the electrode. It is to be noted that the distance travelled
inside the bulk after reflection is different in these cases. The
only reason behind this ion reflection is the presence of strong
field reversals at the time of low-frequency sheath expansion
and collapse.

Figure 11 shows the spatiotemporal profile of the electric
field for Jlf = 3.6 A m−2 and Jhf = 26.4 A m−2. In this figure,
the field reversal regions are clearly observed at multiple times
of an RF period near to the sheath region. The most probable
reason for this field reversal is the electron fluid compression
and rarefaction while the high-frequency sheath (which is
modulated on low frequency) expands and collapses. Here
because of ion reflection phenomena, there is a density jump
in the bulk plasma from 1×1015 to 1.27×1015 m−3. Figure 12
shows the time-averaged ion and snapshots of electron density
profile for Jlf = 3.3 A m−2 and Jlf = 3.6 A m−2 at density
1 × 1015 m−3. It is clear from figure 12 that the density jumps
from 1 × 1015 to 1.27 × 1015 m−3 when Jlf varies from 3.3 to
3.6 A m−2 at a constant Jhf , i.e. 26.4 A m−2.

Equation (14) shows that the stochastic heating is a
function of density. However, this density is either considered
as the bulk density or the density at the ion-sheath–plasma
boundary. The density distribution inside the simulation
region significantly changed for these two cases. The
calculated ion density at the sheath edge by knowing nw

(ion density at the electrode) is 7.657 × 1014 m−3 for
Jlf = 3.6 A m−2. For Jlf = 3.6 A m−2, the analytical and
simulation stochastic heatings are SstocUL = 196.835 W m−2

and SstocDF = 247.3466 W m−2, respectively. On the other
hand, analytical stochastic heating calculated by considering
‘bulk density’ is SstocUL = 75.6478 W m−2. These results are
tabulated in table 1. Here the heating predicted by the dual-
frequency analytical model is significantly less than the heating
calculated by the PIC simulation because of the density jump
inside the bulk plasma. Normally the analytical stochastic
heating does not vary much either taking ion density from the
bulk plasma or at the ion-sheath edge. Here, due to a density
jump inside the bulk plasma the velocity amplitude of the bulk
motion ubh = Jhf/en0 and Hlf drops significantly, as a result
analytical heating prediction is significantly reduced. Here n0

is the bulk density.
This indicates that the electron dynamics of the heating

mechanism is different for these cases where strong field
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Figure 10. Trajectories of ions in the velocity phase space. In (c), (d), (f ) and (h) the zoomed part of the figure is also shown where ion
trajectories are clearly visualized. Conditions: argon gas, Jlf = 3.6 A m−2, Jhf = 26.4 A m−2, Te = 2.5 eV, Ti = 0.03 eV, flf = 1.695 MHz,
fhf = 27.12 MHz.

Figure 11. Spatiotemporal profile (surface plot) of electric field.
Conditions: argon gas, Jlf = 3.6 A m−2, Jhf = 26.4 A m−2,
Te = 2.5 eV, Ti = 0.03 eV, flf = 1.695 MHz, fhf = 27.12 MHz at
the density of 1 × 1015 m−3.

reversal region is present and ion reflection phenomenon comes
in picture. So the existing dual-frequency analytical model is
not applicable for these cases.

4. Heating in dual-frequency is much higher than
the frequencies acting alone

In the literature, Turner and Chabert [12] reported that
the stochastic heating yielded by the superposition of low-
and high-frequency currents (i.e. Jlf and Jhf ) with different
frequencies (i.e. flf and fhf ) can be much higher than the
heating produced by either low current (Jlf ) with low frequency
(flf ) or high current (Jhf ) with high frequency (fhf ) acting
alone. However, these results are in contrast to the additive
effect reported by Kim et al [9]. The physical parameters used
here are Te = 2.5 eV, Ti = 0.003 eV, flf = 1.695 × 106 Hz,
flf = 27.16×106 Hz and the density is 6×1014 m−3. The low-
and high-current density amplitudes are Jlf = 2.1 A m−2 and
Jhf = 16.8 A m−2, respectively. Our PIC simulation indicates

0
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 (m
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Figure 12. Ion and electron density profile for Jlf = 3.3 A m−2 and
Jlf = 3.6 A m−2 at density 1 × 1015 m−3. The value of
Jhf = 26.4 A m−2 is the same in both cases. Conditions: argon gas,
Te = 2.5 eV, Ti = 0.03 eV, flf = 1.695 MHz, fhf = 27.12 MHz.

Table 1. Stochastic heating (both analytical and simulation) for the
case of Jlf = 3.6 A m−2 and Jhf = 26.4 A m−2 at density
1 × 1015 m−3.

(SstocUL)theory

(ion-sheath (SstocUL)theory

Jlf edge density) (bulk density) (SstocDF)simulation

3.6 A m−2 196.835 W m−2 75.6478 W m−2 247.3466 W m−2

that the stochastic heating may be significantly enhanced when
two frequencies act together.

Figure 13 shows the PIC simulation results which
represent the stochastic heating produced by the combined
frequencies and compared it with heating produced by
each frequency effect separately. For the cases when
only lower frequency and higher frequency is applied
separately, the stochastic heating is Slf = −1.5963 W m−2

and Shf = 5.4698 W m−2, respectively. The negative heating
shown in the case of lower frequency is due to the large
number of electrons being lost to the electrode, this results
in a loss of power that is greater than the stochastic heating
at the sheath edge. When both frequencies act together, the
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Figure 13. Time-averaged stochastic heating 〈Je.E〉 for three
different cases, i.e. the two frequencies acting separately and both
acting together. Conditions: argon gas, Jlf = 2.1 A m−2,
Jhf = 16.8 A m−2, flf = 1.695 MHz, fhf = 27.12 MHz,
Te = 2.5 eV, Ti = 0.03 eV at density 6 × 1014 m−3.

stochastic heating produced is SstocDF = 71.457 W m−2. It
is clear here that the heating produced in the case when both
frequencies act together is much higher (nearly 10 times) than
the frequencies that act separately. There is little direct heating
associated with the lower frequency, but in the presence of
the lower frequency, the dynamic range of plasma density in
the sheath region is considerably increased, and this indirectly
causes the enhancement of the collisionless heating effect.

Turner and Chabert [12] first reported this effect for the
case of fixed ions and the numerical results are also compared
with the heating predicted by the analytical fluid model.

5. Conclusion and discussion

Using analytic and self-consistent particle-in-cell models, the
electron dynamics inside a sheath region of a dual-frequency
RF capacitive discharge have been investigated in connection
with the collisionless heating through the Fermi acceleration
mechanism. Stochastic heating in dual frequency is controlled
mainly by six scaling parameters (i.e. Jlf , Jhf , Te, ωlf , ωhf and
nsm). There are different ways of scaling these parameters and
two different approaches are discussed here.

In the first approach benchmarking of the dual-frequency
analytical model is the same as that used by Kawamura
et al [10] where Hlf is calculated by varying Jlf and nsm

simultaneously. However in Kawamura et al [10] simulation,
the number of data points are rather small, i.e. H ∼ 5.0–8.2.
Present simulation results widen the range of H lf , i.e.
Hlf ∼ 1.77–29.2 which are in fair agreement with the dual-
frequency analytical model given by Kawamura et al [10]
which is the extension of the single-frequency analytical
model given by Kaganovich et al [21]. Here the lower and
higher frequency current drive amplitudes are varied from
Jlf = 0.5 to 11.12 A m−2 and Jhf = 4.0 to 88.96 A m−2 at
the corresponding densities of 1.1 × 1014–4 × 1015 m−3. The
ratio of Jhf/Jlf = 8 for all set of simulations.

In the second approach the stochastic heating is studied
by keeping the density constant and by varying the ratio of
Jhf/Jlf , by changing the lower current density amplitude Jlf .
Stochastic heating at two different densities, i.e. 5 × 1014 m−3

and 1 × 1015 m−3 has been investigated. At a constant density
the simulation results agree with the dual-frequency analytical
model given by Kawamura et al [10] in a certain range of
Hlf . It is observed that Hlf is in fair agreement with the dual-
frequency analytical model, given by Kawamura et al [10], for
the range 5.8–9.0 and 9.4–12.35 at the densities of 5×1014 m−3

and 1 × 1015 m−3, respectively. The presence of strong field
reversal regions are identified at the time of low-frequency
sheath expansion and collapse. The most probable reason for
the field reversal regions at multiple times during an RF period
is electron fluid compression and rarefaction while the high
frequency (which is modulated on the low frequency) expands
and collapses. The signature of ion reflection is also observed
above the upper critical limit of Hlf because of the presence of
strong field reversal regions.

The stochastic heating produced by the combined
frequencies, i.e. flf and fhf , and heating produced by each
frequency effect separately has been compared with the PIC
simulation. The PIC results indicates that the stochastic
heating is significantly enhanced when two frequencies act
together.

Stochastic heating in the case of dual-frequency capacitive
discharges depends on various discharge parameters and
the validation of dual-frequency analytical model given by
Kawamura et al [10] has been studied by scaling of these
parameters. For intermediate values of Hlf , the dual-frequency
analytical model is satisfactory. However, the new physical
effects (such as strong field reversal and reflection of ions)
appear for higher Hlf and the PIC results deviate from the
existing dual-frequency analytical model. In most experiments
Hlf ∼ 5 and these effects are not observed there. On the other
side for lower Hlf , the existing analytical models agree well
with the net heating observed in simulations, which includes
electron loss effects. In global models, for example, the latter
effect should not be included separately in conjunction with
these heating models.
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