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Modularity for Reusable Large Language Models:

External PEFT Modules and Internal Circuits

Mohammed Sabry

Abstract

Large language models (LLMs) are powerful, but costly to train, adapt, and
deploy when treated as monolithic systems. This thesis studies reusability and effi-
ciency under explicit constraints on parameters, floating-point operations (FLOPs),
memory, data, and deployment cost. It treats modularity as an empirical perspec-
tive on reuse under constraints: preserving, transferring, or selectively invoking
useful behaviour. The thesis develops this perspective through two sets of experi-
ments. The first concerns external parameter-efficient fine-tuning (PEFT) modules.
I present a reference architecture and typology for describing PEFT methods as
comparable artefacts, and I evaluate portability between corresponding same-scale
T5 v1.1 and Flan-T5 checkpoints that share an architectural and training lineage.
In this controlled setting, transferred modules sometimes retain useful task-specific
information, but the result depends on the PEFT method, porting direction, task,
and post-transfer budget. These experiments do not establish portability between
independently trained same-architecture hosts, whose parameter spaces need not be
aligned. I then study Budgeted LoRA, which organises dense retention and low-
rank capacity under a shared budget. Its cost-only controller produces sampled
quality–cost operating points within the studied distillation setup; these points are
not claimed to be Pareto-optimal, and the larger-teacher budgeted students do not
beat the smaller-teacher fully distilled student in absolute perplexity. The second set
of experiments concerns internal computation, especially in-context learning (ICL)
without parameter updates. Using Bi-Induct, a synthetic-data intervention, I test
whether induction-like signatures can be strengthened under matched compute. The
signatures become more visible, but targeted ablations do not show a correspond-
ing reliable improvement in few-shot ICL. Within the settings studied, the results
therefore distinguish structural or correlational evidence of reuse from evidence that
a component is causally important for behaviour.
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Modularity for Reusable Large Language Models: External PEFT Modules and
Internal Circuits

Chapter 1

Introduction

1.1 Thesis topic

Large neural network models—and in particular large language models (LLMs)—

have become central to contemporary generative AI. This progress has been enabled

by three reinforcing pillars: (i) large-scale datasets, (ii) increasing compute, and

(iii) the Transformer architecture. As these models have become more capable,

research effort has increasingly concentrated around two broad objectives. The first

is to extend the frontier of capability by improving the quality and scale of data,

hardware, and training/inference efficiency. The second is to align highly capable

models with human goals, making their behaviour controllable and reliable through

post-training and instruction-following methods. A central challenge shared by both

objectives is that modern models are expensive to train and expensive to adapt if

treated as monolithic systems.

This thesis therefore focuses on efficiency through reusability: how to reuse a

pretrained model across tasks, domains, and deployment settings without repeatedly

paying the full cost of retraining or full fine-tuning. The core methodological lens

is modularity: decomposing adaptation and computation into specialised reusable

units with defined interfaces, so that useful behaviour can be preserved, transferred,

or selectively invoked under constraints. In this thesis, those constraints include

trainable-parameter count, rank, FLOPs, memory, training data exposure, and de-
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ployment cost. Practically, this means asking when useful behaviour can be carried

by a detachable adaptation component, when it can be preserved under a smaller

adaptation budget, and when it can be invoked from context without changing the

model weights. Chapter 2 formalises this terminology and situates it in the relevant

literature.

In LLMs, reuse takes two broad forms that motivate the empirical structure

of the thesis. The first is reuse through external parameter-efficient fine-tuning

(PEFT) modules : when parameter changes are required, a frozen host model can

be adapted by attaching small trainable components such as Houlsby-style adapter

modules (Houlsby et al., 2019) or Low-Rank Adaptation (LoRA) modules (Hu et al.,

2021). These methods make adaptation efficient by turning it into the manipula-

tion of smaller adaptation artefacts that can, in principle, be stored, transferred,

compared, and reused, rather than the rewriting of the whole model. The second is

reuse through internal circuits : many behaviours can be elicited without changing

model weights, through prompting and in-context learning (ICL). In that case,

reuse depends on internal computational structure—specialised circuits (Olah et al.,

2020a) that may support behaviour and whose importance must be tested through

intervention.

The first empirical perspective in this thesis studies external PEFT modules:

reusable PEFT components that can be described, transferred, and organised under

budgets. This perspective is developed in Part II, especially Chapters 4–6. The sec-

ond empirical perspective studies internal circuits: reusable internal computation,

with particular emphasis on which internal structures are behaviourally relied upon

and which reflect redundant capacity. This perspective is developed in Part III,

primarily in Chapter 7.

The empirical chapters study these two perspectives separately. They do not

attempt to identify a direct causal mapping from particular PEFT modules to par-

ticular internal circuits, or to show that one gives rise to the other. Establishing

such a mapping would require experiments that track how a specific external adap-
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tation changes specific internal computations, which is beyond the scope of this

thesis. Instead, the thesis treats external PEFT modules and internal circuits as

complementary cases of the same broader problem: how reusable capability can be

preserved, transferred, or invoked under explicit constraints. Their implications are

synthesised in Chapter 8.

1.2 Conceptual foundation: Modularity for reuse

under constraints

This thesis adopts a practical notion of modularity tailored to foundation models:

modularity is valuable insofar as it enables reuse under constraints. The aim is not

to treat modularity as an abstract architectural virtue, but as a way of organising

scarce resources around structures that carry useful behaviour. From this perspec-

tive, the central question is not simply how to build capable models, but how to

preserve, transfer, and selectively invoke capability once it has been learned. I for-

malise this perspective through three tightly coupled axes of reuse. The discussion

here is intentionally thesis-level and intuitive; Chapter 2 formalises the terminol-

ogy and provides the literature grounding for adaptation modules, circuits, and the

modularity properties used throughout the remainder of the thesis.

The three axes of reuse are:

• Reuse through external PEFT modules. PEFT methods insert small

trainable adaptation components into a frozen model. In this thesis, I treat

these components as modules : explicit reusable units that can be stored, trans-

ferred, compared, and budgeted. PEFT is therefore not only an efficiency

technique; it also creates detachable adaptation artefacts that can support

reuse without full retraining. This perspective is developed most directly in

Chapters 4 and 5.

• Reuse through internal circuits. LLMs also support reuse without chang-

ing model weights, most clearly through prompting and in-context learning.
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This form of reuse depends on specialised internal substructures that may sup-

port behaviour at inference time. I therefore study internal circuits as candi-

date reusable structures whose modular status is not assumed in advance, but

evaluated through mechanistic signatures and intervention-based tests. The

emphasis is on the distinction between load-bearing structure—computations

that are important for a capability—and redundant capacity—structure that

can be removed, suppressed, or rerouted with relatively small loss of perfor-

mance. Training dynamics such as emergence patterns are relevant here inso-

far as they help explain which internal structures later become behaviourally

central. This perspective is developed in Chapter 7.

• Reuse under budgets. Neither PEFT-module reuse nor internal-circuit

reuse is interesting in the abstract if resources are unconstrained. In practice,

the relevant question is always which adaptation components, computational

pathways, or internal structures should be prioritised when parameters, rank,

FLOPs, memory, training data exposure, or deployment cost are limited. The

budgeted-adaptation contribution in Chapter 6 and the matched-compute ICL

analysis in Chapter 7 provide the main empirical tests of this perspective.

These three axes are not separate topics, but different views of the same un-

derlying challenge. In the PEFT-module reuse case, the question is how reusable

modules should be defined, transferred, and budgeted. In the internal-circuit reuse

case, the question is which computations are central for reuse without parameter

updates, and which are only weakly or redundantly involved. Across both, the uni-

fying challenge is how scarce resources should be organised around structures that

carry useful behaviour.

This thesis is guided by the following connective narrative: identify what is

central for capability, localise what is redundant, and allocate limited adaptation or

computation accordingly. This should not be read as a claim that every chapter

instantiates the same logic in the same way. Rather, it is a synthesis that emerges

across the thesis. On the external PEFT-module side, Chapters 4 and 5 first estab-
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lish the objects of analysis—what reusable modules are, how they can be described,

and when their functionality transfers—before Chapter 6 asks how adaptation ca-

pacity can be organised under explicit constraints. On the internal-circuit side,

Chapter 7 asks which visible mechanisms are behaviourally relied upon and which

are not. The job of this connective narrative is therefore to link the different chap-

ters into one account of reuse under constraints, not to imply that each chapter

independently solves the full challenge of identifying centrality, redundancy, and

allocation.

The conceptual framework above turns the broad argument that modularity en-

ables reuse under constraints into a more concrete research programme. It motivates

the following research questions.

1.3 Research questions

Guided by the lens above, the thesis addresses the following research questions:

1. Can the parameters added by PEFT methods be treated as struc-

turally and/or functionally modular?

(a) How can PEFT components be described as reusable modules with ex-

plicit boundaries, interfaces, workspaces, and integration forms?

(b) What evaluation procedures make PEFT-module reuse measurable and

comparable across settings?

2. Can PEFT modules be reused within new host models, and what

limits their portability?

(a) To what extent does task-relevant functionality carried by PEFT mod-

ules survive transfer across closely related host models and task/dataset

settings?

(b) Which factors govern portability, and what failure modes arise when mod-

ules are reused outside their original training conditions?
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3. How can adaptation resources be organised under explicit budgets?

(a) Given deployment constraints such as parameters, rank, FLOPs, or mem-

ory, how can adaptation computation be organised across reusable mod-

ules and pathways?

(b) In a fixed student setting, what quality–cost operating points arise when

a shared dense-retention budget changes the balance between dense and

low-rank pathways relative to uniform low-rank adaptation?

4. How can internal structure supporting in-context learning (ICL) be

identified under matched compute?

(a) How can load-bearing internal structure for ICL be distinguished from

visible mechanistic signatures?

(b) Under matched compute, how do different training-data conditions af-

fect behavioural capability, mechanistic signatures, causal reliance, and

language-model quality?

1.4 Thesis structure

The thesis is organised so that each part develops one component of the account of

reuse under constraints.

• Part I: Foundations. Chapter 2 defines the conceptual vocabulary of the

thesis, reviews the literature relevant to external PEFT-module reuse and

internal-circuit reuse, and situates the thesis contributions within the main

gaps and open questions in that literature. Chapter 3 then provides the shared

methodological scaffolding used throughout, including matched-budget com-

parisons, module-level evaluation, and intervention-based tests of behavioural

reliance.

• Part II: External PEFT modules. Chapter 4 introduces PEFT-Ref, a

reference framework for describing and comparing PEFT methods as reusable
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artefacts with explicit interfaces and structural properties. Chapter 5 turns

from structural description to functional reuse, asking when PEFT modules

transfer across host models, domains, and tasks, and what limits that porta-

bility. Chapter 6 then studies how a shared dense-retention budget changes

quality and cost proxies across dense and low-rank pathways in a fixed LoRA-

distillation setup.

• Part III: Internal circuits. Chapter 7 examines in-context learning as a

form of internal reuse without parameter updates. Rather than equating the

presence of mechanistic signatures with capability, the chapter distinguishes

between circuits that merely exhibit interpretable activity and circuits that are

load-bearing for behaviour under intervention. In this way, Part III develops

the argument that internal-circuit reuse should be understood in terms of

causal reliance and redundancy, not only activation patterns or descriptive

signatures.

Chapter 8 synthesises the findings across these parts. It treats external PEFT

modules and internal circuits as complementary empirical perspectives on reuse

under constraints. The conclusion summarises the conditions under which PEFT

modules were described, transferred, and budgeted, and distinguishes circuit claims

by intervention evidence rather than signature visibility alone.

1.5 Research outputs and impact

1.5.1 Publications and dissemination

Parts of the work developed in this thesis have been disseminated through peer-

reviewed publications, workshop submissions, and preprints during the development

of the broader research programme:

• (Sabry and Belz, 2023) PEFT-Ref: A Modular Reference Architecture and

Typology for Parameter-Efficient Finetuning Techniques (Chapter 4)
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• (Mille et al., 2024) DCU-NLG-Small at the GEM’24 Data-to-Text Task: Rule-

based generation and post-processing with T5-Base (Chapter 4)

• (Sabry and Belz, 2024) Assessing the Portability of Parameter Matrices Trained

by Parameter-Efficient Finetuning Methods (Chapter 5)

• (Sabry and Belz, 2026a) Budgeted LoRA: Distillation as Structured Compute

Allocation for Efficient Inference (Chapter 6)

• (Sabry and Belz, 2026b) Induction Signatures Are Not Enough: A Matched-

Compute Study of Load-Bearing Structure in In-Context Learning (Chapter 7)

1.5.2 Open-source model releases

The thesis has also produced practical open-source research artefacts. In particular,

I released a family of 12 decoder-only language models across three scales (125M,

500M, and 1B parameters), intended to support reproducible experimentation on

modularity, distillation, in-context learning, and compute-aware training. Model-

card-style documentation and repository links are provided in Appendix A.
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Modularity for Reusable Large Language Models: External PEFT Modules and
Internal Circuits

Chapter 2

Background

In this chapter, I provide the broad conceptual and literature background for the

thesis. More focused positioning with respect to closely related techniques is de-

veloped within the relevant empirical chapters (Chapters 4–7). The central lens

is that modern large language models (LLMs) are powerful yet difficult to reuse

efficiently under fixed budgets of parameters, floating-point operations (FLOPs),

data, memory, and deployment cost (Bommasani et al., 2022; Kaplan et al., 2020;

Hoffmann et al., 2022). In this setting, modularity matters not merely as a de-

sign preference, but as a practical mechanism for reuse under constraints. The core

idea is that a model becomes easier to reuse when useful behaviour is concentrated

into components that can be updated, transferred, analysed, or selectively invoked

without requiring the whole system to be rewritten. As shown in Chapter 1, the

two main empirical forms of such reuse are external PEFT-module reuse, where

behaviour is adapted through reusable PEFT components, and internal-circuit

reuse, where behaviour is reused through internal computation without parameter

updates.

The chapter proceeds in three steps. Section 2.1 introduces modularity as a gen-

eral principle, explains why it is especially relevant under resource constraints, and

defines the structural and functional properties of modularity used throughout the

thesis. Section 2.2 reviews the main research strands most relevant to modularity

in the foundation-model era: parameter-efficient adaptation, transfer and portabil-
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ity of adaptation, adaptation under budgets, in-context learning as reuse without

parameter updates, mechanistic interpretability, and mechanism-targeted data in-

terventions. Section 2.3 summarises the chapter and explains the transition to the

shared methodological framework in Chapter 3.

2.1 Modularity

2.1.1 Modularity as a system property

Modularity is commonly treated as an important organisational property of complex

systems (Tempero et al., 2023; Kadelka et al., 2023), but for the purposes of this

thesis it needs a more explicit and operational formulation.

Definition. Let a system S be decomposed into components {mi}ki=1, where each

component mi implements a function fi that may be behavioural, computational, or

parametric. Let I(mi,mj) denote the interface between components mi and mj, and

let G denote the system-level behaviour of S. In this thesis, modularity is treated

as a property M of S such that:

1. each component mi implements a sufficiently well-specified function fi;

2. the interfaces I(mi,mj) are limited, describable, and low-dimensional relative

to the internal state of the components they connect; and

3. the global behaviour G can be approximately predicted or reproduced from

the functions {fi} and interfaces {I} alone, such that

G ≈ Compose({fi}, {I}).

Quantitatively, modularity increases when intra-component cohesion is high rela-

tive to inter-component coupling, and when replacing or adapting a component mi

with an alternative m′
i that preserves the relevant interface yields bounded change
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in G (Parnas, 1972; MacCormack et al., 2007). In this sense, modularity is not

merely decomposition into parts, but decomposition into parts whose internal role

and external interaction structure are sufficiently stable that local change remains

meaningful.

Intuition. A modular system is one that can be divided into units that do most of

their own work internally and interact with the rest of the system through limited,

intelligible channels. Such a system is easier to adapt, analyse, and recombine

because useful behaviour is concentrated into parts rather than diffused uniformly

across the whole system.

Structural and functional modularity properties. The formal definition above

naturally induces two broad dimensions of modularity. Structural properties

describe how a component is separated from the rest of the system and how it is

interfaced. Functional properties describe what kind of reuse the component sup-

ports. These dimensions are analytically distinct but related: structural modularity

determines what kind of object can be isolated or manipulated, while functional

modularity determines what sort of reuse that object enables.

Structural properties. Let mi be a component of S. In this thesis, the most

relevant structural properties are:

• Boundary: the extent of mi, i.e. what is inside the component and what is

outside it;

• Interface: the signals exchanged between mi and the rest of the system, i.e.

the family of interfaces I(mi, ·);

• Workspace: the part of the host system over which mi operates; and

• Integration form: the manner in which mi contributes to global computa-

tion, for example by addition, prefixing, gating, or low-rank reparameterisa-

tion.
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Definition. A component mi is structurally modular to the extent that its bound-

ary, interface, workspace, and integration form can be specified with sufficient pre-

cision that the rest of the system can interact with mi primarily through I(mi, ·),

without requiring direct access to its full internal state.

Intuition. Structural properties answer the question: what kind of thing is this

component, and how is it connected to the rest of the system?

Functional properties. Functional properties describe what kinds of reuse a

component supports. In this thesis, the primary functional emphasis falls on en-

capsulation and portability, which are defined below.

Encapsulation. Definition. A component mi is encapsulated with respect to

a behaviourally relevant function fi when a substantial share of that function is

concentrated within mi, such that replacing, adapting, or removing mi yields a

bounded and intelligible change in global behaviour G without requiring coordinated

redesign of the rest of S.

Intuition. Encapsulation means that the component matters as a unit : enough

useful behaviour is concentrated inside it that local intervention has a predictable

system-level effect.

Portability. Definition. A component mi is portable from a source setting S to

a target setting S ′ when it retains useful functionality after transfer, provided that

the relevant interface conditions are sufficiently preserved:

mi : S → S ′ with preserved I ⇒ bounded useful contribution to G′.

Intuition. Portability means that the component remains useful outside the

exact setting in which it was trained.
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2.1.2 Why modularity matters under constraints

Under fixed budgets, modularity properties turn adaptation from a global rewriting

problem into a local reuse problem. If useful behaviour is sufficiently encapsulated,

then only the relevant part needs to be invoked, updated, or analysed. If compo-

nents are portable, then useful adaptation effort need not be repeated from scratch

in every new setting. Structural modularity matters here because it determines

whether such functional properties can be realised in practice: without sufficiently

clear boundaries, interfaces, and integration forms, it becomes difficult to isolate,

transfer, or selectively invoke the relevant part of the system. Under constraints,

these properties are therefore what make modularity practically valuable rather than

merely descriptively interesting.

This perspective has antecedents in several domains. In biological systems, mod-

ular organisation has been studied in neural, genetic, and protein interaction net-

works (Alon, 2006; Carroll, 2001; Wagner et al., 2007; Hintze and Adami, 2008). A

recurrent hypothesis in these fields is that modularity tends to arise when environ-

ments vary but tasks retain reusable substructure, because such structure supports

adaptation without redesign of the whole organism or network (Kashtan and Alon,

2005; Kashtan et al., 2007). In software engineering, modular decomposition sup-

ports independent development, testing, maintenance, and reuse by isolating design

decisions behind interfaces (Parnas, 1972; Baldwin and Clark, 2000). Across these

settings, the common idea is the same: modular structure reduces the cost of mod-

ifying, reusing, or recombining a system.

For this thesis, that general idea becomes especially important because modern

LLMs are powerful but expensive to retrain, fully adapt, or redeploy. Under such

conditions, the practical question is not only how to build capability, but how to

preserve, transfer, and selectively invoke capability once learned. This is the sense

in which constraints matter: they force attention onto the organisation of useful

behaviour.
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Position in the thesis. The structural and functional modularity properties out-

lined above become concrete in this thesis through two empirical forms of reuse in

foundation models: external PEFT-module reuse, where adaptation is carried

by explicit trainable modules attached to a frozen host model, and internal-circuit

reuse, where reuse depends on internal computational structure. These two forms

were introduced at the thesis level in Chapter 1; the remainder of this chapter

develops the literature background for them in the specific setting of modern LLMs.

2.2 Modularity in foundation models

This section reviews the main literature strands that motivate the thesis and shows

how the general modularity framework above becomes concrete in modern LLMs.

The discussion is broad rather than exhaustive: the aim is to situate the thesis in the

major research directions relevant to external PEFT modules and internal circuits,

while leaving detailed chapter-local positioning to the empirical chapters.

2.2.1 External PEFT modules: reusable adaptation mod-

ules

As introduced in Chapter 1, modern LLMs are typically pretrained once and then

adapted repeatedly to new tasks, domains, and deployment settings (Bommasani

et al., 2022; Kaplan et al., 2020; Hoffmann et al., 2022). Full fine-tuning often

undermines reuse because it produces a new dense parameter set for each task.

Parameter-efficient fine-tuning (PEFT) methods address this by attaching or learn-

ing relatively small task-specific parameter components on top of a frozen model,

including Houlsby-style adapter modules (Houlsby et al., 2019), prompt- and prefix-

based methods (Lester et al., 2021; Li and Liang, 2021), and low-rank methods such

as LoRA (Hu et al., 2021). Recent surveys make clear that PEFT is not a single

technique family but a structured design space (Ding et al., 2023; Han et al., 2024;

Zhang et al., 2025).
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Structural properties of PEFT modules. In this thesis, a PEFT module is

an explicit trainable adaptation component attached to an otherwise frozen host

model, such that adaptation occurs primarily through the module’s own trainable

parameters rather than through full modification of the host.

A first literature strand relevant here concerns frameworks that make machine-

learning artefacts and evaluation claims more explicit, systematic, and comparable.

Model Cards, for example, were proposed as a standardised reporting framework

for trained models, with the specific aim of documenting intended use, evaluation

conditions, and other properties of released model artefacts (Mitchell et al., 2018).

In NLP/ML reproducibility research, Belz has similarly argued for explicit, quanti-

tative frameworks for assessing reproducibility, so that results can be compared and

interpreted under a common methodology rather than through ad hoc reporting

(Belz, 2021; Belz et al., 2022). These works are not about PEFT modules specif-

ically, but they establish an important precedent for the present thesis: if models

and evaluation results benefit from standardised descriptive and assessment frame-

works, then PEFT modules may also need a more explicit framework if they are to

be treated as reusable artefacts rather than merely as implementation tricks.

A second strand is the PEFT survey literature itself. Existing surveys are valu-

able because they organise PEFT methods into families and compare their trade-offs.

For example, recent surveys distinguish additive methods such as adapters, prompt-

and prefix-based methods that modify conditioning, reparameterisation methods

such as LoRA, and hybrid or selective approaches, while also reviewing their pa-

rameter efficiency, memory footprint, and downstream behaviour (Ding et al., 2023;

Han et al., 2024; Zhang et al., 2025). However, these surveys are primarily taxonomic

and algorithmic: they classify methods by mechanism and performance trade-off,

but they do not usually formalise PEFT methods as reusable modular artefacts with

explicit structural properties such as insertion location, interface, workspace, and

integration form.

From the thesis perspective, this is the key gap. What is needed is not only a
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survey or module-card-style summary, but a genuinely modular treatment of PEFT:

one that makes clear what kind of reusable object a PEFT module is, how one PEFT

method differs from another structurally, and what kinds of reuse those structural

differences enable or constrain. That is the role of Chapter 4, which develops a

reference framework for characterising PEFT methods as reusable modules rather

than only as parameter-saving adaptation tricks.

Portability as module-level reuse. Establishing such a modular reference frame-

work makes it possible to ask the next question relevant to the thesis: whether

these modules retain useful functionality when transferred across settings. In the

broader deep learning literature, transfer refers to reusing knowledge learned in one

setting—often encoded in learned representations, features, or parameters—to im-

prove performance in another related setting (Pan and Yang, 2010; Yosinski et al.,

2014; Jiang et al., 2022). This broad transfer perspective includes feature transfer,

parameter reuse, and other forms of inductive reuse across tasks or domains.

In this thesis, I use portability for the narrower modularity question of whether

a reusable PEFT module retains useful functionality when the whole module is

moved across host models, domains, or tasks. This distinction matters because

portability is not simply a generic transfer-learning result: it concerns whether a

module can function as a reusable artefact under controlled movement between

settings. Existing work suggests that useful behaviour can sometimes survive such

movement, but the evidence is often narrow and method-specific. For example, prior

work studies adapter transfer across tasks or domains and transfer of LoRA modules

across different base models, but much less often asks whether the transferred mod-

ule itself carries reusable task-specific functionality beyond target-side optimisation

advantages (Pfeiffer et al., 2020; Wang et al., 2024). Chapter 5 addresses this gap

by evaluating portability directly under controlled baselines.

A related but distinct transfer mechanism is knowledge distillation, introduced

by Hinton et al. (2015) as teacher–student transfer. Recent surveys show that dis-

tillation has expanded substantially in the era of large foundation models, including
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LLM-oriented settings (Mansourian et al., 2025), and recent work has begun to study

its scaling behaviour explicitly (Busbridge et al., 2025). In the thesis, however, dis-

tillation is not treated as the same object as PEFT portability: portability concerns

direct reuse of an explicit PEFT module, whereas distillation concerns behavioural

transfer into a new student parameterisation. For this reason, distillation becomes

conceptually central in Chapter 6, where it serves as the controlled transfer setting

for studying budgeted adaptation.

Resource organisation under adaptation budgets. Once PEFT modules are

treated as explicit structural objects, and once portability makes clear that useful be-

haviour is not uniformly encapsulated across modules, workspaces, or host settings,

the next question is how limited adaptation capacity should be organised under ex-

plicit deployment constraints. The issue is therefore not only whether adaptation

is parameter-efficient, but how scarce capacity can be allocated so that redundant

functionality is reduced while structures that carry useful behaviour are preserved.

A natural entry point for this question is the broader literature on low-dimensional

and low-rank structure in deep learning. In the context of language-model fine-

tuning, Aghajanyan et al. (2020) argue that successful adaptation often lives in a

much lower-dimensional subspace than the full parameter space, providing empirical

and theoretical support for the view that fine-tuning need not exploit all available

degrees of freedom. LoRA adopts this perspective directly, hypothesising that the

task-specific weight update itself has low intrinsic rank and can therefore be pa-

rameterised efficiently through a low-rank decomposition (Hu et al., 2021). More

broadly, simplified theory for deep matrix factorisation shows that gradient descent

can exhibit an implicit bias toward low-rank solutions, suggesting that low-rank

structure can act as a useful complexity constraint, even if this does not yet amount

to a complete theory of generalisation for modern LLM adaptation (Chou et al.,

2023; Arora et al., 2019). Taken together, this line of work suggests that adaptation

capacity need not be distributed uniformly across all available directions or modules.

A partially overlapping literature addresses the complementary question of ca-
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pacity reduction: how model size, dense computation, or deployment cost can be

reduced through pruning (removing unnecessary parameters or structures), sparsi-

fication (driving computation toward sparse use of weights or activations), compres-

sion (reducing representational or deployment cost), or more direct suppression of

dense computation (Sanh et al., 2020b; Wang et al., 2020b; Cheng et al., 2024). This

literature matters here because it shifts attention from parameter-efficient adapta-

tion alone to the further question of which computations remain necessary once a

model has been adapted. In other words, low-rank work motivates selective alloca-

tion of adaptation capacity, while pruning and compression work motivate selective

removal of redundant dense capacity.

From the thesis perspective, these strands jointly motivate a broader resource-

organisation question: how can the contributions of different modules and computa-

tional pathways be coordinated under explicit constraints? Chapter 6 addresses this

question by studying adaptation as the organisation of dense and low-rank contri-

butions under a shared budget, rather than treating low-rank adaptation and dense

reduction as entirely separate decisions.

2.2.2 Internal circuits: ICL, reuse without parameter up-

dates, and load-bearing structure

The second major form of modularity in modern LLMs is internal rather than ex-

ternal. Although Transformers are trained as dense monolithic systems (Vaswani

et al., 2017), interpretability work increasingly suggests that specialised internal

substructures may support particular behaviours. In the Transformer architecture,

these candidate substructures are typically sought among its main computational

components—for example, attention heads within multi-head self-attention, multi-

layer perceptron (MLP) layers and their neuron subspaces, and the interactions

among them through the residual stream. Early work on circuits and feature-level

mechanisms argued that model behaviour can often be explained through struc-

tured interactions among such components rather than through undifferentiated
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distributed computation alone (Olah et al., 2020b; Vig, 2019; Michel et al., 2019;

Geva et al., 2021).

More recent work has extended this line through intervention-based and increas-

ingly automated methods for identifying behaviourally relevant substructures. Acti-

vation patching tests whether a component is causally involved in a behaviour by re-

placing its activation in one run with the corresponding activation from another run

and measuring the behavioural change (Wang et al., 2023; Zhang and Nanda, 2024).

Path patching refines this idea by localising which specific computational paths

between components are responsible for the behaviour, rather than only whether

an individual component matters (Goldowsky-Dill et al., 2023). Causal tracing

similarly asks where behaviourally relevant information is computed or routed by

systematically intervening on internal states and tracing the effect on downstream

predictions (Meng et al., 2023). Building on these tools, automated circuit discovery

methods search for a small set of components and interactions sufficient to recover

the behaviour under study, reducing the amount of manual hypothesis construction

required (Conmy et al., 2023; Rai et al., 2025). Together, this literature motivates

the internal side of the thesis: if internal computation is structured enough to be de-

composed into behaviourally relevant subcomponents, then internal circuits become

a meaningful object of study rather than a purely metaphorical one.

In this thesis, the internal-side object of study is the circuit : an internal spe-

cialised substructure inside an LLM that may implement an identifiable function

or support behaviour. A circuit may be realised through attention heads, MLP

subspaces, neuron groups, or distributed interaction patterns, but unlike PEFT

modules, its boundary is usually inferred from analysis rather than specified by

design. This difference is important: PEFT modules are architected as modules,

whereas circuits must earn modular status through evidence. Chapter 7 therefore

uses the broader circuit literature as background, but operationalises the internal

object more narrowly through attention heads, which are architecturally defined and

can be scored and ablated directly.
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A major reason circuits matter here is that LLMs can often perform new tasks

from context alone. This is the core phenomenon of in-context learning (ICL)

(Brown et al., 2020). In this thesis, ICL is treated as a form of reuse without

parameter updates: the model is reused for a new task through context rather

than through additional optimisation. From this perspective, circuits are important

because they provide candidate internal computational structures through which

such reuse may be implemented.

A particularly influential line of work links ICL to induction-style mechanisms,

especially induction heads, a specific type of attention head whose attention pat-

tern supports copy-and-match behaviour over repeated sequences in context (Olsson

et al., 2022). The technical importance of this literature is that it offers a concrete

candidate mechanism for few-shot generalisation: not just the ability to copy tokens,

but a structured attention motif that can exploit repeated patterns in context. For

the purposes of this thesis, this matters because it gives a plausible internal target

whose development and causal contribution can be studied directly.

Conceptually, however, the next question is not only whether such signatures are

visible, but how far they explain ICL more generally. Subsequent work has debated

whether induction heads are sufficient, whether they are developmental precursors

to broader in-context learning, and how they relate to more abstract task-level

generalisation (Şahin et al., 2026; Yang et al., 2026; Kahardipraja et al., 2026).

From the thesis perspective, a visible mechanistic signature is therefore not enough.

Once a candidate mechanism has been identified, the next question is whether the

model is actually dependent on that structure for behaviour.

Encapsulation in internal structure: load-bearingness and redundancy.

On the internal side of the thesis, this dependence question is treated as a question

of encapsulation: whether useful behaviour is sufficiently concentrated in a struc-

ture that the model relies on it under intervention. This motivates the distinction

between load-bearing structure and redundant capacity. A structure is load-bearing

when ablating or perturbing it induces a substantially larger degradation in capabil-
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ity than would be expected from typical or randomly selected components. A struc-

ture exhibits redundant capacity when it can be perturbed, removed, or rerouted

with relatively small behavioural loss, either because it is weakly used or because

other components compensate.

In other words, visible internal organisation is not by itself evidence that a struc-

ture matters for reuse or capability. The key question is whether the model is

behaviourally dependent on that particular internal structure. This is why causal

validation becomes central. A recurring activation pattern, an interpretable motif,

or an induction-like head signature is not sufficient to show that a structure is func-

tionally important unless intervening on it produces a corresponding behavioural

effect. Chapter 7 therefore places capability, mechanistic telemetry, and causal ab-

lation in direct comparison.

A related training-dynamics question concerns early emergence: the possibility

that some internal structures become functionally identifiable earlier in training than

others. Recent work suggests that training dynamics and controlled data conditions

can affect when such mechanisms appear and what subcircuits support them (Olsson

et al., 2022; Singh et al., 2024). In the thesis, early emergence is not treated as an

endpoint in itself, but as a possible explanatory signal. Earlier appearance of a

mechanism does not by itself show that it will later be load-bearing.

This leads to a final literature strand relevant to the internal side of the thesis:

synthetic data, curriculum, and mechanism-targeted interventions. Once candidate

mechanisms can be identified and their behavioural importance tested, a natural

next question is whether training data can be used to preferentially strengthen

those mechanisms under matched compute, making them not only more visible but

more central for behaviour. Scaling-law work formalises trade-offs among model size,

data, and compute (Kaplan et al., 2020; Hoffmann et al., 2022), while more recent

work studies how data quality, filtering, and curriculum alter learning efficiency or

shift effective scaling curves (Bansal et al., 2022; Subramanyam et al., 2026). In par-

allel, work on algorithmic behaviour in Transformers suggests that relatively simple
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primitives such as copying, search, and counting can be preferentially learned under

appropriate conditions (Davidovich and Ringel, 2026). More generally, synthetic or

semi-synthetic interventions have been used for at least three related purposes: to

alter the order or difficulty of training examples, as in curriculum learning (Soviany

et al., 2022; Bengio et al., 2009); to bias models toward particular algorithmic so-

lution classes through procedural or synthetic data (Davidovich and Ringel, 2026;

Shinnick et al., 2025); and to create controlled settings in which specific capabilities

or circuits can be isolated and evaluated more directly (Gupta et al., 2024). From

the thesis perspective, this makes mechanism-targeted data a natural way to test

whether preferentially exciting a candidate computation under matched compute

makes it not only more visible, but more behaviourally relied upon. Chapter 7 stud-

ies this question using a replacement-based synthetic-sequence intervention under

matched compute (iso-FLOPs).

2.3 Summary

This chapter established the conceptual and literature background for the thesis. It

first defined modularity as a system property in which useful behaviour is concen-

trated into components with sufficiently well-specified functions and limited inter-

faces, so that local change remains meaningful under fixed resource constraints. It

then argued that, for the purposes of this thesis, the most important modularity

properties are structural modularity on the one hand, and the functional properties

of encapsulation and portability on the other, with load-bearingness later providing

the thesis-specific test of whether useful internal structure is genuinely relied upon

for behaviour.

The chapter next reviewed how these ideas become concrete in modern LLMs

through two empirical forms of reuse. On the external PEFT-module side, it showed

how the literature moves from PEFT methods as adaptation techniques, to PEFT

modules as reusable structural objects, to questions of portability and, ultimately,

to adaptation under budgets as a resource-organisation problem. On the internal-
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circuit side, it reviewed the literature on mechanistic interpretability, ICL as reuse

without parameter updates, induction-style mechanisms, and the distinction be-

tween visible internal structure and structure that is genuinely load-bearing, to-

gether with work on early emergence and mechanism-targeted data interventions

under matched compute.

Taken together, this review shows that existing work provides many of the rele-

vant ingredients for the thesis, but still leaves an important connected set of open

questions about how reusable PEFT modules and reusable internal computation

should be understood within a unified account of reuse under constraints. Chapter 3

therefore turns from literature background to the shared methodological framework

used to study these questions across the empirical chapters.
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Modularity for Reusable Large Language Models: External PEFT Modules and
Internal Circuits

Chapter 3

Research Methodology

3.1 Overview: operationalising modularity as reuse

under constraints

This chapter provides the shared methodological framework used throughout the

thesis. Its purpose is not to restate the full technical details of each later empirical

chapter, but to explain how the thesis operationalises its central argument that

modularity enables reuse under constraints. The conceptual distinctions used here—

including external PEFT-module reuse, internal-circuit reuse, encapsulation, and

portability—are introduced in Chapter 2; the present chapter focuses on how those

concepts are translated into empirical designs, evaluation protocols, and intervention

strategies across the remainder of the thesis.

The research questions in Chapter 1 are addressed through two complementary

methodological programmes. The first studies external PEFT modules: reusable

parameter-efficient fine-tuning (PEFT) components treated as explicit adaptation

artefacts. This programme underlies Part II and supports the study of module def-

inition, portability, and resource organisation under budgets. The second studies

internal circuits: reusable computation inside the model, especially the internal

structures that support in-context learning (ICL) as a form of reuse without pa-

rameter updates. This programme underlies Part III and supports the study of
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mechanistic signatures, load-bearing structure, and the relation between behaviour

and causal reliance.

Across both programmes, the methodological emphasis is the same. Comparisons

should be made under controlled budgets; claims about reuse should be tied to

explicit operational criteria; and descriptive or mechanistic observations should be

distinguished from evidence that a system behaviourally relies on the implicated

structure. In this way, the chapter turns the thesis narrative into a concrete research

design.

This chapter proceeds in four stages. Section 3.2 introduces the experimental

conventions shared across the thesis. Section 3.3 then describes the methodolog-

ical framework used in Part II to study external PEFT modules, portability, and

adaptation under budgets. Section 3.4 then describes the methodological framework

used in Part III to study internal circuits, matched-compute data regimes, mech-

anistic signatures, early emergence, and load-bearing structure. Section 3.5 closes

the chapter by summarising the shared methodological principles and linking them

forward to the empirical chapters.

3.2 Common experimental scaffolding

3.2.1 Budgeted comparisons

A central thesis claim is that modular reuse should be evaluated under constraints.

Methodologically, this means that comparisons should not confound “better reuse”

with “more resources”. I therefore prioritise matched-budget designs throughout

the thesis.

• Pretraining: iso-FLOPs. When comparing different data regimes, I hold

total compute fixed in terms of floating-point operations (FLOPs) under the

Chinchilla-style compute-optimal regime used in this thesis—approximately

20 training tokens per parameter (Hoffmann et al., 2022)—while varying the

structure of the training data (e.g., natural-only vs. replacement-based synthetic-
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sequence conditions) and keeping architecture and optimisation schedule com-

parable across conditions. Because the compared conditions use the same

overall compute budget, differences in capability or mechanism cannot be at-

tributed simply to spending more compute overall. Instead, they can be in-

terpreted as evidence that the fixed compute budget has been used differently

across training conditions.

• Adaptation: explicit module budgets. When comparing PEFT methods

or constrained variants of PEFT, I report trainable-parameter budgets (e.g.,

LoRA rank or adapter bottleneck size), adaptation compute (steps/tokens),

and, where relevant, realised inference efficiency. Comparisons are made against

uniform or unconstrained baselines at the same or explicitly stated adaptation

budgets, so that improved results cannot be explained simply by giving one

method more trainable capacity. Instead, any gains are interpreted as evidence

that the available adaptation budget has been organised more effectively across

modules and pathways.

The underlying principle is that claims about modular reuse are only meaningful

if they survive budget control. Otherwise, apparent gains may simply reflect larger

adaptation capacity or greater training expenditure.

3.2.2 Evaluation hygiene and reporting defaults

Unless otherwise stated, I follow shared reporting conventions across empirical chap-

ters:

• Seeds. Report mean and variability over multiple random seeds where feasi-

ble. Where seed counts differ across empirical chapters because of computa-

tional cost or evaluation complexity, the exact number of seeds and their role

in the experiment are stated locally in the relevant chapter.

• Prompt control. Where evaluation depends on prompted inference, use fixed

prompt templates within each experiment and average across demonstration
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seeds and/or example order where relevant.

• Checkpoint policy. Use an explicit checkpoint-selection rule, such as the

final checkpoint under matched budgets or the best held-out checkpoint where

this is part of the stated design. Chapter-local deviations from this default

are made explicit.

• Language-model quality check. Report held-out perplexity or broader

language-model quality when an intervention could improve the target be-

haviour while degrading general modelling quality, calibration, or fluency. This

acts as a safeguard against attributing gains to modular reuse when they are

accompanied by hidden regressions elsewhere.

These conventions serve a methodological purpose beyond reporting consistency.

They are intended to ensure that claims about modularity, reuse, or causal con-

tribution are not driven by prompt variance, cherry-picked checkpoints, or hidden

quality regressions.

3.2.3 Prompting, output normalisation, and evaluation ex-

traction

Where later chapters involve prompted evaluation, I treat prompt construction and

output extraction as part of the methodological design rather than as incidental

implementation detail. Unless otherwise stated, the prompted model family, tem-

plate structure, variable-slot insertion procedure, decoding settings, and answer-

extraction rule are held fixed within each experiment.

Variable content is inserted into templates through an explicit slot-filling proce-

dure appropriate to the task under study. Where multiple demonstrations are used,

their content, order, and formatting are controlled so that downstream comparisons

are not driven by arbitrary prompt variation. When free-form generations must be

evaluated against task targets, outputs are normalised through an explicit extrac-

tion procedure appropriate to the task (for example, taking the first valid label,
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canonicalised string, or structured field), so that evaluation reflects the intended

target behaviour rather than formatting variance alone.

The exact prompted model families, templates, extraction rules, and chapter-

specific deviations from these shared defaults are described locally where they matter

most. In particular, Chapter 5 details the prompted evaluation used for module

portability experiments, Chapter 6 details the prompted evaluation used to assess

preservation of in-context learning capabilities under constrained adaptation, and

Chapter 7 details the prompt and endpoint construction used for the internal-circuit

analysis of in-context learning.

These controls ensure that later comparisons of portability, constrained adapta-

tion, or in-context learning are not confounded by formatting artefacts or answer-

extraction variance.

3.3 Methods for external PEFTmodules (Part II)

3.3.1 Module definition and interface

As defined conceptually in Chapter 2, the basic unit of analysis in Part II is the

PEFT module: the trainable adaptation component introduced on top of a frozen

host model. Concretely, this may take the form of LoRAmatrices, adapter multilayer-

perceptron weights, or prefix/prompt parameters, depending on the PEFT method

used. The host model remains fixed, while the module interacts with it through a

defined insertion interface—that is, a specified location and workspace within the

Transformer computation.

This definition matters methodologically because the thesis treats PEFT com-

ponents not merely as optimisation tricks, but as reusable artefacts. If later claims

about portability, constraint, or budgeted organisation are to be meaningful, the

module must first be identifiable as a stable object of comparison: something that

can be described, transferred, constrained, and evaluated as a unit.
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3.3.2 Standardised module descriptions (PEFT-Ref frame-

work)

To make module-level comparisons meaningful, I adopt the reference-framework

perspective developed in Chapter 4. At minimum, each module description records:

1. insertion locations;

2. the computation workspace (for example, attention versus multilayer-perceptron

subcomponents);

3. whether parameters are added directly or introduced through a low-rank or

bottleneck parameterisation;

4. and any parameter sharing or tying.

This yields a standardised description of each module in terms of what trainable

component is introduced, where it is inserted, what workspace it acts over, and

how it contributes to the host computation. Methodologically, this matters because

later comparisons then operate on explicitly specified reusable objects rather than

on vague claims about “using PEFT”.

3.3.3 Portability protocol and baselines (PEFT-Port frame-

work)

As discussed conceptually in Chapter 2, the thesis treats portability as a module-

level property: whether a reusable PEFT module retains useful functionality when

moved across host models, domains, or tasks. Methodologically, the question is

operationalised through the portability framework developed in Chapter 5.

To study portability, I train a module on an exporting host model, import it into

an importing host model, and measure performance under controlled post-import

adaptation. To isolate transfer of learned structure from favourable initialisation,

imported modules are compared against two baselines:
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1. From-scratch importing-side training: the same PEFT method trained

on the importing model from random initialisation, with no transferred infor-

mation from the exporting-side module.

2. Distribution-matched initialisation: an importing-side module initialised

so that its parameters match the imported module’s first and second moments

(mean and variance), without using the imported module’s actual learned

parameter structure.

This protocol reflects a broader methodological principle in the thesis: claims

about reuse should be tested against baselines that rule out simpler alternative ex-

planations. Here, those alternatives include the possibility that post-import perfor-

mance comes only from a favourable importing-side initialisation, or from matching

coarse parameter statistics, rather than from task-relevant structure carried by the

imported module itself.

3.3.4 Resource organisation under budgets

As framed in the third research question in Chapter 1, the methodological shift

here is from treating low-rank adaptation primarily as a fixed parameter-efficiency

technique to treating constrained adaptation as a resource-organisation prob-

lem. Under explicit deployment constraints, the goal is not merely to minimise

trainable-parameter count, but to determine how limited adaptation capacity should

be distributed across reusable modules and across the dense and low-rank pathways

available within them.

In Chapter 6, this is operationalised by exposing two controllable routes inside

each adapted module:

• a dense contribution, which determines how much of the original dense

computation remains active;

• and a low-rank contribution, whose effective capacity is controlled through

learned rank gates.
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A global budget controller constrains total retained dense computation, while

module-level retention coefficients and rank gates determine the dense and low-rank

contributions allowed by the parameterisation. The methodological point is that

adaptation is treated as organising compute across reusable modules under a budget,

rather than uniformly attaching the same low-rank parameterisation everywhere.

Accordingly, Chapter 6 reports:

• achieved budget utilisation;

• allocation profiles across modules;

• realised profiles of retained dense computation and active low-rank capacity

across modules;

• and the resulting quality–cost comparisons with uniform LoRA and KD Full

baselines.

Together, these measurements describe how the imposed budget changes the

organisation of computation within the tested setup.

3.3.5 Distillation as controlled behavioural transfer

As discussed in Chapter 2, distillation is treated in this thesis as a controlled form of

behavioural transfer rather than as direct portability of an explicit PEFT module. In

the budgeted-adaptation setting, I use distillation to study how reusable capability

can be transferred from a stronger teacher into a smaller, constrained student under

explicit adaptation budgets.

Methodologically, distillation is useful because it isolates the resource-organisation

problem from the problem of learning the capability from scratch. Rather than ask-

ing whether a small student can independently discover the relevant behaviour, the

question becomes: given that useful behaviour already exists in the teacher, how

should the student’s limited adaptation capacity be organised so as to preserve it

most effectively under budget?
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Unless otherwise stated, the distillation objective uses a standard mixture of

next-token cross-entropy and teacher–student distribution matching (Hinton et al.,

2015). The full objective, its equation, and the relevant hyperparameters (includ-

ing temperature, objective weights, Kullback–Leibler (KL) direction, and masking

conventions) are specified in Chapter 6 where they are introduced in detail.

3.4 Methods for internal circuits (Part III: ICL,

emergence, and load-bearing structure)

3.4.1 Matched-compute data regimes

As discussed conceptually in Chapter 2, the internal-side object of study in this

thesis is the circuit : an internal computational structure that may support reuse

without parameter updates. To study such structures empirically, I use a tar-

geted replacement-based synthetic-sequence data intervention (Bi-Induct; detailed

in Chapter 7) that compares natural-only pretraining with replacement-based synthetic-

sequence conditions designed to exercise hypothesised in-context-learning mecha-

nisms, especially induction-style computations that support copying over repeated

sequences in context (Olsson et al., 2022). All such comparisons are conducted under

matched total floating-point operations (iso-FLOPs).

This design reflects the same methodological principle used in Part II: claims

about mechanism should not be confounded with differences in total resources. Be-

cause the compared conditions are matched in total compute, differences in capa-

bility, telemetry, or causal reliance can be interpreted as differences in how that

fixed compute budget is used across data regimes, rather than as a consequence of

simply spending more compute overall. Accordingly, the methodology treats mea-

sured circuit signatures as candidate evidence of reusable internal structure, and uses

causal-reliance tests to ask whether behaviour actually depends on the implicated

components.
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3.4.2 Four-axis evaluation: behavioural capability, mecha-

nistic signatures, causal reliance, and language-model

quality

The central methodological logic of Chapter 7 is that internal-circuit reuse cannot be

established from one kind of evidence alone. I therefore evaluate each experimental

condition in the matched-compute comparison—for example, natural-only pretrain-

ing and the different replacement-based synthetic-sequence conditions—using three

evidential axes plus one language-model quality check:

1. Behavioural capability. Does the model exhibit stronger in-context learning

behaviour on the intended behavioural endpoints?

2. Mechanistic signatures. Do induction-like or control-aligned signatures

appear in the internal computation, and where are they concentrated?

3. Causal reliance. Are the implicated structures load-bearing for the be-

haviour, or are they only correlated with it?

4. Language-model quality check. Does the intervention preserve general

language-model quality, as measured by held-out cross-entropy or perplex-

ity, rather than improving a target diagnostic while degrading the underlying

model?

The first three axes provide evidence about internal-circuit reuse itself. Be-

havioural capability establishes whether the behaviour of interest is present at

all, but behaviour alone does not reveal the mechanism producing it. Mechanis-

tic signatures show whether induction-like or control-aligned patterns are present

and where they are concentrated, but signatures alone do not establish that those

structures are load-bearing. Causal reliance tests whether behaviour depends on

the implicated structures, but ablation results are difficult to interpret unless there

is a clear behavioural endpoint whose degradation can be measured. The fourth
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axis, language-model quality, is a usability check: it ensures that mechanism-

targeted interventions are not treated as successful if they merely amplify signatures

or improve a narrow endpoint while degrading general modelling quality.

For this reason, Chapter 7 reports four corresponding result axes: behavioural

capability, mechanistic signatures, causal reliance, and language-model quality. This

four-axis reporting structure is consistent with the thesis methodology because qual-

ity is not an additional claim about internal-circuit modularity; it is the check that

makes the matched-compute comparison interpretable.

3.4.3 Mechanistic signatures: operational definitions

Following the replacement-based Bi-Induct data regime introduced in Chapter 7, I

compare matched-compute models trained under natural-only and targeted synthetic-

sequence conditions designed to exercise induction-like copying behaviour. Within

this framework, I use attention-head-level copy metrics to score how strongly in-

dividual heads exhibit induction- and control-aligned attention patterns; the exact

metric definitions and task constructions are provided in Chapter 7. To summarise

specialisation, I rank heads within each layer by these scores and report both the top

2% of heads per layer and their mass share, that is, the proportion of the total layer-

wise score contributed by that top-scoring subset. This allows telemetry to capture

not only whether induction-like signals are present, but also how concentrated they

are within a small number of heads.

Methodologically, telemetry is treated as evidence of presence and localisation,

not as proof of functional centrality. This distinction is crucial for the later argument

that induction-like signatures are not sufficient evidence of load-bearing structure.

3.4.4 Operationalising early emergence

As introduced conceptually in Chapter 2, this thesis uses early emergence to refer

to the possibility that mechanism-aligned internal signatures become functionally

identifiable earlier in training than others. This usage is motivated by prior work
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suggesting that the timing of induction-like or other mechanism-relevant signatures

can vary across training and across data conditions (Olsson et al., 2022; Singh et al.,

2024). Within the replacement-based matched-compute framework used in Chap-

ter 7, I operationalise early emergence as the tendency for mechanism-aligned sig-

natures to appear earlier and peak earlier across layers under matched-compute

training, rather than as a claim about reaching capability in fewer optimisation

steps. The exact measurements, layerwise comparisons, and chapter-specific analy-

sis choices are detailed in Chapter 7.

In this thesis, emergence timing is therefore treated as a potentially informative

signal about developmental order, but not as a substitute for direct tests of capability

or causal reliance.

3.4.5 Operationalising load-bearing structure via targeted

ablations

As discussed conceptually in Chapter 2, this methodology operationalises the the-

sis distinction between visible mechanistic signatures and genuinely load-bearing,

functionally central structure. To test whether a circuit is load-bearing rather than

merely active, I use targeted ablations aligned with the telemetry:

• select a per-layer quota of candidate heads (for example, the top 2% of atten-

tion heads by an induction-aligned score, with at least one head selected per

layer);

• ablate those heads at evaluation and measure degradation on the relevant ICL

endpoints;

• compare against ablating an equal number of randomly chosen heads per layer.

A substantially larger degradation under top-versus-random ablation indicates

a more centralised, load-bearing implementation; smaller gaps are more consistent

with redundancy or with more distributed implementations.
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This methodology operationalises the thesis distinction between mechanistic sig-

natures and functional centrality. A structure is not treated as important merely

because it is visible in telemetry, but because targeted intervention shows that be-

haviour is more sensitive to removing it than to removing matched random compo-

nents. Where relevant, Chapter 7 also relates these intervention results back to the

matched-compute data regimes discussed above, asking whether making a candidate

mechanism more visible through training data also makes behaviour rely on it more

strongly.

3.5 Summary

This chapter established the shared methodological framework used throughout the

thesis. Building on the conceptual vocabulary introduced in Chapter 2, it showed

how the thesis operationalises modularity as reuse under constraints through com-

mon budget controls, reporting defaults, prompting and output-normalisation pro-

cedures, and explicit distinctions between descriptive evidence and causal evidence.

On the external PEFT-module side, the chapter defined the PEFT module as

the basic unit of analysis, described the use of standardised module descriptions,

introduced the portability protocol and its baselines, and framed constrained adap-

tation as a resource-organisation problem under explicit budgets. It also positioned

distillation as a controlled form of behavioural transfer for studying how reusable

capability can be preserved in constrained students.

On the internal-circuit side, the chapter described the matched-compute data-

regime framework used to study reuse without parameter updates, the three evi-

dential axes—behavioural capability, mechanistic signatures, and causal reliance—

together with the language-model quality check used to interpret mechanism-targeted

interventions, and the operational procedures used to study early emergence and

load-bearing structure through targeted ablations.

Taken together, these methodological choices provide the shared experimental

scaffolding for the empirical chapters that follow. Chapter 4 next begins Part II by
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applying this framework to the structural description of PEFT methods as reusable

modules.
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Modularity for Reusable Large Language Models: External PEFT Modules and
Internal Circuits

Part II

External PEFT Modules
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Modularity for Reusable Large Language Models: External PEFT Modules and
Internal Circuits

Chapter 4

PEFT-Ref: A Reference

Framework for Parameter-Efficient

Fine-Tuning

Parameter-efficient fine-tuning (PEFT) methods reduce the cost of full fine-tuning

by attaching comparatively small trainable adaptation components to a frozen host

model. In this thesis, these components are treated as PEFT modules : reusable

artefacts that can be described, compared, transferred, and later organised under

explicit adaptation budgets. Yet principled comparison is difficult unless there is

a common language for describing what each module is, where it is inserted, what

part of the host it interacts with, and how its contribution is integrated into the

host computation.

This chapter addresses that problem through PEFT-Ref, a reference architec-

ture and typology for describing PEFT techniques as reusable modules. PEFT-

Ref provides a common descriptive vocabulary for the structural differences among

the methods considered here. It complements the mathematical definition of each

method by organising insertion locations, workspaces, integration forms, and re-

lated structural properties. These properties support comparison and hypothesis

formulation; they do not, on their own, predict task performance.
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Within the broader thesis, this chapter therefore provides the structural foun-

dation of Part II. Later chapters ask functional questions about PEFT modules:

whether they remain useful when transferred across host models (Chapter 5) and

how limited adaptation resources can be organised under explicit budgets (Chap-

ter 6). Those later questions build on the structural vocabulary established here.

Chapter outline. Section 4.1 presents the PEFT-Ref reference architecture. Sec-

tion 4.2 defines the structural properties used to characterise PEFT modules. Sec-

tion 4.2.1 positions PEFT-Ref relative to prior unifying work on PEFT. Section 4.3

applies the framework to seven widely used PEFT techniques. Section 4.4 compares

those techniques with respect to efficiency and representative task-performance evi-

dence. Section 4.5 derives evidence-grounded design implications and future module

hypotheses. Section 4.6 summarises the chapter and links it forward to Chapters 5

and 6.

Notation. Throughout this chapter, dm denotes the host-model hidden size. Where

applicable, dh denotes the hidden size of a PEFT module, or the bottleneck size in

bottleneck-style adapter modules such as Houlsby-style Adapters. r denotes LoRA

rank. n denotes prompt length for Prompt-Tuning or prefix length for Prefix-Tuning,

depending on the technique under discussion. T denotes the input sequence length

when analysing attention-related complexity.

4.1 Modular PEFT reference architecture

This section introduces the PEFT-Ref reference architecture used throughout the

chapter. Its purpose is to provide a common structural map for describing where

PEFT modules attach to a frozen host model, what workspace they act over, and

how their outputs are integrated into host computation.

Figure 4.1 presents the PEFT-Ref reference architecture in diagrammatic form.

Its role is not to suggest that all PEFT methods are used simultaneously, but to
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Figure 4.1: PEFT-Ref reference architecture. The central grey box shows the re-
peated Transformer layers and residual flow of the host model. Dashed regions
indicate insertion slots used by different PEFT techniques. The diagram is intended
as a structural reference: it shows where PEFT modules interface with the host
model, what parts of the computation they interact with, and how different tech-
niques differ in insertion location and workspace.

provide a common structural map against which different techniques can be de-

scribed and compared. The repeated Transformer layers are shown inside the grey

box, with residual flow to the right. Standard host-model components are shown

in solid boxes, while dashed boxes indicate representative insertion slots used by

PEFT modules.

The reference architecture serves a methodological purpose: it separates the host

model from the inserted module and marks the locations at which PEFT techniques

interface with host computation. It is therefore a descriptive aid for comparing

methods in a shared vocabulary, rather than evidence that any one structural profile

will perform better.
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4.2 Structural properties of PEFT modules

PEFT-Ref instantiates, for the specific case of PEFT, the structural modularity

perspective developed more generally in Chapter 2. The properties below are there-

fore not meant as a generic theory of modularity, but as a PEFT-specific set of

structural variables that describe how a reusable PEFT module is built, where it

interfaces with the host, and how it collaborates with host computation. Table 4.1

summarises the values of these properties for seven leading PEFT techniques.

The nine properties were selected using three practical criteria. First, taken

together they must distinguish the module boundary, the host–module interface,

the workspace acted on, and the form of integration. Second, each property must

separate at least two of the surveyed methods without merely restating another

property. Third, its values must be recoverable from the method definition and

connect to an interpretable implementation or deployment consideration, such as

insertion coverage, mergeability, parameter sharing, or added computation. The set

is therefore a motivated descriptive basis for the seven methods analysed here, not

an exhaustive or uniquely correct taxonomy of all PEFT designs.

1. Intra-connectivity (Clune et al., 2013; Meunier et al., 2010) — dense, sparse,

or none. This describes the internal topology of the PEFT module itself, i.e.,

how the module’s own parameters or subcomponents are connected before

its output is passed to the host model. A dense intra-connectivity means

that the module contains a broadly connected computation block, such as

an embedding layer, a multilayer perceptron, or a self-attention block. A

sparse intra-connectivity would mean that only a restricted subset of internal

connections is active within the module. A value of none means that the

module does not contain an internally connected computation block at all,

but instead consists only of directly learned parameter vectors or tensors. In

this chapter, intra-connectivity matters because it partly determines module

compute, parameter footprint, and the kind of transformation the module can

perform.
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2. Inter-connectivity (Clune et al., 2013; Meunier et al., 2010) — fixed and

dense, fixed and sparse, or dynamic. This describes how the module’s out-

put is connected to the host computation. A fixed connection means that the

output-to-host interaction pattern does not depend on the input. Within this

case, fixed and dense means that all output channels interact with the host,

whereas fixed and sparse means that only a restricted subset of output channels

does. A dynamic connection means that the effective output-to-host interac-

tion pattern depends on the input, as in attention-based modules where the

realised coupling is determined by input-conditioned attention weights rather

than by a fixed MLP-style transformation. This property matters because

it determines whether the module’s influence on the host is input-invariant

or input-conditioned, and whether that influence is broadly distributed or re-

stricted to a subset of output channels.

3. Parameters adapted (Ding et al., 2023) — direct addition or reparameteri-

sation. This describes how new trainable parameters are introduced into the

adaptation. In direct addition, the PEFT method adds trainable parameters

as an explicit module alongside the frozen host computation, without con-

straining them through a parameterisation of an existing host component. In

reparameterisation, new trainable parameters are still introduced, but they are

organised through a structured parameterisation of an existing host compu-

tation, for example by expressing an update in a constrained low-rank form.

This distinction matters because it affects mergeability, parameter footprint,

and the degree to which the PEFT method behaves as a separate additive

module or as a structured reshaping of host computation.

4. Parameter sharing or tying— shared, tied, or none. This describes whether

different instances or subcomponents of a PEFT module reuse the same pa-

rameters or are constrained to remain similar. Shared means that the same

parameters are reused across multiple parts of the module; tied means that

distinct parameter sets are retained but encouraged to stay close; and none
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means that no such relation is imposed. This property matters because shar-

ing or tying can reduce parameter count, act as a regulariser, and introduce

useful inductive bias (Ruder, 2017; Lan et al., 2020).

5. Input type (Pfeiffer et al., 2023; Auda and Kamel, 1999) — hidden rep-

resentations, data, or weights. This describes the kind of object the PEFT

module takes as its immediate input before producing its contribution to the

host model. An input type of hidden representations means that the module

operates on already contextualised activations from the host computation. An

input type of data means that the module receives the same input signal as

the host component it collaborates with. An input type of weights means that

the module begins from directly learned parameter objects, such as prompt-

like vectors or matrices, rather than from activations passed to it by the host.

This property matters because it distinguishes modules that transform host-

produced states from modules that alter conditioning or directly introduce

learned parameter objects into the computation.

6. Insertion form (Pfeiffer et al., 2023; Auda and Kamel, 1999) — sequential

or parallel. This describes how the PEFT module is positioned relative to

the host computation it collaborates with. A sequential insertion means that

the module receives the output of a host component and then feeds its own

contribution back into the host flow. A parallel insertion means that the

module receives the same input as the host component it collaborates with

and contributes alongside it. This property matters because it affects both

how the module interacts with host computation and what kinds of training,

deployment, or mergeability trade-offs arise.

7. Number of insertions — one layer, selected layers, or all layers. This

describes how widely instances of the PEFT module are distributed across

the host model. A value of one layer means that the module is inserted at a

single location, such as the embedding layer. A value of selected layers means
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that module instances are inserted only at a chosen subset of host layers. A

value of all layers means that the module is inserted throughout the repeated

Transformer stack. This property matters because it affects parameter count,

compute overhead, and the extent to which adaptation is localised to a small

part of the host or distributed across the model more broadly.

8. Integration form (Auda and Kamel, 1999) — concatenation, scaled addition,

direct addition, gated addition, or rescaling. This describes how the module’s

output is incorporated into the host computation. Concatenation means that

the module contributes additional representations that are appended to the

host input at the relevant workspace. Direct addition means that the mod-

ule output is added directly to the host computation. Scaled addition means

that the added contribution is modulated by an explicit scaling factor. Gated

addition means that the module contribution is controlled by an input- or

parameter-dependent gate. Rescaling means that the module modulates ex-

isting host activations multiplicatively rather than by adding a new signal.

This property matters because it affects how strongly the module can influ-

ence host computation, how explicitly that influence can be controlled, and

whether the resulting contribution is easy to merge, suppress, or reinterpret

at deployment time.

9. Workspace — embedding layer, attention layer, feed-forward layer, or a more

specific locus within those. This property describes the part of the host model

over which the PEFT module operates. An embedding-layer workspace means

that the module acts at the level of input representations before the repeated

Transformer computation begins. An attention-layer workspace means that

the module acts on attention-related computations, such as projections or

attention-conditioned representations. A feed-forward-layer workspace means

that the module acts on the transformation of hidden states within the host

model’s feed-forward subcomponents. More specific workspace values identify

either a narrower locus within these broader regions, such as attention queries
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and values or feed-forward intermediate representations, or a combination of

loci, for example the embedding layer together with attention keys and values.

This property is especially important in PEFT-Ref because it provides the

clearest structural link between a module and the part of host computation it

can most directly influence.

These PEFT-Ref properties can be related back to the broader structural proper-

ties introduced in Chapter 2. In particular, boundary concerns what counts as the

PEFT module as a reusable object, and is captured here most directly through intra-

connectivity, parameters adapted, parameter sharing or tying, and number of inser-

tions. Interface concerns the signals exchanged between the module and the host

model, and is refined here into input type, insertion form, and inter-connectivity.

Workspace is retained as a separate property, since it identifies the part of the host

system over which the module operates, rather than the signals or coupling pat-

tern alone. Integration form is likewise retained directly, since it specifies how the

module’s contribution enters the host computation.

Taken together, these properties are structural descriptors. Later in Part II I use

them to formulate, rather than establish, hypotheses about functional reuse: Chap-

ter 5 asks how structural differences are associated with portability, while Chapter 6

asks how selected properties can be controlled under explicit adaptation budgets.

4.2.1 Positioning relative to prior work

Chapter 2 reviews the broader literature on modularity and PEFT. Here I position

PEFT-Ref relative to the most closely related attempts to unify and compare PEFT

methods.

He et al. (2022) propose a unified functional view of several PEFT methods, de-

scribing common insertion patterns and composition operations. PEFT-Ref differs

in two main ways. First, it provides a reference architecture that explicitly separates

where a module interacts with the host model (its insertion location and workspace)

from how its contribution is integrated. This avoids forcing all PEFT methods into
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a single down–nonlinearity–up template and accommodates prompt-like methods,

rescaling methods, and attention-based variants. Second, PEFT-Ref defines a typol-

ogy of structural properties with concrete values that support systematic side-by-side

characterisation across a wider range of techniques.

Pfeiffer et al. (2023) present a broad unified view of modular deep learning, cov-

ering dimensions such as implementation and aggregation. PEFT-Ref complements

this perspective by providing a more fine-grained and PEFT-specific description of

module implementation: it makes explicit the insertion interface, workspace locus,

and integration form in a way that directly supports later comparison and reuse

analysis.

Survey and tooling efforts such as Ding et al. (2023) and UniPELT (Mao et al.,

2022) contribute valuable empirical coverage and engineering support for training

and composing PEFT methods. PEFT-Ref targets a different gap: a standardised

descriptive scaffold that makes structural differences explicit and thereby supports

principled comparison, interpretation of trade-offs, and later hypothesis generation

about reuse behaviour.

4.3 Characterising PEFT techniques with PEFT-

Ref

In this section, I apply PEFT-Ref to seven widely used PEFT techniques. I focus

on methods that introduce and train topologically distinct adaptation components

that can be treated as reusable PEFT modules. This scope excludes heuristic subset-

finetuning approaches that update only selected host-model parameters (Lee et al.,

2019; Zaken et al., 2022). The selected techniques are effective and widely used in

downstream and practical settings (Ding et al., 2023; Liu et al., 2022). The seven

descriptions show how each method instantiates a different reusable-module profile.

Table 4.1 provides the reference summary; the technique-level discussion returns

selectively to the relevant property values.
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How PEFT-Ref is applied in this section. Each subsection begins with a

compact PEFT-Ref profile stating the relevant property values. I then explain the

technique in terms of those properties: what component is introduced, where it is

inserted, what workspace it acts over, and how it collaborates with the host model.

This is the main difference PEFT-Ref is meant to make in the chapter: it turns

technique descriptions into explicit structural comparisons.

4.3.1 Prompt-Tuning

PEFT-Ref profile. Intra-connectivity = dense: embedding; Inter-connectivity =

fixed and dense; Parameters adapted = direct addition; Sharing or tying = none; In-

put type = weights; Insertion form = parallel; # Insertions = one layer; Integration

form = concatenation; Workspace = embedding layer.

Prompt-Tuning (Lester et al., 2021) introduces learned prompt vectors at the

input-embedding level. For a learned prompt matrix P ∈ Rn×dm and token-embedding

sequence E(x), the frozen host receives the concatenated sequence [P ;E(x)]; only

P is updated. Through the PEFT-Ref lens, its defining structural choice is that the

module lives entirely in the embedding workspace and is inserted only once, before

the repeated Transformer layers. The module itself is a learned embedding table

rather than a deeper transformation network.

This makes Prompt-Tuning computationally light and easy to store, but also

means that the module influences the host model only through input conditioning.

In PEFT-Ref terms, the module has a narrow workspace, one insertion point, and

a fixed and dense interface with the host. Those properties help explain both its

efficiency and the fact that it relies heavily on the frozen host model to propagate

task-relevant information through later layers.

4.3.2 Prefix-Tuning

PEFT-Ref profile. Intra-connectivity = dense: non-linear MLP; Inter-connectivity

= fixed and dense; Parameters adapted = direct addition; Sharing or tying = none;
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Input type = weights; Insertion form = parallel; # Insertions = all layers; Inte-

gration form = gated addition; Workspace = embedding layer; attention keys and

values.

Prefix-Tuning (Li and Liang, 2021) extends the prompt-based idea by learning a

module gϕ that produces layer-specific prefix keys and values (Kp
ℓ , V

p
ℓ ). At layer ℓ,

attention is evaluated as Attn(Qℓ, [K
p
ℓ ;Kℓ], [V

p
ℓ ;Vℓ]), while the host parameters re-

main frozen. In PEFT-Ref terms, Prefix-Tuning differs from Prompt-Tuning along

several dimensions at once: it uses a non-linear module internally, operates over an

attention-related workspace, and is distributed across all layers rather than concen-

trated at the embedding layer alone.

4.3.3 LoRA

PEFT-Ref profile. Intra-connectivity = dense: linear MLP; Inter-connectivity =

fixed and dense; Parameters adapted = reparameterisation; Sharing or tying = none;

Input type = data; Insertion form = parallel; # Insertions = all layers; Integration

form = scaled addition; Workspace = attention queries and values.

LoRA (Hu et al., 2021) reparameterises a selected frozen weight W through

low-rank factors A ∈ Rr×din and B ∈ Rdout×r. Its forward map is Weffx = Wx +

(α/r)BAx, with A and B trainable and W frozen. This is the clearest example in

the chapter of the reparameterisation value of the ‘Parameters adapted’ property.

Its module operates in parallel with the host computation and contributes through

scaled addition.

PEFT-Ref makes the deployment-relevant features of LoRA explicit: it modifies

selected attention projections, uses a low-rank reparameterisation, and can often

be merged into the host weights at inference time. These properties are consistent

with its low storage and serving overhead, but they do not by themselves explain

its popularity or task performance. They matter again in Chapter 6, where the

low-rank contribution is treated as one pathway in a budgeted adaptation setup.
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4.3.4 Houlsby-style Adapters

PEFT-Ref profile. Intra-connectivity = dense: non-linear MLP; Inter-connectivity

= fixed and dense; Parameters adapted = direct addition; Sharing or tying = none;

Input type = hidden representations; Insertion form = sequential; # Insertions = all

layers; Integration form = direct addition; Workspace = attention and feed-forward

blocks.

Houlsby-style Adapters (Houlsby et al., 2019) insert bottleneck feed-forward

modules after host subcomponents. For a hidden state h, a representative adapter

computes h′ = h + Wupσ(Wdownh), with the host frozen and the two adapter ma-

trices trainable. Through the PEFT-Ref lens, their defining structural profile is a

sequential insertion form operating on hidden representations rather than directly

on weights or prompt-like inputs.

This structure makes Houlsby-style Adapters broad-purpose and easy to apply

across layers, but it also means that they add extra hidden-state computation at

inference time unless special compression or dropping schemes are used. PEFT-

Ref also makes clear why adapter-family methods are easy to compare against each

other: many of their variants keep the same workspace and integration form while

altering other properties such as intra-connectivity or sharing.

4.3.5 Tiny-Attention Adapters

PEFT-Ref profile. Intra-connectivity = dense: self-attention; Inter-connectivity

= dynamic; Parameters adapted = direct addition; Sharing or tying = none; Input

type = hidden representations; Insertion form = sequential; # Insertions = all layers;

Integration form = direct addition; Workspace = attention block.

Tiny-Attention Adapters (Zhao et al., 2022) replace the bottleneck feed-forward

transformation with a small trainable attention module, giving a representative

residual form h′ = h+Attnϕ(h). The relevant PEFT-Ref distinctions are the change

in intra-connectivity and the input-conditioned inter-connectivity of the added at-

tention computation.
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In the typology, the method preserves the adapter-style sequential integration

pattern while changing the module’s internal topology and interaction dynamics.

This is a descriptive distinction that can be tested against later reuse results.

4.3.6 Compacters

PEFT-Ref profile. Intra-connectivity = dense: non-linear MLP; Inter-connectivity

= fixed and dense; Parameters adapted = direct addition; Sharing or tying = shared;

Input type = hidden representations; Insertion form = sequential; # Insertions = all

layers; Integration form = direct addition; Workspace = attention and feed-forward

blocks.

Compacters (Karimi Mahabadi et al., 2021) preserve the adapter residual form

but replace the dense adapter matrices with sums of Kronecker-product factors, for

example W =
∑k

i=1Ai ⊗ Bi, with selected factors shared across layers. In PEFT-

Ref terms, the defining difference from Houlsby-style Adapters lies primarily in the

‘Sharing or tying’ property rather than in workspace or insertion form.

The classification therefore places Compacters in the adapter family while record-

ing their distinct parameter-sharing regime; the resulting parameter savings follow

from the structured factorisation rather than from the classification itself.

4.3.7 (IA)3

PEFT-Ref profile. Intra-connectivity = none; Inter-connectivity = fixed and

dense; Parameters adapted = direct addition; Sharing or tying = none; Input type

= weights; Insertion form = sequential; # Insertions = all layers; Integration form

= rescaling; Workspace = attention keys and values and feed-forward intermediate

representations.

(IA)3 (Liu et al., 2022) does not introduce an internally connected module net-

work. Instead, learned vectors rescale selected activations elementwise, for example

K ′ = lk ⊙ K, V ′ = lv ⊙ V , and f ′ = lf ⊙ f for attention keys, values, and feed-

forward intermediate activations. The host weights remain frozen. The key distin-
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guishing properties are therefore Intra-connectivity = none and Integration

form = rescaling.

Those properties make (IA)3 particularly lightweight at inference time and parameter-

efficient in storage. They also distinguish it from the adapter family: although it

is inserted throughout the host model, it collaborates with host computation by

multiplicative rescaling instead of direct or scaled addition.

4.4 Efficiency and performance comparisons with

PEFT-Ref

In this section, I use PEFT-Ref to compare the seven techniques along two broad

dimensions: efficiency trade-offs and representative task-performance evidence. This

focused comparison relates recurrent patterns to structural properties while retaining

the reported benchmark outcomes and their limitations.

4.4.1 Efficiency trade-offs under the PEFT-Ref lens

Module compute and parameter footprint

Table 4.2 summarises each technique by (i) the time complexity per token of the

added module computation and (ii) the number of parameters added per Trans-

former layer. Through the PEFT-Ref lens, the main structural drivers of these costs

are intra-connectivity, input type, workspace, and number of insertions. In

this comparison, I account only for the added module-side cost of producing the

output that is then integrated into the frozen host model, not for the cost of the

frozen host model itself.

Table 4.2 supports two descriptive comparisons. Techniques with minimal intra-

connectivity, a narrow workspace, or limited number of insertions, such as

Prompt-Tuning and (IA)3, have low module-side parameter and compute costs.

Techniques can nevertheless occupy similar cost ranges while differing in parame-
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Technique Module complexity Parameters per Transformer layer

Prompt-Tuning O(1) ndm
Prefix-Tuning O(dhdm) ndm + d2m + 2dh dm
LoRA O(rdm) 4rdm
Tiny-Attention Adapters O(T ) 4 dm
Houlsby-style Adapters O(dhdm) 4dh dm
Compacters O

(
dhdm

N

)
4(dh + dm)

(IA)3 O(1) 6 dm

Table 4.2: Representative module-compute and parameter-footprint comparison for
seven PEFT techniques. Here dm is the model dimension; dh is the module or
bottleneck dimension where relevant; n is prompt or prefix length; r is LoRA rank;
T is the input sequence length; and N is the reduction dimension in Compacters.
Here, O(1) denotes modules whose output can be produced in a single step from
their parameters, for example through a fixed-length embedding lookup or directly
learned parameter vectors.

ters adapted, insertion form, integration form, and workspace; raw param-

eter count therefore does not specify the whole deployment profile.

Training dynamics: convergence and stability

Parameter efficiency does not necessarily translate into learning efficiency. Ding

et al. (2023) report that full fine-tuning typically converges fastest, followed by

Houlsby-style Adapters and LoRA, then Prefix-Tuning, while Prompt-Tuning con-

verges slowest; as host models grow in size, PEFT convergence tends to improve.

These findings suggest that convergence can be more sensitive to structural profile

than to raw parameter count alone.

PEFT-Ref helps interpret those differences by making the relevant structural

contrasts explicit. Prompt-Tuning combines workspace = embedding layer with

number of insertions = one layer, so adaptation is localised to the input interface

and must rely on the frozen host model to propagate task-specific effects through

later layers. Relative to Prompt-Tuning, Prefix-Tuning broadens the workspace

from the embedding layer alone to the embedding layer together with attention keys

and values, and increases the number of insertions from one layer to all layers plus

the embedding layer. This gives Prefix-Tuning deeper access to repeated attention

computation, but it still depends on a module that produces prompt-like condition-
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ing objects rather than directly modifying repeated hidden-state computation. By

contrast, LoRA and Houlsby-style Adapters both interact with repeated layerwise

computation throughout the Transformer stack, but do so through different PEFT-

Ref profiles: LoRA uses parameters adapted = reparameterisation, insertion

form = parallel, and workspace = attention projections, whereas Houlsby-

style Adapters use parameters adapted = direct addition, insertion form =

sequential, and workspace = attention and feed-forward blocks. These are

not the only determinants of convergence, but they are structural differences that

PEFT-Ref makes explicit and therefore interpretable.

Chen et al. (2022) additionally show that PEFT methods, like full fine-tuning,

can exhibit performance fluctuations across seeds, and that reducing the number

of trainable parameters can improve stability. Through the PEFT-Ref lens, this

again points to a structural trade-off rather than a purely numerical one: choices

about parameter sharing or tying, number of insertions, input type, and

integration form can all affect optimisation behaviour.

Training-time gradient flow. In most PEFT settings, gradients are computed

only for the module parameters while the host model remains frozen. The extent

to which backpropagation must traverse the host computation graph depends most

directly on workspace, insertion form, and number of insertions. Modules

that operate earlier, such as prompt- or prefix-style conditioning at the embedding

interface, require gradients to flow back to those earlier insertion points. Modules

inserted locally within repeated Transformer blocks, such as LoRA or Houlsby-style

Adapters, primarily require gradients through the local integration at those blocks.

This is another example of a practical training consideration that PEFT-Ref makes

easier to compare structurally.

Storage and deployment considerations

A major practical advantage of PEFT is storage: instead of saving a full fine-

tuned model, one can store only the task-specific module parameters, often reducing
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storage from gigabytes to megabytes. This enables one frozen host model to serve

many tasks through multiple interchangeable PEFT modules. PEFT-Ref highlights

which structural properties most directly control these savings, especially number

of insertions, workspace, intra-connectivity, and whether the technique uses

direct addition or reparameterisation.

Inference latency. Inference-time trade-offs also follow from PEFT-Ref proper-

ties. Prompt-Tuning and Prefix-Tuning primarily affect inference by consuming con-

text length through their prompt-side conditioning, which reflects their workspace

and integration form. LoRA is attractive in deployment partly because its pa-

rameters adapted = reparameterisation profile allows the low-rank update to

be merged into the host weights (Hu et al., 2021), avoiding additional inference-

time module computation. (IA)3 likewise introduces minimal latency because its

integration form = rescaling is computationally light. In contrast, sequential

hidden-state modules such as Houlsby-style Adapters and their variants combine

insertion form = sequential with broader hidden-state workspaces, so they

add explicit extra computation unless mitigated by methods such as AdapterDrop

(Rücklé et al., 2021).

4.4.2 Representative task-performance evidence

This section summarises representative comparative evidence from the literature

and relates the observed patterns back to PEFT-Ref properties. The goal is not

to reproduce the full appendix collation in the main body, but to provide enough

evidence here to support the design claims made later in the chapter. The fuller

paper-by-paper table remains in Appendix B.1.1.

Table 4.3 reports that LoRA is frequently among the strongest methods in

the selected comparative studies (Ding et al., 2023; Liu et al., 2022). It leads on

sentiment analysis, emotion classification, multiple-choice question answering, and

summarisation-style averages in those studies, while remaining competitive else-
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Task family Representative evidence Leading techniques PEFT-Ref
interpretation

Sentiment
classification

T5-base averages in Ding
et al. (2023): LoRA is
strongest on sentiment
analysis (93.09) and emotion
classification (68.70), ahead
of Prefix-Tuning and
Houlsby-style Adapters;
Prompt-Tuning is clearly
weaker.

LoRA strongest;
Houlsby-style
Adapters
competitive;
Prefix-Tuning slightly
behind.

LoRA combines a
lightweight structural
profile with direct
intervention in attention
projections, giving it broad
leverage without the
deployment overhead of
sequential hidden-state
modules.

Natural language
inference and
hate-speech
detection

In the same averages,
Houlsby-style Adapters
slightly outperform LoRA on
natural language inference
(83.06 vs. 82.73) and
hate-speech detection (86.02
vs. 85.22), while both
substantially outperform
Prompt-Tuning (Ding et al.,
2023).

Houlsby-style
Adapters strongest;
LoRA close behind.

Repeated sequential
hidden-state adaptation
over attention and
feed-forward workspaces
may be especially effective
where broader layerwise
adaptation matters.

Multiple-choice
question
answering and
commonsense
reasoning

For multiple-choice question
answering, LoRA leads
(58.67), ahead of
Houlsby-style Adapters
(56.11), Prefix-Tuning
(53.93), and Prompt-Tuning
(46.93) (Ding et al., 2023).
In T0-3B few-shot
commonsense reasoning,
(IA)3 is strongest (68.01),
followed by LoRA (66.23)
and Compacters (65.65) (Liu
et al., 2022).

LoRA frequently
strong; (IA)3

especially competitive
in some
reasoning-heavy
settings.

The shared PEFT-Ref
pattern is direct influence
over repeated internal
computation: LoRA via
attention
reparameterisation, and
(IA)3 via lightweight
rescaling of attention- and
feed-forward-related
activations.

Summarisation
and generation

In summarisation averages,
LoRA (35.44) and
Houlsby-style Adapters
(35.38) are nearly tied and
both outperform
Prefix-Tuning (33.61) and
Prompt-Tuning (30.35)
(Ding et al., 2023). Other
comparative studies also
report Prefix-Tuning as
competitive in generation
settings (Li and Liang, 2021;
Liu et al., 2022; Xu et al.,
2022).

LoRA and
Houlsby-style
Adapters strong;
Prefix-Tuning often
competitive.

PEFT-Ref suggests a
trade-off between richer
conditioning breadth
(Prefix-Tuning) and lighter
parameter / deployment
profiles (LoRA), while
adapter-style methods
provide broader sequential
hidden-state interaction.

Word-sense
disambiguation
and fine-grained
lexical tasks

On WiC, Compacters
achieve the strongest score
(55.33), narrowly ahead of
LoRA (54.86), Houlsby-style
Adapters (54.70), and (IA)3

(54.23) (Liu et al., 2022).

Compacters
strongest; LoRA and
Houlsby-style
Adapters
competitive.

Here, PEFT-Ref highlights
parameter sharing as the
key differentiating
structural property,
suggesting that compact
shared bottleneck-style
modules can remain
competitive on fine-grained
discrimination tasks.

Table 4.3: Representative comparative findings brought into the main body from the
literature surveyed in Appendix B.1.1. The fuller paper-by-paper collation remains
in the appendix; the present table is intended to support the chapter’s qualitative
comparative claims.
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where. Its PEFT-Ref profile records attention-projection reparameterisation, paral-

lel insertion, and scaled addition. These features describe how LoRA intervenes in

repeated attention computation and why it can be lightweight at deployment; the

comparisons do not isolate them as causes of task performance.

Adapter-family methods are also competitive in the selected studies and are

strongest in some reported natural-language-inference and hate-speech comparisons

(Ding et al., 2023; Liu et al., 2022). Their structural profile gives them repeated se-

quential access to hidden representations across attention and feed-forward workspaces.

This breadth is a candidate explanation for the result, not a causal conclusion from

the literature comparison.

No single PEFT-Ref profile dominates the task families included in Table 4.3

(Ding et al., 2023; Liu et al., 2022; Li and Liang, 2021; Xu et al., 2022). Prefix-

Tuning is competitive in some generation settings, (IA)3 in some reasoning compar-

isons, and Compacters on WiC. The structural properties organise these compar-

isons and motivate hypotheses for later testing; they do not mechanically determine

performance.

4.5 Implications of PEFT-Ref for module design

and thesis progression

This section uses PEFT-Ref’s structural descriptions to formulate conditional hy-

potheses about module selection and future module design. The hypotheses connect

explicit structural differences to the reuse, portability, and budgeted-organisation

questions in later chapters. They require task-specific empirical testing and are not

universal prescriptions.

4.5.1 Design implications for selecting PEFT modules

The observations below are intended as evidence-grounded design hypotheses rather

than universal prescriptions. Their role in the thesis is to show how PEFT-Ref can
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make technique choice more explainable by linking candidate task requirements to

explicit structural properties.

Embedding-workspace conditioning under tight budgets. A first PEFT-

Ref-based hypothesis is that techniques operating primarily through the embedding

workspace, especially with low module complexity and limited insertion coverage, are

low-cost candidates when the adaptation budget is tight and input-side conditioning

is plausible. Prompt-Tuning has this profile: workspace = embedding layer, insertion

form = parallel, and #insertions = one layer. Table 4.2 confirms its low module-

side parameter and compute costs, while large-model results show that prompt-

style conditioning can perform strongly on some tasks (Lester et al., 2021; Ding

et al., 2023). These observations motivate including Prompt-Tuning in a budgeted

comparison; they do not establish that it should be selected before alternatives

without task-specific validation.

Attention workspaces for context-sensitive tasks. A second PEFT-Ref-based

hypothesis concerns tasks that depend strongly on routing and combining contextual

information. In the literature summarised in Table 4.3, LoRA is frequently compet-

itive on question-answering-style tasks and other settings where attention manage-

ment matters. Through the PEFT-Ref lens, the relevant properties are workspace

= attention projections, parameters adapted = reparameterisation, and integration

form = scaled addition. These properties provide a plausible structural explanation

for why LoRA can work well in context-sensitive tasks: it intervenes directly in

the computations that determine how information is selected and combined, while

remaining relatively lightweight for deployment.

Generation tasks and the trade-off between conditioning breadth and

efficiency. For generation tasks such as summarisation and data-to-text, both

the evidence summarised in Table 4.3 and prior comparative studies suggest that

Prefix-Tuning and LoRA can be strong options (Li and Liang, 2021; Liu et al.,

81



2022; Xu et al., 2022; Ding et al., 2023). PEFT-Ref helps articulate the trade-off.

Prefix-Tuning broadens the workspace to include attention keys and values across

layers, which may provide a richer conditioning signal. LoRA, by contrast, often

achieves a more efficient deployment profile through low-rank reparameterisation

and mergeability. This suggests a structural decision rule rather than a blanket

prescription: when the budget is tighter, LoRA may be preferable; when richer

prompt-side conditioning is worth the additional module cost, Prefix-Tuning may

be attractive.

Feed-forward workspaces as a design hypothesis for knowledge-heavy

tasks. PEFT-Ref also motivates a more speculative hypothesis: tasks with stronger

dependence on stored world knowledge or controlled content realisation may benefit

from modules that interact with feed-forward workspaces in addition to, or instead

of, attention workspaces. This hypothesis draws on the broader literature linking

Transformer feed-forward blocks to knowledge storage and retrieval (Dai et al., 2022)

and on the PEFT-Ref observation that adapter-family methods naturally interact

with hidden representations associated with attention and feed-forward computa-

tion. In the thesis, this hypothesis informed my reasoning about PEFT selection

in data-to-text settings by making workspace an explicit design variable and avoid-

ing the assumption that PEFT methods are interchangeable baselines. In the task

context discussed in Mille et al. (2024), it directed attention to methods that can

intervene in both attention-related and feed-forward computations associated with

content storage and transformation. I use PEFT-Ref as a taxonomy for comparison

and as a scaffold for task-specific module-selection hypotheses that can be tested

directly.

4.5.2 Design hypotheses and future module directions

PEFT-Ref also makes it easier to state future module directions as explicit structural

hypotheses rather than vague design intuitions.
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Parameter sharing across module instances. The ‘Sharing or tying’ property

is one such example. Parameter sharing and tying are well known to provide regu-

larisation and inductive-bias benefits in broader neural-network design (Yeh et al.,

2022). Within the PEFT techniques surveyed here, Compacters are the clearest

example of this property. A natural extension is to explore sharing or tying within a

module instance and across instances distributed over Transformer layers. The po-

tential benefit would be to reduce parameter count while encouraging more stable or

more general module behaviour. PEFT-Ref makes this extension explicit by record-

ing sharing as a structural property. This hypothesis is not pursued empirically in

later chapters, but is included here as a PEFT-Ref-motivated design direction.

Scaled addition for adapter-style modules. Another design direction concerns

Integration form. LoRA uses scaled addition, whereas Houlsby-style Adapters

use direct addition. A PEFT-Ref-motivated hypothesis is that introducing tunable

scaling into adapter-style modules could improve controllability of module–host in-

teraction, especially because such modules collaborate with multiple repeated host

subcomponents across the Transformer stack. With direct addition, each adapter

contribution is injected into the host flow without an explicit mechanism for control-

ling its magnitude relative to the frozen host computation. Scaled addition would

instead provide a direct handle on how strongly the module perturbs the host at

each insertion point. The potential benefit would be finer control over module influ-

ence and, potentially, greater stability when adaptation is distributed broadly across

layers. This is not yet a standard design choice in vanilla Houlsby-style Adapters,

though related work such as AdapterDrop shows that simple mechanisms for con-

trolling adapter contribution or presence can already yield useful practical gains

(Rücklé et al., 2021).

Selective insertion rather than uniform all-layer insertion. The ‘Number of

insertions’ property also motivates future work. Most widely used PEFT techniques

insert modules into all repeated Transformer layers (Ding et al., 2023; Pfeiffer et al.,
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2023), but PEFT-Ref makes it easy to ask whether that should always be the default.

A natural design hypothesis is that selective insertion into a subset of layers may

preserve much of the useful adaptation signal while reducing parameter and inference

cost. The benefit would be a better match between module placement and where

adaptation is most needed. This idea is not yet dominant in standard PEFT practice,

but heuristic fine-tuning work that selects only subsets of layers suggests a possible

route for designing more selective PEFT modules (Lee et al., 2019).

Alternative workspaces beyond the standard set. Finally, the ‘Workspace’

property highlights a broader design space. By treating workspace as an explicit

structural variable rather than leaving it implicit in the overall technique design,

PEFT-Ref makes it natural to ask whether other reusable workspaces should be

targeted. Most current PEFT methods operate over embedding, attention, or feed-

forward workspaces (Ding et al., 2023; Pfeiffer et al., 2023). One possibility is the

residual flow itself, i.e., the contextualised token representations that persist through

the host network. Another is to design PEFT-style modules that collaborate with

bias terms or LayerNorm-style components instead of directly fine-tuning them.

The potential advantage would be to preserve the host model’s stored knowledge

while still allowing targeted modulation of important computations. This direction

is only partially explored in current work: heuristic fine-tuning methods such as

BitFit and LayerNorm tuning (LN-Tuning) adapt these components directly (Zaken

et al., 2022; Qi et al., 2022), but PEFT-Ref suggests a further question of whether

explicit reusable modules could instead be built to interact with them.

4.6 Summary and thesis linkage

This chapter presented PEFT-Ref as a descriptive scaffold for treating PEFT tech-

niques as reusable modules. It provides a structural vocabulary for comparing tech-

niques in terms of intra-connectivity, inter-connectivity, parameters adapted, param-

eter sharing or tying, input type, insertion form, number of insertions, integration
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form, and workspace. Its contribution in this thesis is organisational: explicit struc-

tural profiles supplement method names and benchmark results. The typology does

not itself predict performance; it supplies variables and hypotheses for the empirical

analyses that follow.

The next chapter takes the first functional step beyond structural description.

If PEFT modules are to be treated as reusable artefacts in a functional sense, then

structural characterisation alone is not enough: they must also retain utility when

transferred outside their original training context. Chapter 5 therefore asks when

PEFT modules are portable across hosts and settings. Chapter 6 then asks the next

question: once reusable modules are identified, how can limited adaptation resources

be organised across them under explicit constraints?
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Modularity for Reusable Large Language Models: External PEFT Modules and
Internal Circuits

Chapter 5

PEFT-Port: On the Portability of

Parameter-Efficient Fine-Tuning

Modules

This chapter turns the structural account of PEFT modules in Chapter 4 into a

functional question. Chapter 4 described PEFT techniques as modules with explicit

interfaces, workspaces, and integration forms. Building on the conceptual framing

in Chapter 2, the present chapter asks whether such modules retain useful task-

specific behaviour when moved between paired checkpoints under constraints. The

functional property studied here is portability.

Chapter outline. Section 5.1 motivates portability as a requirement for treat-

ing PEFT modules as reusable adaptation artefacts. Section 5.2 introduces the

PEFT-Port protocol and comparison conditions, defines the chapter-local opera-

tional criteria, and positions the study relative to prior work on PEFT transfer

and related reuse settings. Section 5.3 describes the experimental design, including

host models, tasks, PEFT techniques, and matched-budget conventions. Section 5.4

presents a controlled-baseline study that tests distribution-matched initialisation as

an alternative explanation for the observed porting advantage. Section 5.5 reports

an extended portability study across tasks, models, and budgets, including zero-shot
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non-collapse rates and matched-budget portability criteria. Section 5.6 discusses the

dominant factors that govern portability and interprets trends through PEFT-Ref

properties (Chapter 4). Section 5.7 connects the results to budgeted adaptation in

Chapter 6 and to the broader thesis narrative. Finally, Section 5.8 provides a concise

chapter summary.

5.1 Why portability matters for PEFT as reusable

modules

In Chapter 4, I treated PEFT components as PEFT modules : detachable adaptation

components attached to a frozen host model, intended to support reuse through

storage, swapping, comparison, and budgeted adaptation. That structural account

is necessary, but it is not sufficient. A module is not reusable in a functional sense

merely because it is separable; it must also preserve useful behaviour when moved

outside the exact conditions in which it was trained.

As discussed conceptually in Chapter 2, this thesis distinguishes between the

structural characterisation of a module and reuse-relevant functional properties

such as portability. Chapter 4 provided that structural characterisation for PEFT

techniques by defining them as reusable PEFT modules with explicit interfaces,

workspaces, and integration forms. The present chapter builds on that foundation

for the external PEFT-module side of the thesis.

This chapter operationalises portability in a deliberately narrow setting: a mod-

ule trained on one checkpoint is imported into the corresponding same-scale raw or

instruction-tuned T5-family checkpoint and evaluated under matched post-porting

budgets. The hosts share architecture, tokenizer, tensor shapes, and a training

lineage; they are not independently initialised same-architecture models. Chap-

ter 5 therefore tests whether useful behaviour survives this controlled checkpoint-to-

checkpoint transfer, not whether arbitrary modules can move between independently

trained hosts.
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5.2 Preliminaries: portability protocol, controls,

and operational criteria

This section establishes the conceptual and operational scaffolding needed to in-

terpret the PEFT-Port experiments. Section 5.2.1 introduces the porting protocol

and comparison conditions, Section 5.2.2 defines the operational criteria reported in

the results, and Section 5.2.3 positions the study relative to prior work on PEFT

transfer and related reuse settings.

5.2.1 PEFT-Port protocol and comparison conditions

As discussed in Chapter 3, reuse claims in this thesis are evaluated under con-

trolled budgets and against baselines that rule out trivial explanations. PEFT-Port

instantiates that general methodological principle for cross-host transfer of PEFT

modules.

At a high level, the protocol has two stages. First, a PEFT module is trained

on an exporting host model. Second, the learned parameters are imported into the

corresponding same-scale host from the paired T5 v1.1/Flan-T5 checkpoint family,

where the module is either evaluated immediately or allowed additional post-porting

adaptation under a matched importing-side budget. Zero-shot portability is the

special case in which no post-porting updates are allowed.

This general porting-then-adaptation structure requires an initialisation con-

trol. An imported module might help because its parameters lie in a statistically

favourable region of the receiving model’s optimisation landscape, even when little

task-specific knowledge transfers. I therefore test whether the observed gain re-

flects functional encapsulation in the ported parameters or can be reproduced by a

distribution-matched random initialisation.

PEFT-Port evaluates portability with explicit controls. Across this chapter, I

report two complementary experimental grids: (i) a controlled-baseline study that

includes a distribution-matched initialisation control, and (ii) a broader full study
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across tasks, models, and budgets.

To isolate genuine transfer, I evaluate the following scenarios:

• Ported: train a PEFT module on an exporting host model, then import the

learned parameters into an importing host model.

• From scratch: train the same PEFT technique on the importing host model

from its default random initialisation.

• Distribution-matched (sampled): initialise a fresh importing-side module

by independently sampling each parameter tensor from a Gaussian distribution

that matches the corresponding ported tensor’s empirical mean and variance,

then train it under the same importing-side budget. The complete tensor-wise

sampling procedure is specified in Appendix C.2.3.

The distribution-matched baseline is used only in the controlled-baseline study

to test whether favourable first- and second-order parameter statistics can explain

the observed porting advantage. Appendix C.2.3 provides the complete construction

of this control.

Pre-porting and post-porting training. I refer to training on the exporting

side as pre-porting training. After import, I optionally allow post-porting adaptation

training under a controlled budget.

5.2.2 Operational definitions and reported measures

Building on the conceptual framing in Chapter 2 and the shared methodological

conventions in Chapter 3, I operationalise the reported portability measures in this

chapter as follows.

Zero-shot portability. Zero-shot portability refers to the case where the imported

module is evaluated on the importing host with no post-porting parameter updates.
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Zero-shot non-collapse. Zero-shot non-collapse refers to the case where the im-

ported module, evaluated with no post-porting updates, achieves non-zero task per-

formance on the importing host. I use this measure only as a weak indicator that im-

porting does not completely destroy task behaviour. Because non-zero performance

can still arise from the importing host or from task-specific chance behaviour, this

criterion is weaker than the later matched-baseline portability tests and should not

be interpreted on its own as sufficient evidence of useful transferred functionality.

Recovery of exporting-side performance. I say that a ported module recovers

exporting-side performance when, after post-porting adaptation, its importing-side

performance reaches at least 99% of the corresponding exporting-side performance

obtained before porting. If Ppre denotes the exporting-side pre-porting score and

Ppost denotes the importing-side post-porting score, then recovery is counted when

Ppost

Ppre

≥ 0.99.

I use 99% as a stringent operational threshold that permits a one-percentage-

point relative tolerance instead of requiring exact numerical equality. It is not

a statistical-equivalence margin or a universal definition of successful portability.

Counts based on it are conditional on this threshold and on the seed-averaged scores;

nearby cases could change category under a different tolerance. Accordingly, the

recovery and joint-criterion percentages are descriptive summaries of the evaluated

grid, not binary evidence that a PEFT technique is intrinsically portable.

Outperforming from scratch. A ported module is counted as outperforming

from scratch when, under the same post-porting learning-step budget, it achieves

a higher score than an architecturally identical importing-side module trained from

default initialisation.

Meeting both criteria. The strictest criterion used in the chapter requires that

a ported module both (i) outperform the matched from-scratch baseline and (ii)
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recover at least 99% of its exporting-side performance.

Cases and percentages. Unless otherwise stated, a case denotes one unique

experimental configuration in the grid after aggregating over the corresponding

repeated-seed runs: a particular combination of PEFT technique, task or dataset

setting, host-model pair, porting direction, and pre-/post-porting budget. The per-

centages reported in the results tables are therefore proportions of such cases satis-

fying the relevant criterion.

5.2.3 Positioning relative to prior work

Chapter 2 covers the broader landscape of PEFT and modular deep learning. Here I

position PEFT-Port relative to the most closely related prior work on PEFT transfer,

and to adjacent reuse settings that become relevant when asking how PEFT modules

are reused in practice.

One such related setting is compositionality : the question of whether separately

trained PEFT modules can be combined productively within a shared host model.

Prior work has explored this most notably for Houlsby-style Adapters in multilingual

and multi-task settings (Pfeiffer et al., 2020). In those studies, the main interest

is typically practical reuse within a single host, for example combining task and

language modules, rather than testing cross-host portability. More broadly, other

work has studied transferability without changing the host model, such as cross-task

transfer in prompt tuning (Su et al., 2022; Vu et al., 2022) and broader examinations

of task-level transfer across PEFT techniques (Ding et al., 2023). These studies show

that PEFT modules can capture reusable behaviour, but they do not usually ask

whether that behaviour survives movement across host models.

This difference in emphasis matters. Much of the prior literature is motivated by

practical transfer-learning questions in deep learning, such as whether adaptation

learned in one task or setting can be reused elsewhere, rather than by an explicit

modularity-for-reuse framework. In this thesis, by contrast, I adopt that modular
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perspective deliberately: building on Chapter 2 and Chapter 4, PEFT components

are treated as reusable PEFT modules, and properties such as compositionality and

portability are interpreted as reuse-relevant functional properties of those modules.

The present chapter targets paired-checkpoint portability. More specifically,

PEFT-Port asks whether a PEFT module trained on one host can be imported into

its corresponding same-scale raw or instruction-tuned checkpoint and remain useful

under controlled post-porting budgets. The chapter also includes a distribution-

matched initialisation control, so that an aggregate advantage of porting can be

compared with a baseline that preserves tensor-wise means and variances but not

the learned parameter arrangement.

Within this paired-checkpoint setting, a matched-budget advantage is evidence

that the learned parameter arrangement retains useful task information beyond

its exporting checkpoint. It is not evidence that architectural compatibility alone

is sufficient for portability. Independently trained same-architecture models can

implement features in unaligned parameter bases, so equal tensor shapes provide

an interface but not necessarily a compatible internal coordinate system. Testing

such hosts would require separate alignment methods or experiments and remains

outside this chapter’s scope.

5.3 Experimental design and common scaffolding

As discussed in Chapter 3, reuse claims in this thesis are evaluated under con-

trolled budgets and against baselines that rule out trivial explanations. The PEFT-

Port study instantiates that shared methodological scaffold for cross-host transfer

of PEFT modules. The porting protocol itself was introduced in Section 5.2.1; the

purpose of the present section is therefore not to restate that protocol, but to specify

the concrete experimental grid used to implement it in this chapter.

For the from-scratch condition, the importing-side module is initialised using

the standard initialisation of the corresponding PEFT method on the importing

host model. The full experimental grids and host-model pairings are reported in
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Appendix C.2.1; PEFT-specific and optimisation settings are reported in Appen-

dices C.2.5 and C.2.6, respectively.

Two complementary experimental grids. I report results from two PEFT-

Port experimental grids. First, a controlled-baseline study comprising 1,440

training/testing runs, reported in Section 5.4, which adds the distribution-matched

(sampled) initialisation control to distinguish genuine transfer from favourable ini-

tialisation. Second, a full study comprising 5,757 training/testing runs, reported

in Section 5.5, which expands the grid across multiple tasks, datasets, host-model

directions, and pre-/post-porting budgets to characterise portability patterns more

broadly.

Appendix C.2.1 summarises the two experimental grids, including their host-

model pairs, budgets, conditions, and seeds. Supplementary implementation details

are organised by purpose: dataset and split policy in Appendix C.2.2, evaluation

and aggregation in Appendix C.2.4, PEFT and training hyperparameters in Appen-

dices C.2.5 and C.2.6, and computational resources in Appendix C.2.7.

5.3.1 Host models

I use open-source T5 v1.1 models and their corresponding same-scale instruction-

tuned Flan-T5 variants.

This choice serves two purposes. First, it tests transfer across a practically

relevant change in checkpoint state: before and after instruction tuning. Second,

the paired checkpoints provide a controlled way to probe the role of pre-existing

task-relevant knowledge: instruction tuning can change task usability and zero-shot

performance (Chung et al., 2022), which may alter how much additional task infor-

mation a PEFT module must encode.

I therefore evaluate both directions (raw↔instruction-tuned) and analyse di-

rection effects in Section 5.5.5. The corresponding checkpoints share architecture,

tokenizer, layer shapes, and training lineage; the instruction-tuned host continues
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Instruction-tuned host Raw host #Params

Flan-T5 Base T5 v1.1 Base 250M
Flan-T5 Large T5 v1.1 Large 780M
Flan-T5 XL T5 v1.1 XL 3B

Table 5.1: Corresponding raw and instruction-tuned host models used in PEFT-
Port. Porting is performed only between same-scale host pairs.

from a pretrained T5-family state rather than from an independent random ini-

tialisation. This alignment makes direct tensor import feasible, but also limits the

inference: the study does not test different raw hosts, different instruction-tuned

hosts, or independently trained models that merely share an architecture. Archi-

tectural compatibility is necessary for the direct import used here, but it is not

sufficient to guarantee functional portability.

Table 5.1 summarises the host models used. Porting is restricted to correspond-

ing same-scale raw and instruction-tuned hosts: Base↔ Base, Large↔ Large, and,

in the full study, XL ↔ XL. No cross-scale porting is evaluated. The complete

host-pair and direction specification is provided in Appendix C.2.1.

5.3.2 Tasks and datasets

To keep evaluation comparable across raw and instruction-tuned hosts, tasks are

formulated as sequence prediction: the input is provided directly as the prompt,

without task descriptions or instruction prefixes, and the generated continuation is

interpreted as the output label or text.1

Table 5.2 summarises the task families, metrics, and datasets. Sentiment analy-

sis, natural-language inference, and paraphrase detection were selected because each

provides a paired same-task/different-dataset comparison (Rotten Tomatoes/SST-2,

MNLI/SICK, and MRPC/QQP), separating host transfer from an additional dataset

shift. SAMSum adds a generation task with a different metric and output struc-

1Instruction-tuned models can benefit disproportionately from explicit task descriptions and
instruction-style formatting (Chung et al., 2022; Wei et al., 2022). Using a minimal, prefix-free
formulation avoids conflating portability with differences in instruction-following behaviour and
keeps the evaluation protocol consistent across raw and instruction-tuned hosts.
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Task family Description Metric Datasets

Sentiment
analysis

Identifying the sentiment polarity in
a given sentence.

Accuracy SST-2
(Socher
et al., 2013);
Rotten
Tomatoes
(Pang and
Lee, 2005)

Natural
language
inference

Determining the relationship
between a premise and hypothesis
pair: whether the hypothesis is
entailed by, contradicts, or is
unrelated to the premise.

Accuracy MNLI
(Williams
et al., 2018);
SICK
(Marelli
et al., 2014)

Paraphrase
detection

Determining whether a pair of
sentences is semantically identical.

Accuracy QQP
(Sharma
et al., 2019);
MRPC
(Dolan and
Brockett,
2005)

Summarisation Summarising a given article. ROUGE-L SAMSum
(Gliwa et al.,
2019)

Table 5.2: Task families and datasets used in the PEFT-Port study.

ture. The controlled-baseline study uses sentiment because its paired datasets and

accuracy metric support a tractable, easily interpreted initialisation comparison; the

full study then broadens the evaluation to all four task families and seven datasets.

The exact prompt formats, target outputs, decoding and scoring procedures, and

dataset-split policy are documented in Appendix C.2.4 and Appendix C.2.2, respec-

tively.

5.3.3 PEFT techniques

I evaluate four PEFT techniques chosen to span distinct structural profiles in PEFT-

Ref: Houlsby-style Adapters provide sequential hidden-representation modules; Prefix-

Tuning provides context injection through attention keys and values; LoRA provides

direct low-rank weight reparameterisation; and Compacter provides a parameter-

shared, structured adapter. This selection enables a controlled comparison across
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PEFT Architecture Repeats Insertion Workspace
Compatibility
requirements

Prefix-Tuning non-linear
MLP

All layers Parallel Embedding;
attention
keys/values

Model
dimension,
#layers

LoRA linear MLP All layers Parallel Attention
query/values

Model
dimension,
#layers

Houlsby-style
Adapters

non-linear
MLP

All layers Sequential FFN and
attention
block

Model
dimension,
#layers

Compacter non-linear
MLP

All layers Sequential FFN and
attention
block

Model
dimension,
#layers

Table 5.3: Structural properties of the PEFT techniques used in this chapter, ex-
pressed using the PEFT-Ref typology introduced in Chapter 4. The final column
summarises the basic architectural compatibility required to import a module with-
out changing its interface. Note: Compacter uses a Kronecker-product reparame-
terisation of the Houlsby-style Adapters MLP.

insertion form, workspace, and parameter structure; it is not intended to be ex-

haustive of PEFT. The exact method-specific hyperparameters are reported in Ap-

pendix C.2.5 (Houlsby et al., 2019; Li and Liang, 2021; Hu et al., 2021; Karimi Ma-

habadi et al., 2021).

All four insert modules across Transformer layers, but they differ in where they

intervene. Houlsby-style Adapters and Compacter primarily modulate hidden repre-

sentations, whereas Prefix-Tuning and LoRA intervene through attention-side pro-

jections. This distinction is relevant because portability may depend on how tightly

a module’s parameters are coupled to host-specific parameter structure, for example

attention projections, versus acting through more representation-level transforma-

tions. Their key PEFT-Ref structural properties are summarised in Table 5.3.

For readability in figures, I use Adapters as shorthand for Houlsby-style Adapters.
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5.3.4 Budgets, steps, and seeds

The controlled-baseline study evaluates pre-porting budgets of 5K and 10K steps

and evaluates imported modules immediately after porting and after 0.5K, 1.5K,

and 3K post-porting steps across three random seeds: 124, 5090, and 675323. The

full study expands the pre-porting budgets to 5K, 10K, 20K, and 40K steps and

evaluates imported modules immediately after porting and after 0.5K, 1.5K, 3K, and

5K post-porting steps. It uses two random seeds, 124 and 5090, and the reported

full-grid performance results are averaged across them. Appendix C.2.1 provides the

complete study-level grid, while Appendix C.2.6 reports the optimisation settings,

batch sizes, and checkpointing procedures used within those budgets.

The 5K and 10K pre-porting checkpoints sample early adaptation, while 20K

and 40K sample more mature exporting-side modules; the post-porting checkpoints

similarly cover immediate transfer and progressively larger importing-side budgets.

These are discrete operating points chosen to reveal budget dependence, not a claim

that each method is evaluated at its optimum. Three seeds were affordable for the

narrower controlled study; the much larger full grid uses two seeds to keep the total

experiment tractable. Consequently, the full-grid means and threshold counts have

limited precision and should be read as descriptive patterns rather than fine-grained

rankings when differences are small.

5.4 Controlled-baseline study: testing favourable

initialisation

5.4.1 Study-specific experimental set-up

Before scaling to the full experimental grid, I first conducted a controlled-baseline

study designed to answer a narrower question: can the apparent benefits of portabil-

ity be explained primarily by favourable initialisation? This study comprises 1,440

training/testing runs and compares three importing-side conditions under matched
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post-porting budgets: ported, sampled (distribution-matched initialisation), and

from scratch. Unlike the broader full study in Section 5.5, this study is restricted

to sentiment analysis and is intended specifically to test whether the main portabil-

ity signal survives a stronger initialisation control. The exact distribution-matched

sampling procedure is specified in Appendix C.2.3, and the controlled-study grid is

summarised in Appendix C.2.1.

5.4.2 Aggregate results

Rows in Table 5.4 separate same-dataset and cross-dataset settings; columns com-

pare ported, distribution-matched sampled, and from-scratch conditions. Values are

mean accuracy with variance, aggregated over host pairs, budgets, and seeds. In

every PEFT row, the ported condition has the highest aggregate mean. For exam-

ple, same-dataset Houlsby-style Adapters achieve 0.895 when ported, compared with

0.777 when sampled and 0.765 from scratch; the cross-dataset values are 0.930, 0.797,

and 0.785. The sampled control therefore does not recover the aggregate porting

advantage. This is consistent with information being carried by the learned param-

eter arrangement rather than by tensor-wise mean and variance alone, although the

control does not exclude every possible initialisation-related explanation.

5.4.3 Porting-direction effects

Figure 5.1 separates the same- and cross-dataset settings by porting direction and

post-porting budget. Ported modules are blue, distribution-matched modules or-

ange, and from-scratch modules green. Porting advantages appear at small bud-

gets in many panels, while raw→instruction-tuned transfer shows stronger zero-

step and low-budget gains for several techniques than the reverse direction. The

controlled study therefore provides two bounded findings: tensor-wise distribution

matching does not reproduce the aggregate ported result, and the observed advan-

tage is direction-dependent. Section 5.5.5 examines the latter pattern in the full

study.
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(a) Same dataset: raw → instruction-tuned.

(b) Same dataset: instruction-tuned → raw.

Figure 5.1: Controlled-baseline results. Each chart shows average accuracy over
three seeds and the Base/Large host pairs for one PEFT technique, direction, and
pre-porting budget. Accuracy is plotted against post-porting steps; blue = ported,
orange = distribution-matched sampled, and green = from scratch. The panels are
enlarged and continued on the following page for readability.
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(c) Different datasets: raw → instruction-tuned.

(d) Different datasets: instruction-tuned → raw.

Figure 5.1: Controlled-baseline results (continued): different-dataset transfer.
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Setting PEFT Ported Sampled From scratch

Same dataset
(RT → RT)

Houlsby-style Adapters 0.895 (0.001) 0.777 (0.031) 0.765 (0.033)

Compacter 0.661 (0.037) 0.478 (0.140) 0.477 (0.140)

LoRA 0.600 (0.148) 0.480 (0.189) 0.544 (0.166)

Prefix-Tuning 0.751 (0.010) 0.692 (0.021) 0.685 (0.032)

Different datasets
(RT → SST-2)

Houlsby-style Adapters 0.930 (0.005) 0.797 (0.040) 0.785 (0.041)

Compacter 0.681 (0.037) 0.493 (0.147) 0.481 (0.147)

LoRA 0.629 (0.157) 0.502 (0.205) 0.561 (0.179)

Prefix-Tuning 0.829 (0.005) 0.734 (0.027) 0.743 (0.020)

Table 5.4: Mean accuracy (variance) for ported, sampled (distribution-matched),
and from-scratch scenarios on sentiment analysis. Values are aggregated over ex-
porting/importing model pairs (Base/Large; raw/Flan), pre-/post-porting step bud-
gets, and random seeds. RT denotes Rotten Tomatoes.

5.5 Full portability study: transfer across tasks,

models, and budgets

5.5.1 Study-specific experimental set-up

The full study extends the controlled-baseline analysis in Section 5.4 to a broader

grid spanning multiple tasks, datasets, host-model pairs, porting directions, and

pre-/post-porting budgets. Its purpose is not to revisit whether favourable ini-

tialisation can explain the porting signal; that question was addressed directly in

Section 5.4. Instead, the full study asks how portability behaves once the analysis

is scaled across task families, model scales, and adaptation budgets. Accordingly,

I report results at three levels: (i) overall performance patterns across the full ex-

perimental grid, (ii) zero-shot non-collapse as a weak indicator that importing does

not completely destroy task behaviour, and (iii) matched-budget portability criteria

that compare imported modules with from-scratch importing-side modules and with

their exporting-side performance.

The full-study grid, including the two seeds and same-scale host pairings, is

reported in Appendix C.2.1; the seed-aggregation and case-counting procedures used

for the reported percentages are specified in Appendix C.2.4.
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5.5.2 Descriptive overview of the full experimental grid

The full study spans four task families (sentiment analysis, natural language in-

ference, paraphrase detection, and summarisation), seven datasets, multiple host-

model pairs, two porting directions (raw↔instruction-tuned), and a range of pre-

and post-porting budgets.

Figure 5.2 separates same-dataset and different-dataset scenarios. Rows give

pre-porting budgets, columns give porting directions, coloured bars give the four

imported PEFT methods across post-porting budgets, black diamonds give matched

from-scratch baselines, and horizontal lines give exporting-side performance.
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Same-dataset scenario: Rotten Tomatoes (sentiment analysis)

Same-dataset scenario: MNLI (natural-language inference)

Figure 5.2: Performance of ported PEFT modules; black diamonds denote matched
from-scratch modules. Results are averaged over two seeds. Within each task panel,
rows are pre-porting budgets (5K, 10K, 20K, and 40K), columns are porting direc-
tions, and the x-axis gives post-porting steps (0, 0.5K, 1.5K, 3K, and 5K). The seven
task panels are enlarged across four consecutive pages so that labels and values re-
main readable.
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Same-dataset scenario: MRPC (paraphrase detection)

Same-dataset scenario: SAMSum (summarisation)

Figure 5.2: Performance of ported PEFT modules (continued): remaining same-
dataset tasks.
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Different-dataset scenario: SST-2 (sentiment analysis)

Different-dataset scenario: SICK (natural-language inference)

Figure 5.2: Performance of ported PEFT modules (continued): SST-2 and SICK.
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Different-dataset scenario: QQP (paraphrase detection)

Figure 5.2: Performance of ported PEFT modules (continued): QQP and the shared
legend.
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High-level trends. Three patterns are visible in Figure 5.2. First, the strongest

and most persistent gains appear in the sentiment-analysis and paraphrase-detection

subfigures, especially Rotten Tomatoes, SST-2, MRPC, and QQP, where the coloured

ported bars frequently sit above the black from-scratch diamonds across several

post-porting budgets. By contrast, the SAMSum summarisation subfigure shows

weaker and less consistent separation at small post-porting budgets, especially on the

instruction-tuned→raw side, while the MNLI and SICK natural-language-inference

subfigures are more mixed. Second, porting direction strongly governs zero-step

behaviour: in the right-hand halves of several subfigures, especially Rotten Toma-

toes, MRPC, SST-2, and QQP, the zero-step bars already show non-zero task

performance, whereas in the left-hand halves zero-step non-collapse is rarer, and

zero-step performance is often much lower. Third, same-task but different-dataset

transfer is often competitive with same-dataset transfer: comparing Rotten Toma-

toes with SST-2, MNLI with SICK, and MRPC with QQP, the different-dataset

subfigures frequently show qualitatively similar portability gains, especially in the

raw→instruction-tuned direction.

5.5.3 Zero-shot non-collapse rates

Zero-shot evaluation considers the importing host immediately after module import,

with no post-porting updates. Because the reported criterion here is simply non-

zero task performance, I treat this measure as zero-shot non-collapse rather than as

a strong test of portability success. It is useful as a weak indicator that importing

does not completely destroy task behaviour, but it should not on its own be inter-

preted as sufficient evidence of useful transferred functionality. Table 5.5 reports the

frequency of zero-shot non-collapse across the full grid, using the criterion defined

in Section 5.2.2.

The ‘Overall’ column reports the proportion of all evaluated cases in which the

imported module achieves non-zero zero-step task performance. The two direction-

specific columns split that same count by importing direction: instruction-tuned→raw
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PEFT
Overall
(%)

Instruction-tuned
to Raw

Raw to
Instruction-tuned

Houlsby-style
Adapters

73 cases
(43%)

22/84 (26%) 51/84 (60%)

Compacter
41 cases
(24%)

12/84 (14%) 29/84 (34%)

LoRA
39 cases
(23%)

12/84 (14%) 27/84 (32%)

Prefix
Tuning

77 cases
(45%)

12/84 (14%) 65/84 (77%)

Table 5.5: Rates of zero-shot non-collapse across models, tasks, and budgets.

and raw→instruction-tuned.

Two conclusions stand out. First, zero-shot non-collapse is common but technique-

dependent: Houlsby-style Adapters (43%) and Prefix-Tuning (45%) achieve the

highest overall rates, while LoRA (23%) and Compacter (24%) are lower. Sec-

ond, non-collapse is direction-asymmetric: all techniques have higher zero-step non-

collapse when porting raw→instruction-tuned than in the reverse direction, with

Prefix-Tuning showing the strongest asymmetry (77% versus 14%). These findings

are consistent with the qualitative direction effects already visible in Figure 5.2 and

motivate the pretrained-knowledge analysis in Section 5.5.5.

5.5.4 Matched-budget portability criteria

Matched-budget comparisons test whether importing provides a performance advan-

tage over training a new module from scratch under the same number of post-porting

learning steps. Such an advantage is consistent with the possibility of adaptation-

compute savings, but the present study does not directly measure steps-to-target,

floating-point operations, or wall-clock savings. I therefore report the frequency

with which a ported module (i) outperforms a from-scratch module under the same

post-porting budget and (ii) recovers its exporting-side performance.

The definition of a configuration-level case is given in Section 5.2.2, while the

repeated-seed aggregation used before counting cases is documented in Appendix C.2.4.
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Criterion I: Outperforming from-scratch baselines under matched post-

porting budgets

Table 5.6 reports the percentage of cases in which a ported module outperforms

its matched from-scratch counterpart under the same post-porting learning-step

budget. Figure 5.2 provides the corresponding fine-grained view: for each task

setting, the black diamonds mark from-scratch performance and the coloured bars

show ported-module performance under the same post-porting budget.

The ‘Overall’ column aggregates over all evaluated cases for a given PEFT

technique. The budget columns then split the same comparison by post-porting

learning-step budget, allowing the reader to see whether porting helps mainly at

very small importing-side budgets, mainly after more adaptation, or relatively con-

sistently across budgets.

Results and interpretation. Overall, Houlsby-style Adapters (58.92%) and Prefix-

Tuning (54.76%) most frequently outperform from scratch. Compacter is intermedi-

ate (51.19%) but shows a particularly strong advantage at the smallest post-porting

budget (0.5K: 75%) that diminishes with further importing-side adaptation, while

LoRA is the least consistently beneficial (39.73%). The budget breakdown therefore

suggests two different gain profiles: early gains, where importing is especially help-

ful at very small post-porting budgets, and persistent gains, where a ported module

remains competitive or superior across a wider budget range.

Figure 5.2 shows where these two gain profiles arise. In several task settings, the

gap between coloured bars and black diamonds is clearest at 0 or 0.5K post-porting

steps and then narrows at 3K or 5K, which is the visual signature of early gains.

In other settings, especially in several sentiment and paraphrase panels, the ported

bars remain above the black diamonds across multiple post-porting budgets, which

is the visual signature of more persistent gains.

109



PEFT Overall
Post-porting learning steps

0.5K 1.5K 3K 5K

Houlsby-style Adapters 58.92% 54.76% 61.90% 57.14% 61.90%
Compacter 51.19% 75.00% 50.60% 35.12% 44.05%
LoRA 39.73% 35.71% 39.88% 42.86% 40.48%
Prefix-Tuning 54.76% 64.88% 51.79% 52.98% 49.40%

Table 5.6: Percentage of cases where ported modules outperform from-scratch mod-
ules under matched post-porting budgets.

Criterion II: Recovering exporting-side performance

Table 5.7 reports how often ported modules recover at least 99% of their exporting-

side (pre-porting) performance after post-porting adaptation; that is, how often

the ratio of importing-side post-porting performance to exporting-side pre-porting

performance is at least 0.99 (Section 5.2.2).

The ‘Overall’ column reports the proportion of all evaluated cases in which a

ported module recovers at least 99% of its exporting-side performance. The budget

columns then split the same recovery criterion by post-porting learning-step budget,

allowing the reader to see how quickly each PEFT technique regains its exporting-

side level after import.

Results and interpretation. Recovery is strongly budget-dependent: for all

techniques, the proportion increases monotonically with post-porting steps. Houlsby-

style Adapters recover exporting-side performance most reliably overall (53.57%),

rising from 24.40% at 0.5K steps to 74.40% at 5K. Prefix-Tuning is intermediate

(38.10% overall), while LoRA is least likely to recover at small budgets (11.31% at

0.5K) but improves steadily with more adaptation (47.62% at 5K). Compacter also

improves with budget, but remains below Houlsby-style Adapters throughout.

Figure 5.3 complements Table 5.7 by showing where recovery is fast or slow

across tasks, porting directions, PEFT techniques, and budgets. Each heatmap cell

reports the ratio between importing-side post-porting performance and the corre-

sponding exporting-side pre-porting performance. Values near 100% indicate close

recovery, while values above 100% indicate that importing-side performance exceeds
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PEFT Overall
Post-porting learning steps

0.5K 1.5K 3K 5K

Houlsby-style Adapters 53.57% 24.40% 50.00% 65.48% 74.40%
Compacter 35.57% 13.10% 33.33% 41.67% 54.17%
LoRA 28.72% 11.31% 20.24% 35.71% 47.62%
Prefix-Tuning 38.10% 23.21% 33.93% 44.64% 50.60%

Table 5.7: Percentage of cases where ported modules recover at least 99% of
exporting-side performance after post-porting adaptation.

the exporting-side reference.

The heatmaps show that recovery is not distributed uniformly across the grid.

Recovery tends to concentrate more strongly in some task families and porting

directions than in others, and the raw→instruction-tuned direction more often ap-

proaches or exceeds full recovery at relatively small post-porting budgets. The figure

therefore adds a task- and direction-sensitive view that is not visible in the aggregate

percentages alone.
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Figure 5.3: Recovery of exporting-side performance across pre- and post-porting
budgets. Each cell is the importing-side score divided by the exporting-side score,
averaged across models and two seeds. Values near 100% indicate near recovery
and values above 100% exceed the exporting-side reference. The four panels are
presented on separate pages at full width for readability. This panel shows same-
dataset, instruction-tuned → raw transfer.
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Figure 5.3: Recovery heatmaps (continued): same-dataset, raw→ instruction-tuned
transfer.
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Figure 5.3: Recovery heatmaps (continued): different-dataset, instruction-tuned →
raw transfer.
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Figure 5.3: Recovery heatmaps (continued): different-dataset, raw → instruction-
tuned transfer.
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Criterion III: Satisfying both conditions

Table 5.8 reports the strictest condition used in the chapter: a ported module must

both (i) outperform the matched from-scratch module under the same post-porting

budget and (ii) recover at least 99% of its exporting-side performance.

The ‘Overall’ column reports the proportion of all evaluated cases in which both

conditions are satisfied simultaneously. The budget columns split that joint cri-

terion by post-porting learning-step budget, showing when a ported module both

outperforms the matched from-scratch baseline and approaches its exporting-side

level.

Results and interpretation. Under this joint criterion, successful cases gener-

ally become more frequent towards the higher-budget regime, although the trend is

not monotonic for every technique. Houlsby-style Adapters are most reliable over-

all (36.76%), rising from 13.69% at 0.5K steps to 51.79% at 5K. Prefix-Tuning is

second (30.21% overall) and also improves steadily with larger budgets. LoRA rises

from 2.98% at 0.5K to 26.19% at 5K. Compacter shows a non-monotonic pattern,

increasing from 12.50% at 0.5K to 18.45% at 1.5K, decreasing to 15.48% at 3K, and

then reaching 25.60% at 5K.

This joint criterion is stricter than either of the two previous ones taken alone.

A method can outperform from scratch without coming close to its exporting-side

performance, and it can recover its exporting-side performance without clearly out-

performing the matched from-scratch baseline. Requiring both conditions therefore

isolates the strongest observed portability cases: cases where importing is benefi-

cial relative to from-scratch training under the matched budget and also restores

performance close to the module’s exporting-side level.

Under this joint criterion, qualifying cases are selective and become more frequent

at larger post-porting budgets; within the evaluated grid, Houlsby-style Adapters

and Prefix-Tuning satisfy the criterion most often.
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PEFT Overall
Post-porting learning steps

0.5K 1.5K 3K 5K

Houlsby-style Adapters 36.76% 13.69% 36.31% 45.24% 51.79%
Compacter 18.01% 12.50% 18.45% 15.48% 25.60%
LoRA 15.63% 2.98% 11.31% 22.02% 26.19%
Prefix-Tuning 30.21% 20.83% 28.57% 33.93% 37.50%

Table 5.8: Percentage of cases where ported modules both outperform from-scratch
modules and recover at least 99% of exporting-side performance.

5.5.5 Pretrained task knowledge and porting direction

A key factor influencing portability is how much task-relevant information is already

present in the host model prior to PEFT tuning. This is reflected in the recovery

analysis relative to exporting-side performance (Table 5.7) and in the corresponding

heatmap view (Figure 5.3).

Results and interpretation. Two patterns stand out. First, when the raw→instruction-

tuned heatmaps are compared with the instruction-tuned→raw heatmaps, darker

cells and near- or above-100% values appear more frequently on the raw→instruction-

tuned side, especially for sentiment and paraphrase settings such as Rotten Tomatoes/SST-

2 and MRPC/QQP. Second, this asymmetry is strongest at zero-shot and small post-

porting budgets, but often remains visible even at 3K and 5K post-porting steps.

These patterns suggest that PEFT tuning on a raw model may need to encode more

of the task-specific behaviour inside the module itself, whereas instruction-tuned

hosts already contain more relevant task behaviour, reducing how much additional

task-specific behaviour must be carried by the imported module.

In the present study, the instruction-tuned hosts are Flan-T5 models trained

on FLAN collections (Wei et al., 2022; Longpre et al., 2023). These collections

include instruction-formulated training data closely aligned with several tasks in

the evaluation suite, including SST-2, MNLI, QQP, MRPC, and SAMSum. Here,

‘overlap’ should be understood as overlap at the level of task type and, in several

cases, direct task or dataset inclusion in the instruction-tuning mixture, rather than

overlap of exact evaluation examples. This makes it plausible that instruction-
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tuned hosts already contain part of the task-relevant behaviour needed for these

evaluations, which in turn helps explain why modules ported into them often recover

performance more readily than modules ported in the reverse direction.

5.6 Discussion: What governs portability?

The results presented above suggest that portability is governed by two interacting

classes of factors: (i) host- and task-level factors, which determine what knowl-

edge is already available and how demanding the task is, and (ii) module-level

factors, which determine how the PEFT module interfaces with the host and what

architectural compatibility it requires.

5.6.1 Host- and task-level factors

Porting direction strongly affects zero-step behaviour. Zero-shot non-collapse

is considerably more frequent when transferring from raw→instruction-tuned hosts

than in the opposite direction. A plausible explanation is that modules trained

with a raw host must encode more task-specific behaviour inside the module itself,

whereas modules trained with an instruction-tuned host can lean more heavily on

task-relevant knowledge already present in the host model. When such a module is

moved to a raw host, less of that behaviour is immediately available.

Task family and dataset setting shape how quickly ported modules help.

For some discriminative task settings, especially sentiment analysis and paraphrase

detection, from-scratch modules on the importing host often catch up relatively

quickly as post-porting budgets increase. For more complex settings, especially

natural language inference, imported modules more often maintain an advantage

across a wider budget range, which is consistent with a more persistent matched-

budget advantage.
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5.6.2 Module-level factors through the PEFT-Ref lens

Chapter 4 provides a descriptive scaffold for PEFT modules in terms of insertion

form, workspace, integration form, and architectural repetition. In the present chap-

ter, two module-level considerations are especially relevant: architectural com-

patibility constraints and where the module intervenes.

Compatibility and coupling to host-specific structure. All four modules re-

peat across Transformer layers (Table 5.3), so direct tensor import requires matching

dimensions and a compatible layer mapping. These interface conditions determine

whether import is mechanically feasible; they do not ensure that the same tensor

has the same function in both hosts. The paired checkpoints used here also share

a training lineage and thus a comparatively aligned parameter coordinate system.

Independently trained same-architecture hosts may not provide that alignment.

The methods then differ in where they intervene: Houlsby-style Adapters and

Compacters transform hidden representations sequentially, Prefix-Tuning injects

context through attention keys and values, and LoRA reparameterises attention pro-

jections directly. In the evaluated grid, Houlsby-style Adapters and Prefix-Tuning

have higher zero-shot non-collapse rates and more frequent matched-budget gains

than LoRA; Compacter is more budget-dependent. One interpretation is that a di-

rect weight reparameterisation is more sensitive to host-specific weights than context

injection or representation-level transformations. The experiments do not isolate

workspace from the other method differences, however, so this remains a hypothesis

rather than a demonstrated mechanism.

Section summary. Taken together, the results suggest that portability depends

jointly on what the host already knows, how demanding the task is, and how tightly

the PEFT module is coupled to host-specific computation through its architectural

interface.
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5.7 Implications for budgeted adaptation in Chap-

ter 6

Within corresponding T5 v1.1/Flan-T5 checkpoint pairs, the results show hetero-

geneous portability. Some imported modules retain a matched-budget advantage,

but the frequency depends on technique, direction, task/dataset setting, and post-

porting budget. The finding is therefore graded and setting-specific; it should not

be generalised to independently trained hosts without further experiments.

From the thesis perspective, this is a functional test beyond Chapter 4: the

present chapter asks whether modules retain utility after a controlled move to a

paired checkpoint. A positive case indicates that some task-relevant information

survives beyond the exporting checkpoint under the stated interface and lineage

conditions.

This motivates the next question in Chapter 6: how limited adaptation computa-

tion can be allocated when deployment constraints are explicit. The transition does

not require portability to hold universally; it uses the observed budget sensitivity as

motivation for studying resource organisation directly.

The results here also motivate the use of training-based transfer as a complemen-

tary mechanism. When direct module reuse is infeasible because of architectural

mismatch, or when budgets are too tight for imported modules to remain advanta-

geous, distilled objectives can instead transfer behaviour into a constrained PEFT

parameterisation on a chosen host model. Chapter 6 therefore uses a distillation-

based testbed in which a smaller student is trained to mimic a stronger teacher while

adaptation is restricted to budgeted LoRA modules, providing a controlled setting

in which to study resource organisation under explicit constraints.

5.8 Summary

This chapter operationalised portability by asking whether PEFT modules retain

useful task-specific behaviour when transferred between corresponding T5 v1.1/Flan-
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T5 checkpoints under matched post-porting budgets. In the controlled sentiment

study, ported modules have higher aggregate mean accuracy than the from-scratch

and distribution-matched conditions; the latter control shows that tensor-wise means

and variances alone do not reproduce the result. Across four task families and seven

datasets, outcomes vary with PEFT technique, direction, task/dataset setting, and

post-porting budget.

Taken together, the experiments measure a graded and budget-sensitive form of

reuse within an aligned checkpoint family. Architectural and tensor-shape compat-

ibility are necessary for direct import but are not sufficient in general; the study

does not cover independently trained hosts. Chapter 6 next treats adaptation as a

resource-organisation problem under budgets, while Part III uses intervention-based

tests for the distinct internal-circuit setting.
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Modularity for Reusable Large Language Models: External PEFT Modules and
Internal Circuits

Chapter 6

Budgeted Adaptation:

Constraining LoRA Components

via Budget-Constrained

Optimisation

Chapters 4 and 5 developed the structural and paired-checkpoint portability analyses

of PEFT modules in Part II. This chapter asks the next question: once adaptation

must operate under explicit constraints, how can limited adaptation capacity be

organised?

I address that question through a Low-Rank Adaptation (LoRA)-based study

of budgeted adaptation. The study imposes a shared dense-compute schedule across

LoRA-equipped projections and measures the resulting quality and cost-proxy oper-

ating points. I use teacher–student distillation as the controlled setting, transferring

behaviour from a stronger teacher into a smaller student under an explicit dense-

compute budget.

Within the broader thesis, this chapter therefore adds the resource-organisation

step to the external PEFT-module story developed in Part II. At the larger teacher

scales, the budgeted variants have higher mean ICL-probe scores than KD LoRA
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within the reported warm-started setup. This setup-specific observation motivates

the separate internal-structure analysis developed in Chapter 7.

Chapter outline. Section 6.1 motivates budgeted adaptation as the next step

after portability and clarifies why distillation is the controlled transfer setting used

in this chapter. Section 6.2 positions the chapter relative to prior work on knowl-

edge distillation, LoRA-based student adaptation, adaptive rank allocation, and

dense-path suppression. Section 6.3 presents the method in full detail, including

the student-construction regime, the budget-aware gated LoRA modules, the bud-

get controller, and the post-training compression procedure. Section 6.4 describes

the models, data, training regime, evaluation measures, function-style ICL protocol,

and compared methods. Section 6.5 presents the main results. Section 6.6 interprets

those results and analyses the coordination between dense retention and low-rank

usage. Section 6.7 discusses the broader meaning of the findings for PEFT modules,

constrained adaptation, and the bridge to Part III. Section 6.8 draws out the impli-

cations for reusable PEFT modules and for the study of internal circuits. Section 6.9

summarises the chapter.

6.1 From portability to budgeted adaptation

Chapter 5 found matched-budget transfer advantages for some modules within

paired T5-family checkpoints. The present chapter studies a different setting in

which adaptation itself must operate under explicit deployment constraints: how

limited capacity is organised between dense and low-rank computation.

This chapter studies that question through LoRA (Hu et al., 2021). As discussed

in Chapter 4, LoRA is structurally attractive because it introduces a distinct low-

rank adaptation pathway while leaving the dense host frozen. However, that same

structural form also makes its limitation clear: standard LoRA reduces trainable

parameter count without directly reducing dense inference computation. Uniform

low-rank insertion therefore does not determine which dense projections should re-
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main active, which can be removed or approximated, or where low-rank capacity

should be concentrated across attention q/k/v/o and MLP up/gate/down projec-

tions.

The methodological question is therefore to treat LoRA as a resource-organisation

problem: under an explicit dense-compute budget, how does a cost-based controller

distribute computation across retained dense and low-rank pathways? The imple-

mented controller does not measure behavioural importance, so the experiments

evaluate a cost-only allocation rule rather than an importance-aware solution to

this general problem.

I study this question in a controlled distillation setting. As discussed concep-

tually in Chapter 2, this thesis distinguishes direct module transfer from teacher-

guided behavioural transfer. The present chapter uses the latter: the training ob-

jective combines next-token supervision from the corpus with teacher supervision

that matches the teacher’s output distribution. Distillation therefore provides the

controlled transfer setting for the budgeted-adaptation study.

The experiments compare sampled operating points under a single global budget

parameter and describe how dense retention and low-rank usage change with that

parameter. These points expose within-method quality–cost trade-offs, but they are

not claimed to form a Pareto frontier or to select projections according to behavioural

importance. The analysis is therefore bounded to the tested controller, student

construction, teacher scales, and cost proxies.

In the fixed warm-started 6-layer-student setup, the budgeted variants score

above KD LoRA on the function-style ICL composite at the larger teacher scales.

Because all LoRA variants freeze the copied dense backbone and the final compres-

sion changes the parameterisation, this result may be specific to the initialisation

and adaptation constraints. It motivates, but does not establish, a claim about

internal structure; Chapter 7 examines causal reliance more directly.
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6.2 Positioning relative to prior work

This chapter lies at the intersection of knowledge distillation, LoRA-based student

adaptation, adaptive rank allocation, and dense-computation suppression. It studies

one LoRA-based instantiation of budgeted adaptation in a distillation setting and

compares it with full-parameter KD and fixed-rank KD LoRA.

Knowledge distillation for language models. As discussed conceptually in

Chapter 2 and methodologically in Chapter 3, distillation is treated in this thesis as

teacher-guided behavioural transfer from a stronger model to a smaller student. For

language models, DistilBERT (Sanh et al., 2020a) showed that such transfer can pro-

duce substantially smaller deployment-oriented students while retaining much of the

teacher’s performance. TinyBERT (Jiao et al., 2020) extended this with multi-stage

distillation over embeddings, hidden states, and attention patterns, demonstrat-

ing that richer teacher supervision can improve compact-student quality. MiniLM

(Wang et al., 2020a) further showed that relation-level attention transfer can yield

strong compact models without reproducing the full teacher architecture. These

methods establish distillation as a practical route to deployment-efficient students,

but they generally assume a fixed student architecture and do not explicitly control

how computation is allocated within the student once that architecture has been

chosen.

LoRA and parameter-efficient distillation. LoRA (Hu et al., 2021) freezes

pretrained dense weights and introduces trainable low-rank updates, making it an

appealing parameterisation for parameter-efficient student adaptation. Recent work

has combined LoRA with KD-style objectives in order to reduce the cost of student

adaptation. For example, one line of work uses hybrid KD-LoRA training to keep

teacher-supervised student adaptation parameter-efficient while retaining the basic

LoRA structure (Azimi et al., 2024). A related line explores PEFT-based LLM dis-

tillation more broadly, again showing that teacher-guided transfer can be carried out
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without full student fine-tuning (Yang et al., 2025). These methods are successful

on their own terms in showing that LoRA-style distillation is viable and cheaper

to train than full-parameter student tuning. However, they mainly address train-

ing-side efficiency: because the dense backbone remains intact, they do not directly

solve the inference-side question of how dense computation itself should be reduced

or reorganised.

Adaptive low-rank allocation. A separate line of work asks how low-rank ca-

pacity should be distributed across modules. AdaLoRA (Zhang et al., 2023), for

example, argues that a single global rank is suboptimal and dynamically reallocates

rank under a rank budget. This is important because it shows that low-rank capacity

need not be distributed uniformly and that allocation can improve parameter effi-

ciency relative to fixed-rank LoRA. However, methods of this type typically optimise

rank or parameter allocation alone. They do not jointly control dense computation

and low-rank capacity, and therefore do not directly address the deployment ques-

tion that motivates this chapter.

Dense suppression, pruning, and progressive compression. A partially

overlapping literature addresses the complementary problem of reducing dense com-

putation directly through pruning, structured sparsification, or progressive suppres-

sion of dense pathways (Wen et al., 2016; Liu et al., 2017; Louizos et al., 2018;

Sanh et al., 2020b; Muralidharan et al., 2024). These methods target dense com-

pute more directly than LoRA-style adaptation, typically by learning which weights,

channels, blocks, or structures can be removed with limited quality loss. PC-LoRA

(Hwang et al., 2024) is especially relevant because it progressively suppresses the

dense pathway during training to enable low-rank-only deployment. Its controller

uses a single global decay schedule that drives dense computation toward zero uni-

formly. It therefore studies progressive dense-path suppression, whereas the imple-

mentation evaluated here studies how dense retention and low-rank paths change

under one shared budget. This distinction describes the respective mechanisms; it
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does not establish that the present cost-only controller improves on PC-LoRA or on

importance-aware pruning methods.

Positioning of the present work. Relative to the cited methods, the implemen-

tation combines three features: a shared budget covering dense retention and low-

rank paths, projection-level retention coefficients rather than a single uniform dense-

decay coefficient, and a post-training conversion with dropped, SVD-approximated,

or retained dense cases. AdaLoRA allocates low-rank capacity but does not jointly

budget dense retention, while PC-LoRA progressively suppresses a dense path using

a global schedule. The present comparison does not demonstrate superiority to the

full pruning literature, and its cost-only removal rule should be understood as a

simple baseline for future importance-aware variants.

6.3 Method: budgeted adaptation with LoRA

Figure 6.1 summarises the method at a high level. The purpose of this section

is to make that budgeted-adaptation scheme precise by specifying the student-

construction regime, the gated LoRA modules, the dense-budget controller, and

the post-training compression procedure used in the reported experiments.

6.3.1 Student construction and distillation objective

As discussed methodologically in Chapter 3, I use distillation here as a controlled

form of behavioural transfer instead of direct module portability. It provides a

setting in which budgeted adaptation can be analysed after useful behaviour has

been learned by the teacher. The student objective combines next-token supervision

from the corpus with matching to the teacher’s output distribution.

Student construction. I use a fixed 6-layer student in all experiments. The stu-

dent is constructed from the 12-layer 0.13B initialisation checkpoint by selecting a

subset of teacher layers and copying them into a new 6-layer student before distil-
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Figure 6.1: Budgeted adaptation with LoRA as resource organisation during dis-
tillation. Left: KD LoRA adds low-rank updates but leaves the dense backbone
structurally unchanged at inference. Middle: the proposed method introduces a
global dense-compute budget, realised through module-level dense-retention coeffi-
cients together with learned rank gates, so that computation is explicitly allocated
between retained dense pathways and low-rank pathways during training. Right:
after training, the student is consolidated into a deployment-efficient form by re-
moving, approximating, or retaining dense components according to the resulting
allocation profile.

lation training begins. The warm start also copies the token embeddings and final

normalisation layer from the same checkpoint, and copies the LM head when the

shapes match.

The ablation study in Appendix D.1.1 compares four student-construction modes:

truncated (a contiguous prefix), middle (a contiguous middle block), last (a con-

tiguous suffix), and mixed (a non-contiguous build spanning early, middle, and late

depth). The mixed build performs best and is therefore used throughout. Con-

cretely, the final student is built by selecting teacher layers [0, 1, 3, 5, 7, 11] and

copying them into the 6-layer student in that order. In the LoRA ablation, the

same qualitative pattern holds as in full-parameter KD: mixed remains best (31.14

PPL), followed by middle (41.52), last (44.72), and truncated (48.09), so the student-

construction choice is held fixed in the later budgeted-adaptation comparison (Ap-

pendix D.1.1; see also Appendix D.1.2 for the LoRA-side transfer of this choice).

Distillation objective. Following the standard teacher–student formulation of

knowledge distillation (Hinton et al., 2015), let zTt and zSt denote teacher and student
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logits at next-token prediction step t, and let

pτT (t) = softmax

(
zTt
τKD

)
, pτS(t) = softmax

(
zSt
τKD

)
.

Let Ω denote the set of non-padding positions. The KD term is the average KL

divergence from the teacher distribution to the student distribution over those po-

sitions:

Llogit-KD =
1

|Ω|
∑
t∈Ω

KL(pτT (t) ∥ pτS(t)) . (6.1)

The full training objective is then a weighted combination of next-token cross-

entropy and temperature-scaled teacher–student distribution matching:

L = (1− λKD)LCE + λKD τ 2KD Llogit-KD, (6.2)

where LCE is next-token cross-entropy with the corpus target. In the appendix

ablation study, I first sweep temperature and KD mixing weight under a truncated

warm-started student, then repeat the sweep for the strongest student-construction

modes; the final reported setting is τKD = 3.0 and λKD = 0.8, which is then held

fixed across KD Full, KD LoRA, and the proposed method (Appendix D.1.1).

6.3.2 Budget-aware gated LoRA modules

Selected linear projections in the student are replaced by budget-aware gated LoRA

modules. In the experiments reported here, LoRA is attached to all linear projec-

tions in each selected student block:

q proj, k proj, v proj, o proj, gate proj, up proj, down proj,

yielding 7 × 6 = 42 adapted modules in total. For an input x ∈ Rdin and base

linear map W ∈ Rdout×din , each gated module computes
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y = d ·Wx+
α

rmax

B
(
(Ax)⊙ g

)
, (6.3)

where

• A ∈ Rrmax×din and B ∈ Rdout×rmax are the LoRA factors;

• rmax is the maximum configured LoRA rank;

• g ∈ (0, 1)rmax is a vector of learned per-rank gates;

• d ∈ [0, 1] is the dense-path retention coefficient for this module;

• α is the LoRA scaling.

In the reported experiments, the final LoRA-based runs use rmax = 128 and

α = 256. Rank 128 is the highest and best-performing value in the ablation over

r ∈ {16, 32, 64, 128} (Appendix D.1.2); it is used as a high-capacity fixed reference,

not as evidence that 128 is universally optimal. In the Mistral-style setup used here,

the adapted projections are bias-free. The dense weightW is frozen, while the LoRA

factors and gate logits are trainable.

This parameterisation serves two purposes. First, the rank gates allow differ-

ent modules to use different effective ranks rather than sharing one global low-rank

bottleneck. Second, the dense retention coefficient controls how much of each dense

projection remains active during training, making it possible to selectively and grad-

ually reduce retained dense computation rather than committing to a hard structural

change at initialisation. The result is a student whose trainable adaptation capacity

and retained dense capacity can both vary across modules and over time.

6.3.3 Budget scheduling and controller

The dense budget is enforced by a controller operating over all gated modules. For

each module m, I define a dense cost proxy

cm = dinmd
out
m , (6.4)
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that is, the multiply–accumulate count of the dense linear projection, propor-

tional to FLOPs up to a constant factor. The total retained dense cost at training

step t is then

C(t) =
M∑

m=1

dm(t) cm, (6.5)

where dm(t) is the current retention coefficient value for module m.

A target dense-budget fraction b(t) is specified by a cosine schedule. Let t0 and

t1 denote the start and end of the budgeting phase, expressed as fractions of total

training steps, and let F ∈ [0, 1] be the final dense fraction. Then

b(t) =



1, t ≤ t0,

F + (1− F )
1 + cos

(
π t−t0

t1−t0

)
2

, t0 < t < t1,

F, t ≥ t1.

(6.6)

The target dense cost is

C⋆(t) = b(t)
M∑

m=1

cm. (6.7)

The schedule ablation compares immediate removal, short decay, and long decay

at F = 0.0. Scheduler behaviour depends on the number and timing of training

tokens, and I did not establish a transfer law from short to full-budget runs; unlike

most other ablations, this choice was therefore evaluated at the full 2.55B-token

budget (Appendix D.1.3). Among the three tested schedules, the short decay gives

the lowest validation perplexity while retaining more compute savings than the long

decay:

(t0, t1) = (0.1, 0.3),

that is, the budget remains fully dense for the first 10% of training, reaches the

final dense fraction F by 30% of training, and remains at F thereafter. This schedule
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performs substantially better than both immediate collapse and a very long decay.

At each step, the controller enforces the scheduled dense-cost target by greed-

ily lowering module-level retention coefficients until the retained dense cost satisfies

the budget. In the reported experiments, modules are ordered by sm = cm and

reduced in ascending score order, so lower-cost modules are reduced first; ties follow

deterministic module registration order. Updates are smoothed with an exponen-

tial moving average with coefficient β = 0.2, and values below the dense-removal

threshold are clamped to zero.

This score contains cost only. It uses no validation-loss change, gradient, acti-

vation, weight magnitude, Fisher, or other measure of a module’s contribution to

output quality. The controller is therefore importance-agnostic: it enforces a bud-

get deterministically but cannot identify which projections are behaviourally least

important. In the context of pruning and allocation work, it should be treated as

a cost-based baseline. An importance-aware controller and a matched comparison

between cost-only and importance-based removal are necessary future extensions;

the present results cannot show that the selected modules are the best modules to

remove.

In this chapter, retention refers to the training-time dense coefficient values

dm(t), allocation refers to the resulting distribution of computation across retained

dense pathways and low-rank pathways under the budget, and removal refers to the

hard zeroing of dense paths once retention falls below threshold.

Pseudocode for the controller. Algorithm 1 summarises the training-time al-

location procedure.

6.3.4 Post-training compression for efficient inference

During training, a dense path is still computed unless the controller has already

clamped its retention coefficient to zero, while the low-rank path is still evaluated

at the full configured rank. The raw training graph therefore does not yet realise
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Algorithm 1 Budgeted LoRA training and controller update

Require: teacher T , student S, selected projections M, final dense fraction F ,
schedule endpoints t0, t1, KD parameters τKD, λKD

1: for training step t = 1, . . . , Ttrain do
2: Compute teacher logits zT (no gradient) and student logits zS
3: Optimise the student with Eq. (6.2)
4: Compute the target dense fraction b(t) using Eq. (6.6)
5: Compute the target dense cost C⋆(t) using Eq. (6.7)
6: Compute current retained dense cost C(t) using Eq. (6.5)
7: if C(t) > C⋆(t) then
8: Order modules m ∈M by removal score sm = cm (ascending)
9: for modules in that order do
10: Lower dm(t) by the amount needed to move C(t) toward C⋆(t)
11: Smooth the update with EMA using β = 0.2
12: if dm(t) < ϵzero then
13: Set dm(t)← 0

14: if C(t) ≤ C⋆(t) then
15: break
16: Apply post-training compression (Algorithm 2)

the full inference savings implied by the learned gates. I therefore apply an explicit

post-training compression pass before deployment.

Here, compression denotes the full post-training consolidation step, while re-

moval refers specifically to the case where a dense path is dropped entirely. In the

reported experiments, the compression ablation chooses the following thresholds:

• dense-removal threshold during training and compression:

ϵzero = 10−3;

• LoRA gate hard threshold at compression:

ϵgate = 0.3;

• dense-SVD threshold:

ϵlr = 0.7;
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• maximum SVD rank for residual dense approximation:

rmax
dense = 128.

The 10−3 dense-removal value is a numerical near-zero tolerance used to avoid

retaining negligible scaled dense paths. The gate threshold 0.3 and dense-SVD

threshold 0.7 are the best validation choices in the reported sweeps over {0.3, 0.5, 0.9}

and {0.5, 0.7, 0.9}, respectively (Appendix D.1.3). They are operational compression

settings, not universal sparsity thresholds and not importance scores. The SVD rank

cap of 128 matches the configured maximum LoRA rank so that the intermediate

dense approximation does not exceed the low-rank capacity used elsewhere in the

comparison.

For each gated linear module, I first harden the rank gates by thresholding at

ϵgate and keep at least one active rank. I then choose one of three deployment cases

based on the final retention coefficient value d.

Case 1: drop the dense path entirely. If d < ϵzero, the dense path is removed

and only the pruned low-rank component is kept. This yields a two-layer low-rank

factorisation implementing the LoRA path alone.

Case 2: approximate the residual dense contribution by low-rank SVD.

If ϵzero ≤ d < ϵlr, the remaining dense contribution dW is treated as small enough

to approximate with a low-rank SVD:

dW ≈ UkVk. (6.8)

The approximation rank k is chosen adaptively up to a configured maximum:

k = max

(
1,

⌊
rmax
dense ·

d

ϵlr

⌋)
, (6.9)

clipped to at most min(dout, din). Thus, dense components with larger retained
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Algorithm 2 Post-training compression for deployment

1: for each gated module m do
2: Threshold rank gates at ϵgate; keep at least one active rank
3: if dm < ϵzero then
4: Drop the dense path; keep only the pruned low-rank factorisation
5: else if ϵzero ≤ dm < ϵlr then
6: Approximate dmWm by low-rank SVD of rank k from Eq. (6.9)
7: Concatenate the SVD factors with the hardened LoRA factors
8: else
9: Merge retained dense path and LoRA update into Weff = dmWm +

∆WLoRA

coefficients receive higher SVD rank, while components closer to the removal thresh-

old receive lower rank. The resulting dense approximation is then concatenated with

the hardened LoRA factors, yielding a single fused low-rank module.

Case 3: keep the dense path and merge. If d ≥ ϵlr, the dense path is retained

and merged with the hardened LoRA update into a standard dense linear layer:

Weff = dW +∆WLoRA. (6.10)

This case is used when the module still requires substantial dense capacity for

accuracy.

Pseudocode for compression. Algorithm 2 summarises the deployment conver-

sion.

These three cases produce a deployment model that is materially different from

the training graph. Compression can realise both rank pruning and dense removal,

thereby translating training-time budgeting signals into actual inference-time sav-

ings.

6.4 Experimental setup

This section instantiates the budgeted-adaptation method from Section 6.3. It spec-

ifies the teacher–student model family, training corpus, student-side optimisation
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budget, evaluation measures, and compared methods used in the experiments. Ap-

pendix D.1 reports the ablations used to select the final student construction, KD

hyperparameters, LoRA configuration, and budget schedule; Appendix D.2 gives

the full training-compute proxy derivation; and Appendix D.3 gives the complete

ICL probe protocol and per-task results.

6.4.1 Models, student regime, and training data

Teacher and student models. All teacher and student models use a Mistral-

style decoder-only Transformer with pre-norm blocks, rotary position embeddings,

SwiGLU feed-forward layers, grouped-query attention, and head dimension 64 (Jiang

et al., 2023). The checkpoints used in this chapter correspond to the baseline natural-

only models that later form the starting point of the broader Bi-Induct family in-

troduced in Chapter 7. In other words, Chapter 7 extends these baseline models

with targeted synthetic data conditions in order to study load-bearing structure in

in-context learning circuits; in the present chapter, however, I use only the baseline

natural-text checkpoints.

I evaluate three teacher scales: 0.13B, 0.5B, and 1B. Their architectural speci-

fications are summarised in Table 6.1. All three teachers were pretrained on The

Pile under the same compute-optimal regime and yield validation perplexities of

21.8, 16.0, and 14.1 respectively. The deployment student is always a fixed 6-layer

model initialised from the 0.13B checkpoint; for the 0.5B and 1B settings, only

the teacher scale changes. This creates a controlled ladder of teacher quality while

holding student architecture fixed.

Model-creation regime and training budget. All teacher pretraining and stu-

dent distillation use the same deduplicated The Pile corpus (Gao et al., 2020), with

shared tokenisation and sequence length 1024. I define a fixed held-out evaluation

slice using a stable MD5-based hash, corresponding to 0.2% of the corpus (roughly

0.4B tokens), and all evaluation subsets are drawn from this slice.
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Model Layers Hidden size MLP width Attn. heads / KV heads Val. PPL ↓

0.13B teacher 12 768 3072 12 / 3 21.8
0.5B teacher 30 1024 4096 16 / 4 16.0
1B teacher 30 1536 6144 24 / 6 14.1

Table 6.1: Teacher-model presets used in this chapter. All teachers follow the same
compute-optimal pretraining setup, while the deployment student is a fixed 6-layer
model distilled from the selected teacher. Hidden size denotes the Transformer
residual width, MLP width the feed-forward expansion dimension, Attention heads
/ KV heads the number of query heads and grouped key–value heads, and Val. PPL
the validation perplexity on the held-out The Pile slice.

As described in Chapter 3, pretraining throughout the thesis follows a Chinchilla-

style compute-optimal regime, approximately 20 training tokens per parameter (Hoff-

mann et al., 2022). The checkpoints used here are the baseline natural-only models

from that broader pretraining programme; fuller pretraining details for that model

family are given later in Chapter 7.

For the chapter-local student comparison, all 6-layer student variants are trained

for 2.55B tokens. This matches the original token budget of the 0.13B checkpoint

from which the student is initialised. The purpose of this choice is not to equalise

total historical compute between larger teachers and the student. Rather, it fixes the

student-side optimisation budget across KD Full, KD LoRA, and Budgeted LoRA,

so that differences in final behaviour are attributable to the adaptation method and

budget organisation rather than to different amounts of student training.

All final distillation runs use two NVIDIA A100 GPUs with bf16 precision and

per-device batch size 214 tokens. Optimisation uses AdamW with base learning rate

3 × 10−4, zero weight decay, and a cosine learning-rate schedule with 3% warmup

capped at 2000 steps; gradients are clipped to a maximum norm of 1.0 (Loshchilov

and Hutter, 2019). These settings are shared across KD Full, KD LoRA, and Bud-

geted LoRA unless otherwise stated.
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6.4.2 Evaluation measures and reported quantities

Evaluation is deliberately multi-axis because a compressed student can preserve

some properties while losing others. I therefore report four quantities before inter-

preting the results.

1. Language-model quality. I report held-out perplexity (PPL) on the same

10M-token validation set drawn from the held-out The Pile slice. Lower PPL

indicates better next-token modelling quality.

2. Student-side training compute. I report a compact training-compute

proxy that counts the student-side dense and low-rank adapted-module com-

putation used during distillation. This is a method-comparison proxy rather

than measured wall-clock time or exact hardware FLOPs; the full derivation

is given in Appendix D.2.

3. Compressed-module inference efficiency. I report inference speedup

and parameter reduction for the replaced or compressed modules after post-

training compression. These quantities describe the adapted-module portion

of the student, not end-to-end serving speed for the whole model.

4. In-context learning retention. I report a macro-averaged ICL composite

over the 19-task function-style probe suite adapted from Todd et al. (2024).

The main chapter reports the aggregate composite, while Appendix D.3.1 gives

the complete task and prompting protocol and Appendix D.3.2 gives the task-

level breakdown.

6.4.3 Function-style ICL probes

The ICL evaluation uses the 19 function-style probes adapted from the Function

Vectors evaluation suite. These tasks are deliberately simple but context-dependent:

they require the model to infer an input-output mapping from demonstrations rather

than rely on stored facts. The suite spans six categories:
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• Alphabetic ordering: selecting the alphabetically first or last item from sets

of size 3 or 5;

• Selection probes: choosing the first, middle, or last item from sequences of

length 3 or 5;

• Capitalisation transformations: capitalising full words, first letters, last

letters, or predicting the next capital letter;

• Lowercasing transformations: lowercasing first or last letters;

• Sequence continuation: predicting the next or previous item;

• Simple symbolic properties: predicting a basic property such as word

length.

These probes are appropriate here because they depend strongly on using the

provided context, thereby reducing confounds from alternative pathways such as

memorised facts or parametric recall.

ICL prompting and output extraction. I use a fixed 10-shot prompting pro-

tocol across all models and average over three random demonstration seeds. Each

in-context example is formatted as Q:<input> followed by A:<output>, with a new-

line between question and answer and a blank line between demonstrations. No

additional instruction prefix is used. The query is appended in the same format and

terminates at A:, requiring the model to generate the target continuation. Outputs

are evaluated using HITS@1 exact-match accuracy after canonicalising the gener-

ated continuation to the target string for the corresponding probe family. In the

main text I report the macro-averaged ICL composite; the full task-level breakdown

remains in Appendix D.3.2.

6.4.4 Compared methods

I compare two knowledge-distillation (KD) baselines against the proposed method,

while keeping student construction, corpus, and student-side token budget fixed.
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KD Full. This baseline trains the 6-layer student with full-parameter distillation

and serves as the strongest quality-oriented reference. The mixed student build

is used throughout. Training uses the weighted combination of next-token cross-

entropy and logit-based KD from Eq. (6.2). The student-construction choice and

the final KD hyperparameters are selected through the ablations in Appendix D.1.1.

Following those ablations, I use τKD = 3.0 and λKD = 0.8.

KD LoRA. This baseline keeps the same 6-layer warm-started student construc-

tion, but replaces full student tuning with LoRA-based parameter-efficient distilla-

tion. LoRA is applied to all linear projections in each selected Transformer block,

yielding 42 adapted modules in total. Based on the LoRA ablation study in Ap-

pendix D.1.2, I fix the rank to r = 128, the scaling to α = 256, and the dropout to

0.0. As in KD Full, I use τKD = 3.0 and λKD = 0.8, chosen via Appendix D.1.1.

Budgeted LoRA. Budgeted LoRA builds directly on KD LoRA and adds budget-

aware gated modules, dense-retention coefficients, and learned rank gates under a

shared schedule. The core KD and LoRA hyperparameters are held at τKD = 3.0,

λKD = 0.8, r = 128, α = 256, and dropout 0.0; the schedule and compression

settings are chosen in Appendix D.1.3.

The reported budgets are selected as interpretable sampled cases. F = 0.0 is the

boundary case in which no dense cost is retained at the final schedule value, while

F = 0.4 is a moderate case that yields perplexity close to KD LoRA in the reported

runs. F = 0.8 is used later only as a higher-retention structural reference. These

values do not exhaust the budget interval, establish optimal settings, or imply that

the reported points are Pareto-optimal.

6.5 Results

This section reports held-out perplexity and student-side cost proxies, followed by

the function-style ICL composite. The comparisons are sampled operating points
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Fixed 6-layer student PPL ↓ Efficiency (student-side)

Method
0.13B
teacher

0.5B
teacher

1B
teacher

Train compute ↓ Infer. speedup ↑ Param. red. ↑

Baselines

KD Full 20.88 18.26 17.86 1.00× 1.00× 0%
KD LoRA 24.32 26.06 26.50 0.91× 1.00× 0%

Budgeted LoRA

F = 0.4 24.34 26.19 26.58 0.59× 1.74× 53.9%
F = 0.0 25.13 28.45 28.86 0.38× 4.05× 80.2%

Table 6.2: Quality–cost comparisons across distillation methods. Every quality entry
evaluates the same fixed 6-layer deployment-student architecture; the three columns
vary teacher scale, not deployed model size. Training compute is an adapted-module
proxy normalised to KD Full and excludes teacher cost. Inference speedup and pa-
rameter reduction cover the replaced/compressed modules only, not the full student.

within the fixed student setup.

6.5.1 Quality–efficiency trade-offs

I first compare validation perplexity with the adapted-module training-compute

proxy and post-compression module-level speedup and parameter reduction. The

efficiency values are not end-to-end wall-clock or serving measurements.

KD Full is the strongest perplexity baseline in every teacher column. At the

same teacher scale, Budgeted LoRA with F = 0.4 is close to KD LoRA in perplexity

(differences of 0.02, 0.13, and 0.08) while its proxies report lower adapted-module

training cost and a smaller compressed module footprint. The F = 0.0 case reports

the largest proxy savings and the highest perplexity. These are within-setting trade-

offs, not a claim of Pareto dominance.

The smaller-teacher fully trained baseline is an important cross-column compar-

ison. KD Full with the 0.13B teacher obtains 20.88 PPL, whereas Budgeted LoRA

distilled from the larger 0.5B and 1B teachers obtains 26.19/26.58 at F = 0.4 and

28.45/28.86 at F = 0.0. Thus, the larger-teacher budgeted variants do not beat the

0.13B-teacher KD Full student in absolute perplexity. Since all columns deploy the

same 6-layer architecture, this is a hard dense-student baseline rather than evidence
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that pruning a larger deployed student is advantageous. The supported advantage

is narrower: relative to KD LoRA with the same teacher, F = 0.4 retains similar

perplexity while reducing the reported adapted-module cost proxies.

Training-compute proxy used in Table 6.2. Because the quality–efficiency

table is central to the chapter, I define the training-cost proxy in the main text

rather than deferring it entirely to the appendix. As in Appendix D.2, this proxy

is defined at the level of the adapted/replaced modules rather than full end-to-end

system FLOPs. Let D denote the forward cost of a dense adapted projection and

L the forward cost of its low-rank path. I use a first-order approximation in which

forward and backward passes have comparable cost. Then:

Cfull ≈ 3D, (6.11)

CLoRA ≈ 2D + 3L, (6.12)

Cbud ≈ 2d̄D + 3L, (6.13)

where d̄ is the average retained dense fraction over training. Under the short-

decay schedule used here, d̄ ≈ 0.2 + 0.8F . With the instantiated values from

the adapted modules, this yields CLoRA/Cfull ≈ 0.91, Cbud,0.0/Cfull ≈ 0.38, and

Cbud,0.4/Cfull ≈ 0.59. This proxy measures scheduled retained dense contribution

rather than exact hardware FLOPs, so it should be read as a student-side allocation

model for comparing methods rather than as measured wall-clock time. The full

derivation and instantiated values are given in Appendix D.2.

The table therefore reports two sampled budget settings with different quality

and proxy-cost outcomes. It does not establish an optimal frontier, and KD Full

remains the stronger quality baseline.

6.5.2 Retention of in-context learning behaviour

Perplexity alone does not measure the behaviours covered by the ICL probe suite.

In the broader thesis framing established in Chapter 2, in-context learning is a form
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Figure 6.2: Macro-averaged ICL composite score over the 19 function-style tasks for
students distilled from teachers at three scales (0.13B, 0.5B, and 1B). Bars show the
mean across tasks and three random demonstration seeds, with error bars indicating
variability across demonstration seeds. The dashed horizontal line marks the ICL
composite score of the full 0.13B model used as the student initialisation source.

of reuse without parameter updates: the model must use context as computation

in addition to predicting the next token accurately. I therefore evaluate macro-

averaged in-context learning (ICL) performance on the 19-task function-style probe

suite; the task families and prompting protocol are summarised in Section 6.4.3 and

documented in full in Appendix D.3.1. Chapter 7 later examines the corresponding

internal load-bearing structure directly.

The figure reports the macro-averaged ICL composite across the 19 function-

style probes for each method and teacher scale. The dashed line marks the full

0.13B model from which the student is initialised. The key question is not absolute

competence on these probes, which remains low for these small models, but relative

retention of context-dependent behaviour across methods and teacher scales. Ap-

pendix D.3.1 gives the full task and prompting details, and Appendix D.3.2 reports

the complete per-task breakdown.

Observed mean differences. KD Full’s macro composite increases from 4.8 with

the 0.13B teacher to 12.4 with the 1B teacher, whereas KD LoRA records 2.8 and

2.7 with the 0.5B and 1B teachers. The corresponding Budgeted LoRA means

are higher: at 1B, 5.0 for F = 0.0 and 5.6 for F = 0.4. These values average

19 heterogeneous tasks and three demonstration seeds; they are descriptive probe

results, not a statistical demonstration of general ICL improvement. The per-task

breakdown in Appendix D.3.2 shows substantial task variation.
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What these probes test. Success on these tasks depends on inferring a simple

mapping from the demonstrations in context. For example, the model may need to

choose the middle item from a list, apply a letter-case transformation, or continue a

short symbolic sequence. The demonstrations specify the required mapping. Probe

performance therefore tests whether the student uses the prompt as computation

beyond modelling local token statistics.

Within this specific warm-started, frozen-backbone setup, the budgeted vari-

ants have higher ICL-composite means than KD LoRA at the larger teacher scales.

This comparison is not evidence that budgeted compression generally preserves ICL

better across model families or student initialisations.

6.6 Interpretation and analysis

This section interprets the sampled quality–cost comparisons, the relation between

perplexity and the ICL probe composite, and the final compressed structures. Be-

cause the controller is cost-only and the experiment does not include an importance-

aware comparator, the interpretation is descriptive rather than causal.

6.6.1 Interpreting the observed operating points

Table 6.2 samples two values of the global budget. At F = 0.4, the perplexity is

close to KD LoRA with the same teacher and the adapted-module proxies are lower;

at F = 0.0, the proxies decrease further and perplexity worsens. This demonstrates

that the implemented control changes the quality–cost balance within the method.

It does not show that intermediate values form a continuous curve, that the points

are Pareto-optimal, or that they dominate KD Full.

6.6.2 Perplexity, teacher scale, and ICL retention

One useful interpretation of the perplexity results is a distillation capacity gap. As

teacher scale increases, the supervision signal becomes richer. KD Full can exploit
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stronger teachers because the entire student can reorganise. KD LoRA, by contrast,

can adapt only through a restricted low-rank subspace around a frozen backbone,

and therefore does not benefit from larger teachers in the same way. Budgeted

LoRA still follows the broad perplexity trend of KD LoRA, which suggests that its

gains do not arise from removing the low-rank bottleneck at the level of distribution

matching alone.

The ICL composite is not ordered in the same way as perplexity: at larger

teacher scales, Budgeted LoRA and KD LoRA have similar perplexity but different

mean probe scores. One possible explanation is that the training and compression

parameterisation affects behaviours that the aggregate language-modelling metric

does not capture. However, the setup also offers a narrower explanation. KD LoRA

and Budgeted LoRA both start from the same selected 6-layer copy, freeze the

dense weights, and use rank 128; Budgeted LoRA additionally scales and sometimes

replaces dense paths before post-training consolidation. The copied-and-frozen con-

struction may constrain KD LoRA, while the altered effective parameterisation may

change optimisation freedom. No alternative student initialisation or fully matched

parameterisation ablation tests this possibility, so the observed ICL difference should

be treated as setup-specific rather than attributed to a general preservation mecha-

nism.

6.6.3 Budget-dependent reallocation of computation

Table 6.3 describes the final compressed structures at three budgets. Here, F = 0.8

is a higher-retention structural reference, not an additional quality–cost claim or a

demonstrated Pareto point. The schedule and compression thresholds were selected

through Appendix D.1.3.

Each row summarises the compressed deployment structure at a different budget

F . The first three columns count how many of the 42 adapted modules are kept

as dense components, approximated by dense-SVD, or dropped to low-rank-only

form. The Avg. rank column reports the mean effective LoRA rank after gate
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F Dense kept Dense SVD Dense dropped
Avg.
rank

Speedup
vs dense

Param.
red.

0.0 0/42 0/42 42/42 128.0 4.05× 80.2%
0.4 9/42 0/42 33/42 127.9 1.74× 53.9%
0.8 24/42 1/42 17/42 122.5 1.15× 30.6%

Table 6.3: Post-training compression statistics for Budgeted LoRA across budgets.
Speedups and parameter reduction are measured over the replaced/compressed mod-
ules only.

hardening. The final columns translate the resulting structure into compressed-

module efficiency.

Results and interpretation. The main structural change is in dense retention:

0, 9, and 24 of 42 dense modules are kept at F = 0.0, 0.4, and 0.8, respectively;

one module enters the dense-SVD case at F = 0.8. Average effective rank remains

near the maximum (128.0, 127.9, and 122.5), so these runs provide limited evidence

of substantial adaptive rank reallocation. The profiles show a budget-dependent

change in the final dense/low-rank composition, but, because removal is ordered by

cost rather than importance, they do not establish that the retained structure is

behaviourally optimal.

6.7 Discussion

In the fixed-student setting studied here, changing the dense-retention budget changes

both the final module structure and the measured quality–cost outcome. This ex-

tends Part II from paired-checkpoint module transfer to teacher-guided adaptation

under a budget, but it does not show that the cost-only controller identifies redun-

dant or behaviourally important modules.

This chapter also clarifies the role of distillation within that story. Portability

concerns direct reuse of explicit PEFT modules across hosts. By contrast, the

present chapter studies behavioural transfer into a new student parameterisation.

Distillation is therefore not a rival notion to portability, but the correct controlled-

transfer setting for studying budgeted adaptation when exact module reuse is not
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the object of study.

Standard KD LoRA and Budgeted LoRA have similar perplexity at F = 0.4

but different mean ICL probe composites at the larger teacher scales. This setting-

specific contrast motivates examining behaviour-relevant internal structure in Part III;

it does not itself identify a circuit or establish why the probe scores differ.

6.8 Implications for external PEFT modules and

internal circuits

6.8.1 Implications for PEFT as reusable adaptation mod-

ules

For Part II, the experiments add dense-retention budget and post-training consolida-

tion as design variables alongside fixed-rank LoRA. At F = 0.4, the resulting student

has similar perplexity to KD LoRA with the same teacher and lower adapted-module

proxy costs. This comparison is limited to the tested cost-only rule and does not

establish superiority over importance-aware pruning or end-to-end deployment base-

lines.

Distillation sharpens this conclusion because it functions here as a controlled

form of behavioural transfer. When exact module transfer is not the relevant set-

ting, behaviour can still be transferred into a constrained parameter-efficient student

parameterisation. The Budgeted LoRA results show that this transfer need not be

uniform: under a shared budget, different projections can retain, approximate, or

relinquish dense computation in different ways.

6.8.2 Implications for internal circuits and behaviour-relevant

structure

The second implication points forward to Part III. In this setup, the budgeted

variants have higher mean ICL composite scores than KD LoRA at larger teacher
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scales even when perplexity is similar. This correlation suggests a question about

how adaptation and compression relate to ICL-relevant structure; it is not a general

causal conclusion.

This is a behavioural inference from the probe results rather than a direct circuit-

level causal claim; Chapter 7 examines load-bearing internal structure more directly.

The present chapter does not identify which pathways are behaviourally impor-

tant. Its cost-only controller cannot support that inference, and the copied, frozen

student may contribute to the difference between KD LoRA and Budgeted LoRA.

The bounded result is a contrast in probe means under one teacher–student con-

struction, which motivates the causal tests in Chapter 7.

6.9 Summary

This chapter addressed the budgeted-adaptation question for Part II of the thesis.

Starting from the PEFT-as-module perspective developed in Chapters 4 and 5,

it examined how scarce adaptation resources can be organised after behavioural

transfer when an explicit dense-compute budget is imposed.

I studied a LoRA-based method with a fixed 6-layer student, module-level dense-

retention coefficients, learned rank gates, and post-training compression. Two sam-

pled budgets produce different within-method quality–cost outcomes. At F = 0.4,

perplexity is close to KD LoRA with the same teacher while the adapted-module

proxies are lower; at F = 0.0, proxy savings are larger and perplexity is worse.

These points are not claimed to be Pareto-optimal, and KD Full—including the

0.13B-teacher case—is the stronger absolute-perplexity baseline.

At larger teacher scales, the budgeted variants also have higher mean scores than

KD LoRA on the 19-task function-style ICL composite. This result is specific to

the warm-started, frozen-backbone setup and may reflect the altered optimisation

parameterisation. Finally, the controller uses cost alone, not module importance;

an importance-aware comparison is required before claiming that its allocation is

behaviourally well chosen. Chapter 7 therefore moves to direct intervention-based
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tests of internal structure.
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Modularity for Reusable Large Language Models: External PEFT Modules and
Internal Circuits

Part III

Internal Circuits: In-Context

Learning and Load-Bearing

Structure
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Modularity for Reusable Large Language Models: External PEFT Modules and
Internal Circuits

Chapter 7

In-Context Learning Capability:

Circuit Mechanisms &

Load-Bearing Structure

This chapter turns from external PEFT modules to internal circuits. Chapters 4–6

studied reusable behaviour through detachable parameter-efficient fine-tuning (PEFT)

components that can be described, transferred, and organised under deployment

budgets. The present chapter studies the complementary internal case: reusable

computation carried by structures already present inside the model. In particular,

the chapter asks what internal structure supports in-context learning (ICL), where a

model reuses learned capability at inference time from a prompt, without additional

parameter training or weight updates.

This internal case differs from the PEFT-module case in an important way.

PEFT modules are architected as explicit detachable components, whereas internal

circuits are usually inferred from model behaviour and intervention rather than

specified by design. The chapter therefore does not assume that arbitrary circuits

satisfy all modularity conditions introduced in Chapter 2. Instead, it operationalises

the main internal object more narrowly through attention heads: architecturally

defined components with fixed locations, inputs, outputs, and intervention points.

151



Using Bi-Induct, a mechanism-targeted synthetic-data intervention introduced in

Section 7.2.1, I test whether candidate ICL-relevant attention-head signatures can

be made more visible under matched compute, and whether stronger mechanistic

signatures correspond to load-bearing structure.

7.1 Preliminaries

This section establishes the conceptual and operational scaffolding needed to read

the rest of the chapter. It builds on the earlier discussion of internal circuits, in-

context learning, and load-bearing structure in Chapter 2, Section 2.2.2, together

with the internal-circuit methodology introduced in Chapter 3, Section 3.4. The

aim here is not to repeat those foundations, but to define the chapter-local terms

and measurements needed for the Bi-Induct experiments and the four evaluation

axes used later in the chapter.

I first define the operational terms used throughout the analysis, including in-

duction signatures, anti-induction, copy-score telemetry, targeted ablation tests, and

load-bearing structure (Section 7.1.1). I then motivate in-context learning (ICL)

as a form of reuse without parameter updates (Section 7.1.2), frame the central

problem as the distinction between visible mechanistic signatures and load-bearing

structure (Section 7.1.3), and position the chapter relative to prior work on induction

mechanisms, mechanism-targeted training signals, and matched-compute evaluation

(Section 7.1.4). The section closes with the full chapter outline (Section 7.1.5).

7.1.1 Operational definitions: signatures, circuits, and load-

bearing tests

This subsection establishes the chapter’s terminology before those terms are used

in the motivation, experimental design, and results. It is intentionally placed first

because the chapter’s central argument depends on separating three ideas that are

easy to conflate: a signature, a candidate circuit, and a load-bearing circuit. Building
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on the distinction between structural and functional modularity in Chapter 2, I use

signature for a measured pattern that makes a component look like a candidate

mechanism, and load-bearing circuit for internal structure whose causal contribution

is tested by intervention. The definitions below introduce the attention-head scores,

localisation and spread measures, and ablation quantity used later in the chapter.

The broader evaluation protocol is introduced in Section 7.2.4, and supplementary

implementation details are provided in Appendix E.2.

Scope of modularity in this chapter. Internal circuits are treated here as can-

didate reusable structures rather than as modules by assumption. Unlike PEFT

modules, their boundaries are usually inferred from behaviour and intervention

rather than specified by design. For this reason, the chapter focuses on measurable

signatures and targeted ablations: attention heads provide the main operational unit

because they are architecturally defined and can be localised, scored, and intervened

on directly.

Induction head and induction circuit. Let S = (s0, . . . , sL−1) be a token span

of length L, where each si is a token, and let S ′ = (s′0, . . . , s
′
L−1) be a repeated copy

of that span with s′i = si. Consider the repeated sequence

x = s0 s1 . . . sL−1 ⟨sep⟩ s′0 s′1 . . . s′L−1, s′i = si.

An induction head is an attention head that supports forward copying across such

repeated spans. Operationally, an induction-style head attends from a token s′i in

the second span back to the token that followed the corresponding token si in the

first span, thereby helping to predict the next token in the repeated sequence. In

this chapter, I use the term induction circuit for the broader internal computa-

tion involving such heads and their interactions with surrounding residual-stream

and multi-layer perceptron (MLP) components. The measured attention pattern

is therefore a signature of the candidate circuit, not by itself proof that behaviour
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relies on that circuit.

Anti-induction. Anti-induction is the backward-copy counterpart of induction.

Rather than retrieving information that helps predict the next token after a repeated

cue, anti-induction retrieves information aligned with the previous-token or reversed-

span structure. It is included as a directional control: if the synthetic curriculum

simply teaches generic equality matching, then backward-copy probes should also

become stronger; if transformer copy circuitry is directionally biased, anti-induction

scores should remain weak.

Copy-score probes. To detect induction-like and anti-induction-like signatures,

I evaluate attention heads on held-out copy probes disjoint from training. These

probes are a measurement device, not the Bi-Induct training intervention itself; the

training snippets are introduced later in Section 7.2.1. Unless otherwise stated,

copy-score probes use long repeated spans with L = 500, rather than the L = 20

span used in the main Bi-Induct curriculum, to reduce the chance that telemetry

simply reflects memorisation of the replacement-based training-intervention format.

Appendix E.2.2 gives the supplementary probe-count and concentration details. Let

A(ℓ,h) ∈ RT×T be the attention map for layer ℓ, head h, with rows indexing target

positions and columns indexing source positions. Let ti denote the position of s′i in

the second span and mi denote the position of si in the first span.

Induction score. The induction score measures attention mass on the next-token

alignment:

Dnext = {(ti,mi+1)}L−2
i=0 ,

ScoreI(ℓ, h) = Ex

 1

L− 1

∑
(ti,mi+1)∈Dnext

A
(ℓ,h)
ti,mi+1

 .

Higher ScoreI indicates a stronger forward-copy signature.
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Anti-induction score. The anti-induction score measures attention mass on the

same-token alignment:

Dsame = {(ti,mi)}L−1
i=0 ,

ScoreA(ℓ, h) = Ex

 1

L

∑
(ti,mi)∈Dsame

A
(ℓ,h)
ti,mi

 .

Higher ScoreA indicates a stronger backward-copy or anti-induction-style signature.

Detecting specialised heads. For each layer ℓ, I rank heads by their copy score

and select the top 2% of heads, with a one-head-per-layer floor:

kℓ = max{1, ⌈0.02 |Hℓ|⌉}.

These selected heads are used as a localisation proxy for the most induction-like or

anti-induction-like heads in that layer. This procedure gives a consistent localisation

rule across model sizes and curricula. Because the tested models contain 12, 16, or

24 attention heads per layer, the one-head floor applies at every tested scale, so the

rule selects the single highest-scoring head in each layer.

The 2% rule was chosen to make the intended localisation sparse and proportional

to layer width, while the one-head floor ensures that every layer is represented. In

the present models it reduces to exactly one head per layer, so 2% is not empirically

distinguished from any other percentage that also rounds to one. The rule is oper-

ational rather than uniquely justified, and the telemetry and ablation conclusions

are conditional on it; sensitivity to larger top-k sets remains a limitation.

Non-zero signature spread. Because the top-2% localisation rule selects one

highest-scoring head per layer for all model sizes studied here, I additionally report

the number of selected heads whose measured copy score is strictly greater than

zero. Equivalently, this counts the number of layers in which the highest-scoring

head exhibits a non-zero measured copy signature. This quantity describes the

depth-wise spread of detectable activity; it does not imply that every non-zero score
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represents a strongly specialised or behaviourally important head.

Earlier emergence. When I refer to a signature emerging earlier, I mean that the

strongest copy-score peaks are localised in earlier layers at a fixed final checkpoint

under matched compute. I do not mean that the model reaches a fixed behavioural

capability in fewer optimisation steps. This distinction matters because the chapter

evaluates final checkpoints under iso-FLOPs: the results ask whether targeted data

changes the location, visibility, and causal role of copy-style signatures, not whether

it provides a full training-time acceleration curve.

Load-bearing induction. A high copy score means that an induction-like sig-

nature is detectable, but it does not show that behaviour relies on the correspond-

ing heads for ICL. Following the targeted-ablation methodology introduced in Sec-

tion 3.4.5, I treat induction structure as load-bearing only when intervention shows

that behaviour is more sensitive to removing the selected heads than to removing

matched random heads. For each model and curriculum, I identify the highest-

scoring induction head in every layer under the rule above, ablate those heads, and

compare the result with the clean run and a random ablation that removes the same

number of heads in the same layers. Matching count and depth controls for the

amount and layer distribution of capacity removed, although it does not control for

every head property. Implementation details and per-task results are provided in

Appendix E.5; the aggregate results are reported in Section 7.3.3.

If ICLclean is the clean ICL composite and ICLabl is the score after ablation, I

report the relative ablation effect as:

∆abl = 100× ICLabl − ICLclean

ICLclean

. (7.1)

A circuit is treated as more load-bearing when targeted induction-head ablation

produces a substantially larger negative ∆abl than matched random-head ablation. A

large targeted drop therefore indicates behavioural importance beyond the detected
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induction signature.

Use in the evaluation. These operational definitions are used most directly in the

mechanistic-signature and causal-reliance axes of the evaluation. The induction and

anti-induction scores define the copy-score telemetry used to measure mechanistic

signatures; the top-2% localisation rule and non-zero signature-spread measure

describe where and how widely those signatures are detected; the selected induction

heads are then used in the targeted-ablation tests; and the relative ablation effect

∆abl defines how I measure causal reliance. The remaining two axes are introduced

with the full evaluation protocol: behavioural capability is measured with few-

shot ICL benchmarks, and language-model quality is measured with held-out

cross-entropy and perplexity. This full four-axis evaluation protocol is specified in

Section 7.2.4.

7.1.2 ICL as reuse without parameter updates: why circuits

matter

This subsection explains why the definitions above matter for the thesis argument. It

first connects ICL to the thesis theme of reuse under constraints, then explains why

a data-level intervention is an appropriate way to test whether candidate circuits

can be made more visible or more load-bearing. The concrete replacement-based

data intervention is not introduced until Section 7.2.1; here the goal is to motivate

why such an intervention is worth testing.

A central thesis theme is efficiency through reusability. A distinctive form of

reuse in large language models (LLMs) is that many tasks can be performed without

changing parameters: the model is conditioned on a prompt and executes the task

via in-context learning (ICL). ICL refers to the ability of a pretrained model to

infer a task from in-context demonstrations (few-shot examples in the prompt) and

execute it at inference time without updating weights (Brown et al., 2020). From the

thesis perspective, this is reuse without parameter updates: prompting works
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because inference-time computation routes through internal circuits that implement

the required behaviour.

Chapter 6 reported setup-specific differences in mean ICL-probe scores between

KD LoRA and Budgeted LoRA within the reported warm-started student setting.

The present chapter turns to the complementary internal question: what kinds

of circuit structure support ICL behaviour under matched compute, and when

do mechanism-like signatures become load-bearing for reuse? This motivates an

internal-circuit question: if ICL is partly supported by specialised internal structure,

can a targeted data intervention make the corresponding signatures more visible, and

does that visibility translate into stronger behavioural reliance? In this chapter, the

intervention is mechanism-targeted data: a minimal synthetic-data intervention de-

signed to preferentially exercise a hypothesised ICL-relevant computation under a

fixed compute budget.

I intervene at the data level (rather than changing the model or optimiser) for

three reasons:

1. A concrete candidate mechanism exists. Mechanistic interpretability1

has identified a simple two-attention-head motif implementing an induction-

style copy computation and linked it to few-shot pattern matching (Olsson

et al., 2022). This motivates targeting copy-like structure as a plausible inter-

nal mechanism supporting reuse without parameter updates.

2. Under matched compute, data is the main controllable degree of

freedom. Scaling-law analyses relate loss predictably to model size, data,

and compute (Kaplan et al., 2020; Hoffmann et al., 2022). More recent work

formalises data quality as shifting scaling curves and reducing the compute

needed to reach a target loss (Bansal et al., 2022; Subramanyam et al., 2026).2

1Here I use “mechanistic interpretability” in the intervention-based sense: explaining model
behaviour via internal components and testing causal contribution with targeted interventions
such as ablations or activation patching. The chapter-level operational definitions are given in
Section 7.1.1.

2Empirically, some forms of noise/curation primarily shift curves with limited change to ex-
ponents in controlled settings (Bansal et al., 2022); quality-aware formulations model this with
an explicit quality parameter that trades off with model/data requirements (Subramanyam et al.,
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3. Transformer inductive biases favour simple algorithmic primitives.

Transformers tend to learn relatively simple algorithmic behaviours (including

copy/search-style primitives), making copy-targeted data interventions a direct

way to bias learning toward reusable circuit motifs (Davidovich and Ringel,

2026).

These considerations motivate the core question studied in this chapter:

Can mechanism-targeted synthetic data make ICL-relevant circuit signa-

tures emerge earlier or become more visible, and does this translate into

stronger behavioural reliance on the corresponding attention heads under

matched compute?

The remainder of the chapter answers this question using the Bi-Induct replacement-

based synthetic-sequence intervention (Section 7.2.1).

7.1.3 Problem framing: signatures are not the same as load-

bearing structure

This subsection narrows the above motivation into the specific problem tested in

the chapter. I first state the tempting hypothesis behind mechanism-targeted pre-

training, then explain why it is incomplete, and finally connect the issue back to

modularity and matched-compute evaluation. The empirical tests of this problem

are deferred to the four evaluation axes in Section 7.3.

A common intuition in mechanism-targeted pretraining is:

If a targeted intervention makes an ICL-relevant circuit appear earlier

(or more prominently), then ICL capability should improve.

This sounds plausible because induction heads are causally linked to ICL on con-

trolled tasks and can exhibit phase-transition-like emergence (Chen et al., 2024;

Edelman et al., 2024).

2026).
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The pitfall. A circuit can be present without being used. Synthetic cues might

increase induction-style activity while leaving prediction routed primarily through

other pathways. In this thesis, this distinction is captured by load-bearing struc-

ture (Chapter 2): a component is load-bearing when targeted intervention on that

component causes a larger loss in the relevant behaviour than matched control inter-

ventions. The chapter measures induction signatures and tests whether the detected

structures become load-bearing for ICL.

Why this is a modularity question. Mechanism-targeted synthetic data can be

viewed as a data-level intervention aimed at a candidate internal circuit signature.

Modularity suggests that strengthening a candidate route might make behaviour

easier to localise; redundancy suggests the opposite: capability can be implemented

along multiple routes, so increasing the visibility of one route does not guarantee

that it carries the load. The experiments examine that tension by pairing signature

measurements with matched targeted-versus-random ablations in the Bi-Induct set-

ting.

Reuse under constraints. Under a fixed compute budget, any synthetic inter-

vention displaces natural text. Thus, the practical question is: Does mechanism-

targeted synthetic data improve ICL per FLOP under matched compute, without

degrading language-model quality?

7.1.4 Positioning relative to prior work

This subsection locates the chapter within the closest prior work, without repeating

the broader literature review in Chapter 2. I organise the positioning around three

threads that the experiments combine: mechanistic accounts of ICL and induction,

mechanism-targeted training signals, and matched-compute evaluation. The point

of this positioning is to make clear why the chapter evaluates Bi-Induct on four

axes via behavioural endpoints, telemetry, causal ablations, and a language-model

quality check rather than relying on any one of these signals alone.
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Mechanisms for ICL and induction. Mechanistic interpretability work has

identified induction-style copy circuits and linked them to few-shot pattern match-

ing and ICL-like behaviour in transformers (Olsson et al., 2022). Subsequent work

expands the empirical and theoretical picture of induction-head emergence, copy

circuits, and the relationship between attention heads and ICL behaviour, motivat-

ing copy/induction as a plausible circuit-level mechanism supporting reuse without

parameter updates (Chen et al., 2024; Edelman et al., 2024; Veitsman et al., 2025;

Yin and Steinhardt, 2025).

Mechanism-targeted training signals. A broader line of work uses targeted

examples, curricula, objective tweaks, or data rewrites to encourage specific capa-

bilities (including ICL-relevant behaviours) during training (Gu et al., 2023; Kim

et al., 2025; Gloeckle et al., 2024; Maini et al., 2024; Nguyen et al., 2025; Fujii et al.,

2025). These works are often evaluated via behavioural outcomes and signature-

style diagnostics rather than via explicit tests of causal reliance (i.e., whether the

induced mechanism becomes load-bearing) (Zhang and Nanda, 2024).

Matched-compute evaluation and the “signature vs. load-bearing” gap.

Scaling-law work emphasises matched budgets (Kaplan et al., 2020; Hoffmann et al.,

2022), while mechanistic interpretability already places causal intervention at the

centre of circuit claims (Zhang and Nanda, 2024). The chapter does not claim

causal testing itself as novel. Its narrower contribution is to apply behavioural

evaluation, copy telemetry, matched targeted/random ablation, and natural-text

perplexity jointly to a matched-compute Bi-Induct case study in which synthetic

replacements displace natural text.

Chapter contribution. Bi-Induct operationalises a minimal replacement-based

data intervention (forward-copy, backward-copy control, and balanced variants) and

evaluates it under iso-FLOPs across model scales. The chapter uses this interven-

tion as a controlled case study, not as a claim that Bi-Induct is a generally superior
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pretraining recipe. Within this case study, the contribution is the joint applica-

tion of capability endpoints, copy-head telemetry, matched targeted-versus-random

ablations, and a natural-text quality check to separate induction signatures from

load-bearing induction.

7.1.5 Chapter outline

Having defined the main terms and motivated the problem, the remainder of the

chapter proceeds as follows. Section 7.2 introduces the experimental contribution:

the Bi-Induct data intervention, the model family, the matched-compute setup, and

the four-axis evaluation protocol. Section 7.3 reports the four corresponding result

axes: behavioural capability, mechanistic signatures, causal reliance, and language-

model quality. Section 7.4 then discusses the implications for mechanism-targeted

synthetic data and for the broader thesis narrative of modularity for reuse under

constraints. Section 7.5 concludes.

7.2 Experiments

This section describes the experimental contribution of the chapter. It first intro-

duces Bi-Induct, the mechanism-targeted replacement-based data intervention used

to test whether copy-style circuits can be strengthened under matched compute

(Section 7.2.1). It then states the experimental scaffold (Section 7.2.2), gives the

concrete model family, data, training, and matched-compute details (Section 7.2.3),

and defines the four evaluation axes used to interpret the results (Section 7.2.4).

The purpose of this section is therefore to make clear what is being changed, what

is being held fixed, and how the resulting models are evaluated before moving to

the results in Section 7.3.
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7.2.1 Bi-Induct: a minimal mechanism-targeted data inter-

vention

This subsection introduces Bi-Induct, the mechanism-targeted data intervention

used in this chapter. Bi-Induct is not proposed as a generally superior pretraining

recipe. Its role is experimental: it adds controlled copy-structured snippets to an

otherwise natural pretraining stream and tests whether induction-like circuitry be-

comes more visible and more load-bearing under matched compute. In the terminol-

ogy of Section 7.1.1, Bi-Induct targets mechanistic signatures ; the later evaluation

tests behavioural capability and causal reliance separately.

Bi-Induct is implemented as a replacement-based data intervention. During

streaming pretraining, each candidate natural-sequence slot is either retained or

replaced by a short synthetic directional-copy snippet. The synthetic snippet is

padded to the fixed context length, and padded positions are excluded from the

language-modelling loss. It therefore occupies the same fixed-shape batch slot as

the displaced natural sequence, but contributes loss only on its non-padding to-

kens. Holding batch shape, sequence length, and optimiser steps fixed preserves

nominal FLOPs across curricula, while each replacement displaces natural-text ex-

posure and typically reduces the number of non-padding loss-bearing tokens. The

experiment therefore evaluates the complete replacement-based intervention under

matched compute, rather than isolating copy structure at a matched number of

supervised tokens.

The intervention is based on the induction-head motif studied in prior mech-

anistic work on in-context learning: when a token or span reappears in context,

an induction-style computation retrieves what followed the earlier occurrence and

uses it to predict what should follow the later occurrence (Olsson et al., 2022). In

this chapter, induction denotes this forward-copy direction. Anti-induction denotes

the backward-copy control: instead of repeating the span in the same order, the

second half reverses it. This control tests whether the model learns a generic equal-

ity/repetition cue or whether transformer copy circuitry remains directionally biased
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toward forward induction.

Let V be the tokenizer vocabulary and let BPE(·) denote the byte-pair encoding

(BPE) tokenizer. For a span length L, I sample a token span

S = (s1, . . . , sL), si ∼ Uniform({⌊0.05|V|⌋, . . . , ⌊0.95|V|⌋}) .

This middle-range sampling excludes the lowest and highest token IDs, which in the

tokenizer include special, reserved, or otherwise atypical IDs. The purpose is not

to sample according to natural token frequency, but to avoid snippets dominated

by special symbols or rare tokenisation artefacts. I use a single space as a neutral

separator, SEP = BPE(" ").

Random token spans were chosen to isolate equality, order, and directional copy-

ing from semantic predictability. This makes the copy relation controlled, but the

snippets are less natural and less useful as language data than real-text spans; the

study does not compare the two designs. Standard next-token loss is applied to all

non-padding tokens in both spans. Consequently, most of the first random span is

unpredictable from its prefix and contributes noisy or irreducible loss, whereas the

second span is predictable from the earlier copy. Masking loss on the first span would

still allow second-span gradients to flow through its contextual representations and

would provide a cleaner test of the copy objective. Because that ablation was not

run, the present behavioural and perplexity results conflate the copy intervention

with this first-span loss choice.

Forward/induction snippets (Figure 7.1, top). The forward-copy condition

repeats the sampled span in the same order:

Induction(S) = [S ∥ SEP ∥ S].

This directly exercises the copy pattern associated with induction heads: the second

occurrence of the span provides a cue to retrieve what followed the corresponding
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position in the first occurrence.

Backward/anti-induction snippets (Figure 7.1, bottom). The backward-

copy condition reverses the second span:

Anti(S) = [S ∥ SEP ∥ reverse(S)].

This provides a directional control. If the replacement data simply strengthens

generic matching over repeated tokens, anti-induction scores should also increase.

If the model’s copy circuitry is biased toward the forward induction direction, anti-

induction should remain weak.

Balanced snippets. The balanced condition mixes the two directions. On each

synthetic replacement, I flip a fair coin to choose between an induction snippet and

an anti-induction snippet. Each snippet has length ℓsnip = 2L+ |SEP|; for example,

if SEP is a single space token, the snippet length is 2L+1.

Scheduling the Bi-Induct replacement under iso-FLOPs. The Bi-Induct

replacement schedule is front-loaded and annealed. Let m0 be the initial mix ratio,

defined as the initial probability that a candidate natural-sequence slot is replaced

by a synthetic snippet. Let t denote the natural-token progress used by the data

iterator to drive the schedule, and let Ta be the annealing horizon in the same units.

The instantaneous replacement probability is

m(t) = max
{
m0 ·(1− t/Ta), 0

}
.

For each candidate natural-sequence slot, I draw u ∼ Uniform(0, 1). If u < m(t),

the natural sequence is replaced by one synthetic snippet according to the current

synthetic task ∈ {induction, anti, balanced}. Otherwise, the natural sequence

is retained. Loss masking and fixed-shape batching follow the convention defined at

the start of this subsection.
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Induction A B C D E A B C D E

Anti-induction A B C D E E D C B A

Figure 7.1: Examples of copy-style snippets used in the Bi-Induct replacement-based
data intervention. Each snippet is a span of L random non-special tokens, followed
by a separator, then either the same span (induction) or the reversed span (anti-
induction). Colours align repeated tokens across the two halves. The illustration
uses L=5 for clarity.

Expected average replacement probability (m̄). Because replacement is de-

termined by a Bernoulli draw for each candidate sequence slot, the realised number

of replacements varies slightly across runs. I summarise the schedule using its ex-

pected average replacement probability over the baseline training horizon Tbase:

m̄ =
1

Tbase

∫ Tbase

0

m(t) dt =


m0

(
1− Tbase

2Ta

)
, Tbase ≤ Ta,

m0
Ta

2Tbase

, Tbase > Ta.

For the main experiments, Ta = Tbase, so m̄ = m0/2. This quantity summarises

the expected replacement probability over training progress; it is not the realised

fraction of replaced slots or the fraction of non-padding training tokens that are

synthetic.

Why this schedule? The schedule has three purposes. First, it front-loads the

mechanism-targeted signal and anneals it away to reduce late-stage distributional

shift. Second, it exposes a single intervention-strength dial, m0. Third, it retains the

fixed-shape matched-compute comparison defined above. The runs are matched in

nominal FLOPs but not in non-padding loss-bearing tokens or natural-text exposure.

7.2.2 Experimental setup and measurement

This subsection explains how the Bi-Induct experiments instantiate the shared

internal-circuit methodology introduced in Chapter 3. In particular, the exper-

iments use the same methodological principles as Section 3.4: matched-compute
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comparison, mechanism-aware telemetry, targeted intervention tests for load-bearing

structure, and a separate check on general language-model quality. The chapter-local

operational definitions for signatures, top-2% head localisation, and targeted-versus-

random ablation are given in Section 7.1.1. The concrete model, data, and training

setup is given in Section 7.2.3; the reported measures are then organised into the

four-axis evaluation protocol in Section 7.2.4.

7.2.3 Models, data, and matched compute

I train decoder-only Transformers at 0.13B, 0.5B, and 1B parameters. The natural-

only baselines use the same model family, corpus, and preprocessing pipeline as

Section 6.4.1. The models are trained on deduplicated The Pile with a fixed tok-

enizer and stable held-out split (Gao et al., 2020); sequence shape and loss masking

are specified once in Section 7.2.1. The three intervention conditions are Induction,

Anti-Induction, and Balanced.

The model family follows the decoder-only Transformer presets reported in Ta-

ble 6.1 and introduced in Section 6.4.1 of Chapter 6. Each model uses pre-norm resid-

ual blocks, rotary position embeddings (RoPE), grouped-query attention (GQA),

SwiGLU gated feed-forward layers, head dimension 64, and untied input/output

embeddings. The 0.13B, 0.5B, and 1B presets inherit the layer counts, hidden sizes,

attention-head counts, and key–value head counts reported in Table 6.1.

For language-model quality evaluation, I reserve a fixed 0.2% held-out slice of

The Pile (approximately 0.4B tokens), selected by stable hash partition. All runs

use a context length of 1,024 tokens, and results are averaged over three random

seeds. Training uses bfloat16 precision and AdamW with β1 = 0.9, β2 = 0.999,

weight decay 0.1, peak learning rate 10−3, 3% linear warmup, and cosine decay. Each

update processes 216 nominal token positions under the fixed-shape and loss-masking

convention defined in Section 7.2.1. Following compute-optimal guidance (Hoff-

mann et al., 2022), for N non-embedding parameters I set Tbase ≈ 20N , compute

U = ⌈Tbase/2
16⌉, and keep U fixed across curricula at each scale. This matches nom-
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inal FLOPs, batch shape, and optimiser steps, but not non-padding loss-bearing

tokens or natural-text exposure; the comparison therefore evaluates the complete

replacement intervention rather than a token-matched copy objective.

I use the 0.13B model as a design lab to choose the Bi-Induct operating point

before scaling to the 0.5B and 1B models. This means that I first sweep intervention

hyperparameters at the smallest scale, where repeated runs are cheapest, and then

fix the selected values for the larger-scale comparison. The span-length sweep tests

L ∈ {5, 20, 500} with a fixed initial mix ratio of 25%; L = 20 is selected because it

provides a stable middle point: very short spans provide a weaker copy signal, while

very long spans do not give a consistent ICL gain and can slightly worsen perplexity.

The mix-ratio sweep then fixes L = 20 and tests m0 ∈ {25%, 50%, 100%}; m0 = 50%

is selected as a moderate intervention strength that gives a clearer mechanism-

targeted signal than 25% while avoiding the much larger language-model quality

degradation observed at 100%. The full span-length and mix-ratio sweeps are re-

ported in Appendices E.3.1 and E.3.2. The scaling experiments therefore use L = 20

and m0 = 50%, linearly annealed to zero over the full training budget.

7.2.4 Four-axis evaluation: behavioural capability, mecha-

nistic signatures, causal reliance, and language-model

quality

Bi-Induct is evaluated using four axes: behavioural capability, mechanistic signa-

tures, causal reliance, and language-model quality. The first three axes test whether

the relevant behaviour is present, whether the intended internal signature is de-

tectable, and whether behaviour relies on the detected structure. The fourth axis

separately evaluates whether the replacement-based intervention preserves general

language-model quality on natural text.

1. Behavioural capability. I evaluate two few-shot ICL families. The first

is a standard language-model benchmark family evaluated in a 3-shot set-
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ting. It includes MMLU, Winogrande, CommonSenseQA, PIQA, HellaSwag,

TriviaQA-Wiki, BBH, OpenBookQA, ARC-Challenge, GPQA, GSM-8K, MathQA,

BoolQ, and LAMBADA. Multiple-choice and classification tasks are evaluated

with accuracy; open-domain question-answering, maths, and generation-style

tasks are evaluated with exact match where that is the standard task metric.

The second family is the function-style ICL probe suite of Todd et al. (2024),

evaluated in a 10-shot setting with HITS@1 accuracy. These probes test sim-

ple string-manipulation and selection behaviours that are more directly sensi-

tive to in-context copying and selection than broad knowledge benchmarks. In

both families, I report macro-averaged composites over tasks. The full bench-

mark list, per-task metrics, and shot counts are given in Appendix E.2.1,

Table E.1; full per-task results are reported in Appendix E.4.1.

2. Mechanistic signatures. I compute per-head induction and anti-induction

scores on held-out copy probes disjoint from training. These scores mea-

sure whether copy-style signatures are detectable and where they are localised

across model depth. The score definitions and top-2% head-localisation rule

are given in Section 7.1.1; supplementary telemetry details are provided in

Appendix E.2.2.

3. Causal reliance. I test whether the detected induction heads are behaviourally

relied upon by comparing targeted induction-head ablation with matched

random-head ablation. The reported quantity is the relative change in the

function-probe ICL composite after ablation, as defined in Equation 7.1. This

axis tests whether the heads identified by telemetry are merely visible or

whether ICL performance depends on them. The main causal-reliance re-

sults are reported in Section 7.3.3; supplementary per-task ablation tables are

provided in Appendix E.5.

4. Language-model quality. I report next-token cross-entropy and perplexity

(PPL) on the fixed held-out The Pile validation slice. For a token sequence
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x1:T , the per-token cross-entropy is

LCE(x1:T ) = −
1

T

T∑
t=1

log pθ(xt | x<t),

and perplexity is

PPL = exp(LCE).

Under iso-FLOPs comparisons, this quality axis checks whether a mechanism-

targeted data intervention improves or amplifies ICL-relevant behaviour at the

cost of worse general language modelling on natural text.

This four-axis design is intended to separate questions that would otherwise be

conflated. It allows the results to test whether Bi-Induct changes behavioural ICL

performance, whether it changes the visibility of induction-like signatures, whether

the detected heads are causally relied upon, and whether the intervention preserves

language-model quality on natural text.

7.3 Results

This section reports the empirical findings in the same order as the four-axis eval-

uation protocol in Section 7.2.4. Each subsection first restates what is tested and

how the reported output is produced, then describes the observed patterns, and only

then interprets those patterns in relation to the chapter’s research question. Sec-

tion 7.3.1 evaluates behavioural ICL capability; Section 7.3.2 examines induction-like

and anti-induction-like signatures; Section 7.3.3 tests whether the detected induc-

tion heads are behaviourally relied upon; and Section 7.3.4 assesses the effect of the

data intervention on general language-model quality.
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7.3.1 Evaluation axis 1: Behavioural capability under matched

compute

This subsection evaluates whether Bi-Induct changes the model’s ability to infer and

perform tasks from demonstrations in the prompt, without additional parameter

updates. I report results for two task families because they test complementary

forms of ICL behaviour: broad language-model benchmarks and targeted function-

style probes.

What is tested and how. The first family contains 14 standard language-model

benchmarks evaluated with three in-context demonstrations. These tasks cover

knowledge and reasoning, such as MMLU, GPQA, ARC-Challenge, and GSM-8K;

commonsense and continuation, such as Winogrande, PIQA, and HellaSwag; and

reading, question answering, and cloze completion, such as BoolQ, TriviaQA-Wiki,

and LAMBADA. For multiple-choice or classification tasks, the selected answer is

evaluated using accuracy. For generated-answer tasks, including TriviaQA-Wiki,

BBH, and GSM-8K, the generated answer is evaluated using exact match. The

standard-benchmark composite is the unweighted macro-average of the 14 task

scores.

The second family contains 19 function-style probes adapted from Todd et al.

(2024), evaluated with ten in-context demonstrations. These probes require the

model to infer a simple transformation or selection rule from demonstrations and

apply it to a held-out query. Representative tasks include capitalize, which re-

quires changing the case of an input; choose first of 3, which requires selecting

the first item from a presented set; next item, which requires identifying the next

element under the demonstrated relation; and word length, which requires return-

ing the length of an input word. For each query, HITS@1 is one when the target

answer is the model’s highest-ranked output and zero otherwise. The function-probe

composite is the unweighted macro-average across the 19 probes.

For both families, prompt templates and shot counts are fixed across curricula,
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and results are averaged over three model-training seeds. Figure 7.2 reports the two

macro composites; the full task inventory, metrics, and per-task results are provided

in Appendix E.2.1, Table E.1, and Appendix E.4.1, Table E.4.

Observed results. On the standard language-model benchmark composite, the

differences between the natural-only Baseline and the Bi-Induct curricula are small

at all three model scales. At 0.13B, the Baseline scores 22.7± 0.5, while the closest

Bi-Induct condition, Anti-Induction, scores 22.5 ± 0.4. At 0.5B, Induction scores

23.9±0.4, compared with 23.6±0.8 for the Baseline. At 1B, Balanced and Baseline

score 24.3±0.3 and 24.2±0.5, respectively. Thus, no Bi-Induct curriculum produces

a consistent cross-scale advantage on this task family.

The function-style probes show a different pattern. At 0.13B and 0.5B, differ-

ences between curricula are mixed: the Baseline scores 5.3± 0.9 and 9.6± 1.1, while

the best Bi-Induct condition scores 5.2 ± 0.8 and 10.4 ± 1.1, respectively. At 1B,

however, the Baseline reaches 20.0 ± 1.3, compared with 15.2 ± 1.1 for Induction,

14.7± 1.2 for Anti-Induction, and 14.9± 1.1 for Balanced.

The 1B Baseline advantage is also visible on individual probes that directly

require transformation or selection. For example, on capitalize, the Baseline

scores 54.8± 2.1, compared with 33.4± 1.3 for Induction. On choose first of 3,

the corresponding scores are 69.4± 1.8 and 52.4± 2.0; on choose first of 5, they

are 55.5± 1.3 and 42.6± 3.0.

Interpretation and finding. The standard-benchmark results show that replac-

ing part of the natural-text exposure with directional copy snippets does not produce

a general few-shot improvement under matched compute. The function-probe results

further show that directly exercising a copy-related mechanism during pretraining

does not guarantee stronger performance on tasks that appear closely related to

copying and selection. At the largest tested scale, the natural-only Baseline per-

forms substantially better on this targeted task family.

The behavioural finding is therefore that Bi-Induct is broadly neutral on the
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(a)

(b)

Figure 7.2: ICL composite (macro) across two evaluation families: (a) Standard
LM benchmarks; (b) Todd et al. (2024)’s function-probe suite. Each panel groups
by model size (0.13B, 0.5B, 1B), with bar colours identifying the training regime
(Baseline, Induction, Anti, Balanced); error bars show ±1 standard deviation. For
per-task results see Appendix E.4.1, Table E.4.

standard benchmark composite and can underperform natural-only training on tar-

geted function-style ICL probes. Whether this behavioural difference corresponds

to differences in the visibility or causal role of induction-like circuitry is examined

in the next two evaluation axes.

Robustness and supplementary results. The robustness experiments in Ap-

pendix E.4.2 change the main evaluation from three-shot standard benchmarks and

ten-shot function probes to a unified one-shot setting. The standard-benchmark

composite changes little across model scales, whereas the function-probe compos-

ite decreases more clearly at 0.5B and 1B. Label-permutation and HITS@3 stress

tests similarly change absolute scores but preserve the broad ordering between the

Baseline and Bi-Induct curricula.

7.3.2 Evaluation axis 2: Mechanistic signatures through in-

duction and anti-induction telemetry

This subsection tests whether Bi-Induct changes the presence, strength, and depth-

localisation of induction-like and anti-induction-like attention patterns. Unlike the
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behavioural axis, this analysis does not evaluate generated task answers; it measures

internal attention patterns at the final checkpoint.

What is tested and how. For each model and curriculum, I evaluate attention

heads on 50,000 fresh copy probes that are disjoint from pretraining. Each probe

has the form s ⟨sep⟩ s, where s is a uniformly sampled token span of length L = 500.

This is substantially longer than the L = 20 snippets used in Bi-Induct training,

reducing the likelihood that the measurement merely detects memorisation of the

replacement-snippet format.

For every attention head, the induction score measures attention mass on the

forward next-token alignment, while the anti-induction score measures attention

mass on the backward or same-token alignment, as defined in Section 7.1.1. For each

layer, Figure 7.3 plots the best-scoring head selected under the top-2% localisation

rule, averaged over three seeds. The top row reports induction scores; the bottom

row reports anti-induction scores; and the three columns correspond to the 0.13B,

0.5B, and 1B models.

Observed results. At 0.13B and 0.5B, several Bi-Induct conditions produce promi-

nent induction-score peaks at earlier layers than the natural-only Baseline. The shift

is approximately three layers at 0.13B and two layers at 0.5B. At 1B, this ordering

reverses: the Baseline produces the earliest clear induction peaks, around layers

10–11, before the Bi-Induct variants.

Peak strength also changes with scale. At 0.13B and 0.5B, the highest measured

induction scores approach 1.0, whereas at 1B the strongest peaks remain below 0.5.

The depth-wise spread of non-zero measured induction activity also differs across

scales. Because the localisation rule selects one highest-scoring head per layer, these

counts indicate the number of layers in which the selected head has a measured

induction score greater than zero. At 0.13B, the Baseline has non-zero selected

heads in three layers, compared with five for Balanced; at 0.5B, the corresponding

counts are seven and eight; and at 1B, the Baseline has twelve compared with six
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for Induction. Thus, Bi-Induct produces slightly more widely distributed non-zero

activity at the two smaller scales, whereas the 1B Baseline exhibits the wider depth-

wise spread.

Anti-induction scores remain substantially smaller than induction scores across

all scales and curricula. Even the Anti-Induction curriculum does not produce a

strong backward-copy signature. The largest observed anti-induction peak is ap-

proximately 0.04 at 0.5B, while peaks at 1B remain approximately 0.02 or lower.

Interpretation and finding. The induction-score results show that Bi-Induct

can alter where and how visibly induction-like attention patterns appear, particu-

larly at the two smaller scales. However, this effect is not consistent across scale: at

1B, the natural-only Baseline forms the earlier and broader induction pattern.

The near-zero anti-induction scores show that exposure to backward-copy snip-

pets does not symmetrically produce backward-copy attention signatures. This sup-

ports a directional asymmetry between forward induction and the anti-induction

control.

These results establish that Bi-Induct can change mechanistic telemetry. They

do not establish whether the detected heads are required for ICL behaviour. The

targeted-ablation analysis in Section 7.3.3 therefore tests whether the visible induction-

like structure is also load-bearing.

7.3.3 Evaluation axis 3: Causal reliance through load-bearing

head ablations

This subsection tests whether ICL performance depends on the induction heads iden-

tified by the telemetry analysis. The intervention is evaluated on the function-style

probes because these tasks directly exercise transformations, copying, and selec-

tion and therefore provide a more targeted behavioural endpoint than the broader

standard-benchmark composite.
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(a) (b) (c)

(d) (e) (f)

0.13B 0.5B 1B

Baseline Induction Anti Balanced

Figure 7.3: Layer-wise copy-head telemetry. Top row: induction scores; bottom row:
anti-induction scores. For each layer I plot the best-scoring head (top 2% by score
with a floor of one head per layer), averaged over three seeds, for the 0.13B, 0.5B,
and 1B models. For head counts for each model see Table 6.1 (Chapter 6).

What is tested and how. For each model and curriculum, I select the top-2%

highest-scoring induction heads in every layer, using the one-head-per-layer floor

defined in Section 7.1.1. During evaluation, I ablate the selected heads by zeroing

their post-attention value-stream outputs before the layer output projection, while

leaving queries, keys, and attention weights unchanged. I then evaluate the same

ten-shot function-probe prompts under three conditions:

1. the clean model, with no heads ablated;

2. targeted induction-head ablation; and

3. matched random-head ablation, which removes the same number of randomly

selected heads per layer.

For each condition, I compute the macro-average of the 19 function-probeHITS@1

scores. Table 7.1 reports the percentage change relative to the corresponding clean
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model. Negative values indicate lower performance after ablation. The targeted-

versus-random comparison is central: a large targeted drop is evidence of load-

bearing induction structure only when it exceeds the effect of removing a matched

number of arbitrary heads. Full value-stream-zeroing details and per-task ablation

results are provided in Appendix E.5.

Observed results. For the natural-only Baseline, targeted induction-head abla-

tion reduces the function-probe composite at every scale: by 22.6% at 0.13B, 14.6%

at 0.5B, and 19.5% at 1B. The matched random-head changes are +17.0%, −4.2%,

and −4.0%, respectively. The targeted ablation therefore produces a substantially

worse outcome than the matched random control at each scale.

The Bi-Induct curricula generally show smaller targeted-ablation drops. At

0.13B, the targeted drops are 4.9% for Induction, 5.3% for Anti-Induction, and

19.2% for Balanced. At 0.5B, they are 10.3%, 8.3%, and 12.5%, respectively. At

1B, they are 14.5%, 12.9%, and 8.7%. In particular, the difference between the

Baseline and the Bi-Induct conditions is largest at 1B, where the Baseline has both

the highest clean function-probe composite and the largest targeted-ablation drop.

Some matched random-head ablations produce positive changes, most notably

the +17.0% result for the 0.13B Baseline. These values mean that removing an

arbitrary set of heads can occasionally improve the aggregate probe score. They

should not be interpreted as evidence that random ablation is beneficial; rather,

they make the matched targeted-versus-random comparison necessary and show

that absolute ablation changes can be sensitive to which heads are removed.

Interpretation and finding. The observed pattern does not match the expecta-

tion that stronger or more visible induction telemetry should necessarily correspond

to greater behavioural dependence. Although Bi-Induct can make induction-like

signatures more visible, the natural-only Baseline is generally more sensitive to re-

moving its highest-scoring induction heads.

Under this head-selection and value-stream-ablation protocol, the natural-only
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Model
Baseline Induction Anti Balanced

∆induct ∆rand ∆induct ∆rand ∆induct ∆rand ∆induct ∆rand

0.13B -22.6% +17.0% -4.9% +7.3% -5.3% +5.3% -19.2% 0.0%

0.5B -14.6% -4.2% -10.3% +3.8% -8.3% -1.2% -12.5% 0.0%

1B -19.5% -4.0% -14.5% -2.6% -12.9% +0.7% -8.7% -4.0%

Table 7.1: Percent change in function-probe ICL composite after ablating either
top-2% induction heads per layer (∆induct) or a matched number of random heads
(∆rand), relative to the clean run. Negative is worse.

Baseline is more sensitive to targeted removal than the Bi-Induct variants in most

comparisons. Bi-Induct can therefore amplify or redistribute the measured signa-

tures without consistently increasing reliance on the selected heads. This conclu-

sion is conditional on the top-one-per-layer localisation rule and the tested function

probes.

7.3.4 Evaluation axis 4: Language-model quality check

This subsection evaluates whether Bi-Induct changes general next-token modelling

quality on natural text. This axis is necessary because the synthetic snippets occupy

part of the fixed training budget: an intervention that changes ICL-related behaviour

or telemetry may still be undesirable if it substantially worsens modelling of the

natural-data distribution.

What is tested and how. I evaluate each final checkpoint on the same fixed

0.2% held-out slice of The Pile, selected by stable hash partition and containing

approximately 0.4B natural-text tokens. No synthetic snippets are included in this

evaluation. Using the same tokenizer and context length for all models, I compute

the average next-token cross-entropy over the held-out tokens and convert it to

perplexity using the definition in Section 7.2.4. Lower perplexity indicates better

prediction of the natural-text sequence. Table 7.2 reports the mean across three

seeds.
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Curriculum 0.13B 0.5B 1B

Induction 25.8 17.9 14.9
Anti-induction 26.2 18.2 14.9
Balanced 26.2 18.2 14.9

Baseline 21.8 16.0 14.1

Table 7.2: Held-out perplexity (PPL ↓) on the fixed The Pile eval split at iso-
FLOPs. Values are averaged over three seeds. For each model size, synthetic cur-
ricula use a 50% initial mix ratio linearly annealed over the full training budget.

Observed results. The natural-only Baseline has the lowest held-out perplexity

at every scale. At 0.13B, the Baseline perplexity is 21.8, compared with 25.8 for

Induction and 26.2 for both Anti-Induction and Balanced. At 0.5B, the Baseline

scores 16.0, compared with 17.9–18.2 for the Bi-Induct curricula. At 1B, the Baseline

scores 14.1, while all three Bi-Induct curricula score 14.9.

The absolute gap between natural-only and Bi-Induct training decreases with

scale: approximately 4.0–4.4 perplexity points at 0.13B, 1.9–2.2 points at 0.5B, and

0.8 points at 1B.

Interpretation and finding. Bi-Induct consistently incurs a natural-text mod-

elling penalty under matched compute: every Bi-Induct curriculum produces higher

held-out perplexity than the natural-only Baseline at each tested scale. The degra-

dation is nevertheless limited rather than catastrophic. Relative to the Baseline,

the perplexity increase is approximately 18%–20% at 0.13B, 12%–14% at 0.5B, and

6% at 1B. The Bi-Induct models therefore retain substantial natural-text modelling

capability, although they do not match the quality of natural-only training.

The experiment does not isolate why the relative penalty decreases with model

size. Possible contributing factors include general scaling effects, differences in sensi-

tivity to the replacement-based intervention, and the reduced natural-text and non-

padding loss-bearing-token exposure under Bi-Induct. The language-model-quality

finding is therefore that Bi-Induct introduces a measurable but non-catastrophic

quality trade-off under the tested conditions.
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7.4 Discussion

This section interprets the four result axes together. Section 7.4.1 states the main

chapter-level implication: reuse without parameter updates requires load-bearing

structure; visible signatures alone are insufficient. Section 7.4.3 then applies the

four-axis evaluation protocol to mechanism-targeted synthetic data. Section 7.4.4

connects the findings back to the thesis narrative of modularity for reuse under

constraints.

7.4.1 Implications: reuse without parameter updates re-

quires load-bearing structure

Across the tested settings, Bi-Induct alters the visibility and localisation of induction-

like signatures without a consistent few-shot ICL gain. The targeted/random abla-

tion comparison also does not show increased reliance on the selected heads. Salient

copy telemetry is therefore insufficient evidence of behavioural dependence in this

case study.

This interpretation follows the established mechanistic-interpretability require-

ment that circuit claims need causal intervention, not signature visibility alone. For

the thesis, the targeted-versus-random ablation supplies that check for one candi-

date attention-head set; it does not introduce causality as a new criterion for the

field.

7.4.2 Limitations of the Bi-Induct design and causal test

Four limitations bound the result. First, matching fixed batch shape and optimiser

steps matches nominal FLOPs but not non-padding supervised tokens or natural-

text exposure. Second, the random-token construction isolates copying from se-

mantics, but language-model loss is also applied to the unpredictable first span; a

masked-first-span or real-text-copy comparison could separate the copy signal from

this noisy objective. Third, the top-2% rule collapses to one head per layer at every
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tested scale, and no larger top-k sensitivity analysis is reported. Fourth, the causal

test covers value-stream zeroing on selected attention heads and one function-probe

family; other circuit components, intervention sites, and behavioural endpoints may

give a different account. The conclusions are therefore specific to three model scales,

three seeds, the stated replacement schedule, and this localisation/ablation protocol.

7.4.3 Applying the four-axis protocol to mechanism-targeted

synthetic-data interventions

The four-axis protocol used here applies an established causal principle to the

matched-compute data-intervention setting: telemetry alone does not establish a

functional circuit. For this case study I therefore report four complementary checks

rather than presenting signature visibility as the success criterion:

1. Measure behavioural capability. Determine whether the intervention im-

proves or preserves meaningful task endpoints under matched compute.

2. Measure mechanistic signatures. Use telemetry to test whether the tar-

geted structure becomes more visible, stronger, or differently localised.

3. Measure causal reliance. Because telemetry is correlational, use inter-

ventions such as ablation, activation patching, or mediation analysis to test

whether behaviour depends on the detected structure.

4. Measure language-model quality. Evaluate held-out cross-entropy, per-

plexity (PPL), and related quality measures to determine whether the inter-

vention degrades modelling of the natural-data distribution.

Design implication for follow-up experiments. Repeatedly presenting a pat-

tern may increase its telemetry without making it instrumental when alternative

pathways remain available. Follow-up interventions should therefore test objectives

that require the targeted computation, together with matched causal controls and
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the token/loss controls listed above. This is a study-specific design implication, not

a claim that prior mechanistic-interpretability work neglected causality.

7.4.4 Connection to modularity and the broader thesis

From the thesis perspective, Bi-Induct is a data-level case study aimed at a candidate

internal circuit under a fixed nominal compute budget. In this setting, increased

signature salience is not accompanied by improved ICL or greater sensitivity to

targeted ablation. The result therefore supplies a negative example for the thesis

distinction between a detectable structure and a functionally relied-upon one.

Chapter 6 reported setup-specific differences in an ICL probe composite after

alternative adaptation procedures. The present chapter uses a separate matched-

compute intervention and targeted/random ablation to ask whether visible copy-

related heads carry behaviour. Together, they motivate the more limited synthesis

in the conclusion: external cost organisation and internal causal reliance are distinct

empirical questions and require different controls.

7.5 Chapter summary

This chapter studied internal circuits as possible mechanisms supporting reuse with-

out additional parameter updates through in-context learning (ICL). Using the Bi-

Induct mechanism-targeted replacement-based intervention, I tested whether re-

placing a controlled fraction of natural sequence slots with directional copy snippets

during pretraining changes ICL capability, induction-related circuit signatures, be-

havioural reliance on the detected heads, and general language-model quality under

matched compute. The four evaluation axes support the following findings:

• Bi-Induct changes the measured induction-head signatures and, at the smaller

model scales, shifts some peaks towards earlier layers. It does not provide a

consistent few-shot ICL improvement under the fixed-shape comparison.

182



• Anti-induction scores remain near zero even when training includes explicit

backward-copy snippets, revealing a strong directional asymmetry in the copy-

related circuitry learned by the tested models.

• Under the top-one-per-layer selection and value-stream-ablation protocol, tar-

geted ablations generally produce larger reductions for the natural-only Base-

line than for the Bi-Induct variants. This is evidence of greater reliance on

those selected heads within the tested function probes, not a complete circuit

identification.

• Bi-Induct consistently worsens held-out natural-text modelling quality relative

to natural-only training, producing higher perplexity at every tested scale.

However, the degradation is limited rather than catastrophic: the relative

perplexity penalty decreases from approximately 18%–20% at 0.13B to ap-

proximately 6% at 1B. Thus, Bi-Induct retains substantial language-modelling

capability, but does not preserve the quality achieved by natural-only training

under the same nominal compute budget.

The bounded conclusion is that this Bi-Induct implementation can make candi-

date signatures more visible without increasing measured reliance on the selected

heads. It reinforces, rather than originates, the need for causal tests when relating

mechanistic signatures to behaviour and provides the thesis’s internal-circuit case

study for Chapter 8.
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Modularity for Reusable Large Language Models: External PEFT Modules and
Internal Circuits

Chapter 8

Conclusion

8.1 Thesis summary

This thesis studied how large language models (LLMs) can be made more reusable

and efficient by organising capability under explicit constraints. Modern founda-

tion models are powerful, but costly to train, adapt, and deploy when treated as

monolithic systems. I therefore use modularity as a practical mechanism for reuse

under constraints : a way of preserving, transferring, and selectively invoking use-

ful behaviour under limits such as parameters, floating-point operations (FLOPs),

training data exposure, memory, and deployment cost. The empirical chapters fo-

cus most directly on parameter-efficient adaptation, compute-controlled pretraining,

and deployment-oriented adaptation budgets.

I developed this argument through two complementary empirical perspectives.

The first concerns external PEFTmodules: parameter-efficient fine-tuning (PEFT)

components treated as reusable adaptation artefacts that can be described, ported,

and organised under explicit budgets. The second concerns internal circuits:

reusable internal computation, especially the internal structures that support in-

context learning (ICL) as a form of reuse without parameter updates. Across both

perspectives, the unifying concern is the same: how scarce resources should be or-

ganised around structures that carry useful behaviour.

The thesis uses modularity as an organising perspective for empirical questions
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about reuse under constraints. On the external side, it describes PEFT components,

tests paired-checkpoint transfer, and studies one cost-budgeted LoRA setting. On

the internal side, it compares copy-related telemetry with targeted/random head

ablations. The chapters do not establish that the same modularity conditions apply

to both objects, nor do they provide a general method for identifying redundant

computation.

8.2 Answers to the research questions

This thesis addressed four research questions.

Research Question 1: Can the parameters added by PEFT methods be

treated as structurally and/or functionally modular? Chapter 4 addressed

the structural part by introducing PEFT-Ref, a reference architecture and nine-

property typology covering interface, insertion, workspace, integration, and related

features. The typology is a descriptive basis for the seven surveyed methods, not a

performance predictor or exhaustive taxonomy. Chapters 5 and 6 then test narrower

functional and budget questions in their respective experimental settings.

Research Question 2: Can PEFT modules be reused within new host

models, and what limits their portability? Chapter 5 operationalised porta-

bility between corresponding same-scale T5 v1.1 and Flan-T5 checkpoints. These

hosts share architecture, tokenizer, tensor shapes, and training lineage; they are

not independently trained same-architecture models. Ported modules have higher

aggregate means than from-scratch and tensor-wise distribution-matched controls

in the controlled sentiment study, while the full-grid outcomes vary with technique,

direction, task/dataset setting, and budget. Architectural compatibility makes di-

rect import possible but is not sufficient in general: independently trained hosts

may have unaligned parameter spaces. The answer is therefore limited to graded,

budget-sensitive transfer within the aligned checkpoint family studied here.
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Research Question 3: How can adaptation resources be organised under

explicit budgets? Chapter 6 tested Budgeted LoRA in a fixed warm-started 6-

layer-student distillation setup. At F = 0.4, it has perplexity close to KD LoRA

with the same teacher and lower adapted-module cost proxies; F = 0.0 reports

larger proxy savings and worse perplexity. These sampled points are not claimed

to form a Pareto frontier, and the 0.13B-teacher KD Full student is a stronger

absolute-perplexity baseline than the larger-teacher budgeted variants. The con-

troller orders removals by cost alone and has no quality-importance score, so it

is an importance-agnostic baseline rather than a demonstrated optimal allocation.

Higher ICL-composite means at larger teacher scales are specific to the copied,

frozen-backbone setup and may reflect its altered optimisation parameterisation.

Research Question 4: How can internal structure supporting in-context

learning be identified under matched compute? Chapter 7 used Bi-Induct

to compare behavioural endpoints, copy-head telemetry, matched targeted/random

ablation, and natural-text perplexity under fixed-shape nominal compute. Causal in-

tervention is already a core requirement of mechanistic interpretability; the chapter’s

narrower contribution is the joint application of these four checks in one matched-

compute case study. Bi-Induct changes copy-related signatures without a consistent

ICL gain, and the selected natural-only heads are generally more sensitive to tar-

geted ablation under the tested protocol. The result is conditional on the random-

token objective, unmasked first-span loss, top-one-per-layer localisation, three model

scales, and function-probe endpoint.

8.3 Synthesis: Modularity for reuse under con-

straints

The thesis contributions are most useful when read together rather than as isolated

chapter results. They support four practical conclusions about how large pretrained
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models can be reused more effectively under constraints.

First, reusable PEFT modules need explicit structural descriptions. Before a

PEFT component can be treated as reusable, its boundary, insertion point, workspace,

integration form, and compatibility requirements must be made explicit. This is the

role of PEFT-Ref in Chapter 4: it turns PEFT methods from parameter-saving

implementation choices into comparable reusable artefacts.

Second, PEFT-module reuse must be tested rather than assumed. Within corre-

sponding T5 v1.1/Flan-T5 checkpoints, Chapter 5 observes matched-budget benefits

in some conditions and substantial variation by technique, direction, task/dataset

setting, and budget. The result is conditional on the hosts’ shared training lin-

eage and should not be extended to independently trained models without further

evidence.

Third, Chapter 6 adds dense-retention budget and post-training consolidation

as variables in one LoRA-distillation setup. The reported settings provide within-

method quality–proxy-cost comparisons, while KD Full remains the hard quality

baseline and the cost-only controller remains to be compared with importance-aware

allocation.

Fourth, the Bi-Induct case study follows the established principle that visible sig-

natures do not establish a causal circuit. Reporting behavioural capability, teleme-

try, targeted/random ablation, and natural-text quality together makes the negative

result interpretable under the study’s matched-compute constraints.

PEFT classification, transfer, LoRA distillation, pruning, induction heads, and

causal circuit tests all precede this work. The thesis contribution is a specific em-

pirical sequence: a nine-property PEFT description, paired T5-family portability

experiments, a cost-budgeted LoRA distillation study, and a four-axis Bi-Induct

case study. External PEFT modules and inferred internal circuits are not treated

as the same kind of object, and no direct causal bridge between them is established.

Part II develops three related but bounded analyses. PEFT-Ref supplies a struc-

tural description; PEFT-Port measures transfer within corresponding T5-family
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checkpoints; and Budgeted LoRA samples quality–cost outcomes for a cost-only

controller in one distillation setup. Together, they identify interfaces, host align-

ment, budget, and baseline choice as conditions that must be reported when making

PEFT reuse claims.

Part III studies one candidate internal mechanism. In the Bi-Induct experi-

ments, more visible copy-related signatures do not correspond to a consistent ICL

benefit or greater sensitivity to the selected-head ablation. This is a case-specific

application of the field’s established distinction between correlational telemetry and

causal evidence.

The connection across the parts is methodological rather than mechanistic. Ex-

ternal modules are designed components whose transfer and costs can be measured

directly; internal circuits are inferred structures requiring intervention. Both analy-

ses ask what evidence supports reuse under a stated constraint, but they use different

objects, baselines, and validation criteria.

The relation between Chapters 6 and 7 remains a future hypothesis. Budgeted

LoRA records setup-specific differences in function-probe means; Bi-Induct sepa-

rately tests copy-head telemetry and ablation. The thesis does not show that a

particular external adaptation preserves or damages a particular internal circuit.

The thesis also points to a broader design space involving the internalisation and

externalisation of different capabilities. These approaches can be combined. Some

capabilities may be best represented inside the model, either as dense capability

encoded in weights or as load-bearing circuit structure that supports reuse without

parameter updates. Other capabilities may be better externalised into detachable

PEFT modules, retrieved context, memory systems, tools, control policies, or other

harness-level structures. A central future question concerns where different reusable

capabilities should be represented, adapted, stored, or invoked across internal cir-

cuits, external PEFT modules, data interventions, and broader system-level scaffolds

under fixed constraints.

The resulting thesis position is deliberately limited: claims about reusable com-
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ponents require explicit interfaces, scope, budgets, hard baselines, and functional

tests appropriate to the object. For designed PEFT modules, those tests include

paired-host transfer and deployment-cost accounting; for inferred circuits, they in-

clude causal intervention in addition to telemetry.

8.4 Limitations and future directions

The thesis has several limitations, each of which points to natural future work.

First, PEFT-Ref covers seven methods and nine selected properties. The selec-

tion is motivated but not exhaustive, and the typology does not replace mathemati-

cal method definitions or predict performance. Future work should test its coverage

and inter-annotator reliability on newer PEFT families.

Second, PEFT-Port uses corresponding same-scale T5 v1.1/Flan-T5 checkpoints

that share architecture, tokenizer, shapes, and training lineage. It does not test

independently trained same-architecture hosts, where parameter bases may be un-

aligned. The 99% recovery rule is an operational threshold rather than statistical

equivalence, and the full grid uses only two seeds. Future work should test indepen-

dently trained hosts with explicit alignment methods, more model families, more

seeds, and uncertainty-aware recovery criteria.

Third, Budgeted LoRA uses an importance-agnostic controller with removal

score sm = cm. It is not compared with magnitude-, gradient-, activation-, Fisher-,

or validation-loss-based importance, and it cannot show that the retained modules

are behaviourally well chosen. KD Full, including the 0.13B-teacher case, remains

the hard absolute-perplexity baseline. The reported training and inference values are

adapted-module proxies rather than end-to-end wall-clock or serving measurements.

Future work should add importance-aware controllers, unpruned and smaller-student

deployment baselines, hardware measurements, and alternative student initialisa-

tions.

Fourth, Bi-Induct matches nominal FLOPs but not non-padding supervised to-

kens or natural-text exposure. Its random first span is included in the language-

189



model loss even though it is largely unpredictable; masking that loss would retain

gradients from the predictable second span and provide a cleaner objective. The

top-2% rule reduces to one head per layer, no larger top-k sensitivity is reported,

and the causal test covers one head-output intervention and function-probe family.

Future work should compare real-text spans, masked-first-span loss, token-matched

controls, broader localisation rules, and interventions over residual and MLP com-

ponents.

Fifth, no causal bridge is established between external PEFT choices and internal

circuits. A direct study would apply circuit measurements and interventions to stu-

dents produced by the alternative adaptation methods under matched initialisation

and parameterisation controls.

A further future direction concerns agentic and continual-learning systems. In

agentic systems, useful behaviour is often assembled across multiple levels: internal

model computation, external PEFT modules, retrieved context, memory, tools, and

control policies. In continual-learning settings, the central challenge is to update

different capabilities incrementally without repeatedly rewriting the full model or

destroying previously useful structure. The forms of modularity studied in this thesis

suggest one route forward: capability should be selectively added, preserved, and

invoked across system levels, rather than globally rewritten whenever the objective

changes.

More broadly, the thesis suggests a future research direction in which reusable

capability is studied across PEFT modules, internal circuits, data interventions, and

harness-level scaffolds. These should not be treated as isolated techniques, but as

different levers for shaping where different capabilities are represented and how they

can be reused under fixed budgets.

8.5 Final remarks

This thesis examines how evidence for reuse changes when parameters, training

exposure, or deployment computation are constrained. Its empirical results are
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specific to the surveyed PEFT methods, paired T5-family checkpoints, one LoRA

distillation setup, and one induction-focused data intervention.

Across those settings, three reporting requirements recur: define the component

and interface precisely, compare it with hard baselines under an explicit budget, and

distinguish structural or correlational evidence from functional and causal evidence.

This is the practical role of modularity in the thesis, rather than a claim that all

useful LLM capability is cleanly decomposable.

A future programme can test where capabilities are best adapted or invoked—in

PEFT modules, internal computation, data interventions, or external systems—but

the experiments here do not resolve that allocation. They provide scoped protocols

and negative as well as positive results for evaluating such claims under constraints.
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Modularity for Reusable Large Language Models: External PEFT Modules and
Internal Circuits

Appendix A

Research artefacts: Model cards

In addition to the written contributions of the thesis, I released a family of open-

source language models intended to support reproducible experimentation on modu-

larity, distillation, in-context learning, and compute-aware training. These releases

function as research artefacts aligned with the central thesis theme of reuse un-

der constraints : they provide controlled model checkpoints that other researchers

can use to study how capability, mechanism, and efficiency interact under matched

architectural and training conditions.

A.1 Overview and motivation

The released family, which I refer to as Bi-Induct, consists of 12 decoder-only

language models across three scales: 125M, 500M, and 1B parameters. For each

scale, I release four training variants:

• Baseline: natural-text pretraining only;

• Induction: natural text plus replacement-based induction-style synthetic se-

quences;

• Anti-Induction: natural text plus replacement-based anti-induction-style

synthetic sequences;
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• Balanced: natural text plus a balanced mixture of induction-style and anti-

induction-style replacement sequences.

The motivation for releasing these checkpoints is twofold. First, they provide

reusable experimental infrastructure for replicating and extending the matched-

compute studies in Chapter 7. Second, they support follow-up work on related

questions developed elsewhere in the thesis, including distillation, PEFT-based in-

terventions, and compute-constrained adaptation (Chapter 6).

A.2 Model family summary

All models in the Bi-Induct family are decoder-only Transformers trained under a

controlled experimental framework. The family is designed to make cross-model

comparisons meaningful: scales vary systematically, and within each scale the pri-

mary difference is the pretraining data regime rather than a wholesale change in

architecture or evaluation setup. This makes the releases useful for studying how

targeted data interventions affect both behavioural capability and internal mecha-

nistic structure.

A.3 Intended use

These models are intended for research use. In particular, they are suitable for:

• studying in-context learning under controlled pretraining conditions;

• probing mechanistic signatures such as induction-like behaviour;

• evaluating whether such signatures are load-bearing under targeted ablation;

• running distillation experiments from larger to smaller controlled hosts;

• testing PEFT and LoRA-based interventions under matched architectures;

• analysing the interaction between data regime, internal circuits, and compute-

aware adaptation.
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Scale Variant Repository

125M

Baseline MohammedSabry/biinduct-125m-baseline

Induction MohammedSabry/biinduct-125m-induction

Anti-Induction MohammedSabry/biinduct-125m-anti-induction

Balanced MohammedSabry/biinduct-125m-balanced

500M

Baseline MohammedSabry/biinduct-500m-baseline

Induction MohammedSabry/biinduct-500m-induction

Anti-Induction MohammedSabry/biinduct-500m-anti-induction

Balanced MohammedSabry/biinduct-500m-balanced

1B

Baseline MohammedSabry/biinduct-1b-baseline

Induction MohammedSabry/biinduct-1b-induction

Anti-Induction MohammedSabry/biinduct-1b-anti-induction

Balanced MohammedSabry/biinduct-1b-balanced

Table A.1: Released checkpoints in the Bi-Induct model family on Hugging Face.
The family spans three scales (125M, 500M, 1B) and four training regimes per
scale (Baseline, Induction, Anti-Induction, Balanced), providing controlled research
artefacts for reproducible experiments on in-context learning, mechanistic analysis,
distillation, and modular adaptation.

A.4 Limitations and cautions

These releases are research models rather than general-purpose assistants. They are

not instruction-tuned or safety-tuned for deployment-facing use, and they should

be interpreted primarily as controlled experimental checkpoints. Their outputs may

reflect limitations, biases, and failure modes inherited from the training data and

from their relatively small scale compared to frontier systems. They are therefore

best used for analysis, benchmarking, and follow-up experimentation, rather than

as end-user-facing models.

A.5 Repositories

Table A.1 lists the released checkpoints in the Bi-Induct family and their corre-

sponding Hugging Face repositories.
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Modularity for Reusable Large Language Models: External PEFT Modules and
Internal Circuits

Appendix B

Supplementary Material for

Chapter 4 (PEFT-Ref)

B.1 PEFT-Ref supplementary tables

B.1.1 Task performance evidence from prior work

B-1



Table B.1: Average PEFT technique accuracies on different tasks across datasets, as reported in prior comparative studies. Tiny-Attention
Adapters are omitted due to the absence of comparative studies in the published literature. To preserve the required minimum font size,
study context, training details, and reported accuracies are presented in separate parts.

Work Task Datasets

(Ding et al., 2023) Sentiment Analysis GLUE-SST2; ROTTEN TOMATOES; FINANCIAL PHRASEBANK; POEM

SENTIMENT; YELP POLARITY

(Ding et al., 2023) Classification/emotion EMO; EMOTION; TWEET EVAL-HATE; TWEET EVAL-IRONY; TWEET

EVAL-OFFENSIVE; TWEET EVAL-SENTIMENT; TWEET EVAL-STANCE

ABORTION; TWEET EVAL-STANCE ATHEISM; TWEET EVAL-STANCE

CLIMATE; TWEET EVAL-STANCE FEMINIST; TWEET EVAL-STANCE

HILLARY

(Ding et al., 2023) Natural Language Inference ANLI; GLUE-MNLI; GLUE-QNLI; GLUE-RTE; SCITAIL; SUPERGLUE-RTE;

SICK; SUPERGLUE-CB

(Ding et al., 2023) Multiple-Choice QA COSMOS QA; DREAM; HELLASWAG; OPENBOOKQA; QASC; QUAREL;

QUARTZ-NO KNOWLEDGE; QUARTZ-WITH KNOWLEDGE; RACE-HIGH;

RACE-MIDDLE; SUPERGLUE-COPA; WINO GRANDE; COMMONSENSE QA;

SCIQ; WIQA

Continued on next page
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Table B.1 continued: study context

Work Task Datasets

(Ding et al., 2023) Summarisation SAMSUM; XSUM

(Liu et al., 2022) Commonsense H-Swag; COPA; StoryCloze; Winogrande

(Liu et al., 2022) Word Sense Disambiguation WiC

(Ding et al., 2023) Hate-speech detection THOS-DISABILITY; ETHOS-GENDER; ETHOS-NATIONAL ORIGIN;

ETHOS-RACE; ETHOS-RELIGION; ETHOS-DIRECTED VS GENERALIZED;

HATE SPEECH OFFENSIVE; HATE SPEECH; HATEXPLAIN

Table B.1 (continued): training details.

Work Task Training Details

(Ding et al., 2023) Sentiment Analysis Model: T5 base; Training Steps: 20k, except Prompt Tuning trained with 100K

steps; best over batch size {16,32} and LR {1e-3,1e-4,5e-4}.

(Ding et al., 2023) Classification/emotion Model: T5 base; Training Steps: 20k, except Prompt Tuning trained with 100K

steps; best over batch size {16,32} and LR {1e-3,1e-4,5e-4}.

Continued on next page
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Table B.1 continued: training details

Work Task Training Details

(Ding et al., 2023) Natural Language Inference Model: T5 base; Training Steps: 20k, except Prompt Tuning trained with 100K

steps; best over batch size {16,32} and LR {1e-3,1e-4,5e-4}.

(Ding et al., 2023) Multiple-Choice QA Model: T5 base; Training Steps: 20k, except Prompt Tuning trained with 100K

steps; best over batch size {16,32} and LR {1e-3,1e-4,5e-4}.

(Ding et al., 2023) Summarisation Model: T5 base; Training Steps: 20k, except Prompt Tuning trained with 100K

steps; best over batch size {16,32} and LR {1e-3,1e-4,5e-4}.

(Liu et al., 2022) Commonsense Model: T0-3b; Training Steps: 1k, except Compacter/Adapter trained with 500

steps; batch size {8}, LR {3e-3}, except Prompt Tuning {1e-3}.

(Liu et al., 2022) Word Sense Disambiguation Model: T0-3b; Training Steps: 1k, except Compacter/Adapter trained with 500

steps; batch size {8}, LR {3e-3}, except Prompt Tuning {1e-3}.

(Ding et al., 2023) Hate-speech detection Model: T5 base; Training Steps: 20k, except Prompt Tuning trained with 100K

steps; best over batch size {16,32} and LR {1e-3,1e-4,5e-4}.
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Table B.1 (continued): reported PEFT accuracies.

Work Task LoRA Prefix Prompt (IA)3 Adapter Compacter

(Ding et al., 2023) Sentiment Analysis 93.09 92.83 85.48 – 92.06 –

(Ding et al., 2023) Classification/emotion 68.70 67.21 52.95 – 68.31 –

(Ding et al., 2023) Natural Language Inference 82.73 80.07 51.93 – 83.06 –

(Ding et al., 2023) Multiple-Choice QA 58.67 53.93 46.93 – 56.11 –

(Ding et al., 2023) Summarisation 35.44 33.61 30.35 – 35.38 –

(Liu et al., 2022) Commonsense 66.23 58.95 61.05 68.01 63.75 65.65

(Liu et al., 2022) Word Sense Disambiguation 54.86 52.51 52.51 54.23 54.70 55.33

(Ding et al., 2023) Hate-speech detection 85.22 84.37 67.69 – 86.02 –
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Modularity for Reusable Large Language Models: External PEFT Modules and
Internal Circuits

Appendix C

Supplementary Material for

Chapter 5 (PEFT-Port)

C.1 Appendix roadmap

This appendix provides the supplementary experimental and evaluation details for

Chapter 5. The main chapter defines the PEFT-Port protocol, operational porta-

bility criteria, and central results. The material below documents the experimental

grids, host models and datasets, distribution-matched control, evaluation imple-

mentation, PEFT hyperparameters, training budgets, and computational resources

needed to reproduce and interpret those results.

• Section C.2 documents the experimental and evaluation implementation.

• Section C.2.1 distinguishes the controlled-baseline and full-study grids.

• Section C.2.3 specifies the distribution-matched initialisation control.

• Section C.2.4 records prompt, decoding, output-normalisation, metric, and

aggregation details.

• Sections C.2.5–C.2.7 provide PEFT, training, and computational-resource de-

tails.
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Study Scope Pre-porting
budgets

Post-porting
evaluation
points

Seeds

Controlled-
baseline study

Sentiment analysis using
SST-2 and Rotten Toma-
toes; Base and Large
host scales; ported, from-
scratch, and distribution-
matched conditions

{5K, 10K}
steps

{0, 0.5K, 1.5K,
3K} steps

{124, 5090,
675323}

Full portability
study

Four task families across
seven datasets; Base,
Large, and XL host scales;
ported and from-scratch
conditions

{5K, 10K,
20K, 40K}
steps

{0, 0.5K, 1.5K,
3K, 5K} steps
for imported
modules

{124, 5090}

Table C.1: Summary of the two PEFT-Port experimental grids. Zero denotes im-
mediate evaluation after import, without post-porting updates.

C.2 Experimental and evaluation details

The PEFT-Port protocol and operational criteria are defined in Sections 5.2.1 and 5.2.2.

This section provides the supplementary implementation details that are intention-

ally kept outside the main chapter.

C.2.1 Experimental grids and host-model pairs

The chapter reports two complementary experimental grids. The controlled-baseline

study isolates whether the observed porting advantage can be explained by favourable

parameter statistics at initialisation. The full portability study expands the anal-

ysis across tasks, datasets, model scales, porting directions, and pre-/post-porting

budgets.

Porting is restricted to corresponding same-scale raw and instruction-tuned hosts:

T5 v1.1 Base ↔ Flan-T5 Base, T5 v1.1 Large ↔ Flan-T5 Large, and, in the full

study, T5 v1.1 XL ↔ Flan-T5 XL. No cross-scale module porting is evaluated.

Each same-scale pair is evaluated in both raw→instruction-tuned and instruction-

tuned→raw directions.
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C.2.2 Host models, datasets, and split policy

All host models and datasets are loaded through the Hugging Face model and dataset

interfaces used in the original 2023 implementation.

Host models.

• T5 v1.1 (raw): Base, Large, and XL variants.

• Flan-T5 (instruction-tuned): Base, Large, and XL variants.

Datasets and splits. For the full portability study, I use the standard dataset

splits provided through the Hugging Face Datasets Hub. Where labelled test sets

are available, the provided training, development, and test splits are used for their

corresponding purposes. Where test-set labels are unavailable, as for SST-2, MNLI,

and QQP, I use the original development split for final evaluation and reserve 10%

of the original training split as a new development set. The remaining 90% is used

for training. This preserves a separate development set for model evaluation and

checkpoint selection without using the final evaluation split during training.

• Sentiment analysis: SST-2 and Rotten Tomatoes.

• Natural language inference: MNLI and SICK.

• Paraphrase detection: QQP and MRPC.

• Summarisation: SAMSum.

C.2.3 Distribution-matched initialisation control

The controlled-baseline study compares ported modules with both standard from-

scratch modules and a distribution-matched initialisation control. The purpose of

the distribution-matched condition is to test whether a ported module’s advantage

can be explained by favourable first- and second-order parameter statistics alone,

rather than by transferred task-specific information.
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For each run, I first instantiate a fresh importing-side module using the same

PEFT technique as the ported module. I then iterate over corresponding source

and target parameter tensors. For each source tensor, I compute its empirical mean

and variance and independently sample every element of the corresponding target

tensor from a Gaussian distribution with that mean and standard deviation. Thus,

moment matching is performed separately for each corresponding parameter tensor,

rather than once over the complete module or layer. The newly sampled module is

then trained using the same importing-side optimisation settings and post-porting

budget as the ported and default-initialisation controls. A fresh, reproducible sample

is generated for each experimental configuration and random seed.

Formally, for a source parameter tensor Ws and corresponding fresh target tensor

Wt, the control replaces the target values with

Wt[i] ∼ N
(
µ(Ws), σ

2(Ws)
)

independently over tensor elements i.

C.2.4 Prompting, decoding, output normalisation, and met-

rics

All tasks are formulated as sequence-to-sequence prediction without natural-language

task descriptions or instruction prefixes. For the T5-family hosts used in the study,

the separator inserted into classification inputs is the T5 end-of-sequence token,

rendered below as </s>.

Generation. Final evaluation uses the Hugging Face generate interface with

batch size one, the task-specific maximum generation lengths in Table C.2, and

early stopping=True. The code does not explicitly set sampling, beam-search, or

other decoding arguments such as do sample or num beams; these therefore inherit

the installed Transformers version and checkpoint generation defaults. Generation

stops at the task-specific maximum length or the model’s end-of-sequence condition.
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Task family Input format Target outputs
Max.
input Max.

generation

Sentiment
analysis

text </s> this is
terrible

great
128 2

Natural
language
inference

sentence 1 </s>

sentence 2 </s> :

entailment

neutral

contradiction

70
(SICK)

512
(MNLI)

8

Paraphrase
detection

sentence 1 </s>

sentence 2 </s> :

QQP:
not duplicate

duplicate

MRPC:
not equivalent

equivalent

350
(QQP)

80
(MRPC)

4

SAMSum
summarisation

Raw dialogue text Free-text reference summary 512 128

Table C.2: Prompt formats, target outputs, and maximum sequence lengths used
in the PEFT-Port evaluation code. Maximum lengths are measured in tokenizer
tokens.

Classification output processing. Predictions and references are decoded with

special tokens removed and Hugging Face tokenisation-space clean-up enabled. Clas-

sification outputs are then lower-cased and compared by exact string equality with

the allowed labels shown in Table C.2. No additional punctuation removal or ex-

plicit whitespace-stripping rule is applied beyond the tokenizer’s decoding clean-up.

Unrecognised non-empty generations are mapped to an invalid class. When metric

computation fails because invalid outputs are mixed with valid classes, the eval-

uation wrapper records a score of zero for that configuration. Empty predictions

are removed before scoring when they account for at most 10% of the decoded ref-

erences; otherwise they remain invalid and can cause the configuration to receive

a zero score. Accuracy is computed using the Hugging Face datasets accuracy

metric.
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Summarisation. SAMSum predictions and references are decoded with special

tokens removed and tokenisation-space clean-up enabled. The implementation loads

the Hugging Face datasets ROUGE metric, computes ROUGE with stemming

enabled, and selects the third aggregate element returned for ROUGE-L. The stored

value is a three-component precision/recall/F-measure result, and the downstream

analysis uses its F-measure component.

Aggregation and uncertainty. The controlled-baseline aggregate table is com-

puted after excluding the XL hosts. For each dataset scenario, PEFT technique,

and importing-side condition, the reported mean and sample variance are calculated

over 72 pooled run-level scores: four Base/Large target hosts (raw and instruction-

tuned), two pre-porting budgets, three post-porting budgets, and three random

seeds. Consequently, the variance reflects heterogeneity across hosts, budgets, and

seeds; it is not solely seed-level uncertainty. Runs whose evaluation failed are stored

with score zero and are included in these pooled aggregates.

The full portability study uses two random seeds, 124 and 5090. Reported full-

grid performance results and heatmap ratios are averaged across these two seeds.

The portability percentages are reported over configuration-level cases after aggre-

gating the corresponding repeated-seed runs, following the case definition in Sec-

tion 5.2.2. Zero-shot non-collapse counts configurations whose aggregated zero-step

score is strictly greater than zero. For each PEFT technique, the direction-specific

zero-shot denominator is 84 cases and the overall denominator is 168 cases.

C.2.5 PEFT technique hyperparameters

The following settings are explicitly configured in the released implementation:

• Houlsby-style Adapters: bottleneck dimension = 64.

• Compacter: reduction factor = 16; hypercomplex division = 4.

• LoRA: rank r = 8; α = 16; dropout = 0.0.
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• Prefix Tuning: number of prefix tokens = 5; reparameterisation enabled;

embedding dimension = 512; intermediate dimension = 512.

Other method-level defaults inherit the installed OpenDelta implementation.

C.2.6 Training budgets and optimisation settings

Training is implemented using the Hugging Face Trainer. Both pre-porting and

post-porting phases use a learning rate of 1 × 10−4, gradient accumulation of one,

and warm-up over 10% of the corresponding maximum training steps. The learning-

rate scheduler is not explicitly overridden and therefore inherits the Hugging Face

TrainingArguments default used in the experimental environment. Pre-porting and

post-porting budgets are summarised in Table C.1.

Batch sizes. For pre-porting training, the per-device example batch size is 32 for

SST-2, Rotten Tomatoes, SICK, and MRPC, and 8 for MNLI, QQP, and SAMSum.

For post-porting training, the corresponding sizes are 16 and 8. Because every

task uses fixed maximum input lengths, these correspond to the following nominal

input-token batch sizes:

• Pre-porting: Rotten Tomatoes, SST-2, MNLI, and SAMSum use 4,096 to-

kens; SICK uses 2,240; MRPC uses 2,560; QQP uses 2,800.

• Post-porting: MNLI, SAMSum, and QQP match their pre-porting batch

sizes; SST-2 and Rotten Tomatoes use 2,048 tokens; SICK uses 1,120; MRPC

uses 1,280.

Optimiser defaults and model selection. The implementation does not explic-

itly pass an optimiser backend, weight decay, gradient-clipping threshold, or mixed-

precision option to TrainingArguments; these settings therefore inherit the defaults

of the installed Transformers version. Gradient checkpointing is not enabled, and

no early-stopping callback is used. Dataset split usage follows the full-study pro-

tocol described in Appendix C.2.2: where labelled test sets are unavailable, 10%
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of the original training split is reserved for development-time evaluation and the

original development split is held out for final evaluation; otherwise, the provided

development and test splits serve those respective roles.

C.2.7 Computational resources

The PEFT-Port experiments were run on NVIDIA A100 GPUs with 80GB memory,

using one GPU per task configuration. The chapter reports controlled learning-step

budgets rather than wall-clock time or GPU-hour totals, because the central com-

parisons concern matched pre-porting and post-porting adaptation budgets rather

than hardware-specific runtime.
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Modularity for Reusable Large Language Models: External PEFT Modules and
Internal Circuits

Appendix D

Supplementary Material for

Chapter 6 (Budgeted LoRA)

Appendix roadmap. This appendix provides supplementary material for Chap-

ter 6. Sections D.1.1–D.1.3 report the ablation studies underlying student construc-

tion, LoRA configuration, and budget scheduling/compression choices. Section D.2

expands the student-side training-compute proxy introduced in Section 6.5.1. Sec-

tions D.3.1 and D.3.2 document the full ICL protocol and per-task results underlying

Section 6.5.2.

D.1 Ablation studies

This section supports the method choices described in Section 6.3 and the compared-

method setup in Section 6.4.4. It reports the ablations used to fix the student con-

struction, KD hyperparameters, LoRA configuration, and Budgeted LoRA schedule

before the main results are reported.

I conduct a structured ablation study to isolate the key design choices under-

lying the final Chapter 6 configuration. The ablations are organised progressively:

I first establish the distillation baseline and student-construction regime, then in-

troduce LoRA-specific choices, and finally analyse the scheduling and compression

components specific to Budgeted LoRA.
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For most ablation experiments, I use 1/40 of the full distillation token bud-

get, since broad hyperparameter exploration at the full 2.55B-token scale would be

prohibitively expensive. The main exception is budget-scheduler tuning for Bud-

geted LoRA, where I use the full token budget. Scheduler behaviour is strongly

token-dependent, and I did not establish a reliable transfer law from short runs to

full-budget training; tuning it directly at the target budget is therefore more faithful

than using a reduced-budget proxy.

All ablations use the same optimisation setup and held-out validation signal as

the main experiments, so that model-selection decisions are guided by the same

evaluation criterion used in the chapter.

D.1.1 Distillation hyperparameters and student initialisa-

tion

Distillation objective and varied factors. The ablations in this subsection

use the distillation objective defined in Section 6.3.1. Here I vary only the student-

construction regime and the KD hyperparameters used with that objective. Con-

cretely, I study the effect of the distillation temperature τKD, the KD mixing weight

λKD, and the student initialisation strategy.

All experiments in this stage use a 0.13B teacher and a 6-layer student con-

structed first via truncation (taking the first six layers), before later comparing

alternative student-construction modes.

I explore the following search space:

• Initialisation: warmstart, scratch

• Temperature: T ∈ {1.0, 2.0, 3.0, 4.0}

• Distillation weight: λ ∈ {0.3, 0.5, 0.7, 0.9}

I find that warm-starting the student from a truncated checkpoint consistently

outperforms training from scratch, and the best distillation configuration is T=2.0,

λ=0.5 (Table D.1), which I use as a starting point for further exploration.
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Temperature T λKD Warmstart PPL ↓ Scratch PPL ↓

1.0 0.3 34.96 53.01

2.0 0.5 34.08 52.61

3.0 0.7 34.50 62.40

4.0 0.9 37.39 85.08

Table D.1: The Pile Validation perplexity (PPL) for different distillation hyperpa-
rameter settings, comparing warmstart and scratch initialisation. Lower is better.

Student construction mode PPL ↓

truncated 34.08

mixed 28.13

middle 29.58

last 32.15

Table D.2: The Pile Validation perplexity (PPL) for different student build modes
under warmstart KD Full with fixed distillation hyperparameters (T=2.0, λKD=0.5).
Lower is better.

Student construction. I next refine the warm-start strategy by varying how

layers are selected from the teacher. I compare four variants: first, middle, last,

and mixed. The first, middle, and last variants select contiguous blocks from the

corresponding depth regions of the teacher. The mixed strategy instead anchors

the student at the first and last teacher layers, then fills the remaining slots with

approximately evenly spaced interior layers across depth. This provides coverage

of early, middle, and late representations while preserving both low-level and high-

level processing stages. Empirically, the mixed strategy consistently yields the best

performance, suggesting that a depth-diverse initialisation is more effective than

copying a single contiguous block (Table D.2).

I then perform a second sweep over (T, λ) for the top student constructions

(mixed and middle), using:

T ∈ {1.0, 2.0, 3.0}, λ ∈ {0.3, 0.5, 0.8}.

The best configuration is T=3.0, λ=0.8 with the mixed initialisation (Table D.3).

This configuration is fixed for all subsequent experiments.
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Temperature T λKD Mixed PPL ↓ Middle PPL ↓

1.0 0.3 29.01 30.55

2.0 0.5 28.11 29.58

3.0 0.8 27.84 29.92

Table D.3: The Pile Validation perplexity (PPL) for warmstart KD Full under two
student build modes, mixed and middle, across different distillation hyperparameter
settings. Lower is better.

LoRA rank r LoRA α PPL ↓

16 32 39.65

32 64 35.97

64 128 33.20

128 256 31.13

Table D.4: The Pile Validation perplexity (PPL) for warmstart KD LoRA across
different LoRA ranks under fixed distillation settings (T=3.0, λKD=0.8) and mixed
student build mode. Lower is better.

D.1.2 LoRA design choices

This subsection supports the KD LoRA baseline and the shared LoRA settings used

by Budgeted LoRA in Sections 6.3.2 and 6.4.4.

I next introduce LoRA and study its additional design choices. I attach LoRA

modules to all linear layers in the student (7 per layer across 6 layers, totalling 42

modules: q proj, k proj, v proj, o proj, down proj, gate proj, up proj).

I sweep the LoRA rank:

r ∈ {16, 32, 64, 128}.

The best-performing configuration uses rank r=128 (Table D.4), which I fix for

all LoRA-based experiments.

I also sweep over multiple student construction modes (truncated, mixed, middle,

and last) to test whether LoRA prefers a different student build than full KD, given

that LoRA is inserted across multiple frozen modules (cf. the structural view of

LoRA in the PEFT-Ref framework Sabry and Belz (2023)).

The same qualitative pattern holds as in full KD: mixed remains the best-

D-4



performing construction (31.14 PPL), followed by middle (41.52), last (44.72), and

truncated (48.09). Thus, while performance is sensitive to student construction, the

best choice among those tested is unchanged, and the KD Full hyperparameters also

perform best in this LoRA sweep.

D.1.3 Budgeted LoRA: scheduling and compression

This subsection supports the budget schedule, dense-removal threshold, and com-

pression settings used in Sections 6.3.3 and 6.3.4.

Finally, I analyse the components specific to Budgeted LoRA.

Budget scheduling. I focus on the most aggressive budget profile (F=0.0) and

vary the decay schedule controlling when dense computation is removed during

training. I consider:

• No scheduling: (0.0) — immediate application of the final budget

• Short decay: (0.1, 0.3) — early transition with strong compute savings

• Long decay: (0.1, 0.9) — gradual transition with weaker savings

The short decay provides the lowest perplexity among the tested schedules while

retaining stronger proxy savings than the long decay (Table D.5). Immediate dense

removal does not maximise final LoRA usage: under no scheduling, the average re-

tained rank is only 120. While one might expect this setting to push all computation

into the low-rank pathway, in practice the transition is too abrupt and results in

worse optimisation, with a lower final effective rank than both short decay (128)

and long decay (124). This pattern suggests that the schedule governs the handoff

of usable capacity from dense to low-rank computation while also supporting opti-

misation stability. In this setting, short decay provides enough adaptation time for

this transfer while still enforcing strong compute savings.
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Schedule PPL↓ Train compute ↓

No schedule 35.7 0.25×
Short decay (0.1–0.3) 25.1 0.38×
Long decay (0.1–0.9) 34.8 0.58×

Table D.5: Effect of budget scheduling (F=0.0).

Dense removal and compression thresholds. I fix the dense-removal thresh-

old during training and post-training compression to 10−3: dense components with

retention values below this numerical near-zero tolerance are skipped during training

and removed during post-training compression.

For post-training compression, I sweep thresholds for:

• LoRA rank gating: {0.3, 0.5, 0.9}

• Dense SVD threshold: {0.5, 0.7, 0.9}

At compression time, dense components with near-zero retention are removed,

components with high retention are kept and merged with LoRA, and intermedi-

ate cases are approximated by a low-rank SVD of the residual dense contribution.

Specifically, if a dense matrix W has learned retention coefficient α, I approximate

αW with a rank-k factorisation, where k is chosen adaptively up to a fixed maximum

rank budget (128 ranks). This provides a middle ground between complete dense

removal and full dense retention. While the global budget determines how much

dense computation is retained overall, rank gating acts as a secondary optimisation

that removes inactive low-rank directions, allowing the model to further compress

adaptation capacity where it is not needed.

A rank threshold of 0.3 and a dense-SVD threshold of 0.7 provide the best

validation performance among the tested combinations across F ∈ {0.0, 0.4}.

Summary. Across these ablations, the selected distillation hyperparameters trans-

fer from KD Full to the LoRA-based runs, while schedule and compression choices

materially affect Budgeted LoRA. This supports fixing the shared hyperparameters

within the reported comparison and focusing the remaining sweep on the budget
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mechanism.

D.2 Training compute estimation

This section supports the student-side efficiency quantities reported in Section 6.4.2

and Table 6.2. I expand the student-side training-compute proxy introduced in

Section 6.5.1. The goal is to support the relative comparisons in Table 6.2 by

deriving a simple proxy for KD Full, KD LoRA, and Budgeted LoRA at the level

of adapted modules, rather than exact end-to-end FLOPs.

D.2.1 Training compute model

Consider a dense linear layer with forward compute cost D. I use a first-order

approximation in which forward and backward passes incur comparable cost.

KD Full. When fine-tuning all parameters, training incurs:

• forward pass through dense weights: D,

• backward pass to activations: D,

• backward pass to dense weights: D.

This yields the proxy:

Cfull ≈ 3D. (D.1)

KD LoRA. In KD LoRA, dense weights are frozen. The computation still in-

cludes:

• forward pass through dense base: D,

• backward pass to activations: D,

but not backward computation for dense weights. In addition, the LoRA path

introduces trainable low-rank modules with forward cost L, which incur full forward

D-7



and backward cost. This gives:

Clora ≈ 2D + 3L. (D.2)

Thus, KD LoRA is expected to be cheaper than full fine-tuning unless the low-

rank cost L is disproportionately large.

Budgeted LoRA. Budgeted LoRA follows the same structure as KD LoRA, but

progressively removes the dense path during training. Let d̄ ∈ [0, 1] denote the

average retained dense fraction over the full training run. The compute becomes:

Cbud ≈ 2d̄D + 3L. (D.3)

D.2.2 Average dense retention

In this formulation, the budget acts as an upper bound on retained dense compute:

the controller greedily lowers module-level retention coefficients until the current

dense cost satisfies the scheduled target.

I use a budget schedule that begins at 10% of training, reaches the final dense

fraction F by 30%, and remains constant thereafter. Approximating the transition

as linear, the average retained dense fraction is:

d̄ ≈ 0.1 · 1 + 0.2 · 1 + F

2
+ 0.7 · F = 0.2 + 0.8F. (D.4)

Thus:

F = 0.0⇒ d̄ = 0.20, (D.5)

F = 0.4⇒ d̄ = 0.52. (D.6)
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D.2.3 Instantiated values

From the compression summaries over replaced modules, I obtain:

D = 5.131× 107, (D.7)

D + L = 6.400× 107 ⇒ L = 1.269× 107. (D.8)

Using these values:

KD Full.

Cfull ≈ 3D = 1.5393× 108. (D.9)

KD LoRA.

Clora ≈ 2D + 3L = 1.4069× 108, (D.10)

which corresponds to:

Clora

Cfull

≈ 0.91. (D.11)

Budgeted LoRA (F = 0.0).

Cbud,0.0 ≈ 2(0.20)D + 3L = 5.8594× 107, (D.12)

Cbud,0.0

Cfull

≈ 0.38. (D.13)

Budgeted LoRA (F = 0.4).

Cbud,0.4 ≈ 2(0.52)D + 3L = 9.1432× 107, (D.14)

Cbud,0.4

Cfull

≈ 0.59. (D.15)
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D.2.4 Summary

Under this training-compute proxy, the methods follow the ordering:

Budgeted LoRA (F=0.0) < Budgeted LoRA (F=0.4) < KD LoRA < KD Full.

(D.16)

This reflects that KD LoRA removes dense weight-gradient computation, while

Budgeted LoRA further reduces cost by progressively eliminating dense paths during

training.

Relation to 6ND. A common first-order estimate for dense language-model train-

ing is 6ND FLOPs, where N is the number of model parameters and D is the

number of training tokens; the factor counts forward and backward computation

per parameter and token (Kaplan et al., 2020; Hoffmann et al., 2022). Expressed in

multiply–accumulate operations, this is approximately 3ND, because one MAC is

conventionally counted as two FLOPs (Qiu et al., 2024). I use this MAC-style view

at the adapted-module level: full dense training pays one forward, one activation-

backward, and one weight-backward term, giving Cfull ≈ 3D for a dense layer of

forward cost D.

Since all methods are trained on the same number of tokens, token count is a

common multiplicative factor and cancels in relative comparisons.

D.3 In-context learning capabilities

This section supports the ICL-retention results in Section 6.5.2. It provides the

full probe inventory, prompt format, and task-level results underlying the macro-

averaged ICL composite reported in the main chapter.

D.3.1 Function-style probes

This section documents the full ICL protocol underlying Section 6.5.2. The 19

function-style tasks are adapted from Todd et al. (2024). The main text summarises
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the task families, prompting protocol, and output extraction rules; here I provide the

concrete prompt format, the complete task inventory, and the task-level evaluation

details.

Prompting controls. I fix the prompt template across models and average re-

sults across multiple demonstration seeds, so that variation reflects the sampled

demonstrations rather than changes in prompt wording. Following the default eval-

uation template, each in-context example is formatted as Q:<input> followed by

A:<output>, with a newline between input and output and a blank line between

demonstrations. No additional natural-language instruction prefix is used. The

query is appended in the same format and terminates at A:, requiring the model

to generate the target continuation. For example, for a capitalization-style task, a

3-shot prompt would be:

Q:dog

A:DOG

Q:house

A:HOUSE

Q:train

A:TRAIN

Q:river

A:

where the desired continuation is RIVER.

The task suite spans several broad categories:
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Table D.6: Tasks, evaluation metrics, and shot counts used to compute the ICL
composite in Section 6.5.2. Here HITS@1 accuracy corresponds to exact-match
correctness of the first generated answer after the task-level canonicalisation used
by the evaluation script.

Tasks Metric Shots Notes

capitalize HITS@1 Acc 10 Convert the entire input string to uppercase

(e.g., “hello” → “HELLO”).

capitalize first

letter

HITS@1 Acc 10 Uppercase the first character only; leave the rest

unchanged (“alpha” → “Alpha”).

capitalize last letter HITS@1 Acc 10 Uppercase the final character only (“gamma” →

“gammA”).

lowercase first letter HITS@1 Acc 10 Lowercase the first character only (“Alpha” →

“alpha”).

lowercase last letter HITS@1 Acc 10 Lowercase the final character only (“GammA”

→ “Gamma”).

next capital letter HITS@1 Acc 10 Map an uppercase letter to its successor in the

alphabet (e.g., A→B; wraparound optional).

next item HITS@1 Acc 10 Given an item from an ordered category (day,

month, letter, number word), output the next

item (“Monday” → “Tuesday”).

prev item HITS@1 Acc 10 As above, but return the previous item (“Tues-

day” → “Monday”; wraparound for cyclic lists).

word length HITS@1 Acc 10 Return the number of characters in the input

word (“token” → 5).

alphabetically first 3 HITS@1 Acc 10 From a list of 3 strings, choose the alphabetically

earliest.

alphabetically first 5 HITS@1 Acc 10 From a list of 5 strings, choose the alphabetically

earliest.

Continued on next page
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Tasks Metric Shots Notes

alphabetically last 3 HITS@1 Acc 10 From a list of 3 strings, choose the alphabetically

latest.

alphabetically last 5 HITS@1 Acc 10 From a list of 5 strings, choose the alphabetically

latest.

choose first of 3 HITS@1 Acc 10 From a list of 3 items, select the first item by

position.

choose first of 5 HITS@1 Acc 10 From a list of 5 items, select the first item by

position.

choose last of 3 HITS@1 Acc 10 From a list of 3 items, select the last item by

position.

choose last of 5 HITS@1 Acc 10 From a list of 5 items, select the last item by

position.

choose middle of 3 HITS@1 Acc 10 From a list of 3 items, select the middle item by

position.

choose middle of 5 HITS@1 Acc 10 From a list of 5 items, select the middle item by

position.

D.3.2 Performance

This section provides the task-level results underlying Section 6.5.2. Table D.7

gives the per-task breakdown behind Figure 6.2. KD Full’s mean scores increase

with teacher scale, KD LoRA’s aggregate decreases, and the budgeted variants have

higher means than KD LoRA on many tasks at the larger teacher scales.

The positive differences occur across several task families, including selection,

transformation, and sequence probes, but not on every task. They remain descriptive

results from the fixed warm-started student setup.
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Modularity for Reusable Large Language Models: External PEFT Modules and
Internal Circuits

Appendix E

Supplementary Material for

Chapter 7 (In-Context Learning

Capability)

E.1 Appendix roadmap

This appendix collects supplementary material for Chapter 7. The main chapter

defines the core concepts, reported metrics, and causal tests needed to interpret

the results. This appendix provides extended benchmark details, robustness checks,

per-task tables, and supplementary telemetry analyses.

• Section E.2 lists the benchmark tasks, metrics, shot counts, and supplementary

prompting details used in the ICL evaluations.

• Section E.3 reports span-length and mix-ratio sweeps that support the main

Bi-Induct design choices.

• Section E.2.2 provides supplementary copy-head telemetry and mix-ratio anal-

yses beyond the main-text figures.

• Section E.4 provides full per-task capability results and additional robustness

analyses.
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• Section E.5 reports the full supplementary head-ablation plots and per-task

tables.

E.2 Supplementary evaluation details

The main operational definitions and four-axis evaluation protocol are given in Sec-

tions 7.1.1 and 7.2.4. This appendix keeps the extended benchmark list, prompting

controls, and robustness details so that the main chapter remains self-contained

without becoming overloaded.

E.2.1 Benchmarks and protocols

Table E.1: Benchmarks, evaluation metrics, and shot counts used to compute the
behavioural ICL composite in Section 7.3.1.

Benchmark / Tasks Metric Shots Notes

MMLU (Hendrycks et al.,

2021)

Acc 3 57 subject areas; standard 3-shot

setup.

Winogrande (Sakaguchi et al.,

2019)

Acc 3 Commonsense coreference.

CommonSenseQA (Talmor

et al., 2019)

Acc 3 Multiple choice commonsense.

PIQA (Bisk et al., 2020) Acc 3 Physical commonsense.

HellaSwag (Zellers et al.,

2019)

Acc 3 Story completion.

TriviaQA-Wiki (Joshi et al.,

2017)

EM 3 Open-domain QA, Wikipedia

evidence.

BBH (CoT) (Suzgun et al.,

2022)

EM 3 Few hard tasks with

chain-of-thought prompts.

Continued on next page
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Benchmark / Tasks Metric Shots Notes

OpenBookQA (Mihaylov

et al., 2018)

Acc 3 Elementary science QA.

ARC-Challenge (Clark et al.,

2018)

Acc 3 Difficult science questions.

GPQA (Rein et al., 2023) Acc 3 Graduate-level QA.

GSM-8K (Cobbe et al., 2021) EM 3 Math word problems with short

CoT.

MathQA (Amini et al., 2019) Acc 3 Programmatic math QA.

BoolQ (Clark et al., 2019) Acc 3 Yes/No reading comprehension.

LAMBADA

(OpenAI) (Paperno et al.,

2016)

Acc 3 Cloze final-word prediction.

Metric abbreviations. Acc denotes accuracy, EM denotes exact match, and CoT

denotes chain-of-thought prompting.

Aggregation. The main text reports macro ICL composites and per-task scores.

Each composite is an unweighted mean over the selected tasks within that evaluation

family. All figures and tables report means over seeds unless otherwise stated. The

full list of standard language-model benchmarks is given in Table E.1.

Prompting controls. For few-shot tasks, I fix the prompt template and average

across demonstration seeds. For robustness, I randomise demonstration order and

evaluate sensitivity to shot count and label permutation in Appendix E.4.2.

E.2.2 Supplementary copy-head telemetry details

The main text defines induction signatures, anti-induction signatures, copy-score

computation, and the top-2% head-localisation rule in Section 7.1.1. Here I keep
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the supplementary implementation details and concentration summaries used for

the appendix telemetry analyses.

Copy telemetry is computed on 50,000 fresh copy probes disjoint from training.

Each probe has the form x = s ⟨sep⟩ s, with a uniformly sampled token span s

of length L=500. For reproducibility, this longer span differs from the L=20 span

used in the main Bi-Induct curriculum and reduces the chance that telemetry simply

reflects memorisation of the replacement-based training-intervention format.

In addition to the best-head score plotted in the main text, I report layerwise

mass share:

MassShare
(S)
ℓ =

∑
h∈Topℓ(S)

S(ℓ, h)∑
h∈Hℓ

S(ℓ, h)
,

where S ∈ {ScoreI , ScoreA} and Topℓ(S) denotes the top-2% heads in layer ℓ, with

a one-head floor. Larger values indicate stronger concentration of copy-score mass

in a small number of heads. The corresponding induction and anti-induction score

definitions are not repeated here to avoid redefining the chapter’s core quantities;

see Section 7.1.1.

E.2.3 Supplementary language-modelling quality check

The main text defines next-token cross-entropy and perplexity (PPL) in Section 7.2.4.

For all PPL evaluations in Chapter 7, I use the same fixed 0.2% The Pile validation

slice, selected by stable hash partition, with identical tokenisation and evaluation

settings across runs. Under the iso-FLOPs comparisons used in the chapter, this

held-out PPL measurement serves as a language-modelling quality check rather than

as a separate optimisation target.

E.3 Design ablations and robustness checks

The design-lab sweeps use an earlier 5-shot diagnostic over five standard language-

model benchmarks to select the operating point efficiently. The main cross-scale

evaluation instead uses the broader 3-shot protocol over 14 standard benchmarks,
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together with the 10-shot function-probe suite, as specified in Section 7.2.4.

E.3.1 Span-length sweep

This subsection reports the span-length sweep used to choose the default Bi-Induct

span length. At 0.13B, with a fixed initial mix of 25% linearly annealed over the

full token budget, I sweep L ∈ {5, 20, 500} and report two endpoints of practical

interest—(i) a 5-shot ICL composite over five standard LM benchmarks and (ii)

held-out LM perplexity (PPL). I defer the function-probe suite of Todd et al. (2024)

to the cross-scale experiments, where relative differences are more interpretable and

the added compute is justified; the span-length results for this subsection are sum-

marised in Table E.2.

Across curricula, L=20 is a stable operating point that balances ICL and cali-

bration: for Induction, 31.9 ICL / 23.9 PPL (vs. 30.7/23.8 at L=5 and 31.8/24.0

at L=500); for Anti, 32.1/24.0 (vs. 31.6/23.8 at L=5 , 31.7/24.5 at L=500) respec-

tively; for Balanced, 31.2/24.0 (vs.31.4/23.8 at L=5, 32.0/24.0 at L=500). Very

short spans (L=5) underperform on the ICL composite, while very long spans

(L=500) offer no consistent ICL gain and tend to slightly worsen PPL. Hence I

adopt L=20 for the remaining experiments. Beyond the ICL / PPL balance, shorter

spans are operationally attractive: they minimise snippet length 2L+|SEP|, which

reduces potential overhead and makes it easier to pack snippets alongside natural

sequences to exploit variable-length kernels, yielding compute savings when such

packing is enabled.1

E.3.2 Initial mix-ratio sweep

For the mix-ratio sweep, I fixed the anneal to span the full training budget (2.6B

tokens, following the Chinchilla parameter–token rule of thumb (Hoffmann et al.,

2022)), held the span length at L=20, and swept the initial mix ratio over {25%,

1All reported results are at iso-FLOPs; I do not take packing credits in my comparisons. Packing
is a deployment optimisation, not part of the evaluation protocol.
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50%, 100% }. Table E.3 reports full per-task results.

Mechanistic readout: Figure E.1 summarises layerwise copy-head activity across

mix ratios. I quantify the telemetry in three complementary ways: (i) non-zero

signature spread, defined as the number of selected per-layer heads whose measured

induction score is greater than zero; (ii) the number of selected heads above the

fixed specialisation threshold of 0.5; and (iii) peak sharpness, the maximum selected-

head score in each condition. I also examine depth concentration, namely whether

prominent peaks cluster within particular layer ranges.

Does the replacement-based intervention improve induction-head qual-

ity vs. baseline? By counts above the 0.5 threshold, yes up to moderate mixes.

The baseline shows 2 specialised heads. With Induction snippets I observe {3, 3, 1}

specialised heads at {25%, 50%, 100%} mixes, Balanced yields {4, 4, 1}, and Anti

yields {3, 1, 2}. By peak sharpness, Balanced-25% attains the highest induction

head, with Induction and Anti close behind; at ≥ 50% mixes, Balanced and Baseline

retain similar peaks while Induction then Anti trail.

Does the curriculum create anti-induction heads? No. Even under Anti

mixes, anti-induction scores remain far below the specialisation threshold; the best

peaks are ≈ 0.01 (at 50% Anti and in Baseline), indicating no robust anti-induction

circuit emerges.

How does mix ratio affect spread and depth concentration (induction)?

For Induction, spread rises from 25% to 50% (3→5 heads) then contracts at 100%

(2). For Balanced, spread is largest at 25% (5), then declines (4 at 50%, 2 at

100%). For Anti, induction heads peak at 25–50% (4 each) and drop to 2 at 100%.

Depthwise, specialised heads shift deeper as mix increases: clusters are earlier at

25% (layers ∼2-4), mid-depth at 50% (layers ∼4-6), and later at 100% (around

layer ∼8).

Takeaways: Baseline naturally forms a few strong induction heads. Replac-

ing selected natural-sequence slots with synthetic snippets increases the number of

strongly specialised induction heads at moderate mix ratios (≤ 50%); higher mix
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(a) (b) (c)

(d) (e) (f)

25% mix ratio 50% mix ratio 100% mix ratio

Baseline Induction Anti Balanced

Figure E.1: Layer-wise copy-head telemetry. Top row: induction scores; bottom
row: anti-induction scores. For each layer I plot the best-scoring head (top 2% by
score with a floor of one head per layer), averaged over six seeds, for the 0.13B model
with initial mix ratios: 25%, 50%, and 100%. Head counts for each model are given
in Table 6.1.

ratios reduce their spread and shift prominent peaks towards deeper layers. None of

the tested curricula, including Anti-Induction, produces a comparably strong anti-

induction signature.

E.4 Additional results and analyses

E.4.1 In-context learning performance

The main text describes the task families, scoring procedures, and aggregate results

in Section 7.3.1; this appendix reports the complete per-task results across scales

for the standard language-model benchmarks and the function-style probes of Todd

et al. (2024). For the standard benchmarks I use 3-shot evaluation; for the function-

style probe suite I use 10-shot evaluation. Unless otherwise noted, metrics are

accuracy (ACC), exact match (EM), or HITS@1 as appropriate, and all results are

averaged over three seeds.
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Because any > 0 shot setting exercises in-context learning, I also study 1-shot

sensitivity for the same tasks and benchmarks in Appendix E.4.2.

E.4.2 In-context learning robustness

Sensitivity to Number of Shots

I assess how the ICL results in Section 7.3.1 (with details in Appendix E.4.1) vary

with the number of in-context demonstrations. Concretely, I change the evaluation

from the main-text setting (3-shot for standard LM benchmarks and 10-shot for

function-probe tasks) to a unified 1-shot setting for both families. Summaries appear

in Figure E.2a (standard LM) and Figure E.2b (function probes); per-task scores

are in Table E.5.

For the standard LM benchmarks, moving to 1-shot produces negligible changes

across all model sizes (0.13B, 0.5B, 1B). In contrast, the function-style probes de-

grade notably at 0.5B and 1B when reduced to 1-shot, while the 0.13B model shows

only a small drop. This scale-dependent sensitivity aligns with prior observations

that larger models more reliably use the demonstration label→token mapping (and

thus benefit from more shots), whereas smaller models often gain primarily from

format/structure and topical priming (Wei et al., 2023; Min et al., 2022; Zhao et al.,

2021). Consistently, my label-permutation stress test shows minimal impact at

0.13B but clear degradation at 0.5B/1B, indicating that bigger models lean more

on the (now corrupted) mapping signal.

Across shot conditions, the Baseline vs. Bi-Induct ordering remains stable:

reducing shots changes the absolute level but not the ranking among curricula.

Function-Probe Task Stress Tests

Because stress tests were explicitly considered during the development of the Todd

et al. (2024) function-probe suite, I evaluate two that directly target ICL robust-

ness: (i) label permutation within the in-context demonstration shots, and (ii)

decision-rule sensitivity, contrasting the commonly reported HITS@3 with my pri-
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(a)

(b)

Figure E.2: Sensitivity of ICL composite (macro) to the number of shots across two
evaluation families: (a) standard LM benchmarks (3-shot vs. 1-shot); (b) Function-
probe suite of Todd et al. (2024) (10-shot vs. 1-shot). Each panel groups models
by size (0.13B, 0.5B, 1B), colours the bars by regime (Baseline, Induction, Anti,
Balanced), and shows ±1 standard deviation error bars.

mary metric, HITS@1. These tests probe robustness to spurious label-token map-

pings and to the choice of evaluation rule, respectively.

Label-Permutation Stress Test: I stress-test in-context usage on the Todd et al.

(2024) probes by randomly permuting the targets within the 10 demonstration shots

(inputs unchanged) and evaluating on the true task distribution. If a model relies

on the demonstrations, accuracy should drop; if it leans on parametric priors, it

should be less affected. As shown in Figure E.3 and Table E.6, the relative ordering

between Baseline and Bi-Induct variants is largely preserved. At 0.13B, permuta-

tion produces no degradation for either, suggesting heavier reliance on parametric

knowledge. At 0.5B and 1B, all curricula degrade, indicating increased sensitivity

to the in-context mapping. Overall, Bi-Induct mirrors Baseline at each scale: robust

at 0.13B and increasingly demonstration-sensitive as scale grows.
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Figure E.3: Function-probe suite of Todd et al. (2024) - ICL Composite (macro).
Three panels (0.13B, 0.5B, 1B). For each model, bars compare ICL (default - no
label shuffle) vs ICL (label shuffle) across four regimes (Baseline, Induction, Anti,
Balanced). Error bars show ±1 standard deviation

Why permutation hurts 0.5B-1B but not 0.13B? At 0.13B, the ro-

bustness to label permutation suggests it benefits from demonstrations via for-

mat/topical priming and answer-frequency priors, but does not reliably exploit the

label→token mapping. In contrast, 0.5B-1B models more strongly use the in-context

mapping; permuting labels therefore contradicts a cue they have learned to trust,

producing clear drops. This is consistent with reports that (i) labels in demos can

be non-essential for smaller/less capable settings-format and priors often dominate

(Min et al., 2022; Zhao et al., 2021), and (ii) the ability to override priors and follow

contradictory, flipped labels emerges with scale (Wei et al., 2023).
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Figure E.4: Function-probe suite of Todd et al. (2024) - ICL Composite (macro).
Three panels (0.13B, 0.5B, 1B). For each model, bars compare ICL (HITS@1) vs
ICL (HITS@3) across four regimes (Baseline, Induction, Anti, Balanced). Error
bars show ±1 standard deviation

Decision-Rule Sensitivity - HITS@k (k∈{1, 3}): Following common practice

for function-probe tasks in the Todd et al. (2024) suite, which reports HITS@3 (top-3

token accuracy), I compare my primary decision rule (HITS@1) with HITS@3. ICL

performance is summarised in Figure E.4, and per-task HITS@3 accuracies are listed

in Table E.7. While HITS@3 increases absolute scores across the board, the relative

ordering and gaps between variants remain effectively unchanged.
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E.5 Supplementary head-ablation results

Section 7.1.1 defines load-bearing induction through the targeted-versus-random

ablation comparison, and Section 7.3.3 reports the corresponding main results. This

appendix provides the implementation details and per-task supplementary results

for that causal-reliance analysis.

Selecting induction heads. For each model and curriculum, I compute the per-

head induction score defined in Section 7.1.1 and select the top 2% of heads per

layer, with the one-head-per-layer floor defined by the localisation rule.

Ablation mechanism: value-stream zeroing. At inference, for a chosen set

of heads Sℓ in layer ℓ, I zero their value-stream contribution before the output

projection:

Z̃(ℓ) =
[
QKV (1) ∥ . . . ∥ 0︸︷︷︸

h∈Sℓ

∥ . . . ∥ QKV (H)
]
, attn out(ℓ) = Z̃(ℓ)W

(ℓ)
O .

Queries, keys, and softmax weights are unchanged; only the selected heads’ post-

attention value vectors are set to zero. This avoids softmax renormalisation artefacts

and isolates the contribution of the selected heads’ value streams. I compare two

ablation conditions:

• Induction-head ablation: zero the per-layer top-2% induction heads defined

above.

• Random-head ablation: zero the same number of uniformly random heads

per layer.

I evaluate the same function-probe prompts, shots, and metrics used for the

causal-reliance result in Section 7.3.3. For each model–curriculum pair, I report

the clean score and the percent change under each ablation, computed using Equa-

tion 7.1. Thus, ∆induct applies Equation 7.1 to induction-head ablation, and ∆rand

applies the same equation to matched random-head ablation.
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Figure E.5 shows the ICL composite for clean vs. ablations across scales and

curricula; per-task deltas are in Tables E.8, E.9, E.10, and E.11.
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Figure E.5: Function-probe ICL composite under clean evaluation, selected induction-head ablation, and matched random-head ablation.
The three panels show 0.13B, 0.5B, and 1B models across Baseline, Induction, Anti-Induction, and Balanced curricula; error bars are ±1
standard deviation. The landscape layout enlarges labels and error bars for readability.
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