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Abstract These numbers are defined as the coefficients of the Euler-Frobenius polynomials
n
Poa(z) =Y Api(N)2
=0

which usually are introduced via the rational function expansion

> P, (z
>N = (1_2()11 :

v=0

n being a nonnegative integer and A € [0,1). The special case A, ;(0) is known from combi-
natorics (Eulerian numbers) and the general one A,,;(\) occurs e.g. in approximation theory,
summability, and rounding error analysis. Supplementing and extending known results on Eule-
rian numbers, various theorems for the Euler-Frobenius numbers A,, ;(\) and related quantities
are established including unimodality, monotonicity properties and asymptotic expansions given
by a local central limit theorem.
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1 Introduction and Summary

In this paper we are concerned with the coefficients of the Euler-Frobenius polynomials P,
which can be generated from the geometric series through the representations
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n being a nonnegative integer and the parameter \ is considered to satisfy A € [0,1), e.g. [27],
p. 7, problem 46 in case A = 0. For the power series, being convergent for |z| < 1, the two right
hand expressions may serve as analytic extensions onto the punctured complex plane C\{1}.
This function is a special case of Lerch’s transcendental function, cf. [19] and [20], p. 33,
which plays an important role in various parts of mathematics and related fields. For instance
it occurs in the theory of analytic continuation of power series [15], summability [26], chapter
IV, numerical analysis [28], structure of polymers [32], and in combinatorics [5], p. 51, and [9)].
Some of these papers deal with asymptotics and the distribution of the zeros of P, x [7], [10],
[11], [12], [16], [25], [26], [28], [30)].

Starting from (1.1) straight forward computations lead to recursion formulae for the Euler-
Frobenius polynomials P, y and its coefficients (see Lemmata 2.1, 2.2 below) giving

Por(z) = Ani(V)7 (1.2)

with A, ;(A\) > 0forl =0,...,n, A € [0,1). In the sequel formally we put A, ;(\) = 0 for
I ¢ {0,...,n}. For obvious reasons we call these coefficients Euler-Frobenius numbers. In
the special case A = 0 the numbers A, ;(0) , [ = 1,...,n, are positive integers and they are
termed Eulerian numbers in the literature. For instance they are well known from combinatorics
where they count the permutations with precisely k rises in the symmetric group S,, [5], section
6.5, [9]. We emphasize that the Eulerian numbers are not to be confused with the Euler numbers
FE,, occurring in the power series expansion
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for the reciprocal of the hyperbolic cosine.

At present the literature concerning analytic properties of A, ;(\) primarily deals with Eule-
rian numbers A, ;(0) only where essentially inequalities and asymptotic formulae are derived [1],
(3], [4], [5], [18], [29], [31]. It is the main purpose of this paper to generalize and to sharpen some
of these results for the Euler-Frobenius numbers. Extending a well-known result for A, ;(0), e.g.
[18] or [5], p. 292, problem 3, we prove that the finite sequence

Am[)()\), An,l()‘)v A 7An,n(>\)7 A€ [0, 1),

is unimodal (see Theorem 2.3 below). Our main result, Theorem 4.3, gives an asymptotic
expansion of the type (k > 3 being an arbitrary integer)

[(k—2)/2]
n+1 An,l(/\) o 1 —22/2 p4u 1
V 12 n! \or € 1+ Z (n + 1 t+o n(—2)/2 |’ (1.3)

as n — oo, with explicitly computable even polynomials P4y of the quantity
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the degrees of which are at most 4u. For a discussion of expansions of the kind (1.3) see the
remarks following Lemma 3.1 below. Here and throughout [£] denotes the largest integer not
exceeding the real number £. In particular the remainder term in (1.3) holds uniformly with
respect to [ € Z. Thereby a result of Sirazdinov for Eulerian numbers A, ;(0) [31] is extended
to an asymptotic expansion and to the Euler-Frobenius numbers A,, ;(A) as well. In establishing
(1.3) the basic tools are taken from the central limit theory of probability and from special
functions by the so called Lindel6f-Wirtinger expansion of the particular case (1.1) of Lerch’s
transcendental function (Lemma 2.4). This approach to asymptotics occasionally is applied
systematically to various special functions in the literature, e.g. [33], chapter 3.
Finally in section 5 we apply our main result (1.3) to the study of the probabilities
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for a standard rounding problem occurring e.g. in the mathematics of elections [17], p. 185.

2 Elementary properties and analytic tools

In this section we collect some analytic facts being relevant in the sequel. Either the results
are known or they can be derived in a straight forward manner. Therefore, in most cases we
omit a detailed proof. In (1.1) the existence of the Euler-Frobenius polynomials P,  is readily
verified by induction. At a first stage it follows that the degree of P, ) is at most n. Some of
the subsequent formulae hold for all A € C, however, some properties require the assumption
A € ]0,1). Thus we assume the latter condition throughout the paper.

Lemma 2.1. Ifne Ny and A € [0,1), then
i) for z € C we have
Poin(2) = (M1 =2) 4+ (n + 1)z) Poa(2) + 2(1 = 2) P} \(2), Poalz) =1,
ii) P, A(1) =nl!,
iii) all zeros of P, \ are real, simple and nonpositive.

We only mention that a proof of part iii) is contained in [16], [25]. Moreover, the assertion iii)
no longer holds, if the assumption A € [0,1) is dropped. On the basis of the recurrence relation
in Lemma 2.1, i) and (1.2) we obtain the following properties of the Euler-Frobenius numbers
in

Lemma 2.2. Ifn €Ny and A € [0,1), then we have
i)
Ant1,0(A) = Ano(A) . Aoo(A) =1,
An+1,l()\) = ()\ + l)An,l(/\) + (n +2—-1- )\)An,l—l()\)a 1 < { < n,
Antint1(A) = (1= A Ann(A), Aop(A) =1,

in particular Apo(A) = A" and Ap n(A) = (1 —A)",



n
v) (z+1-N" = A,V (Y, zec.
1=0
All parts of Lemma 2.2 generalize known formulae for the Eulerian case and v) in particular
extends Worpitzky’s identity [5], section 6.5. Further, from part i) we infer that n is the precise
degree of P, ), since A # 1. Combining (1.2) and Lemma 2.1, ii) for later reference we record
the property

D AN =nl, neNy, A€0,1). (2.1)
=0

Next we assume that the reader is familiar with the concept of unimodality for sequences, e.g.
[5], section 7.1. Using Lemma 2.1, iii) in combination with a well known criterion for unimodality,
e.g. [5], Theorem B, p. 270, we immediately obtain an extension of the unimodality property
of the Eulerian numbers [5], p. 292, problem 3, [18] in

Theorem 2.3. Ifn >3, A €(0,1), then the Euler-Frobenius numbers A, ;(\) are unimodal
with either a peak or a plateau of two points.

Theorem 2.3 means that there is a number [y € {1,...,n — 1} such that
An’o(A) <...< An’lofl()\) < An,lo ()\) > An’lOJ’»l(A) > .2 An’n()\)

or

ApnoN) < oS A ig—1(AN) < Apig(N) = Ap g1 (A) > Apggr2(A) > 000> Ay n(N).

cee = s

Next we give a representation of the rational function in (1.1) by means of the Lindelof-

Wirtinger expansion which turns out to be a useful tool for deriving our main result in section
4 [19], [20], p. 34, [34].

Lemma 2.4. Ifn e Ny and X € [0,1), then for z € C\{1} we have

Pn’)\(Z) o0 e)\ (27rim+log(1/z))

———— =nl .
(1—z)+t me—eo (2mim + log(l/z))n—H

(2.2)

In (2.2) for log(1/z) we may choose that branch with Imlog(1/z) € [0,27). Then the analyt-
icity on the punctured cut (0,00)\{1} is generated by the summation over all branches of the
logarithm. At z = 0 the right hand side is defined by continuity.



3 Probabilistic tools from central limit theory

From Lemma 2.2, iii) for fixed [ > 0 such that [ + A > 0 immediately we infer the trivial
statement
Api(A) ~ (L+A)", as n — oo,

meaning that the ratio of both sides tends to 1. More interesting are asymptotic formulae for
Ay 1(X), if [ varies with n suitably. Actually such properties are known for special subsequences
[ =1(n) and if A =0, e.g. [1], [4], [29]. Moreover, Sirazdinov [31] obtained an asymptotic form
for A, ;(0), as n — oo, holding uniformly with respect to ! € {0,...,n} (see also section 4 below).
In order to extend his result to the case A € [0,1) and to achieve an asymptotic expansion for
Ap1(X) in the sequel we follow the probabilistic approach of the above mentioned papers.

To fix ideas, from Lemmata 2.1, iii) and 2.2, i) we infer the representation

Pon(z) =) ANz =1 =N"]] (z+2m(V), A€ 0,1) (3.1)
=0 v=1

with
0 < zpi(A) < zpa(A) < ... < Zpn(A).

Using Lemma 2.1, ii) this may be rewritten as

Pn)\(z) . Pn)\(z) _

[T @ro Nz + B (V) (32)

n

Pup(1) — nl e
where ) 0
~ Tny

Thus the polynomials in (3.2) may be regarded as the generating function of the row sums of
a triangular array of Bernoulli random variables

X11
Xo1 Xoo
: . (3.4)
an Xn2 o Xnn
Here the entries are row-wise independent with distributions given by
P(X,, =1)=mn, PXn=0)=1-—m,, (3.5)

where 7, € [0,1] are given numbers.



In this section we derive an asymptotic expansion in a local central limit theorem for a general
triangular Bernoulli array of the type given in (3.4), (3.5) that is an asymptotic expansion for

p(n,l) := P(S, =1) (3.6)

holding uniformly with respect to [ € Z, where

Spi=_ Xny (3.7)

denotes the row sums in the scheme (3.4). As an application in section 4 we consider the special
case Ty, = pny given by (3.3) for which it is possible to work out details by computing explicitly
the coefficients of the asymptotic expansion.

To a large extent we follow the standard monograph of Petrov [24], chapter VII. There among
others local central limit theorems for “simple sums” of the type >.._, X, are proved, where
(X,)$° is a sequence of independent random variables each X, having a lattice distribution and
satisfying a moment condition. Here we consider the row sums (3.7) for the Bernoulli array
(3.4). Although this case is not covered by Petrov in [24], chapters VI , VII, his proofs, however,
can be modified by a few changes only in order to get asymptotic expansions for the probabilities
(3.6). The basic case of a local limit theorem for “simple sums” Y ', X, where each component
X, has a lattice distribution is contained in Feller’s standard monograph [8].

To start with we introduce some further pertinent notations and conditions for the Bernoulli
scheme (3.4) with (3.5) - (3.7). We have for the expectation

E(Sn) = Z E(Xm/) = Zﬂ—nu
v=1 v=1
and the variance
B, :=Var(S,) = E(S2) — E(S,)?
for which we assume that there exists an ng € N such that

B, > gn, for all n > ny, (3.8)

g being a positive constant. Further we define the normalized cumulant of .S,, by

(v—2)/2
_n ! (d (3.9)

v
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n,v €N, v > 2, where E(e"*5) is the characteristic function of S,, and log is that branch of the
logarithm on the cut plane C\(—o0, 0] satisfying log1 = 0. Finally we introduce the functions

v

1, L Amgan \*"
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z €R, n,v €N, where s = uy + ...+ p,. Further here the Hermite polynomials

Hp(z) = (—1)™ */2 (;‘;)m e /2, (3.11)

for x € R, m € Ny, are given by the Rodrigues formula using the scaling as customary in
probability theory [24], p. 137. Now we can state the following asymptotic expansion for the
quantities p(n,l) in (3.6) as a local central limit theorem for triangular Bernoulli arrays.

Lemma 3.1.  Assuming the above notations and the condition (3.8), then for every k > 3 we

have
k—2
o1 —z2/2 ql/,n(x) 1
v/ B, p(n,l)—me + > oY +o 22 ) (3.12)

as n — 0o, uniformly in | € Z, where x = (I — E(S,))/v/Bn.

Although (3.12) holds uniformly with respect to [ € Z we emphasize the most valuable informa-
tion is provided for [ such that the quantity  remains bounded. This implies that the o-term is
an error term indeed. If [ is such that 2 becomes “large” then (3.12) may only give the estimate

p(n,l) =o (n_(k_2)/2).

Proof. The random variables X,,, in (3.4) obviously possess moments of all orders and thus
the cumulants \,,, in (3.9) exist for every n,v € N. As already mentioned above essentially
the proof is contained in [24], chapters VI, VII. More precisely we have to adjust the proof of
Theorem 12 in chapter VII, §3, pp. 204 /205 of [24] to the triangular array (3.4) with (3.5).
To do so it turns out that basically the error estimates in Lemmata 11 and 12 in chapter VI of
[24] have to be changed slightly. This requires some intrinsic analysis, however, the necessary
estimations are straightforward. Therefore, the details are omitted here, cf. [22]. ]

4 Asymptotics for the Euler-Frobenius numbers

In this section we derive the main result of our paper. This will be accomplished by an application
of Lemma 3.1 to the special case m,, = pny(A) given by (3.3). Observing (3.1) - (3.7) we have

Api(N)

p(n,l) =P(Sp=1) = —";

,1=0,...,n. (4.1)
For this distribution of the row sums we compute moments and cumulants in order to make the
resulting expansions as explicit as possible.

Lemma 4.1. IfA€0,1) and n > 2, then we have

1 1
E(S,) = n—2|— — X and B, =Var(S,) = nl—; : (4.2)




Proof. By means of Lemma 2.4 the characteristic function of the distribution given in

(4.1) can be written as

itS Poa(e") o (2rm)ix ntl
E(e"n) = == Y e Tn(t)"h, t € R,
n! e
where y
1—e¢t
Tpn(t):=———  meZ.
mt) =g ™

Then T, is an entire function for all m € Z with 7,,(0) = 0, if m # 0, and

YV

v 7
Tg>(o>zy+1, v € No.

Now by well known identities from probability theory we obtain

E(Sy) = 2L peitsn)

Coidt
t=0
_ 1 o 2rm—t)yiN{ _ - n+1 n
==Y e ( iINT ()" + (0 + 1) T (2) Tm(t))
¢ m=—00 t=0
_n+t I \
2

and further (observe that n > 2)

1 (d\? _, s
B, =Var(S,) = = <dt> E(e #(Sh E(S")))

t=0

? Sn+A—(n+
d 1t(Sn n+1)/2

t=0

2 0o
_ <jt> Z e2mimA e—z‘t(n+1)/2 Tm(t)n+1

m=—00

t=0

00 2
_ Z 2mimA —it(n+1)/2) (_ (”;L 1) T (1) 4

(4.3)

2 =i 0+ DT T 0 + (0 -+ DT (T2 + (n + 1>Tm<t>"Tf"L“))
_n+ 1 -
el

O

Lemma 4.2.  Suppose that A € [0,1),n,u € N, and By, is given by (4.2). Then we have



)\2M+1,TL = 07 n 2 2“ —+ 1 2 37
pn—1
n 6 (4.4)
A = — — B >2u>2
2u,mn (Bn> 1 2uy, N =2 alh 2 4,
where By, v € Ny, denote the Bernoulli numbers, e.g. [13], p.22, in particular Ag, = 1

/22/, p. 134.
’i’i)
qzu—l,n(-r) = 07 n > 2:“ +1> 37

NN A Syt " 7L Borrny  \™
wn@) =\, ) 7 2 e @8 Hp i (Gmie )

k2+2k4+...+uk‘2‘u:u r=1
(4.5)

n>2u+2 >4, where s = ky + kg + ... + koy, and Hy, being the Hermite polynomials
defined in (3.11).

Proof. i) We start from the definition of A, ,, given by (3.9) and use the characteristic function
for the distribution in (4.1) given by the representation (4.3). Observing (4.2) we get

> <€it(5n+A_(n+1)/2)> _ i e it(n+1)/2 Tm(t>n+1

m=—00
. . +1
0 it/2 it/2\ "
:§:€2ﬂ'im)\ 6/_6/
it — 2mim
m=—00

sin ntl : n
N < t(/t2/2)> bt Z 62mmk<t — ;ﬂm) "

m##0

sin ntl
:;( t%”) (L4 t" 1 h, (1)),

the functions h,, being holomorphic for |¢| < 2. Thus for n > v > 2 we get (observe (4.2))

- (v=2)/2 il < d >Vlog 5 <eit(5n+>\—(n+l)/2)>
BZ/2 o\ dt

t=0

n=2/2 p 41 < d >V sin(t/2)
= \at)

dt t/2

2 v
Bi* =0

AR AR N
~\B, v \at) 2\“"Ma T

Next using the expansion, see [13], p.35,

1 = 4K
cotanz — — = —1)H—— By 2 0< |2 <,
nz-— - Z( ) ( 2u? lz| <



we may proceed by

(v=2)/2 00

n 12 By _
Y = I AV el ~1)... _ 2p—v

Avn (Bn> = > (1) Cp=1)-QCu-v+1)t

|
pn=1 (2M) t=0
0 , nz2v=2u+12>3
= n ;Lfl 6
(B—n) S By, n2v=2u>2.

ii) Suppose that v =2y — 1 is odd and n > 2+ 1 > 3, then by (3.10) we have

1 ) 2p— 9 km
@u-1n(x) = NoT e v7/2 Z Hy149s(x H < mmj_ 273 > ;

]{:1+2k’2+...+(2p—1)k22#_1=2M—1 m=1

where s = ki + ky + ... + kgu—1. For every solution (ki,...,kg,—1) of the equation
ki+2ka+...+(2p—1)kou—1 = 2 —1 obviously there is an odd index mg € {1,...,2u—1}
such that kp,, > 0. Hence, by (4.4), we have \pg42,, = 0 and thus go,—1,,(x) vanishes
identically. Next suppose that v = 2u is even and n > 2u + 2. Again by (3.10) we get
(Szk‘l—i-k‘g—l-...—i-kgu)

1 —x2/2 < 1 m+2'rL Fom
Qpn(t) == 7= e > @ L1505 (G ey

k1 +2k2+...+2uk2u—2u

)\ ko
—22/2 2(r+1),n
o © 2 () (2 H kz < (2r +2)! > ’

kg+2k4+...+/.tk2u =u r=1

o %

where s = ko + k4 + ... + kg,. The last identity follows from (4.4) and an analogous
argument as in the odd case above. Finally, using (4.4) again, we conclude

I k H kar
1T Cagrny )™ H << ) 1 B2(r+1))
r=1 = n
(Ve T (Boean )
N (E) 0 7«1;[1 < r+1 >

and the representation for go, () follows.
O

Now we are prepared to state our main result by the following expansion for the Euler-
Frobenius numbers in the sense of a local central limit theorem.

Theorem 4.3.  Suppose that A € [0,1) and By, is given by (4.2). Then for every k > 3 the
FEuler-Frobenius numbers A, () satisfy

(k=272
VBu 4 = =y Z Tau() +o<n ! > (4.6)

n! BE

ﬁ
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as n — 0o, uniformly inl € Z with

(4.7)

x_<l+)\_n+1> 12

2 n+1

and

1 2 Lt 1 B kar

~ - —x?/2 R 1 o(r+1)

Q2M(«T) = e Z H2(u+s)(x) 6 | | ' < : > (48)
var ka+2ka+...+pkou=p oy kel \(2r +2)1(r + 1)

where s = kg + kg + ... + kg, and B, denote the Bernoulli numbers and H,, are the Hermite
polynomials defined in (3.11).

Proof. We may apply Lemma 3.1 to the distribution in (4.1), since, by (4.2), the condition (3.8)
is satisfied with ¢ = 1/12 and ng = 1. In particular we obtain (4.6) from Lemmata 4.1 and 4.2,
i). O

We exhibit the case k = 7 of (4.6) explicitly in
Corollary 4.4. If A€ [0,1) and x is given in (4.7) then we have

n+11 1 22 2t —622+3 28 — 152% + 4522 — 15
— = A\ = "7 (1- +
12 o o™ Vor 20(n + 1) 105(n + 1)2

8 — 2825 + 2102* — 42022 + 105 1
800(n + 1)2 nd/2 )’

as n — oo, uniformly inl € Z.

We mention that Theorem 4.3 gives a considerable extension of a result of Sirazdinov [31] who
proved an asymptotic form for A, ;(0) which essentially corresponds to the special case A = 0
and k = 4 of Theorem 4.3.

Finally we conclude this section by the statement that the Euler-Frobenius numbers are
asymptotically normal, thereby supplementing the known case A = 0 (see [1], [4]). Since a proof
uses a routine argument on the basis of Lyapunov’s theorem [29], p.23, and Lemma 4.1 we omit
a detailed explanation.

Theorem 4.5. If A €[0,1), then for all x € R we have

xT

liml' > An,,(A):\/;TT / e /244

I< n1§1$+n;1—A —00

11



5 Rounding errors

This final section is devoted to the analysis of a sequence of numbers which is closely related to
the Euler-Frobenius numbers with parameters A = 0, % To begin with we consider the following

problem for rounding probabilities. Suppose that ai,...,a, are positive numbers with sum
being an integer. For the numbers a1, ..., a, generated by standard rounding according to
- 1
. [a;] if a; < [a;] + 35
’ laj] +1 if a; > [a5] + 3,

n n
j=1,...,n, let R, be the probability that )  a; = > a;. It is known by comparing volumes
j=1 j=1
of simplices [17], p.185, that

R, — n_ﬂz <><—g)"1,nz1. (5.1)

In the sequel we study monotonicity properties and asymptotics for the sequence (R,). First
we identify these numbers with Euler-Frobenius numbers and we derive an integral representa-
tion in
Lemma 5.1. We have

) 1 1 1
i) Roji1 = 2n A2kk( ) Ry, = k=1 A1k (0), k€N,

2 T [sint\"
i) Rn=/<smt> dt , neN.
™ t
0

Proof. The first part immediately follows from (5.1) and Lemma 2.2, iii). For ii) we use the
well-known relationship between the probabilities of a lattice distribution and its characteristic
function, e.g. [24], Theorem 6, p.12. Using (4.1) and (4.3) this gives

n! 277/ Z (27rm t)zA ()n—‘rle—iltdt

m=—0oQ

1—e i ,
(2rm—t)i —ilt dt 5.9
277 Z / (2mm—zt> ‘ ’ (52)

m=—00__

for 0 <1 < n. Obviously, by (5.1), the representation for R; is correct. Next let n = 2k be even,

12



then from i) and (5.2) we conclude

Lt NP
Z / (2 e ) e
7T’L
o2 X —(2m—-1)w

2y / <sin<rrm;<£/2)>>2’“ ”

M==%_(2m+1)n

. 2k . 2k
:1/<smt) dt:2/<smt) i
s t m t
0

The reasoning for odd n = 2k + 1,k € N, is very similar. O
Now two main properties of the numbers R,, are contained in

Theorem 5.2.
i)  The sequence (Ry,) is decreasing.

it1)  The sequence (Ry,) satisfies the complete asymptotic expansion

Ry ~ \/7 Z 2u (5.3)

as n — 0o, where

2,u + 2s)! Bar2 kar
Qo = > (=6)F H < : . (5.4)
Ko+ 2ka-t+. +piko=p (p+s)! -2 k?2 2r + 2)1(2r + 2)

n €N, ks +ky+...+koy =5, B, being the Bernoulli numbers, and in particular

6 3
o) (1 2 .
Fn 7I"I’L< 20n>,n%oo

In contrast to the central limit type asymptotics considered in sections 3 and 4 here (5.3) gives
a complete asymptotic expansion in the usual sense of Poincaré [23]. Actually the decreasing
property of Ry, is proved in [2] for more general integrals of sinc type using an intricate analysis.
Here for completeness for the special case given by Lemma 5.1, ii) we give a simple proof using a
probabilistic argument. Also various asymptotics and numerical computations for R,, are known,
e.g. [14], p471, [21], [23], pp.94, 95. However, we state Theorem 5.2, ii), since all coefficients
of the expansion (5.3) can be given explicitly by the expressions in (5.4). They result from
Theorem 4.3 as a by-product.

13



Proof. i) We use the representation of R,, in Lemma 5.1, ii). Obviously we have R} = Ry = 1.

i)

Starting with the density p; := %X[—l,l] of the uniform distribution of the interval [—1,1]
and its characteristic function

we consider the n-fold convolution

Pn i=DP1L*...xDy
possessing the characteristic function

sint

By Fourier inversion we obtain

17 "

, sint

T) = — e i [ dt , n>2, xR,
—0o0

which, by Lemma 5.1, ii), implies that R,, = 2p,(0),n > 2. Since the convolution of two

symmetric densities each with a mode at 0 again is symmetric with mode at 0, see [6], p.

13, it follows that

o0

Ryt = 2pn+1<0) =2 / pn(o - $)P1($)d$ < 2pn(0) =Rp, n2>2,
and part i) is proved.
In view of Lemma 5.1, i) and Theorem 4.3 (note that z = 0 in both cases of

Lemma 5.1, i) ) immediately we get

6 V21 121 Gy, (0
Ry (1430 V212 2(0)
™ st nt

as n — oo. Putting g, := v2m 12" G,(0), 1 € N, and observing that

(2m)!
ml2m ’

see [24], p. 137, finally from (4.8) we obtain the expansion (5.3) with (5.4).

Hom (0) = (—1)™ m € Ny,

O]
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