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Abstract

For constants y € (0, 1) and A € (1, 00), we prove existence and uniqueness of a solution to the singular
and path-dependent Riccati-type ODE

y+((A=p)explf, L dg)—A)h(y)
1—-y ’

() =L (y = h()) +h(y) ye @),

)=y, h(l)=1.

As an application, we use the ODE solution to prove existence of a Radner equilibrium with homogeneous
power-utility investors in the limited participation model from Basak and Cuoco (1998).
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1. Introduction

There is an extensive literature on nonlinear second-order differential equations of the type

(eMG@HW') + 9 F(y, w,w)=0, ye(©1). (1.1)

When G and F(y, w,-) depend only on |w’| and ¢(y) = y"~! with y := |x|, equation (1.1)
becomes the radial version of the differential equation

div (G(|Dw|)Dw) + F(Jx|, w, |Dw|) =0, (1.2)

see, for example, [16], [18], and [19]. In this case, solutions to (1.1), or related differential in-
equalities, are often used to prove comparison and maximum principles for the corresponding
differential equation (see [19]). Important examples are G(§) =1 and G(§) = IEIP2, p>1,
which yield the Laplace equation

Au+ F(|x|,u, |Dul) =0, (1.3)
and the p-Laplace equation
div(|Du|”~2Du) + F(|x|,u, |Du|) =0, 14
respectively. In (1.3) and (1.4), we use u(x) := w(|x|) and y := |x]|.
The differential equation (1.1) also arises in the study of singular self-similar solutions to the

porous media equation with absorption

ou
— = AW™) —u”,
o7 W) —u

where one looks for solutions of the type
uCe, 1) =1t~ w("x|),
see, for example, [3], [11], and [14].
In this paper, we are interested in a special form of (1.1), which arises from a system of
coupled stochastic control problems in financial economics (discussed below and detailed in

Section 3). For y € (0, 1) and A € (1, o0), we consider the second order nonlinear differential
equation

(W) =y +)y" (1 =7 —o()((1 = y)e” — A)w')> =0, (15)
for y € (0, 1), where
() =y"T"A =7, ye©1.
To highlight the singularities at y = 0 and y = 1, we write the differential equation (1.5) as
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_vd+y) d+y)@Qy—-1

=TS0y y(a—y)

w () + (1= e’ —A)w' (M2 (1.6

For our application in Section 3 below, we are interested in a singular solution w € (32([0, 1)),
which satisfies the boundary condition

lim(1 — y)w'(y) = 1. (1.7)
ytl

We will see that a necessary and sufficient condition for the local existence of a smooth solution
for y near O is that the boundary condition

w0 =y (1.8)

holds. The main challenge of the paper is to determine the range of initial values
w(0) = wy (1.9)

for which equation (1.6) admits a global solution w(y) for y € (0, 1) and construct a unique
solution that satisfies (1.7). Following [3] and [14], we use a shooting argument. To be precise,
we show that for all

O0<wyp<A-—y,

the differential equation (1.6) has a unique solution satisfying the boundary conditions (1.8),
(1.9), and

. / _ Z
ly}%rll(l —yw(y) = 7€ O, 1).

Then, we show that for all wy sufficiently large, the solutions to the Cauchy problem (1.6), (1.8),
and (1.9) explode for y < 1. Finally, we show that the initial value wg for which (1.7) holds is
given by the supremum of the set of initial values wg > 0 for which there is a smooth solution to
(1.6), (1.8), and (1.9) satisfying

lim(1 — y)w'(y) < y.
1

The main challenges with respect to previous work are that: (i) the ODE (1.6) is singular at
both y =0and y = 1, (ii) the ODE (1.6) is not variational, so standard techniques (see, e.g., [15])
cannot be applied, (iii) the ODE (1.6) is of Riccati type due to the presence of the term (w’ )2,
(iv) there is exponential growth in w, and (v) we are looking for singular solutions (see, e.g., [8]
and [16]).

To state our main result, we rewrite (1.6) in terms of

h(y):=(1—yw'(y), ye(©,1).

Then, the ODE (1.6) becomes
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+((A—p)exp( [, T dg)—A)h(y)

l_y ’ ye(()? 1)3 (1.10)

W () =22 (y = h(y) +h(n)*
hO)=y, h(l)=1.

Our main mathematical result is:

Theorem 1.1. For y € (0, 1) and A € (1, 00), there exists a unique solution h € C'([0,1]) of
(1.10) satisfying y <h < 1.

Our motivation for studying (1.10) comes from the limited stock-market participation model
in [2]. We use Theorem 1.1 to prove the existence of a Radner equilibrium when both investors
have identical power utility functions with common relative risk-aversion coefficient y € (0, 1)
and common time-preference parameter 8 > 0. Our analysis is significantly more involved than
the log-log-utility model originally developed in [2]. Because of the log-utility assumption placed
on the restricted investor, the model in [2] is explicitly solvable and no ODE is needed.

There are several existing model extensions of [2]. [10] proves existence of equilibrium bub-
bles (i.e., models where the equilibrium stock-price process is a strict local martingale) and shows
that equilibrium uniqueness can fail in models with multiple stocks. In another extension, [17]
proves the existence of an equilibrium when the unrestricted investor has a power-utility func-
tion. The existence proofs in [2], [10], and [17] all rely crucially on the restricted investor having
a logarithmic utility function. This is because the optimal policy for an investor with a logarith-
mic utility function is available in closed form. [21] uses coupled BSDEs to prove equilibrium
existence for investors with heterogeneous exponential utilities. Finally, our existence proof also
puts some of the experimental numerics for homogeneous investors reported for power-power
utilities in [4] on a solid mathematical foundation.

We use the mathematical setting from [2], which falls under the theory of incomplete Radner
equilibria. Incompleteness stems from the restricted investor’s inability to hold stocks. Utilities
defined on the positive real line — such as log and power — restrict consumption processes to
be nonnegative, which complicates the underlying mathematical structure. In continuous-time
settings with noise generated by Brownian motions, incomplete Radner equilibria are originally
discussed in [6] but no general existence result is available.'

2. ODE existence
2.1. Auxiliary ODE results
Lemma 2.1. Let y € (0, 1). Then, we have:
1. The function
g =y A=y yelo 1], @D
satisfies

¢y _1+y v
o) y I—y

., ye(O,1). (2.2)

I The counterpart of complete equilibrium models is fully developed; see, e.g., Chapter 4 in [13] and [1].
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2. The function

1
¢@r:———/flbr ve®o ),
wy)o t

can be extended to ¢ € C'([0, 1)) with

1
pO)=——. ¢0)= 4

=" (2.3)
1+y T+y2+y)

Proof. 1: Follows by computing derivatives.

2: By Taylor’s formula centered at O, we have

20 — (1 —1)Y

=17 —yt"T 4o,

(1,1y)y =1 +y)/ +0(y)~
Therefore,

y y
1
qb(y):ﬁ/ <f>dt_+wlijy”‘”/(ﬂ —yt" o)1
0 0

1
(1+yy+0(y))(m Y- ¥ +0(H7))
yl+y

1 1 1
=5 v (5 — 2i7) y How).

This shows that ¢ (y) can be extended continuously to y = 0 with the boundary values in (2.3).
For y > 0, by (2.2), the previous calculation, and Taylor’s formula, we have

W@)y¢md L o)
—dt
so(y)zo t o(y) ¥

¢ (y)=—

(e
== (B vy =y +om) (5 +7(ry — o)y +om) +1

= amary Tl
=¢'(0) + o(1).

Hence, ¢’s extension is in cl(o, 1)). O
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Theorem 2.2. Let a : [0, 1] = R be a continuous function, y € (0, 1), and define

1 2 Dy —(1
a«y):@, ar(y) = HE )yy A9 e 2.4)

Then, the singular Riccati ODE

FM=am+ 320+ 8607 y>0, (2.5)

with the boundary condition f(0) =y, has a strictly positive local solution in C'([0, 8]) in the
sense that there exist § € (0, %] and a function f : [0, 8] — (0, 00) with f € C'([0, 8]) satisfying
2.5) for y € (0, ).

Proof. Step 1/6: We eliminate the linear term in (2.5) by multiplying both sides of (2.5) by ¢
from Lemma 2.1 to see

(e F) =ao(Me() + %w(y)f(y)z, y>0.

Integrating both sides and using ¢(0) =0 and f(0) = y, yields

y

e f() = / <P(t)<ao(t)+ ()f(t)> y>0.

0

Hence, if a local solution f of (2.5) exists, it satisfies the integral equation

FO) = ()/¢<r)(ao(t>+ f(t)) v 0.

The next steps construct a fixed point for this integral equation for y € [0, §] for some § € (0, %].

Step 2/6: For 0 < § < % to be chosen later and an arbitrary R > 0, we consider the closed convex
set

X:={feCd0,8D): IIf —ylloo =R} (2.6)

where || floo :=maxyepo,51 | f(y)|. For f € X and 0 < y <4, we define T by

y
T(H)G) = / o(0) (a0() + 49 £ 0?) dr. @7
We claim that limy o T (f)(y) exists and
imT(f)() =. 28)
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To see (2.8), we use L'Hospital’s rule, (2.2), and (2.7) to get
. () a(y)
1
yli%qﬁ’(y)[ R f()}

, y<1+y>+y“<”f<y)2
=lim
0 1+y—y17y

=y.
We extend T continuously to y = 0 by defining 7'(f)(0) := y so that T : X — C([O0, §]).
Step 3/6: We claim that if § > 0 is sufficiently small, then
T(X)CcAX. (2.9)
Consider the continuous function
U0 =9222 yel0.}], zely—R.y+Rl 2.10)
Because 1 is continuous, there exists a constant M > 0 such that
WDl <M, V(,2€l0,3]x[y—R,y+RI (2.11)

The constant M depends on the function a(y) and R but M does not depend on §.
Provided § € (0, %) satisfies

R2+vy)
Y

for f € X and y € [0, §], we have the following estimate

Y

L‘/. ([)
YA

0

- fym;w(t F0)| di
_w(y)o ¢ ’

y

M

< 17/#?(1 — 1) dt (2.12)
yHY(a —yy )

y
Y
< M2 /t1+V dt
0

at) f(t)z‘ d
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=

N|>g

On the other hand, L’Hospital’s rule, (2.1), and (2.4) give

y
1
1}33@0/¢(t)ao(t)dt—y

Hence, there exists 6, > 0 such that
y

Yy € (0,8) : L/go(r)ao(t)dr —yl< 5. (2.13)
o(y) J 2

Taking § < min{d1, 2, %}, it follows from the estimates (2.12) and (2.13) that

IT(H(y)—yI=R, Vyel0,8], VfedX.
Therefore, the inclusion (2.9) holds.

Step 4/6: This step proves that the operator 7 from step 2 is equi-continuous (even better, 7' turns
out to be an equi-Lipschitz operator). For 0 < y; < y» <4 and f € &, the formula for ap(y) in
(2.4), (2.7), and (2.10) give

IT(f)(y2) =T(HOI

2 Y1
1 o(t) 1 /cp(t)
1 — | —2dr — 2~
=4y <P(y2)0/ . o) / .

1

+ : ]2 OV (t, f())dt : OY(r, f@))dt
o0 | “OVE POV

<p(y1)

N (2.14)
L T /go(z)
1 — | —=d
={+vy <P(y2)0/ PR TEN

Y2 Y1
1
d - : d
<p( ) eIy (1, f(D)] H_‘(p(yz) ) O/w(t)llﬂ(f f@)ldt
::1+11+111.

We estimate each of the three terms separately. Lemma 2.1 ensures ¢ € C'([0, §]), and so, the
Mean-Value Theorem gives

I<(4+y)y2— D¢ o

8
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The bound in (2.11) and yp <§ < % give

y2
1

11 §M7/t]+y(1 —0)dt
y» A=y

o 7
SM—[tH'th
Ty
2,

< M2 (y2 — y1).

Similar, the bound in (2.11)and 0 < y; < y2 <8 < 5 glve

111 < lo(y1) — w(yz)lM/ (1) dr
e(2)e(y1)

2y lo(yD) —e ()| ]+y
=2 H—y 1+y M dt

ly1 — y2l
< 22y—|¢ ()| My
y

2
[y1 — y2l
;

<2% ¥/ (2)IM,

where the constant z € (y1, y2) is produced by the Mean-Value Theorem. For arbitrary ¢ €
(¥1, y2), we have

¢ (O] =1L+ (A=) =y (1 =07
< (L4} +yy, 72177,
Hence,
T <2 (14 y +y2" HYMly — yal.

Combining the estimates for 7, /1, and /11 gives a uniform (in f) Lipschitz constant L such
that

IT(HD2) =T(HOGDI=Lly2—yl, Y0<yi <y =<8, Vfed.

Using (2.8), it follows that this inequality holds also for y; = 0. Because L is independent of
f € X, T is equi-continuous.

Step 5/6: The family {T'(f) : f € X’} is equi-bounded (step 3) and equi-continuous (step 4).
Hence, by the Ascoli—Arzela theorem, T is compact. Then, the Schauder fixed point theorem

9
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produces a function f € X such that f(y) =T (f)(y) for all y € [0, §]. In particular, f(0) =
T(f)(0)=y,and

a(t)

fy = et )/w()<ao(t)+ f(t)z)dt y €[0,3]. (2.15)

Since the right-hand side is continuously differentiable for y > 0, it follows that f is continuously
differentiable for y € (0, §). We need to show that f is continuously differentiable at y = 0. Let
¢ be the function in Lemma 2.1. Then,

y
1
f(y)—(1+y)y¢(y)+ﬁ v ()f(t)zdt y € (0,8].

Because ¢ € C1 ([0, %]), it remains to show that the second term on the right-hand side is also in
c! ([0, 61). To this end, we define

0(y) = ()f (t)—f(t)zdt ye0.5].

Then,

o' (y) = ¢<(y>l / <) (t)zdt+”(”f(y)2 y€(0.9),

which is continuous. L’Hospital’s rule and the definition of ¢(y) in (2.1) ensure that the integral
term in o’(y) has a finite limit as y |, 0. The continuity of a(y) and f(y) at y = 0 ensures that
the second term in ’(y) also has a finite limit as y |, 0. Therefore, w € C L([0, 8]).

Step 6/6: The local solution f(y) for y € [0, §] is necessarily strictly positive. This is because
0) = y > 0 and should there be a point yo € (0, 8) with f(yo) =0, then f'(yo) = L) < 0,

fO)y=y point yo y y i

and so f can never become zero. O

Remark 2.1. Because the solution in Theorem 2.2 belongs to C! ([0, §]), we know that f(y) =
y + fo) f!(t)dt for all y € [0, §]. However, because the coefficient functions in (2.5) have sin-
gularities, we cannot use (2.5) to write foy f/(t)dt as a sum of three individual integrals. For
example, the definition of ag(y) in (2.4) implies that the first term satisfies foy ao(t)dt = oo for
all y > 0.

Theorem 2.3 (Comparison). Let § € (0, 1] and let a, b : [0, §] — R be continuous functions with
a(y) <b(y) forall y € 10, 8]. Assume f, g : [0, 8] — R solve the Cauchy problems

10
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o= ao(y> RO+ IO ye.9),
f)=

and

gy = ao(y) - ‘”(”g(y) + bmg(y)z y€(0,9),
g(0) =

Then, f(y) <g(y) forall y € [0, 8]. Furthermore, if a(y) < b(y) forall y € [0, 8], then f(y) <
g(y) forall y € (0, §].

Proof. We argue by contradiction and assume there exists y; € (0, ] such that f(y;) > g(y1).
Then, the function F(y) := f(y) — g(y) satisfies F(0) =0 and F(y;) > 0. We define

yo :=sup{y € [0, y1]: F(y) =0} € [0, y1].

Because F is continuous, we have yg € [0, y1), F(yo) =0, and F(y) > 0 for all y € (yo, y1]. For
y € (Yo, y1), we have

1(y)F( )+ a(y) f( )2

F( )+ﬂ(f(y> —g(»?)

b
(y) ——g(y)?
—y

F'(y)=

- 1
- #F@)(Zy FLEBO)(FO) +500)
l—y

M
<o FOL M= max (2 160N (F0) +8))
y€lo,4]

Because F(yo) =0, Gronwall’s inequality yields the contradiction

M
F(Y)SF(YO)CXP[/EG'CI}=O7 y € (Yo, y1)-
Yo

When a < b, the integral representation (2.15) and f < g give

y
fO)= / ) ao(t)+ a(t)f(t)2> dt
o(t) (ao(t) + 20 f(t)2> dt

0 (0) (a0() + 39 ¢(0)?) dr

11
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=g, ye€(0,3],
where we have used f > 0. O

Proposition A.1 in Appendix A contains additional properties of the solution of the ODE
defined in (2.16) below. For example, we show f ¢ C 1 ([0, 1D).

Theorem 2.4. Let y € (0, 1) and a3 € (—oo, —y]. Then, there exists a function f € C([0,1]) N
Cl([0, 1)) with f(y) € (0, 1] for y € [0, 1] that satisfies

I+y

— f(x)2)dx, (2.16)

y
X
S = /(V(1+V)(X(1—X))Y+G3W

0

YY1 = y)r
fory € (0, 1). Furthermore, the function f satisfies the ODE

Fo)=am + 92 F5) + 5 f()% ye©. 1), 2.17)

and the boundary conditions

fO =y, fh=-<<1. 2.18)
az

Finally, when a3 € (—o0, —y), we have f(y) € [0, 1) for y € [0, 1] and when az € [—1, —y], we
have f(y) >y fory€[0,1].

Proof. Step 1/4 (Global existence): We can rewrite (2.17) as

F»=am+ @ +af(), ye© D, (2.19)

Theorem 2.2 produces local existence and so let f be a local solution of (2.17), which is strictly
positive. To see that f(y) exists and is uniformly bounded for y € [0, 1], we argue by contradic-
tion and split the argument into various cases. First, we rule out finite oscillations at some interior
point ys, € (0, 1) in the sense that

0<m<M <oo, m:=liminf f(x), M :=limsup f(x), (2.20)

is impossible. Assume such ys, € (0, 1) exists. Then, there exists § € (0, ’%") such that

Vy €Yo —8,Y0l: m—1=<f(y)<M+1.

Therefore, the right-hand-side of (2.17) is uniformly bounded for y € [yoo — &, yoo]- Because
f'(y) is uniformly bounded for y € [yoo — 8, Yoo], the solution f(y) of (2.17) is Lipschitz con-
tinuous. This is a contradiction because Lipschitz continuous functions cannot oscillate.

Second, we rule out that f is unbounded. If f were to oscillate to infinity at some point
Yoo € (0, 1] in the sense

12
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hmmff(x) < limsup f(x) =
Y1yoo ¥ Yoo

then we could find an increasing sequence (y;), <N Of local maxima such that y,, 1 yoo, f/(yn) =
0, and f(y,) — 00. Because a3 < 0 and a1 (y0) € R, we see from (2.19) that lim,, o0 f/(yn) =
—o0, which is a contradiction. Alternatively, if we have continuous explosion in the sense

lim f(y)=

Y1 Yoo

we get from (2.19) that limy4,_ f'(y) = —oo, which is again a contradiction because it implies
that f is decreasing near yo, while limyy, ., f(y) = o0c. Allin all, f(y) is uniformly bounded for
y €10, yoo).

Third, it remains to be shown that limy41 f(y) exists and we do this by considering oscilla-
tions at y = 1. To this end, first assume there exists a sequence (y,),cN C (0, 1) monotonically
increasing to y = 1 such that f’(y,) = 0 for all n € N. Because f is bounded, we can extract a
subsequence if necessary to ensure that £ :=lim, .~ f(y,) exists in [0, 0c0). The ODE in (2.19)
and a1 (1) =y yield

0= lim (ao(yn) + fiy’;) (a1 () +a3f(yn)))

2.21)
_ S ()
(1+V)V+ hm ﬁ +a3f(yn)
which forces £ € {0, _11/_3}' To see £ = —3—3, we argue by contradiction and assume ¢ = 0. In that
case, (2.21) yields
—
fim £SO oy SO o (2.22)
n—oo | — Yn n—oo 1 —y,

which is impossible because f(y) is nonnegative for all y € [0, 1). So should f(y) oscillate

as y 1 1, the sequence of corresponding max and min values f(y,), n € N, converges to —%.

Because f(y) is uniformly bounded for y € [0, 1), the only alternative is that f(y) is monotone

as y 1 1 in which case limy41 f(y) obviously exists. All in all, this shows that f € C([0, 1]) N

cl([0, 1)).

Step 2/4 (Boundary values): By multiplying (1 — y) in (2.17), we get
1=f'=0=ya) +fM(@a)+a3f(), ye©1), (2.23)

Because f(1) =1limy41 f(y), we see from (2.23) that
lyigl(l -0 =fM(y +asf)=:c.

To see (2.18), we argue by contradiction. First, we assume ¢ > 0. For € € (0, ¢), we let y. € (0, 1)
be such that

13
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Vye e, Dic—e<(1—y)f'(y) <c+e.

Integrating gives the lower bound

y y
1
Vye(ye,1):f(y)—f(ye)=/f/(q)dq2(0—6)/—1_qdq-
Ye Ye

By using the Monotone Convergence Theorem and f(1) < oo, this gives the contradiction
r 1 : 1
00> f(1) = f(ye) = (c—e)limf —dq =(c—6)/ ———dq =oo.
i) 1—¢q l—g¢
Ye Ye

A similar argument rules out ¢ < 0. Therefore, c =0 and so f(1) € {0, — “73}. To rule out f(1) =
0, we again argue by contradiction and assume f (1) = 0. The property

lyl%lll (e +asf(y)=ar()+az3f1)=y >0,
allows us to find yg € (0, 1) such that

Vy € (yo, ) :a1(y) +az f(y) > 0. (2.24)

To see that f(y) > 0 for y € [0, 1), we use ap(y) > 0 for all y € (0, 1] to see that if f(y;) =0
with f’(y;) < 0 for some y; € (0, 1), we get the contradiction

y(+y)
_— >
Y1

0= f'(y1) =ao(y1) = 0.

Because f(y) > 0 for y € [0, 1), it follows from (2.23) and (2.24) that f'(y) > 0 for y € (yo, 1),
which gives the contradiction

0= =lim ()= f(0) > 0.
All in all, we have f(1) = —”73 as claimed in (2.18).

Step 3/4 (Global upper bound): We claim that f(y) <1 forall y € [0, 1). Because f is contin-
uous on [0, 1], there exists y; € [0, 1] such that

Fon= Jmax, VAGOR
If yy =0, then f(y) < f(0) =y < 1 for all y € [0, 1], and the claim is proved. Similarly, if
yi1=1,then f(y) < f(l)= —% <1 for all y € [0, 1]. The only remaining case left to consider
is y1 € (0, 1) with f’(y;) = 0. In this case, the unique positive solution of (2.19) with f'(y;) =0
is

14
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2a0(y1)(1 — y1)

fon = .
—a1(y1) + a1 (y1)? — 4azap(y)(1 — y1)

(2.25)

and we claim that f(y;) < 1. This claim is proven by proving the inequality

2ap(y)(I —y) +a1(y) < \/(ﬁtl(y))2 —4azap(y)(1 —y), ye(0,1), (2.26)

Assume there is y € (0, 1) such that (otherwise there is nothing to prove)

292 — 1)1 —
0= 2400 (1 = y) +ar(y) = Y& ZDAZY)

Squaring both sides of (2.26) produces the requirement

0zy(a—y2+y+1)+r2—1=y@+y) - (1-y)H1-y). (2.27)

The inequality (2.27) holds because a3 < —y.

When a3 € (—oo0, —y), we have f(1) < 1. Then, for any maximizer y; € (0, 1) with f/(y;) =
0, it suffices to prove that the inequality in (2.26) is strict. This follows because the right-hand-
side of (2.27) is strictly negative for all y € (0, 1).

Step 4/4 (Global lower bound): Let az € [—1, —y]. To show f > y, we argue by contradiction

and assume there is a point y; € [0, 1] such that f(y;) <y and f’(y;) =0. Because f(0) =y
and f(1) = —L% > y, it must be that y; € (0, 1). The unique positive solution of f'(y;) =0 is as

a

in (2.25). The contradictory property f(y1) > y is equivalent to

2a0(y1)(1 — y1) + yai(y1) = yyJai1(y1)? — 4azao(y)(1 — y1). (2.28)

The left-hand-side of (2.28) equals

vy +1—y1)
_— >
Vi

2ap0(y1)(1 — y1) +yai1(y1) = 0.

Squaring both sides of (2.28) produces the equivalent property a3 + 1 > 0, which holds by as-
sumption. O

Remark 2.2. For given constants yy € (0, 1) and fy € (0, 1), we can argue as in the above proof
of Theorem 2.4 and construct f € C([yo, 1) NC' ([0, 1)) with f(y) € [0, 1] for y € [yo, 1] that
satisfies the ODE

FO=am+42 o)+ 570 yeGo, D, (2.29)

and the boundary conditions

fo0=fi. fy=-L. (2.30)

a3

15
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Indeed, since the right-hand-side of (2.29) is locally Lipschitz for y € [yg, yo + §o] with yg €
(0,1 — &p), standard existence theory for ODEs gives a local solution f(y) for y € [yo, yo + §]
for some & € (0, §p). By reasoning as in Step 1, we see that f(y) exists for y € [yp, 1) and
is uniformly bounded. Step 2 still holds. Step 3 holds by using f(yo) = fo < 1 in place of
SO =y <l

Finally, assuming that fo € [y, 1) and a3 € [—1, —y], Step 4 still produces f(y) > y for all
y €y, 1. <

2.2. Local ODE existence for all &

For constants 0’%, &, A, and a continuous function % : [0, 1] — R, we define the coefficient
functions (consistent with (2.4))

1
ao(y) == V(T”) ve .11,
B <2y+1>y—<1+y)
a](y) L ’ e (Oa 1]7 (231)
h —1
arh,y) = —exp{/ L—dg}-a. yew.D.

Theorem 2.5. Let y € (0, 1), ag >0, and A > 1. For & > 0, there exists &g € (0, %] such that

1. Forall £ > 0 with |§ — &y| < 1, the integral equation

y
o 1 a(h, x) 2\ 1+
I’l(y) = m ! (QO(-X)(I _x))/ —+ mh(ﬁo ))C de, DS (0, 1)7

(2.32)

has a local unique solution hg € C ([0, 801) and hg satisfies the boundary value problem

_ al(y) a2(h}) 2
{h () =ao(y) + 5 h() + h(y)*, v €(0,80), (2.33)

h(0) =

2. Forall & > O with | — &| <1 fori € {1, 2}, comparison holds for (2.33) in the sense that
0 < & < & implies hg, (y) < he,(y) forall y € (0, 8o],

Proof. 1. The proof of local existence only requires minor modifications to the proof of Theo-
rem?2.2.For0 < < % and R > 0 with R+y < 1,let f € X with & defined in (2.6). We modify
the operator T in (2.7) by defining

Y

1 2(f t)
T(f)(y):= 20) / o) (ao(t) + —="=f(®)* ) dt, ye(0,5]. (2.34)
0

16
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To replace the estimates in (2.12) and (2.14), we first need the bound

a0l =] &0 = nexp | f(‘”d} A
0
< B - MRl g (235)

<Hpa-n"Rfr4a
D

<4 seq0,0].
b
Therefore,
ax(£01f () < (B2 + A)R+y) < 2+ 4, 1€]0,6], (2.36)
D D

The estimate in (2.36) implies that the analogous of (2.12) and (2.14) hold with M replaced by
1:—50 + A. With these modifications, the rest of the local existence proof is identical.
D

We start by proving uniqueness for y € [0, y;] for some y; € (0, §o]. To this end, we let & and
h be two solutions of (2.32) and set g :=h — h. Because h(0) = E(O) =y, it suffices to prove
g(y) =0 for y € [0, y1]. Moreover, because y < 1, by taking y; € (0, 1) small enough, we can
assume h(y) <1 and h(y) <1 for y € [0, y1]. For y € (0, y;], we have

1 v ~ -
8001 = st | Ty et 080 = aalh

X = 2
. y/ S [ax .0 — axlh ) 2.37)
yrrd—y) J (I—=x)

x' T ~ ~
laa i, )1 [ (0)* = R dx.
4y (1 — y/ 1— x)l-»
Y=y ] a0

We consider the last two integrals in (2.37) separately. The Mean-Value Theorem gives the in-
equality

le® — | <el™Pllg —b|, a,beR.

Therefore, the first integral in (2.37) is bounded by

1+y E(l — x) _/Y h(q)d fér IIlE];d dx
Y=y | =0t o

17
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y B X
S /e,/g ssiw, [ 8@l ,
— Y 1 —
op(l—y1) ; , q

y y
§ / 1 /Ig(q)ld J 238
Sa})(l—yl)y (1-x)2) 1—¢q 79 239
0 0
5 y
_ dq.
= Ay O/Ig(q)l q

For the second integral in (2.37), the estimate in (2.35) ensures that ar(h, x) is uniformly
bounded by some constant c; > 0. Therefore,

— laz(h, 2)1[h(x)?* = h(x)?|dx

1+y(1 — / (-

y
/(h(x) +h(x))|h(x) — h(x)|dx (2.39)

0

y
2e1 /|g(x)|dx.
(I'=y1) ,

By combining (2.37) with the two estimates (2.38) and (2.39) we get

1

<
1=y

,
18] < 62/ lg]dx, y [0yl

for some constant ¢ > 0. Because g(0) = 0, Gronwall’s inequality produces g(y) = 0 for all
vy €[0, y11.

Next, we prove uniqueness for y € [y, o]. The function [y, §p] > y f Y h(’”dq transforms
the ODE (2.33) into a second-order ODE. Because y; > 0, there is no smgularlty and standard
uniqueness arguments apply.

2. To argue by contradiction, we assume there exists yg € (0, §o] such that &1 (yg) > h2(yo). First,
because &1 < &, there exists y; € (0, 1) such that

hi(g) 2(61)

y
wrel0nl:al—yen| [ 1940} <60 —y)exp{/

0
The strict comparison in Theorem 2.3 gives h1(y) < ha(y) for y € [0, y1]. Second, we define
y2 :=sup{y €[0, 0] : Vg € (0, y]1 hi(q) < h2(q)} € [y1, yol-.

18
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The continuity of /1 and h; gives h1(y2) = ha(y2). Because &1 < &>, we have

y y
h h
Vy €10, yz]:fl(l—y)eXP{/ llfq;dq} <f§z(1—y)e><p{f1%(q)dq}-

0 0

The strict comparison in Theorem 2.3 gives the contradiction i1 (y) < h2(y) for y € (0, y2]. O
2.3. Global ODE existence for & small

Theorem 2.6. Let y € (0, 1), O’% > 0, and A > 1. For a constant § satisfying

0<= <A-—y, (2.40)

i
2
9p

the integral equation (2.32) has a global solution he € C([0, 1]) N C([0, 1)) with 0 < he < 1.
Furthermore, hg satisfies the boundary value problem (2.33) globally, as well as the boundary
condition

h(l) =co, co:= % €0, 7). (2.41)

Proof. Let f be as in Theorem 2.4 for the constant

az = % —A<—-y <. (2.42)

9p

Step 1/3 (Global Existence): Let [0, 51) be the maximal interval of existence for A = hg pro-
duced by Theorem 2.5(1). First, we claim h(y) <1 for y € [0, §1). To see this, we argue by
contradiction and assume there exists y; € [0, 1) such that 2(y;) > 1. Because h(0) =y < 1, it
must be that y; € (0, 1). We define

yo:=sup{y € [0, y1) : h(y) =1} € (0, y1).
The continuity of & gives
Vyel0,yol:h(y) <1 and h(y) =1

Therefore, we have

ar(he. y) = f—zexp { —A=as, yel0,yol. (2.43)

1_
D 0 4q

Theorem 2.4 gives an ODE solution f with f < 1. The comparison result in Theorem 2.3 gives
the contradiction

1=h(yo) < f(yo) < 1.

19
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Because A(y) <1 forall y € [0, §1), (2.43) holds and we can again use Theorems 2.3 and 2.4
to see

h(y)<f(y) <1, yel0,81).
Therefore, 61 = 1.
Step 2/3 (Boundary values): We start by writing
y

Sy ECUR I [EIPR)

0 0

h(x)—1
1—x

Since h < 1, the integral fol dx exists in [—o0, 0], and so the following limit exists

1

y
o _ h(x) _ hx)—1
L:=lim(1 y)exp{o —l_xdx}_exp[ofil_x dx}e[O, 1. (2.44)

As in Step 1 in the proof of Theorem 2.4, assume first that there exists a sequence (y;),eN C
(0, 1) monotonically increasing to y = 1 such that 4’(y,) = 0 for all n € N. Because h < 1, we
can extract a subsequence, if necessary, to ensure that £ := lim,_, o, 2 (y,) € [0, 1] exists. The
ODE in (2.33) yields

h(yn)(a1(yn) + az(h, yn>h(yn))>

0= lim | ao(y.) +
n—00 1-— Vn

h n n h’ n h n
(U + lim ) (a1, )1+_ay2( yn)h(y. )).

This implies that

0= Tim A(yn)(a1(yn) +az(h, yn)h(3n))
—¢ y+(iL—A)z .
p

Hence, either £ =0 or £ = £| where

0= —V (2.45)

A—=SL

b
We argue by contradiction to rule out £ = 0. We assume £ = 0 to get

20
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0= lim_ (ao(yn) + (y"y) (a1(yn) +az(h,yn)h(yn))>
— (4 7)y + lim 2O,
n—oo 1 —y,

This is a contradiction because % is positive.

Based on the above, should / oscillate as y 1 1, the sequence of corresponding max and min
values h(y,) would converge to £1 given in (2.45). Therefore, £ := limyy h(y) exists and equals
£1. Because h < 1, the alternative is that & is monotone near y = 1, in which case the limit
£ :=1limyy1 h(y) exists. To show £ = {1 also when & is monotone near y = 1, we follow the
argument in Step 2 in the proof of Theorem 2.4 but replace (2.23) with

(1 — W (y) = (1 — y)ao(y) + h(ai(y) + a2 (h, Y)h(y)?, vy € (0,1).

Taking limits yields
_ § 2
lim(1 = ) () =y + (—2 . A)E .
%p

As in the proof of Theorem 2.4, we get £y + ( L— A)Z2 0 and so either £ =0 or £ = £ for

£11in (2.45). We rule out £ = 0 as in Step 2 of the proof of Theorem 2.4. Therefore, when h(y) is
monotone near y = 1, we also have £ = £;.
Let us show that £ = cg where cg is from (2.41). Smce <A —yand L € [0, 1], we have

that £; from (2.45) satisfies

o=—2"Y__ 1. (2.46)

_ &
A oz L
By taking ¢ > 0 so small that  := £; 4+ ¢ < 1, we see there exists y; € (0, 1) such that

Vyely, 1]1:h(y)<n<1.

It follows that h(y) < n for all y € [y, 1], while A(y) <1 for all y € [0, y;]. Hence, for all
y €y, 1],

v
h
0<(1- y)exr){ %dq}

V1 y
1 n
5(1—y)e><p{/qdq}e><p{/qdq}
0 N
=y (1—y1>’7
-y \1=-y/"~

which converges to zero as y 1 1. Therefore, L =0 and so £ = ¢p.
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To see that &’ € C([0, 1)), we can repeat the argument from Step 2 of the proof of Theorem 2.2.

Step 3/3: To see h(y) > 0 for all y € [0, 1], the boundary values (2.33) imply that it suffices to
show that there is no point y € (0, 1) such that

h(y)=h(y)=0. 2.47)
However, the ODE (2.33) makes (2.47) impossible because ag(y) > O forall y € [0, 1]. O
2.4. Explosion for & big

Lemma 2.7. Let y € (0, 1), 0’12) > 0, and A > 1. For yg € (0, 1), there exists £(yo) € (0, 00) such
that

V& > E&(yo) : he(yo) =

Proof. Let yg € (0, 1) be arbitrary and assume to the contrary that for all £ > 0, the local solution
he (y) of (2.33) exists for y € [0, yo]. We consider & > 0 such that

& A
= > . (2.48)
og 1 —yo
By (2.32), the ODE for g (y) := he (y)(1 — Y)Y y117 gives
h
g =ao(y)(1 —y)7y 7y %gs(y)
—_ v @
0 I—q
=y —y) A=’y + D(uﬂmwy g ()’
£ (1—y)-A X (2.49)
>y(1l—=y)A=y)7"y" + ng(y)
= (1-yo)—4A

82y e (0, y),

>yl =)A=y y+W

where the first inequality uses iz > 0. Integrating (2.49) and using (2.48) and g¢ (0) = 0 give

gs(P) =y~ 9)"q"dq > 0. (2.50)

<
~
~
—
|

To create a contradiction, we define the constant

£ (1-y0)—A
°D

cgi=-—L2———— > 0.
S

Because c¢ is affine in &, we can increase £ > 0 if needed such that & satisfies both (2.48) and

22
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2<ceyoy(1— q) q7dq. (2.51)

<
~
—~
—
I

The Riccati equation

FM=cfM* vy>2,
FR) =ge(®),

has the explicit solution

Yo
gs(T) Yo 1 yo)

fO) = . YE[F, + ).
1—cge (v — %) 2 cege(q) 2

The solution f explodes at

1

— + 0 < , 2.52
ngs(yjo) 2 =)0 ( )

where the inequality follows from (2.50) and (2.51). For y € [y2—°, yol, (2.49) gives

/ S (1-y0)—A ) R )53
80 = Wé’é()’) > cs8:(¥)”. (2.33)

Then, comparison gives us that gz (y) > f(y) fory > y—z" Therefore, g¢ also explodes at or before
yin(2.52). O

2.5. Lipschitz estimates

For £ > 0, we denote by /¢ a local solution of the boundary value problem (2.33) and define
the constant

ye :=inf{y > 0: he(y) =1} A 1€ (0, 1], (2.54)

where inf{ := 0o and a A b := min{a, b} for a, b € [0, co]. We also define the non-increasing
function

Y

& he(q) — 1
Fe(y) = %exp{/?}, yel0, yel. (2.55)

Lemma 2.8. Ler y € (0, 1), 0[2) >0, A>1, yoe(0,1), andé > 0. Then, there exist constants
M > 0 and M, > 0 such that

lhe, () — he, V) < Miylg1 — &I, y €10, y5 Aye, Aol €162 €10, (2.56)
|F§1(}’)—F§2()’)|§M2|§1 _52|1 ye[ovyé'l /\yéz/\y()], $1a$2€[0s§]~ (257)
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Proof. For &1, & € [0, é ], we let i1 and h; be the corresponding local ODE solutions of (2.33)

ishi,
R (y )+ﬂ(h( ) — )=Lhi(y)+Mhi(y)2, Y= Vg
y 1—y I—y

where we have augmented the a, function from (2.31) by writing

y

~ hi(g) —1

ax(&i, hi, y) = E—’zexp{/i’ 1 dq}—A, Y=DVg-
o5 J I—g¢q

Subtracting and multiplying by y!*7 yield

Y (R () = h5)) + 37 (L + ) (h1 (9) — ha ()

=yt _y(hl(y> — ha ()

1

ax(&1, h1,y) —az(é2, h2, y) ax (&2, h2,y)
v . hi(p)? 4y ==

(hi(»)? = ha(»)?),

for y < yg A yg,. Computing the y derivative gives

(577 () = ha3)) =57 T (113) = o)

ax(&1,hy,y) —ax(é2, h2, y) ar (&2, h2,y)
v - hi()? 4y =

(h1()* — ha(»)?).

Because h; € C([0, yg 1) and h;(0) = y, we can integrate from 0 to y with y € (0, yg, A yg, ] to
get

Y (1 (y) — ha (1))

14y
=y/1—_t(h1(t)—hz(t))dt

0

y
Aty ax(§1, hi 1) —ax(§r, ho, 1)

+0/ =7
I

hi ()% dt (2.58)

' 2 2
ax (&2, ha, f):(hl (t)” — ha(1)7)dt

t1+y
/ V +ax (&, ha, ) (1 (1) + hz(ﬂ)) (h1(t) = ha(1))d1
0
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hy(6)? dt.

y

+/t1+yaz(51,h1,l) —ax(§2, ha, 1)
1—1t¢

0

The bound #;(t) <1 for ¢ € [0, yz, A yg,] gives

214 2+A

<2 lD <22 =: Mo, 1€[0,ys Aye Aol

(1) + ha (1)) e <275

ax (&, ha, 1)
1—1¢

Because

ar(&1,hy,t) —ax(&2, ha, t)
(1 —t)(él éz)efof @ 4 (1 —t)éz ( Jo @ 4 _efg’?“fq)dq)’

GD UD

the Mean-Value Theorem applied to the function

6hi(g) +{ —G)hz(Q) }

[0,1]99|—>exp[/ =

0

gives 6(t) € [0, 1] such that

laz(§1, h1,t) —ax(§2, ha, 1)|

— hi(0)?
t

_a-al, & efé%f(’»"z“’)dq/hl(@—hz(@dq

og ag l—g (2.59)
-6 &

1 —s2 2

T t)2/|h1(q)—h2(q)|dq, £ €10, e, A ey Aol
D D -
0

Therefore, for y € [0, y¢, A g, A Yol, we have by (2.58)

y
Y () — ()] < (I_Lyo +M0) /t“mhlm — ha(1)| dt
0
1 y
sl =gl [ 17
D
y y
& I+y
+—————5 [ 77dt | hi(g) — ha(g)ldq.
op(1 =0 )

25



P. Guasoni, K. Larsen and G. Leoni Journal of Differential Equations 448 (2025) 113694

In turn, for y € [0, yg; A y&, A yol, we have

|1 (y) —h2(V)| < <%+M0+7>/|h1(61) ha(q)|dq
— Yo UD(I

1
+ — 181 —&aly.
b

For y € [0, y¢g; A yg, A yol, Gronwall’s inequality gives (2.56) because
6 =8l (5o it )
1) = ()] < = ye p(1=0

b (2.60)

1 (1 = +M0+272>}o
=Myl — &, Mi:=—e 0 (1-yp) _
)

Finally, to see (2.57), we use (2.59) to see for y € [0, yg, A Y&, A Yol

R )+—/|h1(q)—h2(q)|dq
D
< 51— & +iM1|51 Szl/qdq
GD D
14+ 5EM
=Mls -8, My:= %
)

The uniqueness claim in Theorem 1.1 follows from the following result.

Corollary 2.9. Let y € (0, 1), 0% >0, and A > 1. For all § > 0, the boundary value problem
(2.33) has a unique local solution.

Proof. Existence follows from Theorem 2.5. To prove uniqueness, we let &; : [; = (0,00), i €
{1, 2}, be two solutions where /; C [0, 1] is their maximal interval of existence. We let y; be the
right-end point of /;. Because h;(0) = y < 1, there exists yp € (0, y; A y2) such that ;(y) < 1
for all y € [0, yo]. By applying (2.56) with & := & =& := &, we see that 11 (y) = ha(y) for
all y € [0, yo]. Because yo > 0, there is no singularity and standard uniqueness arguments imply
L=hand hi(y)=hy(y)forallye ;. O

2.6. Global ODE existence for critical &

The existence claim in Theorem 1.1 follows from the following result after we note that the
ODE (2.33) coincides with the ODE in (1.10) because the integral in (2.61) below ensures
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fl=he@ & [ [ha@—1
- q 0 q) —
(mwmﬁ/—iLwﬂ=;m{ﬁi——wLyemu
D
0

l—gq l—gq
y

Lemma 2.10. Let y € (0, 1), 612) > 0, A > 1, and define the set
E:={£ > 0:hg €C([0, 11) NC' ([0, 1)) solves (2.33) with hg (0) = y and he(1) <y}

Then, the following properties hold:

1. E is a non-empty and bounded subset of (0, 00).
2. For§ € B, he(y) <1 forally €[0,1].
3. §p:=supE € E.
4. hg, € C([0,11) NC([0, 1)) solves (2.33) with hg,(1) = 1.
5. fol %&;@dq € (0, o0) and the integral satisfies
[ heylq) — 1 2(A-y)
_ P _
lhnexp{t/‘ f09 dq}:: D27V 0. 1). 2.61)
vt l—¢q )

6. hg,(y) >y forall y €0, 1].
2
7. hg, €C(10. 1)) with h, (1) = 125 > 0.

—

Proof. 1. The set E is not empty by Theorem 2.6. The set E is bounded from above by

Lemma 2.7.
2. Let h = hg for some & € E. We argue by contradiction and assume there is y € [0, 1] such that

h(y) = max h(y)>1.
» max =

Because 4(0) =y and (1) <y, we have y € (0, 1) and so
h(3) >y, K@) =0, h"H) <0.

Inserting 4’ () = 0 into the ODE (2.33) produces the relation
y (A . .
£ { h(q)—ldq}_h(y)(Ayh(y)+1+)/—(2V+1)y)—)/(1+)/)(1—y)
U% l—gq Yh(3)? '

Furthermore, inserting this expression into the second derivative of the ODE (2.33) yields

0= 521 = 35" (9)
==y A+ =9+ (147 3G+ +5— 1 +7)2+1) )h)

+5(1+y =30+ A+20))h(D)? + AF*h($)’.
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First, because A > 1 and h(y) > 1, we have

AP (h(3)® = h(3)?) = $*(h(D)® — h(3)?).

Therefore,

02—y +1U =52+ (1+7 +5 G+ +5 = 1 +nC+p))h()
+3(y +1-y@r +2)hG)’ + ()

= (1) = y)(1+ v + A +P(G) =2)7 + (hG) = 1) (hG) — 1= 7)3?).
Second, dividing by (7(3) — y) > 0 implies the contradiction

0>1+y+1+n(h()=2)5+ (hG) —1)(h(F) — 1 — y)3?

—(I+ U= +A+EG) = 1)5 + (hG) —1)°5% =y (k) — 1)5? (2.62)
> 0.

In (2.62), the strict inequality follows from

A+)1=$ >0, (h()—1)§>>0,

and the sum of the remaining two terms in (2.62) satisfies the bound

(h3) = D) (A +y)F—y3?) = (rG) - 1)(F+yH —$) =0.

3. We argue by contradiction and assume &y € E.
Step 1/4: Given € € (0, 1 — y), there exists yg € (0, 1) such that

Vye (o, 1): hg(y)<y+e<l.
The previous step ensures hg, < 1, and so the non-negative function from (2.55), i.e.,

y

hey(q) — 1
Fey () == —52 eXP{/Ll(q_)q } y€lo0,1),
D
0

is strictly decreasing. Therefore, the limit Fg, (1) :=limy4; Fg,(y) exists and is zero because

Fey (1) = 1;?1‘ Fe,(yo)exp { f
Yo

y
. y+e—1
< lim Fg, (yp)ex {/7d }
vl & p 1—¢ q

hgy(q) — 1
——d
1—gq C]}

Yo
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) l_yo y+e—1
=lim Fg,( 0)( )
Vil & 1—y

=0.

Because A > 1, by increasing yy if necessary, we can therefore also assume yy satisfies

A—1
Vye o, 1): Fg(y) < 5 (2.63)

Step 2/4: For & € (&9, &0 + 1), Theorem 2.5 gives a local solution g (y) for yE [0, ye] where ye
is defined in (2.54). Lemma 2.8 with yg € (0, 1) from the previous step and & := &y + 1 gives a
constant M > 0 such that

lhe (¥) —hee (DI < M11E —éol, y=<yeAyo, &€(o.6+1D.

Because hg,(y) < 1 forall y € [0, 1], we can consider & € (§p, §o + 1) such that

M1|& —&o| + sup hg(y) < 1. (2.64)
y€l[0,1]
For such & and y € [0, y¢ A yol, we have

he(y) < he(y) — hg (V)] + hey ()
< M1[§ —&ol + g (y)

<1.
Therefore, whenever & € (§o, £ + 1) satisfies (2.64), we have yg > yo.
Step 3/4: In addition to (2.64), this step creates an additional restriction on § € (6o, §o + 1). First,

let F¢ be defined as in (2.55). Lemma 2.8 with yg € (0, 1) from the previous step and & := &y + 1
gives a constant M> > 0 such that

|Fe(y) — Fee(W| < M2|§ —&ol, y<y:Ayo, §€o,80+1).
For & satisfying (2.64), the previous step ensures y: > yo and so the bound in (2.63) gives
Fe(yo) = |Fe(yo) — Fg (yo)| + Fg (o)
A—1
= M>|§ — &l + —

This shows that we can lower & € (&g, & + 1) such that, in addition to (2.64), we also have

Fe(yo) < A—1. (2.65)

Step 4/4: Finally, this step creates a contradiction using comparison of ODE solutions. Let & €
(&0, &0+ 1) and yg € (0, 1) be as in the previous step. Using (2.65), the function in (2.55) satisfies
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)

vebnyl: F0)=Foven| [
Yo

hél(q_L} <F:(yo)<A—1.

This bound gives the ODE inequality

a1(y) + (Fe(y) — A)he (y)
-y

h
<ap(y) + he (y )Lj(”, y € (3o, z).

e () = ao(y) + he ()

Using a3 := —1 in Theorem 2.4 yields an ODE solution f of

F') = ao(y) + f(y) @=L f(”, y € (5o, 1),
F (o) = he (o).

The standard comparison principle gives hg(y) < f(y) for y € [yo, y¢]. Theorem 2.4 and Re-
mark 2.2 give f(1) =y and f(y) <1 for y € [yo, 1] and so we have y: = 1. All in all, we have
the contradiction & > &y and £ € E because

he() < f(D =y

4.Let&, 1 & :=sup E and let ¢, denote the corresponding solution of the ODE (2.33). Because
of h¢’s monotonicity in &, we can define

hey() = 1im he, (), y €0, 1),

which satisfies 0 < hg, (y) < 1 for y € [0, 1). By taking limits in the ODE (2.33), we see that the
ODE

a1(y) + (Fg, () — A)hgy ()
1—y ’

g, () = ao(y) + hey () ye(,1),

holds. We can argue as in the first part of Step 2 in the proof of Theorem 2.6 to show that Ag, (y)
cannot oscillate as y 1 1 and so hg, (1) := limy41 kg, (y) exists. Because & ¢ &, it must be that
hgy (1) > y.

To see hg,(1) =1, the bound hg, < 1 allows us to argue as in the second part of Step 2 in
the proof of Theorem 2.6. Here, it is shown that hg (1) = £; where £; is defined in (2.45). The
argument following (2.46) shows that if £; < 1 holds, we have the contradiction

hey(1) =co <y < hgy (1),

where ¢ is defined in (2.41). Because hg, (1) < 1, the only alternative is £ = 1.
5. This proof is similar to Step 2 in the proof of Theorem 2.6. Because 0 < hg, < 1, the limit

hmyTlexp{ 13 éo(q;

integral representation (2.32) of hg, yields

dq] exists in [0, 1], which allows us to use L’Hospital’s rule below. The
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y
y% Y1 = xyY (ao(x) + azih%x)hg(x)z) dx =hg,(y)(1 = y)7.

Because hg,(y) is continuous at y = 1 with a finite limit, the right-hand-side converges to 0 as
y 1 1. L’Hospital’s rule gives us

y
. (hgy, x)
hey (1) =1lim Hul y/ ”Wl—myeam+-if°xh<>>
0
Y17 (L= )7 (a0(y) + EFE L0 )?)

—lim

vt (1+y)yV(1—y)V—7/y1+”(l—y)V !
y((1 = ao(y) + az(hgy, )hg (0)?)

=lim
yil I+y)d -y -
y
1 he (q) — 1
_1 A—%hmexp{/&)(qi)dq] he, (1)2.
14 op ¥l 1—¢g

0

Because hg, (1) = 1, this implies the limit in (2.61).
Because A > y, the limit in (2.61) is strictly positive. The upper bound kg, < 1 gives

1
exp’/%dx] <1 (2.66)

Because hg, (0) =y € (0, 1) and hg,(y) is continuous at y = 0, the inequality in (2.66) is strict.
6. Because hg, < 1, the limit in (2.61) gives the monotonicity property

y 1
oo [ 42 ) o [ 242
0 0

_op(A-y)
£o

(2.67)

, yel0,1].

Therefore,

y
50 hgy(q) — 1
op 0 -4

Using a3 := —y in Theorem 2.4 produces an ODE solution f of

FO)=aoy) + fFHUUZD -y e 0, 1),
fO) =y
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Because 14-a3 > 0, Theorem 2.4 also gives f with f > y. The comparison result in Theorem 2.3
gives the lower bound hg, > f > y.
7. We define

1 —hgy(y)

g(y) = ] , ye(0,1).
-y

Step 1/4: To get an a priori estimate, this step assumes héo (y) is continuous at y = 1. The ODE
in (2.33) and (2.61) imply the representation

e, ()

1+

1
expy [, &(q@)dg—1 (2.68)
= Y (v = hey) + hey ()2 (A — y) 5 !

T— +vhe (D)8 ().

Because héo (y) is continuous at y = 1, L’Hospital’s rule gives

exp| ) s@)da) -
l—y

8(1)=(1+V)(V—1)+(A—V)1)%1 +re()

=y —1+A-y)g)+yg).

We can solve to see g(1) = 1 V > 0. The next steps prove that h/ (y) is indeed continuous at
y=1.

Step 2/4: This step rules out that g(y) can monotonically explode to oo as y 1 1. We argue by
contradiction. The Mean-Value Theorem and g’(y) > O for y near 1 yields 6(y) € (y, 1) such
that

—_

1
eXP /g )dq —1=eXp{fg(q)dq}g )1 =y
y

“\_.

> eXp g(q)dq gy —y),
for y near 1. The ODE in (2.68) gives
Ry ()
1
14y (2.69)
= —ha ) + (ha 04 = e | [ e@da}+ yheg )20,

y

for y near 1. By differentiation, we see
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') = : ) — i, () (2.70)
g = E(g y) = i (y :
and so g’(y) > 0 implies that g(y) > héo (y) for y near 1. The inequality (2.69) gives

gy
1

(v —he (1)) + (hso (A = y)exp [ /g(q)dq} +vhg (y))g(y),
y

1+y 2.71)

=

for y near 1. Because g > 0, we have exp [ fyl g(q)dq} > 1 and so the inequality (2.71) gives

1
%(hso () =) = (hey (A =)+ vhey(7) = 1)g (),

for y near 1. By taking limits as y 1 1 and using A > 1 give the contradiction
. 1+y .
(471 = y) =lim—(hgy (1) = 7) = (A = Dlimg(y) = 0.
oy y
Step 3/4: This step considers oscillations. The ODE (2.68) and (2.70) give

exp [ I8 g(q)dq] -1
—y (2.72)

1
—(1—-yg'ym= %(V — hey () + hey (0> (A = y)
+ (vhe () —1)g(»), ye€(©,1).

Differentiating (2.72) at a point y € (0, 1) with g’(y) = 0 gives

(1—y%yg" ()
1

=) — ey ) iy 024 = ) | exp]| [ st@rda} 1
y
. (2.73)

+ (hi:o(y) V(A —y)exp [ /g(q)dq}(hgo(y) —2)+24y—y
y

+y - +3)y+2-yd- y)yg(y)>g(y), y €(0, 1.
First, assume that (y,),eN 1s a sequence of local maxima for g with y, 1 1 such that

VneN: g'(ya)=0, g"(m)=<0.
We can extract a subsequence (Y, )keN € (Vn)neN such that
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lim g(yn,) =limsupg(y,) € [0, oo].
k—>00 n—00
Because hg, (1) =1, we have
lim (1 = Y )y 8 Wny) = lim yp (1 — hgy(yn)) =0,

k— 00 k— 00

and so replacing y with y,, in (2.73) and taking limits give
0> Tim (I =) Y& () =y — 1+ (A= 1) lim g(yn)-
k—o00 k— 00

This gives the upper bound for g’s local maxima

)
limsup g(yn) < — 21— (2.74)

n—>00 A-1

Second, assume that (y,),cN is a sequence of local minima for g with y, 1 1 such that

VvneN: g'(,)=0, g"(m)=>0.

Then, similarly to (2.74), we have the lower bound for g’s local minima

2

A-1"

liminfg(y,) > (2.75)
n—oo

Finally, combining the two bounds (2.74) and (2.75) shows that should g(y) oscillate as y 1 1,
2
the function g will still have limit limy4; g(y) = g(1) = % as in Step 1.

Step 4/4: This step shows that hg,(y) is continuously differentiable at y = 1. Step 2 and Step 3
ensure that héo(l) exists and that g(y) is continuous at y = 1. It is g’s continuity at y = 1 which
allows us to use L’Hospital’s rule to see

v+ ((A—y)exp { I g(q)dq} — A)hg (y)

lim
yt1 1—y
LA nfexn] [} 8@dg} = 1)hey () + v (1= hey ()
=1
y l—y
B _exp{ [, g(@)dg} —1 1 —hg(y)
= A=y —y LR
= (A—y)g1) +yg()

= Ag(1).
Then, the ODE (2.68) and hg, (1) =1 give
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h(y)
1.0

0.8

0.6

0.4

0.2

02 04 056 08 10”7

Fig. 1. ODE solutions hg, for &, 1 supE. The parameters are y := 0.5,0p = 0.2,A := 2, and §, €
{0.15,0.152,0.1522,0.15223, 0.152232}.

lim g, () = (L )y = 1)+ Ag(h) =y? = 1+ 4g(D). (2.76)

Another application of L’Hospital’s rule gives

. L=hg(y) ., 2
(1) = 1lim —Y) i nl () =2 — 1+ Ag(1). 2.77)
# o I—y ot B0 =Y ¢
By solving (2.77), we get g(1) = % > 0 and so (2.76) gives limyq1 g (v) = %. O

Fig. | presents a numerical illustration.
3. Application to incomplete Radner equilibrium theory

On a probability space (2, F, P), we let (B;);>0 be a Brownian motion generating the raw
filtration (.7-'?),20 with ./"-'t0 1= 0 (By)sel0,1) and assume F = V,zo]-—to. We define the augmented
filtration as F; := ]-'t0 Vv IF’s P-nullsets for t > 0. For t > 0, we write [E;[-] as short-hand notation
for the conditional expectation E[-|F;].

Throughout this section, let / be the solution in Theorem 1.1.

3.1. Autonomous state process Y

We define the drift function py and volatility function oy as

o2(1—y)(1+y +2yyh(y) —2y(1 +y))
2yh(y)?

y €0, 1].

ny(y) = , ye(0,1],

3.1)

y
h(y)’

The next subsections use an autonomous state process ¥ = (¥;);>0 valued in [0, 1] with dynamics

oy(y):=o0p

35



P. Guasoni, K. Larsen and G. Leoni Journal of Differential Equations 448 (2025) 113694

dY; = py(Ypdt +oy(Y)dB;, Yoe(0,1). (3.2

Itis wy (y)’s singularity at y = 0 and the singularities of both ©y(y) and oy (y) at y = 1 that are
problematic in the following analysis. The boundary behavior of the ratio

py(y) _ L+y+2yyh(y) —2y(d +y)
oy(y)2 2y(1 —y)

, ye(©,1), (3.3)

asy | O and y 1 1 classifies Y’s boundary behavior. We have the limits

uy(y) 14y
B oor =2 7Y
g o (3.4)
. py (y
lim(1 — =—=(1-y)<O.
A R

Example 5.4 in [5] illustrates that the singularities % asy | 0and ﬁ as y 1 1 in (3.4) require a
careful error analysis. In particular, only identifying the limits in (3.4) is insufficient to classify
the boundary points y € {0, 1} for the SDE (3.2). The next subsections establish the following
result.

Theorem 3.1. Let y € (0, 1), O’% > 0, and A > 1. For any initial value Y € [0, 1), there exists a
strong solution Y, pathwise unique, of the SDE (3.2) for the coefficients defined in (3.1).

3.1.1. Left-boundary point for Y
We start with the left-boundary point y = 0.

Lemma 3.2. Let y € (0, 1), 012) > 0, and A > 1. The functions in (3.1) satisfy

my () 1+y 2yh(y) —1—vy
=bo+b1(y)y, bo:=——, bi1(y):=—""7—,
y Y(y)2 0 1Y)y 0 ) 1y 21— y)

ye(0,1). (3.5)

The boundary point y = 0 is inaccessible and entrance. Furthermore, the SDE (3.2) has a non-
negative weak solution, unique in law, starting from Yo = 0.

Proof. Because b; is uniformly lower bounded on any interval [0, a] for a € (0, 1), we can define
a constant M € R as

M:= inf b .
Lot 1(y)

As in Eq. (2.12) in [5], we define the function

a

p(y) :=exp 2/

y

wny(2)
oy (2)?

dz|, ye(,al. 3.6)

The decomposition in (3.5) gives
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p(y) =exp 2/ 1 @) dz

oy (2)?
y

a

=exp 2/ <bZ—O+b1(Z))dZ

y

a

> exp 2/ (bo +M)d 3.7)

y

=exp <2bo(log(a) — log(y))> exp (2M(a — y))

exp (log ((y)2”°)> exp (2M(a — y))

= (§>2b0 exp (2M(a — y)).

Following Eq. (2.13) in [5], we define the scale function

a

s0)i== [p@dz. yew.al (3:8)
y
Because by > 1, we get 5(0) :=limy 0 5(y) = —oo. Therefore, Theorem 8A in [9] ensures that

y = 0 is inaccessible.
Next, we first calculate the derivative

Py = f — + by (z)
y

= —2p<y>( +b1()).
The lower bound (3.7) gives

wo(y) > y(g)z”(’ exp (2M(a — y)). (3.9)

Because bg > %, the lower bound (3.9) gives limy o yo(y) = 00
Second, two applications of L’'Hospital’s rule yield

s fim 1 /
lim S d
ylw p(y) yw oY) ) ple)dz
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= —lim

y10 0'(y)

i y

=lim ————
w10 2(bo + b1(y)y)

=0,

T /
lim =lim—— | p(z)dz
yoyp(y)  yl0yo(y)

y

oY)

1
= —lim————
y0 p(y) +y0'(y)

1
= —lim
N1 2y(B 4 bi(v)

p(y)

= 0’ 9
25 —1 ¢ 0%

where the last line follows from by > % Because b is bounded and & > y, we have oy (y) >

op(1—y)
; and
a a bo
1+ |y ()] 1 5 Tl
/72|s<y>|dy s/ s+ 2 ls(dy < oo.
J p(y)oy(y) J p(y)oy(y) p(y)
Theorem 8C in [9] gives us that y = 0 is not natural (equivalently, y = 0 is an entrance point)
because
a
/ : Is(y)ldy < o0
——s(y)|dy < o0.
) p(Voy (y)?

Finally, Theorem 2.16 in [5] shows that Yy = 0 produces a nonnegative weak solution, unique
in law, of the SDE (3.2). O

3.1.2. Right-boundary point for Y

Lemma 3.3. Ler y € (0, 1), 01% > 0, and A > 1. Then, the boundary point y = 1 is inaccessible,
natural, and attracting.

Proof. We let a € (0, 1) be arbitrary and consider the function?
X

— _ sy ()
p(x) :==exp Z/JY(y)zdy

a

2 The definition of p in (3.10) coincides with the definition of p in (3.6).
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X

_ Cy=DA+y)=2yyh(y)
=exp /( =)y )dy

a

X

2y—D)(1+y)—2yy—2yy(h(y)—1
=exp f(” N )>dy (3.10)

a

X

2-La+y)—2y (h(»)—1
=exp /( x y)l_yy( ) ))dy , xé€la,l).

a

Taylor’s formula for % centered at y = 1 produces % =14 (1 —y)+o(1 — y). Therefore,

/x—l d fx(—l +1+7o(1_y)>d cla. 1]
= , X €la,l].
J (I—=y)y Y J I—y 11—y Y

This allows us to rewrite (3.10) as

X X
1—y =2y (h(y)—1
p(x) =exp /(—y 1)/_(y(y) )> (1+y)(x—a+/ ot~ y)dy)
a a
X X X (3 11)
a a a

= (i :z>l_yexp(C(x)),

where we have defined the function

X X

C(x) _2;//1 h(")d (1+y)(x—a+/”“ y)dy> x €la, 1].

a a

Lemma 2.10(5) ensures that C(x) is a continuous function for x € [a, 1] and so

ci:= min C(x) eR, ¢:= max C(x)eR. (3.12)

x€la,l1] x€la,1]
Because y € (0, 1), we see from (3.11) that p(x) is integrable at x = 1 and so the function®

y

s(y) = / px)dx, yela,l), (3.13)

a

3 The definition of s in (3.13) coincides with the definition of s in (3.8).

39



P. Guasoni, K. Larsen and G. Leoni Journal of Differential Equations 448 (2025) 113694

satisfies s(1) := limy41 s(y) < 00.
Because Lemma 2.10(6) ensures & > y, we have

op(l—y? _op(l—y)?

2 _
UY()’) - h(y)2 f— )/2 9

e [0, 1].
The Mean-Value Theorem gives 6(y) € [y, 1] such that

s()—s(y)=5(0)1—y)
=p(0(M)(1 —y)

_(_1=a NV cem) g _
_<1—0(y)> A=)

= (1 1__9(ay))l_yecl(1 =)

For some constant ¢3 > 0, by (3.11), (3.12), and A(1) = 1, we have

s —sO» c3(1—y)
Py ™ (1-06(y)' 77 (1 —y)i+r
- 3l —y) (3.14)
T A=y -yt
c3
==

which is not integrable for y near 1. Therefore, Theorem 8A in [9] gives that the boundary point
y = 1 is inaccessible.

From (3.11), we p(x) > c4(1 — x)?~! for some constant c4 > 0. This gives the lower bound

s(y) >c fy(l )y_ldx (1—a) —(1—y)
= C:
pMoy(M? ~ T (T— YTy — iy

for some constant c5. Because this lower bound is not integrable for y near 1, Theorem 8C in [9]
gives that y = 1 is natural (i.e., y = 1 is not entrance).

Finally, Theorem 8D in [9] gives that y = 1 is attracting because s(1) < oo and the lower
bound

1 1
Por (2 = Tyt

is not integrable for y near 1, where cg is another constant. O
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3.1.3. Proof of strong SDE existence of Y
The proof of the next result uses a variation of Le Gall’s uniqueness argument based on local
times (see, e.g., Exercise 3.7.12 in [12]).

Proof of Theorem 3.1. For Yy € (0, 1), the Engelbert and Schmidt conditions (i.e., non-
degeneracy and local integrability) hold and ensure that a weak solution exists, unique in law, see,
e.g., Theorem 5.5 in [12]. For Yy = 0, there is also a weak solution, unique in law, by Lemma 3.2.

To upgrade these weak solutions to strong solutions it suffices to prove pathwise uniqueness
locally. To this end, for n € N such that Yy € [0, 1 — %], we define the stopping times 7, :=
inft >0:Y;,=1-— %} and will prove that strong uniqueness holds for ¢ € [0, t,]. Because
h,h' € C([0, 1)) with h > y, the formula

(I =)W' (y) + h(y)
h(y)? ’

oy (y)=—op yelo,1-1],

shows that oy (y) is Lipschitz for y € [0, 1 — %]. Pathwise uniqueness follows from Proposition
IX.3.2 in [20] because the local-time condition L%(Y! —¥?) = 0 holds by oy ’s Lipschitz property
and Corollary IX.3.4 in [20]. O

3.2. Investors’ maximization problems

There is a single consumption good that serves as our model’s numéraire (i.e., all prices are
real). As in [2], the stock pays dividends at rate D = (D;);>0 given by the geometric Brownian
motion

dD; = D,(uDdt—i—aDdB,), Dy >0, (3.15)

where Do > 0, up € R, and op > 0 are exogenous constants.”*

There are two assets: a money market account with price process S© = (5©@) >0 and a stock
with price process S = (S;);>0 paying dividends at rate D. We conjecture (and verify) that there
exist Itd processes (S©, §) with dynamics

ds\” =rsPVdr, S0 =1, (3.16)
dS; = (St — D)dt + S;05,(k,dt +dBy),  So € (0, 00), (.17

where S is a constant and (r, k, os) are stochastic processes. Below, (So, 7, x, ag) will be endoge-
nously determined in equilibrium. To ensure that (3.16) is well-defined, we require » € £} .7 To

loc*
ensure that (3.17) is well-defined, we require os € Elzoc and k € Elzoc.(’

As in [2], we consider a model with only two investors (equivalently, two groups of homo-
geneous investors), and both investors are price takers. Investor 1 can trade the stock whereas
investor 2 cannot hold or trade the stock. Investor 1’s self-financing wealth process is defined as

4 Asin [2], the investors do not receive personal income and so D is the model’s aggregate consumption-rate process.

P

loe» P € (1,2}, if Q is progressively measurable and satisfies P(jg |0¢|1Pdt <

5A process Q = (Qr)s>0 belongs to £
oo)=1forall T > 0.

6 Unlike the literature on endogenous market completeness (see, e.g., [1]), we do not require og # 0.
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dX] 1= l"[X] tdt +9]’1S;O'S’;(tht +dBt) — C]y[dt,

X1,0: —9(0) + So €R, (3.15)
where the nonnegative consumption-rate process ¢ € ‘Cloc and the number of shares of stock held
01 are investor 1’s control processes. Both ¢y and 0 are endogenously determined in equilibrium
and must be such that the dynamics (3.18) are well-defined. In (3.18), the exogenous constant
91(?8_ denotes investor 1’s endowed holdings in the money market account. Furthermore, for
simplicity, we normalize the stock supply to one share outstanding so that X o in (3.18) reflects
investor 1’s endowed stock holdings being 69— = 1.

The dynamics of investor 2’s self-financing wealth process are simpler because she cannot
access the stock market at any time. Investor 2’s self-financing wealth process is defined by

dXZ,t = rtX2’tdt — C2’tdt,

(3.19)
X2,0 1= 654_ € (0,00).

In (3.19), the nonnegatlve process ¢z € £ is investor 2’s consumption-rate process and is en-

loc
dogenous, and 92 o 1s investor 2’s endowed holdings in the money market account (exogenous).
The process c; is endogenously determined in equilibrium and must be such that the dynamics
(3.19) are well-defined. Because the money market account is in zero-net supply, the investors’

endowed money market holdings satisfy 91(03_ + 6‘(0) = 0. The restriction on the initial money

market holdings 9(0) = —9( > 0 in (3.19) is taken from [2].

As in [2], 1nvest0r 1 and 1nvest0r 2 are assumed to have identical preferences. However, un-
like the log-log utilities in [2], our model uses a common time preference parameter 8 > 0 and
a common constant relative risk aversion coefficient y € (0, 1).” The investors’ maximization
problems are

oo o0
sup %IE /e_ﬂ’cll_tydt ,  sup L / —Bi e 1 ydt , (3.20)
61,c1eA, o ’ czeAz 9

where the admissible sets A and A, in (3.20) are defined as:

Definition 3.4 (Admissibility). We deem progressively measurable processes (61, ¢1) admissible
for investor 1 and we write (01, c1) € A if ¢, > 0, t > 0, and the solution of (3.18) is non-
negative, i.e., X1, > 0 for all # > 0. Likewise, we deem a progressively measurable process c2
admissible for investor 2 and we write ¢ € Ay if ¢, > 0, t > 0, and the solution of (3.19) is
nonnegative, i.e., Xo; > 0forallt >0. <

3.3. Radner equilibrium

Because both investors are price takers, the equilibrium is referred to as a Radner equilibrium.
This equilibrium concept is standard and can be found in, e.g., Chapter 4 in the textbook [13].

7 There are two natural extensions of our setting: (i) extend the model to different powers for the two investors, and (ii)
extend the model to y € (1, 00). However, both such extensions produce more complicated governing ODEs than (1.10)
and so we leave these extensions to future research.
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We recall that the stock supply is in a net supply of one, the money market account is in zero
net supply, and the aggregate consumption rate is D in (3.15).

Definition 3.5 (Radner equilibrium). A constant Sy > 0 and processes (r, k, os) and 1,¢1,6)
constitute a Radner equilibrium if:

(i) The processes (é] ,¢1) € Ay maximize (3.20) for i = 1; that is,
o0
61,¢1) € argmax g o A, 7=y 1 y /e_ﬁ’ 1= ydt < 00. (3.21)
0

(ii) The process ¢; € A maximizes (3.20) for i = 2; that is,

o0
& € argmax e 4, - / el ar] < (3.22)
0

(iii) The stock and consumption markets clear in the sense
61,=1 and ¢é1;+¢é,=D;, forallz>0. (3.23)
<

Walras® law ensures that clearing in the stock market and clearing in the goods market imply
clearing in the money market account. In other words, the two clearing conditions in (3.23) are
sufficient for clearing the money market account too.

The next theorem gives existence of a Radner equilibrium under the additional restriction
92(?37 < # where g solves the below ODE (3.25). This restriction is a generalization of the
restriction in Eq. (6) in [2]. In the following, we specialize Theorem 1.1 to the constant A defined
as

2+0p—(1—y)Qup —yop)
o3 ‘

A= (3.24)

This particular expression for A comes from equating the below ODE (3.25) with the ODE
(1.10). The restriction A > 1 comes from (4.1) below. Instead of hg,, we use & to denote the
function produced by Theorem 1.1 in the following.

Theorem 3.6. Let y € (0, 1), 0'[2) >0, and B > %(1 —v)Qup — yal%).
1. There exists a nonincreasing and nonnegative solution g € C'([0, 11)NC>([0, 1)) of the ODE

Bg() =1 —Y)upg(y) — 11 = y)yode( +uy(»g' ()
+2oy (128" () + (1 — y)opoy (»)g' ()
+A =7, ye(.1),

g'0)=0, g(1)=0.

(3.25)
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2. For 92(?3_ € (0, %?), let Yo € (0, 1) solve g(Yo)Do(1 — Yp)” = 92(?8_. Then, there exists a

Radner equilibrium in which the equilibrium interest rate process isr; =r(Yy) € L}o . and the

equilibrium market price of risk process is k; = k(Y;) € L'lzo . for the deterministic functions

y(y+ Dol —y)

1
r(y)i=B+yup— vy +op - . ye@©,
2 2yh(y)?
1 yh(y) (3.26)
k(y):=yop (—y + 1) . ye(@D,
yh(y)
and the equilibrium consumption-rate processes in (3.21) and (3.22) are
6l,t = Dth, 62’1 = Dt(l —Yt), IZO (327)

Proof of Theorem 3.6(1). Let & be the solution produced by Theorem 1.1 for A defined in (3.24)
and insert

y

h
g(y) = —eXp{ - / %dq}(l -7, yel0,1), (3.28)
0

and insert oy and py from (3.1) into the ODE (3.25) to recover the ODE (1.10).
Next, we verify the boundary conditions in (3.25). The representation (3.28) means that the
boundary condition g(1) =0 in (3.25) requires

y
h
lim £oexp { / ﬂdq}a — ) = 0. (3.29)
yil l—gq
0
Because (1) =1 > y, Eq. (3.29) holds. To see this, we pick € > 0 and y, € (0, 1) such that
Vy € e, D:h(y)>y +e.

For y € (y¢, 1), we have

y y
exp{[%dq}(l — zexp{f%dq}a —

0 Ye

7 +

zeXP{/udq}(l -7
1—¢q

Ye

(A —yorte

1=y
Passing y 1 1 gives the boundary condition g(1) = 0. Because g defined in (3.28) has derivative
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2 _ [y h(l])d

/ 1=q 94
g(y)=—e 0T¢" — ——
§o (1=

(y —h(»), ye©, (3.30)
we see that the boundary condition g’(0) = 0 in (3.25) holds because /(0) =
Finally, because i(y) > y for y € [0, 1], we see from (3.30) that g’(y) <0 for y € (0, 1).
The proof of Theorem 3.6(2) is given in the next section. [

4. Proof of Theorem 3.6(2)

The duality techniques we use in the following proofs are standard and have been used in
various contexts, see, e.g., the textbook [13]. Because the optimization problems (3.20) are on
an infinite time horizon ¢ € [0, 00), there is a nontrivial transversality condition as t — 00; see,
e.g., Section 9D in [7]. As we shall see, the transversality condition is ensured by the parameter
restriction A > 1 for A in (3.24), which is equivalent to 8 > %(1 —-v) (Z,uD — yog). Among
other things, the restriction A > 1 ensures that

o0 Dl_y
/e*/’fbl th 0 < 00, A.1)
0

B—3(1—y)(2up —yop)
where the geometric Brownian motion D is from (3.15).

4.1. State-price densities

For an arbitrary process 1 € £2 , we define the process

loc?
dZy::=—Zy(r(Y)dt +n:dB;), Zy0€ (0,00). 4.2)

State-price density processes underly the duality theory we use to prove Theorem 3.6(2) below. A
state-price density process Z, has the defining property that the process Z; ; X; ; + fot Zyuciudu,
t > 0, is a supermartingale for any admissible consumption process ¢; where i =1 or i =2 and
X; is the corresponding wealth process in (3.18) or (3.19).

In the below proofs, we establish the following first-order condition for investor 1

Zi=e P(DY) T =P Y 120, (4.3)
dZ1,=—Z1,(r(Y)dt +x(Y,)dBy), (4.4)

where we inserted ¢; := DY from (3.27). The dynamics in (4.4) follow from It6’s lemma and

dé],t ZleYt

4.5)
= Dt(MY(Yt) +upY: + UDUY(Yt))dt + Dt(UY(Yt) + UDYt)dBt~

Similarly, we establish the following first-order condition for investor 2
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Zyi=e P (Di(1—Y)) 7 =ePeY, 1>0, (4.6)
dZ,,=—7 ( (Yy)dt l_h(y’)d3> .7
=— r —Yop———— , .
2.t 2.t t YO0D hY) t

where we inserted ¢, := D(1 — Y) from (3.27). The dynamics in (4.7) follow from It6’s lemma
and

déy; =dDi(1-Y))
= D;(up — uy(Ys) — upY: — opoy(¥y))dt (4.8)
+ Di(op — oy (Yy) —opY;)dB.

While the dt terms of both dZ 21 and dZZZ are identically equal to —r(Y), the d B terms differ. This

is because investor 2 cannot access the stock market, which renders the model incomplete.
4.2. Investor 2’s optimization problem

Let g denote the function from Theorem 3.6(1) and define r; :=r(Y;) and «; := « (¥;) using
the functions in (3.26).

Lemma4.1. Let y € (0, 1), 03 > 0, and B> (1 — y)2up — yop).

1. For Yy € (0, 1), we have

o
E, /e*ﬁ”(Duu—Yu))‘*Vdu =e Pg(¥)D/ ™", t>0. 4.9)

t

2. When Yy € (0, 1) satisfies g(Yo)Do(1 — Yo)¥ = 92(8 , investor 2’s value function is

o0 o
sup 1L E / e du | = LR / (D, (1 = ¥,)' ™V du
e, o 0 (4.10)

1—
= e(Yo)D, .

Proof. 1: For Yy € (0,1) and n € N such that Yy € (%, 1 - %), we define the nondecreasing
sequence of stopping times t,(w) := inf{s >t:Ys(w) & (%, — %)}, t >0 and w € 2, where
inf@ := co. Lemma 4.1 and Lemma 4.2 ensure that both y =0 and y = 1 are inaccessible and so
]P’(Y, € (0,1) VvVt > O) = 1. We replace 1, with 1, A 1, to get that 7, is bounded by n uniformly
in w € , while lim,,_, o, 7, (w) = 00 continues to hold.

46



P. Guasoni, K. Larsen and G. Leoni Journal of Differential Equations 448 (2025) 113694

The ODE (3.25) and Itd’s lemma produce the following dynamics

S

d(ePgryDy™ + / (D, (1 = ¥,)) 7 du)
0

=D (1= )ong(¥y) + oy ()8 (V) )dB,

+ ( — Bg(Yy) + (1 — upg(Yy) — (1 — y)yopg(¥y) + uy (Yo)g (¥y) R
+ 3oy ()% (V) + (1 = Y)opoy (Y)g'(Y) + (1 = ¥9)! 77 )ds},
=P DJ7 (1= y)ong(¥y) +oy (Y8 (¥;) ) dBi.
for s € [0, t,]. We integrate (4.11) over u € [t, 7,,] to get the representation
T
e Pig(Y,)Dy Y +fe—ﬂ“(Du(1 — Yu))“ydu
! (4.12)

Tn

= gD} + [ DL (1= Y)apg (T + oy (g (1) )dB,.

t
Taking conditional expectation and using the martingale property of the stopped d B integral give

Tn
E/le P g(Y:,) D} Y1+ E, /efﬂ“(Du(l—Yu))"Vdu =e Plgv)D; 7.

t
The Monotone Convergence Theorem gives

e¢]

lim E,[e P™g(Y,; )D)V]1 +E, /e—ﬂ" (Du(1 — Yu))l_ydu
n—oo

n

4.13)

'
_ 1-
=ePlg(v)D, 7.
Because D is a geometric Brownian motion, we have
e PIDY = Dé—ve—m(l—y)(;m—%ognw—y)apﬂ,
— Dé—Ve(—ﬂHl—V)(MD—%GIZﬁUD%))1.

The law of the iterated logarithm gives lim;_, % = 0. Furthermore, because 8 > (1 —y)(up —

Y

%aé), we have P-a.s. the limit lim,_moe’ﬁ’ Dtl_ = 0. Therefore, because g is uniformly

bounded, it suffices to show that the family of random variables (e~ #% Di,,_y)neN is uniformly
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integrable so that we can interchange limit and expectation in (4.13) to see P-a.s. the following
transversality condition

lim E,[e #"g(Y, ) DIV =E,[ lim e P g(Y,)D1"7]=0.
n—oo n n—oo n

To establish uniform integrability, we use the inequality 8 > (1 — y) (,u D — %yolz)) to find
€ > 0 but so small such that

1 1
B> (1= y)(1p - 505 +50+001 = 1)op). (4.14)

We can write

(e—ﬂt Dtl *V)l-‘re

_ D(()1+e)(1—y)e—(1+e)ﬁz+(1+e)(1—y)(MD—%ag+%(1+e)(1—y>og)z+(1+e)(1—y)oDB,—%(1+e)2(1—y)2ogz_
The bound in (4.14) gives the inequality

]E[(e—ﬁfn Dll'n—)/)l-FE]
_ pU+ad-y)
= D0
x E[e-1+OB=(1=1)wp=30p+3(1+)1=1)0})t(+e)(1=y)op By, =5 (1+€) (1=p) 057
< D(()1+e)(1—V)E[e(l+€)(17y)aDB,n7%(1+e)2(17y)2(r%t,1]

_ Dél+e)(l—y) 7

where the last equality uses Doob’s optional sampling theorem (recall that 7,, is a bounded stop-

. . L2 . ¢ . e e
ping time and that ¢”?5~2P° is a martingale for any p € R). De la Valleé Poussin criterion’s
gives uniform integrability.

2: Asin (3.27), we define ¢; := D(1 — Y) and we claim that the corresponding wealth process is
given by

o0

A 1 _
Xor=3 IE,[/e*ﬂ“(Du(l—Yu))1 Vdu]=D,g<Y,)(1—Y,>V, >0, (4.15)
2.t

where 22 is defined in (4.6). We need to show

5 5 A 5 0
dXy, = (xz,,r(yt) _ cz,,)dt, X20=68)_. (4.16)

The initial condition )A(z,o = 92(087 holds by the assumption that Yy satisfies g(Yo) Do(1 — Yo)? =

65%_. By inserting X, = Dg(¥)(1 — Y)” from (4.15) and & = D(1 — Y) from (3.27) into the
dynamics (4.16), the dynamics (4.16) follow as soon as we show
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d( Digr(1 =¥ ) = (Dug (¥ (1 = Y0 r(¥p) = Dyl = ) ).

)?Z,t X4 €21

4.17)

1t6’s lemma and the functions in (3.26) produce the dynamics (4.17).

To see that ¢, is optimal, we use the following standard duality argument. Set U(x) :=

llyxl’y and let V (¢, y) be the Fenchel conjugate

B
V(t,b) :=sup (e_ﬂ’U(x) —xb) = L

x>0 l—y

y—1
v

>0, b>0.

In the below inequalities, we use P (Y; < 1) =1 for ¢t > 0, so that

Y e P (D,(1-¥)) " <L DIV Puas,

V(t, Za) =
11—y 1—y

which is integrable over (¢, w) € [0, 0c0) x Q2 by (4.1). Let T € (0, oo) and let ¢ € A3 be arbitrary
with corresponding wealth process X, > 0 given in (3.19). Then,

T —

T
E /e*ﬁfU(c,)dt <E /(V(r,iz,,)JrZz,,c,)dt
0 Lo
T
<E /(V(tyzz,z)+22,zcz)dt+22,rxz‘r
Lo
T
<E /V(t,Zz,z)dt + Z2,0X2,0,
Lo

where the first inequality uses Fenchel’s inequality, the second inequality follows from X2 7 > 0,
and the last inequality is produced by the supermartingale property of the state-price density Z.
We pass T 1 oo using the Monotone Convergence Theorem to get

00 o0
E /e—f”U(c,)dt <E /V(hiz,z)dr +220%20
0 Lo
- oo
=K /(V(I,ZQ,,)-FZz,tCA’Z,t)dt
L0
[~ oo
_E / e PU @yt |

L0

where the first equality uses (4.15) and the second equality uses (4.6). O
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4.3. Investor 1’s optimization problem

Let g denote the function from Theorem 3.6(1) and define r; :=r(Y;) and «; := « (¥;) using
the functions in (3.26).

Lemmad4.2. Lety € (0,1), 03 > 0, B > 5(1—y)2up —yo}), and assume Yy € (0, 1) satisfies
g(Yo)Do(1 — Yo)” =657_.

2

1. There exists a volatility process o5 € Lj, .

such that the nonnegative processes

St3=)21,1+)%2,t, >0,

1 ¥ (4.18)

Risi=— Et[/e—ﬁ“(DuYuﬂ‘Vdu], 1>0,
Z1;

t

satisfy (3.17) and

dX 1 =r(Y)X1,dt + S0, (k(Y)dt +dB,) — D,Y,dt,

o 0) 4.19)
X1,0= 91,07 + Sp € R.
2. Investor 1’s optimal consumption rate process is €1 := D, Y;, t > 0.

Proof. 1. The Martingale Representation Theorem produces an integrand A € lllzoc such that the
second equation in (4.18) can be rewritten as

t o0
21,t)?l,t "l‘/zl,uDuYudu Z]Et[/eiﬂu(DuYu)liydu]
0 0
o0 t
=]E[/e_ﬂ“(DuYu)1_ydu] ~|—/Asst (4.20)
0 0

r
= 21’0)?1,0 + / AgdBs.
0

1t6’s lemma produces the following dynamics of X1 in (4.18)

dX,, =d | 22
VAW,

= (f(l,,(r(Y,) +K(Y)?) — DY, + K(;f‘)A’)dz (4.21)
1,t

. A,
+(X1,,;<(Y,)+ : )dB,.
VAW,
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By defining the volatility process

1 /4 A
o5 = (R + 1), 120, (4.22)
S VAW,

we see that the dynamics (4.21) equal those in (3.18). In other words, d X/ are wealth dynamics
for investor 1 when using 61 ; :== 1 and ¢y ; := D,Y; for ¢t > 0.

The initial value in (3.18) follows from the first formula in (4.18) and initial clearing in the
money market (i.e., 91(?37 + 92(?87 = 0) because

91(?87 + S0 = 91(?87 + )A(l,o + )%2’0
0 o 0
=6+ X10+650_ (4.23)
To see that (4.22) ensures that the dynamics dS of the first equation in (4.18) agree with
(3.17), we use (3.18) and ¢, = D(1 — Y) to see
dS;=dXi,+dX,,

=r(Y)X1,dt + S0, (k(Yo)dt +dB;) — D,Y,dt + (r(Y) Xo, — é2,)dt (4.24)

= r[S[dt + SZO'SVZ(K(Y[)dt + dB[) — Dldt
2. To see ¢ := DY and ) := 1 are optimal for investor 1, we again use the following standard

duality argument as we did in the proof of Lemma 4.1. Let T > 0 and let (¢, 0) € A; be arbitrary
with corresponding wealth process X given in (3.18). Then,

T T
E /e‘ﬁ’U(c,)dt <E f(V(t,Zl,,)+21,,c,>dt
0 Lo
T
<E / (V(l‘, 21,,) + Zl,tct)dt + ZI,TXI,T
Lo
T
<E /V(f,zl,t)dt +Z1,0X1,0,
Lo

where the first inequality uses Fenchel’s inequality, the second inequality follows from X 7 > 0,
and the last inequality is produced by the supermartingale property of the state-price density Z;.
We pass T 1 oo using the Monotone Convergence Theorem to get

o0 o0

E /e_ﬂtU(Ct)dt <E /V(t,zl,[)dl‘ +21’0521,()
0 0
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(V(ts Zl,t) + Zl,tél,t)dt

e PrU (e )dr |,

/
/

L0

where the first equality uses (4.18) and the second equality uses (4.3). O
4.4. Remaining proof

Proof of Theorem 3.6(2). The regularity conditions r(Y;) € Ll and k(Y;) € £2_ follow from

loc loc
the functions in (3.26) and the fact that y =0 and y = 1 are inaccessible by Lemma 3.2 and

Lemma 3.3. Optimality of (3.27) and 6; := 1 follows from Lemma 4.1 and Lemma 4.2. Obvi-
ously, these control processes satisfy the clearing conditions in (3.23). O
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Appendix A. The failure of the comparison principle at y =1

This appendix reports on the failure of the comparison principle at y = 1. Theorem 2.5
uses Schauder’s fixed-point theorem to construct a local solution of (1.10) starting from y = 0.

Alternatively, by redefining the set X = X'(yg) C C ([yo, 1]) as those continuous functions
h : [yo, 1] = R for which

_ a2
[1—h()l < I—y
velyo,h L=y A—1

: (A.1)

for a constant yy € [0, 1), it is possible to use Schauder’s fixed-point theorem to construct a
local solution of (1.10) starting from y = 1. However, as the next lemma shows, the comparison
principle, i.e., the conclusion of Theorem 2.3, can fail when we compare ODEs starting at y = 1.
This is the reason why we construct local solutions starting for y = 0 in Theorem 2.5.

In the next proposition, the function f € C!([0, 1)) N C([0, 1]) denotes the unique solution
produced by setting a3 := —y in Theorem 2.4 of the ODE

Tivy — 1 1-f(
{ PO =2y =) +rf O, yew, ), a2

fO =y, f(H=1
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Proposition A.l. Let y € (0,1), A > 1, let f solve (A.2), and let hg, € C'([0,1]) be as in
Lemma 2.10. Then, we have

L f¢ch(o,1D. -~
2. limyyy f(y) =00, [y |f(q)ldg < oo, and ;) f;‘ﬂdq < o0.
3. f(y) fails the comparison principle with hg,(y) for y close to 1.

Proof. 1. To see f ¢ C'([0, 1]), we argue by contradiction. By using L’Hospital’s rule and
f()=1in(A.2), we get

f 2
fO=0+n-D+ Vllmf(y) =Y o,
This equation has the unique negative solution f’(1) = —(1 4 y). Theorem 2.4 ensures that
f < 1. However, because f(1) =1, f/(1) < 0 gives the contradiction f(y) > 1 for y close to 1.
2. Step 1/3: We start by proving hmmfym f (y = 00. Because f(1) =1, the first term on the
right-hand-side of (A.2) has limit
1+y
lim— (v = /) == = +7) <0 (A3)

Set k := (1 — y)(1 +y) > 0 and consider any € such that

0<e<k.

The limit in (A.3) gives ye € (0, 1) such that the solution of the ODE (A.2) satisfies

Fo = tetyron L
f( ) (AD
< K+€+]/ 1 y’ ye()’eal)a
where the second inequality uses f < 1. Because
i(l—f(y)>: L=f0) [0 ke As)
1=y (1= A=y~ A=y
we have for y € (ye, 1)
L= fO0) 1= () Z/yi<1—f<q>>dq
A=y A=y ; (I—=q)
(A.6)

y
1
SN p——
1—qg)
ye( q)

—(a-»a—0t),
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To argue by contradiction, we assume there is an increasing sequence (V,),eN C (Y, 1) con-
verging to 1 such that

lim 1-70mw _ liminfﬂ € [0, 00).

n—oo 1 —y, y1 1—y

In that case, we have

1-— 1-
m S ) — lim S ) (11— yn)l_” —0.
n—oo (1 — yn)?/ n—oo | — Vn
In (A.6), we replace y by y, and pass n 1 oo to see
1—f(
RSN S0
A=y =1-

By multiplying by —(1 — y.)?, we get the contradiction
€—K
0=1- /0= 7= (=30 <0,

where the first inequality holds by Theorem 2.4.

Step 2/3: To prove limy4; f'(y) = oo, it suffices to show liminfy4; f'(y) = co. By taking liminf
in the ODE (A.2) and using f(1) =1, we get

1—
timinf £'(y) = —(1 = )(1 + ) +y limint L&)
b vl 1—y

Step 3/3: Consider y. € (0, 1) such that f/(y) > 0 for y € (ye, 1). Then, f(1) =1 and the
Monotone Convergence Theorem give

/ 'tq)dq =tim / F@)dg =lim £ = £ (3 =1 () <00,

Ye

Because f(1) = 1, by increasing y. if necessary, we can assume y f(y) > % for y € (ye, 1). The
ODE (A.2) gives

I+y f ()
—f(y)+f () = TV +vfl )
y1-fO)
> € (Ve, 1
221 y€ e 1)
Because the left-hand-side is integrable over y € (y,, 1), the nonnegative function ! lf 8 ) is also
integrable over y € (ye, 1). For y € (0, y¢), the bounds y < f(y) <1 give integrability of l_lf(yy).
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3. The ODE for hg, in (2.33) and hg,(q) < 1 for all g € [0, 1] give the lower bound

hi, ()
1 1=hg(q)
1+ v+ ((A—yexpy [) —2—dq| — A)hg(y)
=Ty(y—hso(y))+hso(y) ( { yl_ly - } ) : (A7)
14 1—h
z—;Z@—h%UD+y%Jw—Tf%2n ye(0,1).

To argue by contradiction, we assume that the comparison principle holds for y near 1. Based on
(A.2) and (A.7), the property f(1) = hg, (1) =1 gives hg,(y) < f(y) for y € [0, 1] and so

1—hg(y) _ 1= f()
T, > T >0, ye(©D.

)
However, Lemma 2.10(7) ensures that h’é0 (y) is continuous at y = 1 with limit 1AT”1 and so we
get the contradiction

1—y2 1—h 1-
00> LV _p () =tim LW 5 12 TO)
A-1 0 oo l—y 1=y
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