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The Volterra square-root process on Rﬂ is an affine Volterra process with
continuous sample paths. Under a suitable integrability condition on the re-
solvent of the second kind associated with the Volterra convolution kernel,
we establish the existence of limiting distributions. In contrast to the classi-
cal square-root diffusion process, here the limiting distributions may depend
on the initial state of the process. Our result shows that the nonuniqueness
of limiting distributions is closely related to the integrability of the Volterra
convolution kernel. Using an extension of the exponential-affine transforma-
tion formula, we also give the construction of stationary processes associated
with the limiting distributions. Finally, we prove that the time marginals as
well as the limiting distributions, when restricted to the interior of the state
space R, are absolutely continuous with respect to the Lebesgue measure

and their densities belong to some weighted Besov space of type B 100"

1. Introduction.

1.1. General introduction. The analysis performed in [28] on intraday stock market data
suggests that the volatility, seen as a stochastic process, has sample paths of very low reg-
ularity, and hence is not adequately captured by classical models such as the Heston model
or the SABR model. Moreover, classical well-established Markovian models are often not
able to capture the observed term structure of at-the-money volatility skew. To accommodate
for these features, the authors propose to work with rough analogues of stochastic volatility
models. The most prominent examples are the rough Bergomi model and the rough Heston
model, where the latter is studied in [14—16]. We also refer interested readers to [4, 5, 20,
29, 32, 33] for some recent developments of this model. Extensions to multifactor settings
and general Volterra kernels have been studied in [3], where general affine Volterra processes
with continuous sample paths have been constructed. Other extensions to multiasset settings
with rough correlations are recently studied in [1, 11]. While the rough sample path behavior
observed in [28] still remains controversial (see, e.g., [10, 26, 27]), the newly emerged rough
volatility models have proven to fit the empirical data remarkably well.

In this work, we study the Volterra square-root process, which provides the most general
example of a continuous affine Volterra process on R’Y. We investigate their limiting dis-
tributions, construction of the stationary process, and absolute continuity of the law. Below
we first recall the definition of the Volterra square-root process, and then discuss our results
and the related literature. The m-dimensional Volterra square-root process X = (X;);>0 1s
obtained from the stochastic Volterra equation

t t
(1.1 X,=x0—|-/0 K(t—s)(b—i—,BXs)ds—i—/O K(t —s)o(Xs)dB;s,
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where o (x) = diag(o1/X1, ..., Om/Xm), X0 € R}, K € L2 (Ry; R™™) and (Bi)i>o0 is a

loc
standard Brownian motion on R". Here and below, we call (b, 8, o, K) admissible, if they

satisfy:

i) beR™”;
() B=(Biji,j=1,.. m € R™*™ is such that B;; > 0 for all i # j;
(i) o0 = (01,...,0m) " €R";

(iv) the kernel K is dlagonal with K = diag(K1, ..., K;;), where the scalar kernels K; €
1OC(RJF, R),i=1,.
(v) There exist constants y € (0,2] and C1 > 0 such that

h
/|K,-(r)|2dr§C1h”, hel01],i=1,....m
0
and for each T > 0 there exists C2(T') > 0 such that
T
/}Ki(r~|—h)—K,-(r)|2dr§C2(T)h7’, heloi=1,...,m;
0

(vi) Foreachi =1,...,m and each & € [0, 1], the shifted kernel t — K;(t + h) is non-
negative, not identically zero, nonincreasing and continuous on (0, 00), and its resolvent of
the first kind L; is nonnegative and nonincreasing in the sense that s —> L;([s, s + ¢]) is
nonincreasing for all # > 0.

Note that for nonnegative, nonincreasing and not identically zero functions K1, ..., K, the
resolvent of the first kind always exists; see [31], Chapter 5, Theorem 5.5. That is, there exist
measures Ly, ..., L, of locally bounded variation on R, such that K; * L; = L; x K; =1,
i =1,...,m, where * denotes the usual convolution of functions or measures on R .

REMARK 1.1. If Ky,..., K,, are completely monotone and not identically zero, then
condition (vi) holds; see [31], Chapter 5, Theorem 5.4.

For a discussion of condition (v), we refer to [3]. Given admissible parameters (b, 8, o, K),
it follows from [3] that for each xo € R there exists a unique (in law) R -valued weak
solution X = (X;);>0 of (1.1), Theorem 6.1, which is defined on some stochastic basis
(2, F, (F1)i>0, P) supporting an m-dimensional Brownian motion (B;);>0. Moreover, for
each n € (0, y/2), X has a modification with n-Holder continuous sample paths and satisfies
sup,cpo.71 El|X¢|P] < oo foreach p>2and T > 0.

EXAMPLE 1.2. In dimension m =1 with K (¢) = tH_l/z/ I'(H + 1/2), we recover the
rough Cox—Ingersoll-Ross process, which reads as

(=)

X, d By.
T'(H+1) T

Here, (B;)i>pis a one—dlmensmnal Brownian motion, xg, b, 0 >0, § e Rand H € (0, 1/2).
For this kernel K, one can choose y = 2H in the above definition of admissible parameters;
see [3], Example 2.3. The process (X;);>0 is neither a finite-dimensional Markov process nor
a semimartingale, which makes its mathematical study an interesting task.

X,_xo—l—/ F(H (b+ﬁX)ds+a/0

Similar to the classical square-root process, there is a semiexplicit form for the Fourier—
Laplace transform of the Volterra square-root process, that is, it is an affine process on R’.
To state this formula in a compact form, let us define

. O
Ri(u)=(u,/3’)+7lu,-2, i=1,....mueC"”,
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where ,Bi =B, -, ﬂm,-)T denotes the ith column of the matrix 8. Let R = (Ry, ..., Rm)T
and set C" = {u € C"™ : Re(u) < 0}. It follows from [3], Theorem 6.1, that for each u € C"

and f € L] (R, ;C™) the system of Riccati—Volterra equations

loc

t t
(1.2) Y (t)=K(@)u —i—/o K@ —s)f(s)ds +/O K@t —s)R(y(s))ds
has a unique global solution ¢ = ¢ (-, u, f) € LIZOC(R+; C™). The Volterra square-root pro-
cess satisfies the exponential-affine transformation formula for the Fourier—Laplace transform

E[e! X o (Xi—s. S () ds)

=exp{(u,xo)+/0 (f(s),x())ds—l-/o (xo,R(t//(s)))ds—l-/o (b,l//(s))ds}.

Here and below, we let, by slight abuse of notation, (z, w) := >/, z;w; for z, w € C". Note
that (-, -) does not correspond to the usual inner product on C™”.

1.2. Long-time behavior. Mean-reversion is a commonly accepted stylized fact in
stochastic volatility modeling. Mathematically, this feature may be captured by the notion of
ergodicity for the volatility process, that is, by limit distributions and stationarity. Even more
S0, stationarity also plays an important role for statistical inference. Namely, if one makes
discrete time observations, then stationarity guarantees that these samples can be drawn from
the same invariant distribution. Hence, one may estimate the parameters through the invariant
distribution; see, for example, [8] where this was done for the subcritical Heston model. For
other related results and implications for applications, we refer to [6, 7, 30].

It is well known that the classical CIR process (i.e., Example 1.2 with H = 1/2) is mean-
reverting with long-term mean —bB~! and speed of mean-reversion 8. Mathematically, this
can be justified by studying ergodicity of the process. More precisely, if 8 < 0, the expected
value satisfies E[X;] — b|8|~! as t — oo and the process has a unique limiting distribution
7, which is stationary; see also [25, 35] where ergodicity of more general affine processes
on the canonical state space were studied. Convergence results in the stronger total variation
distance, and hence the law-of-large numbers have been studied in [23, 38] for general classes
of affine processes.

In this work, we provide a sufficient condition for the existence of limiting distributions
of the Volterra square-root process. Moreover, we characterize all limiting distributions and
show that each limiting distribution gives rise to a stationary process, hence showing that the
process is indeed mean-reverting. In contrast to the classical CIR process, the limiting distri-
butions of the Volterra square-root process may depend on the initial state xo (even if m =1
and B is negative or b = 0). We also characterize the case where the limiting distribution
Ty, actually depends on the initial state xo, and prove that all limiting distributions satisfy
Txg =TT pxy =70 *TT 11‘7’?00‘ Here, P is a certain projection operator, and 71’2;? denotes the lim-
iting distribution of the Volterra square-root process with initial state Pxp and b = 0. Our
proof is essentially based on an analysis of the Riccati—Volterra equation (1.2) reformulated
for the Laplace transform. The latter one is more suitable for the cone structure of R"}; see
Theorem 5.3 and Theorem 5.7.

For the existence of limiting distributions, it suffices to show that the limit # — oo in (1.3)
exists and is continuous at u = 0 and then to apply Lévy’s continuity theorem as done in
[35]. This requires to show that ¥ obtained from (1.2) has additionally global integrability
in time (e.g., ¥ € L'(R4; C™) N L?>(R; C™)), which is studied in Section 3. However, to
prove the existence of an associated stationary process we cannot rely (in contrast to the
literature) on the use of the Feller semigroup and classical Markovian techniques. In this
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work, we propose an alternative approach based on an extension of the exponential-affine
transformation formula. Namely, we prove in Section 3 that formulas (1.2) and (1.3) can
be extended from (u, f) to a general class of vector-valued measures . This allows us to
effectively track the finite-dimensional distributions of the process. Hence, we can show that
as h — oo, the process (X,h)tzo defined by X,h = X4 converges in law to a continuous
process X% which is the desired stationary process. Let us mention that this approach seems
to be new even for classical affine processes.

At this point, it is worthwhile to mention that some of the Markovian methods can be re-
covered once the process is lifted to an infinite-dimensional Markov process described by a
generalized Feller semigroup in the sense of [12]. Such an approach was recently used in [34]
to tacke a similar problem to the one studied in this work. There the authors study a class of
continuous affine Volterra processes on the canonical state-space D = R" x R’} where the
first n-components correspond to the log-asset prices while the last m-components are the
stochastic volatility factors. In this framework, the authors prove under certain subcriticality
conditions on the drift and for fractional kernels of type K () = o1 /() with @ € (0, 1)
the existence of a stationary process for the Markovian lift. Uniqueness and the characteri-
zation of stationary processes is left open. Finally, applying their result to our setting, that is
n = 0, we see that the volatility factors are essentially one-dimensional rough CIR processes
as given in Example 1.2 with the additional restriction b = 0. Their key method is based on
the observation that uniform boundedness of the first moment translates to uniform bound-
edness of the operator norm of the generalized Feller semigroup, which itself is shown to
be sufficient for the existence of an invariant measure. In contrast, our methods are based
on a detailed study of the Riccati—Volterra equation and allow us to study the multidimen-
sional case for a general class of Volterra kernels K, allowing for b # 0, and also prove the
uniqueness of stationary processes by providing a characterization of their finite-dimensional
distributions.

Our results are in line with the existing literature on limiting distributions for stochastic
Volterra equations. In [9], the authors studied limiting distributions for Lévy driven Volterra
SPDEs. Using the Markovian lift onto the Filipovic space, they have shown that for kernels
K being elements of the Filipovic space multiple limiting distributions may occur. At the
same time, in [17] an abstract SPDE framework was provided to deal with SPDEs having
multiple limiting distributions. This framework covers the Markovian lift onto the Filipovic
space as well as stochastic delay equations. While both works cover rather general classes
of Volterra stochastic equations, they require that the kernel is sufficiently regular, which
excludes, for example, K (¢) = % with H € (0, 1), and hence cannot be applied to the
Volterra square-root process.

1.3. Regularity of the law. In the second part of this work, we turn to the study of regu-
larity of the law of X, for fixed ¢ > 0. This includes absolute continuity of the law as well as
regularity of the density. In the case of classical affine processes, such results can lead to the
strong Feller property of the process (see [22]). We also want to point out that better regu-
larity of the density are known for classical affine processes (see, e.g., (see [18])), where the
authors studied density approximations and their applications in mathematical finance, and
obtained C*-regularity of the density up to the boundary. It is still unclear whether similar
results can be obtained for affine Volterra processes.

In this work, we prove that, when o7, ..., 0, > 0 and K satisfies a suitable lower bound,
the distribution of X; in (1.1) is absolutely continuous with respect to the Lebesgue measure

on R%, :=RY\9R", the interior of 1ts state space. Moreover, our proof shows that the den-

sity p;(x) satisfies min{1, xl/z,. }p, (x) e BA oo (R™), where BA «(R™) denotes the

Besov space of order (1, o0) and some k e (0,1) denotlng the regularlty of the function. In
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particular, by Sobolev embeddings, the density has some low L” (R™)-regularity. Moreover,
assuming that the Holder increments of K satisfy a global estimate in the spirit of condition
(v) of the admissible parameters (see condition (K)), we also show that the limiting distribu-
tions 7y, are absolutely continuous with respect to the Lebesgue measure on R}, and have
the same regularity as the law of X; with ¢ > 0. For a precise version of this results, we refer
to Section 6.

Our proof is based on a method that was first introduced in [13] and subsequently applied in
[22, 24] to continuous-state branching processes with immigration. While the aforementioned
works aimed to prove existence of a transition density for a Markovian SDE, in this work
we extend this method to Volterra stochastic equations and, additionally, demonstrate that
this method also can be applied for the limiting distributions. Note that our method here is
different from existing methods to study densities of classical affine processes, which are
often based on estimates of the characteristic function; see [18] and [23].

1.4. Application to the Volterra CIR process with a Gamma kernel. In this section, we
briefly state our results when applied to the Volterra Cox—Ingersoll-Ross process with a
Gamma kernel obtained from

t t
(1.4) X,=x0+f0 K(t—s)(b+ﬂXs)ds+a/() K (t —s)v/ X, dBs,

1

H—x
where K (1) = 1"(H—+2) M He 0,1/2), A,0,b,x0 >0, B € R and (B;);>0 is a one-

dimensional Browman motion. The following is our main result on limiting distributions
and stationarity of the process.

THEOREM 1.3. Let X be obtained from (1.4) and B < AAFV2 . Then the process
(Xt+h)r>0 converges in law to a continuous stationary process (X,Stat),zo when h — o0.
Moreover, the finite-dimensional distributions of X*® have the characteristic function

n . ystat )\,H"H/Z b

where 0 <t; <--- <ty,ui,...,u, € C_ and  is the unique solution of

V() =Y Vrmy—r) K (1 = (ta — 1))

j=1

t o2
+/0 K- s)(ﬁw(s) + 7w(s)z) ds.
Moreover, the first moment and the autocovariance function of the stationary process satisfy

A 200+ b

EXM="mme g

and if additionally B <0 and o > 0, then for 0 <s <t,

(1.5) cov(X St xSty = (p — ) THF3/De=20=9) 4 _ g5 o0,

Here and after, if f, g are positive functions the notation f < g means that there is a posi-
tive constant ¢ such that c~'g < f < cg. As a consequence of our results, we see that the sta-
tionary process X°?" is independent of the initial state x¢ if and only if A = 0. Moreover, since
for H = 1/2 the autocovariance function satisfies cov(X§@t, Xstty = ¢=(G+IBDG=5) " which
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can be seen by direct computation for the classical CIR process, we find that for A = 0 the
autocovariance function has a phase transition from power-law to exponential decay when
H /' 1/2. Our result implies, in particular, that X; converges weakly to some limiting distri-
bution 7., when ¢ — o0, and that its characteristic function is given by the expression in The-
orem 1.3 with n = 1 and ¥ being determined from (1.2). Note that in contrast to the classical
CIR case where H = 1/2 and A = 0, the limiting distribution may satisfy 7, # o even when
b = 0. At this point, we would also like to mention the recent work [21], which provides a
heuristic argument on the existence of limit distributions and the form of its Fourier-transform
for the Volterra CIR process.

The following is our main result on the regularity of the law when applied to the Volterra
CIR process with a Gamma kernel.

THEOREM 1.4. Let X be the Volterra CIR process with a Gamma kernel obtained from
(1.4). Suppose that o > 0. Then the following assertions hold:

(a) There exists some nonnegative function p; € L' (R) such that
L(X)(dx) =P[X; =0]80(dx) + ps(x)dx, Vt>0.

Let pf(x) =1g, (x) min{1, X} pr(x), then there exists ) € (0, 1) and another constant C >
0 independent of t such that for h € [—1,1] and t > 0,

o0
/0 |pF(x+h) — pf)|dx <Clh* (A At~ H.

(b) Let 1y, be the limiting distribution of X. Then
ﬂx() (d.X) = nx()({O})(S()(d)C) + Px() (X) dx
for some 0 < py, € Ll(R+). Letting ,0;‘0 (x) = 1r, (x) min{1, X} pxy (), then

o)
[ les o+ = oty dx <Cl, he =110
for the same M as in part (a) and some constant C > 0.

As a consequence, apart from the origin the process X has a density in the interior of the
state space. The above is a special case of our results from Section 6, which are applicable
to arbitrary dimensions and a large class of kernels K. One implication of this regularity is
related with convergence in total variation to the limiting distribution. Indeed, noting that
p; —> min{l, \/x}my, (x) weakly as 1 — oo and that (p;);>1 C L' (R) is relatively com-
pact due to sup, ||p;k||31xw < 00, we conclude that p¥ — min{1, /x}m,(x) in L'Ry),

and hence in total variation.

These findings motivate us to study boundary nonattainment for the Volterra CIR process
with a Gamma kernel, that is, conditions for P[X; = 0,Vt > 0] = 1. In the classical case
when H = 1/2 and A = 0, such problem is related with the Feller condition to be imposed on
o and b. Its rough analogue is left for future research.

1.5. Structure of the work. This work is organized as follows. In Section 2, we col-
lect some preliminaries for the study of Volterra integral equations. In Section 3, we study
the Riccati—Volterra equation (1.2) and establish some regularity results for its solution
¥(t,u, f).In Section 4, we first prove global bounds for the moments of the Volterra square-
root process. Moreover, we show that the Holder increments are uniformly bounded in L2,
Based on the moment bounds, we prove in Section 5 the weak convergence of the law of X,
to my, when t — oo, construct the stationary process and finally provide a characterization
when my, actually depends on x¢. In Section 6, we prove for a large class of kernels K that
the distribution of X, as well as 7, is absolutely continuous with respect to the Lebesgue
measure on R’ .
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2. Preliminaries on Volterra integral equations.

2.1. Convolution on Ry.. For p €[1, oo], we let LP([0, T]; C™) be the Banach space of
equivalence classes of functions f : [0, T] — C™ with finite norm || f || »([0,77). Similarly,
we define L? ([0, T1; C"*) with n, k € N as the Banach space of matrix-valued functions
f 110, T] — C"*k where C"*¥ is equipped with the operator norm ||A|> = sup| = [Av]
with respect to the Euclidean distances on C" and C¥. We denote by LfZ)C(R+; c™ = sz)c
and sz)c (R ; C"k) the spaces of locally p-integrable functions.

The m x m identity matrix is denoted by I,,,. Let || - ||gs be defined by ||A|lgs = +/tr(A*A)
be the Hilbert—-Schmidt norm on C™*™. Note that \/ﬁ_1||A||Hs < ||All2 < ||Allgs and
both norms are submultiplicative in the sense that ||[AB|> < ||All2]|Bl2 and ||[AB|gs <
|AllusllBllus. Let T > 0. The convolution of two functions f : [0, 7] —> C"*K g :
[0, T] —> C**4 is defined by f * g(t) = [ f(t — s)g(s)ds for t € [0, T] with the ma-
trix multiplication under the integral. We frequently use Young’s inequality, which states that
I f*gllrqo.ry < IfllLrqo,rpllgllLa 0. 77) Whenever for p, g, r € [1, oo] with % +é =141
the right-hand side is finite.

REMARK 2.1. If f e LP([0,T]) and g € L9([0, T]) with p, g € [1, oo] such that % +

=1, then f % g is continuous. To see this, set f(x) = f(x)1jo,11(x), g§(x) = g(x)1j0,77(x)
nd then apply [37], Lemma 2.20.

0 Q=

We also use the convolution of a function and a measure. Namely, let M;; be the space
of all C™-valued set functions u on Ry for which the restriction wu|jo,7) with 7 > 0 is a
C™-valued finite measure. For 1 € M,y and a compact set £ C R recall that

N
[|(E) :==sup] Y |w(E))|: {Ej};\/:1 is a measurable partition of E .
j=1
Given f € LP([0, T]; C"*™) for some p € [1, oo], we define the convolution with u € My
by f*u(t) = f[o,z] f(t—s)u(ds) where t € [0, T]. It is easy to see that for each p € [1, o0],
I f * wllzeqo.ry < I flleeqo,rplwel ([0, T1). Moreover, if f is continuous on [0, T'] with
f(0) =0, then f * u is also continuous on [0, T'].

2.2. Volterra integral equations. Let K : Ry — C™*™ be locally integrable, that is,
K € Ll _(R,;C™™). Consider for given h € L! (R, ;C™) and B € C"™*™ the Volterra

loc . loc
convolution equatlon

x(®)=h(t)+ /Ot K(t —s)Bx(s)ds.

Note that this equation is equivalent to x + K p * x = h, where Kp(t) = —K (t) B. According
to [31], Chapter 2, Theorem 3.5, it has a unique solution x € LllOC (R4; C™) given by x =
h — Rp x h, where Rp € LlloC (R; C™) is the resolvent of the second kind of the kernel Kp
defined by the relation

(2.1) RB*KBZKB*RBZKB—RB.

Note that Kg € LllOC (R4; C™) guarantees that such a function Rp always exists; see [31],

Chapter 2, Theorem 3.1. If the function 4 is of the form 7 = K * p with € My, then the
unique solution takes the form x = K * u — Rp % K * u = Ep * uu, where we have set

(2.2) EBZK—RB*K.
Note that Eg(—B) = Rp.
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REMARK 2.2. By (2.1), (2.2) and Young’s inequality one has Rp, Ep € L{Z)C(RJ,_;

Cm>m) . whenever K € Lf;C(R+; C™*™y with p > 1. Moreover, if p > 2 and K is contin-

uous on (0, c0), then Rp and Ep are also continuous on (0, 00).

REMARK 2.3. If K = I,, then Eg(t) = 5" and Rp(r) = (—B)eP!. In this case, inte-
grability of Ep on Ry is equivalent to B having only eigenvalues with strictly negative real
parts.

3. Analysis of the Riccati-Volterra equation.

3.1. Regularity in time. Here and below, we let i € LIZOC(RJr; C™) benote the unique

solution of (1.2) with u € C™ and f € Llloc(R+; C™). We use the notation Rgt and Egr,

which are respectively defined by (2.1) and (2.2) with B = 8. Using different methods, we
will later on see that Rg = (ngr)T and Eg = (EﬁT)T.

LEMMA 3.1. IfK € LY _(Ry; R™™) for some p € [1, oo], then

loc

v, u, f)”Lp([(),TD <2(Jul + I f o qo,rp) N EgT e o,y

m_ 2 )
+ <Z 7l (lul + 1 f L1 go.p) ||E,3T||LP([0,T])||E,3T||i2([07T])
i=1

foreach T > 0. Moreover, if Im(u) = Im(f) =0, then
W Cous POllpoqory < Uul + 1 F o, rp) 1EgT lLe o,y

PROOF. It follows from the proof of [3], Lemma 6.3, that the real and imaginary
parts of i satisfy for each i = 1, ..., m the inequalities ¢;(¢) < Re(¥;(t,u, f)) <0 and
| Im(; (¢, u, f))| < hi(t), where the functions ¢; and &; are the unique global solutions of

t .
hi(t) = Ki(0)|Im@uy)| + /0 Ki(t — s)(Im(f ()| + (h(s). B7) di.

, 2
01 = K (1) Reus) + fo Kl s)(Re(ﬁ(s)) (e, )= Dohics) )ds

and B' = (Bii,...,Bmi)" denotes the ith column of B. Hence, we obtain ||y (-,u,
Dlzeqo,ry < ellzeqo, 11y + Il L qo,77), where £ = (I1, ..., L) " and h = (hi, ... ).
To estimate the right-hand side of the previous inequality, we define fori =1, ..., m,

t
ho,i(t) = K; (1) Tm(u;)| +/0 Ki(t —5)[Im(fi(s))|ds,

t o2 ot 5
£o,i(t) = K;(t)Re(u;) +/0 Ki(t —s)Re(fi(s))ds — 7’/(; Ki(t —s)hi(s)"ds.

Then h(t) = ho(t) + [§ K(t —s)BTh(s)ds and €(t) = €o(t) + [y K(t — s)B T €(s)ds. This
gives h(t) = ho(t) — (R/gT * ho)(t), and hence

h(t) = Egr (1) ([Im(uy) Im(i)]) "

+ Egr # ([m(f)]. ... Im(fn)]) " ().
Likewise we obtain £(t) = £o(t) — (Rﬁ'r * £g)(t), and hence

(3.2) 0(1) = Eg7 (1) Re(u) + Egr % (Re(f) — ) (1),

R

(3.1

g e ey
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2
where s (t) = %hi ()%. Young’s inequality yields

IllLeqo. 71y < (el + L f L o) HEgT e o, 7))

and

(3.3) 1€llLrqo.17) < (|u| + ||f||L1([0,T]) + ||%||L1([(),T]))||E,3T||LP([0,T])«
Estimating

m 2

O 2
2l L1 o, 77) < (Z 71) 171720, 71)

i=1

m 0_2 ) 5
= (2; j) (lul + ||f||L1([0,T])) ”EﬂT”L?([O,T])
1=

readily yields the first assertion. For the second assertion, note that Im(z) = Im(f) = 0 im-
plies Im(y) = h =0, and hence £(¢) = Eﬂ'r Hu + Eﬁ'r * f(t). The second estimate is now a
consequence of Young’s inequality. [

2

The next result proves the continuity of v under the condition f € Lj.

THEOREM 3.2. If f € L%OC(RJ,_; C™), then ¥ € C((0, 00); C™). Moreover, if for each
T > 0 there exists a nonnegative and nonincreasing function vy € L'([0, T]) N C((0, 00)),

and o € (0, 1] such that
K@) — K(@$)|gg <vr®lt—s%, 0<s<t<T,

then r € Cfé/c\(y/ 2)((O, o0); C™), where y is given in assumption (v) of admissible parame-
ters.

PRrROOF. Using representation (1.2), it suffices to show that each term on the right-hand
side of (1.2) is continuous on (0, o0). Since f, K € LIZOC(R+), Remark 2.1 yields that K
f € C([0, 00)), and since K is continuous on (0, c0), it suffices to show that K * R() is
also continuous on (0, 0o0). The latter one follows from Lemma A.1 applied to k = K; and
g=R;(y) withi =1, ..., m once we have shown that i is essentially bounded on [#g, T'] for
all 0 < #9 < T. Using the proof of Lemma 3.1, we get | (¢)| < |Re(¥(¢))| + | Im(¥ (2))] <
[€(t)| + |h(t)| where h is given by (3.1) and ¢ is the unique solution of (3.2). It suffices

to prove that ¢, h are continuous on (0, 0o). Since E 8T is continuous on (0, co) and since

EgT, (Im(fr (s, ..., | Im(fi sHNT € LIZOC(R+), formula (3.1) combined with Remark 2.1
yields that 4 is continuous on (0, co). Likewise, since K is continuous on (0, co0) and since
K, fe leoc (R4), we see that the first two terms in (3.2) are continuous on (0, c0). Since
L e leoc(R"") by (3.3) and K € leoc(R+)’ Remark 2.1 implies that the third term in (3.2)
is continuous on [0, co). Finally, ¢t — fot K;(t — s)h;i(s)*ds is continuous on (0, 00) by
Lemma A.1 from the Appendix. This proves that ¥ is continuous on (0, 00).

Next, we prove local Holder continuity. Let s, ¢ € (0, T'] be such that s < ¢. Then |y (¢) —

V()| <11+ L + Iz + Iy with I} = || K (¢) — K(s)|lus|u| < vr(s)|ul|t —s|%,

: t
b= 1K= =K =nlysl O dr + [[K =) gl £ ar
132/0 ”K(t—r)—K(s—r)||HS|R(1/,(,»))|d,,’

t
L= [ 1K@ =Dlgsl RO )]
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For I, we use assumption (v) from the admissible parameters to find that I, < (C; +
Co(THN f 2o, 7@ — 5)7/2. For I3, we use |[R(¥)| < C(1 + |¢|*) to find that I3 <
Ct—9)*gvr(s—r)(1+ |W (r)|?) dr. Since 1 + |¢]* € Lloc(]lh) N L% .((0, 00)), it fol-
lows from Lemma A.1 that the convolution on the right-hand side defines a continuous func-
tion in s € (0, 0o). Finally, for 14 we obtain Iy < C(1 + ||1//||%00([S’T])) fst K@ —r)||lgsds <
C(+ |y II%OO([S’TD)(t — 5)¥/2. Collecting all estimates proves the assertion. [J

REMARK 3.3. Suppose that f € L)/>(Ry;C™), K € L
(0, 1] such that for each T > 0 there exists C(T) > 0 with

3 (R), and there exists ' €

T h ,
(3.4) /0 |K(r+h) — K| g dr +/0 |K ()]} dr < C(THRY

for h € (0, 1]. Then for u = 0, we have ¥ € Clo;([O, 00); C™), while for u # 0 and K €
C2 ((0, 00)) we have ¥ € C2 ((0, 00); C™).

PROOF. For 0 <s < ¢, we find that [y (t) — ¥ (s)| < I + Ir + I3+ 14 with I, ..., I4
as above. Now I} =0, I < C(T)||f||L3/z([O T]) (t —s)Y, and using (3.4) we have I3 + I4 <

2(t — )" IRW) 320,77y Where R(W) € Lil? due to [R(Y)| < C(1+ [[?) and v € L},

by Lemma 3.1 with p = 3. This proves i € Cloc [0, 00); C™). Moreover, if u # 0 and
K € C};.((0,00)), then I} < Cr(t — 5)* for 0 <s <t < T, which proves the second as-
sertion. [J

EXAMPLE 3.4. Letm =1 and K (1) = 5y with H € (0, 1/2), Then the conditions

of Theorem 3.2 are satisfied for vy (s) = Crmin{l, s> ~!} and « = 1 — H. Hence, /S
M2 (0, 00); €_), provided that f € LlOC(R+,C_). Moreover, if He(1/6,1/2),
then K € L} _(Ry) and (3.4) holds for ' = H — 1/6, and hence ¥ € Cp '/°([0, 00), C_)
ifu=0.

Repeating the above proofs for the components ¥, j = 1,...,m, we may also obtain
Holder continuity for v with kernels with different Hy, ..., Hy,.

.12 Hu—1/2 .
REMARK 3.5. Let K(¢t) = dlag(’rzHl) s lF(Hm) ) with Hy, ..., H, € (0,1/2), u €

C" and f e L2 (Ry: C™). Then y; e Coi "> (0, 00); €™), and if H; > 1/6 and

u=0theny; € Clgé_1/6([0, o0), C™). Details are left for the reader.

In order to extend the affine transformation formula toward measures, it is convenient to
use compactness arguments in L” ([0, T']). For this purpose, we prove explicit bounds on the
fractional Sobolev norm of ¥ (-, u, f). Given p > 2 and n € (0, 1), let W"?([0, T]) be the
Banach space of equivalence classes of functions g : [0, T] — C™ with finite norm

T _ p 1/p
||g||ww<[om—(/ <g(z>|”dt+f / 18() ~8()] ddt) .

t_s|1+77P

Finally, define

T T T |K(t)—K 1/p
Khypr = ([ orik@ar [ [0 O 44 ar)

|t—s|1+np
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(H-1/2

EXAMPLE 3.6. The kernel K (t) = r{gryz¢ "' Im With H € (0,1/2) and 1 > 0 satis-
fies [K ], p, 7 <ooforeach T >0, p=2,and n € (0, H), [2].

The following is our second regularity result in ¢ for the solution of (1.2).

THEOREM 3.7. If[K]y pr <00 for p>2,1€(0,1)and T >0, then
|, u, f)”WW([O,T])
< v Cou HOlliegory

2
+ C(L+ 1Ky, p,r) U+l + 1 f o,y + 1 G Plz2g0.77)
where the constant C only depends on T, p,m, B, 0.

PROOF. Here and below, we let C be a generic constant independent of u and f.
Let Iy, I, I3 be the same as in the proof of Theorem 3.2. Then we obtain |y (¢, u, f) —
Vs, u, )IP <CIP +CIY +CIY for 0 <s <t <T.Itis easy to see that I < ||K () —
K ()15 ul?. Let g(r) := |R(Y (r, u, f)|. Then

< C(/stnK(t — r)||2g(r)dr>p

+C</:||K(t—r)—K(s—r)||2g(r)dr>p

t
<+ 10170 ) ([ 1K@ =D lEear)

2p—2

110 m)( [ 1K@ =1~ K6 =nlg@rar).

where we have used g g(r)dr < C(1 + 1175, T])) due to |[R(u)| < C(1 + [u]?), and

the inequality ([a h(r)g(r)dr)? < ([a g(r)ydr)P— 1fa h(r)P?g(r)dr forh >0and 0 <a < b.
Thus, we obtain

T T ]31’
—————dsdt
/o /o |t — s|1tnp s
22 1K=l
sc+ I ) [ [ [ e drdsar

_ sSIK(t — —K(s — p
65 ety [ [ [ RO g arasan

|t — s|1+np

T
C(+ 110 KD ([ gdr)

< C(l +[K]’i P, T)( + HK[/HLZ ([0, T]))

where in (3.5) we have used Fubini’s theorem to get

K((t —
[ |f+),]'l'f svdrdsdi = oo Ky ([ s0rar)

Repeating the above arguments for />, we obtain

T T 15’
/0 /0 ey dadr = CO K, ) 110 1))
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In view of these estimates, we obtain

/T/T [V, u, f) = (s u, f)IP

|t — s|1HnP

dsdt

T -
<C|u|,,/ / ||K<t> O

s|1+np

( +[K]in)(1+|”|p+”f” L1([0, T])+||w||L2([0T]))

In view of Lemma 3.1, the assertion is proved. [

3.2. Extension to measure convolutions. Let Ml_f C My be the subset of C"-valued
set functions . € My, which satisfy Re(u) < 0. Below we extend the affine formula from
(u, f) e C" x Llloc(]RJr; C™ to (u, ) € C" x /\/ll} The latter one provides us the key
tool to explicitly identify the finite-dimensional distributions of the stationary process via a

Volterra—Riccati-type equation (see Section 5).

LEMMA 3.8. Foreach i € ./\/llf, there exists (f)n>1 C LIOC(R+; C™) such that:

@ N fullLrqo.ry < IO, T1) for each T > 0;
(ii) For each T >0, p > 1 and g € LP([0,T];C™), one has g" % f, — g' % p in
LP([0,TD;
(iii) Foreach T > 0 and each g € C([0, T]; C™) with g(0) =0, one has

t
Jim [ =9, fi)ds= [ (s =), u(a)
pointwise for each t € [0, T].

PROOF. Let p,(t) = ne‘”’, t > 0 and define f,(t) = [jo,1on(t — s)u(ds). Then
Re(f,) <0 and | full ciqo.ry = IO, TD). Classical results from Fourier analysis (see
[37], Theorem 2.16) shows that p, *x h — h in LP if h € L?. The assertion (ii) now
follows from g; * f,; = & * pn * Wi = pp * (g * wi), i =1,...,m. Let us turn to
(ii1). First, for + = 0, the desired convergence is true due to g(0) = 0. Suppose ¢ > 0.
We note that fot gi(t — ) fni(s)ds = f[O,t) gi * pp(t — s)u;(ds), where we have used
(gi * pn)(O)ui({t}) = 0. By dominated convergence, the right-hand side of the last equal-
ity converges to f[O’,) gi(t —s)ui(ds), since g; * p,(t —s) — gi(t —s) for each s € [0, ¢) as
n — oo. Hence,

t
lim /0 gi(t — ) fui(s)ds = /M gi(t — )pi(ds) = /M gi(t — )pi(ds),

n—oo

which proves the assertion (iii). [J

REMARK 3.9. If u is nonatomic, that is, w({¢}) = 0 holds for each ¢ > 0, then the addi-
tional assumption g(0) = 0 can be omitted.

The next result extends (1.2) to measures it € /\/l,}

THEOREM 3.10. Suppose there exist p > 2 and n € (0, 1) such that (K], 17 < oo for
each T > 0. Then the following assertions hold:
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(a) Foreach u € Ml}, there exists a unique L]20c (Ry; C™)-valued solution

t
(3.6) V= [ Ke=ouds)+ [ K@= R w)ds.
[0,7] 0
(b) Foreach q € [1, p], this unique solution satisfies

[¥ o ao.7y) = 21010, TYIEgT Il La o, )

m 2 5
+ (Z Tl) |M| ([O’ T]) ” E/ST ”Lq([O,T]) ” E,BT ”iz([O,T])
i=1

and if Im(u) =0, then even
[v ¢ oo,y < 1410, THIEgT llLagro, -

Finally, there exists a constant C independent of ju such that
v w WP ([0,T]) = G0 “LP([O,T])

+C(1+ Ky, ) (14 1[0, T1) + [¥ ¢ i) 72 g0.7)-

(c) If p = 3, then the function (-, u) is continuous at each ty > 0 for which the convo-
lution K * ju(-) is continuous at tg.

PROOF. Let (fy)n>1 C LlloC (R ; C™) be a sequence of functions as given in Lemma 3.8.

Let ¢, = ¥ (-, 0, f,,) be the sequence of unique solutions of (1.2). Fix T > 0. Then using
Lemma 3.1 and Lemma 3.8(i), we obtain for each ¢ € [1, p],

10, fidll oo,y = 2110, TDIEgT Il La 10,71y

m 0_2 5
+ (Z j) |H’| ([07 T]) ||E/3T ||L‘1([0,T]) ”Eﬁ—r ”22([0’]*])7
i=1

and if Im(p) = 0, then [ (-, 0, fi)llLaqo.ryy < I1I([0, TDIEgT || La(0.77)- Hence, Theo-
rem 3.7 combined with Lemma 3.8(i) implies that

”W(, 07 fl’l)HWU-P([O’T]) =< ||W(, Oa fn)”LP([O’T])

+ C(1+ Ky p.r) (14 11110, TY) + [¥ (. 0, fid | 20.y)-

In view of the L9-estimates on (-, 0, f,) and Remark 2.2, the right-hand side is bounded
in n. Since the ball {g € LP([0,T]) : lIgllwnrqo,r) < R} with R > 0 is relatively com-
pact in LP([0, T]; C™) (see [19], Theorem 2.1), we find a subsequence ( f,,)k>1 such that
Y (-, 0, fn,) — ¥ in LP([0, T]; C™). Further, we can choose a subsubsequence, still de-
noted by (fy,), such that ¥ (-, 0, f,,) converges almost surely to ¥ on [0, T']. Taking the
limit £ — oo and using the lemma of Fatou proves the estimates from part (b).

Next, we show that ¥ = (-, u) is a solution of (3.6) on [0, T']. Since ¥,, — ¥ and
K * fy, — K x u in LP([0, T]; C™), it suffices to show that K * R(Y,,) — K * R(Y)
holds in L? ([0, T']; C™). For this purpose, we first use Young’s inequality, then

(3.7) |R(w) — R()| < C(1+ |v] + |ul)|u — v],
and finally the Cauchy—Schwarz inequality to find that
| K R(m) = K % RO 10,7
< ClIK lzrqo.r) (1 + 1¥ncll 2o 7y + 1 2o 7p) 1Wme — ¥l L20.7))-
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Since the right-hand side converges to zero, we find that ¥ is a global solution of (3.6). Noting
that (3.7) holds and that K s € L2 _(R.; C™), [3], Theorem B.1, implies that this equation

loc
has a unique maximal solution. Since ¥ is a global solution, the unique maximal solution is

defined on all R and coincides with . This proves part (a).
To prove part (c), in view of (3.6), it suffices to show that K *x R(y) is continuous on
R.. The latter one is true, if K € L3 and R(Y) e L130/02, which holds true due to |R(y)| <

loc

C(1+|y[?) and ¢ € L}’?. This proves part (c). [

loc

Finally, we extend the exponential-affine transformation formula.

COROLLARY 3.11. Let (b, B, 0, K) be admissible parameters and suppose there exist
p>2andn € (0,1) such that [K], p 7 < oo foreach T > 0. Then

E[ef[(),yﬁxtfsaﬂ(ds))]
t t
=exp{(xo, w([0, t]))—i—/o (xo0, R(¥ (s, w)))ds +/0 (b, ¥ (s, ,u))ds}
< Uiz ! 2
:exp{/[o,z]m[XI_S]’M(ds)>+i§7/o E[X; —s1¥i(s, u) dS}

hold for each u € Ml}, where  denotes the unique solution of (3.6).

PROOF. For the first equality, we let fy,, ¥, be the same as in the proof of Theo-
rem 3.10. Then

. t t
(3.8) E[efo<X~‘_x°’-f'1k(t_s)>ds] = exp{/o (x0, R(Wn, (5)))ds +/(; (b, Y, (S)>d5}-

Using Lemma 3.8(iii) for g(s) = X — xo gives ]é(Xs — X0, fn, (t —5))ds —> f[o,t]<xt—s —
X0, (ds)) pointwise, and hence dominated convergence combined with the Lz-convergence
of ¥, implies that we can pass to the limit in (3.8). For the second identity, first observe that

]E,[ef({(xs—xo,fnk([_S)>ds]
t m 02 P )
) exp{/o (B =0, fr @) + 305 [ ELX: a0 ds}
i=1

holds by [3], equations (4.5), (4.7). It suffices to show that the right-hand side converges
to the desired limit as n — o0. Since g(r) = E[X,] — x¢ is continuous (see (4.3) below) and
2(0) =0, by Lemma 3.8(iii), we find limg_, o f(; (E[X:—s]—x0, fn, (5))ds = f[O,t] (E[X;_s]—
x0, m(ds)). For the second term, we note that

t t
‘ [ B aWin2ds — [ BLXii 1y ds
0 0

= sup E[Xi,s](sup 1¥ns ”LZ([O,T]) + ||¢||L2([0,T])>||Wnk - 1ﬁ”LZ([o,T]),
s€[0,7] k>1

which tends to zero as k — oo. Here, we used the fact that sup, o ) E[Xis] < oo due to
3]. O
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3.3. Stability in the admissible parameters. As a particular application of our results, we
show that the Volterra square-root process depends continuously on the admissible parame-
ters (b, B, 0, K).

THEOREM 3.12. Let (b, B,0,K), (b, ,3(”), o™, K(”)) be admissible parameters with
the properties (i) B —s B; (ii) o™ — o (iii) there exists p > 2 such that ||K(”) —
KllLrqo,ryy —> O for each T > 0; (iv) there exists n € (0,1) with [K], p 1 +
supnzl[K(")],,,p,T < 00 for each T > 0. For pu, u'™ € /\/ll;-, let  and r, be the corre-
sponding unique solutions of (3.6). Suppose that | — u|([0, T1) —> O for each T > 0.
Then

im_ | — ¥ llLe o,y =0.

PROOF. Since B"™,oc™ converge, they are bounded. Similarly, we have
Sup,,>1 ||K(”)||Lz([0’t]) < oo for each T > 0. Noting that K™ (BT — KBT in LP([0, T])

for each T > 0, by [31], Theorem 2.3.1, we also obtain sup,, ”Régzn))T”Ll([O,T]) < 00. In

view of the definition in (2.2), we thus get sup,- || E ((gzn))T |l Lr(0.77) < 0o by Young’s in-
equality. Moreover, the particular form of the inequalities in Theorem 3.10(b) as well as the
constant C imply sup,,-; [[¥nllLr(j0,77) < 00 and subsequently sup,,-.; [[¥n [l wnr0.71) < 00.
Hence (Y¥,)nen C LP([0, T]; C™) is relatively compact. Let i be the limit for some sub-
sequence Yy, . If we can show that ¥ is a solution of (3.6), by uniqueness, we must have
¥ =, and thus the convergence ||V, — ¥llLro,77) = 0 as n — o0, since the convergent
subsequence is arbitrarily chosen.

Next, we show that 1} is a solution of (3.6), that is, 1} =Kx*xu+ K % R(l}). Noting

. (n)y2 .
that ¥, = K™ s 1@ + K® % RO () with R"™ (u) = (u, g®) + %242 and - =

(ﬂg'), ey ﬁ,ﬁfl.))T, it suffices to show that
im [ KOs O 4 K 5 R () = K 5 o= K RO oo, 77y = 0-

Using the properties (i)—(iv) combined to similar estimates to the proofs of previous sections,
it is not difficult to see that this convergence is satisfied. The details are left to the reader. [J

Consequently, we can now prove that the law of the Volterra square-root process depends
continuously on the parameters.

COROLLARY 3.13. Let (b, 8,0,K), (b(”), ,B(”), o™, K(”)) be admissible parameters
with the properties (1)—(iv) from Theorem 3.12, and b™ — b. Let X and X" be the Volterra
square-root processes with admissible parameters (b, 8,0, K) and (b(”), ,3(”), o™ Km)
starting from the same initial state. Then the law of X on C(R; R™Y) converges weakly to
that of X .

PROOF. For u € MI}, let ¥ and ¥, be the corresponding unique solutions of (3.6).
Let R™ be the same as in the proof of Theorem 3.12, where we implicitly showed that
R(”)(wn) — R(Y) in L'([0, T]). Then using ¥, — ¥ in LP ([0, T]) and the first identity in
Corollary 3.11, we find that

lim E[ef[()j](X;l_yll(ds))] — E[ef[()j](ths,ll(ds»].

n—oo

In particular, letting n(ds) = Z’}:l ujde (ds) with uy,...,u, € C% and 0 <ty <--- <1y
shows that the finite-dimensional distributions of X" are convergent to those of X. Arguing
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as in the proof of [3], Lemma A.1, we also know that X" is tight in C(R; R’}'). So, for any
subsequence of X", it has a subsequence converging in law to X. This proves that the law of
X™ on C(Ry; RY) converges weakly to that of X. []

3.4. Differentiability in the initial condition. In this section, we study continuity and
differentiability of i with respect to the initial condition pu.

THEOREM 3.14.  Suppose there exist p > 2 and n € (0, 1) such that [K], 1 < o0 for
each T > 0. Then for each pair of (1, v € /\/ll} there exists a constant C(T, p) > 0 such that

HW(» mtev) =i, 1) ”LP([O,T]) <C(T, p)e.

PROOF. Note that A.(¢) := ¥ (¢, u + ev) — (¢, w) satisfies

t
Ag(t) =e(K %) (1) +/0 K@t —s$)(R(Y(s, u+¢ev)) — R(Y(s, n)))ds.
Hence, we obtain from (3.7) that
t
|A:(1)|* < 262K % v(0)]* + C(u, v)/o |K (= 5)[5]Ac(s)|* ds,

where

Clp,v) = 6C2(1 + SE)PI)HW(" n+ev) ”%2([011) + v ||i2([o,T])>
ee(L,

is finite due to Theorem 3.10. Now let R € LY / 2([0, T]; R) be the resolvent of the second

loc

kind of —C(u, v)||1?(-)||% € Lp/z([O, T1; R). Using [31], Proposition 9.8.1, we find R <0.

loc
Hence, a Volterra analogue of the Gronwall inequality (see [2], Theorem A.2) gives

t ~
|A(0)]F <26%|K % v(1)]* + 282/ |R(t — 5)||K *v(s)|* ds.
0
This gives
1 Aellzrqo,71)
1/2

=< 28”K”LP([O,T])|V|([05 T]) + 28”§”L[’/2([0,T]) ||K||L2([O,T])|v|([0’ T])v

and hence proves the assertion. [
Next, we prove differentiability in .

THEOREM 3.15.  Suppose there exist p > 2 and n € (0, 1) such that (K], 7 < 00 for
each T > 0. Then for all u,v € MI} the limit
lim PGt ev) =)
im

e—>0 &

exists in LP([0, T]; C™) for each T > 0. This limit satisfies

= Dv‘l’(', M)

t
(3.9) Dy, p) = f[o K= sy + fo K(t — $)(DR)( (s, 1)) Dy (s, 10) ds,

where DR(x) = ﬂT + %diag(alle, - arﬁxm).
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PROOF. Note that G(s) = (DR)(Y(s, u)) satisfies G € L2 (Ry; C™ ™). Letting

loc
p(t,x) = x and noting that K * v € LIZOC(R+; C™ ™), we may apply [3], Theorem B, to

find a unique solution f € L2 (R4;C™) of f = K x v+ K * (Gp(-, f)). By definition, this

loc

solution is precisely the unique solution of (3.9), that is, f = D,y (-, ).
It suffices to show that limg—o [|Ag(:) — Doy (-, wllrqo,rpy = 0, where Ag(t) 1=
S_I(W(l, W+ ¢ev) — P (t, n)). To prove this, first note that

Ag(t) = (K % v)(1)
t 1
—|—f K(t—s)(/ (DR)(TIﬂ(S,,bL—f—SU)—f—(I—T)W(S,M))d‘[)Ag(S)dS.
0 0
Hence, by using || DR(x)|2 < C(1 + |x|) and |[DR(u) — DR(v)||2 < Clu — v|, we obtain
|Ae (1) — Dy (t, )|
t 1
= [1Ka =9, [ IOREv s+ ev) + 1 =G, 0)
— (DR)(Y (s, )|, dT|Dur (s, )| ds
t 1
+/0 ||K(t—s)|}2/0 [(DR) (¥ (5. i+ ev)
+ A=Y (s, )|, dt|Ac(s) — Dy (s, 1| ds

t
< Cfo LKt — ) |9 (5. 1+ £v) — P (5. )| Doy (5., )] dis

t
+ Cfo IK @ =) |,(L+|w(s, w+ev)| + [¥(s, w])|Ac(s) — Dy (s, w)|ds.
After a short computation, we obtain

|Ac(t) = Dy (t, )|
1
< WG+ ev) — v 2o f© +/0 k(t = 9)| As(s) — Dy (s, i) ds
with
2 2 2
k(t) = 8C(1 + v ¢ w20 + esz)pl)”lﬁ('v K+ SV)HLZ([O,T]))”K([)”z

and f(t) =2C 3 |1K(t —$)|31Dy¥ (s, )| ds. Let R € L} (Ry; R) be the resolvent of the
second kind for k. Arguing as in the proof of Theorem 3.14 gives

|Ac(t) = DY (e )P < [ W o+ ev) — Y 072079, ©)

+ |G+ ev) — ¥, M)Hil([o,T]) /Ot’ﬁ(; —9)|f(s)ds.
Hence, we obtain
|Ae = Do ] Lo o.77)
<ClY(C,n+ev)—¢(,pn ||L2([0,T])
(1K e qo,ry [ Dy G i) | 20,7y + ||§”1L/12([0,T])”leL/PZ/Z([O,T]))'

The assertion now follows from Theorem 3.14. O
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REMARK 3.16. By inspection of the proof, one can see that the above results hold true
for u =udy with u € C” without assuming [K], , 7 < oo.

COROLLARY 3.17. Let X be the Volterra square-root process with admissible parame-
ters (b, B, o, K) and initial state xo € R'}. Then

E[X,] = (Im + /OI(EﬂT(S))T,B ds)xo + (/Ot(EﬁT(s))Tds>b.

PROOF. Taking u = udy with u € C” and then noting ¥ (s,0) = 0, we find for
D, (t,0) := D,y (t,0) that D,y (¢,0) = K (t)u + fot K((t — s)ﬁTDuw(s, 0)ds, where we
have used DR(0) = B'. Solving this linear Volterra equation gives D,y (¢,0) = (E BT *
w ) = Eﬁ'r (t)u. Hence, we obtain

d

E[(u. X))] =~

E (Xr,eu)
oo Efer]

e=0

t t
= (u, xp) —I—/O (x0, (DR)(0)Dyyr (s, 0))ds —i—/(; (b, Dy (s,0))ds

t t
:(u,xo>+f0 ((EﬁT(s))T,on,u>ds+/0 (Egr () ' b, u)ds.

Since u is arbitrary, the assertion is proved. [
4. Uniform moment and Hélder bounds.

4.1. Uniform moment bounds. Let X be the Volterra square-root process with admissible
parameters (b, B, o, K) and initial state x¢. In this section, we prove uniform in time moment
bounds on the process X, which extend [2], Lemma 3.1, where similar bounds have been
obtained on finite-time intervals [0, T'].

First, observe that after taking expectations in (1.1) we arrive at a convolution equation for
E[X;], which has the unique solution

t t
“4.1) E[X:]= (Im —/(; Rg(s) ds)xo + (/0 Eg(s) ds)b,

where Rg, Eg are respectively defined by (2.1) and (2.2) with B = 8, compare with [2],
Lemma 4.1.

LEMMA 4.1. It holds that Rg = (Eg7)" (=) and Eg = (Eg7) .

PROOF. Using Corollary 3.17 and (4.1) for x9 = 0 yields (fot Eg(s)ds)b =
( fé(E BT (s)) " ds)b for each b € R%. Since b is arbitrary and the cone R’} is generating
(ie., R" =R —R), we conclude fé Eg(s)ds = fé (Egr (s)) " ds. Taking now the deriva-
tive in ¢ and noting that the integrands are continuous on (0, c0) because K is continuous,
yields Eg(t) = (EgT (1)) for all + > 0. This proves the second identity. The first identity
follows from (Eﬂr (t))T(—,B) = Eg(t)(—B) = Rg (). This proves the assertion. []

It seems natural that the above relations may also be derived directly from the definition
of Rg, Eg. However, we have not succeeded in this way. The above relations provide the
following observation used throughout this section.
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REMARK 4.2. Let p € [1,00]. One has Eg € L”(R4; R™*™) if and only if Egr €
LP(Ry; R™my,

The next lemma shows that integrability of Eg is sufficient for the boundedness of the first
moment.

LEMMA 4.3.  For each v € R}, one has

t t
4.2) (Im_/o Rﬂ(S)dS)UER’_t and (/0 Eﬁ(s)ds)veRﬁ.

Moreover, if Eg € L' (R R™X™) then

tl_i)ngoE[X,] = (Im — /OOO Rg(s) ds)xo + (/(;oo Eg(s) ds)b

and sup,>o E[|X;|] < Cg max{|xo|, ||} holds for some constant Cg.

PROOF. Note that (4.1) holds for all xo,b € RY. Taking b = 0 shows that I,, —
fé Rg(s)ds leaves R} invariant. Taking xo = O shows that ]5 Eg(s)ds leaves R} invari-
ant. If Eg is integrable, then using Eg(—pB) = Rg, we find that also Rg is integrable, and
hence we can pass to the limit £ — oo in (4.1). This proves the desired convergence of the
first moment. The last assertion then follows from E[|X,[] <E[}7 | X, /] < Jm|E[X,]| <

Vm(+IRglL)Ixol + 1Egl 116l O

REMARK 4.4. If m =1 and B <0, then using Eg = R,g(—,B)_1 combined with (4.2)
implies that 0 < fé Rg(s)ds <1, and hence 0 < E[X,] < xo + |Z—‘

To prove the uniform boundedness of higher order moments, we use [3], Lemma 2.5, to
see that (1.1) is equivalent to

t t t
43) X, = <1m —fo Rﬂ(s)ds>xo+(/(; Eﬂ(s)ds)b—f-/o Ep(t — s)o (X,)dBs.

Based on this equivalent representation for the Volterra square-root process, we obtain the
following simple observation.
LEMMA 4.5.  Suppose that Eg € L' (R; R™*™) N L2(Ry; R™*™). Then

supE[|X;[P] < o0
t>0

holds for each p > 2.

The proof of this lemma is postponed to the Appendix.

4.2. Uniform bound on Holder increments. It follows from [3], Lemma 2.4, that the
Volterra square-root process has Holder continuous sample paths. Below we recall their key

estimate.

PROPOSITION 4.6. Foreach T > 0 and p > 2, there exists a constant C(T, p) > 0 such
that for all s,t € [0, T] with0 <t — s < 1 one has E[|X; — X,|P1 < C(T, p)(t — s)YP/2.
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To prove the existence of a stationary process and absolute continuity of the limiting dis-
tribution, we need a similar estimate but with a constant C(7") independent of T'. For this
purpose, we need a stronger assumption then condition (v) in the definition of admissible
parameters. Namely, we impose the following condition on K:

(K) There exists a constant C3 > 0 such that
o 2
./0 |Ki(r + h) — Ki(r)|"dr < C3h"

holds foralli =1,...,m, h € (0,1].

Note that this condition is satisfied for K;(r) = t7~1/2/T(H + 1/2)e™* with 1 > 0,
H € (0,1/2), where y = 2H. Also, under additional conditions on 8 we may obtain
Eg € L'(Ro; R™ ™)y N L?(R, ; R”>*™) as required in the subsequent proposition (compare
with Section 5.3).

The next proposition gives the desired global Holder estimate for the process.

PROPOSITION 4.7. Assume Eg € L' (R ; R™™) 0 L2(R4; R™*™) and condition (K).
Then there exists for each p > 2 a constant C(p) > 0 such that E[| X, — X|P] < C(p)(t —
$)YP/2 holds for all s,t > 0 with0 <t —s < 1.

The proof of this proposition is postponed to the Appendix.
5. Limiting distributions.

5.1. Existence of limiting distributions. Below under an integrability condition on Eg,
we prove the existence of limiting distributions for the Volterra square-root process and,
therefore, provide a mathematical justification of the mean-reversion property. As a first step,
we prove the convergence of the Fourier—Laplace transform.

PROPOSITION 5.1. Suppose there exists n € (0, 1) such that [K],2 1 < o0 for each
T > 0. Then the following assertions hold:

(a) Suppose that Eg € LI(R+; R™XMY Let 1 € /\/ll} be such that |t|(Ry) < oo and
Im(u) =0. Then € L'(R4; C™) N L2(R4; C™), and

lim E[ef[o,t] <X2‘7s,/l«(ds))]

1—00
(5.1 = exp{(xo, w(Ry)) —i—/o (x0, R(¥ (s, n)))ds +f0 (b, w(s, ,u))ds}
m 02 00
(5.2) = exp{(A(ﬂ, %0, 0), W(R))+ 3 —-Ai (B, x0, b) /O yi (s, M)ZdS},
i=1

where (-, ) denotes the unique solution of (3.6),

5.3) A(B, x0,b) = (Im — /OOO Rﬁ(s)ds>x0 + (/OOO Eg(s) ds>b,

and A; (B, xo, b) denotes the ith component of the vector A(B, xo, b).
(b) Suppose that Eg € L' (Ry; R™™) N L2(Ry; R™*™). Let pu € Mg with |ul(Ry) <
00. Then € L'(Ry; C™) N L2(Ry; C™), and the identities (5.1) and (5.2) still hold.
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PROOF. (a) Instead of Fourier—Laplace transform, let us first reformulate the affine for-
mula for the Laplace transform. The latter formulation is more natural to exploit the nonneg-
ativity of the process. Noting —pu is an R’} -valued measure, we let V (¢, u) = = (¢, u) € R’}

~ , 2
and R;(x) := —R;(—x) = (x, B') — %xiz, where i =1,...,m and x € R. Then V(z, u)
satisfies the Riccati—Volterra equation

t ~
Vilt, ) = —/M Ki(t — $)i(ds) +/0 Ki(t — )R (V(s. ) ds,

and, by Corollary 3.11, it holds
E[e_f[o,t](xt—m—u(ds»]

(5.4) . ;
= exp{—(xo, —u([0, £1)) —/0 (x0, R(V (s, w)))ds — /0 (b, V (s, ,u))ds},

where R = (R1,...,Rn)". Applying Jensen’s inequality, we have
e~ 0.1 (ElXi—s],—p(ds)) < E[e*f[o,;](xr—sy*li(ds»]’

and hence
o t
{x0, —u([0, t])>+/0 (x0, R(V (s, )))ds +/O (b, V(s, w))ds
]E X sl =
s/[(m< (X1, —u(ds)
< IMI(R+)su13E[IXtI]
>

< |nl(R4)Cp max{|xol, [b]}.

Note that this inequality holds for all choices of b, xy € R’{. In particular, choosing b =
(1,...,HDT and xo =0 gives

m t
(5.5) > [ Vits wds = Vinlul®4)Cp.
i=1

To estimate the integral involving R, let us first note that the left-hand side of (5.4) is bounded
by 1, which gives

! N t
{xo, —u(10, 11)) —I—/O {x0, R(V (s, w)))ds —l—/o (b, V(s,w))ds >0

for all xo,b € R’}. Forb=0and xo =(1,..., 1)T, we obtain

“ 0—1'2 ! 2 m m ¢ i
;7/0 Vi(s, 1) dsfg(—ui([O, t]))+;/0<V(s,u),ﬂ )ds

< Valul® )+ YJ8| [ VG w)ds
i=1

< Vm|p|(R4) +m| BllusInl(R+)Cp,

where we have used (5.5). In view of (5.5) and the particular form of R, we obtain
t o m. .t ) m 52 et
[ IR G m)lds = 3 [ Vs, ds + 30 % [ Vics. w?ds
i=1 i=1

< (Wm+2m|BllusCp) | (Ry).

(5.6)
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This estimate combined with (5.5) proves the convergence in (5.1). For the second identity in
part (a), use the second identity from Corollary 3.11 to pass to the limit # — oo, that is, we
show that:

() im0 fio,(E[Xi—s], n(ds)) = (A(B, x0, D), u(R4));
(i) 1imy o0 fo ELXi—51Vi(s, 1) ds = Ai(B, x0, b) [5° Vi(s, w)* ds.

So, let ¢ > 0. Since A(B, xo, b) = lim;_, oc E[X;] by Lemma 4.3, we find #y > O such that
|IE[X; ] —Ai(B,x0,b)| <eforallr >fyandi =1, ..., m. Then for all + > 2#;, we obtain

[, BLX i1, 1) = (A6 50,5 R

< \ [ (BLXi-1 = AGB. 50, b), u(d)
[0,/2]

n +[{A(B, x0. b), (2, 00)))

/ [ELX,—y] — A(B. x0. b). 11(ds))
(t/2,t]

< e/l (R) 4 (sup E[1Xs 1) 1l (1/2, 1) + 2/ A B, x0. D) |l (22, o0)).

Since |u|(Ry) < oo, we have |u|((¢/2,00)) — 0 as t — oo, which proves (i). For (ii), we
have

t ole]
‘A ]E[Xl',l—s]‘/l'(sa//“)zds _Ai(ﬂ’-x()’b)'/(‘) ‘/i(s’ M)st

t o
< fo |E[X;,—s]1 — Ai(B, x0,b)|Vi(s, w)*ds + Ai (B, x0, b) /t Vi(s, w)* ds.

The second term tends to zero due to f0°° Vi(s, ;L)2 ds < oo. For the first term, we have for all
t > 21,

t
fo IE[X; 51— Ai(B. x0. b)|Vi(s, )2 ds
t/2 )
- /O ELX;.1—s] — Ai(B. x0. )| Vi(s. 10)% ds
d 2
+ / IE[X;.,—s] — Ai (B, x0. b)|Vi(s, )2 ds
12

o0 o0
<e fo Vits. 0% ds + (sup E[1Xs1] + A, x0. )] fo 1112, () Vi (s, 1) ds.
5>

The dominated convergence theorem implies that the second term tends to zero as t — 0o.
Since ¢ is arbitrary, this proves (ii), and thus completes the proof of part (a).

Part (b) can be shown in a similar way, since Theorem 3.10 applied for 7' = oo still pro-
vides the desired integrability fooo(lw(t, W+ 1w, w|»dt <oo. O

REMARK 5.2. If we choose u(ds) = udp(ds), then the statements of Proposition 5.1
and the estimates established in the above proof still hold even if we drop the condition
[K]y,2,7 < oo. Essentially, this condition was used to ensure the existence of ¥ (¢, u) and
the applicability of Theorem 3.10 and Corollary 3.11. However, for the particular choice of
u(ds) = udp(ds), we can work directly with (1.2) and ¥ (-, u, 0) instead of the extension
(3.6) and (-, u8p), and then apply Lemma 3.1. The above proof still works in this case with
some obvious adaptations.
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From the convergence of the Fourier—Laplace transform, we can now deduce convergence
toward limiting distributions. The following is our main result on limiting distributions for
the Volterra square-root process. In contrast to the classical case, the limiting distribution now
also involves the initial state of the process. For this purpose, we define

(5.7) Nz{veRm:f()ooR,g(t)vdt:v},

and let N1 be the orthogonal complement of A/. Denote by P the orthogonal projection
operator onto N, that is, ker(P) = N and ran(P) = N'*.

THEOREM 5.3.  Suppose that Eg € LRy ; R™¥™)_ Then the law of X; converges for
t — oo weakly to a limiting distribution 1, whose Fourier—Laplace transform is for u € C"
with Im(u) = 0 given by

/ W) (dy)
Rln

+

= exp] (xo, u) + oo(xo,R(tﬁ(s,uSO)))ds—l— oo(b,l//(s,uéo))ds.
0 0

Moreover, 1y, has finite first moment and satisfies

b=0
(5.8) Tlxy = TPxg =70 * Tpy

where * denotes the usual convolution of probability measures on R”, and n}’, (? is the
limiting distribution of the Volterra square-root process with admissible parameters (b =
0,B,0, K) and initial state Pxo. Finally, if, in addition, Eg € L2(R+;Rmxm), then the
Fourier—Laplace transform representation for my, can be extended to all u € C".

PROOF. Consider u € C™ with Im(u) = 0. According to Remark 5.2, if we take u(ds) =
udo(ds), then it holds

lim E[eXr)]

—>00

= exp{(xo, u) + /Ooo(xo, R(Y (s, udp)))ds + /Ooo<b, ¥ (s, uéo))ds}.

Moreover, the estimates (5.5) and (5.6) hold with |x|(R4) = |u|, showing that the right-hand
side is continuous at u = 0. Hence, using Lévy’s continuity theorem for Laplace transforms
proves that X; converges weakly to some distribution 7, and that the desired formula for the
Laplace transform of my, holds. The extension to the Fourier-Laplace transform with u € C”
follows now from Proposition 5.1(b). An application of the lemma of Fatou shows that the
limit distribution 7y, has finite first moment, that is, fR’f |x 770 (dx) < sup,>o E[|X/[] < o0.
It remains to prove (5.8). For this purpose, we use the second identity from Proposition 5.1,
that is,
lim E[eXr#)]

t—00

=exp {A(B. x0.b). u)+ Y %Ai(ﬁ, X0, b)/o Vi (s, udo)* dS},
i=1

where A(B, xo, b) is defined in (5.3). Then noting that
A(B, xo,b) = A(B, Pxog,b) = A(B,0,b) + A(B, Pxg, 0)

readily yields (5.8) due to uniqueness of the Laplace transform. This completes the proof.
O
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5.2. Stationary process. Next, we construct the stationary process.

THEOREM 5.4. Suppose that Eg € L'(Ry; R™ ™) N L2(R4; R™*™), condition (K)
holds and there exists n € (0, 1) such that [K], 217 < o0 for each T > 0. Then there exists
a stationary process X% with continuous sample paths such that the following assertions
hold:

(a) It holds that (X;4+1)1>0 = (X{™),>0 weakly on C(R; R™) as h — oo.
(b) The finite-dimensional distributions of X*™* are determined by

E[e ;l 1(xstat )

=exp Z(A(,B x0,b), u; +Z A (B, xo,b)/ Vi (s) ds}
j=1
where A(B, xo, b) is defined by (5.3), ¥ (-) = ¥ (-, sy,....1,) denotes the unique solution of
(3.6) with .1, (ds) = 27:1 Ujbt,—1;(ds),neN,uy,...,up €C”and 0 <ty <--- <ty.
PROOF. Choose p > 2 sufficiently large so that yp > 2. By Proposition 4.7, we find
some constant C(p) > 0 such that E[|X; — X|”] < C(p)(t — s)YP/? holds for all ¢, 5 > 0
with 0 <t — s < 1. Define for 4 > 0 the process & by Xf’ = X4+, where ¢ > 0. Then
X" has continuous sample paths and satisfies Supy~o IE[|Xf’ — Xﬁ’|P] < C(p)(t — 5)"P/? for
0 <t —s < 1. Applying the Kolmogorov tightness criterion (see, e.g., [36], Corollary 16.9)
shows that (Xh)hzo is tight on C(R; RY).
Hence, we conclude that along a sequence hi 1 0o, X converges in law to some con-
tinuous process X, Take n € N and let 0 <] < --- < t,. Applying Proposition 5.1 for the
particular choice ;... 4, (ds) = Z?:l uj8,n_,j (ds), where uy, ..., u; € C", we find that, for

.....

all h >0,
n sta h
E[e = 1<X,t_§_h )]: hm ]E[ (th+h >]
k— 00
(5.9 = lim E[e it Xnythae u,>]
k—o00
= lim E[e 10t ) X hgethobtn —so by . tn(dv)>]
k— 00
n
:exp{Z(xo,u] +/ x0, R(W (s, hey....1,)))ds
j=1
o
(5.10) +/0 <bv¢(sal/«t1,.l.,z,,))ds}-

In view of (5.2), (5.9) and (5.10), the desired formula of the Fourier transform is proved.
Since {hy} is arbitrary and (5.10) is independent of {Ahg}, it is standard to verify the weak
convergence in (a). The assertion is proved. [

A direct consequence of Theorem 5.4 is that X, —> 7, weakly as 7 — oo, and X;™" has
distribution 7y, for each ¢ > 0. In the next statement, we compute the moments, covariance
structure and autocovariance function of the stationary process.

COROLLARY 5.5. Under the same conditions as in Theorem 5.4, the stationary process
X5 satisfies E[| X3 P] = me |x|P 7y, (dx) < 00 for each p > 2. Moreover, its first moment
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is given by

E[X;"] = (Im — /OOO Rﬂ(s)ds>xo + (/Ooo Eﬁ(s)ds>b,

while its autocovariance function is, for 0 < s <t, given by

cov (thtat , X?[a[)

= /OOO Eg(t —s +u)o (A(B, xo, b))o (A(B, x0, b))TEﬁ(u)Tdu.

PROOF.  Since sup,~E[|X;|”] < oo holds for each p > 2 and X; — m,, weakly, the
lemma of Fatou implies that 77, has all finite moments. Since X is stationary, we conclude
the first assertion. For the first moment formula, we note that E[X;] — A(B, xo, b) as t —
0o. Since sup,~ E[X;|?] < oo, we easily conclude that lim;_, o E[X;] = fIR’}l XTIy, (dx) =

E[X]. This proves the desired first moment formula for the stationary process. Noting
that X, — E[X,] = [§ Eg(t — u)o (X,)dB, + f; Eg(t —u)o(Xy,)dB, and X; — E[X,] =
f(‘f Eg(s —u)o (X,)dBy,, we find that the autocovariance function for X is given by

cov(Xy, Xy) = /S Eg(t —u)o (E[X,])o (E[X,]) " Eg(s —u) " du,
0

where we have used the particular form of o (x) so that E[O’(XM)O'(XM)T] =o((E[X,]) x
o (E[X,])T. Thus, the autocovariance function of the stationary process is given by

stat ystat
cov(X ™, X3
= lim cov(X;+n, Xs+n)
h—o00
s+h

= lim Ep(t +h —uw)o (E[X,))o (E[X,]) Eg(s +h —u) " du

h—o00 J0

= lim /—h Epg(t — u)cr(E[Xu+h])a(E[Xu+h])TE,3(s —u)" du

h— 00

= /_Soo Eg(t — u)o (A(B. x0. b))o (A(B. x0. b)) Eg(s —u) " du

= /OOO Eg(t —s +u))o (A(B, x0, b)o (A(B, xo, b))TEﬁ(u)Tdu,

which proves the assertion. [

The particular form of the Laplace transform for the limiting distribution and the stationary
process X% give the following characterization for the independence on the initial condition
X0.

COROLLARY 5.6. Suppose Eg € L'(R; R™™) 0 L2(R; R™¥™), then the following
are equivalent:

(i) The stationary process X% is independent of xo;
(ii) The limiting distribution y, is independent of xo;
(iii) The function xo — fRﬁ X7y, (dx) is constant,

(iv) [ Rp(t)dt = I,.
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PROOF.  Since my, is the law of X™, clearly (i) implies (ii), and (ii) implies (iii). Sup-
pose that (iii) holds. Using the first moment for the stationary process, we have A(8, xg, b) =
fM YTy, (dy) = fM ymo(dy) = A(B, 0, b). The particular form of A(B, xq, b) readily yields

(iv). Finally, suppose that (iv) is satisfied. Then A(B, x¢, b) = f0°° Eg(t)bdt is independent
of x¢, and hence the Laplace transform for the stationary process implies that X% is inde-
pendent of xo, that is, (i) holds. [

Finally, we discuss implications and also a sufficient condition for (iv).

THEOREM 5.7. Suppose that Eg € L'(Ry; R™¥™) Then the following assertions hold:

(a) Iffooo Rg(t)dt = Iy, then KB is not integrable on R ;
(b) If BT B has only strictly positive eigenvalues and the function

K= min K;(0)

.....

is not integrable over Ry, then [5° Rg(t) dt = L.

PROOF. (a) Assume fooo Rg(t)dt = I,. Sugpose Kg:=K(—p) is integrable on R . The
integrability of Rg and Kz on R implies that Rg(z), Kg(z) are well-defined for all Re(z) >
0. Using the Paley—Wiener theorem (see [31], Chapter 2) shows that det(/,, + K s(2)) #0.
Solving (2.1) (for the Laplace transforms) yields

(5.11) Re(2) =Kp@)(In+Kp(2)"'.  Re(z)>0.

Evaluating at z =0 gives

Im:/(;OORﬁ(t)dt:/OOOKﬁ(t)dt<Im+/OOOK,3(t)dt>_1.

Hence, I, + [y~ Kp(t)dt = [5° Kp(t)dt, which is impossible. So, KB is not integrable on

R;.
(b) Define Ké(t) = e‘“K,g (t) for A > 0. Since K1, ..., K;;, are nonnegative and nonin-
creasing, it follows that e MK (), ...,e MK, (1) are integrable on R . Hence, also K g

is integrable on R . Let Rg (t) := e ™ Rg(t). By the definition in (2.1), it is easy to verify
that Rg is the resolvent of the second kind of K g As mentioned in Remark 2.2, we have
Eg(—B) = Rp,s0 Rg € L'(R; R™™)_Similar to (5.11), it holds

00 00 o] -1
f e‘“R,g(t)dtzf e‘“K,g(t)dt(Ierf e‘“K,g(t)dt>
0 0 0

0 —1
=1, — (Im +/ e MKp(t) dt) .
0

Since Rg is integrable, the left-hand side converges to f5° Rg(t)dr when A\ 0. Thus, it
suffices to show that

00 -1
: —At
(5.12) }1{‘%(1," —I—/O e Klg(t)dt) =0.

Note that
-2

(e wsoar) |,
- 3|n:fl<< /0 T e M K1) dt)v, ( /O T e MK g (1) dt)v>
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o0 o0
= inf f f e MK (1) Bv, K (s)Bv)ds dt
vi=1J0 0

> inf /Oo /ooe_”’“)l(*(t)l(*(s)(v,,BTﬁv)dsdt
0 0

T vl=l

> Amin(B " B) ( /0 Y ML) dr)z,

where Amin(8 ' B8) > 0 denotes the smallest eigenvalue of S . We thus obtain ||( Io° e M x
lim > lim

Kgt)dt)~ 2 — 0as A\, 0. So,
i -
“MKg(t)dt
ANO 2 T NO </0 ¢ " Kp() )

which easily implies (5.12). The assertion is proved. [

—1
= 0Q,

0
/ e MKpg(t)dt
0

2

5.3. Sufficient conditions and examples. Next, we provide some examples for admis-
sible parameters (b, 8, o, K) for which our results are applicable. Here, we focus first on
completely monotone and then integrable kernels.

By an abuse of notation, let (-,-) denote the inner product on C™, that is, (v, w) =
Z’]’.’:l v;w;. For a matrix A € C"™*™, we write A > 0 if (v, Av) >0 for all v € C", and
write A > 0 if (v, Av) > 0O for all nonzero v € C™. For another matrix B € C"*™, we write
A>Bif A— B >0,and A > B if A— B > 0. The notation “<” and “<” are similarly de-
fined. A kernel k € LlloC (R4; C™*™) is called completely monotone with respect to the order
induced by (-, -), if it is smooth on (0, co0) and satisfies

(—1)”(%>nk(t) >0, VneN.

Note that in the one-dimensional case the above definition of complete monotonicity re-
duces to the classical one. For additional results on completely monotone functions on C"*™,
we refer to [31], Chapter 5. We are now ready to provide a sufficient condition on how exam-
ples based on complete monotonicity can be constructed.

PROPOSITION 5.8. Let K = K1, with K € LIZOC(R+; R) being completely monotone.

Let B € R™*™ be symmetric with only strictly negative eigenvalues. Define Rg, Eg by (2.1)
and (2.2), respectively. Then Rg, Eg € L'Ry; R™™y 0 L2(Ry; R™ ™) are completely
monotone.

PROOF. Itis clear that K satisfies conditions (iv)—(vi) from the definition of admissible
parameters given in the Introduction. Observe that (v, (—8)v) > 0 for all v € C"™. Hence,

(v, (D"KP (1) (—B)v) = (—=1)"K™(#)v, (—B)v) >0

shows that also —K B is completely monotone. Thus, by [31], Chapter 5, Theorem 3.1, Rg
is completely monotone and integrable on R, . Hence, 0 < Rg(t) < Rg(tp) for t > 19 > 0.
Using ,BT = B so that RI—Sr = Rg, we find that if t > o > 0, then for v € C",

|Rp(t)v|* = (Rp(0)"/*v, Rg(1)Rg(1)"/*v)
<(Rp(®)"/*v, Rg(to) Rp(1)"/*v)
< 10| Ry (t0) || Rs (1) 3
< [v|*| Rp(t0) |, | Rp ()

2
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where we have used [|Rg(1)'/?[15 = supj,—; (v, Rg(1)v) < |[Rgll2. This shows [|Rg(1)ll> <
| Rp (o) |2 for t > 19. So,

o0 o o0
[} IRs @ ar < [TIRp o ar + [Roaol, [ ~1Ro@) e

Since Rg is locally square integrable, the right-hand side is finite, and hence Rg €
L>(Ry; R™*™) Since Eg = Rﬁ(—,B)_l, it follows that also Eg is completely monotone
and belongs to L' (R,; R™>*™) N L2(R,; R™>*™). This proves the assertion. []

Below we apply our results to the fractional kernel.
EXAMPLE 5.9. Let 8 € R™*™ be symmetric with only strictly negative eigenvalues and

K(t) = %Ln with H € (0,1/2). Then Rp, Eg € L' (Ry; R™™) N L2(R,; R™*™) are

completely monotone and satisfy
o0 o0 1
/0 Rg(t)dt = Iy, /0 Eg(t)dt =(—B)" .

PROOF. In view of the previous proposition, it is clear that Rg, Eg are completely mono-
tone and satisfy the integrability conditions. The explicit formulas for the integrals can be
obtained from the Laplace transforms. Namely,

o o zt
Rg(t dt:lim/ e “"Rg(t)dt
| Rewar=tim [~ e Ry

= 1im Kp(2) (In + Kp(2)) "
z0

=1lim1, — (I, + K3(z)) "
740

:1 Im - Im - _H_l/z ! = Im7
iy = =200

and hence [5° Eg(t)dt = [;° Rg(t)(—B) " 'dt =(-p)~!. O

The next example also covers the case where § is not symmetric but the fractional kernel
is instead replaced by an integrable Gamma kernel.

EXAMPLE 5.10. Let K(1) = rlgrrize " In with H € (0,1/2), & > 0, and let § €
R™>™ be invertible. Then Rg, Eg are integrable if and only if
(5.13) a(B)N{(z+1IH2: 7 eC,Re(z) > 0} = .

In such a case one has, by direct computations using Laplace transforms,
e} o0
(5.14) fo Rp(t)dt = (—B)(MH1/2 — g) ", /O Eg(t)dt = (W12 — gy,

PROOF. Since —K}f is integrable, the Paley—Wiener theorem (see [31], Chapter 2, The-
orem 4.1) states that Rg is integrable if and only if det(/,, — K (z)B) # 0 holds for all z € C
with Re(z) > 0. Computing the Laplace transform of K gives K(z) = (z+ " H-12p,.
Hence, det(l,, — K (z)8) # 0 is equivalent to det((z + A)*+1/21, — B) #0, that is, R is
integrable if and only if (5.13) holds. Since Eg = Rﬁ(—,B)_l, we see that Eg € L! R4) is
also equivalent to (5.13). To prove (5.14), we can use (5.11) to get

/Ooo Ry(t)di = K3(0)(In + K@) ™" = () (RH+H172 — p)~".

The second inequality in (5.14) now follows again from Eg = Rg(— ﬂ)_l. U



346 M. FRIESEN AND P. JIN

Note that condition (5.13) is satisfied, if o (8) C {z € C : Re(z) < A#*1/2}. Finally, for
the Gamma kernel in dimension m = 1, we provide the asymptotics for cov(X5%!, X512 (see
Corollary 5.5 for its explicit formula) as t —s — 00, and hence prove the formula (1.5) given
in Theorem 1.3.

EXAMPLE 5.11. Letm =1and (b, 8, 0, K) be admissible parameters with 8 < 0,0 > 0

and K (1) = F(’Z%ll/jz)e*“ , where H € (0, 1/2) and A > 0. Then there exist positive constants

ho, c(hg), C(hg) such that for all &2 > hyg,
o0
c(ho)h = (HF3/D =M < / Eg(h 4+ u)Eg(u) du < C(ho)h = H+3/2 =
0

PROOF. Fora € (0, 1), define ey (f) = 14~ My (—t%), where M, (z) = 02"/ T(an+
o) denotes the Mittag—Leffler function. It follows from [16], Section A.1, that e, () < 1o
as t — 0o. By [3], Table 1, we have Eg(t) = 18171 oM ey (1811/21) with @ = H + 1/2.
Hence, we obtain Eg(f) < t—H=3/2¢7 a5 t — oo. Thus, we find ko > 1 large enough and

constants c(hg), C(hg) > 0 such that

o o0

/ Eg(h+u)Eg(u)du < C(ho)f (h+u) H=32e MW B o) du
0 0
o0
< h=HB3/D o= () / Eg(u)du
0

holds for & > hg. Similarly, for & > h¢, we obtain

o0 o
f Eg(h 4+ u)Eg(u) du > c(ho)/ (h+u) 1732720 B o () du
0 0
h
> c(ho)(2h)~HT3/2 e~ / e M Eg(u) du
0

h
> c(hg)2~ HH3/D p=(HA3/2) =0k / ’ e‘“‘Eﬁ(u) du.
0
Combining both estimates proves the assertion. [

REMARK 5.12. Under same conditions as in the previous example, if H = 1/2, then
Ep(t) = e~ *FIAD! "and hence

o= OHIBDA
20418

Thus, when A = 0, we observe a phase transition from power-law to exponential decay in the
asymptotics of the autocovariance function as H /' 1/2.

/OOO Eg(h+u)Eg(u) du =

Finally, below we provide a method with which examples for nonscalar-valued kernels K
can be constructed.

PROPOSITION 5.13. Let K = diag(K1, ..., Ky) € L'(Ry; R™¥™) and let B € R™*™,
If 1Bll2 ZT:] IK;ll;1 <1, then Rg is integrable.

PROOF. Since —Kp is integrable, we can use again the Paley—Wiener theorem to find
that that Rg is integrable if and only if det(/,, — K (z)B) # 0, for all z € C with Re(z) > 0.
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Thus, it suffices to show that /,, — K (z)B is invertible for all z with Re(z) > 0. This is indeed
the case, if ||K(z)ﬁ||2 < 1. Estimating ||K(z),8||2 <18l Zm 1 IK ;|1 proves the assertion.
O

The proof also provides a necessary condition for the integrability of Rg.

REMARK 5.14. Let K = diag(Ky, ..., Ky,) € L'(Ry; R™*™) and let B € R"™*™ . Let
[ '€ N be the number of distinct eigenvalues pi,..., 0 of B. If Rg is integrable, then
ok(K1(2), ..., Kn@) T #(,...,1)" holdsforeachk =1, ..., m and z € C with Re(z) > 0.

PROOF.  Arguing as before, Rg is integrable if and only if 7, — K(z) B is invertible.
In particular, one has (I, — K(z)ﬁ)w # 0 for w # 0. Let ke{l,...,m} and w; be an
eigenvector for the eigenvalue pi. Since K is diagonal, K is also dlagonal, and hence
E(Z)ﬂwk = Ok K (2)wy = wy. This proves the assertion. [J

Hi=12

EXAMPLE 5.15. Let (b, B, 0, K) be admissible parameters with K ;(t) = m
e %', where Hj €(0,1/2) and Aj > 0. Then [~ K (1) dt = ~H=12 Therefore, for each

B we can find A1, ..., A, large enough such that Proposition 5.13 is applicable.

6. Absolute continuity of the law. In this section, we provide sufficient conditions for
the distribution of the Volterra square-root process to be absolutely continuous with respect
to the Lebesgue measure. Moreover, we establish also similar results for the limiting distribu-
tions my,. For f:R™ — Rand x,h e R" set Ay, f(x) = f(x +h) — f(x). For > € (0, 1),
the Besov space le’ o (R™) of order A and integrability (1, 00) consists of all equivalence
classes of functions f with finite norm

©6.1) 1 £l = 1F e+ sup [~ 1AL f Il

|h|<1

The following condition guarantees that the contribution from the noise term fé K@ —
s)o (X;) d B is nondegenerate on the event where X belongs to the interior of the state space;
see (6.8).

(R) There exists « € [y, 2] and a constant C, > 0 such that
h
6.2) / Ki()2dr = Cah®, Yhelo,1]
0

holds foralli =1,...,m

For an admissible kernel K satisfying (6.2), one necessarily has o > y.
EXAMPLE 6.1. Let K(7) = %e‘“lm with H € (0, 1/2) and A > 0. Then condi-
tion (R) holds for « = 2H = y. Thus, all results below are applicable to this kernel.

The following is our first main result for this section.

THEOREM 6.2. Let X be the Volterra square-root process with admissible parameters
(b, B, 0, K). Suppose that condition (R) holds, and that

W

(6.3) 0y :=min{oq,...,0,} >0,

IS
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Denote by u;(dx) the distribution of X; at time t > 0. Then for each t > 0 the finite measure
w;(dx) = min{l, xll/z, cees x,ln/z}u,(dx) has a density i} (x), and there exists 1 € (0, 1) such
that for each T > 0,

luflg  <CMUAANT2 10, T]s €O 1],

where C(T) > 0 is a constant.

PROOF. Here and below, we denote by C(7") > 0 a constant, which may vary from line
to line. The proof relies essentially on an application of [13], Lemma 2.1, to the finite measure

1y -
Step 1. For given t > 0 and ¢ € (0, 1 A t), define
t

X;=X/—c+ Kt —r)b+BX;—¢)dr

t—e

t—e
+/ (K(t—r)— K@ —e—r))(b+ BX,)dr
0
(6.4) .
Kt—r)—K(t—e— r)dB,
[ (Ka=n =K e =)o) dB
+ t K(t—r)o(X;—.)dB,.
1—&
By direct computation, we find that
t t
X~ Xi= [ KG=npet, ~Xeddr+ [ Ka=neX) = o(X0)dB,.
1—¢

t—e

Using Proposition 4.6, one can easily show that for each 7 > 0 there exists a constant C(T) >
0 such that

(6.5) E[|X; — X?|*] < C(T)e¥/?, 1€(0,T].e€(0,1AD).

Step 2. Let n € (0,1) and 0 < t < T. Define p(x) = min{l,xll/z, .. .,x,i/z}. In this step,
we prove that there exists a constant C(7') > 0 such that for all ¢ € CZ (R™) and h € R™
satisfying |#| < 1 one has

(6.6) [E[p (X)) And (X0)]| < C(D) Il ey (1€ 4 £77% 1 |hle=72),
for ¢ € (0, 1 A t]. Observe that
[E[o (X0 A (X0)]| < E[[p(X0) = p(Xi—e)|| Andp (X1)]]
+E[p(Xi-o)| Anp (X0) — Ao (X]) ]

+ |E[p(Xr-) Mg (X7) ]
< C(D)R"llcre™”® + ()l cpe™

+[E[p(Xi—o) Ang(X)]].
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where we have used |p(x) — p(¥)| <m|x — yll/ 2. To estimate the last term, we first note that
X7 =U; 4+ VF, where U/ and V? are given by

t
U =X;—¢ + Kit—r) b+ BX;_c)dr

t—e¢

t—e¢
+/ (K(t—r)— K@ —e—r))(b+ BX,)dr
(6.7) e
+/ (K(t—=r)—K(@—¢e—r))o(X,)dB,,
0
t

V= Kt —r)yo(X;_.)dB,.

t—e¢
Observe that Vf = f(f Ke—r)yo(Xi_e)d E, holds almost surely, whereNE, =Bi_eyr— B¢
is a new Brownian motion with respect to a new (shifted) filtration F,. = F;_.,. Hence,
V¢ has, for fixed ¢ and €, conditionally on F;_, a Gaussian distribution with mean zero and
variance satisfying for each x € R™,

&

(x, var(VE| Fr—e)x) = /0 (K(e —1)"x,0(X;—e)0(X;—e) 'K (e — 1) x)dr

(6.8) > 02p(X,_¢)? /O €<x, K(r)K () x)dr

> 02p(X;—e)? Cu®|x|%.

The product in front of |x|2 in (6.8) is strictly positive on {p(X;—;) > 0}. Hence, the law
of V?, when restricted to {p(X;—¢) > 0}, has conditionally on F;_, a density f;(z; X;—¢).
Noting that U/ is F;_, measurable, we find that

Ry=[E[ [ oo 8u0(Uf +2) 7 X0 dz |

= ’E[V/R’" :O(Xt—s)]l{p(X,_s)>O}¢(Uz€ + Z)A—hfte(z; Xi—¢) dZ:|

1
< 18 IHE| PXeD Lo [ [ I £ =i Xoo)| dzar |

| ]
<C(T El o(Xi-e)1 =
< CONPIGGE P (X100 s

< C(D)¢licylhle™",

where we have used that on {p (X;_.) > 0},

C C(T) _4n
VfE(z—rh; X,—p)|dz < = e
/]Rm| fi e | VAmin(Var(VE | Fi—o)) — p(Xi—e)

for e € (0, 1 A t]. Here, Amin(-) denotes the smallest eigenvalue of a symmetric positive defi-
nite matrix. This proves (6.6).

Step 3. Since % > % we find a constant a such that % <a< % For this choice of a, we
find sufficiently small > O such that 1 —n —a«a/2 > 0. Letting ¢ = |h|*(1 At) with |h]| <1,

we find for any ¢ € CZ(]R’"),
[E[p(X) Angp (X1)]]
< C(D)llep (AT 4 [P 4 |p|'=4@2) (1 Ay =/

< C(T)”¢||CZ |h|n+min{3ay/8,3a17y/4—)7,l—n—aa/Z}(l A t)—a/Z



350 M. FRIESEN AND P. JIN
< CDlicplhl™ (A AT,

where A = min{3ay /8, n(3ay /4 —1),1 —n —aw/2} > 0. This shows that [13], Lemma 2.1,
is applicable, and hence proves the assertion. [

Note that uf is equivalent to ; on RY | = {x e R’} : x; > 0,Vi =1,..., m}. Hence, we
have the following corollary.

COROLLARY 6.3. Assume that all assumptions of Theorem 6.2 hold true. Then /,L,hM+
has a density with respect to the Lesbegue measure.

Note that, without further conditions only w7 but not necessarily the density of |,

belong to the Besov space BIA’ Oo(R”’) with some small A € (0, 1). To see this, let X be the
classical CIR process where K(t) = 1 and m = 1. Assume additionally 8 = xo = 0 and
o,b > 0. Then % has x2-distribution with k := % > 0 degrees of freedom (see also [18],
k/2—1,—x/2
xzk/Zr(ek/z) :
In particular, there exists A € (0, 1) with v € BIA’OO(R) iff k = i—}; > 2, while min{1, xl/z}v €

B} . (R) holds whenever A € (0,k/2 A 1).

remark after Theorem 4), that is, it has distribution v(x) dx with v(x) = 19,00 (x)

COROLLARY 6.4. Let X be the Volterra square-root process with admissible param-
eters (b, B,0, K) and initial state xo. Suppose that (R) and (K) are satisfied, and that
Eg e LY(Ry; Ry N L2(Ry; R™X™) . Assume that (6.3) holds. Let Ty, be the limiting dis-
tribution of X, as t — 00. Then 7y defined by w} (dy) = min{l, yll/z, e y,ln/z}nx0 (dy) has
a density Jr;‘o (y) with respect to the Lebesgue measure, and there exists A € (0, 1) such that
I3 I B}, <0 holds for s € (0, A]. In particular, 1y, is absolutely continuous with respect

to the Lebesgue measure, when restricted to R’f_ 4

PROOF. Following the same steps of the previous proof but now applying Proposition 4.7
instead, we see that all constants can be chosen to be independent of 7', that is, we find a
constant C > 0 such that for each ¢ € C Z (R™) and h € R™ satisfying |h| <1,

[E[p(X0) And (X0)]| < Cligllcn (1176 /® 437 4 |n|e=*/2).

Hence, arguing as in Step 3, we can find a € (2L 2y and p e (0,1) with 1 — 5 — aja >0

3y’ a
such that
E[p(X)Anp (XD < @l cnlh™ (1 AD) =42,

where A = min{3ay/8,n(Bay/4—1),1 —n—aa/2} >0and ¢ € CZ(R’"). Hence, we find
that

’/R Aup (o ()| = lim [B[p(X) An(XD)]| < Cligllcp Il

This shows that [13], Lemma 2.1, is applicable, and hence proves the assertion. [

APPENDIX A: CONVOLUTIONS AND RESOLVENTS

The following elementary lemma is crucial for the continuity of solutions to the Riccati—
Volterra equation.
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LEMMA A.1. Letke LIIOC(RJ,_) N C((0, 00)) be scalar-valued, nonnegative and nonin-

creasing. Let g € LIIOC(R+) N L%.((0,00)). Then k * g € C((0, 00)).

PROOF. Fix ¢ > 0. It suffices to show that lim,_ .k * g(#;,) = k * g(¢) holds for
any sequence (f,),>1 such that either #, \ t or #, / t. Suppose first that #, / t. Then
|k % g(1a) — k % g(1)] < [y |k(t — s) — k(tn — $)||g(s)|ds + [; k(t — s)|g(s)|ds. By dom-
inated convergence, the second term converges to zero. To estimate the first term, we suppose
without loss of generality that 0 < #; <, <t.Let§ € (0, 1), then forn > 2

[kt =9~k = ) g) ] s
= /Oa‘k(t —5) —k(t, —s)Hg(s)‘ds + /;n‘k(t —5) —k(t, —s)Hg(s)‘ds
1)
< (k(t —t1)+k(t2—t1))/0 |g(s)| ds

t
gl fo (¢ — 1) +5) — k()| ds,

where we have used that k is nonnegative and nonincreasing. Note that |k((+ —t,) +5) —
k(s)] <2k(s), hence dominated convergence implies that the second term converges to zero.
Hence, letting first n — oo and then § N\ 0 shows that fé" |k(t —s) —k(t, —s)||g(s)|ds — 0,
which proves the assertion for the case t,, /' ¢. Suppose now that 7, N\ . Then |k * g(t,,) — k *
g < [ 1k(t—s5) —k(ty —s)||g(s)|ds + [ k(t, —s)|g(s)| ds. Using that k is nonincreasing
and 1, > 1, we obtain [k(r —s) — k(t, — s)||g(s)| < k(t —$)|g(s)| = Ljo,1/21(s)k(t/2)[g(s)| +
L(1/2,n(s)k(t — 5)|g(s)|. Since the right-hand side is integrable in s € [0, 1], dominated con-
vergence implies that fot |k(t —s)—k(t, —s)||g(s)| ds — 0. For the second term, we note that

,t" k(t, —s)g(s)lds < gL, fé"_t k(s)ds — 0,n — oo. This proves the assertion for

the case 1, \(f. [
Next, we provide some technical estimates on the resolvent of the second kind.

LEMMA A.2. LetK € LIZOC(RJ,_; C™ ™) and B € C"™*™, Let Rp be the resolvent of the

second kind for Kp(t) = —K (¢t)B and let Ep be defined by (2.2). Then for all T > 0 and
s,t [0, T],

t > t 2
[ 1Es)par <2 [ |x@lar
S )
N 1—u
+2||RB||L1([0,T])/O </ ||K(r)||§dr) | R )|, du
S—u

t—s
+2||RB||21([0’T])‘/0 HK(I")H%CZV

Moreover, for each T > 0 and h € (0, 1] we have
T 2 ’ h 2
fo |Ep(t+h) — Ez()]ydr < 3||RB||L1([0,T+1Df0 |K@)3dr

T
301+ ||RB||L1<[0,TD)2fO IK(+h)— K@)|2dr.
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PROOF. Using (2.2) gives ||EB||L2([s,t]) < ||K||L2([s,t]) + ||Rp * K||L2([s,t])‘ To estimate
the second term, we first use Jensen’s inequality and then Fubini’s theorem to find that

N t—u
1Ra* K13, = 1Rallgory | ( | ||K<r)||§dr) |Rpw)]|, du
t t—u 2
+||RB||L1([0,T])/S (/0 HK(”)szr)HRB(”)sz”
) r—u 2
< ||RB||L1([O,T])/O </S_u ||K(”)||2d”>||RB(”)||2d”

t—s
+ ”RB”i‘([O,T])/O ”K(r)”%d’"-

Combining these estimates prove the first inequality. For the second estimate, we first note
that |[Eg(- +h) — EgOllz2qo.rp = Mill2go.ryy + M2l 2o,y + 131 220,77 With 1y =
K(t+h) — K@), L=t Re(r)(K(t+h—r)—K(@—r))dr,and Iz = [[™" Rg(r)K (1 +
h —r)dr. Below we estimate the last two terms separately. For />, we obtain from Jensen’s
inequality

T pt
2
15030,ry <WRslory [ [ IReOLIK G +h=r) =K@ =r)3drd
2 T 2
S”RB”LI([O,T])’/; ||K(t+h)_K(t)||2dt
Similarly, we obtain by Fubini’s theorem

1230172 0,77 < I1RBI 21 qo.7411) /0 ' / ™ Rp(r)[,| K (¢ +h—r)[3drdt
< 1R8I g rany [ 1K B
([0, T+1]) 0 2
Combining all estimates proves the assertion. [J

Below we specify the above estimates to the case of admissible parameters (b, 8, o, K)
with B = 8. There we will also use the following observation: for any #, s > 0 with s < ¢ and
i=1,...,m,itholds the inequality

1 ) t—s 2
[k Par= [ ki) dr < cie -9,
K 0
since K; is admissible, and thus nonincreasing.

LEMMA A.3. Let (b, B, 0, K) be admissible parameters and suppose that condition (K)
holds. Suppose that Eg € L'(Ry; R™ ™) Then there exists a constant C > 0 such that for
allt,s > 0with0 <t —s <1, the following inequality holds:

! 2 ! 2
[1RsBar+ [ 1Ep) Ear
S S

Ky t
+/O HE,g(t—r)—E,g(s—r)||§lsdr+/ |Es(t —r)|3gdr < C(t —s)".
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PROOF. The first two terms can be estimated by Lemma A.2 and condition (v) for ad-
missible parameters, that is,
t t t
2
[ IRs 03+ [1Es@) B ar < (14 181) [ 1Epl3dr
N N N
<4mCi(1+ IBI) (1 + IRg 171 g, )t =)

Similarly, we obtain from Lemma A.2,
t
2
[ g8 =g ar

1—s 2 2 1= 2
<om [ IKO)Bdr - 2miRy R e, [ 1K O3 dr

<2m*Cy(t —5)” +2m*||Rgll3 , g, C1(t —5)7.

R4)
Finally, the last term can be estimated by

)
/(; ||Eﬁ(t —r)— Eﬁ(s — r)||£IS dr
)
§3m(1+||Rﬁ||L1(R+))2/0 IKG+1—s5)— K@)|2dr

r—s
+3mlRs e, [ 1K) Gdr

2
<3m*(L+ | Rl L1 g,)) Ca(t = )7 +3m*|Rgll7 1, C1(t —5)".
Combining all estimates proves the assertion. [

APPENDIX B: UNIFORM IN TIME BOUNDS

B.1. Moment estimates.

PROOF OF LEMMA 4.5. Note that

1 o b i [~ P
E[|Xt|p]§2p_ 1+ ||R/3(s)”2ds |xo|? + 2P~ ||Eﬁ(s)H2dS |b|?
0 0

. p/2
vt (['12bo - lsloxolisas) ]

where ¢ > 0 is a constant only depending on m, p and the first two terms are finite
since Eg (and hence Rpg) is integrable over R, . For the last term, we obtain with o* =

max{olz, cee, (7,,21}

t p/2
g Ep(t = 9)|islo (X0 d) }
|:</0 ” sl S)HHSHU( A)“Hs s
! p/2—l t
s(ﬂa*)pﬂ(/o “Eﬁ(t—s)”Iz{st) /(;”Eﬁ(l‘—s)”Iz_ISEUXSlp/Z]dS

P ) o0 ) p/2
< (Vi) sup B[P [T Epo sds)
>0 0
where we have used ||<7()c)||12{S =i szxk < o*,/m|x| and Jensen’s inequality. Thus, we
have shown that
1 +supE[|X;|P] < C(p)(l + supE[|Xt|P/2]),

>0 >0
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where C(p) > 0 is a constant. Letting n € N be the smallest integer with p/2" <2 gives

n—1
1+ supE[|X,|P] < k]‘[)c(zﬁk)(l + supE[|x,|P/2"])

t>0 t>0

t>0

< k]})C(%) (1 +sup(1 + E[lXt|2])>.

Thus, we can use the previous estimate to find sup, E[| X, 2] < C)(1 + sup, > E[| X¢[]).
This proves the assertion. [

B.2. Uniform Hoélder estimate.

PROOF OF PROPOSITION 4.7. Using (4.3), we find for z,s > 0 with 0 <¢ — s <1 that
X, —Xs=11+ L+ I+ 1swith I} = — [ Rg(r)xodr, b= [} Eg(r)bdr, I = [ (Eg(t —
r)—Eg(s —r))o(X,)dB,, I4 = f; Eg(t —r)o(X,)dB,. For the first term, we obtain from
Lemma A.3,

5 t ) p/2
1117 < |xol?(t — 5)P/ (f HR,s(r>||2dr)
S
< |xo|PCP*(t — 5)P/2HrP/2,

Likewise, we obtain for the second term,
2 ! 2 r/2 2 2 2
117 <167 =52 ( [ |Ep @) Bar) < bireri - sy,
S

For the third term, we use the Burkholder—Davis—Gundy inequality to find
o p/2 K ) p/2—1
E[13]7] < (Vma ™) “c(m, p) (/0 |Eg(t —r) — Eg(s — r)lis dr)

N
| |Egt—r)— Ep(s — r)||12—IS]E[|Xr|p/2]dl’
0

< (Vma*)Pc(m, p) supE[|X,|P/2]CP/?(t — 5)1P/?,

t>0

where we have used ||o (x) ||2HS <o*/m|x| witho™* = max{alz, e, 0,121}. Similarly, we obtain
for the last term

t p/2
E[|117] < (Vmo™)?cm. p) sugE[ier’/z]( f [Ept—nlis dr)
> $

< (Vma*)"?c(m, p) supE[|X,|P/2]CP/?(t — 5)7P/2.

t>0

Combining all estimates and invoking Lemma 4.5 proves the assertion. [
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