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Abstract. Generalized Eigenvalues Classifiers (GEC), which originated from the GEPSVM algorithm by Mangasarian, proved

to be an efficient alternative to the Support Vector Machines (SVMs) in the solution of supervised classification tasks. However

real-life datasets are often characterized by a large number of redundant features and by a great number of points whose labels

are difficult (or too expensive) to assign. In this work we start from the Regularized Generalized Eigenvalue Classifier (ReGEC)

and show how regularization terms can be used to enable the classifier to solve two different problems, strictly connected to that

of supervised classification: feature selection and semi-supervised classification. Numerical results, obtained on some standard

benchmark data sets, show the efficiency of the proposed solutions.

INTRODUCTION

Supervised classification represents one of the most used techniques in machine learning. The goal is to train a model

from available data, which are labeled as belonging to an a-priori known number of classes; then such model is

used to predict the class labels for new data. The term supervised refers to the fact that the labels used to build the

model in the training step are assigned by a supervisor, and their correctness is not questioned. The problem of binary

supervised classification can be efficiently solved by means of the SVM algorithm, introduced by Vapnik in the ’90s

[1], which aims to find a surface separating the two classes. Recently, thanks to the work of Mangasarian [2], some

effective alternatives to the SVM have been developed, based on the idea of building two surfaces approximating the

two classes instead of a single, separating one. The methodologies following this approach are generally known as

Generalized Eigenvalues Classifiers (GEC), since their mathematical formulation leads to the solution of a generalized

eigenvalues problem.

In many fields of knowledge, the technological gave rise to huge collection of data, often characterized by a

high (up to many thousands) number of features. Classifying those data, and extracting meaningful information from

them, represents a real challenge for the machine learning community. Here we deal with two issues related to the

processing of high-dimensional data:

• the feature selection problem: among all the features which describe the data, we are interested in the ones that

mostly affect the classification; more precisely, we would like to identify the most relevant ones, that is the

smallest set of features that can correctly describe (i.e. classify) the phenomenon under study, and thus reducing

the computational effort of analyzing new data;

• the semi-supervised classification problem: the labeling process, which is essential in supervised classification

tasks, can be both expensive and time-consuming, especially on high-dimensional datasets; we would like to
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investigate semi-supervised approaches, in which good classification models are built exploiting also the infor-

mation coming from the unlabeled data.

Here we present two extensions of the ReGEC algorithm (Guarracino et al. [3]), namely ReGEC L1 and LapReGEC,

in which the original algorithm is extended with a regularization term in order to address the problems above stated.

Notation: a real column vector is indicated by a bold letter (v) and matrices by capital letters (M). The transposed

of a vector v and a matrix M are v′ and M′, respectively. [M v] represents the matrix M with an added column equal

to v. Norms are L2, unless otherwise stated.

GENERALIZED EIGENVALUES CLASSIFIERS

The ReGEC algorithm

Let xi ∈ R
n,∀i = 1, . . . , l be the input samples, and yi ∈ {−1,+1} (i = 1, . . . , l) their labels, and let consider two

matrices A ∈ Rl+×n and B ∈ Rl−×n, representing the points of the two classes: a row of the matrix A is a point xi in the

feature space such that yi = +1 (l+ points), while a row of the matrix B is a point x j such that y j = −1 (l− points). The

GEPSVM algorithm by Mangasarian and Wild [2] aims to find two hyperplanes, each closest to one set of points and

furthest from the other. Identifying a hyperplane with the couple (w, γ) ∈ Rn × R of its coefficients, the two proximal

hyperplanes can be determined by:

(w+, γ+) = arg min
(w,γ),0

‖A w−e γ‖2

‖B w−e γ‖2

(w−, γ−) = arg min
(w,γ),0

‖B w−e γ‖2

‖A w−e γ‖2

(1)

where e is a column vector of 1s of suitable size. By defining

G = [A − e]′ [A − e] , H = [B − e]′ [B − e] , z = [w′ γ]′, (2)

the first in (1) can be rewritten as

z+ = arg min
z,0

z′G z

z′ H z
(3)

i.e. the minimization of a generalized Rayleigh quotient. Since G and H are symmetric positive semi-definite matrices,

from the Courant-Fischer min-max principles, if H is positive definite, solving problem (3) is equivalent to finding the

eigenvector related to the minimum eigenvalue of the generalized eigenvalues problem

Gz = λHz. (4)

A similar result can be proved in the case in which there exists a real value c such that G− cH is positive semi-definite

[4] [5]. Mangasarian proposed to use a Tikhonov’s regularization term for the numerator, i.e. to shift the spectrum of

the matrix G by a positive scalar δ. This means that the original problem is perturbed and eigenvectors of the new

problem are computed. The approach we will follow is the one proposed by Guarracino et al. [3], who in their ReGEC

algorithm solve the problem

min
z,0

z′ (G + δH) z

z′ (H + δG) z
. (5)

A peculiar feature of (5) is that it preserves the eigenvectors of (4), with the eigenvalues λ which undergo the shift

λr =
λ + δ

1 + δ λ
. (6)

Feature selection via L1-regularization

In this section we will focus on the first of the two problem posed, the problem of feature selection. The solution

proposed in [6] consists in a L1-norm regularization term added in (5), which, by formulating the problem as a

minimization on the sphere ‖z‖2 = 1, becomes

min
‖z‖2=1

z′ (G + δH) z

z′ (H + δG) z
+ ν‖w‖1, (7)
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where z = [w′ γ]′. Each component of the vector w is related to a feature of the classification problem. It is well

known [7] that L1-regularization has the property of forcing components to be exactly zero, therefore producing

a sparse solution and fostering a natural feature selection process. From the mathematical point of view the main

drawback of equation (7) is its non-differentiability, which is due to the presence of the L1-norm term. In [6] the issue

is addressed by replacing the L1-norm with a two times differentiable approximation, i.e. by solving the problem

min
‖z‖2=1

z′ (G + δH) z

z′ (H + δG) z
+ ν

n
∑

i=1

√

z2
i
+ ε, (8)

which has been called ReGEC L1 method. It’s worth to note that problem (8) is a non convex problem and it is no

more solvable by means of a generalized eigenvalues problem. Therefore an algorithm for constrained differentiable

optimization is needed, and, as described in [6], we use a Riemannian Trust Region (RTR) algorithm [8, 9]. A pos-

sible alternative approach is to use global optimization algorithms either heuristic or deterministic which have been

successfully used in different contexts (see, for instance [10, 11]).

Semi-supervised Classification via graph-based regularization

The second problem we address is the semi-supervised classification. We have the labeled data (xi, yi) ∈ R
n × R, i =

1, . . . , l, and also a set of unlabeled data xi ∈ R
n, i = l+ 1, . . . , l+ u. As before we consider the two matrices A ∈ Rl+×n

and B ∈ Rl−×n, representing the labeled points of the two classes.

Following the example of the LapSVM by Belkin et al. [12], information on the distribution of labeled and

unlabeled data can be embedded in the training step by means of a graph-based regularization [13], i.e. by treating the

points as nodes of an undirected graph. This strategy is based on the so called manifold assumption which states that

the data belong to a low dimensional manifoldM embedded in Rn and their labels change smoothly along the tangent

direction.

We modify (5) by adding at the numerator a “smoothness” regularization term, i.e. (Jz)T L Jz, where the matrix J

is defined as J = [X, e], with X ∈ R(l+u)×n matrix containing the whole training set (labeled + unlabeled points) and e,

as before, column vector of 1s. The matrix L ∈ R(l+u)×(l+u) is the k-nearest neighbors graph (k-NNG) Laplacian matrix

built for the points of X, which is defined as L = D − A, where A = (ai j) is the adjacency matrix of the graph and

the diagonal matrix D is called the degree matrix, i.e. dii =
∑l+u

j=1 ai j (∀i = 1, . . . , l + u). Therefore the minimization

problem to be solved is

z+ = arg min
z,0

zT (G + δH + µ JT LJ) z

zT (H + δG) z
. (9)

Differently from problem (8), the problem in (9) can be still formulated as the resolution of a generalized eigenvalues

problem.

NUMERICAL RESULTS

The proposed algorithms were tested on five benchmark datasets taken from the UCI repository [14] and already

used in [6] to test the Regec L1 algorithm against other feature selection methodologies. For each data set 20 splits

were considered, each partitioning the data into training and testing sets containing respectively 70% and 30% of

the samples. We used the values already determined in the Regec L1 paper to set the λ, ε and τ parameters. For

LapReGEC we exploited a grid search in the parameters space. Moreover for each split and for each percentage of

labeled training data in the set {30%, 20%, 10%}, 4 holdouts were considered, dividing the original training set in

labeled and unlabeled samples. Table 1 shows the mean test accuracy obtained on each dataset with the ReGEC,

ReGEC L1 and LapReGEC algorithms; as regards ReGEC L1, the mean number of selected features is showed; as

for LapReGEC the accuracy results are shown for the three different percent ages of unlabeled training data.

When comparing the accuracy results of ReGEC and ReGEC L1, and considering the “feature” column for

ReGEC L1, we note that, despite the strong feature selection, just a very little deterioration of the accuracy perfor-

mances can be observed. LapRegec was tested using only a subset of the labeled data, ranging from 30% to 10%. On

three datasets (namely Heart, Ionosphere and WDBC) the accuracies are as good as the ones obtained when the whole

labeled dataset is used. On the Parkinsons and Sonar datasets the results are not as stunning, but still the LapRegec

algorithm is able to recover the essential structure of the data with as few labeled samples as the 10%.
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Table 1. Accuracy results of ReGEC, ReGEC L1 and LapReGEC on five UCI benchmark datasets. For ReGEC L1 the

number of feature selected is also shown, together with the total number of features of the data. For LapReGEC, results

are shown when 30%, 20%, and 10% of all the training labels are used, respectively.

Dataset ReGEC ReGEC L1 ReGEC L1 LapREGEC

sel. feat. (tot.) 30% 20% 10%

Heart 81.79 ±3.7 80.93 ±3.4 7.5 (13) 83.73 ±2.58 83.01 ±2.13 82.28 ±2.52

Ionosphere 85.75 ±2.9 83.21 ±2.9 7.4 (34) 90.24 ±1.98 89.56 ±2.13 83.88 ±3.55

Parkinson 93.58 ±3.9 93.58 ±3.9 3.2 (22) 79.17 ±2.31 79.52 ±2.34 80.52 ±3.49

Sonar 83.20 ±4.7 82.66 ±4.3 9.0 (60) 71.54±3.34 68.95±4.00 65.70 ±2.90

WDBC 95.38 ±1.2 95.49 ±1.5 4.5 (30) 94.03±1.05 94.00 ±1.21 93.60 ±1.34

CONCLUSIONS AND FUTURE WORK

In this paper, we showed two extensions of ReGEC based on exploiting regularization terms to both improve the accu-

racy of the classification, and to address the problems arising from dealing with large datasets. ReGEC L1 algorithm

exploits an embedded feature selection method that is able to correctly classify data, selecting a small number of

features. This might be a very useful approach when data contains a large number of not relevant, redundant and noisy

features. LapReGEC is a semi-supervised method that can obtain good classification accuracies also when very small

subsets are used. This approach is essential when only small portion of large datasets are annotated. Since real data is

often affected by both those issues at the same time, we are planning to develop a complete methodology comprising

both the feature selection and the semi-supervised approach and their extensions to multiclass classification tasks [15],

with the aim to address the classification of large data sets in the most flexible and effective way.
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