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Numerical implementation of Hadamard
renormalization in black hole spacetimes

Lorenzo Pisani

Abstract

Quantum field theory in curved spacetimes provides the foundation of the semi-
classical theory of gravity, which is governed by the semiclassical Einstein equations.
Usually, one attempts to solve these equations perturbatively about a fixed back-
ground solution, whence the quantum correction to the geometry is sourced by the
expectation value of the stress-energy tensor for the quantum field on the classical
background. This quantity is formally divergent, and this divergence can be removed
with the Hadamard renormalization procedure. While conceptually understood for
decades, its practical implementation in black hole spacetimes is notoriously difficult,
with efficient schemes developed only in recent years.

One of the most powerful of such schemes is the extended coordinate method,
whose applicability is however limited to quantum scalar fields in the Hartle-Hawking
state on the exterior of static, spherically symmetric black holes. In this thesis, we
extend this method in several directions and compute renormalized expectation
values in various scenarios of interest.

First, we generalize the method to directly compute the renormalized stress-
energy tensor (RSET) for massive scalar fields in the Boulware state, thereby en-
abling the study of semiclassical effects in spacetimes where the Hartle-Hawking
state does not exist, for example, in extremal black holes. We demonstrate the
accuracy of this method by calculating the RSET in sub-extremal and extremal
Reissner-Nordstrom spacetimes.

Beyond black holes, we apply the method to compute the renormalized vacuum
polarization (RVP) and RSET outside and inside a thin shell joining a Schwarzschild
exterior to a Minkowski interior. We also derive analytical expressions for their
leading-order divergences at the shell.

Additionally, we extend the method to the interior of spherically symmetric black
holes that possess a Cauchy horizon. We obtain the RVP and RSET in the Hartle-
Hawking and Unruh states inside a Reissner-Nordstrom black hole and derive their
behavior on the inner horizon analytically.

Finally, we show how these very accurate RSET prescriptions can be used to
compute the semiclassical backreaction in these contexts.

XV



Preface

Chapter 1 presents a literature review on the quantization of a scalar field in curved
spacetimes and on the Hadamard renormalization. The material in the remaining
Chapters is original.

The material presented in Chapters 2-3-4 is a result of a collaboration of the au-
thor with Julio Arrechea, Cormac Breen, Adrian Ottewill, and the author’s primary
supervisor, Peter Taylor. The material presented in Chapter 5 was developed in
collaboration with Marc Casals, Gabriel Freitas Silva, and Peter Taylor, while the
material presented in Chapter 6 was developed in collaboration with Marc Casals
and Peter Taylor.

A summary of this thesis and of my main contributions follows. In Chapter 2, we
develop a generalization to the extended coordinate method for a direct computation
of the renormalized stress-energy tensor for massive quantum scalar fields in the
Boulware state. While previous calculations of the RSET in the Boulware state
using the extended coordinate method relied on a state-subtraction approach, the
new method allows for a direct calculation. This is essential in spacetimes that do
not admit a Hartle-Hawking state to use as a reference state. I made substantial
contributions to all aspects of this Chapter.

In Chapter 3, we validate the new method by computing the RSET in the Boul-
ware state on the exterior of a sub-extremal Reissner-Nordstrom spacetime and by
comparing the results against existing ones obtained with the indirect state sub-
traction approach [3]. In addition, we compute the RSET for massless and massive
scalar fields in the Boulware state on the exterior of an extremal Reissner-Nordstrom
black hole, providing numerical evidence of its regularity at the extremal horizon.
Finally, we make use of the RSET results to compute the semiclassical backreac-
tion in the context of extremal black holes. The near-horizon analytical results
were obtained by Cormac Breen. The backreaction equations were derived by Julio
Arrechea, Cormac Breen, and Peter Taylor.

In Chapter 4, we shift our attention away from black holes to consider a simple
example of a horizonless spacetime: a spherical thin shell joining a Schwarzschild
exterior to a Minkowski interior. We compute the renormalized vacuum polarization

and the RSET in this spacetime over a wide range of parameters. In addition, we

Xvi
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employ both a WKB and a weak-field approximation to obtain analytical expressions
for the leading-order divergences of these quantities at the shell. Finally, we make
use of these analytical expressions to compute the semiclassical backreaction on
the shell. The WKB approximation near the surface of the shell was carried out by
Cormac Breen. The backreaction equations were derived by Julio Arrechea, Cormac
Breen, and Peter Taylor.

In Chapter 5, we turn our attention back to black holes, now focusing on their in-
teriors. In particular, we derive, through analytic continuation of the exterior expres-
sions, mode-sum representations for the Wightman functions for massive scalar fields
in the Unruh and Hartle-Hawking states on the interior of a Reissner-Nordstrom
spacetime. We then show how the extended coordinate method can be applied in
this context and compute the renormalized vacuum polarization and RSET on the
interior for both massless and massive scalar fields. This Chapter marks the first
application of the extended coordinate method directly in the Lorentzian spacetime.
I made substantial contributions to all aspects of this Chapter.

In Chapter 6, we then focus on the region near the Cauchy horizon. We compute
numerical results for the renormalized vacuum polarization for massless and mas-
sive scalar fields and complement these with analytical expressions. In addition, we
obtain semi-analytical expressions for the leading-order RSET components on the
Cauchy horizon and compute them numerically over a wide parameter space, pro-
viding evidence that these quantities diverge there. I made substantial contributions
to all aspects of this Chapter.

Finally, in Chapter 7, we draw some conclusions and provide an outlook.

xvii



Chapter 1

Introduction

1.1 Quantum field theory in curved spacetime

General relativity and quantum field theory are two of the main theoretical frame-
works underlying our understanding of the fundamental nature of reality. Despite
describing physical processes at very different scales, both general relativity and
quantum theory are expected to be important in certain physical scenarios, for in-
stance, when quantum fields propagate on strongly curved backgrounds, such as
black-hole spacetimes. Thus, combining general relativity and quantum mechanics
into a unified theory of quantum gravity is regarded as one of the most important
problems of fundamental physics. While several approaches to quantum gravity have
been proposed (see [4] for a review), the lack of experimental and observational data
makes it challenging to constrain the different proposals. There are, however, robust
low-energy approximations to quantum gravity that are expected to provide useful
insights into the interaction between the quantum theory and general relativity.
One such approximation is the semiclassical approximation underpinned by quan-
tum field theory in curved spacetime, which describes quantum fields propagating
on a classical curved spacetime background. This approximation is considered to be
valid in regimes in which the spacetime curvature is small compared to the Planck
scale.

One of the earliest and most important results of quantum field theory in curved
spacetime was Leonard Parker’s work on particle creation in expanding universes [5-
7], which demonstrated that quantizing a scalar field on a classical curved back-
ground describing an expanding universe can lead to spontaneous particle creation.
Parker’s original Ph.D. thesis was recently reedited in [8]; see also [9] for a his-
torical review. Parker’s studies were particularly influential for Hawking’s famous
discovery of black hole radiation [10]. Motivated by these earlier works, Unruh later

showed that a uniformly accelerated observer in Minkowski spacetime perceives the
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Minkowski vacuum as filled with a thermal bath of radiation [11]. These important
early results played a central role in shaping the development of the field.

Before discussing the details of quantum field theory in curved spacetimes, it
is necessary to introduce the classical Einstein field equations, which describe the

interaction between the spacetime geometry and the classical matter content,
Gap + Agap = 81T, (1.1)

where g,4 is the metric of spacetime, A is the cosmological constant and G, is the
Einstein tensor. The Einstein tensor G,p is defined by Gos = Rapg — %gaﬁR, where
R.p is the Ricci tensor, R is the Ricci scalar and T 0(;2) is the stress-energy tensor of
the classical matter.

In quantum field theory in curved spacetime, the spacetime geometry is treated
classically, while some fields are quantized, and the expectation value of the stress-
energy tensor associated with these quantum fields contributes to the overall stress-
energy that appears as the source term on the right hand side of the so-called
semiclassical Einstein equations. Discussing the semiclassical Einstein equations
requires the technical notions of quantization of a field on curved spacetimes and
renormalization of expectation values on curved spacetimes, which will be the focus
of Sections 1.2-1.5. We will then introduce the semiclassical Einstein equations in
Sec. 1.6.

1.2 Canonical quantization

In this Section, we briefly summarize the canonical quantization formalism. We first
consider the case of a flat Minkowski background and later generalize the formalism

to a curved spacetime. In doing so, we follow standard textbook material [12-16].

1.2.1 Minkoski spacetime

We consider a scalar field ®(x) = ®(¢,x) in four-dimensional Minkowski spacetime,
where ¢ denotes the time coordinate and x a three-dimensional vector containing

the spatial coordinates, defined by the action

S = —% / d*z{n*"0,® 03P + p2P?}. (1.2)
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In this expression, p is the field mass, 7,4 is the Minkowski metric and the La-

grangian density is given by

1
L= —é{n“ﬁc‘)a(b Dp® + 0%} (1.3)
By requiring that
0S
— =0 1.4
(5@ J ( )

one obtains the Klein-Gordon equation describing the propagation of the scalar field

on a Minkowski background,
(00, — )@ = 0. (1.5)
A convenient set of solutions to this equation is
u(t,x) = N, e** "kt (1.6)

where N,, is a normalization factor, k is the 3-momentum and the frequency wy is
defined as

wp = [k[* + p®. (1.7)

When wy > 0, the modes uy are called positive frequency modes with respect to
the time coordinate ¢, while uy, are called negative frequency modes. In fact, these

modes are eigenfunctions of the operator 0/09;, with wy > 0,

auk(t,x) = —iwyuk(t,x),

d * . *

auk(t, xX) = iwyuy(t, x). (1.8)
Given two solutions ®; and @5 to Eq. (1.5), we define the Klein-Gordon scalar
product as

(B, Dy) = —i/ [0,0,®} — ®30,8,] d*, (1.9)
¢

where ¥, := {t = constant} is a constant-time hypersurface. The integrand is a

conserved quantity and therefore the value of (®1, ®5) is independent of the choice

of ¥; [12]. Introducing Eq. (1.6) into the scalar product (1.9) and requiring the
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orthornomality condition (uy,u}) = 63(k — k') yields the normalization constant,

1
Ny = —F————. (1.10)
v/ 2|wy|(2)3
We also define the canonical conjugate momentum as
oL
= = 0,P(x). 1.11
") = 5 = 02 (111)

To quantize the field we promote ®(z) and 7 (z) to operators and impose the fol-

lowing equal time commutations relations

[(i)(t> X)’ (i)(t> X/)] =0,
t,x), 7 (t,x")] = 0,
[D(t, %), 7(t,x)] = i6°(x — x'). (1.12)

The positive frequency ux modes, together with the negative frequency wu; modes,
form a complete orthonormal basis with respect to the scalar product (1.9). We

then expand ® as

~

b(t, x) = /R 'k (dkuk(t,x) +aLu;;(t,x)) (1.13)

where ax and dL are known as the annihilation and creation operator respectively,
defined by

A

&k = (CIJ,uk> (114&)
L= —(®,up). (1.14D)

These operators satisfy the following commutation relations
i, ane] = [af,al,] =0, law,al,] = 0%k — ). (1.15)

The Hilbert space of the quantum field theory is the Fock space
F=Co® (@HW), (1.16)
n=1

where H is the single-particle Hilbert space and H(™ is the Hilbert space of n-
particle states. We define the vacuum state |0) € F as the state annihilated by all
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annihilation operators
ax|0) =0, Vk. (1.17)

This state contains no particles for all inertial observers. In Minkowski space-
time, the existence of the Poincaré symmetry provides a natural set of modes (see
Eq. (1.13)) and a preferred choice of vacuum state for all inertial observers (see
Eq. (1.17)) that is invariant under the action of the Poincaré group [12]. Note,
however, that a non-inertial observer may still perceive the vacuum in Eq. (1.17) as
containing particles. This is, in fact, the origin of the Unruh effect [11]. We will see
that this notion of a preferred vacuum will break down entirely in curved spacetime.

A one-particle state can be constructed by acting on the vacuum state |0) with

a creation operator dli

1) = al]o). (1.18)
This concept is generalized to construct an n-particle state as

Lk, Lieys ooos L, ) = af af...af, 10). (1.19)

1.2.2 Curved spacetime

Let us assume a C* globally hyperbolic fixed background spacetime (M, g) [17],
equipped with a Lorentzian metric g,3. We introduce a scalar field on this back-
ground by generalizing the action in Eq. (1.2) to curved spacetimes, replacing normal

derivatives with covariant derivatives,

1

82—5

/d4a:\/§ {g°°V PV 30 + 1*D* + (R D}, (1.20)
where we define g = |det(gas)|, and
1
L= _5\/5 {9°PV . OV5® + p2d? + (R ©%} (1.21)

is the Lagrangian density of the field. Note that in Eq. (1.20) we also introduced a
coupling ¢ to the gravitational background curvature. Two values of the coupling &
are particularly relevant: minimal coupling £ = 0 and conformal coupling & = 1/6.
In the minimally coupled case, the scalar field is not directly coupled to the Ricci
scalar. For conformal coupling, in the massless case, the action and field equation
are invariant under conformal transformations [14].

The Klein-Gordon equation in curved spacetime can be obtained by varying the
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action with respect to the scalar field and applying the principle of stationary action

1468
N

where [J is the d’Alembertian operator O = ¢g*?V, V. Global hyperbolicity ensures

(O—p?—ER)D =0, (1.22)

that the Cauchy problem associated with the Klein-Gordon equation is well-posed.
That is, given suitable initial data on a Cauchy surface, the solution to the Klein-
Gordon equation is uniquely determined.

We define the Klein-Gordon scalar product as
<(D1, ®2> = —Z/ [(I)IVO[CI); - @;Vacbl] no‘dZ, (123)
b

where the integral is over a Cauchy surface ¥ with unit future-directed normal n®.
The value of (®,, ®,) is independent of the choice of ¥ [18].

We then assume that a complete set of mode solutions {u; }, where i is a symbolic
placeholder for a set of mode numbers that label a complete set of solutions, that

are orthonormal with respect to the Klein-Gordon product exists such that,

<Ui,Uj> = 51’]’7 <’LL>§< u*> = —51‘]', (uz,u;‘) = 0. (124)

1777

As in Minkowski spacetime, we quantize the field by promoting it to an operator

and expanding the field operator as

O(x) =) (am; + afu), (1.25)

i

where the symbolic sum over ¢ could involve integrals if any of the mode-numbers is
continuous, and where the annihilation and creation operators a; and &I are defined
by

a; = (D, u;), (1.26a)
af = —(®,u7), (1.26b)

and satisfy the commutation relations

la;, ;] = [a],al] = 0, (6, a1] = 6. (1.27)

J

We can then define the vacuum state |0,) as the state annihilated by all the annihi-

lation operators a;

a;0,) =0, Vi (1.28)
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We have seen that in Minkowski spacetime, there is a natural set of modes (1.13)
arising from the Poincaré symmetry. This is no longer true in general curved space-
times, due to the absence of Poincaré symmetry in this context. Therefore, we can
expand the field in a different complete set of orthonormal (with respect to the scalar
product (1.23)) modes {v;},

O(x) =Y (bv; + blvy), (1.29)

(2

where b; and b! are the annihilation and creation operators for this new set of modes

and are defined as

b = (B, ), (1.30)
bl = —(®,07), (1.30D)

with commutation relations
[bs, b;] = [b],b1] = 0, (b, b1 = 6. (1.31)

In addition, a second vacuum state |0,) can be defined as the state annihilated by

all annihilation operators lA)Z
b;]0y) =0, Vi (1.32)
It is possible to express the modes {v;} in terms of the modes {u;} (and vice versa),

v = Z(aijuj + Biju;>7 (1.33)

J

where «;; and §;; are known as the Bogoliubov coefficients, obtained from
aij = (Ui, ug), By = —(vi,uj). (1.34)

Employing the definition of annihilation operators in Eq. (1.30), introducing Egs. (1.33)
and (1.25) and exploiting the orthonormality of the modes {u;} yields

bi = (b, v;) = <Z(&kuk +afui), Y (aiu; + 5iju}k')>

J

k
> [Oéi}&j - BZ;-&}] : (1.35)
J

Thus this relation allows us to express the annihilation operators b; in terms of the

annihilation and creation operators a; and di and the Bogoliubov coefficients a;
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and f;;. Evaluating the vacuum state |0,) with the annihilation operator b;, making
use of Eq. (1.35), yields

bil0a) ZBZ’;AI (1.36)

which is, in general, nonzero.
In addition, it is useful to compute the expectation value of the number operator

N; = l;;rl;z in different vacuum states. Note that for the vacuum state |0p)
(08| N3] 05) = 0, (1.37)

meaning that an observer associated with the mode decomposition {v;} detects zero

particles in this vacuum state. On the other hand,
(0a| N:10,) Z 1853, (1.38)

Therefore, the vacuum state |0,) contains particles when described in terms of the
mode basis {v;}. This analysis shows that in curved spacetimes, there is, in gen-
eral, no unique choice of vacuum state and that the notion of particles is observer-
dependent. This is also true in Minkowski spacetime: the vacuum state defined in
Eq. (1.17) contains particles as measured by a uniformly accelerated observer [11].
Different choices of vacuum are relevant for different physical scenarios. For example,
in Section 1.7, we will discuss the three vacuum states most commonly considered

in black hole spacetimes and their physical interpretation.

1.3 Green’s functions

A Green’s function is an inhomogeneous solution of a linear differential equation
sourced by a delta distribution, subject to specified boundary conditions. Green’s
functions provide a powerful method for constructing solutions to partial differen-
tial equations. In quantum field theory, different Green’s functions and two-point
functions can be constructed from vacuum expectation values of various products of
field operators. While Green’s functions satisfy the inhomogeneous equation with
a delta source, some of the two-point functions that we will introduce in this Sec-
tion are solutions to the homogeneous equation. Different two-point functions can
be constructed by imposing different boundary conditions tailored to the physical
problem under consideration. These objects will prove particularly useful in the
context of renormalization. For completeness, we will introduce the most impor-

tant two-point functions of the Klein-Gordon equation, although some will not be
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specifically relevant to this thesis.

In this section, we introduce a coordinate system {x°, !, 2% 23} (not necessarily
globally defined) on the globally hyperbolic spacetime (M, g) and assume that the
coordinate x° = t is associated with a timelike vector field 9,, meaning that hyper-
surfaces X; := {t = constant} are spacelike [13]. We generically refer to x and 2’ as
different points in the spacetime.

We first introduce the Schwinger (or Pauli-Jordan) two-point function Gg and
the Hadamard two-point function Gy, defined respectively by the expectation value

of the commutator and anticommutator of the fields [12]

iGs(x,2') = (0[@(x), (2")]]0), (1.39)
Gu(z,2') = (0{D(x), &(2")}|0), (1.40)

and the Wightman functions

GF(x,2") = (0|®(z)P(2)]0), (1.41)
G~ (x,2") = (0|®(2")P(2)]0). (1.42)

Despite the conventional notation G(z,z’), the Schwinger, Hadamard, and Wight-
man two-point functions are not Green’s functions, since they satisfy, from Eq. (1.22),

the homogeneous equation (in z and 2'), e.g.,
(O, — > — ER)G(z,2") = 0. (1.43)
The Feynman Green’s function is defined as

iGp(z,a’) = (O|T(d(x)("))[0)
=0t —t)G"(z,2')+ O — )G (z,2) (1.44)

where ©O(t — ') is the Heaviside function and 7 denotes the time ordering operator

. O(x)®(a)), if t>t,
T(P(x)D(2)) = )
) () (x), if ¢ >t 49

In addition, we define the advanced and retarded Green’s functions

Gaav(z,2") = O(t' — t)Gs(x, 2), (1.46)
Gret(z,2') = —O(t — t")Gs(x, 2). (1.47)

The Feynman, advanced, and retarded Green’s functions are true Green’s functions
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in the sense that they satisfy the inhomogeneous equations

2 - :Ex':—i‘lx—x’

(O, — 122 — € R)Gaaupr(, ') = %54(95 ~ ). (1.49)

1.3.1 Green’s functions in flat spacetime and Wick rotation

It is instructive to consider the Green’s functions in Minkowski spacetime, where

the Green’s function equation simplifies to
(O, — 12)G(a,a') = —d(x — ), (1.50)
where now [0, = n*¥V,Vjs. This equation can be solved in momentum space,

making use of the integral representation for the delta function

1 - N kO (4!
64 oy = ik (x—x")—ik?(t—t )d4/{3 1.51
@)= i [ e , (151)
where k = (k° k) is the four-momentum. Introducing Eq. (1.51) into Eq. (1.50), we

obtain the following integral representation for the Green’s function

o , 1 6z'k-(xfx’)fiko(tft’) d4k L5
05) = oyt f S (152

Clearly, the k° integral has poles when k° = +1/k* + ;2. As a result, the k° integral
should be taken along a contour in the complex k° plane. The various Green’s
functions previously defined are associated with different choices of this contour,
as reported in Fig. 1.1. While the two-point functions that are solutions to the
homogeneous wave equation are associated with closed contours, the actual Green’s
functions satisfying the inhomogeneous equation are represented by open contours.
Note, however, that these open contours should be visualized as closed by infinite
semicircles.

The Feynman Green’s function is of particular relevance as it possesses several
important properties. First, the other two-point functions and Green’s functions
defined in this section can be obtained from the Feynman Green’s function [12].
The contour of the Feynman Green’s function can be equivalently understood to
be taken along the real axis if one introduces an infinitesimal negative imaginary

contribution ‘¢’ to the denominator of the integral representation of the Green’s

10
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Im(k°)

/)\ m Re(kY)

Im(k°)

Gret

i

Re(k?)

CO
CO

Gadv

Im(k°)

4
@
es]

£ Re(k°)

Figure 1.1: In this Figure, we report the contours associated with the different
two-point functions. The poles, occurring on the real axis at k° = +/k2 + u2, are
represented with crosses.

11
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function

) 1 eik~(x—x')—ik0(t—t') .
Gr(z,2") = oL /R4 T e ied k. (1.53)
In addition, inspecting the contours in Fig. 1.1, one notices that the Feynman con-
tour is unique in that it is the only contour that admits a Wick rotation. In fact, the
Feynman contour can be rotated by a counterclockwise rigid rotation of 90 degrees
without intersecting the poles so that the integral runs along the imaginary axis. We
can generalize the Wick rotation to curved (static) spacetimes by adopting t — —ir

and
Gr(t,x;t',x') = —i Gg(it, x;i7", X'), (1.54)

instead of rotating frequency contours [19]. Gg is the Euclidean Green’s function

which satisfies the equation

(OF — 12 — ¢ B)Gru(z, 2) = —%54@ — ), (1.55)
where (0F is the elliptic Euclidean differential operator. The advantage of working
with the Euclidean Green’s function is that, for a sufficiently regular boundary and
under appropriate boundary conditions, the elliptic operator has a unique, well-
defined inverse [12]. As a result, the Klein-Gordon equation admits a unique solu-
tion. In addition, we will discuss in the next Section that the distributional nature
of the singularity structure of the Euclidean Green’s function is simpler than that

of the Feynman Green’s function.

1.4 Hadamard construction of the Green’s func-

tion and Hadamard parametrices

In the coincident limit 2/ — x, the Green’s functions introduced in Sec. 1.3 are
ill-defined and divergent, as they involve squares of operator-valued distributions.
This divergence only depends on the local geometry of the spacetime and on the
field parameters. As discussed in the previous section, the Feynman Green’s function
plays a central role in quantum field theory. Therefore, in what follows, we focus
on analyzing the singularity structure of this particular Green’s function, recalling
that all the other Green’s functions can be readily constructed from it. For two
spacetime points x and z’ within a normal neighborhood (meaning that x and z’
must be connected by a unique geodesic), the divergence structure is encoded in

the universal Hadamard form of the Feynman Green’s function [20], which in four

12
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dimensions is

Al/Q(.ZL’, I/)
oc(x,x')

?

Gy(z,2") = lim {

20 (x,2")
/2

e—0+ 872

+ V(x,2") log ( ) + W(x,x’)} :
(1.56)

In this expression, o (x,z') = o(x,2’) + i€, where o(x, 2) is Synge’s world function,

measuring half the square of the geodesic distance between x and 2z’ [21]. This

function satisfies the equation
20 = 0,07, (1.57)

where we adopt the notation o, = V,0, when 2 # 2/. The world function o is
negative, positive, or zero whenever the points x and z’ are, respectively, timelike-,
spacelike-, or null- separated. The ‘i’ prescription is introduced so that Eq. (1.56)
is a well-defined distribution even when the spacetime points are null-separated, i.e.,
when o(z,2") = 0. Other Green’s functions or two-point functions possess different
“ie’ prescriptions. The biscalars AY2(x,2'), V(x,2') and W (z,2') are symmetric
and regular in the coincidence limit 2/ — x. Moreover, AY?(x,2'), V(x,2') only
depend on the local geometry and the field parameters, and do not carry any global
information, such as the details of the quantum state. The global information is
instead fully encoded in W(xz,2’). The parameter ¢ is an arbitrary lengthscale
required to make the argument of the logarithm dimensionless and is associated
with the renormalization ambiguity.!
The biscalar A(z, ') is known as the Van Vleck-Morette determinant [22]

Az, 7)) = —g~V*(x)det(—0.0p )9~ /(") (1.58)

and is related to the world function via the transport equation

209V AY? = (4 — O,0)AY?, (1.59)
with initial condition
lim A(z,2") = 1. (1.60)
' =z

The Van Vleck Morrette determinant A(z, z’) contains information about whether
neighboring geodesics in a geodesic congruence are converging or diverging. In
Minkowski spacetime, geodesics are straight lines and A(z,x) = 1. The biscalar

V(z,2’) contains information about waves scattering off the spacetime curvature.

I Throughout this thesis, unless explicitly stated otherwise, the notation log denotes the natural
logarithm In.

13
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Introducing the Hadamard representation (1.56) into Eq. (1.48) with = # 2/, it
can be shown that the biscalars V(x,z) and W (z, 2') satisfy the equations [23]

(|:|$ - ,LL2 - §2R)V($,ZL’/) =0, (161)
and

o(0, — i —ERW = — (O, — i — ER)A?
— 2V = 2V,,0 + 2VAT2AL 25, (1.62)

The biscalars V(z,z') and W (x,z') are normally expanded using the Hadamard

ansatz

V(z,2") = Z Vy(z,2") o?,

p=0

=> Wy(x,2) 0", (1.63)

p=0

in order to construct series solutions to the equations (1.61) and (1.62) yielding a

recursive set of transport equations for V, and W, [24, 25]

(p+1)(2p + D)Vpsr + 2(p + 1)o7V V1 — 2(p + 1)V, i A™2079V A
(O — 12— ERV, =0, (L64)

(P+1)2p+4) Wyt +2(p + 1) Wpi1,00™" = 2(p+ 1) WerlAil/QA;lo{QU;a
+ (4P +6) Vo1 + 2Vp4100™ = 2V, ATVPA 20 4 (O, — i — ER)W, = 0,
(1.65)

together with the boundary condition for V}
Wi + 209V Vy — 2VoA 2079V, A2 + (O, — pi® — € R)AZ = 0. (1.66)

The biscalars AY?(z,2') and V(z,2') can be determined by solving equations (1.59)
and (1.64), with boundary conditions (1.60) and (1.66), as covariant Taylor series
by introducing [23, 25, 26]

1
k:_ ooy, (@) (2, 2)) ..o (2, 2, (1.67a)

Mg

AY2(z,2') = u(x) +

?r
—_

1 : .
Vo(z,2') = vy(x) + k—vpalmak (x)o* (z,2")..00% (x, ). (1.67b)

wmg

14
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When the metric is analytic in a neighborhood of x € M, there always is a suf-
ficiently small neighborhood of z in which these series converge. Since we are ul-
timately interested in taking the coincident limit, it is sufficient for the domain of
convergence to be small. Additionally, in practice, we truncate the series and only
make use of the first few coefficients. Equating the terms in the resulting equations
at each order of ¢ yields the coefficients of these expansions. While the coefficients
for the first few orders of A'/2 can be found in [23, 25], it is particularly relevant to
report here the explicit expressions for the first couple of orders of V. Expanding V'
as

V =Vy+Vio+0(c%?), (1.68)

introducing the covariant Taylor expansions for V5 and V; at the required orders

. 1 oy
Vo = vg — Vg 07 + 5 Uoas o + O(5*?), (1.69a)

Vi = +O(c'?), (1.69b)

and substituting into the relevant equations yields the following coefficients [23, 25]

vo=1[(6-1) R+ 7], (1.70a)
Voo = %Uo;a = zll (5 - %) R;a, (1-70b)
Yoap = _Talz(JR“/ésaR%eﬁ - ﬁRM&SRw + g5 Ray s — 1350 Rag
+ (66 = 1) Riop + 15 (€ = §) R Rap + 51" Rap. (1.70c)
U1 = 75 Ragys R — L Ros R — L(¢ — H)OR
FRE QPR+ - )R+ g (1.70d)

Clearly, in the coincident limit, one has

lim Vi(z,z") = vp. (1.71)
Interestingly, vy vanishes for massless scalar fields propagating in spacetimes in which
the Ricci scalar R = 0. As a result, in this case, the Feynman Green’s function is
free of logarithmic divergences, as follows from Eq. (1.56) with V(z,z) = 0.

We have seen that the biscalars AY?(z,2’) and V(z,2') are uniquely determined
by the local Hadamard expansion. On the other hand, the equations introduced
above do not uniquely determine W. In fact, the equations do not fix the boundary
conditions for Wy. This reflects the global nature of the biscalar W (z,2'), which
depends on the quantum state under consideration. Another way of expressing this
is that the indeterminate nature of Wy reflects the failure of the local Hadamard

expansion to capture global information.

15



Chapter 1. Introduction

We note that the state-independent terms are singular in the coincidence limit,
and this singular structure is geometrical and completely independent of global
boundary conditions that the Green’s function might satisfy. The state-independent

component of Eq. (1.72) is known as the Hadamard parametrix

K(z,a') = lim —. {AI/Q(x’M V(o) log (M) } | (1.72)

=0+ 812 | oz, ) 02

which satisfies the wave equation with a smooth source and, as we will discuss in
the next Section, will play a central role in the renormalization procedure. The
terms involving A2 /o, and V log o, on the right-hand side of Eq. (1.72) are usually
referred to as, respectively, the direct and tail parts of the Hadamard form. In-
specting Eq. (1.61) also clarifies the origin of the renormalization ambiguity ¢. This
ambiguity arises because V(z,2’) is a solution to the homogeneous wave equation,
so that arbitrary multiples of V(x,2’) can be added to Eq. (1.72) while it remains
a parametrix for the wave operator.

Finally, although we focused our discussion on the Hadamard form and parametrix
of the Feynman Green’s function, we introduce the Hadamard parametrix for the

Euclidean Green’s function

K 2/) = — {Am(w’ ) V(e 2') log (M> } )

82 | o(z,a’) 02

Note that in the Euclidean version of the Hadamard parametrix, the ‘i€’ prescription
is not required, since there is no light cone in a Riemannian manifold. In addition,
in the Euclidean case, the parametrix in Eq. (1.73) is actually known as the DeWitt
parametrix. In this thesis, however, for simplicity, we use the term Hadamard
parametrix for both the Lorentzian and Euclidean version of the parametrix, as is
commonly done in the literature. We will see that this significantly simplifies the
construction of a renormalization prescription in black hole spacetimes.

The treatment outlined in this Section is not generically valid for any quantum
state. We therefore introduce the concept of a Hadamard state. A Hadamard state
is a quantum state whose Wightman function possesses a short-distance singularity

structure of the Hadamard form:

20(x, ")
EQ

1 AI/Q /
GT(z,2') = lim { (2, 2)

e—0+ 872

+ V(x,2)log ( ) + Wz, x')} ,

(1.74)
equipped with the ‘ie’ prescription o (z,2') = o(z,2') + ie(t — ') + €. Hadamard

oc(x, ")

states are widely considered as the physically acceptable quantum states [14]. Through-

out this thesis, we restrict our analysis to Hadamard states.
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1.5 The renormalized stress-energy tensor

As discussed in Section 1.1, the fundamental quantity of interest for the purpose of
solving the semiclassical Einstein equations is the expectation value of the stress-
energy tensor operator of a quantum field, which encodes the energy-momentum
density of the quantum field.

In the classical theory, the stress-energy tensor of a massive scalar field satisfying
the Klein-Gordon equation (1.22) is defined by the variation of the action (1.20) with

respect to the metric

2
Tos: 58

= 5 30ms =(1 = 26)Va®V;5® + (2§ — 3)9as V'OV, @ — 20 DV, V5

2
+ 26 Gup®VIV, B + £G o ®? — %gagCDQ. (1.75)

This tensor satisfies the conservation relation, namely its divergence vanishes V, 7% =
0 by virtue of the twice-contracted Bianchi identities, when ® satisfies the equation
of motion (1.22).

If the quantum fields were promoted to operator-valued distributions, as they are
in the quantum theory, then the classical expression would be ill-defined, involving
terms that are quadratic in an operator-valued distribution evaluated at the same
spacetime point. Christensen [27] introduced a covariant point-splitting prescription
to circumvent this problem. Following this prescription, the expectation value of
the stress-energy tensor operator is defined as the coincident limit of a differential

operator acting on the Feynman Green’s function
(A|TwslA) := —i lim 7o5 Ga(z, '), (1.76)
' —x

where G (x, ') is the Feynman Green’s function for a quantum field in a Hadamard
state |A). Of course, this naive definition for the expectation value of the stress-
energy tensor is still ill-defined when one actually takes the coincident point limit
and hence needs to be renormalized before one computes such limit. The Feyn-
man Green’s function G (x,z’) possesses a short-distance structure of the universal

Hadamard form

20 (x,2")
/2

Galw,a) = lim - {Nﬂ(m’x')

=0t 872 | o (z, )

+ V(z,2')log ( ) + Wal(z, aﬁ/)} ,

(1.77)

17



Chapter 1. Introduction

and 7°° is the differential operator
/ ]. !
798 = (1 —26) g VOV* + <2§ — §> 9P gV VT =26 VP 426 gV VY

+¢ (RO‘B — %g‘wl?) - %u2ga67 (1.78)
where gz is the bivector of parallel transport, defined by the differential equation
07ggP., = 0, subject to the boundary condition lim,/_,, gs” = 5%, [22, 23, 28].
Note, once again, that the information about the quantum state is fully encoded
in the biscalar W (z, 2"), while the other terms in Eq. (1.77) are state independent
and identical for all Hadamard states.

Provided that we do not take the coincident limit in Eq. (1.76), the expression
on the right-hand side is well-defined and regular. However, in the coincident limit,
the expression diverges and requires renormalization. In Minkowski spacetime, this
divergence can be removed by renormalizing the zero-point energy by an infinite
amount. This is done through a normal ordering procedure and is acceptable because
only energy differences are physically observable [12]. This argument is no longer
valid in gravitational physics, where the energy density itself acts as a source of
gravity. A different renormalization prescription is therefore required.

To renormalize the stress-energy tensor in curved spacetimes, we implement the
Hadamard renormalization prescription on the point-split stress-energy tensor. This
prescription was originally proposed by Adler, Lieberman, and Ng [29, 30], subse-
quently corrected by Wald [31] and further developed by Brown and Ottewill [23, 24].
This approach consists of subtracting the Hadamard parametrix from the Feynman
Green’s function, thus obtaining a quantity that is regular in the coincident limit.
This prescription allows us to define what is known as the renormalized vacuum
polarization for the field ®(x) in the state |A) as

. 1
(A|®%A)en = —i ml/lg; {Ga(z,2") — K(z,2')} = @l}}g Wa(x,x') (1.79)

where K (z,2') is the Hadamard parametrix defined in Eq. (1.72). A similar proce-
dure yields an expression for the stress-energy tensor operator that is finite in the

coincident limit

. 1
(A|Top|A) finite = —1 lim {7up (Ga(z,2') — K(z,2"))} = 2 lim 7osWa(x,2').
' —x z

m2 2/
(1.80)

This expression, however, is not conserved and therefore violates one of Wald’s

axioms for a physically meaningful stress-energy tensor [31, 32]. A conserved renor-
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malized stress-energy tensor can then be defined as [23]

a .. ~ V10
(AlTagl Aven - = =i Tim (s (G, 2') = K (a,2/))} + 2258
' —x A7
1o
= 82 (jlgnx TapWal(z, 2') + 2v19a5) : (1.81)

where vy is defined in Eq. (1.70d). The addition of the v; term in the definition of
the RSET gives rise to the so-called trace anomaly. On the contrary to the classical
case in which 7'¢, vanishes for conformally invariant fields (¢ = 1/6 and p = 0), the
trace of the RSET with £ = 1/6 and p = 0 is instead nonvanishing [14, 23]:

. 1
AT |A) ven = —1. 1.82
TV (1.52)
Another important aspect to highlight is that the renormalization prescription
is not uniquely defined. We have already seen the existence of an ambiguity in
the parameter ¢ in the Hadamard parametrix. Additionally, Wald [32] showed that
different renormalization procedures yield renormalized stress-energy tensors that

differ by the addition of a local, conserved tensor of the form
Ous = b1 8up + 02Gos + ar H) + as HE), (1.83)

where ay, as, by, by € R are some constants. Thus, one is free to add tensors of this
form to the renormalized stress-energy tensor.

Once the renormalization is performed for a quantum field in a Hadamard state
|A), it is possible to compute renormalized quantities in a different Hadamard state
|B) by state subtraction. For instance, the renormalized vacuum polarization in a
state |B) is defined as

. 1
(B|®?|B)ren : = —i Il/linm {Gg(z,2") — K(z,2")} = @WB(LJJ). (1.84)

However, because of the universal singular structure of Hadamard states, one finds

ilim {Ga(@,2) — Ga, )} = ——Wis(2,2) — —— Wi (2, 2), (1.85)

=z 872 82

so that, if one has already obtained the renormalized vacuum polarization in one
state (A|D2|A)ren, then (B|®2|B),e, can be readily computed by state subtraction as

z . 9. / / =S 1
(B|®?|B)yen = —i :cl/linz {Gp(z,2") — Ga(z,2))} + (A|D?|A)ren = @WB(L:B).
(1.86)

This procedure can be straightforwardly extended to the renormalized stress-energy
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tensor.

Finally, although we have defined the renormalized vacuum polarization and
RSET in terms of the Feynman Green’s function, these quantities can also be com-
puted from the Wightman function G*(z,z), by noting that we are free to point-
split in any direction so that we can always choose a spacelike point separation. In
fact, by noting that iGg(z,2") = Gt (x,2") — iGaay (2, 2") and that Ga.q,(z,2") van-
ishes if the points are spacelike separated, then iGp(z,2') = G*(x,2’) in this case.
Additionally, when the spacetime admits an Euclidean section, the renormalized
vacuum polarization and RSET can be computed from the difference between the
Euclidean Green’s function and its Hadamard parametrix in Eq. (1.73). In all cases,

the renormalized quantities are determined by W (z, ).

1.6 The semiclassical Einstein equations

We now have all the necessary ingredients to introduce the self-consistent semiclas-

sical Einstein equations
G 'Gop + Agas +ar HY) + ay HZ) = 87 (Tﬁfg) + (?amren) . (187

In these equations, it is assumed that all the tensors depend on an unknown metric
ga5- The tensor Tgfg) denotes the classical stress-energy tensor, while (‘T’a@ren is the
renormalized stress-energy tensor associated with the quantum fields. Unlike in the
fixed background calculations discussed in Sec. 1.5, the renormalized stress-energy
tensor is now a functional of the same unknown metric that appears on the right-
hand side of the semiclassical equations. a;, a; € R are some constants and HSB) and

Hfﬂ) are geometrical tensors defined by

H() =2V, V4R — 20R 5 + 1g.s0R — 1g.sR?
+ 3RRas + (RysR)gas — 4RaqssR™, (1.88a)
HY) =2V, V4R — 2g,50R + 1R%g.s — 2R Ryp. (1.88b)

Note that we have reinstated Newton’s constant G and expressed it on the left-
hand side of the equations, hence A here has the interpretation of the cosmological
constant divided by Newton’s constant. Although we work in units where A = 1,
the contribution of (‘T’a@ren to the semiclassical equations should be understood to
carry an explicit factor of A. This makes it clear that the term is explicitly quantum
in nature.

We have discussed in the previous Section how the renormalization prescription

is not unique since one is free to add tensors of the form in Eq. (1.83) to the
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renormalized stress-energy tensor. As a result, these terms then appear in the
semiclassical equations (1.87). Different renormalizations of the quantum stress-
energy tensor are degenerate with different renormalizations of the constants a, as,
A, and G [33].

When attempting to solve the exact semiclassical equations in Eq. (1.87), one is
faced with several difficulties. The tensors Hsﬁ) and Hfﬁ),, together with the renor-
malized stress-energy tensor, contain fourth-order time derivatives of the metric. As
a result, the semiclassical equations admit additional solutions that are not present
in the classical equations, which are of second order. These extra solutions include
runaway solutions, which are generally deemed as unphysical [34]. Moreover, the
renormalized stress-energy tensor associated with quantum fields can typically be
calculated only on a fixed background spacetime, and there is, in general, no method-
ology for computing it on an unknown geometry. For these reasons, the semiclassical
equations are usually treated perturbatively about a classical solution and solved
recursively order by order, or by means of an order-reduction procedure [34-36].

The perturbative approach removes the unphysical runaway solutions while al-
lowing the methodologies outlined in the previous sections to be employed to com-
pute the renormalized stress-energy tensor on a fixed classical background. The
metric is expanded as g.g ~ gop + €hap, Where we introduce a bookkeeping pa-
rameter € to keep track of quantum corrections. To keep track of the corrections
to the constants coming from the RSET, we write the constants as a; — a; + eday
etc., where now a; is considered to be the background value. Similarly, the tensors
in Eq. (1.87) are also expanded in the form G,3 ~ Gag + €9G,p. At zeroth order
in €, assuming a; = a; = 0 and reinstating G = 1, the semiclassical equations are

effectively the classical Einstein equations for the background metric g,z
1
G + Ngas = 8T TG (1.89)
At first order in the expansion in €, one finds

5Gop + 6G ™" Guap + Moy + A gug + 0oy H) + 5, HZ) = 87 (5TO§§§> (T, )) :
(1.90)

where the perturbation of the Einstein tensor is given by
1 - _ _ _ _
0Gap = =5 (Thap + 9opV Vs — 2V 'V (whgyy — GapRhos + Rhgs),  (1.91)
and where

Baﬁ = hap — %gaﬁgwhw (1.92)
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is the trace-reversed metric perturbation. Note that all the derivatives in Eqgs. (1.90)
and (1.91) are now with respect to the background metric gos.

In the equations at first order (1.90), the source term is the renormalized expec-
tation value of the stress-energy tensor operator for a quantum field in a given quan-
tum state on a fixed classical background spacetime. By solving these equations to
obtain the metric perturbation h,g, one determines the so-called semiclassical back-
reaction, at first order, of the quantum fields on the background geometry. Clearly,
to achieve this, one first needs a prescription to accurately compute the renormal-
ized stress-energy tensor on a fixed classical background spacetime. Although this
quantity can be formally obtained by Hadamard renormalization (see Eq. (1.81)),
its practical computation in most situations of interest is technically challenging.
In the next Section, we will discuss these difficulties in the context of black hole

spacetimes.

1.7 Implementing Hadamard renormalization in

black hole spacetimes

Hadamard renormalization addresses the conceptual problem of how to remove the
divergences in a physically meaningful way, but we will see that there is still a
computational challenge with its practical implementation in black hole spacetimes.

Before discussing the details of renormalization in black hole spacetimes, it is,
however, useful to introduce the quantum states of interest. In static, spherically

symmetric black hole spacetimes, there are three important quantum states:

1. The Hartle-Hawking state [37]: The Hartle-Hawking state corresponds to a
black hole in thermal equilibrium with thermal radiation at the Hawking tem-
perature. An ingoing flux of thermal radiation from past null infinity is exactly
balanced by an outgoing flux at future null infinity at the same temperature.
This quantum state is regular across both the past and future event horizons

and can be extended to black hole interiors that possess a Cauchy horizon.

2. The Boulware state [38]: The Boulware state is defined to be empty at past
and future null infinity. It is known to be singular on the black hole event
horizon [39], making it unsuitable for describing quantum fields inside the
black hole. It is considered the natural vacuum state for static, spherically

symmetric horizonless equilibrium configurations, such as stars.

3. The Unruh state [11]: The Unruh state describes a black hole formed by the
gravitational collapse of a spherically symmetric object. It is empty at past

null infinity and exhibits an outgoing flux of Hawking radiation at future null
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infinity. This state is singular on the past event horizon, but regular on the
future event horizon. It can therefore be extended to the black hole interiors

that possess a Cauchy horizon.

Earlier approaches to the renormalization computation focused primarily on the
exterior of static, spherically symmetric black holes and on the Hartle-Hawking
and Boulware states. These states are, in fact, suitable for Euclidean methods,
since the computations can be performed on the Wick-rotated Riemannian man-
ifold. Working with the Hartle-Hawking state offers a significant computational
advantage since one can employ Euclidean techniques that enforce a discretization
of the frequency spectrum. The Hartle-Hawking and Boulware states are treated
as Hawking-temperature and zero-temperature Euclidean states, respectively. In
earlier renormalization approaches, the direct renormalization of the Unruh state
was not considered, since the Unruh state cannot be defined on the Wick-rotated
manifold. Nonetheless, the Unruh state is arguably the most physically relevant
state in the context of black holes, as it provides a model for a black hole formed by
gravitational collapse that emits Hawking radiation at future null infinity. There-
fore, developing a method for the renormalization of the Unruh state is of particular
physical interest.

To outline the computational challenge of applying Hadamard renormalization
in black hole spacetimes, let us consider, as an example, a quantum scalar field in
the Hartle-Hawking state propagating on the exterior of a Schwarzschild black hole

with line element

ds? = — f(r)dt? + dr?/ f(r) + r(d6? + sin? 0d¢?), (1.93)
where
fry=1- % (1.94)

and M is the black hole mass. The Hartle-Hawking state is most naturally and
conveniently defined on the Wick-rotated Riemannian manifold (t — —it) with

Fuclidean line-element
ds® = f(r)dr® +dr?/f(r) + r*(d6* + sin® Od¢?). (1.95)

Working on the Wick-rotated Riemannian manifold is convenient for two main rea-
sons. First, the singularity structure of the Green’s function in a Riemannian man-
ifold is simpler: the Euclidean Green’s function is only singular in the coincidence
limit (' — z), as opposed to the Feynman Green’s function in the original space-

time, which is also singular along the lightcone (compare Egs. (1.72) and (1.73)).
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The static nature of the metric guarantees that the Euclidean two-point function for
the quantum scalar field satisfying appropriate boundary conditions is equivalent to
the Feynman propagator computed on the Lorentzian line-element [19]. Secondly, a
periodicity condition in imaginary time, with periodicity equal to the inverse Hartle-
Hawking temperature 1/Ty, 7 = 7+ 1/Ty is imposed to avoid the formation of a
conical singularity at » = 2M in the Riemannian manifold, where Ty = x/(27) and
k = 1/(4M) is the surface gravity of the black hole’s event horizon. This periodic-
ity in imaginary time is inherited in the two-point function for the quantum scalar
field in the Hartle-Hawking state on the Euclidean geometry, resulting in a discrete
frequency spectrum, which is a significant computational advantage. The Hartle-
Hawking state is, in fact, a thermal equilibrium state at the same temperature as
the event horizon. The Kubo-Martin-Schwinger (KMS) condition implies that ther-
mal equilibrium Green’s functions are periodic in imaginary time [12]. The Green’s
function, which satisfies regularity boundary conditions at the event horizon, then
corresponds to the Hartle-Hawking state [37, 40].

The Euclidean Green’s function in the Hartle-Hawking state is conveniently ex-

pressed as a mode-sum [39]

1 oo 0o ‘
Gulw ) = 5 D2+ DPi(eos) 3 @™ S7gurr),  (1.96)
=0 n=-—o00

where cosy = cosf cos 4 sinf sin 6’ cos(¢' — @), P(z) is the Legendre polynomial
of the first kind and A7 = 7/—7. The bi-distribution g,,;(r, ") is the one-dimensional

radial Green’s function satisfying

{dii (r%ﬂ%) - {(nﬁ;w F U1 4+1) 4+ (p? + SR)} } gui(r,7") = =d(r —1").
(1.97)

This is a Sturm-Liouville problem. The Green’s function can be constructed as an
ordered normalized product of homogeneous solutions
r r
(') = 2T nl72), (1.98)
nl

where p,;(r-) is a homogeneous solution regular at the horizon and ¢, (r-) is a
homogeneous solution regular at infinity. We have adopted the ordering notation
r< = min{r, 7'}, r~ = max{r,r'}. The normalization constant N,; is obtained by

the Wronskian condition

an - —7’2f<7")W{pnlu in}a (199)

24



Chapter 1. Introduction

where W{pn1, ¢} is the Wronskian of the two solutions

W{Pannl} = ( dT'lpnl - drlqm) . (1100)

The radial functions are determined numerically, and information about the quan-
tum state is encoded in the boundary conditions on these mode functions.

We will discuss in Sec. 2.2 that for the Boulware state, which is a zero temper-
ature pure state, the periodic identification of imaginary time is not possible. As a
result, the frequency spectrum in the mode-sum expression for the Boulware Green’s
function remains continuous. This means that, in the expression for the Boulware
Green’s function, the n-sum in Eq. (1.96) is replaced by a continuous integral over
the frequency w.

The mode-sum expression for the Green’s function in the Hartle-Hawking state in
Eq. (1.96) is divergent in the coincident limit and requires renormalization. Specif-
ically, in the coincident limit, the [- and n-sums in Eq. (1.96) do not converge. As
discussed in Sec. 1.5, this expression can be formally renormalized by subtracting
the Hadamard parametrix defined in Eq. (1.73) before taking the coincident limit.
However, the computational challenge of applying the Hadamard renormalization in
practice is that the divergence encoded in the Hadamard parametrix is purely local
and geometrical: o(x,z') — 0 as @’ — z, making K(x,2’) in Eq. (1.73) singular
at the coincidence point limit. On the other hand, the divergence in the Fuclidean
Green’s function manifests in the non-convergence of the /- and n-sums. We are then
left with the following computational issue: how can the Hadamard parametrix be
subtracted from the Green’s function in a way that the coincidence limit can be
meaningfully taken?

Candelas and Howard [41-43] provided the first practical implementation of
Hadamard renormalization in black hole spacetimes. They considered a massless,
minimally coupled quantum scalar field in the Hartle-Hawking state propagating on
the exterior of a Schwarzschild black hole. As discussed in Sec. 1.4, for massless
fields and in spacetimes with vanishing Ricci scalar, the leading-order logarithmic
contributions in the Hadamard parametrix vanish (see Eq. (1.70a)), thus simplify-
ing the divergent structure of the Hadamard parametrix in Eq. (1.73). This method
relies on the idea of point-splitting the stress-energy tensor operator along a single
direction. It is particularly convenient to point-split along a symmetry of the metric.
For this reason, this method involves point-splitting in the temporal direction. For
simplicity, we consider here the computation for the renormalized vacuum polar-
ization [41], although the method was later generalized to the computation of the
RSET [42, 43]. Following the Candelas-Howard approach, the Euclidean Green’s
function for the Hartle-Hawking state in Eq. (1.96) point-split only in the temporal
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direction can be expressed as [41]

oo

Gu(AT,7) = ﬁ Zlcos(nmAT) > <(2z + 1)Pnl(7]”\)[z7z(r) B Tf“;’ﬂ) . (1.101)

=0

Considering only the leading-order divergent term in Eq. (1.73), the temporal-split

Hadamard parametrix takes the form

K(AT,r) = 4—;2@ +O(1), (1.102)

where we have used 20 = f(r)A7r? + O(A7*). Now, we can employ the identity

Ao —K? ZTLCOS(TLI{AT) + O(1), (1.103)

n=1

to write the leading order divergent term in the Hadamard parametrix as an n-sum
analogous to that of the Green’s function (1.101). To compute the renormalized
vacuum polarization, we can then subtract each n-mode expression of the parametrix

from the Euclidean Green’s function

(H|®?|H)sep = lim (Gu(AT,7) = K(AT,7))

- {Z ((zz + 1)p"l(7;\),37’(r> - T;/Q) + } +0(1).

n=1 =0

(1.104)

It is clear from Eq. (1.104), that the Candelas-Howard approach does not lead
to a complete mode-by-mode subtraction of the Hadamard parametrix from the
Euclidean Green’s function, since the singular part of the Hadamard parametrix is
only expanded in the frequency modes n and not in the angular modes [. As a result,
the renormalized mode-sum expression in Eq. (1.104), despite being formally finite
in the limit A7 — 0, is not suitable for numerical implementation as is. In fact, for
the n-sum to converge, it requires a cancellation between the infinite [-sum, which
converges very slowly, being of O(I7%) at large [, and the nx?/f term. As a result, it
requires sophisticated analytical methods, including the use of WKB approximations
and the Watson-Sommerfeld transform, to make the numerical evaluation possible.

Anderson, Hiscock, and Samuel [44, 45] later improved and consistently gener-
alized the Candelas-Howard method. The AHS method allows the computation of
the RSET for massless and massive scalar fields in both the Hartle-Hawking and
Boulware states on any static, spherically symmetric spacetime. The AHS method

improved the Candelas-Howard method by introducing a systematic WKB subtrac-

26



Chapter 1. Introduction

tion scheme that makes the renormalization procedure more convenient for numerical
calculations.

There are several drawbacks related to these approaches. Firstly, they depend on
the use of high-order WKB approximations, which are computationally expensive
to implement. These approximations are also not uniform, which results in very
poor convergence near the horizon, meaning that computing renormalized quantities
there may require a very large number of numerical modes. In addition, there is no
control over the order of convergence. Finally, these methods are also constrained
to spacetimes that admit a Euclidean section and are difficult to generalize to other
scenarios.

Despite these drawbacks, the Candelas-Howard and the AHS methods remained
the standard methods for computing renormalized quantities until very recently,
when two new independent methods were proposed: Levi and Ori’s “pragmatic
mode-sum” regularization prescription [46-50] and the Taylor-Breen-Ottewill “ex-
tended coordinate” method [51-53].

The pragmatic mode-sum regularization method was developed directly in Lo-
rentzian spacetime and relies on point splitting in a single direction, chosen accord-
ing to the symmetries of the spacetime. Specifically, three different variants were
developed: t-splitting [46], designed for stationary backgrounds, #-splitting [48],
for spherically symmetric backgrounds, and ¢-splitting [47], for axially symmetric
backgrounds. The main advantage of this renormalization scheme is that it is for-
mulated directly in Lorentzian spacetime and requires a single spacetime symmetry
for point-splitting, thus making it applicable to a wide range of physically rele-
vant spacetimes. Notably, the pragmatic mode-sum has been used to compute the
RSET both outside [49] and inside [54] a Kerr black hole. The main drawback of
this method is that subtracting the Hadamard parametrix does not generally yield
convergent mode-sums directly. Instead, additional “pragmatic” prescriptions are
required to obtain finite results. This makes the procedure less direct and compu-
tationally expensive. Moreover, the convergence rate of the mode sums cannot be
explicitly controlled. In addition, the method has only been applied to massless,
minimally coupled fields.

In this thesis, we will adopt the extended coordinate prescription and provide
some generalizations to it. The details of this method will be the focus of the next

Section.

1.7.1 The extended coordinate method

In this Section, we present a review of the extended coordinate prescription [51-53].

The principle of the method is to write the Hadamard parametrix as a mode-sum
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in the same form as that of the Euclidean Green’s function and then perform the
subtraction mode by mode [51-53]. This renormalized mode-sum will converge in
the coincidence limit. This method was developed for a quantum scalar field in the
Hartle-Hawking state propagating on the exterior of static, spherically symmetric
black holes, exploiting the fact that, as discussed in the previous Section, one can
employ Euclidean methods that discretize the frequency spectrum of the Euclidean
Green’s function (1.96).

The extended coordinate method is based on two core ideas:

1. Point-split in multiple directions;

2. Expand the Hadamard parametrix in a judiciously chosen set of “extended”

coordinates.

The extended coordinates for the Hartle-Hawking state on the exterior are [51, 52]

w® = %(1—COS/€AT>, s* = f(r)@® + 2r*(1 — cos ). (1.105)
We note that the quantities w and s are O(Ax), where Az = z' — z generically
refers to the coordinate separations A7 = 7/ — 7, Ar =1 —r, A0 = 0 — 0 and
A¢p = ¢ — ¢. The extended coordinates are defined such that, to leading order,
o=3(s*+ AT”Q) + O(Az?). Tt is important to note that rather than defining §* :=
F(r)AT2+7r2A0? +1r% sin 0 sin 0’ A¢?, the definition in Eq. (1.105) encodes the angular
separation in cosy = cosfcosf + sinfsin @ cos A¢ and makes the periodicity of
the Euclidean time explicit in w?. These definitions reflect the structure of the
mode-sum representation of the Euclidean Green’s function, in which the angular
separation appears as cos-y in the Legendre polynomials and in which the Euclidean
time is periodic. This choice is crucial, as it enables a mode-sum representation of
the Hadamard parametrix in the same form as that of the Green’s function.

For clarity, we now restrict our analysis to the case of a massless scalar field
in Schwarzschild spacetime. As discussed previously, in this case vy = 0 so that
the leading order contribution to the logarithmic tail in the Hadamard parametrix
vanishes. Note, however, that the extended coordinate method is generically appli-
cable to physical contexts in which vy # 0. In addition, we focus on obtaining a
mode-sum representation only for the divergent terms in the Hadamard parametrix.
Under these assumptions, when expanded in terms of extended coordinates up to

the order containing divergent terms, the Hadamard parametrix takes the form

1 2

K(JZ,ZE,) = @?

o(1). (1.106)

Note that, for simplicity, we set the coordinate separation Ar = 0. To express the

leading-order divergence in the parametrix as a mode-sum in the same form as the

28



Chapter 1. Introduction

Euclidean Green’s function, we assume

o0 o0

1 .
5= > @+ 1)P(cosy) Y €M (r). (1.107)
=0 n=-—00

We refer to W,,(r) as the regularization parameters. The judicious choice of extended
coordinates in Eq. (1.105) makes it possible to invert this expression to obtain a
double-integral representation for the regularization parameters. Specifically, setting

u = cos~y, multiplying each side by e=™*47 P, (u) and integrating yields

K i 1 —inkAT
Uy(r) = yy ¢ Pi(w)dudArT, (1.108)
0 —1

where we made use of the completeness relations

27 /K )
—iln—nk A e
/ e i(n—n') kAT _ 57m/’
0 K

/1Pl(u)Pl/(u)du: zfl;/g‘ (1.109)

Remarkably, the integrals in Eq. (1.108) can be computed in closed-form in terms

of known functions [51, 52]

Wi (r) = %Pf'”' (\/1 - %) i ( 1+ %) , (1.110)

where P/ (z) and Q¥ (z) are the associated Legendre functions of the first and second
kind, respectively. As a result, the renormalized vacuum polarization in the Hartle-
Hawking state is then readily obtained by subtracting mode-by-mode the expansion
for the Hadamard parametrix (1.106) from the Green’s function (1.96), and taking

the coincident limit

1 oo
(H|D?|H) pp = 8—2 Z 2+ 1) [gui(r) — 2T, ()] + O(1). (1.111)
=0 n=—o0

Note that, as opposed to the Candelas-Howard method, the renormalized mode-sum
expression for the vacuum polarization (1.111) involves now a complete mode-by-
mode subtraction. The mode-sums converge as O(n3) at large n for fixed I, and
as O(I7%) at large [ for fixed n. In this section, we have outlined the method
by expanding the Hadamard parametrix only to the order required to capture the
divergences in the coincidence limit. However, the convergence can be accelerated
to any order by subtracting mode-sum representations for higher-order terms in

the parametrix. This freedom of defining the convergence rate of the mode-sums by

29



Chapter 1. Introduction

setting an expansion order for the parametrix constitutes one of the main advantages
of the extended coordinates method.

Notably, although we have here focused on a four-dimensional spacetime, the
extended coordinate method is practically agnostic to the number of dimensions
and has been implemented to compute renormalized quantities in spacetimes with a
generic number of odd [51] and even [52] dimensions. In addition, this prescription
has been later generalized for the computation of the renormalized stress-energy

tensor [53].

1.8 Towards a semiclassical toolkit

We have discussed how the extended coordinate method serves as a powerful frame-
work for implementing Hadamard renormalization in practice, as it enables a full
mode decomposition of the parametrix. The method is well-suited to numerical
calculations, and the convergence rate of the mode-sums can be controlled by in-
creasing the order of the expansion of the parametrix. The main disadvantage of
this method, in its present form, is that its applicability is constrained to static,
spherically symmetric spacetimes for quantum fields in the Hartle-Hawking state.

Although in Ref. [3], the method was applied on the exterior of a Reissner-
Nordstrom black hole to compute RSET in the Unruh, Boulware, and Hartle-
Hawking states, only the Hartle-Hawking state was directly renormalized; the RSET
for the other two states were computed by state subtraction (see Eq. (1.86)). There-
fore this approach is not viable in spacetimes that do not admit a Hartle-Hawking
state, such as extremal black holes, the spacetimes of stars, or other horizonless
equilibrium configurations [55].

Moreover, if one is interested in studying the semiclassical effects in black hole
interiors, the extended coordinate method in its original development is not appli-
cable. For instance, in the region between the horizons of a spherically symmetric
Reissner-Nordstrom black hole, the spacetime is not static. Therefore, the standard
Euclidean continuation used in the construction of the Hartle-Hawking state is not
possible, and alternative approaches are therefore required to compute the RSET.

This thesis is part of a broader research program aimed at developing a semi-
classical toolkit for computing renormalized quantities, particularly the RSET, in a
wide variety of spacetimes and physical settings, with the ultimate goal of computing
the semiclassical backreaction in these contexts. In light of this, the work presented
in this thesis focuses on overcoming some of the limitations of the original version
of the extended coordinate method. Specifically, in the first part of the thesis, we
generalize the renormalization prescription to the direct renormalization of quantum

scalar fields in the Boulware state and apply it to different scenarios of interest. In
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the second part of the thesis, we also provide the first extension of the method to
the non-static interior region of spherically symmetric black holes, working directly
in Lorentzian spacetime.

We note that the method has also been recently extended to charged quantum
scalar fields and applied for computing the renormalized scalar condensate and the
RSET in the exterior region of a Reissner-Nordstrém spacetime [56, 57]. Possible
avenues for extending the method to rotating black holes have been discussed in [58,

59].
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Chapter 2

Adapting the extended coordinate

method to zero-temperature states

The material in this chapter is based on the following article:

1. J. Arrechea, C. Breen, A. Ottewill, L. Pisani, P. Taylor, Renormalized stress-
energy tensor for scalar fields in the Boulware state with applications to ex-
tremal black holes, Phys. Rev. D, 111, 085009 (2025) [1].

2.1 The need for a direct renormalization pre-

scription in the Boulware vacuum state

In this Chapter, we generalize the extended coordinate method to directly compute
the renormalized stress-energy tensor for a scalar field in the Boulware state. A
natural question then is: if the RSET for a field in the Boulware state can be
computed by first renormalizing in the Hartle-Hawking state and employing a state
subtraction scheme, then why do we need a direct method for renormalizing in
the Boulware state? There are several justifications for a direct renormalization
prescription for Boulware. First, when employing the indirect method one needs
to compute both the Euclidean modes (to do the renormalization in the Hartle-
Hawking state) and the Lorentzian modes (to do the state subtraction scheme).
Employing a direct method for Boulware requires only one set of modes and hence
is computationally less expensive. Second, there are black hole spacetimes that do
not admit a Hartle-Hawking state, for example, the extremal Reissner-Nordstrom
spacetime, and hence one requires a direct method for computing the RSET in
such situations. Finally, moving away from black hole spacetimes, if we consider
semiclassical effects in the spacetime of a compact star, then the natural vacuum
state is the Boulware state (there is, in fact, no other reference state). Hence this

Chapter sets the foundation for renormalization in those contexts.
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Chapter 2. Adapting the extended coordinate method to zero-temperature states

The approach we take is similar to that taken in the extended coordinate method
for the Hartle-Hawking state [51-53]. We take an arbitrarily high-order expansion
of the Hadamard parametrix which encodes the short-distance behaviour of the two-
point function, and we rewrite the terms in this expansion as mode-sums of the same
form as the Boulware propagator. While the spirit is the same, the mathematical
development is significantly trickier because the frequency spectrum is continuous,
rather than the discrete frequency spectrum that one obtains in the Euclidean ap-
proach to defining the Hartle-Hawking state. As well as presenting a computational
challenge, the continuous frequency spectrum also means that the Fourier transform
of the terms in the Hadamard parametrix, which is needed to express these as mode-
sums, yields functions of the frequency that are not ordinary functions but rather
generalized functions. One of the interesting outcomes of treating these mode-sums
rigorously as generalized functions is that it becomes completely transparent how
an infra-red cutoff appears in these w integrals, and indeed it is completely explicit
that the RSET is independent of the choice of this cutoff. A similar cutoff was
introduced in Ref. [45] but it was introduced in an ad-hoc way and by necessity to
render the mode-sums finite at low frequency. While the overall results are ulti-
mately equivalent, it is clear here that the source of the cutoff is a consequence of
treating rigorously the generalized functions that arise in the Fourier transform of
the Hadamard parametrix.

This Chapter is organized as follows. First, in Sec. 2.2, we present the Green’s
function representation of the Boulware state in the context of a spherically sym-
metric black hole, when treated as a zero temperature Euclidean state. In Sec. 2.3,
we show how we express the expansion of the Hadamard parametrix as a mode-sum
of the same type as the Boulware propagator for a scalar field in a static, spherically
symmetric spacetime. In Sec. 2.4, we give the explicit expressions for the renormal-
ized expectation values for the vacuum polarization and the stress-energy tensor for

a scalar field in the Boulware state. Finally, we conclude in Sec. 2.5.

2.2 The Boulware vacuum as a zero temperature

Euclidean state

The Boulware state is vacuum according to a stationary observer far from the black
hole. It is useful to treat the Boulware state as a thermal state at zero temperature
outside the event horizon and to employ Euclidean methods. Outside the event hori-

zon, we consider Euclidean line elements of static, spherically symmetric spacetimes
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of the form:
ds* = f(r)dr® +dr*/ f(r) + r*(d6? + sin® Od¢p?). (2.1)

If this line element describes a black hole spacetime with event horizon r = r, and
surface gravity kK = % f'(ry), then the geometry possesses a conical singularity at the
horizon unless the Euclidean time is periodic with periodicity 7 = 7 + 27 /k. If we
wished to consider a quantum field in the Hartle-Hawking state, this identification
would be the appropriate one. Moreover, imposing a periodicity discretizes the
frequency spectrum of the field modes, which is a major computational advantage.
For computing the renormalization counter-terms, all that matters is the geometry,
and so there is no obligation to make any particular identification on the Euclidean
time; nevertheless, the renormalized mode-sum is most conveniently derived and
computed when we impose the same periodicity on the mode-sum representation
of the renormalization counter-terms as we do on the quantum field in the Hartle-
Hawking state. In this Chapter, we are interested in the case where the quantum field
is in the Boulware state, which is a zero temperature pure state. We make no periodic
identification in Euclidean time which implies that the frequency spectrum of the
quantum field (and the mode-sum representation of the renormalization counter-
terms) will be continuous and that our geometry retains the conical singularity at
the event horizon, at least for non-extremal black holes. Given that one of the main
motivations for adopting Euclidean techniques in the Hartle-Hawking case is the
computational advantage obtained by the discrete frequency spectrum, one might
be tempted to discard the Euclidean approach for computing quantum expectation
values in the Boulware state, where the spectrum remains continuous. However,
the Euclidean approach is still useful since, unlike the Lorentzian framework, the
Euclidean Green function does not require an ‘i€’ prescription to define the bi-
distribution along the lightcone (see Sec. 1.5 for a detailed discussion). In particular,

on a Fuclidean geometry, the Klein-Gordon equation for the scalar field is elliptic
(O° — > —ER)® = 0. (2.2)

The corresponding Euclidean Green’s function has the following mode-sum rep-

resentation (with » = 7’ for simplicity) on this black hole spacetime,

Gz, ") = LQ Z(Ql + 1)P,(cos7) /00 dw A7 g (1), (2.3)

8
=0 —o0

We have denoted by ¢i(r) = pui(r) qui(r)/N,; the one-dimensional radial Green

function evaluated at the same radius. The radial modes p;(r), q.:(r) are solutions
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of the homogeneous equation:

d (4 d 2 [ W 2 _
[% <r f(r)%) —r (W Y (2 +ER) ) — 11+ 1) | To(r) =0, (2.4)
with p(r) the solution regular at the horizon and q;(r) regular at spatial infinity.

The normalization constant is given by

Ny = —7’2f(7“) W{pwl (1“), qwl(r>}? (2'5)

where W{pui, g} is the Wronskian of the two solutions.

2.3 A direct renormalization prescription in the

Boulware state

In this section, we will outline the extended coordinate approach to calculating the
RSET for a quantum scalar field in the Boulware quantum state [38], propagating
on a static, spherically symmetric spacetime. In the coincidence limit Az — 0
(i.e. v — 0 and A7 — 0), the mode sum in Eq. (2.3) diverges. For a quantum
state satisfying the Hadamard condition, the local singularity structure of the two-
point function when x and 2" are sufficiently close is encapsulated in the Hadamard
parametrix of the Euclidean propagator in Eq. (1.73). The fact that the mode-
sum in Eq. (2.3) does not converge at coincidence is because the two-point function
possesses singularities precisely of the type in Eq. (1.73) in the short-distance limit.
The goal is to subtract K(z,2’) from G(z,2') in such a way that the coincidence
limit can be meaningfully taken. The only way to proceed in this approach is to
express K (z,2’) as a mode-sum of the same type as the mode-sum representation
of Eq. (2.3) and then to subtract mode-by-mode. This renormalized mode-sum will
converge in the coincidence limit.

Expressing the Hadamard parametrix as a mode-sum is non-trivial. As outlined
in Section 1.7.1, the approach of Refs. [51, 52] is to expand the parametrix in a
judiciously chosen set of extended coordinates. In that context, it was assumed the
field was in the Hartle-Hawking state and the extended coordinates were adapted to
that state by ensuring the time dependence had the appropriate thermal periodicity.
This must be amended here for the Boulware state. We define the set of extended

coordinates {s, At, Ar}, where
s* = f(r) AT* + 2r%(1 — cos 7). (2.6)

As for the Hartle-Hawking state, this quantity is defined such that, to leading order,
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o= 3(s*+ ATTQ) + O(Az?). Note that, differently from Eq. (1.105), the coordi-
nate separation At is left as is, because in the Euclidean Green’s function for the
Boulware state the Euclidean time is not periodic.

Thus, to solve the defining equations for the biscalars order by order, we treat
AT ~ s ~ Ar ~ O(Az), and instead of expanding the biscalars in the usual

coordinate separations Az, we expand them in terms of the new set of extended

coordinates
o(z,2') = Z Tape(T) AT Ar®s®, (2.7a)
abc
AY2(z,2)) = Zuabc(T)ATaA’l“bSC, (2.7b)
abc
Vy(z,2') = ZUSZ;)C(T’)ATGATbSC. (2.7¢)
abc

where a, b, ¢ € N. Substituting the expansions (2.7) into equations (1.57), (1.59) and
(1.64) and solving order by order yields the coefficients oap.(7), Uap.(r) and vffz)c(r).
Finally, we expand the Hadamard parametrix to an arbitrary truncation order n,
where this means we neglect the terms that vanish in the coincidence limit at least
as fast as O(Az?"log Ax), by appropriately combining the resulting series (2.7) to
construct the direct and tail terms in the Hadamard form (1.73). Taking the radial

points together (Ar = 0) for convenience and simplifying, yields an expansion of

the form
1 L o A0t n a
K(x,2") = @( Dc(w) (T)ﬁ DC(LI;)(,F)AT%—%S%—Q
a=0 b=0 =1 b—1
n—1 a—1 n—1 a
o Ag2at2bt - &2
+ Z Z 7;(1,)(7“)821,7 + Z Z 7;(2) (r)s** 2 A1 log <£—2)
a=1 =0 a=0 b=0
n—1 a
D 2T (T)SQ“‘%AT%> +O(A2™ log Az). (2.8)
a=1 b=0

The coefficients D((l?(r) and D((lg)(r) come from the expansion of the direct part of
the parametrix A'/2/o and correspond to the coefficients of terms in the expansion
that are rational in A7? and s? and those that are polynomial in A7? and s2,
respectively. Similarly, 7;(;)(7") and 7;(bp)(7°) are the coeflicients of terms that are
rational and polynomial coming from the tail V' log(20/¢?) of the parametrix, while
7;(1)1) (r) is the coefficient of terms in the tail that contain a logarithm. We refer to
these coefficients as the Hadamard coefficients. Expressions for the first few of these
coefficients are given in Appendix A.3. These coefficients may also be obtained by

taking the limit x — 0 in the corresponding coefficients for the Hartle-Hawking state
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reported in expression (A1) of [53].

Formally speaking, this expansion need only be computed up to n = 1 in order
to remove the divergences from the Green function. Nevertheless, by expanding up
to higher order terms, including terms that formally vanish in the coincidence limit,
and expressing these terms as a mode-sum permits us to have precise control over
the rate of convergence of the renormalized mode sum. On the other hand, if we
only subtract the singular terms, the mode sum would indeed converge, however,
it would converge very slowly. Furthermore, the distinction between the different
types of terms that occur in the expansion is an important one. In particular, the
terms that are polynomial in the variables A7? and s? do not require a mode-sum
representation. For example, a multipole expansion of terms that are polynomial
in s? would involve finite multipole moments and hence cannot affect the large [
behaviour. Similarly, their Fourier-mode decompositions yield terms of the form
[22 dAT €27 AT = 21(—1)k§(M) (w), which produce derivatives of delta distribu-
tions. Therefore, these terms also do not present contributions at large w. Hence
the terms above that are polynomial in the expansion parameters are left as-is. The
rational and logarithmic terms will be expressed as mode sums. This is the focus of

the next sections.

2.3.1 Regularization Parameters for the Direct Part

Starting with the direct part of the Hadamard parametrix, which involves terms of
the form A72020 /2420 for g > b > 0. We write this term in the following mode-sum

representation

A 72a+2b OO oo '
= Z(Zl + 1) Pi(cos 'y)/ dwe™ ™0 (a, blr), (2.9)

2+2b
S 00
=0 -

where the generalized functions ¥, (a, b|r) we call the regularization parameters for
the direct part. The goal is to invert the above representation and hence obtain
an explicit closed-form representation for the regularization parameters. A double
integral expression for the regularization parameters follows immediately from the
completeness of the Legendre polynomials and the Fourier transform of the delta

distribution, yielding

efiwtt2a+2bpl (u)
W, blr) = / du/ g (2.10)

where we have relabeled the integration variables by u = cosy and ¢t = Ar. The
integrand has a pole at u =1 and t = 0 (and/or f(r) = 0). However, we highlight
that point-splitting was assumed in Eq. (2.9) (and that the renormalization method
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is not applied exactly on the horizons).

We note that the double integrals in Eq. (2.10) can be performed in various equiv-
alent ways. The following derivation is the polished result of an accurate analysis,
in which the goal was to obtain closed-form representations for the regularization
parameters that could be computed numerically in an efficient way. To obtain these
closed-form expressions, we considered different procedures, computing either the ¢
or u integral first, adopting different integral representations for such integrals and
determining a posteriori which approach was the most suitable. For example, some
integral representations of the t-integral did not allow us to compute the following
u integral in closed form, but would instead have required us to compute the u in-
tegral numerically. This, for instance, would have been extremely inefficient for the
subsequent computation of the modes. As a result, we obtained various closed-form
expressions for such regularization parameters, which we report in Appendix A.2. In
what follows, we report the derivation that allowed us to obtain the representation
which we deemed to be the most numerically efficient. A similar procedure has been
implemented for the derivation of the mode-sum representation for the logarithmic
terms in the tail reported in Sec. 2.3.2.

If we define

PP =1 (2.11)

then we can rewrite our integral expression above as

1 1 1 (_1)[) 10 b oo e—iwttQa
" _ L P < L (212
(@, bIr) = o Gy /_fl“ ) (pap) /_ e @12

o0

Now it is this t-integral that distinguishes the regularization parameters in the
Hartle-Hawking and the Boulware states. In the former, the t-integral above would
be over a finite domain on account of the time periodicity of a thermal state. But
in this case, the integral is over the entire real line which means that for a > 1, the
integral does not converge in the sense of ordinary functions and must be considered
in the sense of generalized functions. The most straightforward way to proceed is

to start with the a = 0 integral which is an ordinary function and is given by

1 T . N

For a > 1, we can take (2a)-derivatives with respect to w of the result above.

Since the exponent on the right-hand side involves |w| and not w, we pick up delta
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distributions and their derivatives. The result is

o] —iwty2a a—1/2
/ dt( ¢ Tt =7 (—1)% lex/ﬁ/p(l —u) /
e (p

2 t2 + 1— u) p2a+1
a . (1 — u)a—p —
— 277'(—].) Z W(S@p 2)<(U), (214)
p=1

which is clearly not an ordinary function of w. We note also that in these expressions
we always assume p # 0, which is justified if we do not evaluate these expressions
at f(r) = 0. Substituting this back into Eq. (2.12) gives

1 (_1)a+b 10 1 §52p—2)
Yoi(a,blr) = (2r2)b+1 pl2b+2 { 2a+1 Aui(alp) _22 p2a- 2p+2 (a p)}

p0p
(2.15)
where
Aatalp) = [ 11Pl<u)e-lwlm/p<1 ) 2y, (2.16)
Bia.p) - | 11Pl(u)(1 o (2.17)

The second integral here is a standard one. The result is that the integral vanishes

whenever [ > a — p 4+ 1 and otherwise gives

(—=1)2¢7 PP (g — p + 1)?
Fla—p+Il+2)T(a—p+1-1)

Bi(a,p) = (2.18)
The A, (alp) integral can also be easily performed and there are several different
equivalent representations. The tidiest form involves derivatives of the modified

Bessel functions

aQa
Aalalp) = 27522l o(2) K ol2), (2.19)
where
el _ el (2.20)

V2p VI
However, this is not the best representation for numerically computing this object.

For numerical purposes, except when z > 1, we find the following representation
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2p? )
2_/)2> } (2.21)

In the previous expression, o[ is the regularized generalized hypergeometric func-

much more efficient

{a+l+5,a—l+2,2

W] F( {a+1,a+1}

Aalalp) = zam—lV{M >F( {athatd)

—T(a+1)?

V2p® S at+l+2a—1+1}

tion defined as

2F3< Zall;@b} z)
2F3< {ar, a2} z> — b1, b5, b} (2.22)

{01, bs, b3} L(b1)0(bo)T(b3)

where o F} is the generalized hypergeometric function [60]. Now using the fact that,
10 )*’ ppD(C/2+D) _ o
"2 e (cyp ) e (2.23)
(p dp I'(c/2)

we can easily express the derivatives in terms of hypergeometric functions. Putting
all of the above together, and after some simplification, we obtain the following

expression for the regularization parameters

\ijl(a7b|r) :IWZ(CL’ b|7‘)
(2r3)" (1) & 2“ P(a —p (a—p+b)’ <i>p5<2ﬂ>(w)

o fetbrlpl —(a—p+i+Dla—p—1\ 27
(2.24)
where, for later convenience, we have defined
o2 a—1/2 9a=2, /9 (_1)e+
7.0, blr) _(2r7) V2r(—1)
fa+b+1/2 F(b_|_ 1)
1 b 2,.2
AT (a+ (a4 b+ L)l {fa+3,a+b+3} w?r
{a—l-l+5,a—l—|—2,2 f
lwlr - {a+1,a+b+1} w?r?
—Tlae+DI'(a+b+1)—F=oF )
DNt UTE B s aiv2a 141y | 7
(2.25)

Substituting this back into Eq. (2.9) and performing the w integration in the terms

40



Chapter 2. Adapting the extended coordinate method to zero-temperature states

involving delta distributions gives

A7_2a+2b &

—a = Z(Ql + 1) Py(cos~y) / dw eI (a, b|r)

=0 —o©

1 Z (a—p+0b)! (_) _AT2p 2(cosy — 1)~ (2.26)

T W)t \ S

In arriving at the last line of this expression, we made use of the identity

Zk: ‘(214 1)P(cosy) (1 —cosn)*

(K+1+DIk=0D! — 2k(k2

: (2.27)

=0

which can be proved by induction. In the coincidence limit, the last line of Eq. (2.26)

is nonzero only when p =a = 1.

2.3.2 Regularization Parameters for the Logarithmic Terms
in the Tail

In this subsection, we derive a mode-sum representation for the terms in the tail part
of the Hadamard parametrix which in the partial coincidence limit Ar = 0 involves
terms of the form A7?°s?=%og(s?/¢?). For later convenience, we will write the

logarithmic terms as

AT 2 og(s% /07) = AT s* P log(p? AT? + 1 — u) + A% 2 log(2r? /12).
(2.28)

The second term here is polynomial in A72? and s? and requires no mode-sum repre-
sentation. This term contains the arbitrary lengthscale ¢ which encodes part of the
renormalization ambiguity (see, for example, Refs. [14, 25, 61]). For the first term

above, we assume the mode-sum representation

AT 2 og(p? AT? +1 — cosy) = 2(21 + 1)P(cos ) / dw e™ 27 xi(a,b|r)

=0 o0

(2.29)

and as before, we can invert to obtain a formal double integral expression for the

regularization parameters

9r2)a—b 1 00 ) ~
Xwi(a, blr) = L/ duP;(u) lim i/ e R (P2 4+ 1 —w)Pdt,  (2.30)
-1

Am a—a 0 J_
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where we have expressed the log terms as the limit of a derivative with respect to
an exponent @, not to be confused with a spacetime index o, and where ¢ and u are
defined as before. The time integral above is a complicated generalized function but

we can express it in terms of the derivative of a simpler integral as

vatabl) =2 L (LN [ du

pOp
d F(Of-b-’-l) 7uut 2,42 a
X ill}](ll a—aw /_Oo (p t + 1 ) dt (231)

The advantage of this form is that the time integral can now be performed explicitly

yielding,
(2r*)t 1 (1 8)/
wila,blr) = duP(uw)F i (a,blu, 2.32
Xlobl) = =g (D50) | aP@Faeben)  (232)
where
Fola,blu,r) =

0 [ 205 12T(a—b+1) aj2ea wlvI—u
clylg}z oo { |w|a+ 120 (—a)T(a + 1) (1—w) Kay ( ) } . (2.33)

and Kj541/2(2) is the modified Bessel function of the second kind. From the series

representation of the Bessel function, we obtain

Forla,blu,r) =
o 8 (@ —b41) secma (2p)%* 1 W (1 —u)*
V2 6 Fa+1) T(—a)wpPert &= Bl (—a+k+35)  (2p)%*
~I(@—b+1)secra (1 —u)ot/2 & 1 W (1 —u)* (2.34)
C(a+1) ['(—a)2p —ET(a+k+35) (20)* [

The second term here is straightforward to deal with in the limit as @ — a. In
particular, it is evidently an entire function of &. In fact, if we consider the Taylor

series for 1/T'(—a&) about a positive integer a, we have

T(—a) =(-1)""al(a —a) + (=1)*Mal(a+ 1)(a—a)*+ O(a—a)®, (2.35)
—
where 1(z) = T"(2)/T'(2) is the polygamma function, and so it is clear that the
only term in the last line of Eq. (2.34) that survives the limit @ — a is when the
a-derivative acts on 1/I'(—a).

The first term in Eq. (2.34) is more subtle owing to the presence of the |w| 2%~

term. Clearly this is not an ordinary function since it is singular at w = 0. It is a
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generalized function whose definition involves a regularization at w = 0 (not to be
confused with the renormalization prescription required to regularize the coincidence
limit of the point-split two-point function). One way to treat this is to simply
introduce an infra-red cutoff in the w-integral in Eq. (2.28), but this is not the
rigorous approach. We will see that, if we treat |w|=2*~! rigorously as a generalized
function, a cutoff will emerge naturally and indeed it will be clear that the overall
result will be independent of this choice. The salient point is that, as a function of
the exponent &, the definition (which involves its regularization as a distribution)
of |w|72*~! has a simple pole at integer values of &. However, this pole is canceled
by the zero in 1/T'(—a&) at integer values (see Eq. (2.35)) so that the combination
1/(T(—a)|w|?**1) is actually an entire function. We require an expansion of this
combination about the integer @ = a up to order (@ — a)? if we are to compute the
limit appearing in Eq. (2.34). We already have a series for 1/I'(—a). Next, we note

the Laurent series for |w|™2*~! which can be found in Ref. [62],

59 (w)
(2a)!

where the \ appearing here is an arbitrary inverse lengthscale required because w

~ 5(2a)
21— (w) + w2 1

oo (2a)!(@ — a)

2log\+ O(a — a), (2.36)

has dimensions of inverse length. This inverse lengthscale will be shown later to
be related to an infra-red cutoff in certain integrals over the frequency. The corre-
sponding result for Eq. (2.36) in Ref. [62] is actually for a dimensionless generalized
function and so doesn’t contain the additional log A term, but applying the result
from [62] to & = w/\ gives Eq. (2.36). It is essential to understand that |w|~2¢7!
appearing on the right-hand side is to be understood in terms of its regularization
as a generalized function. For example, for p(w) a test function of compact support,

we have

(ol 71 pfe)) = [ dwow ™1 ) + o)

S 20) g 9P(0) 4,
—2;WW —2Ww O\ —w)|, (2.37)

where 6(z) is the step function. The last term in the regularization requires this

step function since otherwise the integral would not converge at infinity.
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Now combining Eqgs. (2.35) and (2.36) gives us the desired expansion

1 :(—1)“a! (20)(,,
['(—a)|w|?att (2a)! 7 w)

(Pla+1) —2logA) cog, 1
(2a)! W) = e

+ O(a —a)?. (2.38)

+(a— a)(—l)aa![

Employing these limits in Eq. (2.34) gives, after some tedious simplifications,

Fula,blu,r) =

Sl

(a— b)!{((¢(a b+ 1)+ (L —a+ k) +2In(2p/\)

°L 5(2072R) () (1 — )k (2p)2e—2k
K20 = 2k)T(k —a+ 3)

- 00 ’w’2k—2a—1(1 . u)k@p)m—% oo w2k<1 . u)k+a+1/2 } (2.39)

+
— KT (k—a+ %) kz:% KD (k + a4+ %)(2/})2k+1

where we also made use of the distributional identity

(2a 5(2a 2k) k<a
w2k5(2a)(w) _ J (2a— 2k (w) - (2.40)
0 k>a

to truncate the infinite sums involving delta distributions. Substituting this expres-

sion back into Eq. (2.32) and performing the integration yields

Xer(a,b]r) = V/(2r2) (0 b>’(z—b) (;fp)

I‘(k+a+ 5)2k+a+3/2w2k’
k:'r k+a+1+2)D(k+a—1+3)(2p)%+!

i L9k 2p)2a 2k’w’2k 2a—1

~ (k+1+ D!k =DT(k—a+3)
+ [w(a — b+ 1) +9(k —at3) +2log(20/)
a kl?k(2p)2a—2k(5(2a—2k) (w)
: =0 (2a—2k)!(/<:+l+1)!(k_z)!r(k_a+%>}. (2.41)

The second term is a generalized function of w whenever k£ < a and an ordinary
function otherwise. In the former case, it is understood in the sense of Eq. (2.37).
It would be better if we could express the definition in Eq. (2.37) in a way that

is independent of the test function. It can be shown that the regularization in
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Eq. (2.37) is equivalent to defining the generalized function as

10— X)L AR ()
— = , 2 ] 7z 2.42
o T REe Gy 70€E G4

where A > 0 is the arbitrary cut-off. This can be straightforwardly proven by split-
ting the integral in Eq. (2.37) into intervals (0, A) and (), 00), and then employing
a Taylor series about w = 0 for the test function on the interval (0, ) (we report
the derivation of Eq. (2.42) in Appendix A.5). Employing definition (2.42) in the
second term of Eq. (2.41) for k < a gives

Yor(a, b|r) = VE(2r2) (a0 — b)!(—l)z (12>

20 \pop
> F(k+a+ )2k+a+3/2 2k
a k!Qk(2p>2a—2k|w|2k—2a—1

— 0w =) % (k+1+D!I(k—DT(k—a+1)
(k‘+a—|— 1)!2k+a+1|w|2k+1
— (k+a+1+2)(k+a+1-1)T(k+ 2)(2p)2+2
k:!2k(2p)2“*2k o0 \2p+2k—2a §(2p) (w)
k+1+D)(k=1)T(k—a+1) i (2p)!1(2p + 2k — 20)
+ [W(a—b+1)+ vk —a+3)+ 2log(2p/N)]

a k!2k(2p)2a72k5(2a72k) (w)
k=0 <2@—2k)!(/€+l+1)!(k—l)!F(k—a+%)}' (2.43)

M8

?T‘
QO

|
N

k=0

X

Finally computing the derivatives and simplifying gives

Xt (@, b|r) = Tala, b|r) + V7 (2r?p*)*(a — b)! 227 (—1)!

"ns o — 3200
 (a—k—0)!(2a = 2k)IT(k — a + ) (k + 1+ 1)!(k = 1)!(2p?)k
x [Wla—b+1)—ypla—b—k+1)+¥la—k+1)+ ¢k —a+ 1)+ 2log(3)]
- (a —k)'k!
B 22_: (a—k—=b)D(k—a+1)(k+1+1)(k—1)(2p2)*

> 5(2p) )/\2p72a+2k
% Z N(2p — 2a + 2k)

p k

(2.44)
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where

Jui(a,b|r) = Vr(2rip?) b (a — b)!22“(—1)l

— 0 (w? — N?) (a — k) lkl|w| P21
8 { -2 (a—k—=0)T(k—a+3)(k+1+1)(k—1)!(2p%)"

k=0

1)° 2.b+1 2
o ( ) |w|(a+1)'b‘2F3 {a“‘ ,0+ } w_
(2p?)et S a—1+2,a+1+3} |20
(—1)° X o {a+32,b+1) w?
— T Db+ 3)o F: 2 2 — )
+2a+1/2p2a+1 (a4 )T+ 3)2F5 {%ﬂ—l—l-%,a—i—l-i—%} 2p?

Putting this together gives

[e.9]

AT 2 og(p? AT? +1 — cosy) = / dw €87 Z(Zl + 1) Pi(cos ) xuwi(a, b|r)

=0

:/ dw eime(%—i- 1)P(cosy)Tuw(a,b|r)

—o0 1=0

+Vm(2r?p*) (0 — b)!22a{ z_: Qk:kl(<_1)a_ (a = FIAT*7(1 — cos)

(a —k—b)l(2a — 2k)IT'(k — a + %)(sz)k
X [@/’(a—bJrl) —@/J(a—b—kiJrl)+@/}(a—k¢+1)+¢(k—a+§)+210g(2p/>\)]

- i (—1)2(b — k)!(k — 1)IAT2=2k(1 — cos y)k+ab
< 2k+a=b(f 4 a — b){(2b — 2k)!T(k — b+ 5)(2p?)k+a?

k)1 — COS’V 1)PATP NP~ 2a-+2k
- 2.46
ZQkkl (a — —b)'F(k B z; )1(2p — 2a + 2k) ( )
;ﬁa k

Even though the sum over p in equation (2.46) is technically up to oo, we actually
only need terms up to order Az?" in the Hadamard parametrix. In that expression,
the order of the expansion is given by (1 — cosv)*A7? and is Az**2?P. Hence, we
have truncated the sum at p = n — k. In arriving at the expression above, we have
also made use of the identity (2.27).
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2.3.3 Mode-sum expression for the parametrix

We now have mode-sum representations of all the relevant terms in Eq. (2.8) yielding

the following mode-sum representation of the Hadamard parametrix

o0

1 o 4
K(z,2") = @/ dw ™27 2(21 + 1)P(cos fy)kf:;)(r)
7r
—oo 1=0
n a n—1 a
1 (P 2a—2b (2b—2 (p) 72b (2a-2b
Fa{ ST a5 :
a=1 b=1 a=1 b=0
n—1 a
YD Ty (AT log(4f /(X))
a=0 b=0

n a ()T r a a+pa_
+ZX¢¢M2) Z(1)( pMMA%% — cos)ib

e ar bl (p2)atbl < (a—p)!
n—1 a—1 (r) —1 ol a+1
T (1) (2r°)7° (=) Pla+1—=p+0)p* = o |
+ZZ ab - Z AT#72(1 — cos )P
g bl (p2)a+b2 < (@a+1—p)
n—1 a
+ Z Z 7;(1)1) (r)v/m(2r2p*)* " (a — b)12%

a—b (_1)a—k(a _ /{Z)!A72a_2k(1 _ 0087)k
: Z 26kl(a — k — b)!(2a — 2k)\T(k — a + 3)(2p?)* [?ﬁ(@ —b+1)

—w(a—b—k+1)+¢(a—k+1)+¢(k—a+§)}

)k-‘ra—b

B i — k)!(k — 1)!AT?726(1 — cosy
Qk+a—b k: + a—b)!(2b — 2k)I0(k — b+ 5)(2p?)kte=?

pAT2p)\2p 2a+2k

)(1—cos*y
-2
ZQ’%' (a — —b)'F(k )* Z N (2p — 2a + 2k)
;éa k

}

+ O(Az*" log Ax), (2.47)

where we have defined for compactness

n—1 a—1
ZZD )Zoa(a,blr) + > T8 (1) La(a + 1,blr)
a=0 b=0 a=1 b=0
n—1 a
+ I TH ) TualabIr). (2.48)
a=0 b=0

While the expression (2.47) looks very complicated, we note that many of the terms

vanish in the coincidence limit.
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2.4 Vacuum polarization and components of the
RSET

When computing vacuum polarization, the coincidence limit removes almost all of

the finite terms in the Hadamard parametrix above. We obtain

(#)ren = g { S ) (gwl 1= K@) do

=0
n-1 a 2a fa—b
(1 )'2 /
_ﬁzz _))\2(1
a=1 b=0 2

- [D&‘?(m v ng)f” + PO 700 ost /(23 - 230 249
where ~g is Euler’s constant. The mode-sum terms above can be made to converge
as fast as we like by choosing n appropriately large. It can be shown that the
renormalized vacuum polarization is completely independent on the choice of the
cutoff (we report the calculations in appendix A.1 for clarity). This property can
also be proven for the regularization terms for the stress energy tensor. For a
massless scalar field, and either conformally-coupled or in spacetimes where the
Ricci scalar vanishes', the (-dependent term vanishes since 76%) = 0. Hence, the
renormalized vacuum polarization is uniquely determined, as the renormalization
ambiguity vanishes in the expression.

The components of the RSET may be written in the form [53]:

7 e « « 1 «
(T%B)ren = =W — (£ — 5)W 5+ (£ — )Ow %5 + ER% 3w — @WS g (2.50)

where v; is defined as in Eq. (1.70d) and

w(r) = <ci)2>rena
Wap(2) = lim [W(z, 2")05],

z—z’

W(z,2') = G(x,2") — K(z,2"). (2.51)

Due to the symmetry of the background spacetime w is a function of r only,
therefore once it has been calculated numerically to high accuracy on a suitably
dense grid, the derivatives of w appearing in Eq. (2.50) are now easily and accu-

rately obtained by differentiating an interpolation function for w. Considering the

2.2 _ _ 261 4 g f! _
INote that from App. A.3, T = %7 (6¢ 1)(17’2:‘2 +drf+2f—2)

( 2" parf 42f— 2)

r2

, and the Ricci scalar for a

spacetime with metric (2.1) is R =
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components of w®z, we have, by virtue of the wave equation satisified by W (zx, '),
that [23]:

3
W= —w, —wl — W¢¢ + ERw + pi*w — pvl. (2.52)
T
For the remaining non-zero components, w™, and w?y = w?s, it is advantageous to
express these in terms of mixed derivatives at x and x’ of W (z, 2'), since this avoids
introducing additional connection terms associated with covariant derivatives, and
derivatives of w(r) = ($2),e,, using Synge’s Rule [53):
Wa () = Sas() — i IV (2,2/) ors]. (2.59)

z—z’

The required mixed time derivatives and mixed angular derivatives may be obtained
by taking appropriate derivatives of Eq. (2.8). Therefore, the RSET is determined
by the calculation of three mode sums Eq. (2.49) along with the following two mode

sums:
T _ A
(97" W —ﬁf{ m,igﬂ“ (g = K)o
n—1 a
a|22afa—b
T T(
> S e
atl
1 o), o) oy Dy DY DY TY
+R 710 +D22 f(711 +D21) f2 + f3 + f4 f2
) 7;(11) 2142
+ (T + 7)(10g(f/(€ A%) = 2y8 +3) |, (2.54)
(6% W 4] = ! /OO Z(Ql + Il + 1) (g | — k(”)> dw
’ 167272 —0 42 ¥ wl
n—=1 a 2a fa—b—1
(1 (CL—Q) 2 f
+ ﬁzz ))\2a 2
a=2 b=0 2
! oy o o
+4_ 22 _'_710 _f2 _2f3 _3f4
7
-t + Tio (log(f/(£2X%)) — 2y + 1) |. (2.55)

In the extended coordinate prescription, the rate of convergence of the mode-
sums is directly related to the order n of the expansion of the Hadamard parametrix.
The convergence of the mode-sums can be improved by subtracting higher-order

terms of the Hadamard parametrix. The large frequency and large [ behavior of
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gui(r) — k:fj;) (r) is dependent on the order of the expansion n of the Hadamard
parametrix. Specifically, we find numerically that the large-w expansion of g, (r)

takes, in general, the form

G (1) ~ Zaj(l, rw @t (2.56)

Jj=0

where a;(l,r) are functions of [ and r. By construction, the renormalization counter-

terms kg;)(r) contain exactly the terms with j =0,1,..,n
kﬁjﬁ (r) ~ Zaj(l, r)w @t (2.57)
=0

Hence, for large w, we find g, (r) — k' (r) = O(w 2"3). An analogous expansion
can be done in the large [ limit. Thus, the behavior of the renormalized integrand
gui(r) — kg;) (r) at large w and large [ is found numerically to depend on the order

of the expansion n as follows:

(n) ~ w3, large w, fixed [,
et (1) = iy (1) = (2.58)

~ [72n3 large [, fixed w.

In Figures 2.1 and 2.2, we numerically illustrate this convergence behavior for the
case of a Schwarzschild black hole. In Figure 2.1, the upper blue line shows the
large-(wM) behavior of the unrenormalized quantity g, evaluated at fixed [ and r.
This plot is interpreted as follows: since log, |(wM)Mg.| approaches a constant
value in the large frequency limit (it is a line of slope 0), then one can infer that
(wWM)Mg,; ~ O(1) at large wM and hence Mg, ~ (wM)™! at large wM. The
remaining curves in Fig. 2.1 report the large-(wM) behavior, at fixed [ and r, of
the renormalized quantity g.; — k:g;) for progressively higher expansion order n of
the parametrix. By inspecting the different curves, one can verify that the large
frequency behavior reflects the one reported in Eq. (2.58), showing that indeed the
rate of convergence of the renormalized mode-sums can be increased by including
higher expansion orders of the Hadamard parametrix. In the Figure, factors of M
are introduced to make all the quantities dimensionless, and a logarithmic scale is
employed to make the different curves clearly visible in a single plot.

Similarly, Figure 2.2 reports the behavior of the unrenormalized and renormalized
radial Green’s function at large [ for fixed w and r. Once again, the numerical results
are in agreement with the analytical prediction in Eq. (2.58), confirming the efficacy
of the method.
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Figure 2.1: Analysis of the convergence of g (r) — ko(ﬁ) (r) for a massless scalar
field on the exterior of a Schwarzschild black hole at different orders of expansion n
for fixed | and large w. Results obtained with the set of parameters: M =1, r = 3M,
and | = 0.
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Figure 2.2: Analysis of the convergence of g..(r) — kfﬁ) (r) for a massless scalar
field on the exterior of a Schwarzschild black hole at different orders of expansion n
for fized w and large l. Results obtained with the set of parameters: M =1, r = 3M,
and wM = 0.1.
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2.5 Conclusions

In this Chapter, we have provided a generalisation of the extended coordinate pre-
scription to directly compute the renormalized stress-energy tensor (RSET) of scalar
fields in the Boulware vacuum state. While the extended coordinate approach was
first developed for the calculation of expectation values for a scalar field in the
Hartle-Hawking state, it can be used to obtain results for other quantum states
using a state subtraction approach [3]. However, for spacetimes where one does not
have a Hartle-Hawking state to leverage as a reference state, such as an extremal
black hole or the spacetime of a star then a direct approach to compute the RSET
is required.

We treated the Boulware state as a zero temperature state, defined on the Wick-
rotated Riemannian manifold. Such treatment is convenient because the Euclidean
Green’s function possesses a simpler singularity structure, which is only singular in
the coincident limit, thereby simplifying the development of a renormalization pro-
cedure for computing the RVP and the RSET. Nonetheless, unlike in the treatment
of the Hartle-Hawking state, in which one usually imposes a periodicity condition
in Euclidean time that discretizes the frequency spectrum, such identification is
not viable in the treatment of the Boulware state; the frequency spectrum remains
continuous, making the analytical and numerical treatments more challenging.

In the extended coordinate approach, the Hadamard parametrix, which encodes
the short-distance behaviour of the two-point function, is expanded in a set of ex-
tended coordinates. The terms in this expansion are then rewritten as mode-sums of
the same form as those appearing in the unrenormalized Euclidean Green’s function,
thereby enabling a mode-by-mode renormalization. The main technical challenge
in applying this approach to a scalar field at zero temperature arises from having
a continuous frequency spectrum, and hence the mode sums involve improper in-
tegrals over w (as opposed to the Hartle-Hawking case where we sum over discrete
values of w). As a result, when we express terms in the Hadamard parametrix as
mode-sums, we find that the integrands are not ordinary functions of w and we must
treat these mode-sums rigorously as generalized functions. When we do this, we see
that an infra-red cutoff naturally appears in the integrals over w in such a way so
that the final results are independent of this cutoff.

Having developed this new direct renormalization technique, in the next Chap-
ter, we apply the method to compute the renormalized stress-energy tensor on the
exterior of a subextremal Reissner-Nordstrom black hole and comparing the results
against those obtained through the state subtraction approach in [3]. We then apply
the direct renormalization approach to compute the RSET for both massless and

massive scalar fields propagating in an extremal Reissner-Nordstrom spacetime.
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Chapter 3

Computing the RSET in
non-extremal and extremal

Reissner-Nordstrom black holes

The material in this chapter is based on the following article:

1. J. Arrechea, C. Breen, A. Ottewill, L. Pisani, P. Taylor, Renormalized stress-
energy tensor for scalar fields in the Boulware state with applications to ex-

tremal black holes, Phys. Rev. D, 111, 085009 (2025) [1].

3.1 Introduction

In this Chapter, we apply the renormalization scheme presented in Chapter 2 to
the case of scalar fields in the Boulware state in the Reissner-Nordstrom black hole
spacetime. As a consistency check, we first verify this new method by reproducing
results for the non-extremal case, which were obtained via the state subtraction
method in [3]. We then apply the method to the case of an extremal black hole,
where we investigate the regularity of the Boulware state on the event horizon for
both massless and massive scalar fields. The regularity of the renormalized-stress
energy tensor for massless fields has previously been examined by Anderson et al. [63]
using a WKB approximation (see [64—67] for discussions about backreaction effects).
Our results reinforce the existing numerical evidence of the regularity of the RSET
for massless fields in extremal black holes. Additionally, we provide the first (to the
best of our knowledge) extension of those results to massive fields.

An overview of the Chapter is given below. In Section 3.2, we discuss the nu-
merical implementation of the method for both cases and the numerical challenges.
In Sec. 3.3, we apply the new method to compute the RSET for a scalar field on

the Reissner-Nordstrom spacetime, including the extremal case where a direct cal-
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culation is necessary. In Sec. 3.4, we employ our accurate RSET results to solve
the first-order semiclassical equations to compute the backreaction on the extremal
Reissner-Nordstrom black hole spacetime. Finally, in Sec. 3.5, we conclude with a

discussion.

3.2 Numerical Implementation

3.2.1 Non-Extremal Modes

To obtain the non-extremal Reissner-Nordstrom Euclidean line element, we take the
general static, spherically symmetric line element defined in Eq. (2.1) and set the

radial function to

f(T‘) — (T B 7”+) (T B 7",) )

r2

(3.1)

where ry = M + \/m . M and @ are the mass and the charge of the black
hole, respectively, while r, and r_ are the event and inner horizons.

As seen from Egs. (2.49),(2.54) and (2.55), the mode sums required to obtain the
RSET involve the computation of the radial Green function g,; in Eq. (2.3), defined
as the normalized product of solutions to the radial equation (2.4).

For the non-extremal case the computation of the p,;(r) modes is simplified by
recasting the radial equation (2.4) into a confluent Heun form. This is achieved by

expressing the dependent variable Y, (r) as:
To(r) = 6_(w_‘:’)rewr*le(r)

and introducing a new independent variable:

ry —T

n= .
ry —T-

The radial equation then takes the form of the confluent Heun equation:

n(n — 1Y) + (€s(n — 1) + éan +n(n — 1)é) Y, (n) + (can — 1) You(n) =0 (3.2)
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where ’ represents differentiation with respect to n and

Gr=(r —r)(w—w)?—2(ry —r_)®

2 2
G = 1 wry
7"_|_ —Tr_
~ 2wr?
Cy = —
Ty —T_
G5 = —2w(ry —r-)
r.—r
n=——- (3.3)
7”+ —Tr_

and with

=W+ 2. (3.4)

If we let H(¢é, é, 3, ¢4, C5; 1) denote the solution to Eq. (3.2) that is analytic in the
vicinity of n = 0, i.e. r = r,, and normalized to unity there, then we may express
the p,; solution as:

Pur(r) = e T H(ey, 05, 83, 84, 853 1), (3.5)
where it is assumed that w > 0. We have implemented the w — —w symmetry
in Eq. (2.4) to rewrite the frequency integral in the mode-expansion in Eq. (2.3)
so that it only involves positive frequencies. Consequently, all the solutions can be
defined for w > 0. The other linearly independent solution to Eq. (3.2) is discarded
for the construction of the p,; modes, since it is irregular at n = 0.

Computing the g,;(r) modes is computationally harder. While these modes can
still be written in confluent Heun form, the Heun functions with the appropriate
boundary conditions for ¢,,(r) are not built into Mathematica. There are several
options one can consider for computing g, (r) but we found it most efficient to simply
numerically integrate the radial equation inwards from a large r value using an
asymptotic expansion for the initial conditions (see for example [45] for details of the
asymptotic expansion). The initial conditions were optimized so that the asymptotic
expansion solved the wave equation to our working precision with the least number
of terms in the asymptotic expansion and for the smallest reasonable r value at
which this precision could be achieved. Using this approach, the mode solutions
and their derivatives that were generated were accurate to at least 30 significant
digits. We tested this accuracy by checking the constancy of the Wronskian over
the radial grid for the solution pairs {p.i(7), qui(r)}.
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3.2.2 Extremal Modes

The extremal black hole metric can be obtained by setting the radial function in
Eq. (2.1) to

r

Fr) = (1 _ My. (3.6)

The resulting mode equation (2.4) amounts to

1o+

2T/ 4, .2 2,.2 L(1 1
u {“‘) +’”+(+)}m:. (3.7)

r=M |(r—M)""  (r—M)

Here, " means differentiation with respect to r. For convenience, we follow [68] and

adopt the dimensionless coordinate 77 = r/M — 1, for which the wave equation is

L d? o d . . 9 -
774d_772T”l + 2773d_ﬁTwl — [w?M? (77 + 1) 11+ 1) 7% + M2 (7 + 1>2] Ty =0.

(3.8)

The radial solutions regular at the horizon and at radial infinity obey, respectively,

the asymptotic expansions

ot = M e MIN " it i = 0 (3.9)
k=0
and .
Qi = 1 20M @M/l g/ w22 Mi Z befj "0, 7 — oo, (3.10)
k=0

In obtaining these solutions we assumed, once again, that w > 0. We note that
near 7 = 0 we have an asymptotic expansion instead of a Frobenius expansion, since
7 = 0 is an irregular singular point of the ODE (3.8). Replacing these relations in

Eq. (3.8) we find the following recursion relations for the ax, by coefficients,

@0_17
alz[ﬂ2+l(z+1)+2w(@—1)}§—g,
az = [i* +20°] 2+ [P +1(1+1) +26(@—3) - 2] 72,
~92 ~ ag—3 ~92 ~9\ Ak—2
= S5 2
a, = (i + &%) 5+ (7 +20%) —

ar—1
20k’

+k(Q—k)+ @ +1(1+1) —40k +20 (14 @) ] (3.11)
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for the p,; mode, where © = wM, i = uM. For the q,;, mode we have, instead,

~2

w

vo =1 =20 + \/@? + i* +
by =1,
by = [+ 11+ 1) + 1o (1 — v — 40) +2@<1+a_~/@2+g2>}b0

-1
x [2;3 — QD+ 2 4 4D (w N/ [ﬂﬂ :

(o + k — 2) Dby_s
(o + k= 1) /& + 7 = 2 (& — /&7 + ) — 2
[+ k(3 =2 —40) + L1+ 1)+ * — 15
Y (3 — 4@) + 26 (3+w—\/W) —2} b1
x [2 (o + & — 1) Va2 + 2 —4@ (dz— \/m) —2ﬁ2} T 312

b, =

3.2.3 Accuracy Issues

The numerical implementation of the direct method is more challenging than the
extended coordinate method developed for thermal states. Most of the issues are
related to the sampling of the continuous frequency spectrum. To numerically per-
form the integral in w, one needs to interpolate the integrand over a predefined
w-grid. This grid must be fine enough so that the interpolation function works well,
ensuring the result is independent of the grid choice. This becomes challenging when
the integrand is very large and rapidly decaying. As a result, one needs a very dense
grid to properly interpolate a rapidly varying function. The appropriate density of
the w-grid is obtained by comparing the results of the integral obtained with differ-
ent grid choices and interpolation orders. The grid is considered sufficiently dense
when varying these parameters does not affect the result up to a desired number of
significant digits.

Another issue is related to the cancellation of the cutoff-dependent terms. We
have shown analytically that the renormalized vacuum polarization does not de-
pend on the choice of the cutoff, as the cutoff-dependent terms ultimately cancel
each other. However, achieving this outcome numerically is more challenging and
can significantly impact the accuracy of the results. For the case of a thermal
state [51-53], where cutoff terms are not present, one can increase the accuracy of
the results by increasing the expansion order of the singular field (n in Eq. (2.8)).
Moreover, this is extremely efficient numerically as only a very modest number of
modes are required. However, for the direct approach, the magnitude of the cutoff-

dependent terms increases with increasing expansion order, and so does the potential
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error introduced by the numerical cancellation of these terms. To counteract this,
as the expansion order increases, one has to also increase the density in the grid in
w immediately after the cutoff. In effect if one increases the expansion order, one
has to also significantly increase the number of numerical modes required, making
the process increasingly inefficient. Hence, there is a balance to be struck between
the accuracy of the results and the efficiency of the method. For the results con-
tained in this Chapter, we have found that a third-order expansion (n = 3) and
summing/integrating up to [ = 40/w = 5 with an w-grid that is denser near w = 0
and in the w-range immediately above the cutoff gives sufficiently accurate results,
with the conservation equation satisfied to approximately 9-10 decimal places.

There is an important exception to this choice, and that is in the vicinity of
the event horizon. All the cutoff-dependent terms vanish on the event horizon,
and therefore, as we approach the horizon, the error introduced by these terms
also decreases. This is particularly true in the extremal case, where the metric
function f(r) has a double root. Therefore, for points close to the horizon (up at a
distance of approximately M /10), we employ a sixth-order expansion to obtain our
results and find that the conservation equation is satisfied to approximately 13-15
decimal places for a massless field and 10-11 decimal places for the massive case.
In addition, particularly near the horizon, the integral is dominated by the low-w
behavior. Hence, it is crucial to select the smallest point in the w-grid accordingly to
avoid losing important contributions. The integrand is then extrapolated to w = 0.
Specifically, the first point in the w-grid is chosen to be small enough that the
extrapolation process introduces a negligible error.

Conveniently, we found different representations for Z,(a,b|r) and J..(a,b|r).
The most amenable to numerical implementation are the ones reported in the deriva-
tions above, namely in Eqs. (2.25) and (2.45), which involve differences of two hy-
pergeometric functions. However, these representations fail whenever % > 1, due
to catastrophic cancellation. In this context, the catastrophic cancellation arises
from subtracting two nearly equal very large terms, namely, each term with a hy-
pergeometric function in Eq. (2.25), in the case of Z(a, b, |r), and each term with
a hypergeometric function in Eq. (2.45), in the case of J(a,b,|r). Performing this
subtraction with sufficient accuracy would require numerical computations with sev-
eral hundred digits of precision, which is impractical. Therefore, for the region of

the domain where |°\J/|J»Z" > 1, we found the representations in terms of derivatives of

modified Bessel functions and generalized incomplete gamma functions more efficient
and not subject to the numerical errors arising from the catastrophic cancellations.
These expressions will turn particularly useful in Chapters 5 and 6. We include

them in appendix A.2 for convenience.
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Figure 3.1: RSET components in the Boulware state for a massless, minimally
coupled scalar field calculated via the direct method (line) and the state subtraction
method (dots). The background spacetime is the non-extremal Reissner-Nordstrom
spacetime with Q = M /5.

3.3 Results

3.3.1 Non-Extremal Results

In Fig. 3.1 we compare the results of the direct method outlined in this thesis
to the corresponding results obtained via a state-subtraction approach in [3], for
the calculation of the RSET for a massless, minimally coupled scalar field in the
Boulware state. The background spacetime on which this calculation is performed
is the non-extremal Reissner-Nordstrom spacetime with @Q = M/5. As is evident
from the plot in Fig. 3.1, in which the RSET components f? (T%} calculated via
the direct method are depicted with colored lines while those obtained in [3] via
the state-subtraction approach are represented by dots, there is good agreement
between the two approaches, verifying the new method presented in this thesis.
However, the state-subtraction method appears to be more accurate, as measured
by the conservation equation, in the vicinity of the event horizon. This suggests
that for space-times where there exists a Hartle-Hawking state to use as a reference
state, taking the state-subtraction approach outlined in [3] is the appropriate choice.
However, for other space-times, such as the extremal Reissner-Nordstrom spacetime
considered in the next section, where we do not have a Hartle-Hawking state to
exploit, the direct approach is required.

Inserting the expressions in Eqgs. (2.49), (2.54), (2.55) into Eq. (2.50) results in

a natural splitting of the RSET components into a numeric and an analytic part:

~ A A

<Taﬁ>ren = <Taﬁ>numeric + <Taﬂ>analytic, (3.13)
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A

where (T g) numeric contains the terms in Eqgs. (2.49), (2.54), (2.55) that are in curly

~

brackets, while (T 3) analytic 1S comprised of those terms in square brackets. We give

~ ~

explicitly the expressions for both (7%g)numeric a1d (T 3)analytic in Appendix A.4.

A ~

Interestingly, with these definitions, both (T 3)sumeric ad (T 3) analytic are indepen-
dently conserved. In fact (T“5>analytic is equal, up to the addition of a conserved
tensor, to the equivalent analytic component obtained by the AHS method [45],
which in turn reproduces Page’s approximation for a massless field [69]. The fact
that our direct method reproduces the AHS results, whose derivation depended on
the use of the WKB approximation to the radial Green function, is surprising, par-
ticularly when contrasted with the results of the extended coordinates approach for
a thermal state [53]. In that case the equivalent analytic component does not re-
produce the AHS equivalent and neither the analytic nor numerical components are
independently conserved, rather only their combination is conserved.

We observe that the leading-order divergence of the RSET at the horizon is
determined entirely by (T“5>analytic o 72, with (T°) pumeric ¢ f ' amounting to a
sub-leading correction. This indicates that <Ta 3)analytic indeed captures exactly the
singular behaviour of the Boulware state at event horizons, and further justifies its

use in backreaction analyses as an analytic approximation to the exact RSET [70].

3.3.2 Extremal Results

In this section, we present the results of the extended coordinate approach to the
calculation of the RSET for a scalar field in the Boulware quantum state on an
extremal Reissner-Nordstrom spacetime.

In Figs. 3.2 and 3.3 we present the components of the RSET in the exterior
region of the black hole for a massless and massive field (uM = 1/10) respectively.
For the massless case, on the horizon (T“g)numeric vanishes and the RSET is given

~

precisely by (Tg)analytic With

. ~ o 1 .
<T 5>|T=M == <T 6>analytic|r=M - mé B (314)

which is equal to the corresponding RSET in the Bertotti-Robinson spacetime. A
result that may be expected since the near-extremal horizon geometry is asymp-
totically congruent to that of the Bertotti-Robinson spacetime [63]. The fact that
<T “3)analytic 18 €xact on the horizon, suggests that it might serve as a good approx-
imation for the full RSET in a reasonable domain of the exterior, at least in the
massless case. However this is not the case, with <Ta5>ana1ytic failing to capture
the main features of the full results, except in the immediate vicinity of the hori-
zon. Finally, as r increases we see that all RSET components tend to 0, as would

be expected for the Boulware state, which is truly vacuum for static observers at
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infinity.

For the massive case, the situation is quite different. Here both (T®3)anaiytic

and (T “3) numeric diverge logarithmically on the horizon, however these divergences
cancel to render each of the components of (Ta5> finite there. Specifically, the

analytic terms become, in the near-horizon limit,

2 2

ale 5_ 5 : ey r
<T 6>analytic|r:M :# [( M26)dlag (17 17_17_1) +MZ5 B log (M - 1) (315)

In contrast to the massless case, only the (17,) and (I%,) components agree on
the horizon with (T%) taking on a distinct value. For massive fields, the r — oo
behaviour of the RSET components depends on the renormalisation lengthscale ¢.

In fact, from the numerical results we find that the RSET approaches the following

“ 0 B 5aﬁ,u4 2e~7E

value:

Therefore, there is a natural choice of the lengthscale for massive fields for which

the RSET tends to 0 as » — oo. This choice is given by:
2
¢ = —exp{3/4 — s}, (3.17)
]

and is the value chosen for the results presented in Figs. 3.3 and 3.5. For the massless
case we simply set ¢ = M.

The coordinate system of Eq. (2.1), with the radial function (3.6), is singular at
r = M. To assess the regularity of the stress-energy tensor at the horizon, we instead
work in the orthonormal frame of a freely falling observer. The energy density and
radial pressure measured by such an observer at the horizon are equal to each other

and proportional to the quantity

~

(1) — (1)
T

Note that the energy density measured by a freely falling observer is not given by

(&) = (3.18)

the <T ‘) component only, but is instead obtained by contracting the stress-energy
tensor with the four-velocity u® of the infalling observer, (Tns)u®u®. Hence, one
obtains Eq. (3.18). The renormalized stress-energy tensor is regular at the horizon
if and only if the components (1%, (T), (1%) = (T q;} and the quantity (£) remain
finite in the limit » — M [63]. We have already discussed the regularity of the
components of the RSET for both massless and massive fields. We now turn our

N

attention to (£).
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Figure 3.2: Plot of the components (T‘”‘g)mn for a conformally coupled massless
field in the Boulware state, on an extremal Reissner-Nordstrom spacetime.

The analytic contribution <£’ )analytic 1S not regular on the event horizon

<TT7~ > analytic — <Ttt > analytic

<£>analytic = f
BV 12 (€ - )] (L_ >2 15044 + 2 (L_1>1
N 9672 M2 M 240m2 M4 \ M
1 r r 0
o (L - 1)+ oL 1) 1
60m2at 8\ 1 +0(47 (3.19)

This quantity possesses a (r — M)~! leading order divergence for a massless field
and a (r — M)~?2 for a massive field. However, in Figures 3.4 and 3.5, we show, for a
massless and massive field (uM = 1/10) respectively, that this divergence appears
to be precisely canceled by a corresponding divergence from (c‘f)numeric, leaving a
total (f:' ) that is finite on the event horizon. The subleading logarithmic divergence
also cancels. In the massless case, this agrees with previous results [63]. Of course,
to prove this definitively would require a closed form expression for the quantity (c‘:’ )
on the horizon (or equivalently a near horizon expression for (T‘@ren to O(r — M)?).
However, we feel the numerical results presented here provide compelling evidence
for the regularity of the Boulware state for both massless and massive fields.

We have therefore used the novel method presented in the paper to confirm the
results of [63] for a massless field and provide, to the best of our knowledge, the
first exact results for the RSET of a massive scalar field in the extremal Reissner-

Nordstrom spacetime.
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Figure 3.3: Plot of the components (T ) ven, for a minimally coupled field with mass
uM = 1/10 in the Boulware state, on an extremal Reissner-Nordstrom spacetime.
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Figure 3.4: Plot of the cancellation of the divergence in the numerical and analyt-
tcal contributions to the quantity (g' ) for a minimally coupled massless field, leaving
a total result that appears to be finite on the event horizon of the extremal Reissner-
Nordstrom spacetime

63



Chapter 3. Computing the RSET in non-extremal and extremal Reissner-
Nordstrom black holes

10 -
i Numeric s
Analytic

5+ Total
L PR RS PR RV (NS ST N ST W ST USRS ST S N’
A 1.002 1.003 1.004 1.005 4-006 17007 . 1.008
&L M
5L
-10L

Figure 3.5: Plot of the cancellation of the divergence in the numerical and an-
alytical contributions to the quantity <f:') for a maunimally coupled field with mass
= M/10, leaving a total result that appears to be finite on the event horizon of the
extremal Reissner-Nordstrom spacetime

3.4 Backreaction in extremal black holes

Computing the RSET in the background of an extremal black hole naturally begs
the question of whether extremal horizons are stable under quantum corrections. For
the static, spherically symmetric extremal black holes under consideration, despite
the field being in a static zero-temperature vacuum state and thus not inducing any
evaporation process at lowest order in the semiclassical approximation, the quantum
fields generate a RSET which is (generically) non-vanishing at the horizon and will
backreact on the background metric.

We wish to solve the semiclassical equations (1.87) perturbatively. To do so, we
follow the procedure outlined in Sec. 1.6. We first assume the RSET ambiguity is
fixed so that all the freedom is contained in the constants on the left-hand side. In
particular, we take the arbitrary renormalization lengthscale ¢ as in Eq. (3.17).

Since we wish to expand perturbatively about the extremal Reissner-Nordstrom
solution, we further assume in Eq. (1.89) that A = 0 such that the zeroth order

equation simplifies to
Gop = 81T, (3.20)

where we reiterate that both sides of this equation are evaluated on the background
spacetime. Taking the classical stress-energy tensor to be that derived from the

Faraday tensor and assuming spherical symmetry yields the Reissner-Nordstrom
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solution at the zeroth order. Then at first order in €, we have from (1.90)
5Gos + G Gop + 5N gop + S HLY) = 87 ((Ta@ren + 5T§§;>) , (3.21)

2)

where now the H C(YB tensor vanishes on the background spacetime, the perturbation
of the Einstein tensor 6G,ps is given in Eq. (1.91) in terms of the trace-reversed

metric perturbation (1.92) and

s — 1

af _47T

1 loa 1 loa o g
(_ZhaBFPO'Fp — §gaﬁFp05Fp ‘I— FaU(sFﬂ ‘I— 5F060'Fﬂ) 5 (322)

where we have introduced the following expansion for the electromagnetic field tensor
Faﬁ = Faﬁ + 6(5Fa,6’- (323)

The solution space to Eq. (3.21) is very large so we focus on the simplest case
for which the constants 6A, da; and dG~! either vanish or are higher order in the
perturbative expansion so that they do not contribute in Eq. (3.21). We can weaken
the assumption that dG~! vanishes and instead consider that this term can be
absorbed into a redefinition of the charge of the background solution, a fact which
can be easily seen from the zeroth order equation.

Following [71], we assume the full metric coefficients have the form

gu =~ (L—2m(r)/r), gm=(1—2m(r)/r)", (3.24)

where m(r) denotes the Misner-Sharp mass, and then we expand these metric func-

tions as

P(r) ~log [l 4+ eR(r)], m(r)~M (1 — %) 1+ eM(r)]. (3.25)

Note that 67 5 is in general nonzero. It is, however, convenient to consider the

linear-order in € semiclassical equation with up and down indices

0G5 = 8m (5T‘}§ 0 (T"g>ren> : (3.26)
with

0T = g6T + 5¢°7T'S), (3.27a)

0G% = g"0Gp + 09" G, (3.27b)

<T023>ren = ga’y<jj’y >ren7 (327(3)
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where we have introduced the inverse metric

g = g% 4 e5¢g™® + 0(62), (3.28)

with
5g°F = —hoP, (3.29)

and
hP = g*7g%h, 5. (3.30)

Introducing Egs. (3.27) into Eq. (3.26) yields
9*0G 5 + 0g°1Glyg = 87 (ga”/m;” + 5gMT§;”) + 879" (T3 ren. (3.31)

Since we are considering a neutral quantum scalar field, we can assume that the total
charge is not affected by the presence of the field, meaning that the linear-order (in
€) contribution to Q = @ + €5Q), with @ = M, vanishes: §Q = 0 [63]. Under this

assumption, one can show that
5TO¢B (cl) — QOWCST,%D + 59a7T7(;l) _ O7 (332)

resulting in the following simpler form for the semiclassical equations

~

90G5 + 697G g = 87"V (T, 5)ren. (3.33)
Hence, using Eq. (3.33) we finally obtain

2(z—1)°R/(2)

= smM? ((17) - (1)),

M?23
M(z) (2z2-1)M'(z) .
~ L Ve = 8t M*(T"), (3.34)

where we have used the dimensionless coordinate z = r/M, and we have dropped
the subscript “ren” on the RSET components for typographical convenience. The
first equation is clearly the difference between the radial and temporal equations,
and the angular equations are such that the Bianchi identities are satisfied. Once
the RSET is specified (here we replace it by the numerical values for massless and
massive fields shown in the previous section), we can integrate Eqs. (3.34) for M
and R. The full solutions for the perturbations are numerical, and we can only
calculate them within the region for which we have numerical RSET values at our
disposal.

For massless fields in the near-horizon limit z — z,, with z, = 1 being the position

of the extremal horizon, we can make use of the fact that the energy density and
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pressures of the exact RSET are given, to leading order in z — z,, by Eq. (3.14) to
obtain the following analytic solutions for the perturbations
Co

M:_108O7T+O(Z_Ze)’ R

10807

+0(z— z), (3.35)

where {Cy, Ko} are arbitrary integration constants. For massive fields, however, we
cannot follow a similar argument since we ignore the exact values the RSET must
reach at the extremal horizon, and extrapolating our numerical results introduces
spurious errors. However, backreaction analyses have been done in the limit of large
field mass [67]. Written in ingoing Eddington-Finkelstein coordinates, the metric

components become

ECO
oo =9 = ~Tog0= T Oz —z),
K
et — 14 _
Gor =€ -+ 10307 + O (Z ZC) . (336)

In light of these expressions, we observe that the metric receives a correction so
that g4 is no longer vanishing at z = z,. For negative eCy we have g;; > 0, hence
the surface z = z, appears to lie inside a trapped region. In this case perturbative
corrections have shifted the position of the horizon from its classical value z, = 1
to a new position zy > 2, which must be found numerically. The surface gravity

associated to this quantum-corrected horizon is equal to

_ig 1_2]\/[m +ﬁ 1_2]\/[m 8_w
KH_2M8Z z M z 0z

(3.37)

zH'

Extremal horizons are characterized by a vanishing surface gravity, i.e., a quadratic
root in g,,. In the Reissner-Nordstrém metric, this comes from the fact that ) = M.
The RSET makes the Misner-Sharp mass acquire a radial dependence, but does not
affect the charge, allowing for the possibility of breaking the delicate balance of scales
required by extremal horizons. In practice what we observe is that the backreacted
spacetime, locally around z = z,, becomes like the sub-extremal or super-extremal
Reissner-Nordstrom spacetimes depending on which sign we choose for the mass
perturbations. Since we do not have exact results for z < z,, we cannot obtain the
quantum-corrected metric in the region z < zy.

Together with shifting the position of the horizon outwards, taking eCy < 0
makes it acquire a positive surface gravity. The relative position and surface gravity
of the quantum-corrected horizon are shown in Fig. 3.6. For massless fields, we see
this non-extremal horizon smoothly tends to a horizon of the extremal kind in the
€Cy — 0 limit. In the massive case, since we lack RSET values arbitrarily close to z,

we have not been able to generate reliable results in the eCy — 0 limit. Nonetheless,
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Figure 3.6: Position of the perturbed horizon Az = zg — z. and its surface gravity
kyu for a semiclassically corrected extremal black hole. Corrections from minimally
coupled massive and massless fields shift the Misner-Sharp mass by a constant value,
which either breaks the extremal horizon into a pair of inner and outer horizons (if
Co < 0), or eliminates any horizon entirely (if Co > 0). Our results do not change
qualitatively as long as ey < 1, so we set Ky =0 here.

for large and negative eCj values, the curves for the massless and massive cases are
indistinguishable.

We can integrate Eqs. (3.34) away from the black hole to obtain the behaviour of
perturbations at large z. The R function can be absorbed in a redefinition of the ¢
coordinate, while the M function shifts the Arnowitt-Deser—Misner (ADM) mass by
a constant factor. Under the choice of renormalized constants A = 6G~! = 0, the
RSET decays at large z as (To‘ﬂ) o O (z7*) for massive fields and as (T‘}Q x O (z79)
for massless fields. In both cases, it can be shown from Eq. (3.34) that, for z > z,
M=Cx+0((z").

Figure 3.7 shows the R and M functions for the minimally coupled massless field
(continuous lines) and the minimally coupled pM = 1/10 field. We have integrated
the equations in the radial domain for which we have reliable results for the RSET.
These are z € [M,5.75M] and z € [1.005M,5.75M] in the massless and massive
cases, respectively. For the massless case, preserving the extremal horizon (Cy = 0)
translates into a negative correction to the ADM mass of C, &~ —2.5 x 1073, so that
Mapy = M + Cy < @. In this case, in order to preserve an extremal horizon, we
would need to start with a sub-extremal black hole and perturb it semiclassically.
For the massive case, integrating outwards with Cy = 0 we obtain C., ~ 9.7 x 1074,
so that Mapy > @. In this case extremality would be preserved if we started with
a super-extremal black hole and corrected it semiclassically. This discrepancy in M

at large distances can be traced back to the differing signs of the (Ttt> component in
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Figure 3.7: Solutions for the perturbations R(r) of the redshift function (in blue)
M(r) and the Misner-Sharp mass (in pink) in terms of the radial coordinate z.
The continuous lines correspond to the uM = 0 case and the dashed lines to the
uM = 1/10 case. Taking Cy = Ko = 0, we have integrated within the domain of z
values in which we have reliable numerical results for the RSET.

each case (see Figs. 3.2 and 3.3). For massless fields, the {-dependent contributions
to the RSET vanish at the horizon and as » — oo. Regions in which (Ttt> changes
sign only appear for £ 2 1/4, hence these results are expected to hold qualitatively
for a broad range of curvature couplings.

So far we have considered da; = 0. For non-vanishing da; in Eq. (3.21), we
observe that the H Sﬁ) tensor is sub-leading with respect to the RSET contribution
in the ¢t equation of Eq. (3.34) as the event horizon of the classical solution is
approached, hence allowing da; # 0 does not affect the analysis. In the rr — tt
equation of Eq. (3.34), both (Hy ) — Hf W)(z = 1)2 and ((T7.) — (T%))(z — 1)
are finite as z — 1. Nevertheless, it can be shown that the near-horizon analysis
presented above still holds if da; # 0. Thus, allowing da; # 0 does not modify the
position of the perturbed horizon nor its surface gravity. For large z, the tensor H Sﬂ)
decays o< 279, hence the perturbations M and R still approach constant values at
infinity. However, the contribution from H C(Ylﬁ) for intermediate z values can change
the sign of the perturbations M and R at infinity. For example, a sufficiently large
and negative da; leads to a positive C, in the massless minimally coupled case.

The loss of extremality is expected to occur due to a breakdown of the deli-
cate balance between charge and mass contributions that extremal horizons require.
Since we are only incorporating the vacuum polarization effects from an uncharged
massless scalar field, this balance is broken at first order in perturbation theory.
However, it is still plausible that the vacuum polarization effects from the electro-

magnetic field only displace the position of the horizon without changing its extremal
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nature.

On the one hand, for negative €Cy, it is clear (since the corrections are pertur-
bative) that we are observing a splitting of the extremal horizon into a pair of outer
and inner horizons. By solving Eq. (1.87) perturbatively to higher order in €, we
would find: i) that the quantum state in which this RSET is evaluated is no longer
a zero-temperature vacuum state, but a mixed state instead (as expected from the
event horizon acquiring a temperature) and ii) that this state is singular at the
newly formed inner horizon [54]. On the other hand, for positive eCj the function
Juy has zero roots, hence the extremal horizon disappears entirely and the perturbed
metric describes a horizonless (and singular) object, whose associated vacuum state
has zero temperature. Finally, between both regimes there is a separatrix solution
with Cy = 0 that preserves both the position and the surface gravity of the extremal
horizon. This solution could potentially exist for all orders in € only if we fine-tune
the perturbations so that their contribution to the Misner-Sharp mass vanishes at
every order in €. Of course, the treatment adopted in this section only deals with
static solutions from the start, hence we remain agnostic in regard to the stability

of extremal horizons under time-dependent perturbations.

3.5 Conclusions

Having developed a direct approach for computing the renormalized stress-energy
tensor of quantum scalar fields in the Boulware vacuum state in Chapter 2, in this
Chapter we first applied it to the non-extremal Reissner-Nordstrom spacetime. In
this case we reproduced the results obtained via the state subtraction approach in
[3], thereby verifying the new direct approach. We then applied the direct approach
the the calculation of the RSET in an extremal Reissner-Nordstrom spacetime, for
both a massless and massive scalar field. The massless case had previously been
considered in [63], however, the results presented in [1] and in this Chapter are the
first results obtained for a massive field.

Once we have calculated the RSET components we used these results to in-
vestigate the regularity of the Boulware state by calculating the energy density on
the horizon as perceived by a freely falling observer. Here we find strong numeri-
cal evidence that the Boulware state is regular for both the massless and massive
case. However, we stress that these results are indicative only and to say anything
conclusive requires exact results on the horizon.

Despite lacking a definite proof of the RSET regularity at extremal horizons, we
can nonetheless assume that it is indeed regular to give a hint on the backreaction ef-
fects it would entail. By solving the static semiclassical equations perturbatively [71]

we have seen that, unless perturbations are fine-tuned to every order in the expan-
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sion, extremal horizons are unstable. If these perturbations contribute positively to
the Misner-Sharp mass, the extremal horizon splits into a pair of outer and inner
horizons, while in the opposite scenario the horizon disappears completely, leaving
no marginally trapped surfaces in the spacetime. We also analyzed how extremal-
ity at the horizon results in a change in the ratio between the ADM mass and the

charge, which depends on the overall sign of the semiclassical energy density.
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Chapter 4

Application of the extended

coordinate method to thin shells

The material in this chapter is based on the following article:

1. J. Arrechea, C. Breen, A. Ottewill, L. Pisani, P. Taylor, Vacuum polarization
and renormalized stress-energy tensor of spherical thin shells, arXiv:2607.07583
(2026) [2].

4.1 Introduction

As discussed in the previous Chapters, one of the primary motivations for developing
a direct renormalization technique for the Boulware state is the absence, in some
spacetimes of interest, of a Hartle-Hawking state that could serve as a reference
state for renormalization. In Chapter 3, we demonstrated the efficacy of the direct
renormalization prescription developed in this thesis in the context of one such
spacetime: the extremal Reissner-Nordstrom black hole. However, the method is
general, and its applicability is not limited to black holes but to any static spherically
symmetric spacetime that admits the Boulware state.

Of particular interest are the horizonless equilibrium configurations like compact
stars [72-74] and thin shells [75], for which the Boulware state constitutes the natural
vacuum state. Notably, little work has been carried out in these settings owing
to the complications introduced by classical matter sources and to the fact that
semiclassical effects are potentially but not obviously relevant in these contexts.
The direct renormalization method developed in Chapter 2 opens new avenues of
investigation in this direction and provides us with a powerful tool for analyzing the
properties of the Boulware vacuum in the context of horizonless compact objects.

Specifically, the work we present in this Chapter is part of a broader program

aimed at investigating the semiclassical effects in horizonless compact objects. In
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general relativity, Buchdahl’s theorem [76] defines an upper bound on the com-
pactness of a static, spherically symmetric equilibrium star composed of standard
matter. In the semiclassical context, however, the renormalized stress-energy ten-
sor can violate some of the assumptions underlying Buchdahl’s theorem. Including
semiclassical backreaction effects may then allow for the existence of more compact
horizonless objects than in the classical framework, possibly beyond the Buchdahl
limit. To explore this possibility, it is useful to study configurations that can ap-
proach the black hole limit, where semiclassical effects may become particularly
important.

In this Chapter, we examine the simplest scenario in which matter can be placed
arbitrarily close to the black hole limit: a spherical thin shell in equilibrium with
an empty Minkowski interior. We show that the values of the renormalized vac-
uum polarization and of the renormalized stress-energy tensor components remain
bounded at the centre of the shell in the black hole limit. Additionally, we investi-
gate the emergence of the Boulware divergence in the RSET components in the black
hole limit. We will see that this effect is difficult to isolate, since a Casimir-type
divergence associated with the presence of the shell dominates near the surface.

Although this setting is more idealized than a constant density star, it presents
similar technical difficulties, in particular, the presence of matching conditions across
a matter boundary. Future work will focus on extending this analysis to semiclassical
compact stars.

The contents of this Chapter are organised as follows. In Section 4.2, we discuss
how the extended coordinate method presented in Chapter 2 can be applied in the
context of a spherically symmetric spacetime with a thin shell. In Section 4.3, we
set the framework of the study: we outline Israel’s thin-shell formalism and define
a spherical thin shell joining a Minkowski interior to a Schwarzschild exterior. In
Section 4.4, we discuss the details of the numerical computation of the Euclidean
modes in this framework and study the numerical convergence of the renormalized
mode-sums both inside and outside the shell. Next, in Sec. 4.5, we analyze the
divergent behavior of the renormalized vacuum polarization and of the RSET near
the shell analytically by means of a WKB and a weak-field approximation. The
full numerical results are then presented in Sec. 4.6 for a wide range of parameters.

Finally, we conclude in Sec. 4.8.
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4.2 The extended coordinate method

In the context of spherical thin shells, the Euclidean line-element defined in (2.1)

shall be generalized to
ds* = f(r)dr® + h(r)dr?® + r*(d6* + sin® 6 d¢?), (4.1)

where h(r) is another arbitrary function of r. Now, we have two free functions
f(r) and h(r), whereas in the case of a black hole, we just have one free function
f(r), since, by Birkhoff’s theorem, the metric in Eq. (4.1) with h(r) = 1/f(r) is the
unique spherically symmetric solution of the vacuum (or electro-vacuum) Einstein
equations. Therefore, the extended coordinate prescription presented in Chapter 2
shall then be generalized to a metric of the form (4.1).

We consider, once again, a scalar field satisfying the Klein-Gordon equation (2.2),
and define the renormalized vacuum polarization as the coincident limit of the
difference between the point-split Euclidean Green’s function Gg(z,z’) (satisfying
Eq. (1.55)) and the Hadamard parametrix for the Euclidean propagator K (z,z’) (as
defined in Eq. (1.73))

(B|®?|B)yen 1= lim {Gp(x,2') - K(z,2)} (4.2)

At the thin shell radius 7 = 7y, Gg(z,2’) is not smooth resulting in a (B|®2|B)en
that is not smooth. The Euclidean Green’s function for the Boulware state is most
easily expressed as a mode-sum of the form
1 o
Gp(z,2) = 5 ) (2 +1)P(cos) / dw €7 g (r,1"), (4.3)

s
=0 o

where, with the metric in Eq. (4.1), the bi-distribution g,,(r, r’) satisfies the equation

(e

) Vi {“?2 U+ 1)+ +£R)} }ng(ra )= =3(r=r).
(4.4)

The radial Green’s function g, (r,7’) is contructed as in Eq. (1.98), with the nor-

malization constant defined now as

_7"2\/7 7’2\/7 d qu _ d pu
\/E \/E d?" Puwi d?” qul | -

We discuss the details of the computation of the radial modes p,;(r) and g, (r) and

Nwl =

W{pwla le} = —

(4.5)

of their normalization constant N, in the context of thin shells in Sec. 4.4.
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The treatment of the Hadamard parametrix is analogous to that presented in
Chapter 2. We once again choose the set of extended coordinates {s? A7 Ar},

where
s* = f(r) At* + 2r*(1 — cos ). (4.6)

Then if we expand the Hadamard parametrix in these extended coordinates and take

the partial coincidence limit 7 = r (or Ar = 0) for simplicity, we get an expansion

of the form:
1 LA . A 72a+2b n_o_a
K(z,2") = @< D((zb) (T);bT i D((]IZ) (1) Ar2a=2b2-2
a=0 b=0 a1 b—1
n—1 a—1 n—-1 a
o Agatabi2 | - &2
+ Z Z 7;(1’)<T)W + ()22 AP Jog (6_2)
a=1 b=0 a=0 b=0
n—1 a
+ Z Z 7;(bp) (7‘)52“2bAT2b> + O(Ar*log Ax), (4.7)
a=1 b=0

where the Hadamard coefficients Dg)/ P and 7;(;/ /?) must be computed for a metric
of the form (4.1). The corresponding coefficients are reported in Appendix B.1. As
discussed in Sec. 2.3, the only terms that need to be written as mode-sums are the
terms that are rational and logarithmic in A7 and s. To achieve this, we adopt the

mode-sum representations

A72a+2b & 00 A
- 2(21 + 1) P(cos ) / dw 27, (a, blr), (4.8)
1=0 —00
AT 5272 og(s%) = 2(21 + 1)Pi(cos7y) / dw ey (a, blr), (4.9)
1=0 —00

for some yet to be determined functions W, (a,b|r) and x.(a,blr) which we call
regularization parameters. Conveniently, since we are taking the radial points at
coincidence (Ar = 0), s* is defined as in Eq. (2.6). As a result, the regularization
parameters are independent of the function h(r) and identical to those derived in
Chapter 2. Specifically, the regularization parameters W, (a, b|r) and x..(a, b|r) take
the same form as in Eqgs. (2.24) and (2.44), respectively.

Therefore, the expressions derived in Sec. 2.4, together with the Hadamard co-
efficients given in App. B.1, can be directly employed for the computation of the

renormalized vacuum polarization and renormalized stress-energy tensor. For in-
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stance, the renormalized vacuum polarization is

(B|$?B)en = {/ Z (20 +1) (gwl('r’) ~ K5 (r)) dw

a ) |22a a—b
_ﬁ;; &4 ) §)J;2“}
O Do
_§%lm?“”*pﬁ(>+pf§) + T (1) (Qog(//(22%)) = 278) |

(4.10)

As discussed in Sec. 2.4, the computation of the renormalized stress-energy tensor
according to Eq. (2.50) requires the computation of the two additional mode-sums
in Egs. (2.54) and (2.55).

4.3 Thin shells in equilibrium

4.3.1 General Formalism

The spacetime we will consider is that of a spherical and static thin shell that
connects a Minkowski interior with a Schwarzschild exterior, though much of the
essential details can also be applied to non-vacuum interior spacetimes such as stars.
The Minkowski interior is of particular interest as any curvature-dependent terms
in the RSET will vanish, isolating the purely non-local nature of the contribution
coming from the boundary conditions defining the quantum state and contributions
coming from the matching across the shell.

To make this Chapter as self-contained as possible, we briefly review here the thin
shell formalism presented in [75, 77] (and Appendix B in [78]) assuming a generic
interior of the form (4.1). We will specialize for the case under consideration at the

end of this section. We start by considering two spherically symmetric spacetimes

ds®> = — f_(r)dt* + h_(r)dr* + r2dQ?, r <rg
A2 = — Fr ()2 + he ()i + 12402, > 1o (411)

matched at the spherical timelike boundary » = r¢. In order for this layer to be
a solution to the Einstein equations, it must satisfy Israel-Darmois junction con-
ditions [75, 79]. We introduce the geometrical quantities that allow us to charac-
terize the junction conditions. We define coordinates intrinsic to our hypersurface,
¢ = {1,0, ¢} where T here is a proper time coordinate (not to be confused with

Euclidean time 7). The basis vectors tangent to the hypersurface of the boundary
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are thus
a(t) aQj?él:
e = W' (4.12)
Explicitly, we have
tE at_i()() - ;00
A ot fe(r)
e =(0,0,0), i =(0,1,0), ef=(0,0,1). (4.13)

The unit spacelike vectors normal to this surface are

n®) = (0, \/F(r),o,o) . (4.14)

Now the first Israel-Darmois junction condition demands continuity of the in-

duced metric h(Aig = gage(f‘i)o‘eg)ﬁ across the boundary, i.e.,

[has] = hS3 = Wi =0 (4.15)

were here and throughout we have adopted the notation
[0] = 0% — 0. (4.16)
This condition translates into the following relation between the interior and exterior
(%) ~Fer (%) 1)

making g;; continuous at r = ry. The line-element on the hypersurface is then

time coordinates

ds? = hypd¢*d¢P = —dt® + r2dQ>. (4.18)

Since the first junction condition is a constraint on the induced metric, the
function h(r) can still exhibit jumps. Constraints on the jump in h(r) is specified
by the second junction condition. First we define the extrinsic curvature of the

hypersurface as
K = el (@) _ l)pan (4.19)
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Explicitly, we have

K"E’?Ct) _ 1 f’i(ro) ’
2 fi(To) hi(To)
(£ _ To

00 —h:t(r())7

(£ 7o sin? 4

oo N /hi(ro)’

1 fi(ro) 2 1

K& = — : (4.20)
2 fe(ro)v/he(ro) 70 y/h(ro)
The discontinuity of the extrinsic curvature across the boundary is
!/ /!
o [ GO W 1) N (4.21)
2 fr(ro)/ha(ro) 2 f-(ro)y/h—(ro)
1 1
[K%] =1K%,] = - , (4.22)
’ ¢ ron/ ha(ro)  To/h_(ro)

(K] :1( filo) ) )
2\ f+(ro)v/hi(ro) — f-(ro)/h—(ro)

2 1 1
= — . 4.23
+r0 [\/h+(7”0) \/h—(To)] “23)

The second Israel-Darmois junction condition identifies the behaviour in the extrin-

sic curvature across the boundary with the stress-energy associated to the boundary
itself. In particular, discontinuity of the extrinsic curvature across the boundary
indicates a thin shell with intrinsic stress-energy Sap given by the Lanczos equa-
tion [80, 81]

87TSAB = — ([[KAB]] — [[K]]hAB) (4.24)

To express the Ricci scalar in the four-dimensional spacetime in terms of the dis-
tributional stress-energy tensor on the hypersurface, we work in coordinates where
the continuity of the metric is explicit across the shell » = rg, i.e., as well as the
new time coordinate T introduced earlier, we would also introduce a proper radial

coordinate z by dz/dr = \/h+(r) for r 2 ry whence the metric is
ds® = —dt® + dz* + r*(2)dQ? (4.25)

where r here is given implicitly as a function of z. Then, it is straightforwardly
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shown that
R=-815d(z — 2p), (4.26)

where S = hBS,p and 2z = 2(rg). If we wish to write this in terms of the r

coordinate, then, since the metric is not continuous in r, we need to define

R=6(r — 1), < 7o,
R={" (r=ro), <m0 (4.27)
R*o(r —rg), 1> o,

where we have introduced the relation

R ST (4.28)
het(ro)

On the other hand, if f(r) is C* and h(r) is C° at the boundary, as occurs, for
example, at the surfaces of many fluid stars [82, 83], the jump in extrinsic curvature
vanishes and hence there is no stress-energy associated with the boundary itself.
Nevertheless, such boundaries are sharp enough as to cause a jump in Ricci scalar
across the surface, which leaves an imprint in the propagation of field modes.

It is interesting to express the stress-energy tensor Ssp as that of a perfect fluid

to obtain the surface energy density p and the surface tangential pressure P, where
SaB :puAuB+P(hAB+UAuB). (4.29)

Specifically, we have S™. = —p and S% = 5S¢, = P where

1 1 1
_ _ , 4.30
’ 7 g (\/h("”o) \/h+(7”0)) 430

1 1 1
pP— _
8o [\/h+(7‘0) \/h(ro)]

1 i (ro) f.(ro)
+ — . (4.31)
167 <f+<7‘0)\/ hi(ro)  f-(ro)y/h—(ro)
The complete stress-energy tensor of the surface layer is then [75, 77]
To8 = 548, o8, S0 0 _ gas ST~ T0) (4.32)

Bl (ro) Vhi(ro)
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4.3.2 Matching Minkowski to Schwarzschild Spacetimes

Now we specialize to the case where the interior spacetime is Minkowski with line

element
ds® = —dt* + dr® + r*dQ? (4.33)
and the exterior spacetime is Schwarzschild with line element
ds? = — (1 — ¥) dt. + (1 — g)_l dr® + r*dQ°. (4.34)
Now the continuity condition (4.17) implies dt? = (1 — 2M/ry)dt% so we ex-

press both metrics in terms of the Schwarzschild time and drop the subscript + for

typographical convenience,

2M
ds® = — (1 — —) dt* + dr* + r*dQ?, (4.35)
To
2M 2M\
ds? =— <1 - —) dt* + (1 = —) dr? + r*dQ?.
r T

The Ricci scalar of the shell is (4.26) with

1 |2—3M/r

4o 1 — 2M
To

S - SABhAB -

—2]. (4.36)

In terms of the surface energy density and tangential pressure, we have

-1
po_ 1 ( ﬂ) L (437

8mrg [1 _ 2M

It is worth noting that the trace S has the following asymptotic limits

1
87T\/2MT0 ( — %)
M
S~ — — 4.38
4rrd o= 09 ( )

i.e., it is positive in the black hole limit and negative in the large-shell limit, respec-
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tively. Finally, we note that the trace S can also be written as

s i ®)e wm

2,/1—2M
70

showing that it vanishes exactly at the Buchdahl compactness limit 2M/rq =

8/9 [76], the maximum compactness for constant-density stars in general relativ-

1ty.

4.4 Numerical Approach

4.4.1 FEuclidean Modes

One of the advantages of the extended coordinate prescription described in Chapter 2
is that it makes use of Euclidean techniques which simplify the calculation of the
field’s radial modes. In particular, the radial modes on the Lorentzian spacetime
are generally oscillatory solutions (except for possible bound state modes) whereas
on the Euclidean geometry, the radial modes are generally exponentially growing or
decaying functions of r. Computing the Euclidean modes is computationally easier.

The coincidence limit of the one-dimensional radial Green’s function appearing
in the calculation of the vacuum polarization and the RSET is

_ Put(r) qui(r)

Gur(r) = N, (4.40)

where p,(r) and g (r) are linearly independent solutions to the Sturm-Liouville

homogeneous second-order linear differential equation

p 9 dr. 2,.2

and the normalization constant N; is given by Eq. (4.5). The Boulware quantum
state can be defined as a zero temperature Euclidean state and can be specified
by imposing appropriate boundary conditions on these modes. The modes p.;(7)
are obtained by imposing boundary conditions on the left boundary of the region of
interest and integrating outward in r while g,;(r) are obtained by imposing boundary
conditions on the right boundary of the region of interest and integrating inwards
in r.

In our thin shell model, the spacetime is separated into two different patches,
hence the solutions to Eq. (4.41) will have to be suitably connected through the
shell. We denote by {pM, ¢M} a basis of Minkowski modes, i.e., linearly independent
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solutions of Eq. (4.41) with h(r) = 1 and f(r) = (1—2M/ry). Similarly, we denote by
{p3,,45,} a basis of Schwarzschild modes, i.e., linearly independent solutions of with
f(r)=[h(r)]' = (1—2M/r). Once these bases of modes are obtained independently

in each region, the Euclidean modes associated to the thin shell spacetime correspond

to
M
Dot r<ro
shell
g = o (4.2
il + bwlqwla T > T
and
M M
ColPoy + duwiq, T T
gt = § T T e T (4.43)

S
qdo0 r>T

and equivalently for their radial derivatives. The coefficients {ay;, bui, Cor, o} are
found numerically by matching the Schwarzschild and Minkowski modes bases at
r = ro. Finally, the Wronskian constant can be related to the respective one in these

mode bases via

M

Ayshell _ duNy, 1 <1y (4.44)
l e .

aw NS, 1>

The next two subsections contain details about how these two mode bases are
calculated including the boundary conditions and the matching conditions. As we
will see, the matching results in discontinuous radial derivatives for the modes at

r=Tp.

4.4.2 Schwarzschild modes

Outside the shell, the spacetime is Schwarzschild and the homogeneous radial equa-
tion is
d , d o 5 wWr?

T

This equation has a regular singular point at » = 2M and an irregular singular point
at r = oo. We take p°;(r) to be the modes regular at r = 2M. This solution can be
expressed in terms of the regular confluent Heun function as, assuming once again
that w > 0,

e—2Mw+Q'r r

(20M)M <2M B

2Mw
pil(/’ﬂ) = 1) H (01702703764765;5) ) (446)
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where we have labelled

ey =11+ 1) = 2M {w+Q — 2M [ + 2w (w — Q)] },
¢y =4M [M (0 —Q)* - Q]

C3 =1 —|—4MU),
Cy :1,
Cy = — 4MQ,
Q =/ p? + w?,
r
=1 - —. 4.47
3 oYi (4.47)

In our notation, the confluent Heun function H(cy,co,c3, ¢4, ¢5;3) is the function

which satisfies

33— DH"(3) + (c3(3 — 1) +cag +3( — D)es)H'(3) 4+ (c23 —c1)H(3) =0 (4.48)

and is normalized to unity at 3 = 0. The advantage of expressing our solution in
terms of confluent Heun functions is that an efficient routine for computing this
function is built into the software package Mathematica.

We take as our ¢>,(r) modes the solutions to Eq. (4.45) that are regular at
r = oo. While these solutions can still be expressed in terms of confluent Heun
functions, they correspond to Heun functions of the logarithmic kind which are
not yet implemented in Mathematica. We instead proceed by obtaining the ¢5,(r)
mode through direct integration of Eq. (4.45). To obtain these modes, most of
the difficulty lies in reliably generating the boundary conditions at r = oco. Since
this is an irregular singular point, the solution for large r is an asymptotic series
solution and therefore non-converging. So care is needed in truncating this series to
obtain a sufficiently accurate starting value for the numerical integration. We obtain
this asymptotic series solution by first factoring out the leading-order exponential

behaviour from the ¢ /(r) modes. We write

Qo (r) = e qu(r), (4.49)
where ¢,,; satisfies
2 d*Gu

dr?
+ [2p°Mr? — 1 (14 1) (r — 2M)

—2Q (2M? — 3Mr +1%) — AQ°M (r — M) 1] Gur = 0. (4.50)

d@ul

—2M
r(r ) dr

+2(r—2M)[2QMr — M — (1 — Qr)r]
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Assuming the series expansion

o =77 2, (4.51)

rJ
7=0
we obtain
M 2Mw?
v :1+“Q + (4.52)

and the following three-term recurrence relation for the b; coefficients

bj = {4M* (vo + j — 3)* b3

+2M L (14 1) — (200 + 25 — 5) (vo + j — 2 — 2QM)] b;_»

+ [(vo—1l+7—2)(vo+1+j—1)

+42M? — 20M (4vo + 45 — T)] bj—1 }

x {2 [202M — )2 M — Quy — 22 (G — 1]}, (4.53)

assuming the initial conditions b_, =b_; = 0 and by = 1.

We found it necessary to adapt the radial position of the outer boundary of our
integration domain for each mode according to the specific values of [ and w to
ensure that the wave equation is satisfied to our desired tolerance. Specifically, the
radius at which the outer boundary conditions are imposed must be increased with
both w and . Once this outer boundary is selected, we integrate Eq. (4.51) towards
the horizon and obtain the ¢, mode from Eq. (4.49).

With this setup, we proceed with our mode calculation ensuring that the Wron-
skian condition (4.5) is satisfied everywhere up to 30 decimal places. Maintaining
this degree of precision makes it very inefficient to obtain modes in the frequency
range w 2 20/M. In most cases, the contribution of such high-w modes to the RSET

is negligible, with the exception of the very near-shell region.

4.4.3 Minkowski modes

The mode equation in the shell interior becomes

{dii (ﬂd%) - [z (1+1)+ Q%«?} } T =0, (4.54)

where Q2 = ;2 + w?/ (1 — 2M/ry). Note that the frequency appearing here is dif-
ferent to that appearing in the usual treatment of a quantum field in Minkowski
spacetime since our time coordinate on the Minkowski interior is scaled so that the

metric is continuous across the shell. Apart from this trivial rescaling of the time
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coordinate (and hence the frequency), the linearly independent solutions are the
usual modified spherical Bessel functions. We take pM(r) to be the solution regular

at the origin r = 0 and ¢"}(r) to be the solution regular at infinity. Hence we have

e -va(2) 1 (143) ny ()

2 Qr
y | o\ oKy (o)
(1) = , (1 B %> (E) \/; T (l—|— %) g (4.55)

where I 1 and K 41 are the modified Bessel functions [60] and we have normalized

the solutions so that NM = 1.

4.4.4 Matching conditions at the surface

Let Tsiell(r) represent either psicl(r) or ¢shell(r). Now we impose that our modes are

continuous across the boundary which means

[rsbell] = 0. (4.56)

wl

In terms of the Minkowski and Schwarzschild modes, this implies

pi\fz(To) = Gy ps(ro) + by C]Ez(ﬁ)%
qSl(T(]) = Cul pul\;/[l (TO) + dwl qul\;/% (TO)' (457>

Notice that condition (4.56) implies the shell is transparent for the scalar field,
i.e., that we do not force the field itself, its radial derivative, or a combination
both, to vanish at the surface. Conducting shells can be modelled by imposing
Dirichlet, Neumann, or Robin boundary conditions to the field, which affect the
near-shell divergences of the RVP and RSET [84]. We leave aside such situations
here, focusing on the purely gravitational effect of the shell on the modes.

Now the derivatives of the modes across the shell are more complicated because
of the Ricci scalar term appearing in Eq. (4.41). Integrating this equation over the

interval (1o — €, 79 + €) and then taking the limit € — 0 gives

|l 1 drshel(r)

o dr ﬂ:—8w§STzl}ell(ro). (4.58)

So we see that the derivatives of the modes are not continuous across the shell.

.. . - s _1/2dYshell(r)
In fact, even for the case of minimal coupling & = 0, it is (h(r))~/?= =2 that
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is continuous and not the derivative of the modes themselves. In terms of the

Schwarzschild and Minkowski modes, this condition implies

2M

b o (awr 23/ (ro) + bur @/ (r0)) — Py’ (ro) = =81 € S pliy(ro),

2M
V L T_oqwl (ro) — (cor P (ro) + du 43y’ (r0)) = =87 €S ¢2y(r0)- (4.59)

Now solving Eq. (4.57) and (4.59) gives

dpl] dqf
Ay = [ 2\/_< El dr l 87T§Spwlqwl> —r? PUI\J/Ild_Tl]
r=rg

b 2\/_ S pwl — 87ES M S — 2 M—dpil
ol Pui 7‘-5 PP r fp"-’l
dr dr
r=ro
1 dg3 s 44,
Col = N_% [TQ\/}Q%d_Tl +8mEST aan — 4 drl]
r=ro
d
= [ 2/ j‘“l + 8TEST Pl — 7 ¢ ng] : (4.60)
r=rg

The above coefficients are then obtained numerically from the Schwarzschild and
Minkowski modes for a large range of w and [ values.

For fixed [ and large w, each of these coefficients is an exponentially growing
function of w. This, of course, presents a numerical issue, especially when computing
ratios of these coefficients for large w. This problem can be circumvented by using a
WKB approximation, which is very accurate in the large frequency regime. Although
the WKB is not a uniform approximation in r and typically suffers near the black
hole event horizon, this non-uniformity does not pose a problem in the context
of spherical thin shells, as no event horizon is present. This way, we can obtain

analytical large-frequency approximations for these matching coefficients.

4.4.5 Tests of convergence

We now have all the ingredients required to calculate the renormalized vacuum
polarization and the renormalized stress-energy tensor of thin shell spacetimes. As
we will see in this Subsection, only approximate numerical results can be attained
as r — 1o due to a loss of convergence in the integrals and mode sums appearing
in the extended-coordinate prescription. In this section, we numerically analyze the
rate of convergence of the renormalized mode-sums inside and outside the thin shell
and in the limit in which the surface of the shell is approached.

The renormalized integrand g.; — kfj;) (r) can be expressed in terms of the pure
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Minkowski and Schwarzschild modes using expressions (4.43) and (4.42), respec-
tively, and the Wronskian constant relation (4.44). We find

M) 2
M | ey (PN) <
NM d, NM r To
pshellqshell wl w wl
shell _ Fwl wl o
ol = e = (4.61)
wl

p‘S“Nl—:s]}‘?l + %((g—g, T >Tg.
The first terms on the right-hand side of these expressions are the Green’s functions
in Minkowski and Schwarzschild spacetime gM and ¢5,, respectively, whose large-
w and [ behaviour is exactly cancelled by the regularization parameters k;fﬁ) The
second terms, however, are a consequence of the discontinuity in the derivative of the
modes induced by the shell. These boundary terms are exponentially convergent in
both w and [ everywhere for r # ry. However, the rate of convergence is not uniform
in r, and indeed becomes very slow as r — rg, so that an unreasonable amount of
modes could be required to compute the renormalized quantities. Exactly at r = ro,
these terms do not converge. In the following, we show numerical evidence for this
statement.

As discussed in Sec. 2.4, in the extended coordinate prescription, the rate of
convergence of the mode-sums is directly related to the order n of the expansion
of the Hadamard parametrix. In general, the convergence of the mode-sums can
be improved by subtracting higher-order terms of the Hadamard parametrix. The
behavior of the renormalized integrand g, (1) — k:o(:ll) (r) at large w and large [ depends
on the order of the expansion n according to Eq. (2.58).

Let us consider, at first, a radial point on the exterior region and far enough
from the shell. Fig. 4.1 reports the large-frequency trend of g,,(r) — k:g;) (r) for a
fixed [-mode, while Fig. 4.2 presents its large-l trend at fixed w. These Figures
are produced in the same fashion as those presented for the Schwarzschild case
in Sec. 2.4. The logarithmic scale in the Figures is introduced for visualization
purposes. Since the quantities logy, |(wM )23 M (g, — k)| in Fig. 4.1 asymptote
to horizontal lines in the large frequency regime, it follows that M (g.;, — ko(f;)) ~
(wM)™2"=3 at large frequency, where the M factors are introduced to render all the
quantities dimensionless. To simplify the notation, we omit them in the remainder
of the discussion. Similarly, by inspecting the curves in Fig. 4.2, one can verify that
the behavior at large [ for fixed w is M (g, — kfﬁ)) ~ 723 These convergence
rates are in agreement with those expected from Eq. (2.58).

The interior of the shell (in case of a massless field) represents an exception
to the convergence pattern in Eq. (2.58). In particular, the higher-order terms in

the expansion of the Hadamard parametrix, which involve derivatives of the radial
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o logy |(wM)M (g — K2)|

Figure 4.1: Analysis of the convergence of g (r) — kff;)(r) for a massless scalar
field on the exterior of the thin shell for r > ry at different orders of expansion n
for fixed | and large w. Results obtained with the set of parameters: ro = 2.001M,

r=5M andl =1.

log; UZHHM(%I - kf:ll))l
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-1F
: o logyg |I' Mgl o log,o [I°M (g — k‘o(}l))|
-2 10810 [1*M (g1 = K| o ogyy 17 M (g1 — K2)]

gl

Figure 4.2: Analysis of the convergence of g.(r) — kg;)(r) for a massless scalar
field on the exterior of the thin shell for r > ry at different orders of expansion n
for fized w and large . Results obtained with the set of parameters: ro = 2.001M,

r=5M and wM = 0.01.
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logyy | (wM)2M (9.1 — kS|
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Figure 4.3: Analysis of the convergence of g.(r) — k:g;) (r) for a massless scalar
field on the Minkowski interior of the thin shell at different radial points for fixed |
and large w. Results obtained with the set of parameters: rq = 2.001M and | = 1.
The figure shows how the rate of convergence decreases as r — ro. On the surface,
the function g, (ro) — k) (ro) scales as w™2 at large w

wl
functions f(r) and h(r), vanish in Minkowski spacetime for a massless field. Thus,
in this particular case, the Hadamard parametrix is fully encoded in the expansion
up to order n = 0. Therefore, the Minkowski interior with a massless field provides
a useful scenario for studying the convergence as the surface is approached, allowing
us to isolate any loss of convergence due to the boundary.

To this end, Figures 4.3 and 4.4 show that the behavior of the renormalized
integrand in the interior region for a massless scalar field at large frequency and
large | strongly depends on the radial distance from the shell. As r — rq, the
decay rate in w and [ of the renormalized integrand decreases rapidly as the shell
surface is approached. In Figures 4.3 and 4.4, lines with a negative slope indicate a
convergence rate that is faster than w=2 and [~!, respectively. Clearly, as r — rg, the
convergence rate decreases. On the surface, g,,(ro) — kiol) (o) scales as w2 for fixed
[ at large w (as shown in Fig. 4.3), but as [! for fixed w at large [ (see Fig. 4.4). As
a result, the w-integral converges, but the [-sum diverges on the shell surface, thus
making the mode-sum divergent there. Furthermore, radial points near the surface
require truncating the w-integral and the [-sum at increasingly large w and [ values
to obtain accurate results, making the numerical method challenging to apply.

Now, before we discuss further the numerical results, we take a brief detour in
order to better understand the expected results near the thin shell. We develop two
independent approximate analytic expressions for the RVP and RSET employing a

WKB approximation for the Euclidean modes and a weak field approximation.
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Figure 4.4: Analysis of the convergence ofgwl(r)—kfg) (r) for a massless scalar field
on the Minkowski interior of the thin shell at different radial points for fixed w and
large l. Results obtained with the set of parameters: ro = 2.001M and wM = 0.01.
The figure shows how the rate of convergence decreases as r — ro. On the surface,
the function g, (ro) — kfﬂ) (ro) scales as ™t at large .

4.5 Analytical near-shell approximations

4.5.1 WKB approximation

In this Section, we will employ the WKB approximation in order to calculate the
leading order divergence in the RSET components as the surface is approached.

From inspection of ghel

in Eq. (4.61) we see that the presence of the shell is

encoded in the terms:

ot (P (r)? bt (g5 (r)? (4.62)
da NN au N5 .

Therefore, these terms must be the source of the near-shell divergence that is evident
in our numerical calculations. As discussed in Subsections 4.4.4 and 4.4.5, as r — ry,
the mode-sums involving the terms above are dominated by their large-w and large-[
contributions. These terms may therefore be approximated using a WKB expansion,
which provides accurate results in the large w and [ regime.

We take the following WKB approximation to the mode functions in the interior
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and exterior:

vy L LW ]
P (r) = \/W [ \/To (4.63)
My ~ ;ex WM( ) 4.64
le( ) \/W [ \/—7‘0 ( )
B0~ [ e (4.65)
P~ [ WS (1.66)

where we have taken:
Wi(r) = X f(ro)/r? +w?,  Wi(r) = Nf(r)/r* +w?,

with A =1+ 1/2.

We will outline the calculation in the interior and simply present the exterior
results, as the method is very similar for both. Inserting the WKB approximation
and introducing a new variable x = A2 f(rg)/r¢ + w?, we obtain:
cor (PM(1))? N ro (7 + w?) — 1o/ f(r0) (167€rg ST +  + W?) — M (7 + 3w?)
da NN f(ro) (16m&rgSx + = + w?) + M (x + 3w?) — 1o (z + w?) — 4rdx3/?

1
QTZWM

oo [ ]

(4.67)

The final term in the denominator will dominate for both large w and A (large x),
so we ignore the other terms in the denominator. We then expand the r dependent

terms in the near-surface limit to obtain:

cu (P2(r)? o/ f(ro) (16m€roSa + 2 + w?) + M (z + 3w?) — 1o (2 + w?)
d N% - 4r8x3/2

1 5(m+w2)) ol 2\/x < T (w_2_ ) 2)
X(2r§ﬁ+ 2r3x3/2 ep[ f(ro)g 1+ raf(r) \ x L))

(4.68)
where ¢ is the proper radial distance from the shell (ry — 7 in interior). The leading

order terms in ¢ are sufficient to calculate the leading order divergence in the RVP,
however we require the higher order terms to correctly capture the divergence in

the RSET. In order to calculate these divergences we must evaluate the following
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double mode sums:

Z 2l—|- Cwl pwl( )) d(JJ,
=0

0 wl NM
st (22412
(20 + 1w —
[ >t
& ) e (P2(0))°
20 +1 — d 4.69
/0l§:;<+>2dwlw % (4.69)

which is achieved by employing our approximate expression in Eq. (4.68). We will
focus on the first mode sum; the procedure for the others is very similar. To evaluate
the sum over [, we use the Watson-Sommerfeld formula to convert the sum into an

integral, with the leading order behavior coming from:

2

[ Sy,

wl

/ / QAC‘” pMM)) d)dw (4.70)
Nw)\

w)\

Using the approximate expression in Eq. (4.68), this integral can be computed in
closed form in terms of the exponential integral function. Hence, we can write down

the leading order divergence for the RVP in the interior:

(32~ = =827 4 O(log(e)). (4.71)

Similarly, we are able to calculate the leading order behavior to the other modes
sums in Eq. (4.69), yielding the following expressions for the leading order divergence

for the RSET components in the interior:

o B[E —4xS  (£-1)7S )

t _ T 6 2
(T =~ iomes s O
o B[KI —4nS  (¢-1)°s )

0 [Z 6 2
(") 1440723 s 1O

2
o SIEGl —4nS  (€=5) S
Py =
(") 14407272 rome2 +0(E),

(4.72)

where [KT] and [KJ] are defined in Eq. (4.21). We note that <T"‘B)_ is a conserved
quantity, relative to the interior metric, to leading order in ¢.

The analysis for the exterior proceeds in a similar manner and yields the following
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expressions:

(@)t = g5, O(log(e)),

2me
- 3 KT _ 4 S 1 25
(T = [[14ZLHO7T25;T (5 71-563) + 0(5_2)
~ 3 K9 — 41 S 1 25
<T00>+ = [[141]]07'(25? (5 7T5f3) + 0(8_2)
<T7“ - (3rof'(ro) —4)(360 (f - %)2 -1)8

14407ro+/ f (10)2
_ Grof'(ro)[KZ) + f(ro) [KG]) 0, (4.73)

192072rg+/ f(10)e?

where ¢ is now the proper spatial distance outside the surface defined as

€= /r F)Y2 = flro) V2 (r —ro) + O((r — 7“0)2). (4.74)

Once more (Ta 5)* is a conserved quantity to leading order in &, relative to the
exterior Schwarzchild metric.

Interestingly, the renormalized vacuum polarization both inside (see Eq. (4.71))
and outside (see Eq. (4.73)) the shell is finite at the shell surface in the conformal
case when £ = 1/6.

Finally, comparing the expressions in Eq. (4.73) with Eq. (4.72) and Eq. (4.71)
we observe the following relationships between the leading order interior and exterior

near shell divergences
(@) = (@7, (T')f = (T3, (T%)3 = (T%); (4.75)

where, for example, (®2)F denotes the coefficient of ¢! in (2)*. We also note that
the RSET has the correct trace in both the interior and exterior, however this is
guaranteed from the construction of the RSET in Eq. (2.50).

As a check, when expressed in terms of the extrinsic curvature of the thin shell,
as in Egs. (4.72) and (4.73), the divergence structure of the RSET is found to be
in agreement with the divergence obtained for a spacetime with a boundary, as
studied by Deutsch and Candelas in Ref. [84], where they derived the leading-order
divergences of the components of the RSET and their coefficients as the boundary
is approached using a Green’s function approach and conservation arguments. In

principle, a stronger divergence proportional to e~*

could be present, as is found
in [84]. Such a term appears if the shell enforces Dirichlet, Neumann, or Robin

boundary conditions on the field. The situation is even more complicated if one

93



Chapter 4. Application of the extended coordinate method to thin shells

assumes that there is propagation along the shell [85]. In our case, the shell is
transparent, so the only scattering is due to the curvature of the spacetime. Hence
the singularities appearing in the RSET are weaker and due to gravitational effects

only.

4.5.2 Weak field approximation

In this section, under the assumption of small shell compactness (M/ry < 1), we
employ a weak field approximation to analyze the behavior of the renormalized
vacuum polarization and RSET in the near-shell limit. Indeed, there exist closed-
form analytical expressions for renormalized expectation values on the weak-field
approximated spacetime [86-88]. So, in what follows, we start simply deriving the
weak-field approximation before considering a quantum field on the spacetime.

In the weak field approximation, one assumes that the metric g,3, which in
this context satisfies the Einstein equations sourced by the stress-energy tensor of a

static, spherical thin shell
1 (shell)
Rag — §ga5R = 87 Taﬁ s (476)

can be expressed as a linear perturbation around Minkowski spacetime (see, for
instance, [87]) gag ~ Nap + € ggﬂ), where 7,4 is the Minkowski metric and € is simply
a bookkeeping parameter. This approximation is valid under the assumption that
] gSB)| < 1, which holds for small values of shell compactness: M /ry < 1. We employ

similar expansions for

0 ()
Ras ~ R + €eR),

R~ RY +erW,

Tos ~ T + €Ty, (4.77)

where Rg]ﬁ) =0and R®O =0, T (i%) = 0. We employ an expansion in € to formally
derive the zeroth and linear order Einstein equations. In addition, whenever explicit
expressions for the quantities at first order in the € expansion are required, namely
ggﬁ), To(élﬁ), R((jg and R, a further expansion in the compactness M /ry is performed
for consistency. Hence, the first-order terms in the e expansion are linear in M /r
[88]. For instance, T C(Mlﬁ) is obtained as a linear order expansion in M/ry of the

distributional stress-energy tensor of the shell in Eq. (4.32)
M
4rrrd

. 0 (1 1
W =10 =12 =0 (4.78)

770 = d(r —ro),
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At linear order in € we obtain for the Einstein equations

1 1 1 1
Gop = Rag = 51asRY = 81 T, (4.79)

«

where the Einstein tensor at linear order in € is

1 — = — —_— — —
Gfxlﬁ) =5 [ — Dgsﬁ) +2V, Vi, gg)(l) — Vavﬁg(l) _ naﬁ(vwaw (1 _ Dg(l)) ’
(4.80)

and gt = nof8 gélﬂ) is the trace of the linear order metric. Within this section, we
adopt the notation O and V to highlight that the covariant derivatives are with
respect to the flat background spacetime. To compute the perturbation to the

(1)

metric at linear order g,;, we assume

g = diag(A(r), B(r),0,0), (4.81)

which is justified by staticity and spherical symmetry. Introducing this ansétz and
the stress-energy tensor of the shell at linear order (see Eq. (4.78)) into Eqs. (4.79)

and (4.80) yields for the 77 and rr components of the Einstein equations

a,.(rB(r))  2M

= = 2 d(r —ro), (4.82)
B(r) , A(r)
— =0. 4.8
T 0 (4.83)
Integrating the first equation gives
2M 2M
W = B(r) = =—=0(r —ro) + G = —0(r —rg), (4.84)

r r r

where we have set the integration constant C'; = 0, such that the interior spacetime
remains Minkowski and the exterior metric retrieves the expected Schwarzschild
metric at linear order. We note that, while an expression of the form O(r)/r is ill-
defined at r = 0, the expression O(r —ry)/r in Eq. (4.84) is instead locally integrable
and well-defined as a distribution everywhere as long as rq > 0. Similarly, integrating

the second equation, we obtain

2M 2M
gV = A(r) = (—— + —) O(r —rp) + Cy
r To
2M  2M 2M
= (—— + —) O(r —ro) — =—. (4.85)
T To To
We have set the integration constant Cy = —2M /1y to reflect asymptotic flatness as
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r — 00. Note also that the 77 component of the metric receives a shift of —2M /r
(as expected from Eq. (4.35)) in the interior, ensuring that gS) is continuous across
the shell. Effectively, the perturbation on the metric generates a spacetime that is
Schwarzschild (at linear order in M/r) for r > ry and that remains Minkowksi in
the interior » < ry. Note that integrating the linearized Einstein equations yields a
metric that indeed satisfies the assumption gélﬁ) < 1 (if M/ry < 1), thereby making
the perturbation theory consistent despite the presence of delta distributions in the
shell’s stress-energy tensor.

Introducing the metric components (4.84) and (4.85) into the equation for the

Ricci tensor at linear order

RY = o[- 00+ 29,90 gy ¥~ VuTag®), (4.86)
we find
R = T—%(S(r — 1) = R",W5(r — 1),
Rrr(l) = %(5(7’ — 1) = Rrr( )5(T —70),
R, = T—gé(r —ro) = R%,Vs(r — ry), (4.87)
and
RW = R”‘a(l) = %6(7“ —Tg) = R dr—rp) = —8x S d(r —ro), (4.88)

where we have defined for later convenience

_ _ _ M
r 0 T
R r(l) =R 9(1) =—-R T(l) = T2
o
_ 2M
RY = —8xsW = = (4.89)
To
Note that, at linear order, there is no need to define R *, since R — = RM +,

The linearized expressions for the Ricci scalar and tensor satisfy the contracted
Bianchi identities with respect to a flat background.

The renormalized vacuum polarization and the RSET of a massless scalar field
in the Boulware state can be obtained from the one-loop effective action computed
using covariant perturbation theory [89-91]. In the weak field regime and at linear

order in R, these quantities can be expressed as [$6-88]

()= 17 (6 5 ) 08 (57 ) B (190
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1

~ _ 1 2 L B -0
<Toé>ren = — %(vavﬁ _ 5a6|:|) lOg (7) R(l)(l')

S o = —Ij - _Ij X
~ 576072 | BV Ve +0%0) log (7) RD(z) — 60log (7) R 5(1)(17)] ,

where the nonlocal operator log(—[/v?) is defined through its action on R (x) (or
R*W(x)) as [87]

O o 2
10g<7> RO (z) = / dik B () e 10g(_2), (4.92)
R4 v

where R (k) denotes the Fourier transform of RV (z), z denotes coordinates in
Minkowski spacetime, v is an arbitrary parameter, k£ is the four-momentum and
k* = n*kyks. Additionally, when the nonlocal operator in Eq. (4.92) acts on a

time-independent scalar function, then its action can be simplified to [88]

O\ 1 [ @)

|7 — &

with ¢ denoting either R™ or Raﬂ(l) and assumed to vanish at infinity. Here, ¥
denotes Cartesian spatial coordinates on flat spacetime. Note that the local terms
dependent on log(1?) have been dropped since R (z) = 0 and Raﬁ(l)(a:) =0 at
any spacetime point outside or inside the shell. The integral in Eq. (4.93) requires
regularization in the sense of distributions due to the singularity at i/ = Z whenever
©(Z) # 0. However, in the case under consideration, where p(Z') o 0(r" — 19),
we show in Appendix B.2 that the integral is convergent for any r # ry without
requiring regularization.

What we need for deriving the RVP and the RSET is to compute the terms
of the form log <;—§> RW(z) and log <;—§> Raﬁ(l)(x). We leave the details of this
computation in Appendix B.2, and report here the results.

Introducing the expression (B.11) into (4.90) yields the expression for the renor-

malized vacuum polarization

(€~

R
) i R 1o r <71,

1 1
z 82 6/ (ro—r)(r+r0)’
oM L e (4.94)
—52 = 8) nm 7>

where R is defined as in Eq. (4.89). Thus, taking the near-surface limit gives on
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the interior

fo £ — 1y p)
<(D2>ren = _% + O(lOg(E)), (495)
and on the exterior
. £ — 1y pM)
(@), = —% + O(log(¢)), (4.96)

where we adopt a notation consistent with Sec. 4.5.1.

Finally, taking the relevant derivatives of the expressions for log <;—§) RM(2)
and log (;—?) Raﬁ(l)(x) derived in Appendix B.2 and substituting in Eq. (4.91) yields
the components of the RSET. In the near-surface limit, the weak field approximation

gives the following predictions for the leading order divergences. On the interior,

57 (1) (1) 2 5
(Tt >f _ —3R T+ 2 (f — %) RY + 0(572)
tren = 1440723 8m2e3 ’
=0 (1) R 2 =
<T€ >7 o —3R 0 + 2 (5 B %) R(l) + 0(572)
Ofren ™ 1 4407263 8723 ’
A 3R, 4 B (e - 1) RO)
r\— __ r 6 -1
(T ren = 144072192 8m2rye2 +0ET), (4.97)

and on the exterior

A

_3pm. W 4 BW (5 _ %)2 R

Tty+  — 2 O(e2
(T4 ren 1440723 gmees O,
=0 (1 R(1) 2 5
<T€ >+ o —3R 9( ) + R2 B (5 - %) R(l) + O( —2)
0lren = T 1140723 823 =)
R 3p" (M _ RY = 1)2 RO
r\+ __ T 2 6 —1
(T ) ren = 144072 rg g2 8m2rge? +O(ET), (4.98)

where the quantities RV, RTT(I), RY and Ree(l) are defined in Eq. (4.89). Both
the interior and exterior components satisfy, at leading order in €, the conservation
equation with respect to flat spacetime.

To compare these weak-field approximations to the WKB approximations of the
previous section, we must expand the WKB expressions in Eqgs. (4.71)-(4.73) in
the small compactness parameter M /rq, assuming this to be small. This ensures
we are evaluating the WKB approximation in the same domain of validity as the
weak-field approximation. When we do this, we find agreement between the two

approximations for both the RVP and the RSET components.
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4.6 Numerical results

Having developed analytical approximations valid in the near-shell region, where,
as outlined in Section 4.4.5, obtaining accurate numerical results would require an
increasingly large number of w and [ modes, thus making the numerical approach
impractical, we can now proceed to compute full numerical results in the rest of the
spacetime.

In all the numerical results shown in what follows, we have obtained the Eu-
clidean modes guaranteeing a constant Wronskian up to 25 decimal places. This
accuracy is enough to obtain reliable numerical results. We considered the wide
range of w values wM € [1071920], and summed up to I = 30 unless specified
otherwise. The w-grid was set to be denser near w = 0 and in the w-range imme-
diately above the cutoff. The accuracy of the obtained renormalized stress-energy
tensor was assessed by verifying whether the components satisfy the conservation
equation. The residual of the conservation equation was found to be approximately
3 — 6 orders of magnitude smaller than the individual RSET components, except in
the region near the thin shell, where the numerical results fail to capture the large-I
contributions.

We first provide numerical validation of the analytical results obtained for the
near-shell divergences via the WKB (and weak-field) approximations. In Figures 4.5
and 4.6, we present the renormalized vacuum polarization and stress-energy tensor
near the shell surface from the inside and outside rescaled by their corresponding
divergent factors to isolate the coefficients and compare them with those reported
in Eqs. (4.71),(4.72), and (4.73). Specifically, we report these quantities as com-
puted for an increasing number of [-modes. The frequency integral converges at the
shell, and so it is only necessary to look at the behavior as .. is increased. As
expected, providing a definitive numerical validation of the analytical results proves
challenging, as this would require computing an extremely large number of modes.
Nonetheless, the plots indicate that, as more [-modes are included in the sum, the
numerical results gradually approach the analytical predictions, thus providing nu-
merical evidence supporting their validity. We chose to show results for a shell of
ro = 3M because bigger shells require fewer [ modes to observe the surface diver-
gences approximated clearly. We have checked that more compact shells show a
similar agreement between numerical results and analytic expressions.

Next, we study the properties of the RVP and RSET for a massless minimally
coupled scalar field in the bulk of the spacetime in the black hole limit, by analyzing
shells of increasing compactness. Focusing first on the interior region, Fig. 4.7
shows that, near the central point » = 0, the values of the RVP and of the RSET

components increase in magnitude as ro — 2M, but retain finite values. The RVP
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Figure 4.5: Vacuum polarization and renormalized stress-energy tensor of a mass-
less, minimally coupled scalar field near the surface of a spherical thin shell of radius
ro = 3M from the interior. The colored curves are purely numerical results obtained
by summing up to increasing | values and integrating up to wM = 20. The black
dashed lines correspond to the coefficient of the leading-order analytic divergence es-
timated through the WKB approzimation. A tendency to approximate these values
1s visible for the vacuum polarization and all RSET components.
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Figure 4.6: Vacuum polarization and renormalized stress-energy tensor of a mass-
less, minimally coupled scalar field near the surface of a spherical thin shell of radius
ro = 3M from the exterior. The colored curves are purely numerical results obtained
by summing up to increasing | values and integrating up to wM = 20. The black
dashed lines correspond to the coefficient of the leading-order analytic divergence es-
timated through the WKB approzimation. A tendency to approrimate these values
15 visible for the vacuum polarization and all RSET components.
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Figure 4.7: Renormalized vacuum polarization and renormalized stress-enerqgy ten-
sor of a massless, minimally coupled scalar field inside spherical thin shells of differ-
ent radii . These are purely numerical results obtained by summing up to | = 30
and integrating up to wM = 20. Results near the surface of the shell are missing
large-l contributions that would make them agree with our analytic results. For the
computation of this plot, we have fired M = 1 and considered shells of decreas-
ing radii ro/M = {2.30,2.25,2.20,2.15,2.10,2.05,2.01,2.001,2.0001}. We defined
Ar =rqg—2M.

and the radial and angular components of the RSET change sign as the shell radius
reduces to around rg ~ 2.15M, while the energy density remains always negative.
We note that, as discussed earlier in the Chapter, near the shell, our numerical results
are not accurate, as they miss important large frequency and large [ contributions.
Figure 4.8 reports the corresponding results on the exterior. In the exterior region,
the vacuum polarization and the energy density are negative for any compactness
value, while the pressures change sign as ry decreases. In this Figure, we also
compare the RVP and RSET results for a minimally coupled, massless scalar field
in the Boulware state propagating in a Schwarzschild black hole spacetime. As the
compactness is increased, both the RVP and all the RSET components approach
those corresponding to the Boulware vacuum of a Schwarzschild black hole for radial

points far enough from the shell.

4.7 Backreaction effects at the surface of the shell

In this Section, we will compute the backreaction effects produced by the RSET
in the interior region of the shell. The analysis can be straightforwardly extended
to the exterior, but the simplicity of the interior region allows us to calculate the

backreacted metric analytically near the surface of the shell. Said metric is computed
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Figure 4.8: Renormalized vacuum polarization and renormalized stress-energy ten-
sor of a massless, minimally coupled scalar field outside spherical thin shells of dif-
ferent radii. These are purely numerical results obtained by summing up to | = 30
and integrating up to wM = 20. Results near the surface of the shell are missing
large-l contributions that would make them agree with our analytic results. For the

computation of this plot, we have fired M = 1 and considered shells of decreas-
ing radii ro/M = {2.30,2.25,2.20,2.15,2.10,2.05,2.01,2.001,2.0001}. We defined
Ar = To — 2M.

by linearizing the semiclassical Einstein equations (1.87).

We expand the metric as gog = gag + €hag. It is clear that H((ll) = H(fﬁ) =0
everywhere except on the shell, since in Ricci-flat spacetimes (R.s = R = 0). Hence,
they do not contribute to the equations at linear order in € both inside and outside

the shell, notably simplifying the analysis. At first order in €, we have
0Gap + 0G ™ Gop + 0A gap = 8T (Tug)ren, (4.99)

where we have written the renormalized constants in the form A + edA (with the
background value A = 0) and G+ €edG. There is an additional ambiguity in the form
of a renormalization lengthscale entering the RSET [45], but it can also be checked
to vanish in the case under consideration. The perturbation of the Einstein tensor
is given explicitly in Eq. (1.91).

Inside the shell, where the metric g,p is Minkowski, we have G,3 = 0, hence the
second term in Eq. (4.99) is absent. We further assume JA = 0 for simplicity. The

resulting O(e) equations inside the shell are

A

0Gap = 87(Tp)ren- (4.100)
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Adopting the same procedure as in Sec. 3.4, we write the full metric coefficients as
gu = = (L=2m(r)/r), g =(1-2m(r)/r)", (4.101)

where m(r) denotes the Misner-Sharp mass, and then we expand these metric func-

tions as
P(r) = %log (1 — %) (1+€R(r)), m(r)=eM(r). (4.102)
We obtain the following ¢t and rr components of the linearized semiclassical Einstein
equations
_267'2/1/ :87T€<Ttt> +0 (62) ,
‘ (_2/\/; ;+ "R ey + 0 (). (4.103)

where we have dropped the subscript ‘ren’ for typographical convenience. These can

be combined to produce a differential equation for R

eR/
r

= 8re ((T”;) . <T”;>) +0 (&) (4.104)

We are going to solve these equations near the surface of the shell r — ry.

The tt component of the RSET obeys the near-shell expansion

AN <Ttt>3_ -2
(I") = ——=5+0(ro—1r) ", (4.105)
(ro —7)
where (T%)3 is the coefficient of the leading-order divergence in Eq. (4.72). Re-

call the divergence in the (I".) component is subleading. Replacing (4.105) in
Eq. (4.103), we find

R(r) =~ ()5 + O (ra =)™
M(r) = —%(T@g +O(rg—7)"". (4.106)

When inserted in the Ricci scalar, these functions yield R o (rg — r)74, indicating
the presence of a curvature singularity at » = ry generated by the backreaction of
the RSET. Of course, since the RSET is infinite, the validity of truncating the semi-
classical equations to linear order in € is put into question. Hence, the metric func-
tions (4.106) should be interpreted as the proof that static idealized infinitesimally

thin shells break down the perturbative character of the semiclassical expansion.
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4.8 Conclusions

In this Chapter, we presented a detailed analysis of the features of the renormalized
vacuum polarization and stress-energy tensor for a quantum scalar field in the Boul-
ware vacuum, propagating in a spacetime with a static, spherical thin shell matching
a Minkowski interior to a Schwarzschild exterior. In line with the previous Chapters,
we once again treated the Boulware state as a zero temperature state, defined on
the Wick-rotated Riemannian manifold. This allowed us to employ the renormaliza-
tion prescription outlined in Ch. 2, requiring only a modification of the Hadamard
coefficients to adapt them to a general static, spherically symmetric metric of the
form (4.1).

Having outlined the renormalization approach, we have then presented Israel’s
thin shell formalism and applied it to a spherical thin shell joining Minkowski and
Schwarzschild spacetimes. Then, we showed how the Euclidean modes, necessary
for the computation of the Euclidean Green’s function for the wave equation on
the thin-shell spacetime of the shell, are most efficiently obtained as a linear combi-
nation of the Minkowski and Schwarzschild modes, with the coefficients computed
by matching conditions at the shell. This formulation also explicitly isolates the
boundary terms, which encode the presence of the shell and associated Casimir-
type non-Hadamard divergences, in the Green’s function. The methodology we
have introduced in this work can be generalized, in a straightforward way, to other
static material configurations with Schwarzschild exteriors.

To estimate how renormalized expectation values diverge at the shell, we adopted
a WKB approximation for the Euclidean modes. We found the power and sign of
these divergences to be in agreement with results in flat spacetime with a bound-
ary [84]. As an independent consistency check, we also implemented a weak-field
approximation [87] valid in the regime of small shell compactness, M/ro < 1. We
showed that a thin shell can arise from perturbations of a Minkowski background,
and we computed the RVP and RSET at leading order in M /ry. The obtained results
were in agreement with the WKB ones at leading order in M /ry. We also performed
a backreaction calculation near r = ry to estimate the quantum corrections to the
background metric.

Having determined the analytical properties of the Boulware vacuum at the
boundaries of the spacetime, we then carried out an extensive numerical analy-
sis, evaluating the RVP and RSET throughout the spacetime over a wide range of
parameters. We first provided a numerical verification of the divergent behavior
obtained with the analytic methods, by computing the RVP and the RSET near
the shell for an increasing number of [-modes and showing that the coefficients of

the leading-order divergences for each component seem to approach their analytical

104



Chapter 4. Application of the extended coordinate method to thin shells

predictions in the limit as [ — l,.y, both inside and outside the shell. Addition-
ally, we evaluated the RVP and RSET for thin shells of different compactness. In
this setting, near the central point » = 0, the values of the RVP and of the RSET
components increase with the compactness, but remain finite in the black hole limit.

The work presented in this Chapter represents the first step in a broader pro-
gram of computing renormalized quantities in a variety of spacetimes describing
compact objects. A natural and straightforward extension of this study would be to
consider shells with finite thickness. These models would make it possible to disen-
tangle the Boulware divergence of the RSET in the black hole limit from the addi-
tional divergences associated with the sharp boundary in the thin-shell idealization.
Unfortunately, deriving smooth thick shell models having the right distributional
stress-energy tensor in the thin shell limit is a sophisticated problem.

Furthermore, the generality of our treatment makes it simple to consider differ-
ent shell interiors. For example, spherical shells enclosing a static de Sitter (gravas-
tars [92]) or anti de Sitter (AdS-stars [78]) interior have been proposed as black hole
mimickers supported by vacuum polarization effects. It would therefore be inter-
esting to investigate the properties of the Boulware vacuum in these scenarios as
well.

Finally, another interesting scenario in which the renormalization method de-
scribed in this Chapter can be employed is that of spacetimes describing compact
stars in equilibrium. In general relativity, Buchdahl’s theorem establishes an upper
limit on the compactness of a spherically symmetric object composed of isotropic
matter [76]. Beyond this compactness, the object would collapse into a black hole.
The Buchdahl limit is reached when the pressures of the fluid diverge at their cen-
ter. We expect the vicinity of this situation to generate strong vacuum polarization
effects that will backreact on the background [93-95], either taming this growth of
the pressure (relaxing the compactness bound), or stimulating it (making the bound

more stringent). This direction is currently being explored.

105



Chapter 5

Vacuum polarization and
renormalized stress-energy tensor
on the interior of a

Reissner-Nordstrom black hole

5.1 Introduction

In this Chapter, we leave behind the treatment of compact objects and return to the
subextremal Reissner-Nordstrom black hole, focusing on its interior region. Like the
Kerr black hole, the Reissner-Nordstrom spacetime is of particular interest for the
study of quantum fields because of the presence of an inner Cauchy horizon. The
existence of a Cauchy horizon poses a challenge to determinism in general relativity,
since it marks the boundary of the region of spacetime uniquely determined from a
suitable set of initial data on a Cauchy surface [17]. This motivated the formulation
of the strong cosmic censorship conjecture [96], which suggests that for generic initial
data, the solution spacetime determined by the data should not be extendible as a
suitably regular Lorentzian manifold [97].

When classical matter perturbations are introduced into the spacetime, the blue-
shift instability can lead to the formation of a null curvature singularity along the
Cauchy horizon of both charged black holes [98-103] and spinning black holes [104—
106]. However, this singularity is known to be weak in Tipler’s sense [107], both in
the charged [100] and rotating case [104, 108], meaning that an infalling observer is
not necessarily destroyed by tidal deformations before the » = 0 singularity becomes
visible.

Quantum effects have long been expected to have a stronger influence on the

stability of the Cauchy horizon [109, 110]. Recent semiclassical studies have rein-
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forced this picture in both the Reissner-Nordstrom-de Sitter (RNdS) [111-114] and
Reissner-Nordstrom spacetimes [115, 116].

In Reissner-Nordstrom spacetime, recent works based on the pragmatic mode-
sum regularization method have initially focused on the computation of the renor-
malized vacuum polarization for massless, minimally coupled, scalar fields on the
black hole interior [117-119]. These studies showed that the computation of the RVP
near the Cauchy horizon is already a nontrivial task. In [119], it was shown that RVP
is finite at the Cauchy horizon for massless, minimally coupled fields in both the
Hartle-Hawking and Unruh states. Establishing this result required obtaining nu-
merical results at extraordinarily small distances from the Cauchy horizon, together
with analytical approximations for the dominant inverse-power tails in the tortoise
coordinate 7% that describe the approach of the renormalized vacuum polarization
to its Cauchy horizon value.

In subsequent studies, the PMR method was then employed to obtain the semi-
classical stress-energy fluxes for a minimally coupled massless scalar field near the
Cauchy horizon of a Reissner-Nordstrom black hole. The fluxes are found to be
nonzero for both the Hartle-Hawking and Unruh states in sub-extremal Reissner-
Nordstrém black holes [115] and to vanish in the extremal limit [116].

This Chapter presents a renormalization method for studying the effects of mas-
sive quantum fields in the interior region of a Reissner-Nordstrom black hole, allow-
ing for arbitrary coupling to the gravitational background. To this end, we generalize
the extended coordinate prescription to black hole interiors, working directly in the
Lorentzian manifold for the first time.

This Chapter is organized as follows. In Sec. 5.2, we first construct the Wight-
man propagator for massive fields in the Hartle-Hawking and Unruh states in the
interior of a Reissner-Nordstrom black hole. In Sec. 5.3 we discuss a renormaliza-
tion prescription for computing quantum expectation values in the interior of static,
spherically symmetric black holes. We show that renormalization parameters derived
for zero-temperature states on the FEuclidean exterior are precisely those required
for the Hartle-Hawking and Unruh states on the Lorentzian interior. We discuss the
numerical approach in Sec. 5.4, while Sec. 5.5 provides a detailed discussion on the
convergence of the mode-sums. In Sections 5.6 and 5.7, we apply the new method to
compute the renormalized vacuum polarization and the renormalized stress-energy
tensor for massless and massive quantum scalar fields in the interior region of a

Reissner-Nordstrom black hole. Finally, in Sec. 5.8, we conclude with a discussion.
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5.2 The two-point function for a massive field in-

side a Reissner-Nordstrom black hole

5.2.1 A Basis of Separable Modes

We want to express the Wightman propagator for a massive neutral scalar field in
the Unruh [11] and Hartle-Hawking [37, 120] states on the interior of a Reissner-
Nordstrom black hole in terms of the modes in static Schwarzschild coordinates.

The metric in these coordinates is

2

ds® = —f(r)dt* + % + r* (df? + sin® 0 d¢?) (5.1)
where
oM 2
fry=1-20 % (5.2

with M and ) the mass and charge of the black hole, respectively, where we as-
sume (Q < M. Even though the Unruh and Hartle-Hawking states are defined in
terms of null coordinates, not static coordinates, the advantage of working in these
coordinates is that the wave equation is separable, and it is possible to re-express
the Unruh and Hartle-Hawking propagators on the exterior in terms of the resultant
separable modes. The goal of this section is to show how to analytically continue the
Wightman functions in the Unruh and Hartle-Hawking states across the event hori-
zon and express them in terms of separable modes in the (¢, r, 6, ¢) coordinates. This
latter part is non-trivial since the boundary conditions for the Unruh and Hartle-
Hawking states are not defined in terms of the modes in Schwarzschild coordinates,
even though the Wightman propagators themselves are most easily computed in
terms of these modes.

Let us start by obtaining a basis of the separable mode solutions to the Klein-
Gordon equation in the massive case in Schwarzschild coordinates. The Klein-

Gordon equation for a scalar field ® is
(0 — % = ER)D =0, (5.3)

where [ is the d’Alambertian operator, u is the mass of the scalar field, £ is its cou-
pling to the gravitational background, and R is the Ricci scalar. Although R = 0 in
the case of Reissner-Nordstrom spacetime, we have included £ R in Eq. (5.3) for gen-
erality. Specifically, while the present Chapter and Chapter 6 focus on the Reissner-
Nordstrom spacetime, the renormalization prescription we present in Sec. 5.3 is valid

for a generic spherically symmetric spacetime, including spacetimes with a nonva-
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nishing Ricci scalar, for example, Reissner-Nordstrom-de Sitter. In addition, the
renormalized stress-energy tensor still depends on the coupling &, even when R = 0.

We take as a basis
Uwlm = Nweiiwt}/}m(07 (b)q)wl('r); (54)

where the indices arew € R, [ € Nand m = —I, ..., [, N, is a normalization constant,

Yim (0, @) are the spherical harmonics normalized by

2 T
/ do / sin 0 d0 Y, (0, 8) Y (0, 6) = GG (5.5)
0 0

and P, (r) is a solution of the radial equation

{d% (ﬁf@%) + C;Z; R [ 1)} Dy (r) = 0. (5.6)

It is helpful to recast this equation in Schrodinger form by writing @, (r) = ¥ (r)/r,

where (1) satisfies

{;fz + le(r)} Y (r) =0, (5.7)

where we have employed the radial tortoise coordinate

1 | — 714 1 |r—r_]|
.= 1 1 ; 5.8
" r+2m+n(r+—r_>+2/<:_n<r+—r_ (58)

with ro = M £+ +/M? — Q? the two Killing horizons corresponding to the event hori-

zon (upper sign) and Cauchy horizon (lower sign), and k4 = % f'(r+) the respective

surface gravity of these Killing horizons. We note that with this definition, x_ < 0.

The potential in the radial equation is

Voa(r) = w? — f(r) (,uz + W+1) + fl(r)) . (5.9)

r2 r

Note that the potential asymptotes to

2
w r—r
le(’l“) - ) =+,

(5.10)
w? — 1, 7 — 00.

For a massive field, we see that the nature of the boundary conditions as r — oo

will depend on the sign of w? — 2. Regardless of this sign, there is also a choice to
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be made for the branch of the square root. We define

@ = sgn(w) Vw? — p?, w? > 2,

0=/ p? —w?, w? < it (5.11)

First considering the regime w? > p?, we define a useful pair of linearly indepen-

dent solutions to the radial equation. We illustrate these solutions in Fig. 5.1. We

in

™ (r) as the one with boundary condition

label the solution

in _—iwrs
wl )

Ya(r) ~ (5.12)

e A, r— o0,

T—>T+,

where B and A™ are respectively the dimensionsless transmission and reflection
coefficients for the “in” mode. If we were to consider also the harmonic time de-
pendence, we can interpret the “in” mode as a unit-amplitude wave originating at
past null infinity .#~ which scatters off the background curvature, partially reflect-
ing back to future null infinity .#* and partially transmitting to the future event
horizon Hpg. These modes are shown in Figure 5.1.

For the other independent solution, we label ¢_)(r) as the one with boundary

conditions

e 4 AlPeT r—ry
o (1) ~ (5.13)

up _iwor
B e, r — 00,

where B]) and A} are the transmission and reflection coefficients for the “up”
mode, respectively. Again, if we were to factor in the harmonic time dependence,
the “up” mode would correspond to a unit-amplitude wave propagating out of the
past event horizon H,.s partially reflecting back to the future event horizon and
partially transmitting to future null infinity. This is plotted in Fig. 5.1.

When w? < p?, the corresponding “in” mode is exponentially growing at infinity

Qry

0r) ~ el (w? < p?) r— 00. (5.14)
The exponential growth of the modes for w? < p? means that within this regime there
are no normalizable eigenfunctions for the eigenvalue problem defined by Eq. (5.3);
i.e., the interval w? < p? is not in the spectrum of the differential operator in Eq. (5.3)

with the “in” boundary conditions. Hence, although it is mathematically possible
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G

Figure 5.1: FEaxterior separable “in” and “up” modes illustrated on the right wedge
of the Penrose diagram of the Reissner-Nordstrom black hole.

to define the “in” modes in the regime w? < u?, these modes must be excluded from
the construction of the Wightman function. On the other hand, the “up” modes,

when w? < p?, are defined by the asymptotic form

el 4 A:}?e_iw*, =T,
Yor (1) ~ (5.15)

Bgfe_m*, r — 00,

and are hence exponentially damped at infinity. The “up” modes with w? < u? are
known as the bound state modes, since they are localized near the event horizon, and
are to be included in the classical phase space of normalizable (see below) solutions.
The “up” modes for w? < u? are also represented in Fig. 5.1.

With these independent radial solutions defined, we have &/ (r) := /™ () /7.

Hence, our basis modes to the wave operator consist of

ulin? (@) = NP Y (0, )05 (r), (5.16)

wlm wl

where N7/" are normalization constants. The “in” modes are defined for w? > u?
and satisfy the boundary conditions in Eq. (5.12). The “up” modes are defined for
all w € R and satisfy the boundary conditions in Eqs. (5.13) and (5.15). We refer
to these modes as the “Boulware modes”. If we endow the phase space of classical

solutions with the Klein-Gordon inner product
(ug,uyp) = —i/ (ugVauly —uhVauy) n®dy, (5.17)
b

where J runs over the indices {w,l,m} and the integral here is over a Cauchy
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surface ¥ with unit future-directed normal n®*. We move the Cauchy surface onto
Hpast UF ~, where we can take advantage of the fact that we have simple boundary

conditions u'! = 0 on Hpast and v}’ =0 on .# . Hence, it can be shown that

(uff, uly) = 4 QN 0y, (W > 1),
(uy, uyl) = Am W NP0, (5.18)
where ;5 := d(w — W')OyOmm. These conditions imply that the “in” modes have

positive norm only for @ > 0 while the “up” modes have positive norm only for w > 0.

We see clearly now that the appropriate normalized solutions have normalization

factors
in 1 2 2
NPV =—nr— 0 (W > ),
\Ar|o|
1
NP = ——. (5.19)

VA wl

Moreover, the constancy of the Wronskian of linearly independent solutions of the

radial equation implies for w? > p?

@ [1—|A%*] = w| B P,
wll—|AX)?] = ~|Bup 2
wB.Y =wB), (5.20)

while, for the bound state modes,

AT =1, W<t (5.21)

5.2.2 The Boulware State

in/up

To define the field in the Boulware vacuum state [38], we note the modes u_

are positive frequency with respect to Schwarzschild time ¢ along .#~ and Hpas
respectively. Positive norm “in” modes have w > 0, while positive norm “up”

modes have w > 0. We can then expand the quantum field in these modes as

ﬁZ}j/ () + a5 i 1)

=0 m=-1
+22/mwmmumﬂmw (5:22)
=0 m=—1
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where a / are some operator coefficients and we have used the fact that the trans-

formation w — —w in the basis corresponds to complex conjugation, given that
BE/ "P are chosen to satisfy this symmetry. The operator coefficients in this expan-

sion satisfy the commutation relations
@y, a5’ =650, (6% = b, (5.23)
with all other commutators vanishing. The Boulware vacuum is then defined by

in IBY=0, @©>0,

Auim

a® [B) =0, w>0. (5.24)

wlm

Finally, the Wightman function for a massive scalar field in the Boulware vacuum

is given by
Gy(z,2) =<B|<f>($) (2')[B)

B3 [ / deo, (2)ull (a!) + / T dwa @ @) (5.25)

=0 m=—1

It is well-known that this vacuum state is not a Hadamard state on the event horizon
[39] (see also the results presented in Chapter 3) and hence cannot be extended into
the interior. We have defined the Boulware state for completeness, even though it

will not be used explicitly in this Chapter.

5.2.3 The Unruh state on the interior

In this section, we derive the Wightman two-point function in terms of separables
modes on the black hole interior for a massive scalar field in the Unruh state. This
is accomplished by introducing a set of non-separable modes defined across both the
exterior and interior regions of the black hole, which we call “Unruh modes” and
encode the boundary conditions for the Unruh state. We then introduce a new set
of separable modes defined only on the interior and establish a mapping between
these two sets of modes, expressing the Wightman function in terms of the separable
modes, which can be conveniently computed numerically.

To define the Unruh modes, it is necessary to introduce two additional sets of
coordinates: the Eddington—Finkelstein coordinates and the Kruskal coordinates.

The Eddington-Finkelstein coordinates are

u==+(t—r,), v="=+"7, (5.26)
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Figure 5.2: Penrose diagram of the Reissner-Nordstrom black hole. Highlighted
are the surfaces U =0 and V = 0.

where the upper (+) sign in the definition of u corresponds to the exterior while the
lower (—) sign corresponds to the interior. The Kruskal coordinates are defined as

follows

U= :Fie“*“, V= ie”*”, (5.27)

Ky Ky
where again the upper sign is for the exterior and the lower sign for the interior.
These additional sets of coordinates are reported in Fig. 5.2, which depicts the
Penrose diagram of the Reissner-Nordstrom spacetime. The Unruh state is defined
by treating the modes originating from the past horizon on a different footing to
those originating at past null infinity. We write the Unruh mode solutions of the

scalar field equation (5.3) as
1

Juwim = \/TW
up — 1
gwlm \/W

where r = (U, V) and Xijl/ "P are obtained by inserting this ansitz into the wave
in/up
wlm

1 .
}/lm(ea ¢);X$1Z(U7 V)7 (w2 > M2)7

in(6.0)XCHU ), (@ € R) (5:29)

equation (5.3) expressed in Kruskal coordinates. We will refer to the modes g

as the “Unruh modes”. Note that these modes are not separable. The appropriate
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boundary condition on the “up” modes is

N e WU, V =0,
Xal ™ (5.29)
0, e

The surface V' = 0 covers both the past event horizon H . and the left event horizon
(or the future event horizon of the other external universe) Hy, (See Fig. 5.3). We
see that the g} (x) modes are positive frequency with respect to U along V' = 0.
Employing the inner product (5.17) it is also readily shown that the modes satisfy

the correct normalization condition

(g g5y = by, w>0, (5.30)

and have positive norm when w > 0.

For the “in” modes, when w? > p2, the Unruh boundary conditions are

o, V=0,
Xet ™98 (5.31)
e—zwte—zwr* , j_,

so that the modes originating at past null infinity are positive frequency with respect

to Schwarzschild time along .#~. Note that g% = u in the exterior. When

wim
w? < p?, the radial dependence for the Unruh “in” modes will be analogous to that
of the Boulware v, modes and therefore will be exponentially growing at infinity.
Hence, the g%, = with w? < p? are excluded from the construction of the Wightman
function. As in the Boulware case, the Unruh “in” modes with @ > 0 have positive

unit norm with respect to the inner product:
(g% g0y =655, @ >0. (5.32)

We can perform an analogous quantization procedure to the one adopted above by

expanding the quantum field in terms of the Unruh modes as

=SS [ (Bt )

=0 m=—1
PSS [T () i) 63
=0 m=—1

1n/up and bln/up T

where b are annihilation and creation operators respectively and

we have used the fact that the transformation w — —w corresponds to complex

115



Chapter 5. Vacuum polarization and renormalized stress-enerqy tensor on the
interior of a Reissner-Nordstrom black hole

Xt (U, V)

S

AN
Q

Figure 5.3: Unruh “in” and “up” modes represented on the exterior and interior
regions of the Penrose diagram of the Reissner-Nordstrom black hole.

conjugation. The operators satisfy the commutation relations
07,051 =6y, B0 = 8y, (5.34)
with all other commutators vanishing. The Unruh vacuum is defined by

0,0 =0,  @>0,
b Uy =0, w>0. (5.35)

wlm

This yields the following Wightman two-point function for a massive scalar field in
the Unruh state

o
e’} l 00 0o
=> > [ / duw g%, (x)gh % (2") + / dwgi‘é’m(x)gi?nf(x’)]- (5.36)
“w 0

Note that the previous expression is valid both in the interior and in the exterior
of the black hole. As already mentioned, the problem is that the modes are not

separable in (U, V) coordinates. However, on the exterior spacetime, it is known
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how to express the Unruh modes in terms of the Boulware modes above [3, 39, 121]:

Gz, ") Z Z [/ dw ™, (2)u™ (')

=0 m=—1

+/ dw coth | =2 'l (x)ulb *(z) . (5.37)
0 K+

The question is whether we can express the Unruh modes in terms of separable
modes on the interior. This was achieved for massless fields in Ref. [117] and we
modify and extend their analysis here. We start with an independent set of basis
modes on the interior, defined Vw € R and only in region II of the diagram in
Fig. 5.2,

1 1
L = Yim(0,0)—C(u,v),
Wuim \/W l ( (b)T,Cwl( )
1 1
R = V.00, 0)-C% (u,v), 5.38
wlm \/W l ( ¢)7“ wl( ) ( )

with boundary conditions

e—iwu 7_[
¢t (u,v) ~ - (5.39)
0 Hr
and
0 H
Riuv)~y . (5.40)
e wv HR-

These modes are now easily expressed in separable (¢, ) coordinates as
Cu%z(tﬂ”) - eiwt\l}gz(r)a Bl(tar) = e_iwt‘l'gl(r)a (5.41)

where WL (r) is a solution to the radial equation (5.7) satisfying the boundary con-
dition

\Ifgl(r) ~eTET (5.42)

We illustrate the interior modes in Fig. 5.4.

Starting with the “in” modes, we wish to obtain the map between the ¢ = modes

—iwt

and the @b, ~modes. Noting that y ~ e e~ on £~ as well as x» ~ 0 on

m

117



Chapter 5. Vacuum polarization and renormalized stress-enerqy tensor on the
interior of a Reissner-Nordstrom black hole

wi(t,7)

Figure 5.4: Interior separable “L” and “R” modes represented on the interior
region of the Penrose diagram of the Reissner-Nordstrom black hole.

Hpast, We can propagate this mode to Hpg to obtain

) 1 ) —lwv
in ~ ———Y;n (0, $) B™ . 5.43
Guwim He \/W l ( (b) l . ( )

We also have that

1 e—iwv
R
R~ Yim (0, . 5.44
g VAT |w| im(6,9) Ty (5.44)

In general, a positive frequency Unruh mode ¢ =~ may have a mix of positive and
R

i Modes so that on Hpr we have

negative frequency w

1 L .,
m _—wwv __ e—zw vdw/ (545)

1 [~ 1
=B = o [ e
\/m : 2m —00 \/W

for some coefficients C,, which gives

|w/’ in /
Cow =214 =B d(w —w'). (5.46)
&
We also have that both ¢ =~ and w@? = vanish on Hy. The linearity of the wave
equation makes the relation between ¢ = and w?, valid not only on Hy, U Hg but
also at any spacetime point in the interior [117]. So, from Eqgs. (5.43), (5.44), (5.45)

and (5.46) we must have that on the interior, the “in” mode in (¢, r, 0, ¢) coordinates
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. 1 O 1 /
g(l;.)nlm<t7raga¢) = _/ —Yim(e,¢); Bl(t,r) dw

2T J_oo \/AT|w|

1 o1 o [ wl
= Vi (0, 0)BE =R (t,r) = BY | =R 5.47
Ty V(0 OB () = B 5l (547)

Turning now to the “up” modes. We wish to express the g.; modes in terms of

the interior modes wzjl/:: . On Hp, we have
1 e—in
up
gw m ~ —Ym 07 ¢ )
o, Jamlw] 6.0 =
1 e—iwu
L
w ~ ———Y,,(0, 5.48
wlm Hy \/M l ( ¢) . ( )

The frequencies in each case are with respect to different null coordinates so that a
positive frequency mode with respect to U contains positive and negative frequency

u modes. Hence relating the boundary conditions gives on Hr,

1 ., 1 /°° 1
——e Y = — Dy ———e"""du, 5.49
Var|w] 2 J_ VAT|w'| (5:49)
for some coefficients D,,. Inverting this, gives
wa/ ]. & —iwU iw'
= e e du. 5.50
VAar|w'|  Arw| J - (5:50)

Note that this integral is being evaluated on the interior and so we have, using the

lower sign in Eq. (5.27),

/ e~ Ueiw’udu _ / eXp{—i(OJ//f+)€N+U + iw’u}du

T[> .
= — et Lt with b = —w/ky, z=1iw'/k;. (5.51)
K+ Jo
If 3{b} > 0 and R{z} > 0, then this integral would converge in the ordinary sense.

If we take w — w — i€ and W — W’ — ie with € > 0, then we obtain

o . . —i(w'—i€) /Ky o :
) ., 1 — —
/ 6—szezw Uy = lim <M) I <M> (552)

0o Ry e—0t K4 Ky

where the right-hand side is to be understood in the sense of generalized functions.
When w and w’ are nonzero, we can take this limit explicitly in a straightforward
way. If w or ' is zero, then the right-hand side is strictly only understood in terms

of generalized functions and the e — 0T limit can only be computed after integra-
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tion against a test function of compact support. Nevertheless, for typographical

convenience, we shall simply write the result as

wa’

—iw' [k
iw iw
r{—y. 2.53
A |w'| /<a+\/47r|w (’@r) (’ﬂ) (559

Similarly, if we consider the boundary conditions on Hast, the ¢% (¢, 7) mode vanishes

there, as it is only defined in region II of the Penrose diagram in Fig. 5.2 and cannot
be back-propagated into the region I. By contrast, the R(t r) mode, which is e~
on Hf, can be back-propagated assuming (% (t,r) ~ B /AN e~ at #+ and
using Eq. (5.13) when w? > p? and assuming (7 (t,r) ~ BlY JANe =t gt g+

and using Eq. (5.15) when w? < p?. Hence we have

1 e—in
gw m ~ —Yim 07 ¢ 9
! Hpast \/ 47T|O}| ( ) T+

1 Y, (9 (b) e iwu

R Im\Y,

i ~ T . 5.54
L. [Arlw] AL g (5.54)

As before, the frequencies here are with respect to different null coordinates and in
general a frequency with respect to one coordinate will have a mixture of frequencies

with respect to the other. We write on H st

\/47r|w|e Com ), VAW | AL

for some coefficients E,,., and so, inverting the Fourier transform gives

e~ (5.55)

up oo
Eww’ o Aw’l

Vil /Arll

This is being evaluated on the black hole exterior and so U and u are given by the

e WUy, (5.56)

upper sign in Eqgs. (5.26)-(5.27). Apart from this, the details are almost identical to

the calculation outlined above so we omit the details, stating only the result that

P Ady (_“">W " (_W’) , (5.57)
VArw'| kp/Amlw] \ K+ Koy
where here we understand w and w’ to mean w+ie and w’'+ie as € — 07, respectively.
Additionally, from Egs. (5.29), (5.39) and (5.40) together with (5.13) and (5.15),
that have been used to back-propagate w?, ~—on the exterior, it is clear that both
g, @l and @, vanish on ..

Thus, we have specified data on Hy, U Hpast U & . Putting together Egs. (5.48),
(5.54), (5.49), (5.55), (5.53) and (5.57) and using the fact that the wave equation is

120



Chapter 5. Vacuum polarization and renormalized stress-enerqy tensor on the
interior of a Reissner-Nordstrom black hole

13

up” solution in terms of (¢,r,0, ¢) coordinates must be

Ym ‘97 o D > ww /
gop (t,r,0,¢0) = Yim (0, ¢) (b){ CL,Z t,r)dw + R(t,7)d }

2mr 0o /AT 0o\ Am|w|
0 ; —iw' [k :
2 r ko /Ar|w| | Joeo \ K+ Ky

00 . w' /K .
+/ A < Zw) r ( e ) f},l(t,r)dw'}.
—00 Ky Ky

Introducing Eq. (5.58) into Eq. (5.36) requires the computation of integrals involving

linear, the

combinations of products of D, E.. and their complex conjugates, such as

> i} _V ]w \/ |w” iw"” dw (iw\ r iw\
DDy, dw —— — | — ——
0 “+ K+ 0o W \h+ K+

_ B, (i > (—i)< [ =) (55
Ky 0

K+

In the last line we expressed this integral in a form which can be conveniently solved

by substitution, using y = i log( ﬁ), to yield after some simplifications

/ Do D s = (22— 3885y (5.60)
0

1 — e—2mw' /K4

With a similar procedure, we can compute the remaining necessary integrals

!/

/ D, El »dw = / B DE i dw = 21* AS sgn(w') esch (mu
0 0 kot

) o(w' +w"),

e 1
/ B By dw = (27 A™ Psgn(w) 5o — o). (5.61)

0 1 — e—2mw' /K4
Finally, introducing the interior separable modes (defined by Egs. (5.38) and (5.41))
into the mode-sum expression for the Unruh Wightman function (5.36), which is

originally expressed in terms of the Unruh modes (5.28), and using the mode map-
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ping relations (5.47) and (5.58) together with Egs. (5.60) and (5.61), we obtain

1 - ¥ dw in iw *
Gu(,@') =g 22+ D) B(eosw{ | Zimmpent ol w)
1=0 #

% dw 77,(.4)At + e'LwAt|Awp 2) .

+/ [ 1= o 2mwjny Ew () ()
iwAt —iwAt AUP 2

e A D g o)

1 — e2mw/k4

+ 2 cos(wAt) csch (
K+

) R{ADT (1 >\If55<r'>}] } (5.62)

where At =t/ — t. Here, we have used the addition theorem

21 +1
Z Yin (0, 0)Yim (0, ¢) = = —Pi(cos ), (5.63)

m=—1

where v is the angular separation between the two points. Note that in the massless
limit, Eq. (5.62) agrees with the expression in Eq. (3.13) in Ref. [117] up to a factor
of 2, which comes from the fact that they consider the Hadamard function rather
than the Wightman propagator. We define ®',(r) = W!L(r)/r to be the solution to
Eq. (5.6) in region II with asymptotics

1 . 1 4

— A e + —Bge ", r—r_,

r_ r_

11
Dy (r) ~ (5.64)

e—iwr*

s r—T4,
T+

where the constants A,; and B,,; are the interior scattering coefficients. Then, in
the coincidence limit, the mode-sum representation of the Wightman function for

the field in the Unruh state on the interior is formally given by

o

G, ) = ﬁ S @+1) /0 (), (5.65)

=0

where we have defined for later convenience

i) 41[<1—|A 100l ) +cott (22) (14 AT olh(0)

_l’_

+ 2csch (
K+

) RLA™ (0 (r ))2}], (5.66)
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and where 0(w— ) is the Heaviside step function. In arriving to Eq. (5.66), we made
use of Eq. (5.20) to express |B3|? in terms of |A'V[%. Of course, we note that the
expression in the coincident limit in Eq. (5.65) with Eq. (5.66) is not well defined,
since neither the sum nor the integral converges. Nonetheless, the expression for

each individual [ and w mode is well defined.

5.2.4 The Hartle-Hawking state on the interior

In this section, we derive the Wightman two-point function in terms of separable
modes on the black hole interior for a massive scalar field in the Hartle-Hawking
state. Following the procedure outlined in Ref. [117], exploiting the regularity of
both the Hartle-Hawking and Unruh propagators across the horizon, we derive the
expression in the following manner. Having obtained an expression for the Unruh
propagator in the interior in terms of separable modes, and knowing expressions
(from the literature) valid in the black hole exterior for both the Unruh and Hartle-
Hawking propagators, the difference between the latter can be trivially extended
across the event horizon in separable coordinates.

Using the expressions for the Unruh propagator on the exterior (5.37), together
with the exterior propagator for the Hartle-Hawking state [3]

G ) =30 [ [ dwcor (ﬂ) ully ()l (o)
p Rt

=0 m=—1

—i—/ dw coth | == u'l (z)ulh *(a) |, (5.67)
0 K+

we obtain the difference between the exterior propagators

Gz, 2') — Gz, 2) Z Z / (coth (‘:—j) - 1) ul (z)u* (2).

=0 m=—1

(5.68)

W 9

Note that this difference is regular at the event horizon and only involves the “in
by

g . Therefore, the Wightman function for the Hartle-Hawking state on the interior

modes, which can be analytically continued into the interior by replacing u®

can then be obtained by analytic continuation across the event horizon as
Gulz,2') = Gy(z,2') + (G (z,2') — G (2, a")) | (5.69)

where Gy(z,2’) is the interior Wightman function in the Unruh state in Eq. (5.62).
Substituting into Eq. (5.69) the mode-sum expressions (5.62) and (5.68), replacing
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u'® by gt using Eq. (5.47) and simplifying yields
Gu(z,2) =

- > dw
2l 1 P - th Bln2 MAt\If \I/H* ’
(4r 2rr’; + lCoS”Y){/“ — €0 (K+>| 1| ()W, (")
/‘X’dw
+
0 w

(e—zwAt + 61wAt|ALl)Il3’2)
<€iwAt + e—iwAtlAup 2

1 — e—2mw/r4
wi ) i «
- 1 _ e2nw/ns l qjgl (T)‘I’EZ(T/)

\1’51(7")‘1’51 ’ (7’/>

+ 2 cos(wAt) csch < ) %{Au?\llgl(r)\lfgl(r’)}] } (5.70)

K+

The expression for the Wightman function for a massive scalar field in the Hartle-

Hawking state in the coincident limit is then formally given by

o0

G, 7) = 4—; S (@+1) /OOO o (r)dw, (5.71)

=0

where
gy = L coth [ T2) (1 — |A™2) @1 (1) 20(w — o)
wl 4(,0 I€+ wl

+ coth (m) (1+ A 3|5, (r)]* + 2csch ( ) R{AMD (@ﬁl(r))Q}] .

(5.72)

R+

The mode-sum expressions obtained in Egs. (5.62) and (5.70) are divergent in the

coincident limit, hence requiring a renormalization prescription.

5.3 The Extended coordinate method inside a black

hole (Lorentzian spacetime)

While in Sec. 5.2 we focused on the specific case of a Reissner-Nordstrom black
hole, in this section, we generalize the analysis and present the extended coordinate
renormalization prescription for computing the renormalized vacuum polarization
inside an arbitrary spherically symmetric black hole, described by the metric in
Eq. (5.1) with generic radial function f(r) (so not necessarily given by Eq. (5.2)).
In the following Sections, we then restrict the application of this method to the
Reissner-Nordstrom case.

One possible approach for extending the renormalization procedure to the in-
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terior is to perform a double Euclideanization procedure, as outlined in Ref. [122].
Within this procedure, one obtains a Riemannian metric in the interior and con-
siders a quantum field in a thermal state at the temperature associated with the
Cauchy horizon of the Lorentzian spacetime. The renormalization prescription in
the interior could then be developed by means of Euclidean techniques for a quan-
tum field in this thermal state. A state subtraction would then be necessary in order
to obtain the results for a scalar field in the Unruh or Hartle-Hawking state.

An alternative and more direct strategy is to develop the renormalization pro-
cedure directly within the Lorentzian framework. The extended coordinate method
is particularly well-suited for this purpose, as it involves point splitting in all direc-
tions except the radial one. In the interior, the Schwarzschild coordinates ¢ and r
exchange their timelike and spacelike roles. Consequently, in the limit " — r, the
spacetime points (¢,7,6,¢) and (', 7,6, ¢’) are spacelike separated. The world func-
tion o(x, ') is positive definite when r = 7’ and the other coordinates are separated.
This ensures that bi-distributions like 1/0(z, ') and log(o(x, 2’)) that appear in the
Hadamard parametrix are only ill-defined at coincidence. As a result, we do not
need an ‘te’ prescription to define the bi-distributions in cases where the points may
be connected by null geodesics. Conveniently, this allows us to develop an analo-
gous renormalization prescription to that of Euclidean zero-temperature states on
the exterior, as presented in Chapter 2.

The work presented in this Chapter takes the second approach and constitutes
the first development of the extended coordinate method directly in Lorentzian
spacetime. The choice of the extended coordinates shall be adapted in the interior

to {s, At, Ar}, with s? defined by
s% = —f(r) At 4+ 2r*(1 — cosy) = | f|At* + 2r*(1 — cos ). (5.73)

Note how this definition for s? generalizes to the interior Lorentzian sector the one
presented in Eq. (2.6) for Euclidean zero-temperature states, with the difference
that 7 is Wick-rotated back to 7 — it. As outlined in Sec. 2.3, expanding the
Hadamard parametrix in Eq. (1.73) in the new set of coordinates, taking Ar = 0

and simplifying yields

/ 1 n a . At2a+2b n__a (p) 2a—2b 2b 9
K(z,2') =g Doy (r)=—g5m5~ +2 D Duy (At
a=0 b=0 a=1 b=1

n—1a—1 ) At2a+2b+2 n-1 a ( 2

+ Z T’ (1) Tg242 + Z )5 A log (62)
a=1 b=0 a=0 b=0
n—1 a

+ 7;(bp) (7.)82a72bAt2b + O(AI’ZTL log AZ’), (574)
a=1 b=0
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where we have used the same notation as Section 2.3 for the Hadamard coefficients
DY) (1) and TPV (7). We note that these coefficients in the Lorentzian manifold
can be readily obtained from the equivalent coefficients in the Riemannian manifold
reported in Appendix A.3, by Wick rotating back (setting 7 — it) expression (2.8)
and including the remaining powers of ¢ into the definition of the Lorentzian coef-
ficients. For instance, for the direct rational terms D& " = (=1)etb DO Fie - yye
report the Lorentzian coefficients in Appendix C.1 for convenience.

Similarly to what we explained in Sec. 2.3, we only need to derive mode-sum rep-
resentations for the rational At20720 /2042 and A¢2a+20+2 /520%2 and the logarithmic
52072 A2 Jog(s2 /%) terms of the expansion. This can be accomplished by employ-
ing mode-sum representations based on the form of the mode-sum for the Wightman
functions in Eqs. (5.62) and (5.70) with the radial points taken together. For the

rational terms,

At2a+2b 0 00 '
—me > (2l +1)Pi(cos) / dwe™ W, (a, blr), (5.75)
1=0 —00

while for the logarithmic terms

At* 52 og(p? At + 1 — cosy) = Z(?l + 1)Pi(cos7y) / dwe 2y i(a,b|r),
1=0 o0
(5.76)
with the new definition of
s |fl]
= . 5.77
=00 (5.77)

Inverting these expressions, we obtain double integral representations for the regu-

larization parameters in the Lorentzian sector

—iwtt2a+2bP
Uoi(a, br) / du / dt—° tw) (5.78)

(712 + 22— W)
o

4— / duP(u )hmi / e (P2 + 1 —u)*dt,  (5.79)
m

a—a 80{ 00

Xt (@, blr) =

where we have renamed At — —t and u = cos~y simply to facilitate comparison. In
fact, comparing these expressions with the corresponding ones in the Riemannian
case, namely Egs. (2.10) and (2.30), it becomes clear that the integrals in the new
expressions are precisely those already computed in Sections 2.3.1 and 2.3.2. The
only difference is that |f| (or —f) now appears instead of f. Hence, the renormal-
ization parameters will retain the same form of the ones presented in Section 2.3,
with the tweak f — |f] (or f — —f).
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Specifically, we report here for convenience the resulting expressions at coinci-
dence for the renormalized vacuum polarization and the two additional mode-sums
for the computation of the RSET

A

wh =(PH)A = hm (Galz,2') — K(z,2'))

7 { S+ [ (o) -4 0) av
n—1 a 2a| £la—b
B i GV
PR

IR PN , Dﬁ))(r) D(r)( ) o 242\y

(5.80)

~ ! 1 *® = n
(@)=l Wl = { / 2L+ 17 (90— k) e

1 a!22a|f|a—b
"fz 0 E ><a—1>w-2}

5—@

Dy oy ol T

T(p) (p) (T(p) (p)) + +

il A VAL VA RV &
7'(1)
+(T“>+ Thr ) Qos(I1/23%) =215 +3)|, (5.81)
ks ' 1 5 A n
(@)% :=[g"" W ge] = 87r2r2{ i Z(Ql + DIl +1) (gwl - kful)> dw
=0
LSS 0 7’2<a—b)(a—2)!22“|f!“""1}
+ -V - -
2 a=2 b=0 ’ F(% - a>/\2a 2
(1) 1) 0
(p) (P) _ D20 . Dy, o D,
g P T~ g~ 2 gy
TH 70 .
TE T +Tio (log (| £1/(2X%)) — 2y + 1) |, (5.82)

where kfﬁ) is defined as in Eq. (2.48), with the regularization parameters Z;(a, b|r)
and J,(a,b|r) defined as in Egs. (2.25) and (2.45), with the difference that f — |f]
(or f — —f) on the interior, and with the Hadamard coefficients of App. C.1. In

arriving at these expressions, we have exploited the w — —w symmetry of kfﬁ) We
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use a to denote, generically, either the Hartle-Hawking or the Unruh state. Asshown
in Appendix A.1, the expression for the renormalized vacuum polarization (5.80)
is independent of A. In fact, there is a A dependence in k:g;) contained in the
terms Z,;(a, b|r) and 7, (a,b|r) that precisely cancels that in the analytic terms in
Eq. (5.80). The renormalized vacuum polarization depends on the renormalization
ambiguity ¢, when p # 0.

In the following Sections, we will apply the renormalization method presented
hereby to compute the renormalized vacuum polarization and stress-energy tensor
on the interior of a Reissner-Nordstrom black hole. However, before presenting
the results for the renormalized vacuum polarization and RSET, we discuss the
numerical implementation of the method in the interior of a Reissner-Nordstrom

black hole in Section 5.4 and analyze its convergence in Section 5.5.

5.4 Numerical considerations

To obtain the results that we present in Section 5.6 (which are not very close to the
Cauchy horizon), we evaluate the expression for the renormalized vacuum polariza-
tion in Eq. (2.49) using a Hadamard parametrix expansion of order n = 3. This
yields a rapidly convergent mode-sum, scaling at large [ as O(I®) for fixed w and
at large w as O(w™?) for fixed [, at least away from the horizons, in agreement with
Eq. (2.58). All that is needed to obtain the modes g,;(r) are the radial solutions
Ol (r) and the exterior reflection coefficients A'F. By introducing,

p=-—+—" (5.83)

e —1_

the solutions @'} (r) to the radial equation (5.6), with the boundary conditions (5.64)

can be recast in terms of a confluent Heun function H as

1 . - .
L (r) = Ee“w’“)(“”)e’“’"* H (a1, az, a3, a4, as;m) , (5.84)

which is a solution to the equation
7](7] - ]->H” (a/17 A9, A3, A4, G5, 77)

+ (as(n — 1) + aun + n(n — L)as)H (a1, az, as, ay, as;n)
+ (CLZTJ - al)H (ala Az, 43, A4, as; /’7) = 07 (585)
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with boundary condition H (aq,as,as, as,as;0) = 1 (so that the expression (5.84)

indeed satisfies the boundary condition (5.64)) and where

ar =l +1) + 2iory —r2(w—0)* +i(w— @) (ry +r_),

ag = 2i0(ry —r_) — (7‘?F — r%)(w — @)27

2iwr?
ag = 11— + )
T+ —T_
2iwr?
ag =1+ )
Ty —T-
as = 2i0(ry —r_). (5.86)

The advantage of employing the Heun form is that the Heun functions which are
regular at 7 = 0 are built in Mathematica and can be computed very efficiently. The
expression in Eq. (5.84) is formally only valid for w? > p?. The equivalent expression
for the modes with w? < p? can be obtained by replacing @ — iQ in Egs. (5.84)
and (5.86).

The exterior reflection coeflicients AZ‘; are obtained from the Wronskian condi-

tion
W (i)in* (i)up
A = —M (5.87)
WP, D]

where W[p1, ¢o] is the Wronskian of two solutions ¢; and ¢,. Specifically,

WIS, &2 = /() (50 820) - BXO 880, 689)
r dr

which is the Wronskian of the numerical modes & := & /B and ®™ .= §"P /B,

Note that the numerical “in” mode &% = ®!. and can be computed via Eq. (5.84)

using the built-in confluent Heun function in Mathematica. The numerical “up”

mode é:fl) is determined by imposing initial conditions at a suitably large radius

using an asymptotic series with leading order [3]

el r — 00, w? > 2,

2 (r) ~ (5.80)

) r — 00, w? < .

Since the Wronskian is a constant, we need only to compute Eq. (5.88) at one radial
point for each [ and w. The most efficient routine is to evaluate it at the outer
boundary where the boundary conditions for ®"(r) are evaluated. This avoids
numerically integrating the ®™(r) modes.

The numerical calculation of the w-integral in expression (2.49) requires the
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computation of the modes for the Wightman function and for the renormalization
counter-terms on a predefined w-grid. The integral is then computed by generating
an interpolating function for the integrand. This interpolation process is a potential
source of significant numerical error. Selecting a suitable w-grid is essential to ensure
that the grid selection has no effect on the results. The expressions kfff) (r) are rapidly
changing functions of w near w = 0 and w = A. Therefore, it is crucial to build an

adaptive w-grid that is particularly fine in these frequency regimes.

5.5 Convergence of the mode-sums

The first test that can be done to verify the precision of the numerical computations
is the study of convergence. One of the features of the extended coordinates method
is that the convergence order of both the w-integral and the [-sum can be increased
by subtracting higher-order terms of the Hadamard parametrix. Focusing on the

mode-sum contribution to Eq. (5.80), namely

L i(Zl +1) /0 " (gwl(r) - kfj}k@) , (5.90)

472
1=0

the large frequency and large [ behavior of g, (r) —k’fﬁ) (r) is dependent on the order of
the expansion n of the Hadamard parametrix according to Eq. (2.58). In Figures 5.5
and 5.6, we show that the numerical results agree with the theoretical predictions
in Eq. (2.58) both for large w and large . For instance, log,, [(wM)3M (g.i(r) —
kfﬁ) (r))] is a straight line with slope 0 for large w, fixed [, and hence this shows that
(WM)3M (g (r) — kg) (r)) ~ 1 for large w, or equivalently, M (g..(r) — kﬁg)(r)) ~
(wM)™3, in agreement with Eq. (2.58). The other curves can be interpreted in an
analogous way. These plots show results only for the massless case, but we have
verified that this behavior holds in the massive case as well.

In the exterior, the behaviour at large frequency and large [ is approximately
uniform in r [52]. In contrast, the radial dependence of the convergence in the
interior is less straightforward. Specifically, in the vicinity of the horizons, the con-
vergence in [ for fixed w is somewhat slower compared with plots away from the
horizons, and it is computationally advantageous to perform the w-integral first.
Indeed, after integrating over w € [0,25] only 5 [-modes are needed to obtain pre-
cision up to the first 4 significant digits. On the other hand, performing the [-sum
first would require an increasing number of [-modes as | f(r)| — 0. Furthermore, for
both massless and massive scalar fields, we find numerically that, to obtain rapidly
convergent mode-sums in the regions very close to the horizons, it is sufficient to

expand the Hadamard parametrix up to the order containing the divergent terms.
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Figure 5.5: Analysis of the convergence of g (r) — kg;) (r) at different orders of
expansion n for fized | and large w. Results obtained with the set of parameters:
uM =0,Q =08M,r=M andl = 2.
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Figure 5.6: Analysis of the convergence of g (r) — k:gll) (r) at different orders of
expansion n for fived w and large l. Results obtained with the set of parameters:
uM =0, Q =08M,r=M and wM = 0.1.
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In the massless case, this amounts to subtracting the parametrix up to order n = 0,
whereas for massive fields we expand the parametrix up to order n = 1. In fact,
although from Eq. (2.58) one should expect, at large frequency, a convergence rate
of w™3 in the massless case when using an n = 0 expansion, and w™> in the massive
case when using an n = 1 expansion, the observed convergence in w in the regions
very close to the horizons is faster than these predictions. Specifically, it is faster
than w2 in the massless case, and faster than w™ in the massive case, with the
convergence rate progressively increasing as the horizon is approached. As stated
above, if the w integral is performed first, only a few [-modes are required to obtain
accurate results.

This careful analysis of the convergence of the mode-sums in the region very
close to the horizon will play a central role in Chapter 6. In fact, we will see that to
understand the behavior of the RVP near the Cauchy horizon, it will be necessary

to compute the RVP as close as “5= = 1072%.

5.6 The renormalized vacuum polarization inside

a Reissner-Nordstrom black hole

The method described in Section 5.3 is general and can be applied to computing
quantum expectation values inside any spherically symmetric black hole with metric
as in Eq. (5.1). In this section, we demonstrate the efficacy of this approach by
computing the renormalized vacuum polarization for massless and massive scalar
fields, as calculated from Eq. (2.49), in the interior of a Reissner-Nordstrom black
hole. The renormalized vacuum polarization is independent of the coupling £ in a
spacetime where the Ricci scalar R = 0, as it is in the Reissner-Nordstrom case.
Therefore, the results presented in this section are valid for any coupling &.

In Fig. 5.7, we compare the renormalized vacuum polarization for a massless
scalar field in the Hartle-Hawking and Unruh states computed with the method
presented in this Chapter against the numerical results obtained in Ref. [119] by
using the pragmatic mode-sum renormalization method developed by Levi and Ori
in [46]. We find agreement up to 2-3 digits of precision between the two methods,
confirming the validity of the methodology we outlined. Additionally, in the Hartle-
Hawking case, the results agree with the closed-form expression on the black hole
event horizon [123]. An interesting aspect is that the renormalized vacuum polariza-
tion appears to have a monotonic behaviour in r» and might naively seem to diverge
for both states as it approaches the inner horizon. However, it was shown by Lanir
et al. in [119] that the renormalized vacuum polarization surprisingly asymptotes

to a finite negative value for both states after some oscillations in the vicinity of the
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Figure 5.7: Results for (@2>ren obtained with the parameters Q = 0.8M, u = 0. The
vertical dashed lines represent the inner (left) and event (right) horizons. The continuous
blue and yellow lines are the interpolated numerical results we obtained for the Hartle-
Hawking and Unruh states respectively. The squares are the numerical results reported
in Ref. [119]. The black solid line refers to the analytical result computed on the black
hole horizon as shown in Ref. [123]. This figure is continued near r— in Fig. 6.1, which
presents the results for (‘i’%ren in the vicinity of the inner horizon.

inner horizon. We verify this behavior in Section 6.3.

Furthermore, having verified the validity of the method, we implemented it to
calculate the renormalized vacuum polarization in the case of a massive scalar field.
We note that the pragmatic mode-sum scheme has not yet been applied to massive
scalar fields. We report the results obtained for a field with mass uM = 1/10 in
the Hartle-Hawking and Unruh states in Fig. 5.8. For a massive field, the renor-
malized vacuum polarization depends on the choice of the arbitrary lengthscale
¢. With the choice ¢ = M, we obtain extrapolated values at the event horizon of
M2(P?)H ~ 0.00043 and M2($?)U ~ 7.8 x 1076 for the Hartle-Hawking and Unruh
state respectively. We compared these results to the event horizon values computed
from the exterior calculation using the methodology detailed in Ref. [3] and found
agreement up to two digits of precision. In Fig. 5.8, it is possible to notice that the
presence of the mass seems to suppress the state dependence in the renormalized
vacuum polarization. Indeed, the two curves corresponding to the Hartle-Hawking
and Unruh states are nearly overlapping. Moreover, we performed a near-Cauchy
horizon analysis to verify the behavior of the vacuum polarization for a massive field

in the limit as r — r_. We report the outcomes of this analysis in Sec. 6.3.
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Figure 5.8: Comparison of results for (2),en obtained with the parameters Q = 0.8M
for a massless and a massive puM = 0.1 field. The vertical dashed lines represent the
inner (left) and event (right) horizons. The results are obtained by setting the arbitrary
lengthscale to £ = M.

5.7 The renormalized stress-energy tensor inside

a Reissner-Nordstrom black hole

With the techniques outlined in section 5.3, we also computed the components of the
renormalized stress-energy tensor inside a Reissner-Nordstrém black hole for mass-
less and massive quantum scalar fields in the Hartle-Hawking and Unruh states.
Notwithstanding the fact that computing the RSET on the interior is the first step
towards solving the semiclassical equations, the RSET itself encodes important phys-
ical information. In this section, we present and discuss the obtained results. We
verified our RSET results by checking that the conservation equation is satisfied to
some desired accuracy.

In Figures 5.9 and 5.10, we compare the interior and exterior results for massless
fields with different couplings for the same RSET components across the event hori-
zon. These figures are obtained by combining the interior results computed in this
work with the exterior results from Ref. [3], calculated using the original version
of the Extended Coordinate Method. Firstly, we note that the components match
smoothly across 7. As expected, all the components of the RSET in the Hartle-
Hawking state are regular on the event horizon. On the other hand, as reported
in Figure 5.10, we show that the (7%,)Y and (77,)Y_ in the Unruh state diverge

ren ren

like f~! at the event horizon, while the angular components (T%)V, = (T%,)V  are

ren ren

regular.
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Figure 5.9: RSET components for a massless field in the Hartle-Hawking state
in the region across the event horizon (represented by the vertical black dashed line)
of a Reissner-Nordstrom black hole (with parameters M =1, Q@ = 0.8). The blue,
yellow, green and red curves correspond to the different values of the coupling & =
{0,1/8,1/6,1/2}. We show from top to bottom (T*,), (T",) and (T?,).
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Figure 5.10: RSET components for a massless field in the Unruh state in the
region across the event horizon (represented by the vertical black dashed line) of
a Reissner-Nordstrém black hole (with parameters M = 1, Q@ = 0.8). The blue,
yellow, green and red curves correspond to the different values of the coupling & =
{0,1/8,1/6,1/2}. We show from top to bottom f(Ttt), f(T’"T) and (T%).
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In Figures 5.11 and 5.12 we present the full interior results for the RSET com-
ponents (Ttt)ren, (Trr)ren, and (T¢¢>ren, with different values of the coupling &, for
massless and massive scalar fields in the Hartle-Hawking and Unruh state respec-
tively. The RSET components presented in these figures have been computed by
setting the arbitrary constant to £ = M. Unlike the renormalized vacuum polariza-
tion, the state dependence appears to be suppressed for both massless and massive
fields. When plotted in the same figure, the curves corresponding to the Hartle-
Hawking and Unruh states are nearly indistinguishable, except in the region near
the event horizon where the (T%,)Y and (T",)%  components of the RSET diverge
as f~!, while the respective components in the Hartle-Hawking state are finite. The
components in the massive case present very similar behavior to those in the mass-
less case and indicate a possible divergence at the Cauchy horizon of all the RSET
components for both quantum states. However, as we will show in Chapter 6,
both the RVP and the RSET exhibit nontrivial behavior as the Cauchy horizon
is approached, and the study of their properties in this region requires a different
treatment. The coupling £ plays a significant role in defining the sign of the various
components. Specifically, in the leftmost region of the plots, all the components
change sign as the coupling increases: (Ttt>ren and (T%)ren change from positive to

negative, while (7", ),enchanges from negative to positive. Moreover, the coupling

also determines whether the components present sign changes when evaluated at

H

different radial points. For instance, the (T%)

component is negative everywhere
in the interior for £ = 1/2 and positive everywhere for £ = 0, while exhibits sign

changes for the values ¢ = 1/8 and £ = 1/6.

5.8 Conclusions

In this Chapter, we outlined a methodology for computing the renormalized vac-
uum polarization of massive scalar fields on the interior of a black hole spacetime
with metric (5.1). We then applied this framework for computing the renormalized
vacuum polarization and stress-energy tensor for massless and massive scalar fields
on the interior region between the two horizons, r, and r_, of a Reissner-Nordstrom
black hole.

In the first part of the Chapter, we presented a derivation for expressing the
Wightman function in the interior for a massive scalar field in the Hartle-Hawking
and Unruh states as mode-sums over the separable modes of the wave equation.
This is a nontrivial task, for which we generalized the method of Lanir et al. [117],
which was originally used to obtain the interior propagators for massless fields. The
resulting mode-sum expressions diverge in the coincident limit, requiring renormal-

ization. Hence, to renormalize the Wightman function at coincidence in the interior
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Figure 5.11: RSET components for massless (solid lines) and massive (dashed
lines) fields in the Hartle- Hawking state inside a Reissner-Nordstrém black hole (with
parameters M = 1, Q = 0.8). The blue, yellow, green and red curves correspond
to the different values of the coupling & = {0,1/8,1/6,1/2}. We show from top to
bottom (T%), (I",) and (T*s). The RSET for the massive field is computed with
the parameter: pM = 0.1.
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Figure 5.12: RSET components for massless (solid lines) and massive (dashed
lines) fields in the Unruh state inside a Reissner-Nordstrém black hole (with param-
eters M = 1, Q = 0.8). The blue, yellow, green and red curves correspond to the
different values of the coupling § = {0,1/8,1/6,1/2}. We show from top to bottom
(T*), (T",) and (T®4). The RSET for the massive field is computed with the pa-
rameter: pM = 0.1.
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of the black hole, in the second part of the Chapter, we generalized the extended
coordinate method to the black hole interior. We showed that a renormalization
prescription valid directly on the Lorentzian manifold can be straightforwardly ob-
tained from the corresponding zero-temperature formalism developed in Chapter 2.
The renormalization method described in this Chapter constitutes the first appli-
cation of the extended coordinate method in Lorentzian spacetime. We emphasise
that this methodology is formally valid inside any spherically symmetric black hole,
described by the metric in Eq. (5.1), requiring only a modification of the relevant
function f(r).

Having solved these challenges, we applied the method for computing the renor-
malized vacuum polarization in the case of a scalar field propagating on the interior
of a Reissner-Nordstrom black hole. Initially, we focused on obtaining results for
massless scalar fields, and we reproduced the results that were obtained in Ref. [119]
by means of the pragmatic mode sum renormalization method. Thereafter, having
verified the method against existing results, we computed the renormalized vacuum
polarization for massive scalar fields inside the black hole. This calculation yielded
results in the vicinity of the event horizon that are in agreement with the values
obtained by performing the computation on the exterior by means of the original
version of the extended coordinate method.

Finally, we obtained the components of the renormalized stress-energy tensor
for different values of the coupling & on the interior region for both massless and
massive scalar fields. To the best of our knowledge, this is the first computation
of the RSET for massive fields on the interior of a Reissner-Nordstrém black hole.
We showed that the massless components match smoothly across the event horizon
with the exterior ones (as computed in Ref. [93]). The RSET components in the
massive case present similar properties to those in the massless case in the region
under consideration.

We note that in this chapter, we purposely left the region in the vicinity of the
Cauchy horizon out of the analysis. Providing a thorough analysis of the properties
of the RVP and the RSET components near the Cauchy horizon will be the purpose
of the next Chapter. As discovered in [119], the renormalized vacuum polarization
of massless fields exhibits nontrivial behavior when computed extremely close to the
Cauchy horizon. Verifying this behavior and extending the analysis to massive fields
and the RSET components required consistent numerical and analytical effort that
goes beyond the scope of the present Chapter and will be analyzed in depth in the

following. For example, we will show that computing the RVP at radial points as

-~ = 1072% was found to be necessary.

close as
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Chapter 6

Quantum effects near the Cauchy

horizon of a Reissner-Nordstrom
black hole

6.1 Introduction

In the previous Chapter, we outlined a methodology for computing the renormal-
ized vacuum polarization and stress-energy tensor inside a Reissner-Nordstrom black
hole, working directly in the Lorentzian manifold. In that Chapter, we presented
results in the interior region except very close to the inner horizon, leaving unan-
swered the question of the asymptotic properties of the various components as the
Cauchy horizon is approached. This Chapter addresses this question.

The importance of obtaining results in the vicinity of the inner horizon, both for
understanding the implications of quantum effects on the fate of the Cauchy horizon
in the context of the Cosmic Censorship hypothesis, together with the surprising
behavior of the renormalized vacuum polarization for massless fields near the Cauchy
horizon observed in Ref. [119], provides the motivation for the analysis presented
in this Chapter. We carry out a detailed investigation of the properties of the
renormalized vacuum polarization and of the renormalized stress-energy tensor in
this region.

In this Chapter, we compute the renormalized vacuum polarization for both
massless and massive scalar fields extraordinarily close to the inner horizon. We
complement the numerical results with an analytical treatment that, in agreement
with the numerical analysis, reveals the presence of a logarithmic divergence in
the RVP at the Cauchy horizon that vanishes in the case of massless fields. In
addition, we derive semi-analytical expressions for the RSET components exactly

on the Cauchy horizon and discuss their physical implications.
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The structure of this Chapter is as follows. In Sec. 6.2, we discuss the numerical
difficulties encountered when computing the RVP and RSET near the Cauchy hori-
zon. In Sec. 6.3, we compute the RVP for massless and massive fields and perform
an analytical analysis to validate the numerical results. In Section 6.4, we derive
semi-analytical expressions for the RSET at the Cauchy horizon, analyze their phys-
ical significance, and evaluate them numerically over a wide range of parameters,
including the mass of the scalar field, its coupling constant, and the black hole

charge. Finally, we conclude the Chapter in Sec. 6.5.

6.2 The numerical challenges for obtaining near-

Cauchy horizon results

To study the behavior of the renormalized vacuum polarization in the vicinity of the
inner horizon, the use of expression (5.84) is not ideal since the boundary conditions
are expressed at the other boundary, namely, at » = r,. Instead we write this

solution of Eq. (5.6) in terms of ®_,(r) and its complex conjugate, where we define

1 . - .
(I);l(r) _ _ez(w—w)(r—rf)e—zme (al’ as, a3, Ay, s; /)7) , (61)
r_
with
-~ r—r_
7=
Ty —T-

ay =114+ 1) + 2i0r. — 12 (w—@)* +i(w—Q)(ry +7_),

g = —2iw(ry —r_) + (r7 —r?)(w — @)%,
B 2iwr?
as =1+ ,

ry —T—

2iwr?

as:=1— ki ,

Ty —T_
as = —2iw(ry —r_). (6.2)

The radial function H is a confluent Heun function, normalized to unity as r — r_,
which we compute numerically with the built-in Heun function in Mathematica.
Equation (6.1) is only valid for the modes with w? > p?. The expression for the
w? < p? modes is found by replacing @ — € in Egs. (6.1) and (6.2). We can
now write the radial solution as a combination of the linearly independent solutions
®,,(r) and @,/ (r),

Cy(r) = Au®y () + Bu®y(r), (6.3)

wl
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where A,,; and B, are the same constants as in Eq. (5.64) and are chosen so that

the boundary condition (5.64) is satisfied. They can be defined explicitly in terms

of Wronskians in the following way:

= T W) 050 o
tw

13l::%w-AwﬁzﬂT)M4¢JTﬂ,@ﬁ*Wﬂ
) r2f(r) Wi (r), &5 (r)]

(6.5)

We will see in Section 6.3.2 that the coefficients A, and B, diverge as 1/w asw — 0

in the case of massive fields, but are finite for massless fields. Since 72 fW[®L,, @]

is constant, we need only to evaluate it at one radial point. We choose to evaluate it

[
2

one singular point are not evaluated close to the other singular point. We computed

at r = since its evaluation is most efficient when the Heun functions regular at
these coefficients, verifying that the Wronskian is constant in r to the working
precision, used throughout, of 100 decimal places. We refer to these as the interior

scattering coefficients; they satisfy an indefinite conservation relation,
|Bu|* — |Aul* = 1. (6.6)

When r is sufficiently close to r_, the solution ®!(r) has the asymptotic behavior
in Eq. (5.64).

We have explained how the modes will be computed; let us turn our attention
to the renormalization counterterms. For the functions ko(;ll) (r), the parameter that
defines the low and large frequency regimes is not w itself but the dimensionless

quantity

_ el

: (6.7)

which appears as the argument of the hypergeometric functions in

7 ) B (27,2>a—1/2 2a—2\/%(_1)a+l
wi(a, blr) = | flatb+1/2 T'(b+1)

. 1 hp+ 1L
x{ma+arm+b+@ﬂg< fatsza+b+3)

{fa+1+3,a—1+31

|w]r P {a+1,a+b+1}
VAT Bavit2,a-1413

w2r2
)
UJ2T2
7))

(6.8)

—T'la+DI'(a+b+1)
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and
Tala,blr) = /@ f|*"(a = b)12°(~1)
y _“i 0 (w2 — \%) (a — k)lk!|w| 2012k
— (a—k =0Tk —a+3)(k+1+ 1)k =D fF
—1)bp2at2 . a+2,b+1 w?r?
—%M)K&—f-l)'b'gﬁjg 3 { }
(—1)bp2att 5 oA {a+3,b+1}) wr?
————T'(a+ 3)['(b+ 3 ) F: 2 2 .
GEE (a4 )10+ 3)F (Aa—1+3a+1+3}] |f]
(6.9)

This distinction is particularly relevant near the Cauchy (or event) horizon, where
|f(r)] = 0 and competes with w in defining the different regimes. The low-frequency
is the dominant contribution near r = r4, and what we mean by low-frequency
becomes smaller as we get closer to the horizons. As a result, adapting the first value
of the w-grid is difficult near the horizons, since this value must become extremely
small and progressively decrease as r — ry. Moreover, the numerical evaluation
of the renormalization counter-terms is challenging at such small frequencies. To
address this issue, near the Cauchy horizon, we perform the low-z part of the integral
for the regularization counter-terms analytically, using a Taylor expansion about
z=0.

Obtaining the renormalization counterterms near the Cauchy horizon is prob-
lematic in the large-z regime too. The most efficient (for the numerical computa-
tion) representations for computing the regularization parameters Z,(a, b, |r) and
Jui(a, b, |r) are given by Egs. (6.8) and (6.9) and involve hypergeometric functions.
However, as previously discussed in Sec. 3.2.3, these expressions encounter prob-
lems of catastrophic cancellation when the variable z becomes sufficiently large.
The catastrophic cancellation happens from the subtraction of two nearly equal
very large terms arising from each term with a hypergeometric function in Eq. (6.8),
for Z,(a,b,|r), and each term with a hypergeometric function in Eq. (6.9), for
Jui(a,b,|r). Thus, when z is particularly large, using the expressions (6.8) and
(6.9) for the numerical computations is impractical. In this regime, we found the
alternative expressions in terms of modified Bessel functions reported in Appendix
A.2 particularly useful (note, once again, that we need to set f — |f| in those ex-
pressions since we are dealing with the interior). Nonetheless, as we will discuss in
Section 6.3, analyzing the behavior of the renormalized vacuum polarization near
the inner horizon requires evaluating this quantity at radial points extremely close
to the inner horizon. This calculation involves computing the regularization pa-

rameters at exceptionally large values of z. For values of z > 3 - 10", even their
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representations in terms of Bessel functions break down due to numerical overflow
errors. The regularization parameters involve products of Bessel functions of the
form 1,(z)K,(z), so for very large-z, we employ the asymptotic expansion for large

argument for the product of modified Bessel functions [60],

N J
1 1)7+1 (2k+1)( 4u—(2k+1))
L(2)K.(2) ~ 9, E 2]+1 H 2(k + 1)

= k=0

+ O(Z’ZN*E’), (6.10)

expanded up to an appropriate order O(z72V=?), with N > 0.

6.3 The renormalized vacuum polarization near

the Cauchy horizon

In this Section, we present numerical and analytical results for the renormalized

vacuum polarization near the Cauchy horizon.

6.3.1 Numerical results

Fig. 6.1 is the continuation of Fig. 5.7 and depicts the near Cauchy-horizon results
for the renormalized vacuum polarization for a massless scalar field in the Hartle-
Hawking and Unruh states. These results agree with Fig. 2 in Ref. [119], where it was
first shown that the renormalized vacuum polarization for a massless scalar field does
not diverge on the Cauchy horizon, but rather approaches a finite negative value.
Specifically, we obtain the extrapolated results at the inner horizon M?2(®2)1  ~
—0.0507 and M2(®?)V. ~ —0.0727, which agree with those reported in Ref. [119] up

to the first two relevant digits of precision. This result for massless fields is extremely

ren

surprising. When considering the graph for the renormalized vacuum polarization
in Fig. 5.7, one may naively assume it will diverge at the Cauchy horizon since that
plot seems to suggest so. Instead, when computed very close to the Cauchy horizon,
the RVP has a turning point and, after some oscillations, asymptotes to a finite
negative value.

Surprisingly, in the massive case, the outcome is rather different. Indeed, as
shown in Fig. 6.2, the vacuum polarization for a massive field in both the Hartle-
Hawking and Unruh states diverges logarithmically as the Cauchy horizon is ap-
proached, suggesting that quantum effects may be more relevant at the inner horizon
in the case of a massive field. In the massive case, all the numerical results presented
in this Chapter are obtained by setting the arbitrary lengthscale to ¢ = M. In Fig-

ure 6.3, we report the results obtained in the vicinity of the inner horizon for the
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Figure 6.1: Results for (82),c, in the Hartle-Hawking (red) and Unruh (blue) states
obtained with the parameters Q = 0.8M, uM = 0 in the vicinity of the inner horizon.

These results range between 107180 < I=27= < 104,

Hartle-Hawking and Unruh states for a wide range of masses of the scalar field. In
the limit as p — 0, the vacuum polarization approaches the massless result. In fact,
it can be shown numerically that the divergence is of the form k(u, Q) log|f|, with
lim, 0 k(p, @) = 0. Again, we see a suppression of the state dependence for larger

in the Hartle-Hawking and Unruh
A very

A
ren

ren

values of mass.
In Fig. 6.4, we present results for ($2)
states for a range of different charges of the black hole. The value of (Ciﬂ>

near the Cauchy horizon is a decreasing function of the charge Q. Moreover, we find

is dominated by the low-frequency [ = 0

A
ren

numerically limg_,pr k(p, @) = 0.
As r — r_, the contribution to ($2)
mode. These features are illustrated in Fig.s 6.5 and 6.6. Fig. 6.5 provides numerical
evidence that the [ = 0 dominates near the Cauchy horizon. Fig. 6.6 depicts the
behavior of g,o(r) as a function of r and w. This Figure shows the increasing

relevance of low-frequency contributions to g,o(r) as r approaches the inner horizon.
In Sec. 6.3.2, we study analytically the behavior of the renormalized vacuum

polarization near the Cauchy horizon.
6.3.2 Analytic derivation of the near-Cauchy horizon be-

haviour
Now, let us consider the behaviour of the renormalized vacuum polarization w*(r)
(®2)2  (as defined in Eq. (5.80)) near the Cauchy horizon. Using the fact that for
@ > 0, we have @ By = w B% and &(1 — |A}|?) = w |B3|* (see Eq. (5.20)), we can
formally write the renormalized vacuum polarization in the coincidence limit 2’ = x
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Figure 6.2: Results for ($2),e, in the Hartle-Hawking (red) and Unruh (blue) states

obtained with the parameters Q = 0.8M, uM = 0.1 in the vicinity of the inner horizon.
These results range between 107180 < % <1071,

M2<@2>ren
0.4} —p= — pM =0.05

0.3
0.2
0.1
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-0.1"

Figure 6.3: Results for (92).en in the Hartle-Hawking (solid lines) and Unruh (dashed
lines) states obtained with the parameter Q@ = 0.8M in the vicinity of the inner horizon
for different values of the mass of the scalar field . These results range between 107200 <

—r_ -1
S <107
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Figure 6.4: Results for (92),e, in the Hartle-Hawking (solid lines) and Unruh (dashed
lines) states obtained with the parameter uM = 0.1 in the vicinity of the inner horizon for

-250 -200 -150 -100

different values of the charge of the black hole Q. These results range between 107140 <
S <1071
and with r — r_ as

wh(r) = we(r) + wi(r) (6.11)

where, setting n = 1 into Eq. (5.80),

we) =g 1) [ {asi -1}

=0

(r) (r)
5 [DS’ )+ 28 PLED L 0 tog11/(6%) ~ 21) |
— 1 . = A> (1)
> _4_71_2 L 2l -+ 1 /’u {gwl (T) — kwl (7")} , (612)
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Figure 6.5: Different I-modes contributions to (®2).en in the Hartle-Hawking state
obtained with the parameter pM = 0.08 in the vicinity of the inner horizon. These results
range between 107290 < % < 10716, This figure shows that the I = 0 mode dominates
as v — r_. The bottom plot is a zoom-in that displays the near-inner horizon behavior of
thel =1 and [ = 2 modes.
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0.00

Figure 6.6: Low frequency behavior of guo(r) as r — r—. This graph was obtained for
the Hartle-Hawking state with the parameters Q@ = 0.8M and pM = 0.08. This figure
shows that the low frequency contribution of g,o(r) is increasingly important as r — r_.

and
< ]' 2 2 * 20w T * — 29w T'x ™Ww
95(r) + = g | (1Al 4 |Butl? 4+ A B ™ + AL Bue™™ ) coth(22)
+ %{AZ’; (Aileziw* + Bf,le_%”* + 2Aw13w1> }csch(%)] ,
1 * 1 * —2iwr s
97 (1) = 5o [ (1Al + Bl + Aut BLe™ ™ 4+ AL Bue ™™ ) coth(22)

+ %{AE‘Z’ (Afjleziw* + B2 e e 4 QAWlel> }csch(ﬁ)] ,

1 * W * — 2w r
90 (r) = 12 o [(|Awl|2 + | Bu|* + Aw B e*™ ™ + A Be? )

Tw W up |2
X (coth(H) + 1+ (coth(72) — 1)[A )

+2 ER{AZE’ (Aile%‘”* + B2 e 2 1 2Awlel) }csch(%)} ) (6.13)

In these expressions, u and v refer to the Hartle-Hawking and Unruh states respec-
tively. In the w < p regime of the frequency spectrum, g5, is identical for the two
states. For massless fields, we can take u here to be an arbitrary inverse length scale.
It is w4 (1) that is renormalized by the Hadamard counterterms since this contains
the high-frequency (or ultra-violet) divergences. Any divergences which might os-
tensibly emerge from the integral in w_ are of the low-frequency (or infra-red) type.

Let us start by analysing the asymptotic behavior of w.(r). We wish to examine
whether there is such an infra-red divergence as r — r_. This is a particularly

subtle limit since the asymptotic form depends on the combination wr, which is
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indeterminate at w = 0, » = r_. And yet it is precisely the limit w — 0, 7 — r_
that we would like to compute since the numerical calculation makes it clear that
the dominant contribution to the first integral as » — r_ is the very low-frequency
modes. To obtain a low-frequency approximation that is valid in the limit » — r_,
we avoid taking any low-frequency approximations in terms that involve a radial
dependence, in other words, we consider low-frequency approximations only of the
scattering coefficients Ay, Bu, ALY

Now the scattering theory on the interior is different from that on the exterior in a
significant way. On the exterior, conservation of energy implies uniform boundedness
of the scattering coefficients AZIZ/ P and BE/ "PFor example, for a massless field we
have |A"|? + |B|2 = 1 and, since the left-hand side is the sum of positive definite
terms adding to unity, they must be bounded. However, the equivalent energy
conservation on the interior is indefinite and is given by Eq. (6.6). The terms on
the left hand side now could, in principle, be unbounded and still their difference
could be bounded. In fact, this is precisely what happens for a massive field in the
limit w — 0. The small frequency expansions of the interior scattering coefficients
are [124, 125]

7
Ay = % + al(o) + al(l) w+ O(w?),

B = —Zwﬁ + 50 45w+ Ow?) (6.14)
where ¢, € R, al(o’l), bl(o’l) € C, ¥ [, and (6.6) implies

30"} = -3{a"},
2, {0V} = —1 — 2, ${a!V} + R{HVY? — R{aV}2. (6.15)

The real number ¢; is related to the Wronskian of zero-frequency solutions of the
radial equation (5.6). It has been proven [124] that ¢, = 0 if and only if the zero-
frequency radial equation admits a solution that is bounded on the entire domain
[r_,7r+]. For the massless field p = 0, the zero-frequency radial equation does
indeed admit a solution bounded on [r_,r,]. Specifically, the Legendre polynomial
P(1—2n) withn = (ry —r)/(ry —r_) is a solution to Eq. (5.6) withw =0, u =0
and is regular in r € [r_,r,] (n € [0,1]). Hence, for a massless field, ¢, = 0 and it
follows that the interior scattering coefficients are bounded as w — 0.

On the other hand, for a massive field p # 0, if a zero-frequency solution to
Eq. (5.6) is regular at one of the singular points r = ry, then it is necessarily
singular at the other [124, 125]. It follows that ¢; # 0 and the scattering coefficients
are unbounded as w — 0. This presents an additional complication since it is

precisely the low-frequency contribution to the Wightman function that we wish to
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We wish to approximate the low-frequency integral
1 — #
<= LS4 ) / duw g5 (r) (6.16)
472 — 0

as r — r_ using the low-frequency expansions of the form (6.14) along with the low-

frequency expansion of the exterior scattering coefficient A"Y. We are in the regime

2 up|2

< p? whence energy conservation gives |ATY

of bound-state modes w
Eq. (5.21)). It can be shown that A} — —1 as w — 0 [116] (see also Appendix C.2)

and imposing the conservation condition we obtain the small frequency expansion

=1 (see

AV =—-1+ Al(l) w+ Al(Q)wQ + O(w?),

wl
R{A"} =0,
R{AV} = 13{4"}. (6.17)

Now to arrive at an appropriate small-frequency expansion of g5,(r), one that is
valid in the asymptotic limit r, — oo, we perform a small frequency expansion of
the functions coth(rw/k,) and csch(rw/k,) in Eq. (6.13), but not of the e«
factors. We keep the e factors unexpanded since the quantity wr, remains not

small in the asymptotic limit r, — oo, even if w — 0. The result is

(WQQZQ + "i2+<cz(0))2) (1 — cos(2w m))

galr) =+ 2m kTl w?
<7r2ql S{a"} + w20 + %{al(o)}%{/ll(l)})) (1 — cos(2w m))
* Ty T2 w
(R} + RGN + 12 ()2 + 6”2 ) gn(20r.)
2T Ky q 2 w
+O@W e, j>0, (6.18)

where we have defined
A = R = R 4+ ¢ S{AY e R, keN, (6.19)

and where Al(k) is the coefficient of w* in Eq. (6.17). The terms we are ignoring
in this expansion are finite after integrating with respect to w and then taking the

limit 7, — oo. Now performing this integral and afterwards considering a large 7,
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expansion, we obtain

" 1
[ dwgilr) ~ g g+ () + Olog(r), 1 oc,
0 FJ+7"_
2

N_(nri—+r_)2 <7r a +/<+( )>10g|f|

+ O(log(log | 1)), r—r_. (6.20)

We also need to compute (see the regularization terms in Eq. (2.49) with n = 1)

< Ly o) 1w, D) | DR
SEEICAY / K )+ 5| DI () + 2+ 2
+ 700 () (log (| f1/(C2p2)) — 27) | (6.21)
where
1 a
KD ) =33 DY (r)Zaa, blr) + Ty () T (0, 0]r). (6.22)

We note that we only need to subtract the minimal terms in the parametrix that
guarantee that we have captured the geometric Hadamard divergences. Since we are
not interested in accelerating the numerical convergence, but rather in the analytical
behavior near the inner horizon, we simply need to guarantee that the renormaliza-
tion counterterms have been subtracted, which necessitates n = 1.

Using the explicit representation of the regularization parameters Z,;(a, b|r) and
J (a, b|r) in terms of modified Bessel functions, we can compute analytically the low
frequency integrals of the regularization parameters in the limit » — r_. This is a
sensitive limit since the arguments of the Bessel functions involve wr/ \/m which

is indeterminate at w = 0, » = r_. Nevertheless, it can be shown that

# 1
/ L1 (0, 0[r)dw ~ —ngm +0Q1), r—r,
0
o
/ Zi(1,0]r)dw ~ ——510 + O(1), r—r_,
0 2\f|
I
/ Zoa(1,1]r)dw ~ 2(5lo+(9( ), r—=r_,
0 2\fl

o
/ T.af0,0]r )~ — L log 1 f 600 + O(1), 7 —s 1. (6.23)
0

We note that there is no contribution at O(1/f) in the integral of Z,,,(1, 1|r). Putting
these details together, we have that for both the Hartle-Hawking and the Unruh
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wo(r) ~ < ) Ni 204+ 1) () log|f], r—r_, (6.24)
1=0
where
) =~ { o (P ) -0 62

We highlight that, by using the integrals in Eq. (C.43), it can be shown that the
same results holds when the Hadamard parametrix is expanded to order n = 2.
In the w > p regime, focusing on the Hartle-Hawking state first, we rearrange

the expression for w (r) as

w2 2wr?
1=0 H

wi (1) N% Z(Ql +1) /OO dw [M (| Au® + | Bul?)

csch(ww//u) (1)
2w T 8%{214 ( wlel)} k ( )
1 Zoo o . 2iwWry > L —21WT

r—r_, (6.26)

where we have taken R{-} outside the last two integrals, and defined for convenience

g (w) = 5572 [coth(mw/ky)Au B, + csch(rw/ky ) AT A2 ]
wr?
1
g (w) = 5572 [coth(mw/ k4 ) ALy B + esch(mw/ky ) AN B2 ] . (6.27)

The first integral is a rapidly convergent integral (since kf.)ll) (r) by definition captures
the ultraviolet behaviour of g/~ (r)) that is independent of 7; let us label this integral

as W,"”. Now the integrals in the remaining terms are of the form

/ 0(w? — p?)ji (w) e " dw, (6.28)
where 0(w? — p?)ji¥(w) are integrable functions over w € R. Indeed, ji*(w) contain
factors such as A, A.; and csch(mw/k ), which decay exponentially as |w| — oo,
while B,; — 1 as |w| — 0o, and hence ji*(w) decay exponentially as |w| — co. By

the Riemann-Lebesgue Lemma, in the limit r, — +o00, these integrals must vanish
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and hence we must have

1
472

d@+WT, o (6.29)

=0

wi(r) ~

which is finite at the inner horizon. The convergence of the [-sum is achieved by
construction with the presence of the renormalization counterterms kfjll) (r_). A
similar analysis shows that w{(r) is also finite at the inner horizon. Hence, for
massive fields, in the limit as » — r_, the renormalized vacuum polarization both in
the Hartle-Hawking and Unruh states is dominated by its low frequency contribution

w(r), which is logarithmically divergent at r_

wA(r) ~we(r) ~log [FI Y (20 + 1) hy(p), T — 1. (6.30)

=0

Let us now evaluate the quantity (1) in the massless limit. As already men-

(0)
1

tioned, ¢ = 0 in this limit. The expression for ¢,’ can be obtained explicitly for

massless fields. In [126], it was shown that

O G et = N o V(s )
0 _

2r r_ ’ T 2r r_ ’ (6:31)
and since ¢; = 0, we have
9 = g® —p© = (—1)”1%, (6.32)
which in turn implies, using Eq. (A.6),
hi(0) = 0. (6.33)

Hence, for a massless field the coefficient of the leading order term in the asymptotic
expansion (6.30) vanishes for all . There is, in principle, also a subleading log(log | f])
divergence as r — r_ coming from the second term in Eq. (6.18), and so this term

has a coefficient proportional to

2 ${a”} + K2V () + 3{a"13{AM}). (6.34)
In the massless limit, al(o) and bl(o) are purely real while al(l) and b;l) are purely
imaginary, a fact easily deduced from the small frequency expansion of Eq. (6.14).
Together with ¢; = 0, this implies that the expression above vanishes and hence there
is no log(log | f|) divergence either. The conclusion here is that the vacuum polar-

ization is regular as r — r_ for massless scalar fields, agreeing with the numerical
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Figure 6.7: In this figure, the coefficient of the logarithmic divergence hy(u) is plotted as
a function of the mass of the scalar field. Note that, for visualization purposes, the | > 1
modes have been multiplied by a factor 10221 This figure also shows that the | = 0
mode provides the dominant contribution to the coefficient of the logarithmic divergence.
The red squares represent the coefficients obtained from the full numerical results by fitting
the function <<i)2>ren near the inner horizon. The small discrepancy with the sum of the
numerically obtained coefficients arises from an uncertainty in the fitting process. The
coefficients are obtained with the parameter Q = 0.8M.

results.
On the other hand, can we deduce anything about the massive case? Explicit

) coefficients are difficult to derive since there are no

formulae for the ¢ and cl(k
known closed form zero-frequency solutions for the radial equation when g # 0. It
is possible to derive analytic approximations for the scattering coefficients in the
low-frequency and high-I regime but it is the low-/ modes that are the dominant
contribution to the coefficient of the logarithm in Eq. (6.30). In Fig. 6.7 we com-
pute the coefficient numerically! showing that the coefficient is nonzero for massive
fields and that it depends on the mass. Additionally, this figure highlights how
the contribution to the coefficient of the logarithmic divergence decreases rapidly
with increasing [-modes. Furthermore, as depicted in Fig. 6.8, the coefficient of the
logarithmic divergence approaches zero as the mass of the scalar field becomes suffi-
ciently large. In Appendix C.2, we show analytically, through asymptotic matching,
that indeed the coefficient vanishes in the large mass regime.

We find it very interesting that the massless and massive field have such different

1To obtain numerically ¢; and cl(o)7 we compute A, B.; and Azll) for a very small value of w

(ie. @M = 10~2°). Then, assuming Eq. (6.14), we can approximate a) ~ R{Agz}, b\” ~ R{By}
and q; ~ ©S{Ag;}. Similarly, assuming Eq. (6.17), we compute Al(l) ~ w. One can verify
the accuracy of this procedure by repeating the calculation for different values of @ and checking

that the resulting coefficients remain unchanged to the required number of significant digits.
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Figure 6.8: In this figure, the coefficient of the logarithmic divergence ho(u) for the
I = 0 mode is plotted as a function of the mass of the scalar field. This plot shows that the
logarithmic divergence disappears in the large mass regime of the scalar field. Additionally,
the magnitude of the coefficient of the logarithmic divergence decreases as the charge of
the black hole tends to the extremal value QQ = M.

behaviour at the Cauchy horizon, and that the regularity of the massless case is
fine-tuned. It would be very interesting to see if there are qualitative differences
in the behaviour of the renormalized stress-energy tensors of massive and massless
scalar fields near the Cauchy horizon, since this is the quantity that sources the

backreaction. This will be the topic of the next Section.

6.4 The RSET on the Cauchy horizon

6.4.1 Analytical results

In this section, we obtain the leading order behaviour of the renormalized stress-
energy tensor on the Cauchy horizon, by analysing the asymptotic behaviour (as
r — r_) of the different terms in the components of the RSET. Putting together all

the expressions presented in Section 5.3, we can write the relevant components of
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the renormalized stress-energy tensor as

(T Vren = —€ wy + ()" + (€ — 1)0Ow + ERYw — 3200
(" e = W — (D) W — 2 ()P — ERw — i

(6~ DWT + (€~ DOWHER W,
(T en = ~Ew g + ()% + (€ — )0 + ERw — o,
Fusdeon = 4 (T — () = 3T e
(Foen = 3 (7w = () + 2 (" e, (6.35)

where w, ()%, (0)?4 and v, are defined in Egs. (5.80), (5.81), (5.82) and (1.70d),

~

respectively. We have here also introduced the semiclassical flux components (T}, )ren
and <Tm>ren, with v and v being the Eddington-Finkelstein coordinates in the interior
defined as in Eq. (5.26). In the Unruh state, the off-diagonal component (17,)  is
nonzero and only involves the “in” modes on the exterior [3]. Therefore, it is easily

analytically continued into the interior and takes the form

o0

~ 1 > w u
<TTt>I”Jen — R Z(Zl —+ ]_) / dw4—7&(1 — COth(WW//{,+))(]_ — |Awll) 2)_ (636)
1=0 K

The asymptotic behavior of w*(r) was previously analysed in Sec. 6.3.2. An
almost identical analysis can be done to obtain the leading order behaviour of (0*)?,,
which involves integrals of the same form as the ones in w*(r). This analysis yields
for both the Hartle-Hawking and Unruh states

log | f|
272

i(% + DI+ Dhy(p), r—r_. (6.37)

=0

(@0*)?4(r) ~

What remains is to obtain the contribution of (w*)%;. Expanding the Hadamard
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parametrix to order n = 2 and focusing first on the Hartle-Hawking state yields

272

(’UNJH)ttO") = ﬁm ;(2[ + 1) /(;oo dw [w COth<7Tw//€+) (’Awl‘2 4 |Bwl|2)

wesch(rw/k u
) B} - k0

1 = : : T - —2iwr
+ W;@l + 1)/0 dw w? R {5} (w)e*™ ™ + ji (w)e >}

1 oo
i ;(21 TR {/M

o0 o0

dw W2jl+ (w>e2iwr* + / dw w?jl— (w)€72iwr* }
I
ol ol Dl T

TE T E T e

1 1
+ 37 | T8+ D+ (T + DY)

()

1 7;1 21y2
+ (T + ) Qom(71/(8%) = 276+ 3)

L o0y
+87rT|f|T°0(T))" r—r,

(6.38)

where we implemented a similar splitting as done in Eq. (6.26) and the functions
ji(w) are defined as in Eq. (6.27). Focusing first on the integrals with w? > z? con-
taining factors of the form e*?“" we can once again apply the Riemann-Lebesgue

lemma. Specifically, these integrals contain now terms of the form

/OO 0(w? — p?) Wi (W) e dw (6.39)
where 0(w? — (%) w?jF(w) are integrable functions over w € R. As before, jif(w)
contain factors such as A,;, A} and csch(nmw/k; ), which decay exponentially as
lw| = oo, while B, — 1 as |w| — oo, and hence w? ji*(w) decay exponentially
as |w| — oco. Hence, we can use the Riemann-Lebesgue lemma to show that these
integrals vanish as r, — oo. The corresponding integrals in the regime where w? < p?
require a different treatment. In this case, we can implement a small frequency
expansion, valid in the asymptotic limit r, — oo, similar to that used to obtain
Eq. (6.18). Specifically, we introduce the expansions (6.17) and (6.14) for A"}, A,
and B, and expand coth(nw/k, ) and csch(nmw/ky) for small w, while keeping the

factors e*™ "™ unexpanded. It then follows that

w? R {57 (w)e*™ ™ + ji (w)e >} = O (w’) (cos(2wr,) + sin(2wr,)), j € N\ {0},
(6.40)
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and hence
lj/ . .
/ dw w? R {5 (W)™ ™ + j; (w)e ™} =0, as 1. — . (6.41)
0
Thus, we have shown that all the integrals involving terms of the form e*?“ vanish

in Eq. (6.38), as . — oo. We next consider the integrals of the renormalization

counterterms and the analytic terms in Eq. (6.38):

o0

1 ©© )
Ky = 2041 / dw [—w? kD (r
2 A2 |f] 10( ) . [ [ (r)]
1 1 pw  p p) T(r)
+ T(p)+D(p)+_ ’T(p)+D(p) 4220 T 22 10
12 | /10 22 ’f|( 11 51 ) 72 TTE T E e
T
+ (7 +ﬁ)<log<|f|/<w2>> 20 8)| 4y ﬂTW DX T
(6.42)
where
2 a 1 a—1
kS () :Z DY) (r)Za(a, blr) + Z T (r)Li(a + 1, br)
a=0 b=0 a=1 b=0
1 a
+ () Tuala,b]r). (6.43)

Working in the limit as » — r_ and focusing on the leading-order divergent terms

in this limit, it can be shown that (we report the details of this calculation in

Appendix C.3):
00 w /{/2
dw [~ K
/0 “ < 272 ) 2472

We note that the quantity K5, being the leading-order contribution at the Cauchy

(20+1) + O(log |f|), r—r_.

(6.44)

horizon of the mode-sum representation of the Hadamard counter-terms, is divergent
since both the frequency integral and the [-sum diverge. These divergences, however,
capture the same behavior present in the mode-sum representation of the Wightman
function, such that Eq. (6.38) is free of both large-frequency and large-I divergences.
Thus, putting everything together, we find at leading order

() (r) NM%U‘I > o (6.45)
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where V" is regular, independent of » and given by

T2 7,,2

o) 2
i :/ o [w coth(rw/k4 )| Aul N WCSCh(WW/K+)%{AZI;(AWIBM)}
0

(6.46)

r2 22| 2407

N weoth(mw/ky) w ] K2

V' can be simplified further by noting that we can perform the renormalization of

the frequency integral in closed form as

* [wcoth(rw/ky) w K%
— = . 6.47
/0 { 2r2 2r2 |  24r2 (647)

The final expression is then

> h A 12 h 2 .2
= dww[“’t (i) Ay SO g gm0} | + 0

0 r- r 24 r?
(6.48)

For the Unruh state, an equivalent analysis can be performed, yielding

< w (|[Aul? + |Bul?
oot [ ast A 41D

0

(1 = coth(mw/ky)) (1 —[AN]?).  (6.49)

Hence, to leading order, for both the Hartle-Hawking and Unruh states we have
1 oo
(@) (r) ~ o S@+DY, o (6.50)
™
1=0

The frequency integrals decay exponentially, since they contain factors such as A,
Al esch(mw/ky) and (1 — coth(rw/k4)), which decay exponentially as |w| — oo,
while B,; — 1 as |w| — oo, thus they converge extremely rapidly. All the [-sums
are convergent by construction of the renormalization procedure and, at the inner
horizon, only a handful of /[-modes are required to obtain accurate results. To

summarize, we have shown that for a massive scalar field

wh(r) ~ O (log|fl), r—r,
(@")'(r) ~O(fIT), 7=,
(@*)?4(r) ~ O (log|f), r—r_,

2
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while in the massless case, since h;(0) = 0, we obtain

wh(r) o ~ O (1), r—r_,

@) ~OUfIT, T

(0*)?(r) ~O0(1), ror_.

n=0

Hence, analysing the expression (6.35) and considering only the terms that con-
tribute to the leading order divergences at the inner horizon for each component of

the renormalized stress-energy tensor, we find

<Ttt>ren ~ ('Lb)tt + %f fw +Efw" + O(log | f]), r—=r_,
Trr>ren ~ _(w>tt + %ff/W/ + O(log | f]), r—=r,
T%) ren ~ ()% + ERGw 4 O(1), "= (6.51)

Introducing the expressions we obtained for w, (), ()%, and Rf we get, to leading

order
. R KA
<Ttt>11}en = _<Tr7">rAen ~ m7 r—=1r_,
(T%)pn ~ L log | ], r—r_, (6.52)

where we have defined the radial independent quantities as

KA :4_71r2 (2041 <yl + 8m2¢ k% hy(u )) (6.53)
=
> (1
L= ( 2+3)+§:—§> ha(). (6.54)

l:O

From these expressions, it is clear that, for both massless and massive scalar fields,
the (Ttt)ren and <T " )ren cOmponents of the renormalized stress-energy tensor diverge
as |f|”' at the inner horizon, while (%), diverges logarithmically for massive
fields and is finite in the case of massless fields. Additionally, using Eq. (6.52) it
can be shown analytically that these components satisfy the conservation equation
at leading order.

Next, we compute the semiclassical fluxes for massive fields in the Hartle-Hawking
state on the inner horizon (we denote the results on the inner horizon with the su-

perscript ~) by introducing Eq. (6.52) into the relevant expressions in Eq. (6.35)
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and find

. . K
(Towren = (Lpp)ren = — (6.55)

We note that, for massless fields, we retrieve the expression in [115]. Rearranging
the expressions appropriately, following [115], the computation of the fluxes for the

Unruh state is most easily computed from the Hartle-Hawking fluxes as

ICH

<Tg/;;>gen :7 + t-7(yy)7 (656)
where we have defined
1 & oy . )
Tom = 53 22+ [ dw (1= coth(ma/r ) (1~ [ALP) (1Aul + )
=0 K -

(6.57)

This shows that the uu and vv-components do not diverge despite tt and rr diverging
in Eq. (6.52) and that they are non-vanishing even in the massless case at the inner
horizon, in agreement with [115].

Finally, transforming the results in Kruskal coordinates near the Cauchy horizon
U=—e-", V =e"", (6.58)

we obtain at the Cauchy horizon

—2Kk_u
_ € —
<TUU>1[}en - I€2 <Tuu>?en7
—2K_v
_ € —
<T\7\7>ﬁen = /{2 <Tvv>?en' (659)

Recalling that x_ < 0, it is clear that if (T,,):, is nonzero, then (T,

exponentially at the inner horizon (where v — 00). These results reflect the ones

Vo, diverges

ren

obtained in [115] for a massless, minimally coupled field. Notably, this divergence

Jren O

is stronger than in the classical scenario, in which one usually finds (7%,

, where p is a positive integer that depends on the type of perturbation

98, 100, 127]. Thus, when written in terms of Kruskal coordinates (T )%, = C/V?,

as V — 0%, with C being a constant that is in general nonzero. In [111], it was shown

Ufpean_v

analytically for quantum scalar fields in RNdS spacetime that, for Hadamard states,

(T,

\7a%
such a divergence should be sufficient to convert the Cauchy horizon into a strong

)4, diverges at the Cauchy horizon as V2. In the same work, it was argued that

singularity. Since we find the same type of divergence in the Reissner-Nordstrom

case, this suggests that quantum effects may restore the strong cosmic censorship
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in the asymptotically flat Reissner-Nordstrém black hole. However, recent work
in RNdS spacetime indicates that, at least for massless or small-mass scalar fields,
correlations of the T(/V component of the stress-energy tensor over macroscopic
distances are non-negligible at the Cauchy horizon, suggesting a breakdown of the
semiclassical Einstein equations [128]. The authors suggest that this may potentially
require a treatment beyond semiclassical gravity that accounts for such correlations

in the backreaction calculation (see, for instance, [129, 130]).

6.4.2 Numerical results

With expressions (6.55) and (6.56) at hand, it is possible to numerically compute the
semiclassical fluxes for both the Hartle-Hawking and Unruh states on the Cauchy
horizon for a wide range of parameters, such as the mass of the scalar field, the
value of its coupling to the gravitational background, and the charge of the black
hole. Specifically, the w-integrals in K" and J(,,) are numerically integrated by
interpolating the integrand on a predefined w-grid on which the coefficients A}, A
and B, have been computed. The coefficient k() is obtained as in Figures 6.7
and 6.8.

In Figure 6.9, we report the semiclassical fluxes on the Cauchy horizon for
both quantum states, considering a minimally coupled field with mass in the range
uM € 10,1/10]. The fluxes in the two states exhibit similar behavior. The numerical
results for a massless field are in agreement with the inner horizon results reported
in Fig. 1 of the Supplemental Material of Ref. [115]. As the mass increases, the
magnitude of the fluxes also increases, within the range of investigation. The rate
of increase is stronger in the Unruh state. Figure 6.10 presents a contour plot of the
(T )1 component in the Hartle-Hawking state as a function of the scalar field mass
and coupling; the corresponding plots for the Unruh state are qualitatively identi-
cal. This Figure shows that there are specific combinations of mass and coupling
for which the fluxes vanish on the inner horizon, though this requires fine-tuning
between the two parameters.

We also produced analogous plots to investigate the dependence of the fluxes
on the black hole charge, with particular focus on the near-extremal regime. Fig-
ures 6.11 and 6.12 show the results for a massive field with uM = 0.1. The first
figure indicates that the semiclassical fluxes take similar values in both quantum
states and vanish in the extremal limit. In addition, comparing Fig. 6.11 with the
corresponding figure for a massless field (see Fig. 1 in Ref. [115]), it can be no-
ticed that the fluxes <Ty_ )ren for a massive field change sign twice. Specifically, for

Q/M Z 0.9925, the fluxes are positive for a massive field while remaining negative

for a massless field. Interestingly, as discussed in [115], the sign of the component
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Figure 6.9: (T;)", (T.)V and (T;;)V at the Cauchy horizon for a minimally coupled
massive scalar field varying the mass of the scalar field p. These results were obtained
with Q = 0.8M and summing l-modes up to | = 5. We expect the results to be accurate to

at least the first 5 relevant digits.

(T3 Vren determines the nature of the tidal deformations experienced by an observer

infalling towards the ingoing section of the inner horizon (as v — +o0). In par-
ticular, the infalling observer will experience rapid contraction if (ij)ren > 0 and
expansion if (T, )ren < 0 [115]. Therefore, our numerical results suggest that intro-
ducing a nonzero mass for the scalar field may change the nature of the discussed
tidal deformations in black holes with values of () close to the extremal limit. The
contour plot in Fig. 6.12 further shows that there exist particular combinations of
parameters for which the fluxes vanish, even in the non-extremal case. As seen from
Eq. (6.59), this is physically significant because a vanishing (Tv;>
the RSET component (T,
case, the classical effects would dominate near the Cauchy horizon. As before, the

A

o flux implies that

YA is free of the 1/V? divergence. As a result, in this
contour plots for the components in the Unruh state are qualitatively identical to
those for the Hartle-Hawking state.

6.5 Conclusions

In this Chapter, we investigated the properties of the Hartle-Hawking and Unruh
states in the region near the Cauchy horizon of a Reissner-Nordstrom black hole by
computing the RVP and RSET.

In Ref. [119], it was first shown that the renormalized vacuum polarization of
massless scalar fields exhibits an unexpected behavior in the vicinity of the inner
horizon. Specifically, after some oscillations, the vacuum polarization for both states
asymptotes to a finite negative value at the inner horizon. This is surprising when

one considers the plot in Fig. 5.7, in which the RVP in both quantum states appears
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Figure 6.10: < w0 at the Cauchy horizon for a massive scalar field varying the mass
uoand tiALe couplmg &. The thick black line highlights the combination of parameters for
which (T,,)" = 0. These results were obtained with Q) = 0.8M and summing l-modes up
tol =25.
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Figure 6.11: (T;,)", (T.)V and (T3;)V at the Cauchy horizon for a minimally coupled
massive scalar field varying the charge of the black hole Q). These results were obtained
with pM = 0.1 and summing l-modes up to |l = 2.
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Figure 6.12: (T;.)" at the Cauchy horizon for a massive scalar field varying the charge
of the black hole Q@ and the coupling £&. The thick black line highlights the parameter
combination for which (I';)" = 0. These results were obtained with uM = 0.1 and
summing [-modes up to | = 2.

to diverge as the inner horizon is approached. In the analysis presented in this
Chapter, we reproduced the numerical results of [119] for massless scalar fields and
found numerical agreement with the corresponding asymptotic values at the inner
horizon. As discussed, this required computing quantum effects extraordinarily close
to the inner horizon and dealing with related numerical challenges.

In addition, motivated by the surprising results obtained in the massless case near
the inner horizon, we performed a similar analysis for massive fields. We emphasize
that, to the best of our knowledge, the extended coordinate method is currently
the only available method for the direct computation of renormalized expectation
values for massive fields. Interestingly, the numerical results suggest that for a
massive scalar field, the vacuum polarization exhibits a logarithmic divergence at
the inner horizon. This divergence comes with a coefficient that depends on the field
mass and on the black hole mass and charge. As the mass of the field decreases or as
the charge of the black hole approaches its extremal value (QQ — M), the coefficient
of the logarithmic divergence decreases.

Furthermore, we carried out an analytical derivation to investigate the behav-
ior of the RVP near the Cauchy horizon. We found that a logarithmic divergence
emerges from the small frequency contribution to the integral of the renormalized
Wightman function. For massless fields, we showed analytically that the coefficients
of the logarithmic divergence and of a sub-leading log(log | f|) term vanish, implying

that the RVP is finite on the inner horizon and thereby confirming the numerical
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results. In the case of massive fields, this coefficient can instead be computed nu-
merically from the low-frequency expansions of the interior and exterior scattering
coefficients. The coefficient is found to be non-zero and in agreement with that ex-
tracted from the full numerical evaluation of the RVP. Another interesting feature
is that the logarithmic divergence appears to be independent of the choice of the
quantum state, potentially hinting at universal properties of the semiclassical effects
at the inner horizon.

These results for the RVP are an example of a cautionary tale on two separate
fronts. First, it is a cautionary tale about extrapolating on the basis of numerical
data. One has to carry out a sophisticated analytical derivation to see the behavior of
the RVP near the inner horizon, a behavior that is not easily deduced or extrapolated
from a blind analysis of the numerics. The second cautionary tale is to assume
that massive scalar fields behave the same as massless ones. Given the technical
advantage of working with massless fields, it is tempting to do calculations in this
context and assume the phenomenology for massive fields is identical. This Chapter
provides a counter-example to that reasoning. This is all the more pertinent given
the only scalar field we know exists - the Higgs boson - is massive.

Having obtained results for the RVP, the next natural question is whether the
RSET components exhibit different properties at the inner horizon depending on the
mass of the quantum field. To address this, we derived semi-analytical expressions
for the RSET at the inner horizon that involve numerically computed mode-sums.
This analysis showed that, at leading order, the energy density and the radial pres-
sure are equal and diverge as 1/|f| for both quantum states and for both massless
and massive fields. The angular pressures are instead found to be logarithmically
divergent for massive fields, while remaining finite in the massless case. In addition,
we showed that the semiclassical fluxes (7% ) and (1) remain finite on the Cauchy
horizon. This result is consistent with [115], where the fluxes were computed for
massless fields. We obtained the semiclassical fluxes numerically in both states over
a wide range of parameters, finding numerical evidence that they vanish in the ex-

tremal limit. Finally, we discussed how a nonzero (T, )2 . when transformed to

ren?’

Kruskal coordinates, gives rise to an exponential divergence at the inner horizon

in the (T,

strong backreaction effects on the background spacetime, potentially acting as the

)o, component, thus suggesting that semiclassical effects may induce
Universe’s agent for Cosmic Censorship [111]. Once again, we find it interesting
that the qualitative properties of the RSET are independent of the quantum state,
as proved for a real scalar field in RNdS in [111], suggesting that these semiclassical
effects may be robust under different physical conditions.

The work presented in this Chapter represents a first step towards the com-

putation of the semiclassical backreaction near the Cauchy horizon of spherically
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symmetric black holes. A perhaps interesting extension of this work would be to
consider charged scalar fields. Recently, the extended coordinate method has been
generalized to charged fields propagating on the exterior of spherically symmetric
black holes [56], and a line of research to extend such methodology to black hole

interiors has been explored during this PhD.
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Chapter 7
Conclusions and outlook

In what follows, we summarize the main contributions and achievements of this
thesis. In Chapter 2, we generalized the extended coordinate implementation of
Hadamard renormalization to the direct computation of the renormalized stress-
energy tensor of a quantum scalar field in the Boulware state in static, spherically
symmetric spacetimes. In the extended coordinate approach, we express the geomet-
rical short-distance divergence encoded in the Hadamard parametrix as mode sums
in the same form as those in the Green’s function, and then perform the renormal-
ization mode-by-mode. We treated the Boulware state as a zero-temperature state
defined on the Euclidean section of the Lorentzian spacetime. This approach allows
the use of Euclidean techniques, which considerably simplify the distributional na-
ture of the singular structure of the Green’s function. In the original formulation
of the extended coordinate method, the additional assumption that the field is in
the Hartle-Hawking state required a periodic identification of the Euclidean time
coordinate modulo the inverse Hawking temperature. This periodic identification
meant that the continuous frequency spectrum in the mode-sum expression for the
Euclidean Green’s function was discretized, leading to a simpler analytical and nu-
merical treatment. For zero-temperature states, this periodic identification is not
possible, and therefore the frequency spectrum remains continuous. As a result, the
regularization parameters that arise when we express the terms in the Hadamard
parametrix as mode-sums are not ordinary functions of w, but generalized functions
that must be carefully treated accordingly. One of the positive consequences of this
generalization of the extended coordinate method is that this treatment naturally
introduces an infrared cutoff in the integrals over w, such that the final results are
independent of the cutoff value. In the AHS approach to renormalization in the
Boulware state, the infrared cutoff was introduced in an ad-hoc way to deal with in-
frared divergences. In our method, it emerges in the derivation of our regularization
parameters.

This generalized extended coordinate method works effectively in any static,
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spherically symmetric spacetime and for arbitrary field mass or gravitational cou-
pling. This makes it possible to compute renormalized quantities in a variety of
spacetimes of interest and over a wide range of field parameters. The extension of
the method to the Boulware state opens the window towards obtaining the renor-
malized stress-energy tensor of scalar fields in previously unexplored situations, par-
ticularly in spacetimes that do not admit a Hartle-Hawking state to serve as a
reference state in the state-subtraction approach, such as extremal black holes or
stellar spacetimes. Furthermore, there is also a computational advantage to a direct
Boulware approach, since the state subtraction scheme requires two sets of modes,
one for the Lorentzian and one for the Euclidean sectors, while the direct approach
only requires the computation of the Euclidean modes.

In Chapter 3, we verified the new method by computing the RSET for a quan-
tum scalar field in the Boulware state on the exterior of a sub-extremal Reissner-
Nordstrom black hole. We compared our results with existing ones obtained with
the state subtraction approach [3] and found good agreement. We then implemented
the renormalization method to compute the RSET for massless and massive fields
on the exterior of an extremal Reissner-Nordstrom black hole. To the best of the
author’s knowledge, these are the first results obtained for a massive field. In ad-
dition, we assessed the regularity of the Boulware state by calculating the energy
density on the horizon as perceived by a freely falling observer. We found numerical
evidence of its regularity for both massless and massive fields.

In Chapter 4, we moved away from the black hole context and considered a static,
spherically symmetric thin shell joining a Minkowski interior to a Schwarzschild
exterior. We considered a quantum scalar field in the Boulware state propagating in
this spacetime. We calculated the renormalized vacuum polarization and the RSET
numerically in the bulk of the spacetime over a wide range of parameters, with
particular focus on the black hole limit. In addition, to investigate their behavior
near the shell, we implemented two independent analytical approximations: a WKB
approximation for the Euclidean modes and a weak-field approximation valid in
the regime of small compactness. The RVP and RSET are divergent on the shell,
but these are Casimir-type divergences associated with the presence of the idealized
sharp boundary. The power and coefficient of the leading-order divergences at the
shell of both RVP and RSET components obtained with the two methods were in
agreement with the numerical results. These results were motivated by the desire to
better understand semiclassical effects in compact stars. Especially interesting is the
role classical energy conditions play in the Buchdahl limit. These energy conditions
are violated quantum mechanically and so that begs the question of how compact
can an object be in the semiclassical theory. This work is still ongoing, and we hope

to report on it soon.
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In Chapter 5, we derived the mode-sum representations for Wightman functions
in the Unruh and Hartle-Hawking states for massive scalar fields on the interior
of a Reissner-Nordstrom black hole. We then generalized the extended coordinate
method to the non-static interior of spherically symmetric black holes, working di-
rectly in the Lorentzian framework. This work represents the first-ever application
of the extended coordinate method in a Lorentzian spacetime. We showed that,
conveniently, the renormalization parameters derived for zero-temperature states on
the exterior are essentially those required for the Hartle-Hawking and Unruh states
on the interior with a trivial modification. Therefore, we numerically obtained the
renormalized vacuum polarization and the RSET for both massless and massive
scalar fields on the interior of a Reissner-Nordstrom black hole. The massless re-
sults agree with previous studies [3, 119], while the massive ones are novel.

Finally, in Chapter 6, we focused on the computation of the RVP and RSET in
the vicinity of the Cauchy horizon of a Reissner-Nordstrém black hole. Specifically,
we first obtained numerical results for the RVP for both massless and massive fields
extraordinarily close to the inner horizon. Interestingly, we found that the RVP
diverges logarithmically at the inner horizon for quantum fields with nonzero mass.
We then derived analytic expressions for the RVP at the Cauchy horizon. We showed
that the coefficient of the logarithmic divergence vanishes analytically in the massless
limit, in agreement with [119], as well as for massive fields in the large-mass limit.
The numerical evaluation of this coefficient reveals that it is, in general, nonzero for
massive fields of relatively small mass. We then obtained semi-analytical leading-
order expressions for the RSET components on the Cauchy horizon. When written
in terms of the Kruskal coordinates regular at the Cauchy horizon, the component
(T o )aen < V72, with V' — 0F. In [111], a similar divergence was obtained in RNdS
spacetime. The authors of that work further suggest that a divergence of this form
could potentially convert the Cauchy horizon into a strong singularity [107], possibly
restoring strong cosmic censorship. The qualitative properties of both the RVP and
RSET results at the inner horizon are found to be independent of the quantum
state. Once again, the massless results at the Cauchy horizon are in agreement
with previous studies [115, 119], while the corresponding massive field results are
presented here for the first time. We then computed the semiclassical fluxes on
the Cauchy horizon numerically over a wide range of scalar field masses, black hole
charges, and couplings £&. We found numerical evidence that the semiclassical fluxes
vanish in the black hole extremal limit for both the Hartle-Hawking and Unruh
states.

The results obtained in Chapter 6 for the renormalized vacuum polarization
near the Cauchy horizon provide us with two different cautionary lessons. First,

they suggest that one should be cautious in extrapolating numerical data to infer
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behavior beyond the domain in which the data were obtained. In the massless case,
by looking at the numerical data in Fig. 5.7, one could have naively deduced that
the renormalized vacuum polarization diverges at the Cauchy horizon. We showed
analytically that this is not the case. The second cautionary lesson we can learn is
that the assumption that massless and massive scalar fields are phenomenologically
the same is perhaps not justified in certain scenarios.

The work presented in this thesis may be extended in several directions. An
interesting way to extend the work presented in Chapters 5 and 6 on the interior
of a Reissner-Nordstrom black hole would be to consider charged scalar fields. A
particularly intriguing question is whether the renormalized scalar condensate for a
massive charged scalar field remains finite or diverges at the Cauchy horizon. Ad-
dressing this would require extending the method discussed in Sec. 5.2 to obtain
the interior propagators for charged scalar fields in the Unruh and Hartle-Hawking
states. It would also require generalizing the interior implementation of the ex-
tended coordinate method to account for the anti-symmetric part of the Hadamard
parametrix that appears when considering charged scalar fields. The treatment of
the antisymmetric contribution was discussed in [56], where the extended coordi-
nate method was generalized to charged scalar fields in the Hartle-Hawking state
on the exterior of static, spherically symmetric black holes. This procedure may
be straightforwardly extended to the interior for computing the renormalized scalar
condensate, the renormalized current, and the RSET.

Of particular interest is also the computation of the backreaction near the Cauchy
horizon of near-extremal Reissner-Nordstrom black holes. In Figure 6.11, we showed
that, in the near extremal regime, the semiclassical fluxes for massive, minimally
coupled, scalar fields exhibit a different sign compared to those obtained in the
massless case [115]. The sign of the (T',) component is regarded as one of the main
drivers of the backreaction near the Cauchy horizon: if positive, the inner horizon
is expected to contract, if negative, it is expected to move outwards [131, 132]. A
proper understanding of the fate of the Cauchy horizon in near-extremal black holes
in the presence of massive quantum scalar fields requires using our results for the
RSET obtained with different masses and couplings to compute the semiclassical
backreaction.

Another avenue that could potentially be explored is whether the results near
the Cauchy horizon would persist for quantum fields with other spins or in different
spacetimes. In the former case, this would require adapting the extended coordinate
renormalization scheme. The latter is, instead, for spherically symmetric spacetimes,
a possible direct application of the generalized extended coordinate approach devel-
oped in this thesis. An interesting avenue would be to study semiclassical backreac-

tion inside a Reissner-Nordstrom-de Sitter black hole. In this setting, the classical
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stability of the Cauchy horizon is parameter dependent [133, 134], potentially chal-
lenging the strong cosmic censorship, especially in near extremal regimes [135, 136].
Therefore, the semiclassical backreaction effects in these contexts are particularly
relevant. Several works [111-114] have been carried out to assess the semiclassical
stability of the Cauchy horizon in RNdS spacetime, suggesting that semiclassical ef-
fects may turn the Cauchy horizon into a strong singularity in the Tipler sense [107].
Klein et al. [113] computed the semiclassical current and stress-energy fluxes on the
Cauchy horizon for a massive charged scalar field in RNdS spacetime. Their results
indicate that a near extremal black hole would be driven away from extremality
due to backreaction effects. We showed in Fig. 6.12, that the coupling ¢ to the
background curvature, which was not considered in [113], plays a significant role
in determining the sign of the semiclassical fluxes in the near extremal regime for
massive neutral fields in Reissner-Nordstrom spacetime. A natural extension of our
work would therefore be to carry out an extensive analysis of the semiclassical fluxes
in the case of an RNdS black hole, considering different couplings and field masses,
and to compute the semiclassical backreaction in this context.

Moreover, a long-term objective would be to generalize the extended coordinate
prescription to the more astrophysically relevant Kerr black hole, to understand
whether the semiclassical effects obtained in spherically symmetric black holes per-
sist beyond spherical symmetry. This extension is challenging for the extended
coordinate method, which currently relies on the numerous symmetries of spheri-
cally symmetric spacetimes. In this regard, five-dimensional equal-angular-momenta
Myers-Perry-AdS black holes [58], which possess additional symmetries, may pro-
vide a useful testing ground for generalizing the extended coordinate method beyond
spherical symmetry. Moreover, the knowledge acquired in Chapter 2 regarding the
careful treatment of the frequency integrals as generalized functions is certainly a
transferable resource for the development of the extended coordinate method in the
Kerr case.

Beyond black holes, the work presented in Chapter 4 for thin shell spacetimes
represents a test case for applying the extended coordinate method to study the
semiclassical effects in compact stars. At the classical level, the Buchdahl limit sets
an upper bound on the compactness of static, spherically symmetric stellar configu-
rations. The method developed in Chapters 2-4 for computing the RSET provides a
powerful tool for exploring the role of the Boulware state in such compact horizon-
less configurations. Of particular importance is whether the RSET violates some
of the assumptions of Buchdahl’s theorem. The computation of the semiclassical
backreaction in these settings could therefore determine whether quantum effects
relax or tighten the classical compactness bound.

Finally, on the computational side, the ultimate goal would be to develop an
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open-source semiclassical toolkit by making the Mathematica Notebooks for com-
puting accurate renormalized expectation values publicly available. This would re-
quire making the Notebooks efficient, accessible, easy to use, and well-documented.
Such a toolkit would provide the semiclassical physics community with a powerful,
user-friendly computational framework that could facilitate in-depth exploration of
the backreaction problem in several contexts and in a relatively straightforward

manner.
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Appendix A

The extended coordinate method

for zero-temperature states

A.1 Cut-off independence

There is a subtle cancellation happening between the terms dependent on A in
Juwi(a,b|r) and the finite terms in Eq. (2.47) which also depend on A. We can
make this cancellation explicit by analyzing the terms in the renormalized vacuum

polarization that contain the cutoff, which we refer to as w:

(1) 00
w — Too (7”) [/ dw 0 (w2 . )\2) ’w’—l +10g(/\2)]

n—1 a _ a
ﬁ 0 fa b22

+23 ab (T)m (a1

/\2(1
(A1)

a!/ dw b (w® = N?) Jw| 727! —

—00

We have separated the T (r) and a > 0 terms in J.;(a, b |r) and used the identity
(2.27) to truncate the [ sum as well as introduced k = 0, only condition for these
terms being nonzero at coincidence. We can show that the renormalized vacuum

polarization is independent on the choice of the cutoff by verifying that

VT = o W) forboze —9a-1 —9a—1
—-— - (=2al\7 2al\™ =0
+ bgzo by (T)F(—a .y (—2a +2a ) ,

(A.2)
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where we made use of

8 2 2
oy (0@ = X)) == (5w + ) +6(w=N)). (A.3)

Similarly, it can be demonstrated that the RSET is also completely independent of
the choice of the cutoff.

A.2 Other representations for direct and tail reg-

ularization parameters

In this appendix, we report different but equivalent representations for the func-
tions Z(a,b|r) and Ju(a,b|r). Above, we have presented the derivation for these
expressions in terms of hypergeometric functions. The alternative representations
below involve the modified Bessel functions I,(z) and K,(z) and the generalized

incomplete gamma function I'(a, zg, 21) = fzzol to e tdt.
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A.3 Hadamard coefficients

Below we list the coefficients szb , Dflz, ’7;b , Tbr) and ’T(p) to 2nd order.

a
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A.4 Numerical and analytical parts of the RSET

~

In this appendix, we give explicit expressions for (Ta5>numerica1 and (T 3) analytical
that arise in the split in Eq. (3.13) of the RSET into a numerical and analytical

part, which are separately conserved. The numerical part is given by

<Taﬂ>numerical = _Waﬂ - (f - %)W;aﬁ + (f - %)DW 5a,3 + f Raﬁwv (AS)
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The analytical part is
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where explicit expressions for the Hadamard coefficients in terms of f are found in
Appendix A.3.

—2j—1

A.5 Regularization of |w| as a generalized func-

tion

In this Appendix, derive the expression in Eq. (2.42) for defining the regularization

|—2j—1

of |w as a generalized function. Let us initially take a test function of compact

support p(w), then the regularized |w|~™>~! can be expressed as
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where 0(z) is the step function and A is an arbitrary inverse length scale. Tt is

convenient to split the integral into three parts
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Introducing the Taylor expansions about w = 0 for ¢(w) and ¢(—w) in the low-
frequency integral and simplifying yields
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We perform the remaining w integrals and combine the resulting sums to obtain
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which can be written as
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Thin shells

B.1 Hadamard coefficients

Below we list the coefficients DE};), DC(LZ), 7-(171)7 T(br) and 7;(bp) to 2nd order.
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+ 2(72 (15€% — 156 +2) f + 7 ((2160&2 — 2640¢ + 401) f” 4 90r(1 — 5&) f&)) f'

+ 102 (5462 — 426 +7) f”2> n?
+2r ' (9 (4(40€ — T)W + 5r(5¢ — 1)R”) — 5r (1088 — 219¢ + 41) K f") h) f?
—2r°Rn? £ (7’ (—2706% 4 570¢ — 107) f'B' + 2h( (540€* — 705¢ + 107) f'

+ 7 (270€% — 570¢ + 107) f”)) [+t (2708 — 930¢ + 179) B® f’4] :
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T = [10(335 —16)r*h* 1 = 2% 12 2 (244 — TEE)r I

1728014 f315
+ 1 (4(T5€ — 44)r f” + 21(30€ — ) f") )

—r%f?h <2(89 — 165872 f2h* + 60p*r*h’ £ + rh f/((420£ —307)rf"H

+ £ (9(20€ — 9)rh + A(330€ — TO)R) )

+ B2 (S(15€ + 8)r2 " + (38 — 480¢) /"

—6rf (3(206 — 9)r f®) + (300¢ — 83) f") ))

+rf? ( — 126" /1" + BB (171 {71 + f' (117rh" + 2(330 — T)W))

+ 40h* (3pPr® f" + f' (30¢ + 3p*r® —5))
— 2rh®(r (360 f"" + I (547 /) + (211 - 6008) "))
— 9 ((80€ — 8) + 1 (1 — 206)1" — rh®)) )

+4h3 ( (= 15u23h + 60¢ — 4)
+9r ((6 — 408) f" + 7 (rf™ + (7 — 20¢) f¥)) ))

+2f* (126r3h’3 +4h® (15rh’ (66 + p*r® — 1) + 420¢ — 76)

+72hh (199 — 1320€)R' — 117rR")
+6rh® ((4 — 60€)h + 3r (rh™ 4 (406 — 6)1")) + 8h® (30€ + 15u°r* — 2)

— 40h* (48¢ + 3p*r* — 8) )] ,
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v 1 ’ /

X ((65 — 1)r?hf? + (66 — L) f (rf'h = 2h (rf" +2f"))
+ 47 ((6¢ = 1)rh’ + B (66 + 3p*r® — 1) + (1 — 6£)h) > ,

Ty = m [(h - 1)((65 — D)r*hf? + (66 = V)rf (rf'h' — 2k (r f" + 2f"))

+ 47 ((66 — 1)rh’ + h* (6€ + 3p*r® — 1) + (1 — 6£)h) )] ,

TP = (rf'+2f(h = 1)) ((6¢ = 1)r*hs"

2884 243
+ (66 = 1)rf (rf'n" —=2h (rf" +2f7)

+ 47 ((66 = 1)rh’ + h* (6€ + 3p*r® — 1) + (1 — 6£)h) )] .

B.2 Weak field approximation

In this Appendix, following the procedure outlined in Ref. [88], we derive the terms
log (;—?) RW and log (;—?) Raﬁ(l) (x), necessary to compute the VP and RSET in
the context of the weak field approximation. Hereafter, we drop the ) superscript
for notational simplicity; all quantities are understood to be linear in M /ry.

The terms involving the Ricci tensor are most easily obtained by considering the
Cartesian components of R,3, which are derived through the tensor transformation

law )
@ 9.7
o 02/ 0x7 s

B oxd OxB 7’

where the Cartesian coordinates are '* = {1, z,y, z}. We then express the Cartesian

(B.1)
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components in terms of spherical coordinates z* = {1, 7,0, ¢}

R =sin?@cos? ¢ R", + cos® 0 cos® ¢ R%, + sin® ¢ R?,.
RY = sin? #sin? ¢ R", 4 cos? O sin ¢ R’ + cos® ¢ R®,,

R% = R% + cos>0(R", — R)),
R = sin?#fsin ¢ cos ¢ R", 4 cos® fsin ¢ cos ¢ R’y — sin ¢ cos ¢R¢¢,

v
R” =sinfcosfcos (R, — RY,),
R"Y =sinfcosfsin (R, — RY,). (B.2)

Introducing the Ricci scalar and tensor into Eq. (4.93) and expressing the integrals
in spherical coordinates, yields representations of the nonlocal operators for which

the integrations can be carried out straightforwardly

— 1 o) ™ 27 Ny
log (7) R=—— dr’ ’r’2/ d#’ sin 9’/ d¢’ ( R(r". 9, ¢')
0 0

27 J, r2 + 12 — 217’ cos 0')3/2
(B.3)
_E 1 00 ™ 2 R/a (T'/ 0/ ¢/)
log [ — | R4 = —— d"2/d9"e’/d' CASL .
©8 ( V2 ) A 27 J, nr 0 i 0 ¢ (r2 + 12 — 217’ cos 0')3/2
(B.4)
Computing the ¢’ integral yields for the Ricci scalar
1 21
» [ aoree.6) =2R, (B.5)
T Jo

and for the diagonal components of the Ricci tensor

1 2T
_/ d¢/ R/:(T/,HI,QS/) — 2RT¢7
0

T

1 2 1 21

_/ d(ﬂ R’Z(r’,@', ¢/> _ _/ dd)/ R/g:{/(r/,e/,gb/) _ RTT + R¢¢ + (RGO o RT?‘) COS2 0/7
T Jo ™ Jo

1 2

- /0 d¢' R= (", 0, ¢') = 2R — 2(R’y — R",) cos ¢ (B.6)

All the off-diagonal components of the Ricci tensor vanish upon integration in ¢/,

because of spherical symmetry. To compute the 6’ integral we change the integration
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variable to u = cos @ and obtain

2 /
1 — - r <,
g1(r) == / du (1% + 1'% — 21" u) 732 = r(r—r >2(T +77) (B.7)
-1 r >,
(' —r)(r+r)
2(r% + 2r'?) )
by 2, .2 /. \—3/2 3r3(r —r')(r+1') =
go(r) := /_lu du (r* + 1" = 2rr'u) = 222 4 1?) . (B.8)
r' >
3r3(r' —r)(r+1r")

Putting together Egs. (B.3)—(B.8), we obtain

|j [e%e)

log( )R——/ dr'r? R g1,
v? 0
-0

log( )R/T _ _/ d?”/ /2RT a1,
2 0

-0 1
lOg ( ) R/x _ _/ dT/ 12 [(Rrr + R¢¢) o + (RGQ . Rrr) 92:| ’
V 2 0

-0 o0
log (—2 ) R? = — / dr'r”? [Rly g1 — (R% — R",) 2] . (B.9)
v 0
Introducing Eqgs. (4.87) and (4.88) into the previous expressions, the radial integrals

are easily computed using the properties of the delta distribution. For instance, for

the Ricci scalar, using Eq. (B.7), we can write

O _ [T 2
1 — _ d/ 125 I
Og< e )R R/o r'r'ed(r ro)r(r—r’)(r—l—r’)

_ [ 2
_ ) o
R/T dr' r"#6(r To)r’(r’ Y g

(B.10)

In the interior of the shell, where r < rg, the first integral vanishes. Conversely,

in the exterior, where r > rg, the second integral vanishes. Hence, we find

- —__2Rr__ , r < T,
log ( ) R={ (o040 ° (B.11)
V

2R3
r(r—ro)(r+ro)’ "> To.

A similar approach can be used to perform the radial integrals of the Ricci tensor
components. The resulting tensor is spherically symmetric and diagonal in Carte-

sian coordinates, log <;ﬁ> "% = diag(a, ¢, ¢, b). In spherical coordinates, it simply

transforms to log ( ) R% = diag(a,b,c,c). The components in spherical coordi-
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nates are then

R" 2 <
— T r <To,
-0 T
log (—V2 ) R, = ) (ro T>g + 7o)’ (B.12)
—7“8 R™. , T >,
r(r—ro)(r+ro)
4,1 2 2r2 4 r2
— - —Re — — =R 0 ) r<r )
log - RT _ 3 07“0 3 T’f’o (7’0—7“)(T+7"0) 0 (B 13)
v? " 4_prd 2_ 12 22407 - '
- -Ry— —-R — r>r
3703 37y (r—ro)(r+mrg)’ 0
2 _ 2r2 4+ 2 2 _ 1
= - =R : - -R' — r < To,
log —0 R 3 g (ro—r)(r+mr) 3 ’ (B.14)
2 o 2R9 rd o2 +2r? 2. - '
— -—Ry— - = r>rp.
379 (r—ro)(r+r19) 3 r3’ 0
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Appendix C

The Reissner-Nordstrom interior

C.1 Hadamard Coefficients on the interior

(p) D(r)

ab ab

7'(1)1)7 7;(,:) and 7;(bp) to second

Below we list the Hadamard coefficients D o

order. Although in Chapters 5 and 6 we adopted the notation for the radial func-
tion |f], in this Appendix, we list the parameters adopting |f| — —f for easier

comparison with the exterior coefficients in Appendix A.3.

Din =2,
pw _ LU =2rf +2f —2)
0 12r? ’
po _ L2 —4f (rf +1) +4f%)
H 2472 ’
Dy = 285{074 (57"2 F2 (2" —2rf' —2) — 8f2 (3r° f& — T2 f 4+ 197 f + 10)

+ (9 f" = 2002 £ + 86r° f2 + dr f' (3r3 f®) — 14r? £ 4 20) + 4) + 76 f3) ,

DY) = SERO éfo - (r4 AP (A2 f = 52r f1 = 40) + 72 f 2 (110 f7 = 307 f* — 30)
r
+ f2(—20r% f" 4+ 134r% % + ' (160r — 441° f") 4 56) + 104 f4> :

FEE2f? —Af (rf' + 1) + 4f?)°

0 _
Dy = , 115274 ’
o -,
P _ CF(Or P brf (nf® = 2f") £ 2f (T2 f" + f +5))
21 72013 ’
D) _ 2% —10rf' +rf (9rf" +4f") —3f% +3
2 72014 ’
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0 _ 6t = (66— 1) (F*f" + drf' +2f —2)
00 1272 ’

T = —48ér4 (ﬂf” ((10£(3¢ — 1) + 1)r® f” — 10(6¢ — 1) (2£ + p*r?))

+ 4(5£(24€ — 5) + 1)r* "
+2rf" (56 — 1)r* f® + 2 (6062 — 5¢ — 1) 72 f” + 40(1 — 6€)& + 104 (1 — 12)r?)
+2rf ((80£(3¢ — 1) + 6)f" + 7 ((206(3¢ +2) = 8) " + 7 ((5 — V) f O + (40¢ = 7) f9)))

— 407¢ (66 + 3% — 1) + 4(10¢(3¢ — 1) + 1)/2 + 2 (15 (26 + p2r%)” - 2) )

o_ [
b 48014

T, (2 (r?f" +2) (1 = 5E)r* f" +10¢ + 5p’r® — 2) + 2(106 — 1)r? f7
—rf ((16 — 80&) f' + 7 ((12 = 80&) " + 7 (rf™ + (6 — 206) f¥)) + 201%))
+ (8 —408) f2 +rf (1 — 108)r* f® + 4 ((3 — 20€)r* " — 30€ +5)) ) :

o _ SO =4Af 0 f + 1) +4f°) (166 (2 —r (rf" +4f) = 2f +2) — 6u°r°)

T = 57674 ;
TP _ (=D ((1—68)Q2—r(rf"+4f)—2f) —6u°r?)

v 14474 ’
L L =2 ) (168 2 o+ ) 2) — 6yr?)

! 14474 :

C.2 Small frequency asymptotics for [=0 in the

large mass regime

In this Appendix, we obtain analytic expressions for interior scattering coefficients
Ao and B, and for the exterior A%, with [ = 0, in the low-frequency and large-
mass regime. We then use these expressions to show that the coefficient of the
logarithmic divergence ho(p) (as defined in Eq. (6.25)) vanishes in the large mass
regime, thereby providing analytical evidence to the numerical results reported in
Fig. 6.8.

Sela [118] obtained analytical expressions for the low-frequency and large-I scat-
tering coefficients in the interior and exterior of a Reissner-Nordstrom black hole,
using matching asymptotics. This analysis was performed for a massless scalar field,
under the assumption that the potential is dominated by the large { = [ + % Such

assumption requires | > wM, 5. At leading order in [, the potential in Eq. (5.9)
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VwO

VwO
>0 0.5/

z S T r

:g os| 06 08 1.0 1.2 1.4 1.6M
20 -1.0
10 1.5
r =2.0
06 08 1.0 1.2 1.4 1.6M -25

(a) Large mass regime, pM = 10. (b) Small mass regime, pM = 0.2.

Figure C.1: FExamples of the potential for the Schrodinger-type equation in the
interior of a charged black hole with M = 1 and @Q = 0.8M. Left: large mass
regime with | = 0, wM = 0.1, and uM = 10. Right: small mass regime with [ = 0,
wM =0.1, and uM = 0.2.

can then be expressed as

Vi (1) ~ %(r —r_)(ry —r). (C.1)

We will employ an analogous treatment to analyse the large mass case for the [ = 0
mode. Specifically, in the large mass regime, we can write the potential (5.9) as
2

Vo(r) ~ 5—2(7« ) (ry — 7). (C.2)

Thus, in the large-mass regime, and for the [ = 0 mode, the potential has no turning
points on the interior (see also Figure C.1a), making the asymptotic matching easier
than in the small-mass case, for which the potential has a non-trivial behavior (see,
for instance, Fig. C.1b).

C.2.1 The interior scattering coefficients

In this section, we follow a similar approach to the one outlined in Ref. [118]. We
divide the black hole interior into three different regions: the two regions near the

horizons and the middle region.

Region A (r — )

Near the event horizon, we expand the potential (5.9) near r = r; (r. — —00) as

Vo~ w2 + 0, (r—r_) =w? + Cy(ry —r_)e 47+e2 ™ r. 5 —0o, (C.3)
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where we have defined

== <l2+l+u2ri+1—r—>. (C.4)
7”_;'_ Ty

Introducing this into Eq. (5.7) yields

2
{ d +w?+ Oy (ry — r)e2”+’"+e2“+"*} YA(r) =0, (C.5)

2
dr?

We need a solution to this equation with the required boundary condition 1% ~

e~ near r,. This can be written in terms of a Bessel function of the first kind as

Crt w/(2r4) c
v N( 4 ) eIl —iw/kg) I iw /ey 27“1 t pr(rere) |

Ty —T_ ry —T-
(C.6)
Now, in the large mass limit and for [ = 0,
L
rr p— ~ T (C.7)
Additionally, we have that
ro—r \"?
et (re=re) ( a ) , T =T (C.8)
T —1r_

Therefore, the solution can be simplified to

Ty —T-

N2
Wiy ~ (pury ) @lr e (1 — W/ Ky ) i/ <2M7”+ ( i > ) : (C.9)

Making use of the following connection formula [60]

—im/2 ) ] ] ]
JV(Z) _ e - [efzyﬂ/QKV (Z 67“1-/2) - 611/71'/2KV (Z em/?” : (ClO)

the expression (C.9) can be transformed into a representation involving the modified

Bessel functions

Yioo(r) ~ py FA(r) +py FA5(r) (C.11)
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where

N o—im/4 — 1/2
F (T’) = TKiw/HJﬁ —22',[1/7’_’_ ( ) s (Cl2)

T+ —Tr_
pr = F(ury )W e WD (L~ iw )k ) e (C.13)
py = (ury )@/ em (1 — iw/ky ) % . (C.14)

Region B (The middle region)

In the middle region, we employ the WKB approximation to define a solution

B (1)~ VT O i ()

w0 ~ |Vw0|1/4 \Vw0|1/4

At leading order in 1, we can write
1
Vieo(r) ~ =(ry —r)(r—r_) (C.16)

where we have neglected w. Under these assumptions, the integral in the exponential

can be computed analytically as

/\/Vwo(r)dr* = py(r), (C.17)

y(r) = —/(ry —r)(r —r_) + retr- arctan (\/(T r—_r)]zi = T_)> . (C18)

Hence, we have

rl/2

(=) = )PP

To obtain the coefficients a4, we shall match the solutions in regions I and II. To

¢50(r) ~ (a+ et y(r) +a_ e—iuy(r)) ) (0'19)

achieve this we will evaluate ¢)3) as r — r, and 12, as r — —oco. Hence, to obtain

B, as r — r, we first take

v~ (55 [g—a = )/] N () T

Ty —7r_

(C.20)
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Introducing this into Eq. (C.19) and simplifying yields

1/2 e
" _ ) g (T
bo(r) ~ ﬁ[(m —r)(ry —r_ )]V <a+ i e inry (=)

(ot g, (=T )2
e e

Additionally, we evaluate 12, as r — —oo. Making use of [60]

7

1/2
Z> e *,  z— o0, (C.22)

Ky (2) ~

and introducing this into equation (C.11)

1 re—r\ Y4
Ao@") ~ -
@ 2 /TIry \ry —7_
’V'Jr—'l"

) r—r \1/2 ) 1/2
% (pjlkemum_(h) +p§‘672l/ﬂ"+<r+—r_> )’ r — —oo. (023)

Matching the two asymptotic forms (C.21) and (C.23), we obtain the coefficients

r., —r_ 1/2 L plry4ro)
o = U,
(ry —r )"

2T+ﬁ

_ p(ryp+r_) A

a_ = (—i)” 2z pi. (C.24)

Region C (r — r_)

In the region near the Cauchy horizon, we can adopt a similar approach to that
used in Region A. Expanding the potential near r_ (r, — o0), we find for the radial
equation (5.7)

d2 —ZK_T KT
{d_rf +w? = C_(ry —r_)e " } C(r)=0, (C.25)
where
C_:—”TZT’ (l2+l—|—,u27’3+1—::—+). (C.26)

~ T (C.27)
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We can write the general solution at leading order in p near r_ as,
oo(r) ~pi FE(r) + py FO* (r) (C.28)

with

o—im/4 r—r 1/2
FC(r) = K i | —2ipr_ < = ) : (C.29)

Ty —T_

The coefficients p{ and p$ are determined by the matching conditions between
regions II and III. We implement a similar approach to that used to match regions

[ and I1. We first take 95, to 7 — r_. Specifically, we need

ym~—(”§“)E—2Q:f;f1—«u—nw—nW@ —

(C.30)
Hence, from Eq. (C.19), we obtain
2 v \1/2
- - RIGTECI Y
w0 (7) ~ m[(m —r ) (r—ro) 7t <a+ (i) = i (75
pry+r) gy (== "2
T a it e () >= r—r_. (C31)

We then make use of Eq. (C.22) and introduce it into Eq. (C.28) to get the asymp-

totic form of ¢S, (r) as r — oo

1 r—r_ \ Y
Co@”) ~ —
@ 2 /TIT_ \Ty —T_

) r—r_ \1/ . r—r_ \1/
y <pge2w—(w)l " e () 2), r oo, (C.32)

Comparing the expressions (C.31) and (C.32) yields

c NG ) a4
Py =2Vmr_ (—i) 2 (ry —r_)i/2
r_ plrg+r_) in/4 w/k4 —iwr : mw/(2k4)
= Lo () T e (Yool T DL — o e 2,
ry
c plrytro) a—
Py =2v/mr_ 2 (ry — )12
_ (ro+r_) . . -
— :_(_1)_;!%6_”#4(” ) e (1 — dw /Ry )™ ) (C.33)
+
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Finally, to obtain the interior reflection and transmission coefficients, we must write

the solution in a form such that
SO(T) ~ Awoeiw* + Bw0€_in*7 Ty — OQ. (034)

This form can be obtained by rewriting Eq. (C.28) in terms of Bessel functions of
the first kind, using again Eq. (C.10),

So(r) ~ Auop(r) + Buo p*(r). (C.35)

with

. . r—r O\ Y2
p(r) = (ur_)_lw/me_zw’“—f‘(l — iw/l@_)J,m/,{_ (2,u7"_ ( 7: ) ) , (C.36)

ry —T_
and
AwO - _T__F (1 — E) lei#(r++7d_)(lu rf)%(NT+>%€_%_%_Z‘W(T++T7)
T+ ,‘i+
ef% + e%@?u(rﬁr—)
X ——5 —,
(e 1) (1+2)
Buo = 7ﬁ—*l“ (1 - ﬁ) zl—ﬂ(r++r—)(ﬂ r_)*é*‘i(u T+)ﬁ67ﬁ—ﬁﬂw(r+ﬂ_)
71+ /ﬂ‘/+
_M+M 3
1 w_ Ty g2u(retro)
I : (C.37)

X 2Tw . .
T rie2)

C.2.2 The exterior reflection coefficient

A similar approach can be adopted to obtain the A} coefficient in the large mass
and small frequency regime. Following, once again, the derivation outlined in [118]

we can write the radial equation in the limit as r — r

d2
{ﬁ +w? = Cy(ry — T_)e_%*”e%”*} > (r,) = 0. (C.38)

We need a solution that exponentially decays at r, — oo and with asymptotic form

e + Ae ™" at r, — —oo. Such solution can be written as

C 4 —iw/(2K4) 2 wry C
S = (e L Yy
re = [ (~iw/ny) R

(C.39)
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Near r,, for [ = 0 and in the large mass regime,

ex —iw/(2K 2™ rT—=Ty 12
Yo (re) = (ury) /o) mKiw/M 2ury ;o T T

ry —T-
(C.40)
Now, comparing with the form e*“" + A%e™™"™ as r, — —o0o one finds
. s Lliw/ky)
AP —2iw /Ky ,2iwry + ) C.41
w0 (ILL T+) € F(-iW//ﬁq.) ( )

Note that in the limit as w — 0, Ay ~ —1 at leading order.

C.2.3 The coefficient of the logarithmic divergence

Expanding the expressions in Egs. (C.37) and (C.41) in a series near w = 0, we
obtain the terms needed for the computation of the coefficient of the logarithmic

divergence for the [ = 0 mode:

(r— —ry) T
b= 27T7“+7’:r o8 <7(r+ + T_)> ’

1
aéo) = T [7? (r3 —r?)sin (%(m + 7:)) + ( — 2r” log(pr_)

— (27 = (- =) (s + 1) + 202 log(ury) ) cos (T (ry +7-)) |,

0 1 T

b(() ) = _27rr+7“_ [7? (Ti + 7“3) sin (7(T+ + 7‘—)) + (27"3 log(pr-)
+ (27 = D)r? +2ror +2r2 log(ury) + (2y — 1)7“1) Ccos <%(r+ + 7‘_)> ],
2ir

A = o (7 2 dog(ury) + (2y = ),

ey’ = R{ag"} — R{BG Y+ S{AG} (C.42)

Introducing these expressions into Eq. (6.25), one can show that the coefficient of
the logarithmic divergence ho(y) is identically zero in the large mass limit. This is

in agreement with the numerical results reported in Fig. 6.8.
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C.3 Near-Cauchy horizon, other expressions

C.3.1 Frequency integrals of the Hadamard renormalization

counterterms

Integrals of the form [ k r)dw asr —r_:

/WWMHWMww—ngQﬂ+O()

o
/11 (1,0]r)dw ——&p+ouy
0 |f|
I
/DIw111|T 2|f|2510+0()
o 2 2
T2, 5 =
J e 00~ i = iz + OO
K 2r 272
Ta(2.1 ~5 ~ 5
/0 (B e = gt O

3r2 r?
, T 2ir)d \fr45“’ o O
m
/tzﬂuwmw~—§mgﬂ@ﬁ+ouy
0
® 1
/ Ju(1,0|r)dw ~ —r? log | f| 610 + §r2_ log |f| 011 + O(1),

2 172
/ T (1, 1r)dw |f’510+3|f|5l1+0< )- (C.43)

C.3.2 Contribution of the Hadamard renormalization coun-

terterms to (w)!

In the following expression, we isolate from Eq. (6.38) the contribution coming from

the Hadamard renormalization counterterms

1 P
=52l 10(21—1-1)/0 dw [—w?k,; (r)]

1 1 pw  p p) T(r)
+ T(p) —{—D( )+ . T(p) +D(p) 4220 T 22 10
47(2 10 22 ’f’( 11 21 ) ’f|2 ’f‘g |f‘4 ‘f‘Q
(1) 7—11 242 1 (1) 2
+ (T + ) Qom(71/(N) = 2954 3)| + g T () W% ra

(C.44)
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where
2 a 1 a-1
kS (r) :Z DY) (r)La(a, blr) + ZZ T (r) i (a + 1, 0]7)
a=0 b=0 a=1 b=0
1 a
+3 3 T ) Fua(a, br). (C.45)

To obtain the leading-order contribution to Eq. (C.44) near the Cauchy horizon,

it is necessary to evaluate the integrals of the form [ w? kfuzl) (r)dw as r —r_:

QQ
|f\/ Z..(0,0]r)dw ~ 52T + O(log | f]),

|ﬂ/w%ﬂm “m+mmw (Note that: DL ~ O(|1])).

e 4%W+Om’

@ .o u@”+w)

e |W%ﬁ0“

\f!/ Z.a(2,2|r) |f|45lo+(9( ),

m/O w? Jun(0,0]r)dw ~ 2>I\f| S0 + lzg ‘Qﬂ +O(1),

’_le’ /OOO w? Tt (1,0]r)dw ~ %5170 - ;}\i — log|[f[di0 + O(1),

o | Tttt do ~ 2B s 0117, (Note thats T ~ 0111,

(C.46)

We note that the integrals above that are formally divergent in the frequency have
been evaluated up to a generic frequency cutoff Q. However, at leading order in |f],
only Z,;(0,0]r) contains divergent frequency contributions. The remaining integrals
do not present divergent frequency contributions at leading order in |f|.
Introducing the results of the integrals (C.46) and the Hadamard coefficients (in
Sec. C.1) into Eq. (C.44), one finds that all analytic contributions diverging as 1/|f|

or faster are exactly canceled by the integral terms. We therefore obtain the simple
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expression

(r)

1 = > D
Ko=— S (20+1)| — / dw W*DET,(0,0[r) + —LL
2 = 17]] ZE_O( ) i 00 Zet (0, 0[7) 2 [7]

+O0(log|f]), r—r_,  (Notethat DI ~ O(|f])). (C.47)

This expression can be further simplified by noting that
WD TO,01r) ~ 5 +O(F), v, (C.48)
re

and

oy
~ — _. 4

Therefore, the contribution of the Hadamard renormalization counterterms to Eq. (6.38),

at leading order in | f|, simplifies to

00 w /432
a K
/0 “ ( zrz) 2472

+ O(log |f|), r—r_.

1 (o)
Ky = E 20+ 1
2 47T2|f‘ ; ( + )

=0

(C.50)
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