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Abstract. We study a general class of interacting particle systems over a countable state space V' where on each site z € V, the
particle mass n(z) > 0 follows a stochastic differential equation. We construct the corresponding Markovian dynamics in terms of
strong solutions to an infinite coupled system of stochastic differential equations and prove a comparison principle with respect to
the initial configuration as well as the drift of the process. Using this comparison principle, we provide sufficient conditions for the
existence and uniqueness of an invariant measure in the subcritical regime and prove convergence of the transition probabilities in the
Wasserstein-1-distance. Finally, we establish a linear growth theorem for sublinear drifts showing that the spatial spread is at most
linear in time. Our results cover a large class of finite and infinite branching particle systems with interactions among different sites.

Résumé. Nous étudions une classe générale de systemes de particules en interaction sur un espace d’états dénombrable V' ou, sur
chaque site = € V, la masse de la particule n(x) > 0 suit une équation différentielle stochastique. Nous construisons la dynamique
markovienne correspondante en termes de solutions fortes d’un systeme couplé infini d’équations différentielles stochastiques et prou-
vons un principe de comparaison en ce qui concerne la configuration initiale ainsi que la dérive du processus. En utilisant ce principe
de comparaison, nous fournissons des conditions suffisantes pour I’existence et I’unicité d’une mesure invariante dans le régime sous-
critique et prouvons la convergence des probabilités de transition dans la distance de Wasserstein-1. Enfin, nous établissons un théoreme
de croissance linéaire pour les dérives sous-linéaires montrant que la propagation spatiale est au plus linéaire en temps. Nos résultats
couvrent une large classe de systemes de particules a ramifications finies et infinies avec des interactions entre différents sites.
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1. Introduction

We consider a continuous-state branching process over a countable space V. For a fixed weight function v : V. — (0, 00),
we define the space of tempered configurations over V' via

m X ={n=aser [n(e) €R. Vo€V and 3 na)oto) < ool
zcV
Then on X we consider the norm restricted onto the cone X given by
el =" v(@)lé@)], €.
eV
The distance between 7, £ € X is then given by

d(n,€) = ln =&l =Y v(@)In(x) — ().

zeV
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We equip X with the corresponding Borel o-algebra. For a given configuration 7 = (n(x)).cy € X the number
n(z) > 0 describes the mass of particles at the site € V. By 0 € X we denote the empty configuration n(z) =0
for all x € V. The weight function v allows for a flexible treatment of finite and infinite particle systems. Indeed, if
infey v(z) > 0, then elements in X are necessarily summable sequences that correspond to finite particle configurations.
Conversely, if v(x) has sufficient decay at "infinity", then X’ may contain sequences that are not summable corresponding
to infinite tempered configurations.

In this work, we study particle dynamics on X where at each moment ¢ > 0 and each x € V, the value of the process
n¢(2) represents the mass at location x at time ¢. This mass follows the system of stochastic equations

@ m(o) =m(@)+ [ B, ds+/ /3, 1a () AW

/ / / I[{u<g(z Ne— (T))}N (ds dl/ du)
x\{0} Jr

/ / / )L fu<g(ym. ()3 Ny (ds, dv, du)
yEV\{z} xX\{0} /R4

+/ / / V(x)]l{ugp(m,ns,yy)}M(dS,dV,du)
0 Jx\{0o} JRy

where B(z,") : X — R, ¢(z,-),g(z,-) : Ry — Ry with ¢(z,0) = g(x,0) =0, and p: V x X x XY\{0} — R, are
measurable functions. All these parameters are supposed to satisfy the additional conditions specified below. The noise
terms are defined on a stochastic basis (2, F, (F;);>0, P) with the usual conditions and satisfy the following assumptions:

(N1) (Wi(2))t>0, zev are mutually independent one-dimensional (F;)¢>o-Brownian motions.

(N2) (Ny(ds,dv, du))yev are mutually independent (F%);>o-Poisson random measures on R x X\{0} x Ry with
compensator Ny(ds,dy, du) = dsH; (y,dv)du, where Hi(y,dv) is, for each y € V, a sigma-finite measure on
X\{0}.

(N3) M(ds,dv,du) is an (F;);>o-Poisson random measure on Ry x X\{0} x R with compensator M (ds, dv, du) =
dsHy(dv)du, where Ha(dv) is a sigma-finite measure on X'\ {0}.

(N4) The noise terms (Wy(x))¢>0, zev, (Ny(ds,dv,du))ycyv, M(ds,dv,du) are independent.

Finally, we let NT =N, — ]VT denote the compensated Poisson random measure. We employ the following standard
definition of weak and strong existence. A strong solution of (2) is an (F;);>o-adapted cadlag process (7 ):>0 C X such
that (2) holds a.s. for each z € V and ¢ > 0. A weak solution consists of a stochastic basis (€2, F, (F¢)t>0,P), an (Ft)¢>o0-
adapted cadlag process (1;)¢>0 C X and noise terms (N1) — (N4) such that (2) holds a.s. for each z € V and ¢ > 0. In this
definition, we implicitly assume that all integrals in (2) are well-defined.

The system of stochastic equations (2) contains finite and infinite dimensional models studied in the literature. In the
finite-dimensional case, V = {1,...,m} with v(z) = 1, we have X = R'". If the coefficients B(x,7),c(x,t),g(z,t) are
affine linear in 7 and ¢, and p = 1, then (2) reduces to multi-type continuous-state branching processes with immigration
as constructed in [4], see also e.g. [24, Chapter 3] for the one-dimensional case m = 1. Moreover, for general B, ¢, g and
V = {1} equation (2) reduces to nonlinear continuous-state branching processes with immigration studied in [14], [22],
[31, Chapter 8] and [11]. The multidimensional CBI process is also mentioned in [24, Example 9.1]. Thus, the stochastic
particle system studied in this work provides an infinite-dimensional extension of multi-type CBI processes and their non-
linear analogues. More generally, for infinite state spaces V', our model covers a wide class of interacting particle systems
including, e.g., multi-type branching systems [9, 32], population models with interactions [16], systems of particles driven
by a-stable noises [35], branching random walks with discrete state space [33]. For other related literature see [8].

Here and below we write, for 7, € X, nn < £ if n(x) < &(x) holds for all 2z € V. We impose the following conditions
on the coefficients of (2):

(A1) The drift coefficient B(z,n) has the form B(x,n) = Bo(z,n) — B1(z,n(x)) where By(z,-) : X — R, and
By(z,-) : Ry — R are measurable mappings for each = € V. For each R > 0 there exists a constant C; (R) >0
such that

1Bo(-,m) = Bo(-, &)l < C1(R)[In — &l
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holds for all n,& € X with [|5]|, ]| < R. The function Ry > ¢ — By (z,t) is continuous, non-decreasing, and
Bi(x,0) = 0 holds for each = € V. Finally, for all ,£ € X satisfying n < &, it holds that

By(z,n) < By(z,§), Ve eV.
(A2) For each x € V there exists a constant Cs(x) > 0 such that
le(z,t) — c(x, s)| < Ca(z)|t — s
holds for ¢,s € R, and

Z v(x)Ca(x) < 00.
eV
Furthermore ¢(z,0) =0 forz € V.
(A3) For each x € V there exists a constant C3(x) > 0 such that
|g(1‘,t)—g(1‘,8)|§03($)|t—8|, t,s20.

The function R > ¢ — g(x, ) is non-decreasing for each € V, and one has g(z,0) =0 foreach x € V.
(A4) It holds that

v(z)Cs(x v(z)2Hi(z,dv) < oo,
;e;/ ()Gl )/{IVISl}\{O} ) ( )<

and, there exists a constant C4 > 0 such that
Ci(a) / v(2) Hi (2, dv) < C
{lvii>1}

and
Cy(x) /X " erZ\{z}My)u(y)Hl(x,dv) < Cyo(x)

hold forallz € V.
(AS) For each R > 0 there exists a constant C'5(R) > 0 such that

/X\m} > v@(@)lp(a,n,v) — pla.&v)| Ha(dv) < C5(R) I —¢|

zeV

holds for all n,£ € X with ||n|, |€]| < R. For all n,§ € X satisfying n < &, it holds that
p(z,n,v) <p(x,&,v), VreV, vex\{0}.

(A6) There exists a constant C's > 0 such that

1Bo ()l + /X\{O} > v(@)v(@)p(e,n,v)Ha(dv) < Co(1 + [n]]).

zeV

We say that the tuple (B, By, B, ¢, g, p) is C15-admissible if conditions (A1)-(A6) are satisfied with given C1, ..., Cs.
Sufficient conditions for these assumptions and particular examples are discussed in the next section. Under this general
set of conditions, we derive the following existence and uniqueness result of strong solutions and the comparison property
of solutions.

Theorem 1.1. Suppose that conditions (Al) — (A6) are satisfied. Then for each Fy-measurable random variable 1
with El||no||] < oo there exists a unique strong solution (n;)i>0 in X of (2). Moreover, there exists a constant C > 0
independent of g such that E[||n:||] < (1 4+ E[||nol|]) et fort > 0. Finally, for any no, &9 € X with E[||nol|], E[||éo]|] < oo
let (Nt) >0, (&) e>0 be the unique strong solutions of (2). If P[&o(x) <mno(x), Vr € V] =1, then

P& <y, VE>0] =1.



This theorem will be deduced from the results of Sections 3 - 6. Indeed, in Section 3, we prove the non-explosion and
first moment bound for any solution of (2). In Section 4, we establish the pathwise uniqueness of solutions under slightly
weaker conditions than (A1) — (A6), while the comparison principle is derived in Section 5. To prove these results, we
provide an infinite dimensional extension of the classical Yamada-Watanabe theorem, see also [4, 12, 14, 28] for some
finite-dimensional results in this direction. Finally, in Section 6, we prove the weak existence of solutions of (2) using
finite-dimensional approximations combined with the comparison principle. Combining all these results gives, in view of
the Yamada—Watanabe—Engelbert theorem (see [18]), the strong existence of a unique solution of (2).

The space X introduced in (1) can be seen as a non-negative cone in an L!-type space. The space of configurations
summable with respect to given weights is a natural choice for a state space in constructing interacting particle systems.
This choice goes back at least to Liggett and Spitzer [26] and Andjel [2]. The construction of the stochastic particle
systems as solutions to stochastic equations driven by Poisson point processes is not uncommon, as it was used in [6,
15, 27] for the study of birth-and-death processes with an infinite number of particles. Such stochastic equations can be
seen as a natural development of the graphical construction for classical interacting particle systems such as the contact
process or the voter model [25].

As an application of this construction and the comparison principle with respect to the initial conditions, we prove
under a suitable subcriticality condition on the drift the existence and uniqueness of and convergence towards the invariant
measure in the Wasserstein distance. Let P(X’) be the space of all Borel probability measures over X’ and let Py (X) be
the subspace of measures with finite first moment, i.e. [, [|v| o(dv) < co. Let

3) pe(n,d&) =Py, € d& | no =)

be the transition probabilities of the process (7;);>0 obtained from (2). A general version of Yamada—Watanabe theorem
and Theorem 1.1 imply that the strong solution is unique in law ([18, Theorem 3.14]); therefore p; in (3) is well defined.
Define the semigroup (P;);>0 by P;'p = [, pe(n,-)p(dn), where p € P1(X). Recall that 7 € P(X) is called invariant
measure if P}m = for t > 0. The Wasserstein-1 distance is defined by

Wite.d)= ot { [ In-elcin.do}

G€EH(e,0)

where H (o, 0) denotes the set of all couplings of (g, 9) on the product space X’ x X. Define the effective drift

4 Bam=Ban+ 3 gwnw) /

@)y + [ vla)ol ) Hold).
yeV\{c} MO}

x\{0}

Note that this function is well-defined due to conditions (A4) and (A6).

Theorem 1.2. Suppose that conditions (Al) — (A6) are satisfied and that the constants from conditions (Al) and (AS)
satisfy sup p~ o (C1(R) + C5(R)) < 00. Assume additionally that there exists A > 0 such that

) > (@) (Bla,n) - B(z,€)) < -Allp €|

zeV

holds for all n,& € X with & <n. Then for any 9,0 € P1(X) one has

(6) Wi (Pfo,Pro) <e *Wi(e,0), t>0.
In particular, there exists a unique invariant measure © € P1(X) and it holds that
@) W (Pjo,m) < e AW (o, 7), t>0.

This theorem extends the finite dimensional results [11, 13] to the infinite dimensional setting, but also complements
the results discussed in [9, 23, 24] to the case of branching processes with interactions (competition). While the compar-
ison principle remains the key tool to derive stability estimates in the L!-norm when working with infinite-dimensional
settings, additional conditions are required to control the states for all sites = € V. The latter are reflected by the assump-
tion sup p~o(C1(R) + C5(R)) < co. Assumption (5) is motivated by the one-dimensional case studied in [11] and can be
viewed as a subcritical (or strong dissipativity) condition on the drift, i.e., the drift needs to be sufficiently negative. With-
out immigration, such a condition implies that the empty configuration J, gives the invariant measure. In the presence of
non-trivial immigration, the invariant measure is necessarily non-trivial as well.
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It is worth mentioning that such a condition is certainly not optimal for branching systems with interactions, as recently
was demonstrated in [21] for the one-dimensional case. However, our conditions are relatively simple to verify and allow
for a simple illustrative proof. The extension of [21] to our infinite dimensional case is yet an open problem from the
literature. Finally, our subcriticality condition (5) also rules out the possibility of multiple invariant measures, a fact
natural for certain infinite particle systems as studied in [16]. An extension of our results to such types of settings is,
however, beyond the scope of this work.

In the last part of this work, we investigate the growth of a finite particle system without immigration (that is, Ho(dv) =
0) when started at a single point. We demonstrate that whenever the effective drift B defined in (4) is sublinear, the
spatial spread of the process is at most linear in time. Also, we provide a super-exponential bound in the process’s ’large
deviations’ region. For both results, we suppose that V' is the vertex set of an infinite connected graph G = (V| E) of
bounded degree. We let dist(z, 2’) be the graph distance for z, 2’ € V, and denote by B(zq,r) C V the closed ball of
radius r with respect to this graph distance.

Let us underline that, unlike particle systems with discrete states, determining what qualifies as an ‘occupied site’ for
a continuous-state process is not straightforward since in many non-degenerate cases we have for ¢ > 0

]P’({nt(x) =0forallz € V}U{m(xz)>0forall z € V}) =1,
that is, with probability one, either all sites have a positive mass, or the process has gone extinct, i.e. the total mass is

zero. Below we interpret a site as occupied if the particle mass is larger than a given threshold € > 0.

Theorem 1.3. Suppose conditions (Al) — (A6) are satisfied with Ha(dv) = 0 and weight function v. Let xy € V and
let (n;)i>0 be the unique solution of (2) with initial condition ny(z) = 1{y—z,}. Assume that there exists bounded b :
V xV — Ry such that, for all x € V and n € X, one has

®) B(z,n) <Y bz, y)n(y),

yeV

there exists R € N such that b(z,y) = 0 holds for x,y € V satisfying dist(x,y) > R, and the weight function v satisfies

) sup v(y) < 00
dist(z,y)<R ’U(LI?)
Then there exist constants C,c, m > 0 such that, for all x € V and t > 0, one has

(10) E | sup n.(z)| < Cexp[—cdist(zg,z)In(dist(xg, z)) + mt].

r€f0,t]

Moreover, for any € > 0 we find C; > 0 and a random time to > 0 such that a.s.

(11 {ZGV: sup nr(z)za} C B(x0,Cit), t>to.
r€l0,t]

The constant C; may depend only on ¢ and the parameters of the process.

The assumption on the effective drift B allows us to compare the process with a simpler process that consists of a
linear drift plus a martingale part. The condition on b essentially states that the branching mechanism of this process has

finite range. Note that (9) implies that v satisfies with € = Supg;s (2, )< r % the growth bound

(12) v(xo)efndist(mo,x) < ’U(I) < U(xo)endis‘c(mg,m), reV.

The proof of Theorem (1.3) is given in the last section of this work. It relies on the comparison principle combined
with heat kernel estimates of a random walk on the graph G. Namely, using the comparison principle combined with the
linear growth condition on the effective drift, we obtain a bound of the form 7n; < (;, where (; has a constant drift. It is
easy to see that 7, satisfies the assertion whenever the larger process (; satisfies it. To prove that (; satisfies the above
theorem, we use an auxiliary graph to apply known heat kernel estimates from [7, Corollary 12].

This work is organized as follows. Section 2 discusses particular examples of (2) and further elaborates on related
literature. Section 3 is devoted to the non-explosion and first moment bound on solutions of (2). Pathwise uniqueness is
established in Section 4, while the comparison principle is proven in Section 5. Section 6 contains the proof of the weak
existence of solutions of (2) while the proof of Theorem 1.2 is proven in Section 7. Finally, the linear spread, that is,
Theorem 1.3, is proven in Section 8. A few minor technical results are given in the appendix.
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2. Sufficient conditions and examples

As a first step, we state a proposition that allows us to verify conditions (A1) — (A6) in a general framework and hence
serves as a toolbox for particular examples.

Proposition 2.1. Let v: V — (0, 00) and suppose that
(i) The drift B:V x X — R is given by

B(z,m) )+ > alz,y)n(y) | —m(z)n(z)
yev

where A >0, b,m:V — Ry,
C1 > 0 satisfying

bl| < oo, and a:V x V. — R is such that a(x,y) > 0 for x # y, and there exists

(13) Z U(y)a(.I"y) + ]]-{a(m,x)ZO}a(‘rv‘r)’U(x) < Clv(x)v €V,
yeV\{z}

(ii) The diffusion coefficient is given by c(x,u) = c(x)u where, by slight abuse of notation, ¢ : V. — R satisfies
llell < oo

(iii) The branching rate is given by g(x,n(x)) = g(x)u, where g : V. — Ry, and H,(z,-) is a family of o-finite
measures on X\{0} such that

v(x)g(x v(z)?Hy(z,dv) < 0o
IGZVUg()/MSl}\{O} () (., do) <

and

Ssu a v\x i vV su M v 12 X vV 0
pg<>/{ ) s /X S w(y)w(y) Hi(,dv) < oo,

zeV zev v(7) MO} yeviga}

(iv) The immigration rate-function p:V x X x X — R is given by

p(xn,v) =Y el,yny)+ Y v(zy)v(y)

yeV yeV

with 0,1 : V x V. — Ry, and Hy(dv) is a o-finite measure on X\{0} such that

/ (), y) Ha(dv) < oo
yev v x\{o} ’I'EV

> /X (@) (x,y)v(y)Ha(dv) < oo

yev MO} pev

Then conditions (Al) — (A6) are satisfied.

Proof. Let us write B(x,n) = Bo(x,n) — B1(z,n(z)) with

BO(x777) :b(l')+ Z a(may)n(y) + l{a(z,m)ZO}a(x7x)n(x)7
yeV\{z}
B, (l‘, 77(1)) = ]]-{a(a:,w)<0} |a($7 37)|77(55) + m(x)n(x))\
Then B; has the desired properties stated in condition (A1) while By satisfies by (13)

(14) [[1Bo (-l < max{{[bll, C1}(1 + [|nll) and [|Bo(-,n) = Bo(-, )l < Culln =&,
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and By(z,n) < Bo(z,&) for each = € V whenever n < £. This shows that (A1) is satisfied with C1(R) = Cy. It is
straightforward to verify conditions (A2) with Cy(z) = ¢(x) and (A3) with C3(x) = g(z). Condition (A4) follows directly
from (iii) with

= Sup max X 14¥A X vV M v 12 X v
Cy = sup g<>/{| ) /X S w(y)(y) iz, dv)

1% v() MO} yeva}

Concerning assumption (A5) let us note that |p(z,n,v) — p(z, &, V)| < >°, oy (2, y)|n(y) — n(y)| and hence
[ S vlawl@llptenv) - ol &) Ha(a)
X0} pev

< lnw) /X oy 2Pl ) Hala) < ol =]

yeV

where C5 = sup, ¢y, @ fx\{o} > wev v(@)v(z)o(z,y)Hz(dv). Finally, condition (A6) is satisfied with

ngmax{HbH, Cy, sup — / Jv(z)e(z, y)Ha(dv),
vev 0(Y) Jx\(0} ev

Z/X Zv (x) )V(y)Hg(dz/)}

yev / AN0} ey

due to (14) and

/X\{O} g{:v(x)y(x)p(x’ ) Ha(d) < 3 n(y) /X\{O} g”(%(w%ﬂ(x, y) Ha(dv)

yev
+ v\x)v\x x, 14 Hs(dv

< Cs(1+v|).

O

Note that the only nonlinear term (in 7(z)) is the mortality m (z)n(x)?. In particular, for A = 2, we obtain the case of
logistic killing, which was studied in [20]. The next remark illustrates specific cases when the inequality (13) is satisfied.
It follows the scheme provided in [26].

Remark 2.2. Let V = Z? be equipped with the 1-norm |- |;. Let a: V x V — R and v be given by one of the following
cases:
(i) v(z) =e %1% and a(z,y) = ce==1*=Y1 for z # y with ¢ >0 and 0 < § < ¢,
(i) v(x) = *5“3‘1 and a(z,y) = c]l{|w yl:<gry forz #y with ¢, R,§ >0,
(iil) v(z)= H‘Ilé and a(x,y) = Ty fore #ywithe>0andd<d <e.
Then there exists a constant C; > 0 such that (13) holds.

Note that all these examples satisfy condition (9). Under the conditions of the previous proposition, one may check
that the effective drift is given by

B(z,n) =b(x) + > _ a(z,y)n(y) — m(z)n(x)*

yev

whereE:V—>R+ anda:V x V — R are given by

2+ Y () / () () Ho (),

= x\{0}



v(@) Hy(y, dv) + o(x, ) / () Ha(dv).

a(z,y) =a(z,y) + Il{x;ﬁy}g(y)/ x\{0}

x\{0}

Hence (5) is satisfied, provided that A = 1 and inf,cy m(z) > C; where C is the constant from (13). Using the previous
remark, we may verify such a condition for particular classes of weight functions v and kernels a.

Formulation (2) contains classical multi-type continuous-state branching processes with immigration as a particular
case (when V is finite). The following example shows that it also includes their infinite-dimensional analogues as studied
in [9, 19] in terms of Laplace transforms. In such a case, we assume that the immigration structure is given by the
state-independent immigration mechanism p(x,n,v) = p(z,v), where x € V.

Example (infinite-type continuous-state branching process with immigration). Assume conditions (i) — (iii) of Proposition
2.1 withm(z) =0,and let p: V x X\{0} — R be measurable such that

/X\{O} Iezvv(a?)u(x)ﬁ(x, v)Hs(dv) < oo

where Hs(dv) is a o-finite measure on X'\{0}. Then conditions (A1) — (A6) are satisfied for p(z,n,v) = p(x,v). The
corresponding process is an infinite-type continuous-state branching process with immigration where V' denotes the
countable set of different types of the population.

(a) If there exists, in addition, a constant A > 0 such that

Z a(x’y)v(x) S _Av(y)7 AS V7

zeV

then Theorem 1.2 is applicable, and the process converges to the unique invariant distribution.

(b) Suppose that V = Z is equipped with the 1-norm | - |1. If b(z) = 0, Ha(dv) = 0, v satisfies (9) with dist(zg, z) =
|z]1, and there exists R > 0 such that a(z,y) = 0 holds for |z — y|; > R, then Theorem 1.3 is applicable and the
process has at most linear growth.

Below, we extend this setting to processes with interactions. For the sake of simplicity, we restrict our attention to-
wards cylindrical branching and immigration measures H1, Ho, which constitutes a natural assumption when V' contains
infinitely many sites.

Remark 2.3. Suppose that the family of measures (H;(z,dv)),ecy and Ha(dv) on X'\{0} are given by

Hl(x,du):/ 026, (AV) oy 2 (d2) + Z / 025, (dV) ey (d2),
(0,00) vev\{z} (0>

Hg(dl/) = Z /(0 )625,, (dl/)O'x(dZ)

zeV

where (ftz.y)z,yev and (04)zev are Lévy measures on (0, 0o0) satisfying

Z v(x)g(x)/ ZQ/LI,I(dZ) < 0,

zeV (0.1]

x
sup g(z)/ 2y 2 (d2) + sup 9(x) Z v(y)/ 2l y(dz) < 0.
zeV (1,00) vev v(2) yeV\{z} (0,00)

Then condition (iii) of Proposition 2.1 is satisfied. Moreover, if

sup L Z v(x)p(z,y) / 204 (dz) < 00

yev u(y) oy (0,00)
«(d ; ®04(d
g;/v(x)/(o,oo) 204 ( z)—l—mezvv(:lc)z/}(x :c)/(ojoo)z o,(dz) < o0

hold, then also condition (iv) of Proposition 2.1 is satisfied.
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Proof. Let us remark that f{HVIISl}\{O} v(z)?Hy(z,dv) = f(O,l] 2?p1y 2 (dz) < oo and f{”VH>1}1/(:r)H1(x,dz/) =
f(1 ) 2z, (dz) < 0o. Moreover, it is easy to see that

/.

This shows that condition (iii) of Proposition 2.1 is satisfied. Condition (iv) therein follows from

o) H@d) = S o) / 2ty (d2).
MO yev (o} yeV\{z} (0,00)

/X\{O} Z v(z)v(z)e(x,y)Ha(dv) < Z U(w)cp(w,y)/ 20w(dz) < Cyul(y)

weV x\{0}

for some constant C, > 0, and similarly

> /X S o(@)v(a) (e, y)v(y) Holdr) = 3 /( ) / 220, (d2) < oo,

yev?/ X¥\0} ey wevV (0,00)

O

Our next example extends the infinite-type continuous-state branching process from Example 2 towards local interac-
tions in the drift. It extends, in particular, [10] to the infinite-dimensional case.

Example (Local branching process with local competition). Let V = Z?, and consider the following process on X’ given
by the strong solution of

dni(z) = | D" alw,y)m(y) — m(@)n(@)* | dt +/elo)n@)dBi(z) + (9(@)n(@)) = dZi(x) + dJ(x)

yev

where (By(x));>0 is family of independent one-dimensional Brownian motions, (J;(x));>0 is a family of independent
Lévy subordinators on R with Lévy measures o, and drift b(x) > 0, and (Z;(x)):>0 is a family of independent spec-
trally positive pure-jump Lévy processes with Lévy measure

dz
Hha(z)(dz) = ]l((),oo)(z>f(x)m

where a(z) € (1,2) and normalization constant

I'(2 - a(zx))

a(z) (o

fz)= /000 (e —1+42)z7170@ gy = I

By letting Hy, H> be given as in previous remark with piy o = fa(s), fz,- = 0, and p(xz,n,v) =1, it is easy to see that
this model is equivalent in law to (2). Assume b, \,m > 0, that a : Z¢ x Z¢ — R satisfies a(x,y) > 0 for z # y, (13)
holds, that

(15) Z v(x) <b(fv) +c(z) +/ zam(dz)> < 00,

rcZd (0,00)
and
_ I'2-a(z)) I'(2—a(z))
(16) 2 @90 e T e e < 29 ) — 12 <

P4
Then conditions (A1) — (A6) are satisfied.
(a) If A =1 and there exists A > 0 such that
> ala,y)v(e) < —Av(y) + m(y)v(y)
zeV

then Theorem 1.2 is applicable, and the process converges to its unique limit distribution.
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(b) If b(x) =0, 0, =0, v satisfies (9) with dist(xg,z) = |z
y|l1 > R, then Theorem 1.3 is applicable.

1, and there exists R > 0 such that a(x,y) =0 for |z —

Proof. Let us show it is a particular case of Proposition 2.1. Conditions (i) and (ii) therein are evident. Condition (iii)

follows from previous remark combined with f(o I 22 o (2) (dz) = % and f(1 00) Zhla(e) (dz) = a‘(fx()Tll Hence, con-
ditions (A1) — (A4) are satisfied. Condition (A5) is trivial since p = 1 while (A6) follows from
/ > v(@)v(x)Ha(dv) = > v(w)/ 20 (dz) < 00,
A\{0} zev weVv (0,00)
Assertions (a) and (b) are left for the reader. O]

Assumptions (15) and (16) are natural to guarantee that (J;(x));>0 and the stochastic integrals against (B (x));>0
and (Z;(x)):>0 take values in X'. For constant g, (16) implies that () is bounded away from 1. If v = 1, then (16) also
implies that «(z) needs to be bounded away from 2. However, in general, v may approach 1 and 2 provided that the
singularities in the denominator are compensated by g(x) and v(x).

Let us close this presentation with two additional discrete examples previously studied in the literature.

Example (nearest-neighbor continuous-state branching process with unit jumps). Consider V = Z?, c(z,t) = cot,
g(z,t) = got, and p =0, where ¢, go > 0. Let

Bz = Y. ),

yeZd:|ly—z|=1
Hi(z,") =3 ez 1y—z|=1 95, and v(z) = e~ |2l where |z|; is the ¢! norm of 2 € Z?. This gives a nearest-neighbor

continuous-space branching process with unit jumps. It is straightforward to check that (A1)-(A6) are satisfied and
Theorems 1.1 and 1.3 hold.

Example (branching random walk). Take V = Z? and v(x) = e~ 1®I*. Assuming that for every 2 € V' the measure H (=, -)
is concentrated on integer-valued elements of X and taking c =0, p=0, g(z, s) = s, and

B(z,n) =n(z) /{ o V)

Suppose further that H; satisfies

sup / v(z)Hi (z,dv) + sup ef‘zll/ Z e W) Hy (x,dv) =: C < 0.
zezt J{|v|[>1} z€Zd {0}y V()

Then conditions (A1) — (A6) are satisfied with Cy = Cy = Cg = C, and Cy = C3 = (5 = 0, and we obtain a continuous-
time discrete-space branching random walk (see e.g. [3, 5]). The process is inhomogeneous in space and can fit in the

framework of a branching random walk in a random environment (see, e.g. [29]) if the measures H; (z, -) are additionally
randomized. Finally, if

/ V(@) (y,d) =0, | —yh > R
X\{0}

holds for some R > 0, then Theorem 1.3 is applicable.

3. Non-explosion and first-moment estimate

A solution 7 of (2) with lifetime ¢ consists of a stopping time ¢ and a process (1););c[o,¢) such that (2) is satisfied on
{t < 7m(n)} for each m > 1, where

(17 Tm(n) = nf {t € [0,C) [ [Jme]| >m}.

with the convention inf ) = co. Clearly, 7,,,(n) is an increasing sequence of stopping times. Let us first prove that each
solution of (2) is always conservative.
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Theorem 3.1. Suppose that (Al) — (A4), and (A6) are satisfied. Let (1;).c0,c) be a solution of (2) with lifetime C. Let
T = Tm(n) be the stopping time defined in (17). Then 1., /* 00 a.s. as m — oo.

Proof. Using Lemma A.1, we can assume without loss of generality that v = 1. The definition of 7,,, implies that 7,,, <
Tym+1 holds for each m > 1. Define sup,,, > T = 7. Then we have to prove that P[7 = oo] = 1. Fix 7' > 0, then P[r <
T =limy,— 00 P[7,, < T and hence it suffices to prove that P[r,,, < T] — 0 as m — oc. For this purpose, we note that

sup IImII] E
tef0.7] 2

(18) Plr, <T]=P l sup |Imell > m} <—E
zeV

t€[0,T

e nt )] -
Let x € V and let M, (z) be the local martingale defined by

t t
o= [ Veten@awa [ [ vt sy, oV (ds dndw).
0 o Ja\{o} Jr,

Using the Burkholder-Davis-Gundy inequality combined with (A2) and (A3), we find that

1/2
E[m|mwk([mp ])
te[0,TATh,) te[0,TATy,]

| E / / / V() Liu<g(am,_ (a) }N (ds,dv, du)
{livl<13\{0} /Ry

|

/\/wa

97\ 1/2

[0 T/\Tm]

/ / / V()L fu<g(a,m,_ () }N (ds,dv, du)
tG[O T/\Tm] {llv||>1} /R4

- 1/2
< \/g (E [/ ]1[0,%](5)0(957773(13)”5])

0

T 1/2

+2 (E / / / 1[()7Tm](8)1/(.’[7)2]1{“39(1’,757(m))}Nm(dS, dv, du)])
0 Jllvll<1p\{0} /R4

T
// /]]-[O,Tm](s)y(x)]l{ugg(ac,ns(z))}Nx(d57dyadu)]
0 J{lvlI>1} /R4

1/2
sup m(x)] d8>
]

r€[0,5ATm,

1/2 . 1/2
+2+/C5(x) / v(x)*Hy(x,dv) / E sup  n.(x)| ds
{livli<i3\{o} 0 r€[0,5A T ]

T
+2C5(x) </{|V|>1} V(ac)Hl(x,dz/)> /0 E

Define f,(t;z) =E [SUPse[o,tmm] 7s (x)} . Summing over x € V we obtain

+E

+2E

T
< V8 \/Ca(2) (/0 E

sup 1)y (x)] ds

r€[0,8AT ]

E

1/2
wp M tx]<fzm</ fu(siz)d )

te[0,TATm] eV

zeV

1/2
+2) VGl </{|u|<1}\{0} @t dy) </ fmls5) >

zeV



T
+2 Z Cs(x) (/{|V|>1} V(x)Hl(x,dv)> /0 fm(s;x)ds

zeV

g¢§<202 )/ S fun(s:2)ds

yeVv zeV

+2 ZCg(y)/ v(y)?Hi (y,dv) / mesxds+204/ mesx s
yev {iivll<13\{o} zeV zeV
=: co/ Z fm(s;x)

zeV

with a constant ¢g € (0,00). Using (2) combined with (A6), we find that

<Efno()] +E| sup [ M(z)]

te[0,TATy,)
+ Z E / / / 0,7m] (S)V(2) L pu<g(ym._ (y))3 Ny (ds, dv du)]
yeV\{=} A\{0} /Ry

T
el [ ] ]1[0,7,”](S)V(x)l{mp(z,ns,V)}M(ds,dy,du)]
o Javioy Jr,

El sup  n(x) +E

te[0,TATy,]

T
A 1[07Tm] (S)|B0(l’, 773)|d5]

T
<Em@]+E| sw M@+ [ E[Lor (o) Bolen)l] ds
te[0,TATym] 0
T
C: 14 dv m(S; d
+yevz\:{z} 3(y) </X\{o} (D )>/0 fm{siy)ds

T
+/O /X\{O} V(-'L')E []l[oﬂ-m](s)p(x’77S7 V)] HQ(dV)ds

After summation over z, let us estimate the last three terms separately. Recall that || Bo(-,7)|| = >_, <y Bo(x,n). For the
first one, we obtain by (A6)

3 / (0.7, (5) Bo (e, me)] ds = / E [1(0.,1(5) 1 Bo(-,1,)[]] ds < CoT + Ci / S funlsiw)ds

zeV zeV

The second term given by (A4)

o> Gy (/X\{O}y(x)Hl(%dV))/o fm(s;y)ds

zeV yeV\{z}
“Yaw ([ Y v / fmsyd8<04/ S fonls)ds
yev MO} pev\{w} yev

Finally, for the last term, we obtain by (A6)

Z/ /X v(z) IE [0 Tm](s)p(:c,ns,u)] Hy(dv)ds

zeV {0}

:/ Ljo,7,.(s / (x,ns,y)Hg(dl/)] ds
0 x\{0} :cEV
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<06T+06/ > fm(siz)ds

zeV

Together, these inequalities yield

S fun(Ts2) <E[Joll] + 20T + (co +2C5 + C) / S (s )ds.

eV zeV
The Gronwall inequality yields
> v(@) fn (T ) < (E[||nol|] + 2C6T) el0T2CoTONT,
eV
Letting m — oo and using Fatou’s lemma gives

Y E

zeV

A ]<S“p2fm (T;2) < (E{[ppll] + 2C6T) eler+20+CIT < o,
te[0,T] m>1

With this, the theorem statement follows from (18). O

Next, we prove a simple but useful observation used for the localization of coefficients.

Lemma 3.2. Let (O, F, (F;)1>0,P) be a stochastic basis with the usual conditions and let (n;)y>0 be an (Fy)>o-adapted
cadlag process such that ||n:|| < oo holds a.s. Define T,,(n) as in (17) with { = 4+00. Then (T (N))men is an increasing
sequence of stopping times satisfying T,,(n) /00 a.s. as m — oo. Finally, one has ||n.—|| < m and n;—(x) < % a.s.
foreacht €[0,7,] andx € V.

Proof. Since (F;);>0 is right-continuous and (7;);>o has cadlag paths, it follows that 7,,, (1) is an (F;),>o-stopping time.
Next observe that, by definition, 7., () < T,,4+1(7) holds a.s. for each m € N. Let 7(n) := sup,,, e Tm (7). Then for all
t > 0 we obtain

Blr(n) > ] = lim Plr(n) > t]= lim P[] < m] =Ffln] <oo] =1.

m— oo

Letting ¢ — oo yields 7(1) = oo a.s.. The property ||7:_ || < m for ¢ € [0, 7,,,] holds by definition of 7,,,, while the second
inequality follows from 7;_(x) < ﬁl\m_ | < % D

Finally, we prove a first-moment estimate for the solutions of (2) with parameters depending locally uniformly on the
constants appearing in (A1) — (A6).

Theorem 3.3. Suppose that (Al) — (A4), and (A6) are satisfied. Then there exists a constant C' > 0 such that each weak
solution (ny)>0 of (2) satisfies

(19) Eflmel] < A +E[llnoll]) e, t=0.

Furthermore, let (§;)1>0 be a weak solution to (2) with different functions B, By, B1,¢,3, p instead of B, By, B1,¢,g,p,
respectively. Assume that (Al) — (A4) and (A6) are satisfied for B, By, B1,¢, g, p, and for all o, € X, a <3, v €V,
and 0 < s <t we have By(x,a) < Bo(x, ), é(x, s) < c(z,t), gz, s) < g(z,t), plx,a,v) < p(z, B,v). Then

20) E[ll&]] < A +E[&l) e, t>0.
with the same constant C' as in (19).

Proof. Again, using Lemma A.1, we suppose without loss of generality that v = 1. The main part of the proof is estab-
lishing (19). Let 7,,,(n) be the stopping time defined in Lemma 3.2. Observe that

t
m(z):no(x)+/ B(z,ns) + / / )L fu<gyme o)y Hi(ys dv)du | ds
0 yeV\{z} x\{o} /R4

t
+// /y(x)]l{ugp(zmsﬂl,)}M(d&du,du)—i—/\/lt(x)
o Javioy Jr,
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with (M, (z))¢>0 given by

M) = / 2 7 (@) AW (2)

t
+/ / / V(x)ﬂ{ugg(w,ns,(m))}Nw(dS,dl/, du)
0 J{llv[[<1}\{0} /Ry

t
Jr// /V(x)l{ufg(afmsf(x))}Nz(dSadl/vdu)
0 J{llv[>1} /Ry

t
+ > // /V(x)]l{ugg@,nsf<y>>}Ny(d8ad%dU)-
0 JX\{0} /Ry

yeV\{z}

Next we prove that (M-, (z))¢>0 is a martingale for each m > 1 and = € V. Indeed, the first two terms are square
integrable martingales since by (A2) we have

2
1) E

/0 " Sl @)W ()

_E { /O et ns(ac))ds} < 205 (x)mt < oo,

and by (A3) and (A4) also

tATm
/ / / (@) Lpuzgoim @3] dqu(%dV)dS]
0 {vl<infoy Jry

tATm
=F l/ / y(x)zg(x,ns_(x))Hl(:c,dz/)ds
0 {lIlvlI<1}\{o}

The third term is a martingale due to (A4) and

tATm
I ] retasson. o] dutfy (e dv)ds
0 {llvl|>1} /R4

Finally, the last term is a martingale since by (A3)

tATm ~
Z E / / /V(x)]l{uég(y,nsf(y))}Ny(ds’d’/adu)
o Jaovo Jee

yeVi{z}

<2 > E

yeV\{z}

<2 3 cwa|[ ] [ V) )

yeV\{z}

E

< C’g(x)t/ v(x)?H(z,dv) < cc.
{livlI<13\{o}

E < Cg(ac)t/ v(z)Hi(z,dv) < oo.
{llvi>1}

|

/ Tm / v(x)g(y,ns—(y))Hi(y, dV)dS]
0 x\{0}

tATm
<2 Z Cs(y)E [/ ns(y)ds}/ Z v(w)v(w)Hi (y,dv)
yeV\{z} 0 MO} wev\{y}

<Cy Y, E[ /0 Wmns(y)dS} v(y)

yeV\{z}

tATm
<C4E {/ ||773||ds} < Cymt < oo.
0
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This proves that (M, (z)):>0 is a martingale. Hence, taking expectations and using optimal stopping for integrable
martingales gives

E[ninr,, (z)] = no(:v)]+EU0 Tm(Bo(x,ns)—Bl(%ns(ﬂc)))dS}+E

/owm /x\{O} R V)HQ(dV)dS]
<E[n(z)] +E UO yeV\{z}

/me /X o) V(x)p(xvns,V)Hg(dz/)ds]

where we have used that By is non-decreasing so that By (x,n(x)) > Bi(x,0) = 0. This yields by (A3), (A4), and (A6)

/ v(z)g(y,ns—(y))H1(y,dv)
yeV\{z} Xx\{0})

=E|
+E

Bo<x,ns>ds} TE [ vt )
X\{0}

+E

E [[[near, II] Z E[nens,, (z
eV
tATm
Elllnol] + E / S Bo(w,nds| +E [ S0 / o(2)g(ysme— () Hi (9, dv)
0 zeV zeV yeV\{z} x\{0}

+E

/t/\‘rm /
x\{0}

<E[[lno]] + 2Cst + (2C5 + C) / E[[[nonr,, [1ds
0

)p(x,ns—, V)HQ(dV)dS]
zeV

where we have used (A3) and (A4) so that

>/ o Y @) ) = 3 A (@) Hi (3, dv)

zE€V yeV\{x} yev \{0} a:GV\{y}

9(ysms—(y)) < Callms—|-
yEV

Inequality (19) now follows from the Gronwall lemma. The proof of (20) follows the same path; we just need to replace
B, By, By, ¢, g, p with B, By, By, c, g, p respectively along the way. For example, instead of (21) we write

Ve W) | -E | 26(s. ()

<E { /O T et gs(x))ds} < 2Cy(z)mt < co.

E

‘ tATm

4. Pathwise uniqueness

In this section, we prove the pathwise uniqueness of the solution under slightly weaker conditions, i.e., we consider:

(A1’) The drift coefficient B(x,n) has the form B(z,n) = Bo(x,n) — Bi(x,n(z)) where By(z, ) : X — R4 and
Bi(z,) : Ry — R, are measurable mappings for each = € V. Moreover, for each R > 0 there exists a constant
C1(R) > 0 such that

[1Bo(-sm) = Bo( I < Cr(R)[n =&l =€V,



holds for all ,& € X with ||n||, ||¢]| < R. Finally, the function Ry > ¢ — Bj(x,t) is continuous and non-
decreasing satisfying By (z,0) =0 foreach z € V.
(A5’) For each R > 0 there exists a constant C5(R) > 0 such that

/ > o(@w(a)lple,n,v) — pla,&v)|Ha(dv) < C5(R)||n — €|
N0} zev

holds for all , & € X with [|n]|,]|¢]| < R.

In contrast to (A1) and (AS), the above conditions do not require that B and p are monotone with respect to the configu-
ration 7). The following is our main result on the uniqueness of (2).

Theorem 4.1. Let (1,),>0 and (&)i>0 be two weak solutions to (2) defined on the same stochastic basis (Q, F, (Fi)1>0,P)
and suppose that conditions (A1’), (A2) — (A4), and (AS’) are satisfied. Let T,,(n), T (§) be the stopping times defined in
Lemma 3.2 and set Ty, := Ty, () A T (€). Then

E[[[7nr, = Etnra 1] < E[llno — &o[Je(rmH2CarCslmDt =y > 0

holds for each m > 1. In particular, if ng = & holds a.s., then Pln, =&, t > 0] = 1, i.e. pathwise uniqueness among
weak solutions to (2) holds.

Proof. By Lemma A.1, we suppose without loss of generality that v = 1. Define (; := 1, — & and fix x € V. Then
t
G@) =6o(o) + [ (Blan.) - Bla. &) ds
0

/ <\/2c z,m5(x)) — /2¢(z, & (2 )) s(x)

+/ / / V(@) (Lugg@m.— @)} — Luzg(oé.— (@)))) No(ds, dv, du)
X\{0} /Ry
/ / / ) (Ltu<o@m— )} — Liu<owe._ w)y) Ny(ds, dv,du)
er\{z} X\{0} JR4

// / ) (Ltu<p@m )y = Lu<pe. w)}) M(ds,dv, du).
x\{0} Jr,

Let ¢ : R — R be a sequence of twice continuously differentiable functions such that for each k£ > 1,
(i) or(—2) =dr(2) /|z| as k — oo,
(i) ¢}.(2) €[0,1] for z > 0 and ¢}.(z) € [-1,0] for z <0,
(iii) ¢} (z)|z| <2/k holds for all z € R.
The construction of such a function follows the same arguments as the classical Yamada-Watanabe theorem for pathwise

uniqueness. To simplify the notation below, we set D¢ (2) := ¢r(z + h) — ¢x(2) for z,h € R. Let z, h € R such that
zh > 0. Then, using the mean-value theorem, one can check that

2

(22) Dpor(2) < ||, Dpoi(2) —¢p(2)h < ek and Dy ¢y (2) — ¢ (2)h < [h].
Applying the It6 formula to (;(x) gives
(23) (G (@) = dr(Co(x)) + Y Ry () + M(2),

j=1

where the processes Rq, ..., Rs are given by

() = / B(Co(2)) (B(z,m,) — B, £4)) ds
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/(b \/2095775 \/203355 ))
Rs(t) = / / (D sy (G (2)) — D4 (o (2)) Do, 8)) dsH (2, dv)du
X\{0} /R4

Ra / / Dy o) 0 (Cor () ds H (y, dr)dus
(0} Jry

yeV\{z}
Ra(t) = / / Dy (a0 (G- (@) ds Ha (dv)du
0 Ja\{0} /Ry
with increments given by

Do(2,5) = v(2) (Luggem— ()} — Lusgtegoo(2)}) 5
Ai(2,8) =1(2) (Lugp(zme-n) ~ Hugp(o )}) -
Note that Ag(z, s) and Aq(z, s) also depend on u > 0. The process (M(t));>o given by

(24) / o (Cs(z \/2c (2,ms(2)) — \/2c(z, & (x ) Wi(z)
/ / / Dy (y.s) 0 (Cs— ()N, (ds, dv, du)
yev x\{0}

// D, (2.0 Bk (Gs (2)) M (ds, dv, du),
x\{0} /Ry

is a local martingale. Here, M = M — M denotes the compensated Poisson random measure. Note that R; and M (t)
also depend on the previously fixed point x. Recall that 7,,, satisfies, by Lemma 3.2, 7,,, — oo and it holds that

(25) Ns—(2),6s—(2) <m and |ns— |, €~ <m, s €[0,7m], z€V.

Using Property (25), it is not difficult to see that (M (¢ A 7,,,))s>0 is a martingale for each k and each m. For the sake of
completeness, the proof is given in the appendix. Below we will show that

tATm
Rl(t/\’rm) S/ |BO(xans)7BO(xa€S)|dS’
0

(26) Rg(t/\Tm) SCQ({,C)%,

R3(tATm) < Cg(m)t/ V(x)2H1 (x,dv)
ko Jgwi<ingor

+Cy(a) ( /{ o V(x)Hl(x,dV)> / e () — &4 (@)]ds,

@7) RitAm) < Y (/X \{0}v<x>H1<y7du>>cs<y> / " - ) - - ()lds,

yeV\{z}

tATm
Ra(t A) < / / ()| (s 1o ) — (s €, ) | Ha(dr) .
0 X\{0}

Taking then expectations in (23) and using the above estimates gives

5

E (65 (Conr (2))] = E[or(o(@)] +E | YRy (t A Tm)

j=1



<Bouoe +E[ [ 1Boteno) - Bl el

+ Oy 2 4 @)t

e v(z)?H, x,dv
Tk /{||v|<1}\{0} (et dv)
T Cy(a) ( /{ o u<x>H1<x,dv>) E [ [ - ss_<x>|ds]

+y€VZ\{m} (/X\{O} ’/(SU)Hl(%dV)) Cs(y)E [/O ns—(y) —Ss(y)ldS}

/ ” / u<x>|p<x7ns_,u)—p(x,fs_7v>|H2<du>ds].
0 X\{0}

Letting first kK — oo, then summing up over z, and finally using (i) yields

Ell[9tAry, — Etarm ll] = Z E[|ntar,, (2) = Eenr, (2)]]

+E

eV

< ;E[Ino(x) w;/ [/Mm |Bo(2,ms_) — Bo(x,gs_)ds}
' ;/03(@ </{|u|>1} Y dV)) . Uowm e () = gs(x)ds}
PP ( Lo u(m)fh(y,du)) e[ [ e - e las]

/t/\‘r /
x\{0}

Elo — &ol]] + E [ / " Bolme) - Bo<~,ss_>||ds}

‘,0 Ty Ms—, ) p(x,fs_,l/)|H2(d1/)ds]
zeV

+ 00+ Cslme [ [ e = s

Elllno = &oll] + (C1(m) +2Cs + 05(m))/0 EllInsarm = &sarn Il ds

where we have used (A1°), (A4), (AS’), and

> > (/X \{O}wx)Hl(mu)) Cs(y)E [/ |ﬁs(y)—§s(y)ds]

zeV yeV\{z}

= v(z)H(y,dv) | C3(y)E o o (y) — E._(y)|ds
Z(A\{O}xeg\:{y} (@)H1(y )) 3(y) UO 05— (y) — &— ()] }

yev

<o SE[ [ e - wlas]

yev

The assertion of the theorem follows from the Gronwall lemma. Hence it remains to prove the estimates for R;(t A
Tm), j =1,...,5 in (26). For the first term, we obtain from (A1’) combined with (ii) that ¢} ((s(z)) (B (z,ns(z)) —
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Bi(z,&5(x))) > 0 holds a.s. for s € [0,t A 7,,,]. Hence we obtain
tATm tATm
Ri(EATm) = /0 & (Cs(2))(Bo(,75) — Bo(x,&s))ds — /O ¢ (Cs(2))(Br(,m4(x)) — By, & (x)))ds
tATm
< [ Botwn) - B golds
0

For the second term, we first observe that (A2) and property (iii) yield

)

El N

P (- (@) le(@, s (2)) = e(@, Eom (2)] < Co(2) 9 (G (2)) Ins— () — & (2)] < Ca(2)

where we have used (A2). Hence using the elementary inequality (a — b)? < |a? — b?| for a,b > 0 for the first inequality,
we find that

tATm 21

Ra(t ) < [ G aDlelo. (o)) — elo6u(o)ds < o)

To estimate the third term R 3, we decompose the integral against H; (z, dv) into {||v|| < 1}\{0} and {||v| > 1} to find
that R3(t) = Ri(t) + RE(t), where

Ri(t) = / /{ e / (Do 61(Gon @) = 6 G @) Bol,) d s )

R3(t) = / /{ o / (Dol 2) = G () ol ) sy )

In order to estimate these integrals, we first compute the integral against du. Namely, observe that by (A3), (s—(z) <0
implies that g(z,ns—(x)) < g(x,&s—(z)) and hence Ag(x,s) <0 while (s_(z) > 0 implies Ag(z,s) > 0. Combining
both observations we find for ||v|| <1 by (22)

/ (Do e,y 8(Cor (2)) — (G (2)) Doz, 5)) du

Ry

Z/R Lic, ()50} (Dag(w,s) Pk (Co (2) = ¢4 (Cs— (@) Ao (, 5)) du
4—/]R Lic,_()<0} (Dag(w,s) Pk (Co () = ¢4 (Cs— () Ao (, 5)) du

g(z,ns—(x))
:/( . Lic. ()0} (Du(a)®r(Cs—(2)) — ¢4 (Co—(2))v(2)) du
g9(z,8s— (T

g(z,6s— ()
+ / Ve, 0y (Do $1(Cor (2)) + B (o (@))0(2)) du

(zms—(2))

< lg(e. (@) = e (D] o) < S v(o?

while for ||v|| > 1, we obtain

/ (Do) 81 (o (2)) — D4 (Cor (2)) Do (2, ) du

Ry

g(z,ms—(z)) /

_/( . ]l{Cs—(a:)>0} (Du(x)¢k(<s—(x)) _¢k(C3—(x))V(I)) du
g9(x,8{s— (T

9(z,€s—(2))
[T e o (Dot n(Gom () + 6o ()(0))
g(zns—(2))

<lg(z,ns—(2)) = g(z,&(2)[v(2) < Ca(x)v(2)ns—(2) = &5 (2)].
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For the first part, we obtain

Ré(t/\Tm) < C3(x)t/ V(x)2H1(9€,dy),
ko Jwi<ingor

while the second part is estimated as follows:

RE(t A7) < Cs(2) </{| ”>1}V(x)H1(x,dy)>/O " e (2) — £a(2)]d5.

For the fourth term, we obtain from (22)

Ralt Arm) < / " /X 1y VIS0 (0) 000,66 ) .

yeV\{z}

< Z </X\{0} V(x)Hl(y,du)> Cs(y)/o s (y) — Es—(y)|ds.

yeV\{z}

tATm
5(tATm) §/ / / |A1(z, 8)|dsHa (dv)du
0 x\{0} JR,

tATm
- / / () (s e ) — (€ 1) | ds Ha ().
0 Xx\{0}

This proves the desired inequalities for R ; (¢ A 7,,), 7 =1,...,5 and hence completes the proof of this statement. O

Finally, we find that

5. Comparison principles

In this section, we show that under conditions (A1) — (AS), the process is monotone with respect to the initial condition.
Moreover, we establish a monotonicity principle concerning the drift parameters. Let us start with the following technical
result. The desired comparison property is then proved afterwards.

Lemma 5.1. Suppose that conditions (Al) and (A5) are satisfied. Then

> o(@)(Bo(x,n) = Bo(w,£))" < Ca(m) Y v()(n(x) — &(x))*

eV zeV

and

v(x)v(x z,n,v) — p(x,&,v)) T Hy(dv
/X\{O}xezvu<><p< 0v) — plar,€,v))* Ha(dv)
<Cs(m) Y vla)(n(x) — ()
€V

hold for all n,§ € X satisfying ||n]], ||¢]| < m for some m € N where 2T = max{z,0}.

Proof. For given n,£ € X we define

§(x), ifn(z) = E(x)
n(x), ifn(z) <&(z),
Then min(n,£) < & and || — min(n, &)|| = >,y v(@)(n(z) — £(z))T. Using (A1), we obtain for 7,& € X satisfying
Il €] < m

ZU Bo 9C 77 Bo(%f))Jr

zeV

rzeV.

min(7, §)(z) = {
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< w(@)(Bo(x,n) — Bo(w,min(n,€))" + Y v(x)(Bo(z, min(n, &) — Bo(x,£))"

zeV zeV
<Y o(@)[Bo(,n) = Bo(x, min(n,£))|
zeV
< C1(m)|ln —min(n,€)|| = C1(m) Y v(w)(n(x) - &(z)) ™
zeV

Analogously, using (A5), we find that

v(x) p(x,m,v x,&,0)) T Ho(dv
/X\{O}Z 0.v) — pla,€,0)) " Ha(dv)

zeV

/X > vl@)v(@)(p(z,n,v) = plw,min(n,&),v))" Ha(dv)

\{0} zeV

v(x)v(z)(p(z, min(n, ), v) — p(z, &, v)) T Ho(dv
+/X\{O}$;()()(P( (n,€),v) — p(,&,v))" Hy(dv)

</ () (e .0) — plo.min(.€),v) | Haldv)
X\{0} TGV

< C5(m)|ln — min(n,€)|| = Cs(m) Y _ v(@)(n(z) - &)™

zEFR

This proves the assertion. O

The following is the main result of this section.

Theorem 5.2. Suppose that conditions (Al) — (AS) are satisfied. Let (1,)¢>0 and (§;)1>0 be two weak solutions to (2)
defined on the same stochastic basis. Then for each m € N and t > 0 it holds that

Y v()(mo(a) — ()" | (O mITRCrCimI

zeV

E | 3 o) Ohonns (2) — ine, (@)*] x

xeV

where Ty, := T () A T (§) is a sequence of stopping times with T,,(n), T (§) defined as in Lemma 3.2. In particular, if
P[?’]Q < 50] = 1, then ]P)[’I’]t < £t7 t> 0] =1.

Proof. Without loss of generality suppose that v = 1, see Lemmma A.1. Define (; :=n; — & and fix x € V. Let ¢ :
R — R, be a sequence of twice continuously differentiable functions such that for each k£ > 1:

() or(z )fzJr :=max{0,z} as k — oo for z > 0,
(i) P (2) = ),(2) = ¢ (2) = 0 for z <0,

(iii) ¢)(2) € [0 1] for z > 0,

(iv) ¢} (2z)z <2/k holds for all z > 0.

Note that the sequence in Thm. 4.1 approximates the absolute value function, while the function above approximates the
rectified linear unit, which has been previously used in, e.g., [4, 12, 14, 28].

To simplify the notation below, we set Dy ¢ (2) := ¢r(z + h) — ¢ (2) with z, h € R. Using the mean-value theorem,
one can check that (22) holds for all z, h € R. Applying the It6 formula to (;(x) gives

5
(28) B (G () = dr(Co(@)) + Y R;(t) + M(t),
j=1
where the processes R1, ..., Rs, M are given as in the proof of Theorem 4.1 and, in particular, also depend on the fixed

value z. Let 7, := 7, () A Ty (§) with 7,,(n), 7, (§) defined in Lemma 3.2. Then 7,,, — oo and (25) holds. The same
arguments as in the appendix prove that (M (¢ A 7,,,))¢>0 is a martingale for each &k and each m. Below, we will show
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that
tATm
Rl(t/\’Tm) S/ (Bo(x,ﬂs)—Bo(w,fs))+d8
0

Rg(t/\Tm)

Ra(t A1) < Cg(x)t/ v(z)?Hy(x,dv)
ko Jawi<ingor

va@ ([ vwmea) (e () — Eu_(2)) Fds,
{llvl]|>1} 0

R4(t AN Tm) < Z (A\{O} V(I')Hl (y, dl/)) Cd(:l/) m (1757 (y) - sz(y))ers,

yeV\{z} 0
tATh
Ra(t A ) < / / (@) (Pl o) — (s €, 0)) dsHa(dv)
0 x\{0}

Taking then expectations in (28) and using the above estimates gives

5
ZRj(tATm)]

Jj=1

B9k (Cenr, ()] = Elr(Co(2))] + E

<Elo (@) +E | [ " Bo(an) - Butr. &) s

2t C t
+Ca(z) - + 3,(::)/ v(z)?Hy(x,dv)
{IvI<13\{0}

+ Cs(x) </{IIV|>1} V(x)Hl(x,dV)> E [/O“\Tm e () — fs_(iﬂ))ﬂis}
+ yGVZ\{x} </X\{0} u(x)Hl(y,du)> C3(y)E [/OMTM (ns—(y) — fs(y))J”ds}

o v\x X V) — X 14 + vV S
E / /X\{O} (@) (o, 10— ) — plsEu 1)) Ha(d >d].

Letting first kK — oo and then taking the sum over x € V" we get by (i)

E | (inr, () = Eear,, (@ ]<ZE mo(z) — & (x)) ] +E / TMZ (Bo(z,ns) — Bo(x, @))*ds]
zeV zeV zeV
tATm
+204IE/ > (na- (@) — &am ))*ds]
zeV

AT v(z)(p(z ) — oz )+ Nds
E /0 /X\{O}g (x)(p(x,ns—,v) — p(x,&—,v)) T Hao(d )dl

> (o) — §o($))+]

zeV

+ (C1(m) +2C4 + Cs(m l/MT Z Ns— &s( +ds]

zeV

<E
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where we have used Lemma 5.1. The assertion follows from the Gronwall lemma. Hence it remains to prove the estimates
for Rj(tATm),j=1,...,5.

The first estimate above follows directly by the properties of ¢'. Indeed, it follows from (Al) and (ii) that
1. () (Bi(x,ms(z)) — Bi(z,&s(x))) > 0 holds a.s. for s € [0, A 7,,,]. Thus we obtain

Ra(t A7) = / " (G (@) (B(rams) — Bl 2))ds

tATm

= / v Ok (Co—(2))(Bo(w,ns) — Bo(x,&s))ds — /0 Ok (Co— () (B (2,5 (2)) — Bi(2,8(x)))ds

0

< / " (G (@) (Bo(sms) — Bola, £))ds

0

<[ " (Bo(w,ma) — Bolw,£2))* ds.

0

The desired estimates for R2, R3, and R4 can be shown in the same way as in the proof of Theorem 4.1. Let us consider
the term R5. By (ii) we have

| P dulCeata)dn s [ 1 ssotoin Do delGon (@)

p(x,ns—,v)
< / Lp(eme ) >p(a,ea )V (@)du
p(Ivésf ,y)

= (p(x7ns—al/) - p(£7£s—7”))+y(‘x)'

This implies the desired estimate for R5(t A 7,,). Hence, we have shown all the desired inequalities for R;(t A 7p,),
j=1,...,5 and the proof of the theorem is complete. O

Theorem 5.2 can be generalized to the case when (7;);>0 and (§;);>0 are solutions to equations with different functions
B, By, By,c¢,g, p. Here, we only give a simple version with different drifts.

Corollary 5.3. Let (B, By, B1,c¢,g,p) and (§7 EO, §1,C7g,p) be Ctg-admissible tuples. On the same stochastic basis
let (ne)e>o satisfy (2) and let (§;)1>0 satisfy

(29) Eu(e) = Gole) + / Bla,&.)ds + / V2l (@)W, ()

t
+// /V(m)l{ufg(z,gs_(m))}NI(dS,dV,du)
0 Jx\{o} /R4

t
+ > / / / V(@) Lu<g(y.e, - () Ny(ds, dv, du)
o Ja{oy Jr,

yeV\{z}

t
+// /V(x)]l{ugp(z,gs,yu)}M(ds,du,du).
o Ja\{o} Jr,

Assume that for all o, € X, a < 3, and x € V one has B(z,«a) < E(x, B). Then for each m € N and t > 0 it holds that

E

Z (@) (Menr,, (T) = Einr,, (l’))Jr] <E

zeV

Z v(z)(no(z) — fo(a:))Jr] e(C1(m)+2Ca+Cs(m)t

zeV

where T, = Ti () A T (§) is a sequence of stopping times with T, (1), T (§) defined as in Lemma 3.2. In particular, if
Plno < o] =1, then Plny < &, t > 0] =1.

Proof. The proof follows the same steps as the proof of Theorem 5.2, the only difference is that with these settings

Ra(t) = /0 @) (B@.n) — B@.&.)) ds.
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so we only need to note that

[ éhtco) (Bl - Bla&) ds < [ 64(Gu(e) (Blan.) ~ Bla.&) ds
0 0

Finally, we formulate an auxiliary comparison principle used for the construction of solutions of (2).

Theorem 5.4. Let |V| < oo and let (E, By, By, ¢, g, p) be a Cyg-admissible tuple and for V! C'V let

(30) B(z,0) = B(z,a)1{z € V'}
3D 9(z,a(x)) =g(z,a(z)) 1z € V'},
(32) p(z,a,v) =p(z,a,v)1{z e V'}.

On the same stochastic basis let ()0 satisfy (2) and let (§)i>0 satisfy

(33) €u(@) = Gole) + / Bla,&.)ds + / 2el (@) AW (x)

t
+// /”(fﬂ)ﬂ{usz}(z,ssf(x))}Nm(ds,dv,du)
x\(0y Jr

/ / / )L usg(y g ()} Ny (ds, dv, du)
yGV\{m} X\{0} /R4

+// /V(f)]l{ugﬁ(z,gs_,V)}M(d&du,du),
0 Jx\{0} /R4

Assume further that Plng < & =1 and for t e V\ V', Plno(x) =0] = 1. Then Pl < &, t > 0] = 1.

Proof. Since (B BO,Bl,c g,p) is Crg-admissible, the tuple (B, By, Bi,¢,9,p) is a C1g s-admissible as well by (30)-
(32). For 2 € V'\ V' we have a.s. n;(x) = 0 and hence P[n(z) < & (), t > 0] = P[0 < &(x), t > 0] = 1. Let {¢y }ren
be the sequence of functions introduced in the proof of Theorem 5.2. Set (; := 1 — &;. Recall the notation Dy, ¢ (2) :=
ok (z 4+ h) — dp(2) for z,h € R.

For « € V' by the the It6 formula

5
(34) Or(Gu(@)) = Bu(Go(@)) + 3 Ds(t) + M(1),
where
0= [ @) (B - é(x,fs>) ds
3 | o) (VEGm@) - Vo &) ds

t) :/t/X\{O}/R (Dgo(z,s)m((s—(x)) —¢;¢(Cs_(x))ﬁo(a:,s)) dsH,(x,dv)du

Di( / /. - / &4 (3,04 (Com ()5 H (y, dv)du

yeV\{z}

D5(t) = /0 /X o) /R ) D3, (2,005 (Cs— (2))ds Ha(dv)du
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with increments given by
No(2,8) =v(@) (Lugem— )} ~ Hugeé(2)})

Ay(2,8) =v(2) (Luzp(em- )} — Lu<izé)})

and

/ G (Cs(@ \/20 (z,75(2)) — \/2¢(2, & (a )) W, (2)
+Z/ /X\{O}/R Dﬁo(y7s)¢k(gs—($))ﬁy(d8,dl/,du)

yeV

/ /X\{O} /ﬂh Ao (,5) Pk (Cs— () M M (ds, dv, du).

The process (M(t),t > 0) is a local martingale. For x € V', we use (30)-(32) to find that
(35) D;(t) =R;(t), t>0,j=1,2,3,5.

where R ;(¢) are given as in the proof of Theorem 4.1. For Dy4(t) we write

/ / [0k (Coe () + oy, 5)) — dx(Co_ ()] dsH (y, dv)du
X\{0} /R4

yeV\V’

/ / [0 (Coe (2) + By, 5)) — dx(Co_ ()] dsH (y, dv)du
x\{0} Jry

yEV’\{f}
Recall that Ay, Ay were introduced in the proof of Theorem 4.1. Fory € V' \ V’ for u > 0
Ao(y:8) = —v(@) Lusg.e— )} <0=2D0(y,5)

whereas for y € V/\{z} we have Ag(y, s) = Ag(y, s). Since ¢y, is non-decreasing, we arrive at

/ / [0 (o (2) + oy, 5)) — dx(Co ()] dsH (y, dv)du
X\{0} JR4

yEV\V’

/ / [60(Coe () + Doy, 8)) — d(Co (@) ds H (3, do)du
X\{0} /R4

yEV’\{r}
— Ra(t).

Combining this with (34) and (35) we get

5
r(Ce(2)) < dr(Col)) + ZRj(t) + M(t).

From here, the proof goes in the same path as the proof of Theorem 5.2 follows from (28). The fact that here we have
an inequality instead of an equality in (28) does not make a difference. O

6. Construction of a weak solution

Firstly, we study the case where V is finite. In such a case & = RLV‘ and we take v(z) =1 so that ||n|| = ‘Vl A
corresponds to the 1-norm on R!V'I. In this case, (2) becomes a classical SDE for which we may use existing results on
the existence of weak solutions. The precise statement is summarized in the next lemma.
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Lemma 6.1. Suppose that V is a finite set and that conditions (Al) — (A6) are satisfied for v(xz) = 1. Then for each 1
being Fo-measurable with E[||nol|] < oo, (2) has a unique strong solution in X = R‘f‘.

Proof. It follows from [1] that for each n > 1 the equation

t t
(36) (@) = no(w) + / B(x,nf)ds + / 2¢(x, 0 (x))dW; ()
0 0
t ~
+/ / / 1 v nl/l']lu znt (z Na: d87dV,du
o Jevoy Ja, OI=m (@)L gt (o Vel )

+ / ‘/X\{O} /R+ ]l{HVH<n}V( )]]-{u<g(y n;r (v) )}N (dS dl/ du)
veV\{z}

—l—// /]lunz/xll + nM(ds,dv,du
0 Jx\{o} Jr, {wl<n¥ (@) {up(z,nt_ )} ( )

with nt(y) = max{0,7(y)} for y € V has a weak solution on X = RIVI. Since the coefficients ¢t (z,t) = c(z,t),
gt (z,t) = g(z,tT), and p*(z,t,v) = p(z,tT,v) still satisfy the conditions (A1) — (A6), in view of Theorem 4.1, also
pathwise uniqueness holds and hence this solution is strong. We prove that this solution is nonnegative by following the
argument given in [14, Section 2]. Suppose that there exists € > 0 and z € V such that 7 = inf{t >0 : n(z) < —¢}
satisfies P[T < 00| > 0. Then 0, (z) =n,_(z) < —e holdson {7 < oc}.Leto =inf{s € (0,7) : n(x) <0, Vt € [s,7]}.
Then o < 7T a.s., we can find a deterministic time r > 0 such that {o < r < 7} has positive probability. A.s. on this event,
we find fort > r

Menr gj):nr _I_ / B x 775 d5—|- / / / V J] “ 1 ds,dv,du
iar( A e Ja\(o) {<g(y7 _(y)} ’/( )

yeE\{=z}

tAT
+/ / /Vx]lu vt o M(ds,dv,du).
rar Jav(oy Jr, I usptonr M )

In view of condition (A1) we have B(x,n) > 0 whenever n € X is such that n(x) = 0. Thus ¢ — na,(x) is non-
decreasing. Since 7,-(z) > —e on {r < 7}, we get a contradiction to n,(z) = n,_(z) < —e. Hence, the solution is
nonnegative.

It remains to show that we can pass to the limit n — oco. This procedure is standard, so we only provide a proof sketch.
Let (n}")n>1 be the unique strong solution of (36). It is not difficult to show that

supEl sup |n(n)( )|1 < 00, Ve eV.

n>1 t€[0,T]

Hence, using the Aldous criterion, we find that the sequence of processes (1} ),,>1 is tight on the Skorohod space. Using
convergence of the martingale problems, we may show that any of its limits is a weak solution of (2) (with |V| < 00).
This completes the proof. O

In the second step, we use Lemma 6.1 to approximate a weak solution via Vy ' V where Vy is an increasing sequence
of finite sets.

Theorem 6.2. Suppose that conditions (Al) — (A6) are satisfied. Then weak existence holds for (2) and any Fy-
measurable initial condition ng € X satisfying E[||no]|] < oo.

Proof. Step 1. Fix any stochastic basis (€2, F, (F%)i>0,P), let noise terms given as in (N1) — (N4), and let 77y be an
JFo-measurable random variable with E[||ng]|] < oo. Let (Viv)nen be a sequence of finite sets in V' such that Vi 7

V. Define B (x,7) = Lv, (2) Bo(x,1) — Bi(z,n(z)), ¢" (2,t) = Lvy (x)g(w,1), and p™ (2,9, v) = Lyy (2)p(a,n,v).
Then conditions (A1) — (A6) are still satisfied with V' replaced by Vi, and (2) takes for these restricted coefficients the

form
¥ (@) = () + / BN () ds + / 2e, () dW(x)
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t
+/ / / V(.Z')]l{uggz\r(%né\i(x))}NI<dS,dV, du)
0 Ja\{o} R,

t
+ // / v(z)ly, N N, (ds,dv,du
Z o Jx\{o} Jr, @) Lo m w3 Vo )

yeV\{z}

t
—|—// / V(@)L py<pn (o 1)y M (ds, dv, du)
0 Ja\{o} /Ry - -

where 1}’ is defined by 78" (z) = 1y, (x)no(x). Thus, the equation is effectively an equation for 7} (z) with = € Vy,
which has a unique, strong solution due to Lemma 6.1.

Step 2. Using BY < BN*! and pV < pN+! and the comparison principle in Theorem 5.4, we find that P[n <
ntN 1 t>0]=1for N> 1.Since BN < B and p" < pforall N € N, we may apply Theorem 3.3 with C' independent
of N to show that

sup _sup E[[|n,"[[] <oo, T >0.
te[0, 7] N>1
Define a new process (1);):>0 by n¢(x) = supy s, 77 (x) for z € V. Then (1)¢>0 is (F¢)¢>0-adapted and by monotone
convergence, we see that

sup E[[[n:]] < sup sup E[||n;"||] < oo,
0,T te[0,T) N>1

i.e., (m)¢>0 takes values in X'. Note that by monotone convergence, we also have

T
(37) lim E [[ln: —n||] dt = 0.

N—o0 0

Step 3. The arguments in Step 2 already infer that the process (7;)¢>0 is AX-valued. Therefore, it remains to show
that (1;):>0 is a solution to (2). We consider all terms of (2) separately. Convergence of the initial conditions, i.e.
limpy s 00 70 () = no () is clear. For the drift, we obtain

< / E[|Bo(a 1Y) — Bole.ns)|] ds + / E[|B (z, 1 (2)) - Bi(,na(@))]] ds

E H/Ot 1y, (2)B(z,nN)ds — /OtB(o:,ns)ds

1y () / E(|B(z,n.)[] ds.

The first two terms converge to zero as N — oo by monotone convergence being applicable due to condition (A1l). The
last term is finite due to the boundedness of the first moment and hence converges to zero for fixed x € V. For the
continuous noise part, we obtain

2]

B U [ VG - [ e .o

-/ 'E (m \/2c<x,n5<z>>)2] ds

<2 /O E [|e(z,75(x)) — Ly (2)e(x,nY (2))]] ds

t

S2/ E 1.0y <ryle(@, ns(2)) = e(z,m3 ()] d8+2/ E [1n, (@y>ryle(@,m5(2)) = ez, 07 (2))]] ds
0 0

< 20, (@)E [[na(x) — 0¥ (2)[] ds + ACs (x) / E [1gy, (0ys 715 ()] ds
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where we have used 0 (z) < ns(z). Thus, taking first for fixed R the limit N — oo, then letting R — oo, proves the
convergence to zero. B

For the stochastic integrals against N,, we split the integrals into {||v|| < 1} \ {0} and {|||| > 1} and study them
separately. First, note that using It6’s isometry (e.g. [17, p. 63]),

t
E[(/ / / V(x)]].{ugg(w,n57(w))}Nx(dS,dl/,du)
0 J{llvlI<1}\{0} JR4
[ ~ )]
- V(2) L pu<gan™ (@)1, ()3 Ve (ds, dv, du)
0 J{lvli<iifoy Jry {u<g(@n (2))1vy (2)}
t
:// V(ﬂf)zﬂi{/ |1{u§g<w,nsf(w>>}—]l{uSg(x,ngux))}]lVN($>|d“}Hl(ﬂ%d’/)ds
0 J{llvlI<1}\{0} Ry
t
S V(@) Elg(w,n— (2)) — g(,n (2))| H (2, dv)ds
0 J{llvllv<1}\{0}
t
tigg [ [ ()2 Elg(w, ny— (@) H (z, dv)ds
0 J{llv[I<1}\{0}
t
<ci@) [ V(@) Eln, () — 0¥ ()| Ha (e, dv)
0 J{llvlI<1}\{0}

+ 1y @)Cale) | /{ iy VB ) e )

where we used (A3) in the end. The first term tends to zero as N — oo due to (37), while the second one is due to the
indicator function. For the integrals against {||v|| > 1} we find that

1 K -
iEH/ / / I/(IE)]l{ugg(mms(m))}Nx(ds,dl/,du)
o Ji=1y Jry
t
_/ / / V(x)]l{ugg(m,niv(z))}]lVN(x)Nw(dsadV7du)H
o Jiwis1y Jr,
t
S// V(x)E[/ | Lusotem @0 = Lusotom (e Ly (@) |du] Ha (@, dv)ds
o Jii>1} R,
t
<tyglo) [ [ v@Elgen ()] Hlzdvds
o J{wl>1}
t
+1u () | /{ oy Ll — o @) ] o)
v||>

— Tvg (2)Ci(x) / () Hy (z, dv) / Elns()]ds

{llv]|>1}
t — N i S
+ Cy() /{ ) / E|na(z) = n? (2)]d

Also, the right-hand side tends to zero as N — oo.
For the integrals against IV,,, we obtain

i
EH Z // /V(x)l{uég(y,nsf(y))}*V(x)l{ugg(y,ng_(y))}]lva(ff)Ny(dS,dV,du)H
yeB\{a} 0 T HMOT TRy

<ty Y G | ) | Bl toas

yeV\{z}
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+ Ty, (@ Z CS?J/

yeV\{0} X\{0}

t
v(x)Hi(y,dv) / E[|ns(y) —n2' ()| ]ds
0
We estimate both terms separately using (A4). The first one is bounded by

@) Y ) [ V) | B 1@ S o) [ s

yeE\{z} yeV\{z}

=um<x>£;) / E[[jn, [}ds < .

Since the last expression is finite, it tends to zero as N — co. The second term tends to zero as N — oo due to (37) and

< T L
> o [, v [ Bl - @< o [l

yeV\{z}

Finally, for the last integral, we find that

t
EH / / / V(x)]l{uﬁp(m,ns_7y)} — V(x)l{ugp(a}m;\gy)}ﬂv]\[ (SC)M(d&dV, du)H
0 Jx\{0} /Ry

<lye(z / / plx ns_,u)dng(du)}
X\{O}

+ 1, @a[ [ / D)ol ) — el v)ldsHa(dv)].
X\{O}

By (A6), the first term is finite (and hence convergent) due to

E[/Ot /X\{O} y(x)p(x,ns_,y)dng(du)} <

For the second term, fix R > 0. Using (AS5) and (A6), we get

e[ [ o VN0 ) pla ()

// 1{\|ng_|\<R}|P($ ns—,v)) — p(z,nl_,v)|Ha(dv)ds
X\{O}

Co /t(l +Ens|))ds < 00
v(x) 0 ° .

+ 5] / V)L sy 0 e ) — plar Y ) Hod)] s
o Ll

C t
A [ el s+ [ B[ [ s myptenen ) )| ds
v(x) o tJav(oy
Cs(R) / en
< Bl =0 Jds+ | SB[ 1o 1+ )
o) o) B> 1y Jds
As in the calculation for the Brownian part, this estimate implies convergence to zero when N — oo. O

7. Proof of Theorem 1.2

In this section, we prove the existence of an invariant measure and convergence in the Wasserstein distance towards this
measure, i.e., we prove Theorem 1.2.

Proof of Theorem 1.2. Let (1;);>0 and (&)¢>0 be the unique solutions to (2) with deterministic initial conditions
N0, &0 € X such that £, < 1. Again, without loss of generality we suppose that v = 1, see Lemma A.l. Then & <
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a.s., and hence

Elllne — &l = El(m(e) - &())]

zeV
= (Blp(2)] —El&(2)))
zeV
Z( o(z) —&o(z +Z/ B(x,ns(x)) — E(z,{s(x)}ds
zeV zeV
<> (molx) - A/ (ZE () — €4 ))})
zeV zeV

t
— o — &0l — A / Elllns — &|llds

The Gronwall lemma yields E[||n; — &/|] < E[[|[no — & ||Je“*. For general deterministic £y,m9 € V we let V = {zy, :
k > 1} be a numeration of V', and define

0 éo(zg), k>n

n(m):{UO(xk), kzl,...7’l’L

with £ = &. Then

0, k#n+1

n+1 __¢n —
o (@) = & (@) {770($n+1)_€0(37n+1)a k=n+1

and hence for each n € N either & < €07 or &1 < €7, Let (£])+>0 be the unique solution of (2) with initial condition
&y - Previous consideration yields

Ell& — & I <EIEE — &6 e = no(@n41) — €o(@ngr) e

Hence we obtain

Eflln: — Z (&r — &+ EIE — ]
k=0
<e M Z Ino(rt1) — o(@rsn)| + EIEF —mell] < e llno — Lol + E[N1€7 — nell].

Since the constants sup - (C1(R) + C5(R)) < 0o, Theorem 4.1 implies that

o0

E[& —nell] < 165 —molle” = D mo(wx)e™ —0, n— oo,
k=n-+1

where the constant c is independent of n. Hence we obtain E[||n; — &[] < e~4*||[no — & || which readily yields (6). Since
(X,d) is a Polish space, (P;(X), W) is a Polish space as well (see e.g. [34, Theorem 6.18]). Therefore the existence and
uniqueness of an invariant measure as well as (7) are immediate consequences of (6). This completes the proof. O

8. Linear speed of spread and growth bound

In this section, we prove Theorem 1.3. We consider V' to be the vertex set of an infinite connected graph G = (V, E) of
bounded degree. Let dist(z, z’) be the graph distance for z, 2z’ € V, and for € V and r > 0 we define

B(z,r):={z €V :dist(z,z) <r}
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as the set of nodes in V' that are within the graph distance r from x. Denote by d the maximum degree of G, that is, the
maximum degree of its vertices. Note that d > 2 since G is connected. For a given 2 € V and k € N there are at most d*
distinct nodes y € V satisfying dist(x,y) = k. Hence

(38) #B(z,7) <14+d+..+d" <d*', reN.

The proof of Theorem 1.3 relies on a heat kernel estimate that is a direct consequence of [7, Corollary 12] (see also [30])
as formulated below.

Lemma 8.1. Let (S;,t > 0) be a nearest neighbour continuous-time random walk on an infinite connected graph G of
bounded degree with vertex set V. The jump rate from w € V to v € V is given by B(u,v) > 0 if u ~ v, and 0 otherwise.
Here u ~ v indicates that u,v are neighbours. Assume that sup,,.,, 5(u,v) < 0o and there exists m > 0 such that

Z Bu,v) >m >0, VueV.

v v~YU

Let K (t,u,v) =P, {S; = v} be the transition probability starting from u to be at v at time t. Then for u,v € V and t >0

1 ~ 2d(u,v)

< — — - 7

(39) K(t,u,v) < — exp [ d(u,v) ln( o )},
where d is the graph distance in G.

We note that K is also referred to as the heat kernel. To see that Lemma 8.1 does indeed follow from [7, Corollary
12] we take in notation of [7] b(g) = (9), g €S, a(u) =, ;. B(u,v), so that k = 1. The constant A is defined in
[7] as an infimum of the spectrum of a certain operator which in our case can be seen as the generator of (S, ¢ > 0). The
inequalities 0 < A < d — 1 for a d-regular graph follow from [7, Lemma 2], which enables us to drop A in (39).

Under the assumptions of Theorem 1.3, recall that B denotes the effective drift defined in (4). It is convenient to
separate the martingale components from the drift of the process. To this end, we rewrite (2) in such a way that all
stochastic integrals become martingales, i.e.

(40) ne(z) = m0(x) + / Bla.n.)ds + / V2@ na (@)W (z)
+Z/O /X/]R+ V(@)L {u<g(y,n. (v)} Ny(ds, dv, du).

yeVv
where the noise terms are the same as in (N1) — (N4).

Lemma 8.2. Suppose that the conditions of Theorem 1.3 are satisfied. Then
/ v(z)Hy(y,dv) =0
x\{o}
holds for all x,y € V such that dist(x,y) > R and g(y,-) # 0.

Proof. Using the particular form of B combined with (8), we obtain for each x € V

> atwn) [ v@dn) ~ Biee)) < Blea) < X bles)uto)

yeV\{z) A\{0} yev

Take y # w arbitrary and n(w) = €1 1,—}, then

g(y,é)/ v(z)Hi(y,dv) <b(z,y)e, >0, z,yeV, z#y.
x\{0}

Now let z,y € V be such that dist(z,y) > R and g(y, ) # 0. Then b(z,y) = 0 and hence g(y, ¢) fx\{o} v(z)Hq(y,dv) =
0. Since g(y, -) # 0, we find € > 0 such that g(y,e) > 0, which gives fX\{O} v(x)Hy(y,dv)=0. O
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We are now prepared to prove the result.

Proof of Theorem 1.3. Step 1. As a first step, we use a comparison principle to reduce the problem to the case of a
constant drift. Let £ be the unique strong solution of

&) =mo(@) + 3 / @a)eds+ [ oele & @)W @)

yeV

+ Z/ / /]R ][{u<g(y s (y))}N (dS dv, du) zeV.

yeVv

Since 3, oy b(z,y)n(y) > B(x,n) holds for all z € V and i € X, the comparison principle implies that 7, (z) < & (z)
holds a.s.. Hence, it suffices to prove the assertion for £;. Similarly, letting

M := sup b(z,y) < o0
z,yeV

we may consider another process ((;);>0 defined as the unique strong solution of

Gt(z) =no(= +MZ/ 1iy:dist(z,y)<R}Cs (¥ dS+/ V2¢(x, (s (x))dWi(

yeVv

+Z/ //R )L fu<gy.c.o (y))}N (ds,dv,du), z€V.

yev

Since b(w,y) < M1 gist(z,y)<R}» the comparison principle in Theorem 5.3 yields a.s. (;(x) > & (z) for all £ > 0 and
x € V. Hence, it suffices to prove the assertion for ;.

Step 2. In this step, we derive an estimate of the growth of E[(;(z)] concerning « € V and show (10). For this purpose,
consider a new graph G = (V E) with vertex set V, and u, v € V are neighbours in E if and only if dist(z,y) < R. Let d
be the graph distance on G. Then note that d(m y) <dist(z,y) < Rd(at y) holds for all ,y € V. Consider a continuous-
time random walk (S, ¢ > 0) on G with transition rates Gy = M1 gig(z,y)<r} for z,y € V, and let K(t, o, y) be the
transition probabilities at time ¢ from zq to y. Applying Lemma 8.1 to this random walk on G and using the equivalence
of the graph distances d and dist, we find that

23(200’9))} <1 exp [_ dist(zo,y) In <2dist(m0,y)>]

1 ~
< _
Kt z0,y) < g7 exp [ d(wo,y) ln( et =M R cRt

In order to relate this bound to the original process (;, let us define f, : R, — R with z € V' as the expectation of
Ce(x), i.e., fz(t) = E¢:(x). Taking expectation in (40), we get the representation

fw=hw+m Y /fs

yeV: dist(z,y)<R

Now, we focus on obtaining an upper bound on f,(¢). The transition probabilities K (¢,xg,x) of (St,t > 0) satisfy the
equation

4 K(t,x0,7) =—Mdg(z)K(t,z0,2) + M ) K(t,70,y),
yeE:1<dist(z,y)<R

K(t,xo,x) :]]-{;c:xo}'

where dg(z) = #{y € V : 1 <dist(z,y) < R} = #B(z,r) — 1 is the number of vertices within distance R from z.
Hence K (t,z9,-) = €'*1y,,}, where 1y, is the indicator function and A is a bounded operator on L>°(V') defined by

Ah(z) = —Mdg(z)h(z) + M > h(y),  heL>®(V).
yeV:1<dist(z,y)<R
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Consider another bounded linear operator B on L>° (V') defined by

Bh(x) = —MDh(x)+ M > h(y),  heL>®(V),
yeV:1<dist(z,y)<R

where D is the maximum degree of G. Note that by (38), D < d®*! < 0o, and that f. (t) = eMPtetB1y, . Finally, (38)
implies dp(x) < D for € V, whence we have A > B and hence also ¢*4 > ¢'Z. This readily yields

K(taan ) = etA]l{mo} 2 etB]l{zo} = e_Mth' (t)? t>0,
and hence K (t,z0,y) > f,(t)e ™D for all y € V. In view of (12), we find constants C,, ¢ > 0 such that
A1) v(z) > C,D™ist@o2) = gy,

Define the constant

MD D(2Z+5)R
Cy = max {1, i cR }

In(D)’ 2
Using the above estimates we obtain for all y € V and ¢ > 0 satisfying dist(zg,y) > Cot that

eMDt dist(z,y) 2dist (zo,y)

< _ 9 1 )

hult) = P [ R . < eRt )}

1 MD 1 2Cy .

< o= -

< Mexp[( o Rl < eR)>d1st(x0,y)}
1 MD (20+5)In(D)\ .. D~ 2t+2)dist(wo,y)/R

(42) < 2 &P [( Co ( ]% ( )> dlst(mo,y)] < i )

Step 3. Next, we prove a similar estimate for the expected supremum of the process, i.e., for E [supse[()’t] CS(J:)] . Let
x # xo and ¢ > 0. Recall that 79 (z) = 0. Then, by (40), we arrive at

swp Gy <MY /cg s+ sup

r€[0.1] yeV: dist(z,y)<R r€[0,1]
+ sup

/ // )L {ugy.c. ()} Ny (ds, dv, du)].
yev\{x}ve[oﬂ R4

/ / / l/(.r)]l{ugg(m,<57(m))}j\7m(ds,dl/,du) .
0 JxX JRy

Let us bound all terms in expectation. Doob’s maximal inequality applied to the continuous martingale gives by (A2)

W AL §4Cg(w) t fs(z)ds
0

<a L owCat) | 5 | s

yev

/0 2w G @) dWa(a)

+ sup
re(0,t]

sup
re(0,t]

For the sum against Z\~7y with = # y we obtain from (A3)

Z E [ sup / / / ]l{u<g(y Co (y))}N (dS dV du)
X\{0} /Ry

yeV\{z} rel0,t]

/ /X\{O} 9y, G- (W) Hi (y, dv)ds

yGV\{T}
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<2 Y aw o V) | tsyas

yeV\{z}

Finally, for the integrals against N, we consider {||v| < 1}\{0} and {||v|| > 1} separately. Namely, we obtain from the
Burkholder-Davis-Gundy inequality for Poisson random measures and then (A3) combined with (A4)

2
E
re[o t]

<4 x, (s Hi(x,dv)ds
//{II H<1}\{0} ( e )

<4C5(x) (/{|u|§1}\{o} v(x) Hl((L‘,dl/)> /0 fs(z)ds

1 t
4 & v 2H >dV — s\ T ds
: y%; ) </{|u|31}\{0} W >> v(x)/o Jal2)

while for the big jumps, we obtain from (A4)

/ / / V()L fu<g(a,co_ (2) )}N (ds,dv, du)
0 J{llvlI<1}\{0} /R4

E | sup

relo.] /o /{|u|>1} /ﬂh @) oo ey Va0, s )
<ol [ ] At o]
—2 ( /{ " u<x>H1<x,du>> / " Elg(e, G (u)))ds

<205(x) (/{|V|>1}u(x)H1(x,dz/)> /Ot Fo(x)ds < 2C, /Ot fo@)ds

Combining all these estimates, we find a constant C' > 0 such that

el Cr(l')‘| M0 / foly

yeV: dist(z,y)<R

E

yeV\{z}

\/5(7) (/Ot fs(a:)ds)l/z +2C, /Ot Fu()ds

holds for each x € V. Let t, > 0 be arbitrary. Letting ¢ > ¢y and x € V' be such that

diSt(Io, ) (CO+R) ’
to

we find for y € V satisfying dist(x, y) < R that

d(zo,y) > d(z,x0) — d(x,y) > (CO + R) t—R> Cot.
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Hence we can use the previously shown inequality (42) on f,(s) for s € (0,¢] from Step 2 to find that

E l sup Cr(x)l < > tD—2+2)dist(zo,y)/ R
re0,t] y€eV: dist(z,y)<R

2 is

+7M E Cs(y) / v(z)H, (y,dv) | tD~2(+2)dist@o.y)/R

x\{0}
yeV\{z}

cC |t : 20, :
4 7D7(Z+2)dlst(zo,z)/R + 7tD72(Z+2)dlst(wo,z)/R'
VM \ v(x) M

Since the graph G = (V, E) is connected, the maximum degree satisfies D > 1. For the first and second terms, we use the
elementary inequality z D% < #(D), x >0, to find

: — —dist(zo,1
t D~ 2(+2)dist(zo,y) /R dist(zo,y) R ;D Hrow)/ R RD—(20+3)dist(zo,y)/R
0

R
R —
~ eln(D)Cy

R

< RD

~ eln(D)Cy

Dfdist(a:g,y)/R
Dfdist(a:o,a:)/R.

Similarly, we obtain for the last term

. RDE )
tD72(E+2)dlst(a:o,x)/R < Dfdlst(xo,z)/l?,.
~ eln(D)Cy

. . . . . —x 1
For the remaining third term, we use (41) and the elementary inequality /2D ™" < VoemD) to find that

[ /—11; —dist(zg,x)/R
(t )D7(€+2)dist(zo,w)/R S Cv R 1d1$t(l’0, ,I)D t(zo,x)/ R1/2D7dist(wo,w)/R
vx

(Co + %) v

R1/2D—dist(x0,x)/R

< )
\/ 2¢In(D) (co n tﬂ)

Thus, combining these estimates gives for ¢ > ¢ and some constant C’ > 0 independent of x, 3, ¢ the estimate

E | sup Cr(aj) SC/D_diSt(xo,x)/R

r€l0,t]

+C' Y Cs(y)/ v(x)Hy (y, dv) D~ Bt o.n)/ R
yeV\{z} MOy

S C/ + C4dR+1 sup ’U(y) D—dist(xo,x)/R
dist(z,y)<R U(I)

where we have used Lemma 8.2 to find

> G [ v

yeV\{z} {0}

Cs(y)
s > I{Cs(y)>0}Tx) /X\{O} > v(w)v(w)H (y, dv)
y: dist(y,z) <R, y#z weV\{y}
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e Z v(y)

y: dist(y,z)<R, y#z

< Oydft! sup M < 00.
dist(z,y)<R 1}(.13)

and have set, without loss of generality, C'3(y) = 0 whenever g(y,-) = 0.
Step 4. In this last step, we derive the assertion from the Borel-Cantelli lemma. Namely, letting C; = (C’o =+ %) , We
obtain for ¢ > tg and € > 0, the estimate

EZNP[ sup  sup (o(x ]_ S>> E[supg )]

z€V:|z|>Cht T€[0,t] teN zeV: rel0,t]
|x\>C1t
"
<C § : § : D—dist(a‘g,x)/R
=
teN zeV:
|$‘>Clt

Since D > 1, the right-hand side is finite, and we may apply the Borel-Cantelli lemma. This gives

=0

P sup sup ((x) > ¢ for infinitely many ¢t € N
zeV:|z|>C1t r€[0,t]

which concludes the proof. O

Appendix A: Transformation of state-space

Let v # 1 be some weight function and denote by X, the corresponding state space given by (1). Furthermore, let X} be
given by (1) with the particular choice v = 1. Let us define

T, : X — X, Tyn(z) = v(x)_ln(x), zeV.

Then T, is continuous and bijective with continuous inverse is given by 7,1 = T,,—1. This transformation simplifies the
proofs by considering only the special case where v = 1. The precise statement is given below.

Lemma A.l. A process (n)i>0 is a weak solution of (2) on Xy with coefficients (B, c,g,p, H1, Hs) if and only if
m = Ty is a weak solution of (2) on X, with coefficients (E,E, g, P, ﬁ17ﬁ2) given by E(w n) =v(z) ' B(x,T,-17),
&) = v(@)~2c(z,to(x)), (1) = gla,to(@)), fla,n,v) = p(e, Ty 1, Ty 1v), Hi(y,dv) = Hy(y, dv) o T, and
Hy(dv) = Ha(dv) o T; L.

Moreover, (B €y G,y Py Hl,HQ) satisfy conditions (Al) — (A6) with the given weight function v if and only if
(B, ¢, g,p, H1, Hy) satisfy (Al) — (A6) with v = 1.

Proof. Suppose that (17;)¢>0 is a weak solution of (2) on X; with coefficients (B, c, g, p, H1, H2). By multiplication of
(2) with v(x) 1, it is easy to see that 7j; = T,n; is a weak solution of (2) with the adjusted coefficients B ,C, g, p, and
new Poisson random measures Ny := N, o (id]RJr,Tv7idR+)_1 foryeV,and M:=M o (idR+,Tv,idR+)_1. Since
these transformed Poisson random measures have compensators ./\7 (ds,dv,dv) = dsH (y, dv)du and M (ds,dv,du) =

dng(dy)du it follows that 7 n is a weak solution of (2) with the desired coefficients. Conversely, if 7, is a weak solution

of (2) on X, with (B ¢, g, P, H 1, Hg) then a similar computation shows that 1, = T,,-17); is a weak solution of (2) on X}
with (B, ¢, g, p, H1, H2). The equivalence of conditions (A1) — (A6) is left to the reader. O]

Appendix B: Martingale property for (24)

In this section, we will show that (M (t A 7,,,))¢>0 is @ martingale for each m, k > 1. Firstly, recall that we have set v = 1.
Then let us write M (¢t A 7,) = Z?=1 M (t A Ty) with

Mi(tATy) = /Ot/\m &5 (Cs( (\/20 x,ns(x \/20 (z,&(x )) Ws(x),
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tATm ~
Mot A7) ::/ / Dy (z,5) Pk (Cs— (7)) Ny (ds, dv, du),
0 {lIivli<ip\{o} /R4

tATm ~
Ms(tATm) ::/ / Dy (a,s)Pr(Cs— () N (ds, dv, du),
{llvlI>1} /Ry

tATm
Mitrry= S [ ] o o Dot G ) Wy s ),

yeV\{z}

tATm
M (t/\Tm : / A\{O} - DA (z, q)(ﬁk(cs ( )) (dS dv d'LL)

Then, it suffices to prove the following lemma:

Lemma B.1. Under the notation of Section 2, the following holds:

(a) (M1(tATm))i>0 is a continuous square-integrable martingale;

(b) (Ma(
(c) (Mg(t/\Tm
(d) (Ma(
(e) (Ms(tATm

t A Tim))y> iS a square-integrable martingale;
)i is an integrable martingale;
4(t A7), is an integrable martingale.
))i>0 is an integrable martingale.

Proof. (a) Using first Ito’s isometry, then |¢}| < 1 and (a — b)? < |a® — b?| for a,b > 0, we obtain

E[wmmmﬂ=E[/me¢k<<s I (VEr ) - Vel ) s

<o T el e (@) — el o () 2

<205 (2)E [ /0 O e () - gs(x)|ds} < 4mitCs(z) < o0,

where we have used (25) and (A2).
(b) Recall that N, (ds, dv,du) = dsHy(z,dv)du, so that the assertion follows from

E [ / /{ B / + |DA0@,S)¢;€<<S<x>>|2dsH1<x,dv>du]

. l/owm /{|»§1}\{0} /R+ Aa(a ) dor dy)du}

E [ / /{ ey ) - g<x,ss_<x>>|dsH1<x,du>]
Cy(a) ( . u<m>2H1<w,du>) e[ o) - e

< 2C5(x) </ v(z)?Hy (, du)) mt < 0o,
{vlI<13\{0}

where we have used (25) and (A3), (A4).
(c) Analogously to the estimates in part (b), we obtain

" Vo /{||u|>1} »/R+ D00 01(6-(2)) dSHl(x’dy)du]

IN

<

<E

tATm
/ / / |A0(m,s)|dsH1(x,dz/)du1
0 {Ivli>1} SRy

37
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=E

/ T/ u(x)|9(:17,ﬂs—(:c))9(9:,55—(93))|d5H1(5177dV)]
0 {ivl>1}

< Cy(a) ( /{ o u(w)fh(x,dv)) e|[ " e (@) - £l

<2C3(x) (/{|V|>1} V(I)H1($,dv)> mt < o0o.

(d) Similarly, we obtain in this case

E[MitAra)]< > E

tATm ~
/ / Dy gy (Co (@) N, (ds, do, du)
0 x\{0} Jry

|

yev\{z}
tATm
<2 E D o ,s¢ CS, dsH 7d d
erZ\{x} l/o /X\{o}/ﬂh| o () P (m)” sHy(y,dv) u]
tATm
<2 s Hy(y.d E{ )t d}
VZ\{} 5(y) ( /X oy VO m) / 15— () — & (y)|ds

<23 Y G ( Lo u<z>Hl<y,du>> e|[ T e ) - €l

z€V yeV\{z}

=2y aw)| | v | B | /’" - (0) = - (s

yev A0} e [y

tATm
<20y Z E L/ [ns—(y) — fs(y)|ds} <4mtCy < 00,
0

yev

where we have used (A4). Hence the series is absolutely convergent in L' and thus (My4(t A 7,,))¢>0 is a martingale.
(e) Using that M (ds,dv, du) = dsH(dv)du, the assertion follows from

tATm
/ / / IDA, (2,5) 01 (Cs— (2)))] dsHQ(dV)du]
0 x\{o0} JR;

i tATm
<E s 1lss - 188 o d d
< / oy AN ) ol ) ) ]

E

E o v s, V) — &, V)| Ho(dv)d
< / /X\{O}Z ()1p(y. 10, v) = ply, &0, v) | Ha(dv)ds

yev
tATm
<Cs3(m)E [/ ||775£Sds] <2mCs(m)t < 0o
0
where we have used (AS). [
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