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Abstract. We study the long-time behavior for continuous-time Markov processes on the state
space R>q := [0, 00), which arise as unique strong solutions to stochastic equations with jumps. We
establish, under a global dissipativity condition combined with a comparison principle, exponential
ergodicity in various Wasserstein distances on R>p. Our main emphasis lies on the derivation of
these estimates under minimal moment conditions to be imposed on the associated Lévy measures
of the noises. We apply our method to continuous-state branching processes with immigration
(shorted as CBI processes), to nonlinear CBI processes, and finally to CBI processes in Lévy random
environments.

1. Introduction

The study of long-time behavior for continuous-time Markov processes is a classical and still
popular topic in probability theory. In this paper we investigate this problem for jump-diffusions on
the state space R>¢ := [0, 00), which include interesting classes of processes such as continuous-state
branching processes with immigration (see, e.g., L.i (2011); Pardoux (2016)), possibly in Lévy random
environments (see He et al. (2018); Palau and Pardo (2017)), continuous-state nonlinear branching
processes (see Li et al. (2019)), and TCP processes (see, e.g., Bardet et al. (2013); Chafal et al.
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(2010)). More precisely, we investigate the long-time behaviour for the Markov process determined
by the stochastic equation

¢ ¢
Xt:X0+/ b(XS)ds+/ /U(Xs,u)W(ds,du)
0 0o JE

t _ ¢
+/ / 90 (Xs—,u) Ny (ds, du) +/ / 91 (Xs—,u) Ny (ds,du), t>0, (1.1)
0 Juy 0 Ju,

where W(ds, du) is a Gaussian white noise on R>o x E, Ny(ds, du) is a Poisson random measure on
R>o x Uy, Ni(ds,du) is a Poisson random measure on R>o x Uy, and N() denotes the compensated
Poisson random measure associated with INg. The precise conditions we impose on the coefficients
b, 0, go, g1 and on the noise terms are given in Section 3. A strong solution to (1.1) is, by definition,
a nonnegative cadlag process {X; : t > 0} that is adapted to the augmented natural filtration
generated by W(ds,du), No(ds,du) and Ni(ds,du) and that satisfies the equation (1.1) almost
surely for every ¢ > 0. The existence and uniqueness of strong solutions were studied, e.g., in Fu
and Li (2010), Dawson and Li (2012), and Li and Pu (2012). Additional related results for stochastic
equations on R can be found in Li and Mytnik (2011) as well as in Fournier (2013).

Let {P;(z,dy) : t, z > 0} be the transition probabilities of the Markov process with state space
R>o obtained from (1.1) and let P(R>¢) be the space of all Borel probability measures over R>g.
We call m € P(R>0) an invariant measure for {Py(z,dy) : t, z > 0}, if

Py(z,dy)m (dz) = w(dy), t=>0.
R>g
Existence of invariant measures can be shown by a compactness argument, see, e.g., Section 9 in
Chapter 4 of Ethier and Kurtz (1986) for some sufficient condition and often relies on a Lyapunov
drift condition. Unlike existence, uniqueness of the invariant measure is a more demanding mathe-
matical problem and can be deduced, e.g., from the convergence of P;(x,dy) to 7. In order to study
such convergence, let us define, for g, g € P(R>(), the Wasserstein distance

Wa(o, 0) = inf / d(z,y)H(dz,dy) : H is a coupling of (p,0) ¢, (1.2)
RZOXRZO

where d is a suitably chosen metric on R>q. Natural examples for d, among others, are d(z,y) =
W {2y} corresponding to the total variation distance and d(x,y) = [z — y| in accordance with
the Kantorovich-Rubinstein distance. In Section 2 we collect some basic properties of Wy while a
detailed treatment of Wasserstein distances is provided in the monograph of Villani (2009).

We call a Markov process exponentially ergodic in Wy, if there exists a constant A > 0 and a
function K : R>¢ — R>q satisfying

Wa(Pi(z,-),n) < K(z)e ™, t,2>0.

A widely used approach for the study of exponential ergodicity in the total variation distance (i.e.
d(w,y) = Lizeyy) is due to Meyn and Tweedie (1993, 2009). The essential obstacle when applying
their approach lies within the “irreducibility of a skeleton chain”. To prove this, it is sufficient and
customary to verify that P;(z,dy) has a jointly continuous density which is strictly positive. While
such an approach is suitable for diffusion processes, the situation is more delicate and requires a
custom-tailored analysis when dealing with Markov processes with jumps. Albeit being challenging,
the approach of Meyn and Tweedie has already been successfully applied to diverse Markov processes
with jumps. Another approach to prove ergodicity of Markov processes is based on the construction
of successful couplings. Such construction is usually closely related with the mathematical model at
hand and often a difficult task, see, e.g., Butkovsky (2014); Eberle (2016); Peng and Zhang (2018);
Wang (2016).
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In this work we provide a simple approach to exponential ergodicity in the Wasserstein distance
Wy with d(z,y) = [z —y|*, A € (0,1] or d(x,y) = log(1+ |z —y|) for Markov processes on R>q which
can be constructed as strong solutions of stochastic equations satisfying the comparison principle.
Indeed, using the comparison principle we construct a monotone coupling for (X7, X}) with X =z
and X§ = y obtained from (1.1). This coupling allows us to estimate the Wasserstein distance and
subsequently prove the existence, uniqueness of invariant measures, and exponential ergodicity in
the Wasserstein distance. The corresponding results are formulated in Section 3 and extend the
method developed in Friesen et al. (2020b), where affine processes on the canonical state space have
been studied, to a general class of Markov processes on R>g. For simplicity, we consider only the
one-dimensional case. However, using the arguments based on the comparison principle similar to
Friesen et al. (2020a), one may extend most of the results of this paper also to multi-dimensional
settings, i.e., to Markov processes on state space R = {x € R™ : x;, >0, Vk =1,...,m}.

To illustrate the usage of our results obtained in Section 3, we apply them in Section 4 to
continuous-state branching processes and nonlinear continuous-state branching processes, as well
as in Section 5 to continuous-state branching processes in Lévy environments. All these processes
have in common that, the coefficients in front of the noise terms (continuous and pure-jump noise)
are typically degenerate at the boundary 0 and hence the methods from Douc et al. (2009); Eberle
et al. (2019); Kulik (2009); Veretennikov (1987) do not directly apply here.

2. Some basic properties of Wasserstein distances

By P(R>p) we denote the space of all Borel probability measures over R>g. Given p, 0 € P(R>o),
a coupling H of (p, 0) is a Borel probability measure on R>p x R>¢ which has marginals ¢ and p,
respectively. We write H(p, 9) for the collection of all such couplings. Let d be a metric on R>g
such that (R>p,d) is a complete seperable metric space and define

Pa (R>0) = {9 € P (Rxo) : d(z,0)p (dz) < oo} .

Rzg

The Wasserstein distance on Pg(R>0) is defined by (1.2) Note that, since p and g belong to Pg(R>¢),
the expression Wy(p, 0) is finite. Moreover, it can be shown that this infimum is attained (see Villani
(2009, p.95)), i.e., there exists H € H(p, ¢) such that

Wi (0, 0) = d(z,y)H (dz,dy) . (2.1)
RZO XRZO
Since (R>p,d) is assumed to be a complete separable metric space, according to Villani (2009,
Theorem 6.16), (Pg(R>0), Wy) is also a complete separable metric space. In the remainder of the
article, we will use the following particular examples.
Example 2.1.
(a) If dTV(ac,y) = H{:L‘;éy}7 then PdTV (Rzo) == P(Rzo) and
1 - 1 ~
Wa, (0,0) = §||Q —0llrv = §SUP{|Q(A) —0(A)| : A C R Borel set}

is the total variation distance. Note that in this case (R>,dry) is not seperable. However,
Wy still defines a metric on Py, (R>) with respect to which this space is complete.
(b) For A € (0,1], the Wasserstein-A-distance corresponds to dy(x,%y) = |z — y|*, where

Pa, (R>o) := {Q € P(R>p) : /R :B/\Q(dzn) < oo} .

For simplicity, we write (Py(R>o), Wy) instead of (P4, (R>0), Wy, ).
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(c) The limiting case A = 0 should naturally correspond to the case where diog(x,y) = log(1 +
|z — y|). In such a case we have

Pdlog(Rzo) = {Q € P(Rxg) : /{ - log(z)e (dx) < oo} .

Similarly as in (b), we write (Plog (R>0) , Wiog) instead of (P, (R>0), Wa,,)-

(d) Finally, we will use the following auxilliary metric defined by dlgl(:t, y) = 1A |z —y|. The
corresponding Wasserstein distance is then well-defined on P <1(R>0) = P(Rx0).
<1(R> >

We will need the following simple relation between the distances Wy and Wiqg.
Lemma 2.2. Let A € (0,1]. For all p,0 € P(R>g) it holds that

VVlog(QaE) < IOg (1+W1(Qa§)) and W)\(Qv@ < (Wl(Q,@))\-

Proof: Let H be the optimal coupling for Wi (o, 0). Then using that [0,00) > & — log(1 + z) is
concave, we get

Wiog (0, 8) < / log(1 + |z — y|)H (dz, dy)

RZO XRZO

<tog(14 [ le-yiH(dedy)
RZOXRZO
= log (1 + W1(0,0)).

This proves the first inequality. The second inequality can be shown in the same way, since [0, 00) >
x — 2 is also concave. g

One simple but important property of Wasserstein distances is their convexity as formulated
below.

Lemma 2.3. Let d be a metric such that (R>o,d) is a complete separable metric space. Let o, o €
Pa(R>o) and suppose that Pi(x,dy) is a Markov kernel on R>q. Then, for any H € H(o,0), we
have

Wy (/I‘{ P(wv )Q(dx)7/ﬂ§ P(%)E@@) S/R & Wd(P(xﬂ‘)7P(y7 ))H(dxvdy)

Note that this assertion also holds for the total variation distance. For a proof we refer the reader
to Villani (2009, Theorem 4.8). The convolution between measures g and g on Rx>g is denoted by
o * 0. We close the presentation with a useful convolution estimate for Wasserstein distances.

Lemma 2.4. Let d be a metric such that (R>g,d) is a complete separable metric space. Suppose
that d(x+vy,z+y) < d(x,Z) forz,z,y > 0. Let g, 0, g € Pa(R>0). Then Wy(oxg,0%g) < Wa(o, 0).

Proof: For a function h on Rxq, we define ||A[|Lip = sup,, % and a new function hy as

hg(x) = fRzo h(z +y)g (dy), x > 0. Note that if ||h||1;p, < 1, then
|y () — hy(a')] < /R [h(z +y) — h(z' + )| g (dy)
>0
< ||h||Lip/ d(z+y,2" 4+ y)g (dy)
RZO

< Il / d(z,2')g (dy) < d(z, "),
RZO
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showing that ||hg||1ip < 1. Combining this observation with the Kantorovich-Duality, we obtain

Wilgsg.3v0)= sw_ / M@)o g)(a) - / @@ )

[lR]lLip<1

~ sup /R  Tala)efdn) - /R | al@)atan)

= Wd(Qv @

< swp ([ h@etdn) ~ [ ni)atao)

IAllLip<1

0

Although we formulated Lemma 2.3 and 2.4 on the state space Rx>g, it is clear that they naturally
extend to more abstract state spaces.

3. Stochastic equations of nonnegative processes with jumps

Let (Q,F, (Ft)t>0,P) be a filtered probability space with the usual hypotheses, let E, Uy, and
Ui be complete separable metric spaces, »(du), po(du) and pi(du) be o-finite measures on E, Uy
and Uy, respectively. Then let W(dt,du) be an (F:):>0-Gaussian white noise on R>g x E with
intensity measure dtsx(dz), and let No(d¢,du) and Nj(dt,du) be (Fi)i>o-Poisson random mea-
sures on R>g x Up and R>g x U; with intensities dtuo(du) and dtp;(du), respectively. Denote
by No(dt,du) := No(dt,du) — dtug(du) the compensated Poisson random measure of No(dt, du).
Suppose that the random objects W (dt,du), Ny(dt,du), and Ny (dt,du) are mutually independent.
We call parameters (b, 0, go, g1) admissible, if they satisfy the following set of conditions:

e x — b(x) is continuous on R>( and satisfies b(0) > 0;
o (r,u) — o(x,u) is a Borel function on R>g x E satisfying ¢(0,u) = 0 for u € E;
o (z,u) — go(x,u) is a Borel function on R>( x Uy satisfying ¢o(0,u) = 0 and go(z,u)+x >0
for x > 0 and u € Uj.
o (r,u) — gi(z,u) is a Borel function on R>g x U; satisfying g1(z,u) +x > 0 for z € R>p
and u € Uj.
While the above conditions are natural to ensure solutions of (1.1) to be non-negative, existence
and uniqueness of solutions do require a set of additional technical conditions introduced below.

(3.a) There is a constant Ky > 0 and a Borel function (x,u) — g, (z,u) on R>¢ x U; such that
SUPye(0,4] |91 (Y, w)| < g1 (2, u) and for 2 >0

b(z) + /U 1A g (2, w)| g (du) < Ko(2 + );

(3.b) There exist continuous functions by, by such that b(z) = bi(x) — be(x) and = — ba(x) is
nondecreasing. Finally, for each j > 1 there is a nondecreasing, continuous, concave function
2+ 1j(2) on Rxg such that [, r;(2)7'dz = 0o and for all 0 < z, y < j

b1 () — b1 (9)] + /U 91, 10) — g1 (g )| 11 (due) < 75 (J — )

(3.c) For each j > 1 there is a constant A; > 0 such that for 0 <z, y <j

/ o, u) — oy, w)Pse(dus) < Agler — g,
FE
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the function 2 — [ o(x,u)s(du) is continuous, and there exists a constant K > 0 such
that for x >0

/ o(a,u)oe(du) < Ky (2 + 2%, 220,
FE

(3.d) There is a non-decreasing function  —— L(z) on R>g and a Borel function (z,u) —
Go(w,u) on Rxo x Up so that sup,eo o1 [90(y, u)| < go(z,u) and

[ ot A0 o (@0) < 26a)

for every > 0, and there exists a constant Ko > 0 such that

/U ﬂ{\go(x,u)|§1}|90(x7u)P#O(du) < K2(2—|-.TL’)2
0

holds for each > 0. Moreover, for each j > 1 there exists a constant B; > 0 such that

[ (0t ) = ot 0] A oot ) = anlo ) o () < Byl =

holds for all 0 < z, y < j.
(3.e) The functions x — x + go(z,u) and x — x + g1 (2, u) are nondecreasing for each u € Uy
or u € Uy, respectively.

Definition 3.1. Equation (1.1) is said to have the comparison property, if for any non-negative
Fo-measurable random variables Xy, Y and corresponding solutions {X; : ¢ > 0} and {Y; : ¢t > 0}
o (1.1), it holds that: if P(Xy <Yj) = 1, then P(X; <Y, for all t > 0) = 1.

Before we formulate our main statement, we introduce the following conditions on the big jumps
of the process.

(m)x: There exists A > 0 and K > 0 such that for all z > 0,

/U Ly (a0)> 13191 (2, 0) [P (du) < Ky (2 + @), (3.1)
1

/U 101190 (2, 0) PN g (dur) < Foy (2 4 2)P),
0

where p(A) = Al (g 17(A) + L(1,2)(A) + 212 o)
(m)1og: There exists a constant Kj,g > 0 such that for all x > 0,

/U 11 oty 108 (1 + [g1 (2, 0) o () < Kiog(2 + ), (3.2)
1

/U 14 g0 (z,u)>1} 190 (7, ) | o (du) < Kiog(2 + ).
0

Remark 3.2. If condition (m)y holds for A € (0,2], then also condition (m)1,g holds true.
The next theorem provides the existence, uniqueness and comparison property for solutions of (1.1).

Theorem 3.3. Let (b, 0, go,91) be admissible parameters, suppose that conditions (3.a) — (3.e) are
satisfied. Suppose that one of the following two conditions holds:

(i) condition (m)y holds for some A >0 and E [X3] < oo;

(it) condition (m)ieg is satisfied and E [log(2 + Xo)] < oo.

Then there exists a unique strong solution {X; : t > 0} of (1.1). This solution satisfies, under
condition (i) the estimate

E [Xﬁ} <E [(2 + Xo))‘] oxp (c(N)),  t>0,
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where ¢(\) > 0 is some constant, while under condition (ii) it satisfies
Ellog(2+ X)) < Eflog(2+ Xo)] + ciogt, ¢ 20,
where cjog > 0 is some constant. Moreover, (1.1) has the comparison property.

Proof: The existence and uniqueness of a [0, co]-valued solution of (1.1) follows from Palau and
Pardo (2018, Proposition 1). Applying then Lemma A.3 from the appendix proves that this unique
solution is actually a.s. finite and satisfies the desired moment bounds. Finally, the comparison
property can be shown by following the proof of Dawson and Li (2012, Theorem 2.3) with the only
difference that our conditions (3.a), (3.d) are weaker than those imposed in Dawson and Li (2012,
Theorem 2.3). However, this does not affect the key argument. This completes the proof of this
statement. U

Let us remark that the constants appearing in the moment estimates can be computed explicitly.
Below we provide the semimartingale characteristics for the process.

Lemma 3.4. Let (b,0,90,91) be admissible parameters and suppose that conditions (3.a) — (3.e)
are satisfied, and that condition (m)y holds for some X\ > 0 or condition (m)iog is satisfied. Let
{X: : t >0} be the unique strong solution to (1.1), and let h be a continuous bounded function on
R such that h(x) = x holds for |z| < 1. Then X is the unique semimartingale with characteristics
(B, C, K) with respect to h given by

B, - /0 B(X)ds,  b(a) = b(a) - /U oo (@, u)) o (dur) + /U hgi (2,0 (), (3.3)
Ct:/O c(Xs)ds, c(x):/Ea(x,u)Q%(du),
K(x, A) = /U 11, (0 (002 ) o (dus) + /U 100y (01 (2 ) (du),

where h(z) = z — h(z).

Proof: If f € CZ(R), then an application of the It6 formula shows that f(X:) = f(Xo) + As + M,
where (A¢)>0 is of locally finite variation and (My)s>¢ is a local martingale, respectively given by

/\/lt—/Ot/Ea(Xs,u)f’(Xs)W(ds,du)
# 0 (X 0) = £0) R @)
/ /X Ko g1 (o) = f(55)) Ny s, ),
A = /(X) Ods + = // (Xy, )2 f" (Xs)se(du)ds
/ /U F(Xe + 90(Xasw) = F(X.) = go(Xyw) /(X)) ro(du)ds

+ /0 /U PO 01X )) = F6) ().
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A short computation shows that

Ay = /( X )ds + = // (X, u)* f"(Xs)2(du)ds

/ /U F(Xa+ go(Xar ) — F(Xa) — h(go(Xs, 1) f(X)) pio(du)ds

4 / / (F(Xs+ 1(Xarw) — F(X5) = hg1(Xs,w)) £(X,)) g (du)ds
0 U1

_ "= / 1 : o u2 " »x(du)ds
_ /O X (Xo)ds + /0 /E (Xo, )2 (X,) e(du)d

t
i /0 /onle{O,l} <f(Xs + G(Xs, uo, u, 1) — f(Xs)

— h(G(Xs,uo,u1, l))f’(XS))F(duo, duy,dl)ds

:/b( S)ds + = // (X, u)? f"(Xs)se(du)ds

//onle{m}( F(Xs +2) = f(Xo) = h(z)f,(Xs)>K(Xs,dZ)d8,

where
G(CU, U, U1, l) - 1{[:0}90(337 ’U) + 1{[:1}.91 (xa U),
F(duo, dul, dl) = /Lo(d’u,o)(So(dul)(So(dl) + (50((1’11,())/1,1 (dul)él (dl),

and

K(z, A) = /U 11, (0 (002 w)) o (dur) + /U 1o oy (91 (2, )1 ()

= / ]lA\{D}(G(:U,uo,ul,l))F(duo,dul,dl).
U0><U1><{0 1}

The particular form of the characteristics is now a consequence of Kurtz (2011, Chapter II, Theo-
rem 2.42), while the uniqueness of semimartingale characteristics is a consequence of Kurtz (2011,
Chapter III, Theorem 2.26). This proves the assertion. (|

In the following, we write {X7 : ¢ > 0} for the unique strong solution of (1.1) to indicate that
the process X; starts with deterministic initial variable Xo = x > 0. Arguing as in Li (2019) (see
the proof of Theorem 1.1 therein) one can show that {X7 : ¢ > 0} is a strong (F)e>0-Markov
process with transition kernel P;(x,dy). The adjoint action of the transition semigroup on P(Rx>g)
is defined by

Fro@) = [ Pledpeds). 20 0eP(®).
>0

By the Markov property we have that P ;= PPy for all 0 < s <t. Finally, in order to study the
long-time behaviour we impose the following uniform dissipativity condition of the drift:

(3.f) It holds that fUl |g1(z,w)|p1(du) < oo for all x > 0 and there exists a constant A > 0 such
that

b(y) — b(x) + /U (91(y,w) — g1 (2, w))pa (du) < —A(y — )

holds for all z,y > 0 with z < y.
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Under the given conditions we are able to show that the corresponding Markov process is exponen-
tially ergodic in the Wasserstein distance Wj.

Theorem 3.5. Let (b,0,490,91) be admissible parameters and suppose that conditions (3.a)-(3.f)
hold, and that (m)y holds for X = 1. Then, for all o, o € P1(R>0), we have

Wi (Pfo, Pro) < e MWi(0,0), t>0. (3.4)

In particular, there exists a unique invariant measure m € P(R>q). Moreover, we have m € P1(R>0)
and, for all o € P1(R>o),

Wl (Pt*:.077r) < e_Atwl (Qaﬂ-) ) t>0.

Proof: First observe that {X} : ¢ > 0} has finite first moment due to Lemma A.3.(a). Define for
n € N the stopping time 7,(z) = inf{t > 0 : X7 > n}. In the proof of Lemma A.3.(a), we have
shown that 7,(x) — 0o a.s. as n — oo and that (Mn’ )t>0 is a martingale for each n € N, where

tATh () tATh (z
M / / W (ds,du) + / / 90 ( No (ds,du) .
Uo

Let 0 < x < y and define 7, = 7,(x) A 7,(y). Using the comparison principle, optional stopping,
and then condition (3.f) we find that

E[|XZ,. — X1, [] = E[X}, ] - E[XE.,
tATn -
=y—xz+E [/ (b(XY) — b(X;”))ds]
0
tATh
<lo—y| - AE [/ (xV - Xf)ds]
0

tATh
— ool - A | [ 1xz - x2las).
0

where b(z) = b(z) + Jo, g1(z,u)pa(du). Let D= {t >0 : PX7 = X{, X/ = X/ | = 1}. Taking
the limit n — oo and invoking 7,, — oo a.s., yields, due to cadlag sample paths of X, that for t € D,

E[lXy — XY = E[IX — X{_]
< hnnilogf]EHth/\Tn - Xiy/\‘rn H

t
<fo—ol - 42| [ 1x2 - x2jas].
0

For t ¢ D, we find D > t, | t and then let n — oo to obtain the above estimate also for ¢ ¢ D.
Applying Gronwall’s lemma yields E[| X7 — XV|] < |z — yle=4* for t > 0. Let us now derive (3.4).
We denote by ¢, and ¢, the Dirac measure concentrated in x and y, respectively. Assume 0 < x < y.
Since the joint distribution of (X7, X}) belongs to H(P;d,, P}d,), we obtain

Wi (P70,, P6,) < B[IXF — X[l <o —yle ™™, t>0. (3.5)

Let H be any coupling of (p, p) satisfying (2.1). Using the convexity of Wj and (3.5), we get

Wi (Pyo, Pi3) < / Wi (By'6,, Pr6,) H (de, dy)

RZU XRZO

<ot [ el H ) = M Wao.0)
R>oxR>q
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Next we prove the existence of an invariant measure m € P;1(R>¢). We fix any ¢ € P1(R>0). Then,
for k,l € N with k <,

-1 -1
Wl (PI:Q7 PI*Q) < Z Wl (P5*+1Q7 PS*Q) < Ze—Aswl (Pl*Qa Q) )
s=k s=k

where we have used the semigroup property of P; ; together with (3.4). Since the right-hand side
tends to zero as k,I — 00, (Pyo)ken C Pi1(R>p) is a Cauchy sequence. As a consequence, there
exists m € P1(Rx>0) such that Wi(P;p, ) converges to zero as k — oo. To prove the invariance of
m, ie. Pym =, for all h > 0, let us fix h > 0. Using the semigroup property and (3.4) it follows

Wi (Prm,m) < Wi (Ppm, P P o) + Wi (P Py o, Pro) + Wi (P o, )
< e MWy (m, Pro) + e Wy (Pro, o) + Wi (Plo,m),

and the right-hand side tends to zero as k — co. Hence, we see that Wi (Pjw,m) = 0.

Finally, we prove the uniqueness of invariant measures. Let I/VlSl be the Wasserstein distance
given by (1.2) with d(z,y) = 1 A |z — y| as introduced in Example 2.1.(d). Using the invariance of
m, m, and the convexity of ngl, for any H € H(m, ), we derive

WS (n,7) < / W= (PFo,, PFO,) H (dz, dy)

RZO XRZO

<[ RN -XYAUH@dy
RZOXRZO

<[ QAB(XF- XY H(dedy
RZOXRZO

< / (1A (Jz— y|e_At)) H (dz,dy) .
RzoxRZO

By dominated convergence we see that the right-hand side vanishes as t — oco. Consequently,
W=, %) = 0 and this implies that = = 7. O

In our next result we prove that a similar ergodicity statement also holds true, if we replace (m);
either by (m)y with A € (0,1) or by (m)is. However, as in such a case the process does not have
finite first moment, we cannot directly use the above arguments. Our idea is to approximate the
process by truncating the big jumps. In this way, the approximating process has finite first moments
and hence previous results can be applied. Using the properties of the Wasserstein distance and
passing to the limit where the truncation vanishes, we are able to derive the desired result formulated
at the end of this section. Below we first prove that by truncating the big jumps, we obtain an
approximation of the process.

Proposition 3.6. Let (b,0, g0, 91) be admissible parameters, that conditions (3.a) — (3.e), (M)iog
holds, and that

z— go(w,uo), and z+— gi(z,w1) (3.6)

are continuous for pg-a.a. ug € Uy and pi-a.a. uwy € Uy. Finally, assume that there exists a
sequence of subsets (UF);>1 of Uy such that |gi(x,u)| < k holds for each x >0, k> 1, u € UF, and
UF 2 Uy. Define gk (z,u) = Iyx (u)g1(z,u) forx >0 andu € Uy. Then (b,0,g0,g¥) are admissible
parameters which satisfy conditions (3.a) — (3.¢), and (m)1. Let {XF : t > 0} be the associated
sequence of strong solutions to (1.1) with g1 replaced by g’f but the same initial condition. Then
X*® = X holds in law as k — oo, where X is the unique strong solution to (1.1) with admissible
parameters (b, o, go, g1).
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Proof: Tt is not difficult to see that (b, d, go, g¥) are admissible and satisfy conditions (3.a) — (3.e),
and (m);. Let

x, x€[-1,1], 0, x € [—1,1],
h(z) =<1, x>1, h(z)=z—h(z)=<z—-1, z>1,
-1, < -1, z+1, =< -1

Applying Lemma 3.4, we observe that X and X* are semimartingales with characteristics (B, C, K)
with respect to the truncation function h given by (3.3), and (B*, C*, K*) given by

t - -
Bf = / P(xds,  B(x) = ba) - / (go(r, w)pn(du) + [ B(gh (e, u))pm (du),
0 Uy Ui

CcF = /Ot c(XF)ds, c(x) = /Ea(:c,u)zx(du),

Kz, A) = /U 14y 0y (90, ) ao (du) + /U 10,0y (0% (2, ) 1 ().
Finally define
o) = ofz) + /R Wy (e dy), ) = o) + /R h(y)2 K" (x, dy).

The assertion now follows from Kurtz (2011, Chapter IX, Theorem 4.8) and the characterization of
weak solutions to (1.1) in terms of semi-martingale characteristics (see Kurtz (2011, Chapter III,
Theorem 2.26)), provided we can show the following set of conditions:

(a) limg oo SUPLep ) K (2, [ a, a] ) =0 for each R > 0;

(b) The functions z —s b(x z), [p f(Y) K (x dy) are continuous for each continuous and
bounded function f satlsfylng \ fy)] < Cf (1 A y?) for some constant Cy > 0;

(c) The convergence b¥ — b, && — ¢, and Je FW)K*(-,dy) — [g f(y)K(-,dy) hold locally

uniformly for each continuous and bounded function f satisfying |f(y)| < C(1 Ay?), where
Cy > 0 is some constant.

Condition (a) follows from (m)ie and the estimates

K(x,[=a,al’) = po ({lgo(x, )| > a}) + 1 ({lgr(x, )| > a})

1
=32 / L4 1go au) > 13190 (2, w) | o (duw)
Uo
1
k)g(Ha)/ Lfjg () > 13 10 (1 + |g1 (2, w) ) (du)

< Klog(2 + .ZL‘) Klog<2 + [E)
- a log(1+ a)
where a > 1. For condition (b), we let (zy)nen C R>g such that z, — z. Then

b(xn) = b(x)| < [b(xn) = b(z)| +/U (g0 (s w)) = hlgo(,u))|po(du)

)

g |h(g1(zn, w)) — h(g1(z,u))|p1(du)

< J1+ J2+ Js.
The first term .J; converges to zero due to the continuity of b. The second term tends to zero due
o (3.6), the continuity of h, and the dominated convergence theorem. The latter one is applicable
in view of |h(go(Tn, )| < Lyjgo(@nu)>13(190(Tn, w)| + 1) < Lig (ju)>13290(J, v) and condition (3.d),
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ie., on Lig,Gaw)>1390(Js w)po(du) < L(j) < oo, where j € N is such that x,,z < j for each n € N.
For the last term J3 we use condition (3.b) to find that

J3 < | g1(zn,u) — g1z, w)|pa (du) < rj([2, — 1),
U1

which tends to zero due to the continuity of r;. Next, for ¢ we obtain

[e(2n) — c(@)] < /E |0 (20, w)? — o (x,u)?|52(du)

|h(go(zn, u))* — h(go(z,u))?| po(du)
Up

+ [ |P(g1(mn,u)® = hlg1(z,u))?| pa(du)
Uy
— L+ Iy + Is.

For the first term we use the Holder inequality and then condition (3.c) to get

I < /E(\J(wn,U)! +lo(z,u)))lo(zn, u) — o2, u)|2(du)

1/2 1/2
< ( [ otanw)]+ |o—<x7u>|>2%<du>) ( [ lotanu) - a(a:,u>|2%<du>)
< (2K (2 + 20)? + 2K1(2 + 2)2) 2\ Az — 2| = 0.

Similarly, using conditions (3.d), |h(z)| < 1A |z|, and |h(z) — h(y)| <2A |z —y| < 2(1A |z —y|) we
find that

1/2
I, < (/U (2h(go(xn,u))2 + 2h(go(x,u))2) uo(du)>
’ 1/2
([ gt = o) o)
Uo
1/2
<22 ([ (ALl + 1Al ) o))
; 1/2
([ 1Al - s o)
Uo
1/2
< 2V2 ([ (oo )] Algo(ns 0 + ool 0] Aol 0P) o)

1/2
. ( 190(n, 1) — g0 w)| A g0 (s ) — go<z,u>\2uo<du>)
Uo

< 2V2(L(za) + L(2))"? \/ Bjlan — 2,
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which tends to zero as n — co. Similarly, for I3 we find by conditions (3.a) and (3.e) that

1/2
Bz ([ @bl + 200 0)?) (o)
' 1/2
([ artnm) = o) o)
U1
1/2
<22 ([ (AlnlonP + 1A lnG ) i)

. </U1 LA g1 (2, u) — gl(x’uNQM(du))l/g

< 22\ /Ko((2 + ) + 2+ 2))rj(|n — ),

which tends to zero as n — oco. Finally, we find that

/Rf(y)K(xmdy)—/Rf(y)K(w,dy)‘ <

/U (F(g0(ns ) — F(go(, u)))po(du)

+

/U (F(g1(ms ) — F(g1 () ) (du)

For the integral against 1o we use (3.6) combined with the dominated convergence theorem, which
is applicable due to |f(go(zn,u))| < Cr(1 A |go(xn,u)|?) < Cr(1 A [go(j,w)|?) and condition (3.d),
ie.,

/U (1A [0 ) B eoldr) < / (10 )| A 10 ) 2o (dur) < L(j) < oo.

Uo

For the second term we use again the dominated convergence theorem, which is applicable due
to (3.6) and condition (3.a), since |f(g1(zn,w))] < Cr(1 A |g1(@n,u)|?) < Cr(1 A |gi(zn,u)]) <
Cr(1 A [g1(d,u)]) and [, (1A ]9, (5, w))pua(du) < Ko(2 + j) < oo. Thus we have shown that
Jz fW) K (zn,dy) — 5 f(y)K(z,dy), which completes the proof of property (b). To prove prop-
erty (c), let us first observe that

6" (2) = b(x)| <

/[]1 (h(glf(w,u)) - h(91(aj,u))) i1 (du)

/ (g1 (1)) ()
U \UF
< /U A @

< /U e A G (@)
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where j € Nis such that = € [0, j]. The convergence to zero is now a direct consequence of Ulk AUy,
condition (3.a), and the dominated convergence theorem. For the second term we observe that

() — o(a)| < / g (2, ))2 11 ()
Ui\UF
< [ A )

< /U e A DG )

This shows that ¢ — Elocally uniformly in x. Finally, let f be a continuous and bounded function
satisfying | f(y)| < C¢(1 A |y|*). Then

/f VKR (2, dy) — /f xdy’

/U1 (f(glf(ﬂf,u)) - f(!h(%u))) p1 (duw)

/ £(g1 () (du)
Ui\U¥F

<y / (1A (9, ) ) ().
U\UF

This completes the proof of property (c) and hence completes the proof of this Proposition. O

Remark 3.7. By adapting the methods from Dawson and Li (2012), it should be possible to derive
a stronger statement where X and the approximation X* are both realized on the same probability
space and the convergence holds at least in the sense that E[1 A | X} — X4|] converges to zero. Since
we do not need such a stronger statement, we leave these details for the interested reader.

Below we introduce a localized version of the dissipativity condition (3.f).

(3.g) There exists a sequence of subsets (Uf)g>1 of Uy such that |g1(z,u)| < k holds for each
x>0, k>1and u € Uf, and U{“ " Uy. Moreover, there exists a constant A > 0 such that

b0) = b6o) + [ ) = gn (o s (du) < Ay = )

1
holds for all 0 < x <y and k > 1.

Now we are prepared for our second main result of this section.

Theorem 3.8. Let (b,0,g0,91) be admissible parameters. Suppose that conditions (3.a) — (3.€),
(3.9), and (3.6) hold. Then the following assertions hold:

(a) If (m)x holds for some X\ € (0,1), then
Wy (Pro,Pre) <e M Wy(e,0), t>0

holds for each X' € (0, X). In particular, there exists a unique invariant measure m € P(Rxq),
this measure belongs to Py (Rx>q), and for all p € Py (R>g) one has

Wy (Po,m) < e XMWy (o,7), t>0.

(b) If (m)iog holds, then for all p,0 € P(R>0) one has lim;_o Wlsl(Pt*g, Pyp) = 0, and there

exists a constant ¢ > 0 such that

ngl(Pt*Qa Pt*@ <c (e—AtVng(Q’ 0) + min{e_Ata VVlog(Qa @}) :
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In particular, there exists a unique invariant measure 7, this measure belongs to Piog(R>0),
and for all ¢ € P(Rso) one has limy oo W' (Pfo,7) = 0 and

Wi (P o,m) < ¢ (67 Wigg(0, m) + min{e™, Wigg(o,m)}) -

Proof: Let (P{)¢>0 be the transition semigroup associated with {X} : ¢ > 0}, and let (Pt*’k)tzo
be the transition semigroup associated with the approximation {X; kg
Proposition 3.6. Then {th’k : t > 0} satisfies all conditions of Theorem 3.5.

(a) Lemma 2.2 and Theorem 3.5 applied to the approximating process {X; kot > 0} gives

)\/ / !
Wy (PF*6,, PPFs,) < (Wl(Pt*’chx, Pt*’kéy)) < etz — yN. This yields

> 0} constructed in

Wi (P 6, P0y) < Wi (P 0a, PPF6G) + Wi (P8, PYR6,) + Wi (P16, Proy)
S W/\/ (f)t*(;x, P:’k(sx) + e_A)‘/t\as - y’/\/ + WA/(Pt*’k(Sy, Pt*éy).
Let D :={t >0 : P[X} = X} | =1}. Since the process X has cadlag paths, the set R>o\D is at

most countable (see Ethier and Kurtz (1986, Chapter 3, Lemma 7.7)). Moreover, since X* = X,

the characterization of convergence in the Skorohod space implies that X}’ LN X{ holds for all
t € D (see Ethier and Kurtz (1986, Chapter 3, Theorem 7.8)). Since supj>; E[(X})*] < oo, we

conclude that X}’ LN X7 also holds in Wy, for ¢ € D. Hence taking the limit & — oo gives
W (P, Poy) < e N Az —y| for t € D. Now let t € Rso\D, then using Ethier and Kurtz (1986,
Chapter 3, Theorem 7.8.(a)) we find a sequence (t,)nen C R>o\D such that ¢, — ¢, t, > t. Then

W)\/(Pt*(sx, Pt*éy) < Wy (Pt*(;x, P;; (590) + VV)\/(P;1 O P;; 5y) + WN(P;;(Sy, Pt*éy)
< W (P8y, P6s) 4+ e N Az — y| + Wi (P 6y, P6,).

It is not difficult to show that the first and last term tend to zero as n — oo. This proves the
assertion.
(b) In this case we find that

ngl(Pt*’k(Sx» Pt*’k(sy) <1A EHXtIk - Xz?’k

| < min {1,6_At|l’ —yl}
and hence
Wi (P 60, Pyoy) < WEH (P 60y PP60) + min{1 e Mz — y|} + WEH (P45, P6,).
Since XF = X7, we find that W='(Py6,, P;""6,) — 0 as k — oo for t € D. Hence taking the
limit k — oo gives W' (P}8,, Pd,) < min{1,e 4|z — y|} first for ¢t € D, and then using the same

arguments as in part (a) also for all t > 0. Using now that 1A a < log(2)~!log(1+a) for all a > 0,
combined with the inequality

log(1 4+ a-d) < Cmin{a,log(1l + d)} + Calog(1 + d), (3.7)

where C' > 0 is a constant and a, d > 0 (see Friesen et al. (2020b, Lemma A.5)), we find for some
new constant C' > 0

WFI(Pt*(Sm, Préy) <C (e_At log(1 + |z — y|) + min {e_At,log(l + |z — y])}) )
This readily implies
Wfl(Pt*Qa Pt*@ <c (e_Atwlog(Q7 @ + min{e_Atv I/Vlog(Qa 5)}) .

The second part of the assertion can be now deduced by a standard Cauchy argument similarly to
the proof of Friesen et al. (2020b, Lemma 7.2). O
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At this point it is worthwhile to mention that although condition (3.f) (or (3.g)) seems to be
restrictive, there are abundant classes of processes fulfilling it. In the subsequent sections we discuss
the particular classes of continuous-state branching processes with immigration and their extensions
to nonlinear branching mechanisms or Lévy random environments.

However, condition (3.g) requires a global estimate valid for all z,y > 0 which essentially rules
out models with strongly non-linear drifts such as b(x) = z — 2®. Assuming that the coefficients
in front of the noise terms are non-degenerate, it was shown in Douc et al. (2009); Eberle et al.
(2019); Kulik (2009); Veretennikov (1987) that already a local version of condition (3.g) is sufficient
for the exponential ergodicity. Thus one may hope to replace the global drift condition (3.g) by a
local drift condition, provided that the noise terms are non-degenerate in a certain sense. However,
our applications of interest studied in the subsequent sections do not satisfy such non-degeneracy
conditions, but still satisfy the global drift condition (3.g). Therefore, we focus in this work on this
specific setting.

4. Branching processes

4.1. Nonlinear branching processes. Let 7o, 1, 72 be continuous functions on R> satisfying v (0)
0, 71,72 > 0, 71(0) = 72(0) = 0, and let m, v be Borel measures on Rx>q satisfying m({0})
v({0}) = 0 and the moment condition

/R>0 2 A 2*m(dz) + / 1A zv(dz) < oo. (4.1)

R>o

v

A CNBI process is obtained as the unique R>¢-valued strong solution of

t t 00
Xt = XO + / Yo (XS) ds + / / l{ug,yl(xs)}w (dS, dU)
0 0 JO

t poo oo " t oo
+ / / / ]l{ug'yz(XS_)}ZNO (ds,dz,du) + / / zN7p (ds,dz), (4.2)
0 JO 0 0 JO

where (Q,F, (Ft)e>0,P) is a stochastic basis with the usual conditions, W (d¢t,du) is an (F;)¢>o-
Gaussian white noise with intensity measure d¢tdu on R>g x R>g, No(dt, dz, du) and Ni(dt,dz) are
(Ft)e>0-Poisson random measures with intensity measures dtm(dz)du on R>g x R>p x R>g and
dtv(dz) on R>p X R>g. Further, it is assumed that W (dt, du), No(dt,dz,du), and Ny(dt,dz) are
mutually independent and No(d¢,dz, du) = No(dt, dz, du) — dtm(dz)du denotes the corresponding
compensated Poisson random measure.

Continuous-state nonlinear branching processes (CNB process) were recently introduced and
studied by Li et al. (2019) and correspond to (4.2) where v = 0, i.e., to absence of immigration.
In this paper we add to the CNB process a general immigration mechanism and therefore call it
a continuous-state nonlinear branching process with immigration (CNBI process). Below we apply
our main results from Section 3 to the case of CNBI and CBI processes which leads to new insights
on the existence, uniqueness of invariant measures as well as convergence of transition probabilities
towards the unique invariant measure.

Theorem 4.1. Suppose that the functions v;, i = 0,1, 2, satisfy the following:

(i) 70(0) >0, 71, v2 > 0 are continuous, and 2 is nondecreasing;
(ii) there exists a constant K > 0 such that for all z > 0,

(@) <KL +x),  yi(e)+ @) < K1+ 2)%
(iii) for each j > 1 there exists a constant c¢; > 0 such that, for all 0 < z,y < j,

0(x) =0 @)+ @) =@+ ha@) —2@)] < glz -yl
(iv) It holds that f{|z‘>1} log(1 + 2)r(dz) < cc.
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Then there exists a unique non-negative strong solution of (1.2), and this solution has the comparison
property.
Proof: The assertion is a direct consequence of Theorem 3.3 applied to the following choices:

e I/ =R>0, Up = R>p X R>g, U1 = R>p;

i b(.CC) = bl(x) = Vo(x)v a(x,u) = l{ug'yl(z)}v go(:v,z,u) = Zﬂ{ug'yz(x)}v gl($7z) =z

o sx(du) = du, po(dz,du) = m(dz)du, pi(dz) = v(dz).
Indeed, it is routine to check the conditions (3.a)-(3.e), and (m)ig is clearly true because of as-
sumption (iv). This proves the assertion. O

As a consequence of Theorem 4.1 the unique solution to (4.2) is a strong (F)¢>0-Markov process
which is the desired CNBI process. Let {P; : ¢ > 0} be its transition semigroup and {FP; : ¢t > 0}
be the dual semigroup. Ergodicity of the CNBI process in different Wasserstein distances is obtained
below.

Theorem 4.2. Suppose that conditions (i) — (iii) of Theorem /.1 are satisfied and assume that
there exists a constant A > 0 such that

YY) — (@) < -Aly—z), 0<z<y; (4.3)
Then the following assertions hold:
(a) If f{z>1} log(1l 4+ z)v(dz) < oo and y(z) < K(1 + z) hold for all x > 0, then for all

0,0 € P(R>0) one has lim;_, ngl(Pt*Q, Pro) =0, and there ezists a constant ¢ > 0 such
that

W (P o, Pfo) < e (7" Wiog(e, 8) + min{e ™, Wigg(0, 0)}) -
In particular, there exists a unique invariant measure 7, this measure belongs to Piog(R>0),
and for all o € P(R>g) one has lim;_,o I/VlSl (Pfo,m) =0 and
WL (P o,m) < ¢ (e M Wigg(o, 7) + minfe ™, Wigg (0, 7)}) -
(b) If there exists A € (0,1) such that f{z>1} u(dz) < oo and ya(x) < K(1+x)* for all x > 0,
then
Wy (Pro, Pro) <e ¥ Wy(e.2), t>0
holds for each X' € (0, N). In particular, there exists a unique invariant measure m € P(Rxq),
this measure belongs to Py (Rxo), and for all o € Pyx(R>() one has

Wy (Pt*Q77T) < e_XAtW/\’ (Qaﬂ-) , t=>0.
(c) If f{z>1} zv(dz) < oo and va(z) < K(1+ ) for all x > 0, then
441 (Pt*g7 Pt*@ < eiAtW1<Q7 @7 t>0.

In particular, there exists a unique invariant measure m € P(R>q), this measure belongs to

P1(R>0), and for all o € P1(R>0) one has
Wi (Pfo,m) <e MW (o,m), t>0.
Proof: The assertion follows from either Theorem 3.5 or Theorem 3.8. Indeed, choosing U{“ = [0, k],
for (a) condition (m)iee is satisfied, (b) implies (m)y, (c) implies (m);. O
We conclude this section with the following example for g, v1, 7o.

Example 4.3. Theorem 4.2 is applicable for the particular choice:

e Y(z) = B — bx where 8 > 0 and b > 0 are constants;
o vi(x) =z with a € [1,2];
e 12(z) =2 or yo(x) = x A x® with 6 € [0,1].



610 M. Friesen et al.

Note that the particular choice yo(z) = z — 2* would not satisfy the condition (4.3) and hence

our result from Section 3 is not applicable in this case. The treatment of all these cases requires
different methods and is left for future research.

4.2. Continuous-state branching processes with immigration. Next we study the special case where
0,71, V2 are affine linear, i.e., the case of CBI processes in more detail. Namely, we suppose that

w(x) =B +br, n(z)=ocz, and y(z) =z

In this case the corresponding process obtained from (4.2) is a continuous-state branching processes
with immigration (CBI processes) as first introduced by Feller (1951) and Jifina (1958) and then de-
veloped by Kawazu and Watanabe (1971). For a detailed treatment of CBI processes encompassing
a concise introduction we refer to the monographs of Li (2011).

Following the notion on CBI processes, we call (3,b,0,m,v) admissible parameters if § > 0,
beR, o >0, mand v are Borel measures on Rx>¢ satisfying m({0}) = v({0}) = 0, and (4.1).
CBI processes have the crucial property that their Laplace transform can be explicitly expressed in
terms of a solution to a ordinary differential equations (the so-called Riccatti equation). Namely,
for A > 0, define the branching mechanism

1 oo
S(N) = bA+ ~02\2 + / (7~ 14 22) m (d2),
2 0

and tmmigration mechanism

b(N) = B+ /OOO (1 - e_)‘z> v (dz).

Then the transition kernel of the CBI process {P; : t > 0} has the Laplace transform

/OOO e P (z,dz) = exp <—wvt()\) - /Otw (vs(N)) ds) . x, A>0, (4.4)

where ¢ — v;(\) is the unique nonnegative solution of the ODE

0

SN = =6 (), v () =\ (45)

Pinsky Pinsky (1972) announced the existence of a limit distribution for subcritical (b > 0) CBI
processes under the condition

/ log(z)v (dz) < oc. (4.6)
{z>1}

It was shown subsequently in Li (2011, Theorem 3.20 and Corollary 3.21) and Keller-Ressel (2011,
Theorem 3.16) that for subcritical CBI processes condition (4.6) is equivalent to the weak conver-
gence of process towards a limiting distribution, which is the unique invariant measure. Properties
of this distribution were investigated in Keller-Ressel and Mijatovi¢ (2012) while a multidimensional
version of Pinsky’s result was recently studied in Jin et al. (2020). For the more general class of
affine processes on the canonical state space, which includes CBI processes, convergence in the
Wasserstein distances Wy with A € (0, 1] and Wi, was recently shown in Friesen et al. (2020b, The-
orem 1.5). Thus, our results from Theorem 4.2 are close to optimal. Below we focus on convergence
with respect to the stronger total variation distance.

Based on the approach of Meyn and Tweedie, the exponential ergodicity in the total variation
distance was for particular examples studied in Jin et al. (2019, 2016a,b); Masuda (2007). Using the
construction of a successful couling, the exponential ergodicity in the total variation distance for a
subcritical CBI process (that is b > 0) with admissible parameters (b, 3,0, m,v = 0) was recently
shown in Li and Ma (2015), provided Grey’s condition is satisfied, i.e.,
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(4.a) there exists # > 0 such that ¢(A) > 0 for A > 0 and

/OO d(N) 1N < 0.
0

Our next theorem extends the result of Li and Ma (2015, Theorem 2.4 and Theorem 2.5) to CBI
processes with non-vanishing jump measure v for immigration.

Theorem 4.4. Let (3,b,0,m,v) be admissible parameters with b > 0 and suppose that (1.6) and
(4.a) are satisfied. Let {P; : t > 0} be the transition kernel given by (4.4) and let ™ be the unique
invariant distribution. Then the following holds:

(a) There exists a constant C > 0 such that

|P(a) = Puly: )y < Cmin {167z =1}

In particular, {P; : t > 0} has the strong Feller property.
(b) There exists a constant C' > 0 such that, for all 0 € Piog(R>0) and t > 0, we have

HPt*Q - 7T||TV < Cmin{e_bta VVlog (97 7r)} + Ce_tiVlog (Q: 77) .

Proof: (a) Let {P : t >0} be the transition kernel with admissible parameters (3, b, o, m,v = 0),
and let {P} : t > 0} be the transition kernel with admissible parameters (8 = 0,b,0,m,v). In

particular,
/ e Pl (0,dz) = exp ( / / —e v ’\)z) v (dz) ds) , A>0,
R>g

where v, is obtained from (4.5). For all A > 0,

/ e MP, (z,dz) = / e P (z,dz) / e M PL(0,dz),
R>o R>o R>0

yielding that P;(z,-) = P?(x,-)* P2(0,-) holds for all ¢, z > 0. Combining the latter with Example
2.1 (a) and Lemma 2.4, we deduce

IPia, ) = P, iy < [[BP@,) = PP )|y < Cmin {1,e™fo — g},

where the last inequality follows from [i and Ma (2015, Theorem 2.4) and the proof of Li and Ma
(2015, Theorem 2.5).

(b) From Friesen et al. (2020b, Theorem 1.5) we know that the invariant measure satisfies © €
Plog(R>0). Hence for each ¢ € Piog(R>0) one finds that Wiog (o, 7) is finite. Let H € H(po, 7) be the
optimal coupling of (g, ) such that

Wieg(0,7) = / log (1 + | — y|) H (da, dy). (4.7)
R>oXR>0

Here and below we let C > 0 be a generic constant. Using the invariance of m combined with the
convexity of the Wasserstein distance (see Lemma 2.3) shows that

10— llpy < / 1Pz, ) — Puly, Yy H (e, dy)
>0 XIR>q

<C log (1 +e by — y|) H (dz,dy),

RZO XRzo
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where the last inequality following from statement (a) and 1 A a < log(2)!log(1 + a) for a > 0.
Using again (3.7) gives

|Pfo—mllpy < Cmin {e_bt,/
R

>0xXR>o

log (1 + |z —y|) H (dz, dy)}

—i—C’ebt/ log (1 + |z — y|) H (dz, dy)
REOXRZO

= C' min {e_bt, Wieg (0, 7r)} + Ce_th/VlOg(g, ),
where the last equality follows from (4.7). O

Assertion (a) can also be derived from the method in Li and Ma (2015, Theorem 2.5) without
the use of a convolution argument. However, assertion (b) can not be obtained by the method of
Li and Ma (2015), since it relies on the fact that fR>0 log(1 4 z)m(dz) < oo, which was first shown

in Friesen et al. (2020b, Theorem 1.5).

4.3. Q-process of a CBI process conditioned to be never extinct. In this section we consider a CBI
process with branching mechanism

1 (o9}
d(\) = bA + —o?\? + / (e_AZ -1+ Az) m(dz),
2 0

and immigration mechanism ¥(\) = 0. Here b € R, 0 > 0, and m is a Borel measure on R>q
satisfying m({0}) = 0 and (4.1), i.e., [;° 2z A z*m(dz) < co. Thus, the admissible parameters are
given by (8 =0,b,0,m,v = 0). In the literature such a process is called a CB process. Note that it
has no immigration component. Applying our previous results to this particular case shows that this
process has a unique invariant distribution whenever b > 0. Moreover, exponential ergodicity holds
in the Wasserstein-1 distance. Assuming additionally Grey’s condition, one also obtains convergence
in the total variation distance. However, the absence of immigration implies that 0 is a trap for the
process and hence its invariant distribution is given by g, i.e., the population gets extinct.

As a next step one may study the long-time behavior of the process when conditioned on non-
extinction. Let (X}"):>0 be the corresponding CB process starting at > 0 and define its extinction
time by

T, =inf{s >0 : X7 =0}.
Note that X? = 0 for all t > 0, so that we may assume that = > 0. Following Lambert (2007,
Theorem 4.1) it was shown that under ¢/(0) = b > 0 the conditional laws satisfy

P(-| T, >s)=P7(©), ©cF, t>0.

It was also shown that P uniquely determines a CBI process (Z7)t>0 with branching mechanism
¢ as above, and immigration mechanism

Since ¢'(0) = b, we find that
BN = 02X + / (1 - e_)‘z) 2m(dz)
0

and hence its admissible parameters are given by (3, b, 0, m,v) with 8 = 02 and v(dz) = zm(dz).
The process (Z})i>0 is called Q-process.

It follows from Lambert (2007, Theorem 4.2) that this process converges a.s. to +oo when b =0
or b > 0 but [°zlog(z)m(dz) = +oo. Finally, if b > 0 and [~ zlog(z)m(dz) < oo, then the
Q-process (Z})¢>0 converges in distribution as ¢ — oo towards a limit distribution . It can be
shown that 7 is a size-biased Yaglom distribution associated with the CB process (X}"):>0. Note
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that the condition [ zlog(z)m(dz) < oo is simply [, log(z)r(dz) < oo, so that the convergence
in law is actually a particular case of the general convergence results discussed in previous section.
Below we strengthen Lambert (2007, Theorem 4.2 (ii).b) towards convergence in Wasserstein and
total variation distance.

Theorem 4.5. Let b >0, 0 > 0, and m be a Borel measure on R>q satisfying m({0}) = 0 and

/01 ZQm(dz) < 00, /100 zlog(z)m(dz) < oo.

Let (ZF)i>0 be the coresponding Q-process and let w be its limit distribution. Finally, let p; denote
its transition probabilities. Then there exists a constant C > 0 such that

Wiog(pe(, ), m) < Ce™ (1 +log(1 + x) +/ log(1 + z)w(dz)) , Vz,t >0,
0
where the right-hand side is finite. If m satisfies the stronger integrability condition

/ 2 m(dz) < oo
1

for some A € (0,1), then we even have

Wi(pe(z, ), m) < e M <33)‘ + /000 z’\w(dz)> < 00. (4.8)

Finally, if Grey’s condition (4.a) is satisfied, then

i) =l < O (14 10g(1+2) + [ tog(1 4+ 2m(a2)).

Proof: First note that (Z7);>0 is a CBI process with admissible parameters (53,b, 0, m,v) with
B = o? and v(dz) = zm(dz). Assume first that [ 2?m(dz) < co which implies that the process
has finite first moment. Hence it satisfies all assumptions of Theorem 3.5 which yields estimate
(1.8) for A = 1. Moreover, the proof thereof shows that

Wl(pt(xa ‘)7pt(y7 )) S eibt’x - y’7 xz,y Z 07 t Z 0 (49)

Assuming now that m satisfies the weaker condition floo 212 m(dz) < oo for some A € (0, 1), we may
use a similar convolution trick to the proof of Theorem 4.4, i.e., write py(,-) = p?(z,-) * p;(0, ),
where pY denote the transition probabilities of a CBI process with admissible parameters (3 =
0,b,0,m,v = 0). Then using (4.9) for p{ yields
W)\(pt(l'v ')7pt(y7 )) < W)\(p?(:L‘, ')7pg(ya ))
0 0 A
< (Wl(pt (.’E, ')’pt (yv ))
< efb)\t|x _ y‘)\.

From this and the inequality W) (0, m) < fRzo |z — z]*r(dz) < 2 + fRzo zm(dz) we readily deduce
(4.8). Let us now assume that m satisfies [ zlog(1 + z)m(dz) < co. Using again the convexity of
the Wasserstein distance and the same decomposition p;(z,-) = p¥(z,-) * p(0, ), we find that

Wiog (p(,-), pe(y, -)) < log(1+ Wi(pf (x, ), p}(y, ) < log(1 + ™|z — y]).
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The assertion now follows by similar arguments to the proof of Theorem 4.4 with the Wasserstein
distance instead of the TV distance, i.e.,

I/Vlog (pt(xa ')a 7T) <C min{e_bta M/log(d'ba 7T)} + Ce_tiVlog(éaza 7T)
< Ce ™ (1 + Wigg (02, 7))

< Ce™ (1 +log(1+z) + /

R>o

log(1 + z)w(dz>) ,

where the last inequality follows from Wie(d,, ) < fR>0 log(1 + |z — z|)w(dz) < log(1 + z) +
fR> log(1 + 2z)m(dz). Finally, convergence in the TV distance is a particular case of Theorem 4.4
combined with Wig(dz, ) < log(1l + z) + fR log(1 + 2)7(dz). O

4.4. Continuous-state branching processes with immaigration in Lévy random environments. Follow-
ing He et al. (2018) and Palau and Pardo (2017, 2018), below we introduce a continuous-state
branching process with immigration in a Lévy random environment (CBIRE process). Namely, let
B,bp €R, b>0, 0,05 >0, and m, v, ug be Lévy measures on R such that

m((—o0,0]) =0, v((—o0,0]) =0, /R 1A zv(dz) < oo.

Let ( ft

F, (Fi)t>0,P) be a stochastic basis satisfying the usual conditions rich enough to support
(]:t)t>0 Gaussian white noise W (dt, du) with intensity dtdu;

an (F¢)¢>o-Poisson random measure No(d¢, dz, du) on R>g x R>o with intensity d¢tm(dz)du;
an (Fy)¢>o-Poisson random measure Ni(dt,dz) on R>g x R>g with intensity dtv(dz);

an (Ft)¢>0-Brownian motion {B; : t > 0};

an (F¢)¢>0-Poisson random measure M (dt,dz) on R>g x R with intensity dtug(dz).

Suppose that these random objects are mutually independent. Define an (F;)¢>0-Lévy process

t . t
Zy = bpt + 0By +/ / (e* — 1)M(ds, dz) +/ / (e” — 1)M(ds, dz), (4.10)
0 J[-1,1] 0 J[-1,1]¢

where [—1,1]¢ = R\[-1,1], M(ds,dz) := M(ds, dz) dspg(dz). Note that {Z; : ¢ > 0} has no
jump less than 1. Then it was shown in He et al. (2018, Theorem 5.1) and Palau and Pardo (2018,
Theorem 1) that

t
X = X0+/(5—bX ds+o*// 1u<x, )W (ds, du)

// / 2lu<x, }No (ds,dz,du) + // zNj (ds,dz) + /X —dZ (4.11)

has for each Fy-measurable random variable Xy > 0 a pathwise unique nonnegative strong solution
{X; : t > 0}. We call the corresponding Markov process CBIRE process.

In view of He et al. (2018, Theorem 5.4), the Markov process {X; : ¢t > 0} has Feller transition
semigroup {P; : t > 0} and its transition kernels P;(z,dy) satisfy

/R y ¢ Py(x,dy) = E [exp <—:1:v§7t()\) - /0 ‘v (5,00) dsﬂ . (4.12)
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Here ¢ and ¢ are the corresponding branching and immigration mechanisms for the CBI process with
admissible parameters (8, b, 0, m,v) and r — vf’t()\) is the pathwise unique nonnegative solution to

t
v, () = eEO=EM ) _ / E(5) =€) (Uﬁ,t( A)) ds, 0<r<t

r

where {& : t > 0} is an (F;)i>0-Lévy process defined by

ft—aEt—l-JEBt—f—// ds dz) + // M(ds,dz),
[11 [—1,1]¢

with the drift coefficients b and ag being related by

2
o
bE:aE+E+/ (e —1—2)up(dz).
2 Jiy
The next remark provides an alternative representation for (4.11) on which our results are based.

Remark 4.6. In view of (4.10), equation (4.11) is equivalent to

X = Xo—i-/ (B4 (bp —b)X ds+// zNi (ds,dz) // (e —1)M(ds,dz)
11]c
+U// ll{ugxs}W(ds,du)qLaE/ X.dB,

// / 2lu<x, }No (ds,dz,du) + //11] (e —1)M (ds,dz).

So far, the comparison principle has not been obtained for the CBIRE process. Below we show
that (4.11) is a special case of (1.1) which satisfies the conditions of Theorem 3.3 and hence also
satisfies the comparison principle.

Proposition 4.7. Assume that

/ zv(dz) —l—/ zm(dz) +/ e’up(dz) < oo. (4.13)
(1,00) (1,00) (1,00)

Then (4.11) has the comparison property.

Proof: Let us first show that (4.11) is a particular case of (1.1). The drift coefficient is simply
given by b(x) = bi(x) — ba(z) with bi(x) = 8 — (b — bg)z and by(z) = 0 for x € R>(. For the
diffusion component set F = {1,2} x R>¢ and s(dk,du) = 6;(dk)du + d2(dk)do(du) on E. Then
W(ds, dk,du) := §;(dk)W (ds,du) + dBsd2(dk)dp(du) defines an (F;)i>o-Gaussian white noise on
R>o x E With intensity measure dss(dk,du). Let o(z,k,u) := 0 ly—1yL{y<ay + 0Bl Loy (u)z
for (z,k,u) € R>g x E. We see that

t t
/ / (X5, k,u) W (ds,dk,du) = 0/ / Liu<x 3 W (ds, du) + UE/ X,dB;.
0 JR> 0

Turning to the jump components, define Uy = {1,2} x R x R>¢ and further po(dk,dz,du) =
Igr.,(2)01(dk)m(dz)du + d2(dk)pup(dz)do(du) on Up. Then we have that Ny(ds,dk,dz,du) =
1r.,(2)d1(dk)No(ds, dz, du) + d2(dk)M (ds,dz)do(du) defines an (F;)i>o-Poisson random measure
on Rsg x Uy with intensity dsuo(dk,dz,du). Letting go(w, k, z,u) = Lip=1} L fu<a) LIRS0 (2)2 +
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Lip—oy Lj—111(2)(exp(2) — 1)z for (x,k, z,u) € Rxo x Up yields

t . t roo poo .
/ / 90(Xs—, k, z,u)No(ds,dk,dz,du) = / / / 2l{u<x,_yNo(ds, dz, du)
0 JUo 0 Jo Jo h

Finally, let U; = {1,2} x R and define p(dk,dz) = 1g.,(2)01(dk)r(dz) + d2(dk)pr(dz) on
Ui. Then Ni(ds,dk,dz) = 61(dk)Ni(ds,dz) + d2(dk)M(ds,dz) defines an (F;);>o-Poisson ran-
dom measure on R>g x Uy with intensity dsu;(dk,dz). Letting gi1(z,k,2) = Lp—1)1r.,(2)z +
Lip—2y L—113¢(2)(exp(2) — 1)z for (z,k, 2) € R>o x Uy yields

¢ t poo ¢
/ / 91(Xs—, k, 2)N1(ds,dk,dz) = / / zNi(ds, dz) +/ / (e —1) Xs_M(ds,dz).
o Ju 0 Jo 0 J[-1,1¢

This shows that (4.11) is indeed a particular case of (1.1).
Next we verify conditions (3.a) — (3.e) and show that (m); holds. Writing (k, z) = u, condition
(3.a) follows from

Sl[gp] 191y, u)| < Tppm1y IR (2)2 + Lip—ny L —1 03¢ (2)] exp(2) — 1|z =: G (7, u)
ye|0,x

and

b(z)+ [ g1(z, u)lp(du)
Ui

—ﬂ—(b—bE)er/

R>o

< (ﬁ—l—/R zy(dz)> +x <(b—|— |bg|) +/[—11

5

zv(dz) +/ |exp(z) — llzpg(dz)
[717116

] | exp(z) — 1luE(d2)> :
where both integrals are finite due to (4.13). Condition (3.b) follows directly from

b1 () — b1 ()] + / 1912, 1) — g1y, ) (du)

Uy

< [b—bpllz -y + [z -yl /[ . |exp(2) — pr(dz) =:rj(lz - yl).
Condition (3.c) follows from

/ o(z,u)?»(du) = 02/ Tiy<pydu + ora? < (02 +0%)(2 4 x)?
E

Rzo

and for j > 1 with 0 <z,y <j

o, u) = oy, u)[* 5 (du) < o
J J

< (o? +72ja%) |z — yl.

|Liusa) = Liusyy| du + ole — y|?
0

>

For condition (3.d) we observe that for 0 < y < z,

l90(y, k, 2, )| < Tgpm1y Liu<a) LRoo (2)2 + Lip—oy Lj—1,1)(2)| exp(2) — 1|z =: go(z, k, 2, u).
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One has

/ (go(m, u) /\go(ar,u)Q) o (du) = /2 Liu<a) (z A 22) m(dz)du
Uo R

>0

+/ min{|exp(z) — 1|z, |exp(z) — 1|?2?}pp(dz)
[~1,1

< (2+x)? / 2 A 2*m(dz) +/ lexp(z) — 12 pg(dz) | .
R>o —1,1]
Moreover, it holds that

/ﬂ{.go<x,u>|§1}|go<sc,u>12uo<du><x / 2m(dz) + a2 / |exp(z) — 1Pup(d)
UO (071} [_171]

2 ) ,
< (/(071] z*m(dz) + /[_171] |exp(z) — 1 ,uE(dz)> (2 +x)

and for each 7 > 1 with 0 < zx,y <j

/U (190, w) — go(y10)| A lgo(,u) — goy, w)|?) po(dw)
<ol [ Ea)m@a+ [ [l llexplz) — 1) A (e = o exp(a) - 1] k()
R>o [—1,1]

<oyl [ (A2 mid)+(1+2)z -y /[ () s

RZO

This proves (3.d). Condition (3.e) follows from
z+go(z, Ky z,u) = Ligm1y Liuce)y LRo o (2)2 + Lip=oy L-1,1)(2) (exp(2) — 1)z + 2
= D1} D u<a) IRoo (2)2 + Doy 111y (2) exp(2)z + (1 = Tppmoy 1oy y(2)) 2

and likewise
x4 g1k, 2) = L1y Ira o (2)2 4+ Tppmoy Lo 1ye (2) exp(2)@ 4+ (1 — Doy T-11)e(2)) 2.

Finally, the moment condition (m); follows from

/Ul ]l{|91(x,U)\>1}’91 (z,u)|p1(du)

< [ @ [ el - tus(ds)
R>g [-1,1]¢

and

/]1{go(x,u)|>1}\go(x,u)!uo(dU)
Uo
<z

/ m(dz) + / Lo/ exp(e)-15137] exp(z) — Lluz(dz)
{Z>1} [7171]

< x/ zm(dz) + x/ |exp(z) — 1|pgp(dz).
{Z>1} [71’1}

0

Existence of limiting distributions (and hence invariant measures) was recently characterized in
He et al. (2018). In the following we present sufficient conditions for both the ergodicity in the
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Wasserstein and total variation distance based on an application of Theorem 3.5. Ergodicity in the
Wasserstein distance W7 is stated below.

Theorem 4.8. Let {P, : t > 0} be the transition semigroup with transition kernels defined by
(4.12) and denote by {P; : t > 0} the dual semigroup. Suppose that (1.13) holds and that

b > E[Z]. (4.14)
Then, for all o, 0 € P1(R>0), we have
Wl (Pt*97 Pt*@ < e—(b—E[Zﬂ)th (97 @ ) t>0.

In particular, there exists a unique invariant distribution m € P(Rsq). Moreover, m belongs to
P1(R>g) and, for all o € P1(R>p),

Wy (Pro,m) < e OEZDtWy (o, 7), t>0.

Proof: It remains to verify condition (3.f). First observe that

b(z) = b(z) + /U g1(z, ) (du)

=p+ /Rzo 2v(dz) + (/[_171]6(@(1)(2) — Dpp(dz) = (b— bE)) r

and hence for 0 <z <y
b(y) — b(z) = — (b —bg — / (exp(z) — 1)uE(dz)> (y — ).
[~1,1]¢

Using E[Z1] = b + f[_l 1}C(exp(z) — 1)ug(dz) we conclude condition (3.f) from (4.14). O

Theorem 4.9. Let {P;, : t > 0} be the transition semigroup with transition kernels defined by
(4.12) and denote by {P; : t > 0} the dual semigroup. Suppose that (4.11) and Grey’s condition
(4.a) is satisfied. Let w be the unique invariant distribution. Then, for any o € P1(R>o),

|Pro = mlirv < 2B [a§,| Wa(e,m), ¢20, (4.15)
where 58,7& = limy 00 vét()\) € [0,00). If, in addition, liminf; . £(t) = —oo almost surely, then
tgfgllpt 0—7llpy =0. (4.16)

Proof: As a consequence of Grey’s condition, He et al. (2018, Theorem 4.1) applies, yielding that
#(),t € [0,00) almost surely for all ¢ > 0. Let f € By(R>g) be arbitrary. Arguing as in the proof of
He et al. (2018, Theorem 4.5), we observe that, for 0 < z <y,

(B (@) = Pof ()] < 20/ ooF [1 = ¢ 0=%e] < 2] flockE [anin {1, | — g5, }]

Taking the supremum over all f € By(R>g) with ||f|lcc < 1 shows that [|Pi(x, ) — Py, )|lrv <

2E[min{1, |z — ng,t}]' Let now g € P1(R>¢) and let H be any coupling of (g, 7). By convexity of
the Wasserstein distance, we obtain

120 —7llpy < / 1P, ) — Py, gy H(de, dy)

RZO XREQ

§2/ E{min{l,@—yﬁgt}] H(dzx,dy).
REOXREO ’
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If lim inf; o0 £(t) = —o00, then lim; ﬁg,t = 0 in view of He et al. (2018, Corollary 4.4) and, thus,
(1.16) follows from dominated convergence. Finally, we conclude the estimate (4.15) by estimating

/ E [min{l,]w—y[ﬁgt}] H(dz,dy) <E [ﬁgt} / |z — y|H (dz,dy),
RZOXRZO ’ ' RZOXRZO
where we choose H as the optimal coupling of (g, 7) with respect to Wj. U

The decay rate for 68’25 as t — oo was studied by Palau and Pardo (2017) for a continuous-state
branching process in Brownian random environment with stable branching. For the same class of
processes but in a general Lévy environment this problem was studied by Li and Xu (2018).
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Appendix
Lemma A.1. Let A > 0 and set V\(x) = (2 +x)*. Then the following assertions hold.
(a) There exists a constant Cy > 0 such that for z € R and x > 0 with x + z > 0 it holds that
Ia(z 4+ 2) — Vi(z)] < Cx(2 + CC))‘_I]I{‘Z|S1}|Z|

+ C) <11(o,1]()\) + 11,000 (M) (2 + SE)A_I) Liais1yl2™.

(b) There exists another constant Cy > 0 such that for z € R and x > 0 with x + z > 0 it holds
that
V(e +2) - Va(e) — =V}(a)|
< 5)\<2 + x)’\_Qll{‘ZEl}\z]Q
+C (11(0,1}()\) + 11,9 (A2 +2) 7+ I o) (M) (2 + af)Aﬂ) Lyjsps 2"t

Proof: (a) Using the mean-value theorem we find some & lying between 0 and z such that
V(x4 2) — Va(z) = A2(2 + 2 + €)*~L. Consider first the case where A > 1. For |z| < 1 we
use |2+ + M <2+ a+ 2D < B+ )M <222+ 1)L to find that

Va(z + 2z) — Va(z)] < X212+ 2) MYzl
For |z| > 1 we use the inequality 2+ a + b < (2+ a)(2 + b) for a,b > 0 to find that
Va(e + 2) = Va(@)| = Az|(2 + 2+ N
< Az|(2 4z + 2T
< A2+ 22+ )N
<3N+ )N

This proves the assertion for A > 1. Now assume that A € (0,1]. If |z| < 1, then 24+ £ >
2 —|z| > 1 and hence 2+ z + £ > 1 4 z. This yields

Va(z +2) = Va(@)] = Az](2 + 2 + €M
<A1+ )Mz
= 217AN(2 + 22)M Y2
< 27N©2 4+ )Mz
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Finally, if |z| > 1, then we find that
Va(e +2) = Wa(@)| = |2+ 2+ 2)* = (2 +2)*
<|@+z+2) - 2+a)
= |z

Combining all estimates proves the assertion.
(b) To prove the second inequality, we use the mean-value theorem twice to find that

1 1
Va(z + 2) — Vi(x) — 2V{(x) = 22/ / rVy(x + rsz)drds
0 JO

11
=22\ -1) / / r(2 + z + rsz) 2drds,
0 JO

where the integrand is non-negative and well-defined since 24z +rsz > 2 holds for all z € R
and x > 0 satisfying x + z > 0. Suppose first that |z| < 1. If A € (0,2], then we use that
24 x+4rsz>2+x—|z| > 1+ to find that

‘V)\(SL‘ +2z)—V(x) — ZV)((I‘)‘ < AN = 1||z|2(1 + :U)’\_2
< 227NN =122 2 4 )2
If A > 2, then we use that 2+ z + rsz < 3+ «x to find that
‘V)\(l’ +2z)—V(x) — ZV)((I’)’ < AMA=1)3+ :L')’\_2|z|2
<A = 12222 + )M 222

The last two estimates prove the assertion for the case |z| < 1. Now suppose that |z| > 1.
For A > 2 we find that

2+z+rs2)2<2+a+ )< 2F) 22+ |23,
which gives
Va(z + 2) — Va(z) — 2V (2)| < AA = 1)(2 4 2)* 2 [2[2(2 + |2[)* 2
< AN =1)3"2(2 + )22
Finally, if A € (1,2), then we use part (a) to find that
Va(z + 2) = V() — 2V5(2)| < [Valz + 2) — Va(o)] + [2|V3(z)
< G2+ )z + Azl (2 + )M
<(Cr+N) @+ 22,
while for A € (0,1] we obtain
Vil + 2) — Va(a) — 2V(@)] < Vao + 2) — Va(o)| + V3 (@)
< Oylz* + N2 (2 + )M !
< (Cy + A) [ maxttAL

This completes the proof of part (b).
]

Lemma A.2. Forx >0 set V(x) =log(2+x). Then there exists a constant Clog > 0 such that for
z€R and x > 0 with x + z > 0 it holds that
1+ log(1+ |2])

24z

2|
’V(l‘ + z) — V(:L‘)| < ]l{|z|§1}1+7$ + Clog]l{\z|>1}
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and

[
(14 x)?
Proof: For the first inequality we first consider the case |z| < 1. Using the mean-value theorem we
find some & lying between 0 and z such that

2|

V(e +2) = V(z) = 2V'(@)] < Lgz<y A5 Ty

+ Clogﬂ{‘

A A
24z+¢&| 2+4+x+& 7 1+a’

where we have used that 2+ x4+ & > 1+ x. For |z| > 1 we use the monotonicity of the logarithm
and then for a, d > 0 the inequality log(1 + a - d) < C'min{a,log(1 + d)} + Calog(l + d), where
C > 0 is a constant (see Friesen et al. (2020b, Lemma A.5)), to find that

V(z + 2) — V()| = log ( 2\+I >

V(e +2) = V()| =

1 C
< i e —
_Cm1n{2+m,log(1+|z|)}+ xlog(1+|z|)

C log(1 + |2])
< C )
2+z 2+
Combining both estimates proves the first inequality. For the second inequality we observe that

11
V(z+2z)—V(z)—2V(z) = 22/ / Vi (x + rsz)drds
o Jo

1,1 r
= —z2/ / — drds.
o Jo 24x+rsz)?

Since 2 4+ x +rsz > 1 + x holds for |z| < 1, we conclude that

V(z+2) - V(z) -2V ()| < L
~ (1+2)?

Finally, if |z| > 1 then we use the previously shown inequality to find that
V(z+2) = V(e) = 2V'(2)| < |[V(z+2) = V(@) + |2V ()]

2—11-:1: + 2ix10g(1+ 12 + 2’—7-‘33
L OF (C+1)|z| < (2C + 1)z
- 2+ - 24z
This proves the second inequality. O

Lemma A.3. Let (b,0,90,91) be admissible parameters and that conditions (3.a) — (3.e) are sat-
isfied. Let {Xy : t > 0} be the unique strong [0, 00]-valued solution of (1.1). Then the following
assertions hold:

(a) If condition (m)y holds for some X\ > 0, then there exists a constant ¢(\) > 0 such that
E[x)] <E[@+ X0 exp(eVt),  t>0.

In particular, if E [(2 + X0)*] < oo, then the unique solution of (1.1) is a.s. finite.
(b) If condition (m)iog holds, then there exists a constant ciog > 0 such that
E[log(2 + X¢)] < E[log(2 + Xo)] + Clogt, t>0.

In particular, if E[log(2 + Xo)] < oo, then the unique solution of (1.1) is a.s. finite.
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Proof: (a) Let Vy(z) = (24 2)* and set 7, = inf{t >0 : X; >n}. Then X;— <n for 0 <t < 7.
Applying the Itd formula to V) (X;) and stopping by 7, yield

V)\(Xt/\rn) == V)\(XO) + At/\'rn + Mt/\Tn7 (A17)

where (Miar, )t>0 is a local martingale and (A¢ar, )¢>0 is of finite variation given by

M= [ [ ot v was.aw
s /U G+ (X)) = T (X)) Ro(ds.
Aune, = [T 0RO s+ 5 [ [ o s
[ /U A 1 (X)) = VA (X)) Nyl )

+/ K / (V)\(XS— + 90(X5—7u)) - V)\(Xs—) - V)((Xs—)gO(Xs—,U)) Mo(du)ds.
0 Uo

To estimate the local martingale part, we use the Burkholder-Davis-Gundy inequality, Lemma A.1,
conditions (3.c) and (3.d), and (m)y, to find that

E | sup ’Mt/\m’]
te[0,7
T ATn 1/2
<E </ Vi(X,)? </ U(Xs,u)2%(du)> ds> ]
E
TATn ) 1/2
2| (77t e 40K+ l(Xoms ) = (X Mol ) ]
T/\Tn
+2 / Ljg0 (X u)|>13 IVA(X s + go(Xs—, u)) — V(X)) No(du)ds]
0

T/\Tn 1/2
< (2 + X, )21 (/ U(Xs_,u)zz(du)> ds> ]
E
T ATy, 1/2
+0A( ([ ] e xe P D1 el Pufanas) |
0

T ATn,
+2C\E [/O (1(0,1]()\) + L(1,00) (A)(2 + Xs)A_1></Uﬂ{|go(xs,u)|>1}|90(Xsau)|AM0(du)> ds]
0

( /0 oy Xs_)Q’\ds> 1/2]

TATh,
+20,K,\E [ / (n(oﬁg)(x)@ + X )M+ L) (AN (2 + Xs_)A+1> ds}
0

< (MWK + C\WEKL)E

< OWEr + CIVT(2 + 1) + 200 K0T (110 (A2 + 1) + T o) ()2 + m)* ).
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This shows that (Miar, )t>0 is a martingale for each fixed n € N. For the process (Atar, )t>0 we use
Lemma A.1 combined with conditions (3.a), (3.c), (3.d), and (m),, to find that

T A-1 AA—1) [t A—2 2
Aipr, < A b(Xs-)(2+ Xs—)" "ds + — 5 (2+ Xs-) o(Xs—,u)s(du) | ds
0 0 E

tATh
+ C)\/O 2+ X, )Mt (/U ]]-{|91(X5,u)§1}gl(Xs,u)’ul(du)) ds
tATh ! . )\
+ C)\/O (ﬂ(o,l](A) + L(1,00) (A)(2 4+ X5 )™ )(/U]l{gl(xs_,u)|>1}!g1(XS_,u)| m(du)> ds
1
— tATh
+ C)\/O 2+ X, )2 (/U 1{|90(X57U)§1}90(Xs,U)’2ﬂ0(du)> ds
— tATh 0
o /0 (100 + Lan (V@ + Xeo )M 4 1p g (A2 + X,-)*2)
' (/U 1{|90(XS—’“)|>1}‘90(X8—=“)‘max{l”\}/to(du)> ds
0

KA\ —1

- - tATn
< (KO)\ + ) + KoCy + K\Cy\ 4+ K»Cy + KACA> / (2 + X, )Mds
0

Hence taking expectations in (A.17) yields

E[VA(Xinr,)] = E[VA(Xo)] + E[A¢ar, ]

< E[Va(Xo)] + ¢(A) /Ot]E[V)\(XS/\Tn)]dSv

which gives E[Vy(Xiar, )] < E[Vi(X0)]e?™t. By the right-continuity of X we have X,, > n and
hence

Hence 7, /* o0 a.s. as n — oo, which implies that X is a.s. finite. The Lemma of Fatou finally
yields E[Vi(X3)] < E[Va(Xo)]ecME.
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(b) Let 7, be as in part (a). Applying here the It6 formula to log(24 Xiar, ) vields log(2+ Xiar, ) =
log(2 + Xo) + Ai()Ang + Mtligm, where (ng)\gm)tzo and (Ai(;\gm)tzg are given by

tATh 1
Mos — X. u)——W(ds,d
= | [ o g Wasa

tATh ~
+/ / (log(2 + Xs— + go(Xs—,u)) —log(2 + Xs—)) No(ds, du),
0 Up

Ales / X as— / o / (X )2 (du)ds
= s—)a v -3 O(As—, b r—l
e o 2+ X, 2Jo g (2+ X5-)?

tATh
+ / / (108(2 + Xo + g1(Xs_, 1)) — log(2 + X)) N1 (du, ds)
0 Uy

tATn X5—7
—i—/ / <log(2 + Xoo + go(Xs—,u)) —log(2 + Xs_) — go(u)> po(du)ds.
0 Uo 2+ X,

Similarly as in part (a), using the Burkholder-Davis-Gundy inequality, Lemma A.2, conditions (3.c),
(3.d), and (m)iog we find that

log T ATy, 1 ) 1/2
E| sup |M,,,. || <E / (/UXS_,U %du)ds)
s (Mt ([ i (ot wpean

T ATy, 1 1/2
+ (E [/0 m (/U ]l{|go(X5,u)§1}’90(XS7u)|2/u0(du)> dSD
S— 0

TNAT,
o ({]go(Xs—, )| > 1})
+ QClogE |:/0 9+ X._ ds

TNATn 1
+ 2C’log;E [/O 2_‘_7)( </U I[{L‘;’o(XS7u)|>1}|gO(AXVS—7u)|,u0(du)> d8:|
S 0

< (VKT + 2/ KoT) + 4C105 K105 T,

where we have used that log(1 + |go(Xs—, u)|) < |go(Xs—, )| and

po ({lgo(z,-)| > 1}) < /U 14 g0 (a,u)|> 13190 (7, ) [po (du) < Kiog(2 + 7).
0
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This shows that (Mtligm)tzo is a martingale. Secondly, using also condition (3.a), we observe that

tATh 2+X _ 1 tATRh 1
AE | < K 2+ Xy / / Xy u)se(du) ) d
| A | < 0/0 X s+ 2/, 21 X, 2 EJ( s—yu)“s(du) | ds

tATh 1
+ Clog/o m </Ul ]l{|g1(X5,u)gl}gl(Xs—’u)’Nl(du)) ds

tAT,
» o ({lg1(Xs—, )| > 1})
+ Clo d
lgA 2+ X, °

tATh 1
+ Clog/ — / Ligy (Xowy>13 L0g(1 + |91 (Xs—, w)))pa (du) | ds
0 24+ X,s_ U

tATh 1 9
+ Clog/o m </Uo ]1{\90(X57,u)\§1}’90(Xs—au))‘ HO(dU)> ds

o [ ) > 1,

24+ Xso

tATh 1
+ Clog/o m (/Uo ]l{|g()(Xs,u)>1}gO(XS—7u))‘:U“O(du)> ds
< ((1 + QClog)Ko + K1/2 + 3C10gK10g + ClOgKg)t,

where we have used 1 ({{g1(z, )| > 1}) < Kiog(2+2). Thus, taking expectations of log(2+Xa-,) =
log(2 + Xo) + ng)\gm + Allf/’\gm and using the above estimate proves the assertion. O
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