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Numerical implementation of Hadamard
renormalization in black hole spacetimes

Lorenzo Pisani

Abstract

Quantum field theory in curved spacetimes provides the foundation of the semi-
classical theory of gravity, which is governed by the semiclassical Einstein equations.
Usually, one attempts to solve these equations perturbatively about a fixed back-
ground solution, whence the quantum correction to the geometry is sourced by the
expectation value of the stress-energy tensor for the quantum field on the classical
background. This quantity is formally divergent, and this divergence can be removed
with the Hadamard renormalization procedure. While conceptually understood for
decades, its practical implementation in black hole spacetimes is notoriously difficult,
with efficient schemes developed only in recent years.

One of the most powerful of such schemes is the extended coordinate method,
whose applicability is however limited to quantum scalar fields in the Hartle-Hawking
state on the exterior of static, spherically symmetric black holes. In this thesis, we
extend this method in several directions and compute renormalized expectation
values in various scenarios of interest.

First, we generalize the method to directly compute the renormalized stress-
energy tensor (RSET) for massive scalar fields in the Boulware state, thereby en-
abling the study of semiclassical effects in spacetimes where the Hartle-Hawking
state does not exist, for example, in extremal black holes. We demonstrate the
accuracy of this method by calculating the RSET in sub-extremal and extremal
Reissner-Nordström spacetimes.

Beyond black holes, we apply the method to compute the renormalized vacuum
polarization (RVP) and RSET outside and inside a thin shell joining a Schwarzschild
exterior to a Minkowski interior. We also derive analytical expressions for their
leading-order divergences at the shell.

Additionally, we extend the method to the interior of spherically symmetric black
holes that possess a Cauchy horizon. We obtain the RVP and RSET in the Hartle-
Hawking and Unruh states inside a Reissner-Nordström black hole and derive their
behavior on the inner horizon analytically.

Finally, we show how these very accurate RSET prescriptions can be used to
compute the semiclassical backreaction in these contexts.
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Preface

Chapter 1 presents a literature review on the quantization of a scalar field in curved

spacetimes and on the Hadamard renormalization. The material in the remaining

Chapters is original.

The material presented in Chapters 2-3-4 is a result of a collaboration of the au-

thor with Julio Arrechea, Cormac Breen, Adrian Ottewill, and the author’s primary

supervisor, Peter Taylor. The material presented in Chapter 5 was developed in

collaboration with Marc Casals, Gabriel Freitas Silva, and Peter Taylor, while the

material presented in Chapter 6 was developed in collaboration with Marc Casals

and Peter Taylor.

A summary of this thesis and of my main contributions follows. In Chapter 2, we

develop a generalization to the extended coordinate method for a direct computation

of the renormalized stress-energy tensor for massive quantum scalar fields in the

Boulware state. While previous calculations of the RSET in the Boulware state

using the extended coordinate method relied on a state-subtraction approach, the

new method allows for a direct calculation. This is essential in spacetimes that do

not admit a Hartle-Hawking state to use as a reference state. I made substantial

contributions to all aspects of this Chapter.

In Chapter 3, we validate the new method by computing the RSET in the Boul-

ware state on the exterior of a sub-extremal Reissner-Nordström spacetime and by

comparing the results against existing ones obtained with the indirect state sub-

traction approach [3]. In addition, we compute the RSET for massless and massive

scalar fields in the Boulware state on the exterior of an extremal Reissner-Nordström

black hole, providing numerical evidence of its regularity at the extremal horizon.

Finally, we make use of the RSET results to compute the semiclassical backreac-

tion in the context of extremal black holes. The near-horizon analytical results

were obtained by Cormac Breen. The backreaction equations were derived by Julio

Arrechea, Cormac Breen, and Peter Taylor.

In Chapter 4, we shift our attention away from black holes to consider a simple

example of a horizonless spacetime: a spherical thin shell joining a Schwarzschild

exterior to a Minkowski interior. We compute the renormalized vacuum polarization

and the RSET in this spacetime over a wide range of parameters. In addition, we

xvi
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employ both a WKB and a weak-field approximation to obtain analytical expressions

for the leading-order divergences of these quantities at the shell. Finally, we make

use of these analytical expressions to compute the semiclassical backreaction on

the shell. The WKB approximation near the surface of the shell was carried out by

Cormac Breen. The backreaction equations were derived by Julio Arrechea, Cormac

Breen, and Peter Taylor.

In Chapter 5, we turn our attention back to black holes, now focusing on their in-

teriors. In particular, we derive, through analytic continuation of the exterior expres-

sions, mode-sum representations for the Wightman functions for massive scalar fields

in the Unruh and Hartle-Hawking states on the interior of a Reissner-Nordström

spacetime. We then show how the extended coordinate method can be applied in

this context and compute the renormalized vacuum polarization and RSET on the

interior for both massless and massive scalar fields. This Chapter marks the first

application of the extended coordinate method directly in the Lorentzian spacetime.

I made substantial contributions to all aspects of this Chapter.

In Chapter 6, we then focus on the region near the Cauchy horizon. We compute

numerical results for the renormalized vacuum polarization for massless and mas-

sive scalar fields and complement these with analytical expressions. In addition, we

obtain semi-analytical expressions for the leading-order RSET components on the

Cauchy horizon and compute them numerically over a wide parameter space, pro-

viding evidence that these quantities diverge there. I made substantial contributions

to all aspects of this Chapter.

Finally, in Chapter 7, we draw some conclusions and provide an outlook.

xvii



Chapter 1

Introduction

1.1 Quantum field theory in curved spacetime

General relativity and quantum field theory are two of the main theoretical frame-

works underlying our understanding of the fundamental nature of reality. Despite

describing physical processes at very different scales, both general relativity and

quantum theory are expected to be important in certain physical scenarios, for in-

stance, when quantum fields propagate on strongly curved backgrounds, such as

black-hole spacetimes. Thus, combining general relativity and quantum mechanics

into a unified theory of quantum gravity is regarded as one of the most important

problems of fundamental physics. While several approaches to quantum gravity have

been proposed (see [4] for a review), the lack of experimental and observational data

makes it challenging to constrain the different proposals. There are, however, robust

low-energy approximations to quantum gravity that are expected to provide useful

insights into the interaction between the quantum theory and general relativity.

One such approximation is the semiclassical approximation underpinned by quan-

tum field theory in curved spacetime, which describes quantum fields propagating

on a classical curved spacetime background. This approximation is considered to be

valid in regimes in which the spacetime curvature is small compared to the Planck

scale.

One of the earliest and most important results of quantum field theory in curved

spacetime was Leonard Parker’s work on particle creation in expanding universes [5–

7], which demonstrated that quantizing a scalar field on a classical curved back-

ground describing an expanding universe can lead to spontaneous particle creation.

Parker’s original Ph.D. thesis was recently reedited in [8]; see also [9] for a his-

torical review. Parker’s studies were particularly influential for Hawking’s famous

discovery of black hole radiation [10]. Motivated by these earlier works, Unruh later

showed that a uniformly accelerated observer in Minkowski spacetime perceives the

1



Chapter 1. Introduction

Minkowski vacuum as filled with a thermal bath of radiation [11]. These important

early results played a central role in shaping the development of the field.

Before discussing the details of quantum field theory in curved spacetimes, it

is necessary to introduce the classical Einstein field equations, which describe the

interaction between the spacetime geometry and the classical matter content,

Gαβ + Λgαβ = 8π T
(cl)
αβ , (1.1)

where gαβ is the metric of spacetime, Λ is the cosmological constant and Gαβ is the

Einstein tensor. The Einstein tensor Gαβ is defined by Gαβ = Rαβ − 1
2
gαβR, where

Rαβ is the Ricci tensor, R is the Ricci scalar and T
(cl)
αβ is the stress-energy tensor of

the classical matter.

In quantum field theory in curved spacetime, the spacetime geometry is treated

classically, while some fields are quantized, and the expectation value of the stress-

energy tensor associated with these quantum fields contributes to the overall stress-

energy that appears as the source term on the right hand side of the so-called

semiclassical Einstein equations. Discussing the semiclassical Einstein equations

requires the technical notions of quantization of a field on curved spacetimes and

renormalization of expectation values on curved spacetimes, which will be the focus

of Sections 1.2-1.5. We will then introduce the semiclassical Einstein equations in

Sec. 1.6.

1.2 Canonical quantization

In this Section, we briefly summarize the canonical quantization formalism. We first

consider the case of a flat Minkowski background and later generalize the formalism

to a curved spacetime. In doing so, we follow standard textbook material [12–16].

1.2.1 Minkoski spacetime

We consider a scalar field Φ(x) = Φ(t,x) in four-dimensional Minkowski spacetime,

where t denotes the time coordinate and x a three-dimensional vector containing

the spatial coordinates, defined by the action

S = −1

2

∫
d4x{ηαβ∂αΦ ∂βΦ + µ2Φ2}. (1.2)

2



Chapter 1. Introduction

In this expression, µ is the field mass, ηαβ is the Minkowski metric and the La-

grangian density is given by

L = −1

2
{ηαβ∂αΦ ∂βΦ + µ2Φ2}. (1.3)

By requiring that

δS
δΦ

= 0, (1.4)

one obtains the Klein-Gordon equation describing the propagation of the scalar field

on a Minkowski background,

(∂α∂α − µ2)Φ = 0. (1.5)

A convenient set of solutions to this equation is

uk(t,x) = Nωk
eik·x−iωkt, (1.6)

where Nωk
is a normalization factor, k is the 3-momentum and the frequency ωk is

defined as

ω2
k = |k|2 + µ2. (1.7)

When ωk > 0, the modes uk are called positive frequency modes with respect to

the time coordinate t, while u∗k are called negative frequency modes. In fact, these

modes are eigenfunctions of the operator ∂/∂t, with ωk > 0,

∂

∂t
uk(t,x) = −iωkuk(t,x),

∂

∂t
u∗k(t,x) = iωku

∗
k(t,x). (1.8)

Given two solutions Φ1 and Φ2 to Eq. (1.5), we define the Klein-Gordon scalar

product as

⟨Φ1,Φ2⟩ = −i
∫
Σt

[Φ1∂tΦ
∗
2 − Φ∗

2∂tΦ1] d
3x, (1.9)

where Σt := {t = constant} is a constant-time hypersurface. The integrand is a

conserved quantity and therefore the value of ⟨Φ1,Φ2⟩ is independent of the choice

of Σt [12]. Introducing Eq. (1.6) into the scalar product (1.9) and requiring the

3



Chapter 1. Introduction

orthornomality condition ⟨uk, u′k⟩ = δ3(k− k′) yields the normalization constant,

Nωk
=

1√
2|ωk|(2π)3

. (1.10)

We also define the canonical conjugate momentum as

π(x) ≡ ∂L
∂(∂tΦ)

= ∂tΦ(x). (1.11)

To quantize the field we promote Φ(x) and π(x) to operators and impose the fol-

lowing equal time commutations relations

[Φ̂(t,x), Φ̂(t,x′)] = 0,

[π̂(t,x), π̂(t,x′)] = 0,

[Φ̂(t,x), π̂(t,x′)] = iδ3(x− x′). (1.12)

The positive frequency uk modes, together with the negative frequency u∗k modes,

form a complete orthonormal basis with respect to the scalar product (1.9). We

then expand Φ̂ as

Φ̂(t,x) =

∫
R3

d3k
(
âkuk(t,x) + â†ku

∗
k(t,x)

)
(1.13)

where âk and â†k are known as the annihilation and creation operator respectively,

defined by

âk = ⟨Φ̂, uk⟩ (1.14a)

â†k = −⟨Φ̂, u∗k⟩. (1.14b)

These operators satisfy the following commutation relations

[âk, âk′ ] = [â†k, â
†
k′ ] = 0, [âk, â

†
k′ ] = δ3(k− k′). (1.15)

The Hilbert space of the quantum field theory is the Fock space

F = C⊕
(

∞⊕
n=1

H(n)

)
, (1.16)

where H is the single-particle Hilbert space and H(n) is the Hilbert space of n-

particle states. We define the vacuum state |0⟩ ∈ F as the state annihilated by all

4



Chapter 1. Introduction

annihilation operators

âk|0⟩ = 0, ∀k. (1.17)

This state contains no particles for all inertial observers. In Minkowski space-

time, the existence of the Poincaré symmetry provides a natural set of modes (see

Eq. (1.13)) and a preferred choice of vacuum state for all inertial observers (see

Eq. (1.17)) that is invariant under the action of the Poincaré group [12]. Note,

however, that a non-inertial observer may still perceive the vacuum in Eq. (1.17) as

containing particles. This is, in fact, the origin of the Unruh effect [11]. We will see

that this notion of a preferred vacuum will break down entirely in curved spacetime.

A one-particle state can be constructed by acting on the vacuum state |0⟩ with
a creation operator â†k

|1k⟩ = â†k|0⟩. (1.18)

This concept is generalized to construct an n-particle state as

|1k1 , 1k2 , ..., 1kn⟩ = â†k1
a†k2

...a†kn
|0⟩. (1.19)

1.2.2 Curved spacetime

Let us assume a C∞ globally hyperbolic fixed background spacetime (M, g) [17],

equipped with a Lorentzian metric gαβ. We introduce a scalar field on this back-

ground by generalizing the action in Eq. (1.2) to curved spacetimes, replacing normal

derivatives with covariant derivatives,

S = −1

2

∫
d4x

√
g
{
gαβ∇αΦ∇βΦ + µ2Φ2 + ξRΦ2

}
, (1.20)

where we define g ≡ |det(gαβ)|, and

L = −1

2

√
g
{
gαβ∇αΦ∇βΦ + µ2Φ2 + ξRΦ2

}
(1.21)

is the Lagrangian density of the field. Note that in Eq. (1.20) we also introduced a

coupling ξ to the gravitational background curvature. Two values of the coupling ξ

are particularly relevant: minimal coupling ξ = 0 and conformal coupling ξ = 1/6.

In the minimally coupled case, the scalar field is not directly coupled to the Ricci

scalar. For conformal coupling, in the massless case, the action and field equation

are invariant under conformal transformations [14].

The Klein-Gordon equation in curved spacetime can be obtained by varying the

5
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action with respect to the scalar field and applying the principle of stationary action

1√
g

δS
δΦ

= (□− µ2 − ξ R)Φ = 0, (1.22)

where □ is the d’Alembertian operator □ ≡ gαβ∇α∇β. Global hyperbolicity ensures

that the Cauchy problem associated with the Klein-Gordon equation is well-posed.

That is, given suitable initial data on a Cauchy surface, the solution to the Klein-

Gordon equation is uniquely determined.

We define the Klein-Gordon scalar product as

⟨Φ1,Φ2⟩ = −i
∫
Σ

[Φ1∇αΦ
∗
2 − Φ∗

2∇αΦ1]n
αdΣ, (1.23)

where the integral is over a Cauchy surface Σ with unit future-directed normal nα.

The value of ⟨Φ1,Φ2⟩ is independent of the choice of Σ [18].

We then assume that a complete set of mode solutions {ui}, where i is a symbolic

placeholder for a set of mode numbers that label a complete set of solutions, that

are orthonormal with respect to the Klein-Gordon product exists such that,

⟨ui, uj⟩ = δij, ⟨u∗i , u∗j⟩ = −δij, ⟨ui, u∗j⟩ = 0. (1.24)

As in Minkowski spacetime, we quantize the field by promoting it to an operator

and expanding the field operator as

Φ̂(x) =
∑
i

(âiui + â†iu
∗
i ), (1.25)

where the symbolic sum over i could involve integrals if any of the mode-numbers is

continuous, and where the annihilation and creation operators âi and â
†
i are defined

by

âi = ⟨Φ̂, ui⟩, (1.26a)

â†i = −⟨Φ̂, u∗i ⟩, (1.26b)

and satisfy the commutation relations

[âi, âj] = [â†i , â
†
j] = 0, [âi, â

†
j] = δij. (1.27)

We can then define the vacuum state |0a⟩ as the state annihilated by all the annihi-

lation operators âi

âi|0a⟩ = 0, ∀ i. (1.28)

6
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We have seen that in Minkowski spacetime, there is a natural set of modes (1.13)

arising from the Poincaré symmetry. This is no longer true in general curved space-

times, due to the absence of Poincaré symmetry in this context. Therefore, we can

expand the field in a different complete set of orthonormal (with respect to the scalar

product (1.23)) modes {vi},

Φ̂(x) =
∑
i

(b̂ivi + b̂†iv
∗
i ), (1.29)

where b̂i and b̂
†
i are the annihilation and creation operators for this new set of modes

and are defined as

b̂i = ⟨Φ̂, vi⟩, (1.30a)

b̂†i = −⟨Φ̂, v∗i ⟩, (1.30b)

with commutation relations

[b̂i, b̂j] = [b̂†i , b̂
†
j] = 0, [b̂i, b̂

†
j] = δij. (1.31)

In addition, a second vacuum state |0b⟩ can be defined as the state annihilated by

all annihilation operators b̂i

b̂i|0b⟩ = 0, ∀ i. (1.32)

It is possible to express the modes {vi} in terms of the modes {ui} (and vice versa),

vi =
∑
j

(αijuj + βiju
∗
j), (1.33)

where αij and βij are known as the Bogoliubov coefficients, obtained from

αij = ⟨vi, uj⟩, βij = −⟨vi, u∗j⟩. (1.34)

Employing the definition of annihilation operators in Eq. (1.30), introducing Eqs. (1.33)

and (1.25) and exploiting the orthonormality of the modes {ui} yields

b̂i = ⟨Φ̂, vi⟩ =
〈∑

k

(âkuk + â†ku
∗
k),
∑
j

(αijuj + βiju
∗
j)
〉

=
∑
j

[
α∗
ij âj − β∗

ij â
†
j

]
. (1.35)

Thus this relation allows us to express the annihilation operators b̂i in terms of the

annihilation and creation operators âi and â†i and the Bogoliubov coefficients αij
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and βij. Evaluating the vacuum state |0a⟩ with the annihilation operator b̂i, making

use of Eq. (1.35), yields

b̂i|0a⟩ = −
∑
j

β∗
ij â

†
j|0a⟩, (1.36)

which is, in general, nonzero.

In addition, it is useful to compute the expectation value of the number operator

N̂i = b̂†i b̂i in different vacuum states. Note that for the vacuum state |0b⟩

⟨0b|N̂i|0b⟩ = 0, (1.37)

meaning that an observer associated with the mode decomposition {vi} detects zero

particles in this vacuum state. On the other hand,

⟨0a|N̂i|0a⟩ =
∑
j

|βji|2. (1.38)

Therefore, the vacuum state |0a⟩ contains particles when described in terms of the

mode basis {vi}. This analysis shows that in curved spacetimes, there is, in gen-

eral, no unique choice of vacuum state and that the notion of particles is observer-

dependent. This is also true in Minkowski spacetime: the vacuum state defined in

Eq. (1.17) contains particles as measured by a uniformly accelerated observer [11].

Different choices of vacuum are relevant for different physical scenarios. For example,

in Section 1.7, we will discuss the three vacuum states most commonly considered

in black hole spacetimes and their physical interpretation.

1.3 Green’s functions

A Green’s function is an inhomogeneous solution of a linear differential equation

sourced by a delta distribution, subject to specified boundary conditions. Green’s

functions provide a powerful method for constructing solutions to partial differen-

tial equations. In quantum field theory, different Green’s functions and two-point

functions can be constructed from vacuum expectation values of various products of

field operators. While Green’s functions satisfy the inhomogeneous equation with

a delta source, some of the two-point functions that we will introduce in this Sec-

tion are solutions to the homogeneous equation. Different two-point functions can

be constructed by imposing different boundary conditions tailored to the physical

problem under consideration. These objects will prove particularly useful in the

context of renormalization. For completeness, we will introduce the most impor-

tant two-point functions of the Klein-Gordon equation, although some will not be

8
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specifically relevant to this thesis.

In this section, we introduce a coordinate system {x0, x1, x2, x3} (not necessarily

globally defined) on the globally hyperbolic spacetime (M, g) and assume that the

coordinate x0 ≡ t is associated with a timelike vector field ∂t, meaning that hyper-

surfaces Σt := {t = constant} are spacelike [13]. We generically refer to x and x′ as

different points in the spacetime.

We first introduce the Schwinger (or Pauli-Jordan) two-point function GS and

the Hadamard two-point function GH, defined respectively by the expectation value

of the commutator and anticommutator of the fields [12]

iGS(x, x
′) = ⟨0|[Φ̂(x), Φ̂(x′)]|0⟩, (1.39)

GH(x, x
′) = ⟨0|{Φ̂(x), Φ̂(x′)}|0⟩, (1.40)

and the Wightman functions

G+(x, x′) = ⟨0|Φ̂(x)Φ̂(x′)|0⟩, (1.41)

G−(x, x′) = ⟨0|Φ̂(x′)Φ̂(x)|0⟩. (1.42)

Despite the conventional notation G(x, x′), the Schwinger, Hadamard, and Wight-

man two-point functions are not Green’s functions, since they satisfy, from Eq. (1.22),

the homogeneous equation (in x and x′), e.g.,

(□x − µ2 − ξ R)G(x, x′) = 0. (1.43)

The Feynman Green’s function is defined as

iGF(x, x
′) = ⟨0|T (Φ̂(x)Φ̂(x′))|0⟩
= Θ(t− t′)G+(x, x′) + Θ(t′ − t)G−(x, x′) (1.44)

where Θ(t− t′) is the Heaviside function and T denotes the time ordering operator

T (Φ̂(x)Φ̂(x′)) =

Φ̂(x)Φ̂(x′), if t > t′,

Φ̂(x′)Φ̂(x), if t′ > t.
(1.45)

In addition, we define the advanced and retarded Green’s functions

Gadv(x, x
′) = Θ(t′ − t)GS(x, x

′), (1.46)

Gret(x, x
′) = −Θ(t− t′)GS(x, x

′). (1.47)

The Feynman, advanced, and retarded Green’s functions are true Green’s functions

9
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in the sense that they satisfy the inhomogeneous equations

(□x − µ2 − ξ R)GF(x, x
′) = − 1√

g
δ4(x− x′), (1.48)

(□x − µ2 − ξ R)Gadv/ret(x, x
′) =

1√
g
δ4(x− x′). (1.49)

1.3.1 Green’s functions in flat spacetime and Wick rotation

It is instructive to consider the Green’s functions in Minkowski spacetime, where

the Green’s function equation simplifies to

(□x − µ2)G(x, x′) = −δ4(x− x′), (1.50)

where now □x = ηαβ∇α∇β. This equation can be solved in momentum space,

making use of the integral representation for the delta function

δ4(x− x′) =
1

(2π)4

∫
R4

eik·(x−x′)−ik0(t−t′)d4k, (1.51)

where k = (k0,k) is the four-momentum. Introducing Eq. (1.51) into Eq. (1.50), we

obtain the following integral representation for the Green’s function

G(x, x′) =
1

(2π)4

∫
R4

eik·(x−x′)−ik0(t−t′)

−(k0)2 + k2 + µ2
d4k. (1.52)

Clearly, the k0 integral has poles when k0 = ±
√
k2 + µ2. As a result, the k0 integral

should be taken along a contour in the complex k0 plane. The various Green’s

functions previously defined are associated with different choices of this contour,

as reported in Fig. 1.1. While the two-point functions that are solutions to the

homogeneous wave equation are associated with closed contours, the actual Green’s

functions satisfying the inhomogeneous equation are represented by open contours.

Note, however, that these open contours should be visualized as closed by infinite

semicircles.

The Feynman Green’s function is of particular relevance as it possesses several

important properties. First, the other two-point functions and Green’s functions

defined in this section can be obtained from the Feynman Green’s function [12].

The contour of the Feynman Green’s function can be equivalently understood to

be taken along the real axis if one introduces an infinitesimal negative imaginary

contribution ‘iϵ’ to the denominator of the integral representation of the Green’s

10
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Re(k0)

Im(k0)

× ×

GS

iG− iG+

iGH

Re(k0)

Im(k0)

× ×
Gret

Gadv

Re(k0)

Im(k0)

× ×GF

Figure 1.1: In this Figure, we report the contours associated with the different
two-point functions. The poles, occurring on the real axis at k0 = ±

√
k2 + µ2, are

represented with crosses.
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function

GF(x, x
′) =

1

(2π)4

∫
R4

eik·(x−x′)−ik0(t−t′)

−(k0)2 + k2 + µ2 − iϵ
d4k. (1.53)

In addition, inspecting the contours in Fig. 1.1, one notices that the Feynman con-

tour is unique in that it is the only contour that admits a Wick rotation. In fact, the

Feynman contour can be rotated by a counterclockwise rigid rotation of 90 degrees

without intersecting the poles so that the integral runs along the imaginary axis. We

can generalize the Wick rotation to curved (static) spacetimes by adopting t→ −iτ
and

GF(t,x; t
′,x′) = −i GE(iτ,x; iτ

′,x′), (1.54)

instead of rotating frequency contours [19]. GE is the Euclidean Green’s function

which satisfies the equation

(□E
x − µ2 − ξ R)GE(x, x

′) = − 1√
g
δ4(x− x′), (1.55)

where □E
x is the elliptic Euclidean differential operator. The advantage of working

with the Euclidean Green’s function is that, for a sufficiently regular boundary and

under appropriate boundary conditions, the elliptic operator has a unique, well-

defined inverse [12]. As a result, the Klein-Gordon equation admits a unique solu-

tion. In addition, we will discuss in the next Section that the distributional nature

of the singularity structure of the Euclidean Green’s function is simpler than that

of the Feynman Green’s function.

1.4 Hadamard construction of the Green’s func-

tion and Hadamard parametrices

In the coincident limit x′ → x, the Green’s functions introduced in Sec. 1.3 are

ill-defined and divergent, as they involve squares of operator-valued distributions.

This divergence only depends on the local geometry of the spacetime and on the

field parameters. As discussed in the previous section, the Feynman Green’s function

plays a central role in quantum field theory. Therefore, in what follows, we focus

on analyzing the singularity structure of this particular Green’s function, recalling

that all the other Green’s functions can be readily constructed from it. For two

spacetime points x and x′ within a normal neighborhood (meaning that x and x′

must be connected by a unique geodesic), the divergence structure is encoded in

the universal Hadamard form of the Feynman Green’s function [20], which in four
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dimensions is

GF(x, x
′) = lim

ϵ→0+

i

8π2

{
∆1/2(x, x′)

σϵ(x, x′)
+ V (x, x′) log

(
2σϵ(x, x

′)

ℓ2

)
+W (x, x′)

}
.

(1.56)

In this expression, σϵ(x, x
′) = σ(x, x′) + iϵ, where σ(x, x′) is Synge’s world function,

measuring half the square of the geodesic distance between x and x′ [21]. This

function satisfies the equation

2σ = σ;ασ
;α, (1.57)

where we adopt the notation σ;α ≡ ∇ασ, when x ̸= x′. The world function σ is

negative, positive, or zero whenever the points x and x′ are, respectively, timelike-,

spacelike-, or null- separated. The ‘iϵ’ prescription is introduced so that Eq. (1.56)

is a well-defined distribution even when the spacetime points are null-separated, i.e.,

when σ(x, x′) = 0. Other Green’s functions or two-point functions possess different

‘iϵ’ prescriptions. The biscalars ∆1/2(x, x′), V (x, x′) and W (x, x′) are symmetric

and regular in the coincidence limit x′ → x. Moreover, ∆1/2(x, x′), V (x, x′) only

depend on the local geometry and the field parameters, and do not carry any global

information, such as the details of the quantum state. The global information is

instead fully encoded in W (x, x′). The parameter ℓ is an arbitrary lengthscale

required to make the argument of the logarithm dimensionless and is associated

with the renormalization ambiguity.1

The biscalar ∆(x, x′) is known as the Van Vleck-Morette determinant [22]

∆(x, x′) ≡ −g−1/2(x)det(−σ;αβ′)g−1/2(x′) (1.58)

and is related to the world function via the transport equation

2σ;α∇α∆
1/2 = (4−□xσ)∆

1/2, (1.59)

with initial condition

lim
x′→x

∆(x, x′) = 1. (1.60)

The Van Vleck Morrette determinant ∆(x, x′) contains information about whether

neighboring geodesics in a geodesic congruence are converging or diverging. In

Minkowski spacetime, geodesics are straight lines and ∆(x, x) = 1. The biscalar

V (x, x′) contains information about waves scattering off the spacetime curvature.

1Throughout this thesis, unless explicitly stated otherwise, the notation log denotes the natural
logarithm ln.
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Chapter 1. Introduction

Introducing the Hadamard representation (1.56) into Eq. (1.48) with x ̸= x′, it

can be shown that the biscalars V (x, x′) and W (x, x′) satisfy the equations [23]

(□x − µ2 − ξ2R)V (x, x′) = 0, (1.61)

and

σ(□x − µ2 − ξR)W =− (□x − µ2 − ξR)∆1/2

− 2V − 2V;ασ
;α + 2V∆−1/2∆1/2

;α σ
;α. (1.62)

The biscalars V (x, x′) and W (x, x′) are normally expanded using the Hadamard

ansätz

V (x, x′) =
∞∑
p=0

Vp(x, x
′) σp,

W (x, x′) =
∞∑
p=0

Wp(x, x
′) σp, (1.63)

in order to construct series solutions to the equations (1.61) and (1.62) yielding a

recursive set of transport equations for Vp and Wp [24, 25]

(p+ 1)(2p+ 4)Vp+1 + 2(p+ 1)σ;α∇αVp+1 − 2(p+ 1)Vp+1∆
− 1

2σ;α∇α∆
1
2

+ (□x − µ2 − ξ R)Vp = 0, (1.64)

(p+ 1)(2p+ 4)Wp+1 + 2(p+ 1)Wp+1;ασ
;α − 2(p+ 1)Wp+1∆

−1/2∆1/2
;α σ

;α

+ (4p+ 6)Vp+1 + 2Vp+1;ασ
;α − 2Vp+1∆

−1/2∆1/2
;α σ

;α + (□x − µ2 − ξR)Wp = 0,

(1.65)

together with the boundary condition for V0

2V0 + 2σ;α∇αV0 − 2V0∆
− 1

2σ;α∇α∆
1
2 + (□x − µ2 − ξ R)∆

1
2 = 0. (1.66)

The biscalars ∆1/2(x, x′) and V (x, x′) can be determined by solving equations (1.59)

and (1.64), with boundary conditions (1.60) and (1.66), as covariant Taylor series

by introducing [23, 25, 26]

∆1/2(x, x′) = u(x) +
∞∑
k=1

1

k!
uα1...αk

(x)σ;α1(x, x′)..σ;αk(x, x′), (1.67a)

Vp(x, x
′) = vp(x) +

∞∑
k=1

1

k!
vpα1...αk

(x)σ;α1(x, x′)..σ;αk(x, x′). (1.67b)

14
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When the metric is analytic in a neighborhood of x ∈ M, there always is a suf-

ficiently small neighborhood of x in which these series converge. Since we are ul-

timately interested in taking the coincident limit, it is sufficient for the domain of

convergence to be small. Additionally, in practice, we truncate the series and only

make use of the first few coefficients. Equating the terms in the resulting equations

at each order of σ yields the coefficients of these expansions. While the coefficients

for the first few orders of ∆1/2 can be found in [23, 25], it is particularly relevant to

report here the explicit expressions for the first couple of orders of V . Expanding V

as

V = V0 + V1 σ +O(σ3/2), (1.68)

introducing the covariant Taylor expansions for V0 and V1 at the required orders

V0 = v0 − v0α σ
;α +

1

2!
v0αβ σ

;ασ;β +O(σ3/2), (1.69a)

V1 = v1 +O(σ1/2), (1.69b)

and substituting into the relevant equations yields the following coefficients [23, 25]

v0 =
1
2

[(
ξ − 1

6

)
R + µ2

]
, (1.70a)

v0α = 1
2
v0;α = 1

4

(
ξ − 1

6

)
R;α, (1.70b)

v0αβ = − 1
180
RγδϵαR

γδϵ
β − 1

180
RαγβδR

γδ + 1
90
RαγR

γ
β − 1

120
□Rαβ

+
(
1
6
ξ − 1

40

)
R;αβ +

1
12

(
ξ − 1

6

)
RRαβ +

1
12
µ2Rαβ. (1.70c)

v1 =
1

720
RαβγδR

αβγδ − 1
720
RαβR

αβ − 1
24
(ξ − 1

5
)□R

+ 1
8
(ξ − 1

6
)2R2 + 1

4
µ2(ξ − 1

6
)R + 1

8
µ4. (1.70d)

Clearly, in the coincident limit, one has

lim
x′→x

V (x, x′) = v0. (1.71)

Interestingly, v0 vanishes for massless scalar fields propagating in spacetimes in which

the Ricci scalar R = 0. As a result, in this case, the Feynman Green’s function is

free of logarithmic divergences, as follows from Eq. (1.56) with V (x, x) = 0.

We have seen that the biscalars ∆1/2(x, x′) and V (x, x′) are uniquely determined

by the local Hadamard expansion. On the other hand, the equations introduced

above do not uniquely determine W . In fact, the equations do not fix the boundary

conditions for W0. This reflects the global nature of the biscalar W (x, x′), which

depends on the quantum state under consideration. Another way of expressing this

is that the indeterminate nature of W0 reflects the failure of the local Hadamard

expansion to capture global information.
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We note that the state-independent terms are singular in the coincidence limit,

and this singular structure is geometrical and completely independent of global

boundary conditions that the Green’s function might satisfy. The state-independent

component of Eq. (1.72) is known as the Hadamard parametrix

K(x, x′) = lim
ϵ→0+

i

8π2

{
∆1/2(x, x′)

σϵ(x, x′)
+ V (x, x′) log

(
2σϵ(x, x

′)

ℓ2

)}
, (1.72)

which satisfies the wave equation with a smooth source and, as we will discuss in

the next Section, will play a central role in the renormalization procedure. The

terms involving ∆1/2/σϵ and V log σϵ on the right-hand side of Eq. (1.72) are usually

referred to as, respectively, the direct and tail parts of the Hadamard form. In-

specting Eq. (1.61) also clarifies the origin of the renormalization ambiguity ℓ. This

ambiguity arises because V (x, x′) is a solution to the homogeneous wave equation,

so that arbitrary multiples of V (x, x′) can be added to Eq. (1.72) while it remains

a parametrix for the wave operator.

Finally, although we focused our discussion on the Hadamard form and parametrix

of the Feynman Green’s function, we introduce the Hadamard parametrix for the

Euclidean Green’s function

K(x, x′) =
1

8π2

{
∆1/2(x, x′)

σ(x, x′)
+ V (x, x′) log

(
2σ(x, x′)

ℓ2

)}
. (1.73)

Note that in the Euclidean version of the Hadamard parametrix, the ‘iϵ’ prescription

is not required, since there is no light cone in a Riemannian manifold. In addition,

in the Euclidean case, the parametrix in Eq. (1.73) is actually known as the DeWitt

parametrix. In this thesis, however, for simplicity, we use the term Hadamard

parametrix for both the Lorentzian and Euclidean version of the parametrix, as is

commonly done in the literature. We will see that this significantly simplifies the

construction of a renormalization prescription in black hole spacetimes.

The treatment outlined in this Section is not generically valid for any quantum

state. We therefore introduce the concept of a Hadamard state. A Hadamard state

is a quantum state whose Wightman function possesses a short-distance singularity

structure of the Hadamard form:

G+(x, x′) = lim
ϵ→0+

1

8π2

{
∆1/2(x, x′)

σϵ(x, x′)
+ V (x, x′) log

(
2σϵ(x, x

′)

ℓ2

)
+W (x, x′)

}
,

(1.74)

equipped with the ‘iϵ’ prescription σϵ(x, x
′) = σ(x, x′) + iϵ(t − t′) + ϵ2. Hadamard

states are widely considered as the physically acceptable quantum states [14]. Through-

out this thesis, we restrict our analysis to Hadamard states.
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1.5 The renormalized stress-energy tensor

As discussed in Section 1.1, the fundamental quantity of interest for the purpose of

solving the semiclassical Einstein equations is the expectation value of the stress-

energy tensor operator of a quantum field, which encodes the energy-momentum

density of the quantum field.

In the classical theory, the stress-energy tensor of a massive scalar field satisfying

the Klein-Gordon equation (1.22) is defined by the variation of the action (1.20) with

respect to the metric

Tαβ :=
2√
g

δS
δgαβ

=(1− 2ξ)∇αΦ∇βΦ + (2ξ − 1
2
)gαβ∇γΦ∇γΦ− 2ξ Φ∇α∇βΦ

+ 2ξ gαβΦ∇γ∇γΦ + ξGαβΦ
2 − µ2

2
gαβΦ

2. (1.75)

This tensor satisfies the conservation relation, namely its divergence vanishes∇αT
αβ =

0 by virtue of the twice-contracted Bianchi identities, when Φ satisfies the equation

of motion (1.22).

If the quantum fields were promoted to operator-valued distributions, as they are

in the quantum theory, then the classical expression would be ill-defined, involving

terms that are quadratic in an operator-valued distribution evaluated at the same

spacetime point. Christensen [27] introduced a covariant point-splitting prescription

to circumvent this problem. Following this prescription, the expectation value of

the stress-energy tensor operator is defined as the coincident limit of a differential

operator acting on the Feynman Green’s function

⟨A|T̂αβ|A⟩ := −i lim
x′→x

τ̂αβ GA(x, x
′), (1.76)

where GA(x, x
′) is the Feynman Green’s function for a quantum field in a Hadamard

state |A⟩. Of course, this naive definition for the expectation value of the stress-

energy tensor is still ill-defined when one actually takes the coincident point limit

and hence needs to be renormalized before one computes such limit. The Feyn-

man Green’s function GA(x, x
′) possesses a short-distance structure of the universal

Hadamard form

GA(x, x
′) = lim

ϵ→0+

i

8π2

{
∆1/2(x, x′)

σϵ(x, x′)
+ V (x, x′) log

(
2σϵ(x, x

′)

ℓ2

)
+WA(x, x

′)

}
,

(1.77)
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and τ̂αβ is the differential operator

τ̂αβ = (1− 2ξ) gβ′
β ∇α∇β′

+

(
2ξ − 1

2

)
gαβ gγγ′ ∇γ∇γ′ − 2ξ∇α∇β + 2ξ gαβ ∇γ∇γ

+ ξ

(
Rαβ − 1

2
gαβR

)
− 1

2
µ2gαβ, (1.78)

where gβ′β is the bivector of parallel transport, defined by the differential equation

σ;γgβ′β ;γ = 0, subject to the boundary condition limx′→x gβ′β = δββ′ [22, 23, 28].

Note, once again, that the information about the quantum state is fully encoded

in the biscalar WA(x, x
′), while the other terms in Eq. (1.77) are state independent

and identical for all Hadamard states.

Provided that we do not take the coincident limit in Eq. (1.76), the expression

on the right-hand side is well-defined and regular. However, in the coincident limit,

the expression diverges and requires renormalization. In Minkowski spacetime, this

divergence can be removed by renormalizing the zero-point energy by an infinite

amount. This is done through a normal ordering procedure and is acceptable because

only energy differences are physically observable [12]. This argument is no longer

valid in gravitational physics, where the energy density itself acts as a source of

gravity. A different renormalization prescription is therefore required.

To renormalize the stress-energy tensor in curved spacetimes, we implement the

Hadamard renormalization prescription on the point-split stress-energy tensor. This

prescription was originally proposed by Adler, Lieberman, and Ng [29, 30], subse-

quently corrected by Wald [31] and further developed by Brown and Ottewill [23, 24].

This approach consists of subtracting the Hadamard parametrix from the Feynman

Green’s function, thus obtaining a quantity that is regular in the coincident limit.

This prescription allows us to define what is known as the renormalized vacuum

polarization for the field Φ̂(x) in the state |A⟩ as

⟨A|Φ̂2|A⟩ren := −i lim
x′→x

{GA(x, x
′)−K(x, x′)} =

1

8π2
lim
x′→x

WA(x, x
′) (1.79)

where K(x, x′) is the Hadamard parametrix defined in Eq. (1.72). A similar proce-

dure yields an expression for the stress-energy tensor operator that is finite in the

coincident limit

⟨A|T̂αβ|A⟩finite = −i lim
x′→x

{τ̂αβ (GA(x, x
′)−K(x, x′))} =

1

8π2
lim
x′→x

τ̂αβWA(x, x
′).

(1.80)

This expression, however, is not conserved and therefore violates one of Wald’s

axioms for a physically meaningful stress-energy tensor [31, 32]. A conserved renor-
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malized stress-energy tensor can then be defined as [23]

⟨A|T̂αβ|A⟩ren : = −i lim
x′→x

{τ̂αβ (GA(x, x
′)−K(x, x′))}+ v1gαβ

4π2

=
1

8π2

(
lim
x′→x

τ̂αβWA(x, x
′) + 2v1gαβ

)
. (1.81)

where v1 is defined in Eq. (1.70d). The addition of the v1 term in the definition of

the RSET gives rise to the so-called trace anomaly. On the contrary to the classical

case in which Tαα vanishes for conformally invariant fields (ξ = 1/6 and µ = 0), the

trace of the RSET with ξ = 1/6 and µ = 0 is instead nonvanishing [14, 23]:

⟨A|T̂αα|A⟩ren
∣∣∣
ξ=

1
6
,µ=0

=
1

4π2
v1. (1.82)

Another important aspect to highlight is that the renormalization prescription

is not uniquely defined. We have already seen the existence of an ambiguity in

the parameter ℓ in the Hadamard parametrix. Additionally, Wald [32] showed that

different renormalization procedures yield renormalized stress-energy tensors that

differ by the addition of a local, conserved tensor of the form

Θαβ = b1 gαβ + b2Gαβ + a1 H
(1)
αβ + a2 H

(2)
ab , (1.83)

where a1, a2, b1, b2 ∈ R are some constants. Thus, one is free to add tensors of this

form to the renormalized stress-energy tensor.

Once the renormalization is performed for a quantum field in a Hadamard state

|A⟩, it is possible to compute renormalized quantities in a different Hadamard state

|B⟩ by state subtraction. For instance, the renormalized vacuum polarization in a

state |B⟩ is defined as

⟨B|Φ̂2|B⟩ren : = −i lim
x′→x

{GB(x, x
′)−K(x, x′)} =

1

8π2
WB(x, x). (1.84)

However, because of the universal singular structure of Hadamard states, one finds

−i lim
x′→x

{GB(x, x
′)−GA(x, x

′)} =
1

8π2
WB(x, x)−

1

8π2
WA(x, x), (1.85)

so that, if one has already obtained the renormalized vacuum polarization in one

state ⟨A|Φ̂2|A⟩ren, then ⟨B|Φ̂2|B⟩ren can be readily computed by state subtraction as

⟨B|Φ̂2|B⟩ren = −i lim
x′→x

{GB(x, x
′)−GA(x, x

′)}+ ⟨A|Φ̂2|A⟩ren =
1

8π2
WB(x, x).

(1.86)

This procedure can be straightforwardly extended to the renormalized stress-energy
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tensor.

Finally, although we have defined the renormalized vacuum polarization and

RSET in terms of the Feynman Green’s function, these quantities can also be com-

puted from the Wightman function G+(x, x′), by noting that we are free to point-

split in any direction so that we can always choose a spacelike point separation. In

fact, by noting that iGF(x, x
′) = G+(x, x′) − iGadv(x, x

′) and that Gadv(x, x
′) van-

ishes if the points are spacelike separated, then iGF(x, x
′) = G+(x, x′) in this case.

Additionally, when the spacetime admits an Euclidean section, the renormalized

vacuum polarization and RSET can be computed from the difference between the

Euclidean Green’s function and its Hadamard parametrix in Eq. (1.73). In all cases,

the renormalized quantities are determined by WA(x, x
′).

1.6 The semiclassical Einstein equations

We now have all the necessary ingredients to introduce the self-consistent semiclas-

sical Einstein equations

G−1Gαβ + Λ gαβ + a1 H
(1)
αβ + a2 H

(2)
αβ = 8π

(
T

(cl)
αβ + ⟨T̂αβ⟩ren

)
. (1.87)

In these equations, it is assumed that all the tensors depend on an unknown metric

gαβ. The tensor T
(cl)
αβ denotes the classical stress-energy tensor, while ⟨T̂αβ⟩ren is the

renormalized stress-energy tensor associated with the quantum fields. Unlike in the

fixed background calculations discussed in Sec. 1.5, the renormalized stress-energy

tensor is now a functional of the same unknown metric that appears on the right-

hand side of the semiclassical equations. a1, a2 ∈ R are some constants and H
(1)
αβ and

H
(2)
αβ are geometrical tensors defined by

H
(1)
αβ =2

3
∇α∇βR− 2□Rαβ +

1
3
gαβ□R− 1

3
gαβR

2

+ 4
3
RRαβ + (RγδR

γδ)gαβ − 4RαγβδR
γδ, (1.88a)

H
(2)
αβ =2∇α∇βR− 2gαβ□R+ 1

2
R2gαβ − 2RRαβ. (1.88b)

Note that we have reinstated Newton’s constant G and expressed it on the left-

hand side of the equations, hence Λ here has the interpretation of the cosmological

constant divided by Newton’s constant. Although we work in units where ℏ = 1,

the contribution of ⟨T̂αβ⟩ren to the semiclassical equations should be understood to

carry an explicit factor of ℏ. This makes it clear that the term is explicitly quantum

in nature.

We have discussed in the previous Section how the renormalization prescription

is not unique since one is free to add tensors of the form in Eq. (1.83) to the
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renormalized stress-energy tensor. As a result, these terms then appear in the

semiclassical equations (1.87). Different renormalizations of the quantum stress-

energy tensor are degenerate with different renormalizations of the constants a1, a2,

Λ, and G−1 [33].

When attempting to solve the exact semiclassical equations in Eq. (1.87), one is

faced with several difficulties. The tensors H
(1)
αβ and H

(2)
αβ , together with the renor-

malized stress-energy tensor, contain fourth-order time derivatives of the metric. As

a result, the semiclassical equations admit additional solutions that are not present

in the classical equations, which are of second order. These extra solutions include

runaway solutions, which are generally deemed as unphysical [34]. Moreover, the

renormalized stress-energy tensor associated with quantum fields can typically be

calculated only on a fixed background spacetime, and there is, in general, no method-

ology for computing it on an unknown geometry. For these reasons, the semiclassical

equations are usually treated perturbatively about a classical solution and solved

recursively order by order, or by means of an order-reduction procedure [34–36].

The perturbative approach removes the unphysical runaway solutions while al-

lowing the methodologies outlined in the previous sections to be employed to com-

pute the renormalized stress-energy tensor on a fixed classical background. The

metric is expanded as gαβ ∼ gαβ + ϵ hαβ, where we introduce a bookkeeping pa-

rameter ϵ to keep track of quantum corrections. To keep track of the corrections

to the constants coming from the RSET, we write the constants as a1 → a1 + ϵδa1

etc., where now a1 is considered to be the background value. Similarly, the tensors

in Eq. (1.87) are also expanded in the form Gαβ ∼ Gαβ + ϵ δGαβ. At zeroth order

in ϵ, assuming a1 = a2 = 0 and reinstating G = 1, the semiclassical equations are

effectively the classical Einstein equations for the background metric gαβ

Gαβ + Λgαβ = 8π T
(cl)
αβ . (1.89)

At first order in the expansion in ϵ, one finds

δGαβ + δG−1Gαβ + Λhαβ + δΛ gαβ + δa1H
(1)
αβ + δa2H

(2)
αβ = 8π

(
δT

(cl)
αβ + ⟨T̂αβ⟩ren

)
,

(1.90)

where the perturbation of the Einstein tensor is given by

δGαβ = −1

2
(□h̄αβ + gαβ∇γ∇δh̄γδ − 2∇γ∇(αh̄β)γ − gαβR

γδh̄γδ +R h̄αβ), (1.91)

and where

h̄αβ = hαβ − 1
2
gαβg

γδhγδ (1.92)
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is the trace-reversed metric perturbation. Note that all the derivatives in Eqs. (1.90)

and (1.91) are now with respect to the background metric gαβ.

In the equations at first order (1.90), the source term is the renormalized expec-

tation value of the stress-energy tensor operator for a quantum field in a given quan-

tum state on a fixed classical background spacetime. By solving these equations to

obtain the metric perturbation hαβ, one determines the so-called semiclassical back-

reaction, at first order, of the quantum fields on the background geometry. Clearly,

to achieve this, one first needs a prescription to accurately compute the renormal-

ized stress-energy tensor on a fixed classical background spacetime. Although this

quantity can be formally obtained by Hadamard renormalization (see Eq. (1.81)),

its practical computation in most situations of interest is technically challenging.

In the next Section, we will discuss these difficulties in the context of black hole

spacetimes.

1.7 Implementing Hadamard renormalization in

black hole spacetimes

Hadamard renormalization addresses the conceptual problem of how to remove the

divergences in a physically meaningful way, but we will see that there is still a

computational challenge with its practical implementation in black hole spacetimes.

Before discussing the details of renormalization in black hole spacetimes, it is,

however, useful to introduce the quantum states of interest. In static, spherically

symmetric black hole spacetimes, there are three important quantum states:

1. The Hartle-Hawking state [37]: The Hartle-Hawking state corresponds to a

black hole in thermal equilibrium with thermal radiation at the Hawking tem-

perature. An ingoing flux of thermal radiation from past null infinity is exactly

balanced by an outgoing flux at future null infinity at the same temperature.

This quantum state is regular across both the past and future event horizons

and can be extended to black hole interiors that possess a Cauchy horizon.

2. The Boulware state [38]: The Boulware state is defined to be empty at past

and future null infinity. It is known to be singular on the black hole event

horizon [39], making it unsuitable for describing quantum fields inside the

black hole. It is considered the natural vacuum state for static, spherically

symmetric horizonless equilibrium configurations, such as stars.

3. The Unruh state [11]: The Unruh state describes a black hole formed by the

gravitational collapse of a spherically symmetric object. It is empty at past

null infinity and exhibits an outgoing flux of Hawking radiation at future null
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infinity. This state is singular on the past event horizon, but regular on the

future event horizon. It can therefore be extended to the black hole interiors

that possess a Cauchy horizon.

Earlier approaches to the renormalization computation focused primarily on the

exterior of static, spherically symmetric black holes and on the Hartle-Hawking

and Boulware states. These states are, in fact, suitable for Euclidean methods,

since the computations can be performed on the Wick-rotated Riemannian man-

ifold. Working with the Hartle-Hawking state offers a significant computational

advantage since one can employ Euclidean techniques that enforce a discretization

of the frequency spectrum. The Hartle-Hawking and Boulware states are treated

as Hawking-temperature and zero-temperature Euclidean states, respectively. In

earlier renormalization approaches, the direct renormalization of the Unruh state

was not considered, since the Unruh state cannot be defined on the Wick-rotated

manifold. Nonetheless, the Unruh state is arguably the most physically relevant

state in the context of black holes, as it provides a model for a black hole formed by

gravitational collapse that emits Hawking radiation at future null infinity. There-

fore, developing a method for the renormalization of the Unruh state is of particular

physical interest.

To outline the computational challenge of applying Hadamard renormalization

in black hole spacetimes, let us consider, as an example, a quantum scalar field in

the Hartle-Hawking state propagating on the exterior of a Schwarzschild black hole

with line element

ds2 = −f(r)dt2 + dr2/f(r) + r2(dθ2 + sin2 θdϕ2), (1.93)

where

f(r) = 1− 2M

r
, (1.94)

and M is the black hole mass. The Hartle-Hawking state is most naturally and

conveniently defined on the Wick-rotated Riemannian manifold (t → −iτ) with

Euclidean line-element

ds2 = f(r)dτ 2 + dr2/f(r) + r2(dθ2 + sin2 θdϕ2). (1.95)

Working on the Wick-rotated Riemannian manifold is convenient for two main rea-

sons. First, the singularity structure of the Green’s function in a Riemannian man-

ifold is simpler: the Euclidean Green’s function is only singular in the coincidence

limit (x′ → x), as opposed to the Feynman Green’s function in the original space-

time, which is also singular along the lightcone (compare Eqs. (1.72) and (1.73)).
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The static nature of the metric guarantees that the Euclidean two-point function for

the quantum scalar field satisfying appropriate boundary conditions is equivalent to

the Feynman propagator computed on the Lorentzian line-element [19]. Secondly, a

periodicity condition in imaginary time, with periodicity equal to the inverse Hartle-

Hawking temperature 1/TH, τ = τ + 1/TH is imposed to avoid the formation of a

conical singularity at r = 2M in the Riemannian manifold, where TH = κ/(2π) and

κ = 1/(4M) is the surface gravity of the black hole’s event horizon. This periodic-

ity in imaginary time is inherited in the two-point function for the quantum scalar

field in the Hartle-Hawking state on the Euclidean geometry, resulting in a discrete

frequency spectrum, which is a significant computational advantage. The Hartle-

Hawking state is, in fact, a thermal equilibrium state at the same temperature as

the event horizon. The Kubo–Martin–Schwinger (KMS) condition implies that ther-

mal equilibrium Green’s functions are periodic in imaginary time [12]. The Green’s

function, which satisfies regularity boundary conditions at the event horizon, then

corresponds to the Hartle-Hawking state [37, 40].

The Euclidean Green’s function in the Hartle-Hawking state is conveniently ex-

pressed as a mode-sum [39]

GH(x, x
′) =

1

8π2

∞∑
l=0

(2l + 1)Pl(cos γ)
∞∑

n=−∞

ei nκ∆τgnl(r, r
′), (1.96)

where cos γ = cos θ cos θ′ + sin θ sin θ′ cos(ϕ′ − ϕ), Pl(z) is the Legendre polynomial

of the first kind and ∆τ = τ ′−τ . The bi-distribution gnl(r, r′) is the one-dimensional

radial Green’s function satisfying{
d

dr

(
r2f

d

dr

)
−
[
(nκ)2r2

f
+ l(l + 1) + r2(µ2 + ξ R)

]}
gnl(r, r

′) = −δ(r − r′).

(1.97)

This is a Sturm-Liouville problem. The Green’s function can be constructed as an

ordered normalized product of homogeneous solutions

gnl(r, r
′) =

pnl(r<)qnl(r>)

Nnl

, (1.98)

where pnl(r<) is a homogeneous solution regular at the horizon and qnl(r>) is a

homogeneous solution regular at infinity. We have adopted the ordering notation

r< = min{r, r′}, r> = max{r, r′}. The normalization constant Nnl is obtained by

the Wronskian condition

Nnl = −r2f(r)W{pnl, qnl}, (1.99)
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where W{pnl, qnl} is the Wronskian of the two solutions

W{pnl, qnl} =

(
d qnl
dr

pnl −
d pnl
dr

qnl

)
. (1.100)

The radial functions are determined numerically, and information about the quan-

tum state is encoded in the boundary conditions on these mode functions.

We will discuss in Sec. 2.2 that for the Boulware state, which is a zero temper-

ature pure state, the periodic identification of imaginary time is not possible. As a

result, the frequency spectrum in the mode-sum expression for the Boulware Green’s

function remains continuous. This means that, in the expression for the Boulware

Green’s function, the n-sum in Eq. (1.96) is replaced by a continuous integral over

the frequency ω.

The mode-sum expression for the Green’s function in the Hartle-Hawking state in

Eq. (1.96) is divergent in the coincident limit and requires renormalization. Specif-

ically, in the coincident limit, the l- and n-sums in Eq. (1.96) do not converge. As

discussed in Sec. 1.5, this expression can be formally renormalized by subtracting

the Hadamard parametrix defined in Eq. (1.73) before taking the coincident limit.

However, the computational challenge of applying the Hadamard renormalization in

practice is that the divergence encoded in the Hadamard parametrix is purely local

and geometrical: σ(x, x′) → 0 as x′ → x, making K(x, x′) in Eq. (1.73) singular

at the coincidence point limit. On the other hand, the divergence in the Euclidean

Green’s function manifests in the non-convergence of the l- and n-sums. We are then

left with the following computational issue: how can the Hadamard parametrix be

subtracted from the Green’s function in a way that the coincidence limit can be

meaningfully taken?

Candelas and Howard [41–43] provided the first practical implementation of

Hadamard renormalization in black hole spacetimes. They considered a massless,

minimally coupled quantum scalar field in the Hartle-Hawking state propagating on

the exterior of a Schwarzschild black hole. As discussed in Sec. 1.4, for massless

fields and in spacetimes with vanishing Ricci scalar, the leading-order logarithmic

contributions in the Hadamard parametrix vanish (see Eq. (1.70a)), thus simplify-

ing the divergent structure of the Hadamard parametrix in Eq. (1.73). This method

relies on the idea of point-splitting the stress-energy tensor operator along a single

direction. It is particularly convenient to point-split along a symmetry of the metric.

For this reason, this method involves point-splitting in the temporal direction. For

simplicity, we consider here the computation for the renormalized vacuum polar-

ization [41], although the method was later generalized to the computation of the

RSET [42, 43]. Following the Candelas-Howard approach, the Euclidean Green’s

function for the Hartle-Hawking state in Eq. (1.96) point-split only in the temporal
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direction can be expressed as [41]

GH(∆τ, r) =
1

4π2

∞∑
n=1

cos(nκ∆τ)
∞∑
l=0

(
(2l + 1)

pnl(r)qnl(r)

Nnl

− κ

rf 1/2

)
. (1.101)

Considering only the leading-order divergent term in Eq. (1.73), the temporal-split

Hadamard parametrix takes the form

K(∆τ, r) =
1

4π2

1

f(r)∆τ 2
+O(1), (1.102)

where we have used 2σ = f(r)∆τ 2 +O(∆τ 4). Now, we can employ the identity

1

∆τ 2
= −κ2

∞∑
n=1

n cos(nκ∆τ) +O(1), (1.103)

to write the leading order divergent term in the Hadamard parametrix as an n-sum

analogous to that of the Green’s function (1.101). To compute the renormalized

vacuum polarization, we can then subtract each n-mode expression of the parametrix

from the Euclidean Green’s function

⟨H|Φ̂2|H⟩ren = lim
∆τ→0

(GH(∆τ, r)−K(∆τ, r))

=
1

4π2

∞∑
n=1

{
∞∑
l=0

(
(2l + 1)

pnl(r)qnl(r)

Nnl

− κ

rf 1/2

)
+
nκ2

f

}
+O(1).

(1.104)

It is clear from Eq. (1.104), that the Candelas-Howard approach does not lead

to a complete mode-by-mode subtraction of the Hadamard parametrix from the

Euclidean Green’s function, since the singular part of the Hadamard parametrix is

only expanded in the frequency modes n and not in the angular modes l. As a result,

the renormalized mode-sum expression in Eq. (1.104), despite being formally finite

in the limit ∆τ → 0, is not suitable for numerical implementation as is. In fact, for

the n-sum to converge, it requires a cancellation between the infinite l-sum, which

converges very slowly, being of O(l−2) at large l, and the nκ2/f term. As a result, it

requires sophisticated analytical methods, including the use of WKB approximations

and the Watson-Sommerfeld transform, to make the numerical evaluation possible.

Anderson, Hiscock, and Samuel [44, 45] later improved and consistently gener-

alized the Candelas-Howard method. The AHS method allows the computation of

the RSET for massless and massive scalar fields in both the Hartle-Hawking and

Boulware states on any static, spherically symmetric spacetime. The AHS method

improved the Candelas-Howard method by introducing a systematic WKB subtrac-
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tion scheme that makes the renormalization procedure more convenient for numerical

calculations.

There are several drawbacks related to these approaches. Firstly, they depend on

the use of high-order WKB approximations, which are computationally expensive

to implement. These approximations are also not uniform, which results in very

poor convergence near the horizon, meaning that computing renormalized quantities

there may require a very large number of numerical modes. In addition, there is no

control over the order of convergence. Finally, these methods are also constrained

to spacetimes that admit a Euclidean section and are difficult to generalize to other

scenarios.

Despite these drawbacks, the Candelas-Howard and the AHS methods remained

the standard methods for computing renormalized quantities until very recently,

when two new independent methods were proposed: Levi and Ori’s “pragmatic

mode-sum” regularization prescription [46–50] and the Taylor-Breen-Ottewill “ex-

tended coordinate” method [51–53].

The pragmatic mode-sum regularization method was developed directly in Lo-

rentzian spacetime and relies on point splitting in a single direction, chosen accord-

ing to the symmetries of the spacetime. Specifically, three different variants were

developed: t-splitting [46], designed for stationary backgrounds, θ-splitting [48],

for spherically symmetric backgrounds, and ϕ-splitting [47], for axially symmetric

backgrounds. The main advantage of this renormalization scheme is that it is for-

mulated directly in Lorentzian spacetime and requires a single spacetime symmetry

for point-splitting, thus making it applicable to a wide range of physically rele-

vant spacetimes. Notably, the pragmatic mode-sum has been used to compute the

RSET both outside [49] and inside [54] a Kerr black hole. The main drawback of

this method is that subtracting the Hadamard parametrix does not generally yield

convergent mode-sums directly. Instead, additional “pragmatic” prescriptions are

required to obtain finite results. This makes the procedure less direct and compu-

tationally expensive. Moreover, the convergence rate of the mode sums cannot be

explicitly controlled. In addition, the method has only been applied to massless,

minimally coupled fields.

In this thesis, we will adopt the extended coordinate prescription and provide

some generalizations to it. The details of this method will be the focus of the next

Section.

1.7.1 The extended coordinate method

In this Section, we present a review of the extended coordinate prescription [51–53].

The principle of the method is to write the Hadamard parametrix as a mode-sum
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in the same form as that of the Euclidean Green’s function and then perform the

subtraction mode by mode [51–53]. This renormalized mode-sum will converge in

the coincidence limit. This method was developed for a quantum scalar field in the

Hartle-Hawking state propagating on the exterior of static, spherically symmetric

black holes, exploiting the fact that, as discussed in the previous Section, one can

employ Euclidean methods that discretize the frequency spectrum of the Euclidean

Green’s function (1.96).

The extended coordinate method is based on two core ideas:

1. Point-split in multiple directions;

2. Expand the Hadamard parametrix in a judiciously chosen set of “extended”

coordinates.

The extended coordinates for the Hartle-Hawking state on the exterior are [51, 52]

ϖ2 =
2

κ2
(1− cosκ∆τ), s2 = f(r)ϖ2 + 2r2(1− cos γ). (1.105)

We note that the quantities ϖ and s are O(∆x), where ∆x ≡ x′ − x generically

refers to the coordinate separations ∆τ = τ ′ − τ , ∆r = r′ − r, ∆θ = θ′ − θ and

∆ϕ = ϕ′ − ϕ. The extended coordinates are defined such that, to leading order,

σ = 1
2
(s2 + ∆r2

f
) +O(∆x3). It is important to note that rather than defining s̄2 :=

f(r)∆τ 2+r2∆θ2+r2 sin θ sin θ′∆ϕ2, the definition in Eq. (1.105) encodes the angular

separation in cos γ = cos θ cos θ′ + sin θ sin θ′ cos∆ϕ and makes the periodicity of

the Euclidean time explicit in ϖ2. These definitions reflect the structure of the

mode-sum representation of the Euclidean Green’s function, in which the angular

separation appears as cos γ in the Legendre polynomials and in which the Euclidean

time is periodic. This choice is crucial, as it enables a mode-sum representation of

the Hadamard parametrix in the same form as that of the Green’s function.

For clarity, we now restrict our analysis to the case of a massless scalar field

in Schwarzschild spacetime. As discussed previously, in this case v0 = 0 so that

the leading order contribution to the logarithmic tail in the Hadamard parametrix

vanishes. Note, however, that the extended coordinate method is generically appli-

cable to physical contexts in which v0 ̸= 0. In addition, we focus on obtaining a

mode-sum representation only for the divergent terms in the Hadamard parametrix.

Under these assumptions, when expanded in terms of extended coordinates up to

the order containing divergent terms, the Hadamard parametrix takes the form

K(x, x′) =
1

8π2

2

s2
+O(1). (1.106)

Note that, for simplicity, we set the coordinate separation ∆r = 0. To express the

leading-order divergence in the parametrix as a mode-sum in the same form as the
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Euclidean Green’s function, we assume

1

s2
=

∞∑
l=0

(2l + 1)Pl(cos γ)
∞∑

n=−∞

einκ∆τΨnl(r). (1.107)

We refer to Ψnl(r) as the regularization parameters. The judicious choice of extended

coordinates in Eq. (1.105) makes it possible to invert this expression to obtain a

double-integral representation for the regularization parameters. Specifically, setting

u = cos γ, multiplying each side by e−in
′κ∆τPl′(u) and integrating yields

Ψnl(r) =
κ

4π

∫ 2π/κ

0

∫ 1

−1

1

s2
e−inκ∆τPl(u)du d∆τ, (1.108)

where we made use of the completeness relations∫ 2π/κ

0

e−i(n−n
′)κ∆τ =

2π

κ
δnn′ ,∫ 1

−1

Pl(u)Pl′(u)du =
δll′

l + 1/2
. (1.109)

Remarkably, the integrals in Eq. (1.108) can be computed in closed-form in terms

of known functions [51, 52]

Ψnl(r) =
(−1)n

2r2
P

−|n|
l

(√
1 +

f(r)

κ2r2

)
Q

|n|
l

(√
1 +

f(r)

κ2r2

)
, (1.110)

where P µ
ν (z) and Q

µ
ν (z) are the associated Legendre functions of the first and second

kind, respectively. As a result, the renormalized vacuum polarization in the Hartle-

Hawking state is then readily obtained by subtracting mode-by-mode the expansion

for the Hadamard parametrix (1.106) from the Green’s function (1.96), and taking

the coincident limit

⟨H|Φ̂2|H⟩ren =
1

8π2

∞∑
l=0

∞∑
n=−∞

(2l + 1) [gnl(r)− 2Ψnl(r)] +O(1). (1.111)

Note that, as opposed to the Candelas-Howard method, the renormalized mode-sum

expression for the vacuum polarization (1.111) involves now a complete mode-by-

mode subtraction. The mode-sums converge as O(n−3) at large n for fixed l, and

as O(l−2) at large l for fixed n. In this section, we have outlined the method

by expanding the Hadamard parametrix only to the order required to capture the

divergences in the coincidence limit. However, the convergence can be accelerated

to any order by subtracting mode-sum representations for higher-order terms in

the parametrix. This freedom of defining the convergence rate of the mode-sums by
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setting an expansion order for the parametrix constitutes one of the main advantages

of the extended coordinates method.

Notably, although we have here focused on a four-dimensional spacetime, the

extended coordinate method is practically agnostic to the number of dimensions

and has been implemented to compute renormalized quantities in spacetimes with a

generic number of odd [51] and even [52] dimensions. In addition, this prescription

has been later generalized for the computation of the renormalized stress-energy

tensor [53].

1.8 Towards a semiclassical toolkit

We have discussed how the extended coordinate method serves as a powerful frame-

work for implementing Hadamard renormalization in practice, as it enables a full

mode decomposition of the parametrix. The method is well-suited to numerical

calculations, and the convergence rate of the mode-sums can be controlled by in-

creasing the order of the expansion of the parametrix. The main disadvantage of

this method, in its present form, is that its applicability is constrained to static,

spherically symmetric spacetimes for quantum fields in the Hartle-Hawking state.

Although in Ref. [3], the method was applied on the exterior of a Reissner-

Nordström black hole to compute RSET in the Unruh, Boulware, and Hartle-

Hawking states, only the Hartle-Hawking state was directly renormalized; the RSET

for the other two states were computed by state subtraction (see Eq. (1.86)). There-

fore this approach is not viable in spacetimes that do not admit a Hartle-Hawking

state, such as extremal black holes, the spacetimes of stars, or other horizonless

equilibrium configurations [55].

Moreover, if one is interested in studying the semiclassical effects in black hole

interiors, the extended coordinate method in its original development is not appli-

cable. For instance, in the region between the horizons of a spherically symmetric

Reissner-Nordström black hole, the spacetime is not static. Therefore, the standard

Euclidean continuation used in the construction of the Hartle–Hawking state is not

possible, and alternative approaches are therefore required to compute the RSET.

This thesis is part of a broader research program aimed at developing a semi-

classical toolkit for computing renormalized quantities, particularly the RSET, in a

wide variety of spacetimes and physical settings, with the ultimate goal of computing

the semiclassical backreaction in these contexts. In light of this, the work presented

in this thesis focuses on overcoming some of the limitations of the original version

of the extended coordinate method. Specifically, in the first part of the thesis, we

generalize the renormalization prescription to the direct renormalization of quantum

scalar fields in the Boulware state and apply it to different scenarios of interest. In
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the second part of the thesis, we also provide the first extension of the method to

the non-static interior region of spherically symmetric black holes, working directly

in Lorentzian spacetime.

We note that the method has also been recently extended to charged quantum

scalar fields and applied for computing the renormalized scalar condensate and the

RSET in the exterior region of a Reissner-Nordström spacetime [56, 57]. Possible

avenues for extending the method to rotating black holes have been discussed in [58,

59].
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Chapter 2

Adapting the extended coordinate

method to zero-temperature states

The material in this chapter is based on the following article:

1. J. Arrechea, C. Breen, A. Ottewill, L. Pisani, P. Taylor, Renormalized stress-

energy tensor for scalar fields in the Boulware state with applications to ex-

tremal black holes, Phys. Rev. D, 111, 085009 (2025) [1].

2.1 The need for a direct renormalization pre-

scription in the Boulware vacuum state

In this Chapter, we generalize the extended coordinate method to directly compute

the renormalized stress-energy tensor for a scalar field in the Boulware state. A

natural question then is: if the RSET for a field in the Boulware state can be

computed by first renormalizing in the Hartle-Hawking state and employing a state

subtraction scheme, then why do we need a direct method for renormalizing in

the Boulware state? There are several justifications for a direct renormalization

prescription for Boulware. First, when employing the indirect method one needs

to compute both the Euclidean modes (to do the renormalization in the Hartle-

Hawking state) and the Lorentzian modes (to do the state subtraction scheme).

Employing a direct method for Boulware requires only one set of modes and hence

is computationally less expensive. Second, there are black hole spacetimes that do

not admit a Hartle-Hawking state, for example, the extremal Reissner-Nordström

spacetime, and hence one requires a direct method for computing the RSET in

such situations. Finally, moving away from black hole spacetimes, if we consider

semiclassical effects in the spacetime of a compact star, then the natural vacuum

state is the Boulware state (there is, in fact, no other reference state). Hence this

Chapter sets the foundation for renormalization in those contexts.
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The approach we take is similar to that taken in the extended coordinate method

for the Hartle-Hawking state [51–53]. We take an arbitrarily high-order expansion

of the Hadamard parametrix which encodes the short-distance behaviour of the two-

point function, and we rewrite the terms in this expansion as mode-sums of the same

form as the Boulware propagator. While the spirit is the same, the mathematical

development is significantly trickier because the frequency spectrum is continuous,

rather than the discrete frequency spectrum that one obtains in the Euclidean ap-

proach to defining the Hartle-Hawking state. As well as presenting a computational

challenge, the continuous frequency spectrum also means that the Fourier transform

of the terms in the Hadamard parametrix, which is needed to express these as mode-

sums, yields functions of the frequency that are not ordinary functions but rather

generalized functions. One of the interesting outcomes of treating these mode-sums

rigorously as generalized functions is that it becomes completely transparent how

an infra-red cutoff appears in these ω integrals, and indeed it is completely explicit

that the RSET is independent of the choice of this cutoff. A similar cutoff was

introduced in Ref. [45] but it was introduced in an ad-hoc way and by necessity to

render the mode-sums finite at low frequency. While the overall results are ulti-

mately equivalent, it is clear here that the source of the cutoff is a consequence of

treating rigorously the generalized functions that arise in the Fourier transform of

the Hadamard parametrix.

This Chapter is organized as follows. First, in Sec. 2.2, we present the Green’s

function representation of the Boulware state in the context of a spherically sym-

metric black hole, when treated as a zero temperature Euclidean state. In Sec. 2.3,

we show how we express the expansion of the Hadamard parametrix as a mode-sum

of the same type as the Boulware propagator for a scalar field in a static, spherically

symmetric spacetime. In Sec. 2.4, we give the explicit expressions for the renormal-

ized expectation values for the vacuum polarization and the stress-energy tensor for

a scalar field in the Boulware state. Finally, we conclude in Sec. 2.5.

2.2 The Boulware vacuum as a zero temperature

Euclidean state

The Boulware state is vacuum according to a stationary observer far from the black

hole. It is useful to treat the Boulware state as a thermal state at zero temperature

outside the event horizon and to employ Euclidean methods. Outside the event hori-

zon, we consider Euclidean line elements of static, spherically symmetric spacetimes
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of the form:

ds2 = f(r)dτ 2 + dr2/f(r) + r2(dθ2 + sin2 θdϕ2). (2.1)

If this line element describes a black hole spacetime with event horizon r = r+ and

surface gravity κ = 1
2
f ′(r+), then the geometry possesses a conical singularity at the

horizon unless the Euclidean time is periodic with periodicity τ = τ + 2π/κ. If we

wished to consider a quantum field in the Hartle-Hawking state, this identification

would be the appropriate one. Moreover, imposing a periodicity discretizes the

frequency spectrum of the field modes, which is a major computational advantage.

For computing the renormalization counter-terms, all that matters is the geometry,

and so there is no obligation to make any particular identification on the Euclidean

time; nevertheless, the renormalized mode-sum is most conveniently derived and

computed when we impose the same periodicity on the mode-sum representation

of the renormalization counter-terms as we do on the quantum field in the Hartle-

Hawking state. In this Chapter, we are interested in the case where the quantum field

is in the Boulware state, which is a zero temperature pure state. We make no periodic

identification in Euclidean time which implies that the frequency spectrum of the

quantum field (and the mode-sum representation of the renormalization counter-

terms) will be continuous and that our geometry retains the conical singularity at

the event horizon, at least for non-extremal black holes. Given that one of the main

motivations for adopting Euclidean techniques in the Hartle-Hawking case is the

computational advantage obtained by the discrete frequency spectrum, one might

be tempted to discard the Euclidean approach for computing quantum expectation

values in the Boulware state, where the spectrum remains continuous. However,

the Euclidean approach is still useful since, unlike the Lorentzian framework, the

Euclidean Green function does not require an ‘i ϵ’ prescription to define the bi-

distribution along the lightcone (see Sec. 1.5 for a detailed discussion). In particular,

on a Euclidean geometry, the Klein-Gordon equation for the scalar field is elliptic

(□E − µ2 − ξ R)Φ = 0. (2.2)

The corresponding Euclidean Green’s function has the following mode-sum rep-

resentation (with r = r′ for simplicity) on this black hole spacetime,

G(x, x′) =
1

8π2

∞∑
l=0

(2l + 1)Pl(cos γ)

∫ ∞

−∞
dω eiω∆τgωl(r), (2.3)

We have denoted by gωl(r) = pωl(r) qωl(r)/Nωl the one-dimensional radial Green

function evaluated at the same radius. The radial modes pωl(r), qωl(r) are solutions
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of the homogeneous equation:[
d

dr

(
r2f(r)

d

dr

)
− r2

(
ω2

f(r)
+ (µ2 + ξ R)

)
− l(l + 1)

]
Υωl(r) = 0, (2.4)

with pωl(r) the solution regular at the horizon and qωl(r) regular at spatial infinity.

The normalization constant is given by

Nωl = −r2f(r)W{pωl(r), qωl(r)}, (2.5)

where W{pωl, qωl} is the Wronskian of the two solutions.

2.3 A direct renormalization prescription in the

Boulware state

In this section, we will outline the extended coordinate approach to calculating the

RSET for a quantum scalar field in the Boulware quantum state [38], propagating

on a static, spherically symmetric spacetime. In the coincidence limit ∆x → 0

(i.e. γ → 0 and ∆τ → 0), the mode sum in Eq. (2.3) diverges. For a quantum

state satisfying the Hadamard condition, the local singularity structure of the two-

point function when x and x′ are sufficiently close is encapsulated in the Hadamard

parametrix of the Euclidean propagator in Eq. (1.73). The fact that the mode-

sum in Eq. (2.3) does not converge at coincidence is because the two-point function

possesses singularities precisely of the type in Eq. (1.73) in the short-distance limit.

The goal is to subtract K(x, x′) from G(x, x′) in such a way that the coincidence

limit can be meaningfully taken. The only way to proceed in this approach is to

express K(x, x′) as a mode-sum of the same type as the mode-sum representation

of Eq. (2.3) and then to subtract mode-by-mode. This renormalized mode-sum will

converge in the coincidence limit.

Expressing the Hadamard parametrix as a mode-sum is non-trivial. As outlined

in Section 1.7.1, the approach of Refs. [51, 52] is to expand the parametrix in a

judiciously chosen set of extended coordinates. In that context, it was assumed the

field was in the Hartle-Hawking state and the extended coordinates were adapted to

that state by ensuring the time dependence had the appropriate thermal periodicity.

This must be amended here for the Boulware state. We define the set of extended

coordinates {s,∆τ,∆r}, where

s2 = f(r)∆τ 2 + 2r2(1− cos γ). (2.6)

As for the Hartle-Hawking state, this quantity is defined such that, to leading order,
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σ = 1
2
(s2 + ∆r2

f
) + O(∆x3). Note that, differently from Eq. (1.105), the coordi-

nate separation ∆τ is left as is, because in the Euclidean Green’s function for the

Boulware state the Euclidean time is not periodic.

Thus, to solve the defining equations for the biscalars order by order, we treat

∆τ ∼ s ∼ ∆r ∼ O(∆x), and instead of expanding the biscalars in the usual

coordinate separations ∆x, we expand them in terms of the new set of extended

coordinates

σ(x, x′) =
∑
a,b,c

σabc(r)∆τ
a∆rbsc, (2.7a)

∆1/2(x, x′) =
∑
a,b,c

uabc(r)∆τ
a∆rbsc, (2.7b)

Vp(x, x
′) =

∑
a,b,c

v
(p)
abc(r)∆τ

a∆rbsc. (2.7c)

where a, b, c ∈ N. Substituting the expansions (2.7) into equations (1.57), (1.59) and

(1.64) and solving order by order yields the coefficients σabc(r), uabc(r) and v
(p)
abc(r).

Finally, we expand the Hadamard parametrix to an arbitrary truncation order n,

where this means we neglect the terms that vanish in the coincidence limit at least

as fast as O(∆x2n log∆x), by appropriately combining the resulting series (2.7) to

construct the direct and tail terms in the Hadamard form (1.73). Taking the radial

points together (∆r = 0) for convenience and simplifying, yields an expansion of

the form

K(x, x′) =
1

8π2

(
n∑
a=0

a∑
b=0

D(r)
ab (r)

∆τ 2a+2b

s2b+2
+

n∑
a=1

a∑
b=1

D(p)
ab (r)∆τ

2a−2bs2b−2

+
n−1∑
a=1

a−1∑
b=0

T (r)
ab (r)

∆τ 2a+2b+2

s2b+2
+

n−1∑
a=0

a∑
b=0

T (l)
ab (r)s

2a−2b∆τ 2b log

(
s2

ℓ2

)

+
n−1∑
a=1

a∑
b=0

T (p)
ab (r)s2a−2b∆τ 2b

)
+O(∆x2n log∆x). (2.8)

The coefficients D(r)
ab (r) and D(p)

ab (r) come from the expansion of the direct part of

the parametrix ∆1/2/σ and correspond to the coefficients of terms in the expansion

that are rational in ∆τ 2 and s2 and those that are polynomial in ∆τ 2 and s2,

respectively. Similarly, T (r)
ab (r) and T (p)

ab (r) are the coefficients of terms that are

rational and polynomial coming from the tail V log(2σ/ℓ2) of the parametrix, while

T (l)
ab (r) is the coefficient of terms in the tail that contain a logarithm. We refer to

these coefficients as the Hadamard coefficients. Expressions for the first few of these

coefficients are given in Appendix A.3. These coefficients may also be obtained by

taking the limit κ→ 0 in the corresponding coefficients for the Hartle-Hawking state

36



Chapter 2. Adapting the extended coordinate method to zero-temperature states

reported in expression (A1) of [53].

Formally speaking, this expansion need only be computed up to n = 1 in order

to remove the divergences from the Green function. Nevertheless, by expanding up

to higher order terms, including terms that formally vanish in the coincidence limit,

and expressing these terms as a mode-sum permits us to have precise control over

the rate of convergence of the renormalized mode sum. On the other hand, if we

only subtract the singular terms, the mode sum would indeed converge, however,

it would converge very slowly. Furthermore, the distinction between the different

types of terms that occur in the expansion is an important one. In particular, the

terms that are polynomial in the variables ∆τ 2 and s2 do not require a mode-sum

representation. For example, a multipole expansion of terms that are polynomial

in s2 would involve finite multipole moments and hence cannot affect the large l

behaviour. Similarly, their Fourier-mode decompositions yield terms of the form∫∞
−∞ d∆τ eiω∆τ∆τ 2k = 2π(−1)kδ(2k)(ω), which produce derivatives of delta distribu-

tions. Therefore, these terms also do not present contributions at large ω. Hence

the terms above that are polynomial in the expansion parameters are left as-is. The

rational and logarithmic terms will be expressed as mode sums. This is the focus of

the next sections.

2.3.1 Regularization Parameters for the Direct Part

Starting with the direct part of the Hadamard parametrix, which involves terms of

the form ∆τ 2a+2b/s2+2b for a ≥ b ≥ 0. We write this term in the following mode-sum

representation

∆τ 2a+2b

s2+2b
=

∞∑
l=0

(2l + 1)Pl(cos γ)

∫ ∞

−∞
dωeiω∆τΨωl(a, b|r), (2.9)

where the generalized functions Ψωl(a, b|r) we call the regularization parameters for

the direct part. The goal is to invert the above representation and hence obtain

an explicit closed-form representation for the regularization parameters. A double

integral expression for the regularization parameters follows immediately from the

completeness of the Legendre polynomials and the Fourier transform of the delta

distribution, yielding

Ψωl(a, b|r) =
1

4π

∫ 1

−1

du

∫ ∞

−∞
dt

e−iωtt2a+2bPl(u)

(f t2 + 2r2(1− u))1+b
, (2.10)

where we have relabeled the integration variables by u = cos γ and t = ∆τ . The

integrand has a pole at u = 1 and t = 0 (and/or f(r) = 0). However, we highlight

that point-splitting was assumed in Eq. (2.9) (and that the renormalization method
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is not applied exactly on the horizons).

We note that the double integrals in Eq. (2.10) can be performed in various equiv-

alent ways. The following derivation is the polished result of an accurate analysis,

in which the goal was to obtain closed-form representations for the regularization

parameters that could be computed numerically in an efficient way. To obtain these

closed-form expressions, we considered different procedures, computing either the t

or u integral first, adopting different integral representations for such integrals and

determining a posteriori which approach was the most suitable. For example, some

integral representations of the t-integral did not allow us to compute the following

u integral in closed form, but would instead have required us to compute the u in-

tegral numerically. This, for instance, would have been extremely inefficient for the

subsequent computation of the modes. As a result, we obtained various closed-form

expressions for such regularization parameters, which we report in Appendix A.2. In

what follows, we report the derivation that allowed us to obtain the representation

which we deemed to be the most numerically efficient. A similar procedure has been

implemented for the derivation of the mode-sum representation for the logarithmic

terms in the tail reported in Sec. 2.3.2.

If we define

ρ2 =
f

2r2
, (2.11)

then we can rewrite our integral expression above as

Ψωl(a, b|r) =
1

4π

1

(2r2)b+1

∫ 1

−1

duPl(u)
(−1)b

b!2b

(
1

ρ

∂

∂ρ

)b ∫ ∞

−∞
dt

e−iωtt2a

(ρ2 t2 + 1− u)
. (2.12)

Now it is this t-integral that distinguishes the regularization parameters in the

Hartle-Hawking and the Boulware states. In the former, the t-integral above would

be over a finite domain on account of the time periodicity of a thermal state. But

in this case, the integral is over the entire real line which means that for a ≥ 1, the

integral does not converge in the sense of ordinary functions and must be considered

in the sense of generalized functions. The most straightforward way to proceed is

to start with the a = 0 integral which is an ordinary function and is given by∫ ∞

−∞
dt

e−iωt

(ρ2 t2 + 1− u)
= π

e−|ω|
√
1−u/ρ

ρ
√
1− u

. (2.13)

For a ≥ 1, we can take (2a)-derivatives with respect to ω of the result above.

Since the exponent on the right-hand side involves |ω| and not ω, we pick up delta
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distributions and their derivatives. The result is∫ ∞

−∞
dt

e−iωtt2a

(ρ2 t2 + 1− u)
=π (−1)ae−|ω|

√
1−u/ρ (1− u)a−1/2

ρ2a+1

− 2π(−1)a
a∑
p=1

(1− u)a−p

ρ2a−2p+2
δ(2p−2)(ω), (2.14)

which is clearly not an ordinary function of ω. We note also that in these expressions

we always assume ρ ̸= 0, which is justified if we do not evaluate these expressions

at f(r) = 0. Substituting this back into Eq. (2.12) gives

Ψωl(a, b|r) =
1

(2r2)b+1

(−1)a+b

b!2b+2

(
1

ρ

∂

∂ρ

)b { 1

ρ2a+1
Aωl(a|ρ)− 2

a∑
p=1

δ(2p−2)(ω)

ρ2a−2p+2
Bl(a, p)

}
,

(2.15)

where

Aωl(a|ρ) =
∫ 1

−1

Pl(u)e
−|ω|

√
1−u/ρ(1− u)a−1/2du, (2.16)

Bl(a, p) =
∫ 1

−1

Pl(u)(1− u)a−pdu. (2.17)

The second integral here is a standard one. The result is that the integral vanishes

whenever l ≥ a− p+ 1 and otherwise gives

Bl(a, p) =
(−1)l2a−p+1Γ(a− p+ 1)2

Γ(a− p+ l + 2)Γ(a− p+ 1− l)
. (2.18)

The Aωl(a|ρ) integral can also be easily performed and there are several different

equivalent representations. The tidiest form involves derivatives of the modified

Bessel functions

Aωl(a|ρ) = 2a+3/2 ∂
2a

∂z2a
Il+1/2(z)Kl+1/2(z), (2.19)

where

z =
|ω|√
2 ρ

=
|ω| r√
f
. (2.20)

However, this is not the best representation for numerically computing this object.

For numerical purposes, except when z ≫ 1, we find the following representation
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much more efficient

Aωl(a|ρ) = 2a
√
2π(−1)l

{
Γ(a+ 1

2
)22F̂3

(
{a+ 1

2
, a+ 1

2
}

{a+ l + 3
2
, a− l + 1

2
, 1
2
}

ω2

2ρ2

)

−Γ(a+ 1)2
|ω|√
2 ρ

2F̂3

(
{a+ 1, a+ 1}

{3
2
, a+ l + 2, a− l + 1}

ω2

2ρ2

)}
. (2.21)

In the previous expression, 2F̂3 is the regularized generalized hypergeometric func-

tion defined as

2F̂3

(
{a1, a2}

{b1, b2, b3}
z

)
=

2F3

(
{a1, a2}

{b1, b2, b3}
z

)
Γ(b1)Γ(b2)Γ(b3)

, (2.22)

where 2F3 is the generalized hypergeometric function [60]. Now using the fact that,(
1

ρ

∂

∂ρ

)b
ρ−c = (−1)b2b

Γ(c/2 + b)

Γ(c/2)
ρ−c−2b, (2.23)

we can easily express the derivatives in terms of hypergeometric functions. Putting

all of the above together, and after some simplification, we obtain the following

expression for the regularization parameters

Ψωl(a, b|r) = Iωl(a, b|r)

− (2r2)a

fa+b+1

(−1)a+l

b!

a∑
p=1

2a−p(a− p)!(a− p+ b)!

(a− p+ l + 1)!(a− p− l)!

(
f

2r2

)p
δ(2p−2)(ω),

(2.24)

where, for later convenience, we have defined

Iωl(a, b|r) =
(2r2)a−1/2

fa+b+1/2

2a−2
√
2π(−1)a+l

Γ(b+ 1)

×
{
Γ(a+ 1

2
)Γ(a+ b+ 1

2
)2F̂3

(
{a+ 1

2
, a+ b+ 1

2
}

{a+ l + 3
2
, a− l + 1

2
, 1
2
}

ω2r2

f

)

− Γ(a+ 1)Γ(a+ b+ 1)
|ω|r√
f

2F̂3

(
{a+ 1, a+ b+ 1}

{3
2
, a+ l + 2, a− l + 1}

ω2r2

f

)}
.

(2.25)

Substituting this back into Eq. (2.9) and performing the ω integration in the terms
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involving delta distributions gives

∆τ 2a+2b

s2+2b
=

∞∑
l=0

(2l + 1)Pl(cos γ)

∫ ∞

−∞
dω eiω∆τIωl(a, b|r)

+
1

f b+1

a∑
p=1

(a− p+ b)!

b!(a− p)!

(
2r2

f

)a−p
∆τ 2p−2(cos γ − 1)a−p. (2.26)

In arriving at the last line of this expression, we made use of the identity

k∑
l=0

(−1)l(2l + 1)Pl(cos γ)

(k + l + 1)!(k − l)!
=

(1− cos γ)k

2k(k!)2
, (2.27)

which can be proved by induction. In the coincidence limit, the last line of Eq. (2.26)

is nonzero only when p = a = 1.

2.3.2 Regularization Parameters for the Logarithmic Terms

in the Tail

In this subsection, we derive a mode-sum representation for the terms in the tail part

of the Hadamard parametrix which in the partial coincidence limit ∆r = 0 involves

terms of the form ∆τ 2bs2a−2b log(s2/ℓ2). For later convenience, we will write the

logarithmic terms as

∆τ 2bs2a−2b log(s2/ℓ2) = ∆τ 2bs2a−2b log(ρ2∆τ 2 + 1− u) + ∆τ 2bs2a−2b log(2r2/ℓ2).

(2.28)

The second term here is polynomial in ∆τ 2 and s2 and requires no mode-sum repre-

sentation. This term contains the arbitrary lengthscale ℓ which encodes part of the

renormalization ambiguity (see, for example, Refs. [14, 25, 61]). For the first term

above, we assume the mode-sum representation

∆τ 2bs2a−2b log(ρ2∆τ 2 + 1− cos γ) =
∞∑
l=0

(2l + 1)Pl(cos γ)

∫ ∞

−∞
dω eiω∆τ χωl(a, b |r)

(2.29)

and as before, we can invert to obtain a formal double integral expression for the

regularization parameters

χωl(a, b|r) =
(2r2)a−b

4π

∫ 1

−1

duPl(u) lim
ᾱ→a

∂

∂ᾱ

∫ ∞

−∞
e−iωtt2b(ρ2t2 + 1− u)ᾱ−bdt, (2.30)
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where we have expressed the log terms as the limit of a derivative with respect to

an exponent ᾱ, not to be confused with a spacetime index α, and where t and u are

defined as before. The time integral above is a complicated generalized function but

we can express it in terms of the derivative of a simpler integral as

χωl(a, b |r) =
(2r2)a−b

4π

1

2b

(
1

ρ

∂

∂ρ

)b ∫ 1

−1

duPl(u)

× lim
ᾱ→a

∂

∂ᾱ

Γ(ᾱ− b+ 1)

Γ(ᾱ + 1)

∫ ∞

−∞
e−iωt(ρ2t2 + 1− u)ᾱdt. (2.31)

The advantage of this form is that the time integral can now be performed explicitly

yielding,

χωl(a, b |r) =
(2r2)a−b√

2π

1

2b

(
1

ρ

∂

∂ρ

)b ∫ 1

−1

duPl(u)Fωl(a, b |u, r) (2.32)

where

Fωl(a, b |u, r) =

lim
ᾱ→a

∂

∂ᾱ

{
2ᾱρᾱ−1/2Γ(ᾱ− b+ 1)

|ω|ᾱ+1/2Γ(−ᾱ)Γ(ᾱ + 1)
(1− u)ᾱ/2+1/4Kᾱ+1/2

( |ω|
√
1− u

ρ

)}
, (2.33)

and Kᾱ+1/2(z) is the modified Bessel function of the second kind. From the series

representation of the Bessel function, we obtain

Fωl(a, b |u, r) =
π√
2
lim
ᾱ→a

∂

∂ᾱ

{
Γ(ᾱ− b+ 1)

Γ(ᾱ + 1)

sec πᾱ (2ρ)2ᾱ

Γ(−ᾱ)|ω|2ᾱ+1

∞∑
k=0

1

k!Γ(−ᾱ+ k + 1
2
)

ω2k(1− u)k

(2ρ)2k

− Γ(ᾱ− b+ 1)

Γ(ᾱ + 1)

sec πᾱ (1− u)ᾱ+1/2

Γ(−ᾱ)2ρ
∞∑
k=0

1

k!Γ(ᾱ+ k + 3
2
)

ω2k(1− u)k

(2ρ)2k

}
. (2.34)

The second term here is straightforward to deal with in the limit as ᾱ → a. In

particular, it is evidently an entire function of ᾱ. In fact, if we consider the Taylor

series for 1/Γ(−ᾱ) about a positive integer a, we have

1

Γ(−ᾱ) =(−1)a+1a!(ᾱ− a) + (−1)a+1a!ψ(a+ 1)(ᾱ− a)2 +O(ᾱ− a)3, (2.35)

where ψ(z) = Γ′(z)/Γ(z) is the polygamma function, and so it is clear that the

only term in the last line of Eq. (2.34) that survives the limit ᾱ → a is when the

ᾱ-derivative acts on 1/Γ(−ᾱ).
The first term in Eq. (2.34) is more subtle owing to the presence of the |ω|−2ᾱ−1

term. Clearly this is not an ordinary function since it is singular at ω = 0. It is a
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generalized function whose definition involves a regularization at ω = 0 (not to be

confused with the renormalization prescription required to regularize the coincidence

limit of the point-split two-point function). One way to treat this is to simply

introduce an infra-red cutoff in the ω-integral in Eq. (2.28), but this is not the

rigorous approach. We will see that, if we treat |ω|−2ᾱ−1 rigorously as a generalized

function, a cutoff will emerge naturally and indeed it will be clear that the overall

result will be independent of this choice. The salient point is that, as a function of

the exponent ᾱ, the definition (which involves its regularization as a distribution)

of |ω|−2ᾱ−1 has a simple pole at integer values of ᾱ. However, this pole is canceled

by the zero in 1/Γ(−ᾱ) at integer values (see Eq. (2.35)) so that the combination

1/(Γ(−ᾱ)|ω|2ᾱ+1) is actually an entire function. We require an expansion of this

combination about the integer ᾱ = a up to order (ᾱ− a)2 if we are to compute the

limit appearing in Eq. (2.34). We already have a series for 1/Γ(−ᾱ). Next, we note
the Laurent series for |ω|−2ᾱ−1 which can be found in Ref. [62],

|ω|−2ᾱ−1 = − δ(2a)(ω)

(2a)!(ᾱ− a)
+ |ω|−2a−1 +

δ(2a)(ω)

(2a)!
2 log λ+O(ᾱ− a), (2.36)

where the λ appearing here is an arbitrary inverse lengthscale required because ω

has dimensions of inverse length. This inverse lengthscale will be shown later to

be related to an infra-red cutoff in certain integrals over the frequency. The corre-

sponding result for Eq. (2.36) in Ref. [62] is actually for a dimensionless generalized

function and so doesn’t contain the additional log λ term, but applying the result

from [62] to ω̂ = ω/λ gives Eq. (2.36). It is essential to understand that |ω|−2a−1

appearing on the right-hand side is to be understood in terms of its regularization

as a generalized function. For example, for φ(ω) a test function of compact support,

we have

(|ω|−2a−1, φ(ω)) =

∫ ∞

0

dω ω−2a−1
[
φ(ω) + φ(−ω)

− 2
a−1∑
m=0

φ(2m)(0)

(2m)!
ω2m − 2

φ(2a)(0)

(2a)!
ω2aθ(λ− ω)

]
, (2.37)

where θ(z) is the step function. The last term in the regularization requires this

step function since otherwise the integral would not converge at infinity.
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Now combining Eqs. (2.35) and (2.36) gives us the desired expansion

1

Γ(−ᾱ)|ω|2ᾱ+1
=
(−1)aa!

(2a)!
δ(2a)(ω)

+ (ᾱ− a)(−1)aa!
[(ψ(a+ 1)− 2 log λ)

(2a)!
δ(2a)(ω)− 1

|ω|2a+1

]
+O(ᾱ− a)2. (2.38)

Employing these limits in Eq. (2.34) gives, after some tedious simplifications,

Fωl(a, b |u, r) =
π√
2
(a− b)!

{
((ψ(a− b+ 1) + ψ(1

2
− a+ k) + 2 ln(2ρ/λ))

×
a∑
k=0

δ(2a−2k)(ω)(1− u)k(2ρ)2a−2k

k!(2a− 2k)!Γ(k − a+ 1
2
)

−
∞∑
k=0

|ω|2k−2a−1(1− u)k(2ρ)2a−2k

k!Γ(k − a+ 1
2
)

+
∞∑
k=0

ω2k(1− u)k+a+1/2

k!Γ(k + a+ 3
2
)(2ρ)2k+1

}
, (2.39)

where we also made use of the distributional identity

ω2kδ(2a)(ω) =


(2a)!

(2a−2k)!
δ(2a−2k)(ω) k ≤ a

0 k > a
(2.40)

to truncate the infinite sums involving delta distributions. Substituting this expres-

sion back into Eq. (2.32) and performing the integration yields

χωl(a, b |r) =
√
π(2r2)a−b(a− b)!

(−1)l

2b

(
1

ρ

∂

∂ρ

)b
×
{

∞∑
k=0

Γ(k + a+ 3
2
)2k+a+3/2ω2k

k! Γ(k + a+ l + 5
2
) Γ(k + a− l + 3

2
)(2ρ)2k+1

−
∞∑
k=0

k!2k(2ρ)2a−2k|ω|2k−2a−1

(k + l + 1)!(k − l)!Γ(k − a+ 1
2
)

+ [ψ(a− b+ 1) + ψ(k − a+ 1
2
) + 2 log(2ρ/λ)]

×
a∑
k=0

k!2k(2ρ)2a−2kδ(2a−2k)(ω)

(2a− 2k)!(k + l + 1)!(k − l)!Γ(k − a+ 1
2
)

}
. (2.41)

The second term is a generalized function of ω whenever k ≤ a and an ordinary

function otherwise. In the former case, it is understood in the sense of Eq. (2.37).

It would be better if we could express the definition in Eq. (2.37) in a way that

is independent of the test function. It can be shown that the regularization in
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Eq. (2.37) is equivalent to defining the generalized function as

1

|ω|2j+1
=
θ(ω2 − λ2)

|ω|2j+1
+ 2

∞∑
k ̸=j

λ2k−2jδ(2k)(ω)

(2k)!(2k − 2j)
, j > 0 ∈ Z (2.42)

where λ > 0 is the arbitrary cut-off. This can be straightforwardly proven by split-

ting the integral in Eq. (2.37) into intervals (0, λ) and (λ,∞), and then employing

a Taylor series about ω = 0 for the test function on the interval (0, λ) (we report

the derivation of Eq. (2.42) in Appendix A.5). Employing definition (2.42) in the

second term of Eq. (2.41) for k ≤ a gives

χωl(a, b |r) =
√
π(2r2)a−b(a− b)!

(−1)l

2b

(
1

ρ

∂

∂ρ

)b
×
{

∞∑
k=0

Γ(k + a+ 3
2
)2k+a+3/2ω2k

k! Γ(k + a+ l + 5
2
) Γ(k + a− l + 3

2
)(2ρ)2k+1

− θ(ω2 − λ2)
a∑
k=0

k!2k(2ρ)2a−2k|ω|2k−2a−1

(k + l + 1)!(k − l)!Γ(k − a+ 1
2
)

−
∞∑
k=0

(k + a+ 1)!2k+a+1|ω|2k+1

(k + a+ l + 2)!(k + a+ 1− l)!Γ(k + 3
2
)(2ρ)2k+2

− 2
a∑
k=0

k!2k(2ρ)2a−2k

(k + l + 1)!(k − l)!Γ(k − a+ 1
2
)

∞∑
p̸=a−k

λ2p+2k−2aδ(2p)(ω)

(2p)!(2p+ 2k − 2a)

+ [ψ(a− b+ 1) + ψ(k − a+ 1
2
) + 2 log(2ρ/λ)]

×
a∑
k=0

k!2k(2ρ)2a−2kδ(2a−2k)(ω)

(2a− 2k)!(k + l + 1)!(k − l)!Γ(k − a+ 1
2
)

}
. (2.43)

Finally computing the derivatives and simplifying gives

χωl(a, b |r) = Jωl(a, b |r) +
√
π(2r2ρ2)a−b(a− b)! 22a(−1)l

×
{

a∑
k=0

k!(a− k)!δ(2a−2k)(ω)

(a− k − b)!(2a− 2k)!Γ(k − a+ 1
2
)(k + l + 1)!(k − l)!(2ρ2)k

×
[
ψ(a− b+ 1)− ψ(a− b− k + 1) + ψ(a− k + 1) + ψ(k − a+ 1

2
) + 2 log(2ρ

λ
)
]

− 2
a∑
k=0

(a− k)!k!

(a− k − b)!Γ(k − a+ 1
2
)(k + l + 1)!(k − l)!(2ρ2)k

×
∞∑
p=0

p̸=a−k

δ(2p)(ω)λ2p−2a+2k

(2p)!(2p− 2a+ 2k)

}
, (2.44)
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where

Jωl(a, b |r) =
√
π(2r2ρ2)a−b(a− b)!22a(−1)l

×
{

−
a−b∑
k=0

θ (ω2 − λ2) (a− k)!k!|ω|2k−2a−1

(a− k − b)!Γ(k − a+ 1
2
)(k + l + 1)!(k − l)!(2ρ2)k

− (−1)b

(2ρ2)a+1
|ω|(a+ 1)!b! 2F̂3

(
{a+ 2, b+ 1}

{3
2
, a− l + 2, a+ l + 3}

ω2

2ρ2

)

+
(−1)b

2a+1/2ρ2a+1
Γ(a+ 3

2
)Γ(b+ 1

2
)2F̂3

(
{a+ 3

2
, b+ 1

2
}

{1
2
, a− l + 3

2
, a+ l + 5

2
}

ω2

2ρ2

)}
.

(2.45)

Putting this together gives

∆τ 2bs2a−2b log(ρ2∆τ 2 + 1− cos γ) =

∫ ∞

−∞
dω eiω∆τ

∞∑
l=0

(2l + 1)Pl(cos γ)χωl(a, b|r)

=

∫ ∞

−∞
dω eiω∆τ

∞∑
l=0

(2l + 1)Pl(cos γ)Jωl(a, b |r)

+
√
π(2r2ρ2)a−b(a− b)!22a

{
a−b∑
k=0

(−1)a−k(a− k)!∆τ 2a−2k(1− cos γ)k

2kk!(a− k − b)!(2a− 2k)!Γ(k − a+ 1
2
)(2ρ2)k

×
[
ψ(a− b+ 1)− ψ(a− b− k + 1) + ψ(a− k + 1) + ψ(k − a+ 1

2
) + 2 log(2ρ/λ)

]
−

b∑
k=1

(−1)b(b− k)!(k − 1)!∆τ 2b−2k(1− cos γ)k+a−b

2k+a−b(k + a− b)!(2b− 2k)!Γ(k − b+ 1
2
)(2ρ2)k+a−b

− 2
a−b∑
k=0

(a− k)!(1− cos γ)k

2kk!(a− k − b)!Γ(k − a+ 1
2
)(2ρ2)k

n−k∑
p=0

p̸=a−k

(−1)p∆τ 2pλ2p−2a+2k

(2p)!(2p− 2a+ 2k)

}
. (2.46)

Even though the sum over p in equation (2.46) is technically up to ∞, we actually

only need terms up to order ∆x2n in the Hadamard parametrix. In that expression,

the order of the expansion is given by (1 − cos γ)k∆τ 2p and is ∆x2k+2p. Hence, we

have truncated the sum at p = n− k. In arriving at the expression above, we have

also made use of the identity (2.27).
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2.3.3 Mode-sum expression for the parametrix

We now have mode-sum representations of all the relevant terms in Eq. (2.8) yielding

the following mode-sum representation of the Hadamard parametrix

K(x, x′) =
1

8π2

∫ ∞

−∞
dω eiω∆τ

∞∑
l=0

(2l + 1)Pl(cos γ)k
(n)
ωl (r)

+
1

8π2

{
n∑
a=1

a∑
b=1

D(p)
ab (r)∆τ

2a−2bs2b−2 +
n−1∑
a=1

a∑
b=0

T (p)
ab (r)∆τ 2bs2a−2b

+
n−1∑
a=0

a∑
b=0

T (l)
ab (r)∆τ

2bs2a−2b log(4f/(ℓ2λ2))

+
n∑
a=1

a∑
b=0

D(r)
ab (r) (2r

2)−b−1

b! (ρ2)a+b+1

a∑
p=1

(−1)a+p(a− p+ b)!ρ2p

(a− p)!
∆τ 2p−2(1− cos γ)a−p

+
n−1∑
a=1

a−1∑
b=0

T (r)
ab (r) (2r2)−b−1

b! (ρ2)a+b+2

a+1∑
p=1

(−1)a+1+p(a+ 1− p+ b)!ρ2p

(a+ 1− p)!
∆τ 2p−2(1− cos γ)a+1−p

+
n−1∑
a=0

a∑
b=0

T (l)
ab (r)

√
π(2r2ρ2)a−b(a− b)!22a

×
[
a−b∑
k=0

(−1)a−k(a− k)!∆τ 2a−2k(1− cos γ)k

2kk!(a− k − b)!(2a− 2k)!Γ(k − a+ 1
2
)(2ρ2)k

[
ψ(a− b+ 1)

− ψ(a− b− k + 1) + ψ(a− k + 1) + ψ(k − a+ 1
2
)
]

−
b∑

k=1

(−1)b(b− k)!(k − 1)!∆τ 2b−2k(1− cos γ)k+a−b

2k+a−b(k + a− b)!(2b− 2k)!Γ(k − b+ 1
2
)(2ρ2)k+a−b

− 2
a−b∑
k=0

(a− k)!(1− cos γ)k

2kk!(a− k − b)!Γ(k − a+ 1
2
)(2ρ2)k

n−k∑
p=0

p̸=a−k

(−1)p∆τ 2pλ2p−2a+2k

(2p)!(2p− 2a+ 2k)

]}

+O(∆x2n log∆x), (2.47)

where we have defined for compactness

k
(n)
ωl (r) =

n∑
a=0

a∑
b=0

D(r)
ab (r)Iωl(a, b|r) +

n−1∑
a=1

a−1∑
b=0

T (r)
ab (r)Iωl(a+ 1, b|r)

+
n−1∑
a=0

a∑
b=0

T (l)
ab (r)Jωl(a, b |r). (2.48)

While the expression (2.47) looks very complicated, we note that many of the terms

vanish in the coincidence limit.
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2.4 Vacuum polarization and components of the

RSET

When computing vacuum polarization, the coincidence limit removes almost all of

the finite terms in the Hadamard parametrix above. We obtain

⟨Φ̂2⟩ren =
1

8π2

{∫ ∞

−∞

∞∑
l=0

(2l + 1)
(
gωl(r)− k

(n)
ωl (r)

)
dω

−√
π
n−1∑
a=1

a∑
b=0

T (l)
ab (r)

(a− 1)!22afa−b

Γ(−a+ 1
2
)λ2a

}

− 1

8π2

[
D(p)

11 (r) +
D(r)

10 (r)

f
+

D(r)
11 (r)

f 2
+ T (l)

00 (r)(log(f/(ℓ
2λ2))− 2γE)

]
, (2.49)

where γE is Euler’s constant. The mode-sum terms above can be made to converge

as fast as we like by choosing n appropriately large. It can be shown that the

renormalized vacuum polarization is completely independent on the choice of the

cutoff (we report the calculations in appendix A.1 for clarity). This property can

also be proven for the regularization terms for the stress energy tensor. For a

massless scalar field, and either conformally-coupled or in spacetimes where the

Ricci scalar vanishes1, the ℓ-dependent term vanishes since T (l)
00 = 0. Hence, the

renormalized vacuum polarization is uniquely determined, as the renormalization

ambiguity vanishes in the expression.

The components of the RSET may be written in the form [53]:

⟨T̂αβ⟩ren = −wαβ − (ξ − 1
2
)w;α

;β + (ξ − 1
4
)□w δαβ + ξRα

βw − 1

8π2
v1δ

α
β. (2.50)

where v1 is defined as in Eq. (1.70d) and

w(r) = ⟨Φ̂2⟩ren,
wαβ(x) ≡ lim

x→x′
[W (x, x′);αβ] ,

W (x, x′) = G(x, x′)−K(x, x′). (2.51)

Due to the symmetry of the background spacetime w is a function of r only,

therefore once it has been calculated numerically to high accuracy on a suitably

dense grid, the derivatives of w appearing in Eq. (2.50) are now easily and accu-

rately obtained by differentiating an interpolation function for w. Considering the

1Note that from App. A.3, T (l)
00 =

6µ2r2−(6ξ−1)(r2f ′′+4rf ′+2f−2)
12r2 , and the Ricci scalar for a

spacetime with metric (2.1) is R = − (r2f ′′+4rf ′+2f−2)
r2 .
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components of wαβ, we have, by virtue of the wave equation satisified by W (x, x′),

that [23]:

wrr = −wτ τ − wθθ − wϕϕ + ξRw + µ2w − 3

4π2
v1. (2.52)

For the remaining non-zero components, wτ τ and wθθ = wϕϕ, it is advantageous to

express these in terms of mixed derivatives at x and x′ of W (x, x′), since this avoids

introducing additional connection terms associated with covariant derivatives, and

derivatives of w(r) = ⟨Φ̂2⟩ren, using Synge’s Rule [53]:

wαβ(x) =
1
2
w;αβ(x)− lim

x→x′
[W (x, x′);α′β] . (2.53)

The required mixed time derivatives and mixed angular derivatives may be obtained

by taking appropriate derivatives of Eq. (2.8). Therefore, the RSET is determined

by the calculation of three mode sums Eq. (2.49) along with the following two mode

sums:

[gττ
′
W,ττ ′ ] =

1

8π2f

{∫ ∞

−∞

∞∑
l=0

(2l + 1)ω2
(
gωl − k

(n)
ωl

)
dω

−√
π
n−1∑
a=0
a̸=1

a∑
b=0

T (l)
ab (r)

a!22afa−b

Γ(1
2
− a)(a− 1)λ2a−2

}

+
1

4π2

[
T (p)
10 +D(p)

22 +
1

f
(T (p)

11 +D(p)
21 ) +

D(r)
20

f 2
+

D(r)
21

f 3
+

D(r)
22

f 4
+

T (r)
10

f 2

+ (T (l)
10 +

T (l)
11

f
)(log(f/(ℓ2λ2))− 2γE + 3)

]
, (2.54)

[gϕϕ
′
W,ϕϕ′ ] =

1

16π2r2

{∫ ∞

−∞

∞∑
l=0

(2l + 1)l(l + 1)
(
gωl − k

(n)
ωl

)
dω

+
√
π

n−1∑
a=2

a∑
b=0

T (l)
ab

r2(a− b)(a− 2)!22afa−b−1

Γ(3
2
− a)λ2a−2

}

+
1

4π2

[
D(p)

22 + T (p)
10 − D(r)

20

f 2
− 2

D(r)
21

f 3
− 3

D(r)
22

f 4

− T (r)
10

f 2
+

T (l)
11

f
+ T (l)

10 (log(f/(ℓ
2λ2))− 2γE + 1)

]
. (2.55)

In the extended coordinate prescription, the rate of convergence of the mode-

sums is directly related to the order n of the expansion of the Hadamard parametrix.

The convergence of the mode-sums can be improved by subtracting higher-order

terms of the Hadamard parametrix. The large frequency and large l behavior of
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gωl(r) − k
(n)
ωl (r) is dependent on the order of the expansion n of the Hadamard

parametrix. Specifically, we find numerically that the large-ω expansion of gωl(r)

takes, in general, the form

gωl(r) ∼
∞∑
j=0

aj(l, r)ω
−2j−1, (2.56)

where aj(l, r) are functions of l and r. By construction, the renormalization counter-

terms k
(n)
ωl (r) contain exactly the terms with j = 0, 1, .., n

k
(n)
ωl (r) ∼

n∑
j=0

aj(l, r)ω
−2j−1. (2.57)

Hence, for large ω, we find gωl(r) − k
(n)
ωl (r) = O(ω−2n−3). An analogous expansion

can be done in the large l limit. Thus, the behavior of the renormalized integrand

gωl(r) − k
(n)
ωl (r) at large ω and large l is found numerically to depend on the order

of the expansion n as follows:

gωl(r)− k
(n)
ωl (r) =

∼ ω−2n−3, large ω, fixed l,

∼ l−2n−3, large l, fixed ω.
(2.58)

In Figures 2.1 and 2.2, we numerically illustrate this convergence behavior for the

case of a Schwarzschild black hole. In Figure 2.1, the upper blue line shows the

large-(ωM) behavior of the unrenormalized quantity gωl evaluated at fixed l and r.

This plot is interpreted as follows: since log10 |(ωM)Mgωl| approaches a constant

value in the large frequency limit (it is a line of slope 0), then one can infer that

(ωM)Mgωl ∼ O(1) at large ωM and hence Mgωl ∼ (ωM)−1 at large ωM . The

remaining curves in Fig. 2.1 report the large-(ωM) behavior, at fixed l and r, of

the renormalized quantity gωl − k
(n)
ωl for progressively higher expansion order n of

the parametrix. By inspecting the different curves, one can verify that the large

frequency behavior reflects the one reported in Eq. (2.58), showing that indeed the

rate of convergence of the renormalized mode-sums can be increased by including

higher expansion orders of the Hadamard parametrix. In the Figure, factors of M

are introduced to make all the quantities dimensionless, and a logarithmic scale is

employed to make the different curves clearly visible in a single plot.

Similarly, Figure 2.2 reports the behavior of the unrenormalized and renormalized

radial Green’s function at large l for fixed ω and r. Once again, the numerical results

are in agreement with the analytical prediction in Eq. (2.58), confirming the efficacy

of the method.
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Figure 2.1: Analysis of the convergence of gωl(r) − k
(n)
ωl (r) for a massless scalar

field on the exterior of a Schwarzschild black hole at different orders of expansion n
for fixed l and large ω. Results obtained with the set of parameters: M = 1, r = 3M ,
and l = 0.
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Figure 2.2: Analysis of the convergence of gωl(r) − k
(n)
ωl (r) for a massless scalar

field on the exterior of a Schwarzschild black hole at different orders of expansion n
for fixed ω and large l. Results obtained with the set of parameters: M = 1, r = 3M ,
and ωM = 0.1.
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2.5 Conclusions

In this Chapter, we have provided a generalisation of the extended coordinate pre-

scription to directly compute the renormalized stress-energy tensor (RSET) of scalar

fields in the Boulware vacuum state. While the extended coordinate approach was

first developed for the calculation of expectation values for a scalar field in the

Hartle-Hawking state, it can be used to obtain results for other quantum states

using a state subtraction approach [3]. However, for spacetimes where one does not

have a Hartle-Hawking state to leverage as a reference state, such as an extremal

black hole or the spacetime of a star then a direct approach to compute the RSET

is required.

We treated the Boulware state as a zero temperature state, defined on the Wick-

rotated Riemannian manifold. Such treatment is convenient because the Euclidean

Green’s function possesses a simpler singularity structure, which is only singular in

the coincident limit, thereby simplifying the development of a renormalization pro-

cedure for computing the RVP and the RSET. Nonetheless, unlike in the treatment

of the Hartle-Hawking state, in which one usually imposes a periodicity condition

in Euclidean time that discretizes the frequency spectrum, such identification is

not viable in the treatment of the Boulware state; the frequency spectrum remains

continuous, making the analytical and numerical treatments more challenging.

In the extended coordinate approach, the Hadamard parametrix, which encodes

the short-distance behaviour of the two-point function, is expanded in a set of ex-

tended coordinates. The terms in this expansion are then rewritten as mode-sums of

the same form as those appearing in the unrenormalized Euclidean Green’s function,

thereby enabling a mode-by-mode renormalization. The main technical challenge

in applying this approach to a scalar field at zero temperature arises from having

a continuous frequency spectrum, and hence the mode sums involve improper in-

tegrals over ω (as opposed to the Hartle-Hawking case where we sum over discrete

values of ω). As a result, when we express terms in the Hadamard parametrix as

mode-sums, we find that the integrands are not ordinary functions of ω and we must

treat these mode-sums rigorously as generalized functions. When we do this, we see

that an infra-red cutoff naturally appears in the integrals over ω in such a way so

that the final results are independent of this cutoff.

Having developed this new direct renormalization technique, in the next Chap-

ter, we apply the method to compute the renormalized stress-energy tensor on the

exterior of a subextremal Reissner-Nordström black hole and comparing the results

against those obtained through the state subtraction approach in [3]. We then apply

the direct renormalization approach to compute the RSET for both massless and

massive scalar fields propagating in an extremal Reissner-Nordström spacetime.
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Chapter 3

Computing the RSET in

non-extremal and extremal

Reissner-Nordström black holes

The material in this chapter is based on the following article:

1. J. Arrechea, C. Breen, A. Ottewill, L. Pisani, P. Taylor, Renormalized stress-

energy tensor for scalar fields in the Boulware state with applications to ex-

tremal black holes, Phys. Rev. D, 111, 085009 (2025) [1].

3.1 Introduction

In this Chapter, we apply the renormalization scheme presented in Chapter 2 to

the case of scalar fields in the Boulware state in the Reissner-Nordström black hole

spacetime. As a consistency check, we first verify this new method by reproducing

results for the non-extremal case, which were obtained via the state subtraction

method in [3]. We then apply the method to the case of an extremal black hole,

where we investigate the regularity of the Boulware state on the event horizon for

both massless and massive scalar fields. The regularity of the renormalized-stress

energy tensor for massless fields has previously been examined by Anderson et al. [63]

using a WKB approximation (see [64–67] for discussions about backreaction effects).

Our results reinforce the existing numerical evidence of the regularity of the RSET

for massless fields in extremal black holes. Additionally, we provide the first (to the

best of our knowledge) extension of those results to massive fields.

An overview of the Chapter is given below. In Section 3.2, we discuss the nu-

merical implementation of the method for both cases and the numerical challenges.

In Sec. 3.3, we apply the new method to compute the RSET for a scalar field on

the Reissner-Nordstrom spacetime, including the extremal case where a direct cal-
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culation is necessary. In Sec. 3.4, we employ our accurate RSET results to solve

the first-order semiclassical equations to compute the backreaction on the extremal

Reissner-Nordstrom black hole spacetime. Finally, in Sec. 3.5, we conclude with a

discussion.

3.2 Numerical Implementation

3.2.1 Non-Extremal Modes

To obtain the non-extremal Reissner-Nordström Euclidean line element, we take the

general static, spherically symmetric line element defined in Eq. (2.1) and set the

radial function to

f(r) =
(r − r+) (r − r−)

r2
. (3.1)

where r± = M ±
√
M2 −Q2. M and Q are the mass and the charge of the black

hole, respectively, while r+ and r− are the event and inner horizons.

As seen from Eqs. (2.49),(2.54) and (2.55), the mode sums required to obtain the

RSET involve the computation of the radial Green function gωl in Eq. (2.3), defined

as the normalized product of solutions to the radial equation (2.4).

For the non-extremal case the computation of the pωl(r) modes is simplified by

recasting the radial equation (2.4) into a confluent Heun form. This is achieved by

expressing the dependent variable Υωl(r) as:

Υωl(r) = e−(ω−ω̄)reω r∗Yωl(r)

and introducing a new independent variable:

η =
r+ − r

r+ − r−
.

The radial equation then takes the form of the confluent Heun equation:

η(η − 1)Y ′′
ωl(η) + (c̄3(η − 1) + c̄4η + η(η − 1)c̄5)Y

′
ωl(η) + (c̄2η − c̄1)Yωl(η) = 0 (3.2)
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where ′ represents differentiation with respect to η and

c̄1 = l(l + 1) + r2+(ω − ω̄)2 − (r+ + r−)(ω − ω̄)− 2 r+ω̄

c̄2 = (r2+ − r2−)(ω − ω̄)2 − 2(r+ − r−)ω̄

c̄3 = 1 +
2ω r2+
r+ − r−

c̄4 = 1− 2ω r2−
r+ − r−

c̄5 = −2ω̄(r+ − r−)

η =
r+ − r

r+ − r−
(3.3)

and with

ω̄ =
√
ω2 + µ2. (3.4)

If we let H(c̄1, c̄2, c̄3, c̄4, c̄5; η) denote the solution to Eq. (3.2) that is analytic in the

vicinity of η = 0, i.e. r = r+, and normalized to unity there, then we may express

the pωl solution as:

pωl(r) = e−(ω−ω̄)reω r∗H(c̄1, c̄2, c̄3, c̄4, c̄5; η), (3.5)

where it is assumed that ω > 0. We have implemented the ω → −ω symmetry

in Eq. (2.4) to rewrite the frequency integral in the mode-expansion in Eq. (2.3)

so that it only involves positive frequencies. Consequently, all the solutions can be

defined for ω > 0. The other linearly independent solution to Eq. (3.2) is discarded

for the construction of the pωl modes, since it is irregular at η = 0.

Computing the qωl(r) modes is computationally harder. While these modes can

still be written in confluent Heun form, the Heun functions with the appropriate

boundary conditions for qωl(r) are not built into Mathematica. There are several

options one can consider for computing qωl(r) but we found it most efficient to simply

numerically integrate the radial equation inwards from a large r value using an

asymptotic expansion for the initial conditions (see for example [45] for details of the

asymptotic expansion). The initial conditions were optimized so that the asymptotic

expansion solved the wave equation to our working precision with the least number

of terms in the asymptotic expansion and for the smallest reasonable r value at

which this precision could be achieved. Using this approach, the mode solutions

and their derivatives that were generated were accurate to at least 30 significant

digits. We tested this accuracy by checking the constancy of the Wronskian over

the radial grid for the solution pairs {pωl(r), qωl(r)}.
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3.2.2 Extremal Modes

The extremal black hole metric can be obtained by setting the radial function in

Eq. (2.1) to

f(r) =

(
1− M

r

)2

. (3.6)

The resulting mode equation (2.4) amounts to

Υ′′
ωl +

2Υ′
ωl

r −M
−
[

r4ω2

(r −M)4
+
µ2r2 + l (l + 1)

(r −M)2

]
Υωl = 0. (3.7)

Here, ′ means differentiation with respect to r. For convenience, we follow [68] and

adopt the dimensionless coordinate η̃ = r/M − 1, for which the wave equation is

η̃4
d2

dη̃2
Υωl + 2η̃3

d

dη̃
Υωl −

[
ω2M2 (η̃ + 1)4 +l (l + 1) η̃2 + µ2M2η̃2 (η̃ + 1)2

]
Υωl = 0.

(3.8)

The radial solutions regular at the horizon and at radial infinity obey, respectively,

the asymptotic expansions

pωl = η̃2ωMe−ωM/η̃

∞∑
k=0

akη̃
k, η̃ → 0 (3.9)

and

qωl = η̃−2ωMeωM/η̃e−
√
ω2+µ2Mη̃

∞∑
k=0

bkη̃
−k−ν0 , η̃ → ∞. (3.10)

In obtaining these solutions we assumed, once again, that ω > 0. We note that

near η̃ = 0 we have an asymptotic expansion instead of a Frobenius expansion, since

η̃ = 0 is an irregular singular point of the ODE (3.8). Replacing these relations in

Eq. (3.8) we find the following recursion relations for the ak, bk coefficients,

a0 =1,

a1 =
[
µ̃2 + l (l + 1) + 2ω̃ (ω̃ − 1)

] a0
2ω̃
,

a2 =
[
µ̃2 + 2ω̃2

] a0
2ω̃

+
[
µ̃2 + l (l + 1) + 2ω̃ (ω̃ − 3)− 2

] a1
4ω̃
,

ak =
(
µ̃2 + ω̃2

) ak−3

2ω̃k
+
(
µ̃2 + 2ω̃2

) ak−2

ω̃k

+
[
k (1− k) + µ̃2 + l (l + 1) −4ω̃k + 2ω̃ (1 + ω̃)

] ak−1

2ω̃k
, (3.11)
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for the pωl mode, where ω̃ = ωM , µ̃ = µM . For the qωl mode we have, instead,

ν0 =1− 2ω̃ +
√
ω̃2 + µ̃2 +

ω̃2√
ω̃2 + µ̃2

,

b0 =1,

b1 =
[
µ̃2 + l (l + 1) + ν0 (1− ν0 − 4ω̃) +2ω̃

(
1 + ω̃ −

√
ω̃2 + µ̃2

)]
b0

×
[
2µ̃2 − 2ν0

√
ω̃2 + µ̃2 + 4ω̃

(
ω̃ −

√
ω̃2 + µ̃2

)]−1

,

bk =
(ν0 + k − 2) ω̃bk−2

(ν0 + k − 1)
√
ω̃2 + µ̃2 − 2ω̃

(
ω̃ −

√
ω̃2 + µ̃2

)
− µ̃2[

−k2 + k (3− 2ν0 − 4ω̃) + l (l + 1) + µ̃2 − ν20

+ν0 (3− 4ω̃) + 2ω̃
(
3 + ω̃ −

√
ω̃2 + µ̃2

)
− 2
]
bk−1

×
[
2 (ν0 + k − 1)

√
ω̃2 + µ̃2 −4ω̃

(
ω̃ −

√
ω̃2 + µ̃2

)
− 2µ̃2

]−1

. (3.12)

3.2.3 Accuracy Issues

The numerical implementation of the direct method is more challenging than the

extended coordinate method developed for thermal states. Most of the issues are

related to the sampling of the continuous frequency spectrum. To numerically per-

form the integral in ω, one needs to interpolate the integrand over a predefined

ω-grid. This grid must be fine enough so that the interpolation function works well,

ensuring the result is independent of the grid choice. This becomes challenging when

the integrand is very large and rapidly decaying. As a result, one needs a very dense

grid to properly interpolate a rapidly varying function. The appropriate density of

the ω-grid is obtained by comparing the results of the integral obtained with differ-

ent grid choices and interpolation orders. The grid is considered sufficiently dense

when varying these parameters does not affect the result up to a desired number of

significant digits.

Another issue is related to the cancellation of the cutoff-dependent terms. We

have shown analytically that the renormalized vacuum polarization does not de-

pend on the choice of the cutoff, as the cutoff-dependent terms ultimately cancel

each other. However, achieving this outcome numerically is more challenging and

can significantly impact the accuracy of the results. For the case of a thermal

state [51–53], where cutoff terms are not present, one can increase the accuracy of

the results by increasing the expansion order of the singular field (n in Eq. (2.8)).

Moreover, this is extremely efficient numerically as only a very modest number of

modes are required. However, for the direct approach, the magnitude of the cutoff-

dependent terms increases with increasing expansion order, and so does the potential
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error introduced by the numerical cancellation of these terms. To counteract this,

as the expansion order increases, one has to also increase the density in the grid in

ω immediately after the cutoff. In effect if one increases the expansion order, one

has to also significantly increase the number of numerical modes required, making

the process increasingly inefficient. Hence, there is a balance to be struck between

the accuracy of the results and the efficiency of the method. For the results con-

tained in this Chapter, we have found that a third-order expansion (n = 3) and

summing/integrating up to l = 40/ω = 5 with an ω-grid that is denser near ω = 0

and in the ω-range immediately above the cutoff gives sufficiently accurate results,

with the conservation equation satisfied to approximately 9-10 decimal places.

There is an important exception to this choice, and that is in the vicinity of

the event horizon. All the cutoff-dependent terms vanish on the event horizon,

and therefore, as we approach the horizon, the error introduced by these terms

also decreases. This is particularly true in the extremal case, where the metric

function f(r) has a double root. Therefore, for points close to the horizon (up at a

distance of approximately M/10), we employ a sixth-order expansion to obtain our

results and find that the conservation equation is satisfied to approximately 13-15

decimal places for a massless field and 10-11 decimal places for the massive case.

In addition, particularly near the horizon, the integral is dominated by the low-ω

behavior. Hence, it is crucial to select the smallest point in the ω-grid accordingly to

avoid losing important contributions. The integrand is then extrapolated to ω = 0.

Specifically, the first point in the ω-grid is chosen to be small enough that the

extrapolation process introduces a negligible error.

Conveniently, we found different representations for Iωl(a, b |r) and Jωl(a, b |r).
The most amenable to numerical implementation are the ones reported in the deriva-

tions above, namely in Eqs. (2.25) and (2.45), which involve differences of two hy-

pergeometric functions. However, these representations fail whenever |ω| r√
f
≫ 1, due

to catastrophic cancellation. In this context, the catastrophic cancellation arises

from subtracting two nearly equal very large terms, namely, each term with a hy-

pergeometric function in Eq. (2.25), in the case of Iωl(a, b, |r), and each term with

a hypergeometric function in Eq. (2.45), in the case of Jωl(a, b, |r). Performing this

subtraction with sufficient accuracy would require numerical computations with sev-

eral hundred digits of precision, which is impractical. Therefore, for the region of

the domain where |ω| r√
f
≫ 1, we found the representations in terms of derivatives of

modified Bessel functions and generalized incomplete gamma functions more efficient

and not subject to the numerical errors arising from the catastrophic cancellations.

These expressions will turn particularly useful in Chapters 5 and 6. We include

them in appendix A.2 for convenience.
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Figure 3.1: RSET components in the Boulware state for a massless, minimally
coupled scalar field calculated via the direct method (line) and the state subtraction
method (dots). The background spacetime is the non-extremal Reissner-Nordström
spacetime with Q =M/5.

3.3 Results

3.3.1 Non-Extremal Results

In Fig. 3.1 we compare the results of the direct method outlined in this thesis

to the corresponding results obtained via a state-subtraction approach in [3], for

the calculation of the RSET for a massless, minimally coupled scalar field in the

Boulware state. The background spacetime on which this calculation is performed

is the non-extremal Reissner-Nordström spacetime with Q =M/5. As is evident

from the plot in Fig. 3.1, in which the RSET components f 2⟨T̂αβ⟩ calculated via

the direct method are depicted with colored lines while those obtained in [3] via

the state-subtraction approach are represented by dots, there is good agreement

between the two approaches, verifying the new method presented in this thesis.

However, the state-subtraction method appears to be more accurate, as measured

by the conservation equation, in the vicinity of the event horizon. This suggests

that for space-times where there exists a Hartle-Hawking state to use as a reference

state, taking the state-subtraction approach outlined in [3] is the appropriate choice.

However, for other space-times, such as the extremal Reissner-Nordström spacetime

considered in the next section, where we do not have a Hartle-Hawking state to

exploit, the direct approach is required.

Inserting the expressions in Eqs. (2.49), (2.54), (2.55) into Eq. (2.50) results in

a natural splitting of the RSET components into a numeric and an analytic part:

⟨T̂αβ⟩ren = ⟨T̂αβ⟩numeric + ⟨T̂αβ⟩analytic, (3.13)
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where ⟨T̂αβ⟩numeric contains the terms in Eqs. (2.49), (2.54), (2.55) that are in curly

brackets, while ⟨T̂αβ⟩analytic is comprised of those terms in square brackets. We give

explicitly the expressions for both ⟨T̂αβ⟩numeric and ⟨T̂αβ⟩analytic in Appendix A.4.

Interestingly, with these definitions, both ⟨T̂αβ⟩numeric and ⟨T̂αβ⟩analytic are indepen-
dently conserved. In fact ⟨T̂αβ⟩analytic is equal, up to the addition of a conserved

tensor, to the equivalent analytic component obtained by the AHS method [45],

which in turn reproduces Page’s approximation for a massless field [69]. The fact

that our direct method reproduces the AHS results, whose derivation depended on

the use of the WKB approximation to the radial Green function, is surprising, par-

ticularly when contrasted with the results of the extended coordinates approach for

a thermal state [53]. In that case the equivalent analytic component does not re-

produce the AHS equivalent and neither the analytic nor numerical components are

independently conserved, rather only their combination is conserved.

We observe that the leading-order divergence of the RSET at the horizon is

determined entirely by ⟨T̂αβ⟩analytic ∝ f−2, with ⟨T̂αβ⟩numeric ∝ f−1 amounting to a

sub-leading correction. This indicates that ⟨T̂αβ⟩analytic indeed captures exactly the

singular behaviour of the Boulware state at event horizons, and further justifies its

use in backreaction analyses as an analytic approximation to the exact RSET [70].

3.3.2 Extremal Results

In this section, we present the results of the extended coordinate approach to the

calculation of the RSET for a scalar field in the Boulware quantum state on an

extremal Reissner-Nordström spacetime.

In Figs. 3.2 and 3.3 we present the components of the RSET in the exterior

region of the black hole for a massless and massive field (µM = 1/10) respectively.

For the massless case, on the horizon ⟨T̂αβ⟩numeric vanishes and the RSET is given

precisely by ⟨T̂αβ⟩analytic with

⟨T̂αβ⟩|r=M = ⟨T̂αβ⟩analytic|r=M =
1

2880π2M4
δαβ, (3.14)

which is equal to the corresponding RSET in the Bertotti-Robinson spacetime. A

result that may be expected since the near-extremal horizon geometry is asymp-

totically congruent to that of the Bertotti-Robinson spacetime [63]. The fact that

⟨T̂αβ⟩analytic is exact on the horizon, suggests that it might serve as a good approx-

imation for the full RSET in a reasonable domain of the exterior, at least in the

massless case. However this is not the case, with ⟨T̂αβ⟩analytic failing to capture

the main features of the full results, except in the immediate vicinity of the hori-

zon. Finally, as r increases we see that all RSET components tend to 0, as would

be expected for the Boulware state, which is truly vacuum for static observers at
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infinity.

For the massive case, the situation is quite different. Here both ⟨T̂αβ⟩analytic
and ⟨T̂αβ⟩numeric diverge logarithmically on the horizon, however these divergences

cancel to render each of the components of ⟨T̂αβ⟩ finite there. Specifically, the

analytic terms become, in the near-horizon limit,

⟨T̂αβ⟩analytic|r=M =
µ2

8π2

[(
ξ − 1

6

)
M2

diag (1, 1,−1,−1) +
µ2

4
δαβ

]
log
( r
M

− 1
)
. (3.15)

In contrast to the massless case, only the ⟨T̂ rr⟩ and ⟨T̂ tt⟩ components agree on

the horizon with ⟨T̂ θθ⟩ taking on a distinct value. For massive fields, the r → ∞
behaviour of the RSET components depends on the renormalisation lengthscale ℓ.

In fact, from the numerical results we find that the RSET approaches the following

value:

⟨T̂αβ⟩∞ =
δαβµ

4

128π2

[
3 + 4 log

(
2e−γE

µ ℓ

)]
. (3.16)

Therefore, there is a natural choice of the lengthscale for massive fields for which

the RSET tends to 0 as r → ∞. This choice is given by:

ℓ =
2

µ
exp{3/4− γE}, (3.17)

and is the value chosen for the results presented in Figs. 3.3 and 3.5. For the massless

case we simply set ℓ =M .

The coordinate system of Eq. (2.1), with the radial function (3.6), is singular at

r =M . To assess the regularity of the stress-energy tensor at the horizon, we instead

work in the orthonormal frame of a freely falling observer. The energy density and

radial pressure measured by such an observer at the horizon are equal to each other

and proportional to the quantity

⟨Ê⟩ = ⟨T̂ rr⟩ − ⟨T̂ tt⟩
f

. (3.18)

Note that the energy density measured by a freely falling observer is not given by

the ⟨T̂ tt⟩ component only, but is instead obtained by contracting the stress-energy

tensor with the four-velocity uα of the infalling observer, ⟨T̂αβ⟩uαuβ. Hence, one

obtains Eq. (3.18). The renormalized stress-energy tensor is regular at the horizon

if and only if the components ⟨T̂ tt⟩, ⟨T̂ rr⟩, ⟨T̂ θθ⟩ = ⟨T̂ ϕϕ⟩ and the quantity ⟨Ê⟩ remain

finite in the limit r → M [63]. We have already discussed the regularity of the

components of the RSET for both massless and massive fields. We now turn our

attention to ⟨Ê⟩.

61



Chapter 3. Computing the RSET in non-extremal and extremal Reissner-
Nordström black holes

2 3 4 5 6

-0.00001

0.00003

0.00002

0.00001

Figure 3.2: Plot of the components ⟨T̂αβ⟩ren for a conformally coupled massless
field in the Boulware state, on an extremal Reissner-Nordström spacetime.

The analytic contribution ⟨Ê⟩analytic is not regular on the event horizon

⟨Ê⟩analytic =
⟨T̂ rr⟩analytic − ⟨T̂ tt⟩analytic

f

= −µ
2
[
3M2µ2 + 12

(
ξ − 1

6

)]
96π2M2

( r
M

− 1
)−2

+
15M4µ4 + 2

240π2M4

( r
M

− 1
)−1

− 1

60π2M4
log
( r
M

− 1
)
+O

( r
M

− 1
)0
. (3.19)

This quantity possesses a (r −M)−1 leading order divergence for a massless field

and a (r−M)−2 for a massive field. However, in Figures 3.4 and 3.5, we show, for a

massless and massive field (µM = 1/10) respectively, that this divergence appears

to be precisely canceled by a corresponding divergence from ⟨Ê⟩numeric, leaving a

total ⟨Ê⟩ that is finite on the event horizon. The subleading logarithmic divergence

also cancels. In the massless case, this agrees with previous results [63]. Of course,

to prove this definitively would require a closed form expression for the quantity ⟨Ê⟩
on the horizon (or equivalently a near horizon expression for ⟨T̂αβ⟩ren to O(r−M)2).

However, we feel the numerical results presented here provide compelling evidence

for the regularity of the Boulware state for both massless and massive fields.

We have therefore used the novel method presented in the paper to confirm the

results of [63] for a massless field and provide, to the best of our knowledge, the

first exact results for the RSET of a massive scalar field in the extremal Reissner-

Nordström spacetime.
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Figure 3.3: Plot of the components ⟨T̂αβ⟩ren for a minimally coupled field with mass
µM = 1/10 in the Boulware state, on an extremal Reissner-Nordström spacetime.
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Figure 3.4: Plot of the cancellation of the divergence in the numerical and analyt-
ical contributions to the quantity ⟨Ê⟩ for a minimally coupled massless field, leaving
a total result that appears to be finite on the event horizon of the extremal Reissner-
Nordström spacetime
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Figure 3.5: Plot of the cancellation of the divergence in the numerical and an-
alytical contributions to the quantity ⟨Ê⟩ for a minimally coupled field with mass
µ =M/10, leaving a total result that appears to be finite on the event horizon of the
extremal Reissner-Nordström spacetime

3.4 Backreaction in extremal black holes

Computing the RSET in the background of an extremal black hole naturally begs

the question of whether extremal horizons are stable under quantum corrections. For

the static, spherically symmetric extremal black holes under consideration, despite

the field being in a static zero-temperature vacuum state and thus not inducing any

evaporation process at lowest order in the semiclassical approximation, the quantum

fields generate a RSET which is (generically) non-vanishing at the horizon and will

backreact on the background metric.

We wish to solve the semiclassical equations (1.87) perturbatively. To do so, we

follow the procedure outlined in Sec. 1.6. We first assume the RSET ambiguity is

fixed so that all the freedom is contained in the constants on the left-hand side. In

particular, we take the arbitrary renormalization lengthscale ℓ as in Eq. (3.17).

Since we wish to expand perturbatively about the extremal Reissner-Nordström

solution, we further assume in Eq. (1.89) that Λ = 0 such that the zeroth order

equation simplifies to

Gαβ = 8π T
(cl)
αβ , (3.20)

where we reiterate that both sides of this equation are evaluated on the background

spacetime. Taking the classical stress-energy tensor to be that derived from the

Faraday tensor and assuming spherical symmetry yields the Reissner-Nordström
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solution at the zeroth order. Then at first order in ϵ, we have from (1.90)

δGαβ + δG−1Gαβ + δΛ gαβ + δa1H
(1)
αβ = 8π

(
⟨T̂αβ⟩ren + δT

(cl)
αβ

)
, (3.21)

where now the H
(2)
αβ tensor vanishes on the background spacetime, the perturbation

of the Einstein tensor δGαβ is given in Eq. (1.91) in terms of the trace-reversed

metric perturbation (1.92) and

δT
(cl)
αβ =

1

4π

(
−1

4
hαβFρσF

ρσ − 1

2
gαβFρσδF

ρσ + FασδF
σ
β + δFασF

σ
β

)
, (3.22)

where we have introduced the following expansion for the electromagnetic field tensor

Fαβ = Fαβ + ϵδFαβ. (3.23)

The solution space to Eq. (3.21) is very large so we focus on the simplest case

for which the constants δΛ, δa1 and δG−1 either vanish or are higher order in the

perturbative expansion so that they do not contribute in Eq. (3.21). We can weaken

the assumption that δG−1 vanishes and instead consider that this term can be

absorbed into a redefinition of the charge of the background solution, a fact which

can be easily seen from the zeroth order equation.

Following [71], we assume the full metric coefficients have the form

gtt = −e2ψ(r) (1− 2m(r)/r) , grr = (1− 2m(r)/r)−1 , (3.24)

where m(r) denotes the Misner-Sharp mass, and then we expand these metric func-

tions as

ψ(r) ≃ log [1 + ϵR(r)], m(r) ≃M

(
1− M

2r

)
[1 + ϵM(r)] . (3.25)

Note that δT
(cl)
αβ is in general nonzero. It is, however, convenient to consider the

linear-order in ϵ semiclassical equation with up and down indices

δGα
β = 8π

(
δT

α (cl)
β + ⟨T̂αβ⟩ren

)
, (3.26)

with

δT
α (cl)
β = gαγδT

(cl)
γβ + δgαγT

(cl)
γβ , (3.27a)

δGα
β = gαγδGγβ + δgαγGγβ, (3.27b)

⟨T̂αβ⟩ren = gαγ⟨T̂γβ⟩ren, (3.27c)
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where we have introduced the inverse metric

gαβ = gαβ + ϵδgαβ +O(ϵ2), (3.28)

with

δgαβ = −hαβ, (3.29)

and

hαβ = gαγgβδhγδ. (3.30)

Introducing Eqs. (3.27) into Eq. (3.26) yields

gαγδGγβ + δgαγGγβ = 8π
(
gαγδT

(cl)
γβ + δgαγT

(cl)
γβ

)
+ 8πgαγ⟨T̂γβ⟩ren. (3.31)

Since we are considering a neutral quantum scalar field, we can assume that the total

charge is not affected by the presence of the field, meaning that the linear-order (in

ϵ) contribution to Q = Q + ϵδQ, with Q = M , vanishes: δQ = 0 [63]. Under this

assumption, one can show that

δT
α (cl)
β = gαγδT

(cl)
γβ + δgαγT

(cl)
γβ = 0, (3.32)

resulting in the following simpler form for the semiclassical equations

gαγδGγβ + δgαγGγβ = 8πgαγ⟨T̂γβ⟩ren. (3.33)

Hence, using Eq. (3.33) we finally obtain

2 (z − 1)2R′(z)

M2z3
= 8πM2

(
⟨T̂ rr⟩ − ⟨T̂ tt⟩

)
,

−M(z)

M2z4
− (2z − 1)M′(z)

M2z3
= 8πM2⟨T̂ tt⟩, (3.34)

where we have used the dimensionless coordinate z = r/M , and we have dropped

the subscript “ren” on the RSET components for typographical convenience. The

first equation is clearly the difference between the radial and temporal equations,

and the angular equations are such that the Bianchi identities are satisfied. Once

the RSET is specified (here we replace it by the numerical values for massless and

massive fields shown in the previous section), we can integrate Eqs. (3.34) for M
and R. The full solutions for the perturbations are numerical, and we can only

calculate them within the region for which we have numerical RSET values at our

disposal.

For massless fields in the near-horizon limit z → ze, with ze = 1 being the position

of the extremal horizon, we can make use of the fact that the energy density and
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pressures of the exact RSET are given, to leading order in z − ze, by Eq. (3.14) to

obtain the following analytic solutions for the perturbations

M = − C0

1080π
+O (z − ze) , R =

K0

1080π
+O (z − ze) , (3.35)

where {C0, K0} are arbitrary integration constants. For massive fields, however, we

cannot follow a similar argument since we ignore the exact values the RSET must

reach at the extremal horizon, and extrapolating our numerical results introduces

spurious errors. However, backreaction analyses have been done in the limit of large

field mass [67]. Written in ingoing Eddington-Finkelstein coordinates, the metric

components become

gvv =gtt = − ϵC0

1080π
+O (z − ze) ,

gvr =e
ψ = 1 +

ϵK0

1080π
+O (z − ze) . (3.36)

In light of these expressions, we observe that the metric receives a correction so

that gtt is no longer vanishing at z = ze. For negative ϵC0 we have gtt > 0, hence

the surface z = ze appears to lie inside a trapped region. In this case perturbative

corrections have shifted the position of the horizon from its classical value ze = 1

to a new position zH > ze which must be found numerically. The surface gravity

associated to this quantum-corrected horizon is equal to

κH =
eψ

2M

∂

∂z

(
1− 2Mm

z

)
+
eψ

M

(
1− 2Mm

z

)
∂ψ

∂z

∣∣∣∣
zH

. (3.37)

Extremal horizons are characterized by a vanishing surface gravity, i.e., a quadratic

root in gvv. In the Reissner-Nordström metric, this comes from the fact that Q =M .

The RSET makes the Misner-Sharp mass acquire a radial dependence, but does not

affect the charge, allowing for the possibility of breaking the delicate balance of scales

required by extremal horizons. In practice what we observe is that the backreacted

spacetime, locally around z = ze, becomes like the sub-extremal or super-extremal

Reissner-Nordström spacetimes depending on which sign we choose for the mass

perturbations. Since we do not have exact results for z < ze, we cannot obtain the

quantum-corrected metric in the region z ≪ zH.

Together with shifting the position of the horizon outwards, taking ϵC0 < 0

makes it acquire a positive surface gravity. The relative position and surface gravity

of the quantum-corrected horizon are shown in Fig. 3.6. For massless fields, we see

this non-extremal horizon smoothly tends to a horizon of the extremal kind in the

ϵC0 → 0 limit. In the massive case, since we lack RSET values arbitrarily close to ze,

we have not been able to generate reliable results in the ϵC0 → 0 limit. Nonetheless,
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Figure 3.6: Position of the perturbed horizon ∆z = zH− ze and its surface gravity
κH for a semiclassically corrected extremal black hole. Corrections from minimally
coupled massive and massless fields shift the Misner-Sharp mass by a constant value,
which either breaks the extremal horizon into a pair of inner and outer horizons (if
C0 < 0), or eliminates any horizon entirely (if C0 > 0). Our results do not change
qualitatively as long as ϵK0 ≪ 1, so we set K0 = 0 here.

for large and negative ϵC0 values, the curves for the massless and massive cases are

indistinguishable.

We can integrate Eqs. (3.34) away from the black hole to obtain the behaviour of

perturbations at large z. The R function can be absorbed in a redefinition of the t

coordinate, while theM function shifts the Arnowitt–Deser–Misner (ADM) mass by

a constant factor. Under the choice of renormalized constants δΛ = δG−1 = 0, the

RSET decays at large z as ⟨T̂αβ⟩ ∝ O (z−4) for massive fields and as ⟨T̂αβ⟩ ∝ O (z−6)

for massless fields. In both cases, it can be shown from Eq. (3.34) that, for z ≫ ze,

M = C∞ +O (z−1).

Figure 3.7 shows the R and M functions for the minimally coupled massless field

(continuous lines) and the minimally coupled µM = 1/10 field. We have integrated

the equations in the radial domain for which we have reliable results for the RSET.

These are z ∈ [M, 5.75M ] and z ∈ [1.005M, 5.75M ] in the massless and massive

cases, respectively. For the massless case, preserving the extremal horizon (C0 = 0)

translates into a negative correction to the ADM mass of C∞ ≈ −2.5×10−3, so that

MADM = M + C∞ < Q. In this case, in order to preserve an extremal horizon, we

would need to start with a sub-extremal black hole and perturb it semiclassically.

For the massive case, integrating outwards with C0 = 0 we obtain C∞ ≈ 9.7× 10−4,

so that MADM > Q. In this case extremality would be preserved if we started with

a super-extremal black hole and corrected it semiclassically. This discrepancy in M
at large distances can be traced back to the differing signs of the ⟨T̂ tt⟩ component in
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Figure 3.7: Solutions for the perturbations R(r) of the redshift function (in blue)
M(r) and the Misner-Sharp mass (in pink) in terms of the radial coordinate z.
The continuous lines correspond to the µM = 0 case and the dashed lines to the
µM = 1/10 case. Taking C0 = K0 = 0, we have integrated within the domain of z
values in which we have reliable numerical results for the RSET.

each case (see Figs. 3.2 and 3.3). For massless fields, the ξ-dependent contributions

to the RSET vanish at the horizon and as r → ∞. Regions in which ⟨T̂ tt⟩ changes
sign only appear for ξ ≳ 1/4, hence these results are expected to hold qualitatively

for a broad range of curvature couplings.

So far we have considered δa1 = 0. For non-vanishing δa1 in Eq. (3.21), we

observe that the H
(1)
αβ tensor is sub-leading with respect to the RSET contribution

in the tt equation of Eq. (3.34) as the event horizon of the classical solution is

approached, hence allowing δa1 ̸= 0 does not affect the analysis. In the rr − tt

equation of Eq. (3.34), both (H
r (1)
r −H

t (1)
t )(z − 1)−2 and (⟨T̂ rr⟩ − ⟨T̂ tt⟩)(z − 1)−2

are finite as z → 1. Nevertheless, it can be shown that the near-horizon analysis

presented above still holds if δa1 ̸= 0. Thus, allowing δa1 ̸= 0 does not modify the

position of the perturbed horizon nor its surface gravity. For large z, the tensor H
(1)
αβ

decays ∝ z−6, hence the perturbations M and R still approach constant values at

infinity. However, the contribution from H
(1)
αβ for intermediate z values can change

the sign of the perturbations M and R at infinity. For example, a sufficiently large

and negative δa1 leads to a positive C∞ in the massless minimally coupled case.

The loss of extremality is expected to occur due to a breakdown of the deli-

cate balance between charge and mass contributions that extremal horizons require.

Since we are only incorporating the vacuum polarization effects from an uncharged

massless scalar field, this balance is broken at first order in perturbation theory.

However, it is still plausible that the vacuum polarization effects from the electro-

magnetic field only displace the position of the horizon without changing its extremal
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nature.

On the one hand, for negative ϵC0, it is clear (since the corrections are pertur-

bative) that we are observing a splitting of the extremal horizon into a pair of outer

and inner horizons. By solving Eq. (1.87) perturbatively to higher order in ϵ, we

would find: i) that the quantum state in which this RSET is evaluated is no longer

a zero-temperature vacuum state, but a mixed state instead (as expected from the

event horizon acquiring a temperature) and ii) that this state is singular at the

newly formed inner horizon [54]. On the other hand, for positive ϵC0 the function

gvv has zero roots, hence the extremal horizon disappears entirely and the perturbed

metric describes a horizonless (and singular) object, whose associated vacuum state

has zero temperature. Finally, between both regimes there is a separatrix solution

with C0 = 0 that preserves both the position and the surface gravity of the extremal

horizon. This solution could potentially exist for all orders in ϵ only if we fine-tune

the perturbations so that their contribution to the Misner-Sharp mass vanishes at

every order in ϵ. Of course, the treatment adopted in this section only deals with

static solutions from the start, hence we remain agnostic in regard to the stability

of extremal horizons under time-dependent perturbations.

3.5 Conclusions

Having developed a direct approach for computing the renormalized stress-energy

tensor of quantum scalar fields in the Boulware vacuum state in Chapter 2, in this

Chapter we first applied it to the non-extremal Reissner-Nordström spacetime. In

this case we reproduced the results obtained via the state subtraction approach in

[3], thereby verifying the new direct approach. We then applied the direct approach

the the calculation of the RSET in an extremal Reissner-Nordström spacetime, for

both a massless and massive scalar field. The massless case had previously been

considered in [63], however, the results presented in [1] and in this Chapter are the

first results obtained for a massive field.

Once we have calculated the RSET components we used these results to in-

vestigate the regularity of the Boulware state by calculating the energy density on

the horizon as perceived by a freely falling observer. Here we find strong numeri-

cal evidence that the Boulware state is regular for both the massless and massive

case. However, we stress that these results are indicative only and to say anything

conclusive requires exact results on the horizon.

Despite lacking a definite proof of the RSET regularity at extremal horizons, we

can nonetheless assume that it is indeed regular to give a hint on the backreaction ef-

fects it would entail. By solving the static semiclassical equations perturbatively [71]

we have seen that, unless perturbations are fine-tuned to every order in the expan-
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sion, extremal horizons are unstable. If these perturbations contribute positively to

the Misner-Sharp mass, the extremal horizon splits into a pair of outer and inner

horizons, while in the opposite scenario the horizon disappears completely, leaving

no marginally trapped surfaces in the spacetime. We also analyzed how extremal-

ity at the horizon results in a change in the ratio between the ADM mass and the

charge, which depends on the overall sign of the semiclassical energy density.

71



Chapter 4

Application of the extended

coordinate method to thin shells

The material in this chapter is based on the following article:

1. J. Arrechea, C. Breen, A. Ottewill, L. Pisani, P. Taylor, Vacuum polarization

and renormalized stress-energy tensor of spherical thin shells, arXiv :2607.07583

(2026) [2].

4.1 Introduction

As discussed in the previous Chapters, one of the primary motivations for developing

a direct renormalization technique for the Boulware state is the absence, in some

spacetimes of interest, of a Hartle-Hawking state that could serve as a reference

state for renormalization. In Chapter 3, we demonstrated the efficacy of the direct

renormalization prescription developed in this thesis in the context of one such

spacetime: the extremal Reissner-Nordström black hole. However, the method is

general, and its applicability is not limited to black holes but to any static spherically

symmetric spacetime that admits the Boulware state.

Of particular interest are the horizonless equilibrium configurations like compact

stars [72–74] and thin shells [75], for which the Boulware state constitutes the natural

vacuum state. Notably, little work has been carried out in these settings owing

to the complications introduced by classical matter sources and to the fact that

semiclassical effects are potentially but not obviously relevant in these contexts.

The direct renormalization method developed in Chapter 2 opens new avenues of

investigation in this direction and provides us with a powerful tool for analyzing the

properties of the Boulware vacuum in the context of horizonless compact objects.

Specifically, the work we present in this Chapter is part of a broader program

aimed at investigating the semiclassical effects in horizonless compact objects. In
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general relativity, Buchdahl’s theorem [76] defines an upper bound on the com-

pactness of a static, spherically symmetric equilibrium star composed of standard

matter. In the semiclassical context, however, the renormalized stress-energy ten-

sor can violate some of the assumptions underlying Buchdahl’s theorem. Including

semiclassical backreaction effects may then allow for the existence of more compact

horizonless objects than in the classical framework, possibly beyond the Buchdahl

limit. To explore this possibility, it is useful to study configurations that can ap-

proach the black hole limit, where semiclassical effects may become particularly

important.

In this Chapter, we examine the simplest scenario in which matter can be placed

arbitrarily close to the black hole limit: a spherical thin shell in equilibrium with

an empty Minkowski interior. We show that the values of the renormalized vac-

uum polarization and of the renormalized stress-energy tensor components remain

bounded at the centre of the shell in the black hole limit. Additionally, we investi-

gate the emergence of the Boulware divergence in the RSET components in the black

hole limit. We will see that this effect is difficult to isolate, since a Casimir-type

divergence associated with the presence of the shell dominates near the surface.

Although this setting is more idealized than a constant density star, it presents

similar technical difficulties, in particular, the presence of matching conditions across

a matter boundary. Future work will focus on extending this analysis to semiclassical

compact stars.

The contents of this Chapter are organised as follows. In Section 4.2, we discuss

how the extended coordinate method presented in Chapter 2 can be applied in the

context of a spherically symmetric spacetime with a thin shell. In Section 4.3, we

set the framework of the study: we outline Israel’s thin-shell formalism and define

a spherical thin shell joining a Minkowski interior to a Schwarzschild exterior. In

Section 4.4, we discuss the details of the numerical computation of the Euclidean

modes in this framework and study the numerical convergence of the renormalized

mode-sums both inside and outside the shell. Next, in Sec. 4.5, we analyze the

divergent behavior of the renormalized vacuum polarization and of the RSET near

the shell analytically by means of a WKB and a weak-field approximation. The

full numerical results are then presented in Sec. 4.6 for a wide range of parameters.

Finally, we conclude in Sec. 4.8.
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4.2 The extended coordinate method

In the context of spherical thin shells, the Euclidean line-element defined in (2.1)

shall be generalized to

ds2 = f(r)dτ 2 + h(r)dr2 + r2(dθ2 + sin2 θ dϕ2), (4.1)

where h(r) is another arbitrary function of r. Now, we have two free functions

f(r) and h(r), whereas in the case of a black hole, we just have one free function

f(r), since, by Birkhoff’s theorem, the metric in Eq. (4.1) with h(r) = 1/f(r) is the

unique spherically symmetric solution of the vacuum (or electro-vacuum) Einstein

equations. Therefore, the extended coordinate prescription presented in Chapter 2

shall then be generalized to a metric of the form (4.1).

We consider, once again, a scalar field satisfying the Klein-Gordon equation (2.2),

and define the renormalized vacuum polarization as the coincident limit of the

difference between the point-split Euclidean Green’s function GB(x, x
′) (satisfying

Eq. (1.55)) and the Hadamard parametrix for the Euclidean propagator K(x, x′) (as

defined in Eq. (1.73))

⟨B|Φ̂2|B⟩ren := lim
x′→x

{GB(x, x
′)−K(x, x′)} . (4.2)

At the thin shell radius r = r0, GB(x, x
′) is not smooth resulting in a ⟨B|Φ̂2|B⟩ren

that is not smooth. The Euclidean Green’s function for the Boulware state is most

easily expressed as a mode-sum of the form

GB(x, x
′) =

1

8π2

∞∑
l=0

(2l + 1)Pl(cos γ)

∫ ∞

−∞
dω eiω∆τgωl(r, r

′), (4.3)

where, with the metric in Eq. (4.1), the bi-distribution gωl(r, r
′) satisfies the equation{

d

dr

(
r2
√
f√
h

d

dr

)
−
√
h f

[
ω2r2

f
+ l(l + 1) + r2(µ2 + ξ R)

]}
gωl(r, r

′) = −δ(r − r′).

(4.4)

The radial Green’s function gωl(r, r
′) is contructed as in Eq. (1.98), with the nor-

malization constant defined now as

Nωl = −r
2
√
f√
h

W{pωl, qωl} = −r
2
√
f√
h

(
d qωl
dr

pωl −
d pωl
dr

qωl

)
. (4.5)

We discuss the details of the computation of the radial modes pωl(r) and qωl(r) and

of their normalization constant Nωl in the context of thin shells in Sec. 4.4.
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The treatment of the Hadamard parametrix is analogous to that presented in

Chapter 2. We once again choose the set of extended coordinates {s2,∆τ 2,∆r},
where

s2 = f(r)∆τ 2 + 2r2(1− cos γ). (4.6)

Then if we expand the Hadamard parametrix in these extended coordinates and take

the partial coincidence limit r′ = r (or ∆r = 0) for simplicity, we get an expansion

of the form:

K(x, x′) =
1

8π2

(
n∑
a=0

a∑
b=0

D(r)
ab (r)

∆τ 2a+2b

s2b+2
+

n∑
a=1

a∑
b=1

D(p)
ab (r)∆τ

2a−2bs2b−2

+
n−1∑
a=1

a−1∑
b=0

T (r)
ab (r)

∆τ 2a+2b+2

s2b+2
+

n−1∑
a=0

a∑
b=0

T (l)
ab (r)s

2a−2b∆τ 2b log

(
s2

ℓ2

)

+
n−1∑
a=1

a∑
b=0

T (p)
ab (r)s2a−2b∆τ 2b

)
+O(∆x2n log∆x), (4.7)

where the Hadamard coefficients D(r/p)
ab and T (r/l/p)

ab must be computed for a metric

of the form (4.1). The corresponding coefficients are reported in Appendix B.1. As

discussed in Sec. 2.3, the only terms that need to be written as mode-sums are the

terms that are rational and logarithmic in ∆τ and s. To achieve this, we adopt the

mode-sum representations

∆τ 2a+2b

s2+2b
=

∞∑
l=0

(2l + 1)Pl(cos γ)

∫ ∞

−∞
dω eiω∆τΨωl(a, b|r), (4.8)

∆τ 2bs2a−2b log(s2) =
∞∑
l=0

(2l + 1)Pl(cos γ)

∫ ∞

−∞
dω eiω∆τχωl(a, b|r), (4.9)

for some yet to be determined functions Ψωl(a, b|r) and χωl(a, b|r) which we call

regularization parameters. Conveniently, since we are taking the radial points at

coincidence (∆r = 0), s2 is defined as in Eq. (2.6). As a result, the regularization

parameters are independent of the function h(r) and identical to those derived in

Chapter 2. Specifically, the regularization parameters Ψωl(a, b|r) and χωl(a, b|r) take
the same form as in Eqs. (2.24) and (2.44), respectively.

Therefore, the expressions derived in Sec. 2.4, together with the Hadamard co-

efficients given in App. B.1, can be directly employed for the computation of the

renormalized vacuum polarization and renormalized stress-energy tensor. For in-
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stance, the renormalized vacuum polarization is

⟨B|Φ̂2|B⟩ren =
1

8π2

{∫ ∞

−∞

∞∑
l=0

(2l + 1)
(
gωl(r)− k

(n)
ωl (r)

)
dω

−√
π
n−1∑
a=1

a∑
b=0

T (l)
ab (r)

(a− 1)!22afa−b

Γ(−a+ 1
2
)λ2a

}

− 1

8π2

[
D(p)

11 (r) +
D(r)

10 (r)

f
+

D(r)
11 (r)

f 2
+ T (l)

00 (r)(log(f/(ℓ
2λ2))− 2γE)

]
.

(4.10)

As discussed in Sec. 2.4, the computation of the renormalized stress-energy tensor

according to Eq. (2.50) requires the computation of the two additional mode-sums

in Eqs. (2.54) and (2.55).

4.3 Thin shells in equilibrium

4.3.1 General Formalism

The spacetime we will consider is that of a spherical and static thin shell that

connects a Minkowski interior with a Schwarzschild exterior, though much of the

essential details can also be applied to non-vacuum interior spacetimes such as stars.

The Minkowski interior is of particular interest as any curvature-dependent terms

in the RSET will vanish, isolating the purely non-local nature of the contribution

coming from the boundary conditions defining the quantum state and contributions

coming from the matching across the shell.

To make this Chapter as self-contained as possible, we briefly review here the thin

shell formalism presented in [75, 77] (and Appendix B in [78]) assuming a generic

interior of the form (4.1). We will specialize for the case under consideration at the

end of this section. We start by considering two spherically symmetric spacetimes

ds2− =− f−(r)dt
2
− + h−(r)dr

2 + r2dΩ2, r < r0

ds2+ =− f+(r)dt
2
+ + h+(r)dr

2 + r2dΩ2, r > r0 (4.11)

matched at the spherical timelike boundary r = r0. In order for this layer to be

a solution to the Einstein equations, it must satisfy Israel-Darmois junction con-

ditions [75, 79]. We introduce the geometrical quantities that allow us to charac-

terize the junction conditions. We define coordinates intrinsic to our hypersurface,

ζA = {τ, θ, ϕ} where τ here is a proper time coordinate (not to be confused with

Euclidean time τ). The basis vectors tangent to the hypersurface of the boundary
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are thus

e
α(±)
A =

∂xα±
∂ζA

. (4.12)

Explicitly, we have

e
t(±)
A =

(
∂t±
∂τ

, 0, 0

)
=

(
1√
f±(r)

, 0, 0

)
e
r(±)
A =(0, 0, 0) , e

θ(±)
A = (0, 1, 0) , e

ϕ(±)
A = (0, 0, 1) . (4.13)

The unit spacelike vectors normal to this surface are

n(±)
α =

(
0,
√
h±(r), 0, 0

)
. (4.14)

Now the first Israel-Darmois junction condition demands continuity of the in-

duced metric h
(±)
AB = gαβe

(±)α
A e

(±)β
B across the boundary, i.e.,

JhABK = h
(+)
AB − h

(−)
AB = 0 (4.15)

were here and throughout we have adopted the notation

JOK ≡ O(+) −O(−). (4.16)

This condition translates into the following relation between the interior and exterior

time coordinates (
dt−
dτ

)2

=
f+(r0)

f−(r0)

(
dt+
dτ

)2

, (4.17)

making gtt continuous at r = r0. The line-element on the hypersurface is then

ds2 = hABdζ
AdζB = −dτ2 + r20dΩ

2. (4.18)

Since the first junction condition is a constraint on the induced metric, the

function h(r) can still exhibit jumps. Constraints on the jump in h(r) is specified

by the second junction condition. First we define the extrinsic curvature of the

hypersurface as

K
(±)
AB = nα;βe

(±)α
A e

(±)β
B , K(±) = K

(±)
ABh

AB. (4.19)
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Explicitly, we have

K(±)
ττ =− 1

2

f ′
±(r0)

f±(r0)
√
h±(r0)

,

K
(±)
θθ =

r0√
h±(r0)

,

K
(±)
ϕϕ =

r0 sin
2 θ√

h±(r0)
,

K(±) =
1

2

f ′
±(r0)

f±(r0)
√
h±(r0)

+
2

r0

1√
h±(r0)

. (4.20)

The discontinuity of the extrinsic curvature across the boundary is

JKτ
τK =

1

2

f ′
+(r0)

f+(r0)
√
h+(r0)

− 1

2

f ′
−(r0)

f−(r0)
√
h−(r0)

, (4.21)

JKθ
θK =JKϕ

ϕK =
1

r0
√
h+(r0)

− 1

r0
√
h−(r0)

, (4.22)

JKK =
1

2

(
f ′
+(r0)

f+(r0)
√
h+(r0)

− f ′
−(r0)

f−(r0)
√
h−(r0)

)

+
2

r0

[
1√
h+(r0)

− 1√
h−(r0)

]
. (4.23)

The second Israel-Darmois junction condition identifies the behaviour in the extrin-

sic curvature across the boundary with the stress-energy associated to the boundary

itself. In particular, discontinuity of the extrinsic curvature across the boundary

indicates a thin shell with intrinsic stress-energy SAB given by the Lanczos equa-

tion [80, 81]

8πSAB = − (JKABK − JKKhAB) . (4.24)

To express the Ricci scalar in the four-dimensional spacetime in terms of the dis-

tributional stress-energy tensor on the hypersurface, we work in coordinates where

the continuity of the metric is explicit across the shell r = r0, i.e., as well as the

new time coordinate τ introduced earlier, we would also introduce a proper radial

coordinate z by dz/dr =
√
h±(r) for r ≷ r0 whence the metric is

ds2 = −dτ2 + dz2 + r2(z)dΩ2 (4.25)

where r here is given implicitly as a function of z. Then, it is straightforwardly
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shown that

R = −8πS δ(z − z0), (4.26)

where S = hABSAB and z0 = z(r0). If we wish to write this in terms of the r

coordinate, then, since the metric is not continuous in r, we need to define

R =

R̄− δ(r − r0), r < r0,

R̄+ δ(r − r0), r > r0,
(4.27)

where we have introduced the relation

R̄± = − 8πS√
h±(r0)

. (4.28)

On the other hand, if f(r) is C1 and h(r) is C0 at the boundary, as occurs, for

example, at the surfaces of many fluid stars [82, 83], the jump in extrinsic curvature

vanishes and hence there is no stress-energy associated with the boundary itself.

Nevertheless, such boundaries are sharp enough as to cause a jump in Ricci scalar

across the surface, which leaves an imprint in the propagation of field modes.

It is interesting to express the stress-energy tensor SAB as that of a perfect fluid

to obtain the surface energy density ρ and the surface tangential pressure P , where

SAB = ρ uAuB + P (hAB + uAuB) . (4.29)

Specifically, we have Sτ
τ = −ρ and Sθθ = Sϕϕ = P where

ρ =
1

4πr0

(
1√
h−(r0)

− 1√
h+(r0)

)
, (4.30)

P =
1

8πr0

[
1√
h+(r0)

− 1√
h−(r0)

]

+
1

16π

(
f ′
+(r0)

f+(r0)
√
h+(r0)

− f ′
−(r0)

f−(r0)
√
h−(r0)

)
. (4.31)

The complete stress-energy tensor of the surface layer is then [75, 77]

Tαβ = SABeαAe
β
B

δ(r − r0)√
h±(r0)

= Sαβ
δ(r − r0)√
h±(r0)

. (4.32)
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4.3.2 Matching Minkowski to Schwarzschild Spacetimes

Now we specialize to the case where the interior spacetime is Minkowski with line

element

ds2− = −dt2− + dr2 + r2dΩ2 (4.33)

and the exterior spacetime is Schwarzschild with line element

ds2+ = −
(
1− 2M

r

)
dt2+ +

(
1− 2M

r

)−1

dr2 + r2dΩ2. (4.34)

Now the continuity condition (4.17) implies dt2− = (1 − 2M/r0)dt
2
+ so we ex-

press both metrics in terms of the Schwarzschild time and drop the subscript + for

typographical convenience,

ds2− =−
(
1− 2M

r0

)
dt2 + dr2 + r2dΩ2, (4.35)

ds2+ =−
(
1− 2M

r

)
dt2 +

(
1− 2M

r

)−1

dr2 + r2dΩ2.

The Ricci scalar of the shell is (4.26) with

S = SABhAB =
1

4πr0

2− 3M/r0√
1− 2M

r0

− 2

 . (4.36)

In terms of the surface energy density and tangential pressure, we have

ρ =
1

4πr0

(
1−

√
1− 2M

r0

)

P =− 1

8πr0

(
1−

√
1− 2M

r0

)−1

− 1

8πr20

M√
1− 2M

r0

. (4.37)

It is worth noting that the trace S has the following asymptotic limits

S ∼ 1

8π

√
2Mr0

(
1− 2M

r0

) r0 → 2M

S ∼− M

4πr20
r0 → ∞, (4.38)

i.e., it is positive in the black hole limit and negative in the large-shell limit, respec-
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tively. Finally, we note that the trace S can also be written as

S =

(
1− 3

√
1− 2M

r0

)
ρ

2
√

1− 2M
r0

, (4.39)

showing that it vanishes exactly at the Buchdahl compactness limit 2M/r0 =

8/9 [76], the maximum compactness for constant-density stars in general relativ-

ity.

4.4 Numerical Approach

4.4.1 Euclidean Modes

One of the advantages of the extended coordinate prescription described in Chapter 2

is that it makes use of Euclidean techniques which simplify the calculation of the

field’s radial modes. In particular, the radial modes on the Lorentzian spacetime

are generally oscillatory solutions (except for possible bound state modes) whereas

on the Euclidean geometry, the radial modes are generally exponentially growing or

decaying functions of r. Computing the Euclidean modes is computationally easier.

The coincidence limit of the one-dimensional radial Green’s function appearing

in the calculation of the vacuum polarization and the RSET is

gωl(r) =
pωl(r) qωl(r)

Nωl

, (4.40)

where pωl(r) and qωl(r) are linearly independent solutions to the Sturm-Liouville

homogeneous second-order linear differential equation

d

dr

(
r2
√
f√
h

dΥωl

dr

)
−
√
h f

(
ω2r2

f
+ l (l + 1) + r2(µ2 + ξR)

)
Υωl = 0 (4.41)

and the normalization constant Nωl is given by Eq. (4.5). The Boulware quantum

state can be defined as a zero temperature Euclidean state and can be specified

by imposing appropriate boundary conditions on these modes. The modes pωl(r)

are obtained by imposing boundary conditions on the left boundary of the region of

interest and integrating outward in r while qωl(r) are obtained by imposing boundary

conditions on the right boundary of the region of interest and integrating inwards

in r.

In our thin shell model, the spacetime is separated into two different patches,

hence the solutions to Eq. (4.41) will have to be suitably connected through the

shell. We denote by {pMωl, qMωl} a basis of Minkowski modes, i.e., linearly independent
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solutions of Eq. (4.41) with h(r) = 1 and f(r) = (1−2M/r0). Similarly, we denote by

{pSωl, qSωl} a basis of Schwarzschild modes, i.e., linearly independent solutions of with

f(r) = [h(r)]−1 = (1−2M/r). Once these bases of modes are obtained independently

in each region, the Euclidean modes associated to the thin shell spacetime correspond

to

pshellωl =

pMωl, r < r0

aωlp
S
ωl + bωlq

S
ωl, r > r0

(4.42)

and

qshellωl =

cωlpMωl + dωlq
M
ωl, r < r0

qSωl, r > r0
(4.43)

and equivalently for their radial derivatives. The coefficients {aωl, bωl, cωl, dωl} are

found numerically by matching the Schwarzschild and Minkowski modes bases at

r = r0. Finally, the Wronskian constant can be related to the respective one in these

mode bases via

N shell
ωl =

dωlNM
ωl , r < r0

aωlN
S
ωl, r > r0.

(4.44)

The next two subsections contain details about how these two mode bases are

calculated including the boundary conditions and the matching conditions. As we

will see, the matching results in discontinuous radial derivatives for the modes at

r = r0.

4.4.2 Schwarzschild modes

Outside the shell, the spacetime is Schwarzschild and the homogeneous radial equa-

tion is {
d

dr

(
r2 − 2Mr

) d
dr

− l (l + 1)− µ2r2 − ω2r2

1− 2M
r

}
Υωl = 0. (4.45)

This equation has a regular singular point at r = 2M and an irregular singular point

at r = ∞. We take pSωl(r) to be the modes regular at r = 2M . This solution can be

expressed in terms of the regular confluent Heun function as, assuming once again

that ω > 0,

pSωl(r) =
e−2Mω+Ω r

(2M)2Mω

( r

2M
− 1
)2Mω

H (c1, c2, c3, c4, c5; z) , (4.46)
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where we have labelled

c1 =l(l + 1)− 2M
{
ω + Ω− 2M

[
µ2 + 2ω (ω − Ω)

]}
,

c2 =4M
[
M (ω − Ω)2 − Ω

]
,

c3 =1 + 4Mω,

c4 =1,

c5 =− 4MΩ,

Ω =
√
µ2 + ω2,

z =1− r

2M
. (4.47)

In our notation, the confluent Heun function H(c1, c2, c3, c4, c5; z) is the function

which satisfies

z(z− 1)H′′(z) + (c3(z− 1) + c4z+ z(z− 1)c5)H
′(z) + (c2z− c1)H(z) = 0 (4.48)

and is normalized to unity at z = 0. The advantage of expressing our solution in

terms of confluent Heun functions is that an efficient routine for computing this

function is built into the software package Mathematica.

We take as our qSωl(r) modes the solutions to Eq. (4.45) that are regular at

r = ∞. While these solutions can still be expressed in terms of confluent Heun

functions, they correspond to Heun functions of the logarithmic kind which are

not yet implemented in Mathematica. We instead proceed by obtaining the qSωl(r)

mode through direct integration of Eq. (4.45). To obtain these modes, most of

the difficulty lies in reliably generating the boundary conditions at r = ∞. Since

this is an irregular singular point, the solution for large r is an asymptotic series

solution and therefore non-converging. So care is needed in truncating this series to

obtain a sufficiently accurate starting value for the numerical integration. We obtain

this asymptotic series solution by first factoring out the leading-order exponential

behaviour from the qSωl(r) modes. We write

qSωl(r) = e−Ωrq̃ωl(r), (4.49)

where q̃ωl satisfies

r (r − 2M)2
d2q̃ωl
dr2

+ 2 (r − 2M) [2ΩMr −M − (1− Ωr) r]
dq̃ωl
dr

+
[
2µ2Mr2 − l (l + 1) (r − 2M)

−2Ω
(
2M2 − 3Mr + r2

)
− 4Ω2M (r −M) r

]
q̃ωl = 0. (4.50)
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Assuming the series expansion

q̃ωl = r−v0
∞∑
j=0

bj
rj
, (4.51)

we obtain

v0 =1 +
µ2M

Ω
+

2Mω2

Ω
, (4.52)

and the following three-term recurrence relation for the bj coefficients

bj =
{
4M2 (v0 + j − 3)2 bj−3

+2M [l (l + 1)− (2v0 + 2j − 5) (v0 + j − 2− 2ΩM)] bj−2

+ [(v0 − l + j − 2) (v0 + l + j − 1)

+4Ω2M2 − 2ΩM (4v0 + 4j − 7)
]
bj−1

}
×
{
2
[
2Ω2M − µ2M − Ωv0 − 2Ω (j − 1)

]}−1
, (4.53)

assuming the initial conditions b−2 = b−1 = 0 and b0 = 1.

We found it necessary to adapt the radial position of the outer boundary of our

integration domain for each mode according to the specific values of l and ω to

ensure that the wave equation is satisfied to our desired tolerance. Specifically, the

radius at which the outer boundary conditions are imposed must be increased with

both ω and l. Once this outer boundary is selected, we integrate Eq. (4.51) towards

the horizon and obtain the qSωl mode from Eq. (4.49).

With this setup, we proceed with our mode calculation ensuring that the Wron-

skian condition (4.5) is satisfied everywhere up to 30 decimal places. Maintaining

this degree of precision makes it very inefficient to obtain modes in the frequency

range ω ≳ 20/M . In most cases, the contribution of such high-ω modes to the RSET

is negligible, with the exception of the very near-shell region.

4.4.3 Minkowski modes

The mode equation in the shell interior becomes{
d

dr

(
r2
d

dr

)
−
[
l (l + 1) + Ω̃2r2

]}
Υωl = 0, (4.54)

where Ω̃2 = µ2 + ω2/ (1− 2M/r0). Note that the frequency appearing here is dif-

ferent to that appearing in the usual treatment of a quantum field in Minkowski

spacetime since our time coordinate on the Minkowski interior is scaled so that the

metric is continuous across the shell. Apart from this trivial rescaling of the time
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coordinate (and hence the frequency), the linearly independent solutions are the

usual modified spherical Bessel functions. We take pMωl(r) to be the solution regular

at the origin r = 0 and qMωl(r) to be the solution regular at infinity. Hence we have

pMωl(r) =
√
2

(
Ω̃

2

)−l

Γ

(
l +

3

2

) Il+ 1
2

(
Ω̃r
)

√
Ω̃r

,

qMωl(r) =
1√

2
(
1− 2M

r0

)
(
Ω̃

2

)l
√

Ω̃

r

Kl+ 1
2

(
Ω̃r
)

Γ
(
l + 3

2

) , (4.55)

where Il+ 1
2
and Kl+ 1

2
are the modified Bessel functions [60] and we have normalized

the solutions so that NM
ωl = 1.

4.4.4 Matching conditions at the surface

Let Υshell
ωl (r) represent either pshellωl (r) or qshellωl (r). Now we impose that our modes are

continuous across the boundary which means

JΥshell
ωl K = 0. (4.56)

In terms of the Minkowski and Schwarzschild modes, this implies

pMωl(r0) = aωl p
S(r0) + bωl q

S
ωl(r0),

qSωl(r0) = cωl p
M
ωl(r0) + dωl q

M
ωl(r0). (4.57)

Notice that condition (4.56) implies the shell is transparent for the scalar field,

i.e., that we do not force the field itself, its radial derivative, or a combination

both, to vanish at the surface. Conducting shells can be modelled by imposing

Dirichlet, Neumann, or Robin boundary conditions to the field, which affect the

near-shell divergences of the RVP and RSET [84]. We leave aside such situations

here, focusing on the purely gravitational effect of the shell on the modes.

Now the derivatives of the modes across the shell are more complicated because

of the Ricci scalar term appearing in Eq. (4.41). Integrating this equation over the

interval (r0 − ϵ, r0 + ϵ) and then taking the limit ϵ→ 0 gives[[
1√
h(r)

dΥshell
ωl (r)

dr

]]
= −8π ξ SΥshell

ωl (r0). (4.58)

So we see that the derivatives of the modes are not continuous across the shell.

In fact, even for the case of minimal coupling ξ = 0, it is (h(r))−1/2 dΥ
shell
ωl (r)

dr
that
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is continuous and not the derivative of the modes themselves. In terms of the

Schwarzschild and Minkowski modes, this condition implies√
1− 2M

r0

(
aωl p

S
ωl

′(r0) + bωl q
S
ωl

′(r0)
)
− pMωl

′(r0) = −8π ξ S pMωl(r0),√
1− 2M

r0
qSωl

′(r0)−
(
cωl p

M
ωl

′(r0) + dωl q
M
ωl

′(r0)
)
= −8π ξ S qSωl(r0). (4.59)

Now solving Eq. (4.57) and (4.59) gives

aωl =
1

NS
ωl

[
r2
√
f

(
qSωl
dpMωl
dr

− 8πξSpMωlq
S
ωl

)
− r2f pMωl

dqSωl
dr

]
r=r0

bωl = − 1

NS
ωl

[
r2
√
f

(
pSωl

dpMωl
dr

− 8πξSpMωlp
S
ωl

)
− r2f pMωl

dpSωl
dr

]
r=r0

cωl =
1

NM
ωl

[
r2
√
fqMωl

dqSωl
dr

+ 8πξSr2qMωlq
S
ωl − r2 qSωl

dqMωl
dr

]
r=r0

dωl = − 1

NM
ωl

[
r2
√
fpMωl

dqSωl
dr

+ 8πξSr2pMωlq
S
ωl − r2 qSωl

dpMωl
dr

]
r=r0

. (4.60)

The above coefficients are then obtained numerically from the Schwarzschild and

Minkowski modes for a large range of ω and l values.

For fixed l and large ω, each of these coefficients is an exponentially growing

function of ω. This, of course, presents a numerical issue, especially when computing

ratios of these coefficients for large ω. This problem can be circumvented by using a

WKB approximation, which is very accurate in the large frequency regime. Although

the WKB is not a uniform approximation in r and typically suffers near the black

hole event horizon, this non-uniformity does not pose a problem in the context

of spherical thin shells, as no event horizon is present. This way, we can obtain

analytical large-frequency approximations for these matching coefficients.

4.4.5 Tests of convergence

We now have all the ingredients required to calculate the renormalized vacuum

polarization and the renormalized stress-energy tensor of thin shell spacetimes. As

we will see in this Subsection, only approximate numerical results can be attained

as r → r0 due to a loss of convergence in the integrals and mode sums appearing

in the extended-coordinate prescription. In this section, we numerically analyze the

rate of convergence of the renormalized mode-sums inside and outside the thin shell

and in the limit in which the surface of the shell is approached.

The renormalized integrand gωl − k
(n)
ωl (r) can be expressed in terms of the pure
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Minkowski and Schwarzschild modes using expressions (4.43) and (4.42), respec-

tively, and the Wronskian constant relation (4.44). We find

gshellωl =
pshellωl qshellωl

N shell
ωl

=


pMωlq

M
ωl

NM
ωl

+ cωl

dωl

(pMωl)
2

NM
ωl
, r < r0

pSωlq
S
ωl

NS
ωl

+ bωl

aωl

(qSωl)
2

NS
ωl
, r > r0.

(4.61)

The first terms on the right-hand side of these expressions are the Green’s functions

in Minkowski and Schwarzschild spacetime gMωl and gSωl, respectively, whose large-

ω and l behaviour is exactly cancelled by the regularization parameters k
(n)
ωl . The

second terms, however, are a consequence of the discontinuity in the derivative of the

modes induced by the shell. These boundary terms are exponentially convergent in

both ω and l everywhere for r ̸= r0. However, the rate of convergence is not uniform

in r, and indeed becomes very slow as r → r0, so that an unreasonable amount of

modes could be required to compute the renormalized quantities. Exactly at r = r0,

these terms do not converge. In the following, we show numerical evidence for this

statement.

As discussed in Sec. 2.4, in the extended coordinate prescription, the rate of

convergence of the mode-sums is directly related to the order n of the expansion

of the Hadamard parametrix. In general, the convergence of the mode-sums can

be improved by subtracting higher-order terms of the Hadamard parametrix. The

behavior of the renormalized integrand gωl(r)−k(n)ωl (r) at large ω and large l depends

on the order of the expansion n according to Eq. (2.58).

Let us consider, at first, a radial point on the exterior region and far enough

from the shell. Fig. 4.1 reports the large-frequency trend of gωl(r) − k
(n)
ωl (r) for a

fixed l-mode, while Fig. 4.2 presents its large-l trend at fixed ω. These Figures

are produced in the same fashion as those presented for the Schwarzschild case

in Sec. 2.4. The logarithmic scale in the Figures is introduced for visualization

purposes. Since the quantities log10 |(ωM)2n+3M(gωl − k
(n)
ωl )| in Fig. 4.1 asymptote

to horizontal lines in the large frequency regime, it follows that M(gωl − k
(n)
ωl ) ∼

(ωM)−2n−3 at large frequency, where the M factors are introduced to render all the

quantities dimensionless. To simplify the notation, we omit them in the remainder

of the discussion. Similarly, by inspecting the curves in Fig. 4.2, one can verify that

the behavior at large l for fixed ω is M(gωl − k
(n)
ωl ) ∼ l−2n−3. These convergence

rates are in agreement with those expected from Eq. (2.58).

The interior of the shell (in case of a massless field) represents an exception

to the convergence pattern in Eq. (2.58). In particular, the higher-order terms in

the expansion of the Hadamard parametrix, which involve derivatives of the radial
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Figure 4.1: Analysis of the convergence of gωl(r) − k
(n)
ωl (r) for a massless scalar

field on the exterior of the thin shell for r ≫ r0 at different orders of expansion n
for fixed l and large ω. Results obtained with the set of parameters: r0 = 2.001M ,
r = 5M and l = 1.
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Figure 4.2: Analysis of the convergence of gωl(r) − k
(n)
ωl (r) for a massless scalar

field on the exterior of the thin shell for r ≫ r0 at different orders of expansion n
for fixed ω and large l. Results obtained with the set of parameters: r0 = 2.001M ,
r = 5M and ωM = 0.01.
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Figure 4.3: Analysis of the convergence of gωl(r) − k
(0)
ωl (r) for a massless scalar

field on the Minkowski interior of the thin shell at different radial points for fixed l
and large ω. Results obtained with the set of parameters: r0 = 2.001M and l = 1.
The figure shows how the rate of convergence decreases as r → r0. On the surface,
the function gωl(r0)− k

(0)
ωl (r0) scales as ω

−2 at large ω

functions f(r) and h(r), vanish in Minkowski spacetime for a massless field. Thus,

in this particular case, the Hadamard parametrix is fully encoded in the expansion

up to order n = 0. Therefore, the Minkowski interior with a massless field provides

a useful scenario for studying the convergence as the surface is approached, allowing

us to isolate any loss of convergence due to the boundary.

To this end, Figures 4.3 and 4.4 show that the behavior of the renormalized

integrand in the interior region for a massless scalar field at large frequency and

large l strongly depends on the radial distance from the shell. As r → r0, the

decay rate in ω and l of the renormalized integrand decreases rapidly as the shell

surface is approached. In Figures 4.3 and 4.4, lines with a negative slope indicate a

convergence rate that is faster than ω−2 and l−1, respectively. Clearly, as r → r0, the

convergence rate decreases. On the surface, gωl(r0)− k
(0)
ωl (r0) scales as ω

−2 for fixed

l at large ω (as shown in Fig. 4.3), but as l−1 for fixed ω at large l (see Fig. 4.4). As

a result, the ω-integral converges, but the l-sum diverges on the shell surface, thus

making the mode-sum divergent there. Furthermore, radial points near the surface

require truncating the ω-integral and the l-sum at increasingly large ω and l values

to obtain accurate results, making the numerical method challenging to apply.

Now, before we discuss further the numerical results, we take a brief detour in

order to better understand the expected results near the thin shell. We develop two

independent approximate analytic expressions for the RVP and RSET employing a

WKB approximation for the Euclidean modes and a weak field approximation.
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Figure 4.4: Analysis of the convergence of gωl(r)−k(0)ωl (r) for a massless scalar field
on the Minkowski interior of the thin shell at different radial points for fixed ω and
large l. Results obtained with the set of parameters: r0 = 2.001M and ωM = 0.01.
The figure shows how the rate of convergence decreases as r → r0. On the surface,
the function gωl(r0)− k

(0)
ωl (r0) scales as l

−1 at large l.

4.5 Analytical near-shell approximations

4.5.1 WKB approximation

In this Section, we will employ the WKB approximation in order to calculate the

leading order divergence in the RSET components as the surface is approached.

From inspection of gshellωl in Eq. (4.61) we see that the presence of the shell is

encoded in the terms:

cωl
dωl

(pMωl (r))
2

NM
ωl

,
bωl
aωl

(qSωl(r))
2

NS
ωl

. (4.62)

Therefore, these terms must be the source of the near-shell divergence that is evident

in our numerical calculations. As discussed in Subsections 4.4.4 and 4.4.5, as r → r0,

the mode-sums involving the terms above are dominated by their large-ω and large-l

contributions. These terms may therefore be approximated using a WKB expansion,

which provides accurate results in the large ω and l regime.

We take the following WKB approximation to the mode functions in the interior
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and exterior:

pMωl (r) ≈
1√

2r2WM(r)
exp

[∫ r

r0

WM(r′)√
f(r0)

dr′

]
(4.63)

qMωl (r) ≈
1√

2r2WM(r)
exp

[
−
∫ r

r0

WM(r)√
f(r0)

dr

]
(4.64)

qSωl(r) ≈
1√

2r2WS(r)
exp

[
−
∫ r

r0

WS(r)

f(r)
dr

]
(4.65)

pSωl(r) ≈
1√

2r2WS(r)
exp

[∫ r

r0

WS(r)

f(r)
dr

]
(4.66)

where we have taken:

W 2
M(r) = λ2f(r0)/r

2 + ω2, W 2
S(r) = λ2f(r)/r2 + ω2,

with λ = l + 1/2.

We will outline the calculation in the interior and simply present the exterior

results, as the method is very similar for both. Inserting the WKB approximation

and introducing a new variable x = λ2f(r0)/r
2
0 + ω2, we obtain:

cωl
dωl

(pMωl (r))
2

NM
ωl

≈ r0 (x+ ω2)− r0
√
f(r0) (16πξr0Sx+ x+ ω2)−M (x+ 3ω2)

r0
√
f(r0) (16πξr0Sx+ x+ ω2) +M (x+ 3ω2)− r0 (x+ ω2)− 4r20x

3/2

× 1

2r2WM(r)
exp

[
2√
f(r0)

∫ r

r0

WM(r′)dr′

]
.

(4.67)

The final term in the denominator will dominate for both large ω and λ (large x),

so we ignore the other terms in the denominator. We then expand the r dependent

terms in the near-surface limit to obtain:

cωl
dωl

(pMωl (r))
2

NM
ωl

≈ r0
√
f(r0) (16πξr0Sx+ x+ ω2) +M (x+ 3ω2)− r0 (x+ ω2)

4r20x
3/2

×
(

1

2r20
√
x
+
ε (x+ ω2)

2r30x
3/2

)
exp

[
− 2

√
x√

f(r0)
ε

](
1 +

√
x

r20f(r)

(
ω2

x
− 1

)
ε2
)
,

(4.68)

where ε is the proper radial distance from the shell (r0 − r in interior). The leading

order terms in ε are sufficient to calculate the leading order divergence in the RVP,

however we require the higher order terms to correctly capture the divergence in

the RSET. In order to calculate these divergences we must evaluate the following
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double mode sums: ∫ ∞

0

∞∑
l=0

(2l + 1)
cωl
dωl

(pMωl (r))
2

NM
ωl

dω,

∫ ∞

0

∞∑
l=0

(2l + 1)ω2 cωl
dωl

(pMωl (r))
2

NM
ωl

dω,

∫ ∞

0

∞∑
l=0

(2l + 1)
l(l + 1)

2

cωl
dωl

(pMωl (r))
2

NM
ωl

dω, (4.69)

which is achieved by employing our approximate expression in Eq. (4.68). We will

focus on the first mode sum; the procedure for the others is very similar. To evaluate

the sum over l, we use the Watson-Sommerfeld formula to convert the sum into an

integral, with the leading order behavior coming from:∫ ∞

0

∞∑
l=0

(2l + 1)
cωl
dωl

(pMωl (r))
2

NM
ωl

dω

≈
∫ ∞

0

∫ ∞

0

2λ
cωλ
dωλ

(pMωλ(r))
2

NM
ωλ

dλdω. (4.70)

Using the approximate expression in Eq. (4.68), this integral can be computed in

closed form in terms of the exponential integral function. Hence, we can write down

the leading order divergence for the RVP in the interior:

⟨Φ̂2⟩− =

(
ξ − 1

6

)
S

2πε
+O(log(ε)). (4.71)

Similarly, we are able to calculate the leading order behavior to the other modes

sums in Eq. (4.69), yielding the following expressions for the leading order divergence

for the RSET components in the interior:

⟨T̂ tt⟩− =
3JKτ

τK − 4πS

1440π2ε3
+

(
ξ − 1

6

)2
S

πε3
+O(ε−2)

⟨T̂ θθ⟩− =
3JKθ

θ K − 4πS

1440π2ε3
+

(
ξ − 1

6

)2
S

πε3
+O(ε−2)

⟨T̂ rr⟩− =
3JKθ

θ K − 4πS

1440π2r0ε2
+

(
ξ − 1

6

)2
S

r0πε2
+O(ε−1),

(4.72)

where JKτ
τK and JKθ

θ K are defined in Eq. (4.21). We note that ⟨T̂αβ⟩− is a conserved

quantity, relative to the interior metric, to leading order in ε.

The analysis for the exterior proceeds in a similar manner and yields the following
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expressions:

⟨Φ̂2⟩+ =

(
ξ − 1

6

)
S

2πε
+O(log(ε)),

⟨T̂ tt⟩+ =
3JKτ

τK − 4πS

1440π2ε3
+

(
ξ − 1

6

)2
S

πε3
+O(ε−2)

⟨T̂ θθ⟩+ =
3JKθ

θ K − 4πS

1440π2ε3
+

(
ξ − 1

6

)2
S

πε3
+O(ε−2)

⟨T̂ rr⟩+ =
(3r0f

′(r0)− 4)(360
(
ξ − 1

6

)2 − 1)S

1440πr0
√
f(r0)ε2

− (3r0f
′(r0)JKτ

τK + f(r0)JKθ
θ K)

1920π2r0
√
f(r0)ε2

+O(ε−1), (4.73)

where ε is now the proper spatial distance outside the surface defined as

ε =

∫ r

r0

f(r′)−1/2 = f(r0)
−1/2(r − r0) +O

(
(r − r0)

2
)
. (4.74)

Once more ⟨T̂αβ⟩+ is a conserved quantity to leading order in ε, relative to the

exterior Schwarzchild metric.

Interestingly, the renormalized vacuum polarization both inside (see Eq. (4.71))

and outside (see Eq. (4.73)) the shell is finite at the shell surface in the conformal

case when ξ = 1/6.

Finally, comparing the expressions in Eq. (4.73) with Eq. (4.72) and Eq. (4.71)

we observe the following relationships between the leading order interior and exterior

near shell divergences

⟨Φ̂2⟩+1 = ⟨Φ̂2⟩−1 , ⟨T̂ tt⟩+3 = ⟨T̂ tt⟩−3 , ⟨T̂ θθ⟩+3 = ⟨T̂ θθ⟩−3 (4.75)

where, for example, ⟨Φ̂2⟩±1 denotes the coefficient of ε−1 in ⟨Φ̂2⟩±. We also note that

the RSET has the correct trace in both the interior and exterior, however this is

guaranteed from the construction of the RSET in Eq. (2.50).

As a check, when expressed in terms of the extrinsic curvature of the thin shell,

as in Eqs. (4.72) and (4.73), the divergence structure of the RSET is found to be

in agreement with the divergence obtained for a spacetime with a boundary, as

studied by Deutsch and Candelas in Ref. [84], where they derived the leading-order

divergences of the components of the RSET and their coefficients as the boundary

is approached using a Green’s function approach and conservation arguments. In

principle, a stronger divergence proportional to ε−4 could be present, as is found

in [84]. Such a term appears if the shell enforces Dirichlet, Neumann, or Robin

boundary conditions on the field. The situation is even more complicated if one
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assumes that there is propagation along the shell [85]. In our case, the shell is

transparent, so the only scattering is due to the curvature of the spacetime. Hence

the singularities appearing in the RSET are weaker and due to gravitational effects

only.

4.5.2 Weak field approximation

In this section, under the assumption of small shell compactness (M/r0 ≪ 1), we

employ a weak field approximation to analyze the behavior of the renormalized

vacuum polarization and RSET in the near-shell limit. Indeed, there exist closed-

form analytical expressions for renormalized expectation values on the weak-field

approximated spacetime [86–88]. So, in what follows, we start simply deriving the

weak-field approximation before considering a quantum field on the spacetime.

In the weak field approximation, one assumes that the metric gαβ, which in

this context satisfies the Einstein equations sourced by the stress-energy tensor of a

static, spherical thin shell

Rαβ −
1

2
gαβR = 8π T

(shell)
αβ , (4.76)

can be expressed as a linear perturbation around Minkowski spacetime (see, for

instance, [87]) gαβ ∼ ηαβ + ϵ g
(1)
αβ , where ηαβ is the Minkowski metric and ϵ is simply

a bookkeeping parameter. This approximation is valid under the assumption that

|g(1)αβ | ≪ 1, which holds for small values of shell compactness: M/r0 ≪ 1. We employ

similar expansions for

Rαβ ∼ R
(0)
αβ + ϵR

(1)
αβ ,

R ∼ R(0) + ϵR(1),

Tαβ ∼ T
(0)
αβ + ϵ T

(1)
αβ , (4.77)

where R
(0)
αβ = 0 and R(0) = 0, T

(0)
αβ = 0. We employ an expansion in ϵ to formally

derive the zeroth and linear order Einstein equations. In addition, whenever explicit

expressions for the quantities at first order in the ϵ expansion are required, namely

g
(1)
αβ , T

(1)
αβ , R

(1)
αβ and R(1), a further expansion in the compactness M/r0 is performed

for consistency. Hence, the first-order terms in the ϵ expansion are linear in M/r0

[88]. For instance, T
(1)
αβ is obtained as a linear order expansion in M/r0 of the

distributional stress-energy tensor of the shell in Eq. (4.32)

T τ (1)
τ = − M

4πr20
δ(r − r0),

T r (1)
r = T

θ (1)
θ = T

ϕ (1)
ϕ = 0. (4.78)
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At linear order in ϵ we obtain for the Einstein equations

G
(1)
αβ = R

(1)
αβ −

1

2
ηαβR

(1) = 8π T
(1)
αβ (4.79)

where the Einstein tensor at linear order in ϵ is

G
(1)
αβ =

1

2

[
− □̄ g

(1)
αβ + 2∇̄γ∇̄(α g

γ (1)
β) − ∇̄α∇̄βg

(1) − ηαβ(∇̄γ∇̄δg
γδ (1) − □̄g(1))

]
,

(4.80)

and g(1) = ηαβg
(1)
αβ is the trace of the linear order metric. Within this section, we

adopt the notation □̄ and ∇̄ to highlight that the covariant derivatives are with

respect to the flat background spacetime. To compute the perturbation to the

metric at linear order g
(1)
αβ , we assume

g
(1)
αβ = diag(A(r),B(r), 0, 0), (4.81)

which is justified by staticity and spherical symmetry. Introducing this ansätz and

the stress-energy tensor of the shell at linear order (see Eq. (4.78)) into Eqs. (4.79)

and (4.80) yields for the ττ and rr components of the Einstein equations

∂r(rB(r))
r2

=
2M

r20
δ(r − r0), (4.82)

− B(r)
r2

+
A′(r)

r
= 0. (4.83)

Integrating the first equation gives

g(1)rr = B(r) = 2M

r
Θ(r − r0) +

C1

r
=

2M

r
Θ(r − r0), (4.84)

where we have set the integration constant C1 = 0, such that the interior spacetime

remains Minkowski and the exterior metric retrieves the expected Schwarzschild

metric at linear order. We note that, while an expression of the form Θ(r)/r is ill-

defined at r = 0, the expression Θ(r−r0)/r in Eq. (4.84) is instead locally integrable

and well-defined as a distribution everywhere as long as r0 > 0. Similarly, integrating

the second equation, we obtain

g(1)ττ = A(r) =

(
−2M

r
+

2M

r0

)
Θ(r − r0) + C2

=

(
−2M

r
+

2M

r0

)
Θ(r − r0)−

2M

r0
. (4.85)

We have set the integration constant C2 = −2M/r0 to reflect asymptotic flatness as
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r → ∞. Note also that the ττ component of the metric receives a shift of −2M/r0

(as expected from Eq. (4.35)) in the interior, ensuring that g
(1)
ττ is continuous across

the shell. Effectively, the perturbation on the metric generates a spacetime that is

Schwarzschild (at linear order in M/r) for r > r0 and that remains Minkowksi in

the interior r < r0. Note that integrating the linearized Einstein equations yields a

metric that indeed satisfies the assumption g
(1)
αβ ≪ 1 (if M/r0 ≪ 1), thereby making

the perturbation theory consistent despite the presence of delta distributions in the

shell’s stress-energy tensor.

Introducing the metric components (4.84) and (4.85) into the equation for the

Ricci tensor at linear order

R
(1)
αβ =

1

2

[
− □̄ g

(1)
αβ + 2∇̄γ∇̄(α g

γ (1)
β) − ∇̄α∇̄βg

(1)
]
, (4.86)

we find

Rτ (1)
τ = −M

r20
δ(r − r0) = R̄τ (1)

τ δ(r − r0),

Rr (1)
r =

M

r20
δ(r − r0) = R̄r (1)

r δ(r − r0),

R
θ (1)
θ =

M

r20
δ(r − r0) = R̄

θ (1)
θ δ(r − r0), (4.87)

and

R(1) = Rα (1)
α =

2M

r20
δ(r − r0) = R̄(1) δ(r − r0) = −8πS(1) δ(r − r0), (4.88)

where we have defined for later convenience

R̄r (1)
r = R̄

θ (1)
θ = −R̄τ (1)

τ =
M

r20
,

R̄(1) = −8πS(1) =
2M

r20
. (4.89)

Note that, at linear order, there is no need to define R̄(1) ±, since R̄(1) − = R̄(1) +.

The linearized expressions for the Ricci scalar and tensor satisfy the contracted

Bianchi identities with respect to a flat background.

The renormalized vacuum polarization and the RSET of a massless scalar field

in the Boulware state can be obtained from the one-loop effective action computed

using covariant perturbation theory [89–91]. In the weak field regime and at linear

order in R(1), these quantities can be expressed as [86–88]

⟨Φ̂2⟩ren =
1

16π2

(
ξ − 1

6

)
log

(−□̄
ν2

)
R(1)(x) (4.90)
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and

⟨T̂αβ⟩ren =−
(
ξ − 1

6

)2
16π2

(∇̄α∇̄β − δαβ□̄) log

(−□̄
ν2

)
R(1)(x)

− 1

5760π2

[
(2∇̄α∇̄β + δαβ□̄) log

(−□̄
ν2

)
R(1)(x)− 6□̄ log

(−□̄
ν2

)
R
α (1)
β (x)

]
,

(4.91)

where the nonlocal operator log(−□̄/ν2) is defined through its action on R(1)(x) (or

R
α (1)
β (x)) as [87]

log

(−□̄
ν2

)
R(1)(x) =

∫
R4

d4k R̃(1)(k)eik·x log

(
k2

ν2

)
, (4.92)

where R̃(1)(k) denotes the Fourier transform of R(1)(x), x denotes coordinates in

Minkowski spacetime, ν is an arbitrary parameter, k is the four-momentum and

k2 = ηαβkαkβ. Additionally, when the nonlocal operator in Eq. (4.92) acts on a

time-independent scalar function, then its action can be simplified to [88]

log

(−□̄
ν2

)
φ(x⃗) = − 1

2π

∫
d3x⃗′

φ(x⃗′)

|x⃗− x⃗′|3 , (4.93)

with φ denoting either R(1) or R
α (1)
β and assumed to vanish at infinity. Here, x⃗

denotes Cartesian spatial coordinates on flat spacetime. Note that the local terms

dependent on log(ν2) have been dropped since R(1)(x) = 0 and R
α (1)
β (x) = 0 at

any spacetime point outside or inside the shell. The integral in Eq. (4.93) requires

regularization in the sense of distributions due to the singularity at x⃗′ = x⃗ whenever

φ(x⃗) ̸= 0. However, in the case under consideration, where φ(x⃗′) ∝ δ(r′ − r0),

we show in Appendix B.2 that the integral is convergent for any r ̸= r0 without

requiring regularization.

What we need for deriving the RVP and the RSET is to compute the terms

of the form log
(

−□̄
ν2

)
R(1)(x) and log

(
−□̄
ν2

)
R
α (1)
β (x). We leave the details of this

computation in Appendix B.2, and report here the results.

Introducing the expression (B.11) into (4.90) yields the expression for the renor-

malized vacuum polarization

⟨Φ̂2⟩ren =

− 1
8π2

(
ξ − 1

6

)
R̄(1) r0

(r0−r)(r+r0) , r < r0,

− 1
8π2

(
ξ − 1

6

) R̄(1) r20
r(r−r0)(r+r0) , r > r0,

(4.94)

where R̄(1) is defined as in Eq. (4.89). Thus, taking the near-surface limit gives on
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the interior

⟨Φ̂2⟩−ren = −
(
ξ − 1

6

)
R̄(1)

16π2ε
+O(log(ε)), (4.95)

and on the exterior

⟨Φ̂2⟩+ren = −
(
ξ − 1

6

)
R̄(1)

16π2ε
+O(log(ε)), (4.96)

where we adopt a notation consistent with Sec. 4.5.1.

Finally, taking the relevant derivatives of the expressions for log
(

−□̄
ν2

)
R(1)(x)

and log
(

−□̄
ν2

)
R
α (1)
β (x) derived in Appendix B.2 and substituting in Eq. (4.91) yields

the components of the RSET. In the near-surface limit, the weak field approximation

gives the following predictions for the leading order divergences. On the interior,

⟨T̂ tt⟩−ren =
−3R̄

τ (1)
τ + R̄(1)

2

1440π2ε3
−
(
ξ − 1

6

)2
R̄(1)

8π2ε3
+O(ε−2),

⟨T̂ θθ⟩−ren =
−3R̄

θ (1)
θ + R̄(1)

2

1440π2ε3
−
(
ξ − 1

6

)2
R̄(1)

8π2ε3
+O(ε−2),

⟨T̂ rr⟩−ren =
−3R̄

r (1)
r + R̄(1)

2

1440π2 r0 ε2
−
(
ξ − 1

6

)2
R̄(1)

8π2 r0 ε2
+O(ε−1), (4.97)

and on the exterior

⟨T̂ tt⟩+ren =
−3R̄

τ (1)
τ + R̄(1)

2

1440π2ε3
−
(
ξ − 1

6

)2
R̄(1)

8π2ε3
+O(ε−2),

⟨T̂ θθ⟩+ren =
−3R̄

θ (1)
θ + R̄(1)

2

1440π2ε3
−
(
ξ − 1

6

)2
R̄(1)

8π2ε3
+O(ε−2),

⟨T̂ rr⟩+ren =
3R̄

r (1)
r − R̄(1)

2

1440π2 r0 ε2
+

(
ξ − 1

6

)2
R̄(1)

8π2 r0 ε2
+O(ε−1), (4.98)

where the quantities R̄(1), R̄
τ (1)
τ , R̄

r (1)
r and R̄

θ (1)
θ are defined in Eq. (4.89). Both

the interior and exterior components satisfy, at leading order in ε, the conservation

equation with respect to flat spacetime.

To compare these weak-field approximations to the WKB approximations of the

previous section, we must expand the WKB expressions in Eqs. (4.71)-(4.73) in

the small compactness parameter M/r0, assuming this to be small. This ensures

we are evaluating the WKB approximation in the same domain of validity as the

weak-field approximation. When we do this, we find agreement between the two

approximations for both the RVP and the RSET components.
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4.6 Numerical results

Having developed analytical approximations valid in the near-shell region, where,

as outlined in Section 4.4.5, obtaining accurate numerical results would require an

increasingly large number of ω and l modes, thus making the numerical approach

impractical, we can now proceed to compute full numerical results in the rest of the

spacetime.

In all the numerical results shown in what follows, we have obtained the Eu-

clidean modes guaranteeing a constant Wronskian up to 25 decimal places. This

accuracy is enough to obtain reliable numerical results. We considered the wide

range of ω values ωM ∈ [10−10, 20], and summed up to l = 30 unless specified

otherwise. The ω-grid was set to be denser near ω = 0 and in the ω-range imme-

diately above the cutoff. The accuracy of the obtained renormalized stress-energy

tensor was assessed by verifying whether the components satisfy the conservation

equation. The residual of the conservation equation was found to be approximately

3− 6 orders of magnitude smaller than the individual RSET components, except in

the region near the thin shell, where the numerical results fail to capture the large-l

contributions.

We first provide numerical validation of the analytical results obtained for the

near-shell divergences via the WKB (and weak-field) approximations. In Figures 4.5

and 4.6, we present the renormalized vacuum polarization and stress-energy tensor

near the shell surface from the inside and outside rescaled by their corresponding

divergent factors to isolate the coefficients and compare them with those reported

in Eqs. (4.71),(4.72), and (4.73). Specifically, we report these quantities as com-

puted for an increasing number of l-modes. The frequency integral converges at the

shell, and so it is only necessary to look at the behavior as lmax is increased. As

expected, providing a definitive numerical validation of the analytical results proves

challenging, as this would require computing an extremely large number of modes.

Nonetheless, the plots indicate that, as more l-modes are included in the sum, the

numerical results gradually approach the analytical predictions, thus providing nu-

merical evidence supporting their validity. We chose to show results for a shell of

r0 = 3M because bigger shells require fewer l modes to observe the surface diver-

gences approximated clearly. We have checked that more compact shells show a

similar agreement between numerical results and analytic expressions.

Next, we study the properties of the RVP and RSET for a massless minimally

coupled scalar field in the bulk of the spacetime in the black hole limit, by analyzing

shells of increasing compactness. Focusing first on the interior region, Fig. 4.7

shows that, near the central point r = 0, the values of the RVP and of the RSET

components increase in magnitude as r0 → 2M , but retain finite values. The RVP
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Figure 4.5: Vacuum polarization and renormalized stress-energy tensor of a mass-
less, minimally coupled scalar field near the surface of a spherical thin shell of radius
r0 = 3M from the interior. The colored curves are purely numerical results obtained
by summing up to increasing l values and integrating up to ωM = 20. The black
dashed lines correspond to the coefficient of the leading-order analytic divergence es-
timated through the WKB approximation. A tendency to approximate these values
is visible for the vacuum polarization and all RSET components.
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Figure 4.6: Vacuum polarization and renormalized stress-energy tensor of a mass-
less, minimally coupled scalar field near the surface of a spherical thin shell of radius
r0 = 3M from the exterior. The colored curves are purely numerical results obtained
by summing up to increasing l values and integrating up to ωM = 20. The black
dashed lines correspond to the coefficient of the leading-order analytic divergence es-
timated through the WKB approximation. A tendency to approximate these values
is visible for the vacuum polarization and all RSET components.
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Figure 4.7: Renormalized vacuum polarization and renormalized stress-energy ten-
sor of a massless, minimally coupled scalar field inside spherical thin shells of differ-
ent radii r0. These are purely numerical results obtained by summing up to l = 30
and integrating up to ωM = 20. Results near the surface of the shell are missing
large-l contributions that would make them agree with our analytic results. For the
computation of this plot, we have fixed M = 1 and considered shells of decreas-
ing radii r0/M = {2.30, 2.25, 2.20, 2.15, 2.10, 2.05, 2.01, 2.001, 2.0001}. We defined
∆r = r0 − 2M .

and the radial and angular components of the RSET change sign as the shell radius

reduces to around r0 ∼ 2.15M , while the energy density remains always negative.

We note that, as discussed earlier in the Chapter, near the shell, our numerical results

are not accurate, as they miss important large frequency and large l contributions.

Figure 4.8 reports the corresponding results on the exterior. In the exterior region,

the vacuum polarization and the energy density are negative for any compactness

value, while the pressures change sign as r0 decreases. In this Figure, we also

compare the RVP and RSET results for a minimally coupled, massless scalar field

in the Boulware state propagating in a Schwarzschild black hole spacetime. As the

compactness is increased, both the RVP and all the RSET components approach

those corresponding to the Boulware vacuum of a Schwarzschild black hole for radial

points far enough from the shell.

4.7 Backreaction effects at the surface of the shell

In this Section, we will compute the backreaction effects produced by the RSET

in the interior region of the shell. The analysis can be straightforwardly extended

to the exterior, but the simplicity of the interior region allows us to calculate the

backreacted metric analytically near the surface of the shell. Said metric is computed
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Figure 4.8: Renormalized vacuum polarization and renormalized stress-energy ten-
sor of a massless, minimally coupled scalar field outside spherical thin shells of dif-
ferent radii. These are purely numerical results obtained by summing up to l = 30
and integrating up to ωM = 20. Results near the surface of the shell are missing
large-l contributions that would make them agree with our analytic results. For the
computation of this plot, we have fixed M = 1 and considered shells of decreas-
ing radii r0/M = {2.30, 2.25, 2.20, 2.15, 2.10, 2.05, 2.01, 2.001, 2.0001}. We defined
∆r = r0 − 2M .

by linearizing the semiclassical Einstein equations (1.87).

We expand the metric as gαβ = gαβ + ϵhαβ. It is clear that H
(1)
αβ = H

(2)
αβ = 0

everywhere except on the shell, since in Ricci-flat spacetimes (Rαβ = R = 0). Hence,

they do not contribute to the equations at linear order in ϵ both inside and outside

the shell, notably simplifying the analysis. At first order in ϵ, we have

δGαβ + δG−1Gαβ + δΛ gαβ = 8π ⟨T̂αβ⟩ren, (4.99)

where we have written the renormalized constants in the form Λ + ϵδΛ (with the

background value Λ = 0) and G+ϵδG. There is an additional ambiguity in the form

of a renormalization lengthscale entering the RSET [45], but it can also be checked

to vanish in the case under consideration. The perturbation of the Einstein tensor

is given explicitly in Eq. (1.91).

Inside the shell, where the metric gαβ is Minkowski, we have Gαβ = 0, hence the

second term in Eq. (4.99) is absent. We further assume δΛ = 0 for simplicity. The

resulting O(ϵ) equations inside the shell are

δGαβ = 8π⟨T̂αβ⟩ren. (4.100)
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Adopting the same procedure as in Sec. 3.4, we write the full metric coefficients as

gtt = −e2ψ(r) (1− 2m(r)/r) , grr = (1− 2m(r)/r)−1 , (4.101)

where m(r) denotes the Misner-Sharp mass, and then we expand these metric func-

tions as

ψ(r) =
1

2
log

(
1− 2M

r0

)
(1 + ϵR(r)) , m(r) = ϵM(r). (4.102)

We obtain the following tt and rr components of the linearized semiclassical Einstein

equations

−2ϵM′

r2
=8πϵ⟨T̂ tt⟩+O

(
ϵ2
)
,

ϵ (−2M′ + rR′)

r2
=8πϵ⟨T̂ rr⟩+O

(
ϵ2
)
, (4.103)

where we have dropped the subscript ‘ren’ for typographical convenience. These can

be combined to produce a differential equation for R

ϵR′

r
= 8πϵ

(
⟨T̂ rr⟩ − ⟨T̂ tt⟩

)
+O

(
ϵ2
)

(4.104)

We are going to solve these equations near the surface of the shell r → r0.

The tt component of the RSET obeys the near-shell expansion

⟨T̂ tt⟩ =
⟨T̂ tt⟩−3

(r0 − r)3
+O (r0 − r)−2 , (4.105)

where ⟨T̂ tt⟩−3 is the coefficient of the leading-order divergence in Eq. (4.72). Re-

call the divergence in the ⟨T̂ rr⟩ component is subleading. Replacing (4.105) in

Eq. (4.103), we find

R(r) = − 4πr0
(r0 − r)2

⟨T̂ tt⟩−3 +O (r0 − r)−1 ,

M(r) = − 2πr20
(r0 − r)2

⟨T̂ tt⟩−3 +O (r0 − r)−1 . (4.106)

When inserted in the Ricci scalar, these functions yield R ∝ (r0 − r)−4, indicating

the presence of a curvature singularity at r = r0 generated by the backreaction of

the RSET. Of course, since the RSET is infinite, the validity of truncating the semi-

classical equations to linear order in ϵ is put into question. Hence, the metric func-

tions (4.106) should be interpreted as the proof that static idealized infinitesimally

thin shells break down the perturbative character of the semiclassical expansion.
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4.8 Conclusions

In this Chapter, we presented a detailed analysis of the features of the renormalized

vacuum polarization and stress-energy tensor for a quantum scalar field in the Boul-

ware vacuum, propagating in a spacetime with a static, spherical thin shell matching

a Minkowski interior to a Schwarzschild exterior. In line with the previous Chapters,

we once again treated the Boulware state as a zero temperature state, defined on

the Wick-rotated Riemannian manifold. This allowed us to employ the renormaliza-

tion prescription outlined in Ch. 2, requiring only a modification of the Hadamard

coefficients to adapt them to a general static, spherically symmetric metric of the

form (4.1).

Having outlined the renormalization approach, we have then presented Israel’s

thin shell formalism and applied it to a spherical thin shell joining Minkowski and

Schwarzschild spacetimes. Then, we showed how the Euclidean modes, necessary

for the computation of the Euclidean Green’s function for the wave equation on

the thin-shell spacetime of the shell, are most efficiently obtained as a linear combi-

nation of the Minkowski and Schwarzschild modes, with the coefficients computed

by matching conditions at the shell. This formulation also explicitly isolates the

boundary terms, which encode the presence of the shell and associated Casimir-

type non-Hadamard divergences, in the Green’s function. The methodology we

have introduced in this work can be generalized, in a straightforward way, to other

static material configurations with Schwarzschild exteriors.

To estimate how renormalized expectation values diverge at the shell, we adopted

a WKB approximation for the Euclidean modes. We found the power and sign of

these divergences to be in agreement with results in flat spacetime with a bound-

ary [84]. As an independent consistency check, we also implemented a weak-field

approximation [87] valid in the regime of small shell compactness, M/r0 ≪ 1. We

showed that a thin shell can arise from perturbations of a Minkowski background,

and we computed the RVP and RSET at leading order inM/r0. The obtained results

were in agreement with the WKB ones at leading order inM/r0. We also performed

a backreaction calculation near r = r0 to estimate the quantum corrections to the

background metric.

Having determined the analytical properties of the Boulware vacuum at the

boundaries of the spacetime, we then carried out an extensive numerical analy-

sis, evaluating the RVP and RSET throughout the spacetime over a wide range of

parameters. We first provided a numerical verification of the divergent behavior

obtained with the analytic methods, by computing the RVP and the RSET near

the shell for an increasing number of l-modes and showing that the coefficients of

the leading-order divergences for each component seem to approach their analytical
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predictions in the limit as l → lmax, both inside and outside the shell. Addition-

ally, we evaluated the RVP and RSET for thin shells of different compactness. In

this setting, near the central point r = 0, the values of the RVP and of the RSET

components increase with the compactness, but remain finite in the black hole limit.

The work presented in this Chapter represents the first step in a broader pro-

gram of computing renormalized quantities in a variety of spacetimes describing

compact objects. A natural and straightforward extension of this study would be to

consider shells with finite thickness. These models would make it possible to disen-

tangle the Boulware divergence of the RSET in the black hole limit from the addi-

tional divergences associated with the sharp boundary in the thin-shell idealization.

Unfortunately, deriving smooth thick shell models having the right distributional

stress-energy tensor in the thin shell limit is a sophisticated problem.

Furthermore, the generality of our treatment makes it simple to consider differ-

ent shell interiors. For example, spherical shells enclosing a static de Sitter (gravas-

tars [92]) or anti de Sitter (AdS-stars [78]) interior have been proposed as black hole

mimickers supported by vacuum polarization effects. It would therefore be inter-

esting to investigate the properties of the Boulware vacuum in these scenarios as

well.

Finally, another interesting scenario in which the renormalization method de-

scribed in this Chapter can be employed is that of spacetimes describing compact

stars in equilibrium. In general relativity, Buchdahl’s theorem establishes an upper

limit on the compactness of a spherically symmetric object composed of isotropic

matter [76]. Beyond this compactness, the object would collapse into a black hole.

The Buchdahl limit is reached when the pressures of the fluid diverge at their cen-

ter. We expect the vicinity of this situation to generate strong vacuum polarization

effects that will backreact on the background [93–95], either taming this growth of

the pressure (relaxing the compactness bound), or stimulating it (making the bound

more stringent). This direction is currently being explored.
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Chapter 5

Vacuum polarization and

renormalized stress-energy tensor

on the interior of a

Reissner-Nordström black hole

5.1 Introduction

In this Chapter, we leave behind the treatment of compact objects and return to the

subextremal Reissner-Nordström black hole, focusing on its interior region. Like the

Kerr black hole, the Reissner-Nordström spacetime is of particular interest for the

study of quantum fields because of the presence of an inner Cauchy horizon. The

existence of a Cauchy horizon poses a challenge to determinism in general relativity,

since it marks the boundary of the region of spacetime uniquely determined from a

suitable set of initial data on a Cauchy surface [17]. This motivated the formulation

of the strong cosmic censorship conjecture [96], which suggests that for generic initial

data, the solution spacetime determined by the data should not be extendible as a

suitably regular Lorentzian manifold [97].

When classical matter perturbations are introduced into the spacetime, the blue-

shift instability can lead to the formation of a null curvature singularity along the

Cauchy horizon of both charged black holes [98–103] and spinning black holes [104–

106]. However, this singularity is known to be weak in Tipler’s sense [107], both in

the charged [100] and rotating case [104, 108], meaning that an infalling observer is

not necessarily destroyed by tidal deformations before the r = 0 singularity becomes

visible.

Quantum effects have long been expected to have a stronger influence on the

stability of the Cauchy horizon [109, 110]. Recent semiclassical studies have rein-
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forced this picture in both the Reissner-Nordström-de Sitter (RNdS) [111–114] and

Reissner-Nordström spacetimes [115, 116].

In Reissner-Nordström spacetime, recent works based on the pragmatic mode-

sum regularization method have initially focused on the computation of the renor-

malized vacuum polarization for massless, minimally coupled, scalar fields on the

black hole interior [117–119]. These studies showed that the computation of the RVP

near the Cauchy horizon is already a nontrivial task. In [119], it was shown that RVP

is finite at the Cauchy horizon for massless, minimally coupled fields in both the

Hartle-Hawking and Unruh states. Establishing this result required obtaining nu-

merical results at extraordinarily small distances from the Cauchy horizon, together

with analytical approximations for the dominant inverse-power tails in the tortoise

coordinate r−k∗ that describe the approach of the renormalized vacuum polarization

to its Cauchy horizon value.

In subsequent studies, the PMR method was then employed to obtain the semi-

classical stress-energy fluxes for a minimally coupled massless scalar field near the

Cauchy horizon of a Reissner-Nordström black hole. The fluxes are found to be

nonzero for both the Hartle-Hawking and Unruh states in sub-extremal Reissner-

Nordström black holes [115] and to vanish in the extremal limit [116].

This Chapter presents a renormalization method for studying the effects of mas-

sive quantum fields in the interior region of a Reissner-Nordström black hole, allow-

ing for arbitrary coupling to the gravitational background. To this end, we generalize

the extended coordinate prescription to black hole interiors, working directly in the

Lorentzian manifold for the first time.

This Chapter is organized as follows. In Sec. 5.2, we first construct the Wight-

man propagator for massive fields in the Hartle-Hawking and Unruh states in the

interior of a Reissner-Nordström black hole. In Sec. 5.3 we discuss a renormaliza-

tion prescription for computing quantum expectation values in the interior of static,

spherically symmetric black holes. We show that renormalization parameters derived

for zero-temperature states on the Euclidean exterior are precisely those required

for the Hartle-Hawking and Unruh states on the Lorentzian interior. We discuss the

numerical approach in Sec. 5.4, while Sec. 5.5 provides a detailed discussion on the

convergence of the mode-sums. In Sections 5.6 and 5.7, we apply the new method to

compute the renormalized vacuum polarization and the renormalized stress-energy

tensor for massless and massive quantum scalar fields in the interior region of a

Reissner-Nordström black hole. Finally, in Sec. 5.8, we conclude with a discussion.
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5.2 The two-point function for a massive field in-

side a Reissner-Nordström black hole

5.2.1 A Basis of Separable Modes

We want to express the Wightman propagator for a massive neutral scalar field in

the Unruh [11] and Hartle-Hawking [37, 120] states on the interior of a Reissner-

Nordström black hole in terms of the modes in static Schwarzschild coordinates.

The metric in these coordinates is

ds2 = −f(r)dt2 + dr2

f(r)
+ r2

(
dθ2 + sin2 θ dϕ2

)
, (5.1)

where

f(r) = 1− 2M

r
+
Q2

r2
, (5.2)

with M and Q the mass and charge of the black hole, respectively, where we as-

sume Q < M . Even though the Unruh and Hartle-Hawking states are defined in

terms of null coordinates, not static coordinates, the advantage of working in these

coordinates is that the wave equation is separable, and it is possible to re-express

the Unruh and Hartle-Hawking propagators on the exterior in terms of the resultant

separable modes. The goal of this section is to show how to analytically continue the

Wightman functions in the Unruh and Hartle-Hawking states across the event hori-

zon and express them in terms of separable modes in the (t, r, θ, ϕ) coordinates. This

latter part is non-trivial since the boundary conditions for the Unruh and Hartle-

Hawking states are not defined in terms of the modes in Schwarzschild coordinates,

even though the Wightman propagators themselves are most easily computed in

terms of these modes.

Let us start by obtaining a basis of the separable mode solutions to the Klein-

Gordon equation in the massive case in Schwarzschild coordinates. The Klein-

Gordon equation for a scalar field Φ is

(□− µ2 − ξR)Φ = 0, (5.3)

where □ is the d’Alambertian operator, µ is the mass of the scalar field, ξ is its cou-

pling to the gravitational background, and R is the Ricci scalar. Although R = 0 in

the case of Reissner-Nordström spacetime, we have included ξ R in Eq. (5.3) for gen-

erality. Specifically, while the present Chapter and Chapter 6 focus on the Reissner-

Nordström spacetime, the renormalization prescription we present in Sec. 5.3 is valid

for a generic spherically symmetric spacetime, including spacetimes with a nonva-
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nishing Ricci scalar, for example, Reissner-Nordström-de Sitter. In addition, the

renormalized stress-energy tensor still depends on the coupling ξ, even when R = 0.

We take as a basis

uωlm = Nωe
−iωtYlm(θ, ϕ)Φωl(r), (5.4)

where the indices are ω ∈ R, l ∈ N andm = −l, ..., l, Nω is a normalization constant,

Ylm(θ, ϕ) are the spherical harmonics normalized by∫ 2π

0

dϕ

∫ π

0

sin θ dθ Ylm(θ, ϕ)Y
∗
l′m′(θ, ϕ) = δll′δmm′ , (5.5)

and Φωl(r) is a solution of the radial equation[
d

dr

(
r2f(r)

d

dr

)
+
ω2r2

f(r)
− µ2r2 − l(l + 1)

]
Φωl(r) = 0. (5.6)

It is helpful to recast this equation in Schrödinger form by writing Φωl(r) = ψωl(r)/r,

where ψωl(r) satisfies {
d2

dr2∗
+ Vωl(r)

}
ψωl(r) = 0, (5.7)

where we have employed the radial tortoise coordinate

r∗ = r +
1

2κ+
ln

( |r − r+|
r+ − r−

)
+

1

2κ−
ln

( |r − r−|
r+ − r−

)
, (5.8)

with r± =M±
√
M2 −Q2 the two Killing horizons corresponding to the event hori-

zon (upper sign) and Cauchy horizon (lower sign), and κ± = 1
2
f ′(r±) the respective

surface gravity of these Killing horizons. We note that with this definition, κ− < 0.

The potential in the radial equation is

Vωl(r) = ω2 − f(r)

(
µ2 +

l(l + 1)

r2
+
f ′(r)

r

)
. (5.9)

Note that the potential asymptotes to

Vωl(r) ∼

ω2, r → r±,

ω2 − µ2, r → ∞.
(5.10)

For a massive field, we see that the nature of the boundary conditions as r → ∞
will depend on the sign of ω2 − µ2. Regardless of this sign, there is also a choice to
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be made for the branch of the square root. We define

ω̃ := sgn(ω)
√
ω2 − µ2, ω2 > µ2,

Ω :=
√
µ2 − ω2, ω2 < µ2. (5.11)

First considering the regime ω2 > µ2, we define a useful pair of linearly indepen-

dent solutions to the radial equation. We illustrate these solutions in Fig. 5.1. We

label the solution ψin
ωl(r) as the one with boundary condition

ψin
ωl(r) ∼


Bin
ωle

−iω r∗ , r → r+,

e−iω̃r∗ + Ain
ωle

iω̃r∗ , r → ∞,

(5.12)

where Bin
ωl and Ain

ωl are respectively the dimensionsless transmission and reflection

coefficients for the “in” mode. If we were to consider also the harmonic time de-

pendence, we can interpret the “in” mode as a unit-amplitude wave originating at

past null infinity I − which scatters off the background curvature, partially reflect-

ing back to future null infinity I + and partially transmitting to the future event

horizon HR. These modes are shown in Figure 5.1.

For the other independent solution, we label ψup
ωl (r) as the one with boundary

conditions

ψup
ωl (r) ∼


eiωr∗ + Aup

ωl e
−iωr∗ , r → r+

Bup
ωl e

iω̃r∗ , r → ∞,

(5.13)

where Bup
ωl and Aup

ωl are the transmission and reflection coefficients for the “up”

mode, respectively. Again, if we were to factor in the harmonic time dependence,

the “up” mode would correspond to a unit-amplitude wave propagating out of the

past event horizon Hpast partially reflecting back to the future event horizon and

partially transmitting to future null infinity. This is plotted in Fig. 5.1.

When ω2 < µ2, the corresponding “in” mode is exponentially growing at infinity

ψin
ωl(r) ∼ eΩ r∗ , (ω2 < µ2) r → ∞. (5.14)

The exponential growth of the modes for ω2 < µ2 means that within this regime there

are no normalizable eigenfunctions for the eigenvalue problem defined by Eq. (5.3);

i.e., the interval ω2 < µ2 is not in the spectrum of the differential operator in Eq. (5.3)

with the “in” boundary conditions. Hence, although it is mathematically possible
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)
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−i
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H
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e−iωtψup
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ω
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I −
0H

past

e −
iω
(t−

r∗ )

Figure 5.1: Exterior separable “in” and “up” modes illustrated on the right wedge
of the Penrose diagram of the Reissner-Nordström black hole.

to define the “in” modes in the regime ω2 < µ2, these modes must be excluded from

the construction of the Wightman function. On the other hand, the “up” modes,

when ω2 < µ2, are defined by the asymptotic form

ψup
ωl (r) ∼


eiωr∗ + Aup

ωl e
−iωr∗ , r → r+,

Bup
ωl e

−Ω r∗ , r → ∞,

(5.15)

and are hence exponentially damped at infinity. The “up” modes with ω2 < µ2 are

known as the bound state modes, since they are localized near the event horizon, and

are to be included in the classical phase space of normalizable (see below) solutions.

The “up” modes for ω2 < µ2 are also represented in Fig. 5.1.

With these independent radial solutions defined, we have Φ
in/up
ωl (r) := ψ

in/up
ωl (r)/r.

Hence, our basis modes to the wave operator consist of

u
in/up
ωlm (x) = N in/up

ω e−iωtYlm(θ, ϕ)Φ
in/up
ωl (r), (5.16)

where N in/up
ω are normalization constants. The “in” modes are defined for ω2 > µ2

and satisfy the boundary conditions in Eq. (5.12). The “up” modes are defined for

all ω ∈ R and satisfy the boundary conditions in Eqs. (5.13) and (5.15). We refer

to these modes as the “Boulware modes”. If we endow the phase space of classical

solutions with the Klein-Gordon inner product

⟨uJ , uJ ′⟩ = −i
∫
Σ

(uJ∇αu
∗
J ′ − u∗J ′∇αuJ)n

αdΣ, (5.17)

where J runs over the indices {ω, l,m} and the integral here is over a Cauchy
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surface Σ with unit future-directed normal nα. We move the Cauchy surface onto

Hpast ∪I −, where we can take advantage of the fact that we have simple boundary

conditions uinJ = 0 on Hpast and u
up
J = 0 on I −. Hence, it can be shown that

⟨uinJ , uinJ ′⟩ = 4π ω̃|N in
ω |2δJJ ′ , (ω2 > µ2),

⟨uupJ , uupJ ′ ⟩ = 4π ω|N up
ω |2δJJ ′ , (5.18)

where δJJ ′ := δ(ω − ω′)δll′δmm′ . These conditions imply that the “in” modes have

positive norm only for ω̃ > 0 while the “up” modes have positive norm only for ω > 0.

We see clearly now that the appropriate normalized solutions have normalization

factors

N in
ω =

1√
4π|ω̃|

, (ω2 > µ2),

N up
ω =

1√
4π|ω|

. (5.19)

Moreover, the constancy of the Wronskian of linearly independent solutions of the

radial equation implies for ω2 > µ2

ω̃
[
1− |Ain

ωl|2
]
= ω|Bin

ωl|2,
ω
[
1− |Aup

ωl |2
]
= ω̃|Bup

ωl |2,
ω̃Bup

ωl = ωBin
ωl, (5.20)

while, for the bound state modes,

|Aup
ωl |2 = 1, ω2 < µ2. (5.21)

5.2.2 The Boulware State

To define the field in the Boulware vacuum state [38], we note the modes u
in/up
ωlm

are positive frequency with respect to Schwarzschild time t along I − and Hpast

respectively. Positive norm “in” modes have ω̃ > 0, while positive norm “up”

modes have ω > 0. We can then expand the quantum field in these modes as

Φ̂(x) =
∞∑
l=0

l∑
m=−l

∫ ∞

µ

dω
(
âinωlmu

in
ωlm(x) + âin †

ωlmu
in ∗
ωlm(x)

)
+

∞∑
l=0

l∑
m=−l

∫ ∞

0

dω
(
âupωlmu

up
ωlm(x) + âup †

ωlmu
up ∗
ωlm(x)

)
(5.22)
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where â
in/up
ωlm are some operator coefficients and we have used the fact that the trans-

formation ω → −ω in the basis corresponds to complex conjugation, given that

B
in/up
ωl are chosen to satisfy this symmetry. The operator coefficients in this expan-

sion satisfy the commutation relations

[âinJ , â
in †
J ′ ] = δJJ ′ , [âupJ , â

up †
J ′ ] = δJJ ′ , (5.23)

with all other commutators vanishing. The Boulware vacuum is then defined by

âinωlm|B⟩ = 0, ω̃ > 0,

âupωlm|B⟩ = 0, ω > 0. (5.24)

Finally, the Wightman function for a massive scalar field in the Boulware vacuum

is given by

GB(x, x
′) =⟨B|Φ̂(x) Φ̂(x′)|B⟩

=
∞∑
l=0

l∑
m=−l

[∫ ∞

µ

dω uinωlm(x)u
in ∗
ωlm(x

′) +

∫ ∞

0

dω uupωlm(x)u
up ∗
ωlm(x

′)

]
. (5.25)

It is well-known that this vacuum state is not a Hadamard state on the event horizon

[39] (see also the results presented in Chapter 3) and hence cannot be extended into

the interior. We have defined the Boulware state for completeness, even though it

will not be used explicitly in this Chapter.

5.2.3 The Unruh state on the interior

In this section, we derive the Wightman two-point function in terms of separables

modes on the black hole interior for a massive scalar field in the Unruh state. This

is accomplished by introducing a set of non-separable modes defined across both the

exterior and interior regions of the black hole, which we call “Unruh modes” and

encode the boundary conditions for the Unruh state. We then introduce a new set

of separable modes defined only on the interior and establish a mapping between

these two sets of modes, expressing the Wightman function in terms of the separable

modes, which can be conveniently computed numerically.

To define the Unruh modes, it is necessary to introduce two additional sets of

coordinates: the Eddington–Finkelstein coordinates and the Kruskal coordinates.

The Eddington-Finkelstein coordinates are

u = ±(t− r∗), v = t+ r∗, (5.26)
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vu
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Figure 5.2: Penrose diagram of the Reissner-Nordström black hole. Highlighted
are the surfaces U = 0 and V = 0.

where the upper (+) sign in the definition of u corresponds to the exterior while the

lower (−) sign corresponds to the interior. The Kruskal coordinates are defined as

follows

U = ∓ 1

κ+
e∓κ+u, V =

1

κ+
eκ+v, (5.27)

where again the upper sign is for the exterior and the lower sign for the interior.

These additional sets of coordinates are reported in Fig. 5.2, which depicts the

Penrose diagram of the Reissner-Nordström spacetime. The Unruh state is defined

by treating the modes originating from the past horizon on a different footing to

those originating at past null infinity. We write the Unruh mode solutions of the

scalar field equation (5.3) as

ginωlm =
1√
4π|ω̃|

Ylm(θ, ϕ)
1

r
χin
ωl(U, V ), (ω2 > µ2),

gupωlm =
1√
4π|ω|

Ylm(θ, ϕ)
1

r
χup
ωl (U, V ), (ω ∈ R). (5.28)

where r = r(U, V ) and χ
in/up
ωl are obtained by inserting this ansätz into the wave

equation (5.3) expressed in Kruskal coordinates. We will refer to the modes g
in/up
ωlm

as the “Unruh modes”. Note that these modes are not separable. The appropriate
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boundary condition on the “up” modes is

χup
ωl ∼

e−iωU , V = 0,

0, I −.
(5.29)

The surface V = 0 covers both the past event horizonHpast and the left event horizon

(or the future event horizon of the other external universe) HL (See Fig. 5.3). We

see that the gupωlm(x) modes are positive frequency with respect to U along V = 0.

Employing the inner product (5.17) it is also readily shown that the modes satisfy

the correct normalization condition

⟨gupJ , gupJ ′ ⟩ = δJJ ′ , ω > 0, (5.30)

and have positive norm when ω > 0.

For the “in” modes, when ω2 > µ2, the Unruh boundary conditions are

χin
ωl ∼

0, V = 0,

e−iωte−iω̃r∗ , I −,
(5.31)

so that the modes originating at past null infinity are positive frequency with respect

to Schwarzschild time along I −. Note that ginωlm ≡ uinωlm in the exterior. When

ω2 < µ2, the radial dependence for the Unruh “in” modes will be analogous to that

of the Boulware uinωlm modes and therefore will be exponentially growing at infinity.

Hence, the ginωlm with ω2 < µ2 are excluded from the construction of the Wightman

function. As in the Boulware case, the Unruh “in” modes with ω̃ > 0 have positive

unit norm with respect to the inner product:

⟨ginJ , ginJ ′⟩ = δJJ ′ , ω̃ > 0. (5.32)

We can perform an analogous quantization procedure to the one adopted above by

expanding the quantum field in terms of the Unruh modes as

Φ̂(x) =
∞∑
l=0

l∑
m=−l

∫ ∞

µ

dω
(
b̂inωlmg

in
ωlm(x) + b̂in †

ωlmg
in ∗
ωlm(x)

)
+

∞∑
l=0

l∑
m=−l

∫ ∞

0

dω
(
b̂upωlmg

up
ωlm(x) + b̂up †

ωlmg
up ∗
ωlm(x)

)
(5.33)

where b̂
in/up
ωlm and b̂

in/up †
ωlm are annihilation and creation operators respectively and

we have used the fact that the transformation ω → −ω corresponds to complex
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Figure 5.3: Unruh “in” and “up” modes represented on the exterior and interior
regions of the Penrose diagram of the Reissner-Nordström black hole.

conjugation. The operators satisfy the commutation relations

[b̂inJ , b̂
in †
J ′ ] = δJJ ′ , [b̂upJ , b̂

up †
J ′ ] = δJJ ′ , (5.34)

with all other commutators vanishing. The Unruh vacuum is defined by

b̂inωlm|U⟩ = 0, ω̃ > 0,

b̂upωlm|U⟩ = 0, ω > 0. (5.35)

This yields the following Wightman two-point function for a massive scalar field in

the Unruh state

GU(x, x
′) = ⟨U|Φ̂(x) Φ̂(x′)|U⟩

=
∞∑
l=0

l∑
m=−l

[∫ ∞

µ

dω ginωlm(x)g
in ∗
ωlm(x

′) +

∫ ∞

0

dω gupωlm(x)g
up ∗
ωlm (x′)

]
. (5.36)

Note that the previous expression is valid both in the interior and in the exterior

of the black hole. As already mentioned, the problem is that the modes are not

separable in (U, V ) coordinates. However, on the exterior spacetime, it is known
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how to express the Unruh modes in terms of the Boulware modes above [3, 39, 121]:

Gext
U (x, x′) =

∞∑
l=0

l∑
m=−l

[∫ ∞

µ

dω uinωlm(x)u
in ∗
ωlm(x

′)

+

∫ ∞

0

dω coth

(
ωπ

κ+

)
uupωlm(x)u

up ∗
ωlm(x

′)

]
. (5.37)

The question is whether we can express the Unruh modes in terms of separable

modes on the interior. This was achieved for massless fields in Ref. [117] and we

modify and extend their analysis here. We start with an independent set of basis

modes on the interior, defined ∀ω ∈ R and only in region II of the diagram in

Fig. 5.2,

ϖL
ωlm =

1√
4π|ω|

Ylm(θ, ϕ)
1

r
ζLωl(u, v),

ϖR
ωlm =

1√
4π|ω|

Ylm(θ, ϕ)
1

r
ζRωl(u, v), (5.38)

with boundary conditions

ζLωl(u, v) ∼

e−iωu HL

0 HR

(5.39)

and

ζRωl(u, v) ∼

0 HL

e−iωv HR.
(5.40)

These modes are now easily expressed in separable (t, r) coordinates as

ζLωl(t, r) = eiωtΨII
ωl(r), ζRωl(t, r) = e−iωtΨII

ωl(r), (5.41)

where ΨII
ωl(r) is a solution to the radial equation (5.7) satisfying the boundary con-

dition

ΨII
ωl(r) ∼ e−iωr∗ , r → r+. (5.42)

We illustrate the interior modes in Fig. 5.4.

Starting with the “in” modes, we wish to obtain the map between the ginωlm modes

and the ϖR
ωlm modes. Noting that χin

ωl ∼ e−iωte−iω̃r∗ on I − as well as χin
ωl ∼ 0 on
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Figure 5.4: Interior separable “L” and “R” modes represented on the interior
region of the Penrose diagram of the Reissner-Nordström black hole.

Hpast, we can propagate this mode to HR to obtain

ginωlm

∣∣∣
HR

∼ 1√
4π|ω̃|

Ylm(θ, ϕ)B
in
ωl

e−iωv

r+
. (5.43)

We also have that

ϖR
ωlm

∣∣∣
HR

∼ 1√
4π|ω|

Ylm(θ, ϕ)
e−iωv

r+
. (5.44)

In general, a positive frequency Unruh mode ginωlm may have a mix of positive and

negative frequency ϖR
ωlm modes so that on HR we have

1√
4π|ω̃|

Bin
ωle

−iωv =
1

2π

∫ ∞

−∞
Cωω′

1√
4π|ω′|

e−iω
′vdω′ (5.45)

for some coefficients Cωω′ , which gives

Cωω′ = 2π

√
|ω′|
|ω̃′|B

in
ωl δ(ω − ω′). (5.46)

We also have that both ginωlm and ϖR
ωlm vanish on HL. The linearity of the wave

equation makes the relation between ginωlm and ϖR
ωlm valid not only on HL ∪ HR but

also at any spacetime point in the interior [117]. So, from Eqs. (5.43), (5.44), (5.45)

and (5.46) we must have that on the interior, the “in” mode in (t, r, θ, ϕ) coordinates
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is

ginωlm(t, r, θ, ϕ) =
1

2π

∫ ∞

−∞

Cωω′√
4π|ω′|

Ylm(θ, ϕ)
1

r
ζRω′l(t, r) dω

′

=
1√
4π|ω̃|

Ylm(θ, ϕ)B
in
ωl

1

r
ζRωl(t, r) = Bin

ωl

√
|ω|
|ω̃|ϖ

R
ωlm. (5.47)

Turning now to the “up” modes. We wish to express the gupωlm modes in terms of

the interior modes ϖ
L/R
ωlm. On HL, we have

gupωlm

∣∣∣
HL

∼ 1√
4π|ω|

Ylm(θ, ϕ)
e−iω U

r+
,

ϖL
ωlm

∣∣∣
HL

∼ 1√
4π|ω|

Ylm(θ, ϕ)
e−iωu

r+
. (5.48)

The frequencies in each case are with respect to different null coordinates so that a

positive frequency mode with respect to U contains positive and negative frequency

u modes. Hence relating the boundary conditions gives on HL

1√
4π|ω|

e−iω U =
1

2π

∫ ∞

−∞
Dωω′

1√
4π|ω′|

e−iω
′udω′, (5.49)

for some coefficients Dωω′ . Inverting this, gives

Dωω′√
4π|ω′|

=
1√
4π|ω|

∫ ∞

−∞
e−iω Ueiω

′udu. (5.50)

Note that this integral is being evaluated on the interior and so we have, using the

lower sign in Eq. (5.27),∫ ∞

−∞
e−iω Ueiω

′udu =

∫ ∞

−∞
exp{−i(ω/κ+)eκ+u + iω′u}du

=
1

κ+

∫ ∞

0

eibttz−1dt, with b = −ω/κ+, z = iω′/κ+. (5.51)

If ℑ{b} > 0 and ℜ{z} > 0, then this integral would converge in the ordinary sense.

If we take ω → ω − iϵ and ω′ → ω′ − iϵ with ϵ > 0, then we obtain∫ ∞

−∞
e−iω Ueiω

′udu =
1

κ+
lim
ϵ→0+

(
i (ω − iϵ)

κ+

)−i(ω′−iϵ)/κ+
Γ

(
i(ω′ − iϵ)

κ+

)
(5.52)

where the right-hand side is to be understood in the sense of generalized functions.

When ω and ω′ are nonzero, we can take this limit explicitly in a straightforward

way. If ω or ω′ is zero, then the right-hand side is strictly only understood in terms

of generalized functions and the ϵ → 0+ limit can only be computed after integra-
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tion against a test function of compact support. Nevertheless, for typographical

convenience, we shall simply write the result as

Dωω′√
4π|ω′|

=
1

κ+
√
4π|ω|

(
i ω

κ+

)−iω′/κ+

Γ

(
iω′

κ+

)
. (5.53)

Similarly, if we consider the boundary conditions onHpast, the ζ
L
ωl(t, r) mode vanishes

there, as it is only defined in region II of the Penrose diagram in Fig. 5.2 and cannot

be back-propagated into the region I. By contrast, the ζRωl(t, r) mode, which is e−iωv

on HR, can be back-propagated assuming ζRωl(t, r) ∼ Bup
ωl /A

up
ωl e

iω̃r∗−iωt at I + and

using Eq. (5.13) when ω2 > µ2 and assuming ζRωl(t, r) ∼ Bup
ωl /A

up
ωl e

−Ωr∗−iωt at I +

and using Eq. (5.15) when ω2 < µ2. Hence we have

gupωlm

∣∣∣
Hpast

∼ 1√
4π|ω|

Ylm(θ, ϕ)
e−iω U

r+
,

ϖR
ωlm

∣∣∣
Hpast

∼ 1√
4π|ω|

Ylm(θ, ϕ)

Aup
ωl

e−iωu

r+
. (5.54)

As before, the frequencies here are with respect to different null coordinates and in

general a frequency with respect to one coordinate will have a mixture of frequencies

with respect to the other. We write on Hpast

1√
4π|ω|

e−iω U =
1

2π

∫ ∞

−∞

Eωω′√
4π|ω′|Aup

ω′l

e−iω
′udω′, (5.55)

for some coefficients Eωω′ , and so, inverting the Fourier transform gives

Eωω′√
4π|ω′|

=
Aup
ω′l√

4π|ω|

∫ ∞

−∞
e−iω Ueiω

′udu. (5.56)

This is being evaluated on the black hole exterior and so U and u are given by the

upper sign in Eqs. (5.26)-(5.27). Apart from this, the details are almost identical to

the calculation outlined above so we omit the details, stating only the result that

Eωω′√
4π|ω′|

=
Aup
ω′l

κ+
√

4π|ω|

(−i ω
κ+

)iω′/κ+

Γ

(−iω′

κ+

)
, (5.57)

where here we understand ω and ω′ to mean ω+iϵ and ω′+iϵ as ϵ→ 0+, respectively.

Additionally, from Eqs. (5.29), (5.39) and (5.40) together with (5.13) and (5.15),

that have been used to back-propagate ϖR
ωlm on the exterior, it is clear that both

gupωl , ϖ
L
ωlm and ϖR

ωlm vanish on I −.

Thus, we have specified data on HL∪ Hpast∪ I −. Putting together Eqs. (5.48),

(5.54), (5.49), (5.55), (5.53) and (5.57) and using the fact that the wave equation is
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linear, the “up” solution in terms of (t, r, θ, ϕ) coordinates must be

gupωlm(t, r, θ, ϕ) =
Ylm(θ, ϕ)

2π r

{∫ ∞

−∞

Dωω′√
4π|ω′|

ζLω′l(t, r)dω
′ +

∫ ∞

−∞

Eωω′√
4π|ω′|

ζRω′l(t, r)dω
′

}

=
Ylm(θ, ϕ)

2π r κ+
√
4π|ω|

{∫ ∞

−∞

(
i ω

κ+

)−iω′/κ+

Γ

(
iω′

κ+

)
ζLω′l(t, r)dω

′

+

∫ ∞

−∞
Aup
ω′l

(−i ω
κ+

)iω′/κ+

Γ

(−iω′

κ+

)
ζRω′l(t, r)dω

′

}
.

(5.58)

Introducing Eq. (5.58) into Eq. (5.36) requires the computation of integrals involving

combinations of products of Dωω′ , Eωω′ and their complex conjugates, such as

∫ ∞

0

Dωω′D∗
ωω′′ dω =

√
|ω′|
√

|ω′′|
κ2+

Γ

(
iω′

κ+

)
Γ

(
−iω

′′

κ+

)∫ ∞

0

dω

ω

(
iω

κ+

)− iω′
κ+

(
− iω

κ+

) iω′′
κ+

=

√
|ω′|
√

|ω′′|
κ2+

Γ

(
iω′

κ+

)
Γ

(
−iω

′′

κ+

)
e

π
2κ+

(ω′+ω′′)
∫ ∞

0

dω

ω
e
i
(ω′′−ω′)

κ+
log

(
ω
κ+

)
. (5.59)

In the last line we expressed this integral in a form which can be conveniently solved

by substitution, using y = 1
κ+

log( ω
κ+

), to yield after some simplifications

∫ ∞

0

Dωω′D∗
ωω′′ dω = (2π)2

sgn(ω′)

1− e−2πω′/κ+
δ(ω′ − ω′′). (5.60)

With a similar procedure, we can compute the remaining necessary integrals∫ ∞

0

Dωω′E∗
ωω′′ dω =

∫ ∞

0

Eωω′D∗
ωω′′ dω = 2π2Aup

ω′l sgn(ω
′) csch

(
πω′

κ+

)
δ(ω′ + ω′′),∫ ∞

0

Eωω′E∗
ωω′′ dω = (2π)2|Aup

ω′l|2sgn(ω′)
1

1− e−2πω′/κ+
δ(ω′ − ω′′). (5.61)

Finally, introducing the interior separable modes (defined by Eqs. (5.38) and (5.41))

into the mode-sum expression for the Unruh Wightman function (5.36), which is

originally expressed in terms of the Unruh modes (5.28), and using the mode map-
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ping relations (5.47) and (5.58) together with Eqs. (5.60) and (5.61), we obtain

GU(x, x
′) =

1

(4π)2r r′

∞∑
l=0

(2l + 1)Pl(cos γ)

{∫ ∞

µ

dω

ω̃
|Bin

ωl|2eiω∆tΨII
ωl(r)Ψ

II ∗
ωl (r′)

+

∫ ∞

0

dω

ω

[
(e−iω∆t + eiω∆t|Aup

ωl |2)
1− e−2πω/κ+

ΨII
ωl(r)Ψ

II ∗
ωl (r′)

− (eiω∆t + e−iω∆t|Aup
ωl |2)

1− e2πω/κ+
ΨII ∗
ωl (r)ΨII

ωl(r
′)

+ 2 cos(ω∆t) csch

(
πω

κ+

)
ℜ{Aup

ωlΨ
II
ωl(r)Ψ

II
ωl(r

′)}
]}

, (5.62)

where ∆t ≡ t′ − t. Here, we have used the addition theorem

l∑
m=−l

Ylm(θ, ϕ)Ylm(θ
′, ϕ′) =

2l + 1

4π
Pl(cos γ), (5.63)

where γ is the angular separation between the two points. Note that in the massless

limit, Eq. (5.62) agrees with the expression in Eq. (3.13) in Ref. [117] up to a factor

of 2, which comes from the fact that they consider the Hadamard function rather

than the Wightman propagator. We define ΦII
ωl(r) = ΨII

ωl(r)/r to be the solution to

Eq. (5.6) in region II with asymptotics

ΦII
ωl(r) ∼


1

r−
Aωle

iωr∗ +
1

r−
Bωle

−iωr∗ , r → r−,

e−iωr∗

r+
, r → r+,

(5.64)

where the constants Aωl and Bωl are the interior scattering coefficients. Then, in

the coincidence limit, the mode-sum representation of the Wightman function for

the field in the Unruh state on the interior is formally given by

GU(x, x) =
1

4π2

∞∑
l=0

(2l + 1)

∫ ∞

0

gU

ωl(r)dω, (5.65)

where we have defined for later convenience

gU

ωl(r) :=
1

4ω

[
(1− |Aup

ωl |2)|ΦII
ωl(r)|2θ(ω − µ) + coth

(
πω

κ+

)
(1 + |Aup

ωl |2)|ΦII
ωl(r)|2

+ 2csch

(
πω

κ+

)
ℜ{Aup

ωl

(
ΦII
ωl(r)

)2}], (5.66)
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and where θ(ω−µ) is the Heaviside step function. In arriving to Eq. (5.66), we made

use of Eq. (5.20) to express |Bin
ωl|2 in terms of |Aup

ωl |2. Of course, we note that the

expression in the coincident limit in Eq. (5.65) with Eq. (5.66) is not well defined,

since neither the sum nor the integral converges. Nonetheless, the expression for

each individual l and ω mode is well defined.

5.2.4 The Hartle-Hawking state on the interior

In this section, we derive the Wightman two-point function in terms of separable

modes on the black hole interior for a massive scalar field in the Hartle-Hawking

state. Following the procedure outlined in Ref. [117], exploiting the regularity of

both the Hartle-Hawking and Unruh propagators across the horizon, we derive the

expression in the following manner. Having obtained an expression for the Unruh

propagator in the interior in terms of separable modes, and knowing expressions

(from the literature) valid in the black hole exterior for both the Unruh and Hartle-

Hawking propagators, the difference between the latter can be trivially extended

across the event horizon in separable coordinates.

Using the expressions for the Unruh propagator on the exterior (5.37), together

with the exterior propagator for the Hartle-Hawking state [3]

Gext
H (x, x′) =

∞∑
l=0

l∑
m=−l

[∫ ∞

µ

dω coth

(
ωπ

κ+

)
uinωlm(x)u

in ∗
ωlm(x

′)

+

∫ ∞

0

dω coth

(
ωπ

κ+

)
uupωlm(x)u

up ∗
ωlm(x

′)

]
, (5.67)

we obtain the difference between the exterior propagators

Gext
H (x, x′)−Gext

U (x, x′) =
∞∑
l=0

l∑
m=−l

∫ ∞

µ

dω

(
coth

(
ωπ

κ+

)
− 1

)
uinωlm(x)u

in ∗
ωlm(x

′).

(5.68)

Note that this difference is regular at the event horizon and only involves the “in”

modes, which can be analytically continued into the interior by replacing uinωlm by

ginωlm. Therefore, the Wightman function for the Hartle-Hawking state on the interior

can then be obtained by analytic continuation across the event horizon as

GH(x, x
′) = GU(x, x

′) +
(
Gext

H (x, x′)−Gext
U (x, x′)

)
, (5.69)

where GU(x, x
′) is the interior Wightman function in the Unruh state in Eq. (5.62).

Substituting into Eq. (5.69) the mode-sum expressions (5.62) and (5.68), replacing

123



Chapter 5. Vacuum polarization and renormalized stress-energy tensor on the
interior of a Reissner-Nordström black hole

uinωlm by ginωlm, using Eq. (5.47) and simplifying yields

GH(x, x
′) =

=
1

(4π)2r r′

∞∑
l=0

(2l + 1)Pl(cos γ)

{∫ ∞

µ

dω

ω̃
coth

(
πω

κ+

)
|Bin

ωl|2eiω∆tΨII
ωl(r)Ψ

II ∗
ωl (r′)

+

∫ ∞

0

dω

ω

[
(e−iω∆t + eiω∆t|Aup

ωl |2)
1− e−2πω/κ+

ΨII
ωl(r)Ψ

II ∗
ωl (r′)

− (eiω∆t + e−iω∆t|Aup
ωl |2)

1− e2πω/κ+
ΨII ∗
ωl (r)ΨII

ωl(r
′)

+ 2 cos(ω∆t) csch

(
πω

κ+

)
ℜ{Aup

ωlΨ
II
ωl(r)Ψ

II
ωl(r

′)}
]}

. (5.70)

The expression for the Wightman function for a massive scalar field in the Hartle-

Hawking state in the coincident limit is then formally given by

GH(x, x) =
1

4π2

∞∑
l=0

(2l + 1)

∫ ∞

0

gH

ωl(r)dω, (5.71)

where

gH

ωl(r) =
1

4ω

[
coth

(
πω

κ+

)
(1− |Aup

ωl |2)|ΦII
ωl(r)|2θ(ω − µ)

+ coth

(
πω

κ+

)
(1 + |Aup

ωl |2)|ΦII
ωl(r)|2 + 2csch

(
πω

κ+

)
ℜ{Aup

ωl

(
ΦII
ωl(r)

)2}].
(5.72)

The mode-sum expressions obtained in Eqs. (5.62) and (5.70) are divergent in the

coincident limit, hence requiring a renormalization prescription.

5.3 The Extended coordinate method inside a black

hole (Lorentzian spacetime)

While in Sec. 5.2 we focused on the specific case of a Reissner-Nordström black

hole, in this section, we generalize the analysis and present the extended coordinate

renormalization prescription for computing the renormalized vacuum polarization

inside an arbitrary spherically symmetric black hole, described by the metric in

Eq. (5.1) with generic radial function f(r) (so not necessarily given by Eq. (5.2)).

In the following Sections, we then restrict the application of this method to the

Reissner-Nordström case.

One possible approach for extending the renormalization procedure to the in-
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terior is to perform a double Euclideanization procedure, as outlined in Ref. [122].

Within this procedure, one obtains a Riemannian metric in the interior and con-

siders a quantum field in a thermal state at the temperature associated with the

Cauchy horizon of the Lorentzian spacetime. The renormalization prescription in

the interior could then be developed by means of Euclidean techniques for a quan-

tum field in this thermal state. A state subtraction would then be necessary in order

to obtain the results for a scalar field in the Unruh or Hartle-Hawking state.

An alternative and more direct strategy is to develop the renormalization pro-

cedure directly within the Lorentzian framework. The extended coordinate method

is particularly well-suited for this purpose, as it involves point splitting in all direc-

tions except the radial one. In the interior, the Schwarzschild coordinates t and r

exchange their timelike and spacelike roles. Consequently, in the limit r′ → r, the

spacetime points (t, r, θ, ϕ) and (t′, r, θ′, ϕ′) are spacelike separated. The world func-

tion σ(x, x′) is positive definite when r = r′ and the other coordinates are separated.

This ensures that bi-distributions like 1/σ(x, x′) and log(σ(x, x′)) that appear in the

Hadamard parametrix are only ill-defined at coincidence. As a result, we do not

need an ‘iϵ’ prescription to define the bi-distributions in cases where the points may

be connected by null geodesics. Conveniently, this allows us to develop an analo-

gous renormalization prescription to that of Euclidean zero-temperature states on

the exterior, as presented in Chapter 2.

The work presented in this Chapter takes the second approach and constitutes

the first development of the extended coordinate method directly in Lorentzian

spacetime. The choice of the extended coordinates shall be adapted in the interior

to {s,∆t,∆r}, with s2 defined by

s2 := −f(r)∆t2 + 2r2(1− cos γ) = |f |∆t2 + 2r2(1− cos γ). (5.73)

Note how this definition for s2 generalizes to the interior Lorentzian sector the one

presented in Eq. (2.6) for Euclidean zero-temperature states, with the difference

that τ is Wick-rotated back to τ → i t. As outlined in Sec. 2.3, expanding the

Hadamard parametrix in Eq. (1.73) in the new set of coordinates, taking ∆r = 0

and simplifying yields

K(x, x′) =
1

8π2

(
n∑
a=0

a∑
b=0

D(r)
ab (r)

∆t2a+2b

s2b+2
+

n∑
a=1

a∑
b=1

D(p)
ab (r)∆t

2a−2bs2b−2

+
n−1∑
a=1

a−1∑
b=0

T (r)
ab (r)

∆t2a+2b+2

s2b+2
+

n−1∑
a=0

a∑
b=0

T (l)
ab (r)s

2a−2b∆t2b log

(
s2

ℓ2

)

+
n−1∑
a=1

a∑
b=0

T (p)
ab (r)s2a−2b∆t2b

)
+O(∆x2n log∆x), (5.74)
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where we have used the same notation as Section 2.3 for the Hadamard coefficients

D(r/p)
ab (r) and T (r/p/l)

ab (r). We note that these coefficients in the Lorentzian manifold

can be readily obtained from the equivalent coefficients in the Riemannian manifold

reported in Appendix A.3, by Wick rotating back (setting τ → it) expression (2.8)

and including the remaining powers of i into the definition of the Lorentzian coef-

ficients. For instance, for the direct rational terms D(r), Lor.
ab = (−1)a+bD(r), Rie.

ab . We

report the Lorentzian coefficients in Appendix C.1 for convenience.

Similarly to what we explained in Sec. 2.3, we only need to derive mode-sum rep-

resentations for the rational ∆t2a+2b/s2b+2 and ∆t2a+2b+2/s2b+2 and the logarithmic

s2a−2b∆t2b log(s2/ℓ2) terms of the expansion. This can be accomplished by employ-

ing mode-sum representations based on the form of the mode-sum for the Wightman

functions in Eqs. (5.62) and (5.70) with the radial points taken together. For the

rational terms,

∆t2a+2b

s2b+2
=

∞∑
l=0

(2l + 1)Pl(cos γ)

∫ ∞

−∞
dωe−iω∆tΨωl(a, b|r), (5.75)

while for the logarithmic terms

∆t2bs2a−2b log(ρ2∆t2 + 1− cos γ) =
∞∑
l=0

(2l + 1)Pl(cos γ)

∫ ∞

−∞
dω e−iω∆t χωl(a, b |r),

(5.76)

with the new definition of

ρ2 =
|f |
2r2

. (5.77)

Inverting these expressions, we obtain double integral representations for the regu-

larization parameters in the Lorentzian sector

Ψωl(a, b|r) =
1

4π

∫ 1

−1

du

∫ ∞

−∞
dt

e−iωtt2a+2bPl(u)

(|f | t2 + 2r2(1− u))1+b
, (5.78)

χωl(a, b|r) =
(2r2)a−b

4π

∫ 1

−1

duPl(u) lim
ᾱ→a

∂

∂ᾱ

∫ ∞

−∞
e−iωtt2b(ρ2t2 + 1− u)ᾱ−bdt, (5.79)

where we have renamed ∆t→ −t and u = cos γ simply to facilitate comparison. In

fact, comparing these expressions with the corresponding ones in the Riemannian

case, namely Eqs. (2.10) and (2.30), it becomes clear that the integrals in the new

expressions are precisely those already computed in Sections 2.3.1 and 2.3.2. The

only difference is that |f | (or −f) now appears instead of f . Hence, the renormal-

ization parameters will retain the same form of the ones presented in Section 2.3,

with the tweak f → |f | (or f → −f).
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Specifically, we report here for convenience the resulting expressions at coinci-

dence for the renormalized vacuum polarization and the two additional mode-sums

for the computation of the RSET

wA :=⟨Φ̂2⟩Aren := lim
x′→x

(GA(x, x
′)−K(x, x′))

=
1

4π2

{
∞∑
l=0

(2l + 1)

∫ ∞

0

(
gA

ωl(r)− k
(n)
ωl (r)

)
dω

− 1

2

√
π
n−1∑
a=1

a∑
b=0

T (l)
ab (r)

(a− 1)!22a|f |a−b
Γ(−a+ 1

2
)λ2a

}

− 1

8π2

[
D(p)

11 (r) +
D(r)

10 (r)

|f | +
D(r)

11 (r)

|f |2 + T (l)
00 (r)(log(|f |/(ℓ2λ2))− 2γE)

]
,

(5.80)

(w̃A)tt :=[gtt
′
W,tt′ ] =

1

4π2|f |

{∫ ∞

0

∞∑
l=0

(2l + 1)ω2
(
gA

ωl − k
(n)
ωl

)
dω

− 1

2

√
π
n−1∑
a=0
a̸=1

a∑
b=0

T (l)
ab (r)

a!22a|f |a−b
Γ(1

2
− a)(a− 1)λ2a−2

}

+
1

4π2

[
T (p)
10 +D(p)

22 +
1

|f |(T
(p)
11 +D(p)

21 ) +
D(r)

20

|f |2 +
D(r)

21

|f |3 +
D(r)

22

|f |4 +
T (r)
10

|f |2

+
(
T (l)
10 +

T (l)
11

|f |
)
(log(|f |/(ℓ2λ2))− 2γE + 3)

]
, (5.81)

(w̃A)ϕϕ :=[gϕϕ
′
W,ϕϕ′ ] =

1

8π2r2

{∫ ∞

0

∞∑
l=0

(2l + 1)l(l + 1)
(
gA

ωl − k
(n)
ωl

)
dω

+
1

2

√
π
n−1∑
a=2

a∑
b=0

T (l)
ab

r2(a− b)(a− 2)!22a|f |a−b−1

Γ(3
2
− a)λ2a−2

}

+
1

4π2

[
D(p)

22 + T (p)
10 − D(r)

20

|f |2 − 2
D(r)

21

|f |3 − 3
D(r)

22

|f |4

− T (r)
10

|f |2 +
T (l)
11

|f | + T (l)
10 (log(|f |/(ℓ2λ2))− 2γE + 1)

]
, (5.82)

where k
(n)
ωl is defined as in Eq. (2.48), with the regularization parameters Iωl(a, b|r)

and Jωl(a, b|r) defined as in Eqs. (2.25) and (2.45), with the difference that f → |f |
(or f → −f) on the interior, and with the Hadamard coefficients of App. C.1. In

arriving at these expressions, we have exploited the ω → −ω symmetry of k
(n)
ωl . We
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use A to denote, generically, either the Hartle–Hawking or the Unruh state. As shown

in Appendix A.1, the expression for the renormalized vacuum polarization (5.80)

is independent of λ. In fact, there is a λ dependence in k
(n)
ωl contained in the

terms Iωl(a, b|r) and Jωl(a, b|r) that precisely cancels that in the analytic terms in

Eq. (5.80). The renormalized vacuum polarization depends on the renormalization

ambiguity ℓ, when µ ̸= 0.

In the following Sections, we will apply the renormalization method presented

hereby to compute the renormalized vacuum polarization and stress-energy tensor

on the interior of a Reissner-Nordström black hole. However, before presenting

the results for the renormalized vacuum polarization and RSET, we discuss the

numerical implementation of the method in the interior of a Reissner-Nordström

black hole in Section 5.4 and analyze its convergence in Section 5.5.

5.4 Numerical considerations

To obtain the results that we present in Section 5.6 (which are not very close to the

Cauchy horizon), we evaluate the expression for the renormalized vacuum polariza-

tion in Eq. (2.49) using a Hadamard parametrix expansion of order n = 3. This

yields a rapidly convergent mode-sum, scaling at large l as O(l−8) for fixed ω and

at large ω as O(ω−9) for fixed l, at least away from the horizons, in agreement with

Eq. (2.58). All that is needed to obtain the modes gωl(r) are the radial solutions

ΦII
ωl(r) and the exterior reflection coefficients Aup

ωl . By introducing,

η =
r+ − r

r+ − r−
, (5.83)

the solutions ΦII
ωl(r) to the radial equation (5.6), with the boundary conditions (5.64)

can be recast in terms of a confluent Heun function H as

ΦII
ωl(r) =

1

r+
ei(ω−ω̃)(r−r+)e−iωr∗H (a1, a2, a3, a4, a5; η) , (5.84)

which is a solution to the equation

η(η − 1)H′′ (a1, a2, a3, a4, a5; η)

+ (a3(η − 1) + a4η + η(η − 1)a5)H
′ (a1, a2, a3, a4, a5; η)

+ (a2η − a1)H (a1, a2, a3, a4, a5; η) = 0, (5.85)
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with boundary condition H (a1, a2, a3, a4, a5; 0) = 1 (so that the expression (5.84)

indeed satisfies the boundary condition (5.64)) and where

a1 = l(l + 1) + 2iω̃r+ − r2+(ω − ω̃)2 + i(ω − ω̃)(r+ + r−),

a2 = 2iω̃(r+ − r−)− (r2+ − r2−)(ω − ω̃)2,

a3 = 1− 2iωr2+
r+ − r−

,

a4 = 1 +
2iωr2−
r+ − r−

,

a5 = 2iω̃(r+ − r−). (5.86)

The advantage of employing the Heun form is that the Heun functions which are

regular at η = 0 are built in Mathematica and can be computed very efficiently. The

expression in Eq. (5.84) is formally only valid for ω2 > µ2. The equivalent expression

for the modes with ω2 < µ2 can be obtained by replacing ω̃ → iΩ in Eqs. (5.84)

and (5.86).

The exterior reflection coefficients Aup
ωl are obtained from the Wronskian condi-

tion

Aup
ωl = −W [Φ̃in ∗

ωl , Φ̃
up
ωl ]

W [Φ̃in
ωl, Φ̃

up
ωl ]

, (5.87)

where W [ϕ1, ϕ2] is the Wronskian of two solutions ϕ1 and ϕ2. Specifically,

W [Φ̃in
ωl, Φ̃

up
ωl ] = r2f(r)

(
Φ̃in
ωl(r)

d

dr
Φ̃up
ωl (r)− Φ̃up

ωl (r)
d

dr
Φ̃in
ωl(r)

)
, (5.88)

which is the Wronskian of the numerical modes Φ̃in
ωl := Φin

ωl/B
in
ωl and Φ̃up

ωl := Φup
ωl /B

up
ωl .

Note that the numerical “in” mode Φ̃in
ωl = ΦII

ωl and can be computed via Eq. (5.84)

using the built-in confluent Heun function in Mathematica. The numerical “up”

mode Φ̃up
ωl is determined by imposing initial conditions at a suitably large radius

using an asymptotic series with leading order [3]

Φ̃up
ωl (r) ∼

1
r
eiω̃r∗ , r → ∞, ω2 > µ2,

1
r
e−Ωr∗ , r → ∞, ω2 < µ2.

(5.89)

Since the Wronskian is a constant, we need only to compute Eq. (5.88) at one radial

point for each l and ω. The most efficient routine is to evaluate it at the outer

boundary where the boundary conditions for Φ̃up
ωl (r) are evaluated. This avoids

numerically integrating the Φ̃up
ωl (r) modes.

The numerical calculation of the ω-integral in expression (2.49) requires the

129



Chapter 5. Vacuum polarization and renormalized stress-energy tensor on the
interior of a Reissner-Nordström black hole

computation of the modes for the Wightman function and for the renormalization

counter-terms on a predefined ω-grid. The integral is then computed by generating

an interpolating function for the integrand. This interpolation process is a potential

source of significant numerical error. Selecting a suitable ω-grid is essential to ensure

that the grid selection has no effect on the results. The expressions k
(n)
ωl (r) are rapidly

changing functions of ω near ω = 0 and ω = λ. Therefore, it is crucial to build an

adaptive ω-grid that is particularly fine in these frequency regimes.

5.5 Convergence of the mode-sums

The first test that can be done to verify the precision of the numerical computations

is the study of convergence. One of the features of the extended coordinates method

is that the convergence order of both the ω-integral and the l-sum can be increased

by subtracting higher-order terms of the Hadamard parametrix. Focusing on the

mode-sum contribution to Eq. (5.80), namely

1

4π2

∞∑
l=0

(2l + 1)

∫ ∞

0

dω
(
gωl(r)− k

(n)
ωl (r)

)
, (5.90)

the large frequency and large l behavior of gωl(r)−k(n)ωl (r) is dependent on the order of

the expansion n of the Hadamard parametrix according to Eq. (2.58). In Figures 5.5

and 5.6, we show that the numerical results agree with the theoretical predictions

in Eq. (2.58) both for large ω and large l. For instance, log10 |(ωM)3M(gωl(r) −
k
(0)
ωl (r))| is a straight line with slope 0 for large ω, fixed l, and hence this shows that

(ωM)3M(gωl(r) − k
(0)
ωl (r)) ∼ 1 for large ω, or equivalently, M(gωl(r) − k

(0)
ωl (r)) ∼

(ωM)−3, in agreement with Eq. (2.58). The other curves can be interpreted in an

analogous way. These plots show results only for the massless case, but we have

verified that this behavior holds in the massive case as well.

In the exterior, the behaviour at large frequency and large l is approximately

uniform in r [52]. In contrast, the radial dependence of the convergence in the

interior is less straightforward. Specifically, in the vicinity of the horizons, the con-

vergence in l for fixed ω is somewhat slower compared with plots away from the

horizons, and it is computationally advantageous to perform the ω-integral first.

Indeed, after integrating over ω ∈ [0, 25] only 5 l-modes are needed to obtain pre-

cision up to the first 4 significant digits. On the other hand, performing the l-sum

first would require an increasing number of l-modes as |f(r)| → 0. Furthermore, for

both massless and massive scalar fields, we find numerically that, to obtain rapidly

convergent mode-sums in the regions very close to the horizons, it is sufficient to

expand the Hadamard parametrix up to the order containing the divergent terms.
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Figure 5.5: Analysis of the convergence of gωl(r) − k
(n)
ωl (r) at different orders of

expansion n for fixed l and large ω. Results obtained with the set of parameters:
µM = 0, Q = 0.8M , r =M and l = 2.
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Figure 5.6: Analysis of the convergence of gωl(r) − k
(n)
ωl (r) at different orders of

expansion n for fixed ω and large l. Results obtained with the set of parameters:
µM = 0, Q = 0.8M , r =M and ωM = 0.1.

131



Chapter 5. Vacuum polarization and renormalized stress-energy tensor on the
interior of a Reissner-Nordström black hole

In the massless case, this amounts to subtracting the parametrix up to order n = 0,

whereas for massive fields we expand the parametrix up to order n = 1. In fact,

although from Eq. (2.58) one should expect, at large frequency, a convergence rate

of ω−3 in the massless case when using an n = 0 expansion, and ω−5 in the massive

case when using an n = 1 expansion, the observed convergence in ω in the regions

very close to the horizons is faster than these predictions. Specifically, it is faster

than ω−3 in the massless case, and faster than ω−5 in the massive case, with the

convergence rate progressively increasing as the horizon is approached. As stated

above, if the ω integral is performed first, only a few l-modes are required to obtain

accurate results.

This careful analysis of the convergence of the mode-sums in the region very

close to the horizon will play a central role in Chapter 6. In fact, we will see that to

understand the behavior of the RVP near the Cauchy horizon, it will be necessary

to compute the RVP as close as r−r−
M

= 10−200.

5.6 The renormalized vacuum polarization inside

a Reissner-Nordström black hole

The method described in Section 5.3 is general and can be applied to computing

quantum expectation values inside any spherically symmetric black hole with metric

as in Eq. (5.1). In this section, we demonstrate the efficacy of this approach by

computing the renormalized vacuum polarization for massless and massive scalar

fields, as calculated from Eq. (2.49), in the interior of a Reissner-Nordström black

hole. The renormalized vacuum polarization is independent of the coupling ξ in a

spacetime where the Ricci scalar R = 0, as it is in the Reissner-Nordström case.

Therefore, the results presented in this section are valid for any coupling ξ.

In Fig. 5.7, we compare the renormalized vacuum polarization for a massless

scalar field in the Hartle-Hawking and Unruh states computed with the method

presented in this Chapter against the numerical results obtained in Ref. [119] by

using the pragmatic mode-sum renormalization method developed by Levi and Ori

in [46]. We find agreement up to 2-3 digits of precision between the two methods,

confirming the validity of the methodology we outlined. Additionally, in the Hartle-

Hawking case, the results agree with the closed-form expression on the black hole

event horizon [123]. An interesting aspect is that the renormalized vacuum polariza-

tion appears to have a monotonic behaviour in r and might naively seem to diverge

for both states as it approaches the inner horizon. However, it was shown by Lanir

et al. in [119] that the renormalized vacuum polarization surprisingly asymptotes

to a finite negative value for both states after some oscillations in the vicinity of the
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Figure 5.7: Results for ⟨Φ̂2⟩ren obtained with the parameters Q = 0.8M , µ = 0. The
vertical dashed lines represent the inner (left) and event (right) horizons. The continuous
blue and yellow lines are the interpolated numerical results we obtained for the Hartle-
Hawking and Unruh states respectively. The squares are the numerical results reported
in Ref. [119]. The black solid line refers to the analytical result computed on the black
hole horizon as shown in Ref. [123]. This figure is continued near r− in Fig. 6.1, which
presents the results for ⟨Φ̂2⟩ren in the vicinity of the inner horizon.

inner horizon. We verify this behavior in Section 6.3.

Furthermore, having verified the validity of the method, we implemented it to

calculate the renormalized vacuum polarization in the case of a massive scalar field.

We note that the pragmatic mode-sum scheme has not yet been applied to massive

scalar fields. We report the results obtained for a field with mass µM = 1/10 in

the Hartle-Hawking and Unruh states in Fig. 5.8. For a massive field, the renor-

malized vacuum polarization depends on the choice of the arbitrary lengthscale

ℓ. With the choice ℓ = M , we obtain extrapolated values at the event horizon of

M2⟨Φ̂2⟩Hren ≈ 0.00043 andM2⟨Φ̂2⟩Uren ≈ 7.8×10−6 for the Hartle-Hawking and Unruh

state respectively. We compared these results to the event horizon values computed

from the exterior calculation using the methodology detailed in Ref. [3] and found

agreement up to two digits of precision. In Fig. 5.8, it is possible to notice that the

presence of the mass seems to suppress the state dependence in the renormalized

vacuum polarization. Indeed, the two curves corresponding to the Hartle-Hawking

and Unruh states are nearly overlapping. Moreover, we performed a near-Cauchy

horizon analysis to verify the behavior of the vacuum polarization for a massive field

in the limit as r → r−. We report the outcomes of this analysis in Sec. 6.3.
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Figure 5.8: Comparison of results for ⟨Φ̂2⟩ren obtained with the parameters Q = 0.8M
for a massless and a massive µM = 0.1 field. The vertical dashed lines represent the
inner (left) and event (right) horizons. The results are obtained by setting the arbitrary
lengthscale to ℓ =M .

5.7 The renormalized stress-energy tensor inside

a Reissner-Nordström black hole

With the techniques outlined in section 5.3, we also computed the components of the

renormalized stress-energy tensor inside a Reissner-Nordström black hole for mass-

less and massive quantum scalar fields in the Hartle-Hawking and Unruh states.

Notwithstanding the fact that computing the RSET on the interior is the first step

towards solving the semiclassical equations, the RSET itself encodes important phys-

ical information. In this section, we present and discuss the obtained results. We

verified our RSET results by checking that the conservation equation is satisfied to

some desired accuracy.

In Figures 5.9 and 5.10, we compare the interior and exterior results for massless

fields with different couplings for the same RSET components across the event hori-

zon. These figures are obtained by combining the interior results computed in this

work with the exterior results from Ref. [3], calculated using the original version

of the Extended Coordinate Method. Firstly, we note that the components match

smoothly across r+. As expected, all the components of the RSET in the Hartle-

Hawking state are regular on the event horizon. On the other hand, as reported

in Figure 5.10, we show that the ⟨T̂ tt⟩Uren and ⟨T̂ rr⟩Uren in the Unruh state diverge

like f−1 at the event horizon, while the angular components ⟨T̂ θθ⟩Uren = ⟨T̂ ϕϕ⟩Uren are

regular.
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Figure 5.9: RSET components for a massless field in the Hartle-Hawking state
in the region across the event horizon (represented by the vertical black dashed line)
of a Reissner-Nordström black hole (with parameters M = 1, Q = 0.8). The blue,
yellow, green and red curves correspond to the different values of the coupling ξ =
{0, 1/8, 1/6, 1/2}. We show from top to bottom ⟨T̂ tt⟩, ⟨T̂ rr⟩ and ⟨T̂ ϕϕ⟩.
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Figure 5.10: RSET components for a massless field in the Unruh state in the
region across the event horizon (represented by the vertical black dashed line) of
a Reissner-Nordström black hole (with parameters M = 1, Q = 0.8). The blue,
yellow, green and red curves correspond to the different values of the coupling ξ =
{0, 1/8, 1/6, 1/2}. We show from top to bottom f⟨T̂ tt⟩, f⟨T̂ rr⟩ and ⟨T̂ ϕϕ⟩.

136



Chapter 5. Vacuum polarization and renormalized stress-energy tensor on the
interior of a Reissner-Nordström black hole

In Figures 5.11 and 5.12 we present the full interior results for the RSET com-

ponents ⟨T̂ tt⟩ren, ⟨T̂ rr⟩ren, and ⟨T̂ ϕϕ⟩ren, with different values of the coupling ξ, for

massless and massive scalar fields in the Hartle-Hawking and Unruh state respec-

tively. The RSET components presented in these figures have been computed by

setting the arbitrary constant to ℓ =M . Unlike the renormalized vacuum polariza-

tion, the state dependence appears to be suppressed for both massless and massive

fields. When plotted in the same figure, the curves corresponding to the Hartle-

Hawking and Unruh states are nearly indistinguishable, except in the region near

the event horizon where the ⟨T̂ tt⟩Uren and ⟨T̂ rr⟩Uren components of the RSET diverge

as f−1, while the respective components in the Hartle-Hawking state are finite. The

components in the massive case present very similar behavior to those in the mass-

less case and indicate a possible divergence at the Cauchy horizon of all the RSET

components for both quantum states. However, as we will show in Chapter 6,

both the RVP and the RSET exhibit nontrivial behavior as the Cauchy horizon

is approached, and the study of their properties in this region requires a different

treatment. The coupling ξ plays a significant role in defining the sign of the various

components. Specifically, in the leftmost region of the plots, all the components

change sign as the coupling increases: ⟨T̂ tt⟩ren and ⟨T̂ ϕϕ⟩ren change from positive to

negative, while ⟨T̂ rr⟩renchanges from negative to positive. Moreover, the coupling

also determines whether the components present sign changes when evaluated at

different radial points. For instance, the ⟨T̂ tt⟩Hren component is negative everywhere

in the interior for ξ = 1/2 and positive everywhere for ξ = 0, while exhibits sign

changes for the values ξ = 1/8 and ξ = 1/6.

5.8 Conclusions

In this Chapter, we outlined a methodology for computing the renormalized vac-

uum polarization of massive scalar fields on the interior of a black hole spacetime

with metric (5.1). We then applied this framework for computing the renormalized

vacuum polarization and stress-energy tensor for massless and massive scalar fields

on the interior region between the two horizons, r+ and r−, of a Reissner-Nordström

black hole.

In the first part of the Chapter, we presented a derivation for expressing the

Wightman function in the interior for a massive scalar field in the Hartle-Hawking

and Unruh states as mode-sums over the separable modes of the wave equation.

This is a nontrivial task, for which we generalized the method of Lanir et al. [117],

which was originally used to obtain the interior propagators for massless fields. The

resulting mode-sum expressions diverge in the coincident limit, requiring renormal-

ization. Hence, to renormalize the Wightman function at coincidence in the interior
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Figure 5.11: RSET components for massless (solid lines) and massive (dashed
lines) fields in the Hartle-Hawking state inside a Reissner-Nordström black hole (with
parameters M = 1, Q = 0.8). The blue, yellow, green and red curves correspond
to the different values of the coupling ξ = {0, 1/8, 1/6, 1/2}. We show from top to
bottom ⟨T̂ tt⟩, ⟨T̂ rr⟩ and ⟨T̂ ϕϕ⟩. The RSET for the massive field is computed with
the parameter: µM = 0.1.

138



Chapter 5. Vacuum polarization and renormalized stress-energy tensor on the
interior of a Reissner-Nordström black hole

0.6 0.8 1.0 1.2 1.4 1.6

-0.04

-0.02

0.00

0.02

0.04

0.06

0.6 0.8 1.0 1.2 1.4 1.6

-0.010

-0.005

0.000

0.005

0.010

0.015

0.6 0.8 1.0 1.2 1.4 1.6

-0.02

-0.01

0.00

0.01

Figure 5.12: RSET components for massless (solid lines) and massive (dashed
lines) fields in the Unruh state inside a Reissner-Nordström black hole (with param-
eters M = 1, Q = 0.8). The blue, yellow, green and red curves correspond to the
different values of the coupling ξ = {0, 1/8, 1/6, 1/2}. We show from top to bottom
⟨T̂ tt⟩, ⟨T̂ rr⟩ and ⟨T̂ ϕϕ⟩. The RSET for the massive field is computed with the pa-
rameter: µM = 0.1.
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of the black hole, in the second part of the Chapter, we generalized the extended

coordinate method to the black hole interior. We showed that a renormalization

prescription valid directly on the Lorentzian manifold can be straightforwardly ob-

tained from the corresponding zero-temperature formalism developed in Chapter 2.

The renormalization method described in this Chapter constitutes the first appli-

cation of the extended coordinate method in Lorentzian spacetime. We emphasise

that this methodology is formally valid inside any spherically symmetric black hole,

described by the metric in Eq. (5.1), requiring only a modification of the relevant

function f(r).

Having solved these challenges, we applied the method for computing the renor-

malized vacuum polarization in the case of a scalar field propagating on the interior

of a Reissner-Nordström black hole. Initially, we focused on obtaining results for

massless scalar fields, and we reproduced the results that were obtained in Ref. [119]

by means of the pragmatic mode sum renormalization method. Thereafter, having

verified the method against existing results, we computed the renormalized vacuum

polarization for massive scalar fields inside the black hole. This calculation yielded

results in the vicinity of the event horizon that are in agreement with the values

obtained by performing the computation on the exterior by means of the original

version of the extended coordinate method.

Finally, we obtained the components of the renormalized stress-energy tensor

for different values of the coupling ξ on the interior region for both massless and

massive scalar fields. To the best of our knowledge, this is the first computation

of the RSET for massive fields on the interior of a Reissner-Nordström black hole.

We showed that the massless components match smoothly across the event horizon

with the exterior ones (as computed in Ref. [93]). The RSET components in the

massive case present similar properties to those in the massless case in the region

under consideration.

We note that in this chapter, we purposely left the region in the vicinity of the

Cauchy horizon out of the analysis. Providing a thorough analysis of the properties

of the RVP and the RSET components near the Cauchy horizon will be the purpose

of the next Chapter. As discovered in [119], the renormalized vacuum polarization

of massless fields exhibits nontrivial behavior when computed extremely close to the

Cauchy horizon. Verifying this behavior and extending the analysis to massive fields

and the RSET components required consistent numerical and analytical effort that

goes beyond the scope of the present Chapter and will be analyzed in depth in the

following. For example, we will show that computing the RVP at radial points as

close as r−r−
M

= 10−200 was found to be necessary.
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Chapter 6

Quantum effects near the Cauchy

horizon of a Reissner-Nordström

black hole

6.1 Introduction

In the previous Chapter, we outlined a methodology for computing the renormal-

ized vacuum polarization and stress-energy tensor inside a Reissner-Nordström black

hole, working directly in the Lorentzian manifold. In that Chapter, we presented

results in the interior region except very close to the inner horizon, leaving unan-

swered the question of the asymptotic properties of the various components as the

Cauchy horizon is approached. This Chapter addresses this question.

The importance of obtaining results in the vicinity of the inner horizon, both for

understanding the implications of quantum effects on the fate of the Cauchy horizon

in the context of the Cosmic Censorship hypothesis, together with the surprising

behavior of the renormalized vacuum polarization for massless fields near the Cauchy

horizon observed in Ref. [119], provides the motivation for the analysis presented

in this Chapter. We carry out a detailed investigation of the properties of the

renormalized vacuum polarization and of the renormalized stress-energy tensor in

this region.

In this Chapter, we compute the renormalized vacuum polarization for both

massless and massive scalar fields extraordinarily close to the inner horizon. We

complement the numerical results with an analytical treatment that, in agreement

with the numerical analysis, reveals the presence of a logarithmic divergence in

the RVP at the Cauchy horizon that vanishes in the case of massless fields. In

addition, we derive semi-analytical expressions for the RSET components exactly

on the Cauchy horizon and discuss their physical implications.
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The structure of this Chapter is as follows. In Sec. 6.2, we discuss the numerical

difficulties encountered when computing the RVP and RSET near the Cauchy hori-

zon. In Sec. 6.3, we compute the RVP for massless and massive fields and perform

an analytical analysis to validate the numerical results. In Section 6.4, we derive

semi-analytical expressions for the RSET at the Cauchy horizon, analyze their phys-

ical significance, and evaluate them numerically over a wide range of parameters,

including the mass of the scalar field, its coupling constant, and the black hole

charge. Finally, we conclude the Chapter in Sec. 6.5.

6.2 The numerical challenges for obtaining near-

Cauchy horizon results

To study the behavior of the renormalized vacuum polarization in the vicinity of the

inner horizon, the use of expression (5.84) is not ideal since the boundary conditions

are expressed at the other boundary, namely, at r = r+. Instead we write this

solution of Eq. (5.6) in terms of Φ−
ωl(r) and its complex conjugate, where we define

Φ−
ωl(r) =

1

r−
ei(ω−ω̃)(r−r−)e−iωr∗H (ā1, ā2, ā3, ā4, ā5; η̄) , (6.1)

with

η̄ :=
r − r−
r+ − r−

ā1 := l(l + 1) + 2iω̃r− − r2−(ω − ω̃)2 + i(ω − ω̃)(r+ + r−),

ā2 := −2iω̃(r+ − r−) + (r2+ − r2−)(ω − ω̃)2,

ā3 := 1 +
2iωr2−
r+ − r−

,

ā4 := 1− 2iωr2+
r+ − r−

,

ā5 := −2iω̃(r+ − r−). (6.2)

The radial function H is a confluent Heun function, normalized to unity as r → r−,

which we compute numerically with the built-in Heun function in Mathematica.

Equation (6.1) is only valid for the modes with ω2 > µ2. The expression for the

ω2 < µ2 modes is found by replacing ω̃ → iΩ in Eqs. (6.1) and (6.2). We can

now write the radial solution as a combination of the linearly independent solutions

Φ−
ωl(r) and Φ−∗

ωl (r),

ΦII
ωl(r) = AωlΦ

−∗
ωl (r) +BωlΦ

−
ωl(r), (6.3)
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where Aωl and Bωl are the same constants as in Eq. (5.64) and are chosen so that

the boundary condition (5.64) is satisfied. They can be defined explicitly in terms

of Wronskians in the following way:

Aωl = −r
2f(r) W [ΦII

ωl(r),Φ
−
ωl(r)]

2iω
, (6.4)

Bωl =
2iω − Aωlr

2f(r) W [Φ−∗
ωl (r),Φ

II ∗
ωl (r)]

r2f(r) W [Φ−
ωl(r),Φ

II ∗
ωl (r)]

. (6.5)

We will see in Section 6.3.2 that the coefficients Aωl and Bωl diverge as 1/ω as ω → 0

in the case of massive fields, but are finite for massless fields. Since r2fW [ΦII
ωl,Φ

−
ωl]

is constant, we need only to evaluate it at one radial point. We choose to evaluate it

at r = r++r−
2

since its evaluation is most efficient when the Heun functions regular at

one singular point are not evaluated close to the other singular point. We computed

these coefficients, verifying that the Wronskian is constant in r to the working

precision, used throughout, of 100 decimal places. We refer to these as the interior

scattering coefficients; they satisfy an indefinite conservation relation,

|Bωl|2 − |Aωl|2 = 1. (6.6)

When r is sufficiently close to r−, the solution ΦII
ωl(r) has the asymptotic behavior

in Eq. (5.64).

We have explained how the modes will be computed; let us turn our attention

to the renormalization counterterms. For the functions k
(n)
ωl (r), the parameter that

defines the low and large frequency regimes is not ω itself but the dimensionless

quantity

z =
|ω| r√
|f |
, (6.7)

which appears as the argument of the hypergeometric functions in

Iωl(a, b|r) =
(2r2)a−1/2

|f |a+b+1/2

2a−2
√
2π(−1)a+l

Γ(b+ 1)

×
{
Γ(a+ 1

2
)Γ(a+ b+ 1

2
)2F̂3

(
{a+ 1

2
, a+ b+ 1

2
}

{a+ l + 3
2
, a− l + 1

2
, 1
2
}

ω2r2

|f |

)

− Γ(a+ 1)Γ(a+ b+ 1)
|ω|r√
|f | 2F̂3

(
{a+ 1, a+ b+ 1}

{3
2
, a+ l + 2, a− l + 1}

ω2r2

|f |

)}
.

(6.8)
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and

Jωl(a, b |r) =
√
π|f |a−b(a− b)!22a(−1)l

×
{

−
a−b∑
k=0

θ (ω2 − λ2) (a− k)!k!|ω|2k−2a−1r2k

(a− k − b)!Γ(k − a+ 1
2
)(k + l + 1)!(k − l)!|f |k

− (−1)br2a+2

|f |a+1
|ω|(a+ 1)!b! 2F̂3

(
{a+ 2, b+ 1}

{3
2
, a− l + 2, a+ l + 3}

ω2r2

|f |

)

+
(−1)br2a+1

|f |a+1/2
Γ(a+ 3

2
)Γ(b+ 1

2
)2F̂3

(
{a+ 3

2
, b+ 1

2
}

{1
2
, a− l + 3

2
, a+ l + 5

2
}

ω2r2

|f |

)}
.

(6.9)

This distinction is particularly relevant near the Cauchy (or event) horizon, where

|f(r)| → 0 and competes with ω in defining the different regimes. The low-frequency

is the dominant contribution near r = r±, and what we mean by low-frequency

becomes smaller as we get closer to the horizons. As a result, adapting the first value

of the ω-grid is difficult near the horizons, since this value must become extremely

small and progressively decrease as r → r±. Moreover, the numerical evaluation

of the renormalization counter-terms is challenging at such small frequencies. To

address this issue, near the Cauchy horizon, we perform the low-z part of the integral

for the regularization counter-terms analytically, using a Taylor expansion about

z = 0.

Obtaining the renormalization counterterms near the Cauchy horizon is prob-

lematic in the large-z regime too. The most efficient (for the numerical computa-

tion) representations for computing the regularization parameters Iωl(a, b, |r) and

Jωl(a, b, |r) are given by Eqs. (6.8) and (6.9) and involve hypergeometric functions.

However, as previously discussed in Sec. 3.2.3, these expressions encounter prob-

lems of catastrophic cancellation when the variable z becomes sufficiently large.

The catastrophic cancellation happens from the subtraction of two nearly equal

very large terms arising from each term with a hypergeometric function in Eq. (6.8),

for Iωl(a, b, |r), and each term with a hypergeometric function in Eq. (6.9), for

Jωl(a, b, |r). Thus, when z is particularly large, using the expressions (6.8) and

(6.9) for the numerical computations is impractical. In this regime, we found the

alternative expressions in terms of modified Bessel functions reported in Appendix

A.2 particularly useful (note, once again, that we need to set f → |f | in those ex-

pressions since we are dealing with the interior). Nonetheless, as we will discuss in

Section 6.3, analyzing the behavior of the renormalized vacuum polarization near

the inner horizon requires evaluating this quantity at radial points extremely close

to the inner horizon. This calculation involves computing the regularization pa-

rameters at exceptionally large values of z. For values of z > 3 · 1015, even their
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representations in terms of Bessel functions break down due to numerical overflow

errors. The regularization parameters involve products of Bessel functions of the

form Iν(z)Kν(z), so for very large-z, we employ the asymptotic expansion for large

argument for the product of modified Bessel functions [60],

Iν(z)Kν(z) =
1

2z
+

1

2z

N∑
j=0

(−1)j+1

(2z)2(j+1)

j∏
k=0

(2k + 1) (4ν2 − (2k + 1)2)

2(k + 1)

+O(z−2N−5), (6.10)

expanded up to an appropriate order O(z−2N−5), with N ≥ 0.

6.3 The renormalized vacuum polarization near

the Cauchy horizon

In this Section, we present numerical and analytical results for the renormalized

vacuum polarization near the Cauchy horizon.

6.3.1 Numerical results

Fig. 6.1 is the continuation of Fig. 5.7 and depicts the near Cauchy-horizon results

for the renormalized vacuum polarization for a massless scalar field in the Hartle-

Hawking and Unruh states. These results agree with Fig. 2 in Ref. [119], where it was

first shown that the renormalized vacuum polarization for a massless scalar field does

not diverge on the Cauchy horizon, but rather approaches a finite negative value.

Specifically, we obtain the extrapolated results at the inner horizon M2⟨Φ̂2⟩Hren ≈
−0.0507 andM2⟨Φ̂2⟩Uren ≈ −0.0727, which agree with those reported in Ref. [119] up

to the first two relevant digits of precision. This result for massless fields is extremely

surprising. When considering the graph for the renormalized vacuum polarization

in Fig. 5.7, one may naively assume it will diverge at the Cauchy horizon since that

plot seems to suggest so. Instead, when computed very close to the Cauchy horizon,

the RVP has a turning point and, after some oscillations, asymptotes to a finite

negative value.

Surprisingly, in the massive case, the outcome is rather different. Indeed, as

shown in Fig. 6.2, the vacuum polarization for a massive field in both the Hartle-

Hawking and Unruh states diverges logarithmically as the Cauchy horizon is ap-

proached, suggesting that quantum effects may be more relevant at the inner horizon

in the case of a massive field. In the massive case, all the numerical results presented

in this Chapter are obtained by setting the arbitrary lengthscale to ℓ =M . In Fig-

ure 6.3, we report the results obtained in the vicinity of the inner horizon for the
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Figure 6.1: Results for ⟨Φ̂2⟩ren in the Hartle-Hawking (red) and Unruh (blue) states
obtained with the parameters Q = 0.8M , µM = 0 in the vicinity of the inner horizon.
These results range between 10−180 ≤ r−r−

M ≤ 10−4.

Hartle-Hawking and Unruh states for a wide range of masses of the scalar field. In

the limit as µ→ 0, the vacuum polarization approaches the massless result. In fact,

it can be shown numerically that the divergence is of the form k(µ,Q) log |f |, with
limµ→0 k(µ,Q) = 0. Again, we see a suppression of the state dependence for larger

values of mass.

In Fig. 6.4, we present results for ⟨Φ̂2⟩Aren in the Hartle-Hawking and Unruh

states for a range of different charges of the black hole. The value of ⟨Φ̂2⟩Aren very

near the Cauchy horizon is a decreasing function of the charge Q. Moreover, we find

numerically limQ→M k(µ,Q) = 0.

As r → r−, the contribution to ⟨Φ̂2⟩Aren is dominated by the low-frequency l = 0

mode. These features are illustrated in Fig.s 6.5 and 6.6. Fig. 6.5 provides numerical

evidence that the l = 0 dominates near the Cauchy horizon. Fig. 6.6 depicts the

behavior of gω0(r) as a function of r and ω. This Figure shows the increasing

relevance of low-frequency contributions to gω0(r) as r approaches the inner horizon.

In Sec. 6.3.2, we study analytically the behavior of the renormalized vacuum

polarization near the Cauchy horizon.

6.3.2 Analytic derivation of the near-Cauchy horizon be-

haviour

Now, let us consider the behaviour of the renormalized vacuum polarization wA(r) =

⟨Φ̂2⟩Aren (as defined in Eq. (5.80)) near the Cauchy horizon. Using the fact that for

ω̃ > 0, we have ω̃ Bup
ωl = ωBin

ωl and ω̃(1− |Aup
ωl |2) = ω |Bin

ωl|2 (see Eq. (5.20)), we can

formally write the renormalized vacuum polarization in the coincidence limit x′ = x
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Figure 6.2: Results for ⟨Φ̂2⟩ren in the Hartle-Hawking (red) and Unruh (blue) states
obtained with the parameters Q = 0.8M , µM = 0.1 in the vicinity of the inner horizon.
These results range between 10−180 ≤ r−r−

M ≤ 10−1.
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Figure 6.3: Results for ⟨Φ̂2⟩ren in the Hartle-Hawking (solid lines) and Unruh (dashed
lines) states obtained with the parameter Q = 0.8M in the vicinity of the inner horizon
for different values of the mass of the scalar field µ. These results range between 10−200 ≤
r−r−
M ≤ 10−1.
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Figure 6.4: Results for ⟨Φ̂2⟩ren in the Hartle-Hawking (solid lines) and Unruh (dashed
lines) states obtained with the parameter µM = 0.1 in the vicinity of the inner horizon for
different values of the charge of the black hole Q. These results range between 10−140 ≤
r−r−
M ≤ 10−16.

and with r → r− as

wA(r) = w<(r) + wA

>(r) (6.11)

where, setting n = 1 into Eq. (5.80),

w<(r) =
1

4π2

∞∑
l=0

(2l + 1)

∫ µ

0

dω
{
g<ωl(r)− k

(1)
ωl (r)

}
− 1

8π2

[
D(p)

11 (r) +
D(r)

10 (r)

|f | +
D(r)

11 (r)

|f |2 + T (l)
00 (r)(log(|f |/(ℓ2λ2))− 2γE)

]
,

wA

>(r) =
1

4π2

∞∑
l=0

(2l + 1)

∫ ∞

µ

dω
{
gA,>
ωl (r)− k

(1)
ωl (r)

}
, (6.12)
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Figure 6.5: Different l-modes contributions to ⟨Φ̂2⟩ren in the Hartle-Hawking state
obtained with the parameter µM = 0.08 in the vicinity of the inner horizon. These results
range between 10−200 ≤ r−r−

M ≤ 10−16. This figure shows that the l = 0 mode dominates
as r → r−. The bottom plot is a zoom-in that displays the near-inner horizon behavior of
the l = 1 and l = 2 modes.
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Figure 6.6: Low frequency behavior of gω0(r) as r → r−. This graph was obtained for
the Hartle-Hawking state with the parameters Q = 0.8M and µM = 0.08. This figure
shows that the low frequency contribution of gω0(r) is increasingly important as r → r−.

and

g<ωl(r) : =
1

2 r2− ω

[(
|Aωl|2 + |Bωl|2 + AωlB

∗
ωle

2iω r∗ + A∗
ωlBωle

−2iω r∗
)
coth(π ω

κ+
)

+ ℜ
{
Aup
ωl

(
A2
ωle

2iωr∗ +B2
ωle

−2iωr∗ + 2AωlBωl

)}
csch(πω

κ+
)
]
,

gH,>
ωl (r) =

1

2 r2− ω

[(
|Aωl|2 + |Bωl|2 + AωlB

∗
ωle

2iω r∗ + A∗
ωlBωle

−2iω r∗
)
coth(π ω

κ+
)

+ ℜ
{
Aup
ωl

(
A2
ωle

2iωr∗ +B2
ωle

−2iωr∗ + 2AωlBωl

)}
csch(πω

κ+
)
]
,

gU,>
ωl (r) =

1

4 r2− ω

[(
|Aωl|2 + |Bωl|2 + AωlB

∗
ωle

2iω r∗ + A∗
ωlBωle

−2iω r∗
)

×
(
coth(π ω

κ+
) + 1 + (coth(πω

κ+
)− 1)|Aup

ωl |2
)

+ 2ℜ
{
Aup
ωl

(
A2
ωle

2iωr∗ +B2
ωle

−2iωr∗ + 2AωlBωl

)}
csch(πω

κ+
)
]
. (6.13)

In these expressions, H and U refer to the Hartle-Hawking and Unruh states respec-

tively. In the ω < µ regime of the frequency spectrum, g<ωl is identical for the two

states. For massless fields, we can take µ here to be an arbitrary inverse length scale.

It is wA
>(r) that is renormalized by the Hadamard counterterms since this contains

the high-frequency (or ultra-violet) divergences. Any divergences which might os-

tensibly emerge from the integral in w< are of the low-frequency (or infra-red) type.

Let us start by analysing the asymptotic behavior of w<(r). We wish to examine

whether there is such an infra-red divergence as r → r−. This is a particularly

subtle limit since the asymptotic form depends on the combination ω r∗ which is
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indeterminate at ω = 0, r = r−. And yet it is precisely the limit ω → 0, r → r−

that we would like to compute since the numerical calculation makes it clear that

the dominant contribution to the first integral as r → r− is the very low-frequency

modes. To obtain a low-frequency approximation that is valid in the limit r → r−,

we avoid taking any low-frequency approximations in terms that involve a radial

dependence, in other words, we consider low-frequency approximations only of the

scattering coefficients Aωl, Bωl, A
up
ωl .

Now the scattering theory on the interior is different from that on the exterior in a

significant way. On the exterior, conservation of energy implies uniform boundedness

of the scattering coefficients A
in/up
ωl and B

in/up
ωl . For example, for a massless field we

have |Ain
ωl|2 + |Bin

ωl|2 = 1 and, since the left-hand side is the sum of positive definite

terms adding to unity, they must be bounded. However, the equivalent energy

conservation on the interior is indefinite and is given by Eq. (6.6). The terms on

the left hand side now could, in principle, be unbounded and still their difference

could be bounded. In fact, this is precisely what happens for a massive field in the

limit ω → 0. The small frequency expansions of the interior scattering coefficients

are [124, 125]

Aωl =
i ql
ω

+ a
(0)
l + a

(1)
l ω +O(ω2),

Bωl = −i ql
ω

+ b
(0)
l + b

(1)
l ω +O(ω2) (6.14)

where ql ∈ R, a(0,1)l , b
(0,1)
l ∈ C, ∀ l, and (6.6) implies

ℑ{b(0)l } = −ℑ{a(0)l },
2qlℑ{b(1)l } = −1− 2qlℑ{a(1)l }+ ℜ{b(0)l }2 −ℜ{a(0)l }2. (6.15)

The real number ql is related to the Wronskian of zero-frequency solutions of the

radial equation (5.6). It has been proven [124] that ql = 0 if and only if the zero-

frequency radial equation admits a solution that is bounded on the entire domain

[r−, r+]. For the massless field µ = 0, the zero-frequency radial equation does

indeed admit a solution bounded on [r−, r+]. Specifically, the Legendre polynomial

Pl(1− 2η) with η = (r+ − r)/(r+ − r−) is a solution to Eq. (5.6) with ω = 0, µ = 0

and is regular in r ∈ [r−, r+] (η ∈ [0, 1]). Hence, for a massless field, ql = 0 and it

follows that the interior scattering coefficients are bounded as ω → 0.

On the other hand, for a massive field µ ̸= 0, if a zero-frequency solution to

Eq. (5.6) is regular at one of the singular points r = r±, then it is necessarily

singular at the other [124, 125]. It follows that ql ̸= 0 and the scattering coefficients

are unbounded as ω → 0. This presents an additional complication since it is

precisely the low-frequency contribution to the Wightman function that we wish to
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compute.

We wish to approximate the low-frequency integral

G< :=
1

4π2

∞∑
l=0

(2l + 1)

∫ µ

0

dω g<ωl(r) (6.16)

as r → r− using the low-frequency expansions of the form (6.14) along with the low-

frequency expansion of the exterior scattering coefficient Aup
ωl . We are in the regime

of bound-state modes ω2 < µ2 whence energy conservation gives |Aup
ωl |2 = 1 (see

Eq. (5.21)). It can be shown that Aup
ωl → −1 as ω → 0 [116] (see also Appendix C.2)

and imposing the conservation condition we obtain the small frequency expansion

Aup
ωl = −1 + A

(1)
l ω + A

(2)
l ω2 +O(ω3),

ℜ{A(1)
l } = 0,

ℜ{A(2)
l } = 1

2
ℑ{A(1)

l }2. (6.17)

Now to arrive at an appropriate small-frequency expansion of g<ωl(r), one that is

valid in the asymptotic limit r∗ → ∞, we perform a small frequency expansion of

the functions coth(πω/κ+) and csch(πω/κ+) in Eq. (6.13), but not of the e±iω r∗

factors. We keep the e±iω r∗ factors unexpanded since the quantity ωr∗ remains not

small in the asymptotic limit r∗ → ∞, even if ω → 0. The result is

g<ωl(r) = +

(
π2q2l + κ2+(c

(0)
l )2

)
2π κ+ r2−

(
1− cos(2ω r∗)

)
ω2

+

(
π2qlℑ{a(0)l }+ κ2+c

(0)
l (c

(1)
l + ℑ{a(0)l }ℑ{A(1)

l })
)

π κ+ r2−

(
1− cos(2ω r∗)

)
ω

−

(
(ℜ{a(0)l }+ ℜ{b(0)l })(π2q2l + κ2+(c

(0)
l )2) + c

(0)
l κ2+

)
2π κ+ ql r2−

sin(2ω r∗)

ω

+O(ωj)e±iωr∗ , j ≥ 0, (6.18)

where we have defined

c
(k)
l = ℜ{a(k)l } − ℜ{b(k)l }+ qlℑ{A(k+1)

l } ∈ R, k ∈ N, (6.19)

and where A
(k)
l is the coefficient of ωk in Eq. (6.17). The terms we are ignoring

in this expansion are finite after integrating with respect to ω and then taking the

limit r∗ → ∞. Now performing this integral and afterwards considering a large r∗
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expansion, we obtain∫ µ

0

dω g<ωl(r) ∼
1

2κ+ r2−
(π2q2l + κ2+(c

(0)
l )2)r∗ +O(log(r∗)), r∗ → ∞,

∼ − r2+
(r+ − r−)2

(
π2q2l + κ2+(c

(0)
l )2

)
log |f |

+O(log(log |f |)), r → r−. (6.20)

We also need to compute (see the regularization terms in Eq. (2.49) with n = 1)

K< :=
1

4π2

∞∑
l=0

(2l + 1)

∫ µ

0

k
(1)
ωl (r)dω +

1

8π2

[
D(p)

11 (r) +
D(r)

10 (r)

|f | +
D(r)

11 (r)

|f |2

+T (l)
00 (r)

(
log(|f |/(ℓ2µ2))− 2γE

) ]
(6.21)

where

k
(1)
ωl (r) =

1∑
a=0

a∑
b=0

D(r)
ab (r)Iωl(a, b|r) + T (l)

00 (r)Jωl(0, 0|r). (6.22)

We note that we only need to subtract the minimal terms in the parametrix that

guarantee that we have captured the geometric Hadamard divergences. Since we are

not interested in accelerating the numerical convergence, but rather in the analytical

behavior near the inner horizon, we simply need to guarantee that the renormaliza-

tion counterterms have been subtracted, which necessitates n = 1.

Using the explicit representation of the regularization parameters Iωl(a, b|r) and
J (a, b|r) in terms of modified Bessel functions, we can compute analytically the low

frequency integrals of the regularization parameters in the limit r → r−. This is a

sensitive limit since the arguments of the Bessel functions involve ω r/
√
|f | which

is indeterminate at ω = 0, r = r−. Nevertheless, it can be shown that∫ µ

0

Iωl(0, 0|r)dω ∼ − 1

8 r2−
log |f |+O(1), r → r−,∫ µ

0

Iωl(1, 0|r)dω ∼ − 1

2|f |δl,0 +O(1), r → r−,∫ µ

0

Iωl(1, 1|r)dω ∼ − 1

2|f |2 δl,0 +O(1), r → r−,∫ µ

0

Jωl(0, 0|r)dω ∼ −1

2
log |f | δl,0 +O(1), r → r−. (6.23)

We note that there is no contribution atO(1/f) in the integral of Iωl(1, 1|r). Putting
these details together, we have that for both the Hartle-Hawking and the Unruh
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states

w<(r) ∼
(
G< −K<

)
∼

∞∑
l=0

(2l + 1)hl(µ) log |f |, r → r−, (6.24)

where

hl(µ) = − 1

16π2r2−

{
4r2+r

2
−

(r+ − r−)2

(
π2q2l + κ2+(c

(0)
l )2

)
− 1

2
D(r)

00

}
. (6.25)

We highlight that, by using the integrals in Eq. (C.43), it can be shown that the

same results holds when the Hadamard parametrix is expanded to order n = 2.

In the ω > µ regime, focusing on the Hartle-Hawking state first, we rearrange

the expression for wH
>(r) as

wH

>(r) ∼
1

4π2

∞∑
l=0

(2l + 1)

∫ ∞

µ

dω

[
coth(πω/κ+)

2ω r2−

(
|Aωl|2 + |Bωl|2

)
+

csch(πω/κ+)

2ω r2−
ℜ{2Aup

ωl (AωlBωl)} − k
(1)
ωl (r−)

]

+
1

4π2

∞∑
l=0

(2l + 1)ℜ
{∫ ∞

µ

dω j+l (ω)e
2iωr∗ +

∫ ∞

µ

dω j−l (ω)e
−2iωr∗

}
,

r → r−, (6.26)

where we have taken ℜ{·} outside the last two integrals, and defined for convenience

j+l (ω) =
1

2ω r2−

[
coth(π ω/κ+)AωlB

∗
ωl + csch(πω/κ+)A

up
ωlA

2
ωl

]
,

j−l (ω) =
1

2ω r2−

[
coth(πω/κ+)A

∗
ωlBωl + csch(πω/κ+)A

up
ωlB

2
ωl

]
. (6.27)

The first integral is a rapidly convergent integral (since k
(1)
ωl (r) by definition captures

the ultraviolet behaviour of gH,>
ωl (r)) that is independent of r; let us label this integral

as WH,>
l . Now the integrals in the remaining terms are of the form∫ ∞

−∞
θ(ω2 − µ2)j±l (ω)e

±2iωr∗dω, (6.28)

where θ(ω2 − µ2)j±l (ω) are integrable functions over ω ∈ R. Indeed, j±l (ω) contain

factors such as Aωl, A
up
ωl and csch(πω/κ+), which decay exponentially as |ω| → ∞,

while Bωl → 1 as |ω| → ∞, and hence j±l (ω) decay exponentially as |ω| → ∞. By

the Riemann-Lebesgue Lemma, in the limit r∗ → +∞, these integrals must vanish
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and hence we must have

wH

>(r) ∼
1

4π2

∞∑
l=0

(2l + 1)WH,>
l , r → r−, (6.29)

which is finite at the inner horizon. The convergence of the l-sum is achieved by

construction with the presence of the renormalization counterterms k
(1)
ωl (r−). A

similar analysis shows that wU
>(r) is also finite at the inner horizon. Hence, for

massive fields, in the limit as r → r−, the renormalized vacuum polarization both in

the Hartle-Hawking and Unruh states is dominated by its low frequency contribution

w<(r), which is logarithmically divergent at r−

wA(r) ∼ w<(r) ∼ log |f |
∞∑
l=0

(2l + 1)hl(µ), r → r−. (6.30)

Let us now evaluate the quantity hl(µ) in the massless limit. As already men-

tioned, ql = 0 in this limit. The expression for c
(0)
l can be obtained explicitly for

massless fields. In [126], it was shown that

a
(0)
l =

(−1)l+1(r2+ − r2−)

2r+r−
, b

(0)
l =

(−1)l(r2+ + r2−)

2r+r−
, (6.31)

and since ql = 0, we have

c
(0)
l = a

(0)
l − b

(0)
l = (−1)l+1 r+

r−
, (6.32)

which in turn implies, using Eq. (A.6),

hl(0) = 0. (6.33)

Hence, for a massless field the coefficient of the leading order term in the asymptotic

expansion (6.30) vanishes for all l. There is, in principle, also a subleading log(log |f |)
divergence as r → r− coming from the second term in Eq. (6.18), and so this term

has a coefficient proportional to

π2qlℑ{a(0)l }+ κ2+c
(0)
l (c

(1)
l + ℑ{a(0)l }ℑ{A(1)

l }). (6.34)

In the massless limit, a
(0)
l and b

(0)
l are purely real while a

(1)
l and b

(1)
l are purely

imaginary, a fact easily deduced from the small frequency expansion of Eq. (6.14).

Together with ql = 0, this implies that the expression above vanishes and hence there

is no log(log |f |) divergence either. The conclusion here is that the vacuum polar-

ization is regular as r → r− for massless scalar fields, agreeing with the numerical
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Figure 6.7: In this figure, the coefficient of the logarithmic divergence hl(µ) is plotted as
a function of the mass of the scalar field. Note that, for visualization purposes, the l ≥ 1
modes have been multiplied by a factor 102(2l−1). This figure also shows that the l = 0
mode provides the dominant contribution to the coefficient of the logarithmic divergence.
The red squares represent the coefficients obtained from the full numerical results by fitting
the function ⟨Φ̂2⟩ren near the inner horizon. The small discrepancy with the sum of the
numerically obtained coefficients arises from an uncertainty in the fitting process. The
coefficients are obtained with the parameter Q = 0.8M .

results.

On the other hand, can we deduce anything about the massive case? Explicit

formulae for the ql and c
(k)
l coefficients are difficult to derive since there are no

known closed form zero-frequency solutions for the radial equation when µ ̸= 0. It

is possible to derive analytic approximations for the scattering coefficients in the

low-frequency and high-l regime but it is the low-l modes that are the dominant

contribution to the coefficient of the logarithm in Eq. (6.30). In Fig. 6.7 we com-

pute the coefficient numerically1 showing that the coefficient is nonzero for massive

fields and that it depends on the mass. Additionally, this figure highlights how

the contribution to the coefficient of the logarithmic divergence decreases rapidly

with increasing l-modes. Furthermore, as depicted in Fig. 6.8, the coefficient of the

logarithmic divergence approaches zero as the mass of the scalar field becomes suffi-

ciently large. In Appendix C.2, we show analytically, through asymptotic matching,

that indeed the coefficient vanishes in the large mass regime.

We find it very interesting that the massless and massive field have such different

1To obtain numerically ql and c
(0)
l , we compute Aωl, Bωl and A

up
ωl for a very small value of ω

(i.e. ω̄M = 10−20). Then, assuming Eq. (6.14), we can approximate a
(0)
l ≈ ℜ{Aω̄l}, b(0)l ≈ ℜ{Bω̄l}

and ql ≈ ω̄ℑ{Aω̄l}. Similarly, assuming Eq. (6.17), we compute A
(1)
l ≈ Aup

ω̄l−(−1)

ω̄ . One can verify
the accuracy of this procedure by repeating the calculation for different values of ω̄ and checking
that the resulting coefficients remain unchanged to the required number of significant digits.
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Figure 6.8: In this figure, the coefficient of the logarithmic divergence h0(µ) for the
l = 0 mode is plotted as a function of the mass of the scalar field. This plot shows that the
logarithmic divergence disappears in the large mass regime of the scalar field. Additionally,
the magnitude of the coefficient of the logarithmic divergence decreases as the charge of
the black hole tends to the extremal value Q =M .

behaviour at the Cauchy horizon, and that the regularity of the massless case is

fine-tuned. It would be very interesting to see if there are qualitative differences

in the behaviour of the renormalized stress-energy tensors of massive and massless

scalar fields near the Cauchy horizon, since this is the quantity that sources the

backreaction. This will be the topic of the next Section.

6.4 The RSET on the Cauchy horizon

6.4.1 Analytical results

In this section, we obtain the leading order behaviour of the renormalized stress-

energy tensor on the Cauchy horizon, by analysing the asymptotic behaviour (as

r → r−) of the different terms in the components of the RSET. Putting together all

the expressions presented in Section 5.3, we can write the relevant components of
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the renormalized stress-energy tensor as

⟨T̂ tt⟩ren = −ξ w;t
;t + (w̃)tt + (ξ − 1

4
)□w + ξRt

tw − 1

8π2
v1,

⟨T̂ rr⟩ren =
1

2
w;t

;t − (w̃)tt + w;θ
;θ − 2 (w̃)ϕϕ − ξRw − µ2w

− (ξ − 1
2
)w;r

;r + (ξ − 1
4
)□w + ξRr

rw +
5

8π2
v1,

⟨T̂ θθ⟩ren = −ξ w;θ
;θ + (w̃)ϕϕ + (ξ − 1

4
)□w + ξRθ

θw − 1

8π2
v1,

⟨T̂uu⟩ren =
f

4

(
⟨T̂ rr⟩ren − ⟨T̂ tt⟩ren

)
− 1

2
⟨T̂ rt⟩ren,

⟨T̂vv⟩ren =
f

4

(
⟨T̂ rr⟩ren − ⟨T̂ tt⟩ren

)
+

1

2
⟨T̂ rt⟩ren, (6.35)

where w, (w̃)tt, (w̃)
ϕ
ϕ and v1 are defined in Eqs. (5.80), (5.81), (5.82) and (1.70d),

respectively. We have here also introduced the semiclassical flux components ⟨T̂uu⟩ren
and ⟨T̂vv⟩ren, with u and v being the Eddington-Finkelstein coordinates in the interior

defined as in Eq. (5.26). In the Unruh state, the off-diagonal component ⟨T̂ rt⟩Uren is

nonzero and only involves the “in” modes on the exterior [3]. Therefore, it is easily

analytically continued into the interior and takes the form

⟨T̂ rt⟩Uren =
1

4π2

∞∑
l=0

(2l + 1)

∫ ∞

µ

dω
ω

4r2
(1− coth(πω/κ+))(1− |Aup

ωl |2). (6.36)

The asymptotic behavior of wA(r) was previously analysed in Sec. 6.3.2. An

almost identical analysis can be done to obtain the leading order behaviour of (w̃A)ϕϕ,

which involves integrals of the same form as the ones in wA(r). This analysis yields

for both the Hartle-Hawking and Unruh states

(w̃A)ϕϕ(r) ∼
log |f |
2 r2−

∞∑
l=0

(2l + 1)l(l + 1)hl(µ), r → r−. (6.37)

What remains is to obtain the contribution of (w̃A)tt. Expanding the Hadamard
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parametrix to order n = 2 and focusing first on the Hartle-Hawking state yields

(w̃H)tt(r) =
1

4π2|f |
∞∑
l=0

(2l + 1)

∫ ∞

0

dω

[
ω coth(πω/κ+)

2 r2−

(
|Aωl|2 + |Bωl|2

)
+
ωcsch(πω/κ+)

r2−
ℜ{Aup

ωl (AωlBωl)} − ω2k
(2)
ωl (r)

]

+
1

4π2|f |
∞∑
l=0

(2l + 1)

∫ µ

0

dω ω2ℜ
{
j+l (ω)e

2iωr∗ + j−l (ω)e
−2iωr∗

}
+

1

4π2|f |
∞∑
l=0

(2l + 1)ℜ
{∫ ∞

µ

dω ω2j+l (ω)e
2iωr∗ +

∫ ∞

µ

dω ω2j−l (ω)e
−2iωr∗

}

+
1

4π2

[
T (p)
10 +D(p)

22 +
1

|f |(T
(p)
11 +D(p)

21 ) +
D(r)

20

|f |2 +
D(r)

21

|f |3 +
D(r)

22

|f |4 +
T (r)
10

|f |2

+
(
T (l)
10 +

T (l)
11

|f |
)
(log(|f |/(ℓ2λ2))− 2γE + 3)

]
+

1

8π2|f |T
(l)
00 (r)λ

2, r → r−,

(6.38)

where we implemented a similar splitting as done in Eq. (6.26) and the functions

j±l (ω) are defined as in Eq. (6.27). Focusing first on the integrals with ω2 > µ2 con-

taining factors of the form e±2iωr∗ , we can once again apply the Riemann-Lebesgue

lemma. Specifically, these integrals contain now terms of the form∫ ∞

−∞
θ(ω2 − µ2)ω2j±l (ω)e

±2iωr∗dω (6.39)

where θ(ω2 − µ2)ω2j±l (ω) are integrable functions over ω ∈ R. As before, j±l (ω)

contain factors such as Aωl, A
up
ωl and csch(πω/κ+), which decay exponentially as

|ω| → ∞, while Bωl → 1 as |ω| → ∞, and hence ω2 j±l (ω) decay exponentially

as |ω| → ∞. Hence, we can use the Riemann-Lebesgue lemma to show that these

integrals vanish as r∗ → ∞. The corresponding integrals in the regime where ω2 < µ2

require a different treatment. In this case, we can implement a small frequency

expansion, valid in the asymptotic limit r∗ → ∞, similar to that used to obtain

Eq. (6.18). Specifically, we introduce the expansions (6.17) and (6.14) for Aup
ωl , Aωl

and Bωl and expand coth(πω/κ+) and csch(πω/κ+) for small ω, while keeping the

factors e±iω r∗ unexpanded. It then follows that

ω2ℜ
{
j+l (ω)e

2iωr∗ + j−l (ω)e
−2iωr∗

}
= O

(
ωj
)
(cos(2ωr∗) + sin(2ωr∗)) , j ∈ N \ {0},

(6.40)
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and hence∫ µ

0

dω ω2ℜ
{
j+l (ω)e

2iωr∗ + j−l (ω)e
−2iωr∗

}
→ 0, as r∗ → ∞. (6.41)

Thus, we have shown that all the integrals involving terms of the form e±2iωr∗ vanish

in Eq. (6.38), as r∗ → ∞. We next consider the integrals of the renormalization

counterterms and the analytic terms in Eq. (6.38):

K2 :=
1

4π2|f |
∞∑
l=0

(2l + 1)

∫ ∞

0

dω [−ω2k
(2)
ωl (r)]

+
1

4π2

[
T (p)
10 +D(p)

22 +
1

|f |(T
(p)
11 +D(p)

21 ) +
D(r)

20

|f |2 +
D(r)

21

|f |3 +
D(r)

22

|f |4 +
T (r)
10

|f |2

+
(
T (l)
10 +

T (l)
11

|f |
)
(log(|f |/(ℓ2λ2))− 2γE + 3)

]
+

1

8π2|f |T
(l)
00 (r)λ

2, r → r−,

(6.42)

where

k
(2)
ωl (r) =

2∑
a=0

a∑
b=0

D(r)
ab (r)Iωl(a, b|r) +

1∑
a=1

a−1∑
b=0

T (r)
ab (r)Iωl(a+ 1, b|r)

+
1∑

a=0

a∑
b=0

T (l)
ab (r)Jωl(a, b |r). (6.43)

Working in the limit as r → r− and focusing on the leading-order divergent terms

in this limit, it can be shown that (we report the details of this calculation in

Appendix C.3):

K2 =
1

4π2|f |
∞∑
l=0

(2l + 1)

[∫ ∞

0

dω

(
− ω

2 r2−

)
− κ2−

24 r2−

]
+O(log |f |), r → r−.

(6.44)

We note that the quantity K2, being the leading-order contribution at the Cauchy

horizon of the mode-sum representation of the Hadamard counter-terms, is divergent

since both the frequency integral and the l-sum diverge. These divergences, however,

capture the same behavior present in the mode-sum representation of the Wightman

function, such that Eq. (6.38) is free of both large-frequency and large-l divergences.

Thus, putting everything together, we find at leading order

(w̃H)tt(r) ∼
1

4π2|f |
∞∑
l=0

(2l + 1)YH

l , r → r−, (6.45)
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where YH
l is regular, independent of r and given by

YH

l =

∫ ∞

0

dω

[
ω coth(πω/κ+)|Aωl|2

r2−
+
ω csch(πω/κ+)

r2−
ℜ{Aup

ωl (AωlBωl)}

+
ω coth(πω/κ+)

r2−
− ω

2r2−

]
− κ2−

24 r2−
. (6.46)

YH
l can be simplified further by noting that we can perform the renormalization of

the frequency integral in closed form as∫ ∞

0

[
ω coth(πω/κ+)

2 r2−
− ω

2 r2−

]
=

κ2+
24 r2−

. (6.47)

The final expression is then

YH

l =

∫ ∞

0

dω ω

[
coth(πω/κ+)|Aωl|2

r2−
+

csch(πω/κ+)

r2−
ℜ{Aup

ωl (AωlBωl)}
]
+
κ2+ − κ2−
24 r2−

.

(6.48)

For the Unruh state, an equivalent analysis can be performed, yielding

YU

l =YH

l +

∫ ∞

µ

dω
ω (|Aωl|2 + |Bωl|2)

4 r2−
(1− coth(πω/κ+))

(
1− |Aup

ωl |2
)
. (6.49)

Hence, to leading order, for both the Hartle-Hawking and Unruh states we have

(w̃A)tt(r) ∼
1

4π2|f |
∞∑
l=0

(2l + 1)YA

l , r → r−. (6.50)

The frequency integrals decay exponentially, since they contain factors such as Aωl,

Aup
ωl , csch(πω/κ+) and (1 − coth(πω/κ+)), which decay exponentially as |ω| → ∞,

while Bωl → 1 as |ω| → ∞, thus they converge extremely rapidly. All the l-sums

are convergent by construction of the renormalization procedure and, at the inner

horizon, only a handful of l-modes are required to obtain accurate results. To

summarize, we have shown that for a massive scalar field

wA(r) ∼ O (log |f |) , r → r−,

(w̃A)tt(r) ∼ O(|f |−1), r → r−,

(w̃A)ϕϕ(r) ∼ O (log |f |) , r → r−,

161



Chapter 6. Quantum effects near the Cauchy horizon of a Reissner-Nordström
black hole

while in the massless case, since hl(0) = 0, we obtain

wA(r)|µ=0 ∼ O (1) , r → r−,

(w̃A)tt(r)
∣∣∣
µ=0

∼ O(|f |−1), r → r−,

(w̃A)ϕϕ(r)
∣∣∣
µ=0

∼ O (1) , r → r−.

Hence, analysing the expression (6.35) and considering only the terms that con-

tribute to the leading order divergences at the inner horizon for each component of

the renormalized stress-energy tensor, we find

⟨T̂ tt⟩ren ∼ (w̃)tt +
1
2
ξ f ′w′ + ξfw′′ +O(log |f |), r → r−,

⟨T̂ rr⟩ren ∼ −(w̃)tt +
1
2
ξf ′w′ +O(log |f |), r → r−,

⟨T̂ θθ⟩ren ∼ (w̃)ϕϕ + ξRθ
θw +O(1), r → r−. (6.51)

Introducing the expressions we obtained for w, (w̃)tt, (w̃)
ϕ
ϕ and R

θ
θ we get, to leading

order

⟨T̂ tt⟩Aren = −⟨T̂ rr⟩Aren ∼ KA

|f | , r → r−,

⟨T̂ θθ⟩Aren ∼ L log |f |, r → r−, (6.52)

where we have defined the radial independent quantities as

KA =
1

4π2

∞∑
l=0

(2l + 1)

(
YA

l + 8π2ξ κ2− hl(µ)

)
, (6.53)

L =
∞∑
l=0

(2l + 1)

(
l(l + 1)

2 r2−
+ ξ

r+
r3−

)
hl(µ). (6.54)

From these expressions, it is clear that, for both massless and massive scalar fields,

the ⟨T̂ tt⟩ren and ⟨T̂ rr⟩ren components of the renormalized stress-energy tensor diverge

as |f |−1 at the inner horizon, while ⟨T̂ θθ⟩ren diverges logarithmically for massive

fields and is finite in the case of massless fields. Additionally, using Eq. (6.52) it

can be shown analytically that these components satisfy the conservation equation

at leading order.

Next, we compute the semiclassical fluxes for massive fields in the Hartle-Hawking

state on the inner horizon (we denote the results on the inner horizon with the su-

perscript −) by introducing Eq. (6.52) into the relevant expressions in Eq. (6.35)
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and find

⟨T̂−
uu⟩Hren = ⟨T̂−

vv⟩Hren =
KH

2
. (6.55)

We note that, for massless fields, we retrieve the expression in [115]. Rearranging

the expressions appropriately, following [115], the computation of the fluxes for the

Unruh state is most easily computed from the Hartle-Hawking fluxes as

⟨T̂−
yy⟩Uren =

KH

2
+ J(yy), (6.56)

where we have defined

J(yy) =
1

8π2

∞∑
l=0

(2l + 1)

∫ ∞

µ

dω
ω

4r2−
(1− coth(πω/κ+))(1− |Aup

ωl |2)
(
|Aωl|2 + δvy

)
.

(6.57)

This shows that the uu and vv-components do not diverge despite tt and rr diverging

in Eq. (6.52) and that they are non-vanishing even in the massless case at the inner

horizon, in agreement with [115].

Finally, transforming the results in Kruskal coordinates near the Cauchy horizon

Ū = −eκ−u, V̄ = eκ−v, (6.58)

we obtain at the Cauchy horizon

⟨T−
ŪŪ

⟩Aren =
e−2κ−u

κ2−
⟨T−

uu⟩Aren,

⟨T−
V̄ V̄

⟩Aren =
e−2κ−v

κ2−
⟨T−

vv⟩Aren. (6.59)

Recalling that κ− < 0, it is clear that if ⟨T−
vv⟩Aren is nonzero, then ⟨T−

V̄ V̄
⟩Aren diverges

exponentially at the inner horizon (where v → ∞). These results reflect the ones

obtained in [115] for a massless, minimally coupled field. Notably, this divergence

is stronger than in the classical scenario, in which one usually finds ⟨T−
V̄ V̄

⟩Aren ∝
v−pe−2κ−v, where p is a positive integer that depends on the type of perturbation

[98, 100, 127]. Thus, when written in terms of Kruskal coordinates ⟨T−
V̄ V̄

⟩Aren = C/V̄ 2,

as V̄ → 0+, with C being a constant that is in general nonzero. In [111], it was shown

analytically for quantum scalar fields in RNdS spacetime that, for Hadamard states,

⟨T−
V̄ V̄

⟩Aren diverges at the Cauchy horizon as V̄ −2. In the same work, it was argued that

such a divergence should be sufficient to convert the Cauchy horizon into a strong

singularity. Since we find the same type of divergence in the Reissner-Nordström

case, this suggests that quantum effects may restore the strong cosmic censorship
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in the asymptotically flat Reissner-Nordström black hole. However, recent work

in RNdS spacetime indicates that, at least for massless or small-mass scalar fields,

correlations of the T̂V̄ V̄ component of the stress-energy tensor over macroscopic

distances are non-negligible at the Cauchy horizon, suggesting a breakdown of the

semiclassical Einstein equations [128]. The authors suggest that this may potentially

require a treatment beyond semiclassical gravity that accounts for such correlations

in the backreaction calculation (see, for instance, [129, 130]).

6.4.2 Numerical results

With expressions (6.55) and (6.56) at hand, it is possible to numerically compute the

semiclassical fluxes for both the Hartle-Hawking and Unruh states on the Cauchy

horizon for a wide range of parameters, such as the mass of the scalar field, the

value of its coupling to the gravitational background, and the charge of the black

hole. Specifically, the ω-integrals in KH and J(yy) are numerically integrated by

interpolating the integrand on a predefined ω-grid on which the coefficients Aup
ωl , Aωl

and Bωl have been computed. The coefficient hl(µ) is obtained as in Figures 6.7

and 6.8.

In Figure 6.9, we report the semiclassical fluxes on the Cauchy horizon for

both quantum states, considering a minimally coupled field with mass in the range

µM ∈ [0, 1/10]. The fluxes in the two states exhibit similar behavior. The numerical

results for a massless field are in agreement with the inner horizon results reported

in Fig. 1 of the Supplemental Material of Ref. [115]. As the mass increases, the

magnitude of the fluxes also increases, within the range of investigation. The rate

of increase is stronger in the Unruh state. Figure 6.10 presents a contour plot of the

⟨T̂−
uu⟩Hren component in the Hartle-Hawking state as a function of the scalar field mass

and coupling; the corresponding plots for the Unruh state are qualitatively identi-

cal. This Figure shows that there are specific combinations of mass and coupling

for which the fluxes vanish on the inner horizon, though this requires fine-tuning

between the two parameters.

We also produced analogous plots to investigate the dependence of the fluxes

on the black hole charge, with particular focus on the near-extremal regime. Fig-

ures 6.11 and 6.12 show the results for a massive field with µM = 0.1. The first

figure indicates that the semiclassical fluxes take similar values in both quantum

states and vanish in the extremal limit. In addition, comparing Fig. 6.11 with the

corresponding figure for a massless field (see Fig. 1 in Ref. [115]), it can be no-

ticed that the fluxes ⟨T̂−
yy⟩ren for a massive field change sign twice. Specifically, for

Q/M ≳ 0.9925, the fluxes are positive for a massive field while remaining negative

for a massless field. Interestingly, as discussed in [115], the sign of the component
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Figure 6.9: ⟨T̂−
uu⟩H, ⟨T̂−

uu⟩U and ⟨T̂−
vv⟩U at the Cauchy horizon for a minimally coupled

massive scalar field varying the mass of the scalar field µ. These results were obtained
with Q = 0.8M and summing l-modes up to l = 5. We expect the results to be accurate to
at least the first 5 relevant digits.

⟨T̂−
vv⟩ren determines the nature of the tidal deformations experienced by an observer

infalling towards the ingoing section of the inner horizon (as v → +∞). In par-

ticular, the infalling observer will experience rapid contraction if ⟨T̂−
vv⟩ren > 0 and

expansion if ⟨T̂−
vv⟩ren < 0 [115]. Therefore, our numerical results suggest that intro-

ducing a nonzero mass for the scalar field may change the nature of the discussed

tidal deformations in black holes with values of Q close to the extremal limit. The

contour plot in Fig. 6.12 further shows that there exist particular combinations of

parameters for which the fluxes vanish, even in the non-extremal case. As seen from

Eq. (6.59), this is physically significant because a vanishing ⟨T̂−
vv⟩Aren flux implies that

the RSET component ⟨T−
V̄ V̄

⟩Aren is free of the 1/V 2 divergence. As a result, in this

case, the classical effects would dominate near the Cauchy horizon. As before, the

contour plots for the components in the Unruh state are qualitatively identical to

those for the Hartle–Hawking state.

6.5 Conclusions

In this Chapter, we investigated the properties of the Hartle-Hawking and Unruh

states in the region near the Cauchy horizon of a Reissner-Nordström black hole by

computing the RVP and RSET.

In Ref. [119], it was first shown that the renormalized vacuum polarization of

massless scalar fields exhibits an unexpected behavior in the vicinity of the inner

horizon. Specifically, after some oscillations, the vacuum polarization for both states

asymptotes to a finite negative value at the inner horizon. This is surprising when

one considers the plot in Fig. 5.7, in which the RVP in both quantum states appears
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Figure 6.10: ⟨T̂−
uu⟩H at the Cauchy horizon for a massive scalar field varying the mass

µ and the coupling ξ. The thick black line highlights the combination of parameters for
which ⟨T̂−

uu⟩H = 0. These results were obtained with Q = 0.8M and summing l-modes up
to l = 5.
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Figure 6.11: ⟨T̂−
uu⟩H, ⟨T̂−

uu⟩U and ⟨T̂−
vv⟩U at the Cauchy horizon for a minimally coupled

massive scalar field varying the charge of the black hole Q. These results were obtained
with µM = 0.1 and summing l-modes up to l = 2.
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Figure 6.12: ⟨T̂−
uu⟩H at the Cauchy horizon for a massive scalar field varying the charge

of the black hole Q and the coupling ξ. The thick black line highlights the parameter
combination for which ⟨T̂−

uu⟩H = 0. These results were obtained with µM = 0.1 and
summing l-modes up to l = 2.

to diverge as the inner horizon is approached. In the analysis presented in this

Chapter, we reproduced the numerical results of [119] for massless scalar fields and

found numerical agreement with the corresponding asymptotic values at the inner

horizon. As discussed, this required computing quantum effects extraordinarily close

to the inner horizon and dealing with related numerical challenges.

In addition, motivated by the surprising results obtained in the massless case near

the inner horizon, we performed a similar analysis for massive fields. We emphasize

that, to the best of our knowledge, the extended coordinate method is currently

the only available method for the direct computation of renormalized expectation

values for massive fields. Interestingly, the numerical results suggest that for a

massive scalar field, the vacuum polarization exhibits a logarithmic divergence at

the inner horizon. This divergence comes with a coefficient that depends on the field

mass and on the black hole mass and charge. As the mass of the field decreases or as

the charge of the black hole approaches its extremal value (Q→M), the coefficient

of the logarithmic divergence decreases.

Furthermore, we carried out an analytical derivation to investigate the behav-

ior of the RVP near the Cauchy horizon. We found that a logarithmic divergence

emerges from the small frequency contribution to the integral of the renormalized

Wightman function. For massless fields, we showed analytically that the coefficients

of the logarithmic divergence and of a sub-leading log(log |f |) term vanish, implying

that the RVP is finite on the inner horizon and thereby confirming the numerical
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results. In the case of massive fields, this coefficient can instead be computed nu-

merically from the low-frequency expansions of the interior and exterior scattering

coefficients. The coefficient is found to be non-zero and in agreement with that ex-

tracted from the full numerical evaluation of the RVP. Another interesting feature

is that the logarithmic divergence appears to be independent of the choice of the

quantum state, potentially hinting at universal properties of the semiclassical effects

at the inner horizon.

These results for the RVP are an example of a cautionary tale on two separate

fronts. First, it is a cautionary tale about extrapolating on the basis of numerical

data. One has to carry out a sophisticated analytical derivation to see the behavior of

the RVP near the inner horizon, a behavior that is not easily deduced or extrapolated

from a blind analysis of the numerics. The second cautionary tale is to assume

that massive scalar fields behave the same as massless ones. Given the technical

advantage of working with massless fields, it is tempting to do calculations in this

context and assume the phenomenology for massive fields is identical. This Chapter

provides a counter-example to that reasoning. This is all the more pertinent given

the only scalar field we know exists - the Higgs boson - is massive.

Having obtained results for the RVP, the next natural question is whether the

RSET components exhibit different properties at the inner horizon depending on the

mass of the quantum field. To address this, we derived semi-analytical expressions

for the RSET at the inner horizon that involve numerically computed mode-sums.

This analysis showed that, at leading order, the energy density and the radial pres-

sure are equal and diverge as 1/|f | for both quantum states and for both massless

and massive fields. The angular pressures are instead found to be logarithmically

divergent for massive fields, while remaining finite in the massless case. In addition,

we showed that the semiclassical fluxes ⟨T̂ uu⟩ and ⟨T̂ vv⟩ remain finite on the Cauchy

horizon. This result is consistent with [115], where the fluxes were computed for

massless fields. We obtained the semiclassical fluxes numerically in both states over

a wide range of parameters, finding numerical evidence that they vanish in the ex-

tremal limit. Finally, we discussed how a nonzero ⟨T−
vv⟩Aren, when transformed to

Kruskal coordinates, gives rise to an exponential divergence at the inner horizon

in the ⟨T−
V̄ V̄

⟩Aren component, thus suggesting that semiclassical effects may induce

strong backreaction effects on the background spacetime, potentially acting as the

Universe’s agent for Cosmic Censorship [111]. Once again, we find it interesting

that the qualitative properties of the RSET are independent of the quantum state,

as proved for a real scalar field in RNdS in [111], suggesting that these semiclassical

effects may be robust under different physical conditions.

The work presented in this Chapter represents a first step towards the com-

putation of the semiclassical backreaction near the Cauchy horizon of spherically
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symmetric black holes. A perhaps interesting extension of this work would be to

consider charged scalar fields. Recently, the extended coordinate method has been

generalized to charged fields propagating on the exterior of spherically symmetric

black holes [56], and a line of research to extend such methodology to black hole

interiors has been explored during this PhD.
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Conclusions and outlook

In what follows, we summarize the main contributions and achievements of this

thesis. In Chapter 2, we generalized the extended coordinate implementation of

Hadamard renormalization to the direct computation of the renormalized stress-

energy tensor of a quantum scalar field in the Boulware state in static, spherically

symmetric spacetimes. In the extended coordinate approach, we express the geomet-

rical short-distance divergence encoded in the Hadamard parametrix as mode sums

in the same form as those in the Green’s function, and then perform the renormal-

ization mode-by-mode. We treated the Boulware state as a zero-temperature state

defined on the Euclidean section of the Lorentzian spacetime. This approach allows

the use of Euclidean techniques, which considerably simplify the distributional na-

ture of the singular structure of the Green’s function. In the original formulation

of the extended coordinate method, the additional assumption that the field is in

the Hartle-Hawking state required a periodic identification of the Euclidean time

coordinate modulo the inverse Hawking temperature. This periodic identification

meant that the continuous frequency spectrum in the mode-sum expression for the

Euclidean Green’s function was discretized, leading to a simpler analytical and nu-

merical treatment. For zero-temperature states, this periodic identification is not

possible, and therefore the frequency spectrum remains continuous. As a result, the

regularization parameters that arise when we express the terms in the Hadamard

parametrix as mode-sums are not ordinary functions of ω, but generalized functions

that must be carefully treated accordingly. One of the positive consequences of this

generalization of the extended coordinate method is that this treatment naturally

introduces an infrared cutoff in the integrals over ω, such that the final results are

independent of the cutoff value. In the AHS approach to renormalization in the

Boulware state, the infrared cutoff was introduced in an ad-hoc way to deal with in-

frared divergences. In our method, it emerges in the derivation of our regularization

parameters.

This generalized extended coordinate method works effectively in any static,

170



Chapter 7. Conclusions and outlook

spherically symmetric spacetime and for arbitrary field mass or gravitational cou-

pling. This makes it possible to compute renormalized quantities in a variety of

spacetimes of interest and over a wide range of field parameters. The extension of

the method to the Boulware state opens the window towards obtaining the renor-

malized stress-energy tensor of scalar fields in previously unexplored situations, par-

ticularly in spacetimes that do not admit a Hartle-Hawking state to serve as a

reference state in the state-subtraction approach, such as extremal black holes or

stellar spacetimes. Furthermore, there is also a computational advantage to a direct

Boulware approach, since the state subtraction scheme requires two sets of modes,

one for the Lorentzian and one for the Euclidean sectors, while the direct approach

only requires the computation of the Euclidean modes.

In Chapter 3, we verified the new method by computing the RSET for a quan-

tum scalar field in the Boulware state on the exterior of a sub-extremal Reissner-

Nordström black hole. We compared our results with existing ones obtained with

the state subtraction approach [3] and found good agreement. We then implemented

the renormalization method to compute the RSET for massless and massive fields

on the exterior of an extremal Reissner-Nordström black hole. To the best of the

author’s knowledge, these are the first results obtained for a massive field. In ad-

dition, we assessed the regularity of the Boulware state by calculating the energy

density on the horizon as perceived by a freely falling observer. We found numerical

evidence of its regularity for both massless and massive fields.

In Chapter 4, we moved away from the black hole context and considered a static,

spherically symmetric thin shell joining a Minkowski interior to a Schwarzschild

exterior. We considered a quantum scalar field in the Boulware state propagating in

this spacetime. We calculated the renormalized vacuum polarization and the RSET

numerically in the bulk of the spacetime over a wide range of parameters, with

particular focus on the black hole limit. In addition, to investigate their behavior

near the shell, we implemented two independent analytical approximations: a WKB

approximation for the Euclidean modes and a weak-field approximation valid in

the regime of small compactness. The RVP and RSET are divergent on the shell,

but these are Casimir-type divergences associated with the presence of the idealized

sharp boundary. The power and coefficient of the leading-order divergences at the

shell of both RVP and RSET components obtained with the two methods were in

agreement with the numerical results. These results were motivated by the desire to

better understand semiclassical effects in compact stars. Especially interesting is the

role classical energy conditions play in the Buchdahl limit. These energy conditions

are violated quantum mechanically and so that begs the question of how compact

can an object be in the semiclassical theory. This work is still ongoing, and we hope

to report on it soon.
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In Chapter 5, we derived the mode-sum representations for Wightman functions

in the Unruh and Hartle-Hawking states for massive scalar fields on the interior

of a Reissner-Nordström black hole. We then generalized the extended coordinate

method to the non-static interior of spherically symmetric black holes, working di-

rectly in the Lorentzian framework. This work represents the first-ever application

of the extended coordinate method in a Lorentzian spacetime. We showed that,

conveniently, the renormalization parameters derived for zero-temperature states on

the exterior are essentially those required for the Hartle-Hawking and Unruh states

on the interior with a trivial modification. Therefore, we numerically obtained the

renormalized vacuum polarization and the RSET for both massless and massive

scalar fields on the interior of a Reissner-Nordström black hole. The massless re-

sults agree with previous studies [3, 119], while the massive ones are novel.

Finally, in Chapter 6, we focused on the computation of the RVP and RSET in

the vicinity of the Cauchy horizon of a Reissner-Nordström black hole. Specifically,

we first obtained numerical results for the RVP for both massless and massive fields

extraordinarily close to the inner horizon. Interestingly, we found that the RVP

diverges logarithmically at the inner horizon for quantum fields with nonzero mass.

We then derived analytic expressions for the RVP at the Cauchy horizon. We showed

that the coefficient of the logarithmic divergence vanishes analytically in the massless

limit, in agreement with [119], as well as for massive fields in the large-mass limit.

The numerical evaluation of this coefficient reveals that it is, in general, nonzero for

massive fields of relatively small mass. We then obtained semi-analytical leading-

order expressions for the RSET components on the Cauchy horizon. When written

in terms of the Kruskal coordinates regular at the Cauchy horizon, the component

⟨T−
V̄ V̄

⟩Aren ∝ V̄ −2, with V̄ → 0+. In [111], a similar divergence was obtained in RNdS

spacetime. The authors of that work further suggest that a divergence of this form

could potentially convert the Cauchy horizon into a strong singularity [107], possibly

restoring strong cosmic censorship. The qualitative properties of both the RVP and

RSET results at the inner horizon are found to be independent of the quantum

state. Once again, the massless results at the Cauchy horizon are in agreement

with previous studies [115, 119], while the corresponding massive field results are

presented here for the first time. We then computed the semiclassical fluxes on

the Cauchy horizon numerically over a wide range of scalar field masses, black hole

charges, and couplings ξ. We found numerical evidence that the semiclassical fluxes

vanish in the black hole extremal limit for both the Hartle-Hawking and Unruh

states.

The results obtained in Chapter 6 for the renormalized vacuum polarization

near the Cauchy horizon provide us with two different cautionary lessons. First,

they suggest that one should be cautious in extrapolating numerical data to infer
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behavior beyond the domain in which the data were obtained. In the massless case,

by looking at the numerical data in Fig. 5.7, one could have naively deduced that

the renormalized vacuum polarization diverges at the Cauchy horizon. We showed

analytically that this is not the case. The second cautionary lesson we can learn is

that the assumption that massless and massive scalar fields are phenomenologically

the same is perhaps not justified in certain scenarios.

The work presented in this thesis may be extended in several directions. An

interesting way to extend the work presented in Chapters 5 and 6 on the interior

of a Reissner-Nordström black hole would be to consider charged scalar fields. A

particularly intriguing question is whether the renormalized scalar condensate for a

massive charged scalar field remains finite or diverges at the Cauchy horizon. Ad-

dressing this would require extending the method discussed in Sec. 5.2 to obtain

the interior propagators for charged scalar fields in the Unruh and Hartle-Hawking

states. It would also require generalizing the interior implementation of the ex-

tended coordinate method to account for the anti-symmetric part of the Hadamard

parametrix that appears when considering charged scalar fields. The treatment of

the antisymmetric contribution was discussed in [56], where the extended coordi-

nate method was generalized to charged scalar fields in the Hartle-Hawking state

on the exterior of static, spherically symmetric black holes. This procedure may

be straightforwardly extended to the interior for computing the renormalized scalar

condensate, the renormalized current, and the RSET.

Of particular interest is also the computation of the backreaction near the Cauchy

horizon of near-extremal Reissner-Nordström black holes. In Figure 6.11, we showed

that, in the near extremal regime, the semiclassical fluxes for massive, minimally

coupled, scalar fields exhibit a different sign compared to those obtained in the

massless case [115]. The sign of the ⟨T̂−
vv⟩ component is regarded as one of the main

drivers of the backreaction near the Cauchy horizon: if positive, the inner horizon

is expected to contract, if negative, it is expected to move outwards [131, 132]. A

proper understanding of the fate of the Cauchy horizon in near-extremal black holes

in the presence of massive quantum scalar fields requires using our results for the

RSET obtained with different masses and couplings to compute the semiclassical

backreaction.

Another avenue that could potentially be explored is whether the results near

the Cauchy horizon would persist for quantum fields with other spins or in different

spacetimes. In the former case, this would require adapting the extended coordinate

renormalization scheme. The latter is, instead, for spherically symmetric spacetimes,

a possible direct application of the generalized extended coordinate approach devel-

oped in this thesis. An interesting avenue would be to study semiclassical backreac-

tion inside a Reissner-Nordström-de Sitter black hole. In this setting, the classical
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stability of the Cauchy horizon is parameter dependent [133, 134], potentially chal-

lenging the strong cosmic censorship, especially in near extremal regimes [135, 136].

Therefore, the semiclassical backreaction effects in these contexts are particularly

relevant. Several works [111–114] have been carried out to assess the semiclassical

stability of the Cauchy horizon in RNdS spacetime, suggesting that semiclassical ef-

fects may turn the Cauchy horizon into a strong singularity in the Tipler sense [107].

Klein et al. [113] computed the semiclassical current and stress-energy fluxes on the

Cauchy horizon for a massive charged scalar field in RNdS spacetime. Their results

indicate that a near extremal black hole would be driven away from extremality

due to backreaction effects. We showed in Fig. 6.12, that the coupling ξ to the

background curvature, which was not considered in [113], plays a significant role

in determining the sign of the semiclassical fluxes in the near extremal regime for

massive neutral fields in Reissner-Nordström spacetime. A natural extension of our

work would therefore be to carry out an extensive analysis of the semiclassical fluxes

in the case of an RNdS black hole, considering different couplings and field masses,

and to compute the semiclassical backreaction in this context.

Moreover, a long-term objective would be to generalize the extended coordinate

prescription to the more astrophysically relevant Kerr black hole, to understand

whether the semiclassical effects obtained in spherically symmetric black holes per-

sist beyond spherical symmetry. This extension is challenging for the extended

coordinate method, which currently relies on the numerous symmetries of spheri-

cally symmetric spacetimes. In this regard, five-dimensional equal-angular-momenta

Myers-Perry-AdS black holes [58], which possess additional symmetries, may pro-

vide a useful testing ground for generalizing the extended coordinate method beyond

spherical symmetry. Moreover, the knowledge acquired in Chapter 2 regarding the

careful treatment of the frequency integrals as generalized functions is certainly a

transferable resource for the development of the extended coordinate method in the

Kerr case.

Beyond black holes, the work presented in Chapter 4 for thin shell spacetimes

represents a test case for applying the extended coordinate method to study the

semiclassical effects in compact stars. At the classical level, the Buchdahl limit sets

an upper bound on the compactness of static, spherically symmetric stellar configu-

rations. The method developed in Chapters 2-4 for computing the RSET provides a

powerful tool for exploring the role of the Boulware state in such compact horizon-

less configurations. Of particular importance is whether the RSET violates some

of the assumptions of Buchdahl’s theorem. The computation of the semiclassical

backreaction in these settings could therefore determine whether quantum effects

relax or tighten the classical compactness bound.

Finally, on the computational side, the ultimate goal would be to develop an
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open-source semiclassical toolkit by making the Mathematica Notebooks for com-

puting accurate renormalized expectation values publicly available. This would re-

quire making the Notebooks efficient, accessible, easy to use, and well-documented.

Such a toolkit would provide the semiclassical physics community with a powerful,

user-friendly computational framework that could facilitate in-depth exploration of

the backreaction problem in several contexts and in a relatively straightforward

manner.
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Appendix A

The extended coordinate method

for zero-temperature states

A.1 Cut-off independence

There is a subtle cancellation happening between the terms dependent on λ in

Jωl(a, b |r) and the finite terms in Eq. (2.47) which also depend on λ. We can

make this cancellation explicit by analyzing the terms in the renormalized vacuum

polarization that contain the cutoff, which we refer to as w(λ):

w(λ) =
T (l)
00 (r)

8π2

[∫ ∞

−∞
dω θ

(
ω2 − λ2

)
|ω|−1 + log(λ2)

]

+

√
π

8π2

n−1∑
a=1

a∑
b=0

T (l)
ab (r)

fa−b22a

Γ(−a+ 1
2
)

[
a!

∫ ∞

−∞
dω θ

(
ω2 − λ2

)
|ω|−2a−1 − (a− 1)!

λ2a

]
.

(A.1)

We have separated the T (l)
00 (r) and a > 0 terms in Jωl(a, b |r) and used the identity

(2.27) to truncate the l sum as well as introduced k = 0, only condition for these

terms being nonzero at coincidence. We can show that the renormalized vacuum

polarization is independent on the choice of the cutoff by verifying that

∂

∂λ

(
w(λ)

)
=
T (l)
00 (r)

8π2

(
−2

λ
+

2

λ

)
+

√
π

8π2

n−1∑
a=1

a∑
b=0

T (l)
ab (r)

fa−b22a

Γ(−a+ 1
2
)

(
−2 a!λ−2a−1 + 2 a!λ−2a−1

)
= 0,

(A.2)
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where we made use of

∂

∂λ

(
θ
(
ω2 − λ2

))
= −

(
δ
(
ω + λ

)
+ δ (ω − λ)

)
. (A.3)

Similarly, it can be demonstrated that the RSET is also completely independent of

the choice of the cutoff.

A.2 Other representations for direct and tail reg-

ularization parameters

In this appendix, we report different but equivalent representations for the func-

tions Iωl(a, b |r) and Jωl(a, b |r). Above, we have presented the derivation for these

expressions in terms of hypergeometric functions. The alternative representations

below involve the modified Bessel functions Iν(z) and Kν(z) and the generalized

incomplete gamma function Γ(a, z0, z1) =
∫ z1
z0
ta−1e−tdt.

Iωl(a, b |r) =

=
r2b+1f−b−1/2

(2bb!) (2r2)b+1

b∑
p=0

(−1)a2p(p)2b−2p

Γ(b− p+ 1)

∂2a+p

∂|ω|2a+p
(
|ω|pIl+ 1

2

( |ω|r√
f

)
Kl+ 1

2

( |ω|r√
f

))

=
1

2

(−1)a

22bb!(f)b+1/2r

b∑
p=0

2p(p)2b−2p

Γ(b− p+ 1)

2a+p∑
k=0

(
2a+ p

k

)
p! |ω|−2a+k

(−2a+ k)!

k∑
d=0

(
k

d

)(
r√
f

)k

× (−1)d

2k

2k−2d∑
c=0

(
k − d

c

)
Il+1/2−k+d+2c

( |ω|r√
f

) 2d∑
n=0

(
d

n

)
Kl+1/2−d+2n

( |ω|r√
f

)

= lim
x→−1

2l(−1)a+b (2r2)
a− 1

2

2 b!fa+b+
1
2

{
b∑

k=1

l∑
j=0

(−1)j+1j!
(
l
j

)( 1
2
(l+j−1)

l

)
2(−k + j + 1)!

× ∂b−k

∂xb−k

(
(1− x)a+b−

1
2 e

−|ω|
√

2(1−x)r2

f

)
+

l∑
k=b

k−b∑
j=0

k!
(
l
k

)( 1
2
(k+l−1)

l

)
(−1)−2b+k−j

(k − b)!

×
(
k − b

j

)(
|ω|
√

2r2

f

)−2a−2k+2j−1

Γ

(
2a+ 2k − 2j + 1, 0,

2r|ω|√
f

)}
, (A.4)
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Jωl(a, b |r) =

=
√
π(2r2ρ2)a−b(a− b)!22a(−1)l

a−b∑
k=0

θ (λ2 − ω2) (a− k)!k!|ω|2k−2a−1

(a− k − b)!Γ(k − a+ 1
2
)(k + l + 1)!(k − l)!(2ρ2)k

+ (2r2)a−b(−1)bΓ(1 + a− b)
r

f 1/2

a−b+1∑
k=0

(−1)k

2a−b+2

(
a− b+ 1

k

)
(2l + 2(a− b)− 4k + 3)

(l − k + 1
2
)a−b+2

× ∂2b

∂|ω|2b Il+ 3
2
+a−b−2k

( |ω|r√
f

)
Kl+ 3

2
+a−b−2k

( |ω|r√
f

)
=

√
π(2r2ρ2)a−b(a− b)!22a(−1)l

a−b∑
k=0

θ (λ2 − ω2) (a− k)!k!|ω|2k−2a−1

(a− k − b)!Γ(k − a+ 1
2
)(k + l + 1)!(k − l)!(2ρ2)k

+ (2r2)a−b(−1)b
(

r√
f

)2b+1

Γ(1 + a− b)
a−b+1∑
k=0

(−1)k

2a−b+2

(
a− b+ 1

k

)

× (2l + 2(a− b)− 4k + 3)

(l − k + 1
2
)a−b+2

2b∑
p=0

(
2b

p

)
(−1)p

22b

4b−2p∑
q=0

(
2b− p

q

)
Il+3/2+a−3b−2k+p+2q

( |ω|r√
f

)

×
2p∑
n=0

(
p

n

)
Kl+3/2+a−b−2k−p+2n

( |ω|r√
f

)

= − lim
|ω′|→|ω|

fa−b

4π

a−b∑
k=0

2l+2(−1)a−k
(
a− b

k

)
∂2a−2k

∂|ω′|2a−2k

l∑
n=0

n∑
b=0

π

|ω′|(−1)n−b
(
l

n

)

×
(

1
2
(l + n− 1)

l

)(
n

b

)(
2r2

f

)kΓ
(
2(k − b+ n+ 1), 0, 2|ω

′|r√
f

)
(√

2|ω′|r√
f

)2(k−b+n+1)
− 2k−b+nθ(λ2 − ω2)

k − b+ n+ 1

 .

(A.5)

A.3 Hadamard coefficients

Below we list the coefficients D(p)
ab , D

(r)
ab , T

(l)
ab , T

(r)
ab and T (p)

ab to 2nd order.
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D(r)
00 = 2,

D(r)
10 = −f (r

2f ′′ − 2rf ′ + 2f − 2)

12r2
,

D(r)
11 =

f (r2 (f ′2)− 4f (rf ′ + 1) + 4f 2)

24r2
,

D(r)
20 =

1

2880r4

(
f
[
− 5r2

(
−f ′2) (r2f ′′ − 2rf ′ − 2

)
− 8f 2

(
3r3f (3) − 7r2f ′′ + 19rf ′ + 10

)
+ f

(
9r4f ′′2 − 20r2f ′′ + 86r2f ′2 + 4rf ′ (3r3f (3) − 14r2f ′′ + 20

)
+ 4
)
+ 76f 3

])
,

D(r)
21 = − 1

2880r4

(
f
[
r4
(
f ′2 + f ′4

)
+ r2f

(
− 30rf ′3 + f ′2

(
11r2f ′′ − 30

))
+ 4f 3

(
11r2f ′′ − 52rf ′ − 40

)
− 2f 2

(
10r2f ′′ − 67r2f ′2 + f ′

(
22r3f ′′ − 80r

)
− 28

)
+ 104f 4

])
,

D(r)
22 =

f 2 (r2f ′2 − 4f (rf ′ + 1) + 4f 2)
2

1152r4
,

D(p)
11 = − f ′

6r
,

D(p)
21 =

f
(
−9rf ′2 + 6rf

(
rf (3) − 2f ′′)+ 2f ′ (7r2f ′′ + f + 5)

)
720r3

,

D(p)
22 =

7r2f ′2 − 10rf ′ + rf (9rf ′′ + 4f ′)− 3f 2 + 3

720r4
, (A.6)
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T (l)
00 =

6µ2r2 − (6ξ − 1) (r2f ′′ + 4rf ′ + 2f − 2)

12r2
,

T (l)
10 =

1

480r4

(
r2f ′′ ((10ξ(3ξ − 1) + 1)r2f ′′ − 10(6ξ − 1)

(
2ξ + µ2r2

))
+ 4(5ξ(24ξ − 5) + 1)r2f ′2

+ 2rf ′ ((5ξ − 1)r3f (3) + 2
(
60ξ2 − 5ξ − 1

)
r2f ′′ + 40(1− 6ξ)ξ + 10µ2(1− 12ξ)r2

)
+ 2rf

(
r
(
(20ξ(3ξ + 2)− 8)f ′′ + r

(
(5ξ − 1)rf (4)(r) + (40ξ − 7)f (3)

))
+ (80ξ(3ξ − 1) + 6)f ′

)
− 40fξ

(
6ξ + 3µ2r2 − 1

)
+ 4(10ξ(3ξ − 1) + 1)f 2 + 2

(
15
(
2ξ + µ2r2

)2 − 2
))

,

T (l)
11 =

f

480r4

(
− 2

(
r2f ′′ + 2

) (
(1− 5ξ)r2f ′′ + 10ξ + 5µ2r2 − 2

)
+ 2(1− 10ξ)r2f ′2

+ rf
(
(16− 80ξ)f ′ + r

(
(12− 80ξ)f ′′ + r

(
rf (4)(r) + (6− 20ξ)f (3)

)
+ 20µ2

))
+ 8(5ξ − 1)f 2 + rf ′ ((10ξ − 1)r3f (3) + 4(20ξ − 3)r2f ′′ + 20(6ξ − 1)

))

T (r)
10 =

f (r2f ′2 − 4f (rf ′ + 1) + 4f 2) ((1− 6ξ) (2− r (rf ′′ + 4f ′)− 2f + 2)− 6µ2r2)

576r4
,

T (p)
10 =

(f − 1) ((1− 6ξ) (2− r (rf ′′ + 4f ′)− 2f)− 6µ2r2)

144r4
,

T (p)
11 =

f (rf ′ − 2f + 2) ((1− 6ξ) (2− r (rf ′′ + 4f ′)− 2f)− 6µ2r2)

144r4
.

(A.7)

A.4 Numerical and analytical parts of the RSET

In this appendix, we give explicit expressions for ⟨T̂αβ⟩numerical and ⟨T̂αβ⟩analytical
that arise in the split in Eq. (3.13) of the RSET into a numerical and analytical

part, which are separately conserved. The numerical part is given by

⟨T̂αβ⟩numerical = −w̃αβ − (ξ − 1
2
)w̃;α

;β + (ξ − 1
2
)□w̃ δαβ + ξ Rα

βw̃, (A.8)
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where

w̃ =
1

8π2

{∫ ∞

−∞

∞∑
l=0

(2l + 1)
(
gωl(r)− k

(n)
ωl (r)

)
dω

−√
π
n−1∑
a=1

a∑
b=0

T (l)
ab (r)

(a− 1)!22afa−b

Γ(−a+ 1
2
)λ2a

}
+

1

8π2
T (l)
00 (r) log(λ

2), (A.9)

w̃τ τ =
1

4
f ′ w̃′ − 1

8π2f

{∫ ∞

−∞

∞∑
l=0

(2l + 1)ω2
(
gωl − k

(n)
ωl

)
dω

−√
π

n−1∑
a=0
a̸=1

a∑
b=0

T (l)
ab (r)

a!22afa−b

Γ(1
2
− a)(a− 1)λ2a−2

}
+

1

4π2
(T (l)

10 +
T (l)
11

f
) log(λ2),

(A.10)

w̃ϕϕ = w̃θθ =
1

2r
f w̃′ − 1

16π2r2

{∫ ∞

−∞

∞∑
l=0

(2l + 1)l(l + 1)
(
gωl − k

(n)
ωl

)
dω

+
√
π
n−1∑
a=2

a∑
b=0

T (l)
ab

r2(a− b)(a− 2)!22afa−b−1

Γ(3
2
− a)λ2a−2

}
+

1

4π2
T (l)
10 (log(λ

2),

(A.11)

w̃rr = −w̃τ τ − 2w̃ϕϕ + ξ R w̃ + µ2w̃. (A.12)

The analytical part is

⟨T̂αβ⟩analytical = −w̄αβ − (ξ − 1
2
)w̄;α

;β + (ξ − 1
2
)□w̄ δαβ + ξ Rα

βw̄ − 1

8π2
v1δ

α
β,

(A.13)

where

w̄ = − 1

8π2

{
D(r)

10

f
+

D(r)
22

f 2
+D(p)

11 + T (l)
00 (r)(log(f/ℓ

2)− 2γE)

}
, (A.14)

w̄τ τ =
1

4
f ′ w̄′ − 1

4π2

{
T (r)
10

f 2
+ T (p)

10 +
T (p)
11

f
+

T (r)
10

f 2
+D(p)

22 +
D(p)

21

f
+

D(r)
20

f 2
+

D(r)
21

f 3
+

D(r)
22

f 4

+ (T (l)
10 +

T (l)
11

f
)(log(f/ℓ2)− 2γE + 3)

}
, (A.15)

w̄ϕϕ = w̄θθ =
1

2r
f w̄′ − 1

4π2

{
T (p)
10 +

T (l)
11

f
− T (r)

10

f 2
+D(p)

22 − D(r)
20

f 2
− 2

D(r)
21

f 3
− 3

D(r)
22

f 4

+ T (l)
10 (log(f/ℓ

2)− 2γE + 1)

}
, (A.16)

w̄rr = −w̄τ τ − 2w̄ϕϕ + ξ R w̄ + µ2w̄ − 3

4π2
v1, (A.17)
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where explicit expressions for the Hadamard coefficients in terms of f are found in

Appendix A.3.

A.5 Regularization of |ω|−2j−1 as a generalized func-

tion

In this Appendix, derive the expression in Eq. (2.42) for defining the regularization

of |ω|−2j−1 as a generalized function. Let us initially take a test function of compact

support φ(ω), then the regularized |ω|−2j−1 can be expressed as

(|ω|−2j−1, φ(ω)) =

∫ ∞

0

dω ω−2j−1
[
φ(ω) + φ(−ω)

− 2

j−1∑
k=0

φ(2k)(0)

(2k)!
ω2k − 2

φ(2j)(0)

(2j)!
ω2jθ(λ− ω)

]
. (A.18)

where θ(z) is the step function and λ is an arbitrary inverse length scale. It is

convenient to split the integral into three parts

(|ω|−2j−1, φ(ω)) =

∫ λ

0

dω ω−2j−1
[
φ(ω) + φ(−ω)− 2

j∑
k=0

φ(2k)(0)

(2k)!
ω2k
]

− 2

∫ ∞

λ

dω

j−1∑
k=0

φ(2k)(0)

(2k)!
ω2k−2j−1 +

∫ ∞

λ

dω ω−2j−1
[
φ(ω) + φ(−ω)

]
. (A.19)

The last integral here is simply∫ ∞

λ

dω ω−2j−1
[
φ(ω) + φ(−ω)

]
=
(
θ(ω2 − λ2)|ω|−2j−1, φ(ω)

)
. (A.20)

Introducing the Taylor expansions about ω = 0 for φ(ω) and φ(−ω) in the low-

frequency integral and simplifying yields

(|ω|−2j−1, φ(ω)) =2

∫ λ

0

dω
∞∑

k=j+1

φ(2k)(0)

(2k)!
ω2k−2j−1 − 2

∫ ∞

λ

dω

j−1∑
k=0

φ(2k)(0)

(2k)!
ω2k−2j−1

+
(
θ(ω2 − λ2)|ω|−2j−1, φ(ω)

)
. (A.21)

We perform the remaining ω integrals and combine the resulting sums to obtain

(|ω|−2j−1, φ(ω)) =2
∞∑
k=0
k ̸=j

φ(2k)(0)λ2k−2j

(2k)!(2k − 2j)
+
(
θ(ω2 − λ2)|ω|−2j−1, φ(ω)

)
, (A.22)
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which can be written as

(|ω|−2j−1, φ(ω)) =2
∞∑
k=0
k ̸=j

λ2k−2j(−1)2k

(2k)!(2k − 2j)
(δ(2k)(ω), φ(ω)) +

(
θ(ω2 − λ2)|ω|−2j−1, φ(ω)

)
.

(A.23)

Therefore, we have shown that

1

|ω|2j+1
=
θ(ω2 − λ2)

|ω|2j+1
+ 2

∞∑
k=0
k ̸=j

λ2k−2jδ(2k)(ω)

(2k)!(2k − 2j)
, j > 0 ∈ Z. (A.24)
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Thin shells

B.1 Hadamard coefficients

Below we list the coefficients D(p)
ab , D

(r)
ab , T

(l)
ab , T

(r)
ab and T (p)

ab to 2nd order.

D(r)
00 = 2,

D(r)
10 =

r2hf ′2 + rf (rf ′h′ + 2h (f ′ − rf ′′)) + f 2 (−2rh′ + 4h2 − 4h)

24r2fh2
,

D(r)
11 =

r2f ′2 − 4rff ′ − 4f 2(h− 1)

24r2h
,

D(r)
20 =

1

11520r4f 2h4

[
47r4h2f ′4 − 8r3fhf ′2 (h (14rf ′′ + 5f ′)− 7rf ′h′)

− 4rf 3
(
57r2f ′h′2 − 6rh (9rf ′′h′ + f ′ (4rh′′ − 13h′)) + 20h3 (rf ′′ − 3f ′)

+ h2
(
f ′ (72− 10rh′) + 8r

(
3rf (3) − 4f ′′)) )

+ r2f 2
(
57r2f ′2h′2 − 12rhf ′ (9rf ′′h′ + f ′ (2rh′′ + 3h′))

+ h2
(
36r2f ′′2 − 4f ′2 + 8rf ′ (6rf (3) + 11f ′′)) )

+ 4f 4
(
57r2h′2 + h2 (76− 20rh′) + 8rh (10h′ − 3rh′′) + 4h4 − 80h3

) ]
,

D(r)
21 =

1

5760r4fh3

[
9r4hf ′4 + r3ff ′2 (11rf ′h′ − 2h (11rf ′′ + 3f ′))

+ 2r2f 2f ′ (−33rf ′h′ + 20h2f ′ + h (44rf ′′ − 68f ′)
)

+ 4rf 3
(
33rf ′h′ + h (f ′ (82− 5rh′)− 22rf ′′) + 10h2 (rf ′′ − 7f ′)

)
− 8f 4

(
h (26− 5rh′) + 11rh′ + 14h3 − 40h2

) ]
,

D(r)
22 =

(−r2f ′2 + 4rff ′ + 4f 2(h− 1))
2

1152r4h2
,
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D(p)
11 =

fh′ − hf ′

12rfh2
,

D(p)
21 =

1

2880r3f 2h4

[
5r2h2f ′3 + 2rfhf ′ (7rf ′h′ + 11h (f ′ − rf ′′))

− 2f 3
(
10h2h′ + 57rh′2 + 2h (7h′ − 12rh′′)

)
+ f 2

(
57r2f ′h′2 + 20h3f ′ − 4h2

(
5f ′ − 6r2f (3)

)
− 2rh (27rf ′′h′ − 4f ′ (5h′ − 3rh′′))

)
.

]
,

D(p)
22 =

1

2880r4f 2h4

[
− 9r2h2f ′2 + 4rfh

(
−7rf ′h′ − 5h2f ′ + h (3rf ′′ + 2f ′)

)
+ f 2

(
57r2h′2 + 4h2 (5rh′ − 3)− 8rh (3rh′′ + h′) + 12h4

) ]
, ,

T (l)
00 =

1

24r2f 2h2

[
(6ξ − 1)r2hf ′2 + (6ξ − 1)rf (rf ′h′ − 2h (rf ′′ + 2f ′))

+ 4f 2
(
(6ξ − 1)rh′ + h2

(
6ξ + 3µ2r2 − 1

)
+ (1− 6ξ)h

) ]
,
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T (l)
10 =

1

17280r4f 4h5

[
2

(
4
(
135r4µ4 + 60r2(9ξ − 1)µ2 + 540ξ2 − 120ξ + 2

)
h5

− 80
(
3r2(9ξ − 1)µ2 + 54ξ2 − 21ξ + 2

)
h4

+ 4
(
540ξ2 − 300ξ + 5r

(
9r2(12ξ − 1)µ2 + 216ξ2 − 60ξ + 4

)
h′ + 38

)
h3

− 2r
((
2160ξ2 − 960ξ + 94

)
h′ + 9r

(
10(6ξ − 1)h′′ + r(20ξ − 3)h(3)

))
h2

+ 9r2h′
(
40
(
6ξ2 + 5ξ − 1

)
h′ + 13r(20ξ − 3)h′′

)
h+ 126r3(3− 20ξ)h′3

)
f 4

− 2r

(
20
( (

9r2(12ξ − 1)µ2 + 216ξ2 − 60ξ + 4
)
f ′

+ 3r
(
r2(18ξ − 1)µ2 + 6ξ(6ξ − 1)

)
f ′′
)
h4 + 126r3(5ξ − 1)f ′h′3

− 2
(
f ′ (2160ξ2 − 960ξ + 15r

(
r2(18ξ − 1)µ2 + 6ξ(6ξ − 1)

)
h′ + 94

)
+ 9r

(
2
(
60ξ2 + 10ξ − 3

)
f ′′ + r

(
(60ξ − 11)f (3) + 2r(5ξ − 1)f (4)

)) )
h3

+ r
(
r
(
72r(5ξ − 1)f ′′h′′ + h′

((
2160ξ2 + 1680ξ − 373

)
f ′′ + 108r(5ξ − 1)f (3)

))
+ 9f ′ (8 (75ξ2 − 5ξ − 1

)
h′ + r

(
(100ξ − 17)h′′ + 2r(5ξ − 1)h(3)

)) )
h2

+ r2h′
(
171r(1− 5ξ)h′f ′′ + f ′ (117r(1− 5ξ)h′′ − 2

(
540ξ2 + 915ξ − 172

)
h′
))
h

)
f 3

+ r2h

(
60
(
r2(18ξ − 1)µ2 + 6ξ(6ξ − 1)

)
f ′2h3 + 5r2

(
54ξ2 − 222ξ + 43

)
f ′2h′2

+ 2
(
72
(
15ξ2 − 15ξ + 2

)
f ′2 + r

((
2160ξ2 − 2640ξ + 401

)
f ′′ + 90r(1− 5ξ)f (3)

)
f ′

+ 10r2
(
54ξ2 − 42ξ + 7

)
f ′′2
)
h2

+ 2rf ′ (9f ′ (4(40ξ − 7)h′ + 5r(5ξ − 1)h′′)− 5r
(
108ξ2 − 219ξ + 41

)
h′f ′′)h)f 2

− 2r3h2f ′2
(
r
(
−270ξ2 + 570ξ − 107

)
f ′h′ + 2h

( (
540ξ2 − 705ξ + 107

)
f ′

+ r
(
270ξ2 − 570ξ + 107

)
f ′′))f + r4

(
270ξ2 − 930ξ + 179

)
h3f ′4

]
,
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T (l)
11 =

1

17280r4f 3h5

[
10(33ξ − 16)r4h3f ′4 − 2r3fh2f ′2

(
2(44− 75ξ)rf ′h′

+ h (4(75ξ − 44)rf ′′ + 21(30ξ − 7)f ′)
)

− r2f 2h

(
2(89− 165ξ)r2f ′2h′2 + 60µ2r2h3f ′2 + rhf ′

(
(420ξ − 307)rf ′′h′

+ f ′ (9(20ξ − 9)rh′′ + 4(330ξ − 79)h′)
)

+ h2
(
8(15ξ + 8)r2f ′′2 + (38− 480ξ)f ′2

− 6rf ′ (3(20ξ − 9)rf (3) + (300ξ − 83)f ′′) ))

+ rf 3

(
− 126r3f ′h′3 + r2hh′ (171rf ′′h′ + f ′ (117rh′′ + 2(330ξ − 7)h′))

+ 40h4
(
3µ2r3f ′′ + f ′ (30ξ + 3µ2r2 − 5

))
− 2rh2

(
r
(
36rf ′′h′′ + h′

(
54rf (3) + (211− 600ξ)f ′′))

− 9f ′ ((80ξ − 8)h′ + r
(
(1− 20ξ)h′′ − rh(3)

)) )
+ 4h3

(
f ′ (−15µ2r3h′ + 60ξ − 4

)
+ 9r

(
(6− 40ξ)f ′′ + r

(
rf (4) + (7− 20ξ)f (3)

)) ))

+ 2f 4

(
126r3h′3 + 4h3

(
15rh′

(
6ξ + µ2r2 − 1

)
+ 420ξ − 76

)
+ r2hh′ ((199− 1320ξ)h′ − 117rh′′)

+ 6rh2
(
(4− 60ξ)h′ + 3r

(
rh(3) + (40ξ − 6)h′′

))
+ 8h5

(
30ξ + 15µ2r2 − 2

)
− 40h4

(
48ξ + 3µ2r2 − 8

))]
,
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T (r)
10 =

1

1152r4f 2h3
(
−r2f ′2 + 4rff ′ + 4f 2(h− 1)

)
×
(
(6ξ − 1)r2hf ′2 + (6ξ − 1)rf (rf ′h′ − 2h (rf ′′ + 2f ′))

+ 4f 2
(
(6ξ − 1)rh′ + h2

(
6ξ + 3µ2r2 − 1

)
+ (1− 6ξ)h

))
,

T (p)
10 =

1

288r4f 2h3

[
(h− 1)

(
(6ξ − 1)r2hf ′2 + (6ξ − 1)rf (rf ′h′ − 2h (rf ′′ + 2f ′))

+ 4f 2
(
(6ξ − 1)rh′ + h2

(
6ξ + 3µ2r2 − 1

)
+ (1− 6ξ)h

) )]
,

T (p)
11 = − 1

288r4f 2h3

[
(rf ′ + 2f(h− 1))

(
(6ξ − 1)r2hf ′2

+ (6ξ − 1)rf (rf ′h′ − 2h (rf ′′ + 2f ′))

+ 4f 2
(
(6ξ − 1)rh′ + h2

(
6ξ + 3µ2r2 − 1

)
+ (1− 6ξ)h

) )]
.

B.2 Weak field approximation

In this Appendix, following the procedure outlined in Ref. [88], we derive the terms

log
(

−□̄
ν2

)
R(1) and log

(
−□̄
ν2

)
R
α (1)
β (x), necessary to compute the VP and RSET in

the context of the weak field approximation. Hereafter, we drop the (1) superscript

for notational simplicity; all quantities are understood to be linear in M/r0.

The terms involving the Ricci tensor are most easily obtained by considering the

Cartesian components of Rαβ, which are derived through the tensor transformation

law

R′α
β =

∂x′α

∂xδ
∂xγ

∂x′β
Rδ

γ, (B.1)

where the Cartesian coordinates are x′α = {τ, x, y, z}. We then express the Cartesian
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components in terms of spherical coordinates xα = {τ, r, θ, ϕ}

R′x
x = sin2 θ cos2 ϕRr

r + cos2 θ cos2 ϕRθ
θ + sin2 ϕRϕ

ϕ,

R′y
y = sin2 θ sin2 ϕRr

r + cos2 θ sin2 ϕRθ
θ + cos2 ϕRϕ

ϕ,

R′z
z = Rθ

θ + cos2 θ(Rr
r −Rθ

θ),

R′x
y = sin2 θ sinϕ cosϕRr

r + cos2 θ sinϕ cosϕRθ
θ − sinϕ cosϕRϕ

ϕ,

R′x
z = sin θ cos θ cosϕ(Rr

r −Rθ
θ),

R′y
z = sin θ cos θ sinϕ(Rr

r −Rθ
θ). (B.2)

Introducing the Ricci scalar and tensor into Eq. (4.93) and expressing the integrals

in spherical coordinates, yields representations of the nonlocal operators for which

the integrations can be carried out straightforwardly

log

(−□̄
ν2

)
R = − 1

2π

∫ ∞

0

dr′ r′2
∫ π

0

dθ′ sin θ′
∫ 2π

0

dϕ′ R(r′, θ′, ϕ′)

(r2 + r′2 − 2rr′ cos θ′)3/2

(B.3)

log

(−□̄
ν2

)
R′α

β = − 1

2π

∫ ∞

0

dr′ r′2
∫ π

0

dθ′ sin θ′
∫ 2π

0

dϕ′ R′α
β(r

′, θ′, ϕ′)

(r2 + r′2 − 2rr′ cos θ′)3/2
.

(B.4)

Computing the ϕ′ integral yields for the Ricci scalar

1

π

∫ 2π

0

dϕ′R(r′, θ′, ϕ′) = 2R, (B.5)

and for the diagonal components of the Ricci tensor

1

π

∫ 2π

0

dϕ′R′τ
τ (r

′, θ′, ϕ′) = 2Rτ
τ ,

1

π

∫ 2π

0

dϕ′R′x
x(r

′, θ′, ϕ′) =
1

π

∫ 2π

0

dϕ′R′y
y(r

′, θ′, ϕ′) = Rr
r +Rϕ

ϕ + (Rθ
θ −Rr

r) cos
2 θ′,

1

π

∫ 2π

0

dϕ′R′z
z(r

′, θ′, ϕ′) = 2Rθ
θ − 2(Rθ

θ −Rr
r) cos

2 θ′. (B.6)

All the off-diagonal components of the Ricci tensor vanish upon integration in ϕ′,

because of spherical symmetry. To compute the θ′ integral we change the integration
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variable to u = cos θ′ and obtain

g1(r) :=

∫ 1

−1

du (r2 + r′2 − 2rr′ u)−3/2 =


2

r(r − r′)(r + r′)
r′ < r,

2

r′(r′ − r)(r + r′)
r′ > r,

(B.7)

g2(r) :=

∫ 1

−1

u2du (r2 + r′2 − 2rr′ u)−3/2 =


2(r2 + 2r′2)

3r3(r − r′)(r + r′)
r′ < r,

2(2r2 + r′2)

3r′3(r′ − r)(r + r′)
r′ > r.

(B.8)

Putting together Eqs. (B.3)–(B.8), we obtain

log

(−□̄
ν2

)
R = −

∫ ∞

0

dr′r′
2
Rg1,

log

(−□̄
ν2

)
R′τ

τ = −
∫ ∞

0

dr′r′
2
Rτ

τ g1,

log

(−□̄
ν2

)
R′x

x = −1

2

∫ ∞

0

dr′r′
2
[
(Rr

r +Rϕ
ϕ) g1 + (Rθ

θ −Rr
r) g2

]
,

log

(−□̄
ν2

)
R′z

z = −
∫ ∞

0

dr′r′
2 [
Rθ

θ g1 − (Rθ
θ −Rr

r) g2
]
. (B.9)

Introducing Eqs. (4.87) and (4.88) into the previous expressions, the radial integrals

are easily computed using the properties of the delta distribution. For instance, for

the Ricci scalar, using Eq. (B.7), we can write

log

(−□̄
ν2

)
R =− R̄

∫ r

0

dr′ r′2 δ(r′ − r0)
2

r(r − r′)(r + r′)

− R̄

∫ ∞

r

dr′ r′2 δ(r′ − r0)
2

r′(r′ − r)(r + r′)
. (B.10)

In the interior of the shell, where r < r0, the first integral vanishes. Conversely,

in the exterior, where r > r0, the second integral vanishes. Hence, we find

log

(−□̄
ν2

)
R =

− 2R̄ r0
(r0−r)(r+r0) , r < r0,

− 2R̄ r20
r(r−r0)(r+r0) , r > r0.

(B.11)

A similar approach can be used to perform the radial integrals of the Ricci tensor

components. The resulting tensor is spherically symmetric and diagonal in Carte-

sian coordinates, log
(

−□̄
ν2

)
R′α

β = diag(a, c, c, b). In spherical coordinates, it simply

transforms to log
(

−□̄
ν2

)
Rα

β = diag(a, b, c, c). The components in spherical coordi-
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nates are then

log

(−□̄
ν2

)
Rτ

τ =


− r0 R̄

τ
τ

2

(r0 − r)(r + r0)
, r < r0,

− r20 R̄
τ
τ

2

r(r − r0)(r + r0)
, r > r0,

(B.12)

log

(−□̄
ν2

)
Rr

r =


− 4

3
R̄θ

θ

1

r0
− 2

3
R̄r

r

2r2 + r20
r0 (r0 − r)(r + r0)

, r < r0,

− 4

3
R̄θ

θ

r20
r3

− 2

3
R̄r

r

r20
r3

2r20 + r2

(r − r0)(r + r0)
, r > r0,

(B.13)

log

(−□̄
ν2

)
Rθ

θ =


− 2

3
R̄θ

θ

2r20 + r2

r0 (r0 − r)(r + r0)
− 2

3
R̄r

r

1

r0
, r < r0,

− 2

3
R̄θ

θ

r20
r3

r20 + 2r2

(r − r0)(r + r0)
− 2

3
R̄r

r

r20
r3
, r > r0.

(B.14)
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Appendix C

The Reissner-Nordström interior

C.1 Hadamard Coefficients on the interior

Below we list the Hadamard coefficients D(p)
ab , D

(r)
ab , T

(l)
ab , T

(r)
ab and T (p)

ab to second

order. Although in Chapters 5 and 6 we adopted the notation for the radial func-

tion |f |, in this Appendix, we list the parameters adopting |f | → −f for easier

comparison with the exterior coefficients in Appendix A.3.

D(r)
00 = 2,

D(r)
10 =

f (r2f ′′ − 2rf ′ + 2f − 2)

12r2
,

D(r)
11 =

f (r2 (f ′2)− 4f (rf ′ + 1) + 4f 2)

24r2
,

D(r)
20 =

f

2880r4

(
5r2f ′2 (r2f ′′ − 2rf ′ − 2

)
− 8f 2

(
3r3f (3) − 7r2f ′′ + 19rf ′ + 10

)
+ f

(
9r4f ′′2 − 20r2f ′′ + 86r2f ′2 + 4rf ′ (3r3f (3) − 14r2f ′′ + 20

)
+ 4
)
+ 76f 3

)
,

D(r)
21 =

f

2880r4

(
r4f ′4 + 4f 3

(
11r2f ′′ − 52rf ′ − 40

)
+ r2ff ′2 (11r2f ′′ − 30rf ′ − 30

)
+ f 2

(
−20r2f ′′ + 134r2f ′2 + f ′ (160r − 44r3f ′′)+ 56

)
+ 104f 4

)
,

D(r)
22 =

f 2 (r2f ′2 − 4f (rf ′ + 1) + 4f 2)
2

1152r4
,

D(p)
11 = − f ′

6r
,

D(p)
21 = −f

(
−9rf ′2 + 6rf

(
rf (3) − 2f ′′)+ 2f ′ (7r2f ′′ + f + 5)

)
720r3

,

D(p)
22 =

7r2f ′2 − 10rf ′ + rf (9rf ′′ + 4f ′)− 3f 2 + 3

720r4
,
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T (l)
00 =

6µ2r2 − (6ξ − 1) (r2f ′′ + 4rf ′ + 2f − 2)

12r2
,

T (l)
10 =

1

480r4

(
r2f ′′ ((10ξ(3ξ − 1) + 1)r2f ′′ − 10(6ξ − 1)

(
2ξ + µ2r2

))
+ 4(5ξ(24ξ − 5) + 1)r2f ′2

+ 2rf ′ ((5ξ − 1)r3f (3) + 2
(
60ξ2 − 5ξ − 1

)
r2f ′′ + 40(1− 6ξ)ξ + 10µ2(1− 12ξ)r2

)
+ 2rf

(
(80ξ(3ξ − 1) + 6)f ′ + r

(
(20ξ(3ξ + 2)− 8)f ′′ + r

(
(5ξ − 1)rf (4) + (40ξ − 7)f (3)

)))
− 40fξ

(
6ξ + 3µ2r2 − 1

)
+ 4(10ξ(3ξ − 1) + 1)f 2 + 2

(
15
(
2ξ + µ2r2

)2 − 2
))

,

T (l)
11 =

f

480r4

(
2
(
r2f ′′ + 2

) (
(1− 5ξ)r2f ′′ + 10ξ + 5µ2r2 − 2

)
+ 2(10ξ − 1)r2f ′2

− rf
(
(16− 80ξ)f ′ + r

(
(12− 80ξ)f ′′ + r

(
rf (4) + (6− 20ξ)f (3)

)
+ 20µ2

))
+ (8− 40ξ)f 2 + rf ′ ((1− 10ξ)r3f (3) + 4

(
(3− 20ξ)r2f ′′ − 30ξ + 5

)))
,

T (r)
10 =

f (r2f ′2 − 4f (rf ′ + 1) + 4f 2) ((1− 6ξ) (2− r (rf ′′ + 4f ′)− 2f + 2)− 6µ2r2)

576r4
,

T (p)
10 =

(f − 1) ((1− 6ξ) (2− r (rf ′′ + 4f ′)− 2f)− 6µ2r2)

144r4
,

T (p)
11 = −f (rf

′ − 2f + 2) ((1− 6ξ) (2− r (rf ′′ + 4f ′)− 2f)− 6µ2r2)

144r4
.

C.2 Small frequency asymptotics for l=0 in the

large mass regime

In this Appendix, we obtain analytic expressions for interior scattering coefficients

Aω0 and Bω0 and for the exterior Aup
ω0, with l = 0, in the low-frequency and large-

mass regime. We then use these expressions to show that the coefficient of the

logarithmic divergence h0(µ) (as defined in Eq. (6.25)) vanishes in the large mass

regime, thereby providing analytical evidence to the numerical results reported in

Fig. 6.8.

Sela [118] obtained analytical expressions for the low-frequency and large-l scat-

tering coefficients in the interior and exterior of a Reissner-Nordström black hole,

using matching asymptotics. This analysis was performed for a massless scalar field,

under the assumption that the potential is dominated by the large l̃ = l + 1
2
. Such

assumption requires l̃ ≫ ωM, r+
M
. At leading order in l̃, the potential in Eq. (5.9)
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0.6 0.8 1.0 1.2 1.4 1.6

10
20
30
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50

(a) Large mass regime, µM = 10.

0.6 0.8 1.0 1.2 1.4 1.6

-2.5
-2.0
-1.5
-1.0
-0.5

0.5

(b) Small mass regime, µM = 0.2.

Figure C.1: Examples of the potential for the Schrödinger-type equation in the
interior of a charged black hole with M = 1 and Q = 0.8M . Left: large mass
regime with l = 0, ωM = 0.1, and µM = 10. Right: small mass regime with l = 0,
ωM = 0.1, and µM = 0.2.

can then be expressed as

Vωl(r) ∼
l̃2

r4
(r − r−)(r+ − r). (C.1)

We will employ an analogous treatment to analyse the large mass case for the l = 0

mode. Specifically, in the large mass regime, we can write the potential (5.9) as

Vωl(r) ∼
µ2

r2
(r − r−)(r+ − r). (C.2)

Thus, in the large-mass regime, and for the l = 0 mode, the potential has no turning

points on the interior (see also Figure C.1a), making the asymptotic matching easier

than in the small-mass case, for which the potential has a non-trivial behavior (see,

for instance, Fig. C.1b).

C.2.1 The interior scattering coefficients

In this section, we follow a similar approach to the one outlined in Ref. [118]. We

divide the black hole interior into three different regions: the two regions near the

horizons and the middle region.

Region A (r → r+)

Near the event horizon, we expand the potential (5.9) near r = r+ (r∗ → −∞) as

Vω0 ∼ ω2 + C+ (r − r−) = ω2 + C+(r+ − r−)e
−2κ+r+e2κ+r∗ , r∗ → −∞, (C.3)
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where we have defined

C+ =
r+ − r−
r4+

(
l2 + l + µ2r2+ + 1− r−

r+

)
. (C.4)

Introducing this into Eq. (5.7) yields{
d2

dr2∗
+ ω2 + C+(r+ − r−)e

−2κ+r+e2κ+r∗
}
ψA
ωl(r) = 0, (C.5)

We need a solution to this equation with the required boundary condition ψA
ωl ∼

e−iωr∗ near r+. This can be written in terms of a Bessel function of the first kind as

ψA
ωl ∼

(
C+r

4
+

r+ − r−

)iω/(2κ+)

e−iωr+Γ(1− iω/κ+)J−iω/κ+

(
2 r2+

√
C+

r+ − r−
eκ+(r∗−r+)

)
.

(C.6)

Now, in the large mass limit and for l = 0,

r2+

√
C+

r+ − r−
∼ µ r+. (C.7)

Additionally, we have that

eκ+(r∗−r+) ∼
(
r+ − r

r+ − r−

)1/2

, r → r+. (C.8)

Therefore, the solution can be simplified to

ψA
ω0 ∼ (µ r+)

iω/κ+e−iωr+Γ(1− iω/κ+)J−iω/κ+

(
2µ r+

(
r+ − r

r+ − r−

)1/2
)
. (C.9)

Making use of the following connection formula [60]

Jν(z) =
e−iπ/2

π

[
e−i ν π/2Kν

(
z e−iπ/2

)
− ei ν π/2Kν

(
z eiπ/2

)]
, (C.10)

the expression (C.9) can be transformed into a representation involving the modified

Bessel functions

ψA
ω0(r) ∼ pA1 F

A(r) + pA2 F
A ∗(r) (C.11)
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where

FA(r) =
e−iπ/4

π
Kiω/κ+

(
−2iµ r+

(
r+ − r

r+ − r−

)1/2
)
, (C.12)

pA1 = e−i
π
4 (µ r+)

iω/κ+e−iωr+Γ(1− iω/κ+) e
− πω

2κ+ , (C.13)

pA2 = ei
π
4 (µ r+)

iω/κ+e−iωr+Γ(1− iω/κ+) e
πω
2κ+ . (C.14)

Region B (The middle region)

In the middle region, we employ the WKB approximation to define a solution

ψB
ω0(r) ∼

a+
|Vω0|1/4

ei
∫ √

Vω0(r)dr∗ +
a−

|Vω0|1/4
e−i

∫ √
Vω0(r)dr∗ . (C.15)

At leading order in µ, we can write

Vω0(r) ∼
µ2

r2
(r+ − r)(r − r−) (C.16)

where we have neglected ω. Under these assumptions, the integral in the exponential

can be computed analytically as∫ √
Vω0(r)dr∗ = µ y(r), (C.17)

where

y(r) = −
√
(r+ − r)(r − r−) +

r+ + r−
2

arctan

(
r −M√

(r+ − r)(r − r−)

)
. (C.18)

Hence, we have

ψB
ω0(r) ∼

r1/2

[(r+ − r)(r − r−)]1/4µ1/2

(
a+ e

iµ y(r) + a− e
−iµ y(r)) . (C.19)

To obtain the coefficients a±, we shall match the solutions in regions I and II. To

achieve this we will evaluate ψB
ω0 as r → r+ and ψA

ω0 as r → −∞. Hence, to obtain

ψB
ω0 as r → r+ we first take

y(r) ∼
(
r+ + r−

2

)[
π

2
− 2

(
r+ − r

r+ − r−

)1/2
]
− [(r+ − r)(r+ − r−)]

1/2 , r → r+.

(C.20)
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Introducing this into Eq. (C.19) and simplifying yields

ψB
ω0(r) ∼

r
1/2
+

µ1/2
[(r+ − r)(r+ − r−)]

−1/4

(
a+ i

µ(r++r−)

2 e
−2iµr+

(
r+−r

r+−r−

)1/2

+ a− (−i)
µ(r++r−)

2 e
2iµr+

(
r+−r

r+−r−

)1/2
)
, r → r+. (C.21)

Additionally, we evaluate ψA
ω0 as r → −∞. Making use of [60]

Kν(z) ∼
( π
2z

)1/2
e−z, z → ∞, (C.22)

and introducing this into equation (C.11)

ψA
ω0(r) ∼

1

2
√
πµ r+

(
r+ − r

r+ − r−

)−1/4

×
(
pA1 e

2iµr+
(

r+−r

r+−r−

)1/2

+ pA2 e
−2iµr+

(
r+−r

r+−r−

)1/2
)
, r → −∞. (C.23)

Matching the two asymptotic forms (C.21) and (C.23), we obtain the coefficients

a+ =
(r+ − r−)

1/2

2 r+
√
π

i−
µ(r++r−)

2 pA2 ,

a− =
(r+ − r−)

1/2

2 r+
√
π

(−i)−
µ(r++r−)

2 pA1 . (C.24)

Region C (r → r−)

In the region near the Cauchy horizon, we can adopt a similar approach to that

used in Region A. Expanding the potential near r− (r∗ → ∞), we find for the radial

equation (5.7) {
d2

dr2∗
+ ω2 − C−(r+ − r−)e

−2κ−r−e2κ−r∗
}
ψC
ωl(r) = 0, (C.25)

where

C− = −r+ − r−
r4−

(
l2 + l + µ2r2− + 1− r+

r−

)
. (C.26)

Once again, with l = 0 and in the large mass limit,

r2−

√
− C−

r+ − r−
∼ µ r−. (C.27)
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We can write the general solution at leading order in µ near r− as,

ψC
ω0(r) ∼ pC1 F

C(r) + pC2 F
C ∗(r) (C.28)

with

FC(r) =
e−iπ/4

π
K−iω/κ−

(
−2iµ r−

(
r − r−
r+ − r−

)1/2
)
. (C.29)

The coefficients pC1 and pC2 are determined by the matching conditions between

regions II and III. We implement a similar approach to that used to match regions

I and II. We first take ψB
ω0 to r → r−. Specifically, we need

y(r) ∼ −
(
r+ + r−

2

)[
π

2
− 2

(
r − r−
r+ − r−

)1/2
]
− [(r+ − r−)(r − r−)]

1/2 , r → r−.

(C.30)

Hence, from Eq. (C.19), we obtain

ψB
ω0(r) ∼

r
1/2
−

µ1/2
[(r+ − r−)(r − r−)]

−1/4

(
a+ (−i)

µ(r++r−)

2 e
2iµr−

(
r−r−
r+−r−

)1/2

+ a− i
µ(r++r−)

2 e
−2iµr−

(
r−r−
r+−r−

)1/2
)
, r → r−. (C.31)

We then make use of Eq. (C.22) and introduce it into Eq. (C.28) to get the asymp-

totic form of ψC
ω0(r) as r → ∞

ψC
ω0(r) ∼

1

2
√
πµ r−

(
r − r−
r+ − r−

)−1/4

×
(
pC1 e

2iµr−
(

r−r−
r+−r−

)1/2

+ pC2 e
−2iµr−

(
r−r−
r+−r−

)1/2
)
, r → ∞. (C.32)

Comparing the expressions (C.31) and (C.32) yields

pC1 = 2
√
π r− (−i)

µ(r++r−)

2
a+

(r+ − r−)1/2

=
r−
r+

(−1)
µ(r++r−)

2 eiπ/4(µ r+)
iω/κ+e−iωr+Γ(1− iω/κ+)e

πω/(2κ+),

pC2 = 2
√
π r− i

µ(r++r−)

2
a−

(r+ − r−)1/2

=
r−
r+

(−1)−
µ(r++r−)

2 e−iπ/4(µ r+)
iω/κ+e−iωr+Γ(1− iω/κ+)e

−πω/(2κ+). (C.33)
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Finally, to obtain the interior reflection and transmission coefficients, we must write

the solution in a form such that

ψC
ω0(r) ∼ Aω0e

iω r∗ +Bω0e
−iω r∗ , r∗ → ∞. (C.34)

This form can be obtained by rewriting Eq. (C.28) in terms of Bessel functions of

the first kind, using again Eq. (C.10),

ψC
ω0(r) ∼ Aω0 p(r) +Bω0 p

∗(r). (C.35)

with

p(r) = (µ r−)
−iω/κ+e−iωr−Γ(1− iω/κ−)J−iω/κ−

(
2µ r−

(
r − r−
r+ − r−

)1/2
)
, (C.36)

and

Aω0 = −r−
r+

Γ

(
1− iω

κ+

)
i1−µ(r++r−)(µ r−)

iω
κ− (µ r+)

iω
κ+ e

− πω
2κ−

− πω
2κ+

−iω(r++r−)

× e
− πω

κ− + e
πω
κ+ i2µ(r++r−)(

e
− 2πω

κ− − 1
)
Γ
(
1 + iω

κ−

) ,
Bω0 =

r−
r+

Γ

(
1− iω

κ+

)
i1−µ(r++r−)(µ r−)

− iω
κ− (µ r+)

iω
κ+ e

− πω
2κ−

− πω
2κ+

−iω(r+−r−)

× 1 + e
− πω

κ−
+ πω

κ+ i2µ(r++r−)(
e
− 2πω

κ− − 1
)
Γ
(
1− iω

κ−

) . (C.37)

C.2.2 The exterior reflection coefficient

A similar approach can be adopted to obtain the Aup
ω0 coefficient in the large mass

and small frequency regime. Following, once again, the derivation outlined in [118]

we can write the radial equation in the limit as r → r++{
d2

dr2∗
+ ω2 − C+(r+ − r−)e

−2κ+r+e2κ+r∗
}
ψext
ωl (r∗) = 0. (C.38)

We need a solution that exponentially decays at r∗ → ∞ and with asymptotic form

eiωr∗ + Aup
ωl e

−iωr∗ at r∗ → −∞. Such solution can be written as

ψext
ωl (r∗) =

(
C+r

4
+

r+ − r−

)−iω/(2κ+)
2 eiωr+

Γ(−iω/κ+)
Kiω/κ+

(
2 r2+

√
C+

r+ − r−
eκ+(r∗−r+)

)
(C.39)
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Near r+, for l = 0 and in the large mass regime,

ψext
ω0 (r∗) = (µ r+)

−iω/(2κ+) 2 eiωr+

Γ(−iω/κ+)
Kiω/κ+

(
2µ r+

(
r − r+
r+ − r−

)1/2
)
, r → r+.

(C.40)

Now, comparing with the form eiωr∗ + Aup
ω0e

−iωr∗ as r∗ → −∞ one finds

Aup
ω0 ∼ (µ r+)

−2iω/κ+e2iωr+
Γ(iω/κ+)

Γ(−iω/κ+)
. (C.41)

Note that in the limit as ω → 0, Aup
00 ∼ −1 at leading order.

C.2.3 The coefficient of the logarithmic divergence

Expanding the expressions in Eqs. (C.37) and (C.41) in a series near ω = 0, we

obtain the terms needed for the computation of the coefficient of the logarithmic

divergence for the l = 0 mode:

q0 =
(r− − r+)

2πr+r−
cos
(πµ

2
(r+ + r−)

)
,

a
(0)
0 =

1

2πr+r−

[
π
(
r2+ − r2−

)
sin
(πµ

2
(r+ + r−)

)
+
(
− 2r2− log(µ r−)

− (2γ − 1)(r− − r+)(r+ + r−) + 2r2+ log(µ r+)
)
cos
(πµ

2
(r+ + r−)

) ]
,

b
(0)
0 = − 1

2πr+r−

[
π
(
r2+ + r2−

)
sin
(πµ

2
(r+ + r−)

)
+
(
2r2− log(µ r−)

+ (2γ − 1)r2− + 2r+r− + 2r2+ log(µ r+) + (2γ − 1)r2+

)
cos
(πµ

2
(r+ + r−)

) ]
,

A
(1)
0 =

2ir+
r+ − r−

(
r− + 2r+ log(µ r+) + (2γ − 1)r+

)
,

c
(0)
0 = ℜ{a(0)0 } − ℜ{b(0)0 }+ q0ℑ{A(1)

0 }. (C.42)

Introducing these expressions into Eq. (6.25), one can show that the coefficient of

the logarithmic divergence h0(µ) is identically zero in the large mass limit. This is

in agreement with the numerical results reported in Fig. 6.8.
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C.3 Near-Cauchy horizon, other expressions

C.3.1 Frequency integrals of the Hadamard renormalization

counterterms

Integrals of the form
∫
k
(2)
ωl (r) dω as r → r−:∫ µ

0

Iωl(0, 0|r)dω ∼ − 1

8 r2−
log |f |+O(1),∫ µ

0

Iωl(1, 0|r)dω ∼ − 1

2|f |δl,0 +O(1),∫ µ

0

Iωl(1, 1|r)dω ∼ − 1

2|f |2 δl,0 +O(1),∫ µ

0

Iωl(2, 0|r)dω ∼ r2−
|f |2 δl,0 −

r2−
3|f |2 δl,1 +O(1),∫ µ

0

Iωl(2, 1|r)dω ∼ 2 r2−
|f |3 δl,0 −

2 r2−
3|f |3 δl,1 +O(1),∫ µ

0

Iωl(2, 2|r)dω ∼ 3 r2−
|f |4 δl,0 −

r2−
|f |4 δl,1 +O(1),∫ µ

0

Jωl(0, 0|r)dω ∼ −1

2
log |f | δl,0 +O(1),∫ µ

0

Jωl(1, 0|r)dω ∼ − r2− log |f | δl,0 +
1

3
r2− log |f | δl,1 +O(1),∫ µ

0

Jωl(1, 1|r)dω ∼ − r2−
|f |δl,0 +

1

3

r2−
|f |δl,1 +O(1). (C.43)

C.3.2 Contribution of the Hadamard renormalization coun-

terterms to (w̃)tt

In the following expression, we isolate from Eq. (6.38) the contribution coming from

the Hadamard renormalization counterterms

K2 :=
1

4π2|f |
∞∑
l=0

(2l + 1)

∫ ∞

0

dω [−ω2k
(2)
ωl (r)]

+
1

4π2

[
T (p)
10 +D(p)

22 +
1

|f |(T
(p)
11 +D(p)

21 ) +
D(r)

20

|f |2 +
D(r)

21

|f |3 +
D(r)

22

|f |4 +
T (r)
10

|f |2

+
(
T (l)
10 +

T (l)
11

|f |
)
(log(|f |/(ℓ2λ2))− 2γE + 3)

]
+

1

8π2|f |T
(l)
00 (r)λ

2, r → r−,

(C.44)

202



Chapter C. The Reissner-Nordström interior

where

k
(2)
ωl (r) =

2∑
a=0

a∑
b=0

D(r)
ab (r)Iωl(a, b|r) +

1∑
a=1

a−1∑
b=0

T (r)
ab (r)Iωl(a+ 1, b|r)

+
1∑

a=0

a∑
b=0

T (l)
ab (r)Jωl(a, b |r). (C.45)

To obtain the leading-order contribution to Eq. (C.44) near the Cauchy horizon,

it is necessary to evaluate the integrals of the form
∫
ω2 k

(2)
ωl (r) dω as r → r−:

1

|f |

∫ Ω̄

0

ω2 Iωl(0, 0|r)dω ∼ Ω̄2

8 r2− |f | +O(log |f |),

1

|f |

∫ Ω̄

0

ω2 Iωl(1, 0|r)dω ∼ log |f |
4 r2− |f | +O(|f |−1), (Note that: D(r)

10 ∼ O(|f |)),

1

|f |

∫ ∞

0

ω2 Iωl(1, 1|r)dω ∼ − 1

4 r2− |f |2 +O(1),

1

|f |

∫ ∞

0

ω2 Iωl(2, 0|r)dω ∼ 1

|f |2 δl,0 +O(1),

1

|f |

∫ ∞

0

ω2 Iωl(2, 1|r)dω ∼ 1

|f |3 δl,0 +O(1),

1

|f |

∫ ∞

0

ω2 Iωl(2, 2|r)dω ∼ 1

|f |4 δl,0 +O(1),

1

|f |

∫ Ω̄

0

ω2 Jωl(0, 0|r)dω ∼ λ2

2|f | δl,0 +
log |f |
4 r2−

+O(1),

1

|f |

∫ ∞

0

ω2 Jωl(1, 0|r)dω ∼ r2− λ
2

|f | δl,0 −
r2− λ

2

3|f | δl,1 − log |f |δl,0 +O(1),

1

|f |

∫ ∞

0

ω2 Jωl(1, 1|r) dω ∼ log |f |
|f | δl,0 +O(|f |−1), (Note that: T (l)

11 ∼ O(|f |)).

(C.46)

We note that the integrals above that are formally divergent in the frequency have

been evaluated up to a generic frequency cutoff Ω̄. However, at leading order in |f |,
only Iωl(0, 0|r) contains divergent frequency contributions. The remaining integrals

do not present divergent frequency contributions at leading order in |f |.
Introducing the results of the integrals (C.46) and the Hadamard coefficients (in

Sec. C.1) into Eq. (C.44), one finds that all analytic contributions diverging as 1/|f |
or faster are exactly canceled by the integral terms. We therefore obtain the simple
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expression

K2 =
1

4π2|f |
∞∑
l=0

(2l + 1)

[
−
∫ ∞

0

dω ω2D(r)
00 Iωl(0, 0|r) +

D(r)
11

4r2−|f |

]
+O(log |f |), r → r−, (Note that D(r)

11 ∼ O(|f |)). (C.47)

This expression can be further simplified by noting that

ω2D(r)
00 I(0, 0|r) ∼ ω

2 r2−
+O(|f |), r → r−, (C.48)

and

D(r)
11

4r2−|f |
∼ − κ2−

24 r2−
+O(|f |), r → r−. (C.49)

Therefore, the contribution of the Hadamard renormalization counterterms to Eq. (6.38),

at leading order in |f |, simplifies to

K2 =
1

4π2|f |
∞∑
l=0

(2l + 1)

[∫ ∞

0

dω

(
− ω

2 r2−

)
− κ2−

24 r2−

]
+O(log |f |), r → r−.

(C.50)
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dahl’s limit: bilayered stars and thin-shell configurations, 2024.
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