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ABSTRACT. We present a stochastic version of the Cucker-Smale flocking dy-
namics described by a system of N interacting particles. The velocity alig-
ment of particles is purely discontinuous with unbounded and, in general,
non-Lipschitz continuous interaction rates. Performing the mean-field limit
as N — oo we identify the limiting process with a solution to a nonlinear mar-
tingale problem associated with a McKean-Vlasov stochastic equation with
jumps. Moreover, we show uniqueness and stability for the kinetic equation
by estimating its solutions in the total variation and Wasserstein distance. Fi-
nally, we prove uniqueness in law for the McKean-Vlasov equation, i.e. we
establish propagation of chaos.

1. Introduction. Cucker and Smale postulated in [6, 7] a model for the flocking of
birds where convergence to a certain consensus (same direction and velocity in the
motion of birds) was shown to depend on the spatial decay of the communication
rate between the birds. Putting in abstract mathematical notations, the Cucker-
Smale model describes dynamics of N particles (rg,vg) € R??, where 7, stands for
the position and vy for the velocity of the particle with number kK =1,..., N. The
time evolution is obtained from the system of ordinary differential equations

Ty )
v 1
G =8 2 v =) (v — o).
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Here 0 < ¢(r) = ¢(—r) describes the communication rate between the particles.
The natural communication rate is regular and it is given by ¥ (r) = a(1+|r|?)~%/2,
a,b > 0. A more challenging example of a communication rate has singular nature
and usually it is defined by ¥(r) = a|r|~?, see e.g. [23].

2010 Mathematics Subject Classification. Primary: 35Q83, 60F05; Secondary: 60K35.

Key words and phrases. Flocking, Cucker-Smale dynamics, mean-field equation, McKean-
Vlasov stochastic equation, propagation of chaos, Total variation distance, Wasserstein distance.

* Corresponding author: Martin Friesen.


http://dx.doi.org/10.3934/xx.xx.xx.xx

2 MARTIN FRIESEN AND OLEKSANDR KUTOVIY

The particular form of (1) implies that the mean velocity is conserved, i.e.

N
1
Ve 1= o ka(t) =~ ;vk(())7 vt > 0.

Based on Lyapunov functional techniques corresponding to certain dissipative dif-
ferential inequalities, the time-asymptotic flocking property
N

N
lim vp(t) —vel>=0 and sup ri(t) — ro(t)]? < oo 2
Jam, > luw(®) — v sup 3 ru(t) = re(0) @)

was studied in [16], where rq(t) == + Zgﬂ ri(t) = r.(0) + tv. denotes the center
of mass.

In many cases one seeks to study properties of the particle dynamics in terms
of their associated mean-field equations. For the classical Cucker-Smale dynamics
the corresponding mean-field equation was (formally) derived in [17] by taking the
mean-field limit N — oo. It was shown that the resulting particle density f:(r,v)
should solve the kinetic equation

OILD) | (9,10, 0) = divy [l 0) QU ), ®)

where the forcing term is given by

QUp)(r,v) = / (v — w)b(r — ) fy(q w)dgduw.

R2d
Unfortunately this formulation only makes sense for solutions possesing enough
regularity. For less regular solutions one studies measure-valued solutions p(dr, dv)
obtained from the kinetic equation (in the weak formulation)

d _ Ag(r,v,t)
@/ng(m,t)ut(dr, dv) = /RM (at + B(ut)g(r,v,t)> pe(dry dv), — (4)

where ¢ is a compactly supported, continuously differentiable function and B(u;) =
By + Bi(ut) is given by

Bog(r,v,t) =v - (V,.g)(r,v,t)

B ()9 (r,v,8) = —(Vog) (r0,1) - / b — @) — wyp(dg, dw).  (5)

R2d
Note that, if p(dr, dv) has a density fi(r,v) for each ¢ > 0, then, using integration
by parts, (4) is (formally) equivalent to (3). Existence and uniqueness for measure
solutions to (4) was established under the constraint that p; has compact support
(see [16]). For different aspects of this model we refer to [27, 15], while other related
models have been studied in [1, 24, 14, 5].

In this work we propose a stochastic version of the Cucker-Smale model where,
roughly speaking, B(u) in (5) is replaced by a pure jump operator of mean-field
type in the velocity component. Such replacement makes the dynamics stochastic
and is motivated by the possibility to describe the effect that certain particles (e.g.
birds) may deviate spontaneously from the consensus by moving in the ”opposite”
direction. This model and its various levels of description (particle dynamics, kinetic
equation, and McKean-Vlasov stochastic equation) are introduced and discussed in
the next section. Our main results are then formulated in Section 3, where the
transition from particle dynamics to the kinetic equation as well as McKean-Vlasov
equation is given. Such a transition is based on the mean-field limit and related to
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FIGURE 1. Change of velocities with n = 3/4

propagation of chaos, see [28, 22]. The remaining sections are devoted to the proof
of our main results.

Let us mention that the stochastic model investigated in this work shares some
(formal) similarities with the Boltzmann-Enskog model studied in [2], and more
recently in [12]. In this work we use some techniques developed in [12], however, the
model we study is significantly different in regard to its properties. While collisions
in the Boltzmann model have a Maxwellian as invariant distribution (and hence
are continuously distributed), the flocking behaviour leads to a certain consensus in
which all velocities tend to become aligned (see (2)). This effect is (for the classical
Cucker-Smale dynamics) also manifested by the role of entropy, see [17, Section 6].

2. Stochastic Cucker-Smale dynamics of jump-type.

2.1. The particle dynamics. Let N > 2 be the number of interacting particles
(rk,vr) € R?? k =1,..., N. Each particle, say (ry,vs), may interact with another
particle, say (r;,v;), and the interaction results in a transition of its velocity vy to
a new velocity v*(vk, v;,u) computed from

v (v, 5, u) = vk + n(v; — vk) + nu=nvj; + (1 —n)vr + nu. (6)

Here 1 € (0, 1] parameterizes the point nuv; + (1 — n)vg of the line joining vi and vj,
while € R? is the deviation from this convex combination. We suppose that this
deviation w is distributed according to a symmetric probability distribution a(u)du,
i.e. a(u) = a(—u) is integrable and normalized to 1. Such transition of velocities is
summarized in Figure 1 and includes the following important cases:

(a) If n = 1, then v*(v,w,u) = w + u, i.e. the particle takes the velocity of its
partner (up to an error of order u).

(b) If n = &, then v*(v,w,u) = “5% + % = v*(w,v,u), i.e. the particle takes a
new velocity given by the mean of incoming velocities (up to an error of order

)y,

2
(¢) The limiting case n N\, 0 corresponds to the classical Cucker-Smale model.

The rate of this velocity alignment is supposed to be proportional to 9 (7 —7;)o (v —
v;), where ¥, 0 > 0 are symmetric functions on R? meaning that ¢ (r) = ¢(—r) and
o(v) = o(—v). Putting all together, we investigate a N-particle Markov process in



4 MARTIN FRIESEN AND OLEKSANDR KUTOVIY

the phase space R% given, for F' € C}(R??), by the Markov generator

N
(LF)(x,v) =Y v - (Vi F)(x,v) (7)
k=1

N
1 *
+ N Z Y(ry —rj)o(vk — vj) /]Rd {F(r,v +ex(vg; — k) — F(r,v)|a(u)du,
kyj=1

where vj; = v*(vg,vj,u), (r,v) € R24N and ey, € RN denotes the N x 1 matrix

whose entries are d xd matrices such that ey = (Ogxd, - - -, 0dxds laxd, Odxds - - - » ded)‘r
with the identity matrix 1444 being at the position k, and 04x4 denoting the d x d
zero matrix. The following are our minimal conditions assumed throughout this
work:

(A) 9 > 0 is continuous, bounded and symmetric, i.e. ¥(r) = ¥(—r).
(B) o > 0 is continuous, symmetric (i.e. o(v) = o(—v)), and there exist constants
¢s > 0 and v € [0,2] such that

o(u) < co(1+ [ul2)72, ue R
(C) a >0 is a symmetric probability density on R?.
For most of the results we also assume that a has some finite moments, i.e.
Moy = /(1 + ul?)P 2a(u)du < oo 8)
Rd

holds for some p > 0. The precise value of p will be specified in the corresponding
statements.

2.2. Mean-field kinetic equation. Below we introduce the kinetic equation ob-
tained from the N-particle dynamics when taking the mean-field limit N — oo.
Precise convergence statements when N — oo are given in Section 3. Denote by
P(R??) the space of probability measures over R?? and for g € C,(R?) set

-

[g(r, v*(v,w,u)) — g(r, v)} Y(r —q)o(v —w)a(u)du.
Rd

The mean particle distribution is expected to satisfy the following definition.

Definition 2.1. Let po € P(R??). A weak solution to

L st = [ owoutrdn+ [ [ o (9o dv)is)
9

t
+/ / Qg(r, v; ¢, w)ps (dr, dv)ps(dg, dw)ds,

0 JR2dxR2d

is a family ()0 C P(R??) satisfying

sup / [v|" s (dr, dv) < oo, ¥t >0 (10)
s€(0,t] JR2d
and such that (9) holds for all g € C}(R??) and ¢ > 0.

Note that the additional restriction (10) is necessary in order to guarantee that
the integrals are well-defined.
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Remark 1. Suppose that p(dr,dv) = fi(r,v)drdv. Then using integration by
parts, one finds for each g € C}(R??)

/]R?d o Qg(r,v; g, w) fi(r,v) f (g, w)drdvdgdw :/ dg(r,v)Q(ft)(r,v)drdv, (11)

R2

where Q(f:)(r,v) is a the nonlinear integral operator given by

[ it o ) et

= fi(ryv) fr(q,w)o(v — w)] P(r — q)a(u)dudgdw.

Since g is arbitrary we conclude that the density (f;):>0 solves the weak form of
the kinetic equation

% v (Vo) (rv) = QUf)(rv). 12)

Note that in the limiting case n — 0 the velocity displacement becomes local
again. Hence the case ¢ = n~! with n — 0 corresponds to the classical Cucker-
Smale model. Since the main objective of this work is devoted to the rigorous
derivation of the kinetic equation and associated mean-field process, we postpone
the study of (12) and its limiting cases for future research.

2.3. Mean-field process. While solutions to (9) only describe the mean particle
density of the model, the possibility to describe also finite-dimensional distributions
is related to the construction of a stochastic process whose time-marginals solve (9).
Such construction is for instance well-known for the space-homogeneous Boltzmann
equation (see [29]) and has lead to many new insights, see [9, 10] and the references
therein. An extension of these ideas to the space-inhomogeneous setting (for the
Boltzmann-Enskog model) has been recently obtained in [2, 12].

Motivated by this progress, we study its analogue for the kinetic equation (9).
For this reason we first reformulate (9) in terms of nonlinear Markov generators.
For given p € P(R??), set

Aa(r0) =v- Vo) + [ Qg wiuddadw). (13

Then (9) takes the form

/ g(r,v),ut(dr,dv):/ g(r,v),uo(dr,dv)—i—/ A(ps)g(r, v)ps(dr, dv)ds.
R2d R2d 0 JRr2d (14)

The stochastic process associated to this kinetic equation is then obtained from the
nonlinear martingale problem with generator (13).

Definition 2.2. Let g € P(R??). A solution to the nonlinear martingale problem
(A, CL(R??), ug) is a probability measure p on the Skorokhod space D(R.;R2?)
such that the following conditions are satisfied

(i) p(((r(0),v(0)) € E) = po(E), for all Borel sets E C R?4.
(ii) For all ¢ > 0 it holds

sup E,(Jv(s)]") < oo. (15)
s€[0,t]



6 MARTIN FRIESEN AND OLEKSANDR KUTOVIY

where E,, denotes the expectation with respect to 4 and (r,v) is the canonical
coordinate process on the Skorokhod space.
(iii) For each g € C}(R?),

t
MNQW@D—QUWLMmi—A(AWJmﬁﬁhdﬁﬁkvt207 (16)
is a martingale with respect to u, where pus denotes the time-marginal of u.

As before, condition (15) is used to guarantee that the integral in (16) makes
sense. For additional details and general theory on martingale problems we refer to
[8].

Remark 2. Let z1 be a solution to the nonlinear martingale problem (A, C1(R2%), po).
Denote by (p¢)t>0 the time-marginals of . Taking expectations in (16) we find that
(ue)e>0 is a weak solution to (9).

While the notion of martingale problems is adequate for the study of convergence
and compactness, for other purposes it is more natural to describe the law u as a
weak solution to a McKean-Vlasov stochastic equation specified in the following
definition.

Definition 2.3. A weak solution to the mean-field SDE

R(t) = R(0)+ [ V(s)ds,
V() =V(0)+ f(f f[o)ﬂde xR a(V(s—), R(s),rs(&), ws(§), u, Z)N(dsa d¢, du, dz),
(17)
where
a=n(u+ws(€) = V(s=)) Lpw(res)—r.(€)o(v(s—)-w.)](2)
consists of
(i) a stochastic basis (2, F, (F;)i>0,P) with the usual conditions,
(ii) an (F;)¢>o0-adapted Poisson random measure N on Ry x [0, 1]x R4 xR defined
on (Q, F, (Fi)i>0, P) with the compensator ./\A/(ds, d¢, du,dz) = dsd€a(u)dudz,
(iii) an (F;)i>0-adapted, cadldg process (R, V) in R2 satisfying (17) a.s.
(iv) a measurable process (r(£),w:(§)) defined on ([0, 1], B([0,1]),d§) such that
(r¢, we) has the same law on ([0, 1], B([0,1]),d€) as (R(¢t),V(t)) on (2, F,P),
for each t > 0.

Let (R,V) be a weak solution to the mean-field SDE. Applying the It for-
mula one finds that its law is a solution to the nonlinear martingale problem
(A, CH(R2%), 1ug). Conversely, each solution p to the nonlinear martingale prob-
lem (A, CL(R29), 110) can be represented as a weak solution to the mean-field SDE
(17). Now we give a precise formulation of these statements in the following lemma.

Lemma 2.4. The following assertions hold.
(a) Let (R,V) be a weak solution to the mean-field SDE (17) satisfying
sup E(|V(s)]7) < o0, Vt>0. (18)
s€[0,t]
Then the law of (R, V) on the Skorokhod space D(R ; R?%) solves the nonlinear
martingale problem (A, C}(R3??), ug).
(b) Let uu be a solution to the nonlinear martingale problem (A, C}(R??), uo). Then
there exists a weak solution (R, V') to the mean-field SDE (17) such that (R, V)
has law .
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The proof of this statement is mainly based on the equivalence between weak
solutions to stochastic equations and solutions to martingale problems, see [18, 20].
Some additional arguments are given in the appendix.

3. Statement of results. Here and below we suppose that conditions (A) - (C)
are satisfied. Set (u) := (1 + [u[?)2, u € R% Then 1 < (u) < 1+ |u| and this
function satisfies the elementary inequalities

(u+w) < V2min{{u) + (w), (u)(w)}, (19)
where u,w € R%. Moreover, it is easy to see that

(nu+ (1 = mw) <nfu) + (1 —n){w). (20)
Both estimates will be frequently used throughout this work.

3.1. Construction of particle dynamics. Denote by P(R?¥V) the space of all
Borel probabilitiy measures over R2¢V . Below we provide sufficient conditions such
that the martingale problem with generator L and domain C}(R?#") is well-posed,
i.e. for each p € P(R?™) there exists a unique probability measure P, over the
Skorokhod space D(R;R??V) such that P,((r(0),v(0)) € E) = p(E) for all Borel
sets £ C R?*N and

F(r(f)N(t))*F(P(O),V(O))*/O LF(r(s), v(s))ds

is a P,-martingale for each F' € C}(R2?V). Here (r(t),v(t)) denotes the canonical
coordinate process in the Skorokhod space D(R; R24N ). We start with the simpler
case where condition (B) holds with v = 0.

Theorem 3.1. Suppose that v =0 and n € (0,1]. Then for each N > 2 and each
p € P(R2N) the martingale problem (L,C(R?N), p) has a unique solution.

The proof of this statement is a direct consequence of the classical perturbation
theory for martingale problems (see [8, Section 10]) and the observation that L
can be decomposed into a linear dissipative generator (the first order term) and a
bounded pure jump generator.

If n = 1 in (6), then we may also consider v € (0, 2] resulting in the following
theorem.

Theorem 3.2. Suppose that (8) holds for p :=2. Let vy € (0,2] and n=1. Then
for each N > 2 and each p € P(R?N) satisfying

N
/ Z lv;[*dp(r,v) < 0o (21)
R2IN

the martingale problem (L, CL(R?N) p) has a unique solution.

Since in such a case LF is not a bounded function, even if F' € CL(R?V) the
desired result does not immediately follow from the classical theory of martingale
problems. The proof of Theorem 3.2 is given in Section 3 and is based on an
additional approximation argument combined with moment inequalities so that we
may apply Theorem D.2 from the appendix.

The study of singular rates ¥ (r) ~ r~% with o > 0 is an interesting mathematical
problem. Since such a model would create singular transition rates, it seems natural
to study in such a case solutions possesing additional regularity, see e.g. [19, 26].
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3.2. Mean-field limit N — oo and propagation of chaos. For each N > 2,
let (R,JCV, VkN)kzl ,,,,, ~ be the Markov process with the phase space R24N and the
generator L, see Theorem 3.1 and Theorem 3.2. Below we study the mean-field
limit N — oo for the sequence of empirical measures

1 N
N) _
W =D vy
k=1

Since the moment estimates we derive in Section 4 are different for the cases v =0
and v € (0, 2], we consider these cases seperately. Below we start with the simpler
case v = 0.

Theorem 3.3. Let v =0 and n € (0,1]. Suppose that (8) holds for some 2p > 1
and po € P(R?*?) satisfies

/ (|’I“| + ‘U|2p) Mo(d’l‘, dv) < 00.

R2d

Then, there exists a unique weak solution (R,V') to the mean-field SDE (17). Let
w be the law of (R, V). Then

N

1

N Z(s(RQI?VkN) — W, N — (22)
=1

in law on the space of probability measures over the Skorokhod space D(R,;R2d).
Moreover, there exists a constant C > 0 such that

s€0,t]

E ( sup |V(s)|2p> < /]R ) Puoldr, dv)e, 120, (23)

Proving this result, we also show that the kinetic equation (9) is well-posed.
Hence (22) is equivalent to propagation of chaos (see [28]). Let us also mention
[22, 19, 26] for other related recent developments on propagation of chaos.

In the case v = 0 we may also prove that the obtained solution propagates
exponential moments.

Corollary 1. Suppose that v =0 and n € (0,1].
(a) Given n =1, suppose that there exist § > 0 and k € (0, 1] such that

c(d,k) = / Al a(u)du < oo, (24)
Rd
Let jig € P(R?%) be such that

/ , (|r| + €5|v|~) po(dr, dv) < .
R2

Then the unique weak solution (R, V') to the mean-field SDE (17) satisfies
E| sup VO™ ) < / e‘sl”‘mduo(r, v)eft, t>0
s€[0,t] R2d

for some constant C > 0.
(b) If n € (0,1), then assertion (a) still holds, provided k = 1.
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For the case v € (0,2], we have to restrict our study to = 1. The main
reason for this are the moment estimates derived in Section 4. Moreover, since it
is not known if uniqueness holds for the kinetic equation (9) when v # 0, we can
only conclude that the sequence of empirical measures is tight and that each limit
provides a weak solution to the mean-field SDE (17).

Theorem 3.4. Given v € [0,2] and n = 1 assume that (8) holds for some 2p >
max{4,1+ 2v}. Let uy € P(R?*d) satisfy

/M (|7 + [v]*P) po(dr, dv) < occ.
R

Then there exists a weak solution (R,V) to the mean-field SDE (17). Moreover,
there exists a constant C' = C (¢, 0,a,p) > 0 such that

CE((V(0)2)(1 +t357), ~ #2
E((V(¢)*) < , >0, (25)
E((V(0))2)e", y=2

and, there exists another constant C' = C'(¢,0,a) > 0 such that for t > 0

E ( sup (V(t))QP‘”> <E ((V(0))*~7) +C’22”/0 E ((V(s))?") ds. (26)

s€[0,t]

4. The particle dynamics. Fix N > 2 and let v € [0, 2] be given as in condition
(B). In this section we first establish some moment inequalities, then provide a
pathwise description for the N-particle process with the generator L, and finally
prove some moment estimates for the particle process with constants independent
of N and n € (0,1].

4.1. Moment inequalities for the generator. We start with a moment inequal-
ity where corresponding constants are independent of € (0,1] and N > 2.

Lemma 4.1. Suppose that (8) holds for p > % Then for each k € {1,...,N}

i f)wm —rj)o (v — v-)/ [ (o + (1= n)ve +1u)* — (0)*?| a(u)du
N = J ) [ i

N
§3)\2p2p+4”¢uooca () 2P + Z Nt

Proof. Using (19), (20) and taking into account 7 € (0, 1] we get
(uj + (1= n)vk +1u)® + () < 27 vy + (1 - ) ) ( Y2+ (o) () P

< () () + (0)) + (W) (1)
S?HWW«%W+ ).
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Using o(vy, — v;) < ¢o(op — ;)7 < 5227 ((0)7 + (v;)7) we obtain

1 N
& 2 vt =)ot =) [ [y + (=m0 — (0| alw)d

N

< a2t dr Pt S7 4y ) (2 + (o))
j=1

= P+1+%77”w”°°c" 3 Y (v )2P y+2p 2p+y 2p
A2p2 N D (o) (0) + (o) 72 4 (007 4 {0)7 (0k) )

j=1
N
3
§3)\2p2p+1+57\|¢||mcg o 2p+v Z 2p+w

where we have used Young’s inequality

2p v

\2p T < \2p+y 2p+ry
v v v + v .
< ]> < k> =9 ,y< J> 2 < k>

Next we investigate moment inequalities in the case n = 1.

Lemma 4.2. Suppose that (8) holds for some p > 2. Then

N2 Z P(ry —rj)o(vk —v])/d (Jv; + ul? — |vk\2p) a(u)du
k,j=1 R
[llcco -
S ) I (O

j=1
Proof. By the mean-value Theorem we get
[oj + ul*? = (Jvj|* + [u]* + 2(v; - w))?
= (v + [ul)? + 2p(Jo [ + [u)P~ (v; - )

+ap(p — 1)(v; - w)’ / (1= 1) (Joj 2 + [uf? + 2t(0; - w))"~

2

dt

For the last integral we get by 2|vj||u| < |v;|* + |ul? and (a + b)? < 29(a? + b?) for

qg>0anda,b>0

4p(p — 1)(v; - u)2/0 (1—1) (|vj|2 + ul® + 2t(v; - u))p_2 dt

< Ap(p — 1) (v + [ul® + 2[v ] |ul )P~ 2o, *|ul®
< plp — 1)2°(Jo; * + [uf*)P~2[v; [*|uf?

< plp — 122772 (|l P72 ul® + [ *|ul**~?)
< p(p — 1)2%77 1 (u)?P (v;) P2,
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Let k, = [2| where [z] € Z is defined by |z] < 2 < [z] + 1, set (¢) =

w for | > 1, and ( ) = 1. Then we obtain by the fractional bino-
mial expansmn Lemma B.1 (see [3, Lemma 2] for a proof)

(joi P + ) < h42p-+|zu|%’+-j£j (f) (fos 22 oy 2222

< (u)® + v + e 4 ()P
SW”+MW+W“HP<W2

where we have used k, < p — 1 and Zfﬁl (1) < 27. Using the symmetry of a we
have [;.(v; - u)a(u)du = 0 and hence obtain

/d (Jv; + ul® — |vg|*?) a(u)du
R

< [ (sl + 1Py = ) alw)du + p(p — D2y 05
Rd

< I = 7+ D+ A0y 2 02 plp = 127 gy ()
< Ui — [0k + Agp2P 42 (v) 7

where we have used p(p — 1) < 2P so that 1 + 2PT1 + p(p — 1)2P~1 < 23°+2 By
symmetry we obtain

N
Z Y(ry —15)0 (v — vy) (|”j|217 - |Uk|2p) =0 (28)
k,j=1
and hence
;XN
~z Z Tk — rJ Ulc — Uj) /d (|Uj + u|2p — |vk|2p) a(u)du
= R
[¥]lsccs <
< day2r Al S (7 4 (0)7) g0y
k.j=1
[¥]lsccs <
=\ 23p+2+ 7% Z (<Uk>2p 24y 4 2(v >2P 2+"/)
k.j=1
[
=3\ 23p+2+2’y$J 1<Uj>2p—2+'7.

where we have used Young’s inequality
2p — 2

2p—2 v 2p—2+~ \2p—2+y
v — (v — (v
(06" 1) < o (o) g )
< <vk>2p 2+ +< >2p 24y
The assertion is proved. O

Finally we give an estimate on the exponential moments, provided that v = 0.
In the particular case 7 = 1 we obtain the following.
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Lemma 4.3. Assume that v = 0, n = 1 and suppose that there exist 6 > 0 and
k € (0,1] satisfying (24). Then

1 N
722: Vg — Uy /Rde

Proof. Using the inequalities (v; +u) <1+ |v;|+ |u| and (1 +a)* <14a", a >0,
we obtain

Slvtu)™ _ o(ve)”

degedc(0, k) N S(ws)"
a(u)dugTZe Vil

Sloitu)™ _ o)t | < GSlotu)® | S

< eOeflvil™ gdlul™ | o8tur)”
< Sl (eamv T ea<vk>~>
and hence

edlvitu)™ _ od(u)” a(u)du

Y ot
e 3 ot [

k,j=1
ec&m N :
< S 3 o) (04 )
k,j=1

2c,e’c(6, k)
< Zom ALY
- N

QO«:

<
I
—

For the case where n € (0,1) we have the following.

Lemma 4.4. Assume that v = 0, n € (0,1), and suppose that there exist § > 0
such that (24) folds for k = 1. Then

N

% > a(urvj)/

d
kj=1 R

2c,€e2¢(0,1) N 5(v;)
< — N ;e il

Proof. Using the inequality (nv; + (1 —n)vr +nu) < 14+n|v;|+ (1 —n)|vk| + |u| we
obtain

0o +(1=n)vetnu) _ 8(vi) a(u)du

S(nuj+(A—mvxtnu) _ o8{ve) | < od{nvj+(I—mvrtnu) 4 oo(vk)

e

< 8 ednlvil g8(L=—m)lvil gdlul 4 p6¢vk)
< 260 ¢lul (65<vj> + e&(vk>)

where we have used Young’s inequality to obtain
il d=mlvel < pedlvil 4 (1 — p)edlonl < i) 4 ¥Cvn),

This implies the assertion. O
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4.2. Pathwise description of dynamics. In order to provide a construction of
the Markov process and, in particular, to study the mean-field limit N — oo,
it is useful to give a pathwise description of the Markov process associated to L
in terms of stochastic differential equations. Namely, a weak solution (R, V) =
(Ry,...,RN,V1,...,VN) to the system of stochastic equations

R(t) =R(0)+ [] V(s)ds,
V() =V(0)+ fot f{1 ..... N}2xRIxR, G(R(s),V(s—),u,l,l',2)N(ds,dl,dl',du,dz)’
(29)
where e; is the same as in the definition of (7) and
GR,V,u,l,l',2) = em(u+ Vi = Vi) Lo (R (s)= Ry ()0 (Vi(s—)—Vpr (s—))] (2);  (30)

consists of a stochastic basis (Q, F, (F;)¢>0, P) with the usual conditions, a (F)i>0-
adapted cddldg process (R, V) in R?N and a (F;);>o-adapted Poisson random
measure N on Ry x {1,..., N}? x R? x R, with the compensator

N
N(ds,dl,dl', du,dz) = ds @ % Z §;(dl) @ 6 (dl') | ® (a(u)du) @ dz.  (31)
k=1

Let us heuristically explain equation (29) in more detail. In order to describe a jump
at time s we have to chose uniformly two particles (I,1') € {1,..., N}?, a random
parameter u € R? distributed according to a(u)du describing the deviation from
the deterministic model, and finally another auxilliary parameter z € R} whose
intensity is dz. All this parameters are chosen with intensity (31). If at the jump
time s we have ¥(R;(s) — Ry (s))o(Vi(s—) — Vir(s—)) < z, then no jump occurs.
Suppose now that ¢¥(R;(s) — Ry (s))o(Vi(s—) — Vir(s—)) > z. Then the velocity of
the particle system changes according to V(s) — V(s)+G(R(s), V(s—),u,l, U, 2).
The particular form of (30) shows that in this case the transition results only in the
change of velocity of the particle [ according to

Vi(s=) == v (Vi(s=), Vi (s=), w) = Vi(s=) + n(Vir(s—) = Vi(s—)) +npu.

The next lemma is a particular case of the It6 formula and shows that L is indeed
the generator of the process obtained from (29).

Lemma 4.5. Let (R, V) be a weak solution to (29). Then for each F € C*(R?V)
satisfying
sup / |F(r,v + er(v*(vg, v, u) —vg)) — F(r, v)|a(u)du < oo, VM >0
Rd

el +Iv|<M
(32)

the formula
FR(t),V(t)) = F(R(0),V(0)) + /t LF(R(s), V(s))ds + Mp(t)
holds. Here LF is defined as in (7) and (M;:(t))tzo is a local martingale given by
Mp(t) = / t / AFN (ds,dl,dl', du, dz)
0 J{1,..,N}2xRExR,

with N = N = N and
AF = F(R(s),V(s—) + G(R(s), V(s—),u, ', 2)) — F(R(s), V(s—)).
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Proof. Applying the 1t6 formula to F(R(¢), V(t)) yields

FR(t),V(t)) = F(R(0),V(0)) —l—/o V(s)- (VrRF)(R(s),V(s))ds

.....

By direct computation, one shows that
t

t
V(s)-(VRF(R(s),V(s))ds+/ / AFN (ds,dl,dl', du, dz)
0 0 J{1,.. N}2xRIxXRy

_ /O LF(R(s), V(s))ds,

while in view of (32) one has

¢
/ / |AF|N (ds,dl,dl', du, dz)
0 J{1,. N}2xRIxRy

1
— % 2 [ v - Rl - Vi(s)

k=1
| IFR(s), V(s) + e (v (Vils), Vi(s), u) = Vi(s))) — F(R(s), V(s))| a(u)duds
R L
where the latter expression is a.s. finite. Hence all integrals above are a.s. finite.
The assertion is proved. O

The following is a standard result in the theory of martingale problems and
stochastic equations, see [18, Theorem A.1] and the references therein.

Proposition 1. Let p € P(R?™V) and let P, be a solution to the martingale problem
(L7 Ccl(R2dN)7p)7 i.e. fO’f’ any Fe O&(R2dN)7

F(e(t),v(t)) — F(r(0),v(0)) —/0 (LF)(x(s),v(s))ds, =0 (33)

is a martingale with respect to P,, where (r(t),v(t)) the coordinate process in the
Skorokhod space D(Ry;R?N) and P, is a law on D(R4;R*N). Then there exists
a weak solution (R, V) to (29) such that the law of (R, V) is precisely P,.

Proof. Using the fact that |LF(r,v)| < ng:1<vk>2, we conclude that (33) is
a local martingale for any F € C}(R*N). The assertion is now a consequence
of the equivalence between martingale problems and weak solutions to stochastic
equations, see, e.g., [18, Theorem A.1]. O

4.3. Proof of Theorem 3.2. In this part we give a full proof of Theorem 3.2.

Proof of Theorem 3.2. Let us show that we can apply Theorem D.2 to deduce the
assertion. Take g € C*°(Ry ) such that 1} 1) < g < 1jg,9 and set

N 2
. |v
gm (V) :g(Zk_1 £l ), vV = (Ul,...,UI\I)ERdN.

m2
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Let L,, be the Markov operator given by L with o (v, —v;) replaced by g (v)o(vg —
v;). Then for each F € C}(R?V) we can find a constant C = C(F,¢,0) > 0
(independent of m) such that

N
|Lp F(r,v)|, |LF(r,v)] < CZ@J»W (34)

Step 1. Let (0, F, F;,P) be a stochastic basis and let (R(0), V(0)) € R?¥N be a
random variable with some given law u € P(R?4Y). Let N, be a Poisson random
measure on {2 with compensator

N
-~ 1
Non(ds, d,dl', du, dz) = ds @ | 3" 65(dl) ® d(dl) | © (a(u)du) © dz
k=1

on Ry x {1,...,N}?2 x R% x [0, ¢,,] (for some constant ¢,,, > 0 large enough such
that ¥ (r; — rp)o (v — v ) g (V) < ¢ for all (v, v) € R?N). Consider the system of
stochastic equations

R™(t) =R(0)+ [} V™(s)ds,

V) =VO0)+ fo fi1 npeurix(oe,) G R (s), VT (s=),u, 1,1, 2)dNn,

(35)

with dN,, = Ny (ds,dl, dl’, du,dz), G™ = G™(R™, V™ u,l,l', z), and

G™ = en(u+ Vi = V") Lop(rp ()= R () gm (VI (=)o (Vi (s=) = Vi (s—))] (2)-

Since N ((0,8] x {1,...,N}2 x R% x [0, ¢,]) < o0, for all £ > 0, it follows that
(35) can be uniquely solved from jump to jump. Since L,,F' is bounded for each
m and each F' € C}(R?) we conclude from [21] that the martingale problem
(L, CLRZ?N) 1) has for each p € P(R??V) a unique solution whose law can be
obtained from (35).

Step 2. Suppose that (R(0),V(0)) has law p satisfying (21). Define Q4(v) =
= ZkN:1<vk>4 and observe that Q4 satisfies (32). Below we show that there exists
a constant C' > 0 (independent of m) such that

E(Q4(V™ (1)) < E(Qa(V(0))) ", (36)
Indeed, it follows from Lemma 4.5
t
Qa(V™(t)) = Q4(V(0)) + / LnQa(R™(s), V™ (s))ds + Mp(t),  (37)
0
where (M,,(t)):>0 is a local martingale. Applying Lemma 4.2 gives
N
1
LmQa(R™(5), V"(5)) < Oz > (Vi"(5))**7 < CQa(V™(5)),
k=1
where the constant C is independent of m. Let 73 be the sequence of stopping times

that localizes (M, (t))i>0, 1.€. (M (t A Tk))i>0 is a true martingale for each k and
Tk /oo as k — oo. Evaluating (37) at ¢ A 7, and taking expectations gives

E(Qu(V™(t A ) = E(Qu(V(0) + E ( / " LmQ4<Rm<s>,vm<s>>ds)

g]E(Q4(V(0)))+c/O E(Qa(V™(s A 73))) ds.
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Applying Gronwalls lemma and letting k — oo yields (36).
Step 3. Let us show that

sup E ( sup Qg(Vm(s))> < 00, Yt >0 (38)

m>1 s€[0,t]
holds for Qa(v) = & Zk 1 (vk)?. Indeed, using (35) gives
Q2(V™(t)) = Q2(V(0))
" / /{ i, P2V ET) = Qa(VT (5] AN

and hence

sup Q2(V™(s)) < Q2(V(0))

s€[0,t]

t

| Qa(V7 (5-) + G™) = Qa(V"(5))| i
0 J{1,....N}2xR4x[0,cm]

where G™ = G™(R™(s),V™(s—),u,l,l',z) and we have used the fact that the
stochastic integral is defined pathwise. Taking expectations gives

E ( sup Qz(Vm(S))> SE(Q2(V(0)))+/O E (Hm(s))ds

s€[0,t]

where H,,(s) satisfies
Honls) = 103 Z V(R (5) — B ())gm (V" () o (Vi () — V" (5))
- / V) (1= VR (s) - — (V)2 e
N
Z )2+
Qv (s).

and the constant C' is independent of m and is given by Lemma 4.1. This gives

E ( sup Qz(Vm(S))> < E(Q2V +C/ (Qa(V™(s))) ds
s€[0,t]

and in view of (36) we deduce (38).

Step 4. Using (36) and (38) from previous steps combined with Qq(v)? <
Q4(v) we may apply Theorem D.2 and conclude that the martingale problem for
(L, CH(R2IN), p) has a unique solution P, which satisfies

sup E, (Q2(v(s))?) ds < o0, vt >0,
s€[0,¢]

where [E, denotes the integration w.r.t. P, and (r(¢),v(t)) the coordinate process
in the Skorokhod space D(R;R?V). O
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4.4. Moment estimates for the N-particle process. Here and below we always
assume that one of the following cases is satisfied:

(i) v=0,7n € (0,1], and p € P(R2N).
(i) v € [0,1], 7 =1, (8) holds for p = 2, and p € P(R**V) satisfies (21).

In both cases we have seen that there exists a unique solution to (29) defined on a
stochastic basis (QV, FN, (FN);>0, PV) with the usual conditions, which we denote
by X = (RY,VN), k=1,...,N.

We call p € P(R?V) symmetric, if for any permutation 7 of {1,..., N} and any
bounded measurable function F : R24N — R

/dNF(xl,...,xN)dp(xl,...,:EN):/ F(zr1),-- 27 v))dp(21, ..., TN).
RQ

R2dN

The following corollary shows that the particle trajectories are indistinguishable.

Corollary 2. Let p be symmetric, then X{¥,..., XX are exchangeable as elements
in D(Ry;R?4), i.e. for any permutation T of {1,...,N} and any bounded measur-
able function F : D(R;R?V) — R

E(F(XY, ..., XN)) = E(F(XNy), - XN N))- (39)

In particular, (R,JCV, VkN), k=1,...,N, are identically distributed as elements in the
Skorokhod space D(R,;R??).

Proof. Since L maps symmetric functions onto symmetric functions, the assertion
follows from uniqueness of the martingale problem (L, C}(R24V), p). O

Below we prove some moment estimates (uniform in N and #) for the unique
solution to (29). We start with the case n =1 and v € [0, 2].

Corollary 3. Letn =1, v € [0,2] and suppose that (8) holds for some p > 2. Let
p € P(R?N) be symmetric with

N
[ S wPrapteoy) <.
RQdN J:1

Then there exists a constant C = C(,0) > 0 (independent of N) such that, for
v €1[0,2) and t > 0,

N 1 o N 2
BV | 5 0 o)

N 22
1 1 2 — =7 2y
SR EEI R BT

J=1

< op—l9s5EN
where C)p = C)\2p24p, and, for v =2,

EN

2|~

N 1 X
Z<VjN(t)>2p < 2PE NZWJ‘N(O»QP Ot t>0. (40)
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Moreover, there exists another constant C' > 0 such that

P ! S =
E%me@V>swa;M%W (41)

s€10,t]
t 1 N
+ O X\gp2%P /O EN NZWJN(S))% ds.
j=1

Proof. Both estimates can be shown in the same way as (36). Indeed, it follows
from Lemma 4.2 and Lemma 4.5

EN 1 ad VNt 2p
0]
=1

N t N

1 1
<EY (0 SO0 ) 4 Oz [BY | LS e ) ds

j=1 0 j=1

1—2=2

1 & t 1< v
<EY (L oW | oz [EN [ 5w e ds

j=1 0 j=1

where we have used twicely the Jensen inequality. Next observe that, by 1+ |v[?P <
(v)2P < 2P(1 4 |v|?P) and the previous estimate we have

N N
1 1
EN | 5 Vo) | <22+ 22BN | B3NP
j=1

j=1
1 N
<2PEN | 5 D (VN 0)*
j=1
t 1 N 1_22771;{
+c, [ | ¥ V0 ds.

For v = 2 we apply the Gronwall lemma, for vy € [0,2) we may apply a nonlinear
version of the Gronwall lemma stated in the appendix. To be more rigorous one
has to consider the above estimates first for the variables V'™ (t) := V¥ (¢t A 7,,,)
where 7, is a stopping time chosen in such a way that V(¢ A 7,,—) is bounded.
Obtaining the desired estimates for V™ (¢) (with constants independent of m),
one may then pass to the limit m — oco. Since such type of arguments are rather
standard and have been performed for the proof of (36), we leave the details for the
reader.

Concerning estimate (41) we proceed similarly as in the proof of (36) to find that

sup (V4 ()77 < (V{¥(0))* 77

s€[0,t]

t
" / (VI (=) + G1)*77 — (Vi(s—))*P 77 ]aN,
0 J{1,. N}ZxRIxRy
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where G; = G1(R(s), V(s—),u,l,l’, z). Taking expectations gives

EY ( sup <V1N(S)>2”_”> <EY ((Vi¥(0))*77) +/t1EN(H(S))d8,

s€[0,t] 0

where by Lemma 4.1
N
= D R(S) ~ Bi()oVi(s) ~ Vi)
1)+ (= A + ) = (6 alwdd

N
1
< Ox2 | (AN + 5 3V o)
This gives

EY ( sup <V1N(8)>2”_”>

s€[0,¢]

t
<EN ((V{V(0))%77) + CA,2%° / (Vi(s))?P
0

))?P | ds,

1 N
v > (Vi)™
j=1
N N
=EN Z (VN(0))?P~7 | +20X9,2% / EN Z

where we have used that all particles are 1ndlst1ngu1shable. This proves the asser-
tion. O

Using similar arguments combined with Lemma 4.1 and Lemma 4.4 yield prop-
agation of exponential moments.

Corollary 4. Suppose that v =0, n =1, and there exist § > 0 and x € (0,1] such
that (24) holds. Then there exists a constant C = C(,0) > 0 such that

N N
1 SOVN ()" N SOV (1)) N1 svNons | ot
— e’\Vi + E sup e’‘\"1 <E — V5 (0) e~’.
N Z s€[0,4] N Z

A similar assertion holds also for n € (0,1), provided k = 1.

5. The mean-field limit N — oo. In this section we perform the limit N —
oo and identify the corresponding limiting process, i.e. we prove Theorem 3.4
and partially Theorem 3.3. The exponential moment estimates can be deduced by
similar arguments given in this section. Finally, the proof of Theorem 3.3 is then
complete once we have also shown the uniqueness results from Section 6.

For each N > 2, let p¥) € P(R??N) be given by

N
p(N)(drhd’Ul, ceey dTN7dUN) = ®M0<drka d’l)k)

and denote by (RY, Vk Jk=1,...,n the unique weak solution to (29) defined on a sto-
chastic basis (Qx, FV, (F )t>0, PY) with the usual conditions. Let P(D(R;R29))
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be the space of probability measures over the Skorokhod space D (R, ; R24), similarly
let P(P(D(R,;R??))) be the space of probability measures over P(D(R,;R??))
equipped with the weak topology. Define a sequence of empirical measures

N
1
H™N =D 0wy vy (42)
k=1

i.e. P(D(Ry;R??))-valued random variables and let 7(N) € P(P(D(R;R?))) be

the law of u(™). The proof of Theorem 3.4 and partially Theorem 3.3 consists of

the following two steps

Step 1. Prove that 7(™) is relatively compact and show that each limit is supported
on processes having the desired moment bounds.

Step 2. Prove that each limit 7(>) of a subsequence of #™) is supported on solu-
tions to the nonlinear martingale problem (A4, C}(R??), ).

5.1. Compactness and moment estimates. We first show that (W(N))NZQ is
relatively compact.
Proposition 2. (7(") x>y is relatively compact in P(P(D(Ry;R??))).

Proof. In view of [28, Proposition 2.2], see also Corollary 2, it suffices to show that
(RY,V{N) is tight in D(R;R??). First we observe that

sup EY (|RY(1)]) < sup EY (|RY(0)]) + T sup EV ( sup |V1N<t)|> < 0,
te[0,T) N>2 N>2 te[0,T7]

where the right-hand side is finite due to the moment estimates of previous section.
We seek to apply the Aldous criterion (see e.g. [20]). For each N > 2 let SNV, TV
be (F/)i>0 stopping times such that for M € N and § € (0, 1] we have SV < TV <
SN 465 and SN, TN < M. Then

EN (|R{V(TN) — R{V(SN)D < § sup EN ( sup VlN(T>|>
N>2 rel0,M]
and similarly by (29) and the exchangeability of the particles
EY (V1Y) = vV (sM)])
C ™
<% EY (/S u+ (V¥ (7) = Vi ()] (VY ()7 + (V¥ (7)) G(U)dud7>

N JRd

™ 1 XN
e W C G R AL TRl K

< C6 sup EN ( sup (VIN(T)>1+7> < oo
N2>2 T€[0,M]

where the last term is finite due to the moment estimates on the process. This
proves the assertion. O

For v € P(D(Ry;R?%)) let v; € P(R??) be the time-marginal at time ¢ > 0 and,
for ¢ > 0, set

llvellq 1:/ (v)v(dr, dv).
]R2d

The next lemma provides moment estimates for the limits of the empirical measure.
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Lemma 5.1. There exists a constant C = C(y,0) > 0 such that for all t > 0 we
have, for v € [0,2),

/ 14l ) (v)
P(D(Ry;R24))

1 2 — 2-7
< QP_IQ%/ <U>2pﬂo(dr, dv) + 3 ( p7> t%,
R2d

with Cp, = CAp2% and, for v =2,

Ve ||2pdm ™) (v) < 2P 0)2P o (dr, dv eCrt,
P
P(D(Ry;R24)) R24

Proof. By approximation and the Lemma of Fatou we get

/ ||ut||2pd7r(<>0)(1/) < sup/ ||l/t||2pd7r(N)(u)
P(D(R4+;R24)) N>2 JP(D(Ry;R24))

N
1
N N1\ 2
=sup E — VI (t))P
sup N Z_:< (1)
Jj=1
The assertion now follows from our known moment estimates. O

From this we readily deduce, after we have completed Step 2, the desired moment
estimate (25). Estimates (26) and (23) can be now deduced from the It6 formula.

5.2. Identifying the limit. The following shows that each limit point (> of
a subsequence of (’R'(N )) N>2 is supported on solutions to the nonlinear martingale
problem (A, C}(R2), ).

Proposition 3. Let 7() € P(P(D(R,;R?%))) be any weak limit of a subsequence
of (M™N))N>a. Then 7™ -a.a. p € P(D(Ry;R?*%)) solve the nonlinear martingale
problem (A7 Ccl (R2d)7 /J'O)

The rest of this section is devoted to the proof of this proposition. It is not
difficult to see that the complement of

D, = {t >0 p ((r,v) S D(R+;R2d) s (r(t),v(t) = (r(t—),v(t—))) = 1}
is at most countable and the coordinate function (r,v) —— (r(¢),v(t)) is p-a.s.

continuous, for any t € D,, and any u € P(D(R;;R??)). Moreover, we can show
that also the complement of

D) = {t>0| 7 (e P(DR;RM) : teD,) =1}

is at most countable.

Let 0 < t1,...,tym < s <twithty,....tm,s,t € D(r®)), meN, g1,...,9m €
Cyp(R*) and g € CH(R?). For (r,v) € D(R;;R?*¥) and p € P(D(R;;R?*)) let
H(u;r,v) be given by

(g(r(t)»v(t))—g(T(S)vv(S))—/ (A(ur)g)(?"(T)»v(T))dT> [T ai(r(ts) o(t)) (43)
s j=1

and define

Fi= [ Hroutdrnd). (44)
D(R4;R?)
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)

It is clear that u is a solution to the nonlinear martingale problem (A, C1(R2), 1)
5.1,

provided p((r(0),v(0)) € -) = po, (15) holds and F(p1) = 0. Since, by Lemma
7(®)_a.a. usatisfy (15) and u((r(0),v(0)) € ) = o, it suffices to show that

(a) limpy 00 fp(D(R+;R2d)) ‘F(/},)Pdﬂ'(N)(,u) =0,
(b) limy o0 fp(D(RJr;RM)) |F () dm ™) () = fp(D(R+;R2d)) |F ()| (),

where for simplicity of notation 7(™) denotes the subsequence converging weakly to
7(>). Let us first prove (a).

Lemma 5.2. Assertion (a) is satisfied.
Proof. Let N (ds,dl,dl’,du,dz) be the compensated Poisson random measure on

Ry x {1,...,N}? x R? and let MsNtlC be given by

/ /E ((RY (7), V¥ (1=) + G) — g(RY (), V¥ (r—))) N (dr, dl, d’, du, d2),

where F := {1,...,N}2 xR x Ry and G} = Gp(RN(7), VN(7-),u,l,l',z) € R?
denotes G = (G1,...,Gy) € (RH)N given by (30). Then

(A <N>> )R, VM) =V (Veg) (B, V)
+ = 21/1 (RY — RY)o (VY VJN)

/R (GRY 0 VY ) — (R V) aw)du

and from the It6 formula one immediately obtains

a(BY (0. V¥ () = 9(RY (), V¥ () + [ (A9 (R (7). VY (1) + M2

S
This shows that

N N m
1 1
) = = S RY V) = ST M T i (BY (1), Vi (8)),
k=1 k=1

Jj=1

For the Doob-Meyer process of M, gt’k we obtain

N t
1 2
O =530 [ ] R+ 0 - a(RY V)
j=17%

Y(RY = RY)o(ViY = V¥)a(u)dudr
N t
<y [ @+ o ar

Using the moment estimates of previous section we obtain EN ((M, Lﬁk)) < C for all
k=1,...,N and some constant C = C(¢, 0, a, g) independent of N. Using the par-

ticular form of G (see (30)), we obtain for the covariation process (MSNtk, M, ’J> =0

for all k # j. Hence we conclude from the properties of the processes (M, SNtk) and
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N,k N,j
<Ms,t 7Ms,t]>

/ F)Pdr™ ()
P(D(Ry;R24))

1 . m m
= ﬁ ZEN <M51Yt’kMs]Yt’] H gll(Riv(th%VkN(tll)) H i (RkN(tlQ>7 VkN(tlz))>
kg L=1 lo=1

N m
* % > EY <(Mﬁs’k)2 [Ta@®Y @), VkN(tl))2>
k=1

=1

— 3 LB <<M5V¢”“,M£’j> TT on (R 10, Vi (0,)) TT a1, (R <tl2>7v,§v<mz>>>

k#j Li=1 lo—=1
1 & "
N,k
+ 3z D EY <<Ms,t >Hgl(R;cv(tl)aVkN(tl))2>
k=1 =1
< O(w70?a7gagla"'agm)

— N )
which proves the assertion. O

Next we prove assertion (b).
Lemma 5.3. Assertion (b) is satisfied.
Proof. Take ¢ € C*(Ry) with 1jg 1) < ¢ < 1jg . For R > 0 and v € P(R??) let
(Ar(¥)g)(r;v) = v - (V,g)(r,0)

wl? N
t e (B ) ot - )
R2dXRd
P(r —q)o(v —w)r(dg, dw)a(u)du.
Then it is not difficult to see that
P(R*) x R* 3 (v,1,0) — (Ar(v)g)(r,v)

is jointly continuous where P(R2?) is endowed with the topology of weak conver-
gence. Moreover one can show that for some constant C' = C(¢, 7, a, g)

[Ar(V)g(r.0) = AW)g(r.0)| < C [ Lipupomyoto = whdvla. )

C
< WH”Hw%@w' (45)

Let Hr be defined by (43) with A replaced by Ag and define Fr(u) by (44) with
H replaced by Hg. Then we obtain

/ P (1) dr ™ (1) — / |F ()] dr) (1)
P(D(Ry;R24)) P(D(Ry;R24))

< / IF (1) — Fre()|dn™ () + / Fr(p) — F(u)]dn™) (u)
P(D(Ry;R24)) P(D(Ry;R24))
+ / Fr()]dn™ (1) - / | Fr())dr™) (1)
P(D(Ry;R24)) P(D(R4;R24))

=1, + D
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Using (45) we obtain for 7' > t and some constant C' = C(g, 91, ..., Gm,¥,0,a)
|F (1

) = Fr(p)]
<C / [(A(pr)g) (r(7), v(7)) = (Ar(pr)g) (r(7), v(7)) | u(dr, dv)dT
s JD(Ry;R24)

C t
175 | el el

C t
< i |l sadr,

where we have used that [|pe- ||, 4 1[[p- [l < [l |12

T+3
estimates from Corollary 3 and Lemma 5.1 we ﬁQnd a constant C' > 0 such that
supyso I1 < CR™Y2. Hence it remains to prove that I — 0 as N — oo for any
fixed R > 0.

Fix R > 0 and recall that ¢ is a smooth function on R satisfying 151 < ¢ <
Tjp,2). Define

< ||ptr|l2y+1. Using the moment

81[1101@(7))2
TE[s,t
Hi po(p32) = ¢ — Hpg(p; @),

sup (v(r))?
TE|s,t
% Hp(p; ),

HE ()= |1-¢ -

and let F}J%’m be given by (44) with H replaced by Hémw j =1,2. Then we obtain
I, < Jy + J5, where

/ F 0l )~ [ Fo ()17 0
P(D(R;R?)) P(D(R;R?))

Jj =

For any m > 1 and u € P(D(R,; R?%)) we find a constant C' independent of N and
m such that

F2,. ()| < /

1 |HR(p; 7, 0) | p(dr, dv)
D(R4;R24) { sup (v(7)>>m}

TE[s,t]
¢
<C / 1 (v(7))Ydrp(dr, dv)
D(R4;R24) Js { Z‘[lpt](v(‘f)>>m}
c 1+
< sup (v(7)) T u(dr, dv).

M JD(R, ;R2) T€[s,t]

The moment estimates from Corollary 3 and a similar application of the Lemma of
Fatou as in Lemma 5.1 gives

C
s / sup (u(r)) 7 p(dr, dv)d(x® + 7)) <
M JP(D(R,;R24)) J D(Ry;R24) T€[s,t]

31Q

Hence it suffices to show that J; — 0 as N — oo for each fixed R, m.

Note that Hp,,, is bounded and jointly continuous in (u,7,v). Hence Ff , is
continuous and bounded on P(D(R;R??))). Using the weak convergence 7("¥) —s
7(®) as N — oo we conclude that also J; — 0 as N — oo, for each fixed R,m. [
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6. Uniqueness for bounded coefficients. In this section we study uniqueness
for the nonlinear martingale problem (A, CL(R??), 1) as well as for the kinetic
equation (9) for the case v = 0. The following is our main result in this case.

Theorem 6.1. Suppose thaty =0 andn € (0,1]. Then for each py € P(R??) there
exists at most one solution to the nonlinear martingale problem (A, C(R2?), o).
In particular, there exists at most one weak solution to the mean-field SDE (17).

The proof of this theorem is deduced from the following considerations.

6.1. Uniqueness for the time-marginals. In this section we study uniqueness
and stability for the time-marginals, i.e. solutions to (14). More precisely, we prove
an a priori bound for any two solutions to (14) with respect to the total variation
distance

Il —vllov =sup {({g,n—v) : g€ BR*), |[gllc <1},

where B(R??) denotes the space of all bounded measurable functions on R2¢. The
proof of such bound relies on a mild formulation of (14) given below.

Lemma 6.2. Let (uy)i>0 C P(R??) be given. Then (ut)i>o0 satisfies (14) if and
only if

(g, ) = (S(D)gs pio) + / (QS(t — 5)g, e ® pra)ds (46)

holds for all g € CL(R??), where S(t — s)g(r,v) = g(r + (t — s)v,v). Moreover, (46)
naturally extends to all g € B(R??).

Proof. If (pt)t>0 is a solution to (14), then

L S(t - 5)g,1a) = / QS(t — $)g(r,v: . w)pa(dr, do)yua(dg, duw)

ds R2d xR2d

and hence integrating over [0, ¢] gives (46). Conversely, suppose that (;);>0 satisfies
(46). Differentiating (46) readily yields (14). For the last part we use

1Q5(t = s)g(r, v; ¢, w)| < 2[|glloo|P]loollo oo (47)

combined with dominated convergence and standard density arguments. O
The following is our main estimate for solutions to (14) in the case v = 0.

Theorem 6.3. Suppose that v =0 and n € (0,1]. Let (t)i>0 and (v)i>0 be two
solutions to (14). Then

e = vellov < [luo — vollov exp (4|4 ][ollofloot) , &2 0.
Proof. Let g € B(R??) be such that ||g]lcc < 1. Then, by (46),

(9, e —v) = (S(t)g, o — vo) + /O (QS(t — 8)g, p1s @ pis — vs @ vs)ds
— (S()g. 10 — vo) + /0 (QS(t — )9, e ® (s — 1))
+ / (QS(t — 5)g. (tts — 1) ® va)ds

t
< o — vollry + 4l lso oo / s — vallvds,
0
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where we have used [|S(t)g]|lc <1 and (47) to obtain

(QS(t = s)g, (ns —vs) @vs) < sup (QS(t = 5)g)(r, vi g, w) (s — vs)(dr, dv)
(q,w)eR24 JR24d

< 2[[Ylloollolle lls = vsllry
and similarly
(QS(t = s)g, (1s — vs) ®vs) < 2[Yllcllo o lts = VslITv-

Taking the supremum over all g € B(R??) with ||g|]|sc < 1 and then applying the
Gronwall lemma yields the assertion. O

6.2. Uniqueness in law for the Vlasov-McKean equation. Below we prove
that the nonlinear martingale problem (A, C}(R??), 119) has at most one solution.

Proposition 4. Suppose that v = 0 and let uy € P(R??). Then there exists
at most one solution p € P(D(Ry;R29)) to the nonlinear martingale problem

(A7 Ccl (de)a ,U'O)'

Proof. Let yu, i be solutions to the nonlinear martingale problem (A, C}(R2%), ).
Then their time-marginals (@ )¢>0 and (fi¢):>0 both solve (14) and hence coincide,
ie. py = pu, for all ¢ > 0. Consequently p and g are both solutions to the linear
time-inhomogeneous martingale problem (A;, C1(R?), 1), i.e.

9(x(t)) — g(x(0)) 7/0 (A(ps)g)(x(s))ds, t>0,  geCi(R*™),  (48)

is a martingale with respect to p and fi, where A; := A(p) = A(fie). Using the
same argument as in the proof of Theorem 6.3, one easily shows that there exists
at most one solution (p;);>o to the time-inhomogeneous Fokker-Planck equation

(9. pt) = (g, p0) + / (A(1s)g,p5), 120, geCLR2),

Applying [8, p.184, Theorem 4.2] we conclude that the time-inhomogeneous mar-
tingale problem (48) is well-posed and hence pu = . O

7. Uniqueness for kinetic equation when + € (0,2]. In this section we provide
some sufficient condition for uniqueness and stability of solutions to (14) in the case
where v € (0,2]. As before, it is not difficult to see that any solution to (14) still
satisfies the mild formulation (46).

7.1. Estimate on the total variation distance. For § > 0 let

U(v,6) = {(Mt)t>0 | sup Cy(d, ) < oo, VT > 0}
te[0,T]

where
C (6, pat) ::/ ey (dr, dv). (49)
R2d

The following is the main result on uniqueness and stability for (14).
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Theorem 7.1. Fiz 6 > 0. Then there exists a constant C = C(¢,0,d) > 0 such
that any two solutions (pt)i>o0, (Vt)i>0 € U(y,9) to (14) satisfy

e = vellov < |lmo — vollTv

t
+ C/O Cy (0, s+ vs)? |l = wsllov (1 + [In(]lps — vellov))ds.

In particular, the following assertions hold
(a) There exists at most one solution to (14) in U(y,0d).
(b) Let uo,,uén) € P(R2) with
o = g vy — 0, = oo
and let (p)i>0 and (uﬁ"))tzo be two solutions to (14) with initial condition p
and ,uén), respectively. Suppose that there exists § > 0 such that

sup sup C, (6, + u,E”)) < oo, VT >0.
n>1tel0,T]

Then, for any t >0,
e = ™ lrv — 0, n — oo

Proof. Let g € B(R??) be such that ||g||c < 1. Using the mild formulation (46) we
obtain

t
<gaﬂt - Vt> = <S(t)97/$0 - VO> +/ <QS(t - S)g7ﬂs Qps — Vs ® Vs>d3
0

- / (QS(t — ), s ® (s — v2))ds + / (QS(t — 5)g, (s — 1) ® ).
0 0

Let ¢ be a smooth function on Ry such that T 1] < ¢ < 19 and set pp(w) :=
o (<w>2)_ Using the definition of Q@ and (1 — pr(w)) < f1,y> gy We obtain

B2
(QS(t — s)g, s @ (s — Vs))]

< / er(w)[(QS(t — 8)g)(r, v; g, w)|dus(r,v)d(ps — vs)(q, w)
R4d

+ [ T (@S(E = £)9) s )l ) + )0, 0)

< Ollpslly B s = vsllwv + Clipslly /RM L wy>ry (W) d(pes +v5) (g, w).

For the last term we use similar arguments to [11] and [13]. Namely, using (w)? <

Ce% ()" for some constant C' > 0 large enough, we get

/ Li(wy>ry (W) d(ps + vs)(q, w)
]Rzld

— S ()Y w)Y
SC/R4d Liwysrye 2" e d(pg + vg) (g, w)

< Ce 3R (6, s + vs).
Taking RY = 2|In(||ps — vs|lTv)| we deduce

<Q5(t - S)gu,us ® (Ns - Vs)>
< CCY (8, ps + vs) s [ly [ s = vsllmv (L + [In(llps — vs|lTv)l)-
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Proceeding in the same way we can also show that

<QS(t - 8)97 (/J's - Vs) ® Vs>
< CCy(0, pis + vs)vslly s — vsllov (1 + [In(l|us — vsl[Tv)])-

Since [|uslly + ||vslly < CCy(9, s + vs), the desired inequality follows by taking
the supremum over all g € B(R??) with ||g||oc < 1. Uniqueness and stability is a
direct consequence of the a priori estimate we have shown, i.e. one may apply a
generalization of the Gronwall inequality stated in the appendix. O

7.2. Estimate on the Wasserstein distance. In this part we prove estimates
for solutions to (14) with respect to the Wasserstein distance

dgv) = sup LD ZIGDL gy, oy 0 9]

lglo<t 7 =71+ v —1] (rri(E) [T — T+ =1

where p, v € P(R??) are supposed to have finite first moments. Since particles are
transported by the transport operator v - V.., it is more natural to use the shifted
Wasserstein distance

dt(.u’ V) = d(S(ft)*:uﬂS(*t)*V)? t=>0,

where S(t)g(r,v) = g(r + vt,v) and S(¢)* is the adjoint operator defined by the
relation

(S(t)g, ) = (g, S(t)* ), g € BR*), e PR™).
Below we will use another characterization of the shifted distance in terms of optimal

couplings described as follows.
Introduce a one-paramter family of metrics on R2?

[(r,v) — (F,0)]s = |(r —wt) = (F=0t)|+ |v—0], t>0
and related to this metrics define the time-dependent Lipschitz norms
g(r,v) —g(r,v
gl = sup W) oD
(r,0)#(7,7) |(r,v) = (7, 0)]

Given p,v € P(R??), a coupling H of (u,v) is a probability measure on R*¢ such
that its marginals are given by p and v, respectively. Let H(u, ) the space of all
such couplings. The reader may consult [30] for additional details on couplings and
related Wasserstein distance.

Proposition 5. Let p,v € P(R?*?) satisfy [gou(|7| + [v]) (1 + v)(dr, dv) < oo and
fixt > 0. Then there exists H, € H(u,v) such that

di(p,v) = sup (S(—=t)y,pu—v) (50)
[lhllo<1
= sup (Y,u—v)= / |(r,v) — (7,0)|¢dHy(r, v; 7, V).
Il <1 Réd

Proof. The first equality follows from the definition of S(¢)*, the second equality
from the definition of the norms || - || while the third equality is a particular case
of the Kantorovich-duality (see [30]). O

The following is our main coupling estimate for the Wasserstein distance d;.
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Proposition 6. Suppose that [5.. [ula(u)du < oo and let po,vo € P(R*) satisfy

/Rgd(m + [v|) (o + vo)(dr, dv) < oo

Let ()10 and (1)i>0 be two solutions to (14) satisfying

T
/ / (I7] + [o]"™) (e + 1) (dr, dv)dt < oo, VT > 0.
0 R2d

Fort >0, let H € H(u,ve) be such that

Ao, vr) = /R () — (B dH (r, v; 7, 7). (51)

Then for each T > 0 there exists C > 0 (independent of ui,vi) such that, for any
te€0,T],

di(pe, vt) < do(po,v0) + C(T, a, ) / / (r,v,q,w;7,v,q,w)dH dHds,
R8d
where dH? = dH(r,v;7,0), dH} = dH(q, w;q,w) and
A(ryv, q,w; 7,0, q, W)
= ((v) + (w) + () + (W) |o(v — w)(r — q) — o (v — W)(r — q)|
+ (|(r,w) = (7, w)[s + |(r,v) = (7, 0)[s) min{o (v — w), o (v — w)}.

Proof. It is not difficult to see that both solutions still satisfy the mild formulation
(46) for any g with ||g|lo < 1. For simplicity of notation, let ¢» = (¥ — q), 0 =
(v — w) and similarly ¢ = ¢¥(r — ¢) and ¢ = o(v — w). Using the definition of
dH?dH} together with x = x Ay + (z — )4, for z,y > 0, we obtain

(S(=t)g, . — vi) — (g, o — vo)

= /0 (QS(=5)g, 1s ® ps — vs @ v5)ds
:/ /Rgd [(QS(—5)g)(r,v;7,0) — (QS(=5)g)(q, w; ¢, )| dHJdH ;ds

/ /R{ 9(r,v* (v, w, w)) = S(=s)g(r,v)) Yo

(S0 (5, .0) — S(-3)a(F7) 07 patu)dud s
/ / { —8)g(r,v*(v,w,u)) — S(—s)g(7,v* (v, W, u))
Rgd
S(-s)a(7.) ~ S(-s)alr,0) b 6o A 57t dud L
/ (S(=s)g(r,v*(v,w,u)) — S(=s)g(r,v)) (wa - 1;5) a(u)dudHCdH}ds
R9d =+

/ / 0t (@, @,u)) — S(—8)g(7, 7)) (J& - w)+ a(u)dud HOdHds
ROd
— T+ Jo+ s
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Using ||S(—$)glls < 1 we obtain

t
Jo+ J3 < /0 /Rgd {|(1"7 v (v,w,u)) — (r,v)|s
0 (5, @, 0) — (7, m} o — 53] afw)dudCarLas

< /Ot(1 +5) /Rgd <v*(v,w,u) — vl

+ 0% (B, @, u) — 5) ’1/10 - {p“a] a(u)dud HOdH  ds

< C/Ot /de(<”> + (w) + (V) + (w)) ’1/)0 - iz?&‘ dHYdH}ds

where we have used |v* (v, w, u) —v|+ [v* (U, W, u) — 0| < C{u)((v) + {(w) + (V) + (w))
in the last inequality. Using again ||.S(—s)g||s < 1 gives

S(_S)Q(T’ U*(v,w,u)) - S(_S)Q(F7 ’U*(Ev @7 u))
< |(r,v* (v, w,u)) — (7, v* (U, w,u))|s

= C|(r,v) = (7,0)]s + C|(r,w) = (7, @),

and

S(=8)g(7,0) = S(=s)g(r,v) < |(r,v) = (7, 0)]s-

Hence J;i is estimated by
t
Ji < C/ / (|(r,w) — (7, @)|s + |(r,0) — (7,0)]s) (Yo Apo)a(u)dud HOAH ds
0 Rgd

t
< c/ / ((r, ) — 7, @)]s + [(r,0) — (5)]s) (0 A 5)dHOdH ds
0 RSd
which proves the assertion. O

The following gives the main estimate for this section.

Theorem 7.2. Suppose that [, [ula(u)du < oo and assume that 1, o are globally
Lipschitz continuous. Then for each § > 0 and T > 0 there exists a constant C =
C(T,0,a,%,0) such that for all po, vy € P(R2d) any two solutions (pt)e>0, (V)i>0
to (14) satisfying

C’Y(Thu’ + v, 5) = Sup / (65|v\1+7 + ‘T|1+6) d(,u't + Vt)(ra U) < o0 (52)
t€[0,T] JR2d

it holds that
t
dt(Mta Vt) < dO(MO7 vp) + CCW(T, ©+v, 5)2 / dS(Nw VS)(l + | ln(ds(,us, VS))l)dS'
0

Proof. 1t is easily seen that Proposition 6 is applicable in this case. Let us start
with the first term in A. Using the elementary inequality

Capla®T —y ) < (@ + y*) |2 =y < Caple®™ =y 2,y >0, a,b>0
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we obtain

o(v—w)p(r—q) — o0 —w)y(r —q)|

o(v—w)[Y(r—q =T —q)|+vF—q)|ov—w)—0o@—w)|
C ()" +(w)") (|r =71 +[g —q) + C(Jv =] + |w — w])

<
<

and hence
((v) + (w) + (V) + (0))]|o(v —w)P(r — q) — (v — W) (T — q)]
< C (o) + )T+ @+ (@)) (I — 7+ g — 31+ o — 7] + w - @)
< C ((w)™ + (@)*7) (|r = 7] + v —7])
+C ()7 + @) (lg = al + |w — @)
+O () + @) (Ir =7 + o — 7))
+C ()™ + (@) 7) (lg = @l + |w — @)
Hence using that H?, H! € H(us,vs) we obtain

[0+ () + @+ @)lotw = w)islr = ) = o6~ @07 - DIaHaH]
< Clllhin + sl [ =71+ 1o =) dH.(r0s7i

+C [ () @) (Ir =71 + o — 0]) dH (r, 037, )
R4d
< CC,Y(T,M + v, 6)ds(/~ts>Vs)

00Tt 08) [ ()7 +0)) [(0) = (0L 0:7.5)

< OC’)’(T7 poA v, 6)ds (ps, vs) (1 + | In(ds (s, vs))|),

where we have used |r — 7| + v — 0| < (1 + T
arguments to the proof of Theorem 7.1 (see also |

Lo G0+ @) (10 = LA (057
< C'C,Y(T, w4 v, 0)ds (s, vs) (1 + [ In(ds (s, vs))|)-
For the second term in A we use
|(r,w) = (7, w)]s < [r =7+ (1 + s)|w — |
< (1 +T)|(r,v) = (7,9)]s + (1 + T)|(g, w) — (g, w)]s
combined with min{o(v — w),o0(v — w)} < o(v —w) < C(w)7{w)"? to obtain

[ (0) = G+ 16:0) = () minfoo = w). o5 — @)} dHLdH

(r,v) — (7,0)s, (51) and similar
13 } and [11]) to obtain

<C | 100 = F0)l+ (g w) = (@ D)) min{o(v —w),o(v - @) }AHOdH!

< Cllpalhn + W) [ (071020 = LA (057,

< CC(T, 1+ v,8)%ds (s, vs) (1 + [ In(ds (15, vs))).-

Applying the general coupling inequality and then above estimates proves the as-
sertion. ]
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Remark 3. Using again Lemma C.1 from the Appendix we may deduce from above
estimate uniqueness and stability with respect to the Wasserstein distance.

Appendix A. Proof of Lemma 2.4. (a) Applying the Itd formula we obtain,
for g € CL(R%4),

g(R(t), V(t)) — g(R(0),V(0)) — /0 (Als)g)(R(s), V(s))ds = M,y(t), =0

where (Mg (t)):>0 is a local martingale. It suffices to show that (Mg(t)):>0 is, indeed,
a martingale. For each g € C}(R2?) we find C' > 0 with

|A(ps)g(r,v)| < C/RM (W) dps (g, w)(v)” = Cllps |l (v)”.
This implies that

E( sup [M,(1)]) < 2[gll +/0 E(I(A(rs)g)(R(s), V(s))])ds

s€[0,t]

gﬂM@+CAHmMWW@WMS

< 2[|glloc +t sup [|ps]2 < oo,
s€0,t]

i.e. (Mgy(t))s>0 is a martingale (see e.g. [25, Theorem 46, p.36]).

(b) Let (g:,w:) be a measurable process defined on ([0, 1], B(]0,1]),dn) such that
(¢, wy) has law pg, for all ¢ > 0, where p; denotes the time-marginal of p. Using
[18, Theorem A.1] gives the existence of a weak solution (R, V) to (17) such that
(R,V) has law p.

Appendix B. Fractional binomial expansion. The following lemma is due to

[3, Lemma 2].

Lemma B.1. Let p > 1 and k, Lp+1j where |x] € Z is defined by |z| < x <

LmJ—Fl,set(l) wforl>l and()—l Then for all x,y >0
kp—1 kyp

3 <Z) (zkyP=F 4 aPFyk) < Z( ) kPR

k=0

Appendix C. Some variants of the Gronwall lemma. We need the following
generalization of the Gronwall inequality (see [4, Lemma 5.2.1, p. 89]) for a proof).

Lemma C.1. Let p be a nonnegative bounded function on [0,T], a € [0, oo) andg be

a strictly positive and non-decreasing function on (0,00). Suppose that fo (I) =00
and

o) <a+ [ glolods. teo.1)
0
Then

(a) If a =0, then p(t) =0 for all t € [0,T].

(b) If a >0, then G(a) — G(p(t)) < t where G(z) = fl Ay

z g(y)”

The following nonlinear generalization of the Gronwall lemma is a particular case
of the Bihari-LaSalle inequality.
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Lemma C.2. Let f: Ry — Ry be a locally bounded function satisfying

t
(@) < £(0) +K/ f(s)'7%ds, t>0
0
for some K >0 and o € (0,1). Then for anyt >0

(20K)"* 10

) < (FO) + aKn™ <2V f(0) + 7

Appendix D. Some localization result. Let (E,p) be a complete, separable
metric space. Let A C Cp(E) x C(E) be a (multi-valued) operator such that there
exists 1 < ¢ € C(F) with

lgl < Kgip, V(f,9) €A (53)

for some Ky > 0. Set Py := {u e P(E) | [y¢(z)du(z) < oo}. Here and below
D(Ry; E) denotes the Skorokhod space and z the canonical process on D(R; E).

Definition D.1. Let 1 € Py. A solution to the martingale problem (A, u) is a
probability measure P, on D(Ry; E) such that

(a) Pu(x(0) € F) = p(F) for all F € B(E).

(b) [ E,((x(t)))dt < oo for all T > 0.

(c) Forall (f,g) € A

Fa(t) — £(x(0)) - / g(x(s))ds, t>0 (54)

is a martingale w.r.t. P,.

When working with martingale problems the use of localization techniques such
as [8, Theorem 6.3, Corollary 6.4] is essential. However, the statements therein
require that A C Cy(E) x B(E), i.e. ¢ = 1. Below we give one possible extension.

Theorem D.2. Let A C Cy(E) x C(E) satisfy (53) and A, C Cp(E) x C(E) be
such that |gm| < Ky holds for (f, gm) € Am with a constant Ky > 0 independent
of m > 1. Suppose that there exists pn € Py such that the following conditions hold:

i) There exist open sets (Up)m>1 with U, C Upt1, U,,=F and
() 2 + m2>1
{(f:1v,.9) | (f,9) € An} ={(f,1v,.9) | (f,9) € A}, m>1.

Moreover 1y, 1 is bounded for any m > 1.
(i) The martingale problem (A, p) has for each p € P(E) and each m > 1 a
unique solution.
(iii) We have
lim sup PJj' (1 <T) =0, VI >0

k—o00 m>k
where P is the unique solution to the martingale problem (A, 1) and
T =1inf{t > 0 | 2(t) € Uy or z(t—) & Uy}
is a stopping time on D(R4; E).
(iv) There exists p > 1 such that for all T > 0 there exists C(p,T) > 0 satisfying

sup sup E7* (¥(z(t))?) < C(p,T),
m2>1te[0,T]

where B denotes the expectation w.r.t. Pt
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Then there exists a unique solution P, to the martingale problem (A, p). This
solution satisfies

sup E,(¢(x(t))?) < C(p,T), T >0.
t€[0,T)

Remark 4. In several cases one may take U,, = {z € E | ¥(x) < m}. In such a
case condition (iii) is implied by
lim sup PJ'( sup ¢(z(t)) > k) =0, VT >0

k=00 m>k t€[0,T7]

or the stronger condition

sup E}' ( sup w(x(t))> < oo, VT >0.

m>1 te[0,T]
Proof. Step 1. Let n > 1,0 < t1,...,t, < T and H € Cy,(E™). Then (i), (ii)
together with [8, Chapter 4, Theorem 6.1] yield for 1 <k <m

E) (LrsryH(z(t), .. a(tn)) = EE (L sryH(z(t), .., x(tn))) -

Step 2. Let us prove that P} — P, weakly in P(D(R4;E)). For this purpose
we metrisize the topology on P(D(R,; E)) with respect to a complete metric and

prove that (P}}'),,>1 is a Cauchy sequence in this metric.
Recall that the topology on D(R,; E) may be obtained from the metric

d(z,y) = inf (’y()\) \Y /000 e “supq(x(t Au),y(A(E) A u))du>

AEA t>0

log (A(t)%i\(S)M and A is the set of all strictly

where ¢ := p A1, y(\) := sup ;

0<s<t
increasing, surjective, Lipschitz continuous functions A : [0,00) — [0,00) with

Y(A) < oo (see [8, p.117]). For H : D(R4; E) — R let
[H () ~ Hiy)|
d(z,y)
Then it suffices to prove that (P)}!)m>1 C P(D(R4; E)) is a Cauchy sequence w.r.t.
dBL(Pa Q) = sup

the metric
/ H(z)dP(z) — / H(z)dQ(z)
IHlpL<1 |/ D(Ry;E) D(R+;E)

Take H with |[H|pr <1, T > 0,1 <k < m and set 7 := (- AT), H  (2) :=
H(2T). Then

B (H) — Ej (H)]
< B (HT) —Ep(H)| + [E(HT) —Eg(HD)| + |EE(HT) — Ej(H)|
=1+ 1+ Is.
Then by Step 1 and 1, >7) > L7, 57 We get
I = B (1, <ry HT) = BE (L gy HT) < [ Hlow (P2 (7 < T) + P (y < T)
which tends by (iii) to zero. Moreover we have
L =[E}H") —Ej(H)| <EP(d(z",2))

m = —u =T
<E; </0 e iggq(x(t/\u/\T),x(t/\u))du) <e

[1H]|Br = [[H]|oo + sup
zFy
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and likewise I3 < e~T which completes Step 2.
Step 3. Let P, be the limit of P". Using (iv), monotone convergence and the
Lemma of Fatou one can show that

sup EH (¢(z(t))p) S C(pa T)7 T>0.
t€[0,T]

Step 4. Take g € C(E) such that there exists K, > 0 with |g] < Ky¢. We show
that

lim B (g(z(1))) = Eu (9(2(1)), te€ D,

m—r o0
where D, = {t >0 | P, (x(t) = z(t— )) 1}. Note that Dy, is at most countable.

Let hy € Cy(E) be such that 1y, < hy < 1y,,,, k> 1. Then for k <m
B (9(2(t) — Epulg(e ()))l
< [BL (i (2 () g(2(2))) — Ep(hr () g(2(1)))]
B (1~ h(o(®)g(@(®)] + [Eu((1 — he(a(®)g((t))|
=5+ L+ Is.
It suffices to show that
lim I; =0, Vk>1

m—r o0

lim sup(Is + I3) = 0.

k— o0 m>k

Concerning I; the assertion follows by Step 2 and since x —— hy(z(¢))g(z(t)) is
bounded and P,-a.s. continuous on D(Ry;E) for any k& > 1. For the second
property we use 1y, (1 — hy) = 0 so that

I+ I3 = [EF (L <oy (1 — hi(2(6)g(@(0))] + [Eu(Lrp < (1 — hi(2(t)))g(x(1))]
< KB (L <y (2(1) + KBy (L, <3 (2(1)))
< Ky (P (1, < ) P ER ($(@(8))P) 7 + Ky (Pu(e < 1) 77 E, (b (2(t))P) 7.

For the first term we can use (iii) and (iv); for the second term this follows from

P, € P(D(R,: E)).

Step 5. P, is a solution for the martingale problem for (A, ut).
Fixn>1,0<t,...,t, <s<tin Dy, hi,...,hn € Co(E), (f,g) € A and set

= (£a(0) = () - [ atatopas ) ] hetott) (55)

We have to show that E,(H) = 0. First using Steps 3 and 4 together with (iv) and
dominated convergence we easily deduce

E,(H) = lim EJ(H) = lm EJ (L, <pH)+ lim E} (L, rH)
where ¢t < T. We can find a constant C' > 0 such that

B} (Lr,, <rH)| < C (T < T) + CB} (7 < T)'75 sup EJ((a(D)))7  (56)
te[0,T]
and the right-hand side tends to zero as m — oo. Since (f,g) € A we can find by
(i) gm € Cp(FE) such that (f,gm) € Am and 1y, g = 1y, gm- Let H,, be given by
(55) with g replaced by g,,. Then, since IPJl" is a solution to the martingale problem
(Am, ), it follows E}(H,,) = 0 and hence

E;T(]l‘rn&TH) = EZL(HTWQTHm) = _E;T(]leSTHm)~
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Since |gm| < C for some C > 0 independent of m, the latter expression can be
estimated in the same way as (56).

Step 6. It remains to show that there exists only one solution to the martingale
problem (A, ). Let P, € P(D(R4; E)) be any solution to the martingale problem
(A,p). Let n>1,0<ty,...,t, <T and H € Cp(E™). Then (i) and (ii) imply

B (L, sy H(x(t), s a(tn)) = Bl (Lr, sy H(2(t), - 2 (tn))).

The assertion now follows from the identity

EZL(H(Z‘(tl), ) x(tn))) - EL(H(x(tl)’ te 7x(tn)))
=E7(Ur, <y H(x(t), - 2(tn) = B (Lr, <rp H (2(t), - 2(tn)))

after taking the limit m — oo. O
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