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The Volterra square-root process on R
m+ is an affine Volterra process with

continuous sample paths. Under a suitable integrability condition on the re-
solvent of the second kind associated with the Volterra convolution kernel,
we establish the existence of limiting distributions. In contrast to the classi-
cal square-root diffusion process, here the limiting distributions may depend
on the initial state of the process. Our result shows that the nonuniqueness
of limiting distributions is closely related to the integrability of the Volterra
convolution kernel. Using an extension of the exponential-affine transforma-
tion formula, we also give the construction of stationary processes associated
with the limiting distributions. Finally, we prove that the time marginals as
well as the limiting distributions, when restricted to the interior of the state
space R

m+, are absolutely continuous with respect to the Lebesgue measure

and their densities belong to some weighted Besov space of type Bλ
1,∞.

1. Introduction.

1.1. General introduction. The analysis performed in [28] on intraday stock market data
suggests that the volatility, seen as a stochastic process, has sample paths of very low reg-
ularity, and hence is not adequately captured by classical models such as the Heston model
or the SABR model. Moreover, classical well-established Markovian models are often not
able to capture the observed term structure of at-the-money volatility skew. To accommodate
for these features, the authors propose to work with rough analogues of stochastic volatility
models. The most prominent examples are the rough Bergomi model and the rough Heston
model, where the latter is studied in [14–16]. We also refer interested readers to [4, 5, 20,
29, 32, 33] for some recent developments of this model. Extensions to multifactor settings
and general Volterra kernels have been studied in [3], where general affine Volterra processes
with continuous sample paths have been constructed. Other extensions to multiasset settings
with rough correlations are recently studied in [1, 11]. While the rough sample path behavior
observed in [28] still remains controversial (see, e.g., [10, 26, 27]), the newly emerged rough
volatility models have proven to fit the empirical data remarkably well.

In this work, we study the Volterra square-root process, which provides the most general
example of a continuous affine Volterra process on Rm+. We investigate their limiting dis-
tributions, construction of the stationary process, and absolute continuity of the law. Below
we first recall the definition of the Volterra square-root process, and then discuss our results
and the related literature. The m-dimensional Volterra square-root process X = (Xt)t≥0 is
obtained from the stochastic Volterra equation

Xt = x0 +
∫ t

0
K(t − s)(b+ βXs) ds +

∫ t

0
K(t − s)σ (Xs) dBs,(1.1)
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where σ(x) = diag(σ1
√

x1, . . . , σm
√

xm), x0 ∈ R
m+, K ∈ L2

loc(R+;Rm×m) and (Bt )t≥0 is a
standard Brownian motion on R

m. Here and below, we call (b,β,σ,K) admissible, if they
satisfy:

(i) b ∈R
m+;

(ii) β = (βij )i,j=1,...,m ∈R
m×m is such that βij ≥ 0 for all i �= j ;

(iii) σ = (σ1, . . . , σm)� ∈R
m+;

(iv) the kernel K is diagonal with K = diag(K1, . . . ,Km), where the scalar kernels Ki ∈
L2

loc(R+,R), i = 1, . . . ,m;
(v) There exist constants γ ∈ (0,2] and C1 > 0 such that∫ h

0

∣∣Ki(r)
∣∣2 dr ≤ C1h

γ , h ∈ [0,1], i = 1, . . . ,m,

and for each T > 0 there exists C2(T ) > 0 such that∫ T

0

∣∣Ki(r + h)−Ki(r)
∣∣2 dr ≤ C2(T )hγ , h ∈ [0,1], i = 1, . . . ,m;

(vi) For each i = 1, . . . ,m and each h ∈ [0,1], the shifted kernel t 	−→Ki(t + h) is non-
negative, not identically zero, nonincreasing and continuous on (0,∞), and its resolvent of
the first kind Li is nonnegative and nonincreasing in the sense that s 	−→ Li([s, s + t]) is
nonincreasing for all t ≥ 0.

Note that for nonnegative, nonincreasing and not identically zero functions K1, . . . ,Km, the
resolvent of the first kind always exists; see [31], Chapter 5, Theorem 5.5. That is, there exist
measures L1, . . . ,Lm of locally bounded variation on R+ such that Ki ∗ Li = Li ∗Ki = 1,
i = 1, . . . ,m, where ∗ denotes the usual convolution of functions or measures on R+.

REMARK 1.1. If K1, . . . ,Km are completely monotone and not identically zero, then
condition (vi) holds; see [31], Chapter 5, Theorem 5.4.

For a discussion of condition (v), we refer to [3]. Given admissible parameters (b,β,σ,K),
it follows from [3] that for each x0 ∈ R

m+ there exists a unique (in law) R
m+-valued weak

solution X = (Xt)t≥0 of (1.1), Theorem 6.1, which is defined on some stochastic basis
(�,F, (Ft )t≥0,P) supporting an m-dimensional Brownian motion (Bt )t≥0. Moreover, for
each η ∈ (0, γ /2), X has a modification with η-Hölder continuous sample paths and satisfies
supt∈[0,T ]E[|Xt |p]<∞ for each p ≥ 2 and T > 0.

EXAMPLE 1.2. In dimension m= 1 with K(t)= tH−1/2/�(H + 1/2), we recover the
rough Cox–Ingersoll–Ross process, which reads as

Xt = x0 +
∫ t

0

(t − s)H− 1
2

�(H + 1
2)

(b+ βXs) ds + σ

∫ t

0

(t − s)H− 1
2

�(H + 1
2)

√
Xs dBs.

Here, (Bt )t≥0 is a one-dimensional Brownian motion, x0, b, σ ≥ 0, β ∈R and H ∈ (0,1/2).
For this kernel K , one can choose γ = 2H in the above definition of admissible parameters;
see [3], Example 2.3. The process (Xt)t≥0 is neither a finite-dimensional Markov process nor
a semimartingale, which makes its mathematical study an interesting task.

Similar to the classical square-root process, there is a semiexplicit form for the Fourier–
Laplace transform of the Volterra square-root process, that is, it is an affine process on R

m+.
To state this formula in a compact form, let us define

Ri(u)= 〈u,βi 〉+ σ 2
i

2
u2

i , i = 1, . . . ,m,u ∈C
m,
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where βi = (β1i , . . . , βmi)
� denotes the ith column of the matrix β . Let R = (R1, . . . ,Rm)�

and set Cm− = {u ∈ C
m : Re(u) ≤ 0}. It follows from [3], Theorem 6.1, that for each u ∈ C

m−
and f ∈L1

loc(R+;Cm−) the system of Riccati–Volterra equations

ψ(t)=K(t)u+
∫ t

0
K(t − s)f (s) ds +

∫ t

0
K(t − s)R

(
ψ(s)

)
ds(1.2)

has a unique global solution ψ = ψ(·, u, f ) ∈ L2
loc(R+;Cm−). The Volterra square-root pro-

cess satisfies the exponential-affine transformation formula for the Fourier–Laplace transform

E
[
e〈u,Xt 〉+∫ t

0 〈Xt−s ,f (s)〉ds]
= exp

{
〈u,x0〉 +

∫ t

0

〈
f (s), x0

〉
ds +

∫ t

0

〈
x0,R

(
ψ(s)

)〉
ds +

∫ t

0

〈
b,ψ(s)

〉
ds

}
.

(1.3)

Here and below, we let, by slight abuse of notation, 〈z,w〉 :=∑m
i=1 ziwi for z,w ∈C

m. Note
that 〈·, ·〉 does not correspond to the usual inner product on C

m.

1.2. Long-time behavior. Mean-reversion is a commonly accepted stylized fact in
stochastic volatility modeling. Mathematically, this feature may be captured by the notion of
ergodicity for the volatility process, that is, by limit distributions and stationarity. Even more
so, stationarity also plays an important role for statistical inference. Namely, if one makes
discrete time observations, then stationarity guarantees that these samples can be drawn from
the same invariant distribution. Hence, one may estimate the parameters through the invariant
distribution; see, for example, [8] where this was done for the subcritical Heston model. For
other related results and implications for applications, we refer to [6, 7, 30].

It is well known that the classical CIR process (i.e., Example 1.2 with H = 1/2) is mean-
reverting with long-term mean −bβ−1 and speed of mean-reversion β . Mathematically, this
can be justified by studying ergodicity of the process. More precisely, if β < 0, the expected
value satisfies E[Xt ] → b|β|−1 as t →∞ and the process has a unique limiting distribution
π , which is stationary; see also [25, 35] where ergodicity of more general affine processes
on the canonical state space were studied. Convergence results in the stronger total variation
distance, and hence the law-of-large numbers have been studied in [23, 38] for general classes
of affine processes.

In this work, we provide a sufficient condition for the existence of limiting distributions
of the Volterra square-root process. Moreover, we characterize all limiting distributions and
show that each limiting distribution gives rise to a stationary process, hence showing that the
process is indeed mean-reverting. In contrast to the classical CIR process, the limiting distri-
butions of the Volterra square-root process may depend on the initial state x0 (even if m= 1
and β is negative or b = 0). We also characterize the case where the limiting distribution
πx0 actually depends on the initial state x0, and prove that all limiting distributions satisfy
πx0 = πPx0 = π0 ∗ πb=0

Px0
. Here, P is a certain projection operator, and πb=0

Px0
denotes the lim-

iting distribution of the Volterra square-root process with initial state Px0 and b = 0. Our
proof is essentially based on an analysis of the Riccati–Volterra equation (1.2) reformulated
for the Laplace transform. The latter one is more suitable for the cone structure of Rm+; see
Theorem 5.3 and Theorem 5.7.

For the existence of limiting distributions, it suffices to show that the limit t →∞ in (1.3)
exists and is continuous at u = 0 and then to apply Lévy’s continuity theorem as done in
[35]. This requires to show that ψ obtained from (1.2) has additionally global integrability
in time (e.g., ψ ∈ L1(R+;Cm) ∩ L2(R+;Cm)), which is studied in Section 3. However, to
prove the existence of an associated stationary process we cannot rely (in contrast to the
literature) on the use of the Feller semigroup and classical Markovian techniques. In this
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work, we propose an alternative approach based on an extension of the exponential-affine
transformation formula. Namely, we prove in Section 3 that formulas (1.2) and (1.3) can
be extended from (u, f ) to a general class of vector-valued measures μ. This allows us to
effectively track the finite-dimensional distributions of the process. Hence, we can show that
as h →∞, the process (Xh

t )t≥0 defined by Xh
t = Xt+h converges in law to a continuous

process Xstat, which is the desired stationary process. Let us mention that this approach seems
to be new even for classical affine processes.

At this point, it is worthwhile to mention that some of the Markovian methods can be re-
covered once the process is lifted to an infinite-dimensional Markov process described by a
generalized Feller semigroup in the sense of [12]. Such an approach was recently used in [34]
to tacke a similar problem to the one studied in this work. There the authors study a class of
continuous affine Volterra processes on the canonical state-space D = R

n × R
m+ where the

first n-components correspond to the log-asset prices while the last m-components are the
stochastic volatility factors. In this framework, the authors prove under certain subcriticality
conditions on the drift and for fractional kernels of type K(t)= tα−1/�(α) with α ∈ (0,1)

the existence of a stationary process for the Markovian lift. Uniqueness and the characteri-
zation of stationary processes is left open. Finally, applying their result to our setting, that is
n= 0, we see that the volatility factors are essentially one-dimensional rough CIR processes
as given in Example 1.2 with the additional restriction b = 0. Their key method is based on
the observation that uniform boundedness of the first moment translates to uniform bound-
edness of the operator norm of the generalized Feller semigroup, which itself is shown to
be sufficient for the existence of an invariant measure. In contrast, our methods are based
on a detailed study of the Riccati–Volterra equation and allow us to study the multidimen-
sional case for a general class of Volterra kernels K , allowing for b �= 0, and also prove the
uniqueness of stationary processes by providing a characterization of their finite-dimensional
distributions.

Our results are in line with the existing literature on limiting distributions for stochastic
Volterra equations. In [9], the authors studied limiting distributions for Lévy driven Volterra
SPDEs. Using the Markovian lift onto the Filipovic space, they have shown that for kernels
K being elements of the Filipovic space multiple limiting distributions may occur. At the
same time, in [17] an abstract SPDE framework was provided to deal with SPDEs having
multiple limiting distributions. This framework covers the Markovian lift onto the Filipovic
space as well as stochastic delay equations. While both works cover rather general classes
of Volterra stochastic equations, they require that the kernel is sufficiently regular, which
excludes, for example, K(t)= tH−1/2

�(H+1/2)
with H ∈ (0,1), and hence cannot be applied to the

Volterra square-root process.

1.3. Regularity of the law. In the second part of this work, we turn to the study of regu-
larity of the law of Xt for fixed t > 0. This includes absolute continuity of the law as well as
regularity of the density. In the case of classical affine processes, such results can lead to the
strong Feller property of the process (see [22]). We also want to point out that better regu-
larity of the density are known for classical affine processes (see, e.g., (see [18])), where the
authors studied density approximations and their applications in mathematical finance, and
obtained Ck-regularity of the density up to the boundary. It is still unclear whether similar
results can be obtained for affine Volterra processes.

In this work, we prove that, when σ1, . . . , σm > 0 and K satisfies a suitable lower bound,
the distribution of Xt in (1.1) is absolutely continuous with respect to the Lebesgue measure
on R

m++ :=R
m+\∂Rm+, the interior of its state space. Moreover, our proof shows that the den-

sity pt(x) satisfies min{1, x
1/2
1 , . . . , x

1/2
m }pt(x) ∈ Bλ

1,∞(Rm), where Bλ
1,∞(Rm) denotes the

Besov space of order (1,∞) and some λ ∈ (0,1) denoting the regularity of the function. In
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particular, by Sobolev embeddings, the density has some low Lp(Rm)-regularity. Moreover,
assuming that the Hölder increments of K satisfy a global estimate in the spirit of condition
(v) of the admissible parameters (see condition (K)), we also show that the limiting distribu-
tions πx0 are absolutely continuous with respect to the Lebesgue measure on R

m++ and have
the same regularity as the law of Xt with t > 0. For a precise version of this results, we refer
to Section 6.

Our proof is based on a method that was first introduced in [13] and subsequently applied in
[22, 24] to continuous-state branching processes with immigration. While the aforementioned
works aimed to prove existence of a transition density for a Markovian SDE, in this work
we extend this method to Volterra stochastic equations and, additionally, demonstrate that
this method also can be applied for the limiting distributions. Note that our method here is
different from existing methods to study densities of classical affine processes, which are
often based on estimates of the characteristic function; see [18] and [23].

1.4. Application to the Volterra CIR process with a Gamma kernel. In this section, we
briefly state our results when applied to the Volterra Cox–Ingersoll–Ross process with a
Gamma kernel obtained from

Xt = x0 +
∫ t

0
K(t − s)(b+ βXs) ds + σ

∫ t

0
K(t − s)

√
Xs dBs,(1.4)

where K(t) = t
H− 1

2

�(H+ 1
2 )

e−λt , H ∈ (0,1/2), λ,σ, b, x0 ≥ 0, β ∈ R and (Bt )t≥0 is a one-

dimensional Brownian motion. The following is our main result on limiting distributions
and stationarity of the process.

THEOREM 1.3. Let X be obtained from (1.4) and β < λH+1/2. Then the process
(Xt+h)t≥0 converges in law to a continuous stationary process (Xstat

t )t≥0 when h →∞.
Moreover, the finite-dimensional distributions of Xstat have the characteristic function

E
[
e

∑n
j=1〈uj ,Xstat

tj
〉]= exp

(
λH+1/2x0 + b

λH+1/2 − β

(
n∑

k=1

uk + σ 2

2

∫ ∞
0

ψ(s)2 ds

))
,

where 0≤ t1 < · · ·< tn, u1, . . . , un ∈C− and ψ is the unique solution of

ψ(t)=
n∑

j=1

1{t>tn−tj }K
(
t − (tn − tj )

)
uj

+
∫ t

0
K(t − s)

(
βψ(s)+ σ 2

2
ψ(s)2

)
ds.

Moreover, the first moment and the autocovariance function of the stationary process satisfy

E
[
Xstat

t

]= λH+1/2x0 + b

λH+1/2 − β

and if additionally β < 0 and σ > 0, then for 0≤ s ≤ t ,

(1.5) cov
(
Xstat

t ,Xstat
s

)� (t − s)−(H+3/2)e−λ(t−s), t − s →∞.

Here and after, if f,g are positive functions the notation f � g means that there is a posi-
tive constant c such that c−1g ≤ f ≤ cg. As a consequence of our results, we see that the sta-
tionary process Xstat is independent of the initial state x0 if and only if λ= 0. Moreover, since
for H = 1/2 the autocovariance function satisfies cov(Xstat

t ,Xstat
s ) � e−(λ+|β|)(t−s), which
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can be seen by direct computation for the classical CIR process, we find that for λ = 0 the
autocovariance function has a phase transition from power-law to exponential decay when
H ↗ 1/2. Our result implies, in particular, that Xt converges weakly to some limiting distri-
bution πx0 when t →∞, and that its characteristic function is given by the expression in The-
orem 1.3 with n= 1 and ψ being determined from (1.2). Note that in contrast to the classical
CIR case where H = 1/2 and λ= 0, the limiting distribution may satisfy πx0 �= δ0 even when
b = 0. At this point, we would also like to mention the recent work [21], which provides a
heuristic argument on the existence of limit distributions and the form of its Fourier-transform
for the Volterra CIR process.

The following is our main result on the regularity of the law when applied to the Volterra
CIR process with a Gamma kernel.

THEOREM 1.4. Let X be the Volterra CIR process with a Gamma kernel obtained from
(1.4). Suppose that σ > 0. Then the following assertions hold:

(a) There exists some nonnegative function pt ∈ L1(R+) such that

L(Xt)(dx)= P[Xt = 0]δ0(dx)+ pt(x) dx, ∀t > 0.

Let p∗t (x)= 1R+(x)min{1,
√

x}pt(x), then there exists λ ∈ (0,1) and another constant C >

0 independent of t such that for h ∈ [−1,1] and t > 0,∫ ∞
0

∣∣p∗t (x + h)− p∗t (x)
∣∣dx ≤ C|h|λ(1∧ t)−H .

(b) Let πx0 be the limiting distribution of X. Then

πx0(dx)= πx0

({0})δ0(dx)+ ρx0(x) dx

for some 0≤ ρx0 ∈ L1(R+). Letting ρ∗x0
(x)= 1R+(x)min{1,

√
x}ρx0(x), then∫ ∞

0

∣∣ρ∗x0
(x + h)− ρ∗x0

(x)
∣∣dx ≤ C|h|λ, h ∈ [−1,1],

for the same λ as in part (a) and some constant C > 0.

As a consequence, apart from the origin the process X has a density in the interior of the
state space. The above is a special case of our results from Section 6, which are applicable
to arbitrary dimensions and a large class of kernels K . One implication of this regularity is
related with convergence in total variation to the limiting distribution. Indeed, noting that
p∗t −→min{1,

√
x}πx0(x) weakly as t →∞ and that (p∗t )t≥1 ⊂ L1(R+) is relatively com-

pact due to supt≥1 ‖p∗t ‖Bλ
1,∞

<∞, we conclude that p∗t −→ min{1,
√

x}πx0(x) in L1(R+),

and hence in total variation.
These findings motivate us to study boundary nonattainment for the Volterra CIR process

with a Gamma kernel, that is, conditions for P[Xt = 0,∀t > 0] = 1. In the classical case
when H = 1/2 and λ= 0, such problem is related with the Feller condition to be imposed on
σ and b. Its rough analogue is left for future research.

1.5. Structure of the work. This work is organized as follows. In Section 2, we col-
lect some preliminaries for the study of Volterra integral equations. In Section 3, we study
the Riccati–Volterra equation (1.2) and establish some regularity results for its solution
ψ(t, u, f ). In Section 4, we first prove global bounds for the moments of the Volterra square-
root process. Moreover, we show that the Hölder increments are uniformly bounded in L2.
Based on the moment bounds, we prove in Section 5 the weak convergence of the law of Xt

to πx0 when t →∞, construct the stationary process and finally provide a characterization
when πx0 actually depends on x0. In Section 6, we prove for a large class of kernels K that
the distribution of Xt as well as πx0 is absolutely continuous with respect to the Lebesgue
measure on R

m++.
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2. Preliminaries on Volterra integral equations.

2.1. Convolution on R+. For p ∈ [1,∞], we let Lp([0, T ];Cm) be the Banach space of
equivalence classes of functions f : [0, T ] −→ C

m with finite norm ‖f ‖Lp([0,T ]). Similarly,
we define Lp([0, T ];Cn×k) with n, k ∈ N as the Banach space of matrix-valued functions
f : [0, T ] −→ C

n×k , where C
n×k is equipped with the operator norm ‖A‖2 = sup|v|=1 |Av|

with respect to the Euclidean distances on C
n and C

k . We denote by L
p
loc(R+;Cm) = L

p
loc

and L
p
loc(R+;Cn×k) the spaces of locally p-integrable functions.

The m×m identity matrix is denoted by Im. Let ‖ · ‖HS be defined by ‖A‖HS =√tr(A∗A)

be the Hilbert–Schmidt norm on C
m×m. Note that

√
m
−1‖A‖HS ≤ ‖A‖2 ≤ ‖A‖HS and

both norms are submultiplicative in the sense that ‖AB‖2 ≤ ‖A‖2‖B‖2 and ‖AB‖HS ≤
‖A‖HS‖B‖HS. Let T > 0. The convolution of two functions f : [0, T ] −→ C

n×k, g :
[0, T ] −→ C

k×d is defined by f ∗ g(t) = ∫ t
0 f (t − s)g(s) ds for t ∈ [0, T ] with the ma-

trix multiplication under the integral. We frequently use Young’s inequality, which states that
‖f ∗g‖Lr([0,T ]) ≤ ‖f ‖Lp([0,T ])‖g‖Lq([0,T ]) whenever for p,q, r ∈ [1,∞]with 1

p
+ 1

q
= 1

r
+1

the right-hand side is finite.

REMARK 2.1. If f ∈ Lp([0, T ]) and g ∈ Lq([0, T ]) with p,q ∈ [1,∞] such that 1
p
+

1
q
= 1, then f ∗ g is continuous. To see this, set f̃ (x)= f (x)1[0,T ](x), g̃(x)= g(x)1[0,T ](x)

and then apply [37], Lemma 2.20.

We also use the convolution of a function and a measure. Namely, let Mlf be the space
of all Cm-valued set functions μ on R+ for which the restriction μ|[0,T ] with T > 0 is a
C

m-valued finite measure. For μ ∈Mlf and a compact set E ⊂R+ recall that

|μ|(E) := sup

{
N∑

j=1

∣∣μ(Ej )
∣∣ : {Ej }Nj=1 is a measurable partition of E

}
.

Given f ∈ Lp([0, T ];Cm×m) for some p ∈ [1,∞], we define the convolution with μ ∈Mlf

by f ∗μ(t)= ∫[0,t] f (t − s)μ(ds) where t ∈ [0, T ]. It is easy to see that for each p ∈ [1,∞],
‖f ∗ μ‖Lp([0,T ]) ≤ ‖f ‖Lp([0,T ])|μ|([0, T ]). Moreover, if f is continuous on [0, T ] with
f (0)= 0, then f ∗μ is also continuous on [0, T ].

2.2. Volterra integral equations. Let K : R+ −→ C
m×m be locally integrable, that is,

K ∈ L1
loc(R+;Cm×m). Consider for given h ∈ L1

loc(R+;Cm) and B ∈ C
m×m the Volterra

convolution equation

x(t)= h(t)+
∫ t

0
K(t − s)Bx(s) ds.

Note that this equation is equivalent to x+KB ∗ x = h, where KB(t)=−K(t)B . According
to [31], Chapter 2, Theorem 3.5, it has a unique solution x ∈ L1

loc(R+;Cm) given by x =
h−RB ∗ h, where RB ∈ L1

loc(R+;Cm) is the resolvent of the second kind of the kernel KB

defined by the relation

RB ∗KB =KB ∗RB =KB −RB.(2.1)

Note that KB ∈ L1
loc(R+;Cm) guarantees that such a function RB always exists; see [31],

Chapter 2, Theorem 3.1. If the function h is of the form h=K ∗ μ with μ ∈Mlf , then the
unique solution takes the form x =K ∗μ−RB ∗K ∗μ=EB ∗μ, where we have set

EB =K −RB ∗K.(2.2)

Note that EB(−B)=RB .
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REMARK 2.2. By (2.1), (2.2) and Young’s inequality one has RB,EB ∈ L
p
loc(R+;

C
m×m), whenever K ∈ L

p
loc(R+;Cm×m) with p ≥ 1. Moreover, if p ≥ 2 and K is contin-

uous on (0,∞), then RB and EB are also continuous on (0,∞).

REMARK 2.3. If K = Im, then EB(t) = eBt and RB(t) = (−B)eBt . In this case, inte-
grability of EB on R+ is equivalent to B having only eigenvalues with strictly negative real
parts.

3. Analysis of the Riccati–Volterra equation.

3.1. Regularity in time. Here and below, we let ψ ∈ L2
loc(R+;Cm−) benote the unique

solution of (1.2) with u ∈ C
m− and f ∈ L1

loc(R+;Cm−). We use the notation Rβ� and Eβ�,

which are respectively defined by (2.1) and (2.2) with B = β�. Using different methods, we
will later on see that Rβ = (Rβ�)� and Eβ = (Eβ�)�.

LEMMA 3.1. If K ∈ L
p
loc(R+;Rm×m) for some p ∈ [1,∞], then∥∥ψ(·, u, f )

∥∥
Lp([0,T ]) ≤ 2

(|u| + ‖f ‖L1([0,T ])
)‖Eβ�‖Lp([0,T ])

+
(

m∑
i=1

σ 2
i

2

)(|u| + ‖f ‖L1([0,T ])
)2‖Eβ�‖Lp([0,T ])‖Eβ�‖2

L2([0,T ])

for each T > 0. Moreover, if Im(u)= Im(f )= 0, then∥∥ψ(·, u, f )
∥∥
Lp([0,T ]) ≤

(|u| + ‖f ‖L1([0,T ])
)‖Eβ�‖Lp([0,T ]).

PROOF. It follows from the proof of [3], Lemma 6.3, that the real and imaginary
parts of ψ satisfy for each i = 1, . . . ,m the inequalities �i(t) ≤ Re(ψi(t, u, f )) ≤ 0 and
| Im(ψi(t, u, f ))| ≤ hi(t), where the functions �i and hi are the unique global solutions of

hi(t)=Ki(t)
∣∣Im(ui)

∣∣+ ∫ t

0
Ki(t − s)

(∣∣Im(fi(s)
)∣∣+ 〈h(s), βi 〉)ds,

�i(t)=Ki(t)Re(ui)+
∫ t

0
Ki(t − s)

(
Re
(
fi(s)

)+ 〈�(s), βi 〉− σ 2
i

2
hi(s)

2
)

ds

and βi = (β1i , . . . , βmi)
� denotes the ith column of β . Hence, we obtain ‖ψ(·, u,

f )‖Lp([0,T ]) ≤ ‖�‖Lp([0,T ]) + ‖h‖Lp([0,T ]), where � = (l1, . . . , lm)� and h = (h1, . . . , hm)�.
To estimate the right-hand side of the previous inequality, we define for i = 1, . . . ,m,

h0,i (t)=Ki(t)
∣∣Im(ui)

∣∣+ ∫ t

0
Ki(t − s)

∣∣Im(fi(s)
)∣∣ds,

�0,i(t)=Ki(t)Re(ui)+
∫ t

0
Ki(t − s)Re

(
fi(s)

)
ds − σ 2

i

2

∫ t

0
Ki(t − s)hi(s)

2 ds.

Then h(t) = h0(t)+ ∫ t
0 K(t − s)β�h(s) ds and �(t) = �0(t)+ ∫ t

0 K(t − s)β��(s) ds. This
gives h(t)= h0(t)− (Rβ� ∗ h0)(t), and hence

h(t)=Eβ�(t)
(∣∣Im(u1)

∣∣, . . . , ∣∣Im(um)
∣∣)�

+Eβ� ∗
(∣∣Im(f1)

∣∣, . . . , ∣∣Im(fm)
∣∣)�(t).

(3.1)

Likewise we obtain �(t)= �0(t)− (Rβ� ∗ �0)(t), and hence

�(t)=Eβ�(t)Re(u)+Eβ� ∗
(
Re(f )−κ

)
(t),(3.2)
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where κi (t)= σ 2
i

2 hi(t)
2. Young’s inequality yields

‖h‖Lp([0,T ]) ≤ (|u| + ‖f ‖L1([0,T ])
)‖Eβ�‖Lp([0,T ])

and

‖�‖Lp([0,T ]) ≤ (|u| + ‖f ‖L1([0,T ]) + ‖κ‖L1([0,T ])
)‖Eβ�‖Lp([0,T ]).(3.3)

Estimating

‖κ‖L1([0,T ]) ≤
(

m∑
i=1

σ 2
i

2

)
‖h‖2

L2([0,T ])

≤
(

m∑
i=1

σ 2
i

2

)(|u| + ‖f ‖L1([0,T ])
)2‖Eβ�‖2

L2([0,T ])

readily yields the first assertion. For the second assertion, note that Im(u)= Im(f )= 0 im-
plies Im(ψ)= h= 0, and hence �(t)=Eβ�(t)u+Eβ� ∗ f (t). The second estimate is now a
consequence of Young’s inequality. �

The next result proves the continuity of ψ under the condition f ∈L2
loc.

THEOREM 3.2. If f ∈ L2
loc(R+;Cm−), then ψ ∈ C((0,∞);Cm−). Moreover, if for each

T > 0 there exists a nonnegative and nonincreasing function vT ∈ L1([0, T ]) ∩ C((0,∞)),
and α ∈ (0,1] such that∥∥K(t)−K(s)

∥∥
HS ≤ vT (s)|t − s|α, 0 < s < t ≤ T ,

then ψ ∈ C
α∧(γ /2)
loc ((0,∞);Cm−), where γ is given in assumption (v) of admissible parame-

ters.

PROOF. Using representation (1.2), it suffices to show that each term on the right-hand
side of (1.2) is continuous on (0,∞). Since f,K ∈ L2

loc(R+), Remark 2.1 yields that K ∗
f ∈ C([0,∞)), and since K is continuous on (0,∞), it suffices to show that K ∗ R(ψ) is
also continuous on (0,∞). The latter one follows from Lemma A.1 applied to k = Ki and
g =Ri(ψ) with i = 1, . . . ,m once we have shown that ψ is essentially bounded on [t0, T ] for
all 0 < t0 < T . Using the proof of Lemma 3.1, we get |ψ(t)| ≤ |Re(ψ(t))| + | Im(ψ(t))| ≤
|�(t)| + |h(t)| where h is given by (3.1) and � is the unique solution of (3.2). It suffices
to prove that �,h are continuous on (0,∞). Since Eβ� is continuous on (0,∞) and since
Eβ�, (| Im(f1(s))|, . . . , | Im(fm(s))|)� ∈ L2

loc(R+), formula (3.1) combined with Remark 2.1
yields that h is continuous on (0,∞). Likewise, since K is continuous on (0,∞) and since
K,f ∈ L2

loc(R+), we see that the first two terms in (3.2) are continuous on (0,∞). Since
� ∈ L2

loc(R+) by (3.3) and K ∈ L2
loc(R+), Remark 2.1 implies that the third term in (3.2)

is continuous on [0,∞). Finally, t 	−→ ∫ t
0 Ki(t − s)hi(s)

2 ds is continuous on (0,∞) by
Lemma A.1 from the Appendix. This proves that ψ is continuous on (0,∞).

Next, we prove local Hölder continuity. Let s, t ∈ (0, T ] be such that s < t . Then |ψ(t)−
ψ(s)| ≤ I1 + I2 + I3 + I4 with I1 = ‖K(t)−K(s)‖HS|u| ≤ vT (s)|u||t − s|α ,

I2 =
∫ s

0

∥∥K(t − r)−K(s − r)
∥∥

HS

∣∣f (r)
∣∣dr +

∫ t

s

∥∥K(t − r)
∥∥

HS

∣∣f (r)
∣∣dr,

I3 =
∫ s

0

∥∥K(t − r)−K(s − r)
∥∥

HS

∣∣R(ψ(r)
)∣∣dr,

I4 =
∫ t

s

∥∥K(t − r)
∥∥

HS

∣∣R(ψ(r)
)∣∣dr.
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For I2, we use assumption (v) from the admissible parameters to find that I2 ≤ (C1 +
C2(T ))‖f ‖L2([0,T ])(t − s)γ /2. For I3, we use |R(ψ)| ≤ C(1 + |ψ |2) to find that I3 ≤
C(t − s)α

∫ s
0 vT (s − r)(1 + |ψ(r)|2) dr . Since 1 + |ψ |2 ∈ L1

loc(R+) ∩ L∞loc((0,∞)), it fol-
lows from Lemma A.1 that the convolution on the right-hand side defines a continuous func-
tion in s ∈ (0,∞). Finally, for I4 we obtain I4 ≤ C(1+ ‖ψ‖2

L∞([s,T ]))
∫ t
s ‖K(t − r)‖HS ds ≤

C(1+ ‖ψ‖2
L∞([s,T ]))(t − s)γ /2. Collecting all estimates proves the assertion. �

REMARK 3.3. Suppose that f ∈ L
3/2
loc (R+;Cm−), K ∈ L3

loc(R+), and there exists γ ′ ∈
(0,1] such that for each T > 0 there exists C(T ) > 0 with∫ T

0

∥∥K(r + h)−K(r)
∥∥3

HS dr +
∫ h

0

∥∥K(r)
∥∥3

HS dr ≤ C(T )h3γ ′(3.4)

for h ∈ (0,1]. Then for u = 0, we have ψ ∈ C
γ ′
loc([0,∞);Cm−), while for u �= 0 and K ∈

Cα
loc((0,∞)) we have ψ ∈C

α∧γ ′
loc ((0,∞);Cm−).

PROOF. For 0 ≤ s < t , we find that |ψ(t) − ψ(s)| ≤ I1 + I2 + I3 + I4 with I1, . . . , I4
as above. Now I1 = 0, I2 ≤ C(T )‖f ‖L3/2([0,T ])(t − s)γ

′
, and using (3.4) we have I3 + I4 ≤

2(t − s)γ
′‖R(ψ)‖L3/2([0,T ]), where R(ψ) ∈ L

3/2
loc due to |R(ψ)| ≤ C(1+ |ψ |2) and ψ ∈ L3

loc

by Lemma 3.1 with p = 3. This proves ψ ∈ C
γ ′
loc([0,∞);Cm−). Moreover, if u �= 0 and

K ∈ Cα
loc((0,∞)), then I1 ≤ CT (t − s)α for 0 < s < t ≤ T , which proves the second as-

sertion. �

EXAMPLE 3.4. Let m = 1 and K(t) = tH−1/2

�(H)
with H ∈ (0,1/2). Then the conditions

of Theorem 3.2 are satisfied for vT (s) = CT min{1, s2H−1} and α = 1
2 − H . Hence, ψ ∈

C
H∧(1/2−H)
loc ((0,∞);C−), provided that f ∈ L2

loc(R+;C−). Moreover, if H ∈ (1/6,1/2),

then K ∈ L3
loc(R+) and (3.4) holds for γ ′ =H − 1/6, and hence ψ ∈ C

H−1/6
loc ([0,∞),C−)

if u= 0.

Repeating the above proofs for the components ψj , j = 1, . . . ,m, we may also obtain
Hölder continuity for ψ with kernels with different H1, . . . ,Hm.

REMARK 3.5. Let K(t) = diag( tH1−1/2

�(H1)
, . . . , tHm−1/2

�(Hm)
) with H1, . . . ,Hm ∈ (0,1/2), u ∈

C
m− and f ∈ L2

loc(R+;Cm−). Then ψj ∈ C
Hj∧(1/2−Hj )

loc ((0,∞);Cm−), and if Hj > 1/6 and

u= 0 then ψj ∈C
Hj−1/6
loc ([0,∞),Cm−). Details are left for the reader.

In order to extend the affine transformation formula toward measures, it is convenient to
use compactness arguments in Lp([0, T ]). For this purpose, we prove explicit bounds on the
fractional Sobolev norm of ψ(·, u, f ). Given p ≥ 2 and η ∈ (0,1), let Wη,p([0, T ]) be the
Banach space of equivalence classes of functions g : [0, T ] −→C

m with finite norm

‖g‖Wη,p([0,T ]) =
(∫ T

0

∣∣g(t)
∣∣p dt +

∫ T

0

∫ T

0

|g(t)− g(s)|p
|t − s|1+ηp

ds dt

)1/p

.

Finally, define

[K]η,p,T =
(∫ T

0
t−ηp

∥∥K(t)
∥∥p

2 dt +
∫ T

0

∫ T

0

‖K(t)−K(s)‖p
2

|t − s|1+ηp
ds dt

)1/p

.
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EXAMPLE 3.6. The kernel K(t)= tH−1/2

�(H+1/2)
e−λt Im with H ∈ (0,1/2) and λ ≥ 0 satis-

fies [K]η,p,T <∞ for each T > 0, p = 2, and η ∈ (0,H), [2].

The following is our second regularity result in t for the solution of (1.2).

THEOREM 3.7. If [K]η,p,T <∞ for p ≥ 2, η ∈ (0,1) and T > 0, then∥∥ψ(·, u, f )
∥∥
Wη,p([0,T ])

≤ ∥∥ψ(·, u, f )
∥∥
Lp([0,T ])

+C
(
1+ [K]η,p,T

)(
1+ |u| + ‖f ‖L1([0,T ]) +

∥∥ψ(·, u, f )
∥∥2
L2([0,T ])

)
,

where the constant C only depends on T ,p,m,β,σ .

PROOF. Here and below, we let C be a generic constant independent of u and f .
Let I1, I2, I3 be the same as in the proof of Theorem 3.2. Then we obtain |ψ(t, u, f ) −
ψ(s,u,f )|p ≤ CI

p
1 + CI

p
2 + CI

p
3 for 0 ≤ s < t ≤ T . It is easy to see that I

p
1 ≤ ‖K(t) −

K(s)‖p
2 |u|p . Let g(r) := |R(ψ(r,u, f )|. Then

I
p
3 ≤C

(∫ t

s

∥∥K(t − r)
∥∥

2g(r) dr

)p

+C

(∫ s

0

∥∥K(t − r)−K(s − r)
∥∥

2g(r) dr

)p

≤C
(
1+ ‖ψ‖2p−2

L2([0,T ])
)(∫ t

s

∥∥K(t − r)
∥∥p

2 g(r) dr

)
+C

(
1+ ‖ψ‖2p−2

L2([0,T ])
)(∫ s

0

∥∥K(t − r)−K(s − r)
∥∥p

2 g(r) dr

)
,

where we have used
∫ T

0 g(r) dr ≤ C(1 + ‖ψ‖2
L2([0,T ])) due to |R(u)| ≤ C(1 + |u|2), and

the inequality (
∫ b
a h(r)g(r) dr)p ≤ (

∫ b
a g(r) dr)p−1 ∫ b

a h(r)pg(r) dr for h≥ 0 and 0≤ a < b.
Thus, we obtain∫ T

0

∫ T

0

I
p
3

|t − s|1+ηp
ds dt

≤ C
(
1+ ‖ψ‖2p−2

L2([0,T ])
) ∫ T

0

∫ t

0

∫ t

s

‖K(t − r)‖p
2

|t − s|1+ηp
g(r) dr ds dt

+C
(
1+ ‖ψ‖2p−2

L2([0,T ])
) ∫ T

0

∫ t

0

∫ s

0

‖K(t − r)−K(s − r)‖p
2

|t − s|1+ηp
g(r) dr ds dt(3.5)

≤ C
(
1+ ‖ψ‖2p−2

L2([0,T ])
)[K]η,p,T

(∫ T

0
g(r) dr

)
≤ C

(
1+ [K]pη,p,T

)(
1+ ‖ψ‖2p

L2([0,T ])
)
,

where in (3.5) we have used Fubini’s theorem to get∫ T

0

∫ t

0

∫ t

s

‖K(t − r)‖p
2

|t − s|1+ηp
g(r) dr ds dt ≤ (ηp)−1[K]η,p,T

(∫ T

0
g(r) dr

)
.

Repeating the above arguments for I2, we obtain∫ T

0

∫ T

0

I
p
2

|t − s|1+ηp
ds dt ≤ C

(
1+ [K]pη,p,T

)(
1+ ‖f ‖p

L1([0,T ])
)
.
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In view of these estimates, we obtain∫ T

0

∫ T

0

|ψ(t, u, f )−ψ(s,u,f )|p
|t − s|1+ηp

ds dt

≤C|u|p
∫ T

0

∫ T

0

‖K(t)−K(s)‖p
2

|t − s|1+ηp
ds dt

+C
(
1+ [K]pη,p,T

)(
1+ ‖f ‖p

L1([0,T ]) + ‖ψ‖
2p

L2([0,T ])
)

≤C
(
1+ [K]pη,p,T

)(
1+ |u|p + ‖f ‖p

L1([0,T ]) + ‖ψ‖
2p

L2([0,T ])
)
.

In view of Lemma 3.1, the assertion is proved. �

3.2. Extension to measure convolutions. Let M−
lf ⊂Mlf be the subset of C

m-valued
set functions μ ∈Mlf , which satisfy Re(μ) ≤ 0. Below we extend the affine formula from
(u, f ) ∈ C

m− × L1
loc(R+;Cm−) to (u,μ) ∈ C

m− ×M−
lf . The latter one provides us the key

tool to explicitly identify the finite-dimensional distributions of the stationary process via a
Volterra–Riccati-type equation (see Section 5).

LEMMA 3.8. For each μ ∈M−
lf , there exists (fn)n≥1 ⊂ L1

loc(R+;Cm−) such that:

(i) ‖fn‖L1([0,T ]) ≤ |μ|([0, T ]) for each T > 0;
(ii) For each T > 0, p ≥ 1 and g ∈ Lp([0, T ];Cm), one has g� ∗ fn → g� ∗ μ in

Lp([0, T ]);
(iii) For each T > 0 and each g ∈ C([0, T ];Cm) with g(0)= 0, one has

lim
n→∞

∫ t

0

〈
g(t − s), fn(s)

〉
ds =

∫
[0,t]

〈
g(t − s),μ(ds)

〉
pointwise for each t ∈ [0, T ].

PROOF. Let ρn(t) = ne−nt , t ≥ 0 and define fn(t) = ∫
[0,t] ρn(t − s)μ(ds). Then

Re(fn) ≤ 0 and ‖fn‖L1([0,T ]) ≤ |μ|([0, T ]). Classical results from Fourier analysis (see
[37], Theorem 2.16) shows that ρn ∗ h → h in Lp if h ∈ Lp . The assertion (ii) now
follows from gi ∗ fn,i = gi ∗ ρn ∗ μi = ρn ∗ (gi ∗ μi), i = 1, . . . ,m. Let us turn to
(iii). First, for t = 0, the desired convergence is true due to g(0) = 0. Suppose t > 0.
We note that

∫ t
0 gi(t − s)fn,i(s) ds = ∫

[0,t) gi ∗ ρn(t − s)μi(ds), where we have used
(gi ∗ ρn)(0)μi({t}) = 0. By dominated convergence, the right-hand side of the last equal-
ity converges to

∫
[0,t) gi(t − s)μi(ds), since gi ∗ ρn(t − s)→ gi(t − s) for each s ∈ [0, t) as

n→∞. Hence,

lim
n→∞

∫ t

0
gi(t − s)fn,i(s) ds =

∫
[0,t)

gi(t − s)μi(ds)=
∫
[0,t]

gi(t − s)μi(ds),

which proves the assertion (iii). �

REMARK 3.9. If μ is nonatomic, that is, μ({t})= 0 holds for each t ≥ 0, then the addi-
tional assumption g(0)= 0 can be omitted.

The next result extends (1.2) to measures μ ∈M−
lf .

THEOREM 3.10. Suppose there exist p ≥ 2 and η ∈ (0,1) such that [K]η,p,T <∞ for
each T > 0. Then the following assertions hold:
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(a) For each μ ∈M−
lf , there exists a unique L2

loc(R+;Cm−)-valued solution

ψ(t,μ)=
∫
[0,t]

K(t − s)μ(ds)+
∫ t

0
K(t − s)R

(
ψ(s,μ)

)
ds.(3.6)

(b) For each q ∈ [1,p], this unique solution satisfies∥∥ψ(·,μ)
∥∥
Lq([0,T ]) ≤ 2|μ|([0, T ])‖Eβ�‖Lq([0,T ])

+
(

m∑
i=1

σ 2
i

2

)
|μ|([0, T ])2‖Eβ�‖Lq([0,T ])‖Eβ�‖2

L2([0,T ])

and if Im(μ)= 0, then even∥∥ψ(·,μ)
∥∥
Lq([0,T ]) ≤ |μ|

([0, T ])‖Eβ�‖Lq([0,T ]).

Finally, there exists a constant C independent of μ such that∥∥ψ(·,μ)
∥∥
Wη,p([0,T ]) ≤

∥∥ψ(·,μ)
∥∥
Lp([0,T ])

+C
(
1+ [K]η,p,T

)(
1+ |μ|([0, T ])+ ∥∥ψ(·,μ)

∥∥2
L2([0,T ])

)
.

(c) If p ≥ 3, then the function ψ(·,μ) is continuous at each t0 ≥ 0 for which the convo-
lution K ∗μ(·) is continuous at t0.

PROOF. Let (fn)n≥1 ⊂ L1
loc(R+;Cm−) be a sequence of functions as given in Lemma 3.8.

Let ψn = ψ(·,0, fn) be the sequence of unique solutions of (1.2). Fix T > 0. Then using
Lemma 3.1 and Lemma 3.8(i), we obtain for each q ∈ [1,p],∥∥ψ(·,0, fn)

∥∥
Lq([0,T ]) ≤ 2|μ|([0, T ])‖Eβ�‖Lq([0,T ])

+
(

m∑
i=1

σ 2
i

2

)
|μ|([0, T ])2‖Eβ�‖Lq([0,T ])‖Eβ�‖2

L2([0,T ]),

and if Im(μ) = 0, then ‖ψ(·,0, fn)‖Lq([0,T ]) ≤ |μ|([0, T ])‖Eβ�‖Lq([0,T ]). Hence, Theo-
rem 3.7 combined with Lemma 3.8(i) implies that∥∥ψ(·,0, fn)

∥∥
Wη,p([0,T ]) ≤

∥∥ψ(·,0, fn)
∥∥
Lp([0,T ])

+C
(
1+ [K]η,p,T

)(
1+ |μ|([0, T ])+ ∥∥ψ(·,0, fn)

∥∥2
L2([0,T ])

)
.

In view of the Lq -estimates on ψ(·,0, fn) and Remark 2.2, the right-hand side is bounded
in n. Since the ball {g ∈ Lp([0, T ]) : ‖g‖Wη,p([0,T ]) ≤ R} with R > 0 is relatively com-
pact in Lp([0, T ];Cm) (see [19], Theorem 2.1), we find a subsequence (fnk

)k≥1 such that
ψ(·,0, fnk

) −→ ψ in Lp([0, T ];Cm). Further, we can choose a subsubsequence, still de-
noted by (fnk

), such that ψ(·,0, fnk
) converges almost surely to ψ on [0, T ]. Taking the

limit k→∞ and using the lemma of Fatou proves the estimates from part (b).
Next, we show that ψ = ψ(·,μ) is a solution of (3.6) on [0, T ]. Since ψnk

→ ψ and
K ∗ fnk

−→ K ∗ μ in Lp([0, T ];Cm), it suffices to show that K ∗ R(ψnk
) −→ K ∗ R(ψ)

holds in Lp([0, T ];Cm). For this purpose, we first use Young’s inequality, then

(3.7)
∣∣R(u)−R(v)

∣∣≤ C
(
1+ |v| + |u|)|u− v|,

and finally the Cauchy–Schwarz inequality to find that∥∥K ∗R(ψnk
)−K ∗R(ψ)

∥∥
Lp([0,T ])

≤ C‖K‖Lp([0,T ])
(
1+ ‖ψnk

‖L2([0,T ]) + ‖ψ‖L2([0,T ])
)‖ψnk

−ψ‖L2([0,T ]).
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Since the right-hand side converges to zero, we find that ψ is a global solution of (3.6). Noting
that (3.7) holds and that K ∗μ ∈ L2

loc(R+;Cm), [3], Theorem B.1, implies that this equation
has a unique maximal solution. Since ψ is a global solution, the unique maximal solution is
defined on all R+ and coincides with ψ . This proves part (a).

To prove part (c), in view of (3.6), it suffices to show that K ∗ R(ψ) is continuous on
R+. The latter one is true, if K ∈ L3

loc and R(ψ) ∈ L
3/2
loc , which holds true due to |R(ψ)| ≤

C(1+ |ψ |2) and ψ ∈ L
3/2
loc . This proves part (c). �

Finally, we extend the exponential-affine transformation formula.

COROLLARY 3.11. Let (b,β,σ,K) be admissible parameters and suppose there exist
p ≥ 2 and η ∈ (0,1) such that [K]η,p,T <∞ for each T > 0. Then

E
[
e
∫
[0,t]〈Xt−s ,μ(ds)〉]
= exp

{〈
x0,μ

([0, t])〉+ ∫ t

0

〈
x0,R

(
ψ(s,μ)

)〉
ds +

∫ t

0

〈
b,ψ(s,μ)

〉
ds

}

= exp

{∫
[0,t]

〈
E[Xt−s],μ(ds)

〉+ m∑
i=1

σ 2
i

2

∫ t

0
E[Xi,t−s]ψi(s,μ)2 ds

}

hold for each μ ∈M−
lf , where ψ denotes the unique solution of (3.6).

PROOF. For the first equality, we let fnk
,ψnk

be the same as in the proof of Theo-
rem 3.10. Then

E
[
e
∫ t

0 〈Xs−x0,fnk
(t−s)〉ds]= exp

{∫ t

0

〈
x0,R

(
ψnk

(s)
)〉

ds +
∫ t

0

〈
b,ψnk

(s)
〉
ds

}
.(3.8)

Using Lemma 3.8(iii) for g(s)=Xs − x0 gives
∫ t

0 〈Xs − x0, fnk
(t − s)〉ds −→ ∫

[0,t]〈Xt−s −
x0,μ(ds)〉 pointwise, and hence dominated convergence combined with the L2-convergence
of ψnk

implies that we can pass to the limit in (3.8). For the second identity, first observe that

E
[
e
∫ t

0 〈Xs−x0,fnk
(t−s)〉ds]

= exp

{∫ t

0

〈
E[Xt−s] − x0, fnk

(s)
〉
ds +

m∑
i=1

σ 2
i

2

∫ t

0
E[Xi,t−s]ψi,n(s)

2 ds

}

holds by [3], equations (4.5), (4.7). It suffices to show that the right-hand side converges
to the desired limit as n→∞. Since g(r)= E[Xr ] − x0 is continuous (see (4.3) below) and
g(0)= 0, by Lemma 3.8(iii), we find limk→∞

∫ t
0 〈E[Xt−s]−x0, fnk

(s)〉ds = ∫[0,t]〈E[Xt−s]−
x0,μ(ds)〉. For the second term, we note that∣∣∣∣∫ t

0
E[Xi,t−s]ψi,n(s)

2 ds −
∫ t

0
E[Xi,t−s]ψi(s)

2 ds

∣∣∣∣
≤ sup

s∈[0,t]
E[Xi,s]

(
sup
k≥1

‖ψnk
‖L2([0,T ]) + ‖ψ‖L2([0,T ])

)
‖ψnk

−ψ‖L2([0,T ]),

which tends to zero as k →∞. Here, we used the fact that sups∈[0,t]E[Xi,s] < ∞ due to
[3]. �
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3.3. Stability in the admissible parameters. As a particular application of our results, we
show that the Volterra square-root process depends continuously on the admissible parame-
ters (b,β,σ,K).

THEOREM 3.12. Let (b,β,σ,K), (b,β(n), σ (n),K(n)) be admissible parameters with
the properties (i) β(n) −→ β; (ii) σ (n) −→ σ ; (iii) there exists p ≥ 2 such that ‖K(n) −
K‖Lp([0,T ]) −→ 0 for each T > 0; (iv) there exists η ∈ (0,1) with [K]η,p,T +
supn≥1[K(n)]η,p,T < ∞ for each T > 0. For μ,μ(n) ∈M−

lf , let ψ and ψn be the corre-

sponding unique solutions of (3.6). Suppose that |μ(n) − μ|([0, T ]) −→ 0 for each T > 0.
Then

lim
n→∞‖ψn −ψ‖Lp([0,T ]) = 0.

PROOF. Since β(n), σ (n) converge, they are bounded. Similarly, we have
supn≥1 ‖K(n)‖L2([0,t]) <∞ for each T > 0. Noting that K(n)(β(n))� →Kβ� in Lp([0, T ])
for each T > 0, by [31], Theorem 2.3.1, we also obtain supn≥1 ‖R(n)

(β(n))�‖L1([0,T ]) <∞. In

view of the definition in (2.2), we thus get supn≥1 ‖E(n)

(β(n))�‖Lp([0,T ]) <∞ by Young’s in-
equality. Moreover, the particular form of the inequalities in Theorem 3.10(b) as well as the
constant C imply supn≥1 ‖ψn‖Lp([0,T ]) <∞ and subsequently supn≥1 ‖ψn‖Wη,p([0,T ]) <∞.
Hence (ψn)n∈N ⊂ Lp([0, T ];Cm−) is relatively compact. Let ψ̃ be the limit for some sub-
sequence ψnk

. If we can show that ψ̃ is a solution of (3.6), by uniqueness, we must have
ψ = ψ̃, and thus the convergence ‖ψn − ψ‖Lp([0,T ]) = 0 as n→∞, since the convergent
subsequence is arbitrarily chosen.

Next, we show that ψ̃ is a solution of (3.6), that is, ψ̃ = K ∗ μ + K ∗ R(ψ̃). Noting

that ψn =K(n) ∗ μ(n) +K(n) ∗ R(n)(ψn) with R
(n)
i (u)= 〈u,βi,(n)〉 + (σ

(n)
i )2

2 u2
i and βi,(n) =

(β
(n)
1i , . . . , β

(n)
mi )�, it suffices to show that

lim
n→∞

∥∥K(n) ∗μ(n) +K(n) ∗R(n)(ψn)−K ∗μ−K ∗R(ψ̃)
∥∥
Lp([0,T ]) = 0.

Using the properties (i)–(iv) combined to similar estimates to the proofs of previous sections,
it is not difficult to see that this convergence is satisfied. The details are left to the reader. �

Consequently, we can now prove that the law of the Volterra square-root process depends
continuously on the parameters.

COROLLARY 3.13. Let (b,β,σ,K), (b(n), β(n), σ (n),K(n)) be admissible parameters
with the properties (i)–(iv) from Theorem 3.12, and b(n) −→ b. Let X and Xn be the Volterra
square-root processes with admissible parameters (b,β,σ,K) and (b(n), β(n), σ (n),K(n))

starting from the same initial state. Then the law of X(n) on C(R+;Rm+) converges weakly to
that of X.

PROOF. For μ ∈M−
lf , let ψ and ψn be the corresponding unique solutions of (3.6).

Let R(n) be the same as in the proof of Theorem 3.12, where we implicitly showed that
R(n)(ψn)→ R(ψ) in L1([0, T ]). Then using ψn → ψ in Lp([0, T ]) and the first identity in
Corollary 3.11, we find that

lim
n→∞E

[
e
∫
[0,T ]〈Xn

t−s ,μ(ds)〉]= E
[
e
∫
[0,T ]〈Xt−s ,μ(ds)〉].

In particular, letting μ(ds) =∑n
j=1 ujδtj (ds) with u1, . . . , un ∈ C

m−, and 0 ≤ t1 < · · · < tn
shows that the finite-dimensional distributions of Xn are convergent to those of X. Arguing
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as in the proof of [3], Lemma A.1, we also know that Xn is tight in C(R+;Rm+). So, for any
subsequence of Xn, it has a subsequence converging in law to X. This proves that the law of
X(n) on C(R+;Rm+) converges weakly to that of X. �

3.4. Differentiability in the initial condition. In this section, we study continuity and
differentiability of ψ with respect to the initial condition μ.

THEOREM 3.14. Suppose there exist p ≥ 2 and η ∈ (0,1) such that [K]η,p,T <∞ for
each T > 0. Then for each pair of μ,ν ∈M−

lf , there exists a constant C(T ,p) > 0 such that∥∥ψ(·,μ+ εν)−ψ(·,μ)
∥∥
Lp([0,T ]) ≤ C(T ,p)ε.

PROOF. Note that �ε(t) :=ψ(t,μ+ εν)−ψ(t,μ) satisfies

�ε(t)= ε(K ∗ ν)(t)+
∫ t

0
K(t − s)

(
R
(
ψ(s,μ+ εν)

)−R
(
ψ(s,μ)

))
ds.

Hence, we obtain from (3.7) that∣∣�ε(t)
∣∣2 ≤ 2ε2∣∣K ∗ ν(t)

∣∣2 +C(μ,ν)

∫ t

0

∥∥K(t − s)
∥∥2

2

∣∣�ε(s)
∣∣2 ds,

where

C(μ,ν)= 6C2
(
1+ sup

ε∈(0,1)

∥∥ψ(·,μ+ εν)
∥∥2
L2([0,T ]) +

∥∥ψ(·,μ)
∥∥2
L2([0,T ])

)
is finite due to Theorem 3.10. Now let R̃ ∈ L

p/2
loc ([0, T ];R) be the resolvent of the second

kind of −C(μ,ν)‖K̃(·)‖2
2 ∈ L

p/2
loc ([0, T ];R). Using [31], Proposition 9.8.1, we find R̃ ≤ 0.

Hence, a Volterra analogue of the Gronwall inequality (see [2], Theorem A.2) gives∣∣�ε(t)
∣∣2 ≤ 2ε2∣∣K ∗ ν(t)

∣∣2 + 2ε2
∫ t

0

∣∣R̃(t − s)
∣∣∣∣K ∗ ν(s)

∣∣2 ds.

This gives

‖�ε‖Lp([0,T ])

≤ 2ε‖K‖Lp([0,T ])|ν|([0, T ])+ 2ε‖R̃‖1/2
Lp/2([0,T ])‖K‖L2([0,T ])|ν|

([0, T ]),
and hence proves the assertion. �

Next, we prove differentiability in μ.

THEOREM 3.15. Suppose there exist p ≥ 2 and η ∈ (0,1) such that [K]η,p,T <∞ for
each T > 0. Then for all μ,ν ∈M−

lf the limit

lim
ε→0

ψ(·,μ+ εν)−ψ(·,μ)

ε
=Dνψ(·,μ)

exists in Lp([0, T ];Cm) for each T > 0. This limit satisfies

Dνψ(t,μ)=
∫
[0,t]

K(t − s)ν(ds)+
∫ t

0
K(t − s)(DR)

(
ψ(s,μ)

)
Dνψ(s,μ)ds,(3.9)

where DR(x)= β� + 1
2 diag(σ 2

1 x1, . . . , σ
2
mxm).
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PROOF. Note that G(s) = (DR)(ψ(s,μ)) satisfies G ∈ L2
loc(R+;Cm×m). Letting

p(t, x) = x and noting that K ∗ ν ∈ L2
loc(R+;Cm×m), we may apply [3], Theorem B, to

find a unique solution f ∈ L2
loc(R+;Cm) of f =K ∗ ν +K ∗ (Gp(·, f )). By definition, this

solution is precisely the unique solution of (3.9), that is, f =Dνψ(·,μ).
It suffices to show that limε→0 ‖�ε(·) − Dνψ(·,μ)‖Lp([0,T ]) = 0, where �ε(t) :=

ε−1(ψ(t,μ+ εν)−ψ(t,μ)). To prove this, first note that

�ε(t)= (K ∗ ν)(t)

+
∫ t

0
K(t − s)

(∫ 1

0
(DR)

(
τψ(s,μ+ εν)+ (1− τ)ψ(s,μ)

)
dτ

)
�ε(s) ds.

Hence, by using ‖DR(x)‖2 ≤ C(1+ |x|) and ‖DR(u)−DR(v)‖2 ≤ C|u− v|, we obtain∣∣�ε(t)−Dνψ(t,μ)
∣∣

≤
∫ t

0

∥∥K(t − s)
∥∥

2

∫ 1

0

∥∥(DR)
(
τψ(s,μ+ εν)+ (1− τ)ψ(s,μ)

)
− (DR)

(
ψ(s,μ)

)∥∥
2 dτ

∣∣Dνψ(s,μ)
∣∣ds

+
∫ t

0

∥∥K(t − s)
∥∥

2

∫ 1

0

∥∥(DR)
(
τψ(s,μ+ εν)

+ (1− τ)ψ(s,μ)
)∥∥

2 dτ
∣∣�ε(s)−Dνψ(s,μ)

∣∣ds

≤ C

∫ t

0

∥∥K(t − s)
∥∥

2

∣∣ψ(s,μ+ εν)−ψ(s,μ)
∣∣∣∣Dνψ(s,μ)

∣∣ds

+C

∫ t

0

∥∥K(t − s)
∥∥

2

(
1+ ∣∣ψ(s,μ+ εν)

∣∣+ ∣∣ψ(s,μ)
∣∣)∣∣�ε(s)−Dνψ(s,μ)

∣∣ds.

After a short computation, we obtain∣∣�ε(t)−Dνψ(t,μ)
∣∣2

≤ ∥∥ψ(·,μ+ εν)−ψ(·,μ)
∥∥2
L2([0,T ])f (t)+

∫ t

0
k(t − s)

∣∣�ε(s)−Dνψ(s,μ)
∣∣2 ds

with

k(t)= 8C
(
1+ ∥∥ψ(·,μ)

∥∥2
L2([0,T ]) + sup

ε∈(0,1)

∥∥ψ(·,μ+ εν)
∥∥2
L2([0,T ])

)∥∥K(t)
∥∥2

2

and f (t)= 2C
∫ t

0 ‖K(t − s)‖2
2|Dνψ(s,μ)|2 ds. Let R̃ ∈ L1

loc(R+;R) be the resolvent of the
second kind for k. Arguing as in the proof of Theorem 3.14 gives∣∣�ε(t)−Dνψ(t,μ)

∣∣2 ≤ ∥∥ψ(·,μ+ εν)−ψ(·,μ)
∥∥2
L2([0,T ])f (t)

+ ∥∥ψ(·,μ+ εν)−ψ(·,μ)
∥∥2
L2([0,T ])

∫ t

0

∣∣R̃(t − s)
∣∣f (s) ds.

Hence, we obtain∥∥�ε −Dνψ(·,μ)
∥∥
Lp([0,T ])

≤ C
∥∥ψ(·,μ+ εν)−ψ(·,μ)

∥∥
L2([0,T ])

· (‖K‖Lp([0,T ])
∥∥Dνψ(·,μ)

∥∥
L2([0,T ]) + ‖R̃‖1/2

L1([0,T ])‖f ‖
1/2
Lp/2([0,T ])

)
.

The assertion now follows from Theorem 3.14. �
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REMARK 3.16. By inspection of the proof, one can see that the above results hold true
for μ= uδ0 with u ∈C

m− without assuming [K]η,p,T <∞.

COROLLARY 3.17. Let X be the Volterra square-root process with admissible parame-
ters (b,β,σ,K) and initial state x0 ∈R

m+. Then

E[Xt ] =
(
Im +

∫ t

0

(
Eβ�(s)

)�
β ds

)
x0 +

(∫ t

0

(
Eβ�(s)

)�
ds

)
b.

PROOF. Taking μ = uδ0 with u ∈ C
m− and then noting ψ(s,0) = 0, we find for

Duψ(t,0) :=Dμψ(t,0) that Duψ(t,0) =K(t)u+ ∫ t
0 K(t − s)β�Duψ(s,0) ds, where we

have used DR(0) = β�. Solving this linear Volterra equation gives Dμψ(t,0) = (Eβ� ∗
μ)(t)=Eβ�(t)u. Hence, we obtain

E
[〈u,Xt 〉]= d

dε

∣∣∣∣
ε=0

E
[
e〈Xt ,εu〉]

= 〈u,x0〉 +
∫ t

0

〈
x0, (DR)(0)Duψ(s,0)

〉
ds +

∫ t

0

〈
b,Duψ(s,0)

〉
ds

= 〈u,x0〉 +
∫ t

0

〈(
Eβ�(s)

)�
βx0, u

〉
ds +

∫ t

0

〈(
Eβ�(s)

)�
b,u

〉
ds.

Since u is arbitrary, the assertion is proved. �

4. Uniform moment and Hölder bounds.

4.1. Uniform moment bounds. Let X be the Volterra square-root process with admissible
parameters (b,β,σ,K) and initial state x0. In this section, we prove uniform in time moment
bounds on the process X, which extend [2], Lemma 3.1, where similar bounds have been
obtained on finite-time intervals [0, T ].

First, observe that after taking expectations in (1.1) we arrive at a convolution equation for
E[Xt ], which has the unique solution

E[Xt ] =
(
Im −

∫ t

0
Rβ(s) ds

)
x0 +

(∫ t

0
Eβ(s) ds

)
b,(4.1)

where Rβ,Eβ are respectively defined by (2.1) and (2.2) with B = β , compare with [2],
Lemma 4.1.

LEMMA 4.1. It holds that Rβ = (Eβ�)�(−β) and Eβ = (Eβ�)�.

PROOF. Using Corollary 3.17 and (4.1) for x0 = 0 yields (
∫ t

0 Eβ(s) ds)b =
(
∫ t

0 (Eβ�(s))� ds)b for each b ∈ R
m+. Since b is arbitrary and the cone R

m+ is generating
(i.e., Rm = R

m+ −R
m+), we conclude

∫ t
0 Eβ(s) ds = ∫ t

0 (Eβ�(s))� ds. Taking now the deriva-
tive in t and noting that the integrands are continuous on (0,∞) because K is continuous,
yields Eβ(t) = (Eβ�(t))� for all t > 0. This proves the second identity. The first identity
follows from (Eβ�(t))�(−β)=Eβ(t)(−β)=Rβ(t). This proves the assertion. �

It seems natural that the above relations may also be derived directly from the definition
of Rβ,Eβ . However, we have not succeeded in this way. The above relations provide the
following observation used throughout this section.
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REMARK 4.2. Let p ∈ [1,∞]. One has Eβ ∈ Lp(R+;Rm×m) if and only if Eβ� ∈
Lp(R+;Rm×m).

The next lemma shows that integrability of Eβ is sufficient for the boundedness of the first
moment.

LEMMA 4.3. For each v ∈R
m+, one has(

Im −
∫ t

0
Rβ(s) ds

)
v ∈R

m+ and
(∫ t

0
Eβ(s) ds

)
v ∈R

m+.(4.2)

Moreover, if Eβ ∈ L1(R+;Rm×m), then

lim
t→∞E[Xt ] =

(
Im −

∫ ∞
0

Rβ(s) ds

)
x0 +

(∫ ∞
0

Eβ(s) ds

)
b

and supt≥0 E[|Xt |] ≤ Cβ max{|x0|, |b|} holds for some constant Cβ .

PROOF. Note that (4.1) holds for all x0, b ∈ R
m+. Taking b = 0 shows that Im −∫ t

0 Rβ(s) ds leaves R
m+ invariant. Taking x0 = 0 shows that

∫ t
0 Eβ(s) ds leaves R

m+ invari-
ant. If Eβ is integrable, then using Eβ(−β) = Rβ , we find that also Rβ is integrable, and
hence we can pass to the limit t →∞ in (4.1). This proves the desired convergence of the
first moment. The last assertion then follows from E[|Xt |] ≤ E[∑m

i=1 Xi,t ] ≤ √m|E[Xt ]| ≤√
m(1+ ‖Rβ‖L1)|x0| + ‖Eβ‖L1 |b|. �

REMARK 4.4. If m = 1 and β < 0, then using Eβ = Rβ(−β)−1 combined with (4.2)
implies that 0≤ ∫ t

0 Rβ(s) ds ≤ 1, and hence 0≤ E[Xt ] ≤ x0 + b
|β| .

To prove the uniform boundedness of higher order moments, we use [3], Lemma 2.5, to
see that (1.1) is equivalent to

Xt =
(
Im −

∫ t

0
Rβ(s) ds

)
x0 +

(∫ t

0
Eβ(s) ds

)
b+

∫ t

0
Eβ(t − s)σ (Xs) dBs.(4.3)

Based on this equivalent representation for the Volterra square-root process, we obtain the
following simple observation.

LEMMA 4.5. Suppose that Eβ ∈ L1(R+;Rm×m)∩L2(R+;Rm×m). Then

sup
t≥0

E
[|Xt |p]<∞

holds for each p ≥ 2.

The proof of this lemma is postponed to the Appendix.

4.2. Uniform bound on Hölder increments. It follows from [3], Lemma 2.4, that the
Volterra square-root process has Hölder continuous sample paths. Below we recall their key
estimate.

PROPOSITION 4.6. For each T > 0 and p ≥ 2, there exists a constant C(T ,p) > 0 such
that for all s, t ∈ [0, T ] with 0≤ t − s ≤ 1 one has E[|Xt −Xs |p] ≤ C(T ,p)(t − s)γp/2.
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To prove the existence of a stationary process and absolute continuity of the limiting dis-
tribution, we need a similar estimate but with a constant C(T ) independent of T . For this
purpose, we need a stronger assumption then condition (v) in the definition of admissible
parameters. Namely, we impose the following condition on K :

(K) There exists a constant C3 > 0 such that∫ ∞
0

∣∣Ki(r + h)−Ki(r)
∣∣2 dr ≤ C3h

γ

holds for all i = 1, . . . ,m, h ∈ (0,1].
Note that this condition is satisfied for Ki(t) = tH−1/2/�(H + 1/2)e−λt with λ ≥ 0,
H ∈ (0,1/2), where γ = 2H . Also, under additional conditions on β we may obtain
Eβ ∈ L1(R+;Rm×m) ∩ L2(R+;Rm×m) as required in the subsequent proposition (compare
with Section 5.3).

The next proposition gives the desired global Hölder estimate for the process.

PROPOSITION 4.7. Assume Eβ ∈ L1(R+;Rm×m) ∩ L2(R+;Rm×m) and condition (K).
Then there exists for each p ≥ 2 a constant C(p) > 0 such that E[|Xt −Xs |p] ≤ C(p)(t −
s)γp/2 holds for all s, t ≥ 0 with 0≤ t − s ≤ 1.

The proof of this proposition is postponed to the Appendix.

5. Limiting distributions.

5.1. Existence of limiting distributions. Below under an integrability condition on Eβ ,
we prove the existence of limiting distributions for the Volterra square-root process and,
therefore, provide a mathematical justification of the mean-reversion property. As a first step,
we prove the convergence of the Fourier–Laplace transform.

PROPOSITION 5.1. Suppose there exists η ∈ (0,1) such that [K]η,2,T < ∞ for each
T > 0. Then the following assertions hold:

(a) Suppose that Eβ ∈ L1(R+;Rm×m). Let μ ∈M−
lf be such that |μ|(R+) < ∞ and

Im(μ)= 0. Then ψ ∈ L1(R+;Cm)∩L2(R+;Cm), and

lim
t→∞E

[
e
∫
[0,t]〈Xt−s ,μ(ds)〉]

= exp
{〈

x0,μ(R+)
〉+ ∫ ∞

0

〈
x0,R

(
ψ(s,μ)

)〉
ds +

∫ ∞
0

〈
b,ψ(s,μ)

〉
ds

}
(5.1)

= exp

{〈
A(β,x0, b),μ(R+)

〉+ m∑
i=1

σ 2
i

2
Ai(β, x0, b)

∫ ∞
0

ψi(s,μ)2 ds

}
,(5.2)

where ψ(·,μ) denotes the unique solution of (3.6),

A(β,x0, b)=
(
Im −

∫ ∞
0

Rβ(s) ds

)
x0 +

(∫ ∞
0

Eβ(s) ds

)
b,(5.3)

and Ai(β, x0, b) denotes the ith component of the vector A(β,x0, b).
(b) Suppose that Eβ ∈ L1(R+;Rm×m) ∩ L2(R+;Rm×m). Let μ ∈M−

lf with |μ|(R+) <

∞. Then ψ ∈ L1(R+;Cm−)∩L2(R+;Cm−), and the identities (5.1) and (5.2) still hold.
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PROOF. (a) Instead of Fourier–Laplace transform, let us first reformulate the affine for-
mula for the Laplace transform. The latter formulation is more natural to exploit the nonneg-
ativity of the process. Noting−μ is an R

m+-valued measure, we let V (t,μ)=−ψ(t,μ) ∈R
m+

and R̃i(x) := −Ri(−x) = 〈x,βi〉 − σ 2
i

2 x2
i , where i = 1, . . . ,m and x ∈ R

m+. Then V (t,μ)

satisfies the Riccati–Volterra equation

Vi(t,μ)=−
∫
[0,t]

Ki(t − s)μi(ds)+
∫ t

0
Ki(t − s)R̃i

(
V (s,μ)

)
ds,

and, by Corollary 3.11, it holds

E
[
e−

∫
[0,t]〈Xt−s ,−μ(ds)〉]

= exp
{
−〈x0,−μ

([0, t])〉− ∫ t

0

〈
x0, R̃

(
V (s,μ)

)〉
ds −

∫ t

0

〈
b,V (s,μ)

〉
ds

}
,

(5.4)

where R̃ = (R̃1, . . . , R̃m)�. Applying Jensen’s inequality, we have

e−
∫
[0,t]〈E[Xt−s ],−μ(ds)〉 ≤ E

[
e−

∫
[0,t]〈Xt−s ,−μ(ds)〉],

and hence 〈
x0,−μ

([0, t])〉+ ∫ t

0

〈
x0, R̃

(
V (s,μ)

)〉
ds +

∫ t

0

〈
b,V (s,μ)

〉
ds

≤
∫
[0,t]

〈
E[Xt−s],−μ(ds)

〉
≤ |μ|(R+) sup

t≥0
E
[|Xt |]

≤ |μ|(R+)Cβ max
{|x0|, |b|}.

Note that this inequality holds for all choices of b, x0 ∈ R
m+. In particular, choosing b =

(1, . . . ,1)� and x0 = 0 gives
m∑

i=1

∫ t

0
Vi(s,μ)ds ≤√m|μ|(R+)Cβ.(5.5)

To estimate the integral involving R̃, let us first note that the left-hand side of (5.4) is bounded
by 1, which gives〈

x0,−μ
([0, t])〉+ ∫ t

0

〈
x0, R̃

(
V (s,μ)

)〉
ds +

∫ t

0

〈
b,V (s,μ)

〉
ds ≥ 0

for all x0, b ∈R
m+. For b= 0 and x0 = (1, . . . ,1)�, we obtain

m∑
i=1

σ 2
i

2

∫ t

0
Vi(s,μ)2 ds ≤

m∑
i=1

(−μi

([0, t]))+ m∑
i=1

∫ t

0

〈
V (s,μ),βi 〉ds

≤√m|μ|(R+)+
m∑

i=1

∣∣βi
∣∣ ∫ t

0

∣∣V (s,μ)
∣∣ds

≤√m|μ|(R+)+m‖β‖HS|μ|(R+)Cβ,

where we have used (5.5). In view of (5.5) and the particular form of R̃, we obtain∫ t

0

∣∣R̃(V (s,μ)
)∣∣ds ≤

m∑
i=1

∫ t

0

∣∣〈V (s,μ),βi 〉∣∣ds +
m∑

i=1

σ 2
i

2

∫ t

0
Vi(s,μ)2 ds

≤ (√m+ 2m‖β‖HSCβ

)|μ|(R+).

(5.6)
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This estimate combined with (5.5) proves the convergence in (5.1). For the second identity in
part (a), use the second identity from Corollary 3.11 to pass to the limit t →∞, that is, we
show that:

(i) limt→∞
∫
[0,t]〈E[Xt−s],μ(ds)〉 = 〈A(β,x0, b),μ(R+)〉;

(ii) limt→∞
∫ t

0 E[Xi,t−s]Vi(s,μ)2 ds =Ai(β, x0, b)
∫∞

0 Vi(s,μ)2 ds.

So, let ε > 0. Since A(β,x0, b) = limt→∞E[Xt ] by Lemma 4.3, we find t0 > 0 such that
|E[Xi,r ] −Ai(β, x0, b)|< ε for all r ≥ t0 and i = 1, . . . ,m. Then for all t ≥ 2t0 we obtain∣∣∣∣∫[0,t]

〈
E[Xt−s],μ(ds)

〉− 〈A(β,x0, b),μ(R+)
〉∣∣∣∣

≤
∣∣∣∣∫[0,t/2]

〈
E[Xt−s] −A(β,x0, b),μ(ds)

〉∣∣∣∣
+
∣∣∣∣∫

(t/2,t]
〈
E[Xt−s] −A(β,x0, b),μ(ds)

〉∣∣∣∣+ ∣∣〈A(β,x0, b),μ
(
(t,∞)

)〉∣∣
≤ ε

√
m|μ|(R+)+

(
sup
s≥0

E
[|Xs |])|μ|((t/2, t])+ 2

∣∣A(β,x0, b)
∣∣|μ|((t/2,∞)

)
.

Since |μ|(R+) <∞, we have |μ|((t/2,∞))→ 0 as t →∞, which proves (i). For (ii), we
have ∣∣∣∣∫ t

0
E[Xi,t−s]Vi(s,μ)2 ds −Ai(β, x0, b)

∫ ∞
0

Vi(s,μ)2 ds

∣∣∣∣
≤
∫ t

0

∣∣E[Xi,t−s] −Ai(β, x0, b)
∣∣Vi(s,μ)2 ds +Ai(β, x0, b)

∫ ∞
t

Vi(s,μ)2 ds.

The second term tends to zero due to
∫∞

0 Vi(s,μ)2 ds <∞. For the first term, we have for all
t ≥ 2t0,∫ t

0

∣∣E[Xi,t−s] −Ai(β, x0, b)
∣∣Vi(s,μ)2 ds

=
∫ t/2

0

∣∣E[Xi,t−s] −Ai(β, x0, b)
∣∣Vi(s,μ)2 ds

+
∫ t

t/2

∣∣E[Xi,t−s] −Ai(β, x0, b)
∣∣Vi(s,μ)2 ds

≤ ε

∫ ∞
0

Vi(s,μ)2 ds +
(
sup
s≥0

E
[|Xs |]+ ∣∣A(β,x0, b)

∣∣) ∫ ∞
0

1[t/2,t](s)Vi(s,μ)2 ds.

The dominated convergence theorem implies that the second term tends to zero as t →∞.
Since ε is arbitrary, this proves (ii), and thus completes the proof of part (a).

Part (b) can be shown in a similar way, since Theorem 3.10 applied for T =∞ still pro-
vides the desired integrability

∫∞
0 (|ψ(t,μ)| + |ψ(t,μ)|2) dt <∞. �

REMARK 5.2. If we choose μ(ds) = uδ0(ds), then the statements of Proposition 5.1
and the estimates established in the above proof still hold even if we drop the condition
[K]η,2,T < ∞. Essentially, this condition was used to ensure the existence of ψ(t,μ) and
the applicability of Theorem 3.10 and Corollary 3.11. However, for the particular choice of
μ(ds) = uδ0(ds), we can work directly with (1.2) and ψ(·, u,0) instead of the extension
(3.6) and ψ(·, uδ0), and then apply Lemma 3.1. The above proof still works in this case with
some obvious adaptations.
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From the convergence of the Fourier–Laplace transform, we can now deduce convergence
toward limiting distributions. The following is our main result on limiting distributions for
the Volterra square-root process. In contrast to the classical case, the limiting distribution now
also involves the initial state of the process. For this purpose, we define

N =
{
v ∈R

m :
∫ ∞

0
Rβ(t)v dt = v

}
,(5.7)

and let N⊥ be the orthogonal complement of N . Denote by P the orthogonal projection
operator onto N⊥, that is, ker(P )=N and ran(P )=N⊥.

THEOREM 5.3. Suppose that Eβ ∈ L1(R+;Rm×m). Then the law of Xt converges for
t →∞ weakly to a limiting distribution πx0 , whose Fourier–Laplace transform is for u ∈C

m−
with Im(u)= 0 given by∫

R
m+

e〈u,y〉πx0(dy)

= exp
{
〈x0, u〉 +

∫ ∞
0

〈
x0,R

(
ψ(s,uδ0)

)〉
ds +

∫ ∞
0

〈
b,ψ(s, uδ0)

〉
ds

}
.

Moreover, πx0 has finite first moment and satisfies

πx0 = πPx0 = π0 ∗ πb=0
Px0

,(5.8)

where ∗ denotes the usual convolution of probability measures on R
m+, and πb=0

Px0
is the

limiting distribution of the Volterra square-root process with admissible parameters (b =
0, β, σ,K) and initial state Px0. Finally, if, in addition, Eβ ∈ L2(R+;Rm×m), then the
Fourier–Laplace transform representation for πx0 can be extended to all u ∈C

m−.

PROOF. Consider u ∈C
m− with Im(u)= 0. According to Remark 5.2, if we take μ(ds)=

uδ0(ds), then it holds

lim
t→∞E

[
e〈Xt ,u〉]

= exp
{
〈x0, u〉 +

∫ ∞
0

〈
x0,R

(
ψ(s,uδ0)

)〉
ds +

∫ ∞
0

〈
b,ψ(s, uδ0)

〉
ds

}
.

Moreover, the estimates (5.5) and (5.6) hold with |μ|(R+)= |u|, showing that the right-hand
side is continuous at u= 0. Hence, using Lévy’s continuity theorem for Laplace transforms
proves that Xt converges weakly to some distribution πx0 and that the desired formula for the
Laplace transform of πx0 holds. The extension to the Fourier–Laplace transform with u ∈C

m−
follows now from Proposition 5.1(b). An application of the lemma of Fatou shows that the
limit distribution πx0 has finite first moment, that is,

∫
R

m+ |x|πx0(dx) ≤ supt≥0 E[|Xt |]<∞.
It remains to prove (5.8). For this purpose, we use the second identity from Proposition 5.1,
that is,

lim
t→∞E

[
e〈Xt ,u〉]

= exp

{〈
A(β,x0, b), u

〉+ m∑
i=1

σ 2
i

2
Ai(β, x0, b)

∫ ∞
0

ψi(s, uδ0)
2 ds

}
,

where A(β,x0, b) is defined in (5.3). Then noting that

A(β,x0, b)=A(β,Px0, b)=A(β,0, b)+A(β,Px0,0)

readily yields (5.8) due to uniqueness of the Laplace transform. This completes the proof.
�
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5.2. Stationary process. Next, we construct the stationary process.

THEOREM 5.4. Suppose that Eβ ∈ L1(R+;Rm×m) ∩ L2(R+;Rm×m), condition (K)
holds and there exists η ∈ (0,1) such that [K]η,2,T <∞ for each T > 0. Then there exists
a stationary process Xstat with continuous sample paths such that the following assertions
hold:

(a) It holds that (Xt+h)t≥0 ⇒ (Xstat
t )t≥0 weakly on C(R+;Rm+) as h→∞.

(b) The finite-dimensional distributions of Xstat are determined by

E
[
e

∑n
j=1〈Xstat

tj
,uj 〉]

= exp

{
n∑

j=1

〈
A(β,x0, b), uj

〉+ m∑
i=1

σ 2
i

2
Ai(β, x0, b)

∫ ∞
0

ψi(s)
2 ds

}
,

where A(β,x0, b) is defined by (5.3), ψ(·) = ψ(·,μt1,...,tn) denotes the unique solution of
(3.6) with μt1,...,tn(ds)=∑n

j=1 ujδtn−tj (ds), n ∈N, u1, . . . , un ∈C
m− and 0≤ t1 < · · ·< tn.

PROOF. Choose p ≥ 2 sufficiently large so that γp > 2. By Proposition 4.7, we find
some constant C(p) > 0 such that E[|Xt − Xs |p] ≤ C(p)(t − s)γp/2 holds for all t, s ≥ 0
with 0 ≤ t − s ≤ 1. Define for h ≥ 0 the process Xh by Xh

t = Xh+t , where t ≥ 0. Then
Xh has continuous sample paths and satisfies suph≥0 E[|Xh

t −Xh
s |p] ≤ C(p)(t − s)γp/2 for

0 ≤ t − s ≤ 1. Applying the Kolmogorov tightness criterion (see, e.g., [36], Corollary 16.9)
shows that (Xh)h≥0 is tight on C(R+;Rm+).

Hence, we conclude that along a sequence hk ↑ ∞, Xhk converges in law to some con-
tinuous process Xstat. Take n ∈ N and let 0≤ t1 < · · ·< tn. Applying Proposition 5.1 for the
particular choice μt1,...,tn(ds)=∑n

j=1 ujδtn−tj (ds), where u1, . . . , um ∈C
m−, we find that, for

all h≥ 0,

E
[
e

∑n
j=1〈Xstat

tj+h,uj 〉]= lim
k→∞E

[
e

∑n
j=1〈X

hk
tj+h,uj 〉]

= lim
k→∞E

[
e
∑n

j=1〈Xhk+h+tj
,uj 〉](5.9)

= lim
k→∞E

[
e
∫
[0,hk+h+tn]〈Xhk+h+tn−s ,μt1,...,tn (ds)〉]

= exp

{
n∑

j=1

〈x0, uj 〉 +
∫ ∞

0

〈
x0,R

(
ψ(s,μt1,...,tn)

)〉
ds

+
∫ ∞

0

〈
b,ψ(s,μt1,...,tn)

〉
ds

}
.(5.10)

In view of (5.2), (5.9) and (5.10), the desired formula of the Fourier transform is proved.
Since {hk} is arbitrary and (5.10) is independent of {hk}, it is standard to verify the weak
convergence in (a). The assertion is proved. �

A direct consequence of Theorem 5.4 is that Xt −→ πx0 weakly as t →∞, and Xstat
t has

distribution πx0 for each t ≥ 0. In the next statement, we compute the moments, covariance
structure and autocovariance function of the stationary process.

COROLLARY 5.5. Under the same conditions as in Theorem 5.4, the stationary process
Xstat satisfies E[|Xstat

t |p] = ∫
R

m+ |x|pπx0(dx) <∞ for each p ≥ 2. Moreover, its first moment
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is given by

E
[
Xstat

t

]= (Im −
∫ ∞

0
Rβ(s) ds

)
x0 +

(∫ ∞
0

Eβ(s) ds

)
b,

while its autocovariance function is, for 0≤ s ≤ t , given by

cov
(
Xstat

t ,Xstat
s

)
=
∫ ∞

0
Eβ(t − s + u)σ

(
A(β,x0, b)

)
σ
(
A(β,x0, b)

)�
Eβ(u)� du.

PROOF. Since supt≥0 E[|Xt |p] <∞ holds for each p ≥ 2 and Xt −→ πx0 weakly, the
lemma of Fatou implies that πx0 has all finite moments. Since Xstat is stationary, we conclude
the first assertion. For the first moment formula, we note that E[Xt ] −→ A(β,x0, b) as t →
∞. Since supt≥0 E[|Xt |2] < ∞, we easily conclude that limt→∞E[Xt ] = ∫Rm+ xπx0(dx) =
E[Xstat

t ]. This proves the desired first moment formula for the stationary process. Noting
that Xt − E[Xt ] = ∫ s

0 Eβ(t − u)σ(Xu)dBu + ∫ t
s Eβ(t − u)σ(Xu)dBu and Xs − E[Xs] =∫ s

0 Eβ(s − u)σ(Xu)dBu, we find that the autocovariance function for X is given by

cov(Xt ,Xs)=
∫ s

0
Eβ(t − u)σ

(
E[Xu])σ (E[Xu])�Eβ(s − u)� du,

where we have used the particular form of σ(x) so that E[σ(Xu)σ (Xu)
�] = σ(E[Xu])×

σ(E[Xu])�. Thus, the autocovariance function of the stationary process is given by

cov
(
Xstat

t ,Xstat
s

)
= lim

h→∞ cov(Xt+h,Xs+h)

= lim
h→∞

∫ s+h

0
Eβ(t + h− u)σ

(
E[Xu])σ (E[Xu])�Eβ(s + h− u)� du

= lim
h→∞

∫ s

−h
Eβ(t − u)σ

(
E[Xu+h])σ (E[Xu+h])�Eβ(s − u)� du

=
∫ s

−∞
Eβ(t − u)σ

(
A(β,x0, b)

)
σ
(
A(β,x0, b)

)�
Eβ(s − u)� du

=
∫ ∞

0
Eβ(t − s + u))σ (A(β, x0, b)σ

(
A(β,x0, b)

)�
Eβ(u)� du,

which proves the assertion. �

The particular form of the Laplace transform for the limiting distribution and the stationary
process Xstat give the following characterization for the independence on the initial condition
x0.

COROLLARY 5.6. Suppose Eβ ∈ L1(R+;Rm×m) ∩ L2(R+;Rm×m), then the following
are equivalent:

(i) The stationary process Xstat is independent of x0;
(ii) The limiting distribution πx0 is independent of x0;

(iii) The function x0 	−→ ∫
R

m+ xπx0(dx) is constant;

(iv)
∫∞

0 Rβ(t) dt = Im.
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PROOF. Since πx0 is the law of Xstat
t , clearly (i) implies (ii), and (ii) implies (iii). Sup-

pose that (iii) holds. Using the first moment for the stationary process, we have A(β,x0, b)=∫
R

m+ yπx0(dy)= ∫
R

m+ yπ0(dy)=A(β,0, b). The particular form of A(β,x0, b) readily yields

(iv). Finally, suppose that (iv) is satisfied. Then A(β,x0, b) = ∫∞0 Eβ(t)b dt is independent
of x0, and hence the Laplace transform for the stationary process implies that Xstat is inde-
pendent of x0, that is, (i) holds. �

Finally, we discuss implications and also a sufficient condition for (iv).

THEOREM 5.7. Suppose that Eβ ∈ L1(R+;Rm×m). Then the following assertions hold:

(a) If
∫∞

0 Rβ(t) dt = Im, then Kβ is not integrable on R+;
(b) If β�β has only strictly positive eigenvalues and the function

K∗(t)= min
j=1,...,m

Kj (t)

is not integrable over R+, then
∫∞

0 Rβ(t) dt = Im.

PROOF. (a) Assume
∫∞

0 Rβ(t) dt = Im. Suppose Kβ :=K(−β) is integrable on R+. The
integrability of Rβ and Kβ on R+ implies that R̂β(z), K̂β(z) are well-defined for all Re(z)≥
0. Using the Paley–Wiener theorem (see [31], Chapter 2) shows that det(Im + K̂β(z)) �= 0.
Solving (2.1) (for the Laplace transforms) yields

(5.11) R̂β(z)= K̂β(z)
(
Im + K̂β(z)

)−1
, Re(z)≥ 0.

Evaluating at z= 0 gives

Im =
∫ ∞

0
Rβ(t) dt =

∫ ∞
0

Kβ(t) dt

(
Im +

∫ ∞
0

Kβ(t) dt

)−1
.

Hence, Im + ∫∞0 Kβ(t) dt = ∫∞0 Kβ(t) dt , which is impossible. So, Kβ is not integrable on
R+.

(b) Define Kλ
β(t) = e−λtKβ(t) for λ > 0. Since K1, . . . ,Km are nonnegative and nonin-

creasing, it follows that e−λtK1(t), . . . , e
−λtKm(t) are integrable on R+. Hence, also Kλ

β

is integrable on R+. Let Rλ
β(t) := e−λtRβ(t). By the definition in (2.1), it is easy to verify

that Rλ
β is the resolvent of the second kind of Kλ

β . As mentioned in Remark 2.2, we have

Eβ(−β)=Rβ , so Rβ ∈ L1(R+;Rm×m). Similar to (5.11), it holds∫ ∞
0

e−λtRβ(t) dt =
∫ ∞

0
e−λtKβ(t) dt

(
Im +

∫ ∞
0

e−λtKβ(t) dt

)−1

= Im −
(
Im +

∫ ∞
0

e−λtKβ(t) dt

)−1
.

Since Rβ is integrable, the left-hand side converges to
∫∞

0 Rβ(t) dt when λ ↘ 0. Thus, it
suffices to show that

(5.12) lim
λ↘0

(
Im +

∫ ∞
0

e−λtKβ(t) dt

)−1
= 0.

Note that ∥∥∥∥(∫ ∞
0

e−λtKβ(t) dt

)−1∥∥∥∥−2

2

= inf|v|=1

〈(∫ ∞
0

e−λtKβ(t) dt

)
v,

(∫ ∞
0

e−λtKβ(t) dt

)
v

〉
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= inf|v|=1

∫ ∞
0

∫ ∞
0

e−λ(t+s)〈K(t)βv,K(s)βv
〉
ds dt

≥ inf|v|=1

∫ ∞
0

∫ ∞
0

e−λ(t+s)K∗(t)K∗(s)
〈
v,β�βv

〉
ds dt

≥ λmin
(
β�β

)(∫ ∞
0

e−λtK∗(t) dt

)2
,

where λmin(β
�β) > 0 denotes the smallest eigenvalue of β�β . We thus obtain ‖(∫∞0 e−λt ×

Kβ(t) dt)−1‖2 → 0 as λ↘ 0. So,

lim
λ↘0

∥∥∥∥∫ ∞
0

e−λtKβ(t) dt

∥∥∥∥
2
≥ lim

λ↘0

∥∥∥∥(∫ ∞
0

e−λtKβ(t) dt

)−1∥∥∥∥−1

2
=∞,

which easily implies (5.12). The assertion is proved. �

5.3. Sufficient conditions and examples. Next, we provide some examples for admis-
sible parameters (b,β,σ,K) for which our results are applicable. Here, we focus first on
completely monotone and then integrable kernels.

By an abuse of notation, let 〈·, ·〉 denote the inner product on C
m, that is, 〈v,w〉 =∑m

j=1 viwj . For a matrix A ∈ C
m×m, we write A � 0 if 〈v,Av〉 ≥ 0 for all v ∈ C

m, and
write A� 0 if 〈v,Av〉> 0 for all nonzero v ∈ C

m. For another matrix B ∈ C
m×m, we write

A� B if A− B � 0, and A� B if A− B � 0. The notation “�” and “≺” are similarly de-
fined. A kernel k ∈ L1

loc(R+;Cm×m) is called completely monotone with respect to the order
induced by 〈·, ·〉, if it is smooth on (0,∞) and satisfies

(−1)n
(

d

dt

)n

k(t)� 0, ∀n ∈N.

Note that in the one-dimensional case the above definition of complete monotonicity re-
duces to the classical one. For additional results on completely monotone functions on C

m×m,
we refer to [31], Chapter 5. We are now ready to provide a sufficient condition on how exam-
ples based on complete monotonicity can be constructed.

PROPOSITION 5.8. Let K = K̃Im with K̃ ∈ L2
loc(R+;R) being completely monotone.

Let β ∈ R
m×m be symmetric with only strictly negative eigenvalues. Define Rβ,Eβ by (2.1)

and (2.2), respectively. Then Rβ,Eβ ∈ L1(R+;Rm×m) ∩ L2(R+;Rm×m) are completely
monotone.

PROOF. It is clear that K satisfies conditions (iv)–(vi) from the definition of admissible
parameters given in the Introduction. Observe that 〈v, (−β)v〉 ≥ 0 for all v ∈C

m. Hence,〈
v, (−1)nK(n)(t)(−β)v

〉= (−1)nK̃(n)(t)
〈
v, (−β)v

〉≥ 0

shows that also −Kβ is completely monotone. Thus, by [31], Chapter 5, Theorem 3.1, Rβ

is completely monotone and integrable on R+. Hence, 0 � Rβ(t) � Rβ(t0) for t ≥ t0 > 0.
Using β� = β so that R�β =Rβ , we find that if t ≥ t0 > 0, then for v ∈C

m,∣∣Rβ(t)v
∣∣2 = 〈Rβ(t)1/2v,Rβ(t)Rβ(t)1/2v

〉
≤ 〈Rβ(t)1/2v,Rβ(t0)Rβ(t)1/2v

〉
≤ |v|2∥∥Rβ(t0)

∥∥
2

∥∥Rβ(t)1/2∥∥2
2

≤ |v|2∥∥Rβ(t0)
∥∥

2

∥∥Rβ(t)
∥∥

2,
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where we have used ‖Rβ(t)1/2‖2
2 = sup|v|=1〈v,Rβ(t)v〉 ≤ ‖Rβ‖2. This shows ‖Rβ(t)‖2 ≤

‖Rβ(t0)‖2 for t ≥ t0. So,∫ ∞
0

∥∥Rβ(t)
∥∥2

2 dt ≤
∫ t0

0

∥∥Rβ(t)
∥∥2

2 dt + ∥∥Rβ(t0)
∥∥

2

∫ ∞
t0

∥∥Rβ(t)
∥∥

2 dt.

Since Rβ is locally square integrable, the right-hand side is finite, and hence Rβ ∈
L2(R+;Rm×m). Since Eβ = Rβ(−β)−1, it follows that also Eβ is completely monotone
and belongs to L1(R+;Rm×m)∩L2(R+;Rm×m). This proves the assertion. �

Below we apply our results to the fractional kernel.

EXAMPLE 5.9. Let β ∈R
m×m be symmetric with only strictly negative eigenvalues and

K(t)= tH−1/2

�(H+1/2)
Im with H ∈ (0,1/2). Then Rβ,Eβ ∈ L1(R+;Rm×m)∩L2(R+;Rm×m) are

completely monotone and satisfy∫ ∞
0

Rβ(t) dt = Im,

∫ ∞
0

Eβ(t) dt = (−β)−1.

PROOF. In view of the previous proposition, it is clear that Rβ,Eβ are completely mono-
tone and satisfy the integrability conditions. The explicit formulas for the integrals can be
obtained from the Laplace transforms. Namely,∫ ∞

0
Rβ(t) dt = lim

z↓0

∫ ∞
0

e−ztRβ(t) dt

= lim
z↓0

K̂β(z)
(
Im + K̂β(z)

)−1

= lim
z↓0

Im − (Im + K̂β(z)
)−1

= lim
z↓0

Im − (Im − z−H−1/2β
)−1 = Im,

and hence
∫∞

0 Eβ(t) dt = ∫∞0 Rβ(t)(−β)−1 dt = (−β)−1. �

The next example also covers the case where β is not symmetric but the fractional kernel
is instead replaced by an integrable Gamma kernel.

EXAMPLE 5.10. Let K(t) = tH−1/2

�(H+1/2)
e−λt Im with H ∈ (0,1/2), λ > 0, and let β ∈

R
m×m be invertible. Then Rβ,Eβ are integrable if and only if

σ(β)∩ {(z+ λ)H+1/2 : z ∈C,Re(z)≥ 0
}=∅.(5.13)

In such a case one has, by direct computations using Laplace transforms,∫ ∞
0

Rβ(t) dt = (−β)
(
λH+1/2 − β

)−1
,

∫ ∞
0

Eβ(t) dt = (λH+1/2 − β
)−1

.(5.14)

PROOF. Since −Kβ is integrable, the Paley–Wiener theorem (see [31], Chapter 2, The-
orem 4.1) states that Rβ is integrable if and only if det(Im − K̂(z)β) �= 0 holds for all z ∈ C

with Re(z) ≥ 0. Computing the Laplace transform of K gives K̂(z) = (z + λ)−H−1/2Im.
Hence, det(Im − K̂(z)β) �= 0 is equivalent to det((z + λ)H+1/2Im − β) �= 0, that is, Rβ is
integrable if and only if (5.13) holds. Since Eβ = Rβ(−β)−1, we see that Eβ ∈ L1(R+) is
also equivalent to (5.13). To prove (5.14), we can use (5.11) to get∫ ∞

0
Rβ(t) dt = K̂β(0)

(
Im + K̂β(0)

)−1 = (−β)
(
λH+1/2 − β

)−1
.

The second inequality in (5.14) now follows again from Eβ =Rβ(−β)−1. �
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Note that condition (5.13) is satisfied, if σ(β) ⊂ {z ∈ C : Re(z) < λH+1/2}. Finally, for
the Gamma kernel in dimension m= 1, we provide the asymptotics for cov(Xstat

t ,Xstat
s ) (see

Corollary 5.5 for its explicit formula) as t − s →∞, and hence prove the formula (1.5) given
in Theorem 1.3.

EXAMPLE 5.11. Let m= 1 and (b,β,σ,K) be admissible parameters with β < 0, σ > 0

and K(t)= tH−1/2

�(H+1/2)
e−λt , where H ∈ (0,1/2) and λ≥ 0. Then there exist positive constants

h0, c(h0),C(h0) such that for all h≥ h0,

c(h0)h
−(H+3/2)e−λh ≤

∫ ∞
0

Eβ(h+ u)Eβ(u)du≤ C(h0)h
−(H+3/2)e−λh.

PROOF. For α ∈ (0,1), define eα(t)= tα−1Mα(−tα), where Mα(z)=∑∞
n=0 zn/�(αn+

α) denotes the Mittag–Leffler function. It follows from [16], Section A.1, that eα(t)� t−1−α

as t →∞. By [3], Table 1, we have Eβ(t)= |β|−1+α−1
e−λt eα(|β|1/αt) with α =H + 1/2.

Hence, we obtain Eβ(t)� t−H−3/2e−λt as t →∞. Thus, we find h0 ≥ 1 large enough and
constants c(h0),C(h0) > 0 such that∫ ∞

0
Eβ(h+ u)Eβ(u)du≤ C(h0)

∫ ∞
0

(h+ u)−H−3/2e−λ(h+u)Eβ(u)du

≤ h−(H+3/2)e−λhC(h0)

∫ ∞
0

Eβ(u)du

holds for h≥ h0. Similarly, for h≥ h0, we obtain∫ ∞
0

Eβ(h+ u)Eβ(u)du≥ c(h0)

∫ ∞
0

(h+ u)−H−3/2e−λ(h+u)Eβ(u)du

≥ c(h0)(2h)−(H+3/2)e−λh
∫ h

0
e−λuEβ(u)du

≥ c(h0)2
−(H+3/2)h−(H+3/2)e−λh

∫ h0

0
e−λuEβ(u)du.

Combining both estimates proves the assertion. �

REMARK 5.12. Under same conditions as in the previous example, if H = 1/2, then
Eβ(t)= e−(λ+|β|)t , and hence∫ ∞

0
Eβ(h+ u)Eβ(u)du= e−(λ+|β|)h

2(λ+ |β|) .

Thus, when λ= 0, we observe a phase transition from power-law to exponential decay in the
asymptotics of the autocovariance function as H ↗ 1/2.

Finally, below we provide a method with which examples for nonscalar-valued kernels K

can be constructed.

PROPOSITION 5.13. Let K = diag(K1, . . . ,Km) ∈ L1(R+;Rm×m) and let β ∈ R
m×m.

If ‖β‖2
∑m

j=1 ‖Kj‖L1 < 1, then Rβ is integrable.

PROOF. Since −Kβ is integrable, we can use again the Paley–Wiener theorem to find
that that Rβ is integrable if and only if det(Im − K̂(z)β) �= 0, for all z ∈ C with Re(z) ≥ 0.
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Thus, it suffices to show that Im− K̂(z)β is invertible for all z with Re(z)≥ 0. This is indeed
the case, if ‖K̂(z)β‖2 < 1. Estimating ‖K̂(z)β‖2 ≤ ‖β‖2

∑m
j=1 ‖Kj‖L1 proves the assertion.

�

The proof also provides a necessary condition for the integrability of Rβ .

REMARK 5.14. Let K = diag(K1, . . . ,Km) ∈ L1(R+;Rm×m) and let β ∈ R
m×m. Let

l ∈ N be the number of distinct eigenvalues ρ1, . . . , ρl of β . If Rβ is integrable, then
ρk(K̂1(z), . . . , K̂m(z))� �= (1, . . . ,1)� holds for each k = 1, . . . ,m and z ∈C with Re(z)≥ 0.

PROOF. Arguing as before, Rβ is integrable if and only if Im − K̂(z)β is invertible.
In particular, one has (Im − K̂(z)β)w �= 0 for w �= 0. Let k ∈ {1, . . . ,m} and wk be an
eigenvector for the eigenvalue ρk . Since K is diagonal, K̂ is also diagonal, and hence
K̂(z)βwk = ρkK̂(z)wk �=wk . This proves the assertion. �

EXAMPLE 5.15. Let (b,β,σ,K) be admissible parameters with Kj(t) = t
Hj−1/2

�(Hj+1/2)
×

e−λj t , where Hj ∈ (0,1/2) and λj > 0. Then
∫∞

0 Kj(t) dt = λ
−Hj−1/2
j . Therefore, for each

β we can find λ1, . . . , λm large enough such that Proposition 5.13 is applicable.

6. Absolute continuity of the law. In this section, we provide sufficient conditions for
the distribution of the Volterra square-root process to be absolutely continuous with respect
to the Lebesgue measure. Moreover, we establish also similar results for the limiting distribu-
tions πx0 . For f : Rm −→ R and x,h ∈ R

m set �hf (x)= f (x + h)− f (x). For λ ∈ (0,1),
the Besov space Bλ

1,∞(Rm) of order λ and integrability (1,∞) consists of all equivalence
classes of functions f with finite norm

‖f ‖Bλ
1,∞

= ‖f ‖L1 + sup
|h|≤1

|h|−λ‖�hf ‖L1 .(6.1)

The following condition guarantees that the contribution from the noise term
∫ t

0 K(t −
s)σ (Xs) dBs is nondegenerate on the event where X belongs to the interior of the state space;
see (6.8).

(R) There exists α ∈ [γ,2] and a constant C∗ > 0 such that

(6.2)
∫ h

0
Ki(r)

2 dr ≥ C∗hα, ∀h ∈ [0,1]
holds for all i = 1, . . . ,m.

For an admissible kernel K satisfying (6.2), one necessarily has α ≥ γ .

EXAMPLE 6.1. Let K(t)= tH−1/2

�(H+1/2)
e−λt Im with H ∈ (0,1/2) and λ ≥ 0. Then condi-

tion (R) holds for α = 2H = γ . Thus, all results below are applicable to this kernel.

The following is our first main result for this section.

THEOREM 6.2. Let X be the Volterra square-root process with admissible parameters
(b,β,σ,K). Suppose that condition (R) holds, and that

σ∗ :=min{σ1, . . . , σm}> 0,
γ

α
>

2

3
.(6.3)



348 M. FRIESEN AND P. JIN

Denote by μt(dx) the distribution of Xt at time t ≥ 0. Then for each t > 0 the finite measure
μ∗t (dx)=min{1, x

1/2
1 , . . . , x

1/2
m }μt(dx) has a density μ∗t (x), and there exists λ ∈ (0,1) such

that for each T > 0,∥∥μ∗t ∥∥Bs
1,∞

≤ C(T )(1∧ t)−α/2, t ∈ (0, T ], s ∈ (0, λ],

where C(T ) > 0 is a constant.

PROOF. Here and below, we denote by C(T ) > 0 a constant, which may vary from line
to line. The proof relies essentially on an application of [13], Lemma 2.1, to the finite measure
μ∗t .

Step 1. For given t > 0 and ε ∈ (0,1∧ t), define

Xε
t =Xt−ε +

∫ t

t−ε
K(t − r)(b+ βXt−ε) dr

+
∫ t−ε

0

(
K(t − r)−K(t − ε− r)

)
(b+ βXr) dr

+
∫ t−ε

0

(
K(t − r)−K(t − ε− r)

)
σ(Xr) dBr

+
∫ t

t−ε
K(t − r)σ (Xt−ε) dBr .

(6.4)

By direct computation, we find that

Xt −Xε
t =

∫ t

t−ε
K(t − r)β(Xr −Xt−ε) dr +

∫ t

t−ε
K(t − r)

(
σ(Xr)− σ(Xt−ε)

)
dBr.

Using Proposition 4.6, one can easily show that for each T > 0 there exists a constant C(T ) >

0 such that

E
[∣∣Xt −Xε

t

∣∣2]≤ C(T )ε3γ /2, t ∈ (0, T ], ε ∈ (0,1∧ t).(6.5)

Step 2. Let η ∈ (0,1) and 0 < t ≤ T . Define ρ(x) = min{1, x
1/2
1 , . . . , x

1/2
m }. In this step,

we prove that there exists a constant C(T ) > 0 such that for all φ ∈ C
η
b (Rm) and h ∈ R

m

satisfying |h| ≤ 1 one has∣∣E[ρ(Xt)�hφ(Xt)
]∣∣≤ C(T )‖φ‖C

η
b

(|h|ηε3γ /8 + ε3ηγ/4 + |h|ε−α/2),(6.6)

for ε ∈ (0,1∧ t]. Observe that∣∣E[ρ(Xt)�hφ(Xt)
]∣∣≤ E

[∣∣ρ(Xt)− ρ(Xt−ε)
∣∣∣∣�hφ(Xt)

∣∣]
+E

[
ρ(Xt−ε)

∣∣�hφ(Xt)−�hφ
(
Xε

t

)∣∣]
+ ∣∣E[ρ(Xt−ε)�hφ

(
Xε

t

)]∣∣
≤ C(T )|h|η‖φ‖C

η
b
ε3γ /8 +C(T )‖φ‖C

η
b
ε3ηγ/4

+ ∣∣E[ρ(Xt−ε)�hφ
(
Xε

t

)]∣∣,
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where we have used |ρ(x)−ρ(y)| ≤m|x− y|1/2. To estimate the last term, we first note that
Xε

t =Uε
t + V ε

t , where Uε
t and V ε

t are given by⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Uε
t =Xt−ε +

∫ t

t−ε
K(t − r)(b+ βXt−ε) dr

+
∫ t−ε

0

(
K(t − r)−K(t − ε− r)

)
(b+ βXr) dr

+
∫ t−ε

0

(
K(t − r)−K(t − ε− r)

)
σ(Xr) dBr,

V ε
t =

∫ t

t−ε
K(t − r)σ (Xt−ε) dBr .

(6.7)

Observe that V ε
t =

∫ ε
0 K(ε− r)σ (Xt−ε) dB̃r holds almost surely, where B̃r = Bt−ε+r −Bt−ε

is a new Brownian motion with respect to a new (shifted) filtration F̃r = Ft−ε+r . Hence,
V ε

t has, for fixed t and ε, conditionally on Ft−ε a Gaussian distribution with mean zero and
variance satisfying for each x ∈R

m,〈
x,var

(
V ε

t |Ft−ε

)
x
〉= ∫ ε

0

〈
K(ε− r)�x,σ (Xt−ε)σ (Xt−ε)

�K(ε− r)�x
〉
dr

≥ σ 2∗ρ(Xt−ε)
2
∫ ε

0

〈
x,K(r)K(r)�x

〉
dr(6.8)

≥ σ 2∗ρ(Xt−ε)
2C∗εα|x|2.

The product in front of |x|2 in (6.8) is strictly positive on {ρ(Xt−ε) > 0}. Hence, the law
of V ε

t , when restricted to {ρ(Xt−ε) > 0}, has conditionally on Ft−ε a density f ε
t (z;Xt−ε).

Noting that Uε
t is Ft−ε measurable, we find that

R3 =
∣∣∣∣E[∫

Rm
ρ(Xt−ε)1{ρ(Xt−ε)>0}�hφ

(
Uε

t + z
)
f ε

t (z;Xt−ε) dz

]∣∣∣∣
=
∣∣∣∣E[∫

Rm
ρ(Xt−ε)1{ρ(Xt−ε)>0}φ

(
Uε

t + z
)
�−hf

ε
t (z;Xt−ε) dz

]∣∣∣∣
≤ ‖φ‖C

η
b
|h|E

[
ρ(Xt−ε)1{ρ(Xt−ε)>0}

∫ 1

0

∫
Rm

∣∣∇f ε
t (z− rh;Xt−ε)

∣∣dzdr

]
≤ C(T )‖φ‖C

η
b
E

[
ρ(Xt−ε)1{ρ(Xt−ε)>0}

|h|√
λmin(var(V ε

t |Ft−ε))

]
≤ C(T )‖φ‖C

η
b
|h|ε−α/2,

where we have used that on {ρ(Xt−ε) > 0},∫
Rm

∣∣∇f ε
t (z− rh;Xt−ε)

∣∣dz≤ C√
λmin(var(V ε

t |Ft−ε))
≤ C(T )

ρ(Xt−ε)
ε−α/2

for ε ∈ (0,1∧ t]. Here, λmin(·) denotes the smallest eigenvalue of a symmetric positive defi-
nite matrix. This proves (6.6).

Step 3. Since γ
α

> 2
3 , we find a constant a such that 4

3γ
< a < 2

α
. For this choice of a, we

find sufficiently small η > 0 such that 1−η− aα/2 > 0. Letting ε = |h|a(1∧ t) with |h| ≤ 1,
we find for any φ ∈ C

η
b (Rm),∣∣E[ρ(Xt)�hφ(Xt)

]∣∣
≤ C(T )‖φ‖C

η
b

(|h|η+3aγ /8 + |h|3aηγ /4 + |h|1−aα/2)(1∧ t)−α/2

≤ C(T )‖φ‖C
η
b
|h|η+min{3aγ /8,3aηγ /4−η,1−η−aα/2}(1∧ t)−α/2
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≤ C(T )‖φ‖C
η
b
|h|η+λ(1∧ t)−α/2,

where λ=min{3aγ /8, η(3aγ /4− 1),1− η− aα/2}> 0. This shows that [13], Lemma 2.1,
is applicable, and hence proves the assertion. �

Note that μ∗t is equivalent to μt on R
m++ = {x ∈ R

m+ : xi > 0,∀i = 1, . . . ,m}. Hence, we
have the following corollary.

COROLLARY 6.3. Assume that all assumptions of Theorem 6.2 hold true. Then μt |Rm++
has a density with respect to the Lesbegue measure.

Note that, without further conditions only μ∗t but not necessarily the density of μt |Rm++
belong to the Besov space Bλ

1,∞(Rd) with some small λ ∈ (0,1). To see this, let X be the
classical CIR process where K(t) = 1 and m = 1. Assume additionally β = x0 = 0 and
σ, b > 0. Then 2Xt

σ 2t
has χ2-distribution with k := 2b

σ 2 > 0 degrees of freedom (see also [18],

remark after Theorem 4), that is, it has distribution ν(x) dx with ν(x)= 1(0,∞)(x)xk/2−1e−x/2

2k/2�(k/2)
.

In particular, there exists λ ∈ (0,1) with ν ∈ Bλ
1,∞(R) iff k = 2b

σ 2 > 2, while min{1, x1/2}ν ∈
Bλ

1,∞(R) holds whenever λ ∈ (0, k/2∧ 1).

COROLLARY 6.4. Let X be the Volterra square-root process with admissible param-
eters (b,β,σ,K) and initial state x0. Suppose that (R) and (K) are satisfied, and that
Eβ ∈ L1(R+;Rm×m)∩L2(R+;Rm×m). Assume that (6.3) holds. Let πx0 be the limiting dis-

tribution of Xt as t →∞. Then π∗x0
defined by π∗x0

(dy)=min{1, y
1/2
1 , . . . , y

1/2
m }πx0(dy) has

a density π∗x0
(y) with respect to the Lebesgue measure, and there exists λ ∈ (0,1) such that

‖π∗x0
‖Bs

1,∞ <∞ holds for s ∈ (0, λ]. In particular, πx0 is absolutely continuous with respect
to the Lebesgue measure, when restricted to R

m++.

PROOF. Following the same steps of the previous proof but now applying Proposition 4.7
instead, we see that all constants can be chosen to be independent of T , that is, we find a
constant C > 0 such that for each φ ∈C

η
b (Rm) and h ∈R

m satisfying |h| ≤ 1,∣∣E[ρ(Xt)�hφ(Xt)
]∣∣≤ C‖φ‖C

η
b

(|h|ηε3γ /8 + ε3ηγ/4 + |h|ε−α/2).
Hence, arguing as in Step 3, we can find a ∈ (4

3
1
γ
, 2

α
) and η ∈ (0,1) with 1− η − a/α > 0

such that ∣∣E[ρ(Xt)�hφ(Xt)
]∣∣≤ ‖φ‖C

η
b
|h|η+λ(1∧ t)−α/2,

where λ=min{3aγ /8, η(3aγ /4− 1),1− η− aα/2}> 0 and φ ∈ C
η
b (Rm). Hence, we find

that ∣∣∣∣∫
R

m+
�hφ(x)π∗x0

(dx)

∣∣∣∣= lim
t→∞

∣∣E[ρ(Xt)�hφ(Xt)
]∣∣≤ C‖φ‖C

η
b
|h|η+λ.

This shows that [13], Lemma 2.1, is applicable, and hence proves the assertion. �

APPENDIX A: CONVOLUTIONS AND RESOLVENTS

The following elementary lemma is crucial for the continuity of solutions to the Riccati–
Volterra equation.
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LEMMA A.1. Let k ∈ L1
loc(R+) ∩ C((0,∞)) be scalar-valued, nonnegative and nonin-

creasing. Let g ∈ L1
loc(R+)∩L∞loc((0,∞)). Then k ∗ g ∈C((0,∞)).

PROOF. Fix t > 0. It suffices to show that limn→∞ k ∗ g(tn) = k ∗ g(t) holds for
any sequence (tn)n≥1 such that either tn ↘ t or tn ↗ t . Suppose first that tn ↗ t . Then
|k ∗ g(tn) − k ∗ g(t)| ≤ ∫ tn

0 |k(t − s) − k(tn − s)||g(s)|ds + ∫ t
tn

k(t − s)|g(s)|ds. By dom-
inated convergence, the second term converges to zero. To estimate the first term, we suppose
without loss of generality that 0 < t1 < t2 < t . Let δ ∈ (0, t1), then for n≥ 2∫ tn

0

∣∣k(t − s)− k(tn − s)
∣∣∣∣g(s)

∣∣ds

=
∫ δ

0

∣∣k(t − s)− k(tn − s)
∣∣∣∣g(s)

∣∣ds +
∫ tn

δ

∣∣k(t − s)− k(tn − s)
∣∣∣∣g(s)

∣∣ds

≤ (k(t − t1)+ k(t2 − t1)
) ∫ δ

0

∣∣g(s)
∣∣ds

+ ‖g‖L∞([δ,t])
∫ t

0

∣∣k((t − tn)+ s
)− k(s)

∣∣ds,

where we have used that k is nonnegative and nonincreasing. Note that |k((t − tn) + s) −
k(s)| ≤ 2k(s), hence dominated convergence implies that the second term converges to zero.
Hence, letting first n→∞ and then δ↘ 0 shows that

∫ tn
0 |k(t − s)− k(tn− s)||g(s)|ds → 0,

which proves the assertion for the case tn ↗ t . Suppose now that tn ↘ t . Then |k ∗g(tn)− k ∗
g(t)| ≤ ∫ t

0 |k(t−s)−k(tn−s)||g(s)|ds+∫ tn
t k(tn−s)|g(s)|ds. Using that k is nonincreasing

and tn > t , we obtain |k(t − s)− k(tn− s)||g(s)| ≤ k(t − s)|g(s)| ≤ 1[0,t/2](s)k(t/2)|g(s)|+
1(t/2,t](s)k(t − s)|g(s)|. Since the right-hand side is integrable in s ∈ [0, t], dominated con-
vergence implies that

∫ t
0 |k(t− s)−k(tn− s)||g(s)|ds → 0. For the second term, we note that∫ tn

t k(tn− s)|g(s)|ds ≤ ‖g‖L∞([t,t1])
∫ tn−t

0 k(s) ds → 0, n→∞. This proves the assertion for
the case tn ↘ t . �

Next, we provide some technical estimates on the resolvent of the second kind.

LEMMA A.2. Let K ∈ L2
loc(R+;Cm×m) and B ∈ C

m×m. Let RB be the resolvent of the
second kind for KB(t) = −K(t)B and let EB be defined by (2.2). Then for all T > 0 and
s, t ∈ [0, T ],∫ t

s

∥∥EB(r)
∥∥2

2 dr ≤ 2
∫ t

s

∥∥K(r)
∥∥2

2 dr

+ 2‖RB‖L1([0,T ])
∫ s

0

(∫ t−u

s−u

∥∥K(r)
∥∥2

2 dr

)∥∥RB(u)
∥∥

2 du

+ 2‖RB‖2
L1([0,T ])

∫ t−s

0

∥∥K(r)
∥∥2

2 dr.

Moreover, for each T > 0 and h ∈ (0,1] we have∫ T

0

∥∥EB(t + h)−EB(t)
∥∥2

2 dt ≤ 3‖RB‖2
L1([0,T+1])

∫ h

0

∥∥K(r)
∥∥2

2 dr

+ 3
(
1+ ‖RB‖L1([0,T ])

)2 ∫ T

0

∥∥K(t + h)−K(t)
∥∥2

2 dt.
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PROOF. Using (2.2) gives ‖EB‖L2([s,t]) ≤ ‖K‖L2([s,t]) + ‖RB ∗K‖L2([s,t]). To estimate
the second term, we first use Jensen’s inequality and then Fubini’s theorem to find that

‖RB ∗K‖2
L2([s,t]) ≤ ‖RB‖L1([0,T ])

∫ s

0

(∫ t−u

s−u

∥∥K(r)
∥∥2

2 dr

)∥∥RB(u)
∥∥

2 du

+ ‖RB‖L1([0,T ])
∫ t

s

(∫ t−u

0

∥∥K(r)
∥∥2

2 dr

)∥∥RB(u)
∥∥

2 du

≤ ‖RB‖L1([0,T ])
∫ s

0

(∫ t−u

s−u

∥∥K(r)
∥∥2

2 dr

)∥∥RB(u)
∥∥

2 du

+ ‖RB‖2
L1([0,T ])

∫ t−s

0

∥∥K(r)
∥∥2

2 dr.

Combining these estimates prove the first inequality. For the second estimate, we first note
that ‖EB(· + h) − EB(·)‖L2([0,T ]) ≤ ‖I1‖L2([0,T ]) + ‖I2‖L2([0,T ]) + ‖I3‖L2([0,T ]) with I1 =
K(t + h)−K(t), I2 = ∫ t

0 RB(r)(K(t + h− r)−K(t − r)) dr , and I3 = ∫ t+h
t RB(r)K(t +

h− r) dr . Below we estimate the last two terms separately. For I2, we obtain from Jensen’s
inequality

‖I2‖2
L2([0,T ]) ≤ ‖RB‖L1([0,T ])

∫ T

0

∫ t

0

∥∥RB(r)
∥∥

2

∥∥K(t + h− r)−K(t − r)
∥∥2

2 dr dt

≤ ‖RB‖2
L1([0,T ])

∫ T

0

∥∥K(t + h)−K(t)
∥∥2

2 dt.

Similarly, we obtain by Fubini’s theorem

‖I3‖2
L2([0,T ]) ≤ ‖RB‖L1([0,T+1])

∫ T

0

∫ t+h

t

∥∥RB(r)
∥∥

2

∥∥K(t + h− r)
∥∥2

2 dr dt

≤ ‖RB‖2
L1([0,T+1])

∫ h

0

∥∥K(r)
∥∥2

2 dr.

Combining all estimates proves the assertion. �

Below we specify the above estimates to the case of admissible parameters (b,β,σ,K)

with B = β . There we will also use the following observation: for any t, s ≥ 0 with s < t and
i = 1, . . . ,m, it holds the inequality∫ t

s

∣∣Ki(r)
∣∣2 dr ≤

∫ t−s

0

∣∣Ki(r)
∣∣2 dr ≤ C1(t − s)γ ,

since Ki is admissible, and thus nonincreasing.

LEMMA A.3. Let (b,β,σ,K) be admissible parameters and suppose that condition (K)
holds. Suppose that Eβ ∈ L1(R+;Rm×m). Then there exists a constant C > 0 such that for
all t, s ≥ 0 with 0≤ t − s ≤ 1, the following inequality holds:∫ t

s

∥∥Rβ(r)
∥∥2

2 dr +
∫ t

s

∥∥Eβ(r)
∥∥2

2 dr

+
∫ s

0

∥∥Eβ(t − r)−Eβ(s − r)
∥∥2

HS dr +
∫ t

s

∥∥Eβ(t − r)
∥∥2

HS dr ≤ C(t − s)γ .
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PROOF. The first two terms can be estimated by Lemma A.2 and condition (v) for ad-
missible parameters, that is,∫ t

s

∥∥Rβ(r)
∥∥2

2 dr +
∫ t

s

∥∥Eβ(r)
∥∥2

2 dr ≤ (1+ ‖β‖2
2
) ∫ t

s

∥∥Eβ(r)
∥∥2

2 dr

≤ 4mC1
(
1+ ‖β‖2

2
)(

1+ ‖Rβ‖2
L1(R+)

)
(t − s)γ .

Similarly, we obtain from Lemma A.2,∫ t

s

∥∥Eβ(t − r)
∥∥2

HS dr

≤ 2m

∫ t−s

0

∥∥K(r)
∥∥2

2 dr + 2m‖Rβ‖2
L1(R+)

∫ t−s

0

∥∥K(r)
∥∥2

2 dr

≤ 2m2C1(t − s)γ + 2m2‖Rβ‖2
L1(R+)

C1(t − s)γ .

Finally, the last term can be estimated by∫ s

0

∥∥Eβ(t − r)−Eβ(s − r)
∥∥2

HS dr

≤ 3m
(
1+ ‖Rβ‖L1(R+)

)2 ∫ s

0

∥∥K(r + t − s)−K(r)
∥∥2

2 dr

+ 3m‖Rβ‖2
L1(R+)

∫ t−s

0

∥∥K(r)
∥∥2

2 dr

≤ 3m2(1+ ‖Rβ‖L1(R+)

)2
C3(t − s)γ + 3m2‖Rβ‖2

L1(R+)
C1(t − s)γ .

Combining all estimates proves the assertion. �

APPENDIX B: UNIFORM IN TIME BOUNDS

B.1. Moment estimates.

PROOF OF LEMMA 4.5. Note that

E
[|Xt |p]≤ 2p−1

(
1+

∫ ∞
0

∥∥Rβ(s)
∥∥

2 ds

)p

|x0|p + 2p−1
(∫ ∞

0

∥∥Eβ(s)
∥∥

2 ds

)p

|b|p

+ c2p−1
E

[(∫ t

0

∥∥Eβ(t − s)
∥∥2

HS

∥∥σ(Xs)
∥∥2

HS ds

)p/2]
,

where c > 0 is a constant only depending on m,p and the first two terms are finite
since Eβ (and hence Rβ) is integrable over R+. For the last term, we obtain with σ ∗ =
max{σ 2

1 , . . . , σ 2
m}

E

[(∫ t

0

∥∥Eβ(t − s)
∥∥2

HS

∥∥σ(Xs)
∥∥2

HS ds

)p/2]

≤ (√mσ ∗
)p/2

(∫ t

0

∥∥Eβ(t − s)
∥∥2

HS ds

)p/2−1 ∫ t

0

∥∥Eβ(t − s)
∥∥2

HSE
[|Xs |p/2]ds

≤ (√mσ ∗
)p/2 sup

t≥0
E
[|Xt |p/2](∫ ∞

0

∥∥Eβ(s)
∥∥2

HS ds

)p/2
,

where we have used ‖σ(x)‖2
HS =

∑m
k=1 σ 2

k xk ≤ σ ∗
√

m|x| and Jensen’s inequality. Thus, we
have shown that

1+ sup
t≥0

E
[|Xt |p]≤ C(p)

(
1+ sup

t≥0
E
[|Xt |p/2]),
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where C(p) > 0 is a constant. Letting n ∈N be the smallest integer with p/2n ≤ 2 gives

1+ sup
t≥0

E
[|Xt |p]≤ n−1∏

k=0

C

(
p

2k

)(
1+ sup

t≥0
E
[|Xt |p/2n])

≤
n−1∏
k=0

C

(
p

2k

)(
1+ sup

t≥0

(
1+E

[|Xt |2])).
Thus, we can use the previous estimate to find supt≥0 E[|Xt |2] ≤ C(2)(1+ supt≥0 E[|Xt |]).
This proves the assertion. �

B.2. Uniform Hölder estimate.

PROOF OF PROPOSITION 4.7. Using (4.3), we find for t, s ≥ 0 with 0 ≤ t − s ≤ 1 that
Xt −Xs = I1 + I2 + I3 + I4 with I1 =− ∫ t

s Rβ(r)x0 dr , I2 = ∫ t
s Eβ(r)b dr , I3 = ∫ s

0 (Eβ(t −
r)−Eβ(s − r))σ (Xr) dBr , I4 = ∫ t

s Eβ(t − r)σ (Xr) dBr . For the first term, we obtain from
Lemma A.3,

|I1|p ≤ |x0|p(t − s)p/2
(∫ t

s

∥∥Rβ(r)
∥∥2

2 dr

)p/2

≤ |x0|pCp/2(t − s)p/2+γp/2.

Likewise, we obtain for the second term,

|I2|p ≤ |b|p(t − s)p/2
(∫ t

s

∥∥Eβ(r)
∥∥2

2 dr

)p/2
≤ |b|pCp/2(t − s)p/2+γp/2.

For the third term, we use the Burkholder–Davis–Gundy inequality to find

E
[|I3|p]≤ (√mσ ∗

)p/2
c(m,p)

(∫ s

0

∥∥Eβ(t − r)−Eβ(s − r)
∥∥2

HS dr

)p/2−1

·
∫ s

0

∥∥Eβ(t − r)−Eβ(s − r)
∥∥2

HSE
[|Xr |p/2]dr

≤ (√mσ ∗
)p/2

c(m,p) sup
t≥0

E
[|Xr |p/2]Cp/2(t − s)γp/2,

where we have used ‖σ(x)‖2
HS ≤ σ ∗

√
m|x|with σ ∗ =max{σ 2

1 , . . . , σ 2
m}. Similarly, we obtain

for the last term

E
[|I4|p]≤ (√mσ ∗

)p/2
c(m,p) sup

t≥0
E
[|Xr |p/2](∫ t

s

∥∥Eβ(t − r)
∥∥2

HS dr

)p/2

≤ (√mσ ∗
)p/2

c(m,p) sup
t≥0

E
[|Xr |p/2]Cp/2(t − s)γp/2.

Combining all estimates and invoking Lemma 4.5 proves the assertion. �

Acknowledgments. The authors would like to thank the referees for a careful reading
of this manuscript, which lead to a great improvement of this work. Additional address of
the second author is Department of Mathematics, Shantou University, Shantou, Guangdong
515063, China.



VOLTERRA SQUARE-ROOT PROCESS 355

Funding. The research of Peng Jin is supported by the Guangdong Basic and Ap-
plied Basic Research Foundation (No. 2020A1515010436), the Guangdong Provincial Key
Laboratory of IRADS, BNU-HKBU United International College (2022B1212010006), the
Guangdong Higher Education Upgrading Plan (2021–2025) (UIC R0400024-21), the UIC
Start-up Research Fund (No. R72021102) and NSFC (Nos. 11861029, 12071499).

REFERENCES

[1] ABI JABER, E. (2022). The Laplace transform of the integrated Volterra Wishart process. Math. Finance 32
309–348. MR4370808 https://doi.org/10.1111/mafi.12334

[2] ABI JABER, E., CUCHIERO, C., LARSSON, M. and PULIDO, S. (2021). A weak solution theory for
stochastic Volterra equations of convolution type. Ann. Appl. Probab. 31 2924–2952. MR4350978
https://doi.org/10.1214/21-aap1667

[3] ABI JABER, E., LARSSON, M. and PULIDO, S. (2019). Affine Volterra processes. Ann. Appl. Probab. 29
3155–3200. MR4019885 https://doi.org/10.1214/19-AAP1477

[4] ABI JABER, E., MILLER, E. and PHAM, H. (2021). Markowitz portfolio selection for multivariate affine
and quadratic Volterra models. SIAM J. Financial Math. 12 369–409. MR4229250 https://doi.org/10.
1137/20M1347449

[5] ABI JABER, E., MILLER, E. and PHAM, H. (2021). Linear-quadratic control for a class of stochastic
Volterra equations: Solvability and approximation. Ann. Appl. Probab. 31 2244–2274. MR4332695
https://doi.org/10.1214/20-aap1645

[6] BARCZY, M., DÖRING, L., LI, Z. and PAP, G. (2013). On parameter estimation for critical affine processes.
Electron. J. Stat. 7 647–696. MR3035268 https://doi.org/10.1214/13-EJS786

[7] BARCZY, M., DÖRING, L., LI, Z. and PAP, G. (2014). Parameter estimation for a subcritical affine two
factor model. J. Statist. Plann. Inference 151/152 37–59. MR3216637 https://doi.org/10.1016/j.jspi.
2014.04.001

[8] BARCZY, M., PAP, G. and SZABÓ, T. T. (2016). Parameter estimation for the subcritical Heston
model based on discrete time observations. Acta Sci. Math. (Szeged) 82 313–338. MR3526353
https://doi.org/10.14232/actasm-015-016-0

[9] BENTH, F. E., DETERING, N. and KRÜHNER, P. (2022). Stochastic Volterra integral equations and a
class of first-order stochastic partial differential equations. Stochastics 94 1054–1076. MR4503737
https://doi.org/10.1080/17442508.2021.2019738

[10] CONT, R. and DAS, P. (2022). Rough volatility: Fact or artefact? Available at arXiv:2203.13820.
[11] CUCHIERO, C. and TEICHMANN, J. (2019). Markovian lifts of positive semidefinite affine

Volterra-type processes. Decis. Econ. Finance 42 407–448. MR4031333 https://doi.org/10.1007/
s10203-019-00268-5

[12] CUCHIERO, C. and TEICHMANN, J. (2020). Generalized Feller processes and Markovian lifts of stochastic
Volterra processes: The affine case. J. Evol. Equ. 20 1301–1348. MR4181950 https://doi.org/10.1007/
s00028-020-00557-2

[13] DEBUSSCHE, A. and FOURNIER, N. (2013). Existence of densities for stable-like driven SDE’s with
Hölder continuous coefficients. J. Funct. Anal. 264 1757–1778. MR3022725 https://doi.org/10.1016/
j.jfa.2013.01.009

[14] EL EUCH, O., FUKASAWA, M. and ROSENBAUM, M. (2018). The microstructural foundations of lever-
age effect and rough volatility. Finance Stoch. 22 241–280. MR3778355 https://doi.org/10.1007/
s00780-018-0360-z

[15] EL EUCH, O. and ROSENBAUM, M. (2018). Perfect hedging in rough Heston models. Ann. Appl. Probab.
28 3813–3856. MR3861827 https://doi.org/10.1214/18-AAP1408

[16] EL EUCH, O. and ROSENBAUM, M. (2019). The characteristic function of rough Heston models. Math.
Finance 29 3–38. MR3905737 https://doi.org/10.1111/mafi.12173

[17] FARKAS, B., FRIESEN, M., RÜDIGER, B. and SCHROERS, D. (2021). On a class of stochastic partial
differential equations with multiple invariant measures. NoDEA Nonlinear Differential Equations Appl.
28 28. MR4241464 https://doi.org/10.1007/s00030-021-00691-x
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