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Abstract Associated pairs as defined by Ito [15] are pairs of binary sequence of length 2¢
satisfying certain autocorrelation properties that may be used to construct Hadamard matri-
ces of order 4t. More recently, Balonin and Pokovi¢ [2] use the term negaperiodic Golay
pairs. We define extended negaperiodic Golay pairs and prove a one-to-one correspondence
with central relative (4¢, 2, 4t, 2t)-difference sets in dicyclic groups of order 8¢. We present
a new approach for computing negaperiodic Golay pairs up to equivalence, and determine
conditions where equivalent pairs correspond to equivalent Hadamard matrices. We com-
plete an enumeration of negaperiodic Golay pairs of length 2¢ for 1 < ¢ < 10, and sort them

into equivalence classes. Some structural properties of negaperiodic Golay pairs are derived.
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1 Introduction

A Hadamard matrix is an n x n matrix H with entries in {1} such that HH ' = I,, and
is conjectured to exist for all n divisible by 4. Two n x n {£1}-matrices H; ~ Hy are
equivalent if there exists P, Q € Mon(n, {£1}) such that PHQ" = H. A {+1}-matrix H
is cocyclic over a group G if H =~ [1p(g, h)]g neq Where ¢ : G x G — {£1} is a 2-cocycle,
i.e., satisfies ©(g, h)(gh, k) = (g, hk)w(h, k) for all g, h, k € G. The notion of cocyclic
development is much broader in general; see [7, 14]. It is also conjectured that there exists a
cocyclic Hadamard matrix of order 4m for all m > 1. Cocyclic development has proven to
be a useful tool in the construction of Hadamard matrices and other pairwise combinatorial
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designs; see [11, 16] for examples. The relationship between 2-cocycles of Hadamard matri-
ces and relative difference sets is well known In [12] it is shown that a cocyclic Hadamard
matrix of order 4¢ exists if there is a central relative (4¢, 2, 4, 2t)-difference set (CRDS) in
a group of order 8¢ (see also [8, Theorem 2.4]). It is this relationship that strongly motivates
this paper. Dicyclic groups of order 8¢, denoted QQs; in this paper, have shown to be a rich
source for CRDSs. Schmidt [17] proves the existence of a CRDS in Qg for 1 < ¢ < 46.
This result derives from known orders of Golay pairs and Williamson matrices and a list of
computed CRDSs in Qg forall 1 <¢ < 111in [12].

The aperiodic autocorrelation function of {£1}-sequence a of length v and shift & is

defined to be
v—k—1

AFg(a) = Z ;@i g
i=0
A Golay pair [13] is a pair of sequences (a, b) of length v such that AFy (a) + AF(b) =0
forall 1 < k < v — 1. We denote the set of all Golay pairs of length v by GP,. In [2]
the authors define the negaperiodic autocorrelation function of sequence a and shift & to be
NAF},(a) = a - aN* where N is the negashift matrix given by

01000
001 00
000 00
N = ey
000 01
-1 00 00 |

This leads to the concept of a negaperiodic Golay pair (NGP). These are pairs of {£1}
sequences (a, b) of even length v such that

NAFy(a) + NAF,(b) =0 forall 1<k <wv—1. 2)

Any Golay pair is also a NGP. We let NGP,, denote the set of NGPs of length v. A NGPa;
can be used to directly construct a Hadamard matrix of order 4¢. NGPs are precisely what
Ito refers to as associated pairs in [15]. Therein associated pairs of order 2¢ are listed for all
1 <t < 45. Due to this, if (a,b) is a NGP, we say b is an associate of a and vice versa. The
existence of a NGP2y is precisely the condition given in [12, Section 6] for the existence of
a certain cocyclic Hadamard matrix over D4 = (z,y : 22t =y? = 1,yz = afly), the
dihedral group of order 4¢. In this case the matrix is cocyclic over an element in the cocycle

class [1)] where the representative 2-cocycle 1) is given by

o 1 i+ 7 <2t
(', aly*) =

~1 i+j > 2t

(—1)* i>j,

L |k
Yy, 2’y") =
(DMt i<y,
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for0 <i,j<2tand 0 < k < 1.

NGPs correspond exactly to objects that were referred to as suitable pairs in the authors
PhD thesis [10]. In this paper we will use the term extended negaperiodic Golay pair in light
of the appearance of [2].

This paper is outlined as follows. Section 2 contains the relevant background and neces-
sary definitions for the remainder of the paper. We introduce the extended NGPs and outline
a one-to-one correspondence between the set of NGPs of length 2¢, extended NGPs, and
CRDSs in Qg¢. We discuss equivalence operations on NGPs in Section 3, and construct ma-
trix groups that act on {£1}-vectors such that the orbits correspond to equivalence classes,
preserving the property of being a NGP. We also prove that in most but not all cases, if
two NGPs are equivalent then so are the corresponding Hadamard matrices. In Section 4 we
outline some properties of a NGP2;. We present some computational results in Section 5;
in particular we use MAGMA [3] programs to enumerate NGPy; for 1 < ¢ < 10, and sort

them into equivalence classes.

2 Preliminaries

Throughout this paper Qg; = (z,y | 2 = 1,y? = 22, 2¥ = 27 1) is the dicyclic group of
order 8t; so Qg; has element set {xiyj |0<i<4t—1,0<j <1}, and central subgroup
Z = {1,z°'}. I, will denote the identity matrix of order n, and we write I when the order
is clear from context. Let N be the negashift matrix as defined by (1). Binary sequences
are {+1}-seqeunces and we write — for —1 in sequences for clarity. Sequences are indexed
beginning at 0, and indices should be read modulo the length of the sequence.

2.1 Central relative difference sets

Let E be a group of order vm with a normal subgroup Z of order m. Suppose that R is a
k-subset of F, such that the multiset of quotients 7175 L r; € R, r1 # ro, contains each ele-
ment of £\ Z exactly X times, and contains no element of Z. Then R is called a (v, m, k, A)-
relative difference set in E with forbidden subgroup Z. If Z is a central subgroup of E then
we call R a central relative difference set.

For certain parameters, the existence of relative difference sets is equivalent to the ex-
istence of cocyclic pairwise combinatorial designs such as Hadamard matrices; see [8] and

[7, Chapters 10, 15]. The following motivates this paper.

Theorem 1 There is a cocyclic Hadamard matrix over a group G of order 4t if and only if
there is a (4t, 2, 4t, 2t)-central relative difference set in an extension E of (—1) by G.

The group E in Theorem 1 is an extension group of the cocyclic Hadamard matrix, also
called a Hadamard group. For the remainder of this paper the default parameters for a CRDS
in Qg are (4t, 2, 4¢, 2t).
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Let a be a {£1} sequence of length n. As in [1], we define the periodic autocorrelation
of a {1}-sequence a of period (or length) n with shift & to be

n—1

C’k(a) = Z TiTiJrk

i=0
where subscripts are taken modulo n. We note the following.

Lemma 2 Let a be a sequence of length 2t and let a o o' be the concatenation of a and —a.
Then Cy(a') = 2NAF(a) for all k.

Proof This is a routine calculation. O
Adhering to Lemma 2, if (a,b) € NGPy, then o’ and b’ satisfy
Cr(a’) + Cy(0) =0 3)
forall 1 < k < 4t — 1, k # 2t. We will refer to (a’, b’) as an extended NGP.

Theorem 3 (a/, V) is an extended NGP if and only if R = {z' | a} = 1} U {z'y | b} = 1}
is a CRDS in Qst.

Proof Use the relations of Qg and equation (3) to prove in both directions. O

2.2 Constructions

Constructions of CRDSs in (s are described in [17]. We outline here some constructions of
NGPs. Let (a,b) € NGPy;. It is readily checked that ¢ = [ao, bo, a1, b1, ..., a2t—1,b2t—1]
and d = [ao, —bo,a1,—b1,...,a2t—1,—bat—1] satisfy (2) forall 1 < k < 4t — 1, i.e.,
(c, d) c NGP4t.

Theorem 4 [f NGP2; # ¢, then NGPamy # ¢ for allm > 1.

Remark 5 Given (¢,d) € NGPg, such that ¢; = (—1)d; for all 4, then (a,b) € NGP,

where a = [C2i}0§i§u71 and b = [02i+1]0§i§v71-

Turyn [18] proved that Golay pairs exist at all lengths | = 2210°26° where a, b, ¢
are non-negative integers; they are not currently known to exist at other lengths. Golay
sequences have been used to construct Hadamard matrices and other pairwise combinatorial
designs; see, e.g., [4-6]. In [9, Section 4] two methods of constructing periodic Golay pairs
of length vg from a periodic Golay pair of length v = 2t and Golay pair of length g are
outlined. These constructions also apply to NGPs, by replacing the periodic Golay pair with
a NGP. We outline one method here [9, cf. Proposition 4.1].
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Proposition 6 Suppose that (a,b) € GPg4 and (c,d) € NGPay. For indeterminates u and
v, let X be the sequence of length 2t given by

u, ifc; =d; =1,

—u, ife=dj=—1,

v, ife; =1, dy =—1,
—v, ifeg=-1,d;=1

Then let Y be obtained from X by reversing X and simultaneously replacing u with v
and v with —u. Finally, if (e, f) is obtained from X and Y by letting v = a and v = b,
(6, f) S NGPth.

The second construction is Turyn’s multiplication of Golay pairs [18] where one Golay
pair is replaced by a NGPo;.

In [2, Sections 5-7] two Paley type constructions are described. In the first case Paley
conference matrices of order g + 1 are used to construct a NGP,41 for any odd prime
power g. In the second case via similar means, a NGP(, 1)/, is constructed for every odd
prime power ¢ = 3 mod 4. Pairs constructed with these methods belong to the first and
second Paley series’ respectively, and examples for all relevant values of ¢ are listed in the
appendices of [2] up to length 2¢ = 122 for the first series, and 2¢t = 64 in the second.

3 Equivalence of negaperiodic Golay pairs and Hadamard matrices

In [2] the authors list five elementary equivalence operations on pairs NGPs. As we will
refer to these operations often, we introduce shorthand notation in the form of a function
acting on pairs of sequences for each operation. The equivalence operations on a pair (a, b)

are as follows:
(i) Reverse a or b; denote by m(li) or wéi).
(ii) (Shifting) Replace a or b with aN® or bN® respectively, for some s; denote by 7T((LUS) or
(ii)
7Tb7s ’ e
(iii) Switch a and b; denote by 7).
(iv) For k coprime to 2¢, replace both a and b with (2;a; ?igl and (zzbkl)figl ;‘espectively,
1v

where z; = 1if (ki mod 4t) < 2¢ and z; = —1 otherwise; denote by w,(c
(v) Negate every odd index entry in both a and b; denote by 7(*).

For example, if (c, d) is the result of applying operation (i) to a followed by operation

(ii) to b with s = 3, we write (¢,d) = Wéig ) (a,b). Letting B denote the set of all

binary sequences of length 2¢, we denote by G the group acting on B x B generated by
these functions. Pairs of binary sequences in the same orbit of G are equivalent. Note that
) = wlgi) . 7T15ﬂ2)h1 . Tr((li;)t_l . TI'StV_)l, and is not required to generate G. Thus |G| =

128t%(2t) where ¢ is the Euler-phi function.
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3.1 Matrix groups

In this section we construct a matrix representation M < Mon(4t, (—1)) of G which acts
on {£1}-vectors of length 4¢, i.e., concatenated pairs of sequences of length 2¢. Denote the
vector of a concatenated pair of sequences (a, b) by a o b. Matrices act on the right of row
vectors, and the orbits correspond to equivalence classes of B x B, where either all pairs are
in NGP2;, or none are.

Let 6% = 1if x = y and O otherwise, and let f(n) be the remainder after division
of n by 2t. We define K ;) = [5;+f((j—1)k)(71)zj_1]1§i7j§2t where k is coprime to 2t,
and z is the sequence defined in equivalence operation (iv). Let T' = [53 (—1)i_1]1§,;7j§2t,
and let R = [61-2”’17]‘} 1<i,j<2t- If (¢, d) is the result of applying an elementary equivalence
operation to (a, b) then we get cod by multiplying aob on the right by the following matrices:

) = orwéi): {g 0 } or [I 0 ]

I 0 R
)
o[ |
- vy, [ K 0
) = [ o K (k) ]

0

(v) =™ {g T }

Let M be the matrix group generated by these matrices. The orbits under M correspond
to equivalence classes in B x B, which are then tested for satisfying (2). Computational
results are listed in Section 5. We may also test equivalence of known NGPs.

Example 7 In [2] the authors question whether NGPs in the first and second Paley series
can be equivalent, when they exist at the same length. Referring to the Paley series NGPs
listed in the appendices of [2], we test the relevant NGPs for equivalence. We find that all
pairs in NGPg are equivalent, and thus the question is answered positively in this instance.
The pairs listed belonging to each series in NGP1o, NGP14, NGP3g and NGP43 are

inequivalent.

3.2 Equivalent Hadamard matrices

A pair (a,b) € NGP2; can be used to construct a Hadamard matrix as follows. Let A and B

be the nega-circulant matrices with first row a and b respectively. That is, row A; 1 = A;N
A

—-BT AT

prove that, if we exclude the equivalence operation of reversing one but not both sequences,

and B;;1 = B;N. Then the matrix H = { } is Hadamard. In this section we

two Hadamard matrices corresponding to equivalent NGPs are also Hadamard equivalent.
A B B
-BT AT

— A B
} and H = { 5T A7 ] corresponding to

That is, for two matrices H = 5
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pairs (a, b) and (@, b) that are equivalent under operations (ii) - (v), we find signed permuta-
tion matrices (P, Q) such that PH QT = H. They correspond to the equivalence operations
as follows.

-2 e@=(% 7] [0 v ])
- (re) = ( :
(

- = (p,Q) =

Note that 7 - ﬂ}()i) = 7. wf()f;)t_l . w((liyiztfl . wéit‘fl. Thus the Hadamard matrix
obtained from (a, b) is equivalent to the one obtained from réi) D) (a,b). However it is
not necessarily the case that reversing exactly one sequence yields an equivalent Hadamard
matrix. As an example, leta = [1,1,—,1,1,1,1,1Jandb = [1,1,—,1,—,1, 1, 1]. The order
16 Hadamard matrices constructed from the pairs (a, b) and wlgi) (a,b) are not equivalent. It
is also possible that inequivalent pairs yield equivalent Hadamard matrices. The smallest

length such that inequivalent pairs in NGP2; exist is 10. The inequivalent pairs
([1, 17 ) 17 Ty Ty Ty Ty 17 1}7 [17 ) 17 Ty Ty Ty 17 R _D

and
([1, ) 17 ) 17 17 Ty Ty T _]7 [_, 17 17 1, Ty Ty T 17 ) _D

yield equivalent Hadamard matrices.

4 Structure of negaperiodic Golay pairs

In general a very small proportion of sequences are suitable candidates for NGPs. In order to
reduce computing time, we want to limit search spaces by studying properties of NGPs. Ito
[15] derives several necessary conditions regarding runs (blocks) in the pair of sequences.
A run in a sequence a is a subsequence of a where all elements have the same value. Binary
sequences can be completely described by their run structure. For example, the sequence
[1,1,—,—,—,1] may be written [2,3, 1] with the understanding that the first entry in the
sequence is 1. Since it is always possible to replace a sequence a of length v with a = aN*
for some s such that ap = a,—1 = 1, we will usually assume that sequences begin and end
with a 1, and thus have an odd number of runs. The following are samples of results derived
from [15, cf. Propositions 4,5,6].

Lemma 8 The number of runs in the sequences of (a,b) € NGPqoy must sum to 2t.
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Proof Deny; then NAF (a) + NAF(b) #0. O
Lemma 9 The number of runs in either sequence a or b is bounded below by L#j

Proof Suppose there are m runs in a. By Lemma 8 there are 2¢ — m runs in b. This implies
that NAF3(a) > 2t — 4m and NAF3(b) > 2t — 4m and thus NAF3(a) + NAF,(b) >
4t — 8m. Therefore 8m > 4t, proving the result. 0O

The following derives from [10, Lemma 8.3.19].

Lemma 10 Let (a,b) € NGPyy, t > 1, where each sequence begins and ends with 1. There

are exactly t runs of length 1 in the sequences.

Proof Suppose that there are u runs of length 1. Let v be the number of runs of length greater
than 2 in the sequences combined and let /; be the length of each of these for 1 < i < w.
By Lemma 8 the average length of a run in the sequences a and b combined is 2, and thus
>-7_, (1;—2) = u. This implies that u terms of NAF3(a) +NAF2(b) are products of entries
within the same runs and must equal 1. If a run of length 1 in a or b in position j ¢ {0, 2¢t—1},
then a;_; = aj4q orbj_y = bjyq, and if j € {0,2¢t — 1}, then a;_; = —a;4q or
bj—1 = —bj11. This implies that a further u terms of NAF2(a) + NAF2(b) are 1. All other
terms are —1, and hence w =¢. O

Corollary 11 The maximum length of a runin a orbisl =t + 2.

Several similar restrictions are proven in [15]. In our computations outlined in the next
section, we find that for ¢ < 10 there exists at least one equivalence class not of maximal
order. The construction outlined prior to Theorem 4 ensures the existence of (a,b) € NGP4;
such that 7(V) . (D) (a,b) = (a,b). However, by Remark 5, no such pair exists in NGPy;
for odd ¢. We also have the following.

Proposition 12 If (a,b) € NGPoy then a # aN® for 1 < s <2t — 1.

Proof Suppose a = aN®. Then NAF(a) = 2t and thus NAF,(b) = —2¢. But this would
imply that NAF35(a) = NAF9,(b) = 2¢, contradicting (2) for all s # ¢ in the range stated.

If s = t then ag = a+ = —ag, also a contradiction. O

For odd ¢, we find that equivalence classes not of maximal size are most often a conse-
quence of a pair being fixed by operations that include reversing a sequence. It is pertinent
therefore to consider sequences with symmetric properties. Let a be a sequence of length
2t. Then a is symmetric if a; = ag_1_; forall 0 < i < t — 1; a is skew-symmetric if
a; = —agt—1—; forall 0 < ¢ < ¢t — 1; and a is quasi-symmetric if a; = aq¢—; for all
1 <i<t—1.Let (a,b) € NGPg. If a is symmetric then (a,b) = e (a,b), and if a is
skew symmetric then (a,b) = w((l“t) O 71'((1112 (a,b). If a NGP belongs to the second Pa-
ley series, then one sequence is skew-symmetric, and its associate is quasi-symmetric. We

consider the possible values NAF}, (a) can take if a has a type of symmetry.



On equivalence of negaperiodic Golay pairs 9

Lemma 13 Let a be a symmetric, skew-symmetric or quasi-symmetric sequence of length
2t. Then

0 mod 4, iftand k are either both odd or both even,
I\IAF]C (a) =

2 mod 4, otherwise.

Proof Let a be symmetric. If k is even, ¢ terms appear twice in the sum a - aN*, whereas
if k is odd, two terms cancel each other out and ¢ — 1 other terms appear twice. The result
follows. If a is skew-symmetric then aN*? is symmetric, and NAF,(a) = NAF (aN?) for

all k, so we get the same result. The proof for quasi-symmetric sequences is similar. O

Lemma 13 implies that if a is a symmetric or quasi-symmetric sequence then its asso-
ciate b also has the property of Lemma 13, and thus another symmetric or quasi-symmetric
sequence is likely. This will not necessarily be the case as the pairs in NGPoy, fort € {7,9}
listed in Table 1 with one symmetric sequence indicate.

=71 [3,21.2,123] [2,1,1,1,1,1,7]
t=9 | [1,1,1,2,8,2,1,1,1] | [3,2,4,1,1,2,2,1,2]

Table 1: NGP2; with one symmetric sequence

5 Computational results

Equivalence classes of NGPs can be of any order dividing 128t?((2t). Table 2 gives the
number n(t) of pairs in NGPg¢, and the number d(¢) gives the number of equivalence
classes in each case.

t 1 ]2 3 4 5 6 7 8 9 10
n(t) | 16 | 128 | 576 | 4096 | 11200 | 59904 | 90944 | 557056 | 1041984 | 4172800
dity |1 |1 1 1 3 8 5 13 20 59

Table 2: Equivalence classes of negaperiodic Golay pairs

The size of these equivalence classes in the d(t) row of Table 2 are listed below.

— t = 1: 1 class of size 16.
— t = 2: 1 class of size 128.
— t = 3: 1 class of size 576.
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t = 4: 1 class of size 4096.

t = 5: 1 class of size 6400; 1 class of size 3200; 1 class of size 1600.

— t = 6: 5 classes of size 9216; 3 classes of size 4608.

— t = T: 1 class of size 37632; 2 classes of size 18816; 1 class of size 9408; 1 class of
size 6272.

— t = 8: 4 classes of size 65536; 9 classes of size 32768.

— t = 9: 14 classes of size 62208; 5 classes of size 31104; 1 class of size 15552.

— t = 10: 26 classes of size 102400; 27 classes of size 51200; 4 classes of size 25600; 2

classes of size 12800.

The second Paley series accounts for at least one class not of maximal size found for
t € {1,2,3,5,6,7,8}. Theorem 4 accounts for at least one class not of maximal size for
all even ¢. The time required for complete classifications of NGP2; increases exponentially
with ¢, but testing equivalence is a very quick process. All computations were carried out in
MAGMA [3].
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