Composite Value-at-Risk

Mathieu Mercadier ®*, Jean-Pierre Lardy®

a: DCU Business School, Dublin City University, DUBLIN 9, IRELAND
b: JPLC SASU, 54 avenue de la Révolution, 87000 LIMOGES, FRANCE

This draft: 12 September 2023

Preliminary version. Please do not quote without the permission of the authors.

Abstract

Historical Value-at-Risk (VaR) may vyield persistently high values that do not accurately
represent the underlying risk, followed by dramatic drops. This phenomenon can be
circumvented with some weighted historical methods like those proposed by Boudoukh et al.
(BRW 1998) and Hull and White (HW 1998). In this article, we develop a simple, transparent,
and quick-to-compute weighted historical VaR estimate, called composite VaR, based on the
Normal and Laplace distributions. This approach provides probabilistic information on the
nature of tail risk. In line with the literature, a dedicated example leads us to support the
importance of the Laplace distribution for cryptocurrencies. An analysis based on common bias
and clustering benchmarks is performed on this new method and its closest parents, the BRW
and HW VaRs and the classical historical VaR. Although the composite VaR can be chosen
for its rapidity, none of the examined methods can be unequivocally regarded as the most
efficient VaR estimate. One additional key benefit of our method is its low bias.
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1) Introduction

Utilizing classical percentile computations to assess Value-at-Risks (VaR)! during the
COVID-19 pandemic has led to risk measurement variations that are both excessively slow
and overly sharp. As explained by Engle & Manganelli (2004), this issue may mislead market
finance professionals and academics with respect to timing and reactivity. Indeed, the rolling
historical quantile method assumes that within a certain window, any return is equally likely,
while a return outside this window has a zero probability of occurring. Consequently, the VaR
of a portfolio drops dramatically as soon as an extreme return falls outside the window. To
address this problem, academics devised simple weighted historical methods (Boudoukh et
al., 1998; Hull & White, 1998).

In this paper, we propose a straightforward method, which we call the ‘composite VaR’,
that provides comparable results and is both simpler and quicker to compute than the Hull &
White (HW) VaR (Hull & White, 1998) and the Boudoukh, Richardson & Whitelaw (BRW) VaR
(Boudoukh et al., 1998). As summarized by Abad and Benito (2013), VaRs are calculated
either with historical simulation, Monte Carlo simulation, parametric methods, or relying on the
extreme value theory; each with its own advantages and disadvantages. In addition to the time-
weighted approaches discussed in this paper, filtered historical techniques combining historical
simulation and conditional volatility have been employed (Sentana, 1995; Glosten et al., 1993;
Engle & Ng, 1993; Nelson, 1991; Engle et al., 1987; Bollerslev, 1986; Engle, 1982)2. However,
these approaches require extensive historical profits and losses, which can be costly for
financial institutions to provide for parameter estimation.

The simple historical VaR is available to a large number of financial institutions and is in
compliance with the Basel Committee on Banking Supervision (2019, 2009). Despite the fact
that returns are generally not Normally distributed (Koundouri et al., 2016), many widely used
financial tools, such as the VaR, still heavily rely on the Normal distribution due to its
convenience. Therefore, in this study, we propose a parametric VaR method that assumes that
returns can also arise from a more conservative distribution. The Laplace distribution was
chosen over the Logistic distribution which itself can be considered as a mixture of the Normal
and the Laplace distributions. Recent research has highlighted the role of the Laplace
distribution for highly volatile assets, such as cryptocurrencies (Punzo & Bagnato, 2021,
Hrytsiuk & Babych, 2020; Chan et al., 2017). The approaches proposed by Boudoukh et al.
(1998) and Hull and White (1998) are respectively known as age-weighted and volatility-

1 For some recent contributions, see e.g., Bernard et al. (2022); Hoga & Demetrescu (2022); Leung et al. (2021);
Mercadier & Strobel (2021); Meng & Taylor (2020); Zhu et al. (2019); Leippold & Vasiljevic (2019); Taylor (2019);
Babat et al. (2018); Chun et al. (2012); Berkowitz et al. (2011).

2 More details are available in Abad et al. (2014).



weighted historical simulations. Our method can be defined as an absolute-return and volatility
weighted historical parametric method.

The composite VaR is a risk measurement technigue that possesses several advantages,
such as transparency and ease of interpretation. One notable aspect of this method is the
assessment of the likelihood of favoring the Normal over the Laplace distribution. This aspect
can be utilized by both researchers and practitioners to extrapolate risk trends and detect
periods with larger tails in the distributions. We provide an illustration that supports the usage
of the Laplace distribution for cryptocurrencies. Subsequently, we provide a graphical
comparison of three forgetting factor VaR estimates, namely BRW, HW, and composite VaRs,
with the common historical one. Our findings indicate that none of the weighted historical
methods can be definitely designated as the most efficient VaR estimate. A deeper statistical
analysis conducted over a large sample emphasizes the low bias produced by our method.
The composite VaR is primarily addressed to financial practitioners who wish to employ a
transparent and easily understandable method to assess and manage risk.

The composite VaR is developed in section 2. Then, section 3 provides two illustrations.
The first illustration focuses on the Normal versus Laplace likelihoods. The second illustration
compares the performances of different VaR methods. Subsequently, a more detailed analysis
is conducted to assess how bias and clustering properties are handled with each VaR
methods.

2) Composite VaR combining the Normal and Laplace distributions

The location parameters u are assumed to be zero and the scale parameters are
respectively noted ¢ for the Normal distribution and b for the Laplace distribution. Assuming
independent and identically distributed returns, noted r;, and time weights w; such that their
sum equals 1, the maximum likelihood estimator of the Laplace scale parameter is the mean
absolute deviation b = ¥, w,|r;|. For the Normal distribution scale parameter, the maximum
likelihood estimator is its variance 62 = Y, w,r2. Thus, to obtain a reactive VaR, we decrease
the importance of the past such that weights decline by a forgetting factor 1 < 1, where w;_; =

Awg, and rewrite AR(1) estimators as follows:

6, =1 =D + 6%, by = (1 = D)|r| + Ab,_4
A risk manager could consider using either the Normal or the Laplace distribution when
most likely, but this would lead to discontinuities. The main idea here is to use both in proportion
of their likelihoods. From the Normal and Laplace distributions, we derive the corresponding
likelihoods, Py grm = (\/ﬁﬁ)_1 and Py, = (ZeB)_l, with Euler's number ‘e’. Thus, we write
for likelihoods P and quantile functions Q:

PNorm QNorm + IP)Lapl QLapl

VaR =
¢ _CP(Q) IP)Norm + ]PLapl



Which is rewritten:

VaR-Cp(Q) = aQnorm + 1- a)QLapl

=(1+ F %\
% = 2e b,
The formula is finally expressed as follows:

VaR_cp(q) = at]\f'l(q)ét + (1 - at)L'l(q)Bt €Y)

Where, NV "1(q) and £71(q) respectively correspond to the Normal and the Laplace quantile

Where at a given date t:

functions.

3) Empirical illustrations and comparison of approaches

This section begins with two illustrations based on Bloomberg L.P. data. The first illustration
in figure 1 shows the behavior of a; for both the S&P 500 index and bitcoin, which is typically
modelled using the Laplace distribution, consistent with prior studies by Punzo and Bagnato
(2021); Hrytsiuk and Babych (2020); Chan et al. (2017). The second illustration in figure 2 and
3 depicts the composite VaR relative to the historical, HW and BRW VaRs during two crisis
periods, namely the global financial crisis (GFC) and the COVID-19 pandemic. The two sectors
studied have been severely impacted by these crises, namely the banking sector and the travel
& leisure sector. Furthermore, we provide a comprehensive statistical analysis based on
conventional VaR comparison metrics (Abad & Benito, 2013; Boudoukh et al., 1998; Hull &
White, 1998). The chosen panel data sample is a blend of 18 equity indices, 12 currencies and
11 commodities for 16 developed and emerging countries®. The data set of the returns spans
over twenty-four years and a half (6392 working days), from 1997-01-01 until 2021-07-01, and
is provided entirely by Refinitiv Datastream.

3.1) The Normal vs. Laplace likelihood illustration

The figure displayed on the left-hand side of figure 1 highlights the fatter negative tails of
bitcoin (vs. USD) returns against those of the S&P 500, apart from the onset of the COVID-19
pandemic and the volatile period in early February 2018. These fatter negative tails are
emphasized in the figure on the right-hand side, where «; is significantly below 50%, even
reaching around 40% for bitcoin It suggests that the data is more likely to fit a Laplace
distribution, which is consistent with previous studies by Punzo & Bagnato (2021); Hrytsiuk &
Babych (2020); Chan et al. (2017).

Insert Figure 1
This transparent a; parameter can prove beneficial for both academics and practitioners in

measuring risk trends, primarily in identifying periods of fatter tails in the distributions.

% The United States, Japan, the Eurozone, Germany, France Spain, the United Kingdom, Canada, Australia,
Hong Kong, China, India, Brazil, Mexico, South Africa & Poland.



3.2) lllustrations of four VaR approaches

The study examines the behavior of four VaR methods for two industrial sectors that were
severely impacted by the GFC and the COVID-19 pandemic. For rolling windows of 260 days,
A = 0.984and a 1% confidence level, the daily VaR is computed using the historical (percentile)
VaR and three weighted historical methods: the composite VaR, the HW VaR and the BRW
VaR. Figure 2 highlights the case of the Euro Stoxx Bank index during the last twenty years
(rhs) and focuses on the GFC (lhs), which caused immense pressure on the European banking
sector. Similarly, the COVID-19 pandemic is illustrated using the Euro Stoxx Travel & Leisure
index as shown in figure 3 (lhs).

Insert Figure 2
Insert Figure 3

Figures 2 and 3 illustrate that the three time-weighted measures exhibit faster
responsiveness compared to the historical method.

Nevertheless, all four methods can be local maxima and minima of the VaR, creating
difficulty in selecting a single measure among them. Despite this challenge, our analysis
indicates that when the risk escalates, the composite method exhibits greater reactivity
compared to the historical VaR. Furthermore, the composite VaR avoids undesirable peaks
that are likely to be encountered using the HW method and, to a lesser degree, the BRW
method.

3.3) Comparison of four VaR approaches

Following a statistical presentation of the returns from the three asset classes under
examination, we conduct a more comprehensive analysis of our approach by utilizing three
benchmarks. These benchmarks comprise two widely employed metrics (Boudoukh et al.,
1998; Hull & White, 1998), as well as a simple conditional probability measure. Each of these
benchmarks evaluates relevant properties for risk measures.

The data set for this empirical analysis, composed of three common asset classes (i.e.,
equities, currencies and commodities), is summarized in the descriptive statistical table 1.

Insert Table 1

As expected, the means of the returns are close to zero and the standard deviations are
on an annual basis respectively equal to 22% (Equity), 11% (Currency) and 31% (Commodity),
in line with the ranges between the maximum and minimum values. It underlines that
commodities are more volatile than the other classes. In addition, the Normality hypothesis
was tested with the Jarque-Bera test and rejected for all individual assets.

Typically, the probability of observing a return lower than the computed VaR should be

equal to the confidence level (Kupiec, 1995), otherwise a bias occurs. In line with Abad &

4 Hull & White (1998) also set 1 at 0.98 while Boudoukh et al. (1998) tested both 1 = 0.99 and A = 0.97.



Benito (2013); Boudoukh et al. (1998); Hull & White (1998), we begin by dividing the number
of tail excessions — that is, the frequency with which tomorrow’s return exceeds today's VaR -
by the number of observations. We refer to this metric as the Excession Unconditional
Probability (EUP), which is expressed as follows:

Yi=1le

EUP = P(excession) = T
Where,

[ = {1 Te41 < —VaRi(a),
t 0 otherwise.

Then, we evaluate the responsiveness of our measure by introducing a conditional
probability approach that considers the likelihood of a tail event occurring given that the VaR
was exceeded on the previous date. This method is referred to as the Excession Conditional
Probability (ECP).

P(excession N excession at t — 1)

ECP = P(excession|excessionatt—1) =
( | ) P(excession att — 1)

After the first indicator measuring the bias, Boudoukh et al. (1998) identify another negative
attribute in the fact that tail events may gather. They therefore propose to appraise clustering
with the Mean Absolute Percentage Error (MAPE). For their part, Hull & White (1998) state
that the MAPE measures both bias and clustering, which is also true for our conditional
probability measure. In a nutshell, the MAPE provides the average of the absolute value of the
number of times the VaR is exceeded in a rolling window of 100 observations minus 1 or 5,
respectively at a 1% or 5% level of confidence.

The findings of the benchmark analysis are presented in table 2. The results on the entire
sample are displayed at the top of the table, followed by a breakdown of the results by asset
class®.

Insert Table 2

At a 5% confidence level, the composite VaR exhibits a lower level of bias (i.e., lower EUP)
compared to all other methods. Moreover, the composite VaR demonstrates similar levels of
ECP and MAPE to those of the BRW and HW VaRs, while outperforming the historical VaR in
terms of these metrics. These findings are consistent on the entire sample and across all asset
classes under consideration.

According to table 2, our analysis reveals that, at a 1% confidence level, the composite
VaR exhibits comparable performance to the BRW and HW VaRs across all metrics and
samples under considerations. Furthermore, all the aforementioned approaches demonstrate

superior performance compared to the historical VaR. Nonetheless, figures 2 and 3 (cf. section

> More detailed tables are available upon request to the authors, which includes a comparison of results
during crisis and non-crisis periods.



3.2) clearly depict that at a 1% confidence level, the composite VaR declines more rapidly than
the historical VaR while also circumventing the undesirable peaks achieved by the BRW and
HW methods. This reduced propensity of having high spikes is associated with the fact that
both the ECP and MAPE metrics highlight the slight tendency of the composite VaR to cluster
excessions. In summary, while the composite VaR’s ECP and MAPE are higher than those of
the BRW and HW VaRs, they remain lower than those of the historical VaR.

Our study indicates that the three weighted historical VaR metrics examined perform better
than the commonly used historical VaR with respect to both bias and clustering. In addition to
its efficiency in terms of speed, the composite VaR is effective in terms of bias, albeit
demonstrating a slightly higher propensity to cluster excessions compared to the HW and BRW
VaRs.

4) Conclusion

In this study, we propose a novel weighted historical VaR estimate that is simple,
transparent, and computationally efficient. The method is based on combining the Normal and
Laplace distributions. One of its core components offers insight into the nature of the tail risk
and quantifies the likelihood of favoring either the Normal distribution or the Laplace
distribution. To evaluate the effectiveness of our proposed VaR, we conduct an analysis based
on common bias and clustering benchmarks. We compare it with the age-weighted and
volatility-weighted historical methods proposed by Boudoukh et al. (1998) and Hull & White
(1998) and the classical historical one.

Although our new approach offers rapidity, none of the evaluated methods can be definitely
deemed as the most efficient VaR estimate. One notable advantage of our method is its low
bias.
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List of tables

Equity | Currency | Commodity
No. of dates 6392 6392 6392
No. of assets 18 12 11
Mean 3.4E-04 | 7.9E-05 3.3E-04
Std. Dev. 0.014 0.007 0.020
Min -0.158 -0.106 -0.434
Max 0.334 0.176 0.788

Notes. This table shows the average of the mean and standard deviation of each asset class daily returns and the overall

minimum and maximum.

Table 1: Descriptive statistics summary



Return

Confidence level 1% 5%

Sample VaR EUP ECP MAPE EUP ECP MAPE

All Hist 0.0154 0.0666 1.3082 | 0.0553 0.1067 3.2187
BRW | 0.0133 0.0275 0.8516 | 0.0513 0.0745 1.8853
HW 0.0101 0.0368 0.8388 | 0.0503 0.0827 2.2428
Comp | 0.0106 0.0504 0.954 | 0.0451 0.0796 2.3147

Equity Hist 0.0157 0.0758 1.3676 | 0.0557 0.118 3.4153
BRW | 0.0135 0.0306 0.9071 | 0.0515 0.0836 2.0322
HW 0.0107 0.0434 0.9051 | 0.0505 0.0951 2.4359
Comp | 0.0125 0.0635 1.065 | 0.0489 0.0934 2.4446

Currency Hist 0.0152 0.059 1.2858 | 0.0547 0.0969 3.1429
BRW | 0.0127 0.0256 0.7802 | 0.0505 0.0624 1.7428
HW 0.01 0.0229 0.7879 0.05 0.0638 2.0495
Comp | 0.0083 0.0325 0.8637 | 0.0416 0.0626 2.2237

Commodity Hist 0.0152 0.0598 1.2354 | 0.0553 0.099 2.9796
BRW | 0.0135 0.0246 0.8386 | 0.0518 0.0726 1.8005
HW 0.0093 0.0411 0.7859 | 0.0503 0.0832 2.1377
Comp | 0.0099 0.0485 0.8709 | 0.0429 0.0756 2.2014

Notes. This table shows the means of the benchmark values overall and for each asset class.

Table 2: Summary of the metrics at a 1% and 5% confidence levels
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Notes. These charts display the daily returns (lhs) and a; (rhs) of the S&P 500 Index (blue) and bitcoin dollar (yellow). An a; < 0.5
overweights the Laplace distribution.

Figure 1: Bitcoin/USD and S&P 500 Index
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