Asymptotics of Chebyshev-Stirling and Stirling
numbers of the second kind

By Wolfgang Gawronski, Lance L. Littlejohn, Thorsten Neuschel

For the classical Stirling numbers of the second kind asymptotic formulae are derived in terms
of a local central limit theorem. The underlying probabilistic approach also applies to the
Chebyshev-Stirling numbers, a special case of the Jacobi-Stirling numbers. Essential features
are uniformity properties and the fact that the leading terms of the asymptotics are given ex-
plicitly and they contain elementary expressions only. Thereby supplements of the asymptotic
analysis of these numbers is established.

1 Introduction and summary

The first objects of our consideration are the celebrated Stirling numbers of the second kind or
partition numbers. Following Knuth [22], see also [14], we denote these numbers by the curly
bracket symbol {;‘}, n, j being non-negative integers. It is well-known [9], [14] that they satisfy
the triangular recurrence relation

e B L T RO

0n,j being Kronecker’s symbol, and they admit the explicit representation

n _ U sy
Our second objects are the Jacobi-Stirling numbers of the second kind which we denote by {;’} ”
where v is a fixed and positive parameter and n, j are non-negative integers. These numbers
were discovered in the study of the spectral theory of powers of the Jacobi differential operator
[12], [13], [25]. A formal definition of these numbers can be given through the triangular
recurrence relation
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[3], [17]. During the past decade they received considerable attention resulting in a series of
papers on differential equations, combinatorics, and graph theory [1], [2], [3],[7], [8], [10], [12],
[13], [17], [18], [25], [27], [28]. A brief account of the background is given in section 2 below.

For the unique solution of the recurrence (3) the following representation is known, [3], [13],
[17],

{n} _ Zj:(—l)”j Qr+2y - DI +2y - D(r(r+2y - 1))" ’ @
Y r=0

J r'(j—m'l'(j+r+2y)
where n, j € Ny :={0,1,2,...} and y > 0. We immediately infer the easy asymptotic statement
n I'G+2y—-1)
jf,” Jr@j+2y-1)

(G +2y-1)", asn — oo, ®))

provided that j > 1 is fixed, where throughout the symbol ~ means that the ratio of both sides
in (5) tends to 1 as usual. This property corresponds to the well known trivial asymptotics for
the classical Stirling numbers

{n.}~Jf, asn — oo, j fixed, (6)
J J!

resulting from (2). Much more interesting are asymptotics for these numbers holding uniformly
with respect to j. The literature on Stirling numbers includes a variety of such results for {7},
however all of them contain quantities which are undetermined or they are defined implicitly as
solutions of certain transcendental equations only, see e. g. [4], [5], [9], [14], [29], [37]. Es-
pecially a rigorous treatment of the aspect of uniform dependence with respect to the quantity
Jj often has been neglected. For the Jacobi-Stirling numbers {7}7 besides the “pointwise asymp-
totics” in (5) none is known as far as the authors are aware. So it is natural to ask for asymptotics
regarding the sequences {;} and {}} as n — oo, both holding uniformly with respect to j € Z,
where Z denotes the set of integers as customary. In particular except for error terms the leading
parts should be given explicitly and in terms of elementary functions including factorials.

For technical reasons which will be explained in section 3 we have to restrict the Jacobi-Stirling
case to the special value y = 1/2. Regarding the origin of the numbers {;f}l ,» mentioned above,
this case corresponds to the Chebyshev differential operator. Hence in the sequel we call these
numbers Chebyshev-Stirling numbers of the second kind. For details, see section 2. To be more
precise the two main results of this article give affirmative answers to the above raised questions
by the following asymptotic forms in terms of local central limit theorems. We prove

2\/b_,,]‘(10g2)"+1 {n}:Le_x2/2(1+cn(x3_3x))+0( 1 )’

n! J \2n 6n %

as n — oo, where x = (j — a,)/ Vb,, and elementary expressions a,, b,, ¢, given explicitly in
Lemma 5.2 below. Similarly we get

/ N, ,2n+1 /(3
\/STH(ZJ).LU {n} 1 R (1 N cl(x 3x)) +0( 1 ) ’ ®)
12

2(2n)! i, or 6\ i

(7)




Asymptotics of Stirling and Chebyshev-Stirling Numbers of the Second Kind 3

asn — oo, where x = (j—a,)/ /b, and again elementary quantities a,, b;, ¢, w given explicitly
in Lemma 6.1.

For a discussion of the approximation of the kind (7), (8) we refer to sections 4, 5, 6. In
particular both remainder terms hold uniformly with respect to j € Z. In establishing (7) and (8),
the basic tools are taken from the central limit theory of probability and from special functions
by the so-called Lindelof-Wirtinger expansion for the Euler-Frobenius polynomials (Lemma
3.1). A combination of both of these tools shows that the asymptotics in (7) and (8) fulfill the
requirements of explicitness and elementary shape. This approach to asymptotics occasionally
has been applied to various special functions and sequences in the literature, see e. g. [4], [6],
[9], [14], [19], [36], [38, Chapter 3]. In particular, we mention the present research [16], [21]
of the Euler-Frobenius numbers using this method.

2 Background of the Chebyshev-Stirling numbers

Most of the current interest and research in the Jacobi-Stirling numbers of the second kind {’]’}y
lies in the applications to combinatorics and graph theory; the application of these numbers in
these areas is natural since they mimic many of the properties of the classical Stirling numbers
of the second kind.

It is important to note, however that these numbers were originally discovered in the left-definite
spectral analysis of integral powers of the second-order Jacobi differential expression

1
(1 =221 + x)#

where, for classical reasons, the constants @, 8 > —1 and k > 0O are fixed. Indeed, in [13], the
authors proved that, for each n € N,

CIyl(x) := (= (=21 + 2Py () + k(= 01+ ),

1 - . . A R\Y)
n — 1V (Y — ¥t +J1,(J)
DD = T o ZO( D (4 k(1 = )™ (1 + x)y(x)) )
for x € (-1, 1), where 2y — 1 = @ + 8 + 1, and where the coefficients c?(n, k) (j=0,1,...n)are
non-negative and given explicitly by

{".} ifk=0

Iy

> (';){"f’}ykr if k > 0.

J

cl(n,k) = {2 Ei . 8 and, for j > 1, ¢ (n, k) =

The Chebyshev differential operator corresponds to the case « = f = —1/2, thatis y = 1/2.
Details of these analytic results can be found in [13].

Starting with the Legendre-Stirling case v = 1 in [1], which corresponds to the parameters
a = B = 0, in the sequel a series of authors developed various combinatorial models, thereby
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illustrating the significance of the Jacobi-Stirling numbers and related quantities. We refer to
the articles [2], [3], [7], [8], [10], [17], [18], [27], [28]. However none of these papers contains
information on asymptotics.

3 Elementary properties and analytic tools

In this section we collect some analytic facts which are relevant for proving our main results
below. Along with these preparations we already obtain new information for the sequences un-
der consideration.

To begin with we introduce a special case of the Euler-Frobenius polynomials, P, say, which
usually are introduced via the rational function expansion

- dy' 1 P,.(2)
v = _— = . 1
VZEOVZ (Zdz) =z (d-gi’ neN (10)

The power series and the polynomials P, of degree n play important roles in various parts of
mathematics and many of its applications as described for instance in [9], [14], [15], [16], [23],
[32], [33]. Here we only present a few properties which are significant for our purpose.

Lemma 3.1 Suppose that n is a positive integer.

i) All zeros of P, are real, simple, non-positive, n in number, and P,(0) = 0; moreover
P,(=1) =0 iff nis even. If n = 2k (respectively 2k + 1), then k — 1 (respectively k) zeros
are located in each of the intervals (—oo,—1) and (-1, 0).

ii) Forz € C\ {1} we have

[Se]

Pz _ 1 1
(1 -zt n'm;o (2rim + log(1/2))"" (b

Regarding proofs of the properties for the zeros we refer to [23], [31]. The series in (11) is
a special case of the so-called Lindelof-Wirtinger expansion [16], [24], [26, p. 34], [39]. For
log(1/z) we may choose that branch with Imlog(1/z) € [0,2x). Then the analyticity on the
punctured cut (0, c0) \ {1} is generated by the summation over all branches of the logarithm. At
z = 0, the right-hand side is defined by continuity. Occasionally we write the Lindelof-Wirtinger
expansion by

P,(e™) - 1
A e — 12
(1 —evyrt " mzz_w (w + 2rtim)y™! (12)
using an Eisenstein series which is convenient for computing derivatives [11], [34, p. 234].

An asymptotic analysis for many sequences having a combinatorial meaning often depends on
the explicit knowledge of corresponding generating functions. With this in mind and on the
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basis of the representation formula (4) for the Jacobi-Stirling numbers it turns out that in the
special case y = 1/2 we are able to obtain suitable identities which finally lead to asymptotic
forms for the Chebyshev-Stirling numbers {:’} 1,2 having the properties described in the intro-
duction (see section 6). A basic representation formula for the Chebyshev-Stirling numbers is
given by the following analogue of (2) for the Stirling numbers.

Lemma 3.2 Ifn, j € Ny, then we have
2j .
n 1 2]) . 2
: = — D" -n™ (13)
{1}1/2 eyl ,Z:(; (” /

Proof. Putting y = 1/2 in (4) we obtain
2n

J
n , r
: :ZE Syt
{1}1/2 r:()( ) =G +n!

and further
{n} _ L i(_l)r+j( ‘21' )r2n n L i(_l)rﬂ'( .21' )r2n.
J)ip @HI 4 j-r ) ~ J+r
After making the index shifts j —r — rand j+ r — r, we obtain (13). O
In [3, (3.4)] the authors derived a formula connecting the Legendre-Stirling numbers {’;} , with

the classical Stirling numbers {';} As a supplement we relate {;’} 12 (O {j} To this end we start
from (13) in Lemma 3.2 giving

n 1 (2 oV
i - -1 | = (J-nx
{]}1/2 2! rzz(; (r)( : (ax) ‘

1 g 2n . B .
" 2! (5) eHil-en”

x=0

x=0
a)z" o (eF = 1) (a)z” y
=\ e’ =l ¢
(ébc Cpt oL, \ox 0
where ®;(r) = >, {’j—,} "= (et;—,l)] denotes the vertical generating function of the Stirling

numbers of the second kind [9, p. 206]. Continuing we find

2n 2n
n _ 21\ ey 0y 2n\ oy [V
{J}l/z_Z(V)( b)) d>zj(0)—2(v)( J) {2].}

v=0 y=0
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and

X
B
{g} :{207’}:5,[,0, {n} :jZ"Ai”fi , whenj>1, (14)
12 RV VAN PR
with an obvious meaning of the forward difference operator A, acting on x. We also mention
that (14) can be derived by using (13) in combination with (2).

Next we consider a modification of the Chebyshev-Stirling numbers, (2)!{’},, and their hori-
zontal generating function

L(s) = Y 2] {’;} s, secC, (15)
=0

1/2

n

which for our purpose is appropriate rather than the generating function for the numbers {j}1 12
In case of the Stirling numbers see [4, p. 108, example 5.4, c] and Lemma 3.6 below. Gener-
ating functions, connection formulae with the Euler-Frobenius polynomials and the Lindelof-
Wirtinger expansion are given by

Lemma 3.3 We have

® 2 22 £\2
i) {”} - (sinh —) . jeN, (16)
n=0

i @t @2 2
& ;L”(S)(Zj)! B 1—4ssi1nh2(t/2)’ (D
iii) L, (m) = (2n)! % mi S 271im)2n+1 , (18)
iv) L,,((l _ZZ)Z): 1iz (fz_(zz))z (19)

with obvious restrictions for the complex variables s,t,w, z.

Regarding (3.7) it should be mentioned that the Chebyshev-Stirling numbers are related to the
central factorial numbers of odd and even indices for which various generating functions have
been computed in the literature, see for instance [17, section 4], [35, chapter 6.5].

Proof. Part i) readily follows from Lemma 3.2 which implies ii) directly. The Lindelof-
Wirtinger expansion in iii) results from ii) by putting s = 1/2(coshw — 1) and a routine ap-
plication of Cauchy’s formula for the coefficients of power series in combination with residue
calculus. Finally we obtain iv) from iii) and (12) by observing that z = ™. m|

Further, using elementary conformal mapping properties of the quadratic transformation
s = z/(1 = z)* and the connection formula (19) from Lemma 3.1, i) we conclude
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Lemma 3.4 All zeros of L, are real, simple and they are located in the interval ( — %, 0].

Next, we assume that the reader is familiar with the concept of unimodality of sequences, for
example [9, section 7.1]. Using Lemma 3.4 in combination with a well-known criterion for
unimodality, for example [9, Theorem B, p. 270], we immediately obtain a supplement of the
unimodality property of the Jacobi-Stirling numbers [3, Theorem 5.4].

Theorem 3.5 If n > 3, the numbers (2!) {?}1/2, 0 < j < n, are unimodal with either a peak or
a plateau of two points.

Finally, according to the Chebyshev-Stirling numbers above and following Bender [4, p. 108]

for the modified Stirling numbers, the surjection numbers ;! { j}, we consider its horizontal gen-
erating function

QOul(s) = Zn(;j! {’;} s, seC (20)
Lemma 3.6 We have
i anm% - @)
i) O, (ﬁ) =n!l(l1-e") MZOO m , (22)
o) 22

with obvious restrictions for the complex variables s,t,w, z.

Part 1) has been taken from Bender’s classic paper [4, p. 108] and the reasonings for formula
(3.13), (3.14) are very similar to those for (3.9), (3.10); therefore we omit the details. Further,
again on the basis of Lemma 3.1, i) and the connection formula (3.14) we may infer

Lemma 3.7 All zeros of Q,, are real, simple and they are located in the interval (—1,0].

Concluding this section we mention the unimodality of the sequence j! {;l}, 0 < j < n, which
already is due to Bender [4, p. 309]. This also is a consequence of Lemma 3.7 by the same
argument applied above.

4 Probabilistic tools from central limit theory

The probabilistic point of view provides one of numerous methods for computing asymptotics
for sequences of positive numbers [4], [6], [9], [14], [16], [19], [36], [38]. In this section we
prepare the relevant terminology and give a general auxiliary result.
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Having in mind the two main objects to be treated below, given by the generating polynomials
L, in (15) and Q, in (3.11), we consider polynomials

4@ = Yt = e | @+ x) (24)
j=0 v=1
having real and non-positive zeros only, that is x,, > 0, v = 1,...,n. We ask for asymptotics of

the coeflicients a,;, as n — oo, uniformly in j. Rewriting (24) as

An(2)
Ay(1)

= |pmz+1-pm), (25)
v=1

where p,,, := 1/(1 + x,,), the polynomials in (25) may be regarded as the generating function of
the row sums of a triangular array of Bernoulli random variables

)(11
)(21 )(22

: . (26)
)(nl )(nZ v )(nn

Here, due to the factorization in (25), the entries are row-wise independent with distributions
given by
P(Xnv = 1) = Puv» P(Xnv = 0) =1- Pny (27)

with numbers p,, € [0, 1].

In [16] an asymptotic expansion for

pn, j) == P(S, = )) (28)
has been derived, where
Sni= ) Xu (29)
v=1

denote the row sums in the scheme (26). This has been done by a modification of a standard
local central limit theorem for “simple sums” ».’_, X,, where each component X, has a lattice
distribution [30]. Prior to a formulation we need some notation and conditions for the Bernoulli
scheme (26) with (27) - (29). Let u, := E(S,) and o := Var (S,) be the expectation and
variance of S, respectively for which we assume that

N
liminf — > 0. (30)

n—oo n

Further, suppose that the normalized cumulants of S, are defined by

n" 221 (d) :
Ay = — | log E(e™
, ( dt) og E(e™")

) 31)

4 vV
oy
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n,v € N,v > 2, where E(e"5") is the characteristic function of S, and log is that branch of the
logarithm on the cut plane C \ (—oo, 0] satisfying log 1 = 0. Finally we introduce the functions

._L -x2/2 m+2,n o
Gual0) = =€ > M(x)]_[ﬂm ((m+2),) : (32)

H1+20p+ . AV =Y

xe€R,n,v e N, where s = u; + ...+ u,, and the modified Hermite polynomials are defined by

d\" .
H,(x) 1= (-1)"e" (dx) e, (33)

x € R,m € Ny. Now from [16, Lemma 3.1] we take our basic auxiliary result given by the
following local central limit theorem for triangular Bernoulli arrays.

Lemma 4.1 Assuming the above notations and the condition (30), then for every k > 2, we

have
v,n 1
Tap(n, j) = N Z b + ( (k_2>/2)’ Y

nv/2

as n — oo, uniformly in j € Z, where x = (j — i,)/ 0.

The reader who is not familiar with expansions of type (34) is refered to the comments ac-
companying Lemma 3.1 of [16] in general. Particular aspects regarding our applications of
Lemma 4.1 to the Stirling and the Chebyshev-Stirling numbers are discussed in the following
two sections.

S Asymptotics for the Stirling numbers

To begin with we mention the asymptotic normality of the surjection numbers, that is

1 . n 1 r —t2/2
E J' . p———= | e"'7dt
2l )]<(n+x\/l—log2)/210g2 / 27[—00

which appeared in [4], [14, p. 654]. In what follows we prove a corresponding local version by
applying the preliminary results of the previous sections with A,(s) = Q,(s) and

i
0, (1)’
where Q,(s) is given by (3.11). This is possible in view of Lemma 3.7.

lim sup =0, 35)

n—00 xeR

pn, j) = (36)

First we compute moments and cumulants for the distribution in (36) where we use the notations
introduced in section 4. For that purpose it is convenient to have suitable estimates for the
Eisenstein series occuring in the Lindelof-Wirtinger expansion (12).
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Lemma 5.1 IfneN,n > 2, andw € R\ {0}, then we have

5 (%T)(nH)/Z) , (37)

i 1 - 1+
m=—co (W + 27Tim)"+1 - witl

the O-term holding uniformly with respect tow € R.

Proof. Writing

= I+ (—) = 1+ R,(w)),
m:Z_;x, (w + 2mimy+! - wnl [ Z w + 2mim ] wil ( (W)

m#0

say, we have

. - ) |W|n+1 < n+1\(|wl (n+1)/2
n(W)| = Z (W2 + 4m2m?2)n+h/2 = ¢ 2 4 ’

m=1

which implies (37). O

In the sequel throughout we will denote by ¢g € (0, 1) a constant which may be different at each
occurrence.

Lemma 5.2 Suppose that the sequences (ay,), (b,), (c,) are given by

n+l1 1 I —log2

n = - -, n = ————— H--, 38
= Slog2 2 Glog2e "Dy (38)
2-3log2
Lo Yn2=3loe2) (39)
2 VB, log2)°
then we have
M = an + O(q"), oy =by+ 0(q"), (40)
a=cn+ OG"), asn — oo, 41)
Proof. Using standard formulae from probability [30] and in particular (31) we get
4 1 174 1 / 1 / 1 2
. 0] Ui:Q,,<>+Qn<>_(Q,,( ))’ w)
Qu(1) O.(1)  O,(1) \Qu(l)

0.0 T 0 T 0 0D 0D Q.(1) 0.(1)

3
O

72 ’” 144 4 / / 2 ' :
\/E{Qn D L% oMo onh (Qn(l)) o (Q,,(l)) } 43)
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Now based on the representation (3.13) for Q, in Lemma 3.6 ii) and with the help of Lemma
5.1, taken at w = log 2, straightforward computations lead to the approximations (40) and (41).
O

Now our main result for the Stirling numbers is stated in

Theorem 5.3 Suppose that the sequences (a,), (b,), (c,) are given by (38), (39), then we have

24/, j'(log 2)"*! {n} B L ey ( cn(x? — 3x)) (L)
| i —me 1+—6\/r_l +o0 Vi) (44)

as n — oo, uniformly in j € Z, where x = (j — a,)/ Vb,.

Proof. According to our preparations we may apply the basic Lemma 4.1 with £k = 3 to the
probabilities (36) which is permitted, because condition (30) is satisfied in view of Lemma 5.2.
Hence, observing (32), (33), we get

a'nj!{n.}
i1 e (1+Ag,n(y3—3y))+o( 1 ) (45)

0.(1) 6 \Vn i

as n — oo, uniformly in j € Z, where y = (j — w,)/0,, and u,, 0, A3, are taken from Lemma
5.2. Next, we emphasize that the latter quantities are approximated by a,, b,, ¢, respectively
holding at a geometric rate each. Also, by Lemma 5.1 and Lemma 3.6 ii) we have

O.(1) = 5 (1+0(q"), asn— co.

(log 2)n+l
Then, using these approximation properties, somewhat tedious but straightforward computa-
tions show that (45) implies (44). We omit the elementary details. O

We conclude this section by some comments on Theorem 5.3. Although for the general local
central limit theorem the error term in (34) holds uniformly in j € Z, the most valuable infor-
mation is provided for j such that the quantity x in (34) remains bounded. The same statement
is true for (44), that is for j such that x = (j—a,)/ Vb, is bounded. If j is close to a, ~ n/2log2,
then we may expect a good approximation of {7} by the quantity

A(n, j) =

3 _
n! 212 (1 N cn(x 3x)) 46)

22nb, j'(log 2)"*! 6vn )

For illustration we choose n = 500 and j = 360 which implies a good relative comparison by

Ul

A(n, j)

=0.999376... 47)



Asymptotics of Stirling and Chebyshev-Stirling Numbers of the Second Kind 12

Although in contrast to most of the asymptotic expressions for the Stirling numbers in the lit-
erature [4], [5], [20], [37], [40] our result contains explicit and elementary quantities only, we
emphasize that (44) provides an effective approximation of {'}} when j is close to a, as described
above. As surveyed in [37] many of the known asymptotics only are useful for other regions of
J- So far Theorem 5.3 gives a supplement of these asymptotics.

Finally we mention the asymptotic normality of the Stirling partition distribution itself, which

is defined by
n
Ut

B,

B, = Y. 0{ } being the Bell numbers with mean u, ~ n/logn and variance o2 ~ n/log*n,
n— oo, Wthh are different from the quantities in (40) [14, p. 692], [19], [36, p. 115].

, 0<j<n,

pn, j) =

6 Asymptotics for the Chebyshev-Stirling numbers

In this section we prove our second result being an analogue of Theorem 5.3 for the Chebyshev-
Stirling numbers. To this end again we use the probabilistic tools of section 4 now with A,(s) =

L,(s) and
@) {”}
/ J i

L)
where L,(s) is defined in (15). This is possible in view of Lemma 3.4.

p(n, j) = (48)

Again we start by computing and approximating moments and cumulants for the distribution in
(48). Looking at (18) we introduce the number

w = 2log \/§2+ ! (49)
being the unique positive solution of 2(coshw — 1) = 1.
Lemma 6.1 Suppose that the sequences (a,), (b)), (c)) are given by
o = 23;)1 —%, b, :—(#—m) Qn + 1)—35 (50)
/ 2 ‘/_ 2 3 2
= N {(2V50” - 30w + 10 V5)n + 30® + V50’ — 15w+ 5V5},  (51)
then we have
pn = a,+ 0(q"), oy =b,+ 0", (52)

+ 0(q"), asn— oo, (53)



Asymptotics of Stirling and Chebyshev-Stirling Numbers of the Second Kind 13

Proof. We employ the same arguments used in the proof of Lemma 5.2. Also now relations (42)
and (43) are valid with Q, replaced by L,. The representation (18) in Lemma 3.3 iii) together
with Lemma 5.1, taken at w = w, implies the approximations (52) and (53) by straightforward
calculations. O

The main result for the Chebyshev-Stirling numbers is furnished by

Theorem 6.2 Suppose that the sequences (a,), (b,), (c,), and the number w are given by (50),
(51), and (49) respectively, then we have

Ty N, 2n4 ] (X3 —
\/%(2])!(1) {};} _ 1 e_x2/2 (1 +M)+O( ! ), (54)
1/2

202m)! V2r 6V Vi

as n — oo, uniformly in j € Z, where x = (j — a,)/ \/b_,’1

Proof. This will be accomplished as that one of Theorem 5.3, now by an application of Lemma
4.1 with k = 3 to the probabilities (48). We note that the crucial condition (30) is satisfied in
view of Lemma 6.1. It follows that

e L (1 Ag,n(y3—3y>) ( il )
L) {j}m -\ ew )0 a

as n — oo, uniformly in j € Z, where y = (j — w,)/0,, and u,, 0y, A3, are taken from Lemma
6.1. Finally, after some routine calculations we arrive at (54) with the help of Lemmas 6.1, 5.1,
3.6 ii) and the formula

2(2n)!

Ln(l) = W (1 + ﬁ(qn)), as n — oo,

O

The comments on Theorem 5.3 essentially apply to Theorem 6.2 likewise. Similarly we may
expect good approximations of the Chebyshev-Stirling numbers via (54), if x = (j —a),)/ \/b_;

remains bounded, in particular when j is close to a;, ~ 2n/ V5w. For illustration we put

A, j) = 202n)! ex (1 + M) (56)
A 107b(2 )l w1 6+n
and choose n = 500, j = 461 to obtain the relative comparison
)
I 000891 ... (57)

A'(n, )
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Also we mention that one could improve both results in Theorems 5.3 and 6.2 by making use
of higher terms in Lemma 4.1. However, we will not pursue this topic.

Finally, we conclude this section by the statement that the numbers (2 j)! {;}1 /2 are asymptotically
normal. Since a proof makes use of routine arguments on the basis of either Lyapunov’s theorem
[36, p. 23] or of our Theorem 6.2 directly, we omit detailed explanations.

Theorem 6.3 Suppose that the sequences (a,), (b)), and the number w are given by (50) and
(49) respectively, then for all y € R we have

y
\/§w2n+l n 1 5
lim ———— ! { } = — fe" 12 dt.
n—oo 2(271)' jsu%: - J 1/2 V21 ~

Acknowledgment Thorsten Neuschel gratefully acknowledges support from KU Leuven re-
search grant OT/12/073.

References

[1] G. E. Anprews and L. L. LittLEJOHN, A combinatorial interpretation of the Legendre-
Stirling numbers, Proc. Amer. Math. Soc. 137 (2009) 2581-2590.

[2] G. E. Anprews, W. Gawronskl and L. L. LirtLeionn, The Legendre-Stirling numbers,
Discrete Math. 311 (2011) 1255-1272.

[3] G. E. Anprews, E. S. EcGe, W. Gawronski and L. L. LittLejonN, The Jacobi-Stirling
numbers, J. Comb. Theory, Ser. A 120 (2013) 288-303.

[4] E. A. Benper, Central and local limit theorems applied to asymptotic enumeration,
J. Combin. Theory, Ser. A 15 (1973) 91-111.

[5S] W. E. Breick and P. C. WanG, Asymptotics of Stirling numbers of the second kind, Proc.
Amer. Math. Soc. 42 (1974) 575-580.

[6] L. Caruirz, D. C. Kurtz, R. ScoviLLE and O. P. STACKELBERG, Asymptotic properties of
Eulerian numbers, Z. Wahrscheinlichkeitstheorie verw. Geb. 23 (1972) 47-54.

[7] G. Cueon and J. JunG r-Whitney numbers of Dowling lattices, Discrete Math. 312 (2012)
2337-2348.

[8] A. Cragsson, S. Kitarv, K. Ragnarsson and B. E. Tenner, Boolean complexes of Ferrers
graphs, Australas. J. Comb. 48 (2010) 159-173.

[9] L. ComtET, Advanced combinatorics: The art of finite and infinite expansions, D. Reidel
Publishing Co., Boston, MA, 1974.



Asymptotics of Stirling and Chebyshev-Stirling Numbers of the Second Kind 15

[10] E. S. EcGe, Legendre-Stirling permutations, European J. Combin. 31 (2010) 1735-1750.

[11] F. G. M. EisenstEIN, Genaue Untersuchung der unendlichen Doppelproducte, aus welchen
die elliptischen Functionen als Quotienten zusammengesetzt sind, und der mit ihnen
zusammenhingenden Doppelreihen, Crelles J. 35 (1847).

[12] W. N. Everirr, L. L. LittLesonn and R. WELLMAN, The left-definite spectral theory for the
classical Hermite differential equation, J. Comput. Appl. Math. 121 (2000) 313-330.

[13] W.N. Everrrr, K. H. Kwon, L. L. LittLEIOBN, R. WELLMAN and G. J. YoonN, Jacobi-Stirling
numbers, Jacobi polynomials, and the left-definite analysis of the classical Jacobi differ-
ential expression, J. Comput. Appl. Math. 208 (2007), 29-56.

[14] P. FLasoLeT and R. SEpDGEWICK, Analytic combinatorics, Cambridge University Press, New
York, 2009.

[15] D. Foara and M. ScHUTZENBERGER, Théorie géométrique des polyndmes Eulériens, Lecture
Notes in Mathematics 138, Springer-Verlag, Berlin, 1970.

[16] W. Gawronskr and T. NeuscHeL, Euler-Frobenius numbers, Integral Transforms Spec.
Funct. 24 (2013) 817-830.

[17] Y. Geuneau and J. Zeng, Combinatorial interpretations of the Jacobi-Stirling numbers,
Electron. J. Combin. 17 (2010) Research Paper 70.

[18] I. M. GessEL, Z. Lin and J. Zeng, Jacobi-Stirling polynomials and P-partitions, European
J. Combin. 33 (2012) 1987-2000.

[19] L. H. HarPpERr, Stirling behavior is asymptotically normal, Ann. Math. Stat. 38 (1967) 410-
414.

[20] L. C. Hsu, Note on an asymptotic expansion of the nth difference of zero, Annals of Math.
Stat. 19 (1948) 273-277.

[21] S. Janson, Euler-Frobenius numbers and rounding, Online J. Anal. Comb. 8 (2013) 34 pp.
[22] D. E. Knuth, Two notes on notation, Amer. Math. Monthly 99 (1992) 403-422.

[23] D. F. Lawpen, The function }, n"z" and associated polynomials, Proc. Cambridge Phi-
los. Soc. 47 (1951) 309-314.

[24] M. LercH, Note sur la fonction K(w,x, s) = Yo, e /(w + k)*, Acta Math. 11 (1887)
19-24.

[25] L. L. Lirteesonn and R. WELLMAN, A general left-definite theory for certain self-adjoint
operators with applications to differential equations, J. Differential Equations 181 (2002)
280-339.



Asymptotics of Stirling and Chebyshev-Stirling Numbers of the Second Kind 16
[26] W. Macnus, F. OBERHETTINGER and R. Soni, Formulas and theorems for the special func-
tions of mathematical physics, Springer-Verlag, Berlin, 1966.

[27] P. MongeLL1, Total positivity properties of Jacobi-Stirling numbers, Adv. in Appl. Math.
48 (2012) 354-364.

[28] P. MonaGELLI, Combinatorial interpretations of particular evaluations of complete and ele-
mentary symmetric functions, Electron. J. Combin. 19 (2012) Research Paper 60.

[29] L. Moser and M. Wyman, Stirling numbers of the second kind, Duke Math. J. 25 (1958)
29-44.

[30] V. Petrov, Sums of independent random variables, Ergebnisse der Mathematik und ihrer
Grenzgebiete 82, Springer-Verlag, Berlin, 1975.

[31] A. PeverIMHOFF, On the zeros of power series, Michigan Math. J. 13 (1966) 193-214.

[32] A. PeEvERIMHOFF, Lectures on summability, Lecture Notes in Mathematics 107, Springer-
Verlag, Berlin, 1969.

[33] G. Porya and G. SzecO, Aufgaben und Lehrsidtze aus der Analysis I, Heidelberger
Taschenbiicher 73, 4. Auflage, Springer-Verlag, Berlin, 1970.

[34] R. RemmErT, Funktionentheorie I, Grundwissen Mathematik S, Springer-Verlag, Berlin,
1984.

[35] J. RiorpaNn, Combinatorial identities, R. E. Krieger Publishing Company, Huntington, New
York, 1979.

[36] V. SacHkov, Probabilistic methods in combinatorial analysis, Encyclopedia of mathemat-
ics and its applications 56, Cambridge University Press, Cambridge, 1997.

[37] N. M. Temme, Asymptotic estimates of Stirling numbers, Stud. Appl. Math. 89 (1993)
233-243.

[38] W. Van AsscHE, Asymptotics for orthogonal polynomials, Lecture Notes in Mathematics
1265, Springer-Verlag, Berlin, 1987.

[39] W. WirtiNGer, Uber eine besondere Dirichletsche Reihe, J. Reine Angew. Math. 129
(1905) 214-219.

[40] R. Wong, Asymptotic approximations of integrals, Academic Press Inc., Boston, 1989.

University of Trier
Baylor University
KU Leuven - University of Leuven

(Received xxxxxxxx xx, 2013)



