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F={yCcRY||ynA| < oo forall compacts A C R?}, (1.1)

where |A| denotes the number of elements in the set A C R?. Markov dynamics on state
space I is usually described by a (heuristic) Markov operator L acting on an appropriate
class of functions F' : I' — R. In the particular case of birth-and-death evolutions it
has the general form

(LF)(7) = Y dz, M) (F(\a}) = F(y)) + /b(xv NE(yUiz}) - F(v))dz,

reEY R4
(1.2)

where d > 0 is the death-rate and b > 0 the birth-rate, respectively. Other particular
examples are discussed in [10], see also the references therein. In some cases, the cor-
responding dynamics can be obtained from stochastic differential equations [22], other
examples can be treated by the theory of Dirichlet forms [1,2,30]. In most of the cases,
however, one seeks to study dynamics in terms of state evolutions associated to the
forward Kolmogorov equation (also called Fokker-Planck equation)

& [FOmtan = [@ri@mi@n. wleo = o (1.3)

I r

where F' : I' — R belongs to a suitable space of test functions. Note that for L of the
form (1.2) one may take F' from the class of polynomially bounded cylinder functions, see
Section 5 for details. Since I' is an infinite dimensional, non-linear space the study of (1.3)
is a non-trivial mathematical task. Based on the work [28] the following approach for the
study of the Fokker-Planck equation was established in the literature. First, we define for
a reasonable class of states u; a sequence of correlation functions kff:) :(RH™ — Ry,
n > 0, by the relation

1
Z fn(arl,...,xn)ut(d’y)zﬁ / fn(xl,...,xn)kfg)(:cl,...,xn)dxl...dxn,

r {zi,..zn}Cy (Rd)n

where f,, : (R%)™ — R, is symmetric, bounded and measurable. It can be shown that
each k:fff) is symmetric and positive definite in the sense of Lenard. Moreover, there exists
a one-to-one correspondence between such correlation functions and states, see, e.g., [26].
The study of (1.3) is therefore based on the study of the correlation function evolution
Ky := (k)2 which should satisfy the Cauchy problem

k™

= (L), E™ o =k, n>o0. (1.4)

Here L? is an operator-valued matrix acting on the components of k; = (kin))ffzo. Note

that L2 can be computed explicitly from L, see, e.g., [17] and [10]. Equation (1.4) can
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be seen as a Markov analogue of the BBGKY-hierarchy known from physics. In contrast
to (1.3), equation (1.4) is an infinite system of finite-dimensional evolution equations for
which different functional analytic methods may be used.

Such an approach was successfully applied to various models [29,8,12,14], where the
evolution of correlation functions was constructed in a weighted L*-type space I,
equipped with the norm

Hk‘”;(;a = sup e_an”k‘(n)”Loo((Rd)n), a e R.
n>0

A general semigroup approach is proposed in [13], where, under some suitable conditions,
existence and uniqueness of classical solutions to (1.4) was shown. Since K, is a weighted
L*>-Fock space, the main technical tool there is based on the study of the pre-dual
Cauchy problem (evolution of quasi-observables) and on a clever use of sun-dual spaces
for strongly continuous semigroups. It is worth noting that existence of a solution to
(1.4) does not immediately yield also a solution to (1.3). It is necessary and sufficient
that k; is positive definite in the sense of Lennard, see [26] and the references therein.
Such a positivity property was studied for particular models in [11,6], while a general
result based on semigroup methods was obtained in [20]. As a consequence, using the
theory of semigroups one is able to obtain existence of solutions to (1.3), while uniqueness
holds among all solutions u; for which the associated sequence of correlation functions
k,, is a classical solution to (1.4). It is worth noting that the weak formulation of the
Fokker-Planck equation (1.3) does not require that p; also provides a classical solution
o (1.4). An extension of this uniqueness statement (without requiring that k,, is a
classical solution to (1.4)) was given in [20,18,19]. The latter result was essentially based
on [35,36].

An application of semigroup methods often requires that the constant mortality rate
d(z,{0}) is large enough, i.e. requires a ‘high-mortality regime’. Going beyond this
regime, one may sill construct an evolution of correlation functions obtained as the
unique classical solution to (1.4) in the scale of Banach spaces (K, )acr, see, e.g., [5,16,
15,25]. Existence of a solution to (1.3) is again related with the possibility to show that
this classical solution is positive definite in the sense of Lennard. In such a case, one
obtains a solution to (1.3) which is, in addition, unique among all solutions for which the
associated correlation function evolution provides a classical solution to (1.4) in the scale
(Ko)acr- An abstract formulation of the methods used in this approach was recently
summarized in [9].

At present there does not exist any (general) uniqueness statement for (1.3) which
does not require that the correlation function evolution k,,, is a classical solution to (1.4)
in the scale (K)o as explained in Section 3 or in [9]. The main purpose of this work is
devoted to the study of (1.3) and (1.4) with main emphasis on

(i) Study existence and uniqueness of classical solutions in the time-inhomogeneous
case.
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(ii) Stability of the solutions with respect to the initial data and the parameters of the
model.

(iii) Uniqueness for solutions to (1.3) and (1.4) without assuming that k; is a classical
solution.

Points (i) and (ii) have been already studied in [9] for the time-homogeneous case. Below
we introduce an abstract formulation of this framework, and study the corresponding
results in this abstract framework. An application to the spatial logistic model which
corresponds to a particular case of (1.3) is discussed in Section 5.

1.2. Linear operators in a scale of Banach spaces

Let E = (E4)a>a, be a scale of Banach spaces with a., € R and
Eo CEu, || llar €I llay @ <a. (1.5)

Here and below we let o/ < « always stand for a > o’ > a,. Denote by inq € L(Eq, Eq)
the corresponding embedding operator. Here and in the following L(E,,E,/) stands for
the space of all bounded linear operators from E, to E,/, and denote by || - a7 the
corresponding operator norm on L(E,,Ey/), o/ < . Let x =y, x € By, y € E,, stand
for iqarr = y.

Definition 1.1. A bounded linear operator A in the scale E is, by definition, a collection
of bounded linear operators from E, to Ey/, i.e. A = (Ana)ar<ar Aaar € L(Eq,Eqo),
satisfying

Ayirar = taarAarra = Aaarlara, o <a<a (16)

By A € L(E) we indicate that L is a bounded linear operator in the scale E. Given
two operators A, B € L(E), the composition AB € L(E) is, for all &’ < a, defined by

(AB)aa’ = Aﬁa’Baﬁh (1.7)

where 8 € (o, ). It is worth noting that definition (1.7) does not depend on the par-
ticular choice of 8, see (1.6). In view of (1.6) one finds that (ine)a<a € L(E) acts as
an identity operator on L(E). Note that such notion of linear operators includes the
classical case of unbounded linear operators.

Example 1.2. For each o > a, let (Ao, D(Aq)) be a (possibly unbounded) linear operator
in E,. Assume that ina (Ey) C D(Ay) holds for all o/ < « and

ia”a’Aa"iaa” = Aa’iaa’ & L(]EOMEO/)7 a/ < 0// < . (1.8)

Then Ay = Apriaq defines an element A = (Ano/)ar<a € L(E).
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1.8. Linear evolution equations in a scale of Banach spaces
Consider a family of operators (A(t));>0 C L(E) with the property
(A1) For all o < a, t — Apor(t) € L(Eq, Ey) is continuous in the operator norm.

We suppose that it is associated to a forward (or backward) evolution system on the
scale E. The precise conditions are formulated and discussed in Section 2. Let us just
mention that such conditions are more general than classical evolution systems studied
as studied, e.g., in [31]. They are designed, in particular, to apply to scales of weighted
L>-gpaces, see also Section 5. Let (B(t))i>0 C L(E) be another family of operators with
the properties

(B1) For all o/ < « and k € E,, t — Bao (t)k € Ey is continuous.
(B2) There exists an increasing continuous function M : (a,, 00) — [0, 00) with

M ()

| Baar ()l < 2%, £20, o <a (1.9)

We are interested in solutions to the forward and backward Cauchy problems

ags;t) = (A(t) + B®)ult), u(s)=k, t>s,
a'léis) = *(A(S) + B(S))’U(S)7 ”U(t) =k se€ [O,ﬂ

in the scale E. The precise definitions and results are formulated in Section 3. It is
worthwhile to mention that similar equations have been recently studied in the case where
B(t) was a nonlinear operator [32], [21]. Such equations with operators A(t), B(t) as
above have also applications to partial differential equations, see [34,7,23,4]. We close this
presentation with one simple example for which the results obtained in the subsequent
sections can be applied.

Example 1.3. Let (X, B(X), ) be a o-finite Borel space and take a family of functions
wq + X — [0,00) indexed by a € R satisfying wy < w, for all of < «. Define
Eo = LY(X, wap) with norm || f|la = [y |f(2)|wa(2)u(dz). Consider the objects

(i) m: X — [0,00) is measurable, locally bounded and satisfies

ess sup m(z) < 00, Vo' < a.

zeX wa(x)

(ii) k: X x X — R is measurable and, for all o/ < «, there exists an increasing function
M () > 0 with
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M (o)

a— o

/ k() o (@pa(dz) < 2 w), w— aaye X,
X

Then A and B defined by

(Af)(x) == —m(x)f(z) and (Bf)(z) :/f(y)k(l’,y)u(dy)

X

satisfy properties (A1), (B1) and (B2). Moreover, the semigroup generated by A satisfies
the conditions formulated in Section 2.

More delicate examples and applications are discussed in Sections 4 and 5.
1.4. Structure of the work

This work is organized as follows. In Section 2 we study some basic properties of
forward and backward evolution systems associated to (A(t)):>o0 given by (Al). The main
results of this work, that is existence, uniqueness, stability and the dual Cauchy problems,
are formulated and proved in Section 3. Applications to a system of ordinary differential
equations and Markov evolutions in the continuum are considered in Sections 4 and 5,
respectively.

2. Some simple properties for evolution systems

Let E = (Eq)a>a, be a scale of Banach spaces in the sense of (1.5). Below we first
introduce the notion of a forward evolution system associated to (A(¢))¢>0 and give some
simple properties used Section 3. Afterwards we state the corresponding results (without
proofs) for the backward evolution systems.

2.1. The forward evolution system

Let (A(t))i>0 be given as in (Al). Consider a family of operators (V (¢, s))i>s>0 on
the scale E satisfying the following conditions

(A2) We have (V(t,5))i>s>0 C L(E), and Vayor (¢,t) = igar, for all o < o and t > 0.
Moreover, for any o’ < a and k € E,, the mapping (¢, s) — Vo (¢, s)k is contin-
uous in Eq-.

(A3) For any o < o/ < a, k€E, and 0 < s < t,

¢
Vaar (8, 8)k = k + /Aana/ (r)Vaar (r, 8)kdr,

S
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t

Vao/ (t, S)k =k— /Va”a/ (t, T)Aaa// (T)kd?",

S

where the integrals exist in E,.

The following properties are immediate consequences of (Al) — (A3).

Lemma 2.1. Let (A(t))i>0 be given as in (A1) and let (V(1,s))i>s>0 satisfy (A2) and
(A3). Then the following assertions hold:

(a) For any o < a, k € E, and s > 0, the mapping [s,00) D t — Voo (t, 8)k is
continuously differentiable in Eo/, and we have, for all o/ € (¢, ),

0

EVMI (t,8)k = Aoro () Vaar (¢, )k (2.1)

(b) For any o < a, k € E, and t > 0, the mapping [0,t] > s —> Voo (t,8)k is
continuously differentiable in B/, and we have for all &' € (/, &)

0

a—Vaa/ (t,S)k = _Va”a’(t78)Aaa” (S)k (22)
S

(¢) (V(t,8))i>s>0 is uniquely determined by (2.1) and (2.2).

(d) Suppose that, for all o/ < «, the mapping t — Ay (t) is continuous with respect to
the operator norm on L(E,,Es ). Then assertions (a) and (b) also hold with respect
to the operator norm on L(Eq,Eo/) for all o/ < .

Proof. Using (Al) and (A2) one obtains that the integrals in (A3) are continuous
in r. Hence, the left-hand sides in (A3) are continuously differentiable which yields
assertions (a) and (b). Concerning (c), let (V(t,s))tZSZO also satisfy (A2) and (A3)
with the same (A(t))i>0. Take @' < ap < a1 < o, k € E, and 0 < s < ¢, then
[s,t] 2 r +— Vaoa/(t,r)ialaoffml(r,s)k is continuously differentiable in E,. such that
LYo (6, 7)iaga Vaa, (r,8)k = 0. Integrating over r € [s, {] gives

0= Va//a/ (t, t)vaa// (t, S)k - Va//a(t, S)Vaa// (S, S)k = Vaa’ (t, S)k - Vaa’ (t, S)k,

where we have used V(t,s),V(t,s) € L(E) and property (A2). This proves (c). Let us
prove (d). Using (A3) we obtain, for all o/ < &’ < a0, k € E,, and h € [0, 1] small enough,

[Vaar (t+h, 8)k = Vaar (t, 8)kllar < b sup  [[Aara(r)larar sup [[Vaar (7, 8)llaar [|Ella
reft,t+1] reftt+1]

and a similar estimate for h € [—1,0] close enough to 0. Hence ¢t — V,u/(t,s) €
L(E4,Ey) is continuous in the operator norm. Similarly one can show that s —
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Vaar (t,8) is continuous in the operator norm. From this and the continuity of ¢ —
Anqr (t) we deduce that the integrals in (A3) exist in the operator norm on L(E,, E.).
This proves the assertion. 0O

The following remark justifies the name forward evolution system for (V' (¢, s));>s>0-

Remark 2.2. Suppose that (A1) — (A3) are satisfied. Then, for all ¢ > r > s > 0, it holds
that V(¢t,s) = V(¢t,7)V (r, s), where the composition is defined by (1.6), i.e.

Voo (t,8) = Varar (8, 7)Vaar (r,8), o <o’ <a.

This property can be directly deduced from previous Lemma. Since it is also a particular
case of the results discussed in Section 3, we omit here the proof.

Next we provide a simple stability estimate for the forward evolution system
(V(t,5))ezs>0-

Lemma 2.3. Let (V(t,5))i>s30, (A(t))i>0 and (V(t,8))i>s50, (A(t))iz0 both satisfy (A1)
— (A8). Moreover, suppose that, for all o/ < «, the mappings t — Anar(t) and t —
Aqw () are continuous with respect to the operator norm on L(E.,Es). Then, for all

t>s5>0and o <ag<a; <a, one has

t
[Vaar (t,8) = Vaar (L, 8) laar < C(a/7a0,a1,a7t, s) / | Aayao(r) — gmao (M)laraodr,

where O/, g, a1, a,t, 8) = sup,¢fs 4 [Vaoar (£ 7)[lagar -SUP¢[s 4 Vo, (7, 8) ||, s finite
due to (A2) and the uniform boundedness principle.

Proof. Using Lemma 2.1(d) we sce that [s,¢] 3 7 — Vagar (7 )ia, ag Vaa, (75 8) is con-
tinuously differentiable in L(E,, E, ) and satisfies

%Vaoa/(tvr)ialaovam(rv 8) = Vagar (1) (_Aawm (r) + Zmozo (T)) Vo, (1, 5).

Integrating over r € [s, ], using V(t,s), V(t,s) € L(E) and (A2) gives

i
Voot (0:5) = Vi (8:5) = [ Vaar(t.7) (= Ay (1) + Ay (1)) Voo (5)dr

Taking the norm || - ||oas and using the triangle inequality for the integral proves the
assertion. 0O
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The next remark gives a sufficient condition for classical forward evolution systems to
satisfy conditions (A1) — (A3), see [31,24] for their study.

Remark 2.4. For each a > a, let (Vo (¢, 9))i>s>0 C L(Ey), and let (Ay(t), D(Aq(t)) be
linear operators on E,, satisfying the following properties

(i) Va(t,t) =1, Vo (t,7)Va(r,s) = Vo (t,s) forall t > r > s > 0 and a > a,.
(i) V(t, 8)|lE, = taaVal(t,s) for any o/ < aand ¢ > s > 0.
(iii) (t,s) — Vi (t,s)k € Eo is continuous for any o < o and k € E,
) taa (BEq) C D(Aa(t)) and (1.8) hold for all ¢ > 0. Moreover, [07 o) 3t —>
o (t)iaar € L(Eq, Ey ) is strongly continuous for all o/ < .

—~

(iv

~.
Q

Then (Al) and (A2) are satisfied by
Voo (t,8) = Vo (, 8)inar, Anar (t) = A (t)igar, o <a, t>0.
Suppose, in addition, the condition

(v) Forall o < a,t>s>0andk € E,,

t t
Vi (b, 8)k = kit / A Voo (7, 8Yimerbdr, Vs (£ 8)k = / Vi (6, 7) Aoy (i K-

S

Then also property (A3) is satisfied.

In the time-homogeneous case, i.e. A(t) is independent of ¢, above conditions can be
simplified as follows.

Remark 2.5. For each a > a let (T (¢))t>0 C L(E,) be a strongly continuous semigroup
with generator (A,, D(A4,)) on E,. Suppose that

(i) To ()|, = Ta(t), forall t > 0 and o < a.
(11) E, C D(Aal) and Ay/iqa € L(]anEa’)-

Combining properties (i) and (ii) together with [31, p. 123, Theorem 5.5] gives A,k =
Ak for all

ke D(Ay) ={he D(Ay)NEy | Awh €Ey} ={h€E,y | Awh € Ey}.
Hence Ano := Aarlao and Voo (8, 8) := Toor (t — 8) := Tor (t — 8)iqa satisfy properties

(A1) — (A3). Moreover, one can show that, for any o/ < a and k € E,, the function
t — Tho (t)k is infinitely often differentiable in E, such that, for any n > 1,
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dTL

—Ta (t)k = AL
e Taw (D = A7

T&OL” (t)k - TDL”OL/ (t)AZOt”k7 t 2 0.

2.2. The backward evolution system

Consider a family of operators (V(s,t))i>s>0 on the scale E satisfying the following
conditions

(A2)* We have (V(s,t))t>s>0 C L(E) with Voo (t,t) = dqq for all o' < o and t > 0.
Moreover, for any o < « and k € E,, the mapping (s,t) — Vyar(s,t)k is
continuous in E,/.

(A3)* For any o <o’ <a, k€K, and 0 < s <t,

t
Voo (8, )k = k + / Varrar (8,7) Agar (1) kdr,

t
Vi (5, )k = k — / Apros (1) Viaowr (1, £) -

The following properties are immediate consequences of (A1), and (A2)*, (A3)* and can
be deduced by similar arguments to Lemma 2.1.

Lemma 2.6. Let (A(t))i>0 be given by (A1) and (V(s,t))i>s>0 satisfy properties (A2)*,
(A3)*. Then the following assertions hold

(a) For any o < a, k € E, and s > 0, the mapping [s,00) D t — Voo (s, )k is
continuously differentiable in Eo/, such that for all o/ € (¢, ),

0

avaa/ (t,S)k = Va//a/ (S’t)Aaa// (t)k (23)

(b) For any o < a, k € E, and t > 0, the mapping [0,t] > s — Vou (s, t)k is
continuously differentiable in E,/, such that for all o/ € (¢, ),

0

a—vaa/(t, S)k = —Aa,/a,(s)Vaau(s, t)k (24)
S

(¢) (V(syt))e=s>0 is uniquely determined by (2.3) and (2.4).

(d) Suppose that, for all o/ < «, the mapping t — Ay (t) is continuous with respect to
the operator norm on L(Eq,Eq). Then assertions (a) and (b) also hold with respect
to the operator norm on L(E,,Es) for all o/ < a.

As before, the next remark explains why (V(s,t));>s>0 is called backward evolution
system.
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Remark 2.7. Suppose that (Al), (A2)* and (A3)* are satisfied. Then V(s,t) =
V(s,r)V(r,t) holds for all t > r > s > 0 in the sense of (1.6).

Clearly a similar estimate to the one proved in Lemma 2.3 can be also obtained in
this case.

3. Construction of the perturbation
3.1. Construction of forward evolution system
Let (V(¢,s))i>s>0 be a family of operators as in (A2). Suppose, in addition, that
(A4) There exists a constant K > 1 such that for all o/ < «
Voot $)|laar < K, 0<s <t

Below we provide the construction of a perturbed family of operators

{Wao(t,8) € L(Eg, Eor) | & <, 0<t—5s<T(d,a)}, (3.1)
where T'(o/, @) = #1\/?(/(1)’ o/ < a, with the convention that 1/0 := +o0. Such a

construction is based on the Ovsyannikov technique, see e.g. [9] and [21] for some recent
related results.

Theorem 3.1. Suppose that (V(t,s))i>s>0 satisfies (A2), (A4) and (B(t))i>o0 satisfies
(B1), (B2). Then there exists a family of operators W (t, s) as in (3.1) with the properties

(a) Foranyod <aand0<t—s<T(d,a), (t ) — Waa (t,s) is strongly continuous
on L(Eqy,Ey) with Wao (t,t) = iqar, and

T(d, @)
(o ) = (t—s)

”Waa’(tas)”aa’ < T
(b) Forallo <o <a with0<t—s<min{T(«,a), T(a",a)} we have
Waar (t,8) = iara Waar (t,8),
and for all o/ < o/ < a with 0 <t — s < min{T(/, @), T(/, ")} we have

Wao/(tv 8) =Warar (ta S)iao/“
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(c) Foralld <o’ <a with0<t—s<min{T(c/,a), T(¢", )} we have

t
Waa’ (t7 S)k‘ = Vaa’ (t7 S)k‘ + /(V(t, ’I’)B(T))a//a/WaaH(’I‘7 S)k‘dT, Vk € Ea. (32)

S

Moreover W (t, s) is unique with such property.
(d) Foralld' <o’ <a with0<t—s<min{T(d,a), T(,a")} we have

t
Waar (t, S)k = Voo (t, S)k + / W ar (t7 T‘)(B(?")V(?", S))aawkdr, Vk € E,.

Moreover W (t, s) is also unique with such property.

Recall (1.6) and (1.7). In order to simply the notation in the proof, we omit the
subscripts aa’, whenever no confusion may arise.

Proof. Define a sequence of operators (W, (¢, s))o<s<¢t C L(E) by Wy(¢,s) = V(¢,s) and

t

Whi1(t,s) = /V(t,T)B(T)Wn(T,s)dT, (3.3)

S

where the integrals are, for all o < «, defined in the strong topology on L(E,E/),
while the composition V (¢,7)B(r)W,(r, s) is defined by (1.7). Then, for any o' < «,
n >0 and k € E,, the function W, (¢, s)k is continuous in E, and satisfies

t—s "
L N e
Indeed, for n = 0 this certainly holds true due to (A4). Consider n > 1, set a; =

a’+ja2_,?/,je{0,...,2n} and for s <t; <--- <t, <tlet

Qn(t,t1, ... ty,8) :=V(t, t1)B(t1) -+ - V(tan—2,tan—1)B(t2n—1)V (t2n, s) € L(Eq,Eq),

where the composition is again defined by (1.7). Using (1.9) and (A4), we obtain by (3.3)

t tn—1
IW,.(t, $)k| o §/ / |Qn(t t1, ... tn, $)k||adty, ... dt

t bn-1,
n 2n)"
s Rl I | S
s Jj=0

S
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(t—s)" 2M(a)nK)™
n! (a—a/)m

t—s \"
< el (7rss )

where we have used -; < (%)n, n > 1. Hence Y " (W, (t,s)k =: W(t,s)k converges
locally uniformly in E, for all 0 < ¢t —s < T(¢/, ), ie. (¢,8) — W(t,s)k € Ey is
continuous and satisfies

< [|klla

W (s 8)kllar < [IFlla Y (%) K= ”k”aT(a’,ToE)a/—?Cg— 5)

n=0

K.

This proves property (a). Property (b) is a direct consequence of

(Wn(ta 3))a’oz =lgra (Wn(ty 5))@0/’ = (Wn(ta 3))0{’/a/io¢o¢”-

oa—

Let us prove property (c). Take o := o —i—j(n—f{), j € {0,...,2(n 4+ 1)}. Then, for
s <r < t, we obtain

nt12(n+1) (E= )" 2(n+ )"

V() B, )bl < (M () S S
< Il 2 ()

Hence the series >~ ( V(t,7)B(r)W,(r,s)k € Eq is locally uniformly convergent in
s <r <t provided one has 0 <t —s < T(a/,a). Take &/ < & < a with 0 <t—s <
min{T(a",a/),T(c/,@)}. Note that for given t — s < T(a/,«) such o always exists.
Then W(r,s)k = > oo, Wy(r, s)k converges locally uniformly in E,~ and hence is also
continuous in r. Since V(¢,r)B(r) € L(Ey~,Ey/) is strongly continuous, it follows that

Waar (tv S)k = Voo <t7 S)k + Z /(V(t7 T)B(T))Ot”a' (anl(n S))aa” kdr

t
Vst 5+ [ (V(E1) B Worw (5

S

which implies that W (¢, s) satisfies the desired integral equation (3.2). Let us prove that
W (t, s) is unique with such property. Take another family of operators W(t, s) satisfying
(a), (b) and (3.2). Let o < & < a with 0 <t —s < min{T(a”,a),T(c/, )} and set
a; =o +j”‘//2;bo‘/, j €{0,...,2n} where n > 1. Observe that, for all s <, <t,_1 <
--- < t1 <t, one has

Qn(t, t17 . ,tn) = V(t, t1>B(t1) v V(tnfl, tn)B(tn) S L(Ean, Ea’)-
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Then, as before, we obtain

. M(all)n(2n)n
wttt, et larar < K™
[Gn(tstrs st o
and hence we deduce that, for all & € E,,
[Waa (t, $)k — Waar (£, 8)k||ar
t tn—1
< / / ||Qn(t7t17 cey )Ha”a’HWaa”( nyS )k Waa”( n S)k”a”dtn o dty

W M) (2n)" (t —s)"
(o =) n!

< Cla,d" k)K

where C(a, o, k) = sup,c(s 4 [|[Waar (7, 8) — Weaar (75 8)||laar is finite by strong continu-
ity and the uniform boundedness principle. Since the right-hand side tends to zero as

n — 0o, we conclude the assertion. For the last property (d), observe that the sequence
(W (t, 8)k)nen also satisfies the relation

Wht1(t, s)k = /Wn(t,r)B(r)V(r,s)kdr.

A repetition of above arguments proves (d). O

If we suppose, in addition, that also (A1) and (A3) are satisfied, then W (t,s) is
continuously differentiable. Consequently, we are able to solve the corresponding forward
evolution equation given in the next definition.

Definition 3.2. Fix a, < o/ < a, k € E,, and s > 0. A solution on [s,s + T], T > 0, to
the forward evolution equation

d

%ia/a//u(t) = (Aa/a// (t) + Borar (t))u(t), u(s) =k, te [S, S+ T] (34)

is, by definition, a function u € C([s, s + T]; Eqr), such that igoru € CH([s,s +T]; Eqr)
and (3.4) holds for all o € (au, o).

Note that the right-hand side in (3.4) is independent of the particular choice of o/’ €
(s, ). Concerning existence and uniqueness for (3.4) we obtain the following.

Corollary 3.3. Let (A(t))i>0 be given as in (A1) and let (V (¢, s))i>s>0 be such that (A2)
- (A4) holds. Suppose that (B(t))i>o satisfies (B1), (B2). Let W (t, s) be given by Theo-
rem 5.1. Then the following assertions hold
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(a) Foralld' <d”" <a and k € E,,
[s,s + min{T(¢/, ), T(,a)}) >t — Woar(t,s)k € Eo

s continuously differentiable with

0

EWO@/ (t, S)k = (Aa“o/ (t) + Baro (t))Waa” (ta S)k'

(b) Foralld' <o’ < a and k € E,,
(t — min{T(/,a), T(c/,a")},t] 3 s — Waar(t,8)k € Eor

s continuously differentiable with

0

%Waa/(t, s)k = —Wara (t,5)(Aaa (8) + Baa (9))k.

(3.5)

(¢) Fiz s >0, & < a and k € E,. Suppose that there exists T > 0 and a function
u € C([s,s+ T|; Eqr) which is a solution to (3.4). Then u(t) = Wau (t, $)k holds for

any t with s <t < s+ min{T,T(¢/, a)}.

Proof. Assertions (a) and (b) are direct consequences of Theorem 3.1(c) and Theo-

rem 3.1(d) combined with Lemma 2.1. Let us prove (c).

Define w(t) := Wy (¢, )k — u(t), where s <t < s+min{7,T(a/,@)}. Then w(s) =0
and it suffices to show that w = 0. Since w solves (3.4) it follows that w satisfies, for any

t with s <t < s+ min{T,T(¢/,a)} and &’ € (o, '),

forar®) = [ (V(E1) B arar(r)dr

Tterating this equality yields

t tn—1

ia’a”w(t) = / / Qvn(t7 t1,...,tn, S)a//a/w(tn)dtn ..., dty,
s

S

where Q(t,t1, ... tn) = V(t,t1)B(t1) - V(tn_1,tn)B(tn) € L(Eq,Eqr). In order to

"

estimate this integral, we let o := o” +jal2_a ,7€{0,...,2n}. Then

n

M()™(2n)"

HQn(tatlw-wtn)Ha’a”SK” (alia//)n ’

n>1.

Letting Cor := sup,¢[s ) [[w(r)|lar < oo and using [[w(ty)[lar < Cor we obtain
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Oé/ _ a//

Jeo(®)llar < Ca (zeKMW)“ - >)

If, in addition, 0 < ¢t — s < T'(a/’, ), then the right-hand side tends to zero as n — oo
from which we deduce w(t) = 0 in E,~ and thus also in E,, for all ¢ satisfying

s<t<s+min{T,T(,a),T(",a)}.

Setting o = O‘,% € (a4, ') shows that, for any o’ < «, k € E, and
5 >0, equation (3.4) has a unique solution on [s,s + $Ty(¢/, )] where Ty(a/, ) :=
min{7T(a/, @), J‘K;Af‘(;,), T}.

Changing s to s + %To(o/ ,a) and iterating this procedure yields the assertion.
Note that such an iteration is possible since the new initial condition satisfies w(s +

1To(o/,a)) =0€E,. O

Remark 3.4. The proofs show that, if ¢ — By (t) € L(E4, Ey ) is continuous in the
operator norm for any o’ < «, then Wy (t,s) is continuously differentiable in the
operator norm on L(E,,E,/).

As a consequence of the uniqueness results we see that W (¢, s) satisfies the forward
evolution property.

Corollary 3.5. Let (A(t))i>0 be given as in (A1) and let (V (¢, s))i>s>0 be such that (A2)
- (A4) holds. Suppose that (B(t))i>o satisfies (B1), (B2). Let W (t,s) be the evolution
system given by Theorem 3.1. Then, for all &' < o/’ < a and 0 < s < r <t satisfying
the relations

t—s<T(d,a), r—s<T(a", a), t—r <T(d,a"),
it holds that Wee (t,8) = Warar (t,r)Waar (1, 8).

Remark 3.6. If B(¢) = 0 for all ¢ > 0, then M(«) = 0 and hence T'(o/, ) = 4o0.
Consequently Wy (t,5) = Vaur (8, s) is defined for all ¢ > s > 0.

Below we provide one sufficient condition under which W(t,s) is defined for all ¢ >
s> 0.

Remark 3.7. Suppose that the same conditions as for Theorem 3.1 are satisfied, and
assume that

sup M(a) =: M* < 0.

>
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and
By

Let W (t, s) be the evolution system given by Theorem 3.1 with T'(¢/, ) = #A?(/a)
let WO(t, s) be the evolution system given by Theorem 3.1 with Ty(o/, a) = 525

uniqueness we obtain, for all o/ < «,
Waa(t,8) = W02, (t,s), 0<t—s<Ty(d,a) <T(,a).

Moreover, for each T' > 0 and o’ > «, there exists @ = «(T) > o such that T <
To(o/, @), i.e. Wy (t,s) is defined on [0, T]. This operator is clearly independent of the
particular choice of a(T) as long as T' < Tp(a, «), see also Theorem 3.1.(b).

3.2. Stability for the forward evolution system

In this section we study stability for the constructed evolution systems. Consider, for
each n € N, the following set of conditions

(S1) Let (A™(t));>0 C L(E) be such that t Agg,(t) € LELEy), & < a,is
continuous in the operator topology.
(S2) Let (V™ (t,5))i>s>0 C L(E) satisfy (A2) and (A3) for the operators (A" (t));>o.

Moreover, suppose that there exists a constant K > 1 such that
IV 4 ) oo <K, 0<s<t, o' <a, neN. (3.6)

(83) Let (B™(t))>0 C L(E) be such that ¢t — BU(t) € L(Ea,Eq), o/ < a, is
strongly continuous. Moreover, suppose that there exists an increasing continuous
function M : (au,00) — [0, 00) independent of n such that

1B, (1) s < 2H)
[0}

o <a, t>0. (3.7)

—a’
Then we obtain the following.

Theorem 3.8. Suppose that (S1) — (S3) are satisfied. Let (A(t))i>0 and (B(t))i>0 be two
families of operators in L(E) such that, for any T > 0 and o/ < a,

lim sup HB ( ) Boos (t)”aa’ =0 (3'8)

n=0 ¢c[0,T)

and

lim sup ||A () — Anar () |aar = 0. (3.9)

n=00 ¢c[0,T)

Then (A(t))i>o0 satisfies (A1), (B(t))i>0 satisfies (B1) and (B2) with M(a) being the
same as in (3.7), and there exists (V (t,s))i>s>0 satisfying (A2) - (A4) with a constant
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K being the same as in (3.6). Moreover, for any n € N, there exist operators W™)(t, s)
and W (t, s) given by Theorem 3.1 with T'(a/, ) = %?(_71\/?(/04) and, for any o/ < o and any
compact Dyro C{(t,s) | 0<t—s<T( )}, it holds that

lim  sup HW(&Z), (t,8)k — Wao (t, $)k|lar =0, k € E,. (3.10)

n—0o0 (t,s)EAL1o

Proof. From (3.9) it follows that ¢ — A,/ (t) is continuous in the operator norm and
hence satisfies (A1). Analogously, one shows that (3.8) implies (B1) and (B2). Applying
Lemma 2.3 to V™) (t,s) and V™ (¢, s) yields, for all t > s > 0 and o/ < ag < o < a,

a1 [e5Ke70)

t
|m$w$—%?w@mwscwwmdﬂm%/MW<m—AM<mm%w

Hence (V;Z? (t,8))nen is a Cauchy sequence in L(E,, E,/). Denote by Vi, (t, ) its limit.
Then

lim  sup ||V0522 (t,8) = Vaar (t, 8)|laar = 0. (3.11)

N0 (. 8)EA 1y,

It is not difficult to show that (V' (¢, s)):>s>0 satisfies the properties (A2) — (A4). Hence
we may apply Theorem 3.1 and obtain the existence of W) (t,s), W(t, s) given by

Wi(t,s) = i Wi(t,s),  WM(t,s) = i Wi, s), (3.12)
j=0 j=0

where W;(t, s) and Wj(") (t,s) are defined in the proof of Theorem 3.1. Arguing as in the
proof of Theorem 3.1, we obtain from (3.6) and (3.7) the inequality

—t i jK >1 1 >0
n .
T( ,’ ) ) =z 4 J=

W 0o 19705 <
This implies that the series in (3.12) converges in the strong operator topology on
L(E,,Ey ), @ < a, uniformly with respect to (¢,s) € Ay and n € N. Thus it suffices
to show that, for all j > 0 and o' < «,

lim  sup  [W(t, 5)k — W;t, s)klla = 0, k € Eq.

T (t,5) €A g

For j = 0 this follows from (3.11). For j > 1 we proceed by induction using the definition
of Wii(t,s), Wj(t,s) and (3.8). O
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Remark 3.9. If, in addition to the conditions of Theorem 3.8, the mapping

0,00) 3t — B™(t) € L(Eq, Eu)

(o3

is continuous in the operator norm for all o/ < «. Then (3.12) converges in the op-
erator norm and hence (3.10) also holds in the operator norm. This includes e.g. the
time-homogeneous case.

3.3. Construction of backward evolution system

In this section we give an analogous construction for the corresponding backward
evolution system. Namely, we consider a family of operators (V(s,t));>s>0 with the
property (A2)* and we assume that
(A4)* There exists a constant K > 1 such that for all ¢/ < «

||Vaa’(57t)“aa’ <K, 0<s<t

The next statement is proved analogously to Theorem 3.1.

Theorem 3.10. Suppose that (V(s,t))i>s>0 satisfies (A2)*, (A4)* and (B(t))i>0 satisfies
(B1), (B2). Define T(d/, @) := #ﬁ(’a), o/ < a. Then there ezists a family of operators

{Waa (8,t) € L(Ey,Eor) | & <, 0<t—s<T(d,)}
with the properties

(a) Foranyod <aand0<t—s<T(«,a) we have Wyo(s,t) € L(Eq,Eor), (s,t) —
Waar (s,t) is strongly continuous on L(Ey,Eq) with Wao (t,t) = iqar, and

T(d, @)
Waa’ 7t aar <
Wt (5, )l < 20—
(b) Foralla <o <a with0<t—s<min{T(«,a), T(a",a)} we have
Wao/(sa t) = ta o Waar (37 t)7

and for all o/ < o/ < o with 0 <t — s < min{T(/, @), T(/, ")} we have

Wao/(sa t) =Warar (57 t)iao/“
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(c) Foralld <o’ <awith0<t—s<min{T(«,a), T(c,a")} we have
t
W (5, )k = Viaaw (5, )k + / Wora (5,7) (B (1, £) ) kidr, Vk € Eo.
s

Moreover W (s,t) is unique with such property.
(d) Forallo' <o <a with0<t—s<min{T(c,a), T, a)} we have

¢
Waar (s, 6)k = Voo (s, t)k + /(V(s,r)B(r))aua/Waau (r,t)kdr, Vk € E,.

S

Moreover W (s,t) is also unique with such property.

Proof. Since the proof is very similar to Theorem 3.1, we only sketch the main differences.
Define a sequence of operators (W, (s,t))o<s<¢t C L(E) by Wy(s,t) = V(s,t) and

Wiss (5,1) = / Wo(s,7) B(r)V (r, t)dr,

where the integrals are, for all o’ < «, defined in the strong topology on L(E,,E,/). As
before we can show that, for any o/ < a, n > 0 and k € E,, the function W,,(s,t)k € E,
is continuous in (s,t) and satisfies

t—s "
’ < PN
||Wn(57t)k|la — ||kH<X (T(O/,OZ)) K

From this we readily deduce assertion (a). Assertion (b) is again a direct consequence of
(Wn(sy t))a’a - ia”a’ (Wn(sa t))ao/’ == (Wn(sy t))a”a’ia(x”-

Assertion (c) can be shown in the same way as Theorem 3.1.(c). For the last property
(d), observe that the sequence (W,,(s,t))nen also satisfies the relation

t

Wit1(s,t) z/V(s,r)B(r)Wn(r,t)dr

S

from which we may deduce (d). O

Below we relate this evolution family W(s,t) with a backward Cauchy problem.
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Definition 3.11. Fix o, < &/ < o, k € E, and ¢ > 0. A solution on [t — T,¢], T € (0,¢],
to the backward Cauchy problem

%ia/auv(s) = —(Aaar(8) + Barar(s))u(s), v(t)=k, set—T,t] (3.13)

is, by definition, a function v € C([0,t]; Ey/), such that iqqru € CH([t — T,t]; Eqr) and
(3.13) holds for all & € (au,a’).

Corollary 3.12. Let (A(t))i>0 be given as in (A1) and let (V(s,t))i>s>0 be such that
(A2)* — (A4)* holds. Suppose that (B(t));>o satisfies (B1), (B2). Let W (s,t) be the
evolution system given by Theorem 3.10. Then the following assertions hold
(a) Foralld' <d” <a and k € E,,
[s,8 + min{T (o, ), T(a/,a")}) 2t — Woa(s,t)k € Ey
s continuously differentiable with

0

2 Waa (5, )k = Worar (5,8)( A () + Baar (1)

(b) Foralld' <o’ <a and k € E,,
(t — min{T(c/,a), T(a",a)},t] > s —> Waa(s,t)k € Eq

s continuously differentiable with

%Waa/(s, )k = —(Aarar (8) + Barar (8)) Waar (8, t)k.

(¢c) Firt >0, & < a and k € E,. Let u be a solution to (3.13) on [T — t,t], where
T € (0,t]. Then u(s) = Waa (s, t)k holds for any s with t —min{T, T (¢/,a)} < s < t.

Proof. Follows by similar arguments to Corollary 3.3. O

Remark 3.13. The proofs show that, if ¢ — Bao (t) € L(En,E4) is continuous in
the operator norm for any o < a, then Wy, (s,t) is continuously differentiable in the
operator norm on L(E,, E./).

As a consequence we can deduce the backward evolution property for W (s, t).

Corollary 3.14. Let (A(t))i>0 be given as in (A1) and let (V(s,t))i>s>0 be such that
(A2)* - (A4)* holds. Suppose that (B(t))i>o satisfies (B1), (B2). Let W (s,t) be the
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evolution system given by Theorem 3.10. Then, for allo’ < o’ <a and 0 <s<r <t
satisfying the relations

t—s<T(d,a), r—s<T(" a), t—r<T(d,a"),
it holds that Wae (s,t) = Warar (s,7)Waqr (1,1).

Remark 3.15. A similar stability result as for the forward evolution system can be also
obtained in this case.

3.4. The dual Cauchy problem

Set By := E}, with || - [|g, =: [|-]l,,, for & > a,. Then, for any o’ < a, Bos 3 £ +—
g, € B, defines an embedding with [|¢|g_ ||, < [I¢|l. - By abuse of notation, we denote
this embedding also by i,«. Hence B = (Bs)asa, is a scale of Banach spaces satisfying

Bor CBa, Ml < lMlas o <e (3.14)

Bounded linear operators in the scale B, the space L(B) and the composition of bounded
linear operators on B, are defined analogously to the scale E. Denote by (k, £),, := ¢(k),
where k € E,, ¢ € B, and a > ., the dual pairing between E,, and B,. Then, for all
o < a,

(laark, O)or = (kyiaal)a, k EEqy, €€ By

We omit the subscript «, if no confusion may arise. For given @ € L(E) the adjoint
operator @Q* € L(B) is defined by

Qo 0) (k) == U(Qank), kEE, (E€By, o <a,
and hence satisfies (Qua'k,£) = (k, Q% ¢) for k € E, and £ € B,,.

Definition 3.16. Let (A(t));>0 be given as in (Al) and let (B(t)):>o satisty (B1) and
(B2). Let ¥ C Nps,. Ep be such that Y is dense in Eg for each > av. Fix o/ < a and
le€By.

(a) Fix t > 0 and T € (0, t]. A solution to
(k,0(s))y = (k,£) + /((A(r) + B(r))arak, b(r))dr, s [T —t,t (3.15)

is, by definition, a family (£(s))se[r—t,4) C Bo such that
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(i) [T —t,t] > s —> (k,£(s)) is continuous for any k € E,.
(i) (3.15) holds for any k € Y and all «” > «a.
(b) Fix s > 0 and T > 0. A solution to

(k, £(t)) = (k, €) + / ((A(r) + B(r))arak, ((r))dr, te[s,s+T]  (3.16)

is, by definition, a family (£(t))¢c[s,s+7] C Ba such that
(i) [s,s+T] >t (k,£(t)) is continuous for any k € E,.
(ii) (3.16) holds for any k € Y and all o’ > «a.

Note that, as before, the right-hand sides in (3.15) and (3.16) are independent of
the particular choice of o’ > «. The following is our main result for the dual Cauchy
problems.

Theorem 3.17. Let (A(t))i>0 be given as in (A1) and let (B(t))i>o0 satisfy (B1) and (B2).
LetY C ﬂ6>a* Eg be such that Y is dense in E, is dense for any a > . Fix o < a
and ¢ € B,/. Then the following assertions hold:

(a) Lett >0, T € (0,t], and suppose that (A2) — (A4) are satisfied. Then each solution
(€(s))i—r<s<t C By to (3.15) satisfies

0(s) = Wara(t,s)*l, Vs witht —min{T,T(a/,a)} < s < t.
Moreover, for all k € E,, and o € (o, ), the function
(t — min{T(c/, ), T (', ")}, t] 2 5 — (k, Waro(t, s)"l)

s continuously differentiable with

%Uﬂ, Wa/a(t7 S)*£> = —<(Aa//a(8) + Boar (8))k, Worar (t, S)*£>

(b) Let s >0 and T > 0. Suppose that (A2)* — (A4)* are satisfied. Then each solution
(€(t))tels,s+1) C Ba to (3.16) satisfies

Ut) = Wara(s, )0, YVt with s <t < s+min{T,T(,a)}.
Moreover, for all k € E, and " € (/, ), the function
[s,8 + min{T(/, ), T(a',a")}) 3t — (k, Wara(s, t)*f)

s continuously differentiable with
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%Uﬂ, Wa/a(& t)*€> = <(Aaa” (t) + Baa” (t))k, WO/D//(S, t)*€>

Proof. We will prove only assertion (a). Assertion (b) can be deduced by similar ar-
guments. It is clear that £(s) given by €(s) = Wua(t,s)*¢ is, by duality and Corol-
lary 3.3, a solution to (3.15). Let us show that it is the only solution. Take any solution
(£(s))i—T<s<t C By to (3.15). Then, for all &” > a and k € Eyr, s — (igrak, €(s)) is
continuously differentiable with

%(iauak,é(s)) = —((Aara(s) + Bara(s)k, £(s)). (3.17)

Indeed, let (ky)nen C Y be such that ||k, — k||ar —> 0 as n — co. Then

t

<ia//akn,£(5)> = <Z'O//o/kn,£> + /<(Aa//a(T) + Ba//a(T))a//akn,e(T»dT, n>1

S

and one has

[(Aara(r) + Bara(r))araknlla < Slili [knllar sup [[(Aara(r) + Bara(r))arallara < oo.

r€ls,t

Since (Ao (r) + Bara(r))ara € L(Eqyr,Ey), we can take the limit n — oo to deduce
that, for any s € [t — T, ¢],

t

(iarak, £(s)) = (iarark, €) + /<(Aa”a(T) + Bara(r))arak, £(r))dr,

S

ie. (3.17) is satisfied.
Define w(s) := €(s) — Waa(t, 8)*£. Then, for all o/ > « and k € E,», it follows that

t

(k,w(s)) = /((A(T) + B(r) o ks w(r))dr

t tn—1
:/ /<Qn(t’t1’_._’tn)a/,ak,w(r»dtn...dtl,

where Q,(t,t1,... . th)ara = ((A(tn) + B(tn)) - -- (A(t1) + B(t1))) ., can be estimated
in the same way as in Theorem 3.1, i.e.

2nKM(o/’)>” -1
_— , n=>1.

o’ —«

||Qn(tat1; e ;tn>o¢”aHa”a S <

Hence we obtain
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t tn—1
[k, w(s))] < / / 1@t trr- s tn)arallavallEllar sup [[w(r) adts . .ty

rels,t]

< lkllar sup [lw(r)la

rels,t

(QnKM(o/’)>" (t — s)".

o' — « n!

Since for 0 < t — s < min{T,T(¢/,a),T(e,a’)} the right-hand side tends to zero
as n — oo, we conclude that w(s) = 0. Letting o/ = a + 1 yields for Ty(a/,a) =
min {T, T(,a), 72€KMI((H_1)

1
w(s) =0, t— §To(o/,o¢) <s<t.

Since w(t — 1Tp(a’,a)) = 0 € By, we may iterate this argument by changing ¢ —
t— %To(a’, «). This proves the assertion. O

Let us close this section with the example considered before.

Remark 3.18. Let E = (E,)a>a, be a scale of Banach spaces and let, for each a > au,
(Tw(t))i>0 be a strongly continuous semigroup with generator (Aq, D(Ay)) satisfying
properties (i) and (ii) of Remark 2.5. Let B(t) be given with properties (B1) and (B2).
Then all results of this section are applicable to this case.

4. Infinite system of ordinary differential equations

Let (ank)5x—o be an infinite matrix having complex-valued entries and z = (z,)5%0
be the initial condition. We apply our results to the infinite system of ordinary differential
equations

dun(t)
dt

Zankuk(t), un(0) = 2, n € N, (4.1)
k=0

where u(t) = (un ()52, is a sequence of complex numbers. For a € R let

(o)
Eq = {u = (un)p=o | llulla = Z |uple®™ < OO} )
n=0

be the Banach space of all complex-valued sequences with norm || - ||. Then E = (E4 ),
defines a scale of Banach spaces in the sense of (1.5).

Remark 4.1. Let B be a linear mapping given by

(Bu)n = ankuk, n e NQ,
k=0
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provided u = (uy,)32, is such that the series is absolutely convergent. Then B € L(E)

iff one has
oo
sup e~ ¥ Z [brkle®™ < oo, o <a.
k>0 n=0
In such a case it holds that Baou = Bu and || Baas|| = supgsg e *F 3 [T

We study (4.1) under the following conditions
(E1) There exist (dp)nen, C (0,00) and (bpk)n keNy» (Cnk)n,ken, C C such that
Qpk = *5nndn + bnk + Cnk, M, ke NO:

where J,; denotes the Kronecker-delta symbol.
(E2) There exists . € R and, for all & > a, a constant ¢(a) € (0, 1) with

(o)
ek Z |brile®™ < q(a)dk, k€ Ng, a> ..
n=0

(E3) We have sup,,cny dne " < oo for all v > 0.
(E4) There exists a continuous increasing function M : (au,00) — (0, 00) such that

S M(c)
e ok Z lenkle® ™ < -, k€ Ny, o <a.
a—a
n=0
Let us show that under conditions (E1) — (E4), equation (4.1) is a particular case of the
results obtained in Section 3.

Theorem 4.2. Suppose that (E1) — (E4) are satisfied. Then, for all &/ < a and x € B,
a—a’

there exists a unique classical solution (u(t))icjo,7(a’,a)) i Eor with T(a/, a) = eni(a)

to (4.1).
Proof. Define linear mappings A, B, C by
(Au)n = —dyUn, (Bu)n = Z bnrur, (Cu)n = chkuka
k=0 k=0

where n € Ng and u = (u,,)52 is such that the sums are absolutely convergent. In view
of (E1), (4.1) is equivalent to

duy, (t)
dt

= (Au(t))n + (Bu(t))n + (Cu(t))n, un(0)=z,, n € Np.
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Hence it suffices to show that Theorem 3.1 is applicable.
For a € (aus, a*) let (Uy(t)u)y := e *¥nu,,. Then (U, (t))s>0 is a holomorphic, positive
semigroup with generator (A,, D(A,)) given by

(Aqu)n = (Au)y, = —dyun, u€ D(An) ={v €Eq | (dnun)ily € En}t.

Define (B, D(A,)) and (B, D(A)) by

(Bat)n = (Bu)p =Y bptk,  (Bhw)n = Y _ |burlur, u € D(Ay).
k=0 k=0

Then (B!, D(Ay)) is a well-defined positive operator satisfying

| Brulla < Zeak <Z |bnk|ean> e_ak|uk| < q()[[Aaulla; u € D(Aq).
k=0 n=0

Hence by [33, Theorem 2.2] and [3, Theorem 1.1] it follows that (A, + B.,, D(A,)) is the
generator of a holomorphic contraction semigroup on E,. Applying [3, Theorem 1.2] it
follows that also (A, + Ba, D(A4)) is the generator of a holomorphic contraction semi-
group (T (t))t>0 on E,. Then (T, (t))i>0 with generator (A, + Bo, D(A,)) satisfies the
conditions of Remark 2.5. Moreover, one has A, B,C € L(E) and C satisfies conditions
(B1) and (B2). Hence Theorem 3.1 is applicable. O

The next statement shows that the unique solution to (4.1) can be approximated
by solutions u? to certain finite-dimensional ordinary differential equations. Such result
may be useful for numerical simulations.

Theorem 4.3. Suppose that (EI) — (E4) are satisﬁed. Define, for each N > 1, a new
sequence (apy)o—o via aby, = —nndy + b3, + ¢, by setting

dY = Lnenydn, ok =Link<nybok:  Chp = Link<n}Cnk-

Then, for all o < « and © € E,, there erists a unique classical solution

(u(t))o<t<r(ar,a) C Eo to (4.1) with T(a/,a) = 261\}(a and for all N > 1 there

exist unique classical solutions (u™ (t))o<t<T(a’,a) C Ear to

= aluk(t), u)(0) =z, neNo.
Moreover it holds that

lim sup u,, (t) — up on—0, T e (0,T(d,a)).
i S ) ) 0.7(!,a))
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Proof. Apply Theorem 3.8. 0O

Remark 4.4. Using the results of Section 3, we are also able to prove the existence of
solutions to the adjoint equation

d n
v Zaknvn vp(0) = 2, n € N,

in the dual scale given by a weighted ¢°° space. Uniqueness holds in such a case among
all component-wise solutions.

It is not difficult to adapt such arguments to systems of Banach-space valued differen-
tial equations. Such equations arise naturally from the analysis of spatial birth-and-death
processes, see, e.g., [5,25].

5. The spatial logistic model in the continuum
5.1. Description of the model

Let T' be the space of all locally finite subsets of R%, see (1.1). We endow I' with the
smallest topology such that, for any continuous function f : R — R having compact
support, I' 3 v+ > f(%) is continuous. Then I' is a Polish space, see, e.g., [27].
The space of finite configurations is defined by

To= |15, T8 = {nc R | |n|=n}, T ={0}.

n=0

We endow I’y with the o-algebra generated by cylinder sets of the form
{nely | InNA|l=n}, n>0, ACR? compact.
Let Bys(T'o) be the space of all functions G : I'y — R such that

(i) G is bounded and measurable.
(ii) There exists N(G) € N and a compact A(G) C R? with G(n) = 0, whenever
[n| > N(G) or nN A® .

The space of all polynomially bounded cylinder functions is defined by

FP() = {F I — R | 3G € Bys(To) with F(v) = > G(n) vwer},

ney

where € indicates that the sum runs only over all finite subsets of ~.
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Remark 5.1. For each F' € FP(T") there exists N(G) € N, A(G) > 0 and a compact
A(G) € R? such that F(y) = F(yNA) and |[F(y)| < A1+ [y N A|)N.

Consider a (heuristic) Markov operator L acting on FP(I') via the formula

(LE) () =) (m+ Y a (@—y) | (F(\2) - F(7))

ey ye\z
+ Z/a% —y)(F(y" Uy) — F(7))dy.
TEVRA

For simplicity of notation, we have let v\z and v U z stand for v\{z} and v U {z}.
The first term describes the death of a particle located at = € . Such a Markov event
may be either caused by a state-independent mortality with parameter m > 0, or by
an interaction with another particle at position y € v\z at rate a= (z — y) > 0. The
second term describes the branching mechanism where each particle at position x €
may create a new particle at position y € R%. The distribution and rate of such a Markov
event is described by a™(z —y) > 0.

Using Remark 5.1 it is easily seen that LF(y) is well-defined for any v € T' and
F € FP(T), provided that a* are bounded and have compact support. Such model was
studied in [12,25] where the following balance condition for the birth-and-death rates
has been used

(G) a* > 0 are symmetric, bounded, integrable and that there exists ¢ > 0 and b > 0
such that

S 3 (o @—y) —va (@ —y) = —blul, neTo (5.1)

z€N yen\z

Note that this condition does not imply that LF(v) is well-defined for all v € T'. Hence
we define LF in a different way explained below.

5.2. The Fokker-Planck equation

In the formulation of the corresponding Fokker-Planck equation (1.3) we will only
require that LI is well-defined for p-a.a v € I', where p belongs to a certain class of
states on I'. Hence we do not assume that a®™ have compact supports.

Definition 5.2. Let 1o be a Borel probability measure on I'. A solution to (1.3) is a family
of Borel probability measures (14)i>0 on I' satisfying, for any F' € FP(T),

(a) F,LF € LY(T, j1;) for all ¢ > 0.
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(b) t — [(LF)(v)du(7) is locally integrable and

/F(v)dut(v):/ ¥)dpio (7 //LF )dus(v)ds,  t>0.
r r

Below we study the Fokker-Planck equation in terms of the corresponding correlation
function evolution obtained from (1.4). Namely, introduce the combinatorial transfor-

mation

= Z G(n)a aS Fv G e BbS(FO)a

ney

with inverse given by (K ~'F)(n) = Z&n(fl)‘"\g'F(f). For a Borel probability measure
w on I' the correlation function £, : I'g — R is uniquely determined by

/(KG /G (), G € By(To), (5.2)

r

where A denotes the Lebesgue-Poisson measure on I'y defined by the relation

/G(n)d)\( G{0}) + Z / G({z1,...,xn})dz1 ... dxp, G € Bps(To).

n= 1 (]Rd)n

Note that such correlation function does not need to exist. However, it is necessary and
sufficient that p has locally finite moments and is locally absolutely continuous with
respect to the Poisson measure on I', see [26] and the references therein.

Let us explain how (1.4) can be derived from the Fokker-Planck equation, see [17] for
additional details. Take p such that it has correlation function k,, and let G € By,(I'y).
Then, at least formally, one obtains for L := K~'LK the relation

/ (LEG)(v)du(y) = / (KEG)()du(y) = / CE) Mha()drm).  (53)

T r To
A computation shows that Lis given by L = Lo+ L, with

LG =~ (mlal+ 3 3 a @) | 6+ X [at@ - 9)GoU v,

TEN yen\z TE€NR

=Y Y a(@-yGh\e) +Z/ )G(n\w U y)dy.

€N yen\z TEMRA
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Hence using (5.2) and (5.3) we may reformulate (1.3) to

& [cm.mixm = [EQmh. (), € BT G4
To To

The operator L® introduced in Section 1 should therefore be related with L by

/ (LG (mk(n)dA(n) = / G L R)m)AAm), Gk e Bu(To).  (5.5)

To To
It can be shown that it is given by L® = L§ + L9, where

Lok =~ [mlnl+D>_ > a(@—y) | km+D > aF k(n\z)

z€N yen\z zEN yen\z

(L2k)m) == / a”(z—y)k(nUy)dy+ / a*(z — y)k(n\z Uy)dy.

acean acGan
Hence (5.4) is simply a weak formulation to (1.4).
5.8. Uniqueness for the Fokker-Planck equation

Below we introduce corresponding Banach spaces and study uniqueness for (1.3) and
(5.4). Let L, be the Banach space of functions G equipped with the norm

IGle. = [ 1G@e dxw).
o

Using the duality (G, k) fr n)d\(n) we may identify £* with the Banach space
K. of functions k equipped Wlth the norm

[l = ess sup [k(n)]e ",
nelo

Observe that £ = (L4)a defines a scale of Banach spaces in the sense of (1.5) while
K = (Kq)a corresponds to (3.14). Then we can show the following lemma.

Lemma 5.3. Suppose that (G) is satisfied. Then

(a) EO, L define operators in L(L) such that, for all o/ < «, one has

- m lla” [loo + lla*]loo
L <
|| 0||L(,Ca,£a/) = 6(04 _ O/) 4e2 (a _ O/)2
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la”llz1e® + [la* L
e(a—a’) '

1L Gl b,y <
(b) L&, LY define operators in L(K) such that, for all o' < a, one has

IZollz(earea) = ILG IL0caka)s  Iillieaco = ILT ILicaca-

Proof. Assertion (a) follows by a direct computation, see, e.g., [25] and the references
therein. Assertion (b) is a consequence of the duality L% = K,. O

The following is due to [25].

Theorem 5.4. Let ag € R and pg be a probability measure on I' having correlation func-
tion ko € Ka,. Then there exists a unique family (kt)i>0 C Uyer Ka with the following
properties:

(a) For each T > 0 there exists ar > g such that ky € Koy, t € [0,T] and (ki)icjo, 1) s
the unique classical solution in Ko, to

ok
8—; = L%, kili—o = ko. (5.6)

(b) There exists a unique family of Borel probability measures (pt)i>0 on I' such that,
for any t > 0, ky given by (a) is the correlation function of .

Note that existence and uniqueness is only established for classical solutions to (5.6).
Although an evolution of states (u:);>0 was constructed, its relation to (1.3) was not
considered there. Below we show that the results obtained in Section 3 can be applied
to prove the following.

Theorem 5.5. Suppose that condition (G) is satisfied. Then

(a) The family (p)i>0, constructed in Theorem 5.4, is a weak solution to (1.3).

(b) Let (11)i>0 be another weak solution to (1.3) which admits a sequence of correla-
tion functions (ky,)i>0 and suppose that for any T > O there exists By > o with
supeo,71 1k, I, < o0o. Then py = vy for allt > 0.

Proof. (a) Let (k¢)¢>0 be the family of correlation functions corresponding to (u)i>0
given by Theorem 5.4. Fix any 7" > 0 and let ar > ap be such that k; € K,,. Take
F € FP(T') and let G € Bys(T'y) be such that F = KG. Then

/|F e /Z|G )l /|G )lken)dA () <

ney
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Since, for o’ < a, one has Bys(Ty) C L, we obtain LG € L, and hence

/ ZGONIkNG) < s ., / LG dA(n) < oo,
te|0,
To

where we have used that [0,7] > t — k; € Kq, is continuously differentiable and
hence bounded. This implies that LG e LY(Ty, k¢ A). Since K can be uniquely extended
to a bounded linear operator K : L*(Tg,ki\) — LY(T, 1), see [20], it follows that
LF = KLG € L\(T, ). Finally by (5.2) we obtain

/F e /G Veu (n)dA (), (5.7)

and using the definition of L together with (5.5) yields

/ (LF)(7)dps () = / (LG) )k, (m)dA(n) = / G)(L k) (MdA).  (5.8)

r To Lo

Note that (5.5) was stated only for functions from Bys(I'y). However, by approximation
it extends to all k € KCy,.. In particular, it follows from Lemma 5.3(b) for g > ar

/ LF () / GmIILA ke (m)]dA(n)

r

<N, oy suD el / IG)lePM A () < oo,
t€[0,T] =

Since T' > 0 was arbitrary, we conclude that (u;); is a solution to (1.3).

(b) Conversely, let (1);>0 be a solution to (1.3) with the desired properties. Using (5.7)
and (5.8) in this particular case shows that k,, satisfies (5.4). In particular, t — (G, k,,)
is continuous for any G' € Bys(I'o). By approximation and since sup;¢(o 11 [|ku, [|,, < o0,
we see that ¢ — (G, k,,) is also continuous for any G € Lg,. Thus it suffices to show
that Theorem 3.17 is applicable. Indeed, write L= EOJ, + El,b, where

LobG = LoG —bln|lG,  L14G := LG + bjn|G.

For 5 > In(¥) let Dg := {G € Lg | M -G € Lg}, where M(n) = m|n| +
2 ven 2yena @ (z —y). Condition (5.1) implies, for any 0 < G € Dg,

|3 [1i6mupiet - Ddye M) < < [ @)+ a) (G,

Ty *SRa To
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By [33] and [3] it follows that (Eo,b, Dg) is the generator of a positive, analytic semigroup
(Sp(t))i>0 of contractions on Lg. It is not difficult to see that (S5(t))i>0 with generator
satisfies Remark 2.5 for 8 > In(1}), see, e.g., [20] for a more general statement. Moreover,
for any ' < 8 and G € Lg, we obtain

(a™)e* + b+ (at)
e(a —a)

[1L1pGllz, < Gz, -

This shows that Theorem 3.1 is applicable in the time-homogeneous case with «, = In(¥),
Eo=La, A= Loy and Ly, = B. Next, using Theorem 3.17 with Y = Bys(I'g) gives the
assertion. 0O
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