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We provide a mode-sum prescription to directly compute the renormalized stress-energy tensor (RSET)
for scalar fields in the Boulware vacuum. The method generalizes the recently developed extended
coordinate method which was previously only applicable to Hartle-Hawking states. We exhibit the
accuracy and efficiency of the method by calculating the RSET in subextremal and extremal Reissner-
Nordström spacetimes. We find numerical evidence for the regularity of the RSET at the extremal horizon
regardless of the field mass and its coupling. We employ our numerical results of the RSET to source the
semiclassical Einstein equations, demonstrating that if the RSET is considered as a static perturbation, it
will either deextremalize the black hole, or convert it into a horizonless object.
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I. INTRODUCTION

In the semiclassical approximation to quantum gravity,
one replaces the stress-energy tensor in the gravitational
field equations with the corresponding expectation value
for the quantized matter fields, including ostensibly quan-
tized graviton fields considered as linear perturbations
about a background geometry. The gravitational field
equations in this framework are

GμνþΛgμνþα1H
ð1Þ
μν þα2H

ð2Þ
μν ¼ 8π

�
TðclÞ
μν þhT̂μνiren

�
; ð1Þ

where gμν is the metric of spacetime, Λ is the cosmological
constant, Gμν is the Einstein tensor, and hT̂μνiren is the
renormalized expectation value of the stress-energy tensor
(RSET) of the quantum fields in some quantum state. The

tensorsHð1Þ
μν ,H

ð2Þ
μν are geometrical and include terms that are

quadratic in the curvature; their inclusion arises through the
point-splitting regularization process that yields hT̂μνiren.
This regularization process allows for the calculation of the
finite physical RSETwith an infinite renormalization of the
constants Λ, α1, and α2. It is difficult to conceive how to
practically solve Eq. (1) in a general self-consistent way
since the right-hand side depends on the unknown solution
gμν, and yet to compute the stress-energy tensor explicitly
requires that we know the geometry of spacetime a priori. It
is only by considering highly symmetric spacetimes [1] or
by subjecting the RSET to additional approximations [2–4]
that the backreaction problem becomes tractable. In black
hole spacetimes, one usually proceeds by a perturbative
expansion of the metric about a background classical
solution. This leads to the reduced order semiclassical
equations which describe, to first order in ℏ, the quantum
backreaction induced by a quantum field on the classical
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geometry [5–7]. In these equations, the source term is the
renormalized expectation value for a quantum field in a
given quantum state on a fixed classical background
spacetime.
It turns out that, in most situations of interest, even the

calculation of the renormalized expectation value of the
stress-energy tensor (RSET) for a particular quantum state
on a fixed background is a technically challenging endeavor.
For black hole spacetimes, there are three main approaches
to this calculation, the Candelas-Howard approach [8] and
its extensions (see, for example, [9–11]), the so-called
“pragmatic mode-sum prescription” [12–14], and the
method developed by authors of this paper called the
“extended coordinate method” [15–18]. While all of these
methods have different approaches and advantages, one
drawback of both the original Candelas-Howard approach
and the extended coordinate approach is that they were
developed specifically for the field in the Hartle-Hawking
state [19]. Working with this state offers a computational
advantage since one can employ Euclidean techniques that
enforce a discretization of the frequency spectrum.
Anderson et al. [10] generalized the Candelas-Howard
method to include a direct method for computing the
RSET for a scalar field in the Boulware state [20].
Although the RSET in the Unruh, Boulware, and Hartle-
Hawking state were computed in Ref. [18], only the Hartle-
Hawking state was directly renormalized, the RSET for the
other two states were computed by leveraging the fact that
the difference between two quantum states is regular. In this
paper, we generalize the extended coordinate method to
directly compute the RSET for a scalar field in the
Boulware state.
A natural question then is: if the RSET for a field in the

Boulware state can be computed by first renormalizing in
the Hartle-Hawking state and employing a state subtraction
scheme, then why do we need a direct method for
renormalizing in the Boulware state? There are several
justifications for a direct renormalization prescription for
Boulware. First, when employing the indirect method one
needs to compute both the Euclidean modes (to do the
renormalization in the Hartle-Hawking state) and the
Lorentzian modes (to do the state subtraction scheme).
Employing a direct method for Boulware requires only one
set of modes and, hence, is computationally less expensive.
Second, there are black hole spacetimes that do not admit a
Hartle-Hawking state, for example, the extreme Reissner-
Nordström spacetime, and, hence, one requires a direct
method for computing the RSET in such situations. Finally,
moving away from black hole spacetimes, if we consider
semiclassical effects in the spacetime of a star, then the
natural vacuum state is the Boulware state (there is, in fact,
no other reference state). Hence, this paper sets the
foundation for renormalization in those contexts.
The approach we take is similar to that taken in the

extended coordinate method for the Hartle-Hawking

state [15–17]. We take an arbitrarily high-order expansion
of the Hadamard parametrix which encodes the short-
distance behavior of the two-point function, and we rewrite
the terms in this expansion as mode sums of the same form
as the Boulware propagator. While the spirit is the same,
the mathematical development is significantly trickier
because the frequency spectrum is continuous, rather than
the discrete frequency spectrum that one obtains in the
Euclidean approach to defining the Hartle-Hawking state.
As well as presenting a computational challenge, the
continuous frequency spectrum also means that the
Fourier transform of the terms in the Hadamard para-
metrix, which is needed to express these as mode sums,
yields functions of the frequency that are not ordinary
functions but rather generalized functions. When we treat
these mode sums rigorously as generalized functions, it
becomes completely transparent how an infrared cutoff
appears in these ω integrals and indeed it is completely
explicit that the RSET is independent of the choice of this
cutoff. A similar cutoff was introduced in Ref. [10] but it
was introduced by necessity to eliminate an infrared
divergence in the Wentzel-Kramers-Brillouin (WKB)
approximation. While the approaches are ultimately equiv-
alent, it is clear here that the source of the cutoff is a
consequence of treating rigorously the generalized func-
tions that arise in the Fourier transform of the Hadamard
parametrix.
As a consistency check, we contrasted our numerical

results with previously known results for the subextremal
and extremal Reissner-Nordström spacetime [18,21] and
found excellent agreement. We pay particular attention to
the regularity of the RSET at the horizon of the extreme
Reissner-Nordström black hole. Numerical evidence sug-
gesting its regularity was found in [21] for massless fields
(see [22–25] for discussions about backreaction effects). A
clear advantage of the extended coordinate method over
some previous approaches is that it does not invoke the
Wentzel-Kramers-Brillouin (WKB) approximation in any
step of the calculation, allowing to generate very accurate
results for the RSET near the horizon. Our results reinforce
the existing numerical evidence of the regularity of the
RSET in extremal black holes. Additionally, we provide the
first extension of those results to massive fields.
This paper is organized as follows. In Sec. II, we show

how we express the expansion of the Hadamard para-
metrix as a mode sum of the same type as the Boulware
propagator for a scalar field in a static, spherically
symmetric spacetime. In Sec. III, we give the explicit
expressions for the renormalized expectation values for
the vacuum polarization and the stress-energy tensor for a
scalar field in the Boulware state. In Sec. IV, we apply the
new method to compute the RSET for a scalar field on the
Reissner-Nordström spacetime, including the extremal
case where a direct calculation is necessary. In Sec. V,
we employ our accurate RSET results to solve the
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reduced-order semiclassical equations to compute the
backreaction on the extremal Reissner-Nordström black
hole spacetime. Finally, in Sec. VI, we conclude with
some discussion and future prospects.

II. RENORMALIZATION PRESCRIPTION
IN THE BOULWARE STATE

In this section, we will briefly outline the extended
coordinate approach to calculating the RSET for a quantum
scalar field in the Boulware quantum state [20], propagat-
ing on a static, spherically symmetric black hole spacetime.
The Boulware state is vacuum according to a stationary
observer far from the black hole. It is useful to treat the
Boulware state as a thermal state at zero temperature and to
employ Euclidean methods. We consider Euclidean line
elements of the form

ds2 ¼ fðrÞdτ2 þ dr2=fðrÞ þ r2ðdθ2 þ sin2 θdϕ2Þ: ð2Þ

If this line element describes a black hole spacetime with
event horizon r ¼ rþ and surface gravity κ ¼ 1

2
f0ðrþÞ, then

the geometry possesses a conical singularity at the horizon
unless the Euclidean time is periodic with periodicity
τ ¼ τ þ 2π=κ. If we wished to consider a quantum field
in the Hartle-Hawking state, this identification would be the
appropriate one. Moreover, imposing a periodicity discre-
tizes the frequency spectrum of the field modes, which is a
major computational advantage. For computing the renorm-
alization counterterms, all that matters is the geometry, and
so there is no obligation to make any particular identifica-
tion on the Euclidean time; nevertheless, the renormalized
mode sum is most conveniently derived and computed when
we impose the same periodicity on the mode-sum repre-
sentation of the renormalization counterterms as we do on
the quantum field in the Hartle-Hawking state. In this paper,
we are interested in the case where the quantum field is in
the Boulware state, which is a zero temperature pure state.
We make no periodic identification in Euclidean time which
implies that the frequency spectrum of the quantum field
(and the mode-sum representation of the renormalization
counterterms) will be continuous and that our geometry
retains the conical singularity at the event horizon, at least
for nonextremal black holes. Given that one of the main
motivations for adopting Euclidean techniques in the Hartle-
Hawking case is the computational advantage obtained by
the discrete frequency spectrum, one might be tempted to
discard the Euclidean approach for computing quantum
expectation values in the Boulware state, where the spec-
trum remains continuous. However, the Euclidean approach
is still useful since, unlike the Lorentzian framework, the
Euclidean Green function does not require an iϵ prescription
to define the bidistribution along the light cone (since there
is no light cone in a Euclidean space). In particular, on a
Euclidean geometry, the Klein-Gordon equation for the
scalar field is elliptic,

ð□ − μ2 − ξRÞϕ ¼ 0; ð3Þ

where □ is the d’Alembertian operator with respect to the
Euclidean metric, μ is the field mass with dimensions of
inverse length, R is the Ricci curvature scalar of the
background spacetime, and ξ is the coupling strength
between the field and the background geometry. The
corresponding Euclidean Green function has the following
mode-sum representation (with r ¼ r0 for simplicity) on this
black hole spacetime,

Gðx; x0Þ ¼ 1

8π2
X∞
l¼0

ð2lþ 1ÞPlðcos γÞ
Z

∞

−∞
dω eiωΔτgωlðrÞ;

ð4Þ

where Δx≡ x0 − x ∼OðϵÞ is the coordinate separation, γ is
the geodesic distance on the two-sphere, and PlðzÞ is the
Legendre polynomial of the first kind. We have denoted by
gωlðrÞ ¼ pωlðrÞqωlðrÞ=Nωl the one-dimensional radial
Green function evaluated at the same radius. The radial
modes pωlðrÞ, qωlðrÞ are solutions of the homogeneous
equation:

�
d
dr

�
r2fðrÞ d

dr

�
− r2

�
ω2

fðrÞ þ ðμ2 þ ξRÞ
�

− lðlþ 1Þ
�
χωlðrÞ ¼ 0; ð5Þ

with pωlðrÞ the solution regular at the horizon and qωlðrÞ
regular at the outer boundary (usually spatial infinity or
the cosmological horizon). The normalization constant is
given by

Nωl ¼ −r2fðrÞWfpωlðrÞ; qωlðrÞg; ð6Þ

where Wfp; qg denotes the Wronskian of the two
solutions.
In the coincidence limit Δx → 0 (i.e., γ → 0 and

Δτ → 0), the mode sum (4) diverges. To renormalize this
mode sum, we will adapt the so-called extended coordinate
implementation of Hadamard renormalization developed in
Refs. [15–17]. For a quantum state satisfying the Hadamard
condition, the local singularity structure of the two-point
function when x and x0 are sufficiently close is encapsulated
in the Hadamard parametrix,

Kðx; x0Þ ¼ 1

8π2

�
Δ1=2ðx; x0Þ
σðx; x0Þ þ Vðx; x0Þ log

�
2σðx; x0Þ

l2

��
;

ð7Þ

where σðx; x0Þ is Synge’s world function which measures
half the square of the geodesic distance between x and x0,
Δ1=2ðx; x0Þ and Vðx; x0Þ are symmetric biscalars that are
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regular in the coincidence limit x0 → x. Moreover, these
biscalars depend only on the local geometry and the field
parameters, not on any global considerations such as the
quantum state. The length scale l here is an arbitrary length
scale associated with the renormalization ambiguity. It
arises since Vðx; x0Þ is a solution to the homogeneous
wave equation and so one is free to add arbitrary factors of
Vðx; x0Þ to Kðx; x0Þ and it will remain a parametrix for the
wave operator. Since σðx; x0Þ → 0 as x0 → x, it is clear that
Kðx; x0Þ is singular at coincidence.
The fact that the mode sum (4) does not converge at

coincidence is because the two-point function possesses
singularities precisely of the type in Eq. (7) in the short-
distance limit. The goal is to subtract Kðx; x0Þ fromGðx; x0Þ
in such a way that the coincidence limit can be mean-
ingfully taken. The only way to proceed in this approach is
to express Kðx; x0Þ as a mode sum of the same type as the
mode-sum representation of Eq. (4) and then to subtract
mode by mode. This renormalized mode sum will converge
in the coincidence limit.
Expressing the Hadamard parametrix as a mode sum is

nontrivial. The approach of Refs. [15,16] is to expand the
parametrix in a judiciously chosen set of extended coor-
dinates. In that context, it was assumed the field was in the
Hartle-Hawking state and the extended coordinates were
adapted to that state by ensuring the time dependence had
the appropriate thermal periodicity. This must be amended
here for the Boulware state. We define

s2 ¼ fðrÞΔτ2 þ 2r2ð1 − cos γÞ; ð8Þ

and then, rather than expand the parametrix in coordinate
separationΔx, we expand in s andΔτ (we take radial points
together Δr ¼ 0). The result of expanding the parametrix
up to Oðϵ2m log ϵÞ in these new extended coordinates is

Kðx; x0Þ ¼ 1

8π2

 Xm
a¼0

Xa
b¼0

DðrÞ
abðrÞ

Δτ2aþ2b

s2bþ2

þ
Xm
a¼1

Xa
b¼1

DðpÞ
ab ðrÞΔτ2a−2bs2b−2

þ
Xm−1

a¼1

Xa−1
b¼0

T ðrÞ
abðrÞ

Δτ2aþ2bþ2

s2bþ2

þ
Xm−1

a¼0

Xa
b¼0

T ðlÞ
abðrÞs2a−2bΔτ2b log

�
s2

l2

�

þ
Xm−1

a¼1

Xa
b¼0

T ðpÞ
ab ðrÞs2a−2bΔτ2b

!
þOðϵ2m log ϵÞ:

ð9Þ

The coefficients DðrÞ
abðrÞ and DðpÞ

ab ðrÞ come from the
expansion of the direct part of the parametrix U=σ and

correspond to the coefficients of terms in the expansion that
are rational in Δτ2 and s2 and those that are polynomial in

Δτ2 and s2, respectively. Similarly, T ðrÞ
abðrÞ and T ðpÞ

ab ðrÞ are
the coefficients of terms that are rational and polynomial
coming from the tail V logð2σ=l2Þ of the parametrix, while

T ðlÞ
abðrÞ is the coefficient of terms in the tail that contain a

logarithm. Expressions for the first few of these coefficients
are given in Appendix C.
Formally speaking, this expansion need only be com-

puted up to m ¼ 1 in order to remove the divergences from
the Green function. Nevertheless, by expanding up to
higher order terms, including terms that formally vanish
in the coincidence limit, and expressing these terms as a
mode sum permits us to have precise control over the rate of
convergence of the renormalized mode sum. On the other
hand, if we only subtract the singular terms, the mode sum
would indeed converge, however, it would converge slowly.
Furthermore, the distinction between the different types of
terms that occur in the expansion is an important one. In
particular, the terms that are polynomial in the variables
Δτ2 and s2 do not require a mode-sum representation. For
example, a multipole expansion of terms that are poly-
nomial in s2 would involve finite multipole moments and,
hence, cannot affect the large l behavior. Hence, the terms
above that are polynomial in the expansion parameters are
left as is. The rational and logarithmic terms will be
expressed as mode sums. This is the focus of the next
section.

A. Regularization parameters for the direct part

Starting with the direct part of the Hadamard parametrix,
which involves terms of the form Δτ2aþ2b=s2þ2b for
a ≥ b ≥ 0, we take as an ansatz for the mode-sum
representation of this term the following:

Δτ2aþ2b

s2þ2b ¼
X∞
l¼0

ð2lþ 1ÞPlðcos γÞ
Z

∞

−∞
dωeiωΔτΨωlða; bjrÞ;

ð10Þ

where we call the generalized functions Ψωlða; bjrÞ the
regularization parameters for the direct part. The goal is to
invert the above ansatz and, hence, obtain an explicit
closed-form representation for the regularization parame-
ters. A double integral expression for the regularization
parameters follows immediately from the completeness of
the Legendre polynomials and the Fourier transform of the
delta distribution, yielding

Ψωlða;bjrÞ¼
1

4π

Z
1

−1
dx
Z

∞

−∞
dt

e−iωtt2aþ2bPlðxÞ
ðft2þ2r2ð1−xÞÞ1þb ; ð11Þ

where we have relabeled the integration variables by
x ¼ cos γ and t ¼ Δτ. If we now define
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ρ2 ¼ f
2r2

; ð12Þ

then we can rewrite our integral expression above as

Ψωlða; bjrÞ ¼
1

4π

1

ð2r2Þbþ1

Z
1

−1
dxPlðxÞ

ð−1Þb
b!2b

×

�
1

ρ

∂

∂ρ

�
b
Z

∞

−∞
dt

e−iωtt2a

ðρ2t2 þ 1 − xÞ : ð13Þ

Now it is this t integral that distinguishes the regularization
parameters in the Hartle-Hawking and the Boulware states.
In the former, the t integral above would be over a finite
domain on account of the time periodicity of a thermal
state. But in this case, the integral is over the entire real line
which means that, for a ≥ 1, the integral does not converge
in the sense of ordinary functions and must be considered in
the sense of generalized functions. The most straightfor-
ward way to proceed is to start with the a ¼ 0 integral
which is an ordinary function and is given by

Z
∞

−∞
dt

e−iωt

ðρ2t2 þ 1 − xÞ ¼ π
e−jωj

ffiffiffiffiffiffi
1−x

p
=ρ

ρ
ffiffiffiffiffiffiffiffiffiffiffi
1 − x

p : ð14Þ

For a ≥ 1, we can take ð2aÞ derivatives with respect to ω of
the result above. Since the exponent on the right-hand side
involves jωj and not ω, we pick up delta distributions and
their derivatives. The result is

Z
∞

−∞
dt

e−iωtt2a

ðρ2t2þ1−xÞ¼ πð−1Þae−jωj
ffiffiffiffiffiffi
1−x

p
=ρ ð1−xÞa−1=2

ρ2aþ1

−2πð−1Þa
Xa
p¼1

ð1−xÞa−p
ρ2a−2pþ2

δð2p−2ÞðωÞ;

ð15Þ

which is clearly not an ordinary function. Substituting this
back into (13) gives

Ψωlða; bjrÞ ¼
1

ð2r2Þbþ1

ð−1Þaþb

b!2bþ2

�
1

ρ

∂

∂ρ

�
b
	

1

ρ2aþ1
AωlðajρÞ

− 2
Xa
p¼1

δð2p−2ÞðωÞ
ρ2a−2pþ2

Blða; pÞ


; ð16Þ

where

AωlðajρÞ ¼
Z

1

−1
PlðxÞe−jωj

ffiffiffiffiffiffi
1−x

p
=ρð1 − xÞa−1=2dx; ð17Þ

Blða; pÞ ¼
Z

1

−1
PlðxÞð1 − xÞa−pdx: ð18Þ

The second integral here is a standard one. The result is that
integral vanishes whenever l ≥ a − pþ 1 and otherwise
gives

Blða; pÞ ¼
ð−1Þl2a−pþ1Γða − pþ 1Þ2

Γða − pþ lþ 2ÞΓða − pþ 1 − lÞ : ð19Þ

The AωlðajρÞ integral can also be easily performed and
there are several different equivalent representations. The
tidiest form involves derivatives of the modified Bessel
functions,

AωlðajρÞ ¼ 2aþ3=2 ∂
2a

∂z2a
Ilþ1=2ðzÞKlþ1=2ðzÞ; ð20Þ

where

z ¼ jωjffiffiffi
2

p
ρ
¼ jωjrffiffiffi

f
p : ð21Þ

However, this is not the best representation for numeri-
cally computing this object. For numerical purposes, except
when z ≫ 1, we find the following representation much
more efficient:

AωlðajρÞ ¼ 2a
ffiffiffiffiffiffi
2π

p
ð−1Þl

8><
>:Γ
�
aþ 1

2

�
2

2F̂3

0
BB@

n
aþ 1

2
; aþ 1

2

o
n
aþ lþ 3

2
; a − lþ 1

2
; 1
2

o ���� ω2

2ρ2

1
CCA

− Γðaþ 1Þ2 jωjffiffiffi
2

p
ρ
2F̂3

 faþ 1; aþ 1gn
3
2
; aþ lþ 2; a − lþ 1

o ���� ω2

2ρ2

!9>=
>;; ð22Þ

where 2F̂3 is the regularized general hypergeometric function [26]. Now using the fact that
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�
1

ρ

∂

∂ρ

�
b
ρ−α ¼ ð−1Þb2b Γðα=2þ bÞ

Γðα=2Þ ρ−α−2b; ð23Þ

we can easily express the derivatives in terms of hypergeometric functions. Putting all of the above together, and after some
simplification, we obtain the following expression for the regularization parameters:

Ψωlða; bjrÞ ¼ Iωlða; bjrÞ −
ð2r2Þa
faþbþ1

ð−1Þaþl

b!

Xa
p¼1

2a−pða − pÞ!ða − pþ bÞ!
ða − pþ lþ 1Þ!ða − p − lÞ!

�
f
2r2

�
p
δð2p−2ÞðωÞ; ð24Þ

where, for later convenience, we have defined

Iωlða; bjrÞ ¼
ð2r2Þa−1=2
faþbþ1=2

2a−2
ffiffiffiffiffiffi
2π

p ð−1Þaþl

Γðbþ 1Þ

8<
:Γ
�
aþ 1

2

�
Γ
�
aþ bþ 1

2

�
2F̂3

0
B@

n
aþ 1

2
; aþ bþ 1

2

o
n
aþ lþ 3

2
; a − lþ 1

2
; 1
2

o ����ω2r2

f

1
CA

− Γðaþ 1ÞΓðaþ bþ 1Þ jωjrffiffiffi
f

p 2F̂3

0
@ faþ 1; aþ bþ 1gn

3
2
; aþ lþ 2; a − lþ 1

o ����ω2r2

f

1
A
9=
;: ð25Þ

Substituting this back into (10) and performing the ω integration in the terms involving delta distributions gives

Δτ2aþ2b

s2þ2b ¼
X∞
l¼0

ð2lþ 1ÞPlðcos γÞ
Z

∞

−∞
dωeiωΔτIωlða;bjrÞ þ

1

fbþ1

Xa
p¼1

ða−pþ bÞ!
b!ða−pÞ!

�
2r2

f

�
a−p

Δτ2p−2ðcos γ − 1Þa−p: ð26Þ

In arriving at the last line of this expression, we made use of
the identity

Xn
l¼0

ð−1Þlð2lþ 1ÞPlðcos γÞ
ðnþ lþ 1Þ!ðn − lÞ! ¼ ð1 − cos γÞn

2nðn!Þ2 ; ð27Þ

which can be proved by induction. In the coincidence limit,
the last line of (26) is nonzero only when p ¼ a ¼ 1.

B. Regularization parameters for the logarithmic
terms in the tail

In this subsection, we derive a mode-sum representation
for the terms in the tail part of the Hadamard parametrix
which in the partial coincidence limit Δr ¼ 0 involves
terms of the form Δτ2bs2a−2b logðs2=l2Þ. For later con-
venience, we will write the logarithmic terms as

Δτ2bs2a−2b logðs2=l2Þ ¼ Δτ2bs2a−2b logðρ2Δτ2 þ 1 − xÞ
þ Δτ2bs2a−2b logð2r2=l2Þ: ð28Þ

The second term here is polynomial in Δτ2 and s2 and
requires no mode-sum representation. This term contains the
arbitrary length scale l which encodes part of the renorm-
alization ambiguity (see, for example, Refs. [27–29]). This
term does not contribute to the vacuum polarization since

a ≥ 1 in these terms and, hence, they all vanish in the
coincidence limit. For the first term above, we assume the
mode-sum ansatz

Δτ2bs2a−2b logðρ2Δτ2 þ 1 − cos γÞ

¼
X∞
l¼0

ð2lþ 1ÞPlðcos γÞ
Z

∞

−∞
dω eiωΔτχωlða; bjrÞ ð29Þ

and, as before, we can invert to obtain a formal double
integral expression for the regularization parameters

χωlða;bjrÞ¼
ð2r2Þa−b

4π

Z
1

−1
dxPlðxÞ

× lim
α→a

∂

∂α

Z
∞

−∞
e−iωtt2bðρ2t2þ1−xÞα−bdt; ð30Þ

where we have expressed the log terms as the limit of a
derivative with respect to an exponent α, and where t and x
are defined as before. The time integral above is a compli-
cated generalized function but we can express it in terms of
the derivative of a simpler integral as
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χωlða;bjrÞ¼
ð2r2Þa−b

4π

1

2b

�
1

ρ

∂

∂ρ

�
b
Z

1

−1
dxPlðxÞ

× lim
α→a

∂

∂α

Γðα−bþ1Þ
Γðαþ1Þ

Z
∞

−∞
e−iωtðρ2t2þ1−xÞαdt:

ð31Þ

The advantage of this form is that the time integral can now
be performed explicitly yielding

χωlða; bjrÞ ¼
ð2r2Þa−bffiffiffiffiffiffi

2π
p 1

2b

�
1

ρ

∂

∂ρ

�
b

×
Z

1

−1
dxPlðxÞFωlða; bjx; rÞ; ð32Þ

where

Fωlða; bjx; rÞ ¼ lim
α→a

∂

∂α

	
2αρα−1=2Γðα − bþ 1Þ
jωjαþ1=2Γð−αÞΓðαþ 1Þ ð1 − xÞα=2þ1=4Kαþ1=2

�jωj ffiffiffiffiffiffiffiffiffiffiffi1 − x
p

ρ

�

; ð33Þ

and Kαþ1=2ðzÞ is the modified Bessel function of the second kind. From the series representation of the Bessel function, we
obtain

Fωlða; bjx; rÞ ¼
πffiffiffi
2

p lim
α→a

∂

∂α

	
Γðα − bþ 1Þ
Γðαþ 1Þ

sec παð2ρÞ2α
Γð−αÞjωj2αþ1

X∞
k¼0

1

k!Γð−αþ kþ 1
2
Þ
ω2kð1 − xÞk

ð2ρÞ2k

−
Γðα − bþ 1Þ
Γðαþ 1Þ

sec παð1 − xÞαþ1=2

Γð−αÞ2ρ
X∞
k¼0

1

k!Γðαþ kþ 3
2
Þ
ω2kð1 − xÞk

ð2ρÞ2k


: ð34Þ

The second term here is straightforward to deal with in the
limit as α → a. In particular, it is evidently an entire function
of α. In fact, if we consider the Taylor series for 1=Γð−αÞ
about a positive integer a, we have

1

Γð−αÞ ¼ ð−1Þaþ1a!ðα − aÞ þ ð−1Þaþ1a!ψðaþ 1Þðα − aÞ2

þOðα − aÞ3; ð35Þ

where ψðzÞ ¼ Γ0ðzÞ=ΓðzÞ is the polygamma function, and
so it is clear that the only term in the last line of (34) that
survives the limit α → a is when the α derivative acts
on 1=Γð−αÞ.
The first term in (34) is more subtle owing to the presence

of the jωj−2α−1 term. Clearly, this is not an ordinary function
since it is singular at ω ¼ 0. It is a generalized function
whose definition involves a regularization at ω ¼ 0 (not to
be confused with the renormalization prescription required
to regularize the coincidence limit of the point-split two-
point function). One way to treat this is to simply introduce
an infrared cutoff in the ω integral in (28), but this is not the
rigorous approach. We will see that, if we treat jωj−2α−1
rigorously as a generalized function, a cutoff will emerge
naturally and indeed it will be clear that the overall result
will be independent of this choice. The salient point is that,
as a function of the exponent α, the definition (which
involves its regularization as a distribution) of jωj−2α−1 has a

simple pole at integer values of α. However, this pole is
canceled by the zero in 1=Γð−αÞ at integer values [see
Eq. (35)] so that the combination 1=ðΓð−αÞjωj2αþ1Þ is
actually an entire function. We require an expansion of this
combination about the integer α ¼ a up to order ðα − aÞ2 if
we are to compute the limit appearing in (34). We already
have a series for 1=Γð−αÞ. Next, we note the Laurent series
for jωj−2α−1 which can be found in Ref. [30],

jωj−2α−1 ¼ −
δð2aÞðωÞ

ð2aÞ!ðα − aÞ þ jωj−2a−1 þ δð2aÞðωÞ
ð2aÞ! 2 log λ

þOðα − aÞ; ð36Þ

where the λ appearing here is an arbitrary inverse length
scale required because ω has dimensions of inverse length.
This inverse length scale will be shown later to be related to
an infrared cutoff in certain integrals over the frequency. The
corresponding result for Eq. (36) in Ref. [30] is actually for
a dimensionless generalized function and so does not
contain the additional log λ term, but applying the result
from [30] to ω̂ ¼ ω=λ gives Eq. (36). It is essential to
understand that jωj−2a−1 appearing on the right-hand side is
to be understood in terms of its regularization as a
generalized function. For example, for φðωÞ a test function
of compact support, we have
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ðjωj−2a−1;φðωÞÞ ¼
Z

∞

0

dωω−2a−1

"
φðωÞ þ φð−ωÞ − 2

Xa−1
m¼0

φð2mÞð0Þ
ð2mÞ! ω2m − 2

φð2aÞð0Þ
ð2aÞ! ω2aθðλ − ωÞ

#
; ð37Þ

where θðzÞ is the step function. The last term in the regularization requires this step function since otherwise the integral
would not converge at infinity.
Now combining (35) and (36) gives us the desired expansion:

1

Γð−αÞjωj2αþ1
¼ ð−1Þaa!

ð2aÞ! δð2aÞðωÞ þ ðα − aÞð−1Þaa!
�ðψðaþ 1Þ − 2 log λÞ

ð2aÞ! δð2aÞðωÞ − 1

jωj2aþ1

�
þOðα − aÞ2: ð38Þ

Employing these limits in Eq. (34) gives, after some tedious simplifications,

Fωlða; bjx; rÞ ¼
πffiffiffi
2

p ða − bÞ!
(�

ψða − bþ 1Þ þ ψ

�
1

2
− aþ k

�
þ 2 lnð2ρ=λÞ

�Xa
k¼0

δð2a−2kÞðωÞð1 − xÞkð2ρÞ2a−2k
k!ð2a − 2kÞ!Γ

�
k − aþ 1

2

�

−
X∞
k¼0

jωj2k−2a−1ð1 − xÞkð2ρÞ2a−2k
k!Γ
�
k − aþ 1

2

� þ
X∞
k¼0

ω2kð1 − xÞkþaþ1=2

k!Γðkþ aþ 3
2
Þð2ρÞ2kþ1

)
; ð39Þ

where we also made use of the distributional identity

ω2kδð2aÞðωÞ ¼
( ð2aÞ!

ð2a−2kÞ! δ
ð2a−2kÞðωÞ k ≤ a

0 k > a
ð40Þ

to truncate the infinite sums involving delta distributions. Substituting this expression back into (32) and performing the
integration yields

χωlða;bjrÞ ¼
ffiffiffi
π

p ð2r2Þa−bða−bÞ!ð−1Þ
l

2b

�
1

ρ

∂

∂ρ

�
b
(X∞

k¼0

Γ
�
kþaþ 3

2

�
2kþaþ3=2ω2k

k!Γ
�
kþaþ lþ 5

2

�
Γ
�
kþa− lþ 3

2

�
ð2ρÞ2kþ1

−
X∞
k¼0

k!2kð2ρÞ2a−2kjωj2k−2a−1
ðkþ lþ 1Þ!ðk− lÞ!Γ

�
k−aþ 1

2

�

þ
�
ψða−bþ 1Þþψ

�
k−aþ 1

2

�
þ 2 logð2ρ=λÞ

�Xa
k¼0

k!2kð2ρÞ2a−2kδð2a−2kÞðωÞ
ð2a− 2kÞ!ðkþ lþ 1Þ!ðk− lÞ!Γ

�
k−aþ 1

2

�
)
: ð41Þ

The second term is a generalized function of ω whenever k ≤ a and an ordinary function otherwise. In the former case, it is
understood in the sense of (37). It would be better if we could express the definition in (37) in a way that is independent of
the test function. It can be shown that the regularization in Eq. (37) is equivalent to defining the generalized function as

1

jωj2jþ1
¼ θðω2 − λ2Þ

jωj2jþ1
þ 2

X∞
k≠j

λ2k−2jδð2kÞðωÞ
ð2kÞ!ð2k − 2jÞ ; j > 0∈Z; ð42Þ

where λ > 0 is the arbitrary cutoff. This can be straightforwardly proven by splitting the integral in (37) into intervals ð0; λÞ
and ðλ;∞Þ, and then employing a Taylor series about ω ¼ 0 for the test function on the interval ð0; λÞ. Employing definition
(42) in the second term of (41) for k ≤ a gives
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χωlða;bjrÞ ¼
ffiffiffi
π

p ð2r2Þa−bða− bÞ! ð−1Þ
l

2b

�
1

ρ

∂

∂ρ

�
b
(X∞

k¼0

Γ
�
kþ aþ 3

2

�
2kþaþ3=2ω2k

k!Γ
�
kþ aþ lþ 5

2

�
Γ
�
kþ a− lþ 3

2

�
ð2ρÞ2kþ1

− θðω2 − λ2Þ
Xa
k¼0

k!2kð2ρÞ2a−2kjωj2k−2a−1
ðkþ lþ 1Þ!ðk− lÞ!Γ

�
k− aþ 1

2

�−X∞
k¼0

ðkþ aþ 1Þ!2kþaþ1jωj2kþ1

ðkþ aþ lþ 2Þ!ðkþ aþ 1− lÞ!Γ
�
kþ 3

2

�
ð2ρÞ2kþ2

− 2
Xa
k¼0

k!2kð2ρÞ2a−2k
ðkþ lþ 1Þ!ðk− lÞ!Γ

�
k− aþ 1

2

� X∞
p≠a−k

λ2pþ2k−2aδð2pÞðωÞ
ð2pÞ!ð2pþ 2k− 2aÞ

þ
�
ψða− bþ 1Þ þψ

�
k− aþ 1

2

�
þ 2 logð2ρ=λÞ

�Xa
k¼0

k!2kð2ρÞ2a−2kδð2a−2kÞðωÞ
ð2a− 2kÞ!ðkþ lþ 1Þ!ðk− lÞ!Γ

�
k− aþ 1

2

�
)
: ð43Þ

Finally, computing the derivatives and simplifying gives

χωlða;bjrÞ ¼ J ωlða;bjrÞ þ
ffiffiffi
π

p ð2r2ρ2Þa−bða− bÞ!22að−1Þl

×

8<
:
Xa
k¼0

k!ða− kÞ!δð2a−2kÞðωÞ
�
ψða− bþ 1Þ− ψða− b− kþ 1Þ þ ψða− kþ 1Þ þ ψ

�
k− aþ 1

2

�
þ 2 log

�
2ρ
λ

��

ða− k− bÞ!ð2a− 2kÞ!Γ
�
k− aþ 1

2

�
ðkþ lþ 1Þ!ðk− lÞ!ð2ρ2Þk

− 2
Xa
k¼0

ða− kÞ!k!
ða− k− bÞ!Γðk− aþ 1

2
Þðkþ lþ 1Þ!ðk− lÞ!ð2ρ2Þk

X∞
p¼0

p≠a−k

δð2pÞðωÞλ2p−2aþ2k

ð2pÞ!ð2p− 2aþ 2kÞ

9=
;; ð44Þ

where

J ωlða; bjrÞ ¼
ffiffiffi
π

p ð2r2ρ2Þa−bða − bÞ!22að−1Þl
8<
:−

Xa−b
k¼0

θðω2 − λ2Þða − kÞ!k!jωj2k−2a−1
ða − k − bÞ!Γðk − aþ 1

2
Þðkþ lþ 1Þ!ðk − lÞ!ð2ρ2Þk

−
ð−1Þb

ð2ρ2Þaþ1
jωjðaþ 1Þ!b!2F̂3

0
@ faþ 2; bþ 1gn

3
2
; a − lþ 2; aþ lþ 3

o ���� ω2

2ρ2

1
A

þ ð−1Þb
2aþ1=2ρ2aþ1

Γ
�
aþ 3

2

�
Γ
�
bþ 1

2

�
2F̂3

0
@

n
aþ 3

2
; bþ 1

2

o
n
1
2
; a − lþ 3

2
; aþ lþ 5

2

o ���� ω2

2ρ2

1
A
9=
;: ð45Þ

Putting this together gives
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Δτ2bs2a−2b logðρ2Δτþ1− cosγÞ¼
Z

∞

−∞
dωeiωΔτ

X∞
l¼0

ð2lþ1ÞPlðcosγÞχωlðrÞ

¼
Z

∞

−∞
dωeiωΔτ

X∞
l¼0

ð2lþ1ÞPlðcosγÞJ ωlða;bjrÞ

þ ffiffiffi
π

p ð2r2ρ2Þa−bða−bÞ!22a
(Xa−b

k¼0

ð−1Þa−kða−kÞ!Δτ2a−2kð1− cosγÞk
2kk!ða−k−bÞ!ð2a−2kÞ!Γðk−aþ 1

2
Þð2ρ2Þk

×

�
ψða−bþ1Þ−ψða−b−kþ1Þþψða−kþ1Þþψ

�
k−aþ1

2

�
þ2 logð2ρ=λÞ

�

−
Xb
k¼1

ð−1Þbðb−kÞ!ðk−1Þ!Δτ2b−2kð1− cosγÞkþa−b

2kþa−bðkþa−bÞ!ð2b−2kÞ!Γðk−bþ 1
2
Þð2ρ2Þkþa−b

−2
Xa−b
k¼0

ða−kÞ!ð1− cosγÞk
2kk!ða−k−bÞ!Γðk−aþ 1

2
Þð2ρ2Þk

Xm−k

p¼0
p≠a−k

ð−1ÞpΔτ2pλ2p−2aþ2k

ð2pÞ!ð2p−2aþ2kÞ

)
: ð46Þ

Even though the sum over p in Eq. (46) is technically up to∞, we actually only need terms up to order ϵ2m in the Hadamard
parametrix. In that expression, the order of the expansion is given by ð1 − cos γÞkΔτ2p and is ϵ2kþ2p. Hence, we have
truncated the sum at p ¼ m − k. In arriving at the expression above, we have also made use of the identity (27).

C. Mode-sum expression for the parametrix

We now have mode-sum representations of all of the singular terms in (9) yielding the following mode-sum
representation of the Hadamard parametrix:

Kðx; x0Þ ¼ 1

8π2

Z
∞

−∞
dωeiωΔτ

X∞
l¼0

ð2lþ 1ÞPlðcos γÞkðmÞ
ωl ðrÞ þ

1

8π2

(Xm
a¼1

Xa
b¼1

DðpÞ
ab ðrÞΔτ2a−2bs2b−2

þ
Xm−1

a¼1

Xa
b¼0

T ðpÞ
ab ðrÞΔτ2bs2a−2b þ

Xm−1

a¼0

Xa
b¼0

T ðlÞ
abðrÞΔτ2bs2a−2b logð4f=ðl2λ2ÞÞ

þ
Xm
a¼1

Xa
b¼0

DðrÞ
abðrÞð2r2Þ−b−1
b!ðρ2Þaþbþ1

Xa
p¼1

ð−1Þaþpða − pþ bÞ!ρ2p
ða − pÞ! Δτ2p−2ð1 − cos γÞa−p

þ
Xm−1

a¼1

Xa−1
b¼0

T ðrÞ
abðrÞð2r2Þ−b−1
b!ðρ2Þaþbþ2

Xaþ1

p¼1

ð−1Þaþ1þpðaþ 1 − pþ bÞ!ρ2p
ðaþ 1 − pÞ! Δτ2p−2ð1 − cos γÞaþ1−p

þ
Xm−1

a¼0

Xa
b¼0

T ðlÞ
abðrÞ

ffiffiffi
π

p ð2r2ρ2Þa−bða − bÞ!22a
"Xa−b
k¼0

ð−1Þa−kða − kÞ!Δτ2a−2kð1 − cos γÞk
2kk!ða − k − bÞ!ð2a − 2kÞ!Γðk − aþ 1

2
Þð2ρ2Þk

×

�
ψða − bþ 1Þ − ψða − b − kþ 1Þ þ ψða − kþ 1Þ þ ψ

�
k − aþ 1

2

��

−
Xb
k¼1

ð−1Þbðb − kÞ!ðk − 1Þ!Δτ2b−2kð1 − cos γÞkþa−b

2kþa−bðkþ a − bÞ!ð2b − 2kÞ!Γðk − bþ 1
2
Þð2ρ2Þkþa−b

− 2
Xa−b
k¼0

ða − kÞ!ð1 − cos γÞk
2kk!ða − k − bÞ!Γðk − aþ 1

2
Þð2ρ2Þk

Xm−k

p¼0
p≠a−k

ð−1ÞpΔτ2pλ2p−2aþ2k

ð2pÞ!ð2p − 2aþ 2kÞ

#)
þOðϵ2m log ϵÞ; ð47Þ

where we have defined for compactness
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kðmÞ
ωl ðrÞ ¼

Xm
a¼0

Xa
b¼0

DðrÞ
abðrÞIωlða; bjrÞ

þ
Xm−1

a¼1

Xa−1
b¼0

T ðrÞ
abðrÞIωlðaþ 1; bjrÞ

þ
Xm−1

a¼0

Xa
b¼0

T ðlÞ
abðrÞJ ωlða; bjrÞ: ð48Þ

While the expression (47) looks very complicated, we note
that many of the terms vanish in the coincidence limit.

III. VACUUM POLARIZATION
AND COMPONENTS OF THE RSET

When computing vacuum polarization, the coincidence
limit kills almost all of the finite terms in the Hadamard
parametrix above, and we obtain

hϕ̂2iren ¼
1

8π2

(Z
∞

−∞

X∞
l¼0

ð2lþ 1Þ
�
gωlðrÞ − kðmÞ

ωl ðrÞ
�
dω

−
ffiffiffi
π

p Xm−1

a¼1

Xa
b¼0

T ðlÞ
abðrÞ

ða − 1Þ!22afa−b
Γð−aþ 1

2
Þλ2a

)

−
1

8π2

�
DðpÞ

11 ðrÞ þ
DðrÞ

10 ðrÞ
f

þDðrÞ
11 ðrÞ
f2

þ T ðlÞ
00ðrÞðlogðf=ðl2λ2ÞÞ − 2γEÞ

�
: ð49Þ

The mode-sum terms above can be made to converge as fast
as we like by choosing m appropriately large. It can be
shown that the renormalized vacuum polarization is com-
pletely independent on the choice of the cutoff (we report
the calculations in Appendix A for clarity). This property
can also be proven for the regularization terms for the stress
energy tensor.
The components of the RSET may be written in the

form [17]

hT̂μ
νiren ¼ −wμ

ν −
�
ξ −

1

2

�
w;μ

;ν þ
�
ξ −

1

4

�
□wδμν

þ ξRμ
νw −

1

8π2
v1δμν; ð50Þ

where

wðrÞ ¼ hϕ̂2irenðrÞ;
wμνðxÞ≡ lim

x→x0
½Wðx; x0Þ;μν�;

Wðx; x0Þ ¼ Gðx; x0Þ − Kðx; x0Þ; ð51Þ

and

v1 ¼
1

720
RμνρσRμνρσ −

1

720
RμνRμν −

1

24

�
ξ −

1

5

�
□R

þ 1

8

�
ξ −

1

6

�
2

R2 þ 1

4
μ2
�
ξ −

1

6

�
Rþ 1

8
μ4; ð52Þ

which must be included in (50) to ensure the RSET is
conserved [28].
Because the symmetry of the background spacetime w is

a function of r only, therefore once it has been calculated
numerically to high accuracy on a suitably dense grid, the
derivatives of w appearing in Eq. (50) are now easily and
accurately obtained by differentiating an interpolation
function for w. Considering the components of wa

b, we
have, by virtue of the wave equation satisfied by Wðx; x0Þ,
that [31]

wr
r ¼ −wτ

τ − wθ
θ − wϕ

ϕ þ ξRwþ μ2w −
3

4π2
v1: ð53Þ

For the remaining nonzero components, wτ
τ and

wθ
θ ¼ wϕ

ϕ, it is advantageous to express these in terms
of mixed derivatives at x and x0 of Wðx; x0Þ and derivatives
of wðrÞ ¼ hϕ̂2iren, using Synge’s rule [17]:

lim
x→x0

½Wðx; x0Þ;μ0ν� ¼
1

2
w;μνðxÞ − wμνðxÞ: ð54Þ

The required mixed time derivatives and mixed angular
derivatives may be obtained by taking appropriate deriv-
atives of Eq (9). Therefore, the RSET is determined by the
calculation of three mode sums [Eq. (49)] along with the
following two mode sums:

½gττ0W;ττ0 � ¼
1

8π2f

(Z
∞

−∞

X∞
l¼0

ð2lþ 1Þω2ðgωl − kðmÞ
ωl Þdω

−
ffiffiffi
π

p Xm−1

a¼0
a≠1

Xa
b¼0

T ðlÞ
abðrÞ

a!22afa−b

Γ
�
1
2
− a
�
ða− 1Þλ2a−2

)

þ 1

4π2

�
T ðpÞ

10 þDðpÞ
22 þ 1

f

�
T ðpÞ

11 þDðpÞ
21

�

þDðrÞ
20

f2
þDðrÞ

21

f3
þDðrÞ

22

f4
þ T ðrÞ

10

f2

þ
�
fT ðlÞ

10 þ T ðlÞ
11

�
ðlogðf=ðl2λ2ÞÞ− 2γE þ 3Þ

�
;

ð55Þ
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½gϕϕ0
W;ϕϕ0 �¼ 1

16π2r2

(Z
∞

−∞

X∞
l¼0

ð2lþ1Þlðlþ1Þðgωl−kðmÞ
ωl Þdω

þ ffiffiffi
π

p Xm−1

a¼2

Xa
b¼0

T ðlÞ
ab
r2ða−bÞða−2Þ!22afa−b−1

Γ
�
3
2
−a
�
λ2a−2

)

þ 1

4π2

�
DðpÞ

22 þT ðpÞ
10 −

DðrÞ
20

f2
−2

DðrÞ
21

f3
−3

DðrÞ
22

f4

−
T ðrÞ

10

f2
þT ðlÞ

11

f
þr2T ðlÞ

10ðlogðf=ðl2λ2ÞÞ

−2γEþ1Þ
�
: ð56Þ

Inserting the expressions in Eqs. (49), (55), and (56)
into Eq. (50) results in a natural splitting of the RSET
components into a numeric and an analytic part:

hT̂μ
νiren ¼ hT̂μ

νinumeric þ hT̂μ
νianalytic; ð57Þ

where hT̂μ
νinumeric contains the terms in Eqs. (49), (55), and

(56) that are in curly brackets, while hT̂μ
νianalytic is

comprised of those terms in square brackets. We give
explicitly the expression for hT̂μ

νianalytic in Appendix D.

With these definitions, both hT̂μ
νinumeric and hT̂μ

νianalytic are
independently conserved. In fact hT̂μ

νianalytic is equal, up to
the addition of a conserved tensor, to the equivalent analytic
component obtained by the Anderson-Hiscock-Samuel
(AHS) method [10], which in turn reproduces Page’s
approximation for a massless field. The fact that our direct
method reproduces the AHS results, whose derivation
depended on the use of the WKB approximation to the
radial Green function, is surprising, particularly when
contrasted with the results of the extended coordinates
approach for a thermal state [17]. In that case the equivalent
analytic component does not reproduce the AHS equivalent
and neither the analytic nor numerical components are
independently conserved, rather only their combination is
conserved.

IV. APPLICATION TO THE REISSNER-
NORDSTRÖM SPACETIME

In this section, we apply the renormalization scheme
presented developed herein to the case of scalar fields in the
Boulware state in the Reissner-Nordström black hole
spacetime:

ds2 ¼ −
ðr − rþÞðr − r−Þ

r2
dt2 þ r2

ðr − rþÞðr − r−Þ
dr2

þ r2ðdθ2 þ sin θ2dϕ2Þ; ð58Þ

where r� ¼ M �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 −Q2

p
.

We will first verify this new method by reproducing
results for the nonextremal case, which were obtained via
the state subtraction method in [18]. We then apply the
method to the case of an extremal black hole, where we
investigate the regularity of the Boulware state on the event
horizon for both a massless and massive scalar field. While
the regularity of the RSET has previously been examined
by Anderson et al. [21], we are not aware of any previous
exact results for a massive field.
Before presenting results for both the nonextremal and

extremal cases, we will discuss the numerical implementa-
tion of the method for both cases.

A. Numerical implementation

1. Nonextremal modes

As seen from Eqs. (49)–(56), the mode sums required to
compute the RSET can be expressed in terms of derivatives

of hϕ̂2iren. In particular, the only mode sum we need to
calculate is that for the one-dimensional Green function gωl
(4), defined as the normalized product of solutions to the
radial equation (5).
Thus, to obtain the RSETwith sufficient accuracy (as, for

example, to check its regularity at the horizon), we need to
generate highly precise results for the vacuum polarization
and, in turn, for the Euclidean modes.
For the nonextremal case, the computation of the pωlðrÞ

modes is simplified by recasting the radial equation (5) into
a confluent Heun form. This is achieved by expressing the
dependent variable χωlðrÞ as

χωlðrÞ ¼ e−ðω−ωÞreωr�YðrÞ

and introducing a new independent variable:

z ¼ rþ − r
rþ − r−

:

The radial equation then takes the form of the confluent
Heun equation:

zðz − 1ÞY 00ðzÞ þ ðδ1ðz − 1Þ þ δ2zþ zðz − 1Þδ3ÞY 0ðzÞ
þ ðq2z − q1ÞYðzÞ ¼ 0; ð59Þ

where
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q1 ¼ lðlþ 1Þ þ r2þðω − ω̄Þ2 − ðrþ þ r−Þðω − ω̄Þ − 2rþω̄

q2 ¼ ðr2þ − r2−Þðω − ω̄Þ2 − 2ðrþ − r−Þω̄

δ1 ¼ 1þ 2ωr2þ
rþ − r−

δ2 ¼ 1 −
2ωr2−
rþ − r−

δ3 ¼ −2ω̄ðrþ − r−Þ
z ¼ rþ − r

rþ − r−
ð60Þ

and with

ω̄ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω2 þ μ2

q
: ð61Þ

If we let Hðq1; q2; δ1; δ2; δ3; zÞ denote the solution to
Eq. (59) that is analytic in the vicinity of z ¼ 0 and
normalized to unity there, then we may express the pωl
solution as

pωlðrÞ ¼ e−ðω−ω̄Þreωr�Hðq1; q2; δ1; δ2; δ3; zÞ: ð62Þ

Computing the qωlðrÞ modes is computationally harder.
While these modes can still be written in confluent Heun
form, the Heun functions with the appropriate boundary
conditions for qωlðrÞ are not built into Mathematica or
Maple. There are several options one can consider for
computing qωlðrÞ but we found it most efficient to simply
numerically integrate the radial equation inwards from a
large r value using an asymptotic expansion for the initial
conditions (see, for example, [10] for details of the
asymptotic expansion). The initial conditions were opti-
mized so that the asymptotic expansion solved the wave
equation to our working precision with the least number of
terms in the asymptotic expansion and for the smallest
reasonable r value at which this precision could be
achieved. Using this approach, the mode solutions and
their derivatives that were generated were accurate to at least
30 significant digits. We tested this accuracy by checking
the constancy of the Wronskian over the radial grid for the
solution pairs fpωlðrÞ; qωlðrÞg.

2. Extremal modes

The extremal black hole metric in its Euclideanized
form is

ds2 ¼
�
1 −

M
r

�
2

dτ2 þ
�
1 −

M
r

�
−2
dr2

þ r2ðdθ2 þ sin2 θdϕ2Þ; ð63Þ

for which the mode equation (5) amounts to

Φ00
ωlþ

2Φ0
ωl

r−M
−
�

r4ω2

ðr−MÞ4þ
μ2r2þ lðlþ 1Þ

ðr−MÞ2
�
Φωl ¼ 0: ð64Þ

For convenience, we follow [32] and adopt the dimen-
sionless coordinate η ¼ r=M − 1, for which the wave
equation is

η4Φ00
ωl þ 2η3Φ0

ωl −
�
ω2M2ðηþ 1Þ4

þ lðlþ 1Þη2 þ μ2M2η2ðηþ 1Þ2
�
Φωl ¼ 0: ð65Þ

The radial solutions regular at the horizon and at radial
infinity obey, respectively, the asymptotic expansions

pωl ¼ η2ωMe−ωM=η
X∞
k¼0

akηk; η → 0 ð66Þ

and

qωl ¼ η−2ωMeωM=ηe−
ffiffiffiffiffiffiffiffiffiffi
ω2þμ2

p
Mη
X∞
k¼0

bkη−k−β0 ; η → ∞:

ð67Þ

Replacing these relations in (65), we find the following
recursion relations for the ak, bk coefficients,

a1 ¼ ½μ̃2 þ lðlþ 1Þ þ 2ω̃ðω̃− 1Þ� a0
2ω̃

;

a2 ¼ ½μ̃2 þ 2ω̃2� a0
2ω̃

þ ½μ̃2 þ lðlþ 1Þ þ 2ω̃ðω̃− 3Þ− 2� a1
4ω̃

;

ak ¼ ðμ̃2 þ ω̃2Þak−3
2ω̃u

þ ðμ̃2 þ 2ω̃2Þak−2
ω̃u

þ ½kð1− kÞ þ μ̃2 þ lðlþ 1Þ
−4ω̃kþ 2ω̃ð1þ ω̃Þ�ak−1

2ω̃k
; ð68Þ

for the pωl mode, where ω̃ ¼ ωM and μ̃ ¼ μM, with
a0 ¼ 1. For the qωl mode we have, instead,
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β0 ¼ 1 − 2ω̃þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω̃2 þ μ̃2

q
þ ω̃2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ω̃2 þ μ̃2
p ;

b1 ¼
�
μ̃2 þ lðlþ 1Þ þ β0ð1 − β0 − 4ω̃Þþ2ω̃

�
1þ ω̃ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω̃2 þ μ̃2

q ��
b0

×

�
2μ̃2 − 2β0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω̃2 þ μ̃2

q
þ 4ω̃

�
ω̃ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω̃2 þ μ̃2

q ��
−1
;

bk ¼
ðβ0 þ v − 2Þω̃bk−2

ðβ0 þ k − 1Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω̃2 þ μ̃2

p
− 2ω̃

�
ω̃ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω̃2 þ μ̃2

p �
− μ̃2

�
−k2 þ kð3 − 2β0 − 4ω̃Þ þ lðlþ 1Þ þ μ̃2 − β20

þβ0ð3 − 4ω̃Þ þ 2ω̃

�
3þ ω̃ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω̃2 þ μ̃2

q �
− 2

�
bk−1

�
2ðβ0 þ k − 1Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω̃2 þ μ̃2

q

−4ω̃

�
ω̃ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω̃2 þ μ̃2

q �
− 2μ̃2

�
−1
; ð69Þ

with b0 ¼ 1.

3. Accuracy issues

The numerical implementation of the direct method is
more challenging than the extended coordinate method
developed for thermal states, which uses a discretized
frequency spectrum.
Most of the issues are related to the sampling of the

continuous frequency spectrum. To numerically perform
the integral in ω, one needs to interpolate the integrand over
a predefined ω grid. This grid must be fine enough so that
the interpolation function works well, ensuring the result is
independent of the grid choice. This becomes challenging
when the integrand is very large and rapidly decaying. In
this context, we found it necessary to push the cutoff λ to
values no smaller than 1=10 and to increase the density of
the ω grid immediately after the cutoff. This is done to
ensure the interpolation function can properly approximate
the rapidly decaying behavior of the cutoff dependent terms
in the integrand, which are much larger at smaller ω.
Another issue is related to the cancellation of the cutoff-

dependent terms. We have shown analytically that the
renormalized vacuum polarization does not depend on
the choice of the cutoff, as the cutoff-dependent terms
ultimately cancel each other. However, achieving this out-
come numerically is more challenging and can significantly
impact the accuracy of the results. For the case of a thermal
state, one can increase the accuracy of the results, by
increasing the expansion order of the singular field [m in
Eq. (9)]. Moreover, this is extremely efficient numerically as
only a very modest number of modes are required. However,
for the direct approach, as the magnitude of the cutoff-
dependent terms increases with increasing order, so does the
potential error introduced by the numerical cancellation of
these terms. To counteract this, as the expansion order

increases, one has to also increase the density in the grid in
ω immediately after the cutoff. In effect if one increases the
expansion order, one has to also significantly increase the
number of numerical modes required, making the process
increasingly inefficient. Hence, there is a balance to be
struck between the accuracy of the results and the efficiency
of the method. For the results contained in this paper, we
have found that a third order expansion (m ¼ 3) and
summing/integrating up to l ¼ 40=ω ¼ 5 gives sufficiently
accurate results, with the conservation equation satisfied to
approximately 9–10 decimal places.
There is an important exception to this choice and that is

in the vicinity of the event horizon. All of the cutoff-
dependent terms vanish on the event horizon and therefore
as we approach the horizon the error introduced by these
terms also decreases. This is particularly true in the
extremal case, where the metric function fðrÞ has a double
root. Therefore, for points close to the horizon (up at a
distance of approximately M=10), we employ a sixth order
expansion to obtain our results and find that the conserva-
tion equation is satisfied to approximately 13–15 decimal
places for a massless field and 10–11 decimal places for the
massive case. In addition, particularly near the horizon, the
integral is dominated by the low ω behavior. Hence, it is
crucial to select the smallest point in the ω grid accordingly
and extrapolate the integrand to ω ¼ 0 to avoid losing
important contributions.
Besides the problems related to the continuous ω

spectrum, we have found different representations for
Iωlða; bjrÞ and J ωlða; bjrÞ. The most amenable to numeri-
cal implementation are the ones reported in the derivations
above, which involve differences of two hypergeometric
functions. However, these representations fail whenever

z ¼ jωjrffiffi
f

p ≫ 1, due to catastrophic cancellation. For the
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region of the domain where z ≫ 1, the representations in
terms of derivatives of modified Bessel functions and
generalized incomplete gamma functions are more efficient
and not subject to numerical errors. We include them in
Appendix B for convenience.

B. Nonextremal results

In Fig. 1, we compare the results of the direct method
outlined in this paper to the corresponding results obtained
via a state-subtraction approach in [18], for the calculation
of the RSET for a massless, minimally coupled scalar field
in the Boulware state. The background spacetime on which
this calculation is performed is the nonextremal Reissner-
Nordström spacetime withQ ¼ 2M=10. As is evident from
the plot in Fig. 1, there is good agreement between the two
approaches, verifying the new method presented in this
paper. However, the state-subtraction method appears to be
more accurate, as measured by the conservation equation,
in the vicinity of the event horizon. This suggests that for
spacetimes where there exists a Hartle-Hawking state to use
as a reference state, taking the state-subtraction approach
outlined in [18] is the appropriate choice. However, for
other spacetimes, such as the extremal Reissner-Nordström
spacetime considered in the next section, where we do not
have a Hartle-Hawking state to exploit, the direct approach
of this paper is required for the RSET calculation for a
scalar field in the Boulware state.
Returning to the splitting into independently conserved

tensors in (57), we observe that the leading-order diver-
gence of the RSET at the horizon is determined entirely by
hT̂μ

νianalytic ∝ f−2, with hT̂μ
νinumeric ∝ f−1 amounting to a

subleading correction. This indicates that hT̂μ
νianalytic

indeed captures exactly the singular behavior of the
Boulware state at event horizons, and further justifies its
use in backreaction analyses as an analytic approximation
to the exact RSET [33].

C. Extremal results

In this section we present the results of the extended
coordinates approach to the calculation of the RSET for a
scalar field in the Boulware quantum state on an extremal
Reissner-Nordström spacetime.
In Figs. 2 and 3 we present the components of the RSET

in the exterior region of the black hole for a massless and
massive field (μM ¼ 1=10), respectively. For the massless
case, on the horizon hT̂μ

νinumeric vanishes and the RSET is
given precisely by hT̂μ

νianalytic with

hT̂μ
νijr¼M ¼ hT̂μ

νianalyticjr¼M ¼ 1

2880π2M4
δμν; ð70Þ

which is equal to the corresponding RSET in the Bertotti-
Robinson spacetime [21]. The fact that hT̂μ

νianalytic is exact
on the horizon suggests that it might serve as a good
approximation for the full RSET, at least in the massless
case. However, this is not the case, with hT̂μ

νianalytic failing
to capture the main features of the full results, except in the
immediate vicinity of the horizon. Finally, as r increases we

2 3 4 5 6

0.00001

0.00003

0.00002

0.00001

FIG. 2. Plot of the components hT̂μ
νiren for a conformally

coupled massless field in the Boulware state, on an extremal
Reissner-Nordström spacetime.

2 3 4 5

0.00002

0.00002

0.00004

0.00006

FIG. 3. Plot of the components hT̂μ
νiren for a minimally coupled

field with mass μM ¼ 1=10 in the Boulware state, on an extremal
Reissner-Nordström spacetime.

FIG. 1. RSET components in the Boulware state for a
massless, minimally coupled scalar field calculated via the direct
method (line) and the state subtraction method (dots). The
background spacetime is the nonextremal Reissner-Nordström
spacetime with Q ¼ 2M=10.
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see that all RSET components tend to 0, as would be
expected for a zero-temperature state.
For the massive case, the situation is quite different. Here

both hT̂μ
νianalytic and hT̂μ

νinumeric diverge logarithmically on
the horizon, however these divergences cancel to render
each of the components of hT̂μ

νi finite there. Specifically,
the analytic terms become, in the near-horizon limit,

hT̂μ
νianalyticjr¼M ¼ μ2

8π2

��
ξ − 1

6



M2

diagð1; 1;−1;−1Þ

þ μ2

4
δμν

�
log

�
r
M

− 1

�
: ð71Þ

In contrast to the massless case, only the hT̂r
ri and hT̂t

ti
components agree on the horizon with hT̂θ

θi taking on a
distinct value. For massive fields, the r → ∞ behavior of
the RSET components depends on the renormalization
length scale l. In fact, from the numerical results we find
that the RSET approaches the following value:

hT̂μ
νi∞ ¼ δμνμ

4

128π2

�
3þ 4 log

�
2e−γE

μl

��
: ð72Þ

Therefore, there is a natural choice of the length scale for
massive fields for which the RSET tends to 0 as r → ∞.
The choice is given by

l ¼ 2

μ
expf3=4 − γEg; ð73Þ

and is the value chosen for the results presented in Figs. 3
and 5. For the massless case, there is no such natural
choice, so we simply set l ¼ M.
In Figs. 4 and 5 we focus on the near horizon region and

investigate the regularity of the Boulware state in an
extremal Reissner-Nordström spacetime for a massless
and massive field (μM ¼ 1=10), respectively. The quantity
hT̂μ

νianalytic is not regular on the event horizon resulting in
an infinite energy density there as perceived by a freely
falling observer:

hÊianalytic ¼
hT̂r

rianalytic − hT̂t
tianalytic

f

¼ −
μ2½3M2μ2 þ 12ðξ− 1

6
Þ�

96π2M2

�
r
M

− 1

�
−2

þ 15M4μ4 − 2

240π2M4

�
r
M

− 1

�
−1

−
1

60π2M4
log

�
r
M

− 1

�
þO

�
r
M

− 1

�
0

: ð74Þ

This quantity possesses a ðr −MÞ−1 divergence for a
massless field and a ðr −MÞ−2 for a massive field. In

Figs. 4 and 5, we show that this divergence appears to be
precisely canceled by a corresponding divergence from
hT̂μ

νinumeric, leaving a total hÊi that is finite on the event
horizon. Of course, to prove this definitively would require
a closed form expression for the quantity hÊi on the horizon
[or equivalently a near horizon expression for hT̂μ

νi to
Oðr −MÞ2]. However, we feel the numerical results
presented here provide compelling evidence for the regu-
larity of the Boulware state.
We have therefore used the novel method presented in

the paper to confirm the results of [21] for a massless field
and provide, to the best of the authors’ knowledge, the first
exact results for the RSET of a massive scalar field in the
extremal Reissner-Nordström spacetime.
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Total

FIG. 4. Plot of the cancellation of the divergence in the
numerical and analytical contributions to the quantity hÊi for a
minimally coupled massless field, leaving a total result that
appears to be finite on the event horizon of the extremal Reissner-
Nordström spacetime.
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FIG. 5. Plot of the cancellation of the divergence in the
numerical and analytical contributions to the quantity hÊi for a
minimally coupled field with mass μ ¼ M=10, leaving a total
result that appears to be finite on the event horizon of the extremal
Reissner-Nordström spacetime.
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V. BACKREACTION IN EXTREMAL
BLACK HOLES

Computing the RSET in the background of an extremal
black hole naturally begs the question of whether extremal
horizons are stable under quantum corrections. For the
static, spherically symmetric extremal black holes under
consideration, despite the field being in a static zero-
temperature vacuum state and thus not inducing any
evaporation process at lowest order in the semiclassical
approximation, the quantum fields generate a RSET which
is (generically) nonvanishing at the horizon and will
backreact on the background metric.
We start by considering the semiclassical Einstein

equations,

G−1Gμν þ Λgμν þ α1H
ð1Þ
μν þ α2H

ð2Þ
μν ¼ 8π

�
TðclÞ
μν þ ϵhT̂μνi

�
;

ð75Þ

where TðclÞ
μν is the classical stress-energy tensor, hT̂μνi are

the contributions to the stress energy due to the quantum

fields, and Hð1Þ
μν , H

ð2Þ
μν are the geometrical tensors defined by

Hð1Þ
μν ¼ −2□Rμν þ

2

3
∇μ∇νRþ 1

3
gμν□R −

1

3
gμνR2

þ 4

3
RRμν þ ðRλρRλρÞgμν − 4RμλνρRλρ;

Hð2Þ
μν ¼ 2∇μ∇νR − 2gμν□Rþ 1

2
R2gμν − 2RRμν: ð76Þ

The tensors in these equations depend on an unknown
metric gμν. Note that we have reinstated Newton’s constant
G and expressed it on the left-hand side of the equations,
hence Λ here has the interpretation of the cosmological
constant divided by Newton’s constant. The ϵ on the right-
hand side is to keep track of quantum corrections and so
OðϵÞ ∼OðℏÞ. As already mentioned, the renormalization
of hT̂μνi on the right-hand side is ambiguous with a freedom
to add terms proportional to the geometrical tensors on the
left-hand side of (75) above. Hence, different renormaliza-
tions of the quantum stress-energy tensor are degenerate
with different renormalizations of the constants α1, α2, Λ,
and G−1 [34].
Now, we wish to solve the semiclassical equations

perturbatively. We first assume the RSET ambiguity is
fixed so that all of the freedom is contained in the constants
on the left-hand side. In particular, we take the arbitrary
renormalization length scale l as in Eq. (73). Then we
expand the metric as gμν ¼ gμν þ ϵhμν. To keep track of the
corrections to the constants coming from the RSET, we
write the constants as α1 þ ϵδα1, etc., where now α1 is
considered to be the background value. Since we wish to
expand perturbatively about the extremal Reissner-
Nordström solution, we assume Λ, α1, and α2 vanish and

hence the zeroth order equation isG−1Gμν ¼ 8πTðclÞ
μν , where

we reiterate that both sides of this equation are evaluated on
the background spacetime. Taking the classical stress-
energy tensor to be that derived from the Faraday tensor
and assuming spherical symmetry yields the Reissner-
Nordström solution at the zeroth order. Then at first order
in ϵ, we have

δGμν þ δG−1Gμν þ δΛgμν þ δα1H
ð1Þ
μν ¼ 8πhT̂μνiren; ð77Þ

where the Hð2Þ
μν tensor defined by (76) vanishes on the

background spacetime. The perturbation of the Einstein
tensor is given explicitly by

−2δGμν ¼ □h̄μν þ gμν∇λ∇ρh̄λρ − 2∇λ∇ðμh̄νÞλ

− gμνRλρh̄λρ þ Rh̄μν ð78Þ

and where h̄μν ¼ hμν − 1
2
gμνgλρhλρ is the trace-reversed

metric perturbation. The derivatives in (78) are with
respect to the background metric gμν. The solution space
to (77) is very large so we focus on the simplest case for
which the constants δΛ, δα1, and δG−1 either vanish or are
higher order in the perturbative expansion so that they do
not contribute in (77). We can weaken the assumption that
δG−1 vanishes and instead consider that this term can be
absorbed into a redefinition of the charge of the back-
ground solution, a fact which can be easily seen from the
zeroth order equation.
Since we are considering a real quantum scalar field, the

electromagnetic stress-energy tensor is not affected by
semiclassical contributions [21]. Following [5], we assume
the full metric coefficients have the form

gtt¼−e2ψðrÞð1−2mðrÞ=rÞ; grr¼ð1−2mðrÞ=rÞ−1; ð79Þ

where mðrÞ denotes the Misner-Sharp mass, and then we
expand these metric functions as

ψðrÞ≃ log ½1þ ϵRðrÞ�; mðrÞ≃M

�
1−

M
2r

�
½1þ ϵMðrÞ�;

ð80Þ

with ϵ ¼ ℏ=M2. To linear order in ϵ, we write the semi-
classical Einstein equations in the form

2ðz − 1Þ2R0ðzÞ
M2z3

¼ 8πM2ðhT̂r
ri − hT̂t

tiÞ;

−
MðzÞ
M2z4

−
ð2z − 1ÞM0ðzÞ

M2z3
¼ 8πM2hT̂t

ti; ð81Þ

where we have used the dimensionless coordinate
z ¼ r=M, and we have dropped the subscript “ren” on
the RSET components for typographical convenience. The
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first equation is clearly the difference between the radial
and temporal equations, and the angular equations are such
that the Bianchi identities are satisfied. Once the RSET is
specified (here we replace it by the exact, numerical values
for massless and massive fields shown in the previous
section), we can integrate Eq. (81) for M and R. The full
solutions for the perturbations are numeric and we can only
calculate them within the region for which we have
numerical RSET values at our disposal.
For massless fields in the near-horizon limit z → ze, we

can make use of the fact that the energy density and
pressures of the exact RSET are given, to leading order in
z − ze, by (70) to obtain the following analytic solutions for
the perturbations:

M ¼ −
C0

1080π
þOðz− zeÞ; R ¼ K0

1080π
þOðz− zeÞ;

ð82Þ

where fC0; K0g are arbitrary integration constants. For
massive fields, however, we cannot follow a similar
argument since we ignore the exact values the RSET must
reach at the extremal horizon, and extrapolating our
numerical results introduces spurious errors. However,
backreaction analyses have been done in the limit of large
field mass [25]. Written in ingoing Eddington-Finkelstein
coordinates, the metric components become

gvv ¼ gtt ¼ −
ϵC0

1080π
þOðz − zeÞ;

gvr ¼ eψ ¼ 1þ ϵK0

1080π
þOðz − zeÞ: ð83Þ

In light of these expressions, we observe that the metric
receives a correction so that gtt is no longer vanishing at
z ¼ ze. For negative ϵC0 we have gtt > 0, hence the surface
z ¼ ze appears to lie inside a trapped region. In this case,
perturbative corrections have shifted the position of the
horizon from its classical value ze ¼ 1 to a new position
zH > ze which must be found numerically. The surface
gravity associated to this quantum-corrected horizon is
equal to

κH ¼ eψ

2M
∂

∂z

�
1 −

2Mm
z

�
þ eψ

M

�
1 −

2Mm
z

�
∂ψ

∂z

����
zH

: ð84Þ

Extremal horizons are characterized by a vanishing
surface gravity, i.e., a quadratic root in gvv. In the
Reissner-Nordström metric, this comes from the fact that
Q ¼ M. The RSET makes the Misner-Sharp mass acquire
a radial dependence, but does not affect the charge,
allowing for the possibility of breaking the delicate
balance of scales required by extremal horizons. In
practice what we observe is that the backreacted space-
time, locally around z ¼ ze, becomes like the subextremal

or superextremal Reissner-Nordström spacetimes depend-
ing on which sign we choose for the mass perturbations.
Since we do not have exact results for z < ze, we cannot
obtain the quantum-corrected metric in the region z ≪ zH.
Together with shifting the position of the horizon out-

wards, taking ϵC0 < 0 makes it acquire a positive surface
gravity. The relative position and surface gravity of the
quantum-corrected horizon are shown in Fig. 6. For
massless fields, we see this nonextremal horizon smoothly
tends to a horizon of the extremal kind in the ϵC0 → 0 limit.
In the massive case, since we lack RSET values arbitrarily
close to ze, we have not been able to generate reliable
results in the ϵC0 → 0 limit. Nonetheless, for large and
negative ϵC0 values, the curves for the massless and
massive cases are indistinguishable.
We can integrate Eq. (81) away from the black hole to

obtain the behavior of perturbations at large z. The R
function can be absorbed in a redefinition of the t coor-
dinate, while the M function shifts the Arnowitt-Deser-
Misner (ADM) mass by a constant factor. Under the choice
of renormalized constants δΛ ¼ δG−1 ¼ 0, the RSET
decays at large z as hT̂μ

νi ∝ Oðz−4Þ for massive fields
and as hT̂μ

νi ∝ Oðz−6Þ for massless fields. In both cases,
it can be shown from (81) that, for z ≫ ze, M ¼
C∞ þOðz−1Þ.
Figure 7 shows the R and M functions for the

minimally coupled massless field (continuous lines)
and the minimally coupled μM ¼ 1=10 field. We have
integrated the equations in the radial domain for which
we have reliable results for the RSET. These are
z∈ ½M; 5.75M� and z∈ ½1.005M; 5.75M� in the massless
and massive cases, respectively. For the massless case,
preserving the extremal horizon ðC0 ¼ 0Þ translates into a
negative correction to the ADM mass of C∞ ≈ −
2.5 × 10−3, so that MADM ¼ M þ C∞ < Q. In this case,

- 0.8 - 0.6 - 0.4 - 0.2 0.0

0.005

0.010

0.015

FIG. 6. Position of the perturbed horizon Δz ¼ zH − ze and its
surface gravity κH for a semiclassically corrected extremal black
hole. Corrections from minimally coupled massive and massless
fields shift the Misner-Sharp mass by a constant value, which
either breaks the extremal horizon into a pair of inner and outer
horizons (if C0 < 0), or eliminates any horizon entirely (if
C0 > 0). Our results do not change qualitatively as long as
ϵK0 ≪ 1, so we set K0 ¼ 0 here.
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in order to preserve an extremal horizon, we would need to
start with a subextremal black hole and perturb it semi-
classically. For the massive case, integrating outwards with
C0 ¼ 0 we obtain C∞ ≈ 9.7 × 10−4, so thatMADM > Q. In
this case extremality would be preserved if we started with
a superextremal black hole and corrected it semiclassically.
This discrepancy in M at large distances can be traced
back to the differing signs of the hT̂t

ti component in
each case (see Figs. 2 and 3). For massless fields, the
ξ-dependent contributions to the RSET vanish at the
horizon and as r → ∞. Regions in which hT̂t

ti changes
sign only appear for ξ≳ 1=4, hence these results are
expected to hold qualitatively for a broad range of
curvature couplings.
So far we have considered α1 ¼ 0. For nonvanishing α1

in Eq. (77), we observe the Hð1Þ
μν tensor is subleading with

respect to the RSET as the event horizon of the classical
solution is approached, hence it does not modify the
position of the perturbed horizon nor its surface gravity.
For large z this tensor decays∝ z−6, hence the perturbations
M and R still approach constant values at infinity.

However, the contribution from Hð1Þ
μν for intermediate z

values can change the sign of the perturbations M and R
at infinity. For example, a sufficiently large and negative
α1 leads to a positive C∞ in the massless minimally
coupled case.
The loss of extremality is expected to occur due to a

breakdown of the delicate balance between charge and
mass contributions that extremal horizons require. Since we
are only incorporating the vacuum polarization effects from
an uncharged massless scalar field, this balance is broken at
first order in perturbation theory. However, it is still
plausible that the vacuum polarization effects from the
electromagnetic field only displace the position of the
horizon without changing its extremal nature.

On the one hand, for negative ϵC0, it is clear (since the
corrections are perturbative) that we are observing a
splitting of the extremal horizon into a pair of outer and
inner horizons. By solving Eq. (75) perturbatively to higher
order in ℏ, we would find: (i) that the vacuum state in which
this RSET is evaluated is no longer a zero-temperature
state, and (ii) that this state is singular at the newly formed
inner horizon [35]. On the other hand, for positive ϵC0 the
function gvv has zero roots, hence the extremal horizon
disappears entirely and the perturbed metric describes a
horizonless (and singular) object, whose associated vacuum
state has zero temperature. Finally, between both regimes
there is a separatrix solution with C0 ¼ 0 that preserves
both the position and the surface gravity of the extremal
horizon. This solution could potentially exist for all orders
in ℏ only if we fine-tune the perturbations so that their
contribution to the Misner-Sharp mass vanishes at every
order in ϵ. Of course, the treatment adopted in this section
only deals with static solutions from the start, hence we
remain agnostic in regard to the stability of extremal
horizons under time-dependent perturbations.

VI. DISCUSSION AND CONCLUSIONS

In this paper, we have provided a generalization of the
extended coordinate prescription to directly compute the
renormalized stress-energy tensor (RSET) of scalar fields in
the Boulware vacuum. While the extended coordinates
approach was first developed for the calculation of expect-
ation values for a scalar field in the Hartle-Hawking state, it
can be used to obtain results for other quantum states using
a state subtraction approach [18]. However, for spacetimes
where one does not have a Hartle-Hawking state to leverage
as a reference state, such as an extremal black hole or the
spacetime of a star, then a direct approach to compute the
RSET is required.
In the extended coordinate approach we take an expan-

sion of the Hadamard parametrix in extended coordinates,
which encodes the short-distance behavior of the two-point
function, and we rewrite the terms in this expansion as
mode sums of the same form as those in the unrenormalized
Green function, which may then be renormalized in a
mode-by-mode manner. The main technical challenge in
applying this approach to a scalar field at zero temperature
arises from having a continuous frequency spectrum and,
hence, the mode sums involve integrals over ω (as opposed
to the Hartle-Hawking case where we sum over discrete
values of ω). As result, when we express terms in the
Hadamard parametrix as mode sums, we find that the
integrands are not ordinary functions of ω and we must
treat these mode sums rigorously as generalized functions.
When we do this, we see that an infrared cutoff naturally
appears in the integrals over ω in such a way that the final
results are independent of this cutoff.
Having developed this approach, we first applied it to the

nonextremal Reissner-Nordström spactime. In this case we

2 3 4 5

- 0.005

0.005

0.010

FIG. 7. Solutions for the perturbations RðrÞ of the redshift
function (in blue) MðrÞ and the Misner-Sharp mass (in pink) in
terms of the radial coordinate z. The continuous lines correspond
to the μM ¼ 0 case and the dashed lines to the μM ¼ 1=10 case.
Taking C0 ¼ K0 ¼ 0, we have integrated within the domain of z
values in which we have reliable numerical results for the RSET.
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reproduced the results obtained via the state subtraction
approach in [18], thereby verifying the new direct
approach. We then applied the direct approach to the
calculation of the RSET in an extremal Reissner-
Nordström spacetime, for both a massless and massive
scalar field. The massless case had previously been
considered in [21], however, to the best of the authors’
knowledge, the results in this paper are first results obtained
for a massive field.
Once we have calculated the RSET components, we used

these results to investigate the regularity of the Boulware
state by calculating the energy density on the horizon as
perceived by a freely falling observer. Here we find strong
numerical evidence that the Boulware state is regular for
both the massless and massive case. However, we stress
that these results are indicative only and to say anything
conclusive requires exact results on the horizon. We hope to
report on this in the near future.
Despite lacking a definite proof of the RSET regularity at

extremal horizons, we can nonetheless assume that it is
indeed regular to give a hint on the backreaction effects it
would entail. By solving the static semiclassical equations
perturbatively in ℏ [5] we have seen that, unless perturba-
tions are fine-tuned to every order in the expansion,
extremal horizons are unstable. If these perturbations
contribute positively to theMisner-Sharp mass, the extremal
horizon splits into a pair of outer and inner horizons, while
in the opposite scenario the horizon disappears completely,
leaving no marginally trapped surfaces in the spacetime. We
also analyzed how extremality at the horizon results in a
change in the ratio between the ADM mass and the charge,
which depends on the overall sign of the semiclassical
energy density.
The generalization of the extended coordinate method to

the Boulware state opens the window towards obtaining the
RSET of scalar fields in previously unexplored situations,

particularly, in stellar spacetimes. Recent works that
considered perfect fluid stars show indications that the
RSET becomes a dominant contribution in stellar interiors
as these stars approach their maximum compactness limits
[36–38]. Since previous works were based on different
RSET approximations, a calculation of the exact RSETwill
allow to address their validity. These explorations have
great implications for the theoretical plausibility of ultra-
compact stars sourced by semiclassical effects.
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APPENDIX A: CUTOFF INDEPENDENCE

There is a subtle cancellation happening between
the terms dependent on λ in J ωlða; bjrÞ and the finite
terms in (47) which also depend on λ. We can make this
cancellation explicit by analyzing the terms in the renor-
malized vacuum polarization that contain the cutoff, which
we refer to as wðλÞ:

wðλÞ ¼ T ðlÞ
00ðrÞ
8π2

�Z
∞

−∞
dωθðω2 − λ2Þjωj−1 þ logðλ2Þ

�

þ
ffiffiffi
π

p
8π2

Xm−1

a¼1

Xa
b¼0

T ðlÞ
abðrÞ

fa−b22a

Γ
�
−aþ 1

2

��a!Z ∞

−∞
dωθðω2 − λ2Þjωj−2a−1 − ða − 1Þ!

λ2a

�
: ðA1Þ

We have separated the T ðlÞ
00ðrÞ and a > 0 terms in J ωlða; bjrÞ and used the identity (27) to truncate the l sum as well as

introduced k ¼ 0, the only condition for these terms being nonzero at coincidence. We can show that the renormalized
vacuum polarization is independent on the choice of the cutoff by verifying that

∂

∂λ
ðwðλÞÞ ¼ T ðlÞ

00ðrÞ
8π2

�
−
2

λ
þ 2

λ

�
þ

ffiffiffi
π

p
8π2

Xm−1

a¼1

Xa
b¼0

T ðlÞ
abðrÞ

fa−b22a

Γ
�
−aþ 1

2

� ð−2a!λ−2a−1 þ 2a!λ−2a−1Þ ¼ 0; ðA2Þ

where we made use of
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∂

∂λ
ðθðω2 − λ2ÞÞ ¼ −ðδðωþ λÞ þ δðω − λÞÞ: ðA3Þ

Similarly, it can be demonstrated that the RSET is also completely independent of the choice of the cutoff.

APPENDIX B: OTHER REPRESENTATIONS FOR DIRECT AND TAIL REGULARIZATION
PARAMETERS

In this appendix, we report different but equivalent representations for the functions Iωlða; bjrÞ and J ωlða; bjrÞ. Above,
we have presented the derivation for these expressions in terms of hypergeometric functions. The alternative representations
below involve the modified Bessel functions IνðzÞ and KνðzÞ and the generalized incomplete gamma function
Γða; z0; z1Þ ¼

R
z1
z0
ta−1e−tdt:

Iωlða;bjrÞ¼
r2bþ1f−b−1=2

ð2bb!Þð2r2Þbþ1

Xb
p¼0

ð−1Þa2pðpÞ2b−2p
Γðb−pþ1Þ

∂
2aþp

∂jωj2aþp

�
jωjpIlþ1

2

�jωjrffiffiffi
f

p
�
Klþ1

2

�jωjrffiffiffi
f

p
��

¼ 1

2

ð−1Þa
22bb!ðfÞbþ1=2r

Xb
p¼0

2pðpÞ2b−2p
Γðb−pþ1Þ

X2aþp

k¼0

�
2aþp

k

�
p!jωj−2aþk

ð−2aþkÞ!
Xk
d¼0

�
k

d

��
rffiffiffi
f

p
�

k ð−1Þd
2k

×
X2k−2d
c¼0

�
k−d

c

�
Ilþ1=2−kþdþ2c

�jωjrffiffiffi
f

p
�X2d

n¼0

�
d

n

�
Klþ1=2−dþ2n

�jωjrffiffiffi
f

p
�

¼ lim
x→−1

2lð−1Þaþbð2r2Þa−1
2

2b!faþbþ1
2

	Xb
k¼1

Xl
j¼0

ð−1Þjþ1j!ðljÞð
1
2
ðlþj−1Þ

l Þ
2ð−kþ jþ1Þ!

∂
b−k

∂xb−k

0
@ð1−xÞaþb−1

2e
−jωj

ffiffiffiffiffiffiffiffiffiffi
2ð1−xÞr2

f

q 1
A

þ
Xl
k¼b

Xk−b
j¼0

k!ðlkÞð
1
2
ðkþl−1Þ

l Þð−1Þ−2bþk−j

ðk−bÞ!
�
k−b

j

�0@jωj
ffiffiffiffiffiffiffi
2r2

f

s 1
A−2a−2kþ2j−1

Γ
�
2aþ2k−2jþ1;0;

2rjωjffiffiffi
f

p
�


; ðB1Þ

J ωlða; bjrÞ ¼
ffiffiffi
π

p ð2r2ρ2Þa−bða − bÞ!22að−1Þl
Xa−b
k¼0

θðλ2 − ω2Þða − kÞ!k!jωj2k−2a−1
ða − k − bÞ!Γðk − aþ 1

2
Þðkþ lþ 1Þ!ðk − lÞ!ð2ρ2Þk

þ ð2r2Þa−bð−1ÞbΓð1þ a − bÞ r

f1=2
Xa−bþ1

k¼0

ð−1Þk
2a−bþ2

�
a − bþ 1

k

� ð2lþ 2ða − bÞ − 4kþ 3Þ
ðl − kþ 1

2
Þa−bþ2

×
∂
2b

∂jωj2b Ilþ3
2
þa−b−2k

�jωjrffiffiffi
f

p
�
Klþ3

2
þa−b−2k

�jωjrffiffiffi
f

p
�

¼ ffiffiffi
π
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Xa−b
k¼0

θðλ2 − ω2Þða − kÞ!k!jωj2k−2a−1
ða − k − bÞ!Γðk − aþ 1

2
Þðkþ lþ 1Þ!ðk − lÞ!ð2ρ2Þk

þ ð2r2Þa−bð−1Þb
�

rffiffiffi
f

p
�

2bþ1

Γð1þ a − bÞ
Xa−bþ1

k¼0

ð−1Þk
2a−bþ2

�
a − bþ 1

k

� ð2lþ 2ða − bÞ − 4kþ 3Þ
ðl − kþ 1

2
Þa−bþ2

×
X2b
p¼0

�
2b

p

� ð−1Þp
22b

X4b−2p
q¼0

�
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q

�
Ilþ3=2þa−3b−2kþpþ2q
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f

p
�X2p

n¼0
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p
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�
Klþ3=2þa−b−2k−pþ2n
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2r2

f
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�

� ffiffi
2
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f
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�
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APPENDIX C: HADAMARD COEFFICIENTS

Below we list the coefficients DðpÞ
ab , D

ðrÞ
ab, T

ðlÞ
ab, T

ðrÞ
ab, and T ðpÞ

ab to second order:

DðrÞ
00 ¼ 2;

DðrÞ
10 ¼ −

fðr2f00 − 2rf0 þ 2f − 2Þ
12r2

;

DðrÞ
11 ¼ fðr2ðf02Þ − 4fðrf0 þ 1Þ þ 4f2Þ

24r2
;

DðrÞ
20 ¼ 1

2880r4

�
f
h
−5r2ð−f02Þðr2f00 − 2rf0 − 2Þ − 8f2

�
3r3fð3Þ − 7r2f00 þ 19rf0 þ 10

�

þ f
�
9r4f002 − 20r2f00 þ 86r2f02 þ 4rf0

�
3r3fð3Þ − 14r2f00 þ 20

�
þ 4
�
þ 76f3

i�
;

DðrÞ
21 ¼ −

1

2880r4

�
f
h
r4
�
f02 þ f04

�
þ r2f

�
−30rf03 þ f02

�
11r2f00 − 30

��
þ 4f3

�
11r2f00 − 52rf0 − 40

�

− 2f2
�
10r2f00 − 67r2f02 þ f0

�
22r3f00 − 80r

�
− 28

�
þ 104f4

i�
;

DðrÞ
22 ¼ f2ðr2f02 − 4fðrf0 þ 1Þ þ 4f2Þ2

1152r4
;

DðpÞ
11 ¼ −

f0

6r
;

DðpÞ
21 ¼ fð−9rf02 þ 6rfðrfð3Þ − 2f00Þ þ 2f0ð7r2f00 þ f þ 5ÞÞ

720r3
;

DðpÞ
22 ¼ 7r2f02 − 10rf0 þ rfð9rf00 þ 4f0Þ − 3f2 þ 3

720r4
;

T ðlÞ
00 ¼

6μ2r2 − ð6ξ − 1Þðr2f00 þ 4rf0 þ 2f − 2Þ
12r2

;

T ðlÞ
10 ¼

1

480r4

�
r2f00ðð10ξð3ξ − 1Þ þ 1Þr2f00 − 10ð6ξ − 1Þð2ξþ μ2r2ÞÞ þ 4ð5ξð24ξ − 5Þ þ 1Þr2f02

þ 2rf0
�
ð5ξ − 1Þr3fð3Þ þ 2ð60ξ2 − 5ξ − 1Þr2f00 þ 40ð1 − 6ξÞξþ 10μ2ð1 − 12ξÞr2

�
þ 2rf

�
ð80ξð3ξ − 1Þ þ 6Þf0 þ r

�
ð20ξð3ξþ 2Þ − 8Þf00 þ r

�
ð5ξ − 1Þrfð4ÞðrÞ þ ð40ξ − 7Þfð3Þ

���
− 40fξð6ξþ 3μ2r2 − 1Þ þ 4ð10ξð3ξ − 1Þ þ 1Þf2 þ 2

�
15ð2ξþ μ2r2Þ2 − 2

��
;

T ðlÞ
11 ¼

f
480r4

�
−2ðr2f00 þ 2Þðð1 − 5ξÞr2f00 þ 10ξþ 5μ2r2 − 2Þ þ 2ð1 − 10ξÞr2f02

þ rf
�
ð16 − 80ξÞf0 þ r

�
ð12 − 80ξÞf00 þ r

�
rfð4ÞðrÞ þ ð6 − 20ξÞfð3Þ

�
þ 20μ2

��
þ 8ð5ξ − 1Þf2

þ rf0
�
ð10ξ − 1Þr3fð3Þ þ 4ð20ξ − 3Þr2f00 þ 20ð6ξ − 1Þ

��

T ðrÞ
10 ¼ fðr2f02 − 4fðrf0 þ 1Þ þ 4f2Þðð1 − 6ξÞð2 − rðrf00 þ 4f0Þ − 2f þ 2Þ − 6μ2r2Þ

576r4
;

T ðpÞ
10 ¼ ðf − 1Þðð1 − 6ξÞð2 − rðrf00 þ 4f0Þ − 2fÞ − 6μ2r2Þ

144r4
;

T ðpÞ
11 ¼ fðrf0 − 2f þ 2Þðð1 − 6ξÞð2 − rðrf00 þ 4f0Þ − 2fÞ − 6μ2r2Þ

144r4
:
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APPENDIX D: ANALYTICAL PART OF THE RSET

In this appendix, we give explicit expressions for hT̂μ
νianalytical that arises in the split in Eq. (57) of the RSET into a

numerical and analytical part. The analytical part is separately conserved and given by

hT̂μ
νianalytical ¼ −w̄μ

ν −
�
ξ −

1

2

�
w̄;μ

ν þ
�
ξ −

1

2

�
□w̄þ ξRμ

νw̄ −
1

8π2
v1; ðD1Þ

where

w̄ ¼ −
1

8π2

(
DðrÞ

10

f
þDðrÞ

22

f2
þDðpÞ

11 þ T ðlÞ
00ðrÞðlogðf=ðl2λ2ÞÞ − 2γEÞ

)
ðD2Þ

w̄τ
τ ¼

1

4
f0w̄0 −

1

4π2

(
T ðrÞ

10

f2
þ T ðpÞ

10 þ T ðpÞ
11

f
þ T ðrÞ

10

f2
þDðpÞ

22 þDðpÞ
21

f
þDðrÞ

20

f2
þDðrÞ

21

f3
þDðrÞ

22

f4

þ ðfT ðlÞ
10 þ T ðlÞ

11Þðlogðf=ðl2λ2ÞÞ − 2γE þ 3Þ
)

ðD3Þ

w̄ϕ
ϕ ¼ w̄θ

θ ¼
1

2r
fw̄0 −

1

4π2

(
T ðpÞ

10 þ T ðlÞ
11

f
−
T ðrÞ

10

f2
þDðpÞ

22 −
DðrÞ

20

f2
− 2

DðrÞ
21

f3
− 3

DðrÞ
22

f4

þ r2T ðlÞ
10ðlogðf=ðl2λ2ÞÞ − 2γE þ 1Þ

)
ðD4Þ

w̄r
r ¼ −w̄τ

τ − 2w̄ϕ
ϕ þ ξRw̄þ μ2w̄ −

3

4π2
v1; ðD5Þ

where explicit expressions for the Hadamard coefficients in terms of f are found in Appendix C.
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